Sp(2N)-covers for self-contragredient
supercuspidal representations of GL(N)

CORINNE BLONDEL
November 15, 2003

Let G be the group of F-points of a connected reductive algebraic group
defined over F', a local non-archimedean field. The goal of the theory of types
is the description of direct summands of the category R(G) of smooth complex
representations of G as categories of modules over Hecke algebras.

More precisely, the Bernstein decomposition of this category states that it is
the direct sum, over the set of inertial classes in G, of full subcategories RIM™(Q)
attached to each inertial class. Recall that an inertial class in G is the equivalence
class [M, 7] of a pair (M, ) made up of a F-Levi subgroup M of G and an
irreducible supercuspidal representation m of M; the equivalence relation includes
G-conjugacy and twisting of m by an unramified character of M. The subcategory
RIM7](@) consists of representations each of whose irreducible subquotients is a
subquotient of a representation parabolically induced to G from an unramified
twist of 7.

Finding a type (J, \) for this subcategory means finding a compact open sub-
group J of G and a smooth irreducible representation A of J such that the
subcategory R[M’”}(G) consists of representations generated by their isotypic
component of type A under J. If (J,\) is a type for [M,7]q, i.e. for RIM7(G),
this subcategory is then equivalent to the category of non-degenerate modules
over the Hecke algebra H(G, J, A) (for all this see [BK2]).

The problem of finding types in G naturally breaks into two pieces which are
very different in nature. One is finding types for the inertial classes of supercus-
pidal representations of G. The other is finding types for inertial classes [M, 7|q
where M is a proper Levi subgroup of G. C. J. Bushnell and P. C. Kutzko in
[BK2] have developped a method to address this second problem, based on the
definition of covers.

We say that (J, \) is a G-cover of (Jpr, Aar), an analogous pair in M, if there is
an F-parabolic subgroup P of G with unipotent radical U and Levi decomposition
P = MU such that :

(i) (J,A) is a decomposed pair with respect to (M, P), i.e.

- J=UJNnU")(JNM)(JNU), where U™ is the unipotent radical of the

parabolic subgroup P~ opposite of P relative to M, and

— Ais trivialon JNU™ and J NU;

(ii) JNM = Jp and A Jpr >~ Ay
(iii) for any smooth irreducible representation (o, V) of G, the restriction to V* of
the Jacquet functor ry is injective.

Typeset by ApMS-TEX
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Note that the definition in [BK2] requires those properties to hold for any such
parabolic subgroup P; nonetheless it follows from [Bu2] that one may restrict the
definition to just one parabolic subgroup.

C. J. Bushnell and P. C. Kutzko have shown that:

if (Jar, Anr) is a type for [M,m|ar in M and if (J, \) is a G-cover of (Jar, Anr),
then (J, \) is a type for [M,7|q in G.

Let now G be Spon(F) where F has odd residual characteristic, let P be the
Siegel parabolic subgroup, and let M be the Siegel Levi subgroup, which we iden-
tify with GLn (F) (see §1.1). Let m be an irreducible supercuspidal representation
of GLy(F) and (Jyz, Ayr) be a Bushnell-Kutzko type for [GLx(F), T]GLy(F) in
M. Observe that the non-trivial element s in Ng(M)/M stabilizes the inertial
class [M,7]g if and only if 7 and its contragredient representation are equiv-
alent up to twisting by an unramified character of GLy(F') — yet, since any
unramified character of GLy (F') is a square, m and its contragredient represen-
tation are in the same inertial class if and only if this class actually contains a
self-contragredient representation.

If this is not the case, it should follow from [BK2], Theorem 12.1, that the Hecke
algebra H(G, J, \) of a G-cover (J,\) of (Jyz, Ayy) is commutative, isomorphic to
H(M, Jy, Axp), and the corresponding subcategories are equivalent. In any case,
a recent result of A. Roche ([R], Theorem 3.1) states, in our present setting, that
parabolic induction from RIM™ (M) to RIM-7(G) is an equivalence of categories
if and only if s does not stabilize [M, 7] 4.

Hence, although the question of existence of G-covers is interesting in itself, the
most interesting case is the case when 7 is self-contragredient. Indeed, given a G-
cover (J,\) of (Jyz, Ayz), one expects the description of H(G, J, \) to give insight
into reducibility problems for parabolically induced representations in RIM7(G)
(see e.g. [BB2] for details in the case of Spy(F); although, for this group, the
results concerning reducibility were already known). In particular, obtaining
G-covers and their Hecke algebras for all such representations 7 should lead to
an exact knowledge of the real numbers « such that the parabolically induced
representation to G of the twisted representation m ® |det|® is reducible (those
numbers are known to belong to {0,£1/2)} if N > 1, by the work of Shahidi
[Su1] [SH2]).

We construct in this paper G-covers for Bushnell-Kutzko types attached to in-
ertial classes [GLn (F), 7]qr (r) where  is self-contragredient, which is the first
step in the above program. We do not compute the corresponding Hecke algebras.
The principle of the construction is to start with a well chosen G Loy (F)-cover
attached to the inertial class [GLN(F) x GLn(F'), ™ ® T|qr,y(F) and then re-
strict it to Spon(F'). In the process we need some strong properties of simple
types attached to self-contragredient supercuspidal representations. We prove
the following in part II (Corollary II.3):

Theorem 1. Let (T',7y) be a maximal simple type (in the sense of [BK1]) in
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GLN(F) such that the corresponding inertial class contains a self-contragredient

representation. Then either (I',v) has level zero, or the simple character g

attached to v can be attached to a simple stratum [Ag,ng, 0, 5] in My (F) with

the following properties:

1 ~The field F[3] is a quadratic extension of F[3?] (in particular N is even).

2 —Let v be an element in AJ realizing the Galois conjugation of F[(] over F[3?].
The character 0y satisfies Og(vov=1) = 0p(z~1) (x in HY(B,2p)).

This property of self-contragredient supercuspidal representations was known
in the tame case: such a representation is then attached to an admissible char-
acter of a maximal field extension contained in GLy(F') and Adler [A] proved
that this character is trivial on the group of norms relative to a quadratic subex-
tension (or N = 1 and the character is quadratic). In loc. cit. Adler also gives
a full description of level zero self-contragredient supercuspidal representations
(which exist only if N is even or N = 1).

Let g — 7g be the transposition relative to the anti-diagonal. Theorem 1
essentially amounts to saying that, for a suitable order 2 in Msy (F') related to

the order Ay above, the stratum A = [, 2ny, 0, <§ _07/3
Let G = GLyn(F) and P be the maximal parabolic subgroup in G of upper
block-diagonal matrices with Levi subgroup M isomorphic to GLy(F)xGLy (F).
The process in [BK1], §7.2, provides us (Corollary 11.2) with a G-cover (Jp, Ap)
of (I'x T,y ®~*), with v*(z) = v(@™!), attached to the stratum A. It will

lead us (Theorem III.1) to the cover we are looking for:

Theorem 2. Let (I',y) be as in Theorem 1 and (Jp,\p) be as above. The
unique representation w of Q = Jp NG such that (Q,w) is a decomposed pair
with respect to (M, P) with QN M =T and w|QN M = is a G-cover of (T,7).

In the case when (I',7) has level zero, the cover given by Theorem 2 has
previously been obtained by L. Morris in [M2]. Also recall that Ju-Lee Kim [Ki]
has constructed a set of types in classical groups, under the assumption that the
characteristic of F'is 0 and the residual characteristic is “big enough”. The types
in her work that correspond to our present setting need not be the same as those
above, in particular they may not be G-covers (see [BB1]).

>] in My (F) is simple.

The main goal of this paper is Theorem 2, while Theorem 1 appears as a
necessary tool. In part I, we establish notation and explain the basic mechanism
allowing one to build decomposed pairs in Spoy (F') from the restriction of de-
composed pairs in GLon (F'). In part II, we detail the structure of the maximal
simple type (I',7v) and of suitable G Loy (F)-covers of (I' x T,y ® v*). This
leads us to a proof of Theorem 1, as a Corollary of Theorem II.3. In part III, we
first build a periodic infinite sequence (£2;,w;) of decomposed pairs in G, with
QN M =T and w;|Q2; N M = ~, then we show that certain sufficient criteria for
this sequence to be a sequence of G-covers are satisfied. Part IV is devoted to
the proof of an intertwining property (Proposition IV.1) that has been assumed
in part III.
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From paragraph I1.2 on, we assume that the order 2 is standard. Any max-
imal simple type (I',y) in GLx(F) is conjugate to a maximal simple type sat-
isfying this property, hence theorems 1 and 2 hold without this restriction (see
the remarks after Corollary I1.3 and Theorem III.1).

I would like to thank here Bertrand Lemaire for helpful conversations, David
Manderscheid and Shaun Stevens for linguistic comments, Shaun Stevens for
his careful reading of an earlier draft of the manuscript and pointing out some
mistakes, and Guy Henniart for his constant advice.

