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ABSTRACT. We prove an optimal one-volume Wegner estimate for inter-
acting systems of N quantum particles moving in the presence of random
potentials. The proof is based on the scale-free unique continuation principle
recently developed for the 1-body problem by Rojas-Molina and Veselit [17]
and extended to spectral projectors by Klein [12]. These results extend of
our previous results in [8, 9]. We also prove a two-volume Wegner estimate as
introduced in [5]. The random potentials are generalized Anderson-type po-
tentials in each variable with minimal conditions on the single-site potential
aside from positivity. Under additional conditions, we prove the Lipschitz
continuity of the integrated density of states (IDS) This implies the existence
and local finiteness of the density of states. We also apply these techniques
to interacting N-particle Schrodinger operators with Delone-Anderson type
random external potentials.

1. STATEMENT OF THE PROBLEM AND RESULT

We consider N quantum particles, each moving in d dimensions, interacting
through a bounded potential U(x1,...,zy). For example, in the Z%-ergodic
case, the inter-particle interaction U may be a pair-potential depending on
the difference x; — ; of the coordinates (71,...,2y) € RNV, We define the
unperturbed N-body interacting Hamiltonian Hg n to be

N

Hon ==Y Aj+U(zr,....,zn), (1)
j=1

where —A; denotes the one-particle Laplacian in the z; € R?-variable.

Each particle moves under the influence of a generalized random Anderson-
type potential Vosl)(xi) defined as follows. Let Ar(z) C R? be a d-dimensional
cube of side length L > 0 centered at z € RY. We consider a family of points
y; € A1(j) C RY, with j € Z%, and a nonnegative single site potential u(z) > 0,
with u € L§°(RY). Associated with each j € Z?, there is a random variable w;.

The generalized Anderson-type one-body random potential Vugl)(xi) is defined
by

V(@) = wjula; —y;). (2)
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Such random potentials are called crooked Anderson-type random potentials in
[12]. The full N-body random Hamiltonian is

N
H,n=Hyn + Z v (), (3)
i=1
where V,(z;) is defined in (2).

The random variables {w;} form a family of independent random variables
with Levy concentration s defined in (27). In the Z%ergodic case, these in-
dependent random variables are assumed to be identically distributed. The
single-site potential u > 0 satisfies x,(0)(z) < u(z) < 1, for 0 < £ < oo and
z € R% We are mostly concerned with the case when u has small support so
that supp v C A1(0), that is, we concentrate on 0 < £ < 1. When the covering
condition u(x) > cx A1(0), for some ¢ > 0 is satisfied, Theorem 1 was proved in
[15].

Our first main theorem concerns the restriction of the Hamiltonian H, y to
N-particle cubes in RV? defined as follows. As above, let A7 (j) C RY be a cube
of side length L > 0 centered at the point j € Z%. An N-particle rectangle is a
product region in RV of the form

A=Ap, (j1) X AL, (52) x -+ x ALy (in), (4)

for lengths L; > 0, with L; € N, and centers j; € Z%. A special case is an N-
particle cube when L = L;, for all i = 1,..., N. We write A, ¢ RV4. We will
assume all N-particle rectangles are centered at the origin with sides parallel
to the principal axes. We denote by Hfu\ n the restriction of H, y to A with
Dirichlet or periodic boundary conditions on the boundary 0A. FErgodicity is
not required for the following theorem on the distribution of the eigenvalues of
local Hamiltonian H:} N

Theorem 1. Let A;, € RV be an N-particle cube with L > 72v/Nd, with L
an odd integer. Let I = [I_,1y] C R be an energy interval with |I| sufficiently
small (see Theorem 3) and contained in (—oo, Ey|, for any Ey > 0 fized. There
exists a constant 0 < C(Ey,d, N,u,U) < oo so that

P{o(Hjn) NI # 0} < C(Eo,d, N, u,U)s(|I|)|Al. ()

Klopp and Zenk [15] proved a version of Theorem 1 under the more restrictive
assumptions that the single-site potential appearing in (2) satisfies a covering
condition u(z) > exa,()(z) > 0 on the unit cube and that y; = j for each j.
The main result of this note is to remove both this covering condition using
the scale-free unique continuation principle for spectral projectors (sftUCPSP),
and the constraint that the single-site potentials be located at integer points.
We mention that it is possible to obtain the results for the regular case y; = j
using the methods of [9]. We remark that this theorem applies to the N-body
Delone-Anderson model, see section 6.

