RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS

FREDERIC KLOPP

Dedicated to Johannes Sjostrand on the occasion of his seventieth birthday.

ABSTRACT. The present paper is devoted to the study of resonances for one-dimensional quantum
systems with a potential that is the restriction to some large box of an ergodic potential. For discrete
models both on a half-line and on the whole line, we study the distributions of the resonances in
the limit when the size of the box where the potential does not vanish goes to infinity. For periodic
and random potentials, we analyze how the spectral theory of the limit operator influences the
distribution of the resonances.

RESUME. Dans cet article, nous étudions les résonances d’un systéme unidimensionnel plongé dans
un potentiel qui est la restriction a un grand intervalle d’un potentiel ergodique. Pour des modeles
discrets sur la droite et la demie droite, nous étudions la distribution des résonances dans la limite
de la taille de boite infinie. Pour des potentiels périodiques et aléatoires, nous analysons I'influence
de la théorie spectrale de 'opérateur limite sur la distribution des résonances.

0. INTRODUCTION

Consider V : Z — R a bounded potential and, on ¢?(Z), the Schrédinger operator H = —A +V
defined by
(Hu)(n) =u(n+1) +u(n — 1)+ V(n)u(n), Vné€eZ,

for u € (2(Z).
The potentials V we will deal with are of two types:

e V periodic;

e V =1V, the random Anderson model, i.e., the entries of the diagonal matrix V are inde-

pendent identically distributed non constant random variable.

The spectral theory of such models has been studied extensively (see, e.g., [20]) and it is well known
that

e when V is periodic, the spectrum of H is purely absolutely continuous;
e when V =V, is random, the spectrum of H is almost surely pure point, i.e., the operator
only has eigenvalues; moreover, the eigenfunctions decay exponentially at infinity.

Pick L € N*. The main object of our study is the operator
(01) Hp=-A+ V]-[[—L-i-l,L]

when L is large. Here, [-L + 1,L] is the integer interval {—L + 1,---, L} and 1p,5(n) = 1 if
a <n <band 0 if not.

For L large, the operator Hy, is a simple Hamiltonian modeling a large sample of periodic or random
material in the void. It is well known in this case (see, e.g., [11]) that not only does the spectrum
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of Hy, be of importance but also its (quantum) resonances that we will now define.

As V1j_r41 1) has finite rank, the essential spectrum of Hj, is the same as that of the discrete
Laplace operator, that is, [~2,2], and it is purely absolutely continuous. Outside this absolutely
continuous spectrum, Hy, has only discrete eigenvalues associated to exponentially decaying eigen-
functions.

We are interested in the resonances of the operator Hy in the limit when L — 4o00. They are
defined to be the poles of the meromorphic continuation of the resolvent of Hy through (—2,2),
the continuous spectrum of Hy, (see Theorem 1.1 and, e.g., [14]). The resonances widths, that is,
their imaginary part, play an important role in the large time behavior of e *HL  especially the
resonances of smallest width that give the leading order contribution (see [11]).
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Figure 1: The meromorphic continuation

Quantum resonances are basic objects in quantum theory. They have been the focus of vast num-
ber of studies both mathematical and physical (see, e.g., [11] and references therein). Our purpose
here is to study the resonances of Hy in the asymptotic regime L — +o00. As L — +4o0, Hf,
converges to H in the strong resolvent sense. Thus, it is natural to expect that the differences in
the spectral nature between the cases V' periodic and V random should reflect into differences in
the behavior of the resonances in both cases. We shall see below that this is the case. To illustrate
this as simply as possible, we begin with stating three theorems, one for periodic potentials, two
for random potentials, that underline these different behaviors. These results can be considered as
paradigmatic for our main results presented in section 1.

The scattering theory or the closely related questions of resonances for the operator (0.1) or for
closely related one-dimensional models has already been discussed in various works both in the
mathematical and physical literature (see, e.g., [13, 12, 30, 27, 41, 10, 28, 4, 26, 42]). We will make
more comments on the literature as we will develop our results in section 1.

0.1. When V is periodic. Assume that V' is p-periodic (p € N*) and does not vanish identically.

Consider H = —A + V and let ¥z be its spectrum, Xz be its interior and E — N(FE) be its
integrated density of states, i.e., the number of states of the system per unit of volume below
energy E (see section 1.2 and, e.g., [10] for precise definitions and details).

Theorem 0.1. There exist

e D, a discrete (possibly empty) set of energies in (—2,2) N Xy,
e a function h that is real analytic in a complex neighborhood of (—2,2) and that does vanish
on (=2,2)\ D

such that, for I C (—2,2)\ D, a compact interval such that either I N Xz = 0 or I C Xy, there
exists cg > 0 such that for L sufficiently large s.t. L € pN, one has

o if INYy =10, then H has no resonance in I + i[—cg, 0]

o if I C Xy, one has
— there are plenty of resonances in I + i[—cp,0]; more precisely,

#{z € I +i[—co,0], z resonance of Hp}
5T = /IdN(E) +o(1)

(0.2)
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where o(1) — 0 as L — +oo;
— let (25); the resonances of Hy, in I + i|—co, 0] ordered by increasing real part; then,

(0.3) L-Re(zjt1—2j) =<1 and L-Imz; =h(Rez;)+ o(1),

the estimates in (0.3) being uniform for all the resonances in I + i[—cgy,0] when L —
+o00.

After rescaling their width by L, resonances are nicely inter-spaced points lying on an analytic
curve (see Fig. 2). We give a more precise description of the resonances in Theorem 1.3 and
Propositions 1.1 and 1.2. In particular, we describe the set of energies D and the resonances
near these energies: they lie further away from the real axis, the maximal distance being of order
L~ 'log L (see Fig. 3). Theorem 0.1 only describes the resonances closest to the real axis. In
section 1.2, we also give results on the resonances located deeper into the lower half of the complex
plane.

resonances resonances

Figure 2: The rescaled resonances for the periodic (left part) and the random (right part) potential

0.2. When V is random. Assume now that V = V,, is the Anderson potential, i.e., its entries
are i.i.d. distributed uniformly on [0, 1] to fix ideas. Consider H = —A + V,,. Let ¥ be its
almost sure spectrum (see, e.g., [34]), E — n(E), its density of states (i.e. the derivative of the
integrated density of states, see section 1.2 and, e.g., [31]) and E — p(F), its Lyapunov exponent
(see section 1.3 and, e.g., [34]). The Lyapunov exponent is known to be continuous and positive
(see, e.g., [7]); the density of states satisfies n(E) > 0 for a.e. E € X (see, e.g., [7]).

Define Hy, 1, := —A + V,1[_141,1]- We prove

Theorem 0.2. Pick I C (—2,2), a compact interval. Then,
o if INY =0 then, there exists c; > 0 such that, w-a.s., for L sufficiently large,

{z resonance of Hy, 1, in I +i(—cy,0]} = 0;
o if I C X then, for any ¢ > 0, w-a.s., one has

1
Ll_i)rJrrlOo Z# {z resonance of Hy, 1, in I +1 (—oo, —e_QCL]} = /Imin (/)(CE), 1) n(E)dE.

As the first statement of Theorem 0.2 is clear, let us discuss the second. Define c := rga;cp(E).
€

For ¢ > ¢, w-a.s., for L large, the number of resonances in the strip {Rez € I, Imz < —e2¢L}

is approximately 2L/n(E)dE; thus, in {Rez € I, —e?*+% < Imz < 0}, one finds at most o(L)
I

resonances. We shall see that, for 6 > 0, w-a.s., for L large, the strip {Rez € I, —e(2er )L <

Im 2z < 0} actually contains no resonance (see Theorem 1.6).

Define c_ := %lll}p(E) For ¢ < c¢_, w-a.s., for L large, the strip {Rez € I, Imz < —e‘zCL}
€

contains approximately 2cL / de resonances. We shall see that, for x € [0, 1), the number of
P
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resonances in the strip {Rez € I, Imz < —e~ %"} is O(L"), thus, o(L) (cf. Theorem 1.10).
One can also describe the resonances locally. Therefore, fix Ey € (—2,2) N'Y such that n(Ey) > 0.
Let (zlL (w)); be the resonances of H,, . We first rescale them. Define

(0.4) zF(w) = 2Ln(Ey)(Re 2 (w) — Ey) and  yf(w) = — log |Tm 2 (w)).

1
2Lp(Eo)

Consider now the two-dimensional point process

§(EBo,w) = Z 5(:vf(w)7yf(w))'

zlL resonances of H,, r,

We prove
Theorem 0.3. The point process &1, converges weakly to a Poisson process of intensity 1 in Rx [0, 1].

In the random case, the structure of the (properly rescaled) resonances is quite different from that
in the periodic case (see Fig. 2). The real parts of the resonances are scaled in such a way that that
their average spacing becomes of order one. By Theorem 0.2, the imaginary parts are typically
exponentially small (in L); when the resonances are rescaled as in (0.4), their imaginary parts are
rewritten on a logarithmic scale so as to become of order 1 too. Once rescaled in this way, the local
picture of the resonances of H,, , is that of a two-dimensional cloud of Poisson points (see the right
hand side of fig. 2).

Theorem 0.3 is the analogue for resonances of the well known result on the distribution of eigenvalues
and localization centers for the Anderson model in the localized phase (see, e.g., [32, 18, 14]).

As in the case of the periodic potential, Theorem 0.3 only describes the resonances closest to the
real axis. In section 1.3, we also give results on resonances located deeper into the lower half of
the complex plane. Up to distances of order L™ to the real axis, the cloud of resonances (once
properly rescaled) will have the same Poissonian behavior as described above (see Theorem 1.4).

Besides proving Theorems 0.1 and 0.3, the goal of the paper is to describe the statistical properties
of the resonances and relate them (the distribution of the resonances, the distribution of the widths)
to the spectral characteristics of H = —A + V, possibly to the distribution of its eigenvalues (see,

e.g., [15]).
As they can be analyzed in a very similar way, we will discuss three models:

e the model Hy, defined above,

e its analogue on the half-line N, i.e., on Hy, we impose an additional Dirichlet boundary
condition at 0,

e the “half-infinite” model on ¢?(Z), that is,

W(n)=0forn>0

0.5 H*® = -A+W wh
(0.5) W where {W(n) =V(n)forn< -1

where V is chosen as above, periodic or random.

Though in the present paper we restrict ourselves to discrete models, it is clear that continuous
one-dimensional models can be dealt with essentially using the methods developed in the present

paper.
1. THE MAIN RESULTS

We now turn to our main results, a number of which were announced in [24]. Pick V: Z - R a
bounded potential and, for L € N, consider the following operators:

o Hf = —A+ V1 ) on (3(Z);
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e HY = A+ V1po,r) on ¢%(N) with Dirichlet boundary conditions at 0;
e H® defined in (0.5).

Remark 1.1. Here, with “Dirichlet boundary condition at 0”, we mean that Hg is the operator
HZE restricted to the subspace £2(N), i.e., if II : £2(Z) — ¢%(N) is the orthogonal projector on ¢(N),
one has HY = IIH %H. In the literature, this is sometime called “Dirichlet boundary condition at
—17 (see, e.g., [10]).

For the sake of simplicity, in the half line case, we only consider Dirichlet boundary conditions at
0. But the proofs show that these are not crucial; any self-adjoint boundary condition at 0 would
do and, mutandi mutandis, the results would be the same.

Note also that, by a shift of the potential V', replacing L by L + L', we see that studying H % is
equivalent to studying Hy ;r = —A+ V1_p/ 1] on ¢%(Z). Thus, to derive the results of section 0
from those in the present section, it suffices to consider the models above, in particular, H % .

For the models H§ and H %, we start with a discussion of the existence of a meromorphic continu-
ation of the resolvent, then, study the resonances when V is periodic and finally turn to the case
when V is random.

As H®® is not a relatively compact perturbation of the Laplacian, the existence of a meromorphic
continuation of its resolvent depends on the nature of V; so, it will be discussed when specializing
to V periodic or random.

Remark 1.2 (Notations). In the sequel, we write a < b if for some C' > 0 (independent of the
parameters coming into a or b), one has a < Cb. We write a < b if a < b and b < a.

1.1. The meromorphic continuation of the resolvent. One proves the well known and simple

Theorem 1.1. The operator valued functions z € C* +— (z — HY)™! and 2 € C* — (2 — HE)™!)
admit a meromorphic continuation fmm C* to C\((—o0, —2] U [2,400)) through (—2,2) (see Fig. 1)
with values in the operators from [2 comp 10 ..

Moreover, the number of poles of each of these meromorphic continuations in the lower half-plane
1s at most equal to L.

The resonances are defined to be the poles of this meromorphic continuation (see Fig. 1).

1.2. The periodic case. We assume that, for some p > 0, one has
(1.1) Vagp =V, forall n>0.

Let Y be the spectrum of HY = —A + V acting on ¢?(N) with Dirichlet boundary condition at 0
and Yz be the spectrum of HZ = —A + V acting on ¢?(Z). One has the following description for
these spectra:

P

e Y7 is a union of intervals, i.e., ¥y := o( U E E+ where E;" < EJr (1<j5<0p)
and a] | < Ef (2 < j < p) (see, eg., [ ]), the spectrum of H? is purely absolutely
continuous and the spectral resolution can be obtained via a Bloch-Floquet decomposition
(see, e.g., [43]);

e on /2(N) (see, e.g., [37]), one has

— 3y =%z U{vj;1 <j<n} and Xy is the a.c. spectrum of H;
— the (vj)o<j<n are isolated simple eigenvalues associated to exponentially decaying
eigenfunctions.
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It may happen that some of the gaps are closed, i.e., that the number of connected components of
p

Y.z be strictly less than p. There still is a natural way to write Xz := o(H) = U [E]_,E;“] (see
j=1

section 4.1.1), but in this case, for some j’s, one has E]tl = Ej_; the energies E]tl = Ej_, we shall

call closed gaps (see Definition 4.1). The existence of closed gaps is non generic (see [13]).

The operators H® (for e € {N,Z}) admit an integrated density of states defined by

L #{eigenvalues of (—A + V)|, z]ne in (=00, E]}
(1.2) N(E) = lim #(=L.I]Ne) ‘

Here, the restriction of —A +V to [—L, L] N e is taken with Dirichlet boundary conditions; this is
to fix ideas as it is known that, in the limit L — +o00, other self-adjoint boundary conditions would
yield the same result for the limit (1.2).

The integrated density of states is the same for HY and H” (see, e.g., [34]). It defines the distri-

bution function of some probability measure on Yy that is real analytic on 7. Let n denote the

dN
density of states of HY and H?, that is, n(E) = d—E(E)
Remark 1.3. When L gets large, as HEI tends to HY in strong resolvent sense, interesting phe-
nomena for the resonances of HEI should take place near energies in .
Define 7 to be the shift by k steps to the left, that is, 7,V (-) = V(- + k). Then, for (¢1)r s.t.
lp, — 4+ooand L —¢;, — +oo when L — 00, T;;H%TIL tend to HZ in strong resolvent sense. Thus,

interesting phenomena for the resonances of H % should take place near energies in >y.

1.2.1. Resonance free regions. We start with a description of resonance free regions near the real
axis. Therefore, we introduce some operators on the positive and the negative half-lattice.

Above we have defined Hy; we shall need another auxiliary operator. On ¢2(Z_) (where Z_ =
{n < 0}), consider the operator H, = —A + 7,V with Dirichlet boundary condition at 0 (where
7, is defined to be the shift by & steps to the left, that is, 7,V (-) = V(- + k)). Let ¥, = o(H,).
As is the case for HY, one knows that Oess(H, ) = Yz and that oes(H, ) is purely absolutely
continuous (see, e.g., [40, Chapter 7]). H, may also have discrete eigenvalues in R\ Xz.

