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Introduction

These are the lecture notes for the “Bases of Functional Analysis” course, part of the 1st year
of the Master’s degree in Mathematics at Pierre & Marie Curie University, Paris. The aim
of the course is for the student to acquire an elementary and solid mastery of tools which
are fundamental in mathematics, both as a core subject (geometry, probability theory, partial
differential equations) and in its applications to physics, mechanics, the study of large-scale
systems, imagery, statistics, etc.

First, let us make some general remarks about these notes. It is not a treatise, in that some
classical results, like the Cauchy-Lipschitz theorem, are absent, having been taught in other
courses, while others, like the Stone-Weierstrass theorem, are stated in a specific framework.
Some easy proofs, which are merely simple applications of definitions, may be sketched or
omitted - the detailed writing of these proofs make for excellent learning exercises. Generally
speaking, readers who wish to have a good understanding of the concepts we introduce should
rework the course’s proofs by themselves.

Proofs which are considered to be either non-essential to the course or too difficult, shall
be written in small print. These are not studied during the lectures, but are included in the
notes to satisfy the curiosity of motivated students.

The notes are structured as follows: In the first chapter, we show basic results on the
topology of metric spaces, including the notions of complete metric spaces and compact metric
spaces. A solid mastery of the contents of this chapter is absolutely imperative.

The second chapter deals with the study of normed vector spaces, fundamental examples of
which are function spaces. A key point here is understanding the effects of working in infinite
dimension (which is the case in function spaces) on topology. Ascoli’s theorem, a compactness
criterion for parts of continuous function spaces, illustrates the difficulties which appear in
infinite dimension frameworks.

The third chapter deals with the notion of duality. It may be short, but it is fundamental.
Duality is the basis of the theory of distributions, a major breakthrough in analysis at the
start of the XXth century - this will be studied in chapter 8. Beyond the concept of transposes
of linear maps, this chapter explains the procedure which allows one to identify the dual of
a Banach space - another Banach space with a weaker notion of convergence, induced by the
fact that it is a dual space, that we call “weak-star convergence”.

The fourth chapter is a classic: Hilbert spaces, which extend the notion of Euclidean spaces
to infinite dimension.

The fifth chapter studies the spaces of functions which have a finite integral relative to a
measure when elevated to a power p. We start by recalling fundamental results of integration
theory, without proof. Another important notion, the convolution of functions, is defined,
studied, then applied to approximation.



The sixth chapter studies the Dirichlet problem on a bounded domain. The goal is to prove
that, for any square-integrable function f defined on a bounded, connected open set © of R%,
there exists a unique solution u in a function space we will define (the Sobolev space HE(Q2)),
which solves, in a broader sense than usual, the Laplace equation

Z axj =/,

and such that the function u is zero on the boundary of the open set 2. We find this solution
by determining if the infimum of the function

on the set of continuously differentiable functions with compact support in 2, is reached. Many
previously established concepts and results come into play here, and ideas from the theory of
distributions, which will be developed in chapter 8, manifest themselves for the first time.

The seventh chapter deals with the Fourier transform on the space of integrable functions
on R? and many applications. This chapter is fundamental and will be crucial in the following
two.

The eighth chapter presents the theory of tempered distributions. We choose not to go
into the general theory of distributions to keep things simple. The basic idea is that, when
we know how to define an operation on very smooth and rapidly decreasing functions on R
(e.g. functions in the Schwartz space), we can use duality to extend it to a space of tempered
distributions, which contain functions (hence “distributions” are also called “generalised func-
tions”) as well as some very singular objects. Of course, this chapter contains examples which
must be studied and understood in order to properly comprehend and apply this theory.

Translator’s note. The convention we use throughout these notes is that “positive” means
“strictly positive” (z > 0), and that “increasing” means “strictly increasing” (x < y implies
f(x) < f(y)). For coherence, mathematical notations have been chosen strictly identical to
the original version.



Chapter 1

Metric spaces

Introduction

This chapter is a summary of basic results on metric spaces. The first section presents the
notion of metrics, or distances, which is very natural and intuitive, and shows how it allows
one to generalise the convergence of sequences and the continuity of functions (both notions
that one is already familiar with in the real- and complex-variable settings). Metrics also allow
one to give abstract definitions of open and closed subsets, concepts which are constantly used
in functional analysis.

In the second section, we introduce complete metric spaces, which are spaces in which all
Cauchy sequences are convergent. This notion is fundamental: in these spaces, we can prove
that certain sequences converge without needing any prior information about their limit. A
crucial tool, it is very commonly used in analysis to prove existence theorems - the Cauchy-
Lipschitz theorem is one such result.

In the third section, we discuss compact metric spaces. Functional analysis requires the
user to go beyond the elementary description of compact subsets of RV.

On the whole, this chapter is rather abstract. Examples, illustrations and applications of
the fundamental notions presented here will be plentiful in the remainder of the course.
1.1 Definition of metric spaces

Definition 1.1.1. Let X be a set. We call a metric, or distance function, on X any function
d from X x X toR* such that

dlz,y) = 0 <= z=y
d(z,y) = dy,z)
dlz,y) < d(z,2)+d(z,y)

The pair (X, d) is called a metric space.
Some examples
e Set X =R and d(z,y) = |x — y|. These define a metric space.
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e Set X =RY, and choose among the following distance functions:

N

1
def 2
doery) (Zm—yj)?)
j=1
def
doo(w,y) = max |z; —y;|

N
def
di(z,y) = D lw—yl-
=1

e More generally, let us consider (X}, d;j)1<;j<n, a finite family of metric spaces.
N
Set X = HXj, and define
j=1

XxX — RF

N
(@, 2)  — Y d(a;,y;)
=1

and Dy

XxX — Rt
Do (1.1)

(@,27) — max dj(2),y;)

Both of these functions are metrics on X.

e Let us return to X = R, let f be an one to one function from R to R, and we define

dy(z,y) = |f(z) — f(y)l.
The function dy is a metric on X.

The following exercise shows how we can define a metric on the space of sequences of
elements of a given metric space.

Exercise 1.1.1. Let (X,d) be a metric space, and let (a,)nen be a sequence of positive real
numbers such that
> an < o

neN

We consider the set XN made up of the sequences of elements of X. We define
XN XN R
Da (x,y) Y min{an,d(z(n),y(n))}.
neN

Prove that D, is a metric on XN,

Definition 1.1.2. Let (X,d) be a metric space, x be a point in X and « a positive real
number. The open (resp. closed) ball with centre x and radius «, denoted B(z,«) (resp.
By(x,«)) the set of points y in X such that d(x,y) < a (resp. d(z,y) < a).

Metrics allow one to give very simple and general definitions for the concepts of the limit
of a sequence and the continuity of a function.

Definition 1.1.3 (convergent sequence). Let (zy)nen be a sequence of elements of a metric
space (X,d) and let £ be a point of X. The sequence (xy)nen is said to converge to ¢ if and
only if

Ve >0, 3ng/ n>ng= d(z,,0) <e.
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Exercise 1.1.2. We consider a metric space (X,d) and the metric D, defined on X" in
exercise 1.1.1. Show that a sequence (x,)pen of elements of XN converges to x in the sense of
the metric D, if and only if

Vn e N, plggo d(zp(n), z(n)) = 0.

Definition 1.1.4 (continuous function). Let (X,d) and (Y,d) be two metric spaces. We
consider a function f from X to Y and a point xg in X. The function f is said to be
continuous at the point xq if and only if

Ve>0, 3a>0/d(x,xg) <a= 0(f(x), f(xo)) <e.

Proposition 1.1.1 (composition of continuous functions). Let (X,d), (Y,d) and (Z,p) be
three metric spaces, and f et g be two functions, from X to Y and from Y to Z respectively.
Let z9 be a point of X such that f is continuous at xy and g is continuous at f(xg). Then the
function g o f is continuous at the point xg.

Proof. Since the function g is continuous at f(zg), we have

Ve >0, Ja>0/6(y, f(zo)) < a= p(g(y), (9o f)(z0)) <e.

Since the function f is continuous at xg, we have
B >0/ d(z,20) < B = 0(f(2), f(z0)) < o
As the real number (8 is chosen for each ¢, we deduce that

36> 0/ d(z,50) < B = plgo f(x), (g0 f)(z0)) < <.
This ends the proof. O

Proposition 1.1.2 (sequences and continuous functions). Let (X, d) and (Y,0) be two metric
spaces, f be a function from X to Y, and (x,)neny be a sequence of elements of X. We
assume that (z,)nen converges to ¢ and that the function f is continuous at point . Then
the sequence (f(xy))nen of elements of Y converges to f(¢).

The proof of this proposition is similar to the previous one, and is left as an exercise for
the reader.

Definition 1.1.5 (Interior and closure, open and closed sets). Let (X, d) be a metric space,
and A be a subset of X.

e We call the interior of A, denoted A, the set of points x in X such that there exists an
open ball B(x,«), with o« > 0, which is a subset of A.

We call the closure of A, denoted A, the set of points x in X such that, for any open
ball B(x,a), with o > 0, the intersection of B(x,a) with A is non-empty.

A set A is said to be dense in X if and only if A = X.

A set A is said to open if and only if A = A.

A set A is said to be closed if and only if A = A.
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Remark The definitions clearly imply that A C A C A.
Exercise 1.1.3. Let A be a finite part of a metric space (X,d). Prove that A = A.
Proposition 1.1.3. The interior of an open ball B is B. The closure of a closed ball B’ is B’.

Proof. Let y be a point of the open ball B(z, ), and let us consider the open ball with centre y
and radius o — d(z,y) (which is a positive number). Using the triangular inequality, we have,
for any z in B(y,a — d(z,y)),

d(z,z) <d(z,y) +d(y,2z) <d(z,y) + o —d(z,y) = a.

Now let us consider a point y in the closure of the closed ball with centre x and radius «.
By definition, for any positive real number 3, there exists a point z in B(y, 3) N By(x, a).
Once again using the triangular inequality, we get

d(z,y) < d(z,z) +d(z,y) < B +a.

Hence, for any positive number 3, d(z,y) < o+ 3, so d(z,y) < «, which ends the proof. O

Remarks

e The above proposition states precisely that open balls are open sets, and that closed
balls are closed sets (this consistency in terminology is reassuring news).

e The set X is both open and closed. We set the standard that the same occurs for the
empty set.

e The proof above shows that the closure of the open ball B(zg, «) is a subset of the closed
ball B(xo,a). However, it is not true in general that the closure of an open ball is the
corresponding closed ball. For example, considering a generic set X and the metric d
defined by d(z,y) = 1 if x is not equal to y, and d(z,x) = 0, we have B(xg,1) = {zo},
and this set is also closed, therefore equal to its closure. Meanwhile, By(xo,1) = X.

Proposition 1.1.4. Let A be a subset of a metric space (X, d). We have

o o

(A =A¢ and A° = (A%).

o

Proof. A point = in X belongs to (A)¢ if and only if
Va >0, B(z,a) N A # 0,

which is means precisely that = belongs to the closure of the complement of A. A point x
belongs to (A)¢ if and only if

da >0, B(z,a)NA=10,
in other words B(z,«) C A€, which means that z belongs to (A°). The proposition is proved.
U

Remark Proposition 1.1.4 states that the complement of an open set is closed, and vice-versa.

Proposition 1.1.5. Let A be a subset of a metric space (X,d). A point x in X belongs to A

if and only if there exists a sequence (an)nen of elements of A such that lim a, = x.
n—oo
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Proof. Let us assume that z is the limit of a sequence (ay)nen of elements of A. For any
positive real number «, there exists an integer ng such that z,, belongs to the ball B(x, ),
which implies that B(xz,a) N A # (. So x € A.

Conversely, let us assume that © € A. Then, for any positive integer n, there exists an
element a,, of X such that

an € AN B(z,n™1)
Consider the sequence (ay,)nen that we have defined: it satisfies
1
d(an, ) < o

The sequence (ay,)nen therefore converges to x, and the proposition is proved. O

Proposition 1.1.6. Any union of open sets is open. The intersection of a finite number of
open sets is open. Any intersection of closed sets is closed. The union of a finite number of
closed sets is closed.

Proof. Let (Uy)xea be a family of open sets, and x be a point of U def U Uy. Let A € A be

AEA
such that x € Uy. Since U, is open (therefore equal to its interior),
Ja >0/ B(z,a) CU\CU

N
so U is open. Now let U = ﬂ U, where each Uj is open. For every j in {1,--- N}, there exists

j=1
a positive real number «; such that B(x,a;) C U;. Set « def min{a;, j € {1,---N}}. For
every j, the open ball B(z, a) is a subset of Uy, and is therefore in the intersection U. ([

Remark For a set X, let us consider © a part of P(X), which is the set of all subsets of X,
which satisfies:

e the empty set and X belong to O,

N
e if (Uj)1<j<n is a finite family of elements of ©, then ﬂ U; also belongs to ©,
j=1

o if (Uy)xen is a family of elements of ©, then U also belongs to ©.
AEA
This defines what is called a topology on X, with the elements of © being defined as open sets
of X, and closed sets are by definition complements of open sets. As the following proposition
will show, the notions of convergent sequences and continuous functions can be defined in
terms of open sets.

Proposition 1.1.7. Let (X,d) be a metric space. Let (zp)nen be a sequence of elements
of X, and x be a point of X. The sequence (x,)nen converges to x if and only if for any open
subset U of X containing x, there exists an integer ng such that

Yn > ng, o, € U.

Let (Y,0) be another metric space, f be a function from X toY, and xg be an element of X .
The function f is continuous at xg if and only if for any open subset V of Y containing f(zo),
there exists an open subset U of X containing xg such that

fu)cv.

11



The proof of this proposition makes for an educational exercise we highly recommend.

Theorem 1.1.1 (Characterisation of continuous functions). Let f be a function between two
metric space (X, d) and (Y, ). The following three statements are equivalent.

e The function f is continuous at every point of X.
e The preimage of an open set is open.
e The preimage of a closed set is closed.

Proof. Assume that f is continuous at every point in X, and let us consider an open subset V'
of (Y,8) and a point x in f~1(V). Since the set V is open, by definition there exists a positive
number g such that B(f(x),e9) C V. As the function f is continuous at point x,

Ja >0, f(B(z,a)) C B(f(x),eo).
Thus,
B(z,a) € £ (f(B(@),a)) € f(B(f(@),20)) € F7HV).

Conversely, let 2p be a point of X. For any £ > 0, the ball B(f(x),e) is an open subset
of (Y,9). By assumption, f~1(B(f(x0),¢)) is an open subset of (X,d). So, there exists a
positive a such that B(xg,a) is a subset of f~1(B(f(xg),¢)), and therefore

F(B(xo,0)) € £(f 7 (B(f(20),2))) € B(f(o).).

The equivalence between the second and third statements is a consequence of closed sets being
complements of open sets (and vice-versa), and of

fAV) = {zeX/ flx)eV}
= {zeX/ f(x) e V¢
= (71 vo)"
The theorem is proved. U

We can now ask questions about the effects of a change of metric on the properties of a
metric space.

Definition 1.1.6. Let X be a set, on which we consider two metrics d and §. We say that
these two metrics are topologically equivalent if and only if the identity map Id is continuous
from (X, d) to (X,6), and from (X, 9) to (X,d).

Remark The open sets induced by two topologically equivalent metrics are the same; thus
the same functions are continuous and the same sequences are convergent in both settings.

Proposition 1.1.8. Let X be a set, and d and § be two metrics on X. Then we have the
following property.
The metrics d and § are topologically equivalent if and only if

Vee X ,Ve>0,In>0/VyeyY,
dz,y) <n=6(z,y) <e and O(z,y) <n=d(z,y) <e.

Proving this proposition merely requires using the definitions; it is left to the reader.

12



Definition 1.1.7. Let A be a subset of a metric space (X, d), and x be a point of X. We call
distance between the point x and the set A the following quantity

d(zx, A) = ;ggd(aj a).

Exercise 1.1.4. Prove that A is the set of points x in X such that d(z, A) = 0.

Proposition 1.1.9. Let A be a subset of a metric space (X, d). The function
iy { X — R*
x +— d(z,A)
is Lipschitz continuous, and 1 is a Lipschitz constant, that is
‘d(x, A) —d(2', A)| < d(z,2).
Proof. Using the triangular inequality, we have, for any (z,y) in X? and any point a in A,
d(z,a) < d(z,y) + d(y,a).

Since the infimum of a set is a lower bound of this set, we have, for any (x,%) in X? and any
point a in A,

d(l‘, A) < d(l’, y) + d(ya CL) and thus d($’ A) - d(.CL', y) < d(ya CL).
As the infimum of a set is the largest lower bound of this set, we deduce that
d(z,A) —d(z,y) < d(y,A) and thus d(z,A)—d(y,A) <d(z,y).

The proof is finished by exchanging the positions of x and . ]

We will now introduce the notion of metric subspaces. Let (X, d) be a metric space, and A
be a subset of X. It is natural to consider the metric space (A, d|4x4). We have the following

property.

Proposition 1.1.10. Let (X,d) be a metric space, and A be a subset of X. Then B, a part
of A, is an open (resp. closed) subset of the metric space (A, d|ax ) if and only if there exists

an open (resp. closed) subset B of X such that B = BN A.

Proof. We will only deal with open subsets, and the case of closed subsets can be obtained
by taking the complements' Let B be an open subset of X, and let us prove that BN Ais an
open set in (A, d‘AXA) Let ag be a point in BN A. Since B is open in X, there exists an open
ball (for the metric space (X, d)) such that

Bl(ag,a) C B.

By intersecting with A, we know that B(ap,a) N A is a subset of B. But B(ag,a) N A is
exactly the set of all @ in A such that d(agp,a) < a. So B is an open subset of the metric
space (A, dj4x4)-

Conversely, let B be an open subset of the metric space (A, d| 45 4). For every a in B, there
exists a positive number ¢, such that

Ba(a,aq) C A with Ba(a,a,) ={d € A/ d(a,d’) < a}.

"We strongly recommend writing the details of the closed subset case as an exercise.
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Set B % U Bx(a,a), which is open since it is a union of open sets. Since Ba(a,a) =
acA .
Bx(a,a) N A, we have BN A = B, and the proposition is proved. O
To finish off this introduction on metric spaces, we define the notion of diameter in a metric
space.

Definition 1.1.8. Let (X,d) a metric space. We will say that a subset A of X has finite
diameter if and only if there exists a positive number C such that

V(a,a') € A%, d(a,d’) < C.
If A has finite diameter, the diameter of A is defined as the supremum of the set of quanti-

ties d(a,a’) with (a,a’) in the set A x A.

1.2 Complete spaces

Definition 1.2.1. Let (X,d) be a metric space. We call a Cauchy sequence in X any se-
quence (zp)nen of elements of X that satisfies

Ve >0, 3Ing e N/ VYn >ngy, Ym > ngy, d(z,,xm) < €.

We note that if (z,,),en is a sequence of elements of a metric space (X, d) that is convergent
to a point £ in X, then, since

d(xnawm) < d(xn,f) + d(ﬁ,xm),

it is also a Cauchy sequence. Complete spaces are metric spaces in which the converse is true.
This is told precisely in the following definition.

Definition 1.2.2. Let (X, d) be a metric space. This space is said to be complete if and only
if all Cauchy sequences in X are convergent.

Let us provide a few examples of complete spaces. A fundamental example is the space R
endowed with the metric d(x,y) = |z — y|, which is complete due to the way it is constructed.
We will now show how to make complete spaces based on some we already know. In other
words, we will look for operations on metric spaces for which the completeness of these spaces
is preserved.

Proposition 1.2.1. Let (Xi,d1), -+ ,(Xn,dn) be a family of N complete metric spaces. If
we set
X=X x ---xX d d = di(zi s
1 X X N an ((LIT]_, aJUN),(Z/L 7yN)) lgjaé}?\f ](JU],?J])»

then the metric space (X, d) is complete.

The proof is left as an exercise. An immediate consequence is that the space RY, endowed
with any one of the metrics de, di or d, is complete.

The following exercise provides us with an interesting example.

Exercise 1.2.1. Let (X,d) be a complete metric space. We consider on X" the metric D,
introduced in exercise 1.1.1. Show that the metric space (X N'D,) is complete.

14



Proposition 1.2.2. Let (X, d) be a complete space. We consider a subset A of X. The metric
space (A,d|ax 4) is complete if and only if A is closed.

Proof. Assume that (A,dax4) is complete. Let (ay)nen be a sequence of elements of A that
converges to x in X. The sequence (a,)nen is a Cauchy sequence in X made up of elements
of A, so it is a Cauchy sequence in the space (A, d|4x4), which is complete. Therefore, there
exists a in A such that the sequence (a,)nen converges to a in (A, d|454), which is a metric
subspace of (X, d). Since the limit of a sequence is unique, we have a = x and x is in A.
Conversely, let us assume that A is closed, and consider a Cauchy sequence (ay,)nen in the
metric space (A,d|axa)- It is therefore a Cauchy sequence in (X, d) which is complete, so it
is convergent to x in X. The fact that A is closed implies that z is in A, and thus, (A4, djaxa)
is complete. O

When a metric space (X,d) is complete, we can prove the existence of some objects. The
following theorem is the most spectacular illustration of this.

Theorem 1.2.1 (contracting map fixed-point theorem, Picard). Let f be a function from a
complete metric space (X, d) to itself such that there exists a number k in |0, 1[ such that, for
all (z,y) € X?,

d(f(z), f(y)) < kd(z,y).

Then there exists a unique fixed point z in X, satisfying f(z) = z.

Proof. For a given an element xg in X, we consider the sequence (x,)nen defined by the
iterative formula x,+; = f(x,). We therefore write that

d(@nt1,20) = d(f(2n), f(2n-1))
< kd<xn7xn—1)-
We iterate these multiplications, and get that
d(Tpt1,2n) < k"d(x1, 20).

Thus, for any pair of integers (n,p), we have

p
d(anrpa:En) < Zd(anrm"anrm*l)

m=1
p
< d(l’l,:ﬁo) Z k,n-‘rm—l
m=1
kn
< T kd(:cl,xo).

Hence, the sequence (xy,)nen is a Cauchy sequence. Let z be its limit. As the function f is
continuous, seeing that it is Lipschitz continuous, we take the limit in the iterative formula
defining (zy,)nen, and get that z = f(z).

It remains to prove that the fixed point is unique. Let z; and 29 be two solutions of
z = f(2). The hypothesis on f leads to

d(zl, 22) S k‘d(zl, 22).

The fact that & must be smaller than 1 means that d(z1,22) = 0, hence z; = z5. Thus, the
theorem is proved. O
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Remark. This theorem is the key ingredient for numerous existence and uniqueness the-
orems. An important example is the Cauchy-Lipschitz theorem, guaranteeing existence and
uniqueness for solutions of ordinary differential equations.

We shall now prove Baire’s classic theorem, which has many applications in functional
analysis. There will be some examples of these in chapter 2.

Theorem 1.2.2 (Baire category theorem). Let (X, d) be a complete metric space. We consider

a sequence (Uy)nen of dense open subsets of X. Then, ﬂ U, is also dense.
neN

Proof. The proof relies largely on the following lemma, which is interesting in itself.

Lemma 1.2.1. Let (X,d) be a complete metric space, and (F,),cn be a non-increasing
sequence of non-empty closed subsets of X, such that the diameter of F,, tends to zero. Then
there exists an element x in X such that

() Fu={z}.

neN

Proof. Let us consider a sequence (x,)nen of elements of X such that, for every integer n,
x, belongs to F,. Since the sequence of sets (F),)nen is non-increasing (in the sense that
F,+1 C F,), we have

Vp eN, d(xn, Tnip) < 0(Fp).

The fact that the diameter of the sets F,, tends to zero implies that the sequence (xy)nen
is a Cauchy sequence, and therefore it converges to a point z in X. By making p go to
infinity in the above statement, we get that every sequence (z,)nen such that z, is in F,
satisfies d(xy,, z) < §(Fy,). This ends the proof of the lemma. O

Back to the proof of theorem 1.2.2. Let V be an open subset of X. We are going to prove
that ﬂ U, NV # (), which is enough to prove the theorem.

n
The open set Up is dense in X, so Uy NV is a non-empty open set. Hence, there exist a
positive number o (which we can assume is less than 1) and a point o in X such that

By (xo,a0) C UgNV. (1.2)

The open set U is also dense, so the set Uy N B(xg, ap) is a non-empty open set. So there
exist a positive number oy (which we can assume is less than 1/2) and a point z; in X such
that

Bf(.l‘l, 041) cUn B(J}(), ao).

We proceed by induction and assume that we have built a sequence (x;)o<j<n of elements
of X and a sequence (a;)o<j<n such that, for each j < n, we have

1

The open set Uy,41 is dense, so the set U,+1 N B(xy,, ay,) is a non-empty open set. Therefore
there exist a positive number ay,41 (which we can assume is less than 1/(n 4 2)) and a
point z,11 in X such that

Bf(xn+17 an-‘,—l) - B(.%'n, @n) N Un—i—l-
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Applying lemma 1.2.1 to the sequence F,, = Bf(xp, o) implies that there exists a point  that
belongs to the intersection of the closed balls Bf(xy, o). Given the equations (1.2) and (1.3),
we have
VneN, zeVn()U;
Jj<n
The Baire category theorem is proved. O

Often, the following statement is used, which is the Baire theorem in which we consider
the complements.

Theorem 1.2.3. Let (X, d) be a complete metric space, and consider a sequence (Fy,)pen of

closed subsets of X which have empty interiors. Then the interior of the set U F,, is empty.
neN

The Baire category theorem is also used as formulated in the following corollary, the proof
of which is very easy, and is left as an exercise.

Corollary 1.2.1. Let (F,)nen be a sequence of closed sets in a complete metric space (X, d),

[}
such that the union of all the F,, is X. Then, there exists an integer ng such that F,, # 0.

In other words, a complete metric space cannot be the union of countably many closed sets
with empty interiors. One noteworthy non-complete metric space is built this way: Q.

Let us now introduce the notion of uniformly continuous functions.

Definition 1.2.3. Let (X,d) and (Y,0) be two metric spaces, and we consider a function f
from X to Y. The function f is said to be uniformly continuous if and only if

Ve >0, dJa>0/d(z,2") < a= §(f(z), f(2')) <e.

Here are some examples and counter-examples. The function  — 2 is uniformly con-
tinuous on any bounded interval [a, b], but not on R. The function z — +/|z| is uniformly
continuous on R.

Theorem 1.2.4 (extension of uniformly continuous functions). Let (X,d) and (Y, ) be two
metric spaces, A be a dense subset of X, and f be a uniformly continuous function from (A, d)
to (Y,9). If Y is complete, then there exists a unique uniformly continuous function f
from (X, d) to (Y,0) such that fjs = f.

Proof. Let us consider an element x in X, and we will try to give a value to f(x) Since the
set A is dense in X, proposition 1.1.5 ensures that there exists a sequence (ay,)nen of elements
of A which converges to x. Also, the function f is uniformly continuous on A, which means
that

Ve >0, Ja/ Y(a,b) € A%, d(a,b) < a = §(f(a), f(b)) <e.

As the sequence (ap)nen converges, it is a Cauchy sequence, so there exists an integer ng such
that
Vn > ng, Vp, d(an,antp) < .
This means that the sequence (f(an))nen is a Cauchy sequence in Y, so it converges to a
limit y.
The first thing to check is that this limit does not depend on the sequence (a,)pen we
chose to construct it. To see that this is true, take (an)nen and (by,)nen, two sequences that
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converge to x. Reasoning similarly to above, the uniform continuity of the function f on A
gives us

rtlggo 5(f(an)7 f(bn)) =0.

So the limit y does indeed not depend on the choice of the sequence (a,)nen. Therefore, we
define f as follows:

f(z) = lim f(ay,) for any sequence (an)neny € AV / lim a, = 2.
n—o0 n—o0

Since the function f is continuous on A, it is clear that ﬁ 4 = f. We must now prove that f

is uniformly continuous on X. The uniform continuity of f can be written mathematically as
Ve >0, 3a >0/ VY(a,b) € A%, d(a,b) < a = 6(f(a), f(b)) <e. (1.4)

So let us consider a pair (z,y) of elements of X such that d(x,y) < «. There exist two
sequences (an)nen and (b, )nen of elements of A such that

lim a, =2 and lim b, =y.
n—oo n—0o0

There must exist an integer ng such that
n > ng = d(an,b,) < .
Therefore, using equation (1.4), we have

6(f(an), f(bn)) <e.
Taking the limit, we obtain

d(x,y) < a = 6(f(x), [(y) <,
which ends the proof of the theorem. O

1.3 Compactness

An important concept we will use in this section is that of cluster points of a sequence.

Definition 1.3.1. Let (z,,)nen be a sequence of elements of a metric space (X, d). We call the
set of cluster points of the sequence (x,)nen, and denote it Adh(x,,) (from the French “valeur
d’adhérence”), the set -which may be empty- defined by

Adh(zy,) def ﬂ A, with A, def {zm ,m >n}.

neN
Examples In R endowed with the metric |x — y|, the sequence (z,,),en defined by z, = n is
such that Adh(z,,) = 0, and the sequence (4, )nen defined by y, = (—1)"*! satisfies Adh(y,) =
{-1,1}.
Proposition 1.3.1. Let (x,)neny be a sequence in a metric space (X,d) that we assume
converges to a point ¢ in X. Then Adh(x,) = {(}.

Proof. By definition of the limit of a sequence, for every € > 0, there exists ng such that the
set A, defined above is included in the open ball B(¢,¢). So, if z is a point of X not equal
to ¢, by taking e smaller than d(, z), we see that z ¢ Ay, thus x ¢ A, for all n > ng. Hence
the proposition is proved. O
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Remark It is possible that a sequence (x,,),cn satisfies Adh(x,,) = {£}, but does not converge.
Consider, for example, the sequence of real numbers defined by

b
2n+1
Even though this sequence does not converge to 0, we still have Adh(z,) = {0}.

Top =2n and xopq1 =

Proposition 1.3.2. In a metric space (X,d), any Cauchy sequence that possesses a cluster
point £ converges to £.

Proof. Let us consider a Cauchy sequence (z;,),en with a cluster point ¢. As it is a Cauchy
sequence, there exists an integer ng such that

g
V=g, Vm = no, d(zn,wm) < 5

As the sequence has a cluster point ¢, there exists an integer n; > ng such that
€

d(l‘nl 5 E) < 5

We therefore see that, for every integer n > ng, we have
d(zpn, 0) < d(zp,Tn,) + d(zp,, ) < €.
The proposition is proved. O

Proposition 1.3.3. Let (x,)nen be a sequence of elements of a metric space (X, d). A point ¢
in X belongs to Adh(x,,) if and only if there exists an increasing function ¢ from N to N such
that

lim x¢(n) =/

n—o0

Proof. Before we starting the proof of this proposition, we remark that an increasing function
from N to N satisfies

Vn € N, ¢(n) > n. (1.5)

This property is proved by induction. The statement is naturally true for n = 0. Now, we
assume that it is true for some n. Since f is increasing, we have ¢(n + 1) > ¢(n) > n, which
implies that ¢(n + 1) > n 4+ 1. In particular, the sequence (¢(n)),en must tend to infinity
when n does so.

We return proving the proposition. If ¢ belongs to Adh(x,), we define the function ¢ by
induction as follows: we choose ¢(0) = 0, then get ¢(n + 1) using ¢(n) like so

gb(n + 1) d:ef min{m > gb(n) /d(xm’g) < L}

n+
The function ¢ is increasing by construction, and we have, for every n > 1,
1
< — i = (.
d(x gy, L) < ~, 80 nlglgo Ty =L

Conversely, if there exists an increasing function ¢ such that lim zg,) = ¢, then for every € >
n—oo

0, there exists ng such that
Vn > ng, d(Tym), L) <e.

Using (1.5), that is ¢(n) > n, we deduce that
Ve >0,Vne N, Im >n/dzm,l) <e,

which means that ¢ € Adh(z,,), hence the theorem is proved. O
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Definition 1.3.2. We call extraction function, any increasing function from N to N. If (x,,)nen
is a sequence of elements of a set X, a subsequence is a sequence which can be written
as (x¢(n))neN, where ¢ is an extraction function.

The notion of compact space can be seen from two angles: one using sequences, the other
with balls that cover the space. The equivalence of these two viewpoints is given by the
following theorem.