Recently, Klein and Nguyen [14, Appendix B| extended Theorem 2.1 of [12] to
N-particle rectangles with arbitrary side lengths. This implies and extension
of Theorem 1 to arbitrary N-particle rectangles provided the minimum side
length minjcqy . ny Ly is sufficiently large, see [14, section 2]. They mention
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that it suffices to take the expectation in (23) only with respect to the random
variables in one sub-cube Az C R? (see the proof of Theorem 9 below).

We now turn to a discussion of the integrated density of states (IDS). We as-
sume that the Hamiltonian H,, v is Z%-ergodic. By this we mean the following.
For k € Z%, we set k(N) = (k,k,..., k) € ZN?. Let Uj(ny be the unitary oper-
ator on L?(RN?) defined by (Upnyf) (21, ..., an) = flz1+k, ..., an + k). We
demand that Uk(N)Hw,NU;‘(N) = HTk(N)va' In order to insure this covariance,
we may require that

(A1) The random variables in (2) are independent and identically distributed
(iid).

(A2) The inter-particle interaction U is nonnegative and translationally in-
variant, for example, given by a sum of pair-interaction terms

U(xy,...,xn) = Z U(xj—azk), (6)

1<j<k<N

where U : R — RT is a bounded, nonnegative function tending to
zero at infinity. (Note that the nonnegativity is not required for the
covariance property of H, n.)

(A3) The regularity property in (2) that y; = j € ze.

Remark: We may generalize Hopy by adding a background potential
Vo(z1,...,2x) provided it is bounded and Z%periodic in each variable.

In this Z%ergodic setting, the IDS N(V(E) for each single particle Hamil-

tonian H,, 1 = —A+V,, exists (see, for example, [9]). Let v be the correspond-
ing density of states (DOS) measure. The non-interacting N-body Hamilton-
N

ian is HL”N = > i1 (=Ay + V(). We restrict this Hamiltonian to cubes

Ap(a) = Ap(a;) x -+ Ap(ay), where a = (ay,...,ay) € ZN%. Let NV (E)
be the number of eigenvalues of the local Hamiltonian H, ZZA[,\ less than or equal

to E € R. Klopp and Zenk [15, section 2.1] proved that the

(N) _ 1 (V)i
No *(B) = Jim 7o N,

(E), (7)

exists for any sequence of N-particle boxes Ar(a) described above. Further-
more, they proved that NéN) (E), as defined in (7), is equal to

NM(E) = (ND spy svy -5 (EB), (8)

with the convolution taken N — 1-times. This monotone increasing function
exists almost surely. Klopp and Zenk actually proved (7) and (8) for more
general potentials.

Because the interparticle interaction is nonnegative and supported on a lower
dimensional manifold, Klopp and Zenk proved that it does not change the
IDS. As for the noninteracting Hamiltonian, let N/(\N) (E) be the number of
eigenvalues of the local Hamiltonian H:} ~ less than or equal to £/ € R. Then,
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the following limit exists

(N)
NN(E)= lim NA|A|(E) (9)

[A]—o0
for almost every w, and equals the IDS for the noninteracting Hamiltonian, that
is, NN)(E) = NSN)(E). In (9), the regions A C RV? are cubes centered at any
point in ZV? as for the noninteracting case.

We remark that another definition of the IDS may be given in terms of the
spectral family F,, n((—o0, E]) of the infinite volume Hamiltonian H,, n:

FM(E) = fim xaBen((Zoo Exa (10)
Under the hypotheses (A1)-(A3), one can prove that NOV)(E) = N(N)(E) using
the method of Doi, Iwatsuka, and Mine [10] or Carmona-Lacroix [4]. If v(V) is
the nonnegative measure associated with the IDS, it follows from the definition
(10) and the equality of (9) with (10) that the support of (V) equals the
spectrum of the Hamiltonians H,, y for almost every w.

