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Abstract. We consider a motivic analogue of the height zeta function for integral points of equivariant
partial compactifications of affine spaces. We establish its rationality and determine its largest pole.

A major problem of Diophantine geometry is to understand the distribution
of rational or integral points of algebraic varieties defined over number fields. For
example, a well-studied question put forward by Manin in [1] is that of an asymp-
totic expansion for the number of rational/integral points of bounded height. A
basic tool is the height zeta function which is a Dirichlet series.

Around 2000, E. Peyre suggested to consider the analogous problem over func-
tion fields, which has then an even more geometric flavor since it translates as a
problem of enumerative geometry, namely counting algebraic curves of given de-
gree and establishing properties of the corresponding generating series. In view of
the developments of motivic integration by Kontsevich, Denef-Loeser [11], etc., it
is natural to look at a more general generating series which not only counts the
number of such algebraic curves, but takes into account the space they constitute
in a suitable Hilbert scheme.

A natural coefficient ring for the generating series is the Grothendieck ring of
varieties KVary: if k is a field, this ring is generated as a group by the isomor-
phism classes of k-schemes of finite type, the addition being subject to obvious
cut-and-paste relations, and the product is induced by the product of k-varieties.
One interest of this generalization is that it also makes sense in a purely geometric
context, where no counting is available.

Such a situation has been first studied in a paper by Kapranov in [15], where the
analogy with the mentioned diophantine problem is not pointed out. Later, Bourqui
made some progress on the motivic analogue of Manin’s problem, see [4], as well
as his survey report [5].
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In this article, we consider the following situation:

SETTING 1. Let k be an algebraically closed field of characteristic zero. Let
Co be a quasi-projective smooth connected curve over k and let C be its smooth
projective compactification; we let S = C'\ Cy. Let F' = k(C') be the function field
of C and g be its genus.

Let X be a projective irreducible k-scheme together with a non-constant mor-
phism: X — C. Let G and U be Zariski open subsets of X suchthat G CU C X.
Let £ be a line bundle on X ; we assume that there exists an effective Q-divisor D
supported on (X \U) such that £ (—D) is ample on Xp.

We are interested in sections o: C' — X of 7 such that o(Cr) C G and
o(Cp) C U. As in the Hasse principle, existence of local such sections is a neces-
sary condition to the existence of global sections o.

SETTING 2. We assume that for every v € Cy, G(F,)NU(0,) # &, where o,
is the completion of Oc ., and F, is its field of functions.

We then want to study the family of such sections o with prescribed degree n =
dego*.%. This is a geometric/motivic analogue of the variant of Manin’s problem
for integral points.

By Proposition 2.2.2, these conditions define a constructible set My, (in some
k-scheme); moreover, the hypothesis on . implies that there exists ng € Z such
that My, is empty for n < ng. Considering the classes [My ] of these sets in
KVarg, we form the generating Laurent series

Zy(T) =Y [My,)T"

nez

and ask about its properties.
Precisely, we investigate in this paper the motivic counterpart of the situation
studied recently in the paper [8] by Y. Tschinkel and the first author.

SETTING 3. In this paper, we consider the particular case where G is the
additive group G; m Ur = G and X admits an action of G r which extends the
group action of G over itself. We also assume that the irreducible components of
the divisor at infinity 0X = X \ G are smooth and meet transversally. Finally, we
restrict ourselves to the case where the restriction of £ to the generic fiber X is
equal to —K x,.(0XF), the log-anticanonical line bundle.

(As explained at the end of Section 3.1, this line bundle satisfies the previous
ampleness assumption.)

Let L be the class of the affine line A,lf in KVar;, and let .#, be the localized
ring of KVary, with respect to the multiplicative subset S generated by L and the
elements L® — 1, for a € N<(. An element of KVary, is said to be effective if it can
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be written as a sum of classes of algebraic varieties; similarly, an element of .Z}; is
effective if its product by some element of S is the image of an effective element
of KVary,. For example, 1 —L~% =L7%(L* — 1) is effective for every a > 0.

Let #,{T}" and .#,{T} be the subrings of .#[T]|[T~'] generated by
My |T,T~"] and the inverses of the polynomials 1 — LT, where (a,b) € N x N+
are integers such that b > a, respectively b > a. For b > a >0, 1 —L*° =
Lo b(Lb~® — 1) is invertible in ./, so that every element P of .}, {T}" has a
value P(L") at T = L~ which is an element of .#},.

The following theorem is the main result of this paper.

THEOREM 1. Assume the notation and hypotheses of Settings 1, 2, and 3, are
in force.

The Laurent series Zy(T') belongs to #{T}. More precisely, there exists an
integer a > 1, an element Py (T) € M, {T}" such that Py(L™") is an effective
non-zero element of M), and a positive integer d such that

(1-LT*)*Zy(T) = Py(T).

Any k-constructible set M can be written as a finite disjoint union of integral
k-varieties; we let dim(M/) be the maximal dimension of these varieties and (M)
be the number of such varieties of maximal dimension; they do not depend on the
chosen partition.

COROLLARY 1. Forevery integer p € {0,...,a— 1}, one of the following cases
occur when n tends to infinity in the congruence class of p modulo a:

(1) Either dim(My,,) = o(n),

(2) Ordim(My,,) —n has a finite limit and log(x(Myr,,))/log(n) converges
to some integer in {0,...,d—1}.
Moreover, the second case happens at least for one integer p.

We observe that this condition on congruence classes is unavoidable in general.
For example, if . is a multiple %' of a class in Pic(Z"), then My, = @ for n{a.

In the arithmetic case, the corresponding question consists in establishing the
analytic property of the height zeta function (holomorphy for R(s) > 1, meromor-
phy on a larger half-plane, pole of order d at s = 1) as well as showing that the
number of points of height < B grows as B(log(B))?~!. Its proof in [8] relies on
the Poisson summation formula for the discrete cocompact subgroup G(F') of the
adelic group G(Ar). In the present work, we take advantage of the motivic Pois-
son formula recently established by E. Hrushovski and D. Kazhdan in [13] to prove
new results in the geometric setting.

However, in its present form, this motivic Poisson formula suffers two limi-
tations. Firstly, the functions it takes as input may only depend on finitely many
places of the given function field. For this reason, the question we solve in this pa-
per is a geometric analogue of Manin’s problem for integral points, rather than for
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rational points. Secondly, the Poisson formula only applies to vector groups, and
this is why our varieties are assumed to be equivariant compactifications of such
groups.

The plan of the paper is the following.

We begin the paper by an exposition, in a self-contained geometric language, of
the motivic Poisson formula of Hrushovski-Kazhdan. We then gather in Section 2
some preliminary results needed for the proof. In particular, we show in Proposition
2.1.3 that Corollary 1 is a consequence from Theorem 1. For eventual reference,
we also prove there a general existence theorem for the moduli spaces which we
study here, see Proposition 2.2.2. We end this Section by recalling some notation
on Clemens complexes, and on functions on arc spaces with values in .Z,.

In Section 3, we lay out the foundations for the proof of Theorem 1. Its main
goal consists in describing the moduli spaces as adelic subsets of the group G.

The core of the proof of Theorem 1 begins with Section 4. We first apply the
motivic Poisson summation formula of Hrushovski and Kazhdan. We show that this
formula gives an expression Z(7') as a “sum” (in the sense of motivic integration)
over £ € G(F') of rational functions Z(T,&) whose denominators are products of
factors of the form 1 — LT for b > a. The point is that the term corresponding to
the parameter £ = 0 is the one which involves the largest number of such factors
with @ = b; intuitively, the “order of the pole of Z(T,¢) at T = L' is larger
for £ = 0 than for £ # 0. Admitting these facts, it is therefore a simple matter to
conclude the proof of Theorem 1.

The proof of these facts are the subject of Sections 5 and 6. In fact, once rewrit-
ten as a motivic integral, the Laurent series Z(T',0) is a kind of “geometric” motivic
Igusa zeta function. Its analysis, using embedded resolution of singularities, would
be classical; in fact, our geometric setting is so strong that we even do not need to
resolve singularities in this case. For general &, however, what we obtain is a sort
of “motivic oscillatory integral”. Such integrals are studied in a coordinate system
in Section 5. Finally, in Section 6, we establish the three propositions that we had
temporarily admitted in Section 4.

In this paper, an important role is played by variants of the local zeta functions
that Igusa had introduced in [14] and which are studied by refining Igusa’s initial
analysis. We are honored to dedicate this work to the memory of late Professor
Igusa. The second author had the privilege to first meet Professor Igusa more than
thirty years ago. He would like to acknowledge the profound impact of Professor
Igusa’s vision on his own research during all these years.

Acknowledgments. The research leading to this paper was initiated during a
visit of the second author to the first author when he was visiting the Institute for
Advanced Study in Princeton for a year. We would like to thank that institution for
its warm hospitality.
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1. The motivic Poisson formula of Hrushovski-Kazhdan. For the con-
venience of the reader, we begin this paper with an exposition of Hrushovski-
Kazhdan’s motivic Poisson summation formula. We follow closely the relevant
sections from [13], but adopt a self-contained geometric language. In the rest of
the paper, we will make an essential use of the formalism recalled here.

To motivate the definitions, let us discuss rapidly the dictionary with the Pois-
son summation formula for the adele groups of global fields. So assume that F'
is a global field. Let A be the ring of adeles of F’; it is the restricted product of
the completions F), at all places v of F' and is endowed with a natural structure
of a locally compact abelian group. The field F' embeds diagonally in A and its
image is a discrete cocompact subgroup. Fix a Haar measure ;1 on Ay as well as a
non-trivial character ¢): Ap — C*. For every Schwartz-Bruhat function ¢ on A%,
its Fourier transform is the function .% ¢ on A% defined by

Foly) = [ ole)vlay)duto)
A%

itis again a Schwartz-Bruhat function. Moreover, the global Haar measure, additive

character and Fourier transform can be written as products of similar local objects.

Then, one has

> ol@) =pAr/F) ™ Y Foly).

TeFm™ yekmn

The motivic Poisson summation formula provides an analogue of this formal-
ism, when F' is the function field of a curve C' over an algebraically closed field.
Integrals belong to the Grothendieck ring of varieties, more precisely, to a (suit-
ably localized) variant “with exponentials” of this ring. They are constructed us-
ing motivic integration at the “local” level of completions F),; here F), is iden-
tified with the field k((¢)) of Laurent series, so that F;' can be considered as an
infinite dimensional k-variety, more precisely, an inductive limit of arc spaces
tME[[t])" ~ Z(A}). Motivic Schwartz-Bruhat functions are elements of relative
Grothendieck rings. The possibility to define the “sum over /'™ of a motivic func-
tion follows from the fact that it is zero outside of a finite dimensional subvariety
of this ind-arc space. The Poisson summation formula then appears as a reformu-
lation of the Riemann—Roch theorem for curves combined with the Serre duality
theorem, as formulated in [19].

1.1. The Grothendieck ring of varieties with exponentials.

1.1.1. Let k be a field. The Grothendieck group of varieties KVary, is defined
by generators and relations; generators are k-varieties X (=k-schemes of finite
type); relations are the following:

XY,
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whenever X and Y are isomorphic k-varieties;
X-Y-U,

whenever X is k-variety, Y a closed subscheme of X and U = X \ Y is the com-
plementary open subscheme. Every k-constructible set X has a class [X] in the
group KVary.

The Grothendieck group of varieties with exponentials KExpVar,, is defined by
generators and relations (cf. [10, 13]). Generators are pairs (X, f), where X is a k-
variety and f: X — A!' = Spec(Z[T')) is a morphism. Relations are the following:

(va)_(y>fou)

whenever X, Y are k-varieties, f: X — A' a morphism, and v: Y — X a k-
isomorphism;

(X>f)_()/7f|Y)_(va|U)

whenever X is a k-variety, f: X — A a morphism, Y a closed subscheme of X
and U = X \ Y the complementary open subscheme;

(X XZAlaprZ)

where X is a k-variety and pr, is the second projection. We will write [ X, f] to
denote the class in KExpVar,, of a pair (X, f).

There is a morphism of Abelian groups ¢: KVar; — KExpVar, which sends
the class of X to the class [X,0].

Any pair (X, f) consisting of a constructible set X and of a piecewise mor-
phism f: X — A! has a class [X, f] in KExpVar.

1.1.2. One endows KVary, with a ring structure by setting
(XY = [X < Y]

whenever X and Y are k-varieties. The unit element is the class of the point
Spec(k).
One endows KExpVar, with a ring structure by setting

(X, f1[Y, 9] = [X xx Y,pr} f +prsg],

whenever X and Y are k-varieties, f: X — Al and g: Y — A! are k-morphisms;
pr} f +prsg is the morphism from X x ;Y to Al sending (z,y) to f(z) +g(y). The
unit element for this ring structure is the class [Spec(k),0] = ¢([Spec(k)]).

The morphism ¢: KVar;, — KExpVar,, is a morphism of rings.

One writes L for the class of A} in KVar, or for the class of (A},0) in
KExpVar,,. Let S be the multiplicative subset of KVarj, generated by L and the
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elements L™ — 1, for n > 1. The localizations of the rings KVar; and KExpVar,,
with respect to S are denoted .#}, and &xp. 4, respectively. There is a morphism
of rings v: My, — Exp ..

LEMMA 1.1.3. [10, Lemma 3.1.3] The two ring morphisms +: KVary —
KExpVar, and v: My, — Exp.My, are injective.

Proof. For t € AL(k), let j; be the map that sends a pair (X, f) to the class
in KVary, of the k-variety [f~!(¢)]. One observes that jo — j; defines a morphism
of groups j: KExpVar, — KVar. Indeed, for every t € Al(k), j; maps the ad-
ditivity relations in KExpVar,, to additivity relations in KVary. Moreover, j; (Y x
A}, pr,) = [Y] for every k-variety Y, so that j((Y x AL,pr,)) = 0. This proves the
existence of j. By construction, ¢ is a section of j, hence ¢ is injective. O

LEMMA 1.1.4. Let X be a k-variety with a G-action and let f: X — Al be a
morphism. Let k be an algebraic closure of k. Assume that f(t+x) =t + f(x) for

every t € G,(k) and every x € X (k). Then, the class of (X, f) is zero in KExp Vary,.

Proof. By a theorem of Rosenlicht [18], there exists a G,-stable dense open
subset U and a quotient map U — Y which is a G,-torsor. Every such torsor is
locally trivial for the Zariski topology. Consequently, up to shrinking U (and Y
accordingly), this G,-torsor is trivial, so that there exists a G,-equivariant isomor-
phism u: Gy xY ~U.Letg: Y — A! be the morphism given by 3+ f(u(0,%)).
Fory € Y(k) and t € AL(k), one has f(u(t,y)) = f(t+u(0,y)) =t+ f(u(0,y)).
This shows that the class of (Y, f o) equals the product of the classes of (A},1d)
and (Y,g). It is zero in KExpVary, so that the class of (U, f|r) is zero too. One
concludes the proof by Noetherian induction. U

1.1.5. Relative variants. Let .S be a k-variety. One can define relative ana-
logues KVarg, KExpVarg, .#s and &xp.#s of the above rings by replacing k-
varieties by S-varieties in the definitions. We write [ X, f]s € KExpVarg for the
class of a pair (X, f), where X is an S-variety and f: X — A! is a morphism.

Any morphism u: S — T of k-varieties induces morphisms u; and u* between
the corresponding Grothendieck groups. The definitions are similar; let us explain
the case of KExpVar.

Let X be an S-variety and let f: X — A' be a morphism. Via the morphism
u: S — T, we may view X as a T-variety, so that (X, f) gives rise to a class
[X, f]r in KExpVary. This induces a morphism of groups

uy: KExpVarg — KExpVary, [X, fls — [ X, f]7.