We prove

Theorem 1.2. Let I be a compact interval in (—2,2). Then,

(1) if I C R\ Xy (resp. I C R\ Xz), then, there exists ¢ > 0 such that, for L sufficiently large,
HY (resp. HZ) has no resonances in the rectangle {Rez € I, Imz € [—c,0]};

(2) if I C Xz, then, there exists ¢ > 0 such that, for L sufficiently large, HEI and H% have no
resonances in the rectangle {Rez € I, Imz € [—c¢/L,0|};

(3) fix0 <k <p—1 and assume the compact interval I to be such that {v;} = }ﬂ YXn=1INXyN

and INYz =0 ((vj); are defined in the beginning of section 1.2):

(a) if INX, = 0 then, there exists ¢ > 0 such that, for L sufficiently large such that
L =k mod p, HLN has a unique resonance in the rectangle {Rez € I, —c < Imz < 0};
moreover, this resonance, say zj, is simple and satisfies Im z; < —e il and |zj —Aj| <
e~ Pl for some p; > 0 independent of L;

(b) if INX, # 0 then, there exists ¢ > 0 such that, for L sufficiently large such that L = k
mod p, HY has no resonance in the rectangle {Rez € I, —c < Imz < 0}.

So, below the spectral interval (—2,2), there exists a resonance free region of width at least of
order L~!. For H g ,if L = k mod p, each discrete eigenvalue of HY that is not an eigenvalue of
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H, generates a resonance for HY exponentially close to the real axis (when L is large). When the
eigenvalue of H is also an eigenvalue of H N — H0+ , it may also generate a resonance but only
much further away in the complex plane, at least at a distance of order 1 to the real axis.

In case (3)(a) of Theorem 1.2, one can give an asymptotic expansion for the resonances (see sec-
tion 5.2.1).

We now turn to the description of the resonances of H} near [—2,2]. Therefore, it will be useful to
introduce a number of auxiliary functions and operators.

1.2.2. Some aumiliary functions. To H, defined above, we associate IV, , the distribution func-
tion of its spectral measure (that is a probability measure), i.e., for ¢ € C°(R), we define

/go()\)de_()\) = @(H,)(0,0) where (p(H, )(%,Y))(z4)ez_)> denotes the kernel of the opera-
t(]i" ©(H, ).
On XO]Z, the spectral measure dN, admits a density with respect to the Lebesgue measure, say, n;,
and this density is real analytic (see Proposition 5.1).
For FE € iz, define

dN,_ (A E=e AN (A TO AN, (A
(1.3) S, (E) :=p.v. ( A )\i(E>) = 1aiﬁ)l </ )\E<E) - /E+e )\E(E)> .

—00

(¢}
The existence and analyticity of the Cauchy principal value S, on ¥z is guaranteed by the ana-

Iyticity of n, (see, e.g., [19]). Moreover, for E' € ¥z, one has

(1.4) S, (E) = lim /R)m —imn, (E).

e—0t

In the lower half-plane {Im E' < 0}, define the function

(1.5) E,;(E) = /R d;]\VE(E/\) + p—tarccos(E/2) _ /R diVE(E)\) +E/2+(E/2)2 -1

where

e in the first formula, the function z — arccosz is the analytic continuation to the lower
half-plane of the determination taking values in [, 0] on the interval [—1,1];

e in the second formula, the branch of the square root z — /22 — 1 has positive imaginary
part for z € (—1,1).

The function =, is analytic in {Im £ < 0} and in a neighborhood of (—2,2) N ¥z. Moreover, =,
vanishes identically if and only if V' = 0 (see Proposition 5.2).

From now on we assume that V' # 0. In this case, in {Im F < 0} and on (—2,2) N iZ, the analytic
function Z; has only finitely many zeros, each of finite multiplicity (see Proposition 5.2).

We shall need the analogues of the above defined functions the already introduced operator H(T =
HY = —A 4+ V considered on ¢%(N) with Dirichlet boundary conditions at 0. We define the
function NO+ as the distribution function of the spectral measure of H;", i.e., for ¢ € C°(R), we

define / (NN () := @(H{)(0,0). In the same way as we have defined n, , S, and Z; from
R

H,, one can define ng, S¢ and Zf from Hy . They also satisfy Proposition 5.1, relation (1.4) and
Proposition 5.2.
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[¢]
For the description of the resonances, it will be convenient to define the following functions on Yz

g E_<E) _ 1 — —iarccos(FE/2)
(1.6) MNE) =i+ mf,;(E) o= (sk (E) +e B/2 )
and

(SS-(E) e —tarccos E/2) S (E 71arccos(E/2)) o
(1.7) E(E) = ng (B) i, (B)

s (SJ(E) + e‘iarCCOS(Eﬂ)) N - (S,;(E) + e—iarccos(E/Q)) :
i () i ()

We shall see that the the zeros of ¢* — i play a special role for the resonances of H}: therefore, we
define

(1.8) D* — {z € S *(2) = z}

The set D introduced in Theorem 0.1 is the set D% N (—2,2).

Remark 1.4. Before describing the resonances, let us explain why the operators Har and H,
naturally occur in this study. They respectively are the strong resolvent limits (when L — 400 s.t.
L € pN + k) of the operator HZ restricted to [0, L] with Dirichlet boundary conditions at 0 and L
“seen” respectively from the left and the right hand side.

Indeed, define Hy, to be the operator HE] restricted to [0, L] with Dirichlet boundary conditions
at L (see Remark 1.1). Note that H, is also the operator HZ restricted to [0, L] with Dirichlet
boundary conditions at 0 and L.

Clearly, the operator HO+ is the strong resolvent limit of H;, when L — +o0.

If 77 denotes the translation by —L that unitarily maps ¢2([0, L]) into ¢*([—L,0]), then, Hy =
71 Hp 7} converges in the strong resolvent sense to H, when L — +o0o0 and L =k mod (p). Indeed,
7,V =1,V as V is p periodic.

1.2.3. Description of the resonances closest to the real axis. Let (N)o<i<r = ()‘JL)OSISL be the
eigenvalues of Hy, (that is, the eigenvalues of HLN or H % restricted to [0, L] with Dirichlet boundary
conditions, see remark 1.1) listed in increasing order. They are described in Theorem 4.2; those
away from the edges of ¥z are shown to be nicely inter-spaced points at a distance roughly L1
from one another.

We first state our most general result describing the resonances in a uniform way. We, then, derive
two corollaries describing the behavior of the resonance, first, far from the set of exceptional energies
D*, second, close to an exceptional energy.

Pick a compact interval I C (—2,2)NXz. For e € {N,Z} and \; € I, for L large, define the complex

number
1 log L
cot toc® [)\l +———cot7lo </\l —1 08 )}
T

1. 2 =
( 9) 2] )\l + n()\l)L I,

1
7rn()\l)L

where the determination of cot™! is the inverse of the determination z + cot(z) mapping [0, 7) x
(0, —c0) onto C* \ {i}.
Note that, by Proposition 5.3, for L sufficiently large, we know that, for any [ such that \; € I,

one has <)\l 10§L) € (0,400) \ {1}
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and

1 3 Jlog L
Trn c® L 1, _ 00 1}.
mc )\l+7rn()\l)LCOt oc </\l =7 )} € (0,+00) \ {1}

Thus, the formula (1.9) defines 2 properly and in a unique way. Moreover, as the zeros of E —
c*(E) — i are of finite order, one checks that
(1.10) —logL S L-ImZ $—-1 and 1S L-Re (3, — %)

where the constants are uniform for [ such that A\; € I.
We prove the

Theorem 1.3. Pick e € {N,Z} and k € {0,--- ,p—1}. Let Ep € (—2,2) N Xz.
Then, there exists ng > 0 and Ly > 0 such that, for L > Lg satisfying L = k mod (p), for each
N € 1 :=[Ey —no, Eo + no), there exists a unique resonance of H}, say z;, in the rectangle
Re(Zl + 27 )) Re(Z +2,)
2 ’ 2

+ i [=n0,0];

1
LlogL’
This result calls for a few comments. First, the picture one gets for the resonances can be described

as follows (see also Figure 3). Aslong as \; stays away from any zero of E +— ¢®*(E)—i, the resonances
are nicely spaced points as the following proposition proves.

this resonance is simple and it satisfies |z} — Z]'| <

Proposition 1.1. Pick ¢ € {N,Z} and k € {0,--- ,p—1}. Let I C (—2,2) N Xz be a compact
interval such that I N'D* = ().

Then, for L sufficiently large, for each A\; € I, the resonance 2z} admits a complete asymptotic
expansion in powers of L™ and one has

o 1 -1 ) i
(1.11) z —)\14—771_”()%)[/00’5 oc ()\l)+O<L2>

where the remainder term is uniform in [.

Log L \

resonances

Figure 3: The resonances close to the real axis in the periodic case (after rescaling their imaginary
parts by L)

The proof of Proposition 1.1 actually yields a complete asymptotic expansion in powers of L™! for
the resonances in this zone (see section 5.2.5).

Proposition 1.1 implies Theorem 0.1: we chose @ = Z, k = 0 and the set D of exceptional points in
Theorem 0.1 is exactly D% N (—2,2); to obtain (0.3), it suffices to use the asymptotic form of the
Dirichlet eigenvalues given by Theorem 4.2.
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Near the zeros of E +— ¢*(E) — i, the resonances take a “plunge” into the lower half of the complex
plane (see Figure 3) and their imaginary part becomes of order L~!log L. Indeed, Theorem 1.3
and (1.9) imply

Proposition 1.2. Picke € {N,Z} and k € {0,--- ,p—1}. Let Ey € D® be a zero of E +— ¢*(E) —1

of order q in (—2,2) N Xyz.
Then, for a > 0, for L sufficiently large, if | is such that |\ — Eo| < L™, the resonance z; satisfies

2 qlogL 2
log ( I\ — Eol? + (2eek

(1.12) Imz = %s(m : 51 ) ) - (1+0(1))

where the remainder term is uniform in l such that |N\; — Eo| < L™,

When e = Z, the asymptotic (1.12) shows that there can be a “resonance” phenomenon for res-
onances: when the two functions =,  and E(J)r share a zero at the same real energy, the maximal
width of the resonances increases; indeed, the factor in front of L~!log L is proportional to the
multiplicity of the zero of = Ear.

1.2.4. Description of the low lying resonances. The resonances found in Theorem 1.3 are not nec-
essarily the only ones: deeper into the lower complex plane, one may find more resonances. They
are related to the zeros of =" when ¢ = N and = =g when e = Z (see Proposition 5.3).

We now study what happens below the line {Imz = —ng} (see Theorem 1.3) for the resonances of
HY and HZ.

The functions = and Ear are analytic in the lower half plane and, by Proposition 5.2, they don’t
vanish in an neighborhood of —ico. Hence, the functions =, and Ea“ have only finitely many zeros
in the lower half plane.

We prove

Theorem 1.4. Picke € {N,Z} andk € {0,--- ,p—1}. Let (E})1<j<y be the zeros of E — c®(E)—i

in I 4 i(—00,0). Pick Ey € (—2,2) N Xy.
There exists ng > 0 such that, for I = Eog+ [—no, o], for L sufficiently large s.t. L =k mod (p),
one has,

o if By ¢ {ReES; 1< j < J}, then, in the rectangle I +i(—o00,0], the only resonances of HY
and H% are those given by Theorem 1.3;
o if By € {ReE;; 1<j<J}, then,
— in the rectangle I + i[—no,0], the only resonances of HE] and H% are those given by

Theorem 1.3;
J

— in the strip I 4 i[—o0, —1g], the resonances of H} are contained in U D (EJ', e_noL)
j=1
—in D (E;, e_noL), the number of resonances (counted with multiplicity) is equal to the
order of E¥ as a zero of E — ¢*(E) — i.

(o]
We see that the total number of resonances below a compact subset of (—2,2) N Xz that do not
tend to the real axis when L — +oo is finite. These resonances are related to the resonances of
H®° to which we turn now.

1.2.5. The half-line periodic perturbation. Fix p € N*. On ¢%(Z), we now consider the operator
H*> = —-A+V where V(n) =0 for n > 0 and V(n+ p) = V(n) for n < —1. We prove
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Theorem 1.5. The resolvent of H* can be analytically continued from the upper half-plane through
(=2,2) N Xz to the lower half plane. The resulting operator does not have any poles in the lower

half-plane or on (—2,2) N Xyz.
The resolvent of H*® can be analytically continued from the upper half-plane through (—2,2)\ Xz

(resp. §)Z \ [=2,2]) to the lower half plane; the poles of the continuation through (—2,2)\ Xz (resp.
dN, ()

R A—FE

the upper half-plane through (—2,2)\ Xz (resp. iz \ [~2,2]) to the lower half-plane.

Y2\ [=2,2]) are exactly the zeros of the function E — 1 — ") when continued from

Remark 1.5. In Theorem 1.5 and below, every time we consider the analytic continuation of a
resolvent through some open subset of the real line, we implicitly assume the open subset to be
non empty.

In figure 4, to illustrate Theorem 1.5, assuming that ¥z (in blue) has a single gap that is contained
in (—2,2), we drew the various analytic continuations of the resolvent of H* and the presence or
absence of resonances for the different continuations . Using the same arguments as in the proof of

— )
, \ .
‘ , \
, , y 3
/ ’ ’ ! \
/ ’ ’ 1 \
; ’ ’ \ \
) 1 ! t \
l I , I ; L ] . |
‘ \ c
— 1 . 1 i | Tl ; |
\ \ I 1
V-2 . N ;2 /
. \ \ K ,
. N N | ,
\ N 1 /
\ ’
s '
1 A K | )
/
res no res res k

no res.

Figure 4: The analytic continuation of the resolvent and resonances for H>°

AN~ (N)
A—F
to the lower half plane through (—2,2)\ ¥z and Xz \ [-2, 2] have at most finitely many zeros and

that these zeros are away from the real axis.

This also implies that the spectrum on H* in [—2,2] U Xy is purely absolutely continuous except
possibly at the points of 0¥z U {—2,2} where 0%z is the set of edges of ¥y.

Proposition 5.2, one easily sees that the continuations of the function £ — 1 — e0(E) /
R

1.3. The random case. We now turn to the random case. Let V = V,, where (V,(n))nez are
bounded independent and identically distributed random variables. Assume that the common law
of the random variables admits a bounded compactly supported density, say, g.

Set HY = —A + V, on £%(N) (with Dirichlet boundary condition at 0 to fix ideas). Let o(HL)
be the spectrum of HY. Consider also H2 = —A + V,, acting on ¢?(Z). Then, one knows (see,
e.g., [20]) that, w almost surely,

(1.13) o(HE) = ¥ :=[-2,2] + suppg.
One has the following description for the spectra o(H)) and o(HZ):
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e w-almost surely, U(H%) = Y; the spectrum is purely punctual; it consists of simple eigenval-
ues associated to exponentially decaying eigenfunctions (Anderson localization, see, e.g., [34,
]); one can prove that, under the assumptions made above, the whole spectrum is dy-
namically localized (see, e.g., [11] and references therein);
o for HY (see, e.g., [34, 8]), one has, w-almost surely, o(HY) = ¥ U K, where
— ¥ is the essential spectrum of HY; it consists of simple eigenvalues associated to expo-
nentially decaying eigenfunctions;
— the set K, is the discrete spectrum of H'; it may be empty and depends on w.