Theorem 1.3.1. Let (X, d) be a metric space. The following two statements are equivalent:
i) every sequence of elements of (X, d) has a cluster point;
i) the metric space (X, d) is complete, and we have

N
Ve > 0, 3($j)1§j§N/X = U B(.CI}j,E). (1.6)
7=1

Definition 1.3.3. Let (X,d) be a metric space. We say that X is a compact space if and
only if one of the two conditions of the above theorem is satisfied.

Let us start a list of examples of compact metric spaces by noting that any finite metric
space is compact.

Theorem 1.3.2. The metric spaces ([a,b],|x — y|) are compact.

Proof. If we use condition i), which is reasonable because the space ([a, b], |x —y|) is complete,
it suffices to see that, for every positive &,

[a,b] = [a,a +¢[U (ng]a + (k—1)e,a+ (k+ 1)g[> Ulb— Nee,b] with N, % [b ; “] .

Using criterion i) requires a bit more work. Let (z,),en be a sequence in the interval [a, b],

and we consider the set A, def {Zm , m > n}, which is a set in R which has an upper bound.
It therefore has a supremum, which we denote M,,. The sequence (M,,),en is non-increasing
and bounded from below, so it converges. The reader will notice that the limit of the sequence
(M) nen is a cluster point of (zy,)nen (it is, in fact, the largest cluster point). O

Proof of theorem 1.3.1. By using proposition 1.3.2, in order to prove that i) implies 1),
it suffices to show that i) implies statement (1.6). We will prove the contrapositive. Let
us assume that the statement (1.6) is not satisfied. This means that there exists a positive
number « such that we cannot cover X with a finite number of balls with radius «. Let zg be
any element of X. There exists an element x; in X which does not belong to the ball B(zg, «).
Now let (zg,--- ,xp) be a p-tuple of elements of X such that, for every m not equal to n, we
have d(xm,, z,) > . We assume that

p
U B(an, @) # X.
n=1

So, there exists a point x,41 in X that does not belong to the above union of balls. By
induction, we construct a sequence (x,)nen such that

m#n = d(Tm,x,) > .
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Such a sequence cannot have a cluster point, so we have proved that i) implies ).

Let us now assume i), and consider an infinite sequence (x,)nen of elements of X. The
covering hypothesis implies that there exists an element g in X such that the set X defined
by

1
20 () o € 2 By (a0, 1))
is infinite. We set def
$(0) = min Xp.
Likewise, there exists an element 1 in X such that the set A} defined by
1
X d:ef {m € XO/ T, € I d:efFo ﬁBf(C!l, Z)}

is infinite. We then set
def

¢(1) = min{m € X1 / m > ¢(0)}.

Let us assume that we have built a sequence (F,)1<m<n of closed subsets of X, an increasing
sequence of integers (¢, )1<m<n such that §(F,,) < 27, and a sequence (X, )1<m<n of subsets

of N defined such that dof
X S {m € Xp1) 2y € Fry1}

is infinite. Then there exists an element «,+1 in X such that

def def 1
i1 = {m/mman—H = anBf<an+1v2nﬁ>}

is infinite. We set dof
d(n+1) = min{m € X, 11/ m > é(n)}.

We therefore have, for every positive integer n,

1
T(n) € F,, and (5(Fn) < 27 .

By lemma 1.2.1, there exists a point £ which belongs to the intersection of all the F,. By
definition of the diameter of a set, we have

1
Vn € N, d(z,240n)) < o
This ends the proof of the theorem. O
The following proposition yields many examples of compact spaces.

Proposition 1.3.4. Let (X1,d;1), -+ ,(Xn,dn) be a family of N compact metric spaces. Set

X :X1 X e X XN and d((wl,--' ,:cN),(yl,‘-- ,yN)) = lgggvdj(:cj,yj).

The metric space (X, d) is compact.

Proof. Let (z,,)nen be a sequence of elements in X. By definition, for each integer j, there
exists a sequence (77,)en in X such that z, = (z,---z)). By definition of a compact space,
there exists an extraction function ¢; and a point z' in X' such that

. 1 1
11mx¢1(n) =z .
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Likewise, there exists an extraction function ¢9 and a point xo in X5 such that
.9 _ 2
lim Lpropa(n) = -

We reiterate this process N times, and we construct an extraction function ¢ by setting

def

¢ = ¢10---009n,
so that, for every j in {1,--- , N}, we have
: J —
A Ty = 2

Using the definition on the distance we defined on X, we see that the sequence x4, converges
to (z!,---,2V). The result is proved. O

Definition 1.3.4. Let (X,d) be a metric space. A subset A is said to be a compact subset
of X if and only if the metric space (A, d) 45 4) is compact.

Proposition 1.3.5. Let A be a compact subset of a metric space (X,d). If A is compact,
then A is closed and has finite diameter, which means that

def

§(A)= sup d(a,d) < .

(a,a’)€A?

Proof. Let z be a point in A. By proposition 1.1.5, there exists a sequence (a,)nen of elements
in A which converges to x. As we assume that A is compact, there exists an extraction

function ¢ and a point £ in A such that lim a4,y = ¢. Since the sequence (ag(y))nen also
n—oo

converges to x, the uniqueness of the limit of a sequence implies that ¢ = x, and therefore
that z € A. So A is a closed subset of X.
Now we prove that a compact subset must have finite diameter. Let us consider two

sequences (an)nen and (b, )nen of elements in A such that

lim d(ap,b,) = d(A).

n—oo
Since A is compact, there exists an extraction function ¢y and a point a in A such that the
sequence (a¢0(n))n€N converges to a. Likewise, there exists an extraction function ¢; and a
point b in A such that the sequence (bg, (n))nen converges to b. Taking the limit in the above
equation, we get

5(14) = lim d(a¢oo¢1(n), b¢00¢1(n)) = d(a, b)

n—oo

The diameter of A is therefore finite. O

Proposition 1.3.6. Let A be a subset of a complete metric space (X,d). Its closure A
is compact if and only if for every positive real number ¢, there exists a finite number of
points (xj)1<j<n in X such that

N
AcC U B(zj,¢€) .

J=1

Proof. If A is compact, then we are just rewriting definition 1.3.3. Conversely, let us assume
the covering property for a subset A of X. First, we prove that the property is also true for
its closure A.
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We are assuming that, for any positive number ¢, there exists a finite sequence (z;)1<j<n

of elements in X such that
N
€
AC B( 2 —) .

Let x be a point in A. By definition, there exists a point a in A such that d(z,a) is smaller
than /2. So there exists an integer j in {1,--- , N} such that a belongs to B(xj,e/2). Thus,

d(z,z;) < d(z,a) +d(a,z;) < e,

so x belongs to B(z;,¢), which shows that the covering property is satisfied by A. As the
metric space (X, d) is complete, in order to prove that A is compact, it suffices to show that
we have the covering property with the points z; being in the set A. We know that, for every
positive number ¢, there exists a finite sequence (z;)1<j<n of elements of X such that

N 15
j=1

Of course, we only consider points x; such that the open ball with centre z; and radius /2
has a non-empty intersection with A. Let a; be a point in said intersection. Then, for any a
in A, there exists j such that

d(a,a;) < d(a,z;) +d(zj,a;) < ¢,

which ends the proof. O

From theorem 1.3.2 and propositions 1.3.4 and 1.3.5, we deduce the following corollary.

Corollary 1.3.1. A closed subset A in R is compact if and only if
Ir>0/Ac[-rr]

Exercise 1.3.1. Let A be a subset of a metric space (X,d). Prove that the closed set A is
compact if and only if any sequence of elements of A has a cluster point in A.

Proposition 1.3.7. Let A be a compact subset of a metric space (X,d). If B is a closed
subset of X that is contained in A, then B is also compact.

Proof. Let (by)nen be a sequence of elements of B. Since B is a subset of A, which is compact,
there exists an extraction function ¢ such that (bg(,))nen converges to £, which is an element

of A. Since B is closed in X, ¢ € B = B. Hence, B is compact. O

Theorem 1.3.3 (Heine). Let (X, d) and (Y, ) be two metric spaces, and let f be a continuous
map from X to Y. Then, for any compact subset A of X, f(A) is a compact subset of Y.
Moreover, if X is compact, then f is uniformly continuous from X to Y.

Proof. Let (yn)nen be a sequence of elements in f(A), that is, there exists a sequence (a,)nen
of elements in A such that y, = f(a,). Since A is a compact subset of X, there exists a
point a’ in A and an extraction function ¢ such that

. !
15, Gotn) = @
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As the function f is continuous, we have

lim yy(m) = f(a') € f(A).

n—oo

This proves the first part of the theorem.

To prove the second part, we consider the contrapositive. We assume that the metric
space (X, d) is compact, and consider a function f on X which is not uniformly continuous.
This means that there exists a positive real number e and two sequences (z,,)nen and (Yn)nen
of elements in X such that

Vn e N, d(xp,yn) < and  6(f(zn,yn) > €o.

n+1

As the metric space (X, d) is compact, there also exists an extraction function ¢ and a point z

in X such that lim w4, converges to z. As the distance between z, and y, converges to
n—oo

zero, the sequence (Yg(n))nen also converges to z. The triangular inequality leads to

6<f(x¢(n))7 f(.%)) + (5<f(l'), f(y¢>(n)) > 5(f(x¢(n)a f(y¢(n)) > €0,

which implies that the function f is not continuous at the point z, by proposition 1.1.2. The
theorem is proved. O

Corollary 1.3.2. Let f be a continuous function from (X,d) to (R, |z —y|). If (X,d) is
compact, then the function f has a minimum and a maximum, i. e. there exist x,, and x s
in X such that

Vo€ X, fam) < f(x) < flou).

Proof. By Heine’s theorem, theorem 1.3.3, the set f(X) is compact in R, so it is closed and
a subset of some bounded interval [a,b]. This set therefore has an infimum and a supremum,
which are cluster points of the closed set f(X), and therefore, they belong to f(X). O

We will now give a characterisation of compactness in terms of covers by open sets.

Theorem 1.3.4. Let (X, d) be a metric space. The following three statements are equivalent.

i) For any family (Ux)xex of open subsets of X that cover X, which means

xX=Ju,

A€A

we can extract a finite cover of X, i. e. there exists a finite sequence (\;)i1<j<n such that

X=\|]U,.

J

=

1

J

ii) For any family (F)\)aex of closed subsets of X, we have
N
YN, V(- An) €AY/ By, #0 = [ Bx #0.
Jj=1 AeA

iii) Every sequence of elements of X has a cluster point.
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Proof. The equivalence of parts 4) and ii) can be proved by considering the contrapositives. Indeed,
the contrapositive of i7) is equivalent to:
“For any family (F))xea of closed subsets of X,

N
ﬂF)\:@ — 3()\1'-',)\N)€AN/ ﬂFAj:Q)'/’
AEA J=1

This is seen to be equivalent to i) by taking the complements of the closed sets Fy.

Let us now prove that i7) implies 4i7). By definition of the set of cluster points, we have

def

Adh(z,) = ﬂZn with A, = {x,,m >n}.

The sequence (A, )nen | is a non-increasing sequence of non-empty closed sets. So, by property i1), the
intersection of all the A,, (which is the set of cluster points) is non-empty, which proves point ii).

Let us now prove that i) implies 4), which is the trickiest part of the proof. We have to deduce
a property about covers by open sets from a property on sequences. The following lemma is a crucial
element, and it can be useful to prove other properties on compact spaces.

Lemma 1.3.1 (Lebesgue). Let (X,d) be a compact metric space. For any family (Ux)rea of open
sets which cover X, there exists a positive real number o« such that

Vee X, INe A/ B(z,a) C U,.
Proof. To prove this lemma, let us consider the function § defined by

5 X — Rj
x +—— sup{B/ 3N/ B(z,5) C Up}.

Proving that the function ¢ has a minimum suffices to get the result. To prove this, let us establish
the following.
Ve >0, Vee X, 38/ d(x,y) <8 = d(y) >d(x)—e. (1.7)

Let « be a point in X, and & be a positive number smaller than §(x). Assume that y is a point in X
such that d(z,y) < £/2. The triangular inequality implies that

B(y,d(z) —¢e) C B(z,d(z) —e/2) C Uy,

so the statement (1.7) is proved.
Now, let us consider a sequence (z,)nen of elements in X such that lim 6(z,) = in)f( d(z). By
n—oo Tre

assumption, we can extract from the sequence (z,)nen @ subsequence that converges to a point x.o
in X. We will denote this subsequence (z,)ncn. By statement (1.7), for any € > 0, there exists an
integer ng such that

n>mnyg = 0(z,) > () — €.

Taking the limit, we deduce that

inf 0(x) > d(ze0) — &,

inf 6(2) > D(rac) — ¢
which is valid for any positive real number €. By definition of the infimum, we get that 6(z) =
in}f{ 0(z), and therefore in}f{ 0(x) is positive. This ends the proof of Lebesgue’s lemma. O
re S

Conclusion of the proof of theorem 1.3.4

To prove that i) implies ¢), we assume that X is compact (that is, any sequence has a converging
subsequence), and we consider a family (Uy)xea of open subsets of X that cover X. The aim is to
extract a finite ‘subcover’. Let o > 0 be the radius given by Lebesgue’s lemma. By definition 1.3.3,
there exists a finite number of balls By, ..., By with radius a that cover X. Given the property that «

25



has, owing to Lebesgue’s lemma, each of these balls is included in some open set Uy, in the family,

and therefore
N N
xXclJBiclJu,.
j=1 j=1

This ends the proof of the theorem. O

Exercise 1.3.2. Let (X, d) be a metric space. We consider the set XN of sequences of elements
in X, and the metric D, on XN given in exercise 1.1.1.

1) Prove that the sequence (z,)pen is a Cauchy sequence in XN if and only if, for every
integer n, the sequence (xp(n))pen is a Cauchy sequence in X.

2) Deduce that if the metric space (X,d) is complete, then (XN, D,) is also complete.
3) Prove that if the metric space (X,d) is compact, then (XN, D,) is also compact.

4) Prove that U is an open subset of (XY, D,) if and only if for every x € U, there exists
a finite subset J of N and a positive number « such that

vy e XN, Vjie g, dy(j),z(j) <a=yeU.
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Chapter 2

Normed spaces, Banach spaces

This chapter is devoted to the study of Banach spaces, which are normed vector spaces that
are complete with respect to the metric associated with the norm. These are the basic objects
of functional analysis. This chapter provides our first opportunity to use the fundamental
concepts of metric topology we saw in the previous chapter on concrete examples.

In the first section, the notion of norm and metric associated with a norm is introduced,
and, beyond RY, we present and study spaces of bounded continuous functions and spaces
of sequences which are summable when elevated to a power p. These are elementary and
important examples that the reader should keep in mind as basic models of Banach spaces.

In the second section, we study the space of linear continuous maps between Banach spaces.
It is important for the rest of the course to fully assimilate the continuity criterion for linear
maps, as well as the notion of norm of a linear map. This part ends with a continuity criterion
for multilinear maps.

In the third section, we study the case of vector spaces with finite dimension N, and show
that all of these can be identified with RY.

The fourth section deals with Ascoli’s theorem, which provides us with a compactness
criterion for subsets of the space of continuous functions from a compact space to a Banach
space. This theorem allows one to witness how far from true the equivalence between being
compact and being closed and bounded is in general, unlike in the finite dimension case.

The fifth part contains results on dense sets in the space of continuous functions from a
compact set to R or C. We take the opportunity to introduce the concept of separability,
which will be put to use in the next chapter.

Finally, we point out that, for the rest of the course, K will denote R or C.

2.1 Definitions of normed spaces and Banach spaces

Definition 2.1.1. Let E be a vector space on K. A map N from E toR" is called a semi-norm
on E if and only if the two following conditions are verified.

o N(z+y) < N(x)+N(y),
e For any X in K, we have N(Az) = |A|N(z).

A map N from E to RT is a norm on E if and only if it is a semi-norm with the property:
N(z) =0 implies x = 0.
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Definition 2.1.2. Let E be a vector space and N be a norm on E. The pair (E, N) is called
a normed space.

Definition 2.1.3. Let Ny and Ny be two norms on a vector space E. These two norms are
said to be equivalent if and only if there exists a constant C' such that

Ve € F, C_lNl(iL') < NQ(I) < CNl(l')
Notation. Most often, a norm is denoted || - ||z, or || - ||
Proposition 2.1.1. Let (E,|| - ||) be a normed space. Then, the map defined as follows,

{ExE —  RY
(,y) — [z =yl

is a metric on E; it is called the metric induced by the norm || - ||.

The easy proof of this is left as an exercise.

Convention. Unless it is expressly mentioned otherwise, we will always consider the space E
to be endowed with the metric structure we have just described.

Definition 2.1.4. Let (E,| - ||) be a normed space. We say that (E,|| - ||) is a Banach space
if and only if the metric space (E,d), in which d is the metric induced by the norm || - ||
(ie. d(z,y) = ||z — yl|), is a complete space.

We will now give a sequence of examples of Banach spaces.
Proposition 2.1.2. For p in the interval [1, oo[, we consider the map defined by the following:

KN — Rt

N
Il @gjen (X lair)”.
=1

T =

This is a norm on KV, and (KV | - ||s) is a Banach space. Moreover, for any pair (p,q)
in [1, 00[? such that p < q, we have

def 11
[zl = sup |aj| < |2l < |2l < No“a[lzflea <N sup [Jaes. (2.1)
1<j<N i<

1<j<N

Proof. We begin by proving what is known as Holder’s inequality. For any p in the inter-
val [1, 00[, we have, for any (a,b) in K¥ x KV,

al 11
> abi| < llallwlblly with —+ - =1. (2.2)
= pop

To prove this inequality (which is obvious when p = 1 or p = o0), we note that the concave
nature of the logarithm function implies that

Y(a,b) €]0,00[%, VO € [0,1], Aloga + (1 — 6) logb < log(fa + (1 — 6)b).
As the exponential function is increasing, we deduce that

a®b' =% < fa + (1 -6)b,
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which is often stated, equivalently, as: for any € in the interval 0, 1],
ab < Gai + (1 — )b, (2.3)

Dividing the vectors by their norms, we can assume that |lal/» = [|b]|,,» = 1. Then,

IN

N N
‘Z@jbj’ > lajl [b;]
i=1 =1

RN 1\
< =D lal +(1—*)|bj\
p = p

J
< L

Now that inequality (2.2) is proved, we can write that

N N N
Szl < > lagllay P D) gl ey oyl
j=1 j=1 j=1
N 1 N 1 N » 1—%
_1)—P_
= ((Z |1"J'|p)p * (Zwﬂp)p) <Z|$j + | )”‘1>
j=1 j=1 j=1
N 1 N 1 N 1—%
< ((lej!p>p+<Z\@/j’p)p><2\xj+yj\p> .
j=1 j=1 j=1
Simplifying this, we get that, for p in the interval |1,00[, the map || - | is a norm (the

cases p = 1 and p = oo are again obvious).
Now, we prove (2.1). For any (p,q) in [1,00]? such that p < ¢, we have

Ly
[ llea —

This implies that

T; |4 T |P

[fleal = Villea I

Summing all the terms, we get

1< (HUCHep)p

1]l ¢a

which proves the result. O

Proposition 2.1.3. Let X be a set, and (E, || - ||) be a Banach space. We consider B(X, E),
the set of bounded functions from X to F, i.e. functions f that satisfy

def
£ lscx,E) = sup || f(@)]| < oo
zeX

Then (B(X, E), || - |5(x,E)) is a Banach space. Moreover, if X is endowed with a metric d, we
can define Cy(X, E), the set of continuous functions in B(X, E). Then (Cy(X, E), | - [|5x,E))
is a Banach space.
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Proof. Let (fn)nen be a Cauchy sequence in B(X, E'). By definition, we have
Ve, dng / Vn>ng, Vp, Ve € X, ||fu(z) — foip(@)] <e. (2.4)

In particular, for every x, the sequence (f,(x))nen is a Cauchy sequence in E. As this space
is complete, the sequence converges. So, for every x in X, there exists an element in F, which
we denote f(z), such that

lim_fo(z) = f(@).

n—0o0

We must check that f belongs to B(X, F). By inequality (2.4), in which we take ¢ = 1, we
have

Vp, Vo € X, || fng(2) = frorp(2)] < 1.

Taking the limit as p tends to infinity, we get
Ve e X, |[fno(x) = f2)] < 1.

As the function f,, is bounded, we see that f is also bounded. Indeed, we have
1f(@) = F@)I < 11f(@) = fuo @)+ [ fro (@) = fro (@) + 1 fno (27) = £ ()]
< 2+ano($)_fn0(x/)”'

Now, we must check that the sequence (f,,)nen converges to f in the space B(X, E). In order
to do so, we take the limit as p tends to infinity in inequality (2.4), which yields

Ve>0, dng e N/ Vn>mngy, Vo € X, ||fu(z) — f(2)| <e,

which ends the proof that B(X, F) is complete.

To prove that C,(X, E) is complete, it suffices, by proposition 1.2.2, to prove that Cy(X, E)
is closed in B(X,E). In other words, we must prove that a uniform limit of continuous
functions is continuous. For this, we consider a sequence (fy)nen of elements of Cp(X, E)
which converges to f in B(X, E), and we must show that f is continuous from X to E. By
definition, for any € > 0, there exists an integer ng such that

e

(2.5)

Repeatedly using the triangular inequality and (2.5) above, we can write, for any pair (zg, x)
in X x X,

N

1£@) = f@o)| < 1£@) = Fap @)l + o @) = Fag (@)l 4 L fa (w0) = £(z0)]
5+ 1o (@) = Fag (@0)]1-

IN

As the function f,, is continuous, for any xo in X, there exists a > 0 such that

3

Ve € X, d(z,x0) < @ = || frng (%) — fro(z0)|| < 5

We deduce that
Vo € X, d(z,z0) < a=|[|f(z) — f(zo)]| <e,

which ends the proof of the proposition. O
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Remark. When X = Nand F = K, which is R or C, we denote B(N, K) as £*°(N, K). We may
omit K in this notation when it does not matter whether the sequences have real or complex
values.

Exercise 2.1.1. We denote C, (X, E) the set of uniformly continuous functions f in B(X, E).
Prove that (Cu(X, E), || - [|5(x,E)) is a Banach space.

Theorem 2.1.1. For p in the interval [1,00[, we consider ¢P(N), the set of all sequences x
taking values in K such that

Z |z(n)[P < oo.

neN

el & (3 lewP)”.

neN

We then set

The space ((P(N),|| - ||r) is a Banach space. Moreover, if p < ¢, then ¢P(N) is a subspace
of t4(N), and the embedding
?(N) — (9(N)
{ r — oz

is a continuous linear map.

Proof. First, we prove that ¢P(N) is a vector space. Let z and y be two elements of /P(N).
According to proposition 2.1.2, for any integer IV, we have

N i N 1\ P
Skt +ir < ((Xler) + (X))
=0 /

j=0 7=0

=2

IN

(lller + lyller)"-

As a result, the series with general term |z(j) 4+ y(j)|P converges, and
Y 12@) +yDP < (leller + llyller)”,
jeN
which ensures that (¢2(N), || - ||¢r) is @ normed space. Now we prove that it is a Banach space.
Let (x4)4en be a Cauchy sequence in ¢P(N). By definition,
Ve >0,3q / Vg' > qe, V' > e, qu - $q’H£P(N) <e. (2.6)

As, for any p, |x(n)| < ||z||le, then, for any n, the sequence (x4(n))qen is a Cauchy sequence
in K, and thus it converges to an element x(n) in K. It remains to prove that x = (z(n))nen
is in ¢P(N), and that the sequence (x4)4en converges to x in #(N).

Using (2.6) with e = 1, we get

Vg > q1, llzgllee <1+ [|2q,]er-

By definition of the /P norm, this implies that

N
Vg >qi, YN €N, Y |ag(n)P < (1+ [lagllew)”

n=0
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Taking the limit as ¢ tends to infinity, we get

N
YN eN, Y lzm)lP < (1+ [lagle)”,
n=>0

which ensures that z is in /P(N). To prove convergence, we note that (2.6) implies that

N
Ve >0,3¢./ Vg >q., V¢ >q.,VN €N, Z |zq(n) —zy(n)|P < eP.
n=0
Taking the limit as ¢’ tends to infinity, we deduce that
N
Ve >0,3¢./ Vg >q., V¢ > q.,YVN €N, Z!xq(n) —x(n)|P < eP.
n=0

Now, we make N tend to infinity, and we get

Ve >0,3q:/ Vg > qo, Vg > qe, Y |ag(n) —a(n)P < &P
neN

Convergence is proved.
To conclude the theorem, observe that, by equation (2.1), for any z in /1 (N), any ps > p;
and any positive integer IV,

N N
(o) <) =1

n=0 n=0 Hl'Hepl
We deduce that x belongs to ¢P2(N), and, by taking the limit in N, that
[ ]lers < [|]| o1 -

Using this on = — y, we see that the embedding is 1-Lipschitz continuous. The theorem is
proved. O

Exercise 2.1.2. Prove that the set of sequences that have only a finite number of non-zero
terms is dense in (P(N), for any p in the interval [1, co].

Exercise 2.1.3. Show that, for any p in |1, 00, the map x — ||z||}, is differentiable at any
point x in ¢P(N), and that, for any p in [2, co[, the map is twice differentiable.

2.2 Spaces of continuous linear maps

As we have endowed a normed space with a metric, we can define continuous functions on
them. Being vector spaces, linear maps obviously play an important role. The continuity of
such maps can be checked in a very simple way.

Theorem 2.2.1. Let ¥ and F' be two normed vector spaces, and { be a linear map from E
to F'. The following three statements are equivalent:

e the map / is Lipschitz continuous,
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e the map / is continuous,

e there exists an open subset U of E such that ¢ is bounded on U, that is

sup |[4(x)||F < oo.
zeU

Proof. 1t is clear that the only point we need to prove is that the third condition implies the
first one. Let U be an open set on which the linear map ¢ is bounded, and let g be a point
in U. The set U — x¢ is an open set (exercise: prove it!) containing the origin. As it is open,
there exists an open ball with centre 0 and radius « which is included in U — xg. So, we can
write that

def
M= suwp |l2)] < sup [[6(x)]

z€B(0,a) zeU—zo
< sup [[€(y — o)
yeU
< sup [U(y)[| + [[€(zo)][-
yeU

Thus, the map ¢ is bounded on a ball with centre 0 and radius a. For any y in £\ {0}, we
have

y € B(0,a).
2llylle

(@
’ 2[lylle

Using the linearity of £ and the homogeneity of the norm, we see that

We deduce that

2M
e E, lkwlr < =yl

This inequality also holds for y = 2 — 2/, so the theorem is proved. ([
Proposition 2.2.1. Let E and F be two normed vector spaces; we denote L(E, F') the set of
continuous linear maps from E to F. The mapping defined by

def
ILllgpry = sup ||L(2)llr
lell<1

is a norm on L(E, F'). If (F,|| - ||r) is a Banach space, then (L(E,F),| - |lz(g,r)) is one too.

Proof. 1t is very easy to see that L(E,F) is a vector space. Let us now check the three
properties that define a norm. Assume that ||L||z(g ) = 0. This implies that L(z) is equal
to 0 for any z in the unit ball (which is what we usually call the ball with centre 0 and
radius 1). Then, for any z # 0,

T 1
L = L(z)=0.
<2|$||E) 2||zl|e

We deduce that L(z) = 0, and therefore L = 0. Now, let L; and La be two elements of L(E, F).
We have

1L1(x) + La(z)|lp < | L1(z)|lp + ([ L2(2) || 7 -
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Thus, for any z in F with a norm less than 1, we have

[L1(z) + La(2)[[F < I Lalleer) + 12l e, p)-
The supremum being the smallest upper bound, we deduce that

L1 + Lollce,ry < 1Ll ez, ry + 1 L2] 2B, F)-
Finally, let L € L(E, F) and A € K. We have

IAL(2)[[F = AT L(2)] £,

hence,
sup [|AL(z)[[r = [A] sup [[L(z)[|F-
zll p<1 lzll <1
Thus, || - [[z(g:F) is @ norm on L(E; F).
Let us assume that (F,| - ||r) is complete, and let us consider a Cauchy sequence (L, )nen

in L(E,F). By definition of the norm on L(E,F), we deduce that, for any z in F, the
sequence (Ly(z))nen is a Cauchy sequence in F. As the space F' is assumed to be complete,
for every = in E, there exists an element in F', which we denote L(x) such that

lim L,(z)= L(x).

n—oo

Now it suffices to prove that L is an element of £(F, F'), and that

lim L, =L in L(E,F).

n—oo

The uniqueness property for limits allows us to easily see that L is a linear map. As the
sequence (Ly,)nen is a Cauchy sequence, it is bounded. So there exists a constant C' such that

sup || Ln(z)||r < C.
ne
lzllz<1

Taking the limit, we deduce that

sup [|L(z)|lr < C.
llz|l g <1

So the linear map L is continuous. We now prove the convergence of the sequence (Ly)nen
to L in L(E,F). As the sequence (Ly)nen is a Cauchy sequence, for any positive e, there
exists an integer ng such that, for any integer n > ng, we have

sup [|Ln(2) = Ln4p(2)|F <e.
lzllg<1
peN

Taking the limit as p tends to infinity, we get

sup |[Ln(z) = L(z)||F <e,
Jellz<1

which ends the proof of the proposition. O
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Proposition 2.2.2. Let E, F and G be three normed vector spaces, and (L1, Ls) be an
element of L(E, F) x L(F,G). Then the composition Ly o Ly belongs to L(E,G), and

L2 o Lillce,a) < I Lallcemll Lallora)-

Proof. As the supremum is an upper bound, we have, for any = in the unit ball E,

[Lo2o Li(z)[lc < |[La2llzrallLa(@)]F
< |Lallzroyll Ll F)-
Noting that the supremum is the smallest upper bound yields the result. O

Remark. Even if F' =K (the case of linear functionals), the supremum on the unit ball may
not be attained, as the following exercise, which we highly recommend, shows.

Exercise 2.2.1. Let (an)nen be a sequence of elements in the interval |0, 1[, which we assume
converges to 0. We define the linear form £, on ¢*(N) by

(lar ) (1 - an)a(n).
neN

Prove that ||a]|(o1vyy = 1, and that, for every z in the unit ball of H(N), [{€y, )] is strictly
less than 1.

When E = F, the space L(E, F) is denoted L(E). We are going to study this set, and, in
particular, its invertible elements. One of the basic results on invertible elements of L(E) is
the following.

Theorem 2.2.2. Let (E, || - ||) be a Banach space. The set of elements in L(E) which have a
distance to 1d strictly less than 1 are invertible in L(E). In other words,

VA€ Bpp(ld,1), NAT € L(E)/ Ac Al =A" 0 A=1d.
Proof. We will use the following property.

Proposition 2.2.3. Let E be a Banach space, and (x,)nen be a sequence of elements of E

such that
neN

N
f
Then the sequence Sy de Z X, converges.
n=0
Proof. The sequence (Sy)nen is a Cauchy sequence, due to

N+P
ISnp = Snl < D zall.
n=N+1

This proves the proposition. O
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Back to the proof of theorem 2.2.2. An element A in B(g)(Id, 1) can be written as A = Id —L,
with || L|[z(g) strictly less than 1. Set

N
Sn=) L"
n=0

Proposition 2.2.3 states that the sequence (Sy)nen converges to an element A~! in £(E) as
soon as || L||z(p) is strictly less than 1. Also, we have

SyA=SyA=1d-LN*
By taking the limit in the above equality, we conclude the proof of the theorem. O

Corollary 2.2.1. The set U(FE) of invertible elements in L(E) is open, and the mapping Inv,
defined by
UE) — U(E)
{ L +— L7}

Is continuous.

Proof. If Ly is a fixed element in U(F), we can write that
L=Ly—(Lo—L)= (Id—(Lo — L)Ly ") Lo.