If w is an immersion, then w, is a morphism of rings.
In the other direction, there is a unique morphism of rings

u*: KExpVarp — KExpVarg
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such that v*([X, f]r) = (X xS, f opr;) for every pair (X, f) consisting of a
T-variety X and of a morphism f: X — Al

Remark 1.1.6. Let A=Z[T] and B be the localization of A with respect to the
multiplicative subset generated by 7" and the 7™ — 1, for n > 1. The unique ring
morphism from A to KVar; which sends 7" to L endowes KVar;, and KExpVar,
with structures of A-algebras. Moreover, .#), ~ B ® 4 KVar;, and Exp.#), ~ B®
KExpVar,,.

More generally, for every k-variety S, KVarg and KExpVarg are A-algebras,
and one has natural isomorphisms

Ms ~ B® s KVarg ~ .4, QK Vary, KVarg

and
ExpMs ~ B @, KExpVarg ~ Exp. M), Okexpvar, KEXpVarg.
Thanks to this remark, we will often allow ourselves to write formulas or
proofs at the level of KExpVarg, when the generalization to &xp.Zs follows di-
rectly by localization.

1.1.7. Functional interpretation of the relative Grothendieck rings.
Elements of KExpVarg can be thought of as motivic functions with source S.
In particular, for ¢ € KExpVarg and a point s € S, considered as a morphism
Spec(k(s)) — S, one writes ¢(s) for the element s*¢ of KExpVary,,). By Lemma
1.1.8 below, a motivic function is determined by its values.

Letw: S — T be a morphism of k-varieties. The ring morphism «* : KExpVar
— KExpVarg then corresponds to composition of functions.

If v is an immersion, the morphism of rings u,: KExpVarg — KExpVary cor-
responds in this interpretation to extension by zero. In the general case, we shall
see that it corresponds to “summation over rational points” in the fibers of w.

LEMMA 1.1.8. Let ¢ € KVarg (resp. .#s, resp. KExpVarg, resp. Exp #s). If
©(s) =0 forevery s € S, then p = 0.

As a corollary, Lemmas 1.1.3 and 1.1.4 hold for relative Grothendieck groups.

Proof. We give the proof for KExpVarg, the other three cases are similar. Let
us fix a representative M of ¢ in Z[ExpVarg], the free Abelian group generated by
pairs (X, f), where X is an S-scheme and f: X — A' is a morphism. Let s be
a generic point of S; since ¢(s) = 0, the object Mj,(,) is a linear combination of
elementary relations. By spreading out the varieties and the morphisms expressing
these relations, there exists a dense open subset U of .S such that the object M,
in Z[ExpVary] is a linear combination of the corresponding elementary relations,
hence one has [M;| = 0. On the other hand, we have [M7](s) = 0 for every point s
in T = S\ U. By Noetherian descending induction it follows that [M7] = 0. Thus
[M]=0,and ¢ =0. O
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1.1.9. Exponential sums. The class 6 of a pair (X, f) in KExpVar;, can be
thought of as an analogue of the exponential sum

> W(f(),

zeX(k)

when £ is a finite field and ¢): k — C* is a fixed non-trivial additive character. This
justifies the notation ), . ¥ (f(x)) for the class [X, f] in KExpVary,.

More generally, let S be a k-variety, let 6 € &xp.#s and let u: S — A'! be a
morphism. We define

(1.1.10) > 0(s)y(uls) =0-[S,uls,
seS

the product being taken in &xp.#s, and its result being viewed in &xp.#j,. Let us
make this definition explicit, assuming that 6 = [X, f]g, where X is a S-variety
and f: X — A' is a morphism; in this case,

> 0(s)b(uls)) = [X, fls[S,uls = [X x5S, fopr, +uopr]s =X, f+uog].

seS

To support this notation, observe that when  is a finite field and s € S(k), denoting
by ¢ the morphisms X — S, one has

so that

Do)=Y | D U(f@) | eluls))

seS(k) seS(k) \ zeX(k)
g(x)=s
= > U(f@) +uly()).
zeX (k)

Letu: S — T be a morphism of k-varieties. This notation of “summation over
rational points” is consistent with the functional interpretation of the morphism
uy: KExpVarg — KExpVary. Indeed, for every ¢ € KExpVarg and every ¢t € T,
one has

U|g0(t): Z 80(8)7

seuL(t)

with notation similar to (1.1.10).
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LEMMA 1.1.11. Let V be a finite dimensional k-vector space, let f be a linear
form on V. Then,

D v(f(@) =

0 otherwise.
zeV

{Ldim(\/) if f=0;

Proof. By definition, the left-hand side is the class of (V, f) in KExpVary,. This
equals [V] = L3™(V) if f = 0. Otherwise, let a € V be such that f(a) = 1 and let us
consider the action of the additive group G, on V' given by (¢,v) — v+ ta. Since
fv+ta) = f(v) +t, it follows from Lemma 1.1.4 that [V, f] = 0. O

1.2. Local Fourier transforms.

1.2.1. Schwartz-Bruhat functions of given level and their integral. Let
F° be a complete discrete valuation ring, with field of fractions F' and perfect
residue field k; we write ord: ' — Z for the (normalized) valuation on F'. We as-
sume that F" and k have the same characteristic; let us fix a section of the morphism
F° — k, so that F° is a k-algebra. Every local parameter in F, i.e., every element
t € F of valuation 1, then gives rise to isomorphisms k[[t] ~ F° and k((t)) ~ F.

Fix such a local parameter ¢. For every two integers M < N, we can identify
the quotient set {x; ord(z) > M}/{x; ord(z) > N} = tMF°/tN F° of the ele-
ments x in F' satisfying ord(z) > M, modulo those satisfying ord(xz) > N, with

(M7N) — AiV*M

the k-rational points of the affine space A, , via the formula

N-1
T = Z xit’ (mod tN) — (Tary .y TN-1)-
=M

For every integer n > 0, let .(F™; M, N) be the ring Exp.# o) ts el-
k

ements are called motivic Schwartz-Bruhat function of level (M,N) on F". We
define the integral of such a function ¢ € .’ (F"; M, N) by the formula

(1.2.2) /ncp(a;)dx =L " > o).

n(M,N)
TEAL

1.2.3. Compatibilities. The natural injection " F°/tN Fo—tM=1pe/tN e
1s turned into a closed immersion

(M—1,N)

‘A](€M7N)—>Ak v (@, en—1) — (0,207, 2N —1).

L:
This gives rise to ring morphisms (*: . (F"; M — 1,N) — Z(F";M,N) (re-
striction) and v: S (F";M,N) — /(F";M — 1,N) (extension by zero). One
has t*¢, = 1d.
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Similarly, the natural projection t™ F°/tN+1fe — tM e /tN Fe induces a
morphism

T AéM’NJrl) —)AéM’N), (xpryeesxn) — (Tary. oy TN—1)

which is a trivial fibration with fiber A}g. This gives rise to a ring mor-
phism 7*: S (F";M,N) — /(F";M,N + 1) and to a group morphism
s S (F"M,N+1) = S (F";M,N) (integration over the fiber). One has
m7* () = L"p for every p € S (F™; M, N).

The space of motivic smooth functions on F" is then defined by

(1.2.4) 2(F") = lim lim . (F"; M, N),
M,.* N,7*

while the space of motivic Schwartz-Bruhat functions on F'™ is defined by

(1.2.5) S (F") = lim lim & (F"; M, N).
M, N,m*

These spaces have a ring structure, but .(F"™) has no unit element; the natural
injection ' (F") C Z(F") is a morphism of rings. We denote by 1(-» the class
in . (F™) of the unit element of .7 (F";0,0).

Observe that ¢, commutes with the sum over points, while 7* only commutes
up to multiplication by L". Consequently, the integral of a Schwartz-Bruhat func-
tion does not depend on the choice of a level (M, N) at which it is defined. This
gives rise to an additive map .7 (F"™) — &xp.4;, denoted ¢ — [, ¢. For every
subset W of F™ whose characteristic function 1y is a motivic Schwartz-Bruhat
function, one also writes [;;, ¢ = [ 1.

1.2.6. The Fourier kernel. Letr: F' — k a non-zero k-linear map which
vanishes on t* F'° for some integer a. We define the conductor v of r as the smallest
integer a such that r vanishes on t*F°.

In the sequel, our main source of such a linear form will be given by residues
of differential forms. Assume that F' is the completion at a closed point s of a
function field in one variable over k, and let ress: /3, — k be the residue map at
the closed point s [20, p. 154]. Then fix some non-zero meromorphic differential
form w € Qp, and set r5: F' — k, x — ress(ww). In this case, the conductor of
r is equal to the order of the pole of w (Theorem 2 of [20]; see also Section 1.3.7
below).

The kernel of the Fourier transform is the element of Z(F?) informally written

(z,y) —> Y(r(zy)) = e(ay).

Let us make explicit this definition.
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Let z € F, let us write x = ) x,t", where z,, = 0 for n < ord(z). One has
r(x) = Zz;érd(x) x,7(t"). Consequently, restricted to the subset of F' consisting
of elements x such that ord(z) < M, r can be interpreted as a linear morphism
M.N). A,iM7N) — A}g, for every integer N such that N > v.

Let N" = M+ M'+min(N — M,N"— M') = min(M' + N,M + N'). The
product map F' x F' — F' gives rise to a morphism

l

AECMJV) XA]E;M/7N/) —>AECM+M/7NN)'

(M+M',N")

Let us assume that N” > v. Composing with r , we obtain a morphism

AMN) S AN AL

hence an element of &xp.# (M) (), Whose class in 7 (F?) is our kernel.
k k

1.2.7. Fourier transformation. The Fourier transform of a Schwartz-
Bruhat function ¢ € .(F; M, N) is defined formally as

Foly) = /F o(@)e(zy)dz.

More generally, we write (z,y) = >_"_, 2;y; for the self-pairing of /' and define
the Fourier transform of a Schwartz-Bruhat function ¢ € . (F"; M, N) by

Fol) = [ olalel(e.p))da,

where, we recall, e(-) is a short-hand notation for ¢ (r(-)).

Observe that ¢ — F @ is Exp.#A).-linear.

Let us make the definition explicit, assuming that n = 1, ¢ is of the form [U, f],
where (U, g) is a A](gM7N)—Variety and f: U — A! is a morphism. Then, .Z ¢ is
represented by

L0 %, AP < AN, f () + 1 (ay)]

in the Grothendieck group &xp.# (M N') s where we define U x A,iM7N) X A;M/’N/)
k

as the fiber product of the A,E:M’N)-Varieties (U,g) and (AECM’N) X A,E:M,’NI),prl),
viewed as an A](gM a )—variety, the structural morphism

U g AN s ANy AN

being the projection to the third factor. For this to make sense, we only need to take
M <v—Nand N'>v— M.
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PROPOSITION 1.2.8. Let v be the conductor of r. Then for every ¢ €
S (F™,M,N), one has Fp € ./ (F" ;v — N,v—M).

THEOREM 1.2.9. (Fourier inversion) Let v be the conductor of r. Then for
every p € S (F";M,N), one has F.% p(x) =L ¢(—x).

Proof. For simplicity of notation, we assume that n = 1. We may assume that
¢ is represented by [U, f] as above. To compute .%.% p, we may set (M',N') =
(v—N,v—M) and (M",N") = (M,N), so that &#.% ¢ is represented by

LN [0 AL AP AT ) () 4]

The contribution of the part where x + z # 0 is zero, because of Lemma 1.1.4. The
part where x + 2z = 0 is equal to

L-N-N’ [UXQAECM,’N,) XAI(fM”,N”)’f( )] L-N-M [U A(M” N”)’f(u)}

a [U7f]7

" "
where U is viewed as an AéM N )—variety via the morphism —g. This proves the

theorem. U

1.2.10. This theory is extended in a straightforward way to products of local
fields. Let (Fy)ses be a finite family of fields as above, fields of fractions of com-
plete discrete valuation rings F, with local parameters ¢, and residue fields k.
Assume that for each s, k; is a finite extension of k. In practice, one will start from
the function field F' of a (projective, smooth, geometrically connected) k-curve C,
S will be a set of closed points of C, and for every s € S, the field F; will be the
completion of F' at the point s.

For every s € S, write Resy,_/;, for the functor of Weil restriction of scalars;

one has Resy, /r(A]") ~ Azl[k“’:k]. For every family (Mj, Ng)ses of integers such
that M, < N, one then sets

n(Ng—Mg
V(n(MSaNs)) = HReskS/szki )7

ses
and defines the space of Schwartz-Bruhat functions of levels (M, Ny) on [, ¢ F7'
by

(1.2.11) (HF” (M, Ny ) = EXpAMy (n(01,,N,))-

ses
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One then sets

(1.2.12) y(HF”) —( lim i (H - (M, N, )

sesS M.57['*)(N ™) seS

There is a natural morphism of rings

Q7 (F) — 7 (HF”)

seS seSs

Contrary to the classical arithmetic case, it is not surjective in general.
The definition of the integral extends to a linear map .7 ([ [, F3') — Exp .
Let (rg: Fs — k) be a family of non-trivial k-linearmaps, let vs be the con-
ductor of r,. Then the definition of the Fourier Transform .# extends naturally to
S (Maes F2). For every ¢ € #(TT,cs F2). one sets

Folw) = [ e@e (o) [Tars

Fy

Fourier inversion still holds, with the same proof:
FFp(x) = L Zlkstklvs (g,
1.3. Global Fourier transforms.

1.3.1. Let k be a perfect field, let C' be a projective, geometrically connected,
smooth curve over k, and let /' = k(C') be its field of functions. We fix a non-zero
meromorphic differential form w € Q}: i

One can interpret the field F' = k(C') as the k-points of an ind-k-variety. The
simplest way to do so consists maybe in considering the family of all Riemann-
Roch spaces .Z (D) = H(C, 0(D)), indexed by effective divisors D on C. Con-
cretely, .Z (D) is the set of non-zero rational functions f on C such that div(f)+
D > 0, together with the O function. It is a finite dimensional k-vector space and we
view it as a k-variety. The natural inclusions from .Z (D) to .£(D’), where D and
D' are effective divisors such that D' — D is effective, give this family the structure
of an inductive system, the limit of which is interpreted as k(C).

1.3.2. Global Schwartz-Bruhat functions. For every closed point s € C,
write ordg for the corresponding normalized valuation on F', Fy for the its com-
pletion, and F¢ for the valuation ring of F; we also fix a local parameter ¢, at
s.

The adele ring Ay of F is the subring of [ [, F’s consisting of families (z)
such that z; € F for all but finitely many s. (By abuse of notation, the condition
“s € C” means that s belongs to the set of closed points of C'.)
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In the classical arithmetic setting, the ring Ay has a locally compact totally
disconnected topology, and the space of Schwartz-Bruhat functions on A’ is the
ring of real valued locally constant with compact support on A'..

We now describe its geometric analogue .7 (A').

Let S and S’ be finite sets of closed points of C' such that S C S’. There is a
natural morphism of rings:

jg’;y<HF:> —>5ﬂ<HF:>, pr— 0@ (X Lo

ses ses! seS\S

The ring . (A'%) of global motivic Schwartz-Bruhat function on A% is defined by

S (Ap) = lim 7 (HF”) :

scc,j8 seS

It is important to observe that the global motivic Schwartz-Bruhat functions
on A% induce the characteristic function of (Fy)™ at all but finitely many closed
points s € C'. This is a notable difference with the arithmetic setting.