I - Framework and basic tool
I.1 - Notations

Let F' be a non-archimedean local field of residual characteristic p different
from 2, let o or o be its ring of integers, pp or p the maximal ideal of op, wp
or w a uniformizing element and kr = op/pr the residue class field, of cardi-
nality gr. We will be working with the group G = G Loy (F) and its subgroup
G = Span(F) viewed as the symplectic group of the F-vector space V = F?2N

equipped with the symplectic form < , > with matrix (wON 778’N ) in the canon-
0..01

ical basis {e1,...,ean}, where wy = (0 w1 0). Most matrices written below
1

0 ...0
will be 2 x 2 block matrices with N x N blocks. Hence:
Span(F) = {g € GLan(F) s (0 7% ) o7t (Lo, "0 ) = o

We will let X — X denote the corresponding involution on My (F):

0 —w 0 w D —B
= () () T(En) = (),
where g — g, g € GL;(F), is the transposition relative to the antidiagonal; in
other words: g = Tlg = w; g w;.

For any subgroup H of G, we put H = H N G. Let P be the stabilizer of
the subspace < eq,...,ex > in F2VN, a parabolic subgroup of G. Let U be
its unipotent radical and let M be the Levi factor of P consisting of matrices
stabilizing < eny1,...,eany >. We let P~ be the parabolic subgroup of G
opposite of P relative to M and we let U~ be its unipotent radical. We have

M={(%2) 5910 € GLn(B)}, U={(}7) 5 X e My(P)},
W= {(30) s e GLatn, U=((1%) s X € My(F), X = X),

We will accordingly identify M with GLy(F) x GLy(F') and M with GLy(F),
the latter through the isomorphism i from GLy(F') to M defined by

i(g) = (g Tgo_l) , g€ GLy(F).
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If p is a representation of a subgroup H of GLx(F'), i(u) will be the representa-
tion of i(H) defined by i(u)(i(g)) = p(g) (g € H).

Let H be a compact open subgroup of G and p a smooth irreducible repre-
sentation of H. The G-intertwining of p is:

Ic(p) = 1c(p,H) ={9 € G / Hom gnus (p,p?) # {0}}.

For any ¢ in G we define the intertwining space of p at g to be

I4(p) = I4(p, H) = Hom grus (p, p?).

I.2 - Some decomposed pairs in Spon (F)

Let 7 be a smooth irreducible self-contragredient supercuspidal representation
of GLx(F), hence viewed as a representation of M; likewise m ® 7 is viewed as
a representation of M. We want to find types in G and G for the inertial classes
attached to these representations, and we want those types to be a G-cover and
a G-cover respectively, of types attached to 7 ® m in M and to i(w) in M. The
situation in G has been settled by Bushnell and Kutzko in [BK1], as we will recall
in part II. Indeed we will use the types build in loc. cit. to construct the G-covers
we are looking for: the process will involve a suitable conjugation followed by a
restriction to Span(F). The basic mechanism is the following:

Proposition. Let I' be a compact open subgroup of GLn(F') and let v be a
smooth finite-dimensional complex representation of I'. Let v* be the representa-
tion of "T" defined by: ~*(g) =v(7g~'), g€ T.

If (J, A\) is a decomposed pair in G relative to (M, P) such that JAM =T x7T
and N\ jnp =7 ®7", then JNM =i(T') and there exists a unique representation

h) of J such that (J, X) is a decomposed pair in G relative to (M, P) with
Aliry = i(7)-
The representation A = A of J is isomorphic to A®@ .

Proof. We recall the following useful fact: let x € U7, m € M and y € U be
such that their product xmy belongs to G; then x, m and y already belong to
G. Indeed the involution defining Spox (F') stabilizes U~, M and U.

Hence taking intersections with G provides a decomposed pair (J,\) in G
relative to (M, P). We have JAM =JNM =T x T =i(T) and

A((g T()_l))’:7(9)6@7*(79‘1)Zv(g)®v(9), gerl.

T:{(g Tgo_1> ; g€l v(9) ®@v(9) =1}
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To go from there to the decomposed pair we are looking for, it is enough ([Br1],
Lemme 1) to prove a similar inclusion with 7" replaced by

T’:{<g Tgo_l) g€, v(g) =1}

Indeed, the representation X will then be uniquely defined by the condition
Xu(p) = i(7y), plus the fact that it is trivial on JNU and JNU".

Now the subgroup of J generated by JNU and JNU ™ is a pro-p-group ([BL3])
and so is its intersection with M, hence we can replace T in the above inclusion
by a suitable pro-p-subgroup of 1. All we have to show is :

Lemma. Let v be a finite-dimensional smooth complex representation of a
pro-p-group H, with p odd. If the representation v ® v of H is trivial, so is .

Indeed ~ factors through a finite quotient of H, so it is unitarisable. In
particular each operator v(h), h € H, is diagonalisable, and the triviality of
v ® « implies that any product of two eigenvalues of v(h) is equal to 1. Hence
~v(h) is a scalar operator, namely £1. Now —1I is impossible for p odd. O

If the pair (I',7) in the proposition is a maximal simple type in GLy (F') and
the pair (J, \) is a G-cover of (I' x "T", vy ®~v*), one would like to know whether or
not, under relevant conditions on (J, \), the associated pair (.J, X) is a G-cover
of (I',y). We do address this question here in the special case of a pair (I',7)
attached to the inertial class of a self-contragredient representation ; the object
of part II is to use Bushnell and Kutzko’s simple types to produce in this context
a G-cover (J, \) with suitable properties for that purpose.

IT - “Self-contragredient” GL,x(F)-covers
I1.1 - Bushnell and Kutzko’s GLyy (F')-covers

All references in this paragraph are to [BK1], any undefined notion or notation
comes from [BK1].
Let m be an irreducible supercuspidal representation of GLy(F') and (I',7)
a maximal simple type in GLy(F) attached to the inertial class of 7. From
Definition (5.5.10) — where we do treat (b) as a special case of (a) — and Theorems
(6.2.1), (6.2.2), the pair (I',v) = (J(8,20),A\(3,2p)) comes equipped with the
following data:
(i) A principal op-order 2y and a simple stratum [, 70,0, 8] in My (F); in
particular E = F[f] is a field extension of F.
We let PBo be the radical of 2y and By be the commutant of E in My (F).
Then By = Ap N By is a maximal og-order with radical Q¢ = Py N By.
(ii) A simple character 6y € C(p,0,3) and a [-extension xkg to J(3,2) of the
unique irreducible representation g of J!(3,%l) which contains 6.
(iii) An irreducible cuspidal representation o¢ of GL(f, kg) inflated to I' through:

J(8,%0)/J"(B,%0) = U(By) /U (Bo) ~ GL(f, k), f=N/[E: F].
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We now write Myn(F) as 2 x 2 block matrices with entries in My (F'). This
amounts to a decomposition of the underlying vector space V = F2N_ written
as column matrices, as a direct sum V = V1) @ V@ with V1) (resp. V) the
subspace of column matrices having their first (resp. last) N entries equal to 0.

Let (Ao.;)iez be the lattice chain in F'V associated to the order 2. It deter-

mines lattice chains (A((){ Q)ZEZ in V@, j = 1,2, under the natural identification
of VU with FN. Let (A;);ez be the lattice chain in V defined by:

Asi = AS) @ AL),  Asipr = Al @A) (i€ ).

. o . . A0 Ao

The corresponding principal order in Moy (F) is A = To Ao )
0 <o

We identify E with its block-diagonal image in Msy (F'), hence we also write

B for (g g) We write B for the commutant of ' in Moy (F') and define the

op-order B = 2AN B, with radical Q =P N B (where P is the radical of A).
Since the period of (A;);ez is twice the period of (Ag;)icz, we get (see 1.2.11,
1.4.13, 1.2.4):

Fact. [, 2n0,0,0] is a simple stratum in Mon(F) and all assumptions in
(7.1.11), (7.2.1) are satisfied, with t = e(Blog) = 2.

The following proposition can be regarded as obvious: it is a paraphrase of
[BK1], §7. We state it to fix notations and make references easy, and give a sketch
of proof as a matter of conscientiousness. The groups P, U, M are defined in
(7.1.13) or equivalently in §I.1 above.

Proposition. There exists a unique representation A of J = J(3,21) which
18 a simple type with the following property.

Let A\p denote the natural representation of Jp = (J N P)HY(3,21) on the
space of J*(B3,A) NU-fized vectors in X\. The pair (Jp, \p) is a decomposed pair
in G relative to (M, P) with :

JPﬂM:JﬂM:FXF and ()\P)|JQM:’V®’7

Proof. Indeed this is Theorem (7.2.17) in [BK1], except that we want an actual
equality between representations instead of an equivalence.

From (7.1.16): JN M = J(3,A4M) x J(B,A®); but we have arranged 2 so
that A1) = AR = Ay, hence J(3,AD) =T.

If B belongs to op we just note that J = Jp and J N M = U(y) x U(yp);
we take the representation oy ® og there.

We now assume that 8 ¢ og. From (7.1.19), the restriction to H' = H(3, %)
of any simple type A is a multiple of a simple character 6 € C(2,0,3) and the
pair (H', ) is a decomposed pair in G relative to (M, P), satisfying: H! N M =
HY(B,2A4W) x HY(B,24®)) and 0100 = 0 @ 6P, where 09 € C(AD,0,3) is
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the image of § under the bijection C(A®,0, ) =, C(2,0,3) given by Theorem
(3.6.14). Since the family of bijections given by (3.6.14) is unique and A(Y) =
A2 = 2y, we must have ) = ) and from (3.6.14) there is a unique 0 €
C(2,0,3) such that 6, g1ny = 0o @ Oo.