1.3.1. The integrated density of states and the Lyapunov exponent. It is well known (see, e.g., [31])
that the integrated density of states of H, say, N(E) is defined as the following limit

#{eigenvalues of Hfm—L,L]] in (—o0, E|}

1.14 N(E)= 1
(1.14) (E) = Hm_ 2L + 1
The above limit does not depend on the boundary conditions used to define the restriction H f\[[— L]

It defines the distribution function of a probability measure supported on Y. Under our assumptions

dN
on the random potential, N is known to be Lipschitz continuous ([34, 20]). Let n(E) = d—E(E) be

its derivative; it exists for almost all energies. If one assumes more regularity on g the density of
the random variables (wy,)n, then, the density of states n can be shown to exist everywhere and to

be regular (see, e.g., [11]).
One also defines the Lyapunov exponent, say p(F) as follows
- log || TL(E, w)
E):= 1
,0( ) Lﬁlrfoo L + 1

where

. o E - Vw(L) -1 E— Vw(o) -1
(1.15) Tr(E;w) :== ( 1 g ) XX 1 0
For any F, w-almost surely, the Lyapunov exponent is known to exist and to be independent of w
(see, e.g., [11, 34, 8]). Tt is positive at all energies. Moreover, by the Thouless formula [11], it is

positive and continuous for all E and it is the harmonic conjugate of n(E).

For e € {N,Z}, we now define H ; to be the operator —A® + V,,1jo ). The goal of the next
sections is to describe the resonances of these operators in the limit L — +oo.

As in the case of a periodic potential V', the resonances are defined as the poles of the analytic
continuation of z — (HS ; — z)~! from C* through (—2,2) (see Theorem 1.1).

1.3.2. Resonance free regions. We again start with a description of the resonance free region near
a compact interval in (—2,2). As in the periodic case, the size of the H:J ;-resonance free region
below a given energy will depend on whether this energy belongs to o(H?2) or not. We prove

Theorem 1.6. Fiz e € {N,Z}. Let I be a compact interval in (—2,2). Then, w-a.s., one has

(1) fore e {N,Z}, if I C R\ o(HS), then, there exists C > 0 such that, for L sufficiently large,
there are mo resonances of HY, ; in the rectangle {Rez € I, 0> Imz > —1/C};

(2) if I C ZO], then, for ¢ € (0,1), there exists Ly > 0 such that, for L > Ly, there are no
resonances of HY, ; in the rectangle {Rez € I, 0 > Imz > —e2mePL(4E)) Y yyhere
e p is the mazimum of the Lyapunov exponent p(E) on I
1ife=N,

*TTN120fe=2
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(3) pick v; = vj(w) € K, (see the description of the spectrum of HY just above section 1.3.1)
[¢]

and assume that {v;} = INo(HY) = INa(HLY) and INY = ), then, there exists ¢ > 0 such
that, for L sufficiently large, HEI,L has a unique resonance in {Rez € I, —c < Imz < 0};
moreover, this resonance, say z;, is simple and satisfies Im z; < —e PiL gnd |zj — Aj| <

e~ Pi@L for some pj(w) > 0 independent of L.
When comparing point (2) of this result with point (2) of Theorem 1.2, it is striking that the width
of the resonance free region below X is much smaller in the random case (it is exponentially small

in L) than in the periodic case (it is polynomially small in L). This a consequence of the localized
nature of the spectrum, i.e., of the exponential decay of the eigenfunctions of H?.

1.3.3. Description of the resonances closest to the real axis. We will now see that below the reso-
nance free strip exhibited in Theorem 1.6 one does find resonances, actually, many of them. We
prove

Theorem 1.7. Fiz e € {N,Z}. Let I be a compact interval in (—2,2) N X. Then,
(1) for any k € (0,1), w-a.s., one has

# {z resonance ofHu')’L s.t. Rezel, 0> Imz > —e*LN}

7 — /[n(E)dE;
(2) for E € I such that n(E) >0 and X € (0,1), define the rectangle
n(E)|Rez — E| <¢e/2
R*(E,\,L,e,0) := {z e G _ep(BL < mep(ENL [y < _en.p(E)éL}

where n® is defined in Theorem 1.6; then, w-a.s., one has

# {z resonances of HY, | in R'(E,)\,L,e,é)}

1.16 li li li =1
(140 LN Led
(3) for E € I such that n(E) > 0, define
. n(E)|Rez — E| <¢e/2
R:i:(Ea 1,L,e,6)=42€C; _ o~ 2nep(E)(1£)L <Imz<0 )
then, w-a.s., one has

(1.17) m lim i # {resonances in R%.(F,1,L,e,6)} =,

’ §—0t =0+t L—+o0 Led o 0 z'f + = +.

(4) for ¢ >0, w-a.s., one has

(1.18) Ll_i)rfoo %# {z resonances of HY 1 in I + i (—oo, —e_QCL]} = /Imin <10<CE), 1) n(E)dE.
The striking fact is that the resonances are much closer to the real axis than in the periodic case;
the lifetime of these resonances is much larger. The resonant states are quite stable with lifetimes
that are exponentially large in the width of the random perturbation. Point (4) is an integrated
version of point (2). Let us also note here that when e = Z, point (4) of Theorem 1.7 is the
statement of Theorem 0.2.

Note that the rectangles R*(E, A\, L, ¢, ) are very stretched along the real axis; their side-length in
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imaginary part is exponentially small in I whereas their side-length in real part is of order 1.
To understand point (2) of Theorem 1.7, rescale the resonances of HJ, ;, say, (2] (w)); as follows

x] = ﬂfl',L(E,W) =n(E)L-(Rez(w)— FE) and
1.19 1
(1.19) ng [Tm 27 [, (w)].
For A € (0,1), this rescaling maps the rectangle R*(E, \, L,¢,0) into {|z| < Le/2, |y — A\| < §/2};
and the rectangles R (F,1,L,¢e,0) are respectively mapped into {|z| < Le/2, 1 F§ < y}. The
denominator of the quotient in (1.16) is just the area of the rescaled R*(FE, A, L, ¢, ) for A € (0,1)
or the rescaled RY (E,1,L,e,0)\ R*(E,1,L,e,0). So, point (2) states that in the limit ¢ and §
small and L large, the rescaled resonances become uniformly distributed in the rescaled rectangles.
We see that the structure of the set of resonances is very different from the one observed in the
periodic case (see Fig. 2). We will now zoom in on the resonance even more so as to make this
structure clearer. Therefore, we consider the two-dimensional point process £} (E,w) defined by

(1.20) §L(B,w) = > Oat )

L] L]
2] 1, resonance of HW’L

yl =yro(b,w) = -

where z7, and y; are defined by (1.19).
We prove

Theorem 1.8. Fiz E € (—2,2)NY such that n(E) > 0. Then, the point process £} (E,w) converges
weakly to a Poisson process in R x (0, 1] with intensity 1. That is, for any p > 0, if (In)1<n<p resp.
(Cn)i<n<p, are disjoint intervals of the real line R resp. of [0, 1], then

) (Byw) €
#3g 3 =k
yl,L(E’w) € Cl
lim P w; : : = ﬁ e Hn ()
) . . oot kn

L—+o0

kn

' Y

where p, = |I,||Cy| for 1 <n <p.

This is the analogue of the celebrated result on the Poisson structure of the eigenvalues and local-
ization centers of a random system (see, e.g., [33, 32, 14]).
When considering the model for e = Z, Theorem 1.8 is Theorem 0.3.

In [23], we proved decorrelation estimates that can be used in the present setting to prove

Theorem 1.9. Fiz E € (—=2,2)NY and E' € (-2,2) N X such that E # E', n(E) > 0 and
n(E’") > 0. Then, the limits of the processes &} (E,w) and &3 (E',w) are stochastically independent.
Due to the rescaling, the above results give only a picture of the resonances in a zone of the type

(1.21) E+ 1 [—6_1,8_1] — |:€—277.(1+€)p(E)L’e—2577.p(E)L

for € > 0 arbitrarily small.

When L gets large, this rectangle is of a very small width and located very close to the real axis.
Theorems 1.7, 1.8 and 1.9 describe the resonances lying closest to the real axis. As a comparison
between points (1) and (2) in Theorem 1.7 shows, these resonances are the most numerous.
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One can get a number of other statistics (e.g. the distribution of the spacings between the reso-
nances) using the techniques developed for the study of the spectral statistics of a random system
in the localized phase (see [15, 14, 22]) combined with the analysis developed in section 6.

1.3.4. The description of the low lying resonances. It is natural to question what happens deeper
in the complex plane. To answer this question, fix an increasing sequence of scales (¢1)r, such that

/{
L 400 and — — 0.

1.22 —
( ) log L L—+cc L L—+4o0

We first show that there are only few resonances below the line {Im z = e~*}, namely

Theorem 1.10. Pick ({1)1, a sequence of scales satisfying (1.22) and I as above.
w almost surely, for L large, one has

(1.23) {z resonances of H, j in {Rez €l, Imz< —e*EL}} =O0(lr).

As we shall show now, after proper rescaling, the structure of theses resonances is the same as that
of the resonances closer to the real axis.
Fix E € I so that n(E) > 0. Recall that (27, (w)); be the resonances of H, . We now rescale
the resonances using the sequence (¢1)r; this rescaling will select resonances that are further away
from the real axis. Define

r) =7, (W) =n(E)lL(Rez(w) — FE) and
(1.24) .

. 1
Y; yz,eL(W) = W

Consider now the two-dimensional point process

(125) fZ,Z(EaW) = Z 5(351.,4L»yl.,zL)'

L] L]
Z] 1, resonance of HW,L

log |Im Zl.,L(w)’

We prove the following analogue of the results of Theorems 1.7, 1.8 and 1.9 for resonances lying
further away from the real axis.

Theorem 1.11. Fiz E € (-2,2)NY and E' € (=2,2) N Y such that E # E', n(E) > 0 and
n(E’") > 0. Fiz a sequence of scales (£1), satisfying (1.22). Then, one has

(1) for X € (0,1], w-almost surely
# {z resonances of HY | in R’(E,)\,KL,E,cS)}

lim lim lim =1

§—0t e—0T L—+o0 bred
where R*(E, X\, L,¢,0) is defined in Theorem 1.7;
(2) the point processes &7 ,(E,w) and &7 ,(E',w) converge weakly to Poisson processes in R x
(0, +00) of intensity 1;
(3) the limits of the processes &7 ,(E,w) and &7 ,(E',w) are stochastically independent.

Point (1) shows that, in (1.23), one actually has
{z resonances of H, ; in {Rez €l, Imz < —e_éL}} = /.
Notice also that the effect of the scaling (1.24) is to select resonances that live in the rectangle

E+ EZI [—6_1,6_1] — [6—277.(1+a)p(E)€L,e—2e77.p(E)€L}

This rectangle is now much further away from the real axis than the one considered in section 1.3.3.
Modulo rescaling, the picture one gets for resonances in such rectangles is the same one got above
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in the rectangles (1.21). This description is valid almost all the way from distances to the real axis
that are exponentially small in L up to distances that are of order e~ (981" o > 1 (see (1.22)).

1.3.5. Deep resonances. One can also study the resonances that are even further away from the real
axis in a way similar to what was done in the periodic case in section 1.2.4. Define the following
random potentials on N and Z

- _p T <n<L
VU.I)\IL(n) _Jwr or 0 <n< and
’ Ofor L+1<n
‘N/WZ@,L(H) _ Jon for 0 <n < [L/2]

wr—p for [L/2]+1<n <L
Ofor L+1<n
where w = (wp)nen and @ = (Wp )nen are i.i.d. and satisfy the assumptions of the beginning of

section 1.3.
Consider the operators

o fIE{L =-A+ VEIL on /2(N) with Dirichlet boundary condition at 0,
° f[f@’L =-A+ VE@L on (*(Z).
Clearly, the random operator HY , (resp. H”,) has the same distribution as HY , (resp. H” ).

Thus, for the low lying resonances, we are now going to describe those of H, 5 1 (resp. f[f ;) instead
of those of HE]’L (resp. HﬁL).

Remark 1.6. The reason for this change of operators is the same as the one why, in the case of the
periodic potential, we had to distinguish various auxiliary operators depending on the congruence
of L modulo p, the period : this gives a meaning to the limiting operators when L — +oo0.

Define the probability measure dN,, () using its Borel transform by, for Imz # 0,

dN,(\ _
(1.27) [ S G a1 - By,
L A—
Consider the function
(1.28) Z.(E) = AN () 4 g tarccos(B/2) — dN.(A) +E/24+ \/(E/2)?2 -1
R A\—F kR A\—E

where the determinations of z +— arccos z and z — V22 — 1 are those described after (1.5).
This random function Z,, is the analogue of Z, in the periodic case. One proves the analogue of
Proposition 5.2
Proposition 1.3. If wy # 0, one has E,(F) | |~ —wo E72. Thus, w almost surely, Z,, does not
E|—
ImE<o<())
vanish identically in {ImE < 0}.

Pick I C XN (=2,2) compact. Then, w almost surely, the number of zeros of 2, (counted with

E
multiplicity) in I + i (—o0,¢] is asymptotic to /nEE;dEllog el as e — 0T; moreover, w almost
p

surely, there exists e, > 0 such that all the zeroes of Z,, in I + i[—e,,0) are simple.

It seems reasonable to believe that, except for the zero at —ioco, w almost surely, all the zeros of
=, are simple; we do not prove it
For the “deep” resonances, we then prove
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Theorem 1.12. Fiz I C ¥ N (—2,2) a compact interval. There exists ¢ > 0 such that, with
probability 1, there exists c, > 0 such that, for L sufficiently large, one has

_CL] , say E, there exists a unique

(1) for each resonance offIﬂL (resp. ﬁfw,L) in I+i (—o0, —e
zero of B, (resp. B4 E2s), say E, such that |E — E| < ek,

(2) reciprocally, to each zero (counted with multiplicity) of =, (resp. E,Zg) in the rectangle
I+ (—oo,—e*CL], say E, one can associate a unique resonance of HEL (resp. Hf’&’L),

say E, such that |E — E| < e~%F.

One can combine this result with the description of the asymptotic distribution of the resonances
given by Theorem 1.11 to obtain the asymptotic distributions of the zeros of the function =, near
a point E — ie when ¢ — 0. Indeed, let (2;(w)); be the zeros of Z,, in {Im E < 0}. Rescale the
ZEros:
1
1.29 =n(F)|1 (R - F d =————log|l
(129) () = n(B)loge| - (Rea(w) ~ B) and yo(w) = 5 o log |Im 2 (w)

and consider the two-dimensional point process & (F,w) defined by

(130) gE(va) = Z 6(551,57311,6)'
z1(w) zeros of 2,

Then, one has

Corollary 1.1. Fiz E € I such that n(E) > 0. Then, the point process {(E,w) converges weakly
to a Poisson process in R x R with intensity 1.

The function =, has been studied in [27, 28] where the average density of its zeros was computed.
Here, we obtain a more precise result.

1.3.6. The half-line random perturbation. On ¢?(Z), we now consider the operator HX = —A +V,,
where V,,(n) = 0 for n > 0 and V,,(n) = wy, for n < —1 and (wp)n>0 are i.i.d. and have the same
distribution as above. The spectral theory of the continuous analogue of HZ°, i.e., the Schrodinger
operator on the real line with a random potential on the half-line, was studied in [7].