1.3.3. Simple functions. In the classical arithmetic case, simple functions
are characteristic functions of a ball, or of products of balls. Let us describe their
analogues in the motivic setting. Let S be a finite subset of closed points of C,
let a = (as)ses € [[seg Fs, let (M, Ng)ses be a family of pairs of integers such

that ord(as) > M; for every s € S. Let W = HSGSReskS/kAZ£MS’NS), let W, =
Spec(k) and let W, — W be the canonical map induced, for every s € S, by the ¢5-
adic expansion of as. The motivic function on W associated with the pair (W, —
W,0) is called a simple function. The corresponding Schwartz-Bruhat function on
[L;c F represents the characteristic function of the product of the balls of centers
as and radius Ny in F'.

More generally, let us consider a k-variety Z and a morphism u = (us): Z —
W let p € Expiy«, 7 be the motivic function associated with (Z,0), where
Z is considered as a W xj, Z-variety through the morphism u x Idz. For each
z € Z, we write @, for the motivic function on Wy.) deduced from . When
z € Z(k), the corresponding Schwartz-Bruhat function on [ [, ¢ " represents the
characteristic function of the product of the polydiscs of radius Ny and centers
us(z). Consequently, we call o a family of simple functions parameterized by the
k-variety Z.

Let x € &p.4; be a motivic function on Z, represented by [X % Z, f],,
where X is a Z-variety and f: X — A' is a morphism. We then define the
Schwartz-Bruhat function »___,x(2)¢. on AL as the one represented by the
pair [X =% W, f]. By linearity, this definition is extended to every element y of
Exp My .
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LEMMA 1.3.4. Any global Schwartz-Bruhat function on A% can be written in
this way.

Proof. Let @ be a global Schwartz-Bruhat function on A", represented by a
pair [Z, f], where Z is a variety over W = ] Res;,_ /kAZS(MS’NS), for some finite
set S of closed points of C and integers (M, Ny), and f: Z — A'. Let ¢ be the
family of simple functions parameterized by W given by the pair (W u, Ww,0).

One checks readily that & =3 - P@y,. O

1.3.5. Summation over rational points. Let ¢ be a global Schwartz-Bruhat
function on A%, represented by a class ¢g in Expsy(]],cqResy, /kAZEMS’NS))
for some finite set .S of closed points of C' and some family (Mg, Ns)ses.

Consider the divisor D = — > M,[s] on C. For every s € S, the natural em-
bedding of F' = k(C) into the field Fy maps .Z(D) into s 2. This gives rise
to a morphism of algebraic varieties o: £ (D)™ — (][, Resk, /kAECMS’NS))n.
We then define ), pn@(x) as the image in &xp.#), of the element a*pg of
ExpA o (pyn - 1t does not depend on the choice of the set S nor on the choice of the
integers (M, Ny) and of the class ¢g.

Let us give a more explicit formula, assuming that ¢g is of the form [X f],
where W = [[,.¢ Resks/kAZEMS’NS), X is a W-variety and f: X — Al is a mor-
phism. In that case, one has

’

(1.3.6) > plx) = [Z(D)" xw X, fopry).

zelm

1.3.7. Reminders on residues and duality for curves. We need to recall a
few results concerning residues, duality and the Riemann-Roch theorem on smooth
curves.

We fix a non-zero meromorphic differential form w € 2/, Let v be the order
of the pole, or minus the order of the zero, of w at s, and let v be the divisor > vs[s]
on C. One has deg(r) =2 —2g, where ¢ is the genus of C.

For every closed point s € C, we define a map ry: Fy — k by rg(x) =
resc,s(xw), where resc s: €2 F/k = k is Tate’s residue [20] on the curve C at s;
since the field k is perfect, it is non-zero and its conductor is equal to vs. This
follows from Theorem 2 of [20] if s is a rational point of the curve C; in the
general case, one checks that

resc s(w) = Trk(s)/k(rescm),s(w)),

where we indicated the curve as in index.

Let D be a divisor on C. Let £ (D) be the set of rational functions y € F*
such that div(y) + D > 0 to which we adjoin 0; this is a finite dimensional k-vector
space.
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Let (D) be the set of meromorphic forms o € Q. such that div(a) > D
(together with o = 0). The map y — yw from F to Q}, n induces an isomorphism
Z(div(w)— D) — Q(D).

We embed F' diagonally in A . For every divisor D, let A (D) be the subspace
of Ap consisting of families () such that div(x4) +ords(D) > 0 for every closed
point s € C. There is an isomorphism of k-vector spaces (see [19, Chapitre II,
Section 5, proposition 3]; see also [20, p. 157])

H'(Z(D)) >~ Ar/(Ar(D) + F).

According to Serre’s duality theorem (see [19, Chapitre II, Section 8, théoreme 2];
see also [20, Theorem 5]), the morphism

0: Qp/, — Hom(Ap, k), ar— ((azs) — Zress(azsa)>

s

identifies (D) with the orthogonal of Ap(D)+ F in Hom(Ap, k), i.e., with the
dual of H'(.#(D)). This contains the theorem of residues according to which

Zress(:rw) =0

seC

for every x € F.

1.3.8. Global Fourier transformation. Observe that if s is any closed
point of C' such that v4 = 0, then 17 is its own Fourier transform. Consequently,
we may define the Fourier transform .% ¢ of every global Schwartz-Bruhat func-
tion ¢ € /(A') as the image in .7 (A}) of Fpg, where S is any finite set of
places such that v, =0 for s ¢ S, and o5 € ./ ([[,cg FY') is a representative of
. By construction, .# ¢ is itself a global Schwartz-Bruhat function on the “dual”
space A

THEOREM 1.3.9. (Fourier inversion formula) For every ¢ € .7 (A’%), one has
F Fp(z) =L Dp(—g).

Proof. When ¢ is a simple function, this is nothing but the Fourier inversion
formula 1.2.9. The general case follows from Lemma 1.3.4. Indeed, if  is written
as a sum of simple functions ) _ (2)1)., it follows from the definitions that .7 ¢ =

Y p(2)-F 1), so that

FFo(x) = o(2)FFp.(x) =Y p(2)L"* D, (—x)
=L 2 p(—z). O
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THEOREM 1.3.10. (Motivic Poisson formula) Let ¢ € . (A'L). Then,

D o) =L N Fo(y).

rxeFm yeFm

Proof. For simplicity of notation, we assume that n = 1. By Lemma 1.3.4, we
may also assume that ¢ is a simple function ®gcgps, Where for each s € S, p; is
the characteristic function of the ball of center a5 € Fs and radius N;. Let D be the
divisor ) . g Ngson C.

For every s € S, %, is a Schwartz-Bruhat function on F§ and

w(ress (asysw))L*NS if ords(ys) +ords(D) > 0;

0 otherwise.

Folys) = {

Then .7 ¢ is a global Schwartz-Bruhat function on A g, represented by ), ¢ % ¢
and

W) res, (agysw) | L=9eP) if div(yw)+ D > 0;
Foly) = (Z ( )>

sesS
0 otherwise.

Recall that the map y — yw identifies Z(div(w) + D) with Q(—D). Let
f: Z(div(w) + D) — k be the linear map y — (f(yw), (as)); it is identically
zero if and only if (a,) belongs to the orthogonal 2(—D)* of Q(— D) with respect
to the Serre duality pairing. By Lemma 1.1.11, we thus have

S Fo@y)=L7%P Sy (f(y))

yeF yeZ(div(w)+D)

[ deg(D)+dim Z(div(w)+D)  if (as) c Q(_D)l7
o otherwise.

Moreover, the Riemann-Roch formula asserts that

dim.Z(—D) = dimH'(C,—D) —deg(D)+1—g
=dimQ(—D)—deg(D)+1—g
=dim.Z(div(w)+ D) —deg(D)+1—g.

Consequently,

L9y " Foy) =

yeF

LImZ(=D) - if (a,) € Q(—D)*,
0 otherwise.
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Let us now compute the left-hand side of the Poisson formula. In the case
where

(as) € U—=D)* =Ap(—D)+F,

there exists a € F such that ords(a — as) > Nj for all s. Then,

(@) = {1 ifr—ae 2(-D),

0 otherwise

so that

Zcp(x) = Z(p(x_a) — Z 1= Ldim,?,”(fD)'

zel zel zeZ(—D)

In the other case, there does not exist any a € k(C') such that ords(a — as) > N
for all 5. Then, p(x) =0 for all z € F and ), p¢(x) = 0. In both cases, this
concludes the proof of the motivic Poisson formula. U

Remark 1.3.11. By Fourier inversion, we have . 7.7 p(z) = L™ "% p(—z) =
L(zfzg)”gp(—:r). Consequently, if we apply the Poisson formula to .# ¢, we obtain

Y Foly) =L Y FF (@) =L Y p(a),

yeFm rxeFm rxeFm

as expected.
2. Further preliminaries.

2.1. Motivic invariants. Let k be a field. For every m > 0, let KVar/,fm be
the subgroup of KVary, generated by classes of varieties of dimension < m. If x €
KVar;;™ and y € KVar;", then zy € KVar; ™", Let (.#")mez be the similar
filtration on .#; explicitly, .2 is generated by fractions [X][Y]~! where X is
a k-variety, Y is a product of varieties of the form Al AC \ {0} (for a > 1), and
dim(X) —dim(Y") < m. For every class « € .}, let dim(z) € Z U {—oo} be the
infimum of the integers m € Z such that x € .#, kgm. For every x,y € .#}, one has
dim(z 4+ y) < max(dim(x),dim(y)) and dim(zy) < dim(z) + dim(y); moreover,
dim(zL"™) = dim(x) 4 n for every n € Z.

Assume that k is algebraically closed. For every k-variety X, we denote by
HP(X) (resp. H?(X)) its pth singular cohomology group (resp. with compact sup-
port) and Q-coefficients (if k£ = C), or its pth étale cohomology group (resp. with
proper support) and Qg-coefficients (for some fixed prime number ¢ distinct from
the characteristic of k). There is a unique ring morphism [] from KVary, to the poly-
nomial ring Z[t] such that for every variety X, [1([X]) is the Poincaré polynomial
of X. Its definition relies on the weight filtration on the cohomology groups with
compact support of X. If k£ has characteristic zero (which will be the case below),
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the morphism [] is characterized by its values on projective smooth varieties: for
every such X, one has

2dim(X)

B(X) =Ex(t)= > dim(H(X)).
p=0

This implies that for every variety X, the leading term of [J([X]) is given by
r(X)t29m(X) | where £(X) is the number of irreducible components of X of di-
mension dim(X).

One has (L) = O([P']) — 1 =t?; forevery a > 1, (L* — 1) =2 — 1 =
t2¢(1 —t~29) is invertible in the ring Z[[t '] [¢], with inverse

Z t72ma'

m>1

Consequently, the morphism [J extends uniquely to a ring morphism from .7}, to
the ring Z[[t '] [¢]. For every element = € .#, one has

dim(x) > %deg(lﬂ(az)).

LEMMA 2.1.1. Let A be a ring and let P, ..., P. € A[T] be polynomials with
coefficients in A. Assume that for every i, the leading coefficient of P; is a unit
in A, and that for every distinct i,j, the resultant of P; and P; is a unit in A.
Then, for every polynomial P € A[T] and every family (ny,...,n,) of nonnegative
integers, there exists a unique family (Q; ;) of polynomials in A[T), indexed by
pairs of integers (i,7) such that 1 <i <rand 1 < j <n;, and a unique polynomial
Q € A[T) such that deg(Q; ;) < deg(P;) — 1 for all i,j and

P(T) = Q) [[ BT + 375 Qs (1) P(T)™ 4 [ Pu(T)™.
i=1

i=1 j=1 ki

Since the leading coefficient of P; is a unit, P; is not a zero divisor in A[T].
Observe that the last equality is a decomposition into partial fractions

PO o N Qu(T)
I ey~ 4 22 Ry

in the total ring of fractions of A[T.
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Proof. First assume that r = 1. In this case, the desired assertion follows from
considering the Euclidean divisions by P; of the polynomial P, of its quotient, etc.

P(T)=Q(T)P(T)+ R(T)
= Q2 (T)P((T)* + Ra(T) Py (T) + Ry (T)

= Qn, (T)PU(T)"™ + Ry, (T)P(T)™ " 4+ Ry(T),

where Q1,...,Qn, € A[T] and Ry,...,R,, are polynomials of degrees <
deg(Py)— 1.

Now assume r > 2. Let ¢, j be distinct integers in {1,...,r}. By the assumption
and basic properties of the resultant, there exist polynomials U,V € A[T] such that
1 = UP,; + V P;. Consequently, the ideals (P;) and (P;) generate the unit ideal
of A[T]. By induction on np,...,n, it follows that the ideals ([ ; P.*), for 1 <
i <r, are comaximal in A[T']. Therefore, there exist polynomials Uy, ...,U, € A[T]
such that

1= _U(D) [ Pe(T)™.

i=1 ki

By the case » = 1 applied to the polynomials U;(T") and P;(T'), we obtain the
desired decomposition.
Uniqueness is left to the reader. O

LEMMA 2.1.2. Let a,a’ be nonnegative integers and b,b’ be positive integers.
Let d = ged(b,b). Then,

Res(1 — LT 1 —LYTY) = (—1)V L% (1 — L(@b-at)/d)d,
In particular, this resultant is a unit in 4y, if (a,b) and (a’,b") are not proportional.

Proof. Ttis sufficient to prove this formula when the ring .Z}, is replaced by the
ring A = C[Lil/ bb/] of Laurent polynomials in an indeterminate L'/ ' Then, the
polynomial 1 —L*T? is split in A; this leads to the explicit elementary computation

Res(1 — LT, 1 —LITY) = (—L)” T[ (1 - ¢¥Le a0/
=1
— (_l)blLab' H (1 _é‘Lalfab'/b)d
Eb/dZI
— (_l)b/Lab/(l . L(a/fab//b)b/d)d

(_l)b/Lab/(l _L(a/bfab/)/d)d. ]
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PROPOSITION 2.1.3. Let Z(T) =", ., [M,|T™ € KVar} [T][T~"] be a Lau-
rent series with effective coefficients in KVary,.

Let a and d be positive integers and let P(T) = (1 —LeT*)?Z(T). Assume
that P(T) belongs to .#),{T}" and that P(L™') is an effective non-zero element
of M. Then, for every p € {0,...,a— 1}, one of the following cases occur when n
tends to infinity in the congruence class of p modulo a:

(1) Either dim(M,) = o(n),

(2) Ordim(M,) —n has a finite limit and % converges to some integer
in{0,...,d—1}.

Moreover, the second case happens at least once.

Proof. Without lack of generality, we assume that Z(7') is a power series. Set
a; = by = a and d; = d. By assumption, there exist a finite family (a;,b;)2<;<, of
integers such that 0 < a; < b; for all ¢ > 2, and integers d; such that

T

Q(T) = Z(T) H(] —Laini)di

i=1

is a polynomial in .#}[T]. Using the fact that 1 — L"T™ divides 1 — L™PT™? for
every positive integer p, we may assume that no two pairs (a;,b;) and (a;,b;) are
proportional.