With this choice of #, the next step towards A is the choice of a 3-extension
k. From (7.2.5), (7.2.15), (7.2.16), it has the form x = Ind} kp where again the

pair (Jp, kp) is decomposed and (kp)|jnar = kM @k both being B-extensions

0 IN) (7.2.15) and wp intertwines

wr 0

of ng. Since (kp)|sna is normalized by (

kW, we have k1) ~ k) ~ gy ® x o detp, in the notation of (5.2.2). Since
Kk ® x ! odetp is another 3-extension we may pick & in the first place so that

(kP)|snm = Ko ® Ko.
All we have to do now is to tensor x with o9 ® og as before (7.2.17). O

Corollary. The pair (Jp, Ap) is a G-cover of the pair (I' x ',y ® 7) in M.
The pair (Jp, Ap) is a type in G attached to the inertial class [M, 7 & w|q.

The first assertion follows from (7.3.2) and the results in [BK2, §7], the second
from Theorem 8.3 in [BK2]. Note that by symmetry — see (7.1.13) — this also
holds for the pair (Jp—,A\p-), with Jp- = (JNP~) HL.

Before turning to the case of self-contragredient supercuspidals in the next
paragraphs, let us fix some more notations and write down some properties that
will be used later on ; they all derive from [BK1, §3.1].

(0 Myn(F) _ 0 0 - i _ .
LetU—(O 0 )andU _(MN(F) 0).We will identify U™ with

My (F) through <)0( 8) — X and U with My (F') through (8)0{) — X. We also

use the isomorphisms ¢ and i~ from My(F)toU =1+Uand U~ =1+ U~
respectively, defined by

it =(07),  TX=(x1).

Write J' = JH(3,2), 3' =J1(B8,A), I =3I ' nU~, I =3F' NU (both viewed as
lattices in My (F)), and similarly for H!, §'. From [BK1, §3.1, 7.1] we have :

Jh=1+3" =i~ @QL) (J'nM)itQh),

H'=1+9" = i (9L) (H' n M) it(9).
The lattices $! and J! are invariant under conjugation by R(B), hence by
< 0 IN) Hence

wgr 0

Those lattices in My (F') also satisfy :

wpdl cHl c I cHl cIl cwp'nl.
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I1.2 - Intertwining properties in the self-contragredient case

Let (T',v) = (J(8,2),A(8,2)) be a maximal simple type in GLy(F) as
above, attached to the inertial class of 7. We want to use the decomposed pair
(Jp, Ap) given by Proposition I1.1 to produce a decomposed pair in G through
the process described in Proposition 1.2. This is easy if I' is equal to "I" and
~v* equivalent to v, which implies that 7 and its contragredient representation
belong to the same inertial class. We actually want to show that the converse is
true up to conjugacy.

Proposition. Let (I',7v) be a mazimal simple type in GLy(F) such that
the corresponding inertial class of irreducible supercuspidal representations of
GLN(F) contains a self-contragredient representation w. We keep the notation
in 8§11.1 and assume the order Uy is standard.

1 1

(i) There exists o in U(y) such that T' is stable under 6 : x — o'z~ 'o~ ", and

v 18 equivalent to yo &.

(ii) Such an element o is unique up to left multiplication by T. It satisfies:
(a) o0t €T and wi'c w0t €T.
(b) The map & stabilizes H*(3,20) and J'(3,%y) and we have: 0y = 0y o 5.
(c) The lattices 3#, I3t Sﬁﬁ_ and $Ht in My (F) defined in I1.1 are stable under
X—oXo !

Ezample. Assume N = 2 and F is a quadratic extension of F' generated by an

) 10 : .
element of matrix form <2 g) Then we may take o = <0 1 >; here conjugation

by o realizes the conjugation of E over F' and o plays an explicit part in the
construction of G-covers in [BB1], [BB2].

Proof. We call here standard an order whose matrix form is given by [BK1],
(2.5.1) or [Bul], (1.9). Note that we can always conjugate (I',7) into a maximal
simple type whose associated order is standard. The property we need here is
that 2, being standard and principal, is stable under the map x — "x.

(i) By a theorem of Gelfand and Kazhdan ([GK], Theorem 2), the contragredi-
ent representation of 7 is equivalent to the representation 7* defined by 7*(x) =
7(1). Since %Ay is stable under 7, the automorphism x — 7! transforms
the pair (T',v) = (J(8,0), A(3,20)) into (I'*,v*) = (J(=B,g), AM(— B,%0)),
a maximal simple type underlaid by the simple stratum [y, ng,0,—73]. Since
7 is equivalent to 7, those two types, (I',v) and (I'*,~*), intertwine in GLx (F')
and we may use [BK1], Theorem (5.7.1), to derive that they are conjugate
in GLy(F). Since the two types are associated to the same order 2, the
proof of loc. cit. actually tells us more: indeed it says that there is an el-
ement o in U(2y) that conjugates the simple character 6y € C(%o,0,3) into
05 = 0go (z+— 1) € C(Ag,0,—73), and that, eventually, that same element
o conjugates (T',v) into (I'*,+’) where 7/ is equivalent to v* (if v has level 0, it
says that v and v* are equivalent).
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(ii) Let o1 be another such element. The automorphism &1 06 normalizes (T, 7)
and is a conjugation by o1 7o ~! that must therefore belong to EXI'NU(Ry) =T
([BK1], (6.2.2)). Then the first part in (a) follows whence o7 € I''o0 = T'o.

For the last part in (a), we use the same argument: the element o1 = wgla
also satisfies the conditions in (i) — except that it does not belong to U(2y) —
because wg normalizes (I',7), and the determinant of o1(%0y)~! is 1, whence
the result.

Now, for (b) we only have to note that the element o produced in the proof
of (i) satisfies the required properties.

The first step in the proof of (c) is the description of J!(3,2l) and H*(3,%A) in
terms of the lattices in GLx(F') attached to [y, ng,0, 3], as in [BK1], (7.1.12).
Since the given lattices in My (F') are the direct sums of their intersections with
the Homp(V®, V) we use the corresponding block-matrix notation.

Lemma. For any non-negative integer k, we have:

N B % (ﬂ Qlo) 3 (ﬂ QLO) an
H"(3,2) = (wEJ 1(3,%) $HI'F 21](5,%))) !

(8,2o) w?? 213, 910)) _
(8,2%) B, )

\2"
M\

)—\—'m

it
3B, ) = (

Proof. The diagonal blocks are already described in [BK1] Proposition (7.1.12),
(iii). Since the lattices $*(3,2), J*(3,2) are invariant under conjugation by

( 0 I”) € &(B), all we have to show is H¥(3, 2)NN = Jl21(5,2,) and J*(3,2)N

wWE
N- = 9lz ‘H(ﬁ 2p). The proof of this goes exactly as in loc. cit.: the equality
is first checked for # a minimal element, then obtained by induction along 5. [

Since 31 = wy'JL and HL = wpH it is easy, using property (a), to check

that 3# and H! are stable under the map ¥ : X — 0 Xo ! if J! and f)}k are.
From the lemma we have J1 = §'(8,%) and H} = J(3,2).

We know from (b) that X stabilizes H!(3,%o) = 1+ (3, o) hence H1(3,2o).

We have J(83,%) = Bo + J1(3,Ao) ([BK1] (3.1.8)) and J*(3,%Ap) is stable
under ¥ by (b), so we have to show that X(By) is contained in J(3,2y). We
know that $(Qp) = X(Bo N*Po) is contained in J(3,2A). Since J(B,Ag) =T is
invariant under & we also know that (B ) is contained in J(3,2). Our claim
then follows from the fact that 9B is the og-linear span of B : By = 0g[BJ],
as asserted in [Bul] on page 190 (recall p > 3). U

Let S = <é2); it belongs to U(2A). Define J° = S~1JS and \9(z) =
A SxS~1), x € J°, where (J,)) is the simple type given by Proposition II.1.
Recall that the restriction of A to H! = H!(3,2) is a multiple of a simple
character 6 € C(2,0,3) such that (H!,#) is a decomposed pair in G relative to
(M, P) with H' N M = Hl(ﬁ,ﬁo) X Hl(ﬁ,mo) and 9|H10M = 90 & 90.
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Corollary. The representation \° of J° = J(S™13S,2l) is a simple type with
the following properties:
(i) The pair (J2,\3) is a decomposed pair in G relative to (M, P) with :

JoNM=JNM=Tx T and ()\}S;)Usmszy@'y*.

The same holds for the pair (J3_,\3_).
(ii) The groups J°, Jg and Jg, are invariant under the involution X — TX 1.
(iii) The group H'(B3,20)° is invariant under the involution X — TX =1 and so is

the simple character 85 . We have gﬁilsﬂM =0y ® 0.

Indeed, using Iwahori decompositions of those groups, one checks easily that
the invariance of their intersections with M, U and U~ derives from the proper-
ties in the proposition.

I1.3 - A block-diagonal skew-simple stratum.

The simple character #° € C(2,0,S7!3S) in the above Corollary is fixed
under the involution X ~ ZX~!; it follows from [St1], Theorem 6.3, that this
character can be viewed as a simple character attached to a skew simple stratum,
namely:

There exists a simple stratum [2,2n,0,8] in Endp(V) satisfying § = —15
such that 6° belongs to C(2,0,9).