Recall that ¥ is the almost sure spectrum of HZ (on ¢%(Z)). We prove

Theorem 1.13. First, w almost surely, the resolvent of HXX does not admit an analytic continua-
o
tion from the upper half-plane through (—2,2)NY to any subset of the lower half plane. Nevertheless,

w-almost surely, the spectrum of HX® in (—2,2) NY is purely absolutely continuous.
Second, w almost surely, the resolvent of HS° does admit a meromorphic continuation from the
upper half-plane through (—2,2) \ ¥ to the lower half plane; the poles of this continuation are ex-

, ANy (A
actly the zeros of the function E+— 1 — ew(E)/ )\W(E) when continued from the upper half-plane
R A —
through (—2,2) \ ¥ to the lower half-plane.
Third, w almost surely, the spectrum of HS® in 3\ [—2,2] is pure point associated to exponentially

decaying eigenfunctions; hence, the resolvent of H® cannot be be continued through X\ [—2,2].

In figure 5, to illustrate Theorem 1.13, assuming that >z (in blue) has a single gap that is contained
in (—2,2), we drew the analytic continuation of the resolvent of HZ° and the associated resonances;
we also indicate the real intervals of spectrum through which the the resolvent of HJ® does not
admit an analytic continuation and the spectral type of HZ° in the intervals. Let us also note here
that if 0 € suppg (where g is the density of the random variables defining the random potential),
then, by (1.13), one has [-2,2] C ¥. In this case, there is no possibility to continue the resolvent
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no analytic cont.
— EZ but a.c. spectrum

res.

" no analytic cont.
and dense p.p. spectrum

Figure 5: The analytic continuation of the resolvent and resonances for HS°

of HZ® to the lower half plane passing through [—2,2].
Comparing Theorem 1.13 to Theorem 1.5, we see that, as the operator H*°, when continued through

[e]
(—2,2) N X, the operator HZ® does not have any resonances but for very different reasons.

When one does the continuation through (—2,2) \ 3, one sees that the number of resonances is

A

; dN,
finite; “near” the real axis, the continuation of the function E — 1 — ¢'?(%) / )\W(E has non
R A —

trivial imaginary part and near oo it does not vanish.

Theorem 1.13 also shows that the equation studied in [27, 28], i.e., the equation Z,(FE) = 0, does
not describe the resonances of H® as is claimed in these papers: these resonances do not exist
as there is no analytic continuation of the resolvent of H° through (—2,2) N X! As is shown in
Theorem 1.12, the solutions to the equation =, (FE) = 0 give an approximation to the resonances
of HﬁL (see Theorem 1.12).

1.4. Outline of and reading guide to the paper. In the present section, we shall explain the
main ideas leading to the proofs of the results presented above.

In section 2, we prove Theorem 1.1; this proof is classical. As a consequence of the proof, one sees
that, in the case of the half-lattice N (resp. lattice Z), the resonances are the eigenvalues of a rank
one (resp. two) perturbation of (—A + V')jjo,z with Dirichlet b.c. The perturbation depends in
an explicit way on the resonance. This yields a closed equation for the resonances in terms of the
eigenvalues and normalized eigenfunctions of the Dirichlet restriction (—A + V')jjo,z]- To obtain a
description of the resonances we then are in need of a “precise” description of the eigenvalues and
normalized eigenfunctions. Actually the only information needed on the normalized eigenfunctions
is their weight at the point L (and the point 0 in the full lattice case), 0 and L being the endpoints
of [0, L].

In section 3, we solve the two equations obtained previously under the condition that the weight
of the normalized eigenfunctions at L (and 0) be much smaller than the spacing between the
Dirichlet eigenvalues. This condition entails that the resonance equation we want to solve essentially
factorizes and become very easy to solve (see Theorems 3.1, 3.2 and 3.3), i.e., it suffices to solve it
near any given Dirichlet eigenvalue.

For periodic potentials, the condition that the eigenvalue spacing is much larger than the weight
of the normalized eigenfunctions at L (and 0) is not satisfied: both quantities are of the same order
of magnitude (see Theorem 4.2) for the Dirichlet eigenvalues in the bulk of the spectrum, i.e., the
vast majority of them. This is a consequence of the extended nature of the eigenfunctions in this
case. Therefore, we find another way to solve the resonance equation. This way goes through a
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more precise description of the Dirichlet eigenvalues and normalized eigenfunctions which is the
purpose of Theorems 4.2. We use this description to reduce the resonance equation to an effective
equation (see Theorem 5.1) up to errors of order O(L~°). It is important to obtain errors of at
most that size. Indeed, the effective equation may have solutions to any order (the order is finite
and only depends on V' but it is unknown); thus, to obtain solutions to the true equation from
solutions to the effective equation with a good precision, one needs the two equations to differ by
at most O(L~>°). We then solve the effective equation and, in section 5.2, prove the results of
section 1.2.

On the other hand, for random potentials, it is well known that the eigenfunctions of the Dirichlet
restriction (—A + V)|[[0, 1] are exponentially localized and, for most of them localized, far from the
edge of [0,L]. Thus, their weight at L (and 0 in the full lattice case) is typically exponentially
small in L; the eigenvalue spacing however is typically of order L™'. We can then use the results
of section 3 to solve the resonance equation. The real part of a given resonance is directly related
to a Dirichlet eigenvalue and its imaginary part to the weight of the corresponding eigenfunction
at L (and 0 in the full lattice case). The main difficulty is to find the asymptotic behavior of this
weight. Indeed, while it is known that, in the random case, eigenfunctions decay exponentially
away from a localization center and while it is known that, for the full random Hamiltonian (i.e.
the Hamiltonian on the line or half-line with a random potential), at infinity, this decay rate is
given by the Lyapunov exponent, to the best of our knowledge, before the present work, it was not
known at which length scale this Lyapunov behavior sets in (with a good probability). Answering
this question is the purpose of Theorems 6.2 and 6.3 proved in section 6.3: we show that, for the
1-dimensional Anderson model, for § > 0 arbitrary, on a box of size L sufficiently large, all the
eigenfunctions exhibit an exponential decay (we obtain both an upper and a lower bound on the
eigenfunctions) at a rate equal to the Lyapunov exponent at the corresponding energy (up to an
error of size §) as soon as one is at a distance L from the corresponding localization center.
These bounds give estimates on the weight of most eigenfunctions at the point L (and 0 in the
full lattice case): it is directly related to the distance of the corresponding localization center to
the points L (and 0). One can then transform the known results on the statistics of the (rescaled)
eigenvalues and (rescaled) localization centers into statistics of the (rescaled) resonances. This is
done in section 6.2 and proves most of the results in section 1.3.

Finally, section 6.4 is devoted to the study of the full line Hamiltonian obtained from the free
Hamiltonian on one half-line and a random Hamiltonian on the other half-line; it contains in
particular the proof of Theorem 1.13.

2. THE ANALYTIC CONTINUATION OF THE RESOLVENT

Resonances for Jacobi matrices were considered in various works (see, e.g., [0, 17] and references
therein). For the sake of completeness, we provide an independent proof of Theorem 1.1. It follows
standard ideas that were first applied in the continuum setting, i.e., for partial differential operators
instead of finite difference operators (see, e.g., [39] and references therein).

The proof relies on the fact that the resolvent of free Laplace operator can be continued holomor-
phically from C* to C\ ((—oo,—2] U [2,+00)) as an operator valued function from 12, to I .
This is an immediate consequence of the fact that, by discrete Fourier transformation, —A is the

Fourier multiplier by the function 6 — 2 cos 6.
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Indeed, for —A on ¢%(Z) and Im E > 0, one has, for (n,m) € Z (assume n —m > 0)

5 A gl 1 2 p—i(n—m)o " 1 Ln—m p
(O, (A = E) "bm) = %/0 Ycosl— E _m/zl_lM,mz
1 i(n—m)O(E)

T2 /(E2F 1 (Br2=VERE=1) " sin6(E)

where E = 2 cos §(F) and the determination § = 0(FE) is chosen so that Im6 > 0 and Re € (—,0)
for Im E > 0. The determination satisfies  (E) = 0(E).

The map E +— 6(F) can continued analytically from C* to the cut plane C\ ((—oo, —2] U [2, +00))
as shown in Figure 6.

(2.1)

E N 0

-2 2
— — - 0

Figure 6: The mapping F +— 6(F)

The continuation is one-to-one and onto from C\ ((—oo, —2] U [2,+00)) to (—m,0) + ¢R. It defines
a determination of E — arccos(E/2) = 0(E).

Clearly, using (2.1), this continuation yields an analytic continuation of R% := (—=A — E)~! from
{ImE >0} to C\ ((—00, —2] U[2,+00)) as an operator from 2 to [2

comp loc*
Let us now turn to the half-line operator, i.e., —A on N with Dirichlet condition at 0. Pick E such
that Im £ > 0 and set E = 2cosf where the determination § = 0(FE) is chosen as above. If for
v € CN bounded and n > —1, one sets v_; = 0 and

(2:2) [Ry (E)(v)]n = Z vj -sin((n — 7)0(E)) — ¢i0(E) Sin(Q(iZi:l_ ézi?()E)) jg) eiﬂ’(E)vj‘

21 51n9
]——1

Then, for Im F > 0, a direct computations shows that
(1) for v € ¢3(N), the vector RY(E)(v) is in the domain of the Dirichlet Laplacian on ¢?(N) ,
ie., [RY(E)(v)]-1 = 0;
(2) for n > 0, one checks that
(2.3) (RS (E)(0)]nt1 + [Ry (B)()]n—1 — E[RG (E)(v)]n = vn.
(3) RY(E) defines a bounded map from ¢2(N) to itself;
Thus, RON (E) is the resolvent of the Dirichlet Laplacian on N at energy E for Im E' > 0. Using the
continuation of E + §(F), formula (2.2) yields an analytic continuation of the resolvent RY(E) as

an operator from lcomp to 12 ..

Remark 2.1. Note that the resolvent Ry (E) at an energy E s.t. Im E < 0 is given by formula (2.2)
where 0(E) is replaced by —6(E). For (2.2), one has to assume that (v;);en decays fast enough at
0.

To deal with the perturbation V, we proceed in the same way on Z and on N. Set VI = Vl[[o 1]
(seen as a function on N or Z depending on the case). Letting Ro(E) be either RZ(E) or RY(E),
we compute

A+ VE_E=(-A-E)1+Ry(E)VY) =1+ VERy(E))(-AL — E).
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Thus, it suffices to check that the operator Ro(E)V ! (resp. VZRo(E)) can be analytically continued
as an operator from If  to [f (vesp. 12, to I2,,,). This follows directly from (2.2) and the fact
V¥ has finite rank.

To complete the proof of Theorem 1.1, we just note that, as

e B Ry(E)VE (vesp. E — VER(E)) is a finite rank operator valued function analytic on
the connected set C\ ((—o0, —2] U [2, +00)),
e —1 is not an eigenvalue of Ry(E)VE (resp. VIRy(E)) for Im E > 0,

by the Fredholm principle, the set of energies F for which —1 is an eigenvalue of Ro(E)V’ (resp.
VERy(E)) is discrete. Hence, the set of resonances is discrete.

This completes the proof of the first part of Theorem 1.1. To prove the second part, we will first
write a characteristic equation for resonances. The bound on the number of resonances will then
be obtained through a bound on the number of solutions to this equation.

2.1. A characteristic equation for resonances. In the literature, we did not find a character-
istic equation for the resonances in a form suitable for our needs. The characteristic equation we
derive will take different forms depending on whether we deal with the half-line or the full line
operator. But in both cases, the coefficients of the characteristic equation will be constructed from
the spectral data (i.e. the eigenvalues and eigenfunctions) of the operator Hy (see Remark 1.4).

2.2. In the half-line case. We first consider HY on ¢?(N) and prove

Theorem 2.1. Consider the operator Hy, defined as HY restricted to [0, L] with Dirichlet boundary
conditions at L and define

e (\)o<j<r = (N\j(L))o<j<r are the Dirichlet eigenvalues of HY ordered so that \j < Aji1;

. an\I = aJN(L) = |j(L)|* where @; = (vj(n))o<n<r is a normalized eigenvector associated to

j.
Then, an energy E is a resonance of HE’ if and only if

L N
Q. .
(2.4) SL(E) := Z " J == —e B B =2cosf(E),
j=0"7 "

the determination of O(E) being chosen so that Im@(E) > 0 and Reb(FE) € (—x,0) when ImE > 0.

Let us note that
L L
(2.5) VO<j<L af(L)>0 and > aj(L)=) |p;(L) =1.
=0 =0

Proof of Theorem 2.1. By the proof of the first statement of Theorem 1.1 (see the beginning of
section 2), we know that an energy F is a resonance if and only if —1 if an eigenvalue of Ro(E)V*
where Ro(E) is defined by (2.2). Pick E an resonance and let u = (u,)n>0 be a resonant state
that is an eigenvector of Ro(FE)V! associated to the eigenvalue —1. As V¥ =0 for n > L + 1,
equation (2.2) yields that, for n > L+1, u, = Se™(E) for some fixed § € C*. As u = —Ry(E)V " u,
for n > L + 1, it satisfies w41 + up—1 = Euy,. Thus, ur4q = ¢y and by (2.3), u is a solution
to the eigenvalues problem

{un+1 + up—1 + Vpun, = Euy, Vn € [0, L]

i0(E)

u—1 =0, ur4 =€ up



22 FREDERIC KLOPP

This can be equivalently be rewritten as

Vo 1 0 . 0 UuQ uQ
1 v o1 0
(2.6) Do e | =E
0 1 Vi 1
0 -~ 0 1V + e ur uy,

The matrix in (2.6) is the Dirichlet restriction of HY to [0, L] perturbed by the rank one operator

e®E)§; @ 8y, Thus, by rank one perturbation theory (see, e.g., [37]), an energy E is a resonance
if and only if if satisfies (2.4).
This completes the proof of Theorem 2.1. O

Let us now complete the proof of Theorem 1.1 for the operator on the half-line. Let us first note
that, for Im £ > 0, the imaginary part of the left hand side of (2.4) is positive by (2.7). On the
other hand, the imaginary part of the right hand side of (2.4) is equal to —e™ %) sin(Re §(E))
and, thus, is negative (recall that Ref(E) € (—m,0) (see fig. 1). Thus, as already underlined,
equation (2.4) has no solution in the upper half-plane or on the interval (—2,2).
Clearly, equation (2.4) is equivalent to the following polynomial equation of degree 2L + 2 in the
variable z = e~ 0(E)
L L
2.7) [1G2-2n2+1) =S af ] (2—2nmz+1) =0
k=0 j=0  0<k<L
k#j
We are looking for the solutions to (2.7) in the upper half-plane. As the polynomial in the right hand
side of (2.7) has real coefficients, its zeros are symmetric with respect to the real axis. Moreover,
one notices that, by (2.5), 0 is a solution to (2.7). Hence, the number of solutions to (2.7) in the
upper half-plane is bounded by L. This completes the proof of Theorem 1.1.