Forevery i € {1,...,r}, set P;(T) = 1 — L%“T" its leading coefficient is in-
vertible in .#}.. Moreover, for i and j such that 1 <i < j < r, it follows from
Lemma 2.1.2 that the resultant of P; and P; is a unit in .#,. Thus, by decompo-
sition in partial fractions (Lemma 2.1.1), there exist polynomials Qg and @; ; in
AT such that

r_di ..
(2.1.4) Z(T) ZQo(T)JrZZ%

i=1 j=1

and deg(Q; ;) < b; —1forevery i € {I,...,r}.
Fori e {l,...,r}and j € {1,...,d;}, write Q; ; = z%;ol i jnT", for some

elements g; ; , € .#}. This leads to the following power expansion in .2, [[T]:

r d; b;—1 =) .
ZERTEERS 3 3 SUTEAD o (i B

i=1 j=1 n=0 m=0

= [ [+ (/b — 1

=0 \ i=1 j=1 i—1
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so that for every n > deg(Qy), one has

2.15) Z Z (j b= > Gi.jm moa b, L4/

i=1 j=1 ‘7_1

For every i, j, define

3.7 '+ n bz —1 ailn /b

(216) [Mn] Y= <j Lji IJ >qi,j,n mod biL iln/bi)
and

d;
(2.1.7) [Mn]" — [Mn]i7j,

j=1
so that
(2.1.8)

i=1

It follows directly from the definitions that for every ¢« > 1 and every n > 1,
dim([M,,]") < (a;/b;)n+ O(1). Since a; < b; for all i, this implies dim([M,,]) <
n+ O(1). We will now show that when n belongs to appropriate congruence
classes modulo a, one has the equality dim([M,,]') = n+O(1). Since a; < b; for
i > 2 and a; = b; = a, this will imply the relations dim([)/,,]) = n+ O(1) and
k([M,]) = Kk([M,]") (for n large enough in this congruence class).

Let n be any integer > deg(Qo), let n = am + 7 be the Euclidean division of
n by a. It follows from the definition of [M,,]" that

d . d .
B +m—1 +m—1 -7
= (U0 e =30 (U g

= FETIAN

It follows from Equation (2.1.4) that
P = 2017 =QualL qu 4L 7.

Since P(L~!) is effective and non-zero, its Poincaré polynomial CI(P(L~1)) is
non-zero. Consequently, there must exist an integer p € {0,...,a — 1} such that
dim(q; q,) 7# —e°. We now restrict the analysis to integers n congruent to p modulo
a. Set

d, = d
P 12132( im(q1,j,p) —p
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and let jj, be the largest integer j such that d,, = dim(q; ;) — p. Looking at Poincaré

polynomials and using that for j # j,, either dim(q,j,,) < dim(qy_j, ), or the bi-
Jpt+m—1 j+m—1

Ip—1 J=1
get the following asymptotic expansions

nomial coefficient ( ) goes to infinity faster than ( ) when m — oo, we

dim([M,)'L™)=d, and k([M,])~ < jp—1

> K/(thp 717)
for n large enough and congruent to p modulo a. In particular,

log(#([Mn]))

dim([M,]) =n+0O(1) and Tog(1)

— Jp— L.
This concludes the proof of the proposition. O

2.2. Existence of the moduli spaces. In this section, we prove a general
proposition that asserts existence of moduli schemes of sections of bounded height
in a general context.

Let k be a field, let C' be an irreducible projective smooth k-curve; let 7 be its
generic point and let F' = k(C') be the function field of C'. Let Cj be a non-empty
Zariski open subset of C'.

Let X be an irreducible projective k-variety together with a surjective flat mor-
phism 7m: X — C'. Let GG be a Zariski open subset of X, assumed to be affine. Let
U be a Zariski open subset of X such that G C Up and 7(U) D C.

Let (Dy)acer be a finite family of Cartier divisors on X such that, for each
a, the restriction of D, to X is effective and X \ G = |J|D,|p. For each a,
we also let .%,, be the line bundle &'x (D,,). Finally, we assume that there exists a
linear combination with positive coefficients .£ = Y \,.%,, as well as a Cartier
Q-divisor D on X such that D is effective, supported by (X \ G)r and such that
Z(—D) is ample.

Remark 2.2.1. Let .Z be a line bundle on X and let f € I'(X,.Z) be a non-
zero global section. Let us show that there exists an integer m such that for every
section o: C'— X of 7 satisfying o(n) ¢ div(f), one has deg(c*.Z) > —m.

There exists an effective Cartier divisor £ on C' such that f extends to a global
section of .£ @ 77*(FE). Indeed, viewing f as a meromorphic section of .Z on X,
let us decompose its divisor as the sum H + V of its horizontal (i.e., faithfully flat
over () and vertical (mapping to a point) irreducible components. By construction,
the components of H are the Zariski closures of the components of the divisor of
f, viewed as a section of .Z on X; consequently, H is effective by hypothesis.
Still by definition, V' is a linear combination of irreducible components of closed
fibers. Consequently, there exists an effective divisor £/ on C' such that V > —7* F;
then f extends to a global section of . @ 7*(E).
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In particular, for every section o: C' — X of 7 satisfying o(n) ¢ div(f), one
has deg(c*.%) > —deg(c*n*E) = —deg(F).

PROPOSITION 2.2.2. For every n in Z, there is a quasi-projective k-scheme
Mg n parameterizing sections o: C — X of  satisfying the following properties:

e under o, the generic point n of C is mapped to a point of G;

e foreach o € &, deg 0% %, = nq.

In that scheme, the sections o such that o(Cy) C U constitute a constructible
set My n. Moreover, there exists ng € Z such that My is empty if no, < ng for
some o € .

Proof. As a standard consequence of the existence of Hilbert schemes, there
exists a k-scheme Mx , which parameterizes sections o: C' — X such that
deg-0*.Z, = n, for each a. Indeed, the functor of sections o: C' — X is repre-
sented by the open subscheme of the Hilbert scheme Hilb x which parameterizes
the closed subschemes of X which are mapped isomorphically by 7. By flatness,
each of the condition deg 0*.%,, = n,, is open and closed in the Hilbert scheme.

The condition that the generic point of C' is mapped to a point of G means that
o(C) ¢ | X \ G|, while the condition o(C') C | X \ G| defines an closed subscheme
of Mx n. Let Mg n be its complement. By construction, this scheme represents the
given functor, and we have to prove that it is quasi-projective.

First of all, since the restriction to X i of the divisor D,, is effective and disjoint
from G, Remark 2.2.1 asserts that there exists an integer m such that deg(c*.%,,) >
—m for every n and every section o in Mg p.

Let .# be an ample Q-line bundle on X of the form £ (—D), where D is
a Cartier Q-divisor such that D is effective and disjoint from G. For every o €
M n, one has

dego™ (M + O (D)) =dego* A +dego* 0 (D).
By Remark 2.2.1, there exists an integer m’ such that
dego*0O(D) > —m/

for all sections o € Mg pn. Therefore, dego™ . # < m+ > Ayn, forall 0 € Mg .
By a theorem of Chow [2, XIII, Cor. 6.11], this gives only finitely many possi-
bilities for the Hilbert polynomial (relative to .#) of the image of a section o
which belongs to Mg . It is well known that the subschemes of X with given
Hilbert polynomial with respect to the ample line bundle .# form a closed and
open subscheme of Hilb x, which is projective as a scheme. Consequently, M¢ , is
quasi-projective.

It remains to prove that the condition “o(Cp) C U” defines a constructible
subset of Mg n. Indeed, let 7" be a scheme and let 0: C' x T — X be a morphism.
Let V =0~ !(U) and let Z be the complement of V N (Cy x T) in Cy x T}; this is
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a closed subset of C x T'. The set of points ¢ € T" such that o(Cy x {t}) ¢ U is
equal to the projection in 7" of Z, so is constructible, as claimed. O

Remark 2.2.3. Assume that for each o« € &7 the divisor D,, is effective; then
My is actually an open and closed subscheme of Mg n. Indeed, let us write
dego*.%, as the intersection number of 0,C with D,,. By definition of My, this
is a sum of local contributions (¢.C, D,,), at all points of C'\ Cy. Since D, is ef-
fective, each of these contributions is lower semi-continuous as a function of o (it
may increase on closed subsets), while their sum is the constant n, on Mg y. This
decomposes My as a disjoint union of open and closed subschemes defined by
prescribing the possible values for (0.C, Dy,),.

2.3. Clemens complexes. Let X be a smooth algebraic variety over a field
K and let D be an effective divisor with strict normal crossings on X; in other
words, the support of D is the union of its irreducible components which are them-
selves smooth and meet transversally.

The Clemens complex C1(X, D) of (X, D) is the simplicial complex whose
points are irreducible components of D, edges are irreducible components of in-
tersections of two distinct irreducible components, etc. By the normal crossing
assumption, all of these schemes are smooth. Thus, the dimension of the Clemens
complex is the maximal number of irreducible components of D whose intersec-
tion is non-empty, minus 1. For every integer d, we also write C1%(X, D) for the
set of simplices (also called faces) of dimension d of C1(X, D).

The analytic Clemens complex CI*"(X,D) is the subcomplex of Cl(X,D)
consisting of those simplices Z € CI(X, D) such that Z(K) # &. One writes
CI*»Max (X D) for the set of maximal faces of CI*"(X, D) and CI*™¢(X, D) for
the set of faces of dimension d of CI*"(X, D).

If L is an extension of K, the divisor Dy, on X7, still has strict normal crossings
and one writes Cly, (X, D) = Cl(X,Dy,) and CI5'(X,D) = CI* (X, Dy,).

2.4. Motivic residual functions on arc spaces. Let &k be an algebraically
closed field of characteristic zero, let 2 be the complete discrete valuation ring
E[[t], and let K = k((t)) be its field of fractions.

Let 2 be a flat R-scheme of finite type, equidimensional of relative dimension
n.

For every integer m > 0, we write .%,,,(Z") or 2 (m) for the mth Green-
berg space of 27, see Section 2.3 of [16] for the precise general definition. Let
us simply recall that 2 (m) is the algebraic variety over k which represents the
functor ¢ — 2 (L[t]/(t™*")) on the category of k-algebras. There are natural
affine morphisms p™*+!: 27 (m +1) — 27 (m); consequently, the projective limit
L(Z) :@mﬁ/ﬂm(%) exists as a k-scheme. Let p,,,: Z(Z") — £, (Z") be the
canonical projection. When 2" = X ®y, R, for some k-variety X, then .%,,(2Z") is
the space of m-jets of X, and .Z(2") is the arc space of X.
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The paper [9] introduces a general definition of constructible motivic functions
on arc spaces. In this paper, we shall mostly consider the following more restrictive
class: We define a motivic residual function i on .Z(.2") to be an element of the
inductive limit of all relative Grothendieck groups .# 4-(,,,). Recall that .# () is
a localization of the Grothendieck ring KVar »-(,,,); in particular, a motivic residual
function comes from the latter ring if it is given by a formal linear combination of
varieties H — 2" (m); in addition to the cut-and-paste relations at the heart of the
definition of the Grothendieck groups, we identify the diagrams H — 2" (m) and
H X gy ' (m~+1) = Z (m+ 1). The fiber product structure of varieties gives
rise to a ring structure on the set of motivic residual functions on .Z(%2").

An example of such a motivic residual function is the characteristic function
of a constructible subset W of .Z(%°): such a W is of the form p,.!(W,,) for
a constructible subset W, of .%,,(2") and 1y is given by the obvious diagram
Wi — & (m). Let A be an algebraic variety over k, and let a be its class in .#};
then the motivic residual function alyy is the diagram A x W,,, — 2 (m), the
map being the second projection composed by the inclusion of W, into 2" (m).
Motivic residual functions on .Z(A™) are examples of Schwartz-Bruhat motivic
functions in K™ with support in R™ (see Section 1.2.3).

3. Setup and notation. In this Section, we fix the notation that will be
used for the rest of the paper. Compared with the introduction, we denote vari-
eties fibered over the base curve by script letters, and use capital letters for their
generic fiber. This reflects the fact that, even if models are given in the statement
of Theorem 1, its proof requires us to adjust them somewhat.

3.1. Algebraic geometry. Let k be an algebraically closed field of charac-
teristic zero, let Cjy be a smooth quasi-projective connected curve over &, let C' be
its smooth projective compactification and let S = C'\ Cy. Let F' = k(C') = k(C))
be the function field of C'; let ¢ be its generic point.

Let GG be the group scheme G} and let X be a smooth projective equivariant
compactification of G. In other words, X is a smooth projective F’-scheme con-
taining G as a dense open subset, and the group law G x Gr — G extends
as a group action Gp x X — X. The boundary X \ G of G in X is a divisor.
In this paper, we make the hypothesis that this divisor has strict normal crossings.
More precisely, we assume that its irreducible components are geometrically irre-
ducible, smooth and meet transversally, so that for every p, the intersection of any
p of those components is either empty or smooth of dimension n — p. This is a
slightly stronger assumption that the one done in the arithmetic case [8], where we
only made this hypothesis after base change to F. The general case can be treated
in a similar way, by constructing appropriate weak Néron models; we leave it to
the interested reader.

We write D = X \ G and (Dy,)qco for the family of its irreducible compo-
nents. The divisors D,, form a basis of the group Pic(X ), and a basis of the monoid
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Aesr(X) of effective divisors in Pic(X ). We will freely identify line bundles on X
with divisors whose support is contained in the boundary, and with their classes in
the Picard group.

Up to multiplication by a scalar, there is a unique GGp-invariant meromorphic
differential form wx on X its restriction to GG is proportional to the form dx; A
-+ Adx,. Its divisor, or its class, is the canonical class Kx of X. The divisor
—div(wx ) can be written as ) _ p, D,, for some integers p, > 2 (see [12], Theorem
2.7). In particular, the anticanonical class K ;(1 is effective.

The log-canonical class of the pair (X, D) in Pic(X) is the class of K =
Kx + D. Its opposite, the log-anticanonical class, is given by > pl, D,, with p], =
pa — 1 for all cv. Since p, > 2 for all a € o7, the divisor — K’y can be written as the
sum of an ample line divisor and of an effective divisor (in other words, it is big),
as claimed in the introduction.

We also recall that H'(X, &x ) = 0 for every integer i > 0.

3.2. Models and heights. A model of X over C' is a projective flat scheme
m: & — C whose generic fiber is equal to X. If, moreover, 2" is regular and if
the sum of the non-smooth fibers of .2 and the closures %, of the divisors D,, is
a divisor with strict normal crossings on 2", then we will say that 2" is a good
model. One defines analogously good models of X over Cj, or even over local
rings whose field of fractions contains k(C').

Embedded resolution of singularities in characteristic zero implies that good
models exist.

We choose a good model 7: 2" — C' of X over C.

For every point v € C(k), we write %, for the set of irreducible components
of 7! (v); for B € B, let Ej3 be the corresponding component and pg be its
multiplicty in the special fibre of .2 at v. Let Z be the disjoint union of all %,
for v € C'(k). Let %) be the subset of Z consisting of those [ for which the
multiplicity pg equals 1; let %, = %1 N B,.

The complement .27 in .2~ of the union of the components Eg, for § € %\ %,
and of the intersections of distinct vertical components, is a smooth scheme over

C.

LEMMA 3.2.1. The C-scheme 2 is a weak Néron model of X: for every
smooth C-scheme %, the canonical map from Homc (%2, Z1) to Homp(ZF, X)
is a bijection.

Proof. This follows from the fact that the C-scheme 2] is the smooth locus of
the proper map 7: 2~ — C, and that 2" is regular. See [3] for details, especially
p. 61. O

For every « € <7, we assume given a divisor .%,, on 2" which extends D,,.
There exists a family of integers (e, ), all but finitely many of them being equal
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to 0, indexed by « € &7 and 8 € % such that

(3.2.2) Lo =Da+ Y eapEs.
pBeR

We also define integers pg, for 3 € 2, by the formula

(3.2.3) —divwx) =Y paZa+ Y psEs,
acd pBeR

where wx is viewed as a meromorphic section of the line bundle K - /c.

Since 7 is proper and C' is a smooth curve, the map o — o(n¢) is a bijection
between the set of sections o: C' — 2" of 7 and the set of rational points X (F)
of X. For every line bundle . on 2" and every section o: C' — .27, the degree
deg0*.Z is the geometric analogue of the height of the corresponding rational
point.