In our situation we want, though, to work with a field extension both stable
under the involution and contained in M. We will thus derive a number of
properties of the above stratum that will lead us to that goal: we will first study
the hermitian structure of V over the field L = F[§] and show that we can
conjugate § into a block diagonal element g~'dg (lemma 1); then we will use the
very strong intertwining properties of simple types (lemma 2) to show that we
can pick g in J*.

If 0 is equal to 0, then L = F is already contained in M anyway. We thus
assume that 6 # 0. The involution X — X induces on L an automorphism of
order 2; let Ly be the fixed field of this automorphism. Then L is a separable
extension of Ly (recall p # 2) with

Trrr,(X)=X+"X (X€L).

Let ¢ be any non-zero F-linear form on Lg; then ¢ o Trp 1, is a non-zero F'-
linear form on L, invariant under the involution 7. We define a non-degenerate
L-anti-hermitian form b4 on V' through :

Vac L, VeeV, VyeV, <ax,y>=d¢oTry 1 ,(aby(z,y)).

The intersection of Endy (V') with Sp(V') is the unitary group U(V, b,) relative
to that form.
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We first want to find a decomposition of the symplectic F-space V as a direct
sum of maximal isotropic subspaces stable under L; it amounts to showing that
the anisotropic part of the (anti-)hermitian space (V,by) is equal to {0}. To show
this we will use lattice duality, and it will actually be easier, as Shaun Stevens
pointed out to us, to work with an hermitian form. We then fix an element u
in L satisfying Try, /7, (u) = 0 and such that valpu = 0 if L/Lg is unramified,
valpu = 1 if L/Lg is ramified, and we define: dy(z,y) = uby(z,y) (z,y € V).
This is an hermitian form.

Recall ([BK1], (3.5.1)) that the field extensions E = F[(3] and L = F[§] have
the same ramification index and residual degree over F' (hence [FE : F| is even).
In particular the self-dual lattice chain (A;);ez attached to 2 (II.1) has period
2 over L (by definition of a stratum, those lattices are oy -lattices). For Y an
or-lattice in V' we put :

Yi={veV /) <v,Y>Cop}; Yi={veV /ds(v,Y)Cor}.

We fix ¢ such that ¢(or,) = op and ¢(p;) = pp'; we then have Y# = Y* .
Since 2o is standard, we can number the lattice chain (Ag;);cz in such a way
OF
that Ao = | . We get the sequence A? =A_1DAy= Ag DA =wrA_q,
op
that reads:
A=A DA =ADA =wA .

This is the self-dual slice of the lattice chain in the sense of Morris [M1]. Propo-
sitions 1.7, 1.10 in [M1] tell us that we can find a decomposition of the her-
mitian space (V,dg) into a direct orthogonal sum V = Vi @ V,, where V, is
anisotropic and the anisotropic part of Vp is null, such that, for all ¢ € Z :
AN =ANVyg d A, NV,. We now use the following fact:

Let (W, b) be an anisotropic hermitian space over L. Assume there is an or-
lattice Y in W satisfying:

-~ Y =Y"%if L/Ly is unramified;

~ Y =w Y8 if L/Lg is ramified.

Then W has dimension 0 or 1 over L.

Remark : The first case is a remark in [MVW], 5.1.1). Both cases rely on
the classification of anisotropic hermitian spaces (see, e.g., [MVW], 1.1.4, or [M1],
1.8); indeed such a configuration cannot occur in two-dimensional spaces.

We can now conclude, since V' has even dimension over L as over F, that the
anisotropic part of V' is null. Again, from Propositions 1.7, 1.10 in [M1], we can
find a decomposition V' = W; @& W5 into a direct sum of maximal by-isotropic
L-subspaces such that:

—forallieZ, A, = A; N W1 A; N Wo;
— the induced lattice chains on W; and W5 have period 1 over L;
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-~ AN =AgNW ®wrAg N Wha.

Let (f1,---,fn) be an op-basis for (A; N Wi)cz (see definition (1.1.7) in
[BK1]) such that A "Wy =opf1 + -+ opfn ; one checks easily that the basis
(fN+41,--, fan) of Wy defined by < fi, fon—k41 >= —1 for 1 < k < N and
< fisfon—k41 >=0for 1 <E < N,1<j <N and j # k, is an op-basis for
(Al N W2)i€Z-

Let g be the element of Sp(V') that sends the canonical basis (e1,--- ,ean)
on (f1,---, fan). We started (see I1.1) with a decomposition V = V(2 g V(1)
having the same properties with respect to E as the above decomposition with
respect to L, and (ej,--- ,eyn) is an op-basis for (A; NV (?);cz. We thus have
g(A; NV @) = AN, for all i € Z, hence, using duals, g(A;) = A;, so g belongs
to A*. We sum up what we have just proved :

Lemma 1. There exists an element g in Span(F) NAX such that g~ 18g is

block diagonal, namely
_ 0 0
1c._ (90
g 09 = (0 _750)-

Let us come back now to the simple type (J°, A¥) in Corollary II.2, related to
the simple character 6° in C(,0,S7135) = C(X,0,6). Its conjugate (J%9, \59)
is related to the simple character #°9 in C(g~'%g, 0,9~ 16g); note that g~ g = A
since g belongs to 2A*. Since g~'dg is block diagonal, the machinery of [BK1],
§7.1 and 7.2 applies: (J%9, A%9) determines equivalent maximal simple types p(*)
and p®), attached respectively to the strata [g,ng,0, 8] and [g,ng,0, — ol;
from [BK1], Theorem 7.2.17, we have: (A\%9)y = p) @ p) (see also terminology
7.2.18, (iii)).

We now recall [BK1], Corollary 7.3.12. Let 7’ be any smooth irreducible
representation of G containing A. Its supercuspidal support consists of unramified
twists of an irreducible supercuspidal representation 7 of GLx (F') containing -,
the maximal simple type we started with in I1.2: (I',~) = (J(5,%0), A(3,20)).

But 7’ contains \ if and only if it contains A\%9, hence 7 also contains the
maximal simple type p(!). Since the maximal simple types A(3,2y) and p(Y)
intertwine in GLy (F') and are associated to the same order 2y, they are conju-
gate in A ([BK1], Theorem 5.7.1 and its proof). We sum up :

Lemma 2. Let (J(69,%0),p™")) be the mazimal simple type associated to
(J59,X59). There ezists an element a in A such that J(5o,Ao) = a~1J(3,20)a
and pM) = [A(8, o))"

Now the element a above is related as follows to the element ¢ in lemma 1:

Proposition. Let ¢ = (g ,a0_1> be the element of Span(F) NA* associated

to a. Then g belongs to the coset cJ59 in AX.

Proof. To simplify notation here we let H = J%9 = J(g~1dg,2) and p = \99.
We use [BK1], Theorem 7.2.17 to produce two decomposed pairs (Hy, 1) and
(Hs, p2) in H such that p = Indglul = Ind§2,u2.
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For the first one we let 3 be the natural action of Hy = (HNP)H (g7 159, 2)
on the space of (H N U)-fixed vectors in y; indeed Hy = (J%9)p, u1 = (A%9)p.
We obtain a decomposed pair (Hy, ju1) relative to (M, P) with p = Indj p.

For the second one, we let Ho = (Jp)%9, o = (Ap)°9 and obtain a decomposed
pair relative to (97! Mg, g~ ' Pg) with p = Indf] po.

We now apply Mackey’s theorem [Ku] to the irreducible representation p. The
intertwining of p in H is one-dimensional, hence there exists a unique double coset
HszH, in H such that the restrictions of p1 and p3 to their common domain
H, Nz~ 'Hyz intertwine.

Let us look at the induced representation Ind%X . It is irreducible — indeed the
intertwining of p in 2~ is contained in the intersection with A* of the intertwin-
ing of the simple character §°9, hence in (HD*H)NA* = H(DNA)*H = H,
where D is the commutant algebra of g~'6g. Applying the same theorem to
Ind%j = Ind%,‘: to produces a unique double coset Hoz'Hy in 2A* with the
previous properties. We must have HozH, = Hoz' Hy, hence the proposition will
follow from:

1

Claim. g~ 'c intertwines py and po.

First note that the pairs (Hi, x1) and (Ha, ug) are both invariant (up to equiv-
alence of the representations) under the involution = — Zz~!: this follows from
Corollary I1.2, since g belongs to Sp(V').

We have ¢~ lgHyg71c = ¢ 1J3¢, so the pairs (Hy, u;) and (Hgilc,ﬂgilc) are

te

both decomposed with respect to (M, P) and the representations pq and ug

intertwine if and only if their restrictions to H; N M and Hj "' M intertwine.
Now Hy N M = J(g~8g,A) N M = J(60,A0) x "J (50, Uo) and the restriction
of pu1 there is p™) @ p®), equivalent to p™ @ (p(M)*. On the other hand:

HY °NM = ' (Jp N M)%e = (a”"J (B, %0)a) x (a~"J(8,%0)a)

and the restriction of ,ug_lc there is isomorphic to [A(8,%0)]" @ ([A(8,Ao)]")*.
We now conclude with lemma 2. O

Since ¢~'g belongs to J°9, then ¢~! belongs to g~'J° so we can write g = hc
with h € J%; note that h belongs to G since g and ¢ do. Since the elements
g '0g = ¢ *h~'6hc and ¢ belong to M, so does h~'5h. Furthermore, since h
belongs to J*°, it stabilizes the simple character 6.