If we assume that 1

< _77
IL5 2y

we deduce from theorem 2.2.2 that Id —(Lg — L)Ly " is invertible, and therefore L is too. The
set of invertible elements is therefore open, because if Ly belongs to U(E), then the ball By,
with centre Ly and radius ||L61HZ(1E) is included in U(F). Theorem 2.2.2 then implies that

IL — Lol z ()

L7 =Lg" ) ((Lo-L)Lg")™
n=0

We deduce that, if L belongs to B(Lg, po), with pg strictly less than HLalHZ(lE), we have

127 = LMo < 16 e D IE = LollZm 146 1)
n=1
< L = Lollegm 1 Lo W ey D 1L = Loll gy I Lo )
n=0
< 1L = Lollemy 12 Wy — e —
- 1= oL M)
This ends the proof of the corollary. O

Remark. In fact, the proof shows that, when pg is strictly less than ||Lg 1 HZ(IE), the map L —
L~ is k-Lipschitz continuous on Brgy(Lo, po), with

B I1Lo 12 s
1= poll Ly Nl o)
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Exercise 2.2.2. Prove that the map Inv is in the class C1(U(E)).

To conclude this section, we will characterise continuous multilinear maps. The following
theorem is to multilinear maps what theorem 2.2.1 is to linear maps, a condition for continuity.

Theorem 2.2.3. Let ((E}, | -||j))i1<j<n be a family of normed vector spaces, and (F, || -||) be
a normed vector space. We consider an N-linear map from Ey X --- x Ex to F'. This map f

is continuous from E = Ey X -+ x EN endowed with the norm
(@1, an)le = llzsle,
1<j<N

to F' if and only if

sup  |If(z1, - an)|p < oo (2.7)

H(Ilv"' 7-1'N)HES1

Moreover, if f is continuous from E;1 X --- X Ex to F', then it is Lipschitz continuous on all
bounded subsets of E1 X --- X Ey.

Proof. If f is continuous at the point 0, then there exists a positive real number « such that

N
S llzille, < o= |f(z1, - an)llF < 1.
j=1
We then use a homogeneity argument. Let x = (z1,--- ,25) be a non-zero element of E with

a norm in E less than 1. The norm of %x is therefore less than «. Thus,

5 an)le < (2)

Conversely, assume that inequality (2.7) holds. Set h = (h1,--- ,hy), and we denote hg def 0,

and, for each j in {1,--- , N}, ﬁj def (hi,--- ,hj,0---,0). Then, for any fixed z in F, we have

N

fl@+h) = fl) =Y fle+h)— flz+hj).

j=1

Inequality (2.7) implies that, for any integer j between 1 and N, we have

j—1 N
1@+ hs) = F@+ hi-0)le < C(TT e+ hellm, ) IR le, ( TT llzwle, )-
k=1 k=j-+1

We can assume that ||h||g < 1. Thus, for any integer j between 1 and N, we have

| f(z+ hj) = f(@+ hj—1)l|F < Cllhy]l 5,

Taking the sum for j, we deduce that

[f(z+h) = f@)r < Callb]e,

and the theorem is proved. O
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2.3 Banach spaces, compactness and finite dimension

Whether the dimension of a space is finite or not has large implications on topology, as shown
by the following statement.

Theorem 2.3.1. Let E be a normed vector space. If the dimension of E is finite, then the
closed unit ball is compact, and all norms on E are equivalent. Conversely, if the closed unit
ball of E is compact, then the dimension of the vector space E is finite.

Proof. Let FE be a normed vector space with finite dimension N. We will prove that there is a
continuous linear bijection from RY endowed with the norm || - || to E, such that the inverse
is also continuous. Consider (?jhgjg ~ a basis of the space E, and the linear bijection I
defined by

RN — E

N
I -
v=(2h<jen > > x5

=1

The map x +— I(z) is a linear bijection. Let us prove that it is continuous. We have

H(2)le < ZI%IH%IIE

N
. def
< Mlelso with M 232515
j=1

As the map I is linear, we deduce that
() = 1(y)lle < M|z = ylloo-

The function
z = |[I(2)| e

is therefore continuous from R to R*. By corollary 1.3.1 on page 23, the sphere S¥~!, that
is the set of points z in RY such that ||z||c = 1, is compact. Moreover, as I is bijective, it
does not vanish on S¥~!. By corollary 1.3.2 on page 24, there exists a positive real number m
such that

Vo € RV\ {0}, m < HI<||Q;HOO>H

As the map I is linear, we have
Ve € RV, mlzlloe < 11@)llp < M) (2.8)

So I and I~ are continuous linear bijections. This implies that all norms on E are equivalent.
Therefore the open sets (resp. closed sets, compact sets) of E are precisely the images of open
(resp. closed, compact) sets of RY through I. Thus, the closed unit ball of E is compact,
as it is a closed subset of the image through I of the closed ball of RY with centre 0 and

radius m~1.

The converse is based on the following geometric lemma.
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Lemma 2.3.1. Let (E,|| -||) be a normed vector space. We assume that there exists a real
number d in the interval |0, 1] and a finite family (x)1<j<n such that

N
sp €z e B,z = 1} c | Blz;,0).
j=1

Then the family (z;)1<j<n generates the space E.

If we accept the lemma for a moment, we only need to use the characterisation of com-
pactness provided by theorem 1.3.4 on page 24 to conclude the proof. (]

Proof of lemma 2.8.1 Let F be the subspace of E generated by the family (z;)1<j<n. It is a
vector space with finite dimension, so, by the first part of our theorem, the space (F,|| - |) is
complete. It is therefore a closed subspace of E.

We now consider a vector y in F, and we will prove that it is a cluster point of F', which
is enough to prove the lemma. The key point we need to establish is the following:

VyeE, Iy € F/ |ly—wyll <dllyl- (2.9)

If y = 0, obviously y; = 0. Let us assume that y is non-zero. This means that there exists j
in {1,---, N} such that

I ==l <2

which we can rewrite ||y — [Jy[|z;|| < d]ly||, and this proves statement (2.9).
We iterate this process. Assumption (2.9) implies that

€ F/ ly—vy1 — vl <dlly —wll <62yl

By induction, we construct a sequence (y,)nen of elements of F' such that

Vn € N,

n
=" u] < "yl
j=1
It is clear that
n
J D vi=y
j=1
which proves that y is in F', because F' is closed in E. The lemma is therefore proved. U

Remark. In a vector space with finite dimension, and only in these, the compact subsets
are exactly the closed and bounded subsets. As the above theorem states, this is always false
in infinite-dimension spaces. To illustrate, let us consider the space E of continuous functions
from [0, 1] to R, endowed with the norm inducing uniform convergence. For every n € N, the

function defined by f,(x) def 2" has norm 1, but the sequence (fy,)nen has no cluster point in
the space E, because

Vz € [0,1], lim 2" =0 and lim 1" =1.

n—o0 n—o0
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2.4 Compactness in the space of continuous functions: Ascoli’s
theorem

In finite dimension, and only in this setting, the compact subsets of a vector space are
exactly the closed and bounded subsets. Theorem 2.3.1 below states that this is always false
in normed vector spaces with infinite dimension. To illustrate this, let us consider, in the

space E of continuous functions from [0, 1] to R, endowed with the norm inducing uniform

convergence, the sequence (fy,)nen defined by f, () def %, The norm of each element of this

sequence is equal to 1, and yet, the sequence does not have a cluster point in the space E
because
Ve €1]0,1[, lim 2" =0 and lim 1" =1.

n—oo n—o0

The aim of this section is to establish a criterion for compactness in the space of continuous
functions from a compact metric space to a Banach space.

Theorem 2.4.1 (Ascoli). Let (X,d) be a compact metric space, and (E, || - |g) be a Banach
space. We consider a subset A of C(X, E) which satisfies the following two properties:
i) the subset A is uniformly equicontinuous, i.e.

Ve >0, Ja>0/V(z,2) € X?, dz,2') <a=Vfc A, |f(zx)— f@)|g<e; (2.10)

ii) for any x € X, the closure of the set {f(x), f € A} is compact.

Then, the closure of A is compact.

Proof. To prove this theorem, we will use the criterion stated in propositionl.3.6 on page22.
Let & be a positive number. We will prove that we can cover A with a finite number of open
balls with radius e, which, according to proposition 1.3.6 on p. 22, yields the result.

By assumption (2.10), there exists a positive real number « such that

€

V(z,2') € X2, d(z,2') <a=Vfec A, |f(z)— f@)|g < 3

(2.11)

The compactness of X ensures the existence of a finite sequence (x;)1<j<n of elements

of X such that
N

X = U B(zj, o).
j=1
Set A; def {f(xz;), f € A}. By assumption, the closure of 4;, A;, is compact in E. By
proposition 1.3.4 on page 21, the product A; x --- x Ay is compact in the Banach space E¥,

endowed with the norm
def

@ rsiemloe & max ;115

So the closure of the product A; X --- x Ay is compact in the Banach space EVN. As the
subset Ay of EV defined by

def

A= A{(f(z1), -+, f(zN)), f €A}

is included in the product Ay x --- X Ay, so its closure is also compact. By theorem 1.3.1
on page 20, there exists a finite sequence (fx)1<r<nr of elements of A such that the balls (for

40



the norm || - || we defined above) with centre (fx(z;))i1<j<n and radius /3 cover A, which
means that

V€A, kel M}/Vie{l,--- N}, [[f(z;) = fula))|p < =

3
We now prove that the balls in C(X, E') with centres fj and radius € cover A. To do so,
let us consider f, an element of A. There exists an index k in {1,---, M} such that

<

3

Let « be a point in X. There exists an index J in {1,--- , N} such that d(z,z;) < o. We can
therefore write

[f(@) = fr@)le < [f(x) = fl@)le+I1f(z;) = fl@)le + [ fu(z) — fu(@)l|e
<

Vi€l N}, If(25) = frley)lle <

€.
This proves the theorem. ([

Exercise 2.4.1. Prove the converse of Ascoli’s theorem: if A is a compact subset of C(X, E),
then it satisfies conditions i) and ii) of Ascoli’s theorem. The equivalence is known as the
Arzela-Ascoli theorem.

Exercise 2.4.2. Let (X, d) be a compact metric space, and Y be a compact subset of a Banach
space (E, || - ||g). Prove that the set of Lipschitz continuous functions with a given Lipschitz
constant k from X toY is compact in C(X, E).

Exercise 2.4.3. Give an example of a sequence of functions (fn)nen from [0, 1] to R which
is bounded in the space of Lipschitz continuous functions, and which converges to 0 in the
space C(]0,1],R) but not in the space of Lipschitz continuous functions from [0, 1] to R.

2.5 About the Stone-Weierstrass theorem

The aim of this section is to find dense subspaces of the space of continuous functions on a
compact metric space (X, d). We begin with the case where X is the interval [0, 1].

Theorem 2.5.1 (Bernstein). Let f be a continuous function from the interval [0,1] to a
Banach space E. The sequence of functions (S, (f))nen defined by

Su(7) ) 23 7 (B)ekak -y,
k=0

in which the C* are the binomial coefficients, is uniformly convergent to f on the interval [0, 1].

Proof. For any x in the interval [0, 1] and any positive integer n, we have 1 = (z + 1 — )", so
the binomial formula implies that

> Chaf(1—a)h =1 (2.12)
k=0

By definition of the sequence S, (f), we deduce that

n

£@) = 5a(F)) = S0 (Fw) — F(5) ) Chata —

k=0
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By Heine’s theorem, theorem 1.3.3 on page 23, the function f is uniformly continuous on the
compact interval [0, 1], so, if we consider an arbitrary positive number ¢, there exists a positive
real number o, such that

2=yl < ac = |If@) = Wl < 5-

We can then write

17@) = SuN@le < S| - (5] 4oyt
k=0
< ;+2s1[1p1]Hf(x)!E >, Clfa-arh

’ |[k—nx|>noe

2

By multiplying and dividing by (k — nz)?, we get

£ (k—nx)* 4 4 n—k
I f(z) = Sn(f)(@)l|p < 5t le[g?u If(2)|le Ik_%;m mcnx (1-2)

€ 2
< S sup |f(@)]e (k = nz)*Cha(1 — o)
2 n?a? pep) |k_mz|;nas
€ 2 - 2~k k n—k
< 5t S F@le 2k —ne)Clat i —a ™ (219)

k=0

We can compute the sum on the right. By differentiating equality (2.12), then multiplying
by z, we get

n n—1
Z kCFzF(1 — z)"F —nz Z CF_zk(1 -z ik =,
k=0 k=0
which, by using (2.12) again, yields that
n
Z ECFzF(1 — 2)"F = na. (2.14)
k=0
Then, by differentiating and multiplying by x the above equality, we get
n n—1
Z k2CkzR (1 — )% —na Z ECF_aF(1 — )" = na
k=0 k=0
Using equality (2.14) in this leads to
n
Z k2CkzE(1 — )" % = na(1 + (n — 1)z)
k=0
which implies that
n n n
Z(k —nx)?CFaP(1 —2)" % = Z k2CkzR (1 — )"k — ong Z kCExF (1 — 2)"7F 4 n2a?

= nz(l+ (n—1)z) — 2nz? + nz?
1—
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Equality (2.13) then becomes

2
1f(2) = Su(f)(@)]e < % + na? 2P 1/ ()]l &-

4
All that remains to do is to choose n such that n > n. dof [ sup Hf(x)HE—Q] + 1, and the
z€[0,1] gag
theorem is proved. O

We are going to state a criterion for density for sub-algebras of C(X,K), where (X,d) is a

compact metric space. First, here is a definition.

Definition 2.5.1. Let (X, d) be a metric space and A a subset of C(X,K). We say that the
subset A separates the points of X if and only if for any pair (z,y) in X? such that x # v,
there exists a function f in A such that f(z) # f(y).

We can now state the following theorem on density.

Theorem 2.5.2 (Stone-Weierstrass). Let (X, d) be a compact metric space, and A be a sub-
algebra of the vector space C(X,R). If A contains all the constant functions from X to R, and
separates the points of X, then A is a dense subset of C(X,R).

The complex-valued case differs slightly.

Theorem 2.5.3. Let (X, d) be a compact metric space, and A be a sub-algebra of the vector
space C(X,C). If A contains all the constant functions from X to C, separates the points
of X, and is stable by conjugation (i.e. f € A= f € A), then A is a dense subset of C(X,C).

We can deduce the following result.

Corollary 2.5.1. If X is a compact space, then the Banach space C(X,K) is separable, which
means that there exists a dense sequence of points of C(X, K).
The proof of the general Stone-Weierstrass theorem is given for the reader’s culture.

Proof of theorem 2.5.2.
One of the main steps of the proof is the following lemma, which we will accept without proof for
the moment.

Lemma 2.5.1. Let A be a sub-algebra of C(X,R). For any function f in A, the function |f| belongs
to A.

Remark. Since max{f,g} = %(f—i—g—&— |f —g|) and min{f, g} = %(f—&—g —|f=gl), if f and g are two
functions that belong to A, then their minimum and maximum are in A.
Back to the proof of theorem 2.5.2. The fact that A separates the points of X implies that
(S™) V(z1,20) € X/ 11 # 22, V(ay,a2) €ER?, Ih€ A/ h(x)) = a;.
For the same reason, there exists g in A such that g(z1) # g(x2). We then set

def

h(z) < oy 4 (ap — ap) 2L =90

g(w2) — g(x1)

Let us consider f a function in C(X,R), 2o a point of X and e a positive real number. We can prove
that

Fhyy € A/ hyy(x0) = f(xo) and Vz € X, hy(2) < f(2) +e. (2.15)
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Indeed, by statement (ST), for any y in X, there exists a function h;, in A such that h coincides
with f at the points zy and y. Both functions f and hg, , are continuous, so there exists a positive
number oy, , such that

d(2,y) < 0zg.y = hayy(2) < fly) + €.

As the space (X, d) is assumed to be compact, it can be covered with a finite number of balls like the
one described above, which means that there exists a finite sequence (y;)1<j<n such that

N
X = U B(yj7a£130,yj)‘

Jj=1

Set hg, def 1gjl'i<nzv Raq,y,- By lemma 2.5.1, the function hg, belongs to A and satisfies, for every z

in X, hyy(2) < f(2) +e. Thus, (2.15) is proved.
Therefore, for any = € X, there exists a function h, € A such that

he(z) = f(x) and Vye X, hy(y) < f(y) +e.
The functions h, and f are continuous, so, for any y € X, the exists a positive number «, such that
Vz € B(z, ), hy(z) > f(2) —e.

Again, X can be covered by a finite number of such balls, so there is a finite family (z;)1<;<n of points
of X such that

N
X = U B(zj,a,,).
j=1

Let us set h def Jax hy;. By lemma 2.5.1, h belongs to A, and, moreover, it satisfies
<5<

Vye X, fly)—e<h(y) < fly) +e,

which means that || f —hll¢(x,r) < €. The theorem is therefore proved, providing we prove lemma 2.5.1.
U

Proof of lemma 2.5.1. Let us first note that we can assume that A is closed, because if A is a sub-
algebra of C(X,K), then so is A (exercise: prove it!). The proof then relies on the following lemma,
which we accept for the time being.

Lemma 2.5.2. There exists a sequence of polynomial functions (P,,),en such that

lim P, =+/- in the space C([0,1];R).

n—oo

Let f be an element of A, and let us set

2
I def Pn(f—) where, of course, | f| = sup |f(x)].
I1£1] weX

The sequence (fy)nen is a sequence of elements of A because A is an algebra. By lemma 2.5.2, the
sequence of functions (f,,)nen converges to ||f||=1\/f2 = ||f|7*|f]. Thus, |f|is in A. This means that
theorem 2.5.2 is now proved providing we show lemma 2.5.2. O

Proof of lemma 2.5.2. We define by induction the sequence of polynomial functions

Puin(t) = Pat) + (6~ P2(1)) and Py =0.
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We will show by induction that, for every ¢ € [0,1], 0 < P, (¢) < v/t. This is true for P,. Let us assume
that it is true for P,. The polynomial function P,; is non-negative on [0,1] as it is the sum of two
non-negative functions. Moreover, as P, is non-negative on [0, 1],

= P2a() = = (B0 + 56— Pa®)?)
> t—P(t)
> 0

As P,y 1(t) = P,(t) = 1/2(t— P2(t)) for any t € [0,1], we have P,,41(t) > P, (t). Thus, for any t € [0, 1],
the sequence (P, (t))nen is non-decreasing and bounded from above by v/Z, so it converges. Let £(t)
denote the limit. Taking the limit in the relation between P, and P, 1, we see that t — ¢2(t) = 0, and
the fact that this convergence is in fact uniform is given by the following theorem.

Theorem 2.5.4 (Dini). Let (f,)nen be a sequence of elements of C(X,R) such that, for any x in X,

the sequence (f,(x))nen Is a non-decreasing sequence with an upper bound. If g(x) def lim f,(x) is
n—oo

a continuous function on X, then the sequence (f,)nen converges uniformly to g, that is

lim sup |f,(z) — g(z)| = 0.

n—0o0 reX

Proof. For any x € X, the sequence (f,(x))nen is non-decreasing and bounded from above, so, for
any € > 0, there exists an integer n, such that

€

g(w) — 9 < fn,(2).

As both functions g and f,,, are continuous on the compact space (X, d), they are uniformly continuous
on (X, d). Thus, there exists a positive real number «, such that
€

d(y,y') < aw =>19(y) = 9(W) + [fna (v) = Fr. ()] < 5

The family (B(x, a,)).cx covers the compact space (X, d), so we can extract a finite sub-family that
also covers X, which means that there exists a sequence (z;)1<;j<n such that

N
X = U B(xzj,ay,).
j=1

Set ng def (HAX, Ny The sequence (f,,(y))nen is non-decreasing, so, for any j in {1,--- , N}, we have
<<
fro®) = fro, (%)
> o (@) = e, (9) = o (25)]
5
= 9(z;) = 5 = [, (W) = o, (25)]
€
2 9(y) =5~ 19W) = 9(@5)l = far, (W) = fau, (25)].

Let j be such that y € B(xj, a,;). We get

fno(y) > g(y) — &

As the sequence (f,,(y))nen is non-decreasing, we obtain

n>ng =y <X, gy) > fuly) >9gy) —e

The theorem is proved. O
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2.6 Notions on separable metric spaces

The notion of separable spaces is based on countability.

Definition 2.6.1. Let X be a set. The set X is said to be countable if and only if there exists
an one to one map from X to N.

Obviously, any set with finite cardinality is countable. Moreover, we have the following
proposition.

Proposition 2.6.1. Let X be a countable set with infinite cardinality (also called countably
infinite). Then there exists a bijective map from X to N.

Proof. By assumption, there exists an one to one function f from X to N. Therefore it is a
bijective function from X to Y = f(X). It suffices then to show that an infinite part ¥ of N
is in one-to-one correspondance with N. We define by induction the sequence

b(n) S min v \ {6(0), - ,b(n — 1)}

The function b is increasing, and therefore one to one. It is bijective because the elements of Y
are taken in ascending order. O

Proposition 2.6.2. Any finite product of countable sets is countable.

Proof. 1t suffices to show the result for the product of two sets, which, in the same way as in
the previous proposition, means we must construct an one to one function from N x N to N.
We define
NxN = N
(P+a+)(p+q+2)

(pq) +— p+ 5 :

Let us prove that ® is one to one. To do so, we start by observing that if (p, ¢) and (p/, ¢') are
two pairs of N2 such that p’ + ¢’ is strictly greater than p+ ¢, then ®(p/,¢') is strictly greater
than ®(p,q). Indeed, we have p’ + ¢’ greater than p+ ¢+ 1, so

' +d+1)0 +d +2) (P+q+3)(p+q+2)

>
> 2p+q+2)+(p+a+1)(p+q+2).

We deduce that
®(p.q¢)=p +q+2+2(p,q).

Thus, if ®(p,q) = ®(p',q'), then p + ¢ = p’ + ¢/, which implies immediately that p = p’
and ¢ = ¢/, proving that ® is one to one. O

Corollary 2.6.1. The sets Z and Q are countable.

Corollary 2.6.2. A countable disjoint union of countable sets is countable. To be precise,
let A, be a sequence of countable sets, and we set

A={(n,a) with a€ A,}.
The set A is countable.

46



Proof. Each set A,, is countable. So there exists, for each n, an one to one map f, from A,
to N. We then define
® { A — N?
a=(n,a,) — (n,on(ay)).

This map is one to one. Indeed, if ®(a) = ®(b), then this means that (n,a,) = (m,bn),

son =m and a, = by,. Now, let ¢ be the map from proposition 2.6.1: the map ¢ o @ is one

to one from A to N as it is the composition of two one to one maps. O
We have the following negative result.

Theorem 2.6.1. Let (X,d) be a complete metric space with infinite cardinality, such that
the interior of each singleton is empty. Then the set X is not countable.

Proof. Let (z,,)nen be a sequence of elements of X (since all countable set can be represented
this way). Baire’s theorem, as stated in theorem 1.2.3, yields that the interior of the set

neN
is empty, so it cannot be equal to X. O

We can now define the notion of separable metric spaces.

Definition 2.6.2. Let (X,d) be a metric space. The space (X,d) is said to be separable if
and only if there exists a dense sequence of elements of X .

In other words, this definition means that, in a separable metric space (X, d), there exists
a sequence (xy)nen of elements of X such that

Vee X, Ve >0, Im/ d(z,xm) <e.

Exemple. The space R endowed with the metric d(z,y) = |x — y| is separable, because the
sequence of all rationals is dense in R.

Proposition 2.6.3. Let (X1,d1), - ,(Xn,dn) be a family of N separable metric spaces. If
we set

X :Xl X X XN and d((.’[‘l, 7xN))(y1)"' 7yN)) = 1I<r;a‘<}§vd](x])yj)v

then the metric space (X, d) is separable.

Proof. In each space X, there exists a countable subset D; which is dense in X;. Consider x =
(x1, - ,zn) a point in X, and set D = Dy X -+ x Dy. As it is a finite product of countable
sets, D is a countable subset of X, and, as D; is dense in X}, for every positive €, and for
every integer j between 1 and N, there exists y; in D; such that

dj(xj,y;) <e.
By definition of the metric d, we have d(z,y) < . The proposition is proved. O

Proposition 2.6.4. Let (X,d) be a separable metric space, and A be a subset of X. Then
the metric space (A, d) is separable.
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Proof. To prove this proposition, we denote ID a countable dense subset of X. For any integer n
and any = in D, we choose an element a; , in B(xz,n~1) N A, if this set is not empty. If it

is empty, we select any element of A. We have thus constructed a countable subset of A,

=~ def
D :e (a’mn)(x,n)EDXN'

Let us prove that D is dense in A. Let a be an element in A. There exists an element z
in D such that d(z,a) < n~!. By definition of D, the element a . is in DN B(z,n™!), so we

have that )
da,azn) <d(a,z)+d(z,az,) < —
n

hence the proposition. O
Theorem 2.6.2. All compact metric spaces (X, d) are separable.

Proof. Let B, be the set of balls with radius n~!. Of course, this set covers X with
open balls, and, given that X is compact, for every integer n, there exists a finite family
of points (z;n)1<j<.(n) sSuch that

J(n)

X = U B($]”n,n_1).
7j=1

Let D be the set defined by
D={zj,, 1<j<J(n), neN}

Corollary 2.6.2 implies that D is countable. Let us prove that it is dense. To do so, consider

an arbitrary positive real number € and any point z in X. We then choose an integer n such

that n is greater than the inverse of €. By definition of the sequence (z; ), there exists j such

that )

d(z,zn) < o

Given that n is arbitrary, the theorem is proved. O
We end the chapter with an example of a non-separable metric space.

Proposition 2.6.5. Let X be the set of functions from [0, 1] to [0, 1], endowed with the metric

d(f,g) = sup |f(z)—g(z)l.

z€]0,1]
The metric space (X, d) is not separable.
Proof. Consider the set A defined by
A={1p,PeP([0,1])},

where P(X) is the power set of X. Let us make two easy points. First, if P # @ are two
subsets of [0, 1], then d(1p,1¢g) = 1. Second, the set P([0, 1]), as well as A, is not countable.
The proof of the proposition is then finished off by the following lemma.

Lemma 2.6.1. Let (X,d) be a metric space. If there exists an uncountable subset A of X,
and a positive number « such that

V(x1,29) € A% # w9 = d(x1,22) > «,

then the metric space (X, d) is not separable.
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Proof. Let D be a dense subset of X. for any a in A, there exists z in D such that
@
d < -

Let a1 and as be two different elements of A. They correspond to two elements z; and z5 in D
which satisfy the above inequality. As a result, we have

a < d(ap,a2)
< d(al,zl) —I—d(ag,ZQ) —|—d(z1,z2)
< 2.¢ +d(z1, 22)
< 3t3 1,22
2
< ?a+d(z1,z2)~

Hence z; cannot be equal to zo. So a dense subset of X cannot be countable, which proves
the lemma. O
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Chapter 3

Duality in Banach spaces

Introduction

This short chapter is very important. It deals with a particular type of Banach space: the
dual space (or topological dual space) of a Banach space, which is the set of continuous linear
functionals on that space. First, we present the general concept of transposing a linear map.
We point out that, in infinite dimension, this is far from simply transposing a matrix. A
striking new fact we will discover in this chapter is that the dual of a Banach space may be
very different from that space. This is of course not the case in finite dimension, where the
dimension of the dual space is equal to that of the original vector space.

In the second section, we will give a precise mathematical meaning to the sentence “the
dual space of E is F”. This definition is fundamental. It allows one to construct isomorphisms
between the dual E’ of a Banach space and another Banach space F, which gives us a de-
scription of E’. The duals of the spaces of sequences which are summable when elevated to a
power p will be studied in detail as an essential example.

The third section introduces a crucial concept, which is that of a weaker notion of conver-
gence for a sequence of elements in the dual of a Banach space. It is the concept of weak-x
convergence, which is essentially pointwise convergence. This allows one to extract subse-
quences from any bounded sequence in the dual space which converge in this sense. Hence the
importance of the identification theorems proved beforehand: if a space can be identified as
the dual space of another, then it will inherit this property. We will see an application of this
result in the next chapter, when we will prove theorem 4.4.2 on page 75, in which we study
the structure of self-adjoint compact operators.

3.1 A presentation of the concept of duality

The reader should already be well informed on the notion of dual vector spaces. Nonetheless,
we briefly recall some fundamental points. If E is any vector space, we denote E’ the space
of linear forms defined on E. Moreover, if ¢ is a linear form on E and z is a vector in F, we

denote ;
) ¥ o).

The first key notion is that of the transpose of a linear map. Consider a linear map L from E
to E. Its transpose is the map from E’ (the set of linear functionals on E) to E’ defined by

(L), H) = (6, LK),
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Let us note that if L1 and Lo are two linear maps from E to F, then
t(Ll ©) Lg) = tLQ o} tLl.

Indeed, by definition of the transpose of a map, we have

((LioLa)(0), W) = (6,LioLa(R))
— (L La(Lao(T)))
— ("Li(0), Lao(R))
= ("Lo(*Li(0), 1)

Hence the result.

In the case where the vector space E has finite dimension, we can choose (?j)lngN, a
basis of E. We can easily prove that the family of linear forms (e§)1§j§ N, defined by

(€5, k) = bk

forms a basis of the vector space of linear forms E’, and is called a dual basis. Moreover,
it is easy to see that if the linear map L is represented by the matrix (L;)lgi,jgN in a ba-

sis (?j)lgjgN of E, then its transpose ‘L is represented by the matrix (Lé‘)lgi,jSNy with

1)
set of continuous linear forms (note that linear forms in this case are always continuous) is a
vector space with the same dimension.

E; = L7, in the dual basis (ej)1<j<n. Thus we see that, if ' has finite dimension, then the

In this chapter, we will study the case where F is a general Banach space.

Definition 3.1.1. We call the topological dual space (dual for short) of a normed K vector
space (E,|| - ||), denoted E', the vector space of continuous linear functionals on E. It is
endowed with the norm
llle & sup [(6,2)]
llzll<1

Compared with the finite dimension case, a radically new phenomenon appears. As we will
see after the proof of theorem 3.2.1, the Banach space ¢} (N) of absolutely convergent series is
separable, while its dual is not. At this stage, this sounds like it will create some difficulties,
but transposing in this setting will in fact prove to be extremely useful. This idea is at the
heart of the notion of quasi-derivatives that we will introduce in chapter 6 and, more generally,
in the theory of distributions, which we will study in chapter 8.

There exists a natural bilinear form defined on the space E' x E.

Proposition 3.1.1. Let E be a normed vector space. Then the mapping (-, -) defined by

E'xE — K
<"'>{ (1) — (62).

is a continuous bilinear form.

Proof. By definition of the norm on E’, we have |(¢,z)| < ||¢| g||z|]. Theorem 2.2.3 on page 37,
characterising continuous multilinear maps, then ends the proof. ([
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We are now going to present the transpose of a linear map. This notion will play a central
role in chapter 8.

Proposition 3.1.2. Let E and F' be two normed vector spaces, and let A be an element of
the space L(E, F). The map ‘A, defined by

F' — F
0 — TAW):x— (4, Az)

is a continuous linear map.

Proof. We can write

(¢, Az)| < ||0|| ]| Az]| &
< el Alleermlzle.
Hence, we have
IFAWO) e = sup [((, Az)|
[=llz<1
< Al ze,F)-
The proposition is proved. U

Definition 3.1.2. The linear map defined above is called the transpose of the linear map A.

Proposition 3.1.3. Let E, F and G be three normed vector spaces, and let (A, B) be an
element of L(E, F) x L(F,G). Then,

‘BoA)="'Ao'B
Moreover, if E = F, then
AcU(E)<="'AcU(E) and (*A)~'=1%A"1).

Proof. The first equality is purely algebraic. Indeed, for any linear form ¢ on GG, and for any z
in F/, we have

(tAo'B(¢), ) (*B(¢), Az)
= ({,Bo Azx)

("(BoA)0),).

Then, if A is in U(E), we have Ao A=! = A7l o A = Idg. By transposing this equality, we get
Aot (A =HA ) oA =1dp .

Hence, ' A is an invertible element of £(E’), and (*A)~! =t(A~!). The proposition is proved.
g
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3.2 Identifying a normed space as a dual space

This section is very important for the remainder of the course, in particular the chapter on
distribution theory. It is common to say that a given space “is the dual” of another. We need
to give a precise meaning to this sentence.

Proposition 3.2.1. Let E and F' be two Banach spaces, and let B be a bilinear continuous
functional on F' x E. The mapping ép defined by

F — F
) 3.1

Y 2 b st D) 31
isin L(F,E'").
Proof. As the bilinear form B is continuous, we can write that

(05(y), )| < Cllyllrllz|le-
By definition of the norm on E’, we have
168W)le < Cllyllr ;

hence the proposition. O

Definition 3.2.1. Let E and F be two Banach spaces, and let B be a bilinear continuous
functional on F' x E. We say that B identifies E' with F if and only if the map dp defined by
(3.1) is an isomorphism from F to E'.