3.3. Local descriptions. Let v € C'(k). We write F,, for the completion of
F =k(C) atv. If t is alocal parameter of C' at v, then F,, ~ k((t)) and O¢,, ~ k[t].
Writing an element x of 0, as a power series xo+ xt+---, we consider k[t]

as the set of k-points of the scheme Spec(k|[xg,x1,...]); writing an element of F,
as a Laurent series &_,,t™"" +---+ 2o+ 21t +---, we view k((t)) as the set of k-
points of the ind-scheme whose mth term is Spec(k[x_,,...,xo,z1,...]). Fixing

an isomorphism G ~ G, we have an identification G(F,) ~ k((t))" of G(F}) with
the k-points of an ind-k-scheme. We will say that a subset of G(F},) is definable
if it can be defined in the language Zpp p of Denef-Pas (see [9, Section 2.1], for
more details). In particular, the set of k-points of a constructible subset of a finite
level of this ind-scheme is definable.

For every point g € G(F},), one can attach local intersection degrees (g, Z4 )y,
for o € 7, defined as follows. By the valuative criterion of properness, the map
g: Spec(F,) — G extends to a morphism §: Spec(ﬁAcyv) — % and we can con-
sider the pull-back §* %, of Z,, as an effective Cartier divisor on Spec(ﬁAcm). We
define (g, Za)v € N by the formula §*Z,, = (9, Z)»[v]. For 5 € £, we define an
integer (g, E3), € {0,1} similarly, considering the pull-back of Ej3.

Observe also that ) 5. 5 15(9, Eg)y = 1. In particular, for every g € G(F),
there is exactly one index /3 € %, for which (g, Eg), = 1 and one has pg = 1.

By the valuative criterion properness, every point g € G(F') extends canoni-
cally to a section o,: C — 2.

LEMMA 3.3.1. Forevery g € G(F') and every o € </, one has

degc(”;(ga)): Z (9, Da)v-
veC(k)
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Proof. Since g € G(F), the Cartier divisor 0;(%,) on C is well-defined and
represents the inverse image by o, of the line bundle & 9-(%,,). The given formula
asserts that its degree is the sum of its multiplicities at all closed points of C. [

For m € N, we define the subset G/(m), (also denoted G'(m) if no confusion
can arise concerning the point v) of G(F,) as the set of all points g such that
(9, D)y = My for all o € o7. For m € N“ and 3 € 2, the subset G(m, 3) of
G(m), consists of points g such that (g, Eg), = 1 (hence (g,Eps ), = 0 for all
B’ € P, such that ' # 3). When %, has a single element, we often call it 3,,.

LEMMA 3.3.2. For every m € N“ and every B € B, the sets G(m), and
G(m, 3) are bounded definable subsets of G(F,) and G(F,) = pene G(m), =
Umene G(m, 3) (disjoint unions).

BEB,

Proof. Since G is affine, X \ G contains the support of an ample line bundle.
We thus see that the valuations of the coordinates of the points of G(m, () are
bounded from below. Since Z,, (resp. Ej) is effective, the condition (g, Z ), > 1o
(resp. the condition (g, Eg), > 1) defines a definable subset. Taking differences,
one gets that the sets G(m),, and G(m, ) are bounded definable. The last assertion
is obvious. U

LEMMA 3.3.3. There exists a dense open subset C of Cy such that for every
closed point v € (Y, the following properties hold:

(1) One has B, = P, ={bv};

(2) The set G(0), = G(0,) is a subgroup of G(F);

(3) For every m € N7 and every 3 € B, the set G(m, j3) is invariant under
the action of G(0),.

Proof. By assumption, X is a smooth equivariant compactification of the F-
group scheme G'r. By spreading-out, there exists a dense Zariski open subset C of
C' such that Z¢, is a smooth equivariant compactification of the C'-group scheme
G¢,, more precisely, such that the following properties hold:

e The morphism 2, — C is proper and smooth, with geometrically integral
fibers;

e The action G x X — X of G on X extends to an actionm: G¢, X Z¢, —
Zeys

e The image of the section oy € 2 (C) extending the point 0 € G(F) is dis-
joint from all Z,;

e The morphism g — m(g,00) is an isomorphism from G, to an open dense
subscheme of Z¢;;

e The Cartier divisors m* %, — prs %, on G¢, x Z¢, are trivial, so that Z¢, \
G, is the union of the divisors %, ¢ .

This open set C| satisfies the requirements of the Lemma. U
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LEMMA 3.3.4. Let v € C (k). For every integer 1, let G(m])) be the bounded
definable subgroup of G(F),) consisting of points g such that, in the identification
G =G}, ord,(g;) >rforie{l,...,n}. Forevery v € C(k), there exists an integer
1y such that, for every m € N and every [ € B,, G(m, ) is invariant under
G(mlv). Moreover, one can take r,, = 0 for all but finitely v € C(k).

Proof. When v belongs to the open subset C| constructed by Lemma 3.3.3,
one may take r, = 0, hence the last claim.

In the remaining of the proof, we fix v € C'(k). Fix a € & and let f, be the
canonical global section of &2 (Z,) whose zero-divisor is Z,. We need to prove
that there exists an integer 7, such that (9¢', Za)v = (¢', Za)v and (99', E)y =
(¢, Eg)y, for every g € G(mly), every ¢’ € G(F) C Z'(F), every o € </, and
every 3 € B,.

Since G fixes Z, on the generic fiber, the line bundles m* &y (%,) and
pr50 9 (Z,) are isomorphic on G x ZF and u = m* f,/pr; f is a rational func-
tion on G x X. The domain of definition of « contains G X ZF. Since X is
proper over C, there exists a closed subset Z of G¢ disjoint from G such that u
is defined on the complement of pr; ' (Z). Moreover, u(0,z) = 1 on X. Cover 2°
by finitely many affine open subsets Spec(A;). Then u defines a rational function
on G} x Spec(A;) = Spec(A;[T]). Since w is defined on Spec(A4;[T][1/w,]), there
exists an integer m such that w;'u € A;[T] for all 4, w, denoting an uniformizer
of 0,.

It is now clear that if ord,(g;) > m fori € {1,...,n}, then ord,(u(g,z)) =0
for every integral point of Spec(A4;). Since every rational point of X extends to an
integral point of some Spec(A;), we obtain the desired conclusion for Z,,.

Now fix 3 € %,. Since Ej is vertical, Eg ®c I' = & and Eg is fixed by G
on the generic fiber. Then, the proof is identical to the one for Z,,. (]

COROLLARY 3.3.5. For every m € N7 and every 3 € B,, the characteristic
Sfunction of G(m, 3) is a motivic Schwartz-Bruhat function on G(F,) in the sense
of Section 1.2.3.

3.4. Integral points.

LEMMA 3.4.1. Let % be a flat model of G over Cy = C'\ S, let 2 be a flat
model of X over C. There exists a good model 2" of X over C whose projection
7' X" — C factors through 2, and a open subset %' of "' x c Cy such that for
every point v € Cy, the intersection G(F,) N % (0y) (taken in % (F,)) coincides
with the intersection G(F,) N %' (0,) taken in Z'(0,). We may also assume that
W' is the complement to a divisor with strict normal crossings in Z"'. Moreover,
G(F,) N (0y) is non-empty if and only if %' (o) is non-empty.

Proof. Up to replacing % by an adequate blow-up, we may assume that the
open immersion i: Gp < X extends to a morphism p: % — % . Then, replacing
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2" by some blow-up 2" and % by its strict transform %/’, we may assume that
p is flat ([17], Théoréme 5.2.2); it is then a open immersion. A further blowing-
up allows to assume that 2\ %’ is a divisor. Applying embedded resolution of
singularities, we may also assume that 2" is smooth over k, that the fibers of its
projection to C' are divisors with strict normal crossings, as well as 27\ %Z".
Finally, if G(F,) N % (0,) is non-empty, then %’ (0,) is non-empty as well.
Conversely, assume that %/’(0,,) is non-empty. Then %’ meets the smooth locus of
2" — C, so that %' (0,) has non-empty interior; in particular, G(F,) N%'(0,) is
non-empty. U

LEMMA 3.4.2. Let % be a flat model of G over Cy. For every v € Cy(k),
U (0y) is a bounded definable subset of G(F,). For almost all v € Cy(k), one has
even % (0,) = G(0),.

Proof. We may assume that %/ is an open subset of .Z7; it is then clear that
U (0,) is definable in G(F},) and that it equals G} (0,) for almost all v € Cy(k)
(Lemma 3.3.3). Let us now prove its boundedness.

We view the n coordinate functions on Gp = GZ  as rational functions
fis---y fn on %, regular over its generic fiber %r = Gp. Up to resolving the
indeterminacies of the f; (which replaces % by some other scheme %/’ but does
not change the sets % (0,)), we view the f; as regular morphisms from % to PIC,
such that f({ee}) N%p = @.

Cover % by finitely many affine open subsets Spec(A;). There exists an in-
teger 7 such that w;, f; € A; ® 0, for all 7 and j. For every point g € % (0,),
there exists j such that the morphism ¢g: Spec(o,) — % restricts to a morphism
Spec(o,) — Spec(A;), because o, is a local ring. Then, ord,(fi(g)) > —r, so that
% (0,) is bounded in G(F}).

The last assertion follows from the fact that the equality %» = G extends to
an isomorphism over a dense open subset of Cj. U

3.5. Height zeta functions. Let ()\,) be a family of positive integers and
let .Z be the line bundle )., \o-Z, on the chosen good model 2. Let % be a
flat model of G'r over the affine curve Cy = C'\ S. For every integer n € Z, let M,
be the moduli space of sections o: C'— 2 such that o(nc) € G(F), 0(Cy) C %
and deg,(0*.Z) = n. By Proposition 2.2.2, this moduli space exists as a quasi-
projective k-scheme, and is empty for n < 0. The geometric analogue of Manin’s
height zeta function is the formal Laurent series in one variable 7" with coefficients
in ., given by

(3.5.1) Z\(T) =Y [M]T" € A[T][T ).
nez

As was already the case in number theory, it is convenient to separate the roles
of the various divisors Z, and to introduce a multivariable height zeta function. So,
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for every n = (n,) € Z, let M, be the moduli space of sections o: C' — 2 such
that o(nc) € G(F), 0(Cy) C % and deg(0*.Z,) = n, for every a € o7/. Again
by Proposition 2.2.2, this moduli space exists as a quasi-projective k-scheme My;
moreover, there exists an integer m such that M, = @ if n, < —m for some o € o7
One then defines the generating series

(3.5.2) Z(T)= ) [Ma|T" € M[[(T0)]

ncZ<

[1z!

By definition of .Z, we have

353) M =2((T*)=>_| D [Ma] |T" €.a[T][T"].

meZ nezd
An=m

3.5.4. In the sequel, we assume that %/ is an open subset of 2. Its com-
plement consists of the union of the divisors Z,, and of the vertical components
Eg, for 3 in a finite subset A° of #. By Lemma 3.4.1, this does not restrict the
generality. We then set ) = %°N %, for every v € C(k), and define

#=2\| U 2 |:

’UGC()

set also Ay, = BoNHB,. Letm, € N“ and f3, € %,. We say that the pair (my, By)
is v-integral if either v ¢ Cp, or if v € Cp, B, € KBy and M, = 0 for every . In
other words, the union of the sets G(m,,[3,) for all v-integral pairs (m,, (3,) is
equal to % (0,) if v € Cp, and to G(F},) otherwise.

3.6. Adelic descriptions. For every subset W of G(Ap) whose charac-
teristic function is an adelic motivic Schwartz-Bruhat function, the intersection
G(F)NW is represented by a constructible set [W] over k. Our goal now is to
describe a family of adelic sets G(m, ) which will allow us to recover the con-
structible sets M,,.

Let m = (m,), and 5 = (3,), be families indexed by v € C'(k), where m, =
(Maw) € N and B, € B, for all v. We say that (m, 3) is integral if (m,,3,) is
v-integral for every v. For each family (m, 3), define a set

G(m>ﬁ): H G(mvyﬁv)
)

veC(k

in the product of all G(F,). If (m, 3) is integral, then the characteristic function of
G(m, §) is an adelic motivic Schwartz-Bruhat function, because then G(m,, 3,,) C
G(0), = G} (o,) for almost all v € Cy(k) (Lemma 3.3.3).
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For every g € G(F)NG(m, 3), one has

degq~ cr Z Maw,
veCl(k)

and

degr o, (L) = Z (ma,y +€a,ﬁv) .
veC(k)

Such a point g defines an integral point of % (Cy) if and only if (m, 3) is integral.
To shorten the notation, define, for every v € C'(k), every o € &7, every m,, €
N“ and every 3, € %, such that (m,,, 3,) is v-integral,

(361) ||mv76v||a = ma’v +ea’ﬁv and THmvyﬁvH — H Ta”gmu’ﬁv‘la-
acd

Similarly, for every m = (m,,),cc and 3 = (3,) such that (m, (3) is integral, set

(362) ||m76Ho¢ = Z ||mv7ﬁv||a and THm,B” — H Ta”{m,ﬁ‘la‘

acd

For every subset W of G(Ar) whose characteristic function is an adelic mo-
tivic Schwartz-Bruhat function, such as the sets G(m, 3), the intersection G(F') N
W is represented by a constructible set [IW] over k. Consequently, one has the
following adelic description of the height zeta function Z(T) defined by (3.5.2):

(3.6.3) Z(M= Y [Gmpg)Timal

(m,3) integral

We shall prove our main theorem in the next section by applying the motivic
Poisson summation formula (Theorem 1.3.10) to each term [G(m, ()], assuming
the analysis of the local Fourier transforms of the sets G(m,, 3,) in G(F,). This
local analysis is postponed to Section 6 and will use computations of “motivic
oscillatory integrals” which are the topic of Section 5.

4. Proof of the theorem.

4.1. Application of the motivic Poisson summation formula. Let I be
any subset of G(Ap) whose characteristic function 1y is an adelic Schwartz-
Bruhat function. The motivic Fourier transform of 1y, denoted .7 (1yy,-) is
also a Schwartz-Bruhat function on the “dual” group G(Ap). Using Hrushovski-
Kazhdan’s suggestive notation of “sum over F'-rational points”, the motivic
Poisson summation formula (Theorem 1.3.10) is the equality

(4.1.1) = > 1W N F (1w €).

zeGR(F £eGR(F)
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(Recall that g is the genus of C'.) Recall also that when W is of the form [ [ W, the
Fourier transform .% (1yy, -) can be written as a product of local Fourier transforms
at all points v of C,

F(w,") = Q) F(lw,,");
veC

in this expression, almost all factors are equal to 1.
We apply this formula to each of the adelic sets G(m,/3), where (m,[3) is
integral. From Equation (3.6.3), we thus get

2= Y (Gmg)mim
(m,3) integral

= S A (o)1

(m,) integral zeG(F')

—pi-on Y Z L E)TIm Al

(m,B) integral E€G(F

Let us define a Laurent series Z(T,-) whose coefficients are adelic Schwartz-
Bruhat function by the formula

(4.12) Z(T8) =Y Fgmp),)Tm?

(m,3) integral

With this notation, the height zeta function (3.5.2) can be rewritten as

(4.1.3) Z(T)=L1"9" N Z(T,9).
§eG(F)

In this formula, “summation over F'-rational points” of a Laurent series has to be
understood termwise.

4.2. Restriction of the summation domain. The following lemma shows
that the coefficients of the Laurent series Z(T,£) given by Equation (4.1.2) are
“uniformly” adelic Schwartz-Bruhat functions.