We have finally proved that, given any simple stratum [, 2ng, 0, §] in Moy (F')
satisfying 0 = — 76 and 0° € C(2,0,6), there exists an element h € J° N G such
that h=15h belongs to M. We conclude:

Theorem. Let 0° be the simple character in Corollary I1.2. There exists a
simple stratum [, 2ng,0,a] in Mon(F), satisfying o € M and o = — T, such
that 0° belongs to C(2,0, ).
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[ s) 0
0 —"ag
over F if and only if ag = 0 (case ruled out from the start) or the field K = F[ay)]
is a quadratic extension of Ky = F[ad].

Recall that the pair (H'(a, 1), 67) is a decomposed pair above (H(aq, o) x
HY(—"g,),00 ® 03) and is T-stable, i.e.:

{H1<Oz0,910) X Hl(—TOéo,Qlo) = Hl(ao,mo) X THl(Oé(),Qlo)
0s ((% 52)) = 0o(90)00("05")-

From [BK1], Proposition 7.1.19, we conclude that the character g — 6y(7g~!) on
H(— ", o) is the image of g under the canonical transfer of simple characters
from [BK1], Theorem 3.6.14:

Now write a = ( ) and note that such an element generates a field

C(Ql()v 07 Oéo) i> C(Q[07 07 - TQO)

It is difficult here to use the original notations to denote the canonical map;
indeed C(20p,0, — "avg) is still a set of simple characters attached to «g, but we
change the action of K on the underlying vector space by composing it with 7
and with the Galois conjugacy over K, denoted by = +— Z. We now use the
following

Fact. Let 11, 12 be two F-embeddings of K into My (F') such that 1 (K*)
and Yo (K ) both normalise Ay. There exists u in U(™Ay) such that, for all z in
K, we have ¥o(x) = w1 (x)u. The canonical transfer map between the set of
simple characters C(Ao, m,¥1()) and C(Ag, m,2(ag)) (m in N) is then given
by 0 — 0“.

(The first assertion above is Lemma 1.6 in [BH1]. The second is so tautological

that it is implicit in [BK1]. In any case properties 3.6.13 in [BK1] are easily
checked.)

We may then choose an element o in U(Rly) such that o~ lze = 7z for all
x in K. The canonical transfer map from C(2, 0, ag) to C(2p, 0, — o) hence
transforms a simple character p into the simple character x — u(oczo=1!). We
get:

Corollary. Let (I',v) be a mazimal simple type in GLx(F') such that the cor-
responding inertial class of irreducible supercuspidal representations of GLy(F')
contains a self-contragredient representation m, and assume the corresponding
principal order Ay is standard. Then either (I',~y) has level zero, or the simple
character 0y underlying it can be attached to a simple stratum [2o,no,0, ag] in
My (F) with the following properties.

1 ~The field Flayg] is a quadratic extension of F[ad] — in particular N is even.

2 —Let x — T denote the Galois conjugation of Flag] over F[ad]. There is an
element o in U(y) such that c™lzo = "% for all x in Flag]. The simple
character 0y then satisfies:

Oo(o0 o™ 1) = (1) (x € H (g, Up)).
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Remark 1. The element o above satisfies all assumptions in Proposition
I1.2 (see the proof of I1.2). It is unique up to left multiplication by U(%By), and
o o~1 belongs to U(By).

Remark 2. We can apply the above fact to the embedding = +— "= of K
into My (F), and get u in U(Rlg) such that u=tzu = "z for all z in K. The
transfer map between C(2y, m, ag) and C(2p, m, 7o) is then given by 6 — 6“.
Since it is also given by 6 +— 6 o 7, any simple character 6 in C(y, m, ag) satifies
0(g9) = O(u"gu~t). We let v = ou~! and combine this with the above Corollary:
we have v™1lzv = 7 for z € K and Og(vzv=1) = Og(x™1) for x in H (ap,2Ao).
This is the formulation given in the introduction; it is conjugacy-invariant, hence
the assumption that 2 is standard can be removed there.

Remark 3. One can actually go further along the same lines and show that
f = N/[E : F] is either even or equal to 1; hence either [E : F] is equal to N, or
N is a multiple of 4.

IIT - A sequence of Sp,y(F)-covers

II1.1 - Construction of the sequence

We do not need in this paragraph the results obtained in §I1.3; their use
would not help. Henceworth we keep the notations and assumptions in §I1.2 — in
particular (I',7) is a maximal simple type in GLy(F'), attached to the inertial
class of a self-contragredient supercuspidal representation 7, and 2y is standard
— and start with a sequence (J;, A\;)o<i<a of G-covers of the pair (I' x I', vy ® )
as obtained from Proposition II.1:

(J3,A3) = (Jp, Ap) 5 (J2,A2) = (Jp-, Ap-) ;

S \S S S i 0 I
(Jla)\l):(']27)‘2); (JOa)‘O):(Jg”)\?’) with s = <I O) ;

-1
0 wg

(ih) = U5.5) withe=(TF ).

Note that the elements s and ¢ normalize (I' x ',y ® 7). Let us write down the
Iwahori decompositions of the J;’s to visualize them :

The process in Proposition 1.2, applied to the conjugates Jf of Corollary II.2,
provides us with a corresponding sequence of decomposed pairs (Jis, )\f > in G,

that we will denote by (€2;,w;) to simplify notations; namely:

(Qi,wi)ogi@ with QZ = JZS N G, Qz N M = Z(F) and (wi )|Qzﬁ]\_4 = Z(’)/)
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=1 w 0 .
We have: J; = (ng 0 )ng( 0 071w510> with

o "wgo

oyt 0 _(wp' 0 I L0
0 o ‘wgo ) 0 "wg 0 "wp 0~ wgo

1 1

and we know from Proposition 1.2 that "wy' 0~ 'wgo belongs to o~ 'I'c = TT.

Hence € is equal to 271z where z = <w(r)E Two;> belongs to G. We can thus

d_erive from the above (€2, w;)o<i<4 an infinite sequence of decomposed pairs in
G through : . .
Qi+4j = VRS {0, 1,2,3}, jeN.

Theorem. The pairs (Q,w;), i €N, are G-covers of the pair (i(T),i(7)).

Remark. Let (T',4’) be another maximal simple type attached to the inertial
class of m. From [BK1], (6.2.4), we can find a € GLy(F) such that IV = I'?,
v = ~% The conjugates of the subgroups in Corollary I1.2 by the element
A =i(a) in Span(F) satisfy analogous properties with respect to (I',~"). The
process in Proposition 1.2 then gives us decomposed pairs above (i(T),i(v"))
which are G-covers of (i(I'),i(v")), as A-conjugates of the above. Hence Theorem
II1.1 actually provides us with a construction of a G-cover of (i(T'),i(y)) whether
or not 2y is standard.

The proof of this theorem will occupy the remainder of this paper; it is organ-
ised as follows. From the properties recalled in §II.1 we know that the sequences
O, NU and Q; NU™, i € N, are respectively increasing and decreasing, with
Uien 4 = U. We can then use [BB1], Theorem 1.3.4: to show that the sequence
of decomposed pairs (£2;,w;) is actually a sequence of covers, it is enough to show
that each couple of consecutive pairs ((£2;,w;), (241, wi+1)), ¢ € N, satisfies one
of three criteria. In the present paragraph we will prove a convenient periodicity
lemma, allowing us to reduce this checking of criteria to the cases i = 0 to 3. For
i =0 or 2, criterion 1 in loc. cit. is satisfied (II1.2). For i =1 or 3, criterion 2 is
used, but the proof in II1.3 takes for granted an intertwining property, property
(). Part IV is then devoted to proving property (*), or rather Proposition IV.1
which implies the former; for this we will need Theorem I1.3, i.e. the stability of
the underlying field extension under the involution 7.

Since an appropriate power of wg belongs to wrl', the sequence (;,w;) is
periodic in the sense of [Br2], Lemma 1, with period 4e(E/F). Since we would
rather restrict the checking of criteria to the smallest possible number of cases,
we have to generalize this lemma to the case of our element z, which does not
lie in the center of M. Note that although we state the periodicity lemma below
in our present context, it actually holds in the more general situation of [Br2],
Lemma 1.

Lemma. Let z be an element of M which normalizes Q; N M = i(T') and

such that v and *v : x — v(27'xz2), are equivalent representations of I'. Let 1,
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k € N such that Q1 = 27 0z and Qi g1 = 27 Qi 12. Let (1, W) be a smooth
representation of G and define, for w € W% :

W)= [y [ nwan

We have N7, = 7(z71)NT 7(z), hence NT . is injective on W¥it+ if and only
of N7 is injective on W<,

Proof. Since z belongs to M we have : Q. NU~ = 27Y(Q; NU7)z and
Qi 1NU = 275(2;41NU) 2. From a change of variables (y,n) — (27 1yz, 27 tnz)
in the integral defining 97, ,, we get N7, = 7(27H)NT 7(2) (indeed the moduli
of the action of z on U and U~ are mutually inverse). The consequence on
injectivity relies on the equality 7(z)W«i+k = W« due to the fact that, since 7y
and *~ are equivalent, the representations w; and *w;, of {; are equivalent. [J

. w 0 . . .
Since our present element z = ( OE Tw_l) satisfies the assumptions in the
E

lemma, showing injectivity of the operators 97 for ¢ € N amounts to showing it
for i = 0 to 3. In other words (see [Br2], Proposition 1), we only need to check
the criteria in [BB1], Theorem 1.3.4, for + = 0 to 3.