Theorem 2. In addition to the hypotheses (A1)-(AS3), we assume that the
iid random variables {w;} have a common probability distribution that is abso-
lutely continuous with a bounded density. Then, the integrated density of states
NWNN(E) for H, n, defined in (9), is locally uniformly Lipschitz continuous.
The density of states exists and is locally bounded.

We also prove two-volume Wegner estimates introduced in [5]. These es-
timates relate the eigenvalues of the local Hamiltonians associated with two
regions that are sufficiently separated. The two-volume estimates are described
in section 5 and presented in Theorem 9.

There have been several recent results on Wegner estimates for N-particle
systems. For the Anderson model on the lattice, the covering condition is
automatically satisfied. Chulaevsky and Suhov [5] studied one-volume Wegner
estimates for two-particle operators on Z2% and mention in [7, section 2| that
these methods extend to the case of N particles. They do not obtain the
optimal volume dependance. A result on the IDS similar to Theorem 1 was
given by Kirsch [16, Theorem 2.1] for the Anderson model on the lattice. Two-
volume Wegner estimates were introduced in [5, Theorem 2] for lattice models.
Concerning continuum models, in addition to the one volume Wegner estimate
of Klopp and Zenk [15], Boutet de Monvel, Chulaevsky, Stollmann, and Suhov
presented one- and two-volume Wegner estimates for N-body operators in [2].

One- and two-volume Wegner estimates are also a tool in the proof of localiza-
tion for ergodic random N-particle Hamiltonians using the multi-scale analysis
(MSA) technique. We mention several works concerning localization on the
lattice using MSA: [6], [7], [13], and localization for models on the continuum
using MSA: [3], [14]. Aizenman and Warzel [1] used the method of fractional
moments to prove spectral and dynamical localization for N-particle operators
on the lattice.
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2. SCALE-FREE UNIQUE CONTINUATION PRINCIPLE FOR SPECTRAL
PROJECTORS

Let H be a self-adjoint Schrédinger operator on the Hilbert space L?(R”) for
some dimension D > 1. Let A € R be a rectangle with sides parallel to the
principal axes. Let Hy be the restriction of H to A with self-adjoint Dirichlet or
periodic boundary conditions on 9A. We write Py, (I) for the spectral projector
for Hy and the interval I C R. Let {y;} C R” be a collection of points so that
y; € A1(j), for j € ZP. Let u be a single-site potential and form the potential
W(x) =3 ezp u(z —y;), = € RP. Let Wy denote the restriction of W to A.
The scale-free unique continuation principle for spectral projectors (sftUCPSP)
for the Hamiltonian Hj and spectral projector Ep, (I) is the statement that
there exists a finite, positive constant £ > 0, independent of A, so that

By (WaEs, (D) > B, (). (11)

We will use the sftUCPSP due to A. Klein [12]. We remark that although the
constant x will depend on the details of the potential in the initial box, it is
independent of successively larger boxes and is in this sense scale-free.

Theorem 3. [12, Theorem 1.1] Let H = —A+V be a self-adjoint Schrédinger
operator on L*(RP), where V is a bounded potential. Fiz§ €]0,1/2] and let {y;}
be points in RY so that B(y;j,8) C A1(j) for all j € ZP. Define a nonnegative
potential W by

W(r) = Z XB(y;5)() = 0. (12)

jezp

For any Ey > 0, define a constant K = K(V, Ey) = 2|V ||co + Eo. Let Ap(z9) C
RP be a cube of side length L > 72v/D, with L an odd integer, centered at
xo € ZP. Then, there exists a finite positive constant Mp > 0, such that, if we
define a constant v = ~v(D, K,d) > 0 by

72 = (1/2)eMp UK ) oss, (13)
then for any closed interval I C] — oo, Ey|, with |I| < 27, we have

Er(Ha, (e0)Wa, () E1(Ha, (20) = YV E1(Hp, (0))- (14)