In other words, this means that there exists a constant C such that, for any continuous
linear functional £ on E, there exists a unique element y in F' such that

Vo€ B, () = B(z,y) and C7'yllr <|/¢| < Cllyllp-

Theorem 3.2.1. Let p be a number in the interval [1, +o00|, and set E = (P(N) and F' = 7 (N),
where p' = p/(p — 1). We consider the following bilinear map B, defined by

P (N) x °(N) — K
def

B (y.x) > Blya) =D zm)yn).
neN

The bilinear form B identifies (¢*(N)) with 7' (N). Moreover, the map 6p induced by propo-
sition 3.2.1 is an isometry.

Proof. Holder’s inequality states that
1By, )| < llzlleevy 91l g vy - (3.2)

So the bilinear form B is continuous. Let us prove that the map dp is a bijection. Consider T'
a linear functional on #7(N), and let us look for an element y in ¢’ (N) such that

Vo € (P(N), (T, z) = B(y, ). (3.3)

If the above is satisfied by y, then it must be satisfied for x = e,, where e,, denotes the sequence
with all terms equal to zero, except the one with index n, which is equal to 1. Therefore, y
must verify

y(n) = (T, en). (3-4)
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This proves that ép is one to one. Moreover, by linearity, if V' denotes the set of finite linear
combinations of elements of the sequence (e, )nen, then, for any x in V,

B(y,z) = (T, x). (3.5)

We must now prove that the sequence y defined by (3.4) is an element of /7' (N).
Let us first assume that p is equal to 1. For any integer n, we have

ly(n)] 1Tl ¢er vy lenllx ooy
1Tl o2 avy)

VANVAN

So the sequence y = (y(n))nen is in £°(N), and we effectively have ||y||geom) < HT||(Z1
Both terms in equality (3.5) are continuous and coincide on a dense subspace of /!(N). ThlS
ends the proof of the theorem for p = 1.

Now, let us assume that p is strictly greater than 1. We consider the sequence (x,)rcn of
elements of /P(N) defined by

defz y(n) n)| 7T 71(3”

n<r |y n

This implies that

1
y(n)[>=T if n<r, and 0 otherwise.

8
3
S
I
—~
S

We therefore have

Y lzm) = ly(n)l

neN n<r

mm»=§j” n)| 7 B(en, )

« ly(n)
::meﬁ“
n=0
= S )P
n=0

Moreover, we know that

By.) =3 2 )| T (en) = (T, 22).

Since the linear form T is continuous, we have

>y

n<r

IN

1T Nl oo )y 127 |l oo v

1Tl v (x0yy <Z ly(n)[?

n<r

N—
S =

IN
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Hence, we get

_1
(S ) ™ < ITlawooy-

n<r

As this inequality is true for any integer r, the sequence y is indeed in o' (N), and we have

1 llew gy < 11Tl ew (o - (3.6)

The subspace V is dense in P(N), so we observe again that equality (3.5) states that two
continuous linear functionals coincide on a dense subspace. Hence, they are equal on the
entire space, and this ends the proof of the theorem. O

Exercise 3.2.1. Let ¢o(N) denote the Banach space defined by

co(N) = {w = (@(n)nen / lim a(n) =0} endowed with the norm [zl (xy 2f sup |z(n)).
n—0o00 neN

Prove that ¢y(N) is a closed subspace of {>°(N). Then, by following the ideas of the proof we
have just completed, prove that the bilinear form B identifies co(N)" with ¢*(N).

Remark. At the start of this chapter, we noted that, in the case of a vector space E with
finite dimension, the dual space is a vector space with the same dimension, and therefore
a space that is isomorphic to £. No such luck in infinite dimension: the previous theorem
showed that the dual space of £!(N) is isometric to £*°(N), and thus the space (¢!(N))’ has
the same topological properties as ¢*°(N). In particular, it is not separable. However, we can
show that £!(N) is separable. As an exercise, prove that the space of sequences which have all
terms, apart from a finite number of them, equal to zero, is dense in /!(N) (and, in fact, dense
in /P(N) for any p in [1, +o0]).

Exercise 3.2.2. Let s be a real number. We define the space (**(N) by

25N) € = (u(n))nen / (14 0%)3u(n))nen € 2(N)},

endowed with the norm

[V

el 2oy (Z(l + n2>8u<n>|2>

neN

Let By and By be two bilinear functionals defined as follows:

25(N) x 25(N) — K

B (y,2) — Bi(y.2) €3 (1 + 0 a(n)y(n).
neN
275(N) x £25(N) — K
Ba o) — Ba(y,2) €3 a(n)y(n).
neN

1) Prove that the bilinear form By identifies (¢2*(N))" with ¢2>*(N), and that By identi-
fies (£2%(N))" with ¢>~%(N).
2) Propose a onto linear isometry from ¢**(N) to ¢*~5(N).
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3.3 A weaker sense for convergence in £’

Definition 3.3.1. Let E be a normed vector space. We consider a sequence ({p)nen of
elements of E', and ¢ an element of E'. We say that the sequence (,,)pen is weak-+ convergent
to £, denoted limfx ¢,, = ¢, if and only if

n—oo

Ve e E, (lp,x) = (L, ).

lim
n—oo

First, we must note that weak-* convergence is implied by convergence in norm (the usual
sense). Indeed, for any x in F, we have

}(En,x>—<£,m>| = ‘(En—f,xﬂ
1€ — €|l ]|z -

IN

Let us now show a sequence (¢,,),en of E' which is weak-x convergent, but not convergent
in norm. Consider the space ¢}(N) and the sequence (£,)nen of linear functionals defined by

(£ns) < 2(n).
For any x in ¢}(N), li_>m x(n) = 0. Hence, the sequence (¢,)nen is weak-x convergent to 0.
n oo

However, [|£,(¢1(v)y = 1, so the sequence does not converge to 0 in norm.

We will now show some properties of weak-+x convergence.

Theorem 3.3.1. Let E be a Banach space, and ({,),en be a sequence of elements of E'.
Assume that limfx ¢, = ¢. Then the sequence ({;,)nen is bounded in E', which implies that ¢

n—oo
is an element of E’. Moreover, we have

1l zemx) < lzrgicgf 100l 2(Ex)-

Proof. This is merely a statement of the classic Banach-Steinhaus theorem in the setting of
linear functionals. We will prove the general theorem, which is the following.

Theorem 3.3.2 (Banach-Steinhaus). Let E' and F' be two normed spaces, and let (Ly)nen
be a sequence in L(E,F). Assume that E is complete, and that, for any x in E, the se-
quence (Ly(x))nen has a limit, denoted L(x).

Then the sequence (Ly,)nen is bounded in L(E, F), so the map L is also in L(E, F'). Also,
we have

1L o,y < limind L o)
Proof. The key ingredient is the following lemma.

Lemma 3.3.1. Let E and F' be two normed spaces, and let (Ly)nen be a sequence in L(E, F').
Assume that E is complete, and that, for any = in E, the sequence (Ly(x))nen is bounded
in F.

Then, the sequence (Ly)nen is bounded in L(E, F).

Proof. Let us consider the sets F,,, defined by
Fop ={z € B/ ||Ln(2)llr < p}.
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These sets are closed, as they are preimages of closed sets by a continuous map. So, the sets F,

defined by
def
Fo S () Fop
neN

are also closed, because they are intersections of closed sets. Moreover, let x be an element
of E. As the sequence (Ly(x))nen is assumed to be bounded, there exists an integer p such
that = belongs to JF,. This means that the union of the closed sets F,, is equal to the entire
space E. By corollary 1.2.1 on page 17, deduced from Baire’s theorem (theorem 1.2.2), this

[¢]
implies that there exists an integer py such that the set F,, # (). Thus, there exists a point x
and a positive real number « such that B(zg, «) is included in F,,. Hence,

sup [|Ln(z)l|[r < sup ||Ln(z + x0)l|F + [[Ln(z0)l| <
neN neN
[|lz]| <o [|lz]|<a
< sup  |[|Ln(2)|[F + [ Ln (7o)l F
neN
z€B(z0,x)
< 2po.

Thus, for any x in £ with a norm smaller than or equal to 1, we can write

ILa(2)F < a7 Ln(az)|r
.
o'
Therefore, the sequence (L, )pen is bounded in L(E, F). O

Back to the proof of theorem 8.3.2. Taking the limit, we get that
Vr € B(xo,a), |[L(2)||r < 2po.

We must now prove the bound on the norm of L. Let x be an element of F with a norm
equal to 1. We can write that

IL@)lr = lim [[Lo(o)]r
= liminf || Ly (x) ¢
< liminf |Ly||zg,r) (because |z]|g = 1).
n—00 ’
All statements in the theorem are now proved. O
Theorem 3.3.1 is obtained by applying this result to the case F' = K. U

Although the following theorem has a very simple proof, it will be very useful.

Theorem 3.3.3. Let E and F' be normed vector spaces. We consider an element A in L(E, F'),
a sequence (y)nen in F', and an element ¢ in F'. We then have

limfxl, =¢ in F' = limfx'Al, ="Al in FE
n— oo n—oo
Proof. Indeed, for any = in F, we have
(*Aly, x) = (£, Az).
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We assume that
lim (¢,,, Az) = (¢, Ax).

n—oo

However, the definition of the transpose of a linear map yields (¢, Az) = (*A¢,x). So
lim (*Al,,z) = (*Al, z).

n—oo

The theorem is proved. (]

Proposition 3.3.1. Let (z)nen and (€n)nen be two sequences in E and E’ respectively,
where E is a Banach space. Then,

(limf*ﬁn =(¢ and lim |z, —z| = O) = lim (¢, x,) = ({, x).
n—o00 n—o00 n—00
Proof. We begin by writing

<£n,l‘n> = <£n7 Ln — ZL‘> + <‘€n - Ea ZL‘> + <‘€a ZL‘>

By the Banach-Steinhaus theorem, theorem 3.3.1, the sequence (¢, )nen is bounded, so there
exists a positive number M such that

[{ln, 2n) — (6 2)| < M[zn — ]| + [(bn — £, 2)].

Let € be a positive real number. There exists an integer ng such that

3
nzmo = llon =2l < g3

The point z is fixed, so there exists an integer ny such that

n>ng = |{ly — 0,3)] < %

So, we have
n > max{ng,n1} = [(ln, zn) — ({,x)| < €.

This proves the proposition. O
Once we have identified a dual space with another, we can define a notion of weak-x

convergence on the latter as follows.

Definition 3.3.2. Let E and F be two Banach spaces, and let B be a bilinear form on F x E
which identifies E' with F. By proxy, we say that a sequence (yn)nen Iis weak-x convergent
to an element y in F if and only if the sequence (0p(yn))neN Is weak-x convergent to dp(y),
which is stated mathematically like so:

Ve € E, lim B(y,,z) = B(y,z).
n—o0

Let us illustrate the extension of this notion. For a given ¢ in |1, +oco[, we consider a se-
quence (y,)pen of elements of £4(N). By theorem 3.2.1, we identify the dual of £9(N) with ¢4’ (N),
and “the sequence (yp)pen is weak-x convergent to an element y in ¢9(N)” means

Vo e 6/ (), Tim 3 (up(n) — y(n))a(n) =0,
n=0

The following theorem is a fundamental result, which can be interpreted as a weak-x
compactness property for the unit ball of a dual space.
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Theorem 3.3.4 (weak-x compactness). Let E be a separable normed space. We consider a
bounded sequence (¢,)nen in E'. There exists an element ¢ in E' and an extraction function v
from N to N such that
s by =L

Proof. Let (ap)pen be a dense sequence of E. We start be extracting from (ap)pen a linearly
independent family of vectors, and we will work on the subspace generated by this. More
precisely, we define p(0) as the smallest integer p such that a, is non-zero. Then, set (1)
the smallest integer p such that a, does not belong to Ka,). Let us assume that we have
built (¢(0),---,¢(p)) such that

def
VD' <Dy ag) & Vi = Span{ag), - g }-
Then, we set ¢(p + 1) to be the smallest integer ¢ such that a, is not in V},. We define

V= |JV, =Span{a,y), p € N}.
peEN

The family (a,(y))pen is an algebraic basis of the vector space V. Henceforth, we omit the
extraction function ¢ in our notation, and the sequence (ap)pen is assumed to be a family of
linearly independent vectors of E such that Span{a,, p € N} is dense.

We are now going to use Cantor’s diagonal argument to construct an extraction function ¥
such that

Vj eN, <€1/1(n)’ aj> = )\j. (37)

lim
n—oo

The sequence ((¢,,, ag))nen is a bounded sequence in K, so there exists an element A\ in K
and an extraction function ¢g from N to N such that

lim <€¢0(n)’ a0> = )\0.

n—oo

Assume that we have constructed a finite family (¢;)o<j<m of increasing functions from N
to N and a finite sequence (A;)o<j<m such that, for every j < m,

lim <£¢oo---o¢j(n)7 aj> = /\j.

n—oo

The sequence ((€4go...opy(n), @m+1))neN is bounded in K, so there exists an increasing func-
tion ¢py1 from N to N and an element A,,41 in K such that

Vi<m+1, <€¢OO"'O¢m+1(n)’ CLj> = >\j'

lim
n—oo

Set 1p(n) = ¢g o -+ o ¢p(n). This is an increasing function from N to N. Indeed, observe that
any increasing function p from N to N satisfies u(n) > n. As a result, if n < m, we have

w(n):¢00"'o¢n(n)<¢OO"'O¢nO"'O¢m(m):w(m)'

Moreover, for any integer j, we have, for any n strictly greater than j,

(Cyny @5) = (Logosy o, (d;4106n(n) @)-
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Thus, as any subsequence of a convergent sequence is convergent, we have

\V/] eN, (€¢(n),aj> = )\j.

lim
n—oo

We will now prove that, for any = in F, the sequence (<€¢(n)’ x>) is a Cauchy sequence.

Set x in E. As the sequence (a;);en is dense in E, we have

neN

g
Ve >0, 3. eN/llw —ay|lp < — with M % sup |6, .
4M neN

Now, we can write that

|<€¢(n+p)a :E> - <£¢(n)7x>’ < ‘<£w(n+p)v$> - <€w(n+p)7ajs> + |<€¢(n+p)a ajs> - <£¢(n)7aje>
+ ’<£d)(n)a a’j€> - <£7,Z)(n)> l’>
1 ynip) |12 = @l 2 + | Conap) @) — (Lynys @52)

+ 1y llerlla;. —z|le
£
< 5 + |<€¢(n+p)a a’j€> - (&/}(n)?aj'e)

IN

As the sequence (<£1/1(n)7 aj€>)n converges, it is also a Cauchy sequence. Thus,

eN

In. / Vn >n., Vp €N, ‘(€¢(n+),aj5> <

| ™

We deduce that
Ve >0, 3ne / Vn >ne, Vp €N, [(lymip) ) — (Lypm): @)| < e

The sequence ((Ew(n),@)n N is a Cauchy sequence, so it converges to a limit which we will
denote ¢(x). By uniqueness of the limit, the map ¢ defined here is linear (check this as an
exercise). Moreover, we have

|6(z)] < M|z g.

This ends the proof of the theorem.

In the setting of definition 3.3.2, theorem 3.3.4 can be stated as follows.

Theorem 3.3.5. Let E be a separable Banach space, and let F' be a Banach space. Let B
be a bilinear form which identifies E' with F. Then, for any bounded sequence (yn)nen of
elements of F, there exists an element y in F' and an extraction function ¢ such that

Ve e B, lim B(ysm), ) = B(y, ).

This is a very important theorem. It means that when a space F' can be identified as a
dual space, then any bounded sequence has a subsequence that is convergent in the weaker
sense given by definition 3.3.2. This is a widely used property, and we will see an important
application of this in the next chapter, where we will prove a diagonalisation theorem in Hilbert
spaces (theorem 4.4.2 on page 75).
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Chapter 4

Hilbert spaces

Introduction

This chapter is dedicated to the study of what are named Hilbert spaces. These are Banach
spaces which have Euclidean-type norms, in other words norms that are induced by an inner
product. These extend to infinite dimension the notion of Euclidean spaces, which have finite
dimension. The key advantage is that we can talk about geometry in these spaces. For
example, we can explain what two orthogonal vectors (which may be functions) are. This is
a fundamental point of functional analysis worth insisting on: an element of a Banach space
(often a function) is truly viewed as a point, or vector, of a geometric space.

The first section presents the concept of Hilbert spaces. In particular, we explain precisely
what it means that a norm is associated with an inner product.

The second section shows how this structure generalises the notion of Euclidean space to
the infinite dimension setting. For example,

e it is possible to define an orthogonal projection onto a closed convex subset;

e it is possible to extend the familiar concept of orthonormal bases in finite-dimension
Euclidean spaces to the case of infinite dimension spaces.

In the third section, we show that the dual space of a Hilbert space H can be identified
with H itself. We will see in chapter 6 how this provides a spectacularly simple proof of a
theorem guaranteeing existence and uniqueness of solutions of a partial differential equation.
We finally note that the phenomenon seen in section 3.2 does not take place in Hilbert spaces.

In the fourth and final section of this chapter, we introduce the adjoint of a continuous
operator from a Hilbert space to itself, as well as the trickier, new notion of compact operators.
The main result of this section is the generalisation of the classic diagonalisation theorem for
symmetric operators in finite dimension. This theorem will be used in chapter 6.

4.1 Orthogonality

In the rest of the course, it is understood that, if K = R, A = ), while, if K = C, this is the
usual conjugation operation. We first recall the definition of an inner product.

Definition 4.1.1. Let E and F be two K-vector spaces. An map ¢ from E to F is said to be
antilinear if, for any pair (z,y) in E X F, and any scalar X\ in K, we have

(A +y) = M(z) + ().
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A map f from E x E to K is said to be sesquilinear' if it is linear with respect to the first
variable, and antilinear with respect to the second one. In other words,
VAEK, V(r,y,2) € B> fha+y,z) = M(zy)+ [(y,2)
flzhx+y) = M(z2)+ f(2y)
A map f from E x E to K is an inner product if and only if it is sesquilinear, Hermitian
and positive definite, i.e. it satisfies
V(z,y) € E*, f(y,x) = f(,y) (Hermitian)
Vo € E, f(x,z) € RT, (positive)
f(z,2) =0<= 2z =0 (definite).

Remark. An inner product is often denoted (-|-), and we write || - [|2 = (-]-).

Proposition 4.1.1. Let E be a K-vector space, and let (-|-) be an inner product on E. The

map x (£C|l')% is a norm on E, and we have the following properties.

Y(z,y) € B2, |(z|y)] < ||lz|||v] (Cauchy-Schwarz inequality).

2

V(x,y) € B2, |z||> + ly||> = H H (Appolonius’s theorem).

Proof. Obviously, we have
2

0<

—
(zly) 7 — lllly
]

By expanding the right-hand side, we get
0 < [ - 2R (Gl + 22yl

To prove that z — (:z:]x)% is a norm, it suffices to note that

(Ttyle+y) < (ale) +2Re(aly) + (ly)
(2]z) + 2(2]2)% (y]y) = + (uly)
(( |$)2 + (yly) )2, and that
(Az|Az) < )\/\Hg;Hz,

IA

N|=

IN

To prove Appolonius’s theorem, we simply observe that

2 2
2|2 v2 |75 = e G- u?
= %(H%H2 +2Re(zly) + [lyl* + [|z]* — 2Re(zly) + [ly[*)
= [lz[* + llyl*.
The proposition is proved. U

rom the Latin “sesqui”, meaning “one and a half”
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Exercise 4.1.1. Let (E,| - ||) be a K-vector space. Assume that

2 2

r—y
2

Tty
Yies) € B, ol + Il =2

Prove that there exists a sesquilinear map such that ||z||?> = (z|r). We recommend starting
with K = R, which is easier, before dealing with the case K = C.

An inner product allows one to define the notion of orthogonal vectors. This concept,
which we are familiar with in the plane and in 3-dimensional space, will be extremely rich
with applications in infinite-dimension spaces, in particular function spaces.

Definition 4.1.2. Let E be a vector space endowed with an inner product, and let x and y
be two elements of E. The vectors x and y are said to be orthogonal (denoted x | y) if and
only if (z]y) = 0.

We recall the highly famous Pythagoras equality:
z Ly =z +yll” =ll|® + y|*
Proposition 4.1.2. Let E be a K-vector space endowed with an inner product, and let A be
a subset of E. Define

AL e B/ Yae A, & L a).

The set A+ is a closed vector subspace of E.

Proof. The linear map L, from F to K defined by z + (x|a) is continuous, so its kernel is a
closed vector subspace of E. It is clear that

At = ﬂ ker L,
acA

so At is a closed vector subspace of E, as it is an intersection of the same. This proves the
proposition. O

Exercise 4.1.2. Let E be a K vector space endowed with a Hermitian inner product, and
let A be a subset of E. Prove that A= = A+ = Span(A)*.

Definition 4.1.3. Let H be a K-vector space endowed with an inner product (-|-). The
space H is called a Hilbert space if and only if the space H is complete for the norm associated
with the inner product.

The Hilbert space structure is absolutely fundamental. Many simple methods and concepts
from geometry in Euclidean spaces with finite dimension will reappear here.

4.2 Properties of Hilbert spaces

Pythagoras’s equality is extended to Hilbert spaces as follows.

Theorem 4.2.1. Let (x,)neny be a sequence of elements of a Hilbert space H such that,
for n # m, x,, L x,,. Then the series Z Xy, is convergent if and only if the series Z |z is
n n

convergent, and in that case,

3

neN

2
= [lznll?
neN
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Proof. Let us set Sy = Za:p. Pythagoras’s theorem yields
P<q
D llwpll* = 115l (4.1)
P=q
If the right-hand side of the above equality is assumed to be convergent, then it is bounded
independently of ¢, and the series Z |z |? is convergent. Conversely, if the series Z [EME

n n
is convergent, then
at+q’
[Sg+q — SqH2 = Z H”UPHQ
q+1
oo
< Z prHQ-
q+1
By taking the limit in equality (4.1), we finish the proof of the theorem. O

Exercise 4.2.1. Let (x,)nen be a sequence of elements of a Hilbert space H such that

o0
Z |z || < oo.
0

Assume that there exists an integer Ny such that, if |n — m| > Ny, the vectors x,, and x,, are
orthogonal. Prove that the series ) x, is convergent, and that there exists a constant C,
which only depends on Ny, such that

| <03 lenl?.

neN neN

Many remarkable properties of Hilbert spaces are based on the following projection theo-
rem.

Theorem 4.2.2 (projection onto a closed convex subset). Let I be a closed convex subset of
a Hilbert space H. Then, for any point x in H, there exists a unique point in I', which we
denote pr(z) and call the projection of x on T', such that

- = inf ||z — g]|.
|z~ pr(@)ll = inf ll= — 4

Proof. Recall Appolonius’s equality: if v and 4/ are two points in I", then we have

Rk

5 (4.2)

1
3 =71 =l = alF + o = 717 - 2

: : oYt : :
Note that, since the set I' is convex, the point % is also in I'. We first prove uniqueness.
Assume that there are two points v, and 72 in I' which both minimise ||z — g|| for g € T". Then,
Appolonius’s equality yields

2

x —

Y1+ 72
2

1
5!!71—72!\2 = Jlz—mnl*+ |z —1l*-2

Y1+ Y2 2
x_i

= 24> -2
-

< 2d% —2d* =0.
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This provides uniqueness. Now we prove existence. By definition of the infimum, there exists
a minimising sequence, that is a sequence (v, )nen of elements of ' such that

. def .
lim ||z — | = d = inf [z = -

We use relation (4.2) again to get that, for any pair of integers (n, m),

_ |

2

T

1
Slm = mll* = llz = ll” + llz = yoml|* — 2
As I' is convex, the midpoint between ~,, and ~,, is also in I', thus,
1 2 2 2 2
glm =yl < lle = 7nll” + llz = yml|” — 2d°.

Given the definition of the sequence (y,)nen, the above yields that it is a Cauchy sequence.
As H is a Hilbert space, it is complete, and, I" being a closed subset of H, it is also complete,
so the sequence (v, )nen converges to a point in I'. This ends the proof of the theorem. O

Proposition 4.2.1. Let I' be a closed convex subset of a Hilbert space H, and let x and x’
be two points in H. We denote pr(z) the unique point in I' such that d(z,I') = ||z — pr(z)]|.
Then, for any v in T,

Re(e — pr(@)lpr(z) =) 20 and |pe(z) - pr(a)| < o — o]l

Proof. To get the first inequality, we observe that, as I" is convex, for any A in [0, 1] and any ~
in T,

2 2
|z — (1 = Npr(z) + M) ||” = ||= — pr(=) + Apr(z) — 2)||” > [l — pr(2)]*.
A quick computation yields that
VA€ [0,1], ¥y €T A(2Re(z — pr(z)lpr(z) — ) + Allpr(z) = v[*) >0

which proves the first inequality. To prove the second one, we use the first result on the
points x and v = pp(z’), then on the points 2’ and v = pr(x). This yields

0

Re(z — pr(z)lpr(z) — pr(z’))
/ 0.

and  Re(a' — pr(a)lpr(@’) - pr(@))

IV 1V

Adding the two together, we get
%6(1‘ — 2’ — (pr(z) —pr(lfl))’pr(l") - pr(if/)) > 0.
Using the Cauchy-Schwarz inequality, this implies
lpr (x) — pr(a")||* < Re(z — 2'|pr(2) — pr(z)) < [lz — 2| |pr(z) — pr(=)],
which ends the proof of the theorem. O
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Nearly all properties in Hilbert spaces can be seen as corollaries of the above theorem 4.2.2.

Corollary 4.2.1. Let F' be a closed vector subspace of a Hilbert space H. Then,
H=FaF' and x=pp(x)+pp.().
Proof. Let x be an element of H. For any point f in F', and for any real number A, we have
o = pr() + A2 = M2 + 2ARe(z — pr(@)|f) + o — pr(a)]?
By definition of the projection on F', we must have
Iz = pr(@) + AfI* > llz = pr(z)]?.
This implies that, for any f in F', we must have
Re(z — pr(x)|f) = 0.
If K = R, this is all we need in order to state that
z —pp(z) € F*.

If K = C however, we must repeat the above argument with if instead of f to reach that
conclusion. Hence, we have proved that H = F + F*. But, if x € F N F*, then (z|z) = 0,
thus = 0. The corollary is proved. O

Corollary 4.2.2. Let A be a subset of a Hilbert space H. This subset A is total (i.e. the
vector subspace it spans is dense) if and only if A+ = {0}.

Proof. We use the result of exercise 4.1.2, which states that A+ = (Span(A))*. If A+ = {0},
then Span(A) is equal to H, by corollary 4.2.1, which precisely means that the subset A is
total.

Conversely, if the subset A is total, then Span(A) is equal to H by definition, hence A+ =
{0}. The property is proved. O

Exercise 4.2.2. Let A be a subset of a Hilbert space H. Prove that
(A1)t = Span(A).

Definition 4.2.1. Let ‘H be a separable Hilbert space with infinite dimension. We call an
orthonormal basis or Hilbertian basis (French term) of H, any sequence (en)nen of elements
of H which is total, and such that

(enlem) = Onm with dpm =1 if n=m and 0 otherwise. (4.3)
Remark. In this setting, an orthonormal basis is never a basis in the algebraic sense.

Exercise 4.2.3. Consider the space (*(N), and the sequence (e,)nen of elements of £?(N)
defined by
6’n(k‘) = 5n,k:-

Prove that (e,)nen is an orthonormal basis of £2(N). What is the vector space spanned by the
family (en)nen?

Theorem 4.2.3. In every separable Hilbert space ‘H, there exists an orthonormal basis.
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Proof. Let (an)nen be a total countable subset of H. We can assume that the family (a,)nen
consists of linearly independent vectors. Indeed, we define the following extraction function

¢(0) =min{n / a, #0} and ¢(n) =min{m / an & Span{ag, ..., asm)} -

We let the reader check, as an exercise, that the vector subspace generated by the ag(,) is the
same as the one spanned by the a,. We will now apply the Gram-Schmidt orthonormalisation
method to this family. Let us recall the principle. First, we set

ai

~ laa ]

€1

We assume that the terms (e;)1<j<n satisfy property (4.3), so that
Span{ay,--- ,a,} = Span{e,--- ,en}.

Set

n

1 .

Cnil = Frt with  fr41 = ang1 — E (an+1lej)e;.
| frtall

It is quick to check the equalities in (4.3) are satisfied by e,,11. The theorem is proved. ]

=1

Theorem 4.2.4. Let H be a separable Hilbert space, and let (ey,)nen be an orthonormal basis
of H. The map I defined by
{ H — (3(N)
z — ((zlen))nen

is a linear isometric bijection. In particular, the Bessel and Parseval equalities hold in H.:

=Y (alenen and [al? = 3 [(alea),

neN neN

Proof. The main point to prove is that Z is indeed a map from H to £?(N). We set

def
Tg = Z(f‘ep)ep-

p<q

It is clear that

(@lzg) = Y (alep)(xlep)
= > l(=zlep)
= (;q’xq>-

The Cauchy-Schwarz inequality states that ||z < ||z|| % ||z4]. We deduce that, for any

integer ¢, we have
q

> I(alep)” <l

p=0

So Z(z) does belong to £2(N).

The fact that the map Z is one to one is deduced from corollary 4.2.2, which states that the
orthogonal set of a total subset is the singleton {0}. That the map Z is onto and an isometry,
is deduced from theorem 4.2.1. Thus, theorem 4.2.3 is proved. ([
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4.3 Duality in Hilbert spaces

Let ‘H be a Hilbert space with finite dimension d; in other words, H is a Euclidean or Hermitian
space. We know that the map § defined by

" — H
6{ x — o(x) : h— (hlz)

is an antilinear isometric bijection from H to H'. When H has infinite dimension, we will see
few changes.

Theorem 4.3.1 (Riesz representation theorem). Let H be a Hilbert space. We consider the
map ¢ defined by

H — H
5{ v — 8(x): hes (hl2)

This is an antilinear isometric bijection.

Proof. The fact that [|6(x)|lz < ||z|| (and therefore d(x) is a continuous linear form) is
obtained by using the Cauchy-Schwarz inequality. It is obvious that § is antilinear. Moreover,

so d is an isometry. An isometry is always one to one, so it remains to prove that ¢ is onto.
To do this, let us consider an element ¢ in H'\ {0}. Its kernel is a closed subspace of H, not
equal to H. Let 2 be a non-zero vector in (ker £)*, such that (¢,z) = ||z||>. Both ¢ and d(x)
have the same kernel, and there exists a non-zero hg such that (¢, hg) = (5(z), ho), so é(x) = L.
Thus, the theorem is proved. O

The above theorem can be seen from a different angle when K = R, which will be useful
in chapter 5 to describe the duals of the LP spaces.

Theorem 4.3.2. Let H be a real Hilbert space. For { a continuous linear functional on H,
we define the function
H — R
F

1
u o sl - (6w,

The function F' is bounded from below, and there exists a unique v in H such that F(v) =

inf F'(u) which satisfies
ueH

Vh e H, (v|h)y = (L, h).
Proof. As the linear functional ¢ is continuous, we can write that
Lo
Fu) = Sllully = el llu]
1 1
> = — 1ll3)* = 1113, -
>l = i) — 51615,
Let def in7f_'5 F(u), and let (up)nen be a minimising sequence, that is a sequence of elements
u

€
of ‘H such that

F(up) = p+e, with lim e, =0. (4.4)

n—oo
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By using Appolonius’s relation, we get

As [ is a linear map, we have

un_umH2 Un+UmH2

1 1
= 5 lunl + 5 lluml |

Uy, — U, ||2 1 1
u” = S llunll = € un) + 5 llum 3 = (€ um)

),

Using (4.4), and by definition of p, we obtain

Up — U, ||2
=52 < en+em.
H

This proves that the sequence (uy)nen is a Cauchy sequence, so it converges to an element v
in H. As the function F' is continuous, we have F'(v) = u. Since, for any h in H and any real
number ¢, we have

b < Flo+ o) = S ol + tolR) + SR, — (6, ),
from which we deduce
VheH, vt € R, Holh)+ %tQHhH% CHeR) >0
which implies that

VheH, (v|h) = (£, h).