II1.2 - Injectivity of 9] for + =0 or 2

We start with the case ¢ = 2 and will prove that criterion 1 is satisfied, namely:
for any y in Q3 NU, y ¢ Qo, there is a closed subgroup X of Qo NU™ such
that y~1 Xy is contained in Qy and has no non-zero fized vectors under ws.

We use the groups H' = H'(3,2) and J! = J(3,2) from §II. From our
definitions of J, and J3, both groups contain H' and the restrictions of Ay and
A3 to H' are a multiple of the simple character  which satisfies ([BK1], (7.2.3)):

Fact. Forz in J'NU~ andy in J' NU, the commutator [z,y] = zyz~1y~!

belongs to H' and the map:
(J'NU~/H'nU™) x (J'NU/H' NU) — C*
(z,y) — 0 ([z,9])
18 a perfect duality between those two groups.
We have by definition JoNU~ = J'NU~, JsNU~ = H'NU—, J3NU = J'NU
and JoNU = H' NU. Conjugating by S then gives us a perfect duality:
(JsNU~/JZNUT)x (J§nU/JZNU) — C*
(z,y) — 6% ([z,y]).



Sp(2N)-COVERS FOR SELF-CONTRAGREDIENT SUPERCUSPIDALS OF G'L(IV) 19

Corollary I1.2 states that the involution X — X! on G preserves J3, Jgg and
the above duality given by #°. From Stevens’s remark in [ST1, §4], we conclude
that by restriction to Span (F') we still have a perfect duality:

(QQQU_/QSQU_) X (QgﬂU/QQﬂU) — C*
(a,y) — 6% ([z.y]).

Now for x in 2, N U~ and y in Q3 N U, the commutator [z,y] belongs to
(H'NU7)i(g) (H'NU) for some g in H'(3,2), and we have 6° ([z,y]) =
0o(g)%. On the other hand wy([z,y]) is a multiple of fy(g). Since H! is a p-
group with p odd, the perfect duality above implies that, if y ¢ 9, the subgroup
y~ ! (Qg N [7*) y acts in wy through a non-trivial character, q.e.d.

The case i = 0 is entirely similar : indeed J; = sJos~! and Jy = sJ357 1.

II1.3 - Injectivity of 97 for ¢ =1 or 3

Those steps are more involved that the previous ones — indeed, in cases when
31i = ﬁi, we have 25 = 3. We start with ¢ = 1 and want to show that criterion
2 is satisfied, i.e.:

there is a compact subgroup K of G, containing Q, such that the Hecke algebra
H(K, 01, wq) is supported on Qq U Q1tQy for some t in K satisfying:

LMt =4(T), (U N0)t=QnU", t7H(NnU7)t=0nU.

We certainly have 1 = t Qa1 with

t=(_o0)=5"(,%0)8 (ted).

Note that <_J 9071 (I)) belongs to the coset s (I" x I') from Proposition I1.2(a);

hence ¢ normalizes (Q N M, i(y)) and intertwines ws.

Since J; = sJas™! and Ja, s and S are contained in K = GLay(0) (recall 2
is standard), the subgroup generated by 2; and (5 is contained in the maximal
compact subgroup K = Spay(0). Note that working with 5 or ; here amounts
to the same since the element 2 belongs to i(I"). The support of H (G, Qa,ws) is
the G-intertwining of ws, criterion 2 hence amounts to showing :

Proposition. We have : Ig(w2) N K C Qo UQst Q.

Proof. From Proposition 1.2 we know that I5(w2) is contained in I (E),

itself contained in I~ (0_5>, since the restriction of A5 to H' = S~'H'S is a

multiple of 6°.

We must now make an essential use of Shaun Stevens’s results in [St1]. Indeed
the character #° of H' is fixed under the involution = — %z~!. From [St1],
Theorem 6.3, it follows that #° can be viewed as a simple character attached
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to a skew simple stratum, hence satisfies the properties shown in [ST1], §3. In
particular we have by [St1], Theorem 3.7:

Is (9_6‘) = 1(0°)NG.
We thus have the following information on the support we are looking for :
Ia(w)NK CIg(0°)NK.

From [BK1], (5.1.1) and (5.5.11), the intertwining of § is equal to JB*J =

J WJ where W is the affine Weyl group of B* relative to the basis given in loc.
cit. Assume for a moment that [E : F] = N. Since B* is isomorphic to GL;(E)
with i[E : F| = 2N, we are considering in this case the affine Weyl group of
GLy(F), whose intersection with a maximal compact subgroup has at most two
elements, so I¢(0) N K consists of the two double classes J and JsJ and we get:

(%) Is(wy)NK c (JSUJStJ®) N K.

We now drop our assumption on [E : F| and get on with our proof assuming
that (x) holds.

Since J =i~ (JL) (JNM) it (J
group 2 = J9NG satisfies Q = (s

Furthermore we have:
Lemma. JS ¢t J°NG = Qt0.
Proof. Since t(J° NU~)t~! is contained in J° N U, we have

},_) = (JQ NU~ )(J2 ﬂM)(Jg ﬂU) = J2J3, the
ﬂU_)<QgﬂM)(Q3ﬂU) 0203 :QQ(QgﬂU).

J5tJ5=J5nU)t(J°NM)(J°NU).

We apply [S12], Theorem 2.3, to the automorphism z — Zz~! of G, the pro-p-
subgroup J° N U, and the subgroup H = (J°N M) U t (J¥ N M). Condition
(2.1) in [ST2] is easily checked, hence

JStI5NG=Qn)tQNM)(QNT)=QtQ. O

At this point we know: Is(ws) N K C QU QtQ. Now note that the above
argument can be applied in exactly the same way to the representation ws of
Q3; indeed J§ also contains H’. We thus get I5(w3) N K C QU QN with the
pleasant feature that QtQ = Q3¢ Q3 since QNU = Q3N U.

We now use [BK1], (4.1.5) : for i« = 2,3, the dimension of the subspace of
the Hecke algebra H(G,Q;,w;) supported on © (resp. Q) is equal to the
dimension of the subspace of the Hecke algebra H(G, €, Ind&wi) supported on
Q (resp. QtQ). But the argument in §II1.2 shows that the induced representation
of w; to €1 is irreducible, hence the first dimension — dimension of the subspaces
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supported on € — is equal to 1. Furthermore the two induced representations
Ind%iwi, i = 2,3, are isomorphic (use for instance Mackey restriction formula,
plus the irreducibility and the fact that the representations wy, and ws coincide
on Q5 N§3), so the second dimension — dimension of the subspaces supported on
Q¢ — is the same for i = 2 and ¢ = 3. For i = 3 it is equal to 1, because any
intertwining between w3 and w} must intertwine the irreducible representation
i(y), then it is also equal to 1 for i = 2, and since ¢ does intertwine wy we get
the required property. 0J

The last case left, ¢ = 3, is dealt with exactly in the same manner, after
observing that Q4 = ¢ Q3¢ ! with :

- 0 ~"o"wp'\ | a—1 — 0wy twr 0 . 0 wy'
q_<cr_1wE 0 >_S 0 I wS’ w = wg 0 :

0 I
wr 0

Again we have J; = wJ3w~!. Furthermore, let y = ( >; then:
1

yJiy~t = Ju, yloy = Js, yJsy~' = Jo and ysy =t = w.

So we can repeat the previous argument, and we obtain a formula analogous
to (x), where we replace K by (K¥)®, wy by ws, t by ¢. The lemma becomes
J% q J°NG = QqQ, with the same proof except that the roles of U and U~
are exchanged. Since (2 is contained in (KY)?, the last part of the argument also
follows through after exchanging the roles of wy and w3. The proof of Theorem
II1.1 is now complete, provided we prove (x) in part IV below.

Remark. Along the lines of the above proof we might get on to show that
the Hecke algebra of the pair (£23,w,) for instance, in G, is the algebra with
generators T; and T, (elements with support the double coset respectively of ¢
and ¢) and relations the quadratic relations satisfied by T} and T}, (they belong to
a two-dimensional subalgebra). We cannot expect though that these quadratic
relations be the same as the relations satisfied by T and T, in the Hecke algebra
of the pair (J3,\2) in G — and it is not to be expected either ! For instance,
for N = 2, the G-covers constructed in [BB1] are, in the self-contragredient case,
instances of the above (23, w2). The corresponding Hecke algebras are described
in [BB2]; one can check there that the quadratic relations are, in a number of
cases, different from the ones in GL4(F).

IV - Glauberman’s correspondence and intertwining

We must in this last part complete the proof of Theorem III.1, that is, establish
the property (x) in II1.3, as well as the analogous property needed in the last
case (i = 3) in I11.3. We will first show that these properties follow from a bound
on intertwining, namely proposition IV.1 (compare [BK1], Proposition 5.5.11).
To prove this proposition, we will detail in IV.2 properties of the representations
involved and use the argument in [BK1], Proposition 5.3.2, to reduce the proof to
a very precise intertwining assertion: Proposition IV.3. At last we will establish
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that assertion using Glauberman’s correspondence together with arguments from
[BK1], §5.1 and 5.2.

IV.1 - Intertwining and Weyl group

We must now use the full content of Theorem II.3, so we change notations
in this last part, both to simplify them and to stick to the notations in [BK1].
We call (J,), 6, and so on, what we previously called (J°,\%), #% and so on
(Corollary I1.2), call 3 the element in My (F) previously called aq and call § the

element in My y (F) previously called a in Theorem I1.3, i.e. § = (g _Ofﬂ).