We apply this result in the next section to N-body Schrodinger operators. In
our application of this theorem, the dimension D = Nd and the unperturbed
operator H is the N-body operator Hy y given in (1). Consequently, the po-
tential V' in Theorem 3 is the pair-interaction potential or any other N-body
potential provided it is bounded independently of N and A. The potential W
will be constructed in the next section from the single-site potentials u.
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3. SFUCPSP FOR N-BODY RANDOM SCHRODINGER OPERATORS

In this section we apply the Klein’s sftUCPSP Theorem 3 to the N-particle
random Schrédinger operators H,, y as defined in (3). We recall that the N-

particle random potential v (x) on L*(RNY) is given by

Vi (@1, o) =Y VD (), (15)
=1

where the one-particle random potential is define in (2). We denote by 1745 ),
respectively, V) the N -body Anderson potential (15), respectively, the one-
body Anderson potential (2), with all random variables set equal to one. In
order to satisfy the hypotheses of Theorem 3, we assume that there exists a
scale § with 0 < & < £ so that B(y;,08) C A1(j), for j € Z4.

Given an N-particle rectangle A ¢ RN? we let HI(\N) denote the random
interacting N-particle Hamiltonian (1) restricted to A with periodic or Dirichlet
boundary conditions. Let Ec{.)\ ~ (1) be the random spectral projector for the local

Hamiltonian H u’} n and the energy interval I C R. Another major advantage of
the method of Klein [12] is that the sftUCPSP for spectral projectors of random

Schrodinger operators can be proved for the projectors E/(\N) (I) rather than the
free projectors as in [9].

The key sfUCPSP estimate is the following (16) that relies on the result of
Klein, Theorem 3. We take D = Nd in Theorem 3. Because of this, the constant
Mp and, consequently, the constant v, depends on the particle number N.

Theorem 4. Let H:}?V be the local N-body random Schrédinger operator as
defined in (3) restricted to an N-particle cube of side length L > 0,L an odd
integer large enough, with Dirichlet or periodic boundary conditions. For any
Ey > 0, let yv = ~v(d,U,I,u, N, Ep) > 0 be the constant in (13) depending on
Fy, the dimension d, the interval I, the N-body potential U, particle number
N > 1, and the single-site potential w, but independent of Ar. Then, for any
interval I C (—o0, Eg| with |I| < 27, we have

B N (VA By (D) > NaRES v (D). (16)
Proof. Let A;, € RN? be an N-particle cube. We apply Theorem 3 to Hﬁﬁv
with D = Nd. The key to proving (16) is the following lower bound on the
potential f/[{N). The single-site potential u is chosen so that u(x) > xa, () (7),
for z € R? and ¢ > 0. We recall that we have assumed the existence of a
scale & so that B(y;,d) C A1(j), for j € Z%. For the i*’-coordinate, we denote
by j; € Z% the integer points in Az, (0) C R We call the set of these integer
points Az, (0). Let y;, € R? be the point in the unit cube Ay (j;) € Az,(0). In
order to distinguish the coordinates, we label the d-dimensional cubes Ay, C R?
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although we will take L = L; for : = 1,..., N. We then have

N

Vi, () = Z > ulzi—y;)

=1 i=1 \jiehr, 0

=
5
[

M=

Z XB(ij.,(S) ([IZJ

WV
11

jiGALi(O)

(17)

> > 1 D D XBuye (@) XB,, 0 (@N)

=1 \jieAr, (0)  jneALy(0)
(18)
> N > XB(y;.8)(T15- - - TN)- (19)
3=(j1,iN)EAL
In line (17), we used the fact that
L, @) = D XBy,,.0 (@) (20)

jr€AL, (0)

In the last step (18), we used the fact that y; = (yj,,--.,¥;jx) € RV? and the
fact that [[Y, B(yj,,0) = {z € RN | ||z — y;]| < 6} = B(y;,6). Due to this
lower bound (17), we have

ES N (1) /iN)(ﬂﬂl,---axN)EﬁN(I) >N Y ESv(Dxp,s (@ an)ES v ().
jEAL
(21)
We can now directly apply the result of Klein [12, Theorem 1.1] taking Wy, to
be