Such an element v is of course unique, because if (v1 —vz|h) = 0 for every h, we can choose h =
v1 — V9, and this proves uniqueness. O

We can deduce the following two consequences.

Definition 4.3.1. Let (x,)nen be a sequence of elements of a Hilbert space H, and let x be an

element of H. The sequence (xy,)nen is said to be weakly convergent to x, denoted imf x,, = x
n—oo

or (xpn)nen — z, if and only if
VheH, ILm (h|lzyn) = (h|z).
Observing this definition, we note that

limf z,, = v <= lmf *0(z,) = §(x).

n—o0 n— o0
Among other things, the following theorem explains the terminology, why the convergence

is called weak.

Theorem 4.3.3. Let (z,,)nen be a sequence of elements of a Hilbert space H, and let x be
an element of H. Then, we have:

if  lim ||zp, —z| =0, then limfx, =ux; (4.5)
if  limf x, = x and hm |zn| = |lz||, then lim ||z, — x| =0. (4.6)
n—oo n—o0

Moreover, if (xp)neny — x, then the sequence (xy,)nen is bounded.

71



Proof. The first point of the theorem is a direct consequence of the fact that
[(Alzn) = (hlz)| < IA]l % lzn — .
For the second point, it suffices to write that
lzn — )1 = l|lzall* — 2 Re(x|zn) + [|2]%;
As the sequence (x,)nen is weakly convergent to z, we have
—2 lim Re(zx|z,) = —2|z|*
n—oo

This proves the second point. The third is a corollary of the Banach-Steinhaus theorem.
Indeed, the weak convergence hypothesis means that, for any y in H,

Jim 52, )(y) = lim (ylas) = (y[z).

Theorem 3.3.2 (Banach-Steinhaus) states that the sequence (6(xy,))nen is bounded in H. By
the previous Riesz representation theorem, we get that (x,)nen is a bounded sequence. The
theorem is proved.

Example. Let H be a separable Hilbert space with infinite dimension. Consider an or-
thonormal basis (ey)nen of H. By the Riesz representation theorem 4.3.1, for any = in H, the
sequence ((z]en))nen belongs to £2(N), so it converges to 0. However, the sequence (e;,)nen
does not converge, as the norm of each e, is equal to 1. This is therefore a sequence which is
weakly convergent, but not convergent in norm.

Proposition 4.3.1. Let (z,)nen and (Yn)nen be two sequences of elements in H such that

lim z, =2 and limfy, =y.
n—oo n—oo

Then, lim (z,|yn) = (x|y).
n—oo

Proof. We simply write that

[@nlyn) = (2ly)l < (@0 —zlyn)| + [(@]yn —y)|

< ln = 2l X lynll + [(z[yn —y)].
Theorem 4.3.3 yields that the sequence (yp)nen is bounded, so
[(@nlyn) = (zly)] < Cllzn — 2| + [(z]yn — ),

The proposition is proved.

Exercise 4.3.1. Find two sequences (zp)nen and (yYn)nen in ‘H such that
(nlyn) # (z|y).

Exercise 4.3.2. Prove that, in a Hilbert space H, if a sequence (xy)nen is weakly convergent
to x, then

limf z, =z, limf y, =y and
n—oo

lim
n—oo n—oo

llz|| < liminf ||z,|
n—oo

The following theorem is a weak compactness result for the unit ball of a Hilbert space.
When the space does not have finite dimension, we know, by theorem 2.3.1, that the unit ball
is not compact in the topology defined by the norm. However, we have the next theorem,
which is merely theorem 3.3.4 on page 60 in this setting.

Theorem 4.3.4 (weak compactness). Let (x,)nen be a bounded sequence in a separable
Hilbert space H. We can extract from (xy,)nen a weakly convergent subsequence.
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4.4 The adjoint of an operator, self-adjoint operators

The adjoint of a linear map is a well-known notion in finite dimension. Given an inner product
on a vector space H with finite dimension d, the adjoint of A is denoted A*, and defined by
the relation
(Azly) = (x[A%y).

It is common knowledge that, if (A;)1<s j<a is the matrix of the map A in an orthonormal
basis, then the matrix representing A* in the same basis is such that A7, = Aj;. Moreover,
there is a classic linear algebra theorem which states that if A is self-adjoint (i.e. A = A*),
then it can be diagonalised in an orthonormal basis.

In this section, we generalise these concepts and results in Hilbert spaces with infinite
dimension.

Theorem 4.4.1. Let A be a continuous linear operator on a Hilbert space H. There exists a
unique linear operator A*, which is continuous on H, such that

V(z,y) € Hx H, (Azly) = (x[A"y).
Moreover, the map from L(H) to itself, defined by A — A*, is an antilinear isometry.
We extend from this theorem the following definition.

Definition 4.4.1. The map A* given above is called the adjoint of the operator A. An
element A of L(H) is self-adjoint if and only if A = A*.

Proof of theorem 4.4.1. Uniqueness of the operator A* is a consequence of the fact that H+ =
{0}. Let £4 be the map defined by

r { H — H
A
y — La(y) : z+— (Azly).
It is clear that the map L4 is a continuous antilinear map from H to H'. Set A* def
By definition of A*, we have

51 oL4.

(z]A*y) = (Laylz) = (Azly).
So, the operator A* satisfies the desired relation with respect to A. We also have

[Al = sup [(Azy)]
[EESHIES!

= sup [(z]A%y)]
[EESHIES!

= 47
So, theorem 4.4.1 is proved.

Exercise 4.4.1. Let H be a real Hilbert space, and let 2 be an open subset of H. We define
the “gradient” operator by

CHR) — C(Q,H)
grad{ g — 07 'Dg

Let g be a C' function from € to €Y, another open set of H, and let f be a C' function from
to R. Compute grad(f o g).
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Proposition 4.4.1. Let A be a continuous linear map on a Hilbert space H. The following
properties hold.
The * operation is involutory, i.e. A = A**. We also have

(ker A)t =Tm A* and ker A = (Im A*)*. (4.7)

Finally, if a sequence (xy,)nen is weakly convergent to x, then the sequence (Axy,)nen is weakly
convergent to Ax.

Proof. The first point is simple: since (Az|y) = (z|A*y), we have (A*y|z) = (y|Az). To prove
the equalities in (4.7), write that

Vye H, (Azly) =0 <= Vy e H, (x|A*y) = 0.

Restating the above equivalence in terms of sets yields that ker A and (Im A*)* are equal.
The other relation is deduced from this by taking the orthogonal.
Let (n)nen be a sequence that converges weakly to x. For any y in H, we have

(ylAzn) = (A"ylan).

So, the weak convergence of the sequence (z,)nen implies the weak convergence of the se-
quence (Azp)pen- O

Proposition 4.4.2. Let A be a self-adjoint operator in L(H). Then,

IAllze) = sup [(Aufu)].
[Jull=1
Proof. First, we note that

1Al = P Re(Au|v).
lvll=1

It is clear that M % sup|y||=1 |(Aulu)| is less than or equal to ||Al|lz(). Let u and v be two
vectors in ‘H with norm 1. We have

Re(Aulo) = 3 ((Alw+ )+ v) — (Aw— )l —v))
< Sl ol + u— o))

As |lu+ |2 + |lu — v||? = 2(J|ul|? + ||v||?), and the norms of u and v are equal to 1, we get
Re(Aulv) < M,

which proves the proposition. O

We are now going to study a generalisation of the diagonalisation theorem for self-adjoint
operators on finite-dimension spaces. For this, we require an extra hypothesis on the operator:
a compactness hypothesis. So, we first introduce the notion of compact operators. This notion
is defined more generally for linear maps between Banach spaces.

Definition 4.4.2. Let E and F' be two Banach spaces. An element u in L(E,F) is called
compact if and only if, for any bounded subset A of E, the closure of the set u(A) is compact
in F.
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Example. If u(FE) is a vector space with finite dimension, then the operator u is compact.
Indeed, if A is a bounded subset of E, the image of A is a bounded subset of the space u(E),
which has finite dimension, and the closure of such a set is compact.

Exercise 4.4.2. Let E be the vector space of functions f from [0, 1] to R such that

_ /

o @) = 1G]

xF# ! |33 —:E’|5

1) Prove that
def flx) — f(d’
17 2 17(0)] + sup D=
a#z |x— |2
is a norm on E, and that (E, | - ||g) is a Banach space.

2) Prove that the map
, { E — C([0,1],R)
=7

is compact.

Exercise 4.4.3. Let (A(n,m))(m)en2 be a sequence of real numbers such that Z A%’m
(n,m)eN?
is finite.
1) Prove that the relation

(Az)(n) 5" Aln, m)a(m)

meN

1
defines a continuous operator A from (*(N) to itself, and that ||Al| ¢ 2y < ( Z Ai,m) ’.
(n,m)eN2
2) Let Ay be an operator defined by (Anz)(n) = 1yo,... yy(n)(Az)(n). Prove that
Jim Ay = All g2y = 0.
3) Deduce that the operator A is compact.

We now state the diagonalisation theorem for compact, self-adjoint operators on a Hilbert
space.

Theorem 4.4.2. Let A be a compact, self-adjoint operator on a separable Hilbert space H
with infinite dimension. There exists a sequence of real numbers (\;);jen, such that (|A\j])jen
is nonincreasing and converges to 0, such that:

e for any j such that \; is non-zero, \; is an eigenvalue of A, and E; def ker A — \;1d

is a subspace of ‘H with finite dimension; moreover, if \; and \j are distinct, their

corresponding eigenspaces are orthogonal;
o if B d:efSpan U Ej, then ker A = Et;
JEN
270

e we have [|A| s = rjneal\}]d)\j\.
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Before we prove this theorem, we recall and re-prove the diagonalisation theorem for self-
adjoint operators on Euclidean (or Hermitian) spaces with finite dimension.

Theorem 4.4.3. Let A be a self-adjoint operator on a Hilbert space with finite dimension N .
There exists a finite sequence (\j)1<j<n and an orthonormal basis (ej)i1<j<n such that, for
any j, e; Is an eigenvector corresponding to the eigenvalue \;.

Proof. Consider the quadratic (or Hermitian) form associated with A, that is

H — R
@a {:c —  (Az|z)

This is a continuous function on H. We denote Sy the unit sphere of H. As the space has
finite dimension, corollary 1.3.2 on page 24, a consequence of Heine’s theorem 1.3.3 on page 23,
yields that there exists a point z,; in Sy such that

def
(Azyr|zar)| = Mo = sup |(Az|z)] (4.8)

€Sy

We aim to show that x,; is an eigenvector of A, corresponding to the eigenvalue +Mj. This
proof is general, it does not depend on whether the dimension of the space is finite or not. Let
us state a lemma.

Lemma 4.4.1. Let H be a Hilbert space (with finite or infinite dimension). Let xy be a vector
in Sy such that

def
|(Azolao)| = Mo = sup |(Azlz)|
TESy

Then xq is an eigenvector of A, corresponding to the eigenvalue My or —Mj.

Proof. By switching A for —A if needed, we can assume that (Axg|zg) = Mp. Observe that,

for any non-zero vector y in H,
<A<y )’721 ><1M07

vyeH, Fly)

which implies that

Molly||* ~ (Ayly) > 0. (4.9)

We can observe that the point xq satisfies F/(xg) = 0, and is a minimum of the function F.
Therefore, the differential of F' at the point xg is equal to zero. Alternatively, we can prove (4.9)
directly, seeing that

VYA ER, VYheH, My|lzo+ Ah|* — (A(zo + Ah)|zo + Ah) >0
As F(xg) = 0, by expanding the above, we get
VA ER, YheH, 2ARe(Moxo — Axo|h) + A2 (Mo||h||*> — A(h|h)) > 0.
As the discriminant of a non-negative polynomial is non-positive, we get that
VheH, §R6(Mo:c0 — Amo‘h) =0

In the Hermitian setting, we need to use the above relation with ¢h instead of h to find that,
for any h in H, (MO:UO — Aa:o‘h) = 0, which ends the proof of the lemma. (|
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Back to the proof of theorem 4.4.3. We are now going to prove a very simple linear algebra
result, which also holds regardless of whether the dimension of the space is finite or not.

Lemma 4.4.2. Let A be a self-adjoint operator on a Hilbert space H. When two eigenvectors
of A are assoicated with distinct eigenvalues, they are orthogonal.

Proof. Let u and v be two eigenvalues corresponding to distinct eigenvalues A and ). We have
Au|v) = (Au|v) = (Av|u) = N (ulv).

This yields (A — X)(ulv) = 0, so the lemma is proved. O

Back to the proof of theorem 4.4.3. We define

EX Wker(A+ Myld) and H, ¥ (BF @ By = (BN 0 (B7)* (4.10)
Lemma 4.7 states, in particular, that
(A4 Myld)(H1) C (EF)*  and therefore A(H1) C Hy (4.11)

We reiterate the process on H1, and find either that there exist one or two non-zero eigenval-
ues =M, or that 0 is an eigenvalue. As the dimension of # is finite, the decreasing sequence
of subspaces H; is finite, and theorem 4.4.3 is proved. O

Proof of theorem 4.4.2. We follow the same lines as above, but some complications arise due
to the space having infinite dimension. Here are the three main tricky points to prove, ordered
by increasing difficulty:

e the fact that the eigenspaces corresponding to non-zero eigenvalues have finite dimension;
e the fact that the sequence of eigenvalues converges to 0;

e the existence of a point x); that attains the supremum Mj.

For the first point, we need to prove that the unit ball of the eigenspace Ej; is compact,
which, by theorem 2.3.1 on page 38, ensures that the dimension of F; is finite.

Let (2 )nen be a bounded sequence of Ej. As the operator A is compact, we can extract a
subsequence (z,(,))nen such that the sequence (A, () )nen converges. But, we have Az, =
AjTy(n), and A; is non-zero, hence the unit ball of E; is compact.

In order to prove the second point, let us consider an infinite sequence (\;);en of distinct
eigenvalues, and let (e;);jen be a sequence of vectors with norm 1, such that e; is an eigenvector
corresponding to the eigenvalue A;. The sequence (e;)jen is weakly convergent to 0 (the
proof is left as an exercise), and we can extract a strongly convergent subsequence from this.
As Aej = \je;, we have

lim |Aj|||e;]| = 0.
Tim [ e

As the norm of e; is equal to 1 for every j, it is the sequence (););en that converges to 0.

Now we need to construct the sequence ();)jen. The crucial element is the following
lemma.

Lemma 4.4.3. Let H be a separable Hilbert space with infinite dimension, and let A be a
compact, self-adjoint operator on ‘H. There exists a vector xp; on the unit sphere of ‘H such
that
def
((Azn|zn)| = Mo = S |(Az|z)|.
z||=1

Moreover, Axy = Moz .
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Proof. 1If My = 0, then by proposition 4.4.2, we have A = 0, and there is nothing to prove. So
now let My be positive. As (Az|x) is real, and switching A for —A if needed, we assume that

My = sup (Azx|z).
[lz]|=1

By definition, there exists a sequence (zy)nen of elements of the unit ball B such that

lim (Azy|z,) = My

n—oo

As the operator A is compact, there exist a subsequence, still denoted (z,)nen, and an ele-
ment y in H such that
lim Ax, =y.

n—oo
By using theorem 4.3.4, we can extract another subsequence and assume that there exists x
in H such that

limf z,, = =.
n—oo

We aim to prove that Az = y. As the operator A is self-adjoint, we have, for any z in H,

ILm (xn]|Az) = (x| Az) = (Az|2).
It is also clear that
lim (Az,|2) = (y|2).

n—oo

As a result, for any z in H, we have (y|z) = (Az|z), which implies that y = Axz. So, by
proposition 4.3.1,
lim (Az,|z,) = (Az|x).

n—o0

The supremum My is therefore attained at a point x which is, of course, non-zero, since My is
strictly positive. Moreover, if we had ||z| < 1, we would have

M
(Aw x) = =0 > My,
(E4IRRIES] [l

which contradicts the fact that My is the maximum value. So ||z|| = 1, which means that the
sequence (Zp)peN converges to = in norm. O

We can apply lemma 4.4.3 and work in the space

def L L 1
H, L (ker(A — Mp1d) + ker(A + My Id)) — ker(A — Mo Id)* N ker(A + MyId)*.

We prove that H; is invariant under A. It is a simple lemma.
Lemma 4.4.4. Let B be an element of L(H). Then (ker B)* is invariant under B*.
Proof. Let x € (ker B)* and y € ker B. We have
(y|B*z) = (By|z) = 0,
hence B*x is in the orthogonal space of ker B. The lemma is proved. O
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Back to the proof of theorem 4.4.2. If we apply the above lemma with B = A + My Id, we get
that
(A+ MyId)(ker(A + My 1d)) " C (ker(A + MyId))™,

because A is self-adjoint. This immediately implies that
A(ker(A + My1d)) ™ C (ker(A + Myld)) ™,

hence AH1 C Hi1. We now study the operator A restricted to the Hilbert space Hi. The
operator Ay, is is a compact, self-adjoint operator on Hy (exercise). Set

M, def sup (Az|z).
llxl=1
T€H1

By the preceding study, if M; # 0, this supremum is a maximum attained for at least one
vector with norm 1 in (ker(A — M Id) + ker(A + M; Id))*. Thus M; < My. This process is
reiterated as follows. Set
def 1
Hj = (EO + -+ Ej—l) and sup \(Au]u)\ = Mj+1.
=1
u||€u7|'|[j+1

If M;11 =0, proposition 4.4.2 implies that H,11 = ker A, and the procedure ends. If M, is
Jj+ prop J+ i+
positive, the procedure continues.

If the sequence (M;) ey is a sequence of positive real numbers, set

Bt =X,

JEN
This means that

Vi eN, sup |(Aulu)| < [N,

hence

which implies, using proposition 4.4.2, that Az = 0. The proof of theorem 4.4.2 is complete.
O
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Chapter 5

LP spaces

Introduction

This chapter is dedicated to the study of functions from X to K which are integrable with
respect to a positive measure u, defined on a o-algebra B of X, when elevated to a power p.
Two fundamental examples will be looked at closely.

First, we will study the case where X = N, the o-algebra B is the power set of N, and p
is the counting measure, i.e. the measure of a subset of N is the number of elements (a finite
number or infinity) the subset contains. Then the space of functions which are p-th power
integrable is the set ¢P(N), which we have already worked with in chapters 2 and 3.

The other important example is where X = R? or a subset of R?, endowed with the Borel
o-algebra and the Lebesgue measure.

The first section will recall, without proof, a certain number of fundamental results from
integration theory that we will constantly use in this chapter. They must imperatively be
remembered.

In the second section, we prove that the spaces of (equivalence classes of) p-th power
integrable functions are Banach spaces. The fact that such functions are defined modulo
negligible sets adds some difficulty compared to the ¢P(N) spaces studied in chapter 2 (see
theorem 2.1.1 on page 31 and its proof). Hélder’s inequality plays an important role in the
proof. In this section, we will also show a criterion for belonging to a space of p-th power
integrable functions based on an inequality on a collection of weighted means: this is the
important lemma 5.2.2. The notion that such a collection of weighted means is characteristic
to each function is at the heart of the notion of weak derivative that we will introduce in
chapter 6 and, more generally, of the concept of distributions (chapter 8).

The third section consists of the proof of the theorem stating that the space of continuous
functions with compact support is dense in the space of p-th power integrable functions,
when X is an open subset of R,

The fourth section is dedicated to defining the convolution of two functions defined on R?.
This is a massively used operation in analysis, and provides “explicit” approximations of p-th
power integrable functions using smooth functions (i.e. infinitely differentiable) with compact
support.

The fifth and final section in this chapter aims to identify the dual of the space of p-th power
integrable functions as the space of p’-th power integrable functions, where p’ is the Holder
conjugate of p. This has already been observed in chapter 3 (theorem 3.2.1 on page 54). We
will only show the case where p is in the interval [1, 2] in this chapter.
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5.1 Measure theory and definition of the L” spaces

In this section, we are going to define the LP spaces and recall the main, basic theorems of
measure theory. Let X be a set, endowed with a g-algebra B and a positive measure p on B.
As is standard, the measure is assumed to be o-finite, which means that X is the union of
countably many sets with finite measure.

Definition 5.1.1. Let p be in the interval [1, +oo[. We denote LP(X,du) the space of (equiv-
alence classes modulo equality almost everywhere of) measurable functions f such that

[ l@pdu < oc.
X

If p = oo, we denote LP(X,du) the space of (equivalence classes modulo equality almost
everywhere of) measurable functions such that

1f Iz Esup{n/ pfa / 1f (@) > A} > 0} = inf{ M / p{x / |f(x)| > M}} = 0.

Let us prove that the two quantities in the definition of || f||L~ are equal. First, we note
that for any pair (A, M) such that u{z / |f(z)| > M} =0 and p{z/ |f(x)| > A} > 0, we have
that A is strictly less than M. Hence,

sup{A/ ufe / 1f(2)| > A} > 0} <int{M / pfa / | f(x)| > M}.

Now, let M; be a real number strictly greater than sup{\/ u{z/ |f(z)| > A} > 0}. By
definition of the upper bound, we have p{z / |f(z)| > M} = 0. Thus,

nf{M / ple/ |f(2)] > M} < sup{A/ plz/ |f(z)] > A} > 0},
We now recall the fundamental theorems of measure theory.

Theorem 5.1.1 (monotone convergence, Beppo Levi). Let (f,)nen be a sequence of positive,
measurable functions on X. We assume that, for every x, the sequence (fn(z))nen is non-
decreasing. Let f be the function defined by

X — RTU{+oc}

Then, in the set RT U {400} with its usual topology, we have

im [ i = /fdu
X

n—o0

Lemma 5.1.1 (Fatou). Let (f,)nen be a sequence of measurable functions from X to [0, +00].
Then, we have

/ (liminf f,)du < hm 1nf/fnd,u
X

n—o0

The link between almost-everywhere dominated convergence and convergence in the sense
of the LP norm is described in the next two theorems.
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Theorem 5.1.2. Let p be a number greater than or equal to 1. Consider a sequence (fp)neN
of elements of LP, and f a function such that

mn[Qﬂx—n@wwmmzw.

n—oo

Then, there exists an extraction function 1 such that
Vaedu(z), lm fym(r) = f(z).

Theorem 5.1.3 (dominated convergence, Lebesgue). Let p be a real number greater than or
equal to 1, and let (f,)nen be a sequence of functions in LP(X,du). If, for almost every x
in X, we have

lim f,(z) = f(z),

n—o0

and if there exists a function g in LP(X,du) such that, for almost every x in X,

[fn(2)] < g(x),

then
feLP and nh_}ngo | fr — fllLr = 0.

Theorem 5.1.4 (differentiability of functions defined by Lebesgue integrals). Let (X, u) be
a measured space, ) be an open subset of R?, and f be a measurable function from € x X
to K. If, for almost every x in X, the function

z— f(z,2)
is differentiable on (), and if, for every x in 2, the functions
x+— f(z,x) and x+— Df(z,x)
are integrable on X, and, finally, if for every x in X and every z in €2, we have
IDf(z,)| < g() with g€ L'(X,dp),

then the function

s [ fn)du
X
is differentiable on (), and we have the formula
D [ fe)duta) = [ Di)duta).
X X

Theorem 5.1.5 (Fubini). Let (X1, u1) and (X2, u2) be two measured spaces, and let F' be a
positive, measurable function from X x X5 to [0, +00|. Then,

/ F(z1,m2)dpy (71) ® dug(w) = dpi(z1) [ F(x1,m2)dpa(z2)
X1 xXo X1 Xa

= / d/Lg(.%'Q) F(Q?l, l’Q)d,ul (3}1)
X2 Xl
By applying this theorem, one can solve the following exercise.
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Exercise 5.1.1. Let f be a measurable function on a measured space (X, pt). Show that

“+o00
/ |f(x)[Pdp(z) =p/ NP1 F] > A)dA.
X 0

Theorem 5.1.6 (Fubini-Tonelli). Let (X1, u1) and (X2, u2) be two measured spaces, and
let F' be a measurable function on X1 x Xo. The following two statements are equivalent:

i) the function F belongs to L*(X1 x Xo,duy ® dus);

i) for almost every point z1 in X1, the function F(z1,-) belongs to L'(Xa, dus),

/ F(x1,2z2)dps(x2) € Ll(Xl,d,ul),
X2

S ||}:‘||L1 (X1 ><X2,d,u,1®d,u2)-

and H/ F(x1,x9)dps(x2)
X2 LI(X1,d,LL1)

Identically, i) is equivalent to: for almost any point xo in Xo, the function F(-,z2) belongs
to Ll(Xl, duy),

/ F(x1,x2)dp (21) € LY (X2, dps),
X1

and H/X F(@1, @2)dpn (@1) S 21 (0 % X dpar dpiz) -
1

LY (Xga,du2)

Moreover, if i) is satisfied, we have the formula

/X2 (/Xl F(m,xz)dm(m))du(zz) = /X1 (/)(2 F(xl,xQ)dm(g;z))d#(xl)

= / F(x1,29)dp1 @ dus(z1,22).
X1><X2

5.2 The L? spaces are Banach spaces

The study of LP spaces requires the introduction of the Holder conjugate.

If pE]l,oo[,p'd:efp%l, if p=1, p’d:ef—i-oo, and if p:+oo,p’d:ef1.

1
The numbers p and p’ are called conjugate exponents, and, accepting the convention that — =
00

0, we have
1 1

p p
The first important new theorem of this chapter is the following.
Theorem 5.2.1. For any p in [1,00], (LP(X,du),|| - ||z») is a Banach space.

Proof. We start with the case where p is infinity. First of all, we note that if || f|| - = 0, there
exists a sequence (A, )neny Which converges to 0 such that, for any n, the set {z / [f(z)| > A\, } is
negligible. As the union of countably many negligible sets is also negligible, the set of points x
such that f(x) is non-zero is negligible. Thus f is equal to 0 as an element of L>°. The proof
of the homogeneity of the L norm is left as an exercise, and uses the fact that

o/ W@ >0y = {o/ @) > 57}
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Now, let us consider f and g two (equivalence classes of) functions in L™, and set two positive
numbers M and M, such that the measures of the sets {z / | f(z)| > My} and { / [g(x)| > My}
are equal to zero. Note that

{2/ 1f(@) +g(2)| > My + My} C {z/ [f(x)] > My} U{z/ |g(x)] > My},

so the space L is stable under addition. Moreover, as the infimum of a set is a lower bound
of the set, we have | f + g||lp~ < My + M,. As the infimum is the greatest lower bound, we
have ||f + gl < ||fllzee + ||g|| oo, thus we conclude that (L*°(X,dp), || - ||r~) is a normed
vector space.

In order to prove that (L, || - ||p~) is a Banach space, we are going to apply proposi-
tion 2.1.3 on page 29. Let us consider a Cauchy sequence (fy)nen in (L%, || - ||z ), and define
the set Eyy, 5, as follows:

def

B { € X/ 1) = finin(@)] > —= .

Here, the equivalence classes of the functions f,, and representatives of these classes are denoted
the same way. As the sequence ( fy,)nen is a Cauchy sequence, we can define a function ¢ from N
to N by

. 1
P(n) = mln{m >¢n—1)+1/ vm' >m,V¥p >0, | frnr — fm’+p||L°° < m}

By definition of the essential supremum, for any m > ¢(n), the measure of the set E, p,, is
zero. Thus, the set E defined as
def
ES |J Empn

(n,p)EN?
m>¢(n)

has zero measure. We can therefore choose representatives of the (classes of) functions f;,, that

are equal to zero on the negligible set E (these representatives are still denoted f,,). Thus,

1

Vn, Vm > ¢(n), Vp, Ve € X, |fm(z) — fitp(2)] < |

and the sequence (f,)nen is a Cauchy sequence in B(X,K). We can now use proposition 2.1.3
on page 29 to conclude that L*°(X,du) is complete.

Now, we study the case where p is finite. The first step is to prove that (LP(X,du), || ||z»)
is a normed vector space, where

1
def D
191 ([ 1@ pduta)) "
X
This is clear for p = 1. When p belongs to |1, oo, we first note that, since

[f(@) + g(x)[" < 28([f (2)]” + 9 (=)["),

LP(X,dp) is a vector space. Let us show that it is a normed space. This relies on Holder’s
inequality, which we state and prove.

Proposition 5.2.1 (Holder’s inequality). Let (X, u) be a measured space, f be a function
in LP(X,du) and g be a function in L (X, du). Then, the function fg is in L'(X,du), and
we have

/ |f(@)g(@)|dp(x) < | fllzellgll -
X
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Proof. First, note that if p = 1 or p = oo, there is nothing to prove. Moreover, we can
assume that ||f||z» = [|g||;,» = 1, and that the functions f and g are non-negative. Using the
convexity inequality (2.3) on page 29, we have

N < L fep + g
p o

g
—~
8
~——
Q
—~
8]
N—
Il
—~
~
~~
8
N—
bS]
N~—
S I
—~
Q
—~
8
S~—
bS]
~—
]

which proves Holder’s inequality. Indeed, we integrating the above, and we get

1 1 ,
/\fg\du < / \f\pdu+,/ 9| du
X pJx P Jx

11
< —+5=1
p P

This ends the proof of the proposition. U
Back to the proof of theorem 5.2.1. As f 4 g belongs to LP, Holder’s inequality implies that

/\f+g|pdu < /\f\!f+g\p1du+/ \g||f + gPdu
X X X

< (/X !flpdu);(/x |f—|—g|(p_1)p€1du);’
/ ) ([ 15+ 9 55
< </|f’pd,u /yg,pdﬂ ) /f+g| )2 1d#) =

This implies that ||f+g|le < || fllzr +||g]|zr, and therefore that LP(X, du) is a normed space.

Now we will show that these spaces are complete. The proof relies on the following lemma.

Lemma 5.2.1. If F is a normed space such that, for any sequence (xy,)nen of elements of E,
we have

Z |znllE < 00 = SN dffz x, Is convergent,
neN n=0

then E is a Banach space.

Proof. Recall proposition 1.3.2 on page 19, which states that a Cauchy sequence that has
a cluster point is convergent. Let (a,)nen be a Cauchy sequence in E: we will extract a
convergent subsequence, and this will yield the result. Define a map ¢ from N to N by ¢(0) =0
and

d(n+1) def hin {m > ¢(n)+1, 212113 lam — am+pll < (2—i—1n)2} .
Thus, for any integer n, we have
1
lagem+n) = agmll < G775

Set xp, def Ag(nt1) — Gh(n)- We have

> ]l < Zm < 0.

neN
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N
So, by hypothesis, the sequence Z Tn = ag(N)—ap is convergent. Proposition 1.3.2 on page 19
n=0

states that any Cauchy sequence that has a cluster point is convergent, so the lemma is proved.

O

Back to the proof of theorem 5.2.1. Let (fy)nen be a sequence of elements of LP such that
Y lfaller < oo

neN

Define the functions

N
= Z fn(z) and S+ Z | fr(x
n=0

For any integer N, we have

1S3 11ze < >~ Il fallze,

neN

VneN, /S+ VPdpu(x (annum).

neN

which means that

So the sequence (S¥(z))nen is non-decreasing. The monotone convergence theorem 5.1.1
yields that

[ st@ran) < (S lfalw)” with $%@) =X Ifula)

neN neN

The function S* takes finite values almost everywhere, and belongs to LP. Thus, for almost
any x, the series with general term f,(z) converges in C. We denote S its sum; S is an element

of P and we have
[ [5@ =3 fu@)[ auta).

ls-S 5, -

We know that

N
[S(@) = > fulw)| < 25" (@),
n=0

As ST is in LP?, the dominated convergence theorem yields that

N
. p
Jim s =32,

LP::
The theorem is proved. O

Corollary 5.2.1. Let (fn)nen be a sequence that converges to f in LY(X,du). Then there
exists an extraction function ¢ such that

Va.e.x € X, nlg]go fom)(T) = f(z).
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We are now going to make a few remarks on the Holder inequality. We begin with the
following corollary.