We know that (J,\) = (J(3,2),\(3,2)) is a simple type attached to the
simple stratum [2, 2n, 0, B] and the simple character 6 € C(%, 0, B) Recall that
J, X and 6 are stable under the involution X — ZX~!. We will abbreviate
H' = H'(3,2) and the same for, e.g., J', when there is no risk of confusion.

We let E be the field F[§] in My (F') and By be its commutant; we still call

E the field embedding F[3] in My (F) and call B its commutant. The crucial

fact is that the embedding F[3] of E in Myn(F) is stable under the involution
T and B* is a unitary group (§I1.3).

Let W be the affine Weyl group of B* relative to the subgroup of diagonal
matrices. We have B* = U(B)WU (B), since U(B) contains a standard Iwahori
subgroup of BX. As in [BK1] §5.5, we let 91(B)* be the intersection with M of
B,

Let I(A\) be the representation of J defined by I()\) = Ind%PXp (notation
defined in 1.2). We already know (II1.3) that its intertwining is contained in
JB*J = JIB*J! (recall J = U(B)J!). Since B is now stable under T we can
use fully [St1], Theorem 3.7, to get: J1BXJ! = J'BXJ!. We will prove in the
next paragraphs the following proposition:

Proposition. The intertwining of 1(\) is contained in J'Ngx (9(B)*)J*,
equal to JNw (9N(B)*)J.

To derive property (%) we need only note that the normalizer of 9(B)* in W

is equal to (U(B)NW) Wy (U(B) N W) with

Wy = {(176}5 T,wogl) ,iEZ}U{(_TwEOirgl w%,o‘) ,iEZ},

where o is an element in U (2(y) satisfying the property in Corollary I11.3 (or o = I
in the level zero case).

The intersection of W5 with any compact subgroup has at most two elements.
It follows that the intersection with any compact subgroup of the intertwining of
I()\) contains at most two J-double classes, q.e.d.

IV.2 - A one-dimensional intertwining space
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To prove the above proposition we have to collect informations on the rep-
resentation 7(\). We need more notation. We let J_ = JNU~ = J'NnU™,
Jy=JnU=J'NU, Jy=JNM, J}, =J'NnM,H_=H'NnU~, H. = H'NU,
H}l, = H' N M, and so on. We define the auxiliary subgroups Jp = H_J;,J
and K = H_H},J,. We will move around the following diagram (where arrows
mean inclusion):

T=J Jule  I(x)
induction / \ extension
i(ro) Jp=H_JuJ,  J'=J_J4LJ, I(n)
extension \ / induction
Jp=H_JyJ, np = 1i(no)
T Heisenberg
K =H_H,J, i(6)
T extension
H' =H_HjH, i(6o)

Here, for any subgroup N of G admitting an Iwahori decomposition with

respect to (M, P), we denote by i(u) the representation of N trivial on N N U~
and N NU and with restriction i(x) to N N M, whenever it makes sense. We

1~

define I (k) = Indj:Pi(kao) ar_ld I(n) = Ind%)z(no). We let np be the representation
Ny, of J3 in the space of J,-fixed vectors in 7, as in [BK1] §7.2. By definition of

—_—~—

np (proposition 1.2) we have i(n9) = np. Furthermore, since the representation

—_~—

i(0g) of J is trivial on J!, we have:

Ap = i(ko ® 00) = i(ko) ® i(00)

hence I(\) = Indixp ~ (Indgpi(no)) ®i(og) = I(k) ®1i(0p).

We need the following properties:

Proposition.
(i) The representations I(k) and I(n) are irreducible.
(ii) The restriction of 1(k) to J! is isomorphic to I(n).

(iii) The representation I(n) is the Heisenberg representation above (H',i(6y)).

(iv) The intertwining of 1(n) is equal to J* B> J! and for any g in JYB*J' the
dimension of the intertwining space 14(1(n), J1) is equal to 1.

Proof. The irreducibility of I(n) is a consequence of the fact in II1.2 and (ii)
follows from Frobenius reciprocity. For (iii) the argument is in [ST1, §4].

(iv) is more intricate but the proof is entirely in [BK1]. We recall the main
points. First of all we already know that the intertwining is contained in J! B> J*
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so we may assume that g belongs to B*. Since I(n) is a Heisenberg representa-
tion, the argument in [BK1], 5.1.8, 5.1.9, reduces us to proving that

Jh T (JY] = [ B A (Y]

namely lemma 5.1.10 in [BK1], but for G instead of G. Using the Cayley transform
z— (1+2/2)(1 —2/2)71, which is defined on (1)~ ={X € J'/TX = - X}
and establishes bijections between (J')~ and J!, (H!)~ and H*, and so on (see
[ST3]), we replace the equality to be proved by

(7)™ ()™ n((IH) =R = (K™ N ((H)7)7].

(the Cayley transform on ‘B is easily seen to preserve subgroup indices).

Now the proof of loc. cit. applies mutatis mutandis: all exact sequences
there remain exact after replacing each lattice involved, say Z , by Z— = {X €
Z/TX = —X}. Indeed, since g belongs to B* and satisfies g = Tg~1, all the
lattices involved are T-invariant; furthermore, the map ag is easily seen to com-
mute with the involution 7" and from [St3], Lemma 2.1.1, we may (and must
here) choose a corestriction s that also commutes with 7. U

We are now in a position to work out the intertwining of I(\). Let g belong to
W and intertwine I(\); we have to show that g normalizes 91(8)*. Since I(\)

is isomorphic to I(k) ® i(op) and the following two facts hold:

— i(0o) is trivial on J*;

— dim I,(I(n), 1) =1,

we can imitate the proof of [BK1], Proposition 5.3.2, to get that any non-zero
intertwining operator in I,(I()),J) has the form S ® R with S € I,(I(n),J1)

and R an endomorphism in the space of i(oy).

Let us use Proposition IV.3 below: for any T-stable minimal og-order B,,
contained in B, the operator S also intertwines the restriction of I(k) to the
subgroup U'(%8,,)J! (use one-dimensionality for I(n)). Again as in loc. cit.,
this implies that R belongs to I,(i(ag), U (B,,)J1).

Proposition IV.1 now follows from:

—_—~—

Lemma. Let g € W intertwine the restriction of i(co) to U (B,,)J* for any
T-stable minimal og-order B,, contained in B. Then g normalizes the group

M(B) <.

Proof. Indeed we almost recognize [BK1], Proposition 5.5.5, that again we will
imitate. The sequence of lemmas there holds unchanged, so we assume g does
not normalize M(B)* and produce an hereditary order Bf, with radical Qj,
and a parabolic subgroup @ of GLy (F'), with unipotent radical N = 1+, such
that:

(i) By CBo; BLNN=0,NNEZ Qo; 9~ (QNN) g C Qo;
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(i) the image of 1+ Qf NN in U(Bo)/U(By) is the unipotent radical of a
proper parabolic subgroup of U(B¢)/U(B).

Indeed, in the notations of loc. cit., By, is B, contained in some B?, and one
can decompose V¥ into a direct sum Vi= _I/V1 ®W? of E- vector spaces such that
LinWt=LonW!'and Ly N W? = wgLo N W?2; then 9N = HomE(WQ, wWl) c
EndgV? satisfies the assumptions. Furthermore, since g belongs to B>, we can
as well assume here that B = B!

We put B’ = B[ @ "Bj; hence (B')* is contained in M and equal to U(Bj) x
U(B(). We put Q" = Q( @ Q. Since g belongs to B* we still have

g+ [QyNNe (2 NM])gC1+Qand 1+9 CUB).
We now pick a T-stable minimal og-order 9B,, contained in 8’ + Q. Then
1+9Q' C1+ 9, =UYB,).
Assume then that g does intertwine the restriction of i(cg) to U (8,,)J*; then
there is a non-zero operator R in the space of the representation such that:

Vx € (U (Bn)JY) N (T} (B,) T Roi(oo)(x) =i(o0)(gzg~") o R.

This relation holds in particular for z = g ti(y)g with y € 1+ Q) NN, because
x belongs to J! and i(y) belongs to U'(B,,). We get R = o¢(y) o R, which, with
(ii), contradicts the cuspidality of og. O

Remark. The above lemma itself is the full proof of Proposition IV.1 in the
case of level 0 representations.

IV.3 - Glauberman’s correspondence
This last paragraph will be devoted to the proof of the proposition below.

Proposition. Let B,, Zze a T—st_able minimal og-order in B contained in *B.
The restriction of I(k) to UY(B,,)J! has the same intertwining as I(n).

The property we want to prove is invariant under conjugation by B> ; hence we
may assume (see [BK1], 1.1.9 and 7.1.15) that B, = (Bo,m ® "Bo,m) +Q where
Bo,m is a minimal og-order in By contained in By. We then have: Ul(iBm) =
i (U (Bo,m)) U'(B) and

UL (B) Tt = i (UN(Bom)) T = J_ [i (U (Bom)) L] T+
Looking at the diagram and proposition in IV.2, we find that

(UN(Bo.m))Jt 77~
I(8) 01 (B )71 > Indifwmsim)fj; i(kp)  where K = Koju (m,,,) " (8,2%)-

—_—~ o~

It is enough to show that the representations i(ky) and i(ng) have the same inter-
twining. Indeed, by [BK1], 4.1.5, we have: I5 (I(/ﬁ})lUl(%m)jl) = Jg (z(%)) J!

and I (I(n)) = J' Iz (zf(nﬁ)) JL.