Wa, (@1, oan) = Y XBs (@1, 2n), (22)
jeAL

appearing on the right side of (21). O

4. PROOF OF THE WEGNER ESTIMATE FOR N-BODY RANDOM
SCHRODINGER OPERATORS

With the sfUCPSP for spectral projections, estimate (21), we can follow
the proof of the Wegner estimate in [9]. We present the main steps here with
attention to the modifications necessary for the N-body case. As above, we
work with N-particle cubes A;, = Ay x --- x Ap, and write the coordinates as
= (21,2,...,2n5) ERVI =R x ... x R%

The projector EI(XN)(A) for the N-body operator H,, y restricted to A C

RN with periodic boundary conditions (PBC) or Dirichlet boundary conditions
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(DBC) is a trace class operator. For the Wegner estimate, we need to estimate
E{TrEM (A)}. (23)
Because we have a sfUCPSP involving the spectral projectors for H N> and

not just the unperturbed operators Ho, ~» we can follow Klein [12, section 3,

Lemma 3.1] and avoid the decomposition with respect to Hé\’ N asin [9, section
4]. We use (16) twice to write

E{TrEXM(A)} < (Ny3) 'B{TrEM(A) 7V}
< (N 2E{Tr B ()Y E (A)V N>}
< (Bo+ M)(N3) 2EATrEN (0) VN (1D + M) BN
< (Bo+ M)(N)2EA{TrEX (0 VY (1 + b)Y,

In the last line, we used the positivity of the perturbation IN//{N) and the fact
that A C [—M, Eo]t

BN @Y < VS N+ M) (E + M7
< (Bo+ MV (HE y + )7 WY (25)
We now turn to estimating the expectation on the right side of (24).

4.1. Preliminaries: spectral averaging. We need a version of the spectral
averaging result [9, Lemma 2.1].

Since the random variables are simply independent, we need to formulate
the Levy concentration. For each j € Z¢, a relative probability measure e is
defined by

pi([E, E+ ]) = Plw; € [E, E+ T[] | (wr)rzs}- (26)
using the conditional probability. We then define the Levy concentration s by
s([1]) = sup E{Sup pi([E, E+ ]])}- (27)

jezZd

Lemma 5. Let j = (ji,...,jn) € ZN? and let ®; be a compactly supported
function with support in a ball around j. Let K be a bounded operator so that
O, Ky is trace class. We then have

E(TrEy " (A)®;KPy) < 8s(|A])|@;K D1, (28)

where s(-) is the Levy concentration defined in (27).

4.2. Preliminaries: trace estimates. In the N-body case with each particle
moving in R%, we have the following results.

Lemma 6. [9, Appendix A] Let x € Cy(A) and suppose HON —M > —o0.
(1) The operator xRy x(—=M)™ € Iy, for an integer m € N satisfying m >
(Nd)/2.
(2) The operator XR(/)\,N(_M) € T, for an integer m € N satisfying m >
(Nd)/2.

AT

(24)
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Lemma 7. [9, Appendix A] Let x1 and x2 be two bounded functions with
compact, disjoint supports in A C RN Then the operator Xl(Hé\N + M)y
1s in the trace class. Let di9 denote the distance between the supp(;rts of x1 and
X2. There exist finite, positive constants Ai2,a > 0, depending on Hyn and
M, so that

i (Hoow + M) Xzl < Arge 2, (29)
The constant Ay depends on max;j—j 2 [supp x;l.

4.3. First decomposition. Following from (24) and Lemma 5 we must esti-
mate the operator

VAV Yy + M), (30)

acting on the Hilbert space L2?(RN?). The deterministic potential
~1£N) (x1,...,zN) is the sum of one-particle potentials IN//S) (x;) defined as in

(2) with w; = 1. From (2), there are N2-terms of the following form:
1 1,01
Vi @)y + M)V (). (31)

We expand each one-particle random potential VIS)(:E@) For economy of nota-

tion, we write w, (z;) for u(z; — m), with m € Ap,. In this manner, the term
in (31) has the form

SN wmla) (H g+ M) ug(ay), (32)

mGAi kGAJ'
fori,j7 =1,..., N. We note the operator
Ko, e, = wm (i) (Hp' y + M) g (2;), (33)

in (32) is trace class when the supports of the single-site potentials are disjoint
U (zi)ug(z;) = 0, and we have exponential decay according to Lemma 7. In
this case, the constant A; o in (29) grows like |A|N=D4  In general, when the
supports are not disjoint, this operator is no longer in the trace class except for

d=1.