Corollary 5.2.2. Let p and q be two real numbers strictly greater than 1, such that

Then the mapping

is bilinear and continuous if

1 1 1

r P q

Proof. 1t suffices to apply Holder’s inequality with s = r/p. This yields

/X F@)g(@)de < 1150l

which means that
I follr < I fllzellgllzas

and the corollary is proved. O
Corollary 5.2.3. If X has finite measure, then LP(X,du) C LY(X,du) if p > q.

Proof. As the function 1 is clearly in the space L (X, du) N LY (X, du), it belongs to LP(X, du)
for any p. We even have

3=

vp e [1,00], [1frr = p(X)?.

Corollary 5.2.2 implies that
1 11
I fllee < u(X)s || fllzr  with gzg_,7

so the corollary is proved. O

We stress again that Holder’s inequality is fundamental. It is also optimal in the following
sense.

Lemma 5.2.2. Let (X, ) be a measured space. Let f be a measurable function and p be an
element of [1,00]. Assume that

sup / F@)lg(@)du(z) < +oo. (5.1)
lgll <1
g>0
Then f belongs to LP, and
I/l = sup / F(@)g(x)dp(z)|.
lgll, <11/ x
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Proof. We begin with the case p = 1. By choosing the constant function equal to 1 for g, we
have g bounded with an L norm equal to 1, and, using inequality (5.1), we get that

[ 1f@gint) < .
Now, consider g the function defined by

 Fw)
9) = 1)

The function g is bounded and its norm is equal to 1. Moreover,

[ s@o@inte) = [ 5@ duta

The lemma is proved in this case.
Now, let p be a real number strictly greater than 1, and consider an increasing sequence
of sets with finite measure (K, )nen, such that the union of these sets is equal to X. Set

i ()P~
In 2
£ 112

It is clear that the function f, is non-negative, and belongs to L' N L, so it belongs to L9
for any ¢, and we have

if f(z)#0 and O otherwise.

Jo (@) = 1, aqf1<mlfl and  gn(z) =

/
lgnlly, =

+ plpld
anu /f p) =

By definition of functions f,, and g, we have

/ @) Lk rengn(@)dp(z) = / £ (2)gn (@) du(z)
X X

= ([ #ara) ) 1508

p,L
= 10"
= £l

/ fJ(x)pdu(ch(lg'?url)q [ @latint))

g>0

Therefore,

The monotone convergence theorem applied to the non-decreasing sequence (( fir )p) im-

mediately yields that

neN

£l < sup_ [ f@)g(a)duta).
lgll, r<1/x
920

Thus, if hypothesis (5.1) holds, the function f belongs to LP. Now, we assume that f belongs
to LP. Then, if we set B
f@)| f()[P~!

@) A1
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we have

M@wwﬁgﬂﬁmwﬂﬂwm—lamWm—AﬂWMMM)

p

So the lemma is proved for every p in [1,00[. In the case where p = 400, consider a positive

number A such that u(|f| > A) is positive. Set Ey def (If] > A), and let go be a non-negative

function in L', with support in E), and with integral equal to 1. Then, if

G
we get
[ @g@dnte) = [ 15@la@dnt) =3 [ goduta) = 7.
X X X
The lemma is proved. U

5.3 Density in L? spaces

Throughout this chapter, Q will denote an open set of R%, endowed with the usual Euclidean
metric, and p will be a non-negative measure such that the measure of every compact set is
finite. Let us present the main result of this section.

We begin with a digression on the topology of open sets of RY.

Theorem 5.3.1 (characterisation of compact subsets of an open set of R%). Let A be a closed
subset of an open set 2 of R%, such that there exists a positive number r such that A C [—r,7]%.
Then

A is compact <= a%relzfél d(z,R*\ Q) > 0.

Proof. We start by assuming that A is compact. As Q is open, then, for any z in A, d(x, R%\ Q)
is strictly positive. By exercice 1.1.4 on page 13, we know that the function that maps a point
to its distance to a given set is continuous. Corollary 1.3.2 states that its infimum is attained,
so it is strictly positive.

Conversely, let A be a closed set in €2 such that there exists a positive number r such
that A C [—r,7]%, and that satisfies

def .
= inf X\ Q .
) inf d(z, X\ Q) >0

In order to prove that A is compact, it suffices to prove that A is closed in R%. As A is closed
in €, this means that there exists a set B that is closed in R? such that A = BN Q. Let /2
be the closed set defined by

Qs o/ d(z, X\ Q) 2 /2}.
We have the following relations between sets:
A:Aﬂﬂé/Q :BﬂﬂﬁQé/Q :BQQ(;/Q

The set B M (255 is closed in R? as the intersection of two closed sets, so A is closed in R
The theorem is proved. (]
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The following result will also be useful to us.

Theorem 5.3.2. Let Q be an open set of R?. There exists a sequence of compact sub-
sets (Kyp)nen such that

U K,=Q, K, C Kp4+1 and VK compact subset of @, In/ K C K,, .
neN

Proof. Set

K, ¥ B(0,n) 0 {meRd/ d(z, R\ Q) > i}

As Q is open, for each z in Q, d(z,R?\ Q) is positive. So, there exists an integer n such
that z € K,,. Moreover,

o

]_ o
K, C B(0,n+1)N {xe]Rd/ d(z,R*\ Q) > n} C Kpy1.

o
Hence the first point of the theorem. To prove the second one, we notice that U Knpt1 =9,
neN

(o]
since K,, C Kp+1. This proves the theorem. O

Definition 5.3.1. Let  be an open set of R%. We call an exhaustion of 0 by compact sets
a sequence of compact subsets of ) which satisfy the results of theorem 5.3.2 above.

We now return to the LP spaces.

Theorem 5.3.3. Let p be a number in [1,+o0[. The space C.(2), containing all continuous
functions with compact support in €, is dense in LP (2, du).

The proof of this theorem is long and intricate. We show it here for the reader’s culture.
To prove this theorem, we will first show two density results which hold for functions defined on a
generic measured space. We start with the following proposition.

Proposition 5.3.1. If p belongs to [1, 00|, then L'(X,du) N L™= (X, du) is dense in LP(X, du).

Proof. Consider a non-decreasing sequence (K, )nen of sets with finite measure, the union of which is
equal to X. Set

fn =1k, 11<n) -

It is clear that, for almost every x, we have
lim f,(x) = f(z).
Moreover, we have the inequality
|fn(@) = f(2)[P < 27| f(2)[".

The dominated convergence theorem then ensures that the result holds. (I

Now, we prove a second density result.

Proposition 5.3.2. If p belongs to [1, o0, then the set of integrable simple functions (i.e. which only
take a finite number of non-zero values on sets with finite measure) is dense in LP (X, du).
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Proof. We will use the following fact, which the reader can prove as an exercise: if (Y, d) is a metric
space, if A is a dense subset of Y, and if every element of A is the limit of a sequence of elements
of B, then B is also dense in Y. Courtesy of this, it suffices to show that every function in L(X,du)N
L (X, du) is the limit of a sequence of integrable simple functions. To do so, for a given function f
in LY(X,du) N L (X, du), consider the sequence of functions (f,,)nen defined by

def = J — j+1

e

n = 1. 05 1. 4 stipy. 2

IS D T (D T 2 T (R (5:2)
Jj= j=—o0

It is obvious that

Vo € X, |fa(@) — fl@)l < 7 and - fu(2)] < |f(2)]

The dominated convergence theorem ensures that f, — f in LP, which means that there exists ng
such that, for n greater than ng,

€
2

Moreover, as the function f is essentially bounded, the sums that appear in (5.2) are finite, since there
exists a real number A that satisfies

2= (D) -

Hence each function f, only takes a finite number of values. Also, as the function f is integrable, the

. 1
sets f1 J , J+ have finite measure, which ends the proof of the proposition. (I
n+1 n+1

[ = fllLe < (5.3)

Proof of theorem 5.3.3. Let f be a function in LP(Q2). We must prove that, for every positive e, there
exists a continuous function g with compact support such that

If = gllr <e. (5.4)

By proposition 5.3.2, there exists an integrable simple function ]?such that

N
~ E . ~
If = Fllew <5 with f= > ajla,, (5.5)

j=1

where the a; are real numbers, and the A; are Borel sets with finite measure. We will accept the
following result at first.

Lemma 5.3.1. For any p in [1,00[, for any Borel set A with finite measure, and for any positive
number €, there exists a continuous function h with compact support such that

|h—1a|lrr <e.

This allows us to state that, for each j in {1,---, N}, there exists a continuous function g; with

compact support in €2 such that
€
1a. — g < — .

N
Now define the function g as follows: g def Z ajg;. We have
j=1

M=

1f —gllr» lol [[1a; — gjllee

1

<

[\D\WT

Theorem 5.3.3 is therefore proved, providing we prove lemma 5.3.1. [l
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Proof of lemma 5.3.1. Let (K, )nen be an exhaustion of Q by compact sets (see theorem 5.3.2 and
definition 5.3.1 on page 91). As A has finite measure, the characteristic function of A belongs to LP
for every p. Moreover, for every z in {2, we have

lim 1x,na(x) =1a(x) and 0<1g na(z)<1a(z).

n—oo

So, for every positive e, there exists ng such that

9
[1x,na = Lallzr < 5 (5.6)

We now need a fundamental result from measure theory, called the regularity theorem for the Borel
measure on R?. We will use it without proof for now.

Theorem 5.3.4. For every set A belonging to the complete Borel o-algebra B with finite measure,
Ve >0, 3 a compact set K, Janopenset U/ K CACU and puU\K)<e. (5.7)

End of the proof of lemma 5.3.1. Thus there exists an open set U and a compact set K such that

KCK,NACU and u(U\K)<(§)p

We can assume that the closure of U is compact, for example by replacing the open set U by U N K, +
B(0,¢), which will still be denoted U. Set

def d(ﬂj, UC)

Me) = et de K

The function h is continuous, takes its values in [0, 1], and satisfies
hxw =0 and hj = 1.
We easily deduce that
|h —14] <1k and therefore |h — 147 < 1p\f .

Hence,
€
||h— ].AHLp < 5

The lemma is now proved, because the function g is zero outside of the closure of U, which we know
to be compact. O

Proof of theorem 5.3.4. We present this proof for completeness and for the reader’s culture. The first
set consists of reducing the problem to the case where the open set € has finite measure. To do so,
let us assume the theorem proved in that setting. Consider a subset A of the complete o-algebra of €2
with finite measure. We then define the sequences

Q, Y anBo.p), 4, anB0,p), B A, and B,=4,\A4,, for p>1.
The sets B, satisfy

P p
Use=U 4
p’'=0 p’=0

As the sets B), are pairwise distinct, we have
> u(By) = u(A) < oo. (5.8)
p=0
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Assertion (5.7) implies that
Ve >0, Vp, 3K, . compact, 3U,. openin Q/ K,. C A, CU,. and pu(U,c\ Kp.) <2 P72

Assertion (5.8), meanwhile, implies that the series with general term (u(Kj c))pen is convergent. So
there exists an integer p. such that

o0

€
> nBy) <3 (5.9)
p=ps+1
We then set .
UgdzerU)E and Kgd:efLJK)E
p=0 p=0
We have

[e%e] Pe
A=|JB,cU. and K.C|JB,CA
p=0 p=0

Moreover, U, is an open subset of {) as it is a union of open sets, and K. is compact as it is a finite
union of compact sets. Finally, we have

00 Pe .
vAK = JUen(UEK)
p=0 p=0
[e'e} Pe
c JUen()EL.
p=0 p=0
c (UumenNK)u U K
p=0 p=0 p=pe+1

Since
(oo} oo oo
U UP,E n ﬂ K;,s - U(Upvf \ K ,8)7
p=0 p=0 p=0

we deduce that

UK (U \K)u U K
p=0 p=p-+1
As K, . is a subset of B,, inequality (5.12) ensures that
UKD < Y Uy \Epe) + > n(Kye)

p=0 p=pe+1

< —p—2 E

< 252 + )
p=0

< e

We must now prove the theorem in the case where €2 has finite measure. Let A be the set of subsets

of © which satisfy (5.7). We will prove that all open subsets belong to A, then that A is a o-algebra,
which is enough to yield the result.

If A =U is open, then the (non-decreasing) sequence of compact sets (K, )nen defined by

Kx ® {0 U/ Jull <n and dz,U°) > 277

satisfies
Ve eU, li_)m 1k, (x) =1y (x).
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The monotone convergence theorem 5.1.1 implies that

lim ,U/(U \ K,) =0,

n—o0

which ensures that U is an element of A. Now, let us consider an element A in A, ¢ a positive
number, U an open set, and K a compact set such that

U\ K) < =

If C is a subset of B, we have the relation B\ C = BN C*¢, and therefore C°\ B¢ = B\ C. Hence,

USC A°C K¢ and p(K°\U®) =pU\K)<

N ™

However, U¢ may not be compact. To circumvent this difficulty, we introduce an exhaustion of U¢ by
compact sets, that is a sequence K, satisfying theorem 5.3.2 on page 91. It is clear that

Vr e Q, 1Kc\(Uchn)(m) = ]_Kc(l') — 1yenk,, (.’13) = 1Kc(CB) - lUc(a:)

The monotone convergence theorem yields that A belongs to A.

It remains to prove that, if (A, )nren is a sequence of elements of A, then the union of all the A,
belongs to A. We start by proving the result for the union of a finite number of these. Let A; and A,
be two elements of 4. For any positive real number &, there exist two open sets U; and Us, and two
compact sets K7 and K, such that

KjCAjCUj and [L(Uj\Kj)<

DN ™

KUKy CA UAy C U UU,. (510)
The set Uy U U, is open, and the set K7 U K> is compact. Moreover, we have

(U1 UU)\ (K1 UKy) = (U UlU2)N (K UKy
= (1N (K1 UK2)) U (UzN (K UK3)°)
(Ul N ch) @] (U2 N Kg)

N

Hence

p((ULUU2) \ (K1 U K2)) U\ K1) + p(U2 \ K2)

<
< e

Using (5.8), we see that Uy U U belongs to A. Also, as A is stable under taking the complements,
if A; and As belong to A, then
A1 NAs = (AT U A5 € A

So A is stable under finite union.
Now, let (A, )nen be a sequence of elements of A. We follow a similar technique to the one we
used to reduce the proof to the case where 2 has finite measure. We define

n k—1
B, © 1 4\ A
k=0 7=0

The sets B,, are pairwise distinct, their union is equal to that of the A,,, and we have

3 u(B) = H(U An) < 0.

neN neN
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As each set B, belongs to A, there exists a sequence of open sets (U, )ncn and a sequence of compact
sets (K, )nen such that

VneN, K,.CB, CU,. and puU,:\Kpe) < g2 "2, (5.11)
There exists an integer n. such that
> €
> wBy) <5 (5.12)
n=ne+1

We then set

Ne
0. Ve and KL J K,
neN n=0

The set U, is open, as it is the union of a sequence of open sets, and K. is compact as it is the union
of a finite sequence of compact sets. It is then obvious that

K.c |J A, cU.. (5.13)
neN

- (Umn) =5
n=0 n=0

Moreover,

Thus, we can deduce that

sk = (U)o (f )
neN n=0
C ((U Um (ﬂ K;E)) U U K-
neN neN n=n<+1
C ( U Une KL )u U Kne
neN n=nc+1
C (U Unys\Km) U | Kne
neN n=nc+1
By (5.11) and (5.12), we deduce that
(oo}
PUNKD) < D pUne \Kne)+ Y p(Kne)
neN n=nc+1
oo
< ey 27" Y
neN n=ncs+1
< e
Thus, the theorem is proved. O

From the above theorem, which can be admitted, we deduce the following fundamental result.
Corollary 5.3.1. Let p be a real number in the interval [1,00[. The space LP(2) is separable.

Proof. Let (K, )nen be an exhaustion by compact sets of Q (see definition 5.3.1 on page 91). We
only need to find a countable subset A of LP(Q) such that, for any continuous function with compact
support in K,,, we have

Ve, g€ A/ |f = gllLek,) <& (5.14)
Let (¢,)nen be a sequence of continuous functions which take the value 1 near K, and which are sup-

ported in K, 1. The set A will be chosen as the set of functions written as v,, P, with P a polynomial
function with d variables and rational coefficients. Proving that this set satisfies property (5.14) is a
great exercise for the reader, which we highly recommend. ([
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Exercise 5.3.1. Set € R? and 7, the mapping defined by
. { Lr — LP
Lo )y fla—y).
Prove that the map 7, is an isometry from LP to LP, and, if p is a real number, then

VfeLr, lim|rf— flle =0 where f(y) el vy,

The following exercise shows how one can linearly “smooth” functions in LP.

Exercise 5.3.2. 1) Let K be a compact subset of R?. Prove that, for any positive ¢, there exists a
finite sequence (A ¢ )ren of distinct sets with compact closure and diameter less than e, such that

U Ap. = K.
k=1

We consider the map P,, defined by
L' — L™
P, def 1
fo— PN (@) ),

A.
j:1 ,LL( -7771«1l»1 J

1
T
2) Prove that P, is a continuous linear map from L'(K) to L*°(K).
3) Prove that, for any p, we have ||Py,||z(1r;re) < 1.

4) Prove that, if f belongs to LP and g belongs to L*', then

/K £(2) Pug (@) dp() = /K Py f(@)g(x)du(x)

5) Prove that
VfeLP, lim |Pof — flloe = 0.
n—oQ

5.4 Convolution and smoothing
In this section, we work in the whole space R%. The convolution operation is a critical one in
the study of functions on R¢.

Theorem 5.4.1. Let f and g be two functions in L'(R%). Then, for almost every x in R?,
the function
y— f(z—y)g(y)

is integrable, and the function F' defined by

Fa) € [ T =)y

belongs to L. It is called the convolution of f and g, and is denoted f  g. The thus defined
* operation is a continuous bilinear map from L' x L' to L'. The following properties hold:

£+l < Wlslol and [ (Fxg)e)da= ([ s@)ie)([ aaio).

d

Proof. As the functions f and g are assumed to be in L', we have

|f(z =) x [g(y)| € L'(R? x RY) and /Rd y |f(z —y)| x lg()|dzdy = || £ 11119l 11

The conclusions of Fubini’s theorem 5.1.5 immediately yield the first part of the theorem. The
second part is a consequence of the Fubini-Tonelli theorem. O
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We can also define the convolution of a function in LP and a function in L?'.

Theorem 5.4.2. Let f be a function in LP, and g be a function in L. The formula
def
(Fep)@® [ fa=nawiy

defines a continuous bilinear map from LP x L' to L.

Proof. By Hélder’s inequality, for almost every z in R%, the map

yr— f(z—y)g(y)

is integrable, and

g flx—y)gw)dy| < |fllzellgll -

The theorem is proved. (]

Both of the above theorems extend to allow one to define the convolution of any two
functions, providing these are in the appropriate LP spaces. More precisely, the following
holds.

Theorem 5.4.3 (Young’s inequality). Let (p,q,r) be a triple of real numbers such that
1 1 1
r P g

Consider a couple of functions (f,g) in LP x L1. Then, the formula

def
(Feo)e) ™ [ 1= natuay
defines a function in L", and we have

1f % gllr < 1 fllzellgllza-

Proof. This is an application of lemma 5.2.2. First, we assume that f and g are non-negative.
Let ¢ be a positive function in L. We are going to bound

I(f,9.¢) % /Rded f(x—y)g(y)p(z)dzdy .

Let us assume that the inequality

1(f,9,9) < [Ifllzeligllzallell L (5.16)

is proved. This means that
(@,y) — flz —y)g(y)e(z)

is in L'(R? x RY). Fubini’s theorem 5.1.5 states that, for almost every ,

yr— flz—y)g(y)
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is in L'(R%,dy). Thus, f g is a function defined for almost every z in R¢. Moreover, Fubini’s
theorem ensures that

frg(x)p(z)dr = /Rd Rdf x —y)g(y)dyp(r)dr
I(f,9,¢)-

Rd

IN

Inequality (5.16) and lemma 5.2.2 then imply that f x ¢ is in L", and that

1f*gllir < \[fllzrllgllze-

If f and g do not have a specific sign (or are complex-valued), simply apply the above to |f]

and |g|, and note that
)/ flz— y)g(y)dy‘ S/ |f(z —y)llg(y)|dy.
Rd Rd

Now we prove inequality (5.16). Without loss of generality, we can assume that || f||z» =
llgllLe = 1. Let @ and S be two numbers in the interval |0, 1[. We write that

If9.0)= [ fo =)' 9w Pela) x fo - )g(w) dody.
Rd xR
We apply Holder’s inequality with the measure

dp(z,y) = f(x —y)*g(y) dady

and the pair (r,7’). As a result, we have

1 _1
I(f,g,0) < IW(f 9,07 I (f,g,0) 7
with 7@ (f,g gp) d:ef / |f(x_y)|(1—a)r+a|g(y)|(1—5)r+,3dxdy
R4 xR4
def " .
and 10(fg00) [ o) fa—9)g() dndy.
R4 x R4

We start by bounding I ( f+9,¢). Fubini’s theorem for non-negative functions and the in-
variance of the Lebesgue measure under translations mean that

I0(f,9,¢) = (/Rd f(x)(l—a>’“+adx> (/Rdg(y)(l—ﬁ>r+ﬂdy)

It is then natural to choose « such that (1 — a)r + « = p and 8 such that (1 — 8)r + 5 = ¢,
which yields

r—op r—gq
p— d p— .
@ r—1 and  § r—1

As [|fllee = |lglle = 1, we get that I(D(f,g,0) = 1. Now we bound I®)(f,g). To do so,
observe that, by the deﬁmtlons of o and 3,

SN
P g
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Holder’s inequality then implies that

SR
Q[

/Rdf(x—y)”!g(y)!ﬁdy < (Rdf(w—y)”gdy)

</Rdg(y)ﬁxgdy)

< 1£18llglZe
< 1.
Hence,
I<2)(f79790) S ”SDHLT/'
Inequality (5.16), and therefore theorem 5.4.3, are proved. O

Theorem 5.4.4. Let f and g be two functions in LP and L9 respectively, such that

1
=+

1
->1.
p q

Then
Supp (f*g) C Adh (Supp f + Supp g).

Proof. Let x be a point in R%, and p be a positive number such that
B(z,p) N (Supp f+ Supp g) = 0.

For any bounded function ¢ which is zero outside B(z, p), we have

/ o(0)f (@ — y)g(y)dzdy = / oz + ) f(2)g(y)dzdy
RIx R4 R4 x R4
= 0.

The theorem is then proved by applying lemma 5.2.2 on X = B(z, p). U

Convolution is a crucial operation, because it is used to give an explicit means to smooth
and approximate functions in LP.

Theorem 5.4.5. Let ¢ be a function in L'(R?) with integral equal to 1, and let p be a real
number greater or equal to 1. Set

Then, for every function f in LP,
lim o %/ — fllzs = 0.
e—0

Proof. Let f be a function in LP, and 1 be a positive real number. There exist two continuous
functions g and v with compact support such that

n
8l ll 1

_n
8||gl[Lr +1

If = gllzr < and |l —9[[pr <
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As the integral of the function ¢, and therefore also that of ¢., is equal to 1, we can write that
eoxf=1 = perf=([ eorin)s

= perlf=9) = ([ ete) (- 0)
=g = ([ (e = v0)@)de)g
+ e xg - (Adws(m)dx>g-

Seeing the choice of the function g we made, we have

loox (=l < § e | ([ o) r-a) <2
R4 Lr
Also, we chose 1 so that
Ui Ul
e = v xalr <7 and | ([ (oo - v@az)e| <2
R4 Lp
Ultimately, we get
lowe £ = flun < [veeg = ( [ vearaz)s
R4 Lr
But, by the definition of convolution, we gave, by a change of variables,
era)@) ~ ([ veite)gte) = | w(eate - 2) - o).

We deduce immediately that

’wa*g / Vele)dr )g

/|¢ N g(z —e2) — g(z)|d=.

As the function g is uniformly continuous, for any 7, there exists a positive « such that

n
S
2|[4p[| 1| Supp g + B(0,eR)|» + 1

ly—y | <a=|g(y) —g(y)| <

Set

R sup  |z|.

zESupp Y

Then we have
n

2| Supp g + B(0, ER)‘%

o
E<R™ |[Yex g — gllre <

Hence, we get
e x f = fllze <.

Thus, the theorem is proved. O
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Important remark. As the reader will prove in the next exercise, this result does not hold
when p = oco.

Exercise 5.4.1. Consider for f the Heaviside function H (the characteristic function of the set
of non-negative real numbers), and for ¢ any even continuous function with compact support
and integral equal to 1. Prove that ||ps x f — f|lpe~ > 1/2.

As we will see, the previous theorem is extremely important when it comes to smoothing
functions. Indeed, theorem 5.1.4 on page 83 ensures that if ¢ is smooth with compact support,
then the function ¢, x f is also smooth with compact support. Thus, every function in LP
can be approximated by a compactly supported smooth function. First, the existence of such
functions must be assured.

Proposition 5.4.1. Let f be the function from R to R defined by
1
f(z)=e=E0 if x€][0,1] and f(z)=0 otherwise.
This function is smooth with compact support.

Proof. 1t suffices to notice that

Py(x) =D

(k) - Sk
[H(x) = 2R I(1 — x)kﬂe ’

where Py is a polynomial function with degree ;. We let the reader fill in the details.

Remark. The functions ¢, are known as mollifiers, or approximations to the identity.

Corollary 5.4.1. Let Q be an open set of R?. We denote D(Q) the set of smooth functions
with compact support in Q. The space D(2) is not equal to {0}.

Proof. Consider the function ¢(z) = f(|z|), where f is given by proposition 5.4.1 above.
Simply apply a homothety-translation to this function to fit its support in 2. O

Corollary 5.4.2. For every real number p > 1, the space D(R?) is dense in LP(R%).

Proof. By corollary 5.4.1, there exists a function ¢ that is smooth with compact support that
has its integral equal to 1. Consider the family (¢.).>0 defined by

pel@) =7 ()

3

For any function f in LP, we can find a continuous function g with compact support as close
to f as we like in LP. Set

Je = Pexg.

By proposition 5.4.4, the function g. has compact support. Also, as ¢, is smooth, so is g., by
theorem 5.1.4. The corollary is proved. (]

Corollary 5.4.3. Let Q be an open set of R%, and let p be a number in the interval [1, oo|.
The space D(Q) is dense in LP(€2).
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Proof. Let (K,)nen be an exhaustion of £ by compact sets (recall definition 5.3.1 on page 91).
For f in LP, set f, def 1k, f. By theorem 5.1.3, we have

1o = fllLe@) =0

lim
n—oo

Now set fy ¢ def Ye * fn. This function is smooth, and its support is the compact set K, +
By(0,¢), which is the set of points that are at a distance at most e from K,. By proposi-
tion 5.3.1 on page 90, for € < &, the compact set K, + B¢(0,¢) is a subset of €2, hence the
corollary. U

Corollary 5.4.4. Let K be a compact subset of ), an open set in R®. There exists a function 1
in D(Q2) such that ¥ = 1 on a neighbourhood of K.

Proof. Let § be a positive number such that, if

K ¥ e Q) dx, K) < 2,

then Kos is a subset of © (such a number exists by theorem 5.3.1 on page 90). We consider a
sequence of mollifiers (¢¢). and set

def

0u(0) g1 0) = [ pula =iy,
5
There exists a constant C such that
x & Ks+ B(0,Cec) = g x 1k, (z) =0.

So, if Ce < 9, then 9. € D(Q), as Ko5 C Q. Finally, if x is in K5_¢. (which is non-empty
since 0 > C¢), then, for any y € B(x,Ce), y belongs to Ks. Thus,

porlis) = [ o)y
Ks
= / Pe(x —y)dy
Rd
= 1
The corollary is proved. O

5.5 Duality between L? and L¥

The main result of this section is the following theorem, which explains how continuous linear
functionals on LP spaces, when p is real, can be represented.

Theorem 5.5.1. Let p be a real number (strictly) greater than 1, and let B be the bilinear
form defined by
' xI» — K

BY wn — / £(@)g(x)dp(z).
X

Then the bilinear form B identifies the dual of LP(X, dp) with L (X, dp).
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Before proving this theorem, we will show an important consequence of it, and make a few
comments about the result.

Corollary 5.5.1. Let p be a number in [1,00[. Consider a bounded sequence (g, )nen in .
There exists an extraction function ¢ and a function g in LP" such that

vier lim [ gun@@in@) = [ a@)f)duta). (5.17)

Proof. We apply theorem 3.3.4 on page 60 to the sequence (L, )nen of linear functionals on LP

defined by
def

(Lo, 1) % /X o () f () dp(3).

This yields the existence of an extraction function ¢ and a linear form L such that
vfe 17, Jim [ gum(@)f@du(r) = (L.5).
n—oo X
Theorem 5.5.1 above then ensures the existence of a function ¢ in L¥ such that

vielr, lim [ g(x)f(x)du(r) = (L, [f).

n—oo

The corollary is proved. O

Let us consider the case where X is an open set in R?, and p is the Lebesgue measure.
Note that, as p is finite, the space C.(€2) is dense in LP(§2). We let the reader establish, as an
exercise, that assertion (5.17) is equivalent to the following:

Vip € Ce(Q), lim | gy (2)p(z)dp(z) = / g9(x)p(x)dp(x). (5.18)

We are going to observe that this property is false when p’ is equal to 1, in other words when p

is infinity. Indeed, let x be a function in D(R?) with integral equal to 1. As we showed when

proving theorem 5.4.5, if (€,,)nen is a sequence of positive numbers converging to 0, we have
) 1

Vo € Ce(92), lim *X(

n—oo Rd €7dl

x

) pla)dz = (0).

En

But the linear functional dp defined on C.(2) by (do, ¢) = ¢(0) is the Dirac measure at 0. No
function g in L' can represent this via the bilinear form B because, if such was the case,

/ 9(2)p(x)dz = p(0)
Q

implies that g is zero except at x = 0, and therefore g is zero almost everywhere.

Proof of theorem 5.5.1 when p belongs to [1,2]. The theorem was proved in the case p = 2
in chapter 4 on Hilbert spaces. The set X is assumed to be the union of countably many
subsets K, each with finite measure. Without loss of generality, we can assume that the
sequence (K, )nen is non-decreasing, in the sense that K, C K, 11. Let ® be a linear functional
on LP(X,du), and let K be any subset of X with finite measure. We denote ® i the restriction
of ® to K, that is the linear form defined by

(@, f) E (@, 1,0 ).
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We are now going to work in the space LP(K,du). Let ® be a linear form on LP(K,dpu).
Assuming for now that there exists a unique function g on K such that

v e LXK, dp), (®, ) = Blox, f) = /K 05 (2) () da(z), (5.19)

and such that
gl = (1K l(zry, (5.20)
we consider the non-decreasing sequence (K, )nen of subsets of X with finite measure such that
the union of the K, is the whole space X. Then there exists a sequence of functions (gn)nen
satisfying
Vf € LP(Kn,dp), (K, f) = Blgn, f)-
By lemma 5.2.2, we know that

gn € L7 and that ||gnl = 1Pk, (Ley < [1®ll(Lry-
Moreover, the uniqueness of the function g, satisfying (5.19) and (5.20) ensures that, if m > n,

1Kngm = Gn,

because the function 1k, g, also satisfies relations (5.19) and (5.20) for the linear form P, .
The sequence (|gn|[”')nen is therefore an non-decreasing sequence of functions such that

sup [ 1ga(a)ldi(a) < @1,
n JQ
The monotone convergence theorem ensures that the function
g(z) = lim g,(x) € L¥ and that |[g],, < ||<I>H(Lp)/.
n—oo

Lemma 5.2.2 then ensures that ||g||;, = [|®[[(zr). Moreover, for any function f in L? and for
any integer n, we have

(@, 15, f) = /X 9(2) 1, f(2)dp(z).

The dominated convergence theorem then finishes the proof off. But we are yet to prove
relations (5.19) and (5.20). By Holder’s inequality, we can say that

e = ([ |f<x>|f’du<x>)’l’
< ( /K |f<x>|p5du<x>)gxi’u(K)i“‘?)

< |If | pepu(K)P 2.