2.3. On the whole line. Now, consider HZ on ¢?(Z). We prove

Theorem 2.2. Using the notations of Theorem 2.1, an energy E is a resonance of H% if and only
if

=1 (D2 9D |, e | _
(2.8) det ;) ((p >—|—e =0

A~ E\gi(0)pi (L) |;(0)?

where det(-) denotes the determinant of a square matriz, E = 2cos§(E) and the determination of
O(E) is chosen as in Theorem 2.1.

i0(E)

So, an energy F is a resonance of H % if and only if —e™ belongs to the spectrum of the 2 x 2

matrix

& i (D)2 9 (0)p;(L)
(2.9) IL(E) = ]go N —E ((pj(O)(Pj(L) ]\wj(0;|2 ) '

Proof of Theorem 2.2. The proof is the same as that of Theorem 2.1 except that now F is a
resonance if there exists u a non trivial solution to the eigenvalues problem

{un+1 + up—1 + Voun, = Euy, Vn € [0, L]

i0(E)

u_1==e€ up and ur41 = ew(E)uL
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This can be equivalently be rewritten as

Vo + eW(E) 1 0 e 0 Uug UuQ
1 Vi 1 0
0 1 Vi 1
0 ce 0 1 Vi + ew(E) Uy, ur,

Thus, using rank one perturbations twice, we find that an energy F is a resonance if and only if

L L N Ay
- (0)] - |05 (L) i (L)ps (0) (L);(0)
1 4 £i0(E) lo5( 1 4 (B j o2i0(E) ] J J
e ZAj—E e ZAj—E 2 “EY\y —B)
7=0 7=0 0<3,5'<L
that is, if and only is (2.8) holds. This completes the proof of Theorem 2.2. O

Let us now complete the proof of Theorem 1.1 for the operator on the full-line. Let us first show
that (2.8) has no solution in the upper half-plane. Therefore, if —e~*(¥) belongs to the spectrum
of the matrix defined by (2.8) and if u € C? is a normalized eigenvector associated to —e~®“(¥) one

has
S ()

This is impossible in the upper half-plane and on (—2,2) as the two sides of the equation have
imaginary parts of opposite signs.

Note that )
> <§§((]5))> (i (L) #i(0)) = <é (1)) :

§=0

— _—i0(E)

Note also that —e~ () is an eigenvalue of (2.8) if and only if it satisfies

#3(0) soj/(mr
(2.10) 1+ e Z"pﬂ +|%( )2 _ L s pi(L) (L)

As the eigenvalues of Hj are simple, one computes

0;(0) oy <o> ?

21 soj ’ o> e (0)|
(2.11) =2 Z Z J
Thus, equation (2.10) is equivalent to the following polynomlal equation of degree 2(L + 1) in the
variable z = ¢~ #0(E)
L L
(2.12) 2] (P =Mz +1) =D @2z +07) [ (2= Mz+1) =0,
k=0 §=0 0<k<L
oy
where we have defined
1 L[ (@[ Z L[ les@P_ 0i0i(L)
213 =gy GeoP+ o) =5 (26 =5 (% i
7=g (% OR =3 \eo)| = zl\nom@ leor




24 FREDERIC KLOPP

and
2

L (o0 0y(0)
bZ — Y3 J
; j,Z#Aj,—Aj (L) on(L)

The sequence (a]Z-)j also satisfies (2.5). Taking |E| to +oo in (2.11), one notes that

ZL ZL 1 Y (0)  ¢;(0)
(2.14) — " " 2 Lo |gi(L) ¢y(L)
7= i= 0<j,j'<L

We are looking for the solutions to (2.12) in the upper half-plane. As the polynomial in the right
hand side of (2.12) has real coefficients, its zeros are symmetric with respect to the real axis.
Moreover, one notices that, by (2.14), 0 is a root of order two of the polynomial in (2.12). Hence,
as the polynomial has degree 2L + 3, the number of solutions to (2.12) in the upper half-plane is
bounded by L. This completes the proof of Theorem 1.1.

2
= 1.

3. GENERAL ESTIMATES ON RESONANCES

By Theorems 2.1 and 2.2, we want to solve equations (2.4) and (2.8) in the lower half-plane.
We first derive some general estimates for zones in the lower half-plane free of solutions to equa-
tions (2.4) and (2.8) (i.e. resonant free zones for the operators HY and HZ) and later a result on
the existence of solutions to equations (2.4) and (2.8) (i.e. resonances for the operators HY and
HE).

3.1. General estimates for resonant free regions. We keep the notations of Theorems 2.1

and 2.2. To simplify the notations in the theorems of this section, we will write a; for either a?

when solving (2.4) or a]Z when solving (2.8). We will specify the superscript only when there is risk
of confusion.

We first prove

Theorem 3.1. Fiz § > 0. Then, there exists C > 0 (independent of V. and L) such that, for any
L and j € {0,---,L} such that =44+ < X\j_1+ Xj < X\jp1 + A <4 -0, equations (2.4) and (2.8)
have no solution in the set
ReE c )\j + )\jfl )\j + )\j+1
(3.1) Uj:=qFEcC; 2 ’ 2
0>C-05ImE > —a; d? |sin Re 6(F)|

where the map E — 6(E) is defined in section 2 and we have set

(3.2) dj = min ()\j_|_1 - /\j7 /\j - )\j—h 1) and 0:; = Imax IHI(E)‘

|E|<2-35
In Theorem 3.1 there are no conditions on the num-
bers (a;); or (d;); except their being positive. In our A U. \ A
application to resonances, this holds. Theorem 3.1 1 R . %JH
becomes optimal when a; < djz. In our applica- ‘ !

tion to resonances, for periodic operators, one has — // R,
a; < L™ and d; < L™! (see Theorem 5.2) and for % !
random operators, one has a; < el and d; 2 L |

(see Theorem 6.2 and (6.10)). Thus, in the random U

case, Theorem 3.1 will provide an optimal strip free

of resonances whereas in the periodic case we will use

a much more precise computation (see Theorem 5.1) lflgure 7: The resonance free zones U; and
Uj.
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to obtain sharp results.
When a; < d?, one proves the existence of another
resonant free region near a energy \;, namely,

Theorem 3.2. Fiz 6 > 0. Pick j € {0,---,L} such that =4+ < X\j_1+Xj < X\jp1 + A <4-4.
There exists C > 0 (depending only on 0) such that, for any L, if a; < djz/C'z, equations (2.4)
and (2.8) have no solution in the set

Aj+ Ao
2
—Ca; <ImE < —aj d?/C’
A+ A1 A+ Aj+1]
U EcC; 2 ’ 2
—d;/C < ImE < —Ca,

E
.Re 6[ B

Ai + A
~ ,)\j —Caj] U [)\j+0aj» 1t J+1:|
Uj =qFEeC;

(3.3)

ReEE[

Theorem 3.2 becomes optimal when a; is small and d; is of order one. This will be sufficient to
deal with the isolated eigenvalues for both the periodic and the random potential. It will also be
sufficient to give a sharp description of the resonant free region for random potentials. For the
periodic potential, we will rely a much more precise computations (see Theorem 5.1).

Note that Theorem 3.2 guarantees that, if d; is not too small, outside R;, resonances are quite far
below the real axis.

Proof of Theorem 3.1. The basic idea of the proof is that, for E close to A;, S.(E) and the matrix
I'1,(E) are either large or have a very small imaginary part while, as —4 < Aj_1+X; < A\jp1+A; <4,
e~"(E) has a large imaginary part. Thus, (2.4) and (2.8) have no solution in this region.

We start with equation (2.4). Pick £ € U; for some C large to be chosen later on. Assume first
that |E — )| < a;d;(2+ Codj)~" for Cy := 2¢'/C. Recall that 0 < a;,d; < 1. Note that, for C
sufficiently large, for ' € U}, one has

‘Im e*ia(E)’ = M) sinRe §(E)| = MIOE)=0Re BN 5in Re O(E)|

(3.4) )

> %M gin Re 0(E)| > e_l/C] sinRe 0(F)|
and
(3.5) ‘e—i"(E)‘ <1<e/C.

One estimates

a; ay 2 2ay 1/C
3.6 S.(E)| > J — > —+Cy— ,—20226/.
Vi P D vy e A Dy v v A

k#j k#j

Thus, comparing (3.6) and (3.5), we see that equation (2.4) has no solution in the set U;N{|E—\;| <
a,jdj(2 + Cdj)fl}.
Assume now that |E — \;| > a;d;(2 + Cod;)~L. Then, for E € Uj, one has

(3.7) |Im E| < ajd?\ sin(Re0(E))|.

1
6;C
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Thus, for E € U; N {|E — \;| > a;dj(2 + Codj)~'}, one computes

a; 4
Im S;.(E)| < |[Im E 4
[m S, (E)] < [fm ’(ij—ReE|2+|1mEy2+d§+\ImEl2>

1 . (24 Cod‘)Qa' 4
(3.8) < %—Ca]d?\ sin(Re0(E))| <a2dzj] + ?

< 9,40(1 + V0P sin(ReB(E))| < 5o /€] sin(Re0(E))|
provided C satisfies 8¢/ (1 + /)2 < ¢5C.

Hence, the comparison of (3.4) with (3.8) shows that (2.4) has no solution in U; N {|E — \j| >
a;jd;(2 + Cod;j)~1} if we choose C large enough (independent of (a;); and (););). Thus, we have
proved that for some C' > 0 large enough (independent of (a;); and ()\;);), (2.4) has no solution
in Uj.

Let us now turn to the case of equation (2.8). The basic ideas are the same as for equation (2.4).
Consider the matrix ', (E) defined by (2.9). The summands in (2.9) are hermitian, of rank 1 and
their norm is given by (2.13).

Assume that E € Uj; is a solution to (2.8). Define the vectors

vj = aj_l/2 <ZJJ((€))> for je{0,---,L}

Here a; = aJZ-.
Note that by definition of a;, one has |lv;]|> = 2. Pick u in C?, a normalized eigenvector of I'z,(F)

associated to the eigenvalue —e~®(F). Thus, u satisfies

L
a; (vj u>v _
3.9 JN")> J 10(E)
59 I

Note that, by assumption, one has

Zak‘ Vg, U |2 < ’ImE‘

ax, (v, u) vk
(3.10) sup Z S N E S
j

and
EBeU; |12 A — E

1
d;
where the constants are independent of C, the one defining Uj.

Taking the (real) scalar product of equation (3.9) with @, and then the imaginary part, we obtain

aj [(vj, )P Im E —ib(E) Im E|
_ I =
D — B +1Im <e ) O djz

Thus, for E € Uj, as a; < 1, for C in (3.1) sufficiently large (depending only on J),

a; (v, w)|*[Im E| _
A — B

*\ sin(Re 0(E))|.

Hence, for a solution to (2.8) in U; and u as above, one has

2a;|Im E)| a;|Im E|
- E| < / <2 2 .
A < [y, |\/|sm Red(E))] \/\sin(ReG(E)ﬂ
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Hence, by the definition of Uj, for C large, we get
7 093 1
>
)\j — E‘ - >

3.11 1
(3.11) 4 7 d
By (3.10), the operator ', (E) can be written as

a; .
(3.12) I'L(E)= N - U]®’U]+R (E) +il;(E)
where R;j(E) and I;(E) are self-adjoint (I; is non negative) and satisfy
1 |Im E|
(3.13) IR(E)| S — and |L(E)| S —5—.
d; d;
An explicit computation shows that the eigenvalues of the two-by-two matrix y 4 g ®uj+R;(E)
satisfy
) a; d; |Im E|
th A= J 0] Im M| <
either )\j—E< + <095)) or | | < ”

where the implicit constants are independent of the one defining U;.
Thus, by (3.12), using (3.11) and the second estimate in (3.13), we see that the eigenvalues of the
matrix 'z (E) satisfy

a; d; 2
. _ « 2
either A\ = N ( +0 <09,>> or [Im\| < e

Clearly, for C large, no such value can be equal to —e () being to large by (3.11) in the first
case or having too small imaginary part in the second. The proof of Theorem 3.1 is complete. [

Proof of Theorem 3.2. Again, we start with the solutions to (2.4). For z € Uj, we compute

L

Im E
Im SL(E) = & 5
= (A — Re E)? + Im*E
(3.14) B a;Tm E > —ayIm E
(A\j —Re E)% + m2E o5t Mk —ReE)?+ Im*E’
k]

When —d? /C <ImE < —Cayj, the second equality above and (2.5) yield, for C sufficiently large,

a; Im E| 2
3.15 0<ImSp(E) < —2 < =
(3.15) < mSi(B) 5 mE|  d2+Im*E ~ C

On the other hand, for some K > 0, one has
‘Ime_w(E)‘ > |Im e 0(Re B)| Kd?-/C’.

Now, as, under the assumptions of Theorem 3.2, one has

A 1
(3.16) min ’Im e—“%E)‘ > min <\/16 — (N Ajm)2 /16— (4 + Aj+1)2> ,

NidAi 1 A+
i JTAG+1
o R

we obtain that (2.4) has no solution in U; N {~d;/C < Im E < —Ca;}.
Pick now ' € Uj such that —Ca; <ImFE < —ajd?/C. Then, (3.5) and (2.5) yield, for C sufficiently
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large,
a;Im E . Ca; < 1 . 1
C2?2+Im’E  di —C 20
The imaginary part of e 9(E) is estimated as above. Thus, for C sufficiently large, (2.4) has no
solution in U; N {~Ca; <Tm FE < —a]d2/C’}

The case of equation (2.8) is studied in exactly the same way except that, as in the proof of
Theorem 3.1, one has to replace the study of Si(E) by that of (I'r(F)u,u) for u a normalized
eigenvector of I'z,(F) associated to —e~(E) and, thus, the coefficient aj, in (3.14) gets multiplied
by a factor |{vy,u)|? that is bounded by 2.

This completes the proof of Theorem 3.2. O

ImSL(E) <

—1

3.2. The resonances near an “isolated” eigenvalue. We will now solve equation (2.4) near a
given A; under the additional assumptions that a; < d?. By Theorems 3.1 and 3.2, we will do so
in the rectangle R; (see Fig. 7). Actually, we prove that, in R;, there is exactly one resonance and
give an asymptotic for this resonance in terms of a;, d; and \;. This result is going to be applied
to the case of random V' and to that of isolated eigenvalues (for any V).

Using the notations of section 3, for j € {0,---, L}, we define

ee(L)*  ere(0)on(L)
(317)  Sp,(E ;Ak— and Iz ;(E ZAk_ ( k)gok(L) Ttpk(OI;P )

We prove

Theorem 3.3. Pick j € {0,---,L} such that —4 < \j_1 + \j < A\jy1 + Aj < 4. There exists
C > 1 (depending only on (A\j—1+ X;) +4 and 4 — (\j41+ Aj)) such that, for any L, if a; < d3/C,
equation (2.4) and (2.8) has exactly one solution in the set

ReFE € >‘j + CCL]' [*1, 1]
(3.18) Rj =< E€eC; 9
—Ca; <ImFE < —a; dJ/C
Moreover, the solution to (2.4), say zY, satisfies
N
N _ . a5 N -1 2
(3.19) z; = Aj+ S150g) -+ e 03 +0 (a] d; ) .

and the solution to (2.8), say z , satisfies

(3.20) Z =N+ <<§J]((g)>) , (FL,j(Aj) + e—i"@j))_l (%» +0 ((ajzdj_l>2> .
N

Note that, if aNd 2 is small, formula (3.19) gives the asymptotic of the width of the solution i,
namely,

N .
a; -sinf(\;)
3.21 Im 2 = : ’ 1+ o(1)).
( ) J [SLJ()\]‘) +COSQ(>\J‘)]2 + sin? 9(/\j)( (1))
Recall that sinf()\;) < 0 (see Theorem 2.1). For HZ, using the bounds (3.28) and (3.29), we see
that the asymptotic of the imaginary part of the solution Z]Z satisfies

1
(3.22) CaJZ <Imz < C’azd2

This and (3.21) will be useful when a; < djz- as will be the case for random potentials. The case
when a; and d; are of the same order of magnitude requires more information. This is the case
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that we meet in the next section when dealing with periodic potentials. A
The proof of Theorem 3.3 also yields the behavior of the functions E — Sp(E) + e ) and

E +— det (F L(E)+ e 0E )) near their zeros in R; and, in particular shows the following

Proposition 3.1. Fiz 6 > 0. Under the assumptions of Theorem 3.3, there exists ¢ > 0 such that,
for =4 +0 < XNj_1+Xj < Xjy1+ A <4 -0, one has

’SL(E) + e—z‘e(E)‘

inf ) miNn >c and
N j— _ —
0<r<ca;d; |E z; |=r r
det (I'r,(E + e~ 0(E)
inf min ‘ ( (E) )‘ > c.
0<7‘<ca]Z.d;1 |E—Z]Z|:7" r

Proposition 3.1 is a consequence of the analogues of (3.24) and (3.30) on the rectangles
Rj =% + cajd; '[-1,1] x [~1,1]
for e € {N,Z} and c¢ sufficiently small.