4.4. Second decomposition. We introduce a partitions of unity for each
AL, C R? with j = 1,...,N. Let Xg])(xj) form a partition of unity for
AL, C R? with each function supported in a translate of the unit cube

[O, 1]d C AL].:

Yo (@) = xay, (). (34)

Sj E]\Lj
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We then have for fixed 1 <7 < NV:

un@)d = T as, ()um(a) A
JAGI<GSN

= I Y X)) | uml)

J#EISISN \ 5;€h

- Z Z X (@) o) XN (@), (35)

S1€AL1 SNeALN

where we exclude from the sums a sum over the points s; € 1~\Li- We note that

| suppltm (1) @ Tzix ) ()] /|A| = 0 as |A| — oo, where |- | denotes Lebesgue

measure on RVY, We write each summand on the last line in (35) as

gy (@1 2n) = X (@1) () XY (). (36)
Inserting these partitions into (31) we obtain
Kmi,kj = Z ce Z Doy, (H(/)\,N + M)_1®t1,~.~7kjw~,tN7 (37)
Sl,tleALl SN,tNGZ\LN

where, in the sums indexed by s; we omit k = ¢ and, similarly, in the sums
indexed by t, we omit p = j.

For simplicity of notation, we make a definition. To distinguish the co-
ordinates z; and x; and the various localization functions, we write m; €
Ar, and k; € AL, and define N-tuples s(m;) and t(k;), both in A C
RN with s(m;) = (si,82,...,8_1,Mi, Sit1,...,5y) and similarly t(kj) =
(tista, ..., tj—1,kj, tjy1,...,tn). These N-tuples serve as the indices of the
functions @ in the partitions of unity. We then define:

k;j —

Kﬁgm)) = (I)Sh--ymi,wSN(Héx,N + M) 1¢t17~~-7kj1-~-:tN' (38)

This operator is related to K,z in (33) as follows. Let s'(m;) =

(Siy 82y vy 8i—1,My, Sit1,-..,SN) be the N — 1-tuple obtained from s(m;) by
omlttlng m;, and similarly for t'(k;). We then have
_ t(k;)

Koy = Z K. (39)

s'(mi)t' (k;)
Returning to the expectation of the last line on the right in (24), we obtain

E{TrEM (M) (H y + M)~V

N
Sy > BB (A)E (40)

1,j=1 'miEALi s’(mi),t’(kj)ef\
kje[\Lj
In relation to Lemma 5, the operators K;E:Z)) play the role of the ®;K®;,

although there will be a subset of indices for which these operators will not be
trace class without further manipulation.
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4.5. Trace norm estimates of the sum (40). We designate the support of
Dy(m,) by s(m;). When the region s(m;) is disjoint from ¢(k;), the operator

K;E:i)) is trace class according to Lemma 6 and satisfies an exponential decay

estimate as in (29). For pairs of indices (s(m;),t(k;)) such that the supports of
the corresponding functions ® have disjoint support:

‘\Kzﬁﬁif)lh < CpeCollstmi)—t(k;)|

< O H e~ collse=tell g—colllmi—till+lls; —kjll) (41)

for positive constants Cy, ¢y > 0 depending on N and d but independent of |A|.

4.5.1. Disjoint support terms. In order to sum over these pairs, we first fix
(mi, kj) € Ay x Aj. We decompose the sum over (s'(m;),t'(k;)) of N — 1-tuples
for which (s(m;), t(k;)) are disjoint. The set of all such indices (s'(m;), t'(k;)) for
which the distance to the pair (m;, k;) is greater than than twice the diameter
of the support of u(z;) will be called Zm; ;) and the complementary set is
Liinsky)- 1t is important to note that \I(Cmi’kj)| ~ O(1) compared to the volume

|A|. It follows from (41) and Lemma 5 that

N t(k;

3 3 E{TrEL ) (A)KL2) L < 8Cuy s(ADIA (42)
miGALi sl(mi)vt/(kj)e:Z(mivkj)
kjef\Lj

The constant Cy;s; depends on the particle number N.