LEMMA 4.2.1. There exists a finite dimensional k-vector space E, a linear F'-
morphism a: Er — G, and a finite subset ¥ C C(k) containing S and satisfying
the following properties: for every integral (m,[3) and every £ € G(F),

o If{ ¢ a(E(k)), then there exists v € C such that F,(1G(m,g),§) = 0;

o If¢ ca(E(k)) and v &3, then F,(1G(m,p),§) = 1.

Proof. With the notation from Lemma 3.3.4, there is, for every point v € C'(k),
an integer r,, such that the characteristic function of the definable set G(m,, 3,) in
G(F,) is invariant under the action of the subgroup G(m!»). Consequently, its
Fourier transform vanishes outside of the orthogonal of this subgroup. Let > a,[v]
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be the divisor of the global differential form in 2f ;. that has been used to define
the global Fourier transform. For almost all points v, one has a, = 0. Moreover,
the orthogonal of G(m!») contains G(m,"*%). For every v € C(k), set s, =
—7y+a,; one has s, = 0 for all but finitely many points v € C'(k). By the Riemann-
Roch theorem, the space E of points £ € G(F') such that &, € G(m;v) forall vis a
finite dimensional k-vector space. This proves the first part of the Lernma.
Moreover, for every (m, 3) and every v € Cy(k) such that m,, = 0 and A, is a
singleton, then the subset G(m,, 3,) of G(F}) identifies with G(o0,,); if, moreover,
a, = 0, then the characteristic function of G(0,) is self-dual. Up to enlarging the
set 32, this implies the second assertion. O

This suggests to introduce, for every place v € 3, a Laurent series whose co-
efficients are motivic Schwartz-Bruhat functions on G(F,) by

(4.2.2) Zo(T )= Y Follgm,p,)Tm

(m,,B,) integral

By Lemma4.2.1, one has .7 (1g(m,g),§) = 0if { Za(E(k)), while F (1g(m,g),§) =
[Loes Zo(1Gm,p), &) otherwise. Consequently, one has

(4.2.3) Z(T) Z I1 2.

ea(E(k))veX

4.3. Local results. In all of this section, we fix a point v € ¥ and state
the properties of the Laurent series Z, (T, ), and of its specialization Z) ,,(T’,-) =
Z((T*=),-). They will be proved in Section 6. We fix a finite dimensional k-
vector space F and a linear F'-morphism a: Er — G satisfying the conditions
of Lemma 4.2.1. Recall also that % is the good model of G over C' of which we
study the integral sections of bounded height.

PROPOSITION 4.3.1. Assume that v € XN Cy. Then Z,(T,-) is a polynomial
in T. Moreover, ZA,U(L*1 ,0) is a non-zero effective element of M.

The following result is a motivic analogue of Proposition 4.6 of [7]. In that
paper, some formalism of “residue measures” was introduced, which is useful for
describing the kind of integrals that appear in the right-hand side. Observe indeed
that this is a sum of motivic integrals on arc spaces .Z;,(Z4) attached to the faces
of dimension d of the analytic Clemens complex of (X, D) at the place v.

PROPOSITION 4.3.2. Assume that v € C'\ Cy. Then the Laurent series Z,(T,0)
is a rational function. More precisely, there exists a family (P, a) of Laurent poly-
nomials with coefficients in My, a family (u, a) of motivic, integer valued func-
tions, indexed by the set of maximal faces A of the analytic Clemens complex
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CIE"(X, D) such that

Z,(T,0) = Z H 1— LPa*lT

AeClij“""”"(X,D) acA

and

Poa(T)= (1-L o) [ praatlgy
Zo(Da)

modulo the ideal generated by the polynomials 1 —LPe—'T,, for o € A.

COROLLARY 4.3.3. Assume that v € C'\ Cy and that A = (po, — 1)q. Let dyy =
1 +dimCE" (X, D). The Laurent series Zy ,,(T',0) in the variable T is a rational
function. More precisely, for every non-zero common multiple a of the integers
pa— 1, fora € o, then Py ,(T) = (1-L*T%)% Z, ,(T,0) belongs to 4T, T~ ]
and satisfies

Py, (L =(1-LHd > 11

AeCI™™X(X D)acA
Card(A)= dv

/ L@ dg,
Pa—l Z,(7)

PROPOSITION 4.3.4. Let v € C'\ Cy and let d, = 1 +dimCE" (X, D). There
exists a constructible partition (U, ;) of E\ {0} and, for every i, an element P, ; €
Exp My, [T, T~'] and finite families (@v,i5), (byij) where ay; 5 €N, by j € N7,
such that the restriction to U, ; of Z,(T,a(-)) equals

[T - Lovemboss) Py ().
J
Moreover, assuming that X\ = (po — 1), there exist integers a,; > 1 and d,; €
[0,d, — 1] such that the restriction to U; ,, of (1 — (LT)%)4vi Zy ,(T,a(-)) belongs
to Exp My, {T}'.

For a moment, we take these three propositions for granted and complete the
proof of Theorem 1.

4.4. Conclusion: Proof of Theorem 1. Recall from Equation (4.2.3) that
our goal is to evaluate the sum

Z(T) Z [z (r

ea(E(k))veX

For every v € C'\ Co, let d, = 1 +dim CL" (X, D); let also d = 3~ 1 ¢, do-
Propositions 4.3.1, 4.3.2, and 4.3.4 show that for every £ € a(E(k)), the Laurent
series Z(T,&) = [[,ec Zu(T, &) with coefficients in Exp.#, is a rational function
of T, and admits a denominator of the form [](1 — LT?).
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We set

lan maX(X D H Clan maX(X D)
UEC\C()

For £ = 0, with the notation of Proposition 4.3.2, one has
Z(T,0) = > 11 H Lp 71T T) [] 2.(T.0).
A=(A,)eCIEm (X D) peC\Cy @A, veCy
In particular, if A = (po, — 1)4, one has

Z\(T,0) = Z((T*""),0)

- > 11 HI—LTPcfl

A=(A,)eCIEmx (X D) peC\Cy @A,

x Pya, (T771) T 2o((7771),0)

veCy
> o 11 11 5 LT T—wreT
A:(AU)eCISL"maX(X,D) veC\Co a€A,
where the polynomial Py € .#[T] is defined by

[T Poa (@) [] Zo((x7=")0).

’UGC\C() UGC()

Consequently, Z,(7',0) is both a rational function, and an element of .#{T};
MOIEOVEr,

(1 —LT*)Z,\(T,0)
_ 1—(LT)®
_ . avd,—Card(A,)
- Z Pa(T) H (1= (LT)%) H 1— (LT)pa 1
A=(A,)eCIEmax(X D) veC\Cy acA,

The right-hand side of the preceding formula is a polynomial in 7" with coefficients
in .#),; when one sets T'=L"!, only the terms remain for which Card(4,) = d,
for every v, and one gets

(4.4.1) > DIT 11 pa_l

A:(AU)GCli‘}'maX(X7D) veC\CpacA,
Card(Ay)=d,

It then follows from Propositions 4.3.1 and 4.3.2 that this is an effective element of
M}, which is non-zero since, by assumption, % (0,) is non-empty for every v € Cy.
In this case, one concludes that Zy(T’,0) has a pole of order exactly d at T = L™,

For £ # 0, one deduces in a similar way from Proposition 4.3.4 that the Laurent
series Z(T,&) is rational, as well as its specializations. By uniformity, the same
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property holds when one takes the sum over F'-rational points, so that the height
zeta function Z(7') is a rational function which belongs to &xp.#.{T'}.

Since L belongs to .#}; and the natural map from .#}, to &xp.# , is injective
(Lemma 1.1.3), the power series Z(T) is rational when viewed as a Laurent se-
ries with coefficients in .#},. In particular, the specialization Z,(7T') is a rational
function too.

For every £ # 0, the specialization Zy(T,&) = Z((T?>~"),) is a rational func-
tion, and an element of &xp.#).{T}. Moreover, Proposition 4.3.4 asserts that the
order of its pole at 7' = L.~ is strictly smaller than d. Taking for the integer a any
common multiple of the p, — 1 and of the integers a,; appearing in the statement
of Proposition 4.3.4, and summing over rational points £ € G(F’), we obtain that

(1—(LT)¢Z\(T) € &Exp i {T}'

and its value at 7= L~ is given by Equation (4.4.1), multiplied by L(-9)n,
This concludes the proof of Theorem 1.

5. Motivic oscillatory integrals. In this section, we consider a field k of
characteristic zero and let K be the local field k((¢)). We write ord for the valuation
of K, normalized by ord(¢) = 1, R for the valuation ring of K and m for its max-
imal ideal. The angular component map ac: K — k is the unique multiplicative
map which is trivial on 1+ k[[t]], on ¢, and maps constants a € k to themselves. We
also fix a real number ¢ > 1 and set || = ¢~ (),

With the notation of Section 1, let 7: K — k be the linear map, given by r(1) =
1 for n =0 and (") = 0 otherwise, so that r(a) =resg(adt/t). Sete(-) = (r(-));
it is an analogue of a non-trivial character of R/m.

5.1. Decay of motivic integrals.

LEMMA 5.1.1. Let d be a positive integer and let £ € K be such that |§| = 1.
Then, for every a € K and every n € N such that ord(a) +n < 0 < ord(a) +2n,
one has

/ e(ax?)dz = 0.
EHR

Proof. We follow the arguments of Lemma 2.3.1 in [8]. One can write

R

/ e(az?)dz = L"/ e(ac?(1+t"u)?) du.
£+ R

For u € R, all terms starting from the third one in the binomial expansion

afl(14+t"u)? = at? + (?) a&tmu + <;l> a4 <Z> agdtdmy?
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belong to m, since ord(a) > —2n and ord({) = 0. Therefore
r(ag(1+t"u)?) = r(at?) + dr(a&"u)

and

/ e(ag®(1 + "u)®) du = [Spec(k), r(ac")] / e(dagt™u) du.
R

R

Since ord(a¢?") = ord(a) +n < 0, Proposition 1.2.8 implies that

/ e(da&™u)du =0,
R
and the lemma follows. O

For m € Z, let C,,, be the annulus defined by ord(z) = m. For d € Z, d # 0,
and a € K™, set

(5.1.2) [(m,d,a):/ e(az?)dz
Cm

in %]f

LEMMA 5.1.3. The integrals I(m,d,a) satisfy the following properties:

(1) LetmeZand d € Z, d#0. Let a,b € K* be such that ord(b) = ord(a) +
md and ac(b) = ac(a) (mod (k*)9). Then I(m,d,a) =L"™I(0,d,b).

(2) Assume that k is algebraically closed. Then

I(m,d,a) =L™™I(0,d,t"d@+md),
In particular, I(m,d,a) depends only on m, d, and ord(a).
(3) Iford(a)+md <0, then I(m,d,a) =0.
4) Iford(a) +md >0, then I(m,d,a) =L ™(L—1)/L.

Proof. (1) Letu € k* be such that ac(a)u? = ac(b). By assumption, there exists
vy € 14 tk[t] such that b = aut™vy; since k has characteristic zero, there exists
v € 1+ tk[[t] such that v; = v%. Let us make the change of variables x = uvt™y.
This gives

I(m,d,a) :/ e(amd)dx:Lm/ e(audvdtmdyd)dy
Com o
=L / e(by®)dy = 1(0,d,b).
Co

Assertion (2) follows at once.



MOTIVIC HEIGHT ZETA FUNCTIONS 41

Let us prove (3). Since I(m,d,a) = L~"1(0,d,at™?) we only need to prove
that 7(0,d,a) = 0 for ord(a) < 0. Let n = —ord(a). Observe that

1(0,d,a) :/C()e(aa;d)dm :/C()/Re(a(a:—i-t"y)d)dydm =0.

Since ord(a) < 0, ord(a) + 2n = —ord(a) > 0, hence by Lemma 5.1.1,
. relay?)dy = 0 for every z € K such that ord(z) = 0. The statement
follows.

(4) Tt suffices to prove that 1(0,d,a) = (L. — 1) /L for ord(a) > 0. In this case,
one has r(az?) = 0 for every x € R*, hence the claim. O

Let u € K((x)) be a Laurent series of positive radius of convergence; write
u= ) upx". Let 1 € Z be such that u converges on the closed disk D,, defined by
the inequality ord(x) > p deprived from 0; in other words, y is such that ord(u,,) +
ni — +oo when n — +oo. Let m be an integer such that m > p; let v > 0 be
such that ord(u,,) +nm > 0 for n > v. By construction, ord(u,z") = ord(u,) +
nord(x) > 0 for n > v and ord(x) = m, so that r(u(x)) = r(u”(z)), forx € D,
such that ord(x) = m, where u”(z) = Y, -, u,x™. Therefore, for m > p, we can
define the motivic integrals me e(u(z))dz as given by me e(u’(z))dz in .
More generally, for every definable subset W of D,,, one can define [}, e(u(z))dz
as an element of a suitable completion of .#}., and as an element of ./, itself if
ord(z) is bounded from above on V.

PROPOSITION 5.1.4. Let u € K((x)) be a Laurent series of positive radius of
convergence; let d = —ord,(u) and a = lim,_ou(x)x?. Assume that d > 0. The
motivic integrals

/Cm e(u(x))dz

vanish for every large enough integer m, more precisely, it suffices that u converges
and has no root in the punctured disk defined by ord(x) > m, and that ord(a) < md.

Proof. Since K has characteristic zero, there exists a € K* and a power se-
ries v € K [[z] such that v(0) = 1 and u(z) = ax~%(x)~?. Let my € N be a large
enough integer such that 2% converges on the disk {ord(x) > mg} and does not
vanish on this disk. If one writes u = ) u,z", we thus have the following proper-
ties:

e one has u_4 = a and u,, = 0 for n < —d,

e for n > —d, ord(uy) +nmg > ord(a);

e when n — oo, one has ord(uy,) +nmgy — +eo.

Writing v = ), - qvn2", it follows that ord(v,) + nmg > 0 for every n € Ns,.
Consequently, the change of variables y = xzv(x) maps the annuli C), to them-
selves, for m > my, and preserves the motivic measure. Therefore, for m > my,
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one has

/Cm e(u(r))dr = /Cm elaz %v(z) ) de = /cme(ayd)dy'

According to Lemma 5.1.3(3), this integral vanishes if ord(a) —md < 0. This con-
cludes the proof of the proposition. O

5.2. Motivic Igusa integrals with exponentials—the regular case.

5.2.1. Setup. Let 2 be a flat R-scheme of finite type, equidimensional
of relative dimension n, let 2 be a relative divisor on .2°. We assume that .2~ is
smooth, everywhere of relative dimension 7, and that & has strict normal crossings
over R. Let also X = %}, and D = . be their special fibers. Let <7 be the set of
irreducible components of Z; for a € o7, let &, be the corresponding irreducible
component, and let D,, be its special fiber. For every A C .7, let Z4 = () ,c4 Za
and let 75 = 24\ U agA P,; one defines D 4 and D9 in a similar way. By defi-
nition of a divisor with normal crossings, every irreducible component of D 4 has
codimension Card(A).