Proof of Theorem 3.3. Let us start with equation (2.4). To prove the statement on equation (2.4),
in Rj, we compare the function E — Sp(E) + e~ W(E) to the function

N

- a; )
E = S1j(E) = = + Sp,j(\;) + ).
) )\j _ E k2
Clearly, in C, the equation S 1;(E) = 0 admits a unique solution given by
N
a.

Zi =\ L .
Z] J + SL,]()\]) _|_ 6719()\]')

For I/ € OR;, the boundary of R;, one has

SLJ(E)‘ > — and

(3.23)
—i0(E) _ ,~i0(\;)

e

Hence, as dj <1, one gets

S14(B) = Sp(B) — 9P|
max

= < 4Ca§dj_2
ECOR, 152, (E)]

Thus, by Rouché’s theorem, equation (2.4) has a unique solution in R;.

To obtain the asymptotics of the solution, it suffices to use Rouché’s theorem again with the
functions Sz, ; and Sp,(E) + e~F) on the smaller rectangle R; = 2, + K(al;ldj_l)z[—l, 1] x [-1,1].
One then estimates

Spj(E) — Sp(E) — e
(3.24) max . < 40K
E€OR, |SL;(E)|

Thus, for K sufficiently large, this completes the proof of the statements on the solutions to
equation (2.4) contained in Theorem 3.3.
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Let us turn to equation (2.8). On R;, we now compare I'r(E) + e (5 to the matrix valued
function

S o (L)]* ¢ (0)p;(L) Ty
B oy (B) = Aj—E<soj<o>soj<L> 5 (0)]2 >”““J”€ o

) 2 ) )
The matrix < 05 (L)] #i(0)%5 (2L )> is rank 1 and can be diagonalized as
0i(0)p; (L) |@;(0)]

i (D 000 (L)\ _ p (a7 O\ p
(%’(0)%’@) ij(0)|2> P(5 0>P

where a is given by (2.13) and

Thus, T'r, ;(E) is unitarily equivalent to

1 z ,
(3.25) M= pyp (ad 8) + Py (AP + e,

As Pr I'z ;j(Aj)Pj is real and the imaginary part of e —i9(%j) does not vanish, the matrix My :=
P; FLJ()\ )P;j + e~ ) is invertible. By rank 1 perturbation theory (see , e.g., [38]), we know that

M is invertible if and only if aj LMy ] 11 A # E (where [M]y; is the upper right coefficient of
the 2 x 2 matrix M). In this case one has

(3.26) Mt =Mt - af Myt (1 0) Myt
: = — :
ajZ'[MO ]11+)‘j_E 00

Hence, 0 is an eigenvalue of M if and only if

. -1
E=)\+ad’ [(PJ*FL,j(Aj)JDj + e—w(%)) ]
11

o (S (uson) o) (200,

Note that, as I'z, j(A;) is real symmetric and ||I'z ; ()] < C’d;l, one has

(20 (s + ) () < o
and

(3.29) <<< > T () _I_e—ie(,\j)>’1 (:ppjj((g))>>> < (W.

Using (3.25), (3.26), (3.28) and (3.29),we see that, for E € OR;, the boundary of R;, Tr ;(E) is
invertible and that one has

' [fL,j(E)] o

Hence, as d; < 1, taking (3.23) into account, one gets

(3.27)

(3.28)

<2C and T ;(E)—Tg (A )||<CaZd 2,

max
EE@RJ'

M~ —1 .
1 _FLJ(E)} <I‘L(E) + e—Z‘“E)> H < 4C%d%d;?
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In the same way, one proves

(3.30) max
EG@RJ'

where we recall that R; = Z; + K(al;ldj_lf[—l, 1] x [-1,1].

Thus, we can apply Rouché’s Theorem to compare the following two functions on OR; and 8Rj

(for K sufficiently large),

1- [fL,j(E)} o (PL(E) + e—w(E)) H < K1

det (f‘L’j(E)> and det (I‘L(E) + e_w(E))

‘det (Pes(B)) — det (To(B) + e—iG(E))‘

)det (Frs(m)) (

1 — det (1 - {1 - [fL,j(E)} o (FL(E) + e*’(@)]) ’ .

We then conclude as in the case of equation (2.4). This completes the proof of Theorem 3.3. [

Combining Theorems 3.3, 3.1 and 3.2, we get a pretty clear picture of the resonances near the
Dirichlet eigenvalues in (—2,2) as long as the associated a; and d; behave correctly. As said, this
and the knowledge of the spectral statistics for random operators will enable us to prove the results
described in section 1.3. For the periodic case, Theorems 3.1, 3.2 and 3.3 will prove not too be
sufficient. As we shall see, in this case, a; and d; are of the same order of magnitude. Thus,
neighboring Dirichlet eigenvalues have a sizable effect on the location of resonances. Therefore, in
the next section, we compute the Dirichlet spectral data for the truncated periodic potential.

4. THE DIRICHLET SPECTRAL DATA FOR PERIODIC POTENTIALS

As we did not find any suitable reference for this material, we first derive a suitable description
of the spectral data (i.e. the (a;); and (););) for the Dirichlet restriction of a periodic operator to
the interval [0, L] when L becomes large.

Consider a potential V' : N — R such that, for some p > 1, one has V}, = Vj4,, for all k£ > 0. We
assume p to be minimal, i.e., to be the period of V. In our first result, we describe the spectrum of
H? = ~A+V on (%(Z) and HY = —A +V on ¢%(N) (with Dirichlet boundary conditions at 0). In
the second result we turn to Hp, the Dirichlet restriction HY to [0, L] and described its spectral
data, i.e., its eigenvalues and eigenfunctions.

We recall

Theorem 4.1. The spectrum of H%, say Y7z, is a union of at most p disjoint intervals that all
consist in purely absolutely continuous spectrum.

The spectrum of HY is the union of ¥z and at most finitely many simple eigenvalues outside Y7,
say, (vj)o<j<n. 2z consists of purely absolutely continuous spectrum of HY and the eigenfunctions
associated to (vj)o<j<n, say (Vj)o<j<n, are exponentially decaying at infinity.

Except for the exponential decay of the eigenfunctions, the proof of the statement for the periodic
operator on Z and N is classical and can e.g. be found in a more general setting in [10, chapters 2,
3 and 7] (see also [13, 36]). The exponential decay is an immediate consequence of Floquet theory
for the periodic Hamiltonian on Z and the fact that the eigenvalues lie in gaps of >y.

For H” one can define its Bloch quasi-momentum (see the beginning of section 4.1 for details) that

[¢]
we denote by 0,; it is continuous and strictly increasing on ¥z and real analytic on ¥7. Decompose
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q
Y.z into its connected components, i.e., Yz = U B, where ¢ < p. Let ¢, be the number of closed

r=1
[¢]

gaps contained in ¢. Then, 6, is continuous and strictly increasing on B, and real analytic on B,,
the interior of the r-th band. Moreover, on this set, its derivative can be expressed in terms of the
density of states defined in (1.2) as

1
(4.1) n(\) = ;9;0\).
We first describe the eigenvalues of Hr,.

Theorem 4.2. One has
(1) For any k € {0,--- ,p — 1}, there exists hy : X7 — R, a continuous function that is real
analytic in a neighborhood of X7 such that, for L sufficiently large s.t. L =k mod p,
(a) for 1 <r <gq, the function hy maps B, into (—(¢, + 1)m, (¢, + 1)7);
(b) define the function
hy
L—Fk
it is continuous and strictly monotonous on each B, (1 <r <q);
(c) for 1 < r < gq, the eigenvalues of Hy, in B,, the r-th band of ¥z, say ()\;)j, are the
solutions (in Xz ) to the quantization conditions

(4.2) Op.1 =0y

r jm :

(2) There exists ¢ > 0 such that, if X is an eigenvalue of Hy, outside ¥z, then, for L= Np+k
sufficiently large, there exists Ao € 5§ U Y, \ Xz s.t., one has |A — M| < el

Recall that Zar and X, are respectively the spectra of H(;r and H, defined in section 1.2.2.
In Theorem 4.2, when solving equation (4.3), one has to do it for each band B,, and, for each

band and each j such that L‘]W

’ € 6, 1.(B;), equation (4.3) admits a unique solution. But, it may

happen that one has two solutions to (4.3) for a given j belonging to neighboring bands. In the
sequel to simplify the notations, we will not distinguish between the different bands, i.e., we will
write eigenvalues (\;); not referring to the band they belong to.

Let us now describe the associated eigenfunctions.

Theorem 4.3. Recall that (\;); are the eigenvalues of Hy, in ¥z (enumerated as in Theorem 4.2).

(1) There exist p + 2 positive functions, say, f0+, (fy Jo<k<p—1 and f, that are real analytic

i a neighborhood of %Z such that, there exists o, € {+1,—1} such that, for L = Np+ k
sufficiently large, for \; in B?T, the interior of r-th band of ¥y, one has

~ -1
LW (4, F) _fy)
o D) = <1+L_ k) - lalOF = EEE P
L)) = o7 ™ (L)[1(0)] = 0, HE IO (L) [ (O).

(2) Let X be an eigenvalue of Hy, outside Xz (see point (3) in Theorem 4.2). If ¢ is a normalized
etgenfunction associated to X and Hp,, one has one of the following alternatives for L large
(a) if Ao € B¢ \ X}, one has

(4.5) lp(L)] = e™F and |p(0)] < 1;
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(b) if Ao € T \ =¢, one has
(4.6) P =<1 and |p(0)] = e;
(¢) if Ao € T N, one has
(4.7) lp(L)| <1 and |p(0)] =<1.

For later use, let us define 6, 1, for and fi 1, by

~ —1 . _
(4.8) Ji,t(A) = frr (A) <1 + Lf()\)k> and  for(\) = fi (V) (1 + Lf()\)k:>

where 0, hi, fo, fr and f are defined in Theorem 4.2.
As a consequence of Theorem 4.2, we obtain

Corollary 4.1. For X\ € ¥z, for L =k mod (p) sufficiently large, one has

(19) TR = m ) = F 9N = e 00 = = fip ()8, (V).
ngr + + Ly / 1 '
(4.10) 00 =m0 = im0 = i 800 = Lo s8N,

Here, 0p, fo+ and f,- are defined the functions defined in Theorem 4.2.

Proof of Corollary 4.1. To prove the first equalities in (4.9) and (4.10), it suffices to prove that, for
any x € C°(Xz),

(o ()0} = [ XN ) =+ [ 3065 () 65 )

(4.11)
== [ X g an
(o XU 30) = [ XOVANG ) = [ (65 () 5 65 k)t
(4.12)
_ ! / KOV SENEL (N,
TJR

the full statement then following by standard density argument. The operator Hj converges to
H{ in norm resolvent sense. Thus, we know that (8o, x(Hg )do) = Llim (00, x(HL)dp). Now, by
—+00

o]
Theorem 4.2, as x is supported in Yy, using the Poisson formula, one computes

(Box(HL)) = 3 xOllesOF = 7~ kZ< ) e (0 (255))

e ( (L“k>)f“(%(fl>>ﬁ

JEZL

=LY [ IO () o () 0 (A

JEZ
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Thus, using the non stationary phase, i.e., integrating by parts, one gets, for any N > 2,

(60, X(HL)bo) — 71T/

R

YO for (V) e;mdx) <3 Crrelixllew (1(L — K) N

j>1
< Cnillxllen (L — k)N

(4.13)

Here, we have used the analyticity of the functions 0, 1, and fo 1.

To deal with H, ', we recall the operator Hyp, (that is unitarily equivalent to Hp) defined in Re-
mark 1.4. One has (61, H,01) = (3o, x(HL)do), thus, as H, is the strong resolvent sense limit of
Hp, one gets (5, x(Hj, )do) = Jlim {or, X(Hp)or)-

Then, (4.11) and (4.12) and, thus, the first equalities in (4.9) and (4.10), follow as 0, ;, fo,r and

fx,r converge (locally uniformly on ¥z) respectively to 6, ff and fi. (see (4.8) and Theorem 4.2).
Let us now prove the second equalities in (4.9) and (4.10). Therefore, we use an almost analytic
extension (see [31]) of x, say, X, that is, a function x : C — C satisfying (

(1) for z € R, X(2) = x(2),

(2) supp(x) C {z € G; |In(z)[ <1},
) x € S{z € C; [Im(z)| < 1}),
(4)

4) The family of functions x +— a—i((x +iy) - ly|”" (for 0 < |y| < 1) is bounded in S(R) for any
z

n € N.

Moreover, x can be chosen so that one has the following estimates: for n > 0, a > 0, 8 > 0, there
exists Cy, o, > 0 such that

07
(4.14) sup sup @ 87;?(30) .

P ( ox
e — | |y =@ +iy) || < Cha, sup sup |x
0<ly/<izer | 0zF 5 el

B'<n+B+2a’'<a r€R

By the definition of x, the right hand side of (4.14) is bounded uniformly in E' complex.
Let x € C§°(R) and x be an almost analytic extension of x(x). Then, by [16] and [21], we know
that, for any n and w € 2, the following formula hold,

RN

(4.15) x(He) = = Z(2)- (2 — Ho) tdz NdZ
z
where H, = Hy, Hy, Hy or H, .
Using the geometric resolvent equation (see, e.g., [20, Theorem 5.20]) and the Combes-Thomas
estimate (see , e.g., [20, Theorem 11.2]), we know that for some C > 0, for Imz # 0,

(4.16) ’<50, (=)™ = (i = 2)7] 5°>‘

-1 -1 —L|Imz|/C
+‘<50, [(HL—z) —(Ha'—z) ]5O>}§ 2] [Imz|/C
Plugging (4.16) into (4.15) and using (4.14), we get
L ~
Z i) (0 /X(A)dNJ()\) < CN/ lyNle i Cay < oL
=0 R lyl<1
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o

Thus, by (4.12) and (4.13), we obtain that, for x € C§°(¥z) and any N > 0, there exists Cy > 0
such that

L) s 08,000 = £ 5]
(4.17)

[ for )83 [ xOyaNg )| < oxz .
R R

Now, by (4.3) and (4.8), the function fo 1.0}, ; — f+6’ admits an expansion in inverse powers of L
that is converging uniformly on compact subsets of EZ, namely,
forby = £, => L "oy
k>1
Thus, (4.17) immediately yields that, for any k& > 1, one has ax = 0 on %Z. Hence, fo,10), ; = f+9'

on Yz. This completes the proof of Corollary 4.1. O

4.1. The proofs of Theorems 4.2 and 4.3. We will first describe some objects from the spectral
theory of HZ, use them to describe the spectral theory of HY, prove Theorem 4.2 and finally prove
Theorem 4.3.