4.5.2. Non-disjoint support terms. For the other terms for which the support
is not disjoint, we have to follow the strategy of [9, Appendix A] based on the
estimates in Lemma 6, and the fact that the number of such terms is bounded
independently of |A|. Since these terms are not in the trace class, we need to
iterate the resolvent. We denote by S(m; o) the following sum that occurs in
the trace estimate of [, Appendix A]. For o; > 0 and m + 2 > log(Nd)/log 2,
we define:

Do) 9§ ; ) _
S(m;o) = Z CIE—— with 0 >0, 09 =1, (43)

m
j=1
where we will choose o > 0 below. Following [9, (2.14)], we define K by

Ka= X > KR (44)

iR, ST
k; EALJ-
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As in [9, Appendix A.1], we obtain
3 3 E{TrE" ’(A)Kzgf;j)}

miehy, o' (ma) ¥/ (k) €LE,, k)
kjEALj

< S(m,o)E{TrEL (M)} + < > E{TrEy" (A)(EAK7)™ ).

2m0'1 O
(45)
The constant C),4;5; also depends on N. The operator (f( A.f(;{)wil is proved

to be trace class on page 496 of [9]. The second term in (45) is estimated as in
Appendix A of [9].

E{TrEM (A)(KAK3)?" '} < 8Chais; s(1ADIA]. (46)

4.5.3. Completion of the proof. We combine the two upper bounds (42) and
(46) and sum over ¢,j = 1,..., N. Inserting this bound on the right side of the
last line of (24), we obtain

EATrE(A)}
< (B + M)y S(m: ) E{TrEY (A))
+8[(E0 + M)’)/;/L](zmal tet Um)il(cdisj + Cndisj)3(|AmA|-
(47)
We now choose o; so that the first term on the right in (47) can be moved to
the left. For any B > 0, let 0; = B_ijl,j =1,...,m, and oyg = 1. We then
have that S(m;o) = B~'(1 —27™). If we take B = (Fo + M)vy", then the

factor in square brackets in the first term on the right in (47) is (1 —27"") < 1,
since m > 1 and finite. Moving this term to the left in (47), we obtain

E{TrE2 y(A)} < C(Eo,d, N,u, U)s(|A])|A]. (48)

This proves the Wegner estimate of Theorem 1.

The results on the IDS in Theorem 2 follows from this Wegner estimate and
the fact that under the hypotheses of Theorem 2, we have s(|A|) < ||plloo|Al,
where p > 0 is the probability density.

5. TwWO-REGION WEGNER ESTIMATE

We prove two-region Wegner estimates for H/d\ ~ in the spirit of [2] and [5].
Two-region Wegner estimates concern the eigenvalues of two local Hamiltonians
HU/J\”N associated with two regions Aj;, for j = 1,2. Because of the possible

dependance of the potentials Voi\ ., for 5 = 1,2, on each other even when the
regions A1 and As are disjoint, we can prove this result only for pairs of regions
(A1, A2) that are called R-separated in [2]. For example, for two particles in one
dimension, the regions Ay = [0, 1] x [0, 1] is disjoint from the region Ag = [0, 1] X
[6,7]. However, the projections of A; and A on the first axis are the same so the

local potentials V‘:\ 5, for j = 1,2, contain the same random variables associated

with [0, 1]. Clearly, one region sits in the shadow of the other. However, there
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are still a number of random variables in A; that are independent of those in
As. We recall the definition of R-separated here that embraces this notion.

Let II; : RN4 5 R? be the projection onto the j*'-coordinate. For an N-
particle rectangle A € RV? the set IT;A is the j*-component rectangle of A in
R?. We define ITA be the subset of R? defined by

N
A = | J ;A c RY (49)
j=1

For a subset J C {1,..., N}, we define

I A = | JI;A CRY (50)

JjeT
We also need the notion of an extension of A that takes into account the size
of the support of the single site potential u. Suppose that suppu C B(0, R),

for some R > 0. We define the extension A to be the N-particle rectangle
containing A obtained by replacing Az, by A, 2r in each component rectangle.