For every constructible subset W of X, let .Z(Z";WW) be the constructible
subset of .Z(Z") parameterizing arcs = € £ (R) whose origin lies in W. For every
m € N, we write T/ (m) for the constructible subset of .#(.2") consisting of arcs
x such that ordg_ (x) = m,, for every o € &7

Let h be a motivic residual function on .Z(2"). Let f be a meromorphic func-
tion on 2" such that the polar divisor div..(fx) of the restriction fx to Z¥k is
contained in the union |J ace Do,k - Let (da)acer be nonnegative integers such
that on 2%,

(5.2.2) dive.(fx) = Zd 7S
aEo

For a family T = (7},)qe.r of indeterminates, define the motivic Igusa integral
with exponentials

(5.2.3) Z(Z  he(f / [T 787 h(x)e(f (2)) d,

ae;f

a power series in T with coefficients in &xp.#/;,. Although f is only a rational
function on 2", note that r(f) is a well defined residual function on W (m) for
eachm € N7 , so that we have

(5.2.4) Z(2 he(f):T)= > ] T / h(z)e(f(z))dz.
meN< acs/

This power series is an analogue of the classical motivic Igusa zeta integrals which
would correspond to the case f = 0.
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More generally, for every subset A C <7, let

(525) ZA(%,he(f); / P H Tordﬁa (f((l)))d.’B

aepi

When A runs among CI*"(X,D), the subsets .Z(2";D%) form a partition of
Z(Z) into constructible subsets and we decompose the motivic integral defining
Z(X,he(f);T) as the sum of motivic integrals over each of them, so that

Z(2he(f);T) =Y Za(Z  he(f);T).

ACod

For every m € NZ, let W4 (m) be the constructible subset of .#(.2"; D) defined
by the conditions ordgy,_ (x) = m, for @ € A and ordg,_ (z) = 0 for a ¢ A. With
this notation, one has

Za( X he(f):T) = > HT%/ h(z)e(f(z))dz.

meNA acA

LEMMA 5.2.6. Let A be a subset of </ and let B be a set of cardinality equal
to n — Card(A). There exists a measure-preserving definable isomorphism 0 from
Do x Z(A0)4 x 2 (AY)B, with coordinates x., (for o € A) and yg (for 3 € B),
to L (2, D%) such that ordg, (6(x)) = ord(xy) for o € A, and ordg, (0(x)) =0
fora ¢ A.

Proof. This is a standard fact in the theory of motivic zeta functions. We may
assume that Z,, = @ for o € A, and that there exist regular functions u,, (for o € A)
on 2" such that div(u,) = Z,. By definition of a divisor with strict normal cross-
ings, the morphism u = (uy): 2 — (A")4 is then smooth. Hence we may assume
that there exists regular functions vg (for § € B) in 2 such that the morphism
(u,v) = ((ua); (vg)) from 2 to (A4 x (A")P is étale. Both of these assump-
tions are only valid up to replacing 2" by a Zariski dense open subset containing
any given point of the special fibre. Since we only seek for a definable isomor-
phism, they do not restrict the generality.

It then follows from the definition of an étale morphism that the induced mor-
phism Z(27;D%) — D% x £ (A';0)4 x Z(A")B is an isomorphism. It preserves
the motivic measure by construction of latter. Moreover, denoting the standard co-
ordinates on . (AI;O) by x4, for o € A, this isomorphism maps the definable
function ordy,, to the function ord(z,). O

In this section and the next one, we study the rationality and the poles of the
Igusa integral with exponentials. We first consider the special case where f is reg-
ular on the generic fiber 2.
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PROPOSITION 5.2.7. Assume that fx is regular on the generic fiber k. Let
A be a subset of </. The power series Zs(Z ,he(f);T) is a rational function.
More precisely, there exists a polynomial Q) o4 with coefficients in Exp Hy, such
that

1
Za(Z he(f);T) =Qa(T) || LT
acA a
and such that
(5.28) QM) = (1=LED [ ha)e(f(a)) da
2(97)

belongs to the ideal generated by the polynomials 1 — LT, for o € A.

Proof. By Lemma 5.2.6, there is a measure-preserving definable isomorphism
from Z(%; D) to DS x L (A1;0)4 x £ (A")B, where B is some set of cardi-
nality n — Card(A), with coordinates z,, (for o € A), ys (for € B) under which
ordg, (z) =ord(z,) fora € A, and ordg, (z) =0 for o ¢ A. In the sequel, we iden-
tify a point x € £ (27; DY) with a triple (&, 7,y), where £ € D%, z € Z(A';0)4
and y € Z(Ah)5.

Fix an integer a and a regular function g on 2 such that f = t%g. On
L (Z; DY), we can expand the function g as a power series

ga(@,9) = Y g™y,
pGNA
qGNB

where g, 4 € O(D7)[t]. Then
ord(ga(w,y) = 94(0,y)) = minord(z).

In particular, we see that 7 (t*g4(z,y)) =7(t*94(0,y)) if a+min,ec 4 ord(x,) > 0.
Let i be a positive integer such that @ > —a and such that the Schwartz-Bruhat
function h factors through .Z),(.2").

If one has m,, > p for every o € A, it then follows that

/ h()e(f(z))d
W (m)

(H Lmu) /Ord(m;)—o h(&,z,y)e(t*ga(z,y))dz'dy

acA To=tmox!

(H Lma) /Ord(m'a)—o h(&,0,y)e(t*9a(0,y)) dz’dy

acA To=t"!
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— —Ma _ —1 e a

_QE;(L (1-L7h) /D%XﬂAI)B h(&,0,y)e(t"gA(0,y))dy
= “me(] L7} T x))dx.

- [T a-1) / o MO

In general, let
Alz{aeA; ma<,u} and Azz{aeA; mazu},

so that A is the disjoint union A = A U Ap. Write x = (z1,22), where x; =
(a)aca, and 3 = (T4 )ac4,, and split m = (m;,my) accordingly. Analogously,
one has

z)e(f(x))dx = “Ma (] 7! z)e(f(z))dx
/WA<m)h”<f< D= T[ @7 0-L) [ hogef@)ds,

OéEAz W-f/42 (ml)

where W, (m,) is the definable subset of £ (Z4,) consisting of arcs = on Z4,
with origin on D 4, and such that ordg,_ (z) = m, for « € A;. We can then write

ZuZ me(rpm = 3 [ 1 [

h
WA(m)
mGNéO acA

-y Y I

AICA m]€(07M)A1 aEA;

(z)e(f(x))dx

Ay=A\A,
« S JIO-L o) / h(x)e(f (x)) da
m; € [u,00) 42 A€ A2 W, (mi)
= > > (/ h(m)e(f(m))dx) I 7
AICA mye(0,u)A1 W, (m1) acA,
Ay=A\A,
(1-L YL 'T,)~
x H 1-L-1T, ’
OéEAz

It follows from this computation that the power series @ 4(T) defined by

Qa(T) = Za(2  he(f):T) [[ (1 -L7'T)

acA

is in fact a polynomial, which establishes the first assertion of the proposition.
Moreover, if we compute @ 4(T) modulo the ideal generated by the polynomials
1—L7 T, fora e A, only the term corresponding to A = @ and A, = A survives
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in the sum. In this case, W), (m) = £(Z}), and we get

Qu(T) = ( /j (go)h(m)e(f(w))dw> [Ja-LhHe 'z,

acA

= (1—L1)cdd) < / h(:r)e(f(:r))da:) ,
3(@2)

as claimed. O

COROLLARY 5.2.9. Assume that fx is a regular function on the generic fiber

Zk. There exists a family (Pa) of polynomials with coefficients in Exp.#y, in-
dexed by C1*"™™( X D), such that

1
(5.2.10) Z(Z he(f);T) = Z Pam 1 1-L1T,
AGCl‘m’mdx(X,D) QGA

and such that for each A € CI"™"™™ (X, D),

(52.11) Pa(T) — (1 — 1,1 yCard(4) / h(@)e(f(x)) dz
ZL(P4)

belongs to the ideal generated by the polynomials 1 — LT, for a € A.

Proof. By definition, one has

Z(X  he(f / [T 78 “h(z)e(f(2))de="" Za(2 he(f):T).

aed Aco

For each A C &/ such that D(k) # @, choose a maximal subset A’ €
CI*™™ (X, D) such that A C A’. In the previous formula for Z (2", he(f);T), we
can collect terms according to the chosen maximal subset. Applying Proposition
5.2.7, we obtain

22 e = S Y Qu(m) (Hﬁ>

AeCl*™™(X,D) BCA eB

CY M o, X m I] 017

AeCI™ (X, D) ac A BCA acA\B

For every A € CI*"™ (X, D), we set

=Y @s(T) J[ 1-L7'Ty).

BCA acA\B
B/
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Then we have

1
Z(Z  h ;T) = Py(T _.
AeCIPm™X( X D) acA
Moreover, modulo the ideal generated by the polynomials 1 — L~!T, (for a € A),
P4(T) is congruent to Q 4(T), which is itself congruent to

(1 - L1)Card(4) / h(x)e(f () da.

Z(7%)
This proves the corollary since 75 = Z4 for A € CI"™™*(X, D). O

5.3. Motivic Igusa integrals with exponentials—the general case. We
keep the setup and notation as described in Section 5.2.1.

In the previous section, we assumed that f was regular on Z%. In the gen-
eral case where, on 2, the polar divisor div.(f) of f is contained in the union
Uacos Za,ic» we shall prove in Proposition 5.3.4 that the motivic Igusa integral
with exponentials is a rational function. Under the additional condition that fx ex-
tends to a regular morphism from 27 to P}, we have the following more precise
result.

PROPOSITION 5.3.1. Assume that i extends to a regular map from Zy to
Pl.. Let CI™"(X, D)o be the subcomplex of CI*"(X, D) where we only keep ver-
tices o € &/ such that d,, = 0. Then there is a family (P4) of polynomials with
coefficients in Exp My, indexed by the set CI*™™ (X D)y of maximal faces of
CI*™(X, D)y, such that

1
(5.3.2) Z(Z  he(f);T) = Z P(T) H T—L T,
AeCInmax (X D), acA

Proof. Let us first assume that f extends to a regular map from 2~ to P}%.
The special case C1*"(X, D)o = CI*"(X, D) is treated by Proposition 5.2.9. As
in the previous section, we write

(5.3.3) Z(2 he(f):T) = > Za(Z he(f);T).
AeCI™(X,D)

For every A € CI*(X, D)o, Za(Z ,he(f);T) can be evaluated by the same com-
putation as the one that we performed in the proof of Proposition 5.2.7: there is a
polynomial @ 4(T) with coefficients in &xp.#), such that

ordg,, (z) B —1\Card(A) 1
T h(z)e(f(z))dz =Qa(T)(1-L7") -
/,%(,%;D;)ag Og I-L'T,
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and such that @ 4(T) is congruent to

/ h()e(f(z))d
L(Da3D%)

modulo the ideal generated by the polynomials 1 —L~!T,.

The general case is treated by adapting the arguments given in the proof of
Proposition 5.2.7. Let indeed A C &7, let Ay = {a € A; d, =0} and let A| =
A\ Ap. Define a function g4 on .Z(2"; D) by

f=ga ] za™

acA

Since f extends to a regular map to P!, the divisors of zeroes and of poles of
f do not meet. Consequently, one has d, > 0 for every o € Aj, and ordog, is
bounded from above. As in the proof of Proposition 5.2.7, g4 can be expanded as
a converging power series. Then, applying Proposition 5.1.4, we observe that there
exists an integer m such that the integral

Lo TLT el ) do

Z(2:Dy) aed

is equal to the analogous integral but restricted to the subset defined by the inequal-
ities ord(x,) < m for all &« € A;. By a similar argument to the proof of Proposition
5.2.7, we conclude that the power series @ 4(T) defined by

Qa(T) = Za(Z he(f);T) [ (1-L7'T.)

QGA()

is in fact a polynomial.

As in the proof of Corollary 5.2.9, the proposition follows by choosing, for
every subset A C &7 some maximal subset A’ € C1*"(X, D), such that Ay C A’
and regrouping the terms according to the chosen subset.

This concludes the proof when f extends to a regular morphism from 2 to
P}%. To treat the general case, recall that there exists a proper birational morphism
m: % — 2 which is a composition of blowing-ups with smooth centers contained
in the special fiber such that 7* f extends to a regular map from % to P}%. Since 7
induces an isomorphism on the generic fiber, it does not modify the set <7, nor the
analytic Clemens complexes C1*"(X, D) and CI*"(X, D).

Let 2/, be the strict transform of . Then h, = ordg, —ordg, is a con-
structible function on . (%) which takes only finitely many values. By the change
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of variable formulas, one has

22 ne(f).1) = [T 7o hwe (@) do

Y acd

= [ TL 7" et s gy
gyae%

= [ TL 2 T] 2w et fu) Lot gy
(‘/yaed ace/

We then decompose this integral according to the values of h, and ord.J, and
compute each individual part as in the first part of the proof. Combining the various
contributions implies the proposition. O

PROPOSITION 5.3.4. The power series Z(Z ,he(f);T) is a rational function.

Proof. Letw: % — 2 be a proper birational morphism such that the rational
map 7 f extends to a regular morphism from %% to P}( and such that the horizon-
tal part of 7" 7 is a relative divisor with strict normal crossings. For every o € &7,
we write 7, for the strict transform of Z,,; let (&3) 3 be the family of horizontal
exceptional divisors.

Let o € o7 There exists a family (mq,g)3ec% of nonnegative integers such that

W*@a,K = @é,K + Z ma,gé"ﬁk.
BER

Consequently, there exists a bounded constructible function u, on £ (%) such that

(5.3.5) mordg, = ordg, + Y ma,gorde, +a.
BER

Let also (v3)3c4 be the family of positive integers such that

Koo = Y (vs— 1)k
BER

This implies that there exists a bounded constructible function v on .Z (%) such
that

ordK@/% = Z(VB - l)ordgﬁ 4.
pBeR
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Then, using the change of variables formula (Theorem 13.2.2 in [9]), we find

2(2 hel(f / [T 757 “h(z)e(f (x)) dx
aepi
/ H ordg/ +26ma ﬁordgﬁ( Y)+ua(y)
ae%

Y LW+ s (v Dords, W h(y)e(n* £ (y)) dy

/ H ordg/ )+ua(y)

aed

x [ Po(0) % YL @ h(y)e(n* f(y)) dy,

BER

where, for every 5 € %, we have set

(5.3.6) Py(T) =L [ Ta'™”.
acd

Let us introduce a family S = (S3)gc# of indeterminates. For every motivic
residual function w on £ (%) and every rational function g on %, let us also
define, analogously to Equation (5.2.3), a generating series

Z(¥ ,we(g);(T,S)) / TT 75" T 55 ww)e(a(y)) dy.

aep/ pBeR

If g induces a morphism from % to PL., it follows from Proposition 5.3.1 and the
proof of Proposition 5.3.4 that Z (% ,we(g);(T,S)) is a rational function of (T,S),
for every w.

For every p € Z7, let W), be the constructible subset of .Z’(#) on which the
family (uq) equals p. These subsets form a finite partition of .2 (%) and one has

Z(2 he(f):T)=>_ [ T8 Z(# Aw, L n"he(n”" ) (T, (P5(T)))),

P acd

where the polynomials Pg are defined in (5.3.6). Consequently, Z (2", he(f);T) is
a rational function of T. U

6. Local Fourier transforms. In this section, we finally prove the propo-
sitions stated in Section 4.3.
Fix a place v € C'(k). We have to study the Laurent series (4.2.2) given by

2= S Fgmp€) [] T

(my,,3,) integral acd
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- ¥ HT|mU,6U|/ £))dg.

(m,,,) integral o€/ G(m, 7/31;

Our first step will be to replace the motivic Haar integral with respect to dg
by a motivic integral with respect to the motivic measure on the arc space .Z(.Z").
Then, we will split the motivic integral according to the natural stratification of the
special fibre.

Since the place v is fixed, we often omit the index v from the notation, writing
K ~k((t)) for F, = k(C), and R ~ E[[t] for the ring of integers of F,.

6.1. The Haar integral as a motivic measure. View the invariant top-
differential form dg on G as a meromorphic top-differential form wx on 2 .
Since 2" is proper over C, one has 2" (k[t])) = X (K). The order of contact of an
arc with the divisor of w induces an order function ord,,: X (K) — ZU{e}, which
takes finite values on G(K).