26 CORINNE BLONDEL

Glauberman’s correspondence is the tool we need here. We recall briefly what
it is in our setting; more general and precise statements can be found in [StT1],
82, or [BH2|, §A2, as well as the original references.

Let € be the involution = +— “z~! on G, with fixed points G. For any open
compact pro-p-subgroup H of G which is e-stable, Glauberman’s correspondence
gives us a unique bijection g: p — g(p), between the set Irr (H)¢ of e-stable
equivalence classes of smooth irreducible representations of H and the set Irr (H)
of equivalence classes of smooth irreducible representations of H, characterized
by the property that g(p) occurs in pj g with odd multiplicity.

Let K be a subgroup of H satisfying the same assumptions as H, let o €
Irr (K)¢ and p € Irr (H). Then p ~ Indjlo implies g(p) ~ IndZg(0), and
pix =~ o implies g(p) z = g(0).

A crucial property of this correspondence is the following:

Fact. [Stevens [ST1], Lemma 2.4] Let p € Irr (H)¢, g € G. The dimension
of I,(p, H) is odd if and only if the dimension of 1,(g(p), H) is odd.

We now proceed to find the inverse images under Glauberman’s correspon-

—_—~—

dence of the representations i(x(,) and i(ny). We start a series of lemmas. The
first one is valid for any simple stratum in My (F).

Lemma 1. (i) Let [2,n,0, 3] be a simple stratum in My (F) and let o € 0%
Then, for any defining sequence [, n,r;, ;] for [»A,n,0, 5] (see [BK1], 2.4.2), the
sequence [, n,r;, ay;] is a defining sequence for [2A,n,0,a8]. In particular we
have J*(3,2) = T¥(aB,2) and HE(3,4) = H*(aB, ).

(ii) The map 0 — 6% is a bijection from C(A, m, 33) onto C(A,m, ) (m € N),
which is compatible with the canonical bijections of [BK1], §3.6. We will denote
the inverse bijection by 6 — 01/2.

Proof. (i) is simple checking. Since the groups H™1(3,%) are p-groups with
p odd, (ii) is easily checked by induction along a defining sequence for f3. 0

Let again 6 be the simple character that underlies our simple type (J,\)

and let #'/2 in C(A,m, %ﬁ) be its inverse image under the square map. To

the simple character /2 we attach representations n'/2, k/2, and 77]13/ 2, /1}3/ 2

in the usual way of [BK1], §5 and 7. For instance, k1/2 is a representation of
J(13,2) = J(B,2) which is a beta-extension of n'/2; note that we have to

1/2 is completely determined by 6/2.

choose one here, while
Lemma 2. We still write 0'/2 for the extension of 0Y/2 to K trivial on J+.
1/2 T

We have g(01/2) ~i(0y) (on K, K) and g(ng ") ~i(no) (on Jb, Jp).

Proof. The character /2 on K is trivial on J* and H—; on H}, it is given
by 61/2 ((gl 0 >> = 93/2(91)98/2(@51) for g1, 7go in H*(3,%o) ([BK1], 7.1.19,

0 g2
and Corollary 11.2). We thus have: 6'/2(i(g)) = 0(1)/2(9)08/2(51) = 6o(g), for
g € HY(3,%), which proves the first assertion. The restriction of 77113/ to Kisa
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multiple of §1/2 so its restriction to K is a multiple of i(fy); unicity of Heisenberg

representations says that the restriction of 7 P/ to J5 is then a multiple of i(np).

O

Of course Glauberman’s correspondence does not apply to J (5,9[) which is
not a p-group, nor to Jp. But it does apply to the following group, intermediate
between J} and Jp:

L= [Ul(%(),m) X Wl(%o,m)} J]la
= H_[(UY(Bo,m)J " (8,20)) x (U (Bo,m)J " (8,A0))] I

The subgroup L is certainly stable under x — 7z~!; let us check that the re-

striction to L of the representation /4:}3/ % is also stable by this involution, up to

isomorphism. From [BK1], §7.2, k P/ is trivial on L_ and L, and its restriction

to L N M has the form f@}g/z ((%1 902 )) ~ k1(g1) @ ko Tgy ") where s, and ky are

both beta-extensions of the Heisenberg representation né/ % of J1 (6,%) attached

to 9(1)/ 2 Hence k1 and ko differ from a character y o detp, where x is a character
of 05/1+ pg ([BK1], 5.2.2). This implies that r; and k2 agree on U (Bg ,,,)J*

whence the stability of (/‘i};./ 2)| 7, under e.

Lemma 3. We have g((rip/ L) =~ ’L(FLO) (on L, L).

Proof. Both representations have trivial restrictions to L_ and L, and irre-
ducible restrictions to LNM. So what we have to show is: 9((/‘6}:/2)|L0M) ~ i(Kp).

Let /<;1/2 (K}D/Q)MQM; this is a representation of
LM = (U (Bom) T (8,%0)) x T(U(Bom) T (8,20)) -

Denote by 2y ,, the unique hereditary op-order in 2y stable under conjugation

by E* such that 2o ,,, N By = Bo,m. Let 91/2

canonical tranfer map: C(2lg, 0, 25) — C(™Ao,m 0, 26) and let 7/

be the image of 91/2 under the
1/2

., be the unique

irreducible representation of J1(3, %y ,,,) containing 6, / . Let ué/ be the unique
extension of 770/ to Lo = U (Bo.m)J(3,2) satlsfymg

IndU (%0,m) 1/2 ~ IHdZE((;f;:L)néﬁ-

From [BK1], 5.2.6 and 5.1.15 (where u(l)/ is denoted by 7, or in our context 770/2)

we have ’{}\4/[ ~ u1/2 ® ,ul/2

and loc. cit. implies:

Y

The induced representations above are irreducible

IdU (Ao,m)x U (Ao, m) 1/2

LnM NIndU (om) 112 g [nd? @om) /2>

Jl(ﬁ%l ) 10,m @

-~ Ut (A0, m)x U (Ao,m) 1/2 1/2 1%
~ Indjl(ﬁ ;lo ) X ‘rJl(g Ao.m) No,m ® [no,m]

~ Ind ® [IndY, Bom) /27

JL(B,20,m) 0,m
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Since the representations involved are irreducible, one gets through Glauberman’s
correspondence an isomorphism:

(U (Ao,m) 1/2 (U (Ao,m) 1/2 1/2
Indz‘gLo) ) g (“Iv/f ) ~ Indz‘gﬂw,gto,m))) g <”0/m ® [mo/m]’ ) :

We already know that 9(77113/ %) is isomorphic to i/(770/) and that i(k{) extends
i(no). Again from loc. cit., the representation i(x() is the unique irreducible

representation of i(Lg) extending i(ny) and satisfying:

(U (Ao,m)) (U (Ao,m)) .
Ind;gy, i(k0) = Indi( 1 g 7,1 (00.m).
Hence it is enough to show that g (770/73; ® [né/,i] ) >~ i(no,m ). But the restriction
of 7}1/2 ® [né/i] to i (H'(3,%0,m)) is a multiple of

2
. 2 21 T — 1/2
i(9) — 03/ (9) @ 0320 (™) = [62(9)] = Bom(9).
so its image is the Heisenberg representation above i (6 ,,) namely i(no,,). O

End of proof of Proposition IV.3. The intertwining of i(np) contains the in-
tertwining of i(li6) since the second representation restricts to the first. Let us

now take g in I@(i(no) and show that g belongs to I5(i(k(). The above fact
about intertwining spaces and Glauberman’s correspondence, combined with the
lemmas, gives us:

P

— g intertwines 77}3/ ® (Fact and Lemma 2). Indeed dim I 4(i(n0)) is equal to 1,
from Proposition IV.2 and [BK1], 4.1.5.

— g intertwines K P/ Indeed, from [BK1], §7.2, g intertwines n'/? (induced from
nP/ ), hence g intertwines x'/2 (that has the same intertwining as n'/?); fur-

thermore J}5gJ} is the unique J5-double coset in J1gJ! that intertwines 77113/ 2

([BK1], 4.1.5 and 5.1.8). Similarly, in JgJ there is a unique Jp-double coset

JpbJp that intertwines /4;}3/ 2 Since J = J pJ_ we may assume that b belongs

to J_ g J_, hence to J'gJ!'. But then, since b also intertwines n113/2, we must

have b € JhgJp; so b € JpgJp whence the result.

— the dimension of I,(n 1/2) is equal to 1, so is the dimension of I,((x P/Q)IL)
(again the second representation restricts to the first, by [BK1] §7 2). Hence
g intertwines the image of this representation by the Glauberman correspon-

P

dence, namely i(x() (Fact and Lemma 3). O

Remark. Of course proposition IV.3 says something about the restriction of
I(k) to a suitable subgroup being a -extension of I(n). To prove Theorem III.1,
we actually do not need to know whether or not I(k) itself is a [S-extension of
I(n). Tt should follow from the study of the Hecke algebra of the G-cover that
the bound on intertwining given by Proposition IV.1 is actually an equality, i.e.
the intertwining of I(\) is equal to J Ny (9M(B)*).J — see the remark at the end
of II1.3.
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