4.1.1. The spectral theory of H”. This material is classical (see, e.g., [43, 40]); we only recall it for
the readers convenience. For 0 < j < p — 1, define T = TJ(E) to be a monodromy matrix for the
periodic finite difference operator H%, that is ,

(4.18) Tj(B) = Tjtp-1,(E) = Tjyp-1(E) - Tj(E) = (aa f;) bﬁ”i?&)
where
(4.19) Tj(E) = (E ; i _01> :

The coefficients of T;(F) are monic polynomials in the energy F: a}(E) has degree p and b)(E)
has degree p — 1. Clearly, detT;(E) = 1. As j — Vj is p-periodic, so is j — T;(E). Moreover, for
j' < j, one has

(4.20) Ty(E) Ty (E) = Tyrp1504p1 () Ty (B) = Ty (E) Ty ().

Thus, the discriminant A(E) :=tr T;(E) = a(E) + b;fl(E) is a polynomial of degree p that
is independent of j; so are p(E) and p~!(E), the eigenvalues of TJ(E) One defines the Bloch
quasi-momentum E — 6,(E) by

(421) A(E) = p(E) + 5 (E) = 2cos(p 0,(E)).
Let us recall some basic properties of the discriminant A and the coefficients of Tj, the proofs of
which can be found in [13]:
(1) if A’(E) =0 then |A(E)| > 2;
(2) the zeros of A" are simple; )
(3) E is a zero of A" s.t. [A(E)| = 2 if and only if Tj(E) € {+1d,—Id} (for any j);
(4) the polynomials by and ], _; only vanish in the set {JA(E)| > 2} ; they keep a fixed sign in
each of the connected components of the set {|A(E)| < 2}.
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Note that A(FE) is real when E is real. Thus, for E real, |A(E)| < 2 implies that p~!(E) = p(E) and
|A(E)| > 2 that p(E) is real. When |A(E)| < 2, we will fix p(E) := %) and when |A(E)| > 2,
we will fix p(E) so that |p(E)| < 1.

E belongs to the spectrum of H” (i.e. —A +V on ¢2(Z)) if and only if |A(E)| < 2 (see, e.g., [40]).
Properties (1)-(3) above imply that, for Ey a zero of A’ such that A(Ey) = £2, 6, is real analytic
near Ey and 60,(Ep) # 0.

Definition 4.1. Ej is said to be a closed gap if and only if |[A(Ey)| = 2 and A'(Ep) = 0 or
equivalently if and only if Ty(Ey) is diagonal.

Consider 9¥z. It is the set of energies solutions to |A(E)| = 2 where Ty(E) is not diagonal; it is
also the set of roots of |A(E)| = 2 that are not closed gaps. From the upper half of the complex
plane, one can continue E +— 6,(E) analytically to the universal cover of C \ 0Xz. Each of the
points in 0¥z is a branch point of 6, of square root type. Moreover, for E ¢ 03z, there exists
two linearly independent solutions to the eigenvalue equation (—A + V — E)u = 0, say ¢+ (F),
satisfying, for n € Z

(4.22) ps(n+p,E) =P By, (n, E).

4.1.2. The spectral theory of HY. Let us now turn to the spectrum of the operator on the half-
lattice.

The operator Hy . For the operator Hy = H" (that is —A + V on ¢2(N) with Dirichlet boundary
conditions at 0), E' is in the spectrum if and only if

e either [A(F)| <2
e or |A(E)| > 2 and [Ty(E)]" <(1)) stays bounded as n — +oo.

The second condition is equivalent to asking that [T;(E)]"T;—1(E) - - - To(E) <(1)> stay bounded as

n — +00.
When |A(F)| # 2 and ag_l(E) £ 0, one can diagonalize Ty(E) in the following way

(4.23) (“goll(E) §(E)_ »(E) > x Tp(E)

0 p I(E) ’
Thus, using
o(B)-ad(B) (B | |oB)-dE)  -WE) |
(4.24) ‘—a2_1<E> p(E)—b2_1<E>‘—‘ a0 (B) ag<E>—p1<E>"0

for n € Z, one computes

(4.25) <T0(E)>n - (E(éiZ(E) fgéZ(E))
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where
11 _ ag(E) —p '(E) “n p(E) — ‘12 E)
W= =y P m ey
BB = (7 (B) - () 2
(4.26) " pLE) = p 1 (E)
BB = () — () 212
o(B)—p ()
722 . -n ag(E) - p_l(E) n p(E') - ag E)
B =0 B = ey @)
Clearly, the formulas (4.23), (4.25) and (4.26) stay valid even if a _1(E) = 0. They also stay valid

if |A(E)| = 2 and A’( ) = 0. Indeed, by points (1)-(3) in sect1on 4.1.1, the functions p — p~ !,

ag —p Y —p— ao b and ap , are analytic near and have simple zeros at such points.

We have thus proved that
Lemma 4.1. For E ¢ 9%, (TO(E)>" has the form (4.25) - (4.26)

Simple computations then show that E is in the spectrum of Hy , that is, —A + V on ¢*(N) with
Dirichlet boundary conditions at 0 if and only if one of the following conditions is satisfied:

(1) |A(E)| < 2: moreover, the set {E € R; |A(E)| < 2} is contained in the absolutely contin-
uous spectrum of Har ;
(2) |A(E)| > 2 and

(4.27) ap_1(E)=0 and |ap(E)| < 1.

Thus, on X7, the spectrum of Har is purely absolutely continuous; it does not contain any embedded
eigenvalues.

Note that, in case (2), [Tp(E)]" actually decays exponentially fast. In this case, F is an

1
0
eigenvalue associated to the (non normalized) eigenfunction (u;);eny where, for n > 0 and j €

{07"'7p_1}7

. () = <Tj-1<E> Ty (E) (é) 7 <3>> [ap(B))”
= ;(E) [ap(B)]"
writing
Byt = G bE)
(4.29) Tj—1(E) .- To(E) =: ((Ijjl(E) bjjl(E)>'

It is well know that, for any j, the zeros of a; and b; are simple (see, e.g., [10, section 4]), and
the roots of a;y1 (resp. bjy1) interlace those of a; (resp. b;). Let E’ be an eigenvalue of H(T.
Differentiating (4.24) at the energy E’, we compute

daj) d(p—al
(430 ) S () 4 (o) — 7 (B )

- (E') = 0.
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The eigenvalues of the operator H, . Let us now turn to H, . Recalling (4.29) and using the
representation (4.25), we obtain that the eigenvalues of H, outside ¥z satisfy

p(E) —ap(E)  —ay 4(E) > <ak+1(E))
4.31 L p=i =0.
(30 (" wEyiis) (o
As for HJ , the eigenfunction associated to E and H, decays exponentially fast. Indeed, the
eigenvalues of H, in the region |A(E)| > 2 can be analyzed as we analyzed those of Hy , i.e., they

are the energies such that [Tk(E)]_” <O> stays bounded; this yields the quantization conditions

1
blg(E) = 0 and |b’;_1(E)| < 1. In this case, E is an eigenvalue associated to the (non normalized)
eigenfunction (u;)_jey where, for n >0 and k € {0,--- ,p — 1},
—-n
(4.32) -y 1(E) = by(E) [th1 (E)]

Common eigenvalues to Har and H, . Assume now that E’ is simultaneously an eigenvalue of H,
and H . In this case, one has ag 1(E') =0, ag(E")| < 1 and b)(E")by11(E') = ap1(E")(p~ (E') -
p(E")). So (4.31) (see also (4.30)) becomes

d(p—aj) da, '
7”(El) _L(E/) ap+1(E) —
(433) < ﬁ%g(E) ag(E/)dE p—l(E/)> < + E’)) 0.

Hence, the analytic function E — ag41(E)(a)(E) — p(E)) — bey1(E agfl(E) has a root of order at
least 2 at E’. It also implies that a1 (E") # 0. Indeed, if ag11(E') = 0, (4.33) implies b1 (E') =0

(10
as dd”E’l(E’) # 0.
Conversely, if E’ € o(H") such that |A(E')| > 2 and E +— aj41(E)(a)(E)—p(E))—bry1(E)ay_(E)
has a root of order at least 2 at E’, then (4.33) holds and E’ is an eigenvalue of H,_.

We have thus proved

Lemma 4.2. Ey € o(Hy) No(H, )\ Z if and only if |A(Eo)| > 2 and Ey is a double root of

E — ap1(E)(ap(E) — p(E)) = byr1(E)ap_ (E).

4.1.3. The Dirichlet eigenvalues for a periodic potential : the proof of Theorem 4.2. Let us now
turn to the study of the eigenvalues and eigenvectors of Hy, i.e., to the proof of Theorem 4.2. We
first prove the statements for the eigenvalues and then, in the next section, turn to the eigenvectors.
Recall that L = k mod p; we write L = Np + k. By definition, F is an eigenvalue of —A 4+ V on
[0, L] with Dirichlet boundary conditions if and only if

0 = det <TL+1(E)TL(E)TL—1(E) - To(E) <(1)> , <?>>

— det <Tk(E) -~ To(E) - [To(E)N <(1)> ) (2))

where Tj,(E) is the monodromy matrix defined above.
We use the notations of sections 4.1.2 and 4.1.1. Let us first show point (1) of Theorem 4.2, namely,

(4.34)

Lemma 4.3. For L large, one has

0%z No(Hy) = {Eo; ap1(Eo) = ay)_y(Eo) =0 and by(Eo) # 0}.

Proof. For Ey € 9%y, we know that |A(Ep)| = 2 and Tp(Ejp) is not diagonal. Assume A(Ep) = 2
(the case A(Ey) = —2 is dealt with in the same way); hence, Ty(Ep) has a Jordan normal form,
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i.e., there exists P, a 2 x 2 invertible matrix and « € R* such that

~ -1 (1 0 _ (P11 P12
(4.35) To(Ep) = P <a 1 P where P = por o)

Thus, by (4.34), Ey € o(Hp) is and only if

o= |(rti) k) (@) (5)-(7)
(e i) 2 (va D)7 (6)-0)

/10 1 —bpr1 (Ep)
0_'<Na 1>P (0>’P (akl:l(Eog)
= (det P) ag41(Eo) — N apiy (—p11brs1(Eo) + pr2ars1(Eo)).

For N large, this expression vanishes if and only if (det P) axt1(Ep) = 0 and api1 (—p11br+1(Eo) +
pi2ax+1(Ep)) = 0. As P is invertible, as |bxy1(Eo)| + |ag+1(Eo)] # 0 and as a # 0, one has
ak+1(Ep) = 0 and p11 = 0.

In this case, using bgy1(Ep) # 0, we can then rewrite the eigenvalue equation (4.36) as

(4.37) 0= ‘(TO(EO)) (é) , (é)

For E € ¥y close to Ey, by (4.26), we have

NE NE E NoLo
t?)IN(E) = (p ( )(E/)) ,KE 1)()E)p 1( ) :pN_l Zp_2J(E) a2—1(E)-
§=0

(4.36)

)

that is,

= ton (Eo)

As p is continuous at Ey and p?(Ep) = 1, taking E to Ey, we get
As TO(EO) is not diagonal, this implies bg(EO) # 0. This completes the proof of Lemma 4.3. O

Now, pick E ¢ 0%7. Then, by Lemma 4.1, the quantization condition (4.34) becomes

N E) —p N E) Ly p(B) —af(E)
(1.39 B I
(P (B) = oM (E) o thr (E)

The eigenvalues outside of ¥y. Let us first study the eigenvalues outside Xz, i.e., in the region
|A(E)| > 2. If, for j € N, we define

ap(E) — p~(E) a0 | (E)
Q; =a; P . P
(4.39) 3 (E) = a;(B) p(E) —p~1(E) " bj(E)p(E) — - (E)
and f;(F) := al(E)M — b-(E)M
ST E) = m) ) o)

equation (4.38) can be rewritten as Biy1(E) + p?N (E)agy1(E) = 0; using
(4.40) 11(E) + Be1(E) = ag1(E),
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(4.38) becomes

p*N(E)

(4.41) Br1(E) = T1= 2N(E) M

We first show

(E).

Lemma 4.4. There exists n > 0 such that, for L sufficiently large, o(Hp)N[(Xz+[—n,n])\Xz] = 0.
Proof. Using (4.39), we rewrite (4.41) as

1—p*(E)

1— p2N(E) Ak+1
Pick Ey € 0¥ 7. Then, by our choice for p, for n > 0 small, we know that, for E € ([Ey — n, Ey +
)\ Xz, p*(E) = e—c0VIE=Eo|(1+0(/IE=Eul))  Hence, for E € ([Eo — 0, Eo + 1)) \ Xz, one has

1—p*E
(443) p2N+1(E) p ( )

1
—— P2 | < min (/|E = Eo|, — | -
1 - p?N(E) ”mm< | 0”N>

Thus, if ar+1(Eo)(p(Eo) — a)(Eo)) — bk+1(E0)ag_1(E0) # 0, equation (4.42) has no solution in
[Eo —n, Ep +n] \ Xz for n small and L sufficiently large.
Let us now assume that aj+1(Eo)(p(Eo) — ap(Eo)) — bir1(Eo)ap_1(Eo) = 0. Hence,

o if ag1(Ep) # 0: one computes
a1 (E)(p(E) — ap(E)) = b1 (B)ay_ (E) = ag11(Eo)(p(E) — p(Eo))(1 + o(1))

and

(4.42) ak+1(E)(p(E) = ap(E)) = b1 (B)ay_y (E) = p* (E) (E).

p2(N+1)(E)

N5y L E) (B = —(o(B) - plBo)) ars (o) e B (1 4 (1))
1— N (E) R 2 {77 '

Hence, for n > 0 small and E € [Ey — 1, Ey + 1] \ Xz, the two sides of equation (4.42) have
opposite signs: there is no solution to equation (4.42) in this interval;

o if apy1(Ep) = 0: then byy1(Eo) # 0, a)_1(Eo) = 0, p(Eo) = ap(Eo) and (ay_,)'(Eo) # 0;
one computes

a1 (E)(p(E) — ap(E)) = b1 (B)ap_y (E) = ~bps1 (Eo)(ap_1) (Eo) (E — Eo)(L + o(1))
and, by (4.43), for n > 0 small and F € [Ey — n, Eg + ] \ 3z,

1—p*(E . 1
p2N+1(E)1_pp2N<(E))ak+1(E) < |E — Ep| min («/\E—EOLN)

Hence, for n > 0 small and E € [Ey —n, Ep + 1] \ X7z, there is no solution to equation (4.42)
in this interval.

This completes the proof of Lemma 4.4. O

In Lemma 4.3, we saw that, if Ey € 0%z satisfies ag41(Eo) = 0 and ax41(Eo)(p(Eo) — ag(Eo)) -
ka(Eo)agfl(Eo) =0, then Ej is an eigenvalue of Hy, for L large.

By Lemma 4.4, if now suffices to consider energies such that |A(E)| > 2+n for some > 0. In this
case, we note that the left hand side in (4.41) is the left hand side of the first equation in (4.31)
(up to the factor p — p~! that does not vanish outside ¥7). On the other hand, the right hand side
in (4.41) is uniformly exponentially small for large N on {E € R; |A(E)| > 2 + n}. Thus, for L
large, the solutions to (4.41) are exponentially close to E’ that is either an eigenvalue of HJ or one
of H, . One distinguishes between the following cases:
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(1) if E' is an eigenvalue of Hj but not of H, , then E’ is a simple root of the function
E — Bri1(E) (see section 4.1.2); one has to distinguish two cases depending on whether
ag+1(E") vanishes or not. Assume first a1 (E’) = 0; then, by (4.28), we know that the
eigenvector of HO+ actually satisfies the Dirichlet boundary conditions at L; thus, E’ is a
solution to (4.41), i.e., an eigenvalue of Hy,, and (4.28) gives a (non normalized) eigenvector.
Assume now that ag1(E’) # 0; then, by Rouché’s Theorem, the unique solution to (4.41)
close to E’ satisfies

B pzN(E')
Bl/e+1(E,)

(2) if E’ is an eigenvalue of H, but not of H; , mutandi mutandis, the analysis is the same as
in point (1);

(3) if E is an eigenvalue of both Hy and H i » then, we are in a resonant tunneling situation.
The analysis done in the appendix, section 7, shows that near E’, Hy, has two eigenvalues,
say F1 satisfying, for some constant o > 0,

(4.45) Ey — E' =2apV(E)) (1+0 (Np(E)N)).