Definition 8. Two rectangles A, A’ C RN? are R-separated if there exists a
nonempty subset J C {1,..., N} of indices so that either

dist [H SA LA U H/i’} > 2R,
or

dist [H SN Ty A U HA} > 2R,
where the distance is the Fuclidean distance.

The notion of R-separation guarantees that there are random variables in one

rectangle that are independent of the random variables in the second rectangle.
In the example above, the second condition of Definition 8 holds with R = 1
and J = {2}.
Theorem 9. Let HU/}’N be an N -particle Hamiltonian restricted to an N -cube
A. Suppose that suppu C B(0, R), for some R > 0. Let Iy = (—o0, Ey] C R
be an energy interval for any Eg > 0 fized. If A and A’ are two R-separated
N -particle cubes, then for any € > 0 sufficiently small,

P{dist (o(HS v) N 1o, o(HA ) N 1) < €} < CwC(Eo,d, N,u,U)E§|A||A]s(2¢),
(51)
where the constant C(Ey,d, N,u,U) is defined in (48).

Proof. Since A and A’ are partially separated cubes, we may assume without
loss of generality, according to Definition 8, that there is a collection of sites
associated with a one-particle cube I' C A so that the associated random vari-
ables are independent of those in A’. Any operator Hé\ y is uniformly lower
semi-bounded and has only finitely-many eigenvalues in Iy. As in [2, page 564],
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we then can compute
P{dist (o(H2 v) N Io,o(HA \) NIy < €}
= Ere[Pr{dist (o(H2x) N Io,0(HYy) N 1o) < € | {wr}rere}]
= Ere[Pr{min;x|E;(A) — E(A)| <e, Ej(A), Ex(A') € Io | {wy}rere}]

< (CwE4N|) Ere sup Pr{dist (o(H) x) N 1o, E) < € | {wy}rere}
clo

< CwC(Ey,d, N,u,U)EL|N||A]s(2¢). (52)

On the fourth line of (52), we used Weyl’s law with constant Cy to bound the
number of eigenvalues of H U[J‘:N less than Ejy. To calculate the probability with
respect to the random variables in the one-particle cube I', we used the fact
that we can obtain a lower bound in the calculation (18) without the sum over
the coordinate index 7. We can then proceed with the proof as in section 4 for
€ > 0 small enough. This proves (51). O

These two-region Wegner estimates are necessary for the multi-scale analysis
proof of localization, see, for example, [14, section 5.

6. APPLICATION TO THE DELONE-ANDERSON MODEL

The techniques we have developed above can be used to extend the results of
Rojas-Molina and Veseli¢ [17] and Klein [12] to the following non-ergodic model
based on a one-particle random potential of Delone-Anderson type. For any pair
of finite positive constants (m, M),, with 0 < m < M < oo, an (m, M)-Delone
set Iy ar is a discrete subset {2z;} C R having the property that any cube of
side length m contains no more than one point, and any cube of side length
M contains at least one point. Hence the lattice MZ¢ contains at least one
point of the Delone set I';,, o in each cube of side length M. Consequently, we
can apply the above methods to the lattice MZ¢. We decompose the (m, M)-
Delone set into two components I'y, py = I't + I'2, where I'y contains exactly
one point y; in Apz(j). Furthermore, these points are separated by a distance
at least m. We decompose the random potential into two pieces according to
this decomposition of the set:

Va(z) = >z — z) =V, () + Vi, (2). (53)
jezd

where

Vr, (z) = Z uw(x — yj). (54)

jezd

The potential V1, is bounded and independent of Vi, so we can add it to the
potential U without any loss of generality. We use the random variables asso-
ciated with I'y in the spectral averaging. In this way, and using his sftUCPSP,
Klein obtained an improvement of [17, Theorem 4.2]. For the N-body case,
we obtain the analog of Theorem 1 for the N-body Delone-Anderson random
Schrédinger operator.
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