The Poisson summation formula involves (motivic) integrals on k((¢))" =
G(F). The injection G(F) C 2 (k[[t])) allows to view any Schwartz-Bruhat func-
tion ® on G(F’) as an exponential motivic function on the arc space .Z(Z") of 2.
The following lemma shows how both motivic integrals are related. It is a motivic
analogue of the standard fact that the Lebesgue mesure on the real line R is the
volume-form associated with the differential form dz, or with the corresponding
singular differential form on P! (R).

LEMMA 6.1.1. Let ® € % (F™). Then the motivic integral [q ) ®(g)dg can
be rewritten as

/ & (z)L @) g
2(%)

where dx denotes the motivic measure on the arc space £ (Z").

Proof. Let us begin with a remark. Let Z be a smooth projective K-scheme
and let w be a meromorphic differential form on Z. Let f be a motivic function on
Z. By this, we mean that one is given a proper flat R-model % of Z, an integer
m, and a class ¢ € Exp.# y, (). We identify the function associated with a triple
(Z,m,p) and the function assomated with the triple (Z',m + 1,7%p), where 7
is the canonical morphism from &xp.#Zy, () to ExpM g, () defined by base
change; similarly, if p: 2 — % is a morphism of models, we 1dent1fy the func-
tions associated with triples (2, m,¢) and (Z’,m,p*p). Then one defines the
integral |. Z(K) f |w| of the motivic function f with respect to w by the formula

[otl= et
Z(K) 2(Z)
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where dz is the motivic measure on the arc space .2 (Z"). We may even assume that
the smooth locus 20 of 2 is a weak Néron model of Z and restrict the integral
over .Z(2°). The definition of motivic integration and the change of variables for-
mula (Theorem 13.2.2 in [9]) shows that this integral is independent of the choice
of the triple (2, m, ) that defines f.

Let us show how this remark implies our lemma.

Let & = P" = Proj R[xo,...,=,] be the natural compactification of G =
A" = Spec(R|x1,...,2,]), let P = Pk Let w be the differential form dzy A--- A
dz,, on G r; we will write wp or wx according to w being viewed as a meromorphic
differential form on &2 or on 2". Since 2" is regular, one has

/ d(2) lwx| = / O (z)L~Mex (@) dg.
X(K) 2(2)

However, this integral can be computed starting from the model &2, and one has

/X @] = /P Pl

Since div(wp) = (n+1)div(zo), ord,, (x) = (n+ 1) min(0,ord(z;),...,ord(z,))
for every (xi,...,2,) € K™. Consequently, by the very definition of the motivic
integral on G(K), this last integral equals fG( K) ®(g)dg. It suffices to show this
equality for simple functions, as in Section 1.3.3. Let (my,...,m,) be a family
of integers and let €2 be the set of points in K™ such that ord(x;) = m; for every
i€ {l,...,n}. Set mp =0, let m = min(mo,...,m,), and let j € {0,...,n} be
such that m = m;. We view Q in the affine chart {z; = 1} of & and identify it
with [Jo<i<n t™ """ R*. Therefore, its dp-measure (that is, its motivic volume with
respect t:étile arc space of &) equals

/ dp = Lzzﬂ(mzfm)(l _Lfl)n _ (1 _Lfl)nLZmiLf(nJrl)m.
Q

On the other hand, 2 is also viewed as the set [[\"_; ¢™ R* in K™ hence its dg-
integral is given by

/ dg=L>=™ (1LY
Q

Consequently,

/dg:/Lordw(P)dp'
Q Q

This concludes the proof of the lemma. U
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6.2. Partitions of unity. Let %, be the subset of A, consisting of those
B for which the multiplicity 15 equals 1. Let 27 be the complement in 2~ of the
union of the components Eg, for 5 € %, \ %, and of the intersections of distinct
vertical components. As we know from Lemma 3.2.1, this is a weak Néron model
of X over Spec(R).

For every subset A C .o/ and every /5 € A, let A(A, () be the locally closed
subset of the special fibre .2, corresponding to points Z which belong to the hori-
zontal divisors %, for a € A, and to no other, as well as to the vertical divisor Eg,
but no other. Let (A, 3) be its preimage in .Z (Z") by the specialization morphism
LX) — Z.

Recall that we have defined in Section 3.5.4 a subset A, of 4 such that for
every point = € G(F,), the integrality condition “x € % (op,) if v € Cy” holds if
and only if there exists 8 € % such that z € Q(2, 5).

Let Z(A') ~ Spec(klao,ay,...]) be the arc space of the affine line, and let
Z(A';0) be its closed subspace consisting of arcs based at the origin. Let A be a
subset of .«7. By Lemma 5.2.6, there is a definable isomorphism which preserves
the motivic measure from (A, ) to the product of .Z(A';0)4 x;, A(A,3) with
Z(A")n—Card(4) Moreover, this isomorphism induces the following equalities, for
geG(F):

ord,(z,) ifa€ A
0 otherwise,

6.2.1) (9, Za)o = {

(where, as in Lemma 5.2.6, z,, is the a-component of the image of g) and

1 ify=p
6.2.2 7E v — .
( ) (g V) {0 otherwise.

Recall that in Equation (3.2.3), we had defined integers pg such that

—div(wy) = Z PaPo+ Z psEs.
ace/ BeEA

This implies

(6.2.3) —ordy(z) = pg+ Y _ paordy(za).

acA

Recall also the definition of integers e, g in Equation 3.2.2:

Lo=Da+ Y eapEs.
pBeR
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To shorten the notation below, we then let

(6.2.4) P(AB)=ps+ Y Pacas-
aed

We also define e, to be the constructible function

(6.2.5) ea(-) =Y eapordp,(")
pe#

on Z(2") so that e, (g) = eq p for every g € G(F,) such that (g, Eg), = 1.
Using this notation and applying Lemma 6.1.1, we can rewrite the motivic
Fourier transforms Z,, (T, &) as sums of motivic integrals over arc spaces (A, ).

LEMMA 6.2.6. For every motivic residual function h on £ (Z") and every
¢ € G(F,), one has

/ [T 7% h(g)e((g,£))dg

ae%
(6.2.7) .
=Y [J e / e zyehele.e) dr
ACod acd aeA
Be%

6.3. Places in Cjp: Proof of Proposition 4.3.1. Let v be a place in Cj.
In this case, Z(T,¢) is given by Lemma 6.2.6, taking for motivic function h the
characteristic function of the set % (0) within G(F},). In other words, one has h =0
on Q(A,B)if A# @ or & Ay, and h = 1 otherwise. Consequently,

=Y [z [ @
BeRBy acd Q(2,6)

We see in particular that it is a polynomial. Assume that £ = 0. Then, the factor
e((z,&)) equals 1, so that

= > [[ 7 vae s

BeBy acd
In particular,
ZAL710) = Z((L102),00= 37 T] L relesrrA(g, )L
BERBy acd

This is an effective element of .#}, non-zero unless % (0) = &. By the last asser-
tion of Lemma 3.4.1 and the hypothesis of Setting 2, this concludes the proof of
Proposition 4.3.1.
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6.4. Trivial character (places in C'\ C): Proof of Proposition 4.3.2. As-
sume that v € C'\ Cy. Then, Z(T,0) is given by Lemma 6.2.6, applied with h = 1.
This leads to the following computation:

Z(T,00= ) HTWLPB/ H (LPT,) () dg

ACd acdf aeA
Be%
_ Z H Tea ﬁLpg A B L n+Card(A H/ Lp“ ord( )d
ACd acdl acA (AT:0
BeH

In the last formula, the integral over . (A';0) is given by a geometric series, fa-
miliar in the theory of motivic Igusa functions. Indeed, for every o € A,

ST ey
[%(AI;O)( Z ord(z)=m

(LPoT,)™L ™(1-L™1)

m=1
LPa—1T,
1-L!
( )l—LPa T,
Consequently,
= > I rea.p)
Acaﬂaepf
(6.4.1) pes

> Lfn+Card(A)(1 _ Lfl)Card(A) H LpOﬁlTa )
1 —Lre—1T,
acA
For every pair (A, 3) such that A(A,5) # @, fix a maximal subset Ay of ./
such that A C Ay and A(Ay,5) # @. Let us fix such a maximal set Ay and let
us then collect the terms of Equation (6.4.1) corresponding to pairs (A, 3) that are
associated with Ay. The corresponding subseries of Z(T,0) is then given by

Za(T,0)= > [ 75177 A(A,B))

BEB, acd
(A7ﬁ)HA0

> L7n+Card(A)(1 _ Lfl)Card(A) H LpailTa
1 —Lra1T,"
acA
Consequently, there exists a Laurent polynomial P4, (T) such that

Zo(T,0) ] (1 =LPe7'T,) = Pay(T).

acAy
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From this expression, we also see that modulo the ideal generated by the polyno-
mials 1 —LPe~1T,,, for a € o, only the terms corresponding to A = Ap remain,
so that we have

PAO (T) = Z H L(lfpa)ea,ﬁLpg [A(AO’B)]LfnqLCard(Ao)(l o Lfl)CaId(Ao).
BB acod
Let u 4, be the motivic residual function on .#'(.2") which is given by
P+ Z pa €a,p
acd
on (Ao, 3). By definition of motivic integration, one has

LU4) — LPs L{-ra)eas
L= 2 [, I

gem Y MAB) ey

_ ZLpﬁHLl PaeaﬁL n+CaIdA0[ (A ,8)]

BERB) aed

so that

Py, (T) = (1 — L~ 1)Card(4o) / L%,
ZL(P4,)
The right-hand side of the preceding congruence being a non-zero effective element
of ., this concludes the proof of Proposition 4.3.2.

COROLLARY 6.4.2. Let d=1+dimCI1*" (X, D) and let a be a non-zero multi-
ple of the integers po, — 1, for o € o7. The Laurent series Z(T,0) in one variable
T is a rational function which belongs to #,{T}. Moreover, (1—L%T*)4Z,(T,0)
belongs to [T, T'] and

arpa\d
(1-L°T) Z,\(T,O)‘ o

SO Y |

AeCI™d(X,D) €A Pa =

/ LuA@) dg.
Da)

6.5. Non-trivial characters (places in C'\ Cy): Proof of Proposition 4.3.4.
Assume that v belongs to C'\ Cj. In this Section, we establish the behavior of the
Fourier transform Z,(T,a(&)) for non-zero £ € E. Since the place v is fixed, the
motivic Igusa integrals Z,(T,-) and Z) ,(7,-) are denoted Z(T,-) and Z)(T,-)
respectively.

By Proposition 5.3.4, we already know that for each &, Z(T,(&)) is rational,
with denominator given by products of polynomials of the form 1 — L™ T™ for some
n € N and m € N“ which are described through some Clemens complex. To prove
Proposition 4.3.4, we have to prove two more properties: first, that this rationality
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property holds uniformly on the strata of some constructible partition (U;), and
second, that for each 4, there exists an integer e € [0,d — 1] and an integer a > 1
such that the restriction to U; of (1 —LeT)¢Z\(T,-) = (1 = LT Z((T3),-)
belongs to Exp. 4y, {T}.

The following analysis thus refines the proof of Proposition 5.3.4. It is very
close to the one of [8], except for the replacement of p-adic oscillatory integrals by
the motivic integrals of Section 5.3.

Recall that any point { € G(F,) gives rise to a linear form fe = (£,-) on G,
hence to a rational function on X, or even on 2. More generally, the morphism
a: Er, — G induces a regular function fr on G x g, EF,, hence a rational function
on 2 xi E. We view ff as a family of regular functions on G, resp. as a family
of rational functions on 2", both indexed by F and study the variation, for p € F,
of the divisors div(fyp))-

LEMMA 6.5.1. Let P be a reduced k-scheme of finite type and let a: Pr, — G
be an F,-morphism. Let fp be the associated rational function on Z X, P. There
exists a decomposition of P as a disjoint union of smooth locally closed subsets P;,
and for each i, a map ;. % — X X, P; which is a composition of blowing-ups
whose centers are smooth over P;, with generic fiber invariant under the action of
Gr, Xk P;, and do not meet G, X, P; such that the rational function 7 fp on %;
defines a regular morphism from %; X, P; to P}g and such that the horizontal part
of ™I (2 X, B;) is a relative divisor with strict normal crossings.

Proof. The arguments of Lemma 3.4.1 of [8] furnish a partition (P;) of P by
smooth locally closed subsets and morphisms ;: Y; g, — X X g, P; r, which are
compositions of blowing-ups whose centers are smooth over F; , and do not meet
Gr, XF, P; r, such that the rational function 7} fp defines a regular morphism
Yir, Xr, B p, — P}:v-

Let us fix such a stratum P; and call it P; similarly, we write 7 for 7r; and Y for
Y;. Up to replacing P by a dense open subset P’, and applying embedded resolution
of singularities to the Zariski closures of the centers of the blowing-ups which
define 7, we obtain a morphism 7': % — 2" xj, P’, composition of blowing-ups
with smooth centers over P’, such that 7} : @, — 2F, XF, Py, satisfies the
preceding assumptions. We then view the morphism fp as a rational map % xy
P’ -—5 P'. Above a dense open subset P of P’ we resolve its indeterminacies by
a further composition of blowing-ups whose centers are smooth over P’ and do not
meet the generic fiber. We can now repeat these arguments for P\ P”, so that the
lemma follows by Noetherian induction. (]

We apply the preceding lemma to £\ {0} and fix such a stratum, which we call
P.SetY =%, . Forp € P, let %, be the fiber of %" above p under the composition
Y — X x, P— P;letY,=(%,)F,.

For p € P, by the change of variable formula (Theorem 13.2.2 in [9]), both
Z(T,0) and Z(T,a(p)) can be computed as motivic integrals on .Z(%},). Since
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the rational function f, extends to a regular morphism from %% x Pp, to P! )
Proposition 5.3.1 gives an explicit form for Z(T,a(p)) as a rational function,
whose denominator is controlled in terms of the Jacobian divisor of Y/ X and the
sub-complex C1*"(Y}, Y}, \ G)o of C1*"(Y},, Y}, \ G) corresponding to the irreducible
components of Y \ G along which Ja(p) has no pole. Since the sub-complex
CI*(Y), Y, \ G)o of CI*"(Y},,Y),, \ G) depends constructibly on p € P, this implies
the first part of Proposition 4.3.4.

The final part of the proof follows by applying the geometric arguments leading
to the proof of Proposition 3.4.4 of [8]. For every p € P, the Clemens complex of
(Y}, Y, \ G) has distinguished vertices, those coming from X which we denote by
D/a, and exceptional ones, corresponding to divisors contracted by m,, which we
denote by Elﬁ Since Y, — X is G-equivariant, the rational function fy,) has a
divisor divx (fa(,)) on X whose strict transform dominates the divisor of f;(,) on
Y),: their difference is an effective linear combination of the divisors Eé (Lemma
1.4 of [6]). Moreover, the relative Jacobian divisor of Y),/ X, is a linear combination
of these divisors, with positive coefficients.

As in Section 3.4 of [8], these geometric facts imply that only the distinguished
vertices of C1*'(Y),,Y), \ G), that is, those of CI*"(X, X \ GG), intervene. Moreover,
letting d,, = 1 4+dim(CI*"(X, X \ G)o) and d = 1 +dim(CI*"(X, X \ G)), then one
has d, < d (cf. Lemmas 3.4.5 and 3.5.4 of [8]).

Applying Proposition 5.3.1, we conclude that there exists an integer a such that
(1 —-LeT%)4% Z\(T,a(p)) € #,4,{T}" for every p € P.

This concludes the proof of Proposition 4.3.4.
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