Thus, the linear form ® appears as a continuous linear form on the space L?, so there exists
a function ¢ in L? such that

VeI @) = [ J@o)dne)
We deduce that, for any function f in L?, we have

/K |f(@)g(@)|dp(z) < 12| Ley |f]lzr-

But, by corollary 5.3.1, the space L> N L? is dense in LP. As p is between 1 and 2 here, and
since K is compact, L? is dense in LP. By lemma 5.2.2, we deduce that g belongs to L,
and ||g[| . = [|®|l(zpy - Thus, (5.19) and (5.20) are proved.
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Proof of theorem 5.5.1 when p belongs to |2,00[. We start by proving that, for p in the
interval ]2, oo, the following inequality holds:

Y(a,b) € R?,

(5.21)

Mp+ww>‘a+bf+p@—1wa—bﬁ
2 2r—2 2

As the function ¢ — |t|P is twice continuously differentiable on R, the second-order Taylor
formula with integral remainder between a and (a +b)/2, then between b and (a+b)/2, yields

a+bp a—ba+bja+bp-2
= |5 =
2 2 2 2
a—0b\2 ! a+b a—b|p—2
- 1)(% )/0(1—9)\ N
P _ a—i—b‘? b—aa—i—b‘a—b’p—?
and  [b] ’ 2 2 2 |2
a—0b\2 [! a+b b—ap-2
1 1— ‘ ‘ .
+ p(p )(2)/0( 9)2+92 de
The mean of these two equalities gives
|a]p+]b]p_‘a+b‘p
2 2
p(p—1)/a—1b 2/1 ‘a+b a—b)p*2 ‘b—a a~|—b)p72
1-06 0 0 do .
+2(2)0()2+2+2+2
If we have
a+b a—>b 1 a+b b—a 1
< —|b— < —|b— .22
‘2 +0 2(_4w a| and ( +0 2‘_4% al, (5.22)
then
ob—a| = |p2=b_p0=C
2 2
_ a+b+9a—b_a—|—b_9b—a‘
2 2 2 2
a+b a—> a+b b—a
< —
- 2 +90 2 ‘+‘ 2 0 2 ‘
1
< —|b—al.
2

Assuming that a and b are distinct (there is nothing worth seeing otherwise), we get that
assertion (5.22) can only be satisfied if 6 is less than or equal to 1/2. Hence,

laf? + |bP N ‘a+b‘p+p(p—1)(b—a)Q‘b—a‘p—2[1(1_0)d0

2 - 2 2 2 4
a+bp p(p—l)’b—ap
>
- ’ 2 ‘Jr 2r—2 2 17

which proves inequality (5.21). The proof of the theorem will now continue, following the lines
of that of theorem 4.3.2 on page 70. Let ¢ be a continuous linear form on LP(X, du). Consider

the function
LP(X,dy) — R

1
by £ - )
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The function F), is bounded from below, because
1
Fp(f) =2 ];HfH’ip = 1ellzey I fllze-

Set my, d—e fmf 1 (J ). We consider a minimising sequence (f)nen, that is a sequence such
eLr
that
lp( fn) = my + €, with nhm en = 0.

We are going to prove that this is a Cauchy sequence. First, we apply inequality (5.21)
with a = f(z) and b = g(z), then we integrate with respect to the measure du; we get that

‘f+gH1; +p(p—1)’ (5.23)

2
V(f.9) € (L(X,du)* 115, + gl =2
Applying this inequality with f = f,, and g = f,,, we can write
fn — DS

2P1

1
Sl + Nl 2 2L

After subtracting (¢, f,, + fm), the inequality becomes

1
EanHIip — {0 fu) + 1 fmlle — (€, fin)

<‘ fn

By definition of F},, this can be written as

(p— ))fn

2p—1

fn‘gfm>> o an

fn;fm>

Folfa) + Fyfm) = 2B
As the sequence (f,)nen minimises F,, we deduce that

(p— )‘fn me

2r—1

<ép+Em,

which ensures that (f,)nen is a Cauchy sequence. Let f be its limit. As the function F), is
continuous, we deduce that Fj,(f) = m,; in other words, the infimum of F}, is a minimum.

Now, for a given function A in LP, consider the function g from R to R defined by

an(t) € Fy(f +th).

Using the differentiability theorem for functions defined by integrals, we see that the function gy
is differentiable, and that

dh(t) = /X () + th(z))| f(x) + th(@)P~2h(z)dpu(z) — (€, h).

The point £ = 0 is a minimum of the function g, so its derivative vanishes at this point, which
means that

Vh e LP(X,dp), /Xf(x)lf(w)lp_Qh(w)du(:f) = (€, h),

which ends the proof of theorem 5.5.1. O
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The result of theorem 5.4.5 on families of mollifiers can be interpreted in terms of duality:
using the bilinear form

B(f.g) = /Q f(@)g(x)d,

the space L' (€2, dx) can be identified as the dual of a normed space containing only continuous
functions with compact support in Q. Indeed, let (g,,)nen be a sequence of positive numbers
converging to 0. We consider a sequence (., )nen of approximations of unity as defined in
theorem 5.4.5. Then, for any continuous function g with compact support, we have

lim e, (z)g(x)dx = g(0).
Q

n—oo
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Chapter 6

The Dirichlet problem

Introduction

The aim of this chapter is to solve the Dirichlet problem on a bounded domain of R?. We
shall see how this problem, when formulated in terms of functions of class C!, will naturally
lead to the introduction of the weak derivative, or quasi-derivative, concept. This concept will
then lead us to the more general sense of derivation for distributions.

In order to formulate the Dirichlet problem, we will need the following notations. Let 2 be
a bounded open set of R?. The set of continuously differentiable functions on Q with support
in a compact subset of () is denoted C}(€). For any x in Q and for any function u of class C*

on {2, we denote
Vu(z) = gradu(z) = (dru(z), -, 0qu(r)) € RL

Moreover, we have

d d
def
Va(@P = 30 u@)l and Vel © [ [Vu@lPde =Y [ [0,u) P
j=1 J=1

If there is no risk of confusion, we will omet to write the dependence of these norms on €.
Let f be a function in L?(2). We consider the functional

Ci{) — R

1 2, - z)u(x x—ld w(x)Pdr — z)u(x)dx
u o IVl /Qf()()d—zj;/gl@()d | wutaa

and we want to determine if F has a minimum, that is if there exists a function u in C§(Q)
such that

Note that F' is a continuous function (exercise: prove it!).

In the first section of this chapter, we will present a classical approach to this problem, by
studying a minimising sequence from which we extract a subsequence that converges weakly
to a function u, and such that the sequences of partial derivatives is also weakly convergent.

This will lead us to introduce the concept of quasi-derivative of a function in L? in the
second section. Originally used by the French mathematician Jean Leray in 1934 in order to
solve a global existence problem for solutions of the equation that governs the flow of viscous
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incompressible fluids, it constitutes the first soundly defined departure from the classical sense
of the derivative.

In the third section, this concept will allow us to define the Sobolev space, which is a
Hilbert space adapted for our problem. Once we have defined this space, solving the Dirichlet
problem —Aw = f, with u “vanishing on the boundary”, will be a simple application of
the Riesz representation theorem (theorem 4.3.1 on page 70). This example illustrates the
power of functional analysis, by taking a seemingly complicated problem and solving it with
elegant simplicity, providing the conceptual setting is chosen appropriately. As our final result
in this chapter, we will use the diagonalisation theorem for compact self-adjoint operators
(theorem 4.4.2 on page 75) to “diagonalise” the Laplacian operator A.

6.1 A classical approach to the problem

We must first prove that the function F' is bounded from below. This relies on the Poincaré
inequality.

Proposition 6.1.1 (Poincaré inequality). Let Q be a bounded open set of R?. There exists
a constant C' (which depends on ) such that

Yu € Co(Q), Nlullze < ClIVaul 2.

Proof. Let u be a function in C}(£2). We first observe that the function equal to zero outside
and that coincides with u in Q is of class C' and has compact support in R?. To simplify the
notations, this function will also be denoted u. We have

V(zy,2") € Q, u(z,z / oru(yr, z')dyi.

By the Cauchy-Schwarz inequality, this implies

—+o00
V(ar,2) € Q, ular, o) < 5(9) / Dy, ') 2y

—00

Integrating this inequality with respect to x = (z1,2'), we get

/ (e, o) 2de < 5(Q)? / Oyulyn, ') 2dyda.

Thus, we have proved the Poincaré inequality. O

We deduce from this the following corollary.

Corollary 6.1.1. The functional F' is bounded from below. Moreover, we have
VYA >0, 3B/ |Vul|;2 > B= F(u) > A. (6.1)
Proof. 1t suffices to say that, by the Poincaré inequality, we have
F) > IVl — 172l
> IVl — CIfll 2Vl
> IVl — Ol f ) ~ SO
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So F'is bounded from below. Moreover, if A is a positive number, by setting

1
B = (2A+C?|f||72)* + C|If 2,

we end the proof of the corollary. O

Let us now consider a minimising sequence (uy, )nen of functions in C}(€2), i.e. that satisfies

lim F(up) =m= inf F(v).
Jim F(un) = m o) (v)

As we want to know if this infimum is reached, we are looking for a limit for this se-
quence. Inequality (6.1) in corollary 6.1.1 implies that the sequence (||Vuy||12),cy is bounded.
The Poincaré inequality yields that the sequence (uy)nen is bounded in L2?. Thus, the se-
quences (U )nen and (Ojup)nen are all bounded in L2 The weak compactness theorem 4.3.4
on page 72 then states that there exist a function u and functions u?) such that, after extract-
ing a subsequence, we have

limf w, =u and limf Oju, = ul?).
n—oo n—o0

Let us assume for a moment that u is in C}(£2), and let us consider ¢ in C}(£2). By definition
of the weak convergence in a Hilbert space, we have

/Qu(j)(:n)gp(m)dx: lim [ Ojun(z)p(x)dr.

n—o0 Q

The functions u, and ¢ are functions in C’é (Q), so we have, by integrating by parts,

/Qu(j)(ac)cp(x)da: =— lim [ up(x)0jp(x)de.

n—oo 0

Once again using the definition of weak convergence in L?, we deduce that
/ w9 (2)p(x)dx = —/ u(x)0jo(x)dx.
Q Q

By corollary 5.4.3 on page 102, we know that C§(Q) is dense in L?(Q2), thus we have u() = 9;u.

But there is no reason to believe that u is always of class C!; this is in fact generally false.
However, the above computation shows us a link between the partial derivatives of u and the
limit functions u¥). We will give mathematical foundations to this link in the next section.
6.2 The concept of quasi-derivatives

Here is what we are talking about.

Definition 6.2.1. Let u be a function in L?*(Q). We say that u has a partial quasi-derivative
in the direction j if and only if there exists a constant C' such that

Vo € C5(9),

/Qu(x)ajgp(a?)dl‘ < Clell2
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Fundamental remark. By theorem 5.3.1 on page 91, the space C}(2) is dense in L?(€).
Theorem 1.2.4 on page 17, on prolonging continuous functions on a dense subspace, states
that we can extend the linear form

ciQ) — R

4 % — —/Qu(x)ﬁjcp(x)dx.

to the whole L? space. We denote 27] this linear form. The Riesz representation theorem 4.3.1
on page 70 ensures that there exists a function u?) in L? such that

v € @), [ W0 (@) f(w)ds = (G5, ).
Q
In particular, for f = ¢ € C3(Q), this yields

Vo € CA(Q), /Qu(j) (x)p(z)dr = — /Q u(z)0jp(z)dx.

We can thus give a more complete definition of the quasi-derivative.

Definition 6.2.2. Let u be a function in L*()). We say that u has a partial quasi-derivative
in the direction j if and only if there exists a constant C' such that

Ve € @), | [ u@djpla)da] < Cllel.
Moreover, the function u\) in L?(Q) that satisfies

Vo € CLH(Q), /Qu(j) ()p(x)dx = — /Q u(x)djp(x)d.

is called the quasi-derivative of u in the direction j.
To illustrate this notion, let us examine the following example.

Proposition 6.2.1. Let Q =| — 1, 1[. We consider the function u(z) = |z|* with « in |]1/2,1].
This function has a quasi-derivative, which is the function

x — asg(z)|z]* L.
Proof. We write that, for any function ¢ of class C* and with compact support in the interval | —
1,1],

—E&

1 1
/ \x|a¢(x)dxzignélg(w) where I.(p) d:ef/ (az)o‘go'(x)der/s ¢’ (z)dx.

-1 -1

Integrating by parts, we get that

I.(p) = e%(p(~2) — () + /

-1

—&

1
a(—m)alcp(x)da?—/ ax® to(x)de

As a is strictly greater than 1/2, the function |2|*~! is square-integrable. We can thus take
the limit in the above integrals, which yields

1 1
%] = — ase(z)|z|* to(z)dx.
/_1|x\ o)de = / g(@))a|* p(@)d

The proposition is proved. O
The following proposition shows that we have effectively generalised the concept of deriva-
tives, at least when it comes to functions that are C'*, continuously differentiable.
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Proposition 6.2.2. If u belongs to C¢(Q), then u has quasi-derivatives in all directions, and
these quasi-derivatives coincide with the partial derivatives.

Proof. By integrating by parts and using the Cauchy-Schwarz inequality, we have

‘/Qu(l’)aj@(x)d:r‘ = ‘/Qaju(i')ﬁp(a:)da:

105ull L2l 2
Cllojullre= i@l L>-

IN A

Let ul) be the quasi-derivative of u in the direction j. By definition, this function in L?(Q)
satisfies

Vo € CA(), /Qu(j) (x)p(z)dr = — /Q u(z)0jp(z)dx.

Moreover, by integrating by parts, we have

Yo € C3(Q), / Oju(z)p(z)dx = —/ u(z)0jp(z)d.
Q Q
This then implies that

/Q (8ju - u(j)> (2)p(w)dz = 0

As the space C(Q) is dense in L?(2), we conclude that uwld) = 0ju, hence the proposition. O

Notation. Henceforth, the quasi-derivative of u in the direction j will be denoted J;u.

6.3 The space H}(Q2) and the Dirichlet problem

In this section, we will define the appropriate function space for the minimisation problem
introduced at the beginning of the chapter.

Definition 6.3.1. Let ) be an open set of R%. We denote HE(Q) the space of functions u
in L?(2) such that there exists a sequence (uy)nen of functions in C}(2) such that

Jim Jjup, — ul|f20) =0

and such that the sequences (Ojun)nen are Cauchy sequences in L?().
The properties of this space are given in the following propositions.
Proposition 6.3.1. If u € H}(Q), then u has quasi-derivatives in all directions.

Proof. Let (un)nen be a sequence of functions in CZ(Q) that converges in L?(Q) to u, and
such that the sequences (9;un)nen are Cauchy sequences in L?(£2). As the space L?(2), there
exist functions u9) in L2(2) such that

; e —u Dy =
ango\|8jun u||2 = 0.

Integrating by parts, we can then write

/ w(z)0jp(z)de = — lim [ wu,(z)0j0(x)dx
Q n—oo 0
= lim [ Ojup(z)p(x)dx
n—oo QO
= /u(j)(x)go(ac)d:c.
Q
This proves the proposition. O
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Proposition 6.3.2. Endowed with the following norm,

N

d
def
Nw) & (Il + Y 105ullEay)
j=1

the space H} () is a Hilbert space.

Proof. The fact that N is associated with the inner product

d
(ufv) 9 /Q w(@)(@)dz + Y /Q Oyu()dyv(x)da
=1

is an easy exercise we leave for the reader. Let us prove that the space H{ () is complete.
Consider a Cauchy sequence (uy)nen of elements of Hi (). As the space L?(€2) is complete,

there exist functions u and (u7));<;<4 such that

. . 1 () —
Jim [juy, —ul| L2 (@) = Tim [0jup —w?|[2(q) = 0.

By definition of the space H}(£2), for each n, there exists a function v, in C3(2) such that

l[tn = vnllr2(0) < and  [|9jun — Ojun|L2(0) <

SRS
S

Thus, there exists a sequence (v, )nen in C§(£2) such that

Jimfon = ull 2y = lim 19500 — P 2y = 0.

So u € H} (), and u'9) = dju. By (6.2), we have

lim N(u, —u) =0.

n—oo

The proposition is proved.

(6.2)

O

We are now going to examine the properties of the space H&(Q) specific to the case where

the open set € is bounded.

Proposition 6.3.3. Endowed with the norm

d 1

def def 2

s o E NVl € (3 N0l )
j=1

the space H} () is a Hilbert space.

Proof. Compared with proposition 6.3.2, the only thing we need to show is that || - || Hi(Q) 18

a norm that is equivalent to N. To do so, we only need to prove that, for any u in H&(Q),

[ullz2) < ClIVullL2(9)-
Let (un)nen be a sequence of C(£2) such that

A un = llzzqoy = Jlim 19t = Ojulrzey =0
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for every j in {1,--- ,d}. The Poincaré inequality implies that, for any n, we have
[unl[r2(0) < ClIVunll2(9)-
Taking the limit, we get that, for any function u in H}(€2),
[ull2() < ClIVullL2(o).-

O
We have the following proposition, that the reader can prove as an exercise.

Proposition 6.3.4. The functional F' extends continuously to the space H& (Q), and we have

m= inf F(v)= inf F(v)
veCl() veH}(Q)

This minimisation problem fits into the general, abstract setting: let ‘H be a Hilbert space,
and ¢ be a continuous linear form on H; can we find the minimum of the function F defined

by
H — R
F 1
S
Formulated this way, the problem is immediately solved by applying theorem 4.3.2.

Remark. We return to the original problem. The unique minimum of the function £’ defined
on H}(Q) is the function u in H} () that satisfies

d
Vo € HY(Q), g /Q du(x)dyv(a)da = (ulv) i) = /Q fapw(@)de = (flo) (6.3)

Let us assume that the solution w happens to be of class C? on Q. Then, for any function ¢
of class C? with compact support in Q, we have

d
;/Q&U(x)ﬁjw(:c)dx:/Qf(a:)gp(x)dx: (flv) 2.

Integrating by parts, we get
d
Z/ @u(:ﬂ)@g@(:ﬂ)d:ﬁz/f(a:)«p(a:)d:n: —/ Au(z)p(x)dx.
oe Q Q

When u is only in Hg (), we will sat that it solves —Au = f “in the weak sense”, or “in the
distribution sense”.

The following compactness property, which will be proved in the next chapter, is crucial
in proving the existence of a sequence of eigenvalues for the operator A.

Theorem 6.3.1 (Rellich). Any bounded subset of H}(Q) has compact closure in L*(12).

We will now state a result that describes the structure of the Laplacian operator and its
action on the space Hg ().
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Theorem 6.3.2. There exist a non-decreasing sequence ()\;)jen of positive real numbers
that tends to infinity, and an orthonormal (Hilbertian) basis of the space L?(f)), that we
denote (ej);ecn, such that the sequence ()\j_lej)jeN is an orthonormal basis of H} (), and such
that

—Aej = )\gej "in the weak sense",

which means that, for any function of class C! with compact support in 2, we have

d
;/Q(‘)kej(x)akgo(:c)dx:)\i/gej(x)go(z)dx.

Proof. Let us define an operator B by
B L — H}Q) C L)
f — u
such that u is the solution of the Dirichlet problem in H{(€2). The operator B is continuous
from L2(Q) to HZ (). By Rellich’s theorem, theorem 6.3.1 above, the operator B is compact
from L?(Q) to L%Q) . Let us prove that the operator B is self-adjoint. By (6.3), we have, for
any f in L2,
Vo e Hy(9), (Bf’U)Hg(Q) = (flv)Le.

By applying this relation to v = Bg, for some ¢ in L?, we deduce that
(fIBg)L2 = (Bf|Bg) i) and therefore (f|Bg)r2 = (f|Bg)L2-

Thus, the operator B is self-adjoint. Let us prove that it is one to one. Consider a function f
in L? such that Bf = 0. By (6.3) again, this means that

Vo € HY () ,/Qf(:v)v(x)dx = 0.

Corollary 5.4.2 states that D(£2), and therefore H{ (2) which contains D(), is dense in L?().
We then deduce that if Bf = 0, then

Vg e L?, / f(x)v(x)dx =0,
Q

which implies that f = 0. Finally, we observe that if A\ is a non-zero eigenvalue, then it is
positive. Indeed, there exists in that case a non-zero function fy in L? such that

MFIze = (BFI) w2 = 1 fllz-

Theorem 4.4.2 on page 75 ensure the existence of a non-increasing sequence (f;) jen of numbers
that tends to 0 and an orthonormal basis (e;);en of L*() such that

Bej = ,u?ej.
By applying the Laplacian, we get
ej = —ABej = (i (—A)e;,

which means that
1
—Aej = ) 6]' .

J

€j)jen is an orthonormal basis of HZ(9), it suffices to observe

To prove that the sequence (A
that

)\?(eﬂek)LQ = (%’\%)H&
Theorem 6.3.2 is proved. O
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Chapter 7

The Fourier transform

Introduction

This chapter is fundamental, albeit brief. The Fourier transform is a very general operation
on functions that are integrable with respect to the Haar measure (invariant by translation)
on a locally compact commutative group G. Here, we will stick to the case of the space R?
endowed with the Lebesgue measure.

In the first section of this chapter, we define the Fourier transform of an integrable function,
and establish the main properties of this transform, which are:

e it turns differentiation into multiplication and vice-versa,
e it turns a convolution into a product.

Beyond these basic properties, we present a few examples in which we compute Fourier
transforms. The fundamental example of the Gaussian function is of particular note.

In the second section, we prove the Fourier inversion theorem which states that, when
the Fourier transform of an integrable function is itself integrable, we can recover the function
from its Fourier transform. We deduce from this the Fourier-Plancherel theorem, which extends
the Fourier transform to the space of square-integrable functions; this extension is, up to a
constant, an isometry of this space.

The third section applies these results in order to prove Rellich’s theorem used in the
previous chapter (see theorem 6.3.1 on page 115).

7.1 The Fourier transform on L'(RY)

Definition 7.1.1. Let f be a function in L*(R%). We call the Fourier transform of f, denoted f
or F(f), the function defined by

RE — C

d
def
£ i€ fp)dy  VheTe (El) =) &y
Rd Jj=1

F(f)

Let us compute a few examples of Fourier transforms.
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Proposition 7.1.1. Let a be a positive real number. We have the following results:

2sinaé
f(l[—a,a])(f) = ¢ ’
—al 1 —al- 2a
F(e HlRi)<£):m’ so F(e H)(f):m’
Y () = reakl
)i =
d 2
d —al-]? _ (j) 2 _%'
and F(e )(€) 2) et
Proof. By definition of the Fourier transform, we have
FUpaa)©) = [ s
1 A .
_ _E(e—zfa _ ez{a)
_ 2sina§
3
Again using the definition of the Fourier transform, we have
]:(e_aHl]}h)(f) = / e Eta)z gy
0
_ 1
a+
1
Likewise, we have f(e*a"llﬂh)({) = 7z - Adding these two results, we get
a—1
_al 2a
Fe \I)(g):a2+£2.
Still using the definition of the Fourier transform, we have
Fe) e = dim [ ety
c  Rooo ) p © o
2 R )
= e 4a lim e (IJ”%) dr
R—o0 R

The function z — e~% is holomorphic on C, hence

R g2 % R—iv)2 R 2 % R+iy)?
_/ efa(x+z%) dx _/ e—a( —1y) dy _|_/ e~ _|_/ e—a( +iy) dy=20
-R 0 -R 0

By taking the limit as R tends to infinity, we find that

o 2 e}
i €
/ e—a(x-‘rz%) dx :/ efcm:de
—00 —00

It is well known that



This proves the result in dimension 1. For the case in dimension d, it suffices to observe that

and that, if f; are functions of L' (R), we have

Fhe - of)=ho o fi

which ends the proof of this proposition. O

Note that the continuity theorem for functions defined by integrals yields that the Fourier
transform of an integrable function is continuous (and bounded) on R

One of the main properties of the Fourier transform is that it turns differentiation into
multiplication and vice-versa, as shown by the following theorem.

Theorem 7.1.1. Let f be a function on R? such that (1 + |z|)f(x) defines an integrable
function on R%. Then the Fourier transform of f is of class C', and

Oe, F(f) = —iF(M,f) where (M;f)(z) % a; f(). (7.1)

Let f be a function of class C' such that f and its partial derivatives are integrable on R¢.
Then we have

F(0h, ) = iM;F(f). (7.2)
Proof. The two results rely on the fact that

85.671.(5'1) = —ixjefi(g‘x) and 895].671‘(&'%) = —zfje*i(ﬂm). (7.3)

J

In the first case, the hypothesis and the differentiability theorem for functions defined by
integrals ensure that f has partial derivatives, as well as relation (7.1). The second case
requires approximation. Let y be a C' function with compact support such that x(0) = 1,
and let (e,)neny be a sequence of positive numbers that converges to 0. Using (7.3), and
integrating by parts, we get

PN = =i [ 00 (7)) (o)
= —i /Rd e_i(ﬂx)@mj (x(en2) f(z))dz.

Leibniz’s law and the dominated convergence theorem yield the second formula. O

This theorem gives us another way to prove the formula for Gaussian functions in propo-
sition 7.1.1.

Proof. By proposition 7.1.2 below, applied to the case where the linear map A is a homothety with
ration 1/a, it suffices to show the result when a = 1. Let us assume first that the dimension d is equal

to 1, and set
9(8) d:ef/e_’f”’e_xzdx.
R
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Relation (7.1) in theorem 7.1.1 implies that the function g is differentiable, and we have

q'(€)

I
T
|
&
g
o
M~
8
(o)
8
i~
g

Il
%\
~.
3
.
o
8
I
—
m\
8
[
S~—
jsW
=2

g'(§) = —2g(6).

DO [y

2
This differential equation is easy to solve: we get g(§) = g(O)e_%. A classical computation gives us

9(0) = /Re*f?da: = V7

So the result is proved in dimension 1. In general dimension d, we observe that

d
e~ lel® — H e
j=1
and that, if the functions f; are in L'(R) ,we have

Flhe-of)=he o,
which ends the proof of the proposition. O

We will now provide a corollary which describes the properties of the Fourier transforms of
smooth functions with compact support. Its proof (which we omit) merely consists of repeated
applications of the above theorem.

Corollary 7.1.1. Let f be a function in D(R?). Its Fourier transform J? is smooth, and
satisfies the following:

VN €N, Yo e N¢, sup (1 + |¢))N]0°F(€)| < o0. where 9° d:efaﬁll S Ogd.

£ERY
We will now study the influence of linear transformations on the Fourier transform.

Proposition 7.1.2. Let f be a function in L'(R?), and A be an invertible linear map from R?
to R?. We have R
F(foA) () =|det A7 foltA™t

Proof. We perform the change of variable y = Az in the integral that defines the Fourier
transform; this yields

F(f o A)(€) = |det A|—1/ e~ €A £ (),
R4
By definition of the transpose, we have (¢|A~1z) = (*A~1¢|z), hence the proposition. O

From theorem 7.1.1 and proposition 7.1.2 above, we will deduce the next proposition, which
shows how to compute the Fourier transform of a Gaussian function. This result will play a
crucial role proving the inversion formula.
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Proposition 7.1.3. Let a be a positive real number. We have

FleP) @ = (T)F e

a

The following proposition gives some ideas on how the Fourier transform works on convo-
lutions.

Proposition 7.1.4. Let f and g be two functions in L'(R%). We have
F(f*9) =13
Proof. For every ¢ in R?, the function F¢ from R? x R? to C defined by

def

Fe(z,y) E e C0) f(z —y)g(y) = e Co9) fz — y)e EW g(y)

is an element of L'(R? x R?). Fubini’s theorem ensures that

[ ([ e-sawar)ar= [ ([ 0 par) e ga
R R R4 Rd

which shows precisely that the Fourier transform of a convolution is the product of the Fourier
transforms. O

The Fourier transform is symmetric in the sense given by the following proposition.

Proposition 7.1.5. For any pair (f, g) of functions in L'(R?), we have

~

f(@)g(z)de = | f(£)g(E)de.
R4 Rd

Proof. This is an immediate consequence of Fubini’s theorem applied to the integrable function
on R? x R? defined by (z, &) — f(€)e €@ g(z). O

7.2 The inversion formula and the Fourier-Plancherel theorem

We are now going to prove the fundamental theorem of Fourier analysis.

Theorem 7.2.1. Let f be a function in L'(R?) such that its Fourier transform is also a
function in L*(R?). Then, the function f is continuous, and we have

Vo eR, f(z) = (2m)" / 169 e )de, (7.4)

Rd
as well as the Fourier-Plancherel relation
1£1172 = @) f1172. (7.5)
Remarks.

e The result can be rewritten as

Fif = 2m)%f where f(z) % f(—a). (7.6)
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e This theorem means that a function f in S (defined in the next chapter) can be written
as a superposition of oscillatory functions, the ¢/¢1?), and the Fourier transform appears
as the density of these oscillations.

Proof of theorem 7.2.1. By proposition 7.1.3, the theorem is already proved for Gaussian
functions. Of course, we are going to use this result. Set

d_ef _d - |2 i 1 x
G(x) = 2¢ ™" and G.(z) = 8—dG (E) .
~ 82| ‘2
Proposition 7.1.3 states that Ge(§) = e i By the dominated convergence theorem, we
deduce from the fact that f belongs to L' that

~

2m) =t [ € fig)ag = lim(em) [ G F ) &

e—0

As the function f belongs to L', we know that G, ® f is a function in L'(R? x R%). By Fubini’s
theorem, we have

-~

en ! [ dEG@Fa = nt [ G ) ) dedy

Proposition 7.1.3 applied with a = £2/4 states, in particular, that

e [ Guie)a = e (1) Gy,

Thus, we get that
Ve >0, (Gox o) = (20 [ OGO FE)ie
R4
Theorem 5.4.5 on page 100 states that if (¢,)nen is a sequence of positive real numbers con-
verging to 0, then li_>m |Ge, * f = fllL1@e) = 0. Theorem 5.1.2 on page 83 adds that, up to
n oo

the extraction of a subsequence that we do not denote differently, for almost every z in R%,
we have

lim (G, ~ f)(z) = f(x).

n—oQ

Statement (7.7) then ensures that, for almost every z in R?,

fla) = (200 [ Fe)ie
R4
The continuity theorem for functions defined by integrals ends the proof of (7.4), as it yields
that the right-hand side of the above equality, and therefore f, is continuous.

To prove (7.5), first observe that the fact that f and f are in L!(R%) implies that f is

bounded, and thus both f and f are square-integrable. Noting that F(f) = F(f) and by
using proposition 7.1.5, we can write that

R T R E A IO BIGES
Rd
= [ e P @i -a)ds.

The Fourier inversion formula as stated in (7.6) then ensures that

(2m) | fII2, = / =) F(—a)dz = |f]2,
Rd

which ends the proof of the fundamental theorem of Fourier analysis. O
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This theorem, at the base of Fourier analysis, has countless applications. Let us provide
two corollaries.

Corollary 7.2.1. The Fourier transform extends into a continuous, invertible linear map
from L%(R?) to L?(RY), which satisfies

~ a4
Vi e LP(RY), |fllpemey = 2m) 2|1 fll L2 (ga)-

Proof. The Fourier transform is well defined on D(R?), which, by corollary 5.4.2 on page 102,
is a dense subspace of L?(RY). Corollary 7.1.1 allows us to apply the Fourier-Plancherel
relation (7.5) to functions in D(R?). The extension theorem 1.2.4 on page 17 then allows us
to extend F into a continuous linear map from L?(R?) to itself, and the Fourier-Plancherel
relation naturally extends to the whole L? space. The only point left to prove is that F is
onto. Proposition 7.1.5 implies, in particular, that

V(f,9) € D(RY), (Ff19)L2(may = (f‘]:_g)m(Rd)- (7.8)

To prove that F is onto, we first observe that the Fourier-Plancherel equality implies
that F(L?) is closed in L?, then we prove that F(L?) is dense by using criterion 4.2.2 on
page 68, which states that we only need to show that (F(L?))% consists only of the zero
function. Indeed, if g is a function in L2(R%) such that

Vf e L*RY), (F()l9)r2ray =0,

then relation (7.8), extended to the whole L? space, implies that Fg is equal to zero, and thus
so is g, since F is one to one. O

Corollary 7.2.2. Let f and g be two functions in L'(R?) with Fourier transforms also
in LY(R?). Then we have

F(fg) = (2m)'F g.
Proof. We apply proposition 7.1.4 to fand g. This yields
F(fg) = FfFg = (2m)* fg,

which can be rewritten as R 5
(fx9) = 2m)*F(f9).

The Fourier inversion formula in theorem 7.2.1 ensures the result. |

7.3 Proof of Rellich’s theorem

The goal of this section is to prove the Rellich’s compactness theorem 6.3.1, which we recall.
This proof is presented here for cultural purposes only.

Theorem 7.3.1. Any bounded subset of H}(Q2) has compact closure in L*().

Proof. We will prove that, for any positive number a, we can cover a bounded part A of H}(Q) with
a finite number of balls with radius o in the L? norm. To do so, we start by proving that if y is a
function in D(B(0, 1)) with integral equal to 1, then

1 .
H;dx(g) *a—aHL2 < CxellValL2 (7.9)
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where C is a constant that depends on x. By the Fourier-Plancherel relation (theorem 7.2.1 on
page 121) and by theorem 8.2.5, we have
1 .
(Zx(z) xa=a)

ENE I

= (2m)2 HX Ya —al|pe.

2

The mean value inequality and theorem 7.1.1 imply that

IX(¢) — 1] [CHIDX 2~

q max, 25 x|l L1 (ray-

IAIA

Thus, we deduce that
1 . < —~
() el = ot -

Proposition 7.1.1 and the Fourier-Plancherel relation then yield inequality (7.9). We will now prove
that, for any ¢ in the interval 0, 1[, the set

B. (izef{sid)((é) *a, a€ BHé(Q)(OJ)}

is a subset of C(Q 4 B(0,1)) with compact closure. To do so, we first observe that, by the Poincaré
inequality, we have, for any z in Q + B(0,1),
ENO
e\ e/l

2 (2) *ata)
gwwmwwm. (7.10)

IN

el 2

IN

Moreover, by the mean value inequality, we have

| ox(2) *ate) - x(2) xata)

=m0 (x(2) +4)-

_d
jz —a'[e7 2 |[xllz2 [ Val L2

IN

IN

For any ¢ in the interval ]0,1[, the set B. is an equicontinuous subset of C(Q + B(0,1)). By in-
equality (7.10) and Ascoli’s theorem (see theorem 2.4.1 on page 40), the set B, has compact closure
in C(Q + B(0,1)). It can thus be covered by a finite number of balls (for the norm inducing uniform
convergence on ) + B(0,1)) with radius

(07

(@ + B(0.1)))

D=

As, for any bounded function f supported in Q + B(0,1), we have

1flle < (0@ + B(0,1))) * | fll o=

we have proved that B. has compact closure in L?(£2), owing to (7.9). O
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Chapter 8

Tempered distributions in dimension 1

Introduction

This chapter is one of the endgames of this course. As we saw in chapter 3, identifying a
Banach space as the dual of another via a continuous bilinear form (see definition 3.2.1 on
page 54) is an important ability that allows one to extract subsequences from any bounded
sequence that converge in a weaker sense; we called this sense weak-+x convergence.

When we studied the spaces of p-th power integrable functions in chapter 5, we saw that
understanding families of weighted means,

( /Q f@playiz)

e.g. with ¢ in a dense subset A, could sometimes be better illustrations, or yield information
that is easier to work with, than the pointwise values of the function f. This way, functions
appear as continuous linear functionals on some function space. This is how we can generalise
the notion of function. For this chapter, we will assume the point of view of tempered distri-
butions, which has a global vision on the whole space R. It is particularly adapted to extend
the Fourier transform to a larger class of maps, beyond the setting of functions in L' or L?
seen in the previous chapter. For this first contact with distributions, we keep things simple
by restricting our study to dimension 1.

In the first section, we will define the concept of tempered distributions and see how it
generalises that of locally integrable functions (modulo a small restriction at infinity). For this
purpose, theorem 8.1.1 will eloquently show how the knowledge of the family

( /Q f@)ds)

for a certain vector space E is equivalent to knowing the function in its usual sense (i.e. its
values at all points of R). After this, several examples of tempered distributions which are not
functions in the classical sense will be given. Finally, we will see how the notion of weak-x con-
vergence leads us to an adapted sense of convergence for distributions (see proposition 8.1.6).

In the second section, we define the operations that are possible on distributions by trans-
posing. This will lead to a striking new fact: all distributions have derivatives (!) and all
tempered distributions have a Fourier transform. What follows this is a series of various
formulae that can be quite surprising.
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In the third section, we show two applications of this theory. The first will involve a
classical analysis problem which is difficult to solve in the strict sense of functions, but which
requires only a few lines using distributions. Then, we will establish an integral formula which
solves the equation

u— ' = f

with u equal to 0 at —oo and +o0.

8.1 Definition of tempered distributions and examples

As we explained in the introduction of this chapter, the concept of distributions is based on
the fact that a function can be entirely described by a collection of its weighted means. We
can thus rethink the notion of a function in terms of linear forms on a function space: this
function space will be called the space of test functions. How should we choose this space
of test functions? If we refer to the LP spaces we studied, the “smallest” function space we
encountered was D(R), the space of smooth functions with compact support. Indeed, if f is
in L2(R) for example, and

VweD@Q,AfWM@Mm=Q

then the function f is equal to zero in L?(R), which means that it is equal to zero almost
everywhere. This shows that D(R) is a good choice for the space of test functions, and this is
the one that applies in the general theory of distributions.

For reasons that will become apparent shortly, we would like the space of test functions to
be stable under the Fourier transform. As we will see, this is not the case for the space D(R)
of smooth functions with compact support. Indeed, let ¢ be a function in D(R). The function

C — C
¢ — / e T (x)dx
R

is well defined because ¢ has compact support, and the differentiability theorem for functions
of the complex variable defined by integrals yields that it is holomorphic (because it is dif-
ferentiable) on C. As the zeros of a holomorphic function are isolated, this function cannot
coincide with a function with compact support on the real line unless this function is zero,
which, by the Fourier inversion theorem, yields that ¢ is zero.
So what properties does the Fourier transform of a function in D(R) have? Corollary 7.1.1

on page 120 implies that

sup (1 + €)Y Z(6)| < o

£eRd 3
This leads to defining the following space.

Definition 8.1.1. We denote S(R), or simply S, the set of smooth functions f from R to R
such that dof
Vn €N, ||fllns & maxsup(1 + |z])"|f®(z)| < cc.
k<n zer

Observe first of all that the space S(R) contains the space D(R) of smooth functions with
compact support. Note also that the Gaussian functions, defined by

(z—xq)?

T—>e a2

are elements of S.

126



Tempered distributions will appear as linear functionals that satisfy a form of “continuity”
property on this space. The following is the precise definition.

Definition 8.1.2. We call a tempered distribution on R a linear functional defined on the
space S(R) that satisfies

IneN, 3C/ Vo e SR), (T,9) < Clellns- (8.1)
We denote S'(R) the set of such linear forms.

We are now going to give some examples of tempered distributions.

Definition 8.1.3. We denote L}vt (R) the set of locally integrable functions for which there
exists an integer N such that (1 + |z|)~N f(z) is in L*(R).

Exercise 8.1.1. Prove that the spaces LP(R) are all subsets of L} (R).

Exercise 8.1.2. Prove that the functions
e and T "

are not elements of L} ((R)

Proposition 8.1.1. Let f be a function in L}vt (R). The linear form defined by
S(R) — C

o = [ i@

1s a distribution on R.

Proposition 8.1.2. Let a be a point in R. The linear forms

S(R) — C
SR) — C
Y D e — 24

are tempered distributions.

Proposition 8.1.3. Let ¢ be a function on C. Then the function

R — C
p(x) — p(—2)

p =

is integrable, and the linear form defined by

(kg =L [ etela,,

2 J_ z
called the Cauchy principal value of 1/x, is a tempered distribution.
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Proof. By the mean value inequality, we have
|o(z) = (=) < 2z[sup |¢'(2)].
zeR
By definition of the semi-norms on S, we have
o@) - pl-)] < T llglls:
14 |z ’

Thus,

IN

X)) — —X
Ve eR/|z| <1, ‘“0();’()‘ 2[l ¢l

— (- 2
ad VeeR/lol 21, [AEZEED] < B,

p(z) — p(—r)

The function x — is therefore integrable on R, and the linear form vp — is
x

continuous on S. O

Remark. Let ¢ be a test function that is identically zero on a neighbourhood of 0. Then,

Lo\ _ [ el2)
(o) = [ 5
1

This means that we have defined an “extension”, of sorts, of the function ™.

Proposition 8.1.4. Let a be in R and k be in N. The linear form defined by

is a tempered distribution.

Proof. 1t suffices to observe that, by definition of the semi-norms on S, we have

b ™) (a)] < Cullg

which yields the result. O

k,S»

Proposition 8.1.5. The linear form defined by

(rrho)= [ A =20,

called the Hadamard finite part of 1/x2, is a tempered distribution.

Proof. The second-order Taylor inequality ensures that

2
x
(@) + ol~2) — 26(0)] < sup |/ (@)
zeR
Thus, we have
z)+ o(—x) — 2¢(0 . 1
p(z) + ¢ : ) — 2¢(0) < mm{L 72} Illa.s.
z |z|
1
This yields that Pf — is a tempered distribution. U
x
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Remark. If ¢ is a test function that is identically zero in a neighbourhood of 0, we have

<Pf%, °) :/R“’g)dx.
2

This means that we have defined an “extension” of the function z==.

The following theorem shows that the space L}\/{ (R) can be identified as a subspace of the
set of tempered distributions.

Theorem 8.1.1. Let ¢ by the map defined by
Lyy(R) — S'(R)
Foom dh e [ fa@etads
is a linear injection. Moreover, we have the following property: if N is such that (1+|z|) = f(x)

is in L}(R), then
(), o) <Ol +1- DN llellvs.

Proof. Let f be a function in L}Vl (R) such that ¢(f) = 0. We are going to prove that, for any
pair of real numbers (a, b) with a strictly less than b, we have

/ @l = 0

which is enough to prove the theorem. We consider a even function x in D(] — 1,1[) with
integral equal to 1, and the associated sequence of mollifiers, that is the family

def _—q (7.
e ()

Finally, we define a function g by
@)
|f ()]

This function is an element of L>°(R). The function

g(x) if f(x)#0, and 0 otherwise.

def
Pe = Xs*(l[a,b}g)

is a smooth function with compact support on R, and therefore a function in S(R). By
assumption, we have

I, def /R f(z)pe(x)dz = 0.

For any ¢ in the interval |0, d], the function

- r—y - r—Yy
(2.9) — (=) L 9w f@) = (=) Ly 90 F @) L0201 (2)
is in L'(R x R), because it is bounded with compact support. Indeed, the modulus of this
function is bounded by 1, and, by Fubini’s theorem, theorem 5.1.5 on page 83, for every e
smaller than ¢,

— r—y
| () [tan@o@ltsos @)1 @ldzdy < o a-soss.
RxR €
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The Fubini-Tonelli theorem 5.1.6 on page 84, combined with the evenness of the function Yy,
yields that

L - / xe (& — )1y () g() f (2)daxdy
RxR
- /R el = )i (090 L 0 (@) &) dady
-/ ( JRETE <:c>f<m>da:) 1 (0)g(y)dy
R R
- /R (xe * (La—sirap ) 1)Ly (v)9 ().

Theorem 5.4.5 on page 100 states that
tim| e * (La-spran /) = La-spsap 1 =0
As g belongs to L*(R), we have
0 = lim/,

e—0

_ / Vamsrs) (0 F () 10y (1)9(y)dy
i)
IR
b
— [ wldy

The theorem is proved. (|

Remark. This way, any function in L}Vl can be identified as a tempered distribution, via the
following definition.

Definition 8.1.4. We say that a tempered distribution T is a function if and only if there
exists a function f in L}, such that T = «(f).

We shall now define the notion of convergene for a sequence of tempered distributions. It
is a weak-x-type convergence in the sense that we defined in chapter 3.

Definition 8.1.5. Let (T),)nen be a sequence of elements of S'(R), and T be an element
of §'(R). We say that the sequence (T, )nen converges to T if and only if

Vo € S(R), nlLr%o<Tn,¢> = (T, ).

We now give an example of a convergent sequence in this sense, that will show how far
away this notion of convergence for tempered distributions is from the one we use for functions.

Proposition 8.1.6. The sequence of functions Sy (x) d:efz sin(nz) is convergent in S'(R).

n=1

Proof. We are looking for a tempered distribution S such that, for any function f in S, we
have

N
lim ;/Rsm(nx)go(:c)dl‘ = (S, ).

N—oo
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Integrating by parts twice, we get that, for any integer n greater than or equal to 1,

1

/ sin(nz)p(z)de = —— | sin(nz)p”(z)dz. (8.2)
R nJr

We define a function X by
oo
1
=2
This is a continuous, bounded function on R. We then set, for f in S,

(S.¢) /R S(e)g" () de.

This defines a tempered distribution. Moreover, for any function ¢, by (8.2), we have

ngnooz / sin(na)p(z)dr = /R S (x)g" (z)dz = (S, ).

The proposition is proved. U

8.2 Operations on tempered distributions

The big idea is the following: we have seen that the space S’ is much “bigger” than the space S;
on the functions in &, we can perform a large number of operations, including derivation, the
Fourier transform, convolution with a function with controlled growth. For the last one, we
need to define the notion of continuous linear map from S to S.

Definition 8.2.1. A linear map A from S to itself is said to be continuous if and only if

Vk € N,3(Ck,nz) €]0,00[xN/ Vo € S, |

Let is introduce the following two function spaces.

Definition 8.2.2. The space of functions of moderate (or slow) growth, denoted Oy, is the
set of functions f that are smooth on R and that satisfy

VkeN, AN eN, 3C eR* / vz e R, |f® () < A+ |z])V

We denote L}S the space of locally integrable functions that satisfy, for any integer N, that
the function (1 + |z|)N f(z) is in L.

Polynomials are excellent examples of functions in Oy;. Locally integrable functions that
converge to zero faster than any negative power of |z| as = tends to infinity are excellent
examples of functions in L}g. For example, the function

z— —e 1ol
z ’

with « in ]0,1[ and 3 positive, belongs to L.

Proposition 8.2.1. The following linear maps are continuous from S to § in the sense of
definition 8.2.1:
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the map o+ ¢(z) & p(—a);

the map o — (—1)kek);

the Fourier transform, as defined in definition 7.1.1 on page 117;

the map My, which denotes multiplication by a function f in Opy;

the map fx, which denotes convolution by a function f in L}S, ie.
def
(reo)e) © [ et -y,

Proof. That the first map is continuous is obvious. For the second map, we observe immediately
that, by definition of the norms || - ||x.s,

129 Nks < Cllelire,s.
To prove that the multiplication map is continuous, it suffices to apply Leibniz’s law, which
states that
(fo)® =" 9.
1<k
As the function f belongs to Oy, there exists an integer N such that, for any integer /¢ less

than k, we have

Vo e R, |fO) < +[z)N.
We then deduce that
I fellks < Crllollksns-

Now, we prove the continuity of the Fourier transform. Note that theorem 7.1.1 on page 119
yields that
M(p) = —iMF(My) = —F((Mp)') = ¢ - F(M{),

where M is the multiplication operator by the identity function. As a result,

A+ 1ENIBE] < 2llllprr) + M@ |11 r) < 2[1f]13.5-

We admit the general proof for the semi-norms with index k& on S(R).
Finally, we study the convolution operator. Derivating under the integral sign, we have

(F+9)®@) = [ 70— )y
As |z| < 2max{|z — y|,|y|}, we have
(1+ [2)* < 28 (1 + o = y)* + (1 + [y)*) -
Thus, we write

(1 +[a))M(f % )P ()] < 2¥ /R FWIA+ |z = y)*|0%p(x — y)ldy

T2k /R 1+ DM@ [P (@ — ))dy.

We then deduce that
1f % ¢lles < CIHA+[- D Fllolle
hence the continuity of convolution. U

ks,
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We can define the transposes of these operations (which often have some of the same
properties) on the space 8’. These provide spectacular extensions of the notions they represent.
All of this relies on the following theorem.

Theorem 8.2.1. Let A be a continuous linear map from S(R) to S(R). Then, the linear
tA
map "A,
L[ S® — S®
T +—— YAT defined by (*AT, o) = (T, Ap).

is well defined. Moreover, it is continuous in the following sense: if (T, )nen is a sequence of tem-
pered distributions that converges to a tempered distribution T, then the sequence (*AT},)nen
converges to 'AT.

Proof. By definition, T is a continuous linear functional on S(R), and A is a continuous linear

map from S(R) to itself. So the composition ‘AT 4f 16 A is a continuous linear form on S (R),
and is therefore a tempered distribution.

Moreover, let (T},)nen be a sequence of tempered distributions that converges to 7" in the
sense of definition 8.1.2, which means that, for any function 6 in S(R),

lim(T,, 0) = (T,0).
Applying this to 8 = Ay, we get that
Vo € S(R), Lim("AT,, @) = ("AT p).

The theorem is proved. O

For a first application of this theorem, we extend the operation ™ to tempered distributions

by the formula
- def <
VoeS, (T,0) = (T, ¢)
Now let us define the derivatives of a tempered distribution.

Definition 8.2.3. Let k be an element of N. The k-th order derivation on S’ is the transpose
dk
k

of the continuous linear map from S(R) to itself defined by (—1) o
x

which, in terms of a

tempered distribution T', is written as

Yo € SR), (TW, @) €Hir, (—1)kp®),

First note that, for any function f of class C'! with compact support in R, we have, by
integration by parts,

Vo € S(R). /R f(@)ple)ds = - /R F(a)g! ()

So these two notions of derivation coincide for a function of class C1.

Now, note that the function ¥ which appeared in the proof of proposition 8.1.6 is none

other than
d \2 —
— (%) Z % sin(n-),

n=1

133



which is the second-order derivative in the sense of distributions of the uniformly continuous,
bounded function

o0
.
T — — Z o sin(nz).
n=1

We are now going to study a very simple example that illustrates how deriving in the
distribution sense detects more kinds of variation than derivation in the classical sense. Indeed,
we now know that we can differentiate functions that are not of class C'!, for example functions
that are differentiable everywhere except at one point of R. The following property holds for
the Heaviside function.

d
Proposition 8.2.2. We have: d—1R+ = dg.
T

Proof. We study, for any given ¢ in S(R), the integral

- / 1+ (2) () da.
R

Integrating by parts, we get

A
—/ 1g+(2)¢ (z)dz = — lim o' (z)dx
R A—oc0 0
= Jim (¢(0) — p(A))
—00
= ¢(0).
Looking back at the definition of the Dirac mass, we see that the proposition is proved. [

To further illustrate this notion, we compute the derivative of the function x + log|z|.

1

Proposition 8.2.3. Let vp— be the tempered distribution defined in proposition 8.1.3. In
x

the sense of distributions, we have the following:

D 1og 2] = vp
R x|l = vp— -
dx & p:r

Proof. We study, for any given ¢ in S(R), the integral

1) == [ Jog al¢/(a)da.

By the dominated convergence theorem, we have

I(g) = lim L. () % - /[ log|al¢’ (2)dz.

e—0

Integrating by parts, we get

I.(p) = —loge p(—¢) + log(é)@(—l) + /E SOS:)da:

g 1

+logep(e) — log(é)go(é) + /f Sng)al:c

€

=loge (p(e) — p(—¢)) — 10g5g0<—1> +log5<p<§) + /_ (Pff)dm%— /j (p;x)dm.

9 1
€
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By changing the variable, © = —y, we get that

/ ple) _/ 2 4y
[FLi\[eq 2 [-3 i \-eel T

gle
hence

I(p) = loge (p(e) — p(—¢)) — logeso(—l) + logscp<é) n %

3

[ o) = ol=2)
[

L\ @

As the function ¢ belongs to S, we have

;ii%loga (p(e) — p(—2)) — logsgz)(—é) + logsgo(%) =0.

Moreover, proposition 8.1.3 states, in particular, that the function

() — p(=x)

Tr—

is integrable on R. The dominated convergence theorem then ensures that

~ [ og |2l (2)de = L [ £ —e(=)
[ oglale'@yts =5 [ da.

x
which is the statement we set out to prove. O
Exercise 8.2.1. Prove that

d 1 Py 1

2 vp- = —Pf—

dr P 2

We are now going to define the notion of antiderivative (on R) of a tempered distribution.
We start by proving the following result.

Theorem 8.2.2. Let T' be a tempered distribution such that 7" = 0. Then T is a constant
function, that is

T.¢) = < [ pla)ie.
Proof. The result relies on the following lemma.
Lemma 8.2.1. Let Sp(R) be the set of functions of S(R) with integral equal to 0. The map
So(R) — S(R)
p = T / p(y)dy

—00

P

is a continuous linear map from Sy(R) to S(R) that satisfies (Pyp) = ¢ for any ¢ in So(R).
Proof. Let x be less than or equal to —1. We have

v 1
BA@I < lelvens [ Gt
N ’ 1
< el lelveas [ o

If = is greater than or equal to 1, we use the fact that the integral of ¢ is equal to zero to write
that

+oo
(Po)(z) = - / () dy,

and we use the same reasoning. We conclude by observing that (Py)" = ¢. ([
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Back to the proof of theorem 8.2.2. For the rest of the proof, we consider a function ¢; in S(R)
with integral equal to 1. Let p be the projection of S(R) onto Sy(R) parallel to the vector line
generated by (1, that is the map

o) =¢- ([

—00

+o0
sO(y)dy) ©1- (8.3)

By lemma 8.2.1, we have (P(p(p)) = p(p). As we assume T” to be zero, we deduce that

—+00

(T,p(p)) =0=(T,¢) — (/ sa(y)dy) (T, ¢1).

—00
The theorem is proved. U

We now apply these ideas in order to find antiderivatives of distributions in dimension 1.

Proposition 8.2.4. Let T be a tempered distribution on R. There exists a tempered distri-
bution S such that S’ = T, and the difference between two distributions satisfying this relation
is constant.

Proof. Let @1 be a function in S(R) with integral equal to 1. We will show that S def _ipp
satisfies S’ = T'. We observe that, for any function ¢ in S(R), the integral of ¢ is equal to 0,
thus

d
Po—=1Id .
© dx S(R)

By transposing, we deduce that

d
t
(]P’ o %) — Tdgr(z)
As Y(AB) = 'B'A, we get that
d
t(di) o tP = IdS’(R) .

x
. d d .
The fact that (—) = —— yields the result. U
dx dx

Remark. A more explicit proof can be done by simply defining the tempered distribution S
by

def : def [* o

5.0 Y. @op)e) with Eopele) [ (o)~ ([ war) i) d
—00 —00

where ¢ is a function in S(R) with integral equal to 1, for example /Te %"

The relation between derivative and antiderivative can be precisely described in the fol-
lowing theorem.

Theorem 8.2.3. Let T be a tempered distribution on R. If its derivative (in the sense of
distributions) T" is a function in L}\/I(R), then T is a continuous function, and we have

x
T(x) = / T (y)dy + C.
0
Proof. The proof relies on the following lemma that we admit for the moment.
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Lemma 8.2.2. Let f be a function in L} (R). Then, in the sense of distributions, we have
[ oy = fw)

x
Set F(x) = / T'(y)dy. By lemma 8.2.2, we have F' = T". By proposition 8.2.2, we also
a

have

T—-F=C.
This yields the theorem, providing we can prove lemma 8.2.2 of course. ([

Proof of lemma 8.2.2. By definition of derivation in the distribution sense, we need to prove

that if .
F(z) /O F)dy,

Vo € S(R /F d:r—/f

1’+d:ef{(x,y)eR2, 0<y<=z} and I*d:ef{(a:,y)ell@, r<y<0},

then we have

Observe first that if

then the functions
17+ (z,y) f(y)¢'(x) and  1z-(z,9)f(y)¢ (2)

are integrable on R?. Indeed, by definition of L} (R),

def

10) [ 1zl e @ldedy
< /R ()1 + )Y ¢! @)ldrdy  with F e I} (R).

By Fubini’s theorem for non-negative functions, we have

1(f.0) < Chra /R (1+ )M+ (2)

The same bound for 17-(x,y) f(y)¢'(x) is proved the same way. Note that, thanks to Fubini’s
theorem, we can write that

- [ FE@e @ = [ ([ @) twsmay
y
[ ([ ¢ @)t sy
— [ WL+ [ o0 )Wy
R R
= [ ew sy,
R
This ends the proof of lemma 8.2.2, and therefore also that of theorem 8.2.3. O
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Now we see how to multiply a tempered distribution by a function in Oj;.

Definition 8.2.4. Let 6 be a function in Oy;. The 6 multiplier operator on S’ is the transpose
of the 6 multiplier operator on S, which means that, for T in S’,

0T, ) €T, 04).

It is obvious that if T"is a function in L}\/ta then multiplication in this sense coincides with
the usual product in the function sense.
We prove a generalisation of Leibniz’s law.

Proposition 8.2.5. If § belongs to Oy and T belongs to S’, then we have, for any integer k,

OT)® =" Cro™H7®.
1<k

Proof. As in the classical function setting, we only need to prove that (87) = 6'T + 6T,
formula that we then iterate. By definition of derivation and multiplication by 6, we have

(0T), ) = —(0T.¢)
= —(T,04).

Leibniz’s law for smooth functions implies that

(0T, ) = —(T, (Bp)) +(T,0' ).

Again, by definition of derivation and multiplication, we deduce that

<(0T)/7 90) = <T,a 930> + <T7 9/(,0>
0T+ 0'T, ).

The proposition is proved. U
Now we define the convolution of a tempered distribution with a function in Lg.

Definition 8.2.5. Let f be a function in L}g. We define the convolution of f and tempered
distribution as the transpose of the convolution of f and an element of S, which means

(fFxT,0) LT, Frg).

Let us check that we extend the notion of convolution defined in theorem 5.4.1 on page 97.
Let g be a function in L*(R). We have

0. Fre) = [ o@)F ola)da
= [s@( ] fe—ueto)i)da.
Fubini’s theorem implies that

(o) Frg) = /R 9@y~ a)pla)da

- /Rg(x)</Rf(w—y)<p(y)dy)dx
= /R(g*f)(y)SO(y)dy,

hence the result.
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The relation between convolution and derivation is described by the following proposition.
Proposition 8.2.6. Let f be in L}, and T be in 8'. For any integer k, we have
(f+T)*F) = foT®),
Proof. By definition of derivation and convolution on &', we have
(F+D)® o) = (FxT,(=1)fW)
= (T, (=1)F®).

By the differentiation theorem for functions defined by integrals, we have

Frp®) = (Fxp)®.

Once again using the definition of derivation and convolution on &', we deduce that

(F+T)W,0) = (TW, fxyp)
(f+TH®, ),
hence the proposition. O

A fundamental and valuable point in this theory is the extension of the Fourier transform
to tempered distributions. In the previous chapter, we saw that the Fourier transform was
originally defined on L!(R), but could be extended to L?(R) by density. The fact that the
space § is invariant under Fourier transform (theorem 7.2.1 on page 121) allows us to extend
the Fourier transform to S'(R) by duality.

Definition 8.2.6. The Fourier transform on S’ is the transpose of the Fourier transform on S,
that is
VoS, (FsT,¢) = (T, ).

The following proposition shows that this is indeed an extension of the Fourier transform.

Proposition 8.2.7. For any function f in L'(R), we have

~

Fsr (e(f)) = (f).

Proof. Reprising the notations used in theorem 8.1.1, we have, for any function ¢ in S, that

<~F5’['(f)790> = <L(f)79/5>

- /R 1(2)(@)de.

Given that the function '
(@, y) — fx)e p(g)

is integrable on R x R, we deduce that

(Fsu(f)o) = | F)p(€)de

hence the proposition. O
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We now generalise the basic formulae on the Fourier transform to tempered distributions.

Theorem 8.2.4. For any tempered distribution T', we have
J_'gvT = 27TT, (I"S/ (T)), = —ifgl (MT) and fs/(T/) = iMfS/T.
Proof. For any ¢ in S, we have F2p = 27¢. Transposing this relation, we have, for any T
in &',
(‘"F)*T = F&T =2nT,
which yields the first formula. For ¢ in S, we know by theorem 7.1.1 that

N cd
F(i)=Mp and F(Myp)= —zd—fgo.
The last two equalities are obtained by transposing these. O

Remark. Henceforth, we no longer use different notations for the Fourier transform on func-
tions in L!*(R) and the one on tempered distributions. So, for any 7" in &’(R), we indifferently
denote its Fourier transform T or F(T).

Some applications of the above theorem 8.2.4 consist of computations of Fourier transforms
of functions that are not in L'. For example, let us consider the constant function 1, and the

1
tempered distribution vp— from proposition 8.1.3.
x

Proposition 8.2.8. We have the following formulae:

'F(é(]) =1, f(:l) =27y and f(vp%) (§> = —iﬂi-

Proof. The first formula is a simple consequence of the fact that

(F(00), ) = $(0) = /R ().
The second one comes from the Fourier inversion formula on &', which is
F260 = F(1) = 2rdy.

Let us now take a close look at the principal value of 1/x. By definition of this distribution,
for any function ¢ in S(R), we have

1 1 [ -
<Vp7’w> _ / () +zo(=2) .
x 2 ) x
1

= 5 [ (e pl=)da

- / (@)

= <1390>'

1
Thus, z vp— = 1. Using theorem 8.2.4, we deduce that
x



But we know that F1 = 27y, so we have
d ~
Thus, by proposition 8.2.2 and lemma 8.2.2, we have
T = —2inH (&) + C,

where C' is a scalar constant. To get the value of this constant, we observe that the principal
value of 1/z is an odd distribution, in the sense that

1 1
vp— = —Vp—-
x x

We let the reader prove that the Fourier transform of an odd tempered distribution is an odd
tempered distribution. Thus, the distribution T must be odd, so the constant must be C' = .
The result is proved. [l

We now study the relations between convolution, multiplication and the Fourier trans-
form, with an aim to extend (i.e. transpose) the result of proposition 7.1.4 on page 121 and
corollary 7.2.2 on page 123.

Theorem 8.2.5. Let 6 be a function in S, and T' be a tempered distribution. We have
FOT)=06T and F(OT)= (2r) '6T.

Proof. By definition of the Fourier transform and of convolution, we have, for any function ¢
in S,

(FOxT),p) = (9xT.9)

= (T,0xp)

= (T, F'(0*5))
By the Fourier inversion theorem and the formula for computing Fourier transforms of the
convolution of two functions (see proposition 7.1.4 on page 121), we have

FUOx0)©) = @0 Fx3)(~¢)
— @n) / e#199(y — 2)p(y)dydz
RxR

= e [ 0y — )0 5y dyda
X

= 60OF @)
= 0()e(©).

By definition of multiplication for tempered distributions, we get that
(F(T'x0),¢) = (T,00) = (0T, ¢),
which yields the first formula. To establish the second one, we apply the first to F () and F(T),
so we get 3 3
F(FO)* F(T)) = FOF*T = (2m)*0T.
Taking the Fourier transform of this equality yields
F2(F(H) *]—'(T)) = (2m)2F(0T),

and the Fourier inversion formula ensures the result. O
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8.3 Two applications

The following theorem is an application of the previous result. It solves a classical harmonic
analysis problem.

Theorem 8.3.1. Pick ¢ in S(R). Then,

1
Hw*vp;‘ Lo = llelle.

Proof. We use the Fourier transform. By proposition 8.2.5, we have
1 . 1 &
f(go *vp—) = gpf(vp—) = —in—(&).
x x €]
The Fourier-Plancherel relation in theorem 7.2.1 on page 121 ensures that
1
F <cp * Vp—) ’
x
. &
= (03 i3 20

= 7ol

= (2n):

1
* Vp—
ozl i

which proves the theorem. O

Let us show an application of this theory to get an explicit solution to a differential equa-
tion.

Theorem 8.3.2. Let f be a tempered distribution. There exists a unique tempered distribu-
tion u that solves
"
u—u =f

in the space 8'(R). This solution is given by the formula
U= ée"" * f.
Proof. To prove this, we use theorem 8.2.4 to state that
F(Id-A)u) = (1+ ¢
The Fourier inversion formula in theorem 8.2.4 then yields
(ld—Ayu = f < (1+|¢)a=f.
The function & + (1 + |¢[?)*! is a smooth function of slow growth, hence

14 €2 .

1+ €2
1 -~

B 1+|£!2f'

So the solution of the equation can be written as

u =

When d = 1, we use the result of exercise 7.1 on page 119, which was

ey = 1t
37O = e

to end the proof of the theorem. O
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