(4.44) E-F = a1 (B)(L+ o(p*N (B')));

This completes the proof of the statements of Theorem 4.2 for the eigenvalues outside X7.

e]
The eigenvalues inside YXz. We now study the eigenvalues in the region Y. One can express p(F)
[¢]

in terms of the Bloch quasi-momentum 6,(E) and use p~*(E) = p(E). Notice that, on ¥z, one has

e Im p(E) does not vanish

e the function E — p(FE) is real analytic,

e the functions E — a)(E), E — aj)_|(E), E — agy1(E) and E +— byy1(E) are real valued
polynomials.

We prove
Lemma 4.5. The function a1 s analytic and does not vanish on Xyz.

Proof. Assume that the function aj,q vanishes at a point Fy in Xy:
o if p(Eo) # p~'(Eo): then, one has ay11(Eo) (ap(Eo) —p~" (Eo)) +br+1(Eo) ap_; (Eo) = 0: as

p(Eq) # p~'(Eo) and Ey € Xz, one has p~(Ey) = p(Eo) € R; thus, for ag41(Eo) (ag(Eo) —
p~ (Eo)) —brs1(Eo) a)_; (Ep) to vanish, one needs ay41(Eo) = 0 and ay_(Ep) = 0 (as b1
and ap41 don’t vanish together); this implies that p(Ep) = £1 and contradicts p(Fy) #
p~ ! (Eo);

e if p(Ey) = p~1(Ep): such a point Ej is a simple root of the three functions ag_l, p—p~
ag — p that are analytic near Ej (see points (1)-(4) in section 4.1.1). Moreover, one checks
that the derivatives of these functions at that point are respectively real, purely imaginary
and neither real, nor purely imaginary: for F close to Ey, one has

a)_1(E) = A(E — Eo)(1+ O(E — Ey)),
(4.46) p(E) — p~'(E) = 2iC(E — Eo)(1+ O(E — Ey)),

a)(E) — p ' (E) = (B +iC)(E — Ep)(1+ O(E — Ey)) where (A, B,C) € (R*)*.

L and

Now, as ap+1 and bgy; are real valued and can’t vanish at the same point, we see that
agt1(Eo) # 0.
This complete the proof of Lemma 4.5 O
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Now, as L = Np + k, the characteristic equation (4.38) (valid for E € ¥z) becomes

p?N(E) = 2Nebp(E) — a1 (E) . B (E)

(
ap1(E) Bri1(E)
a+1(E)(p(E) — ap(E
ap4+1(E)(p(E) — ap(E

(4.47)

By Lemma 4.5, the function E +— hi(FE) defined in (4.47) is real analytic on ¥7. Clearly, as inside
Y7, p is real only at bands edges or closed gaps, hi takes values in 7Z only at bands edges or closed
gaps. This implies point (a) of Theorem 4.2. We prove

Lemma 4.6. The function hy can be extended continuously from Xz to Xz; for Eg € 0¥z, one has

() € S+7Z  if ag1(Bo) # 0 and apr1(Eo)(p(Eo) — ap(Eo)) — brt1(Eo)ap_1 (Eo) = 0,
M0 A if not.

The function 8, 1, is strictly increasing on the bands of ¥z.

Proof. Pick Ey € 0¥z. It suffices to study the behavior of E € ¥z — s(E) := ar11(F)(p(E) —

ag(E)) - bk+1(E)a2_1(E) near Ey inside ¥z. Write E = Fy + ¢ for ¢ real positive; here, the sign

+ depends on whether Ej is a left or right edge of ¥z and is chosen so that E = Ey +t? € Xz for
t small.

First, t — p(Ep £ t?) is analytic near 0; thus, so is t — s(Fy & t2). Solving the characteristic
equation p?(E) — A(E)p(E) +1 = 0, one finds

p(Eo £1%) = p(Ey) +iat + bt> + O(t?), a € R*, beR.

Thus,
s(Eyg +t%) = s(Eo) +iap1(Fo) -a-t+c-t2 + O(t%)

where

¢ := ajy1(Eo) (p(Eo) —ap(Eo))+ar41(Eo) (b—(ap) (Eo)) = (b1 (Bo)ap_y (Eo)+bxs1(Eo)(ap—_1)'(Eo)).-
Hence,
o if s(Ep) # 0, then s(Ey + t2) = s(Ep) + O(t) ; hence, hy(Ey £ t?) = 7n + O(t) for some
n e
o if s(Ey) = 0 and apy1(Fy) # 0, one has s(Eyg £ t?) = iag11(Eo) - a -t + O(t?); thus,
hi(Eo £ %) = 5 + mn + O(t) for some n € Z;
o if s(Ep) = ar+1(Ep) = 0, one has byy1(Ep) # 0, agfl(Eg) = 0, p(Ey) = a)(Eop) and
(a)_1)'(Eo) # 0; thus s(Eo + %) = —bgy1(Eo)(a)_) (Eo)t* + 0(t*); hence, hy(Eo + %) =

P
mn + O(t) for some n € Z.

This completes the proof of the statement of Lemma 4.6 on the function hg.

Let us now control the monotony of 6, 1, (see Theorem 4.2) on the bands of ¥7. It is well known that
keeping the above notations, 8,(Eg £ %) — 0,(Fy) = +at(1 + tgo(t)) with a >. The computations
done in the previous paragraph show that hy(FEo & t2) = hy(Eo) + at*(1 + tgi(t)), k > 1. Hence,

e if k> 1, we have 0, 1,(Fo £ t*) — 0, 1.(Eo) = +at(1 + tga(t)),

e if k=1, we have 0, 1.(Ey + t*) — 0, 1.(Fo) = (:l:a + Lal<:> t(1+tga(t)).
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Hence, 0, 1, is strictly increasing inside the band near Ey for L sufficiently large. Outside a neighbor-
hood of the edges of a band, by analyticity of Ay, as the bands are compact, we have |9;, L—9;| < L%
As 0, is strictly increasing on each band, 6, 1, is also strictly increasing outside a neighborhood of
the edges of a band. This completes the proof of Lemma 4.6. O

One proves

Lemma 4.7. Let Ey be a closed gap for H” (see Definition 4.1). Then, for any L = Np + k the
following assertions are equivalent:

(4.48) Ey € U(HL) < hk(Eo) el < ak+1(Eo) =0 <<= ak+1(E0) € iR*.

Proof. The proof of the first equivalence follows immediately from Definition 4.1 and the quantiza-
tion condition (4.47); the second follows from (4.39) and the expansions in (4.46); the third follows
Lemma 4.6, (4.39) and (4.47). O

Let us note that, in particular, closed gaps where agy1 vanishes are eigenvalues of Hp for all
L=Np+k.

Remark 4.1. The characteristic equation (4.47) and the computations done at the end of the
proof of Lemma 4.5 show that, for L = Np + k large, an energy FEy such that p(Ey) = p~(Ep) is
an eigenvalues of Hy, if and only if ag1(Ep) = 0. This is an extension of Lemma 4.3.

In view of the definition and monotony of 6y, 1, the quantization condition (4.47) is clearly equivalent
to (4.3). This completes the proof Theorem 4.1 on the eigenvalues of Hy. Let us now turn to the
computation of the associated eigenfunctions.

4.1.4. The Dirichlet eigenfunctions for a truncated periodic potential: the proof of Theorem 4.3.
Recall that we assume L = Np+ k. First, if (u{ )lL:0 is an eigenfunction associated to the eigenvalue
Aj, the eigenvalue equation reads

U{H u{ J j
u{ =Ti(N\j) U{_1 for 0 <1 < L where uy_; =u’; =0.

To normalize the solution, we assume that ug) = 1. The coefficients we want to compute are

I —1 I -1
(4.49) (D = [} <Z ] }2> and  Ji;(0)* = <Z v )2> -
=0

=0

Fix | = np + m. Thus, using the notations of section 4.1.3 and the expressions (4.25), (4.26)
and (4.23), one computes

u] o) (1) ( am(X)P" (A7) + Bmn(A))p " (Ay) )
4.50 L =T 100:) (To(N\; — mARg)P A m(Aj A
(450) <ul> 0 (100)” (0) = (a2 0070 + 1201 )
where a,, and 3, are defined in (4.39).
The eigenvectors associated to eigenvalues inside Xz. As p~1(\;) = p(A;), Bm(Xj) = am(N;) and
as the functions (oum)o<m<p—1 do not vanish on ¥z, we compute

Oém()\j) 2n
4.51 _— Aj .
(4.51) o) ( g)])

. 2
qumerm’ - 2|O‘m()‘j)|2 (1 + Re




44 FREDERIC KLOPP

As L = Np + k, using the quantization condition (4.47), we obtain that

p—1 N-1
(4.52) +2> Jam(X)[? (1 +Re | =22

where we have defined

(4.53) FB) =2 |am(E).

m=0
and, using the quantization condition (4.47), computed

1 ap1(E)
(Z ) | T ) (1 ’ akH(E))

f(E) =

(4.54)

The function E +— f(F) is real analytic and does not vanish on X.

We prove
p—1
Proposition 4.1. For Ey, a closed gap, one has Z a2 (Ey) = 0.
m=0

Proof. By the definition of (a;, b;), see (4.29), and that of a;(E), see (4.39), the sequence (oz] (E))jez
satisfies the equation aji1 + oj—1 + (V; — E)a; = 0. As TO( ) =Tp1(E)---To(E ) y (4.2
for j € Z, one has aj1,(E) = p(E)a;(E). Hence, the column vector A(E) = (al( ), - ap(E
satisfies

3),
)’

Vi L 0 - 0 pE)
1 Vo 1 0 0
0 1 V5 1 0
(H,— E)A(E)=0 where H,=
0 oo 0 1 Vo 1
pNE) 0 - 0 1,
Thus, we have
(4.55) (H, — E)A(E),A(E))r =0
21 2 p
where (-, -)r denotes the real scalar product over CP?, i.e., < N A > = Z z]z;
, .
Zp Zp

The functions E — A(E) and E — p(FE) being analytic over ¥z (see section 4.1.1 and Lemma 4.5),
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one can differentiate (4.55) with respect to E to obtain
(4.56) 0= —(A(E), A(B))x
+(p(E) = p (B)) (p~ (B)p (B)or(E)ay(E) — ap(E)o (E) + ar(E)o,(E)) -

Here, we have used the fact that, if H; is the transposed of the matrix H),, then

0 0 -1

0 0 0
Hj, — H, = (p(E) — p~(E))

0 0 0

1 0 0

At Ey, a closed gap, one has p(Eg) = p~!(Ep). Hence, (4.56) implies

p—1
0= (A(Ep), A(Eo))r = Y _ a2, (Ep).
m=0
This completes the proof of Proposition 4.1. O

In view of (4.54), the function f is real analytic on Yz; indeed, the only poles of the function

E — [p(E) — p~Y(E)]7! in ¥z are the closed gaps; they are simple poles of this function and, by
p—1
Proposition 4.1, the real analytic function E — Z o2 (E) vanishes at these poles.
m=0
Now that we have computed the normalization constant, let us compute the coefficient w7} defined
in (4.49). As L = Np + k, the characteristic equation for \;, that is, (4.47) reads

(4.57) a1 (A)pN (N) = =B (M) N (N) = —ana (M) (N).

Hence, one computes

= oA () + w0 = () A i) = k) ()

04k+1()‘j)
V() ad 1 (A)) el O] 60 (),)
@58 (o) = D) i) ek () (@A) — o= O4)) + bt (A)ad_, ()

_ — e agfl(&')
a1 () (@) = o7 (A0)) + B (Ag)al ()]

where we have used the quantization condition satisfied by A;, the last equality in (4.47), and that

a0 al)—p ()
app () ax(j)| _ p(Aj’io—lp—(fu)j) 5(AJ-J>—p—01<Af) b1 (Nj) - be(N;)
arr1(N:) o) | P =ap(N) | |agr1(Aj)  ar(N;)
en) )l SR e | !

and
D)=~ ()
1 5<(AA]-J>)—p01(<AAJ;> _ bk((Aj)) bk+1((kj;
p(Xj)—ap(X; ar(X:) a As
Loy | A

=1
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Lemma 4.8. Define the function fl;(E) by
\agfl(E)\Z

1y (B) = k1 (E)(@Q(E) — p~1(E)) + b (B)al_ (E)]?’

Then, the function f,; does not vanish on Xyz.
_ a4 ()P
[p(E) = p~H(E))]? |ai41(E)[?

[}
pression is well defined and does not vanish on Yz follows from Lemma 4.5 and the computations
made in the proof thereof. O

Proof. By the definition of ajy1, one has fk_ (E) That this ex-

Plugging (4.58) this and (4.51) into (4.49), recalling that ué = 1, outside the bad closed gaps, we
obtain (4.4) if,
1 ~
e in addition to (4.53) and (4.54), we set fy (F) := i) and f, (E) = fy (E)- f, (E),
e we remember that the function agfl only changes sign in the gaps of the spectrum Yz (see
point (4) in section 4.1.1) and set o, to be the sign of —ag_l on By, the r-th band.

By (4.49) and (4.51), we obtain (4.4) using Lemma 4.8. This completes the proof of the statements

[¢]
in Theorem 4.3 on the eigenfunctions of Hp, associated to eigenvalues in 7.

Remark 4.2. To complete our study let us also see what happens the eigenfunctions near the
edges of the spectrum. Pick Fgy € 9%7. One then knows that, for E € Xz, F close to Ey, one has

(4.59) 0,(E) — 0, (o) = ay/TE — Bol(1 + o(1))
(see the proof of Lemma 4.6).
Let us rewrite f (see (4.54)) in the following way

- _L p1 2 . - M
" 1B =15 gamwn cos(hi(E) = 2hm-1(E) = pp(E)) | S0 )

k
£ S Jan(B)P (1= cos(2(hn(E) = i1 (B))).

Let us first show

2 [¢]
Lemma 4.9. Forany0<m<p—-1, F— % can be extended continuously from Xz to Xz.

2
Proof. For p =1 there is nothing to be done as % =1.

For p > 2, we note that, for 0 < m<m-+1<p-—1, as am1(E) bmH(E)‘ =1 by (4.29),
0 = am+1(Eo)(ap(Eo) — p~ " (Eo)) + bmt1(Eo)a)_ (Eo)
= am(Bo)(ap(Eo) — p~ " (Eo)) + bin(Eo)ap_1(Eo)
if and only if ag_l(Eo) = 0 (as this implies ag(Eo) —p Y Ep) = 0).
—1
Let us assume this is the case. As p > 2, we know that 1’2: la;j(Eo)|> # 0. By (4.46), for at
§=0

least one mq € {0, ,p — 1}, one has am,(Fo) # 0 and ap,(E) = be™tam, (Eo) + O(\/|E — Epl).
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. 2o (Eo)) |am (Eo) [
Hence, E — Zom (B)* can be continued to Ej settin = .
P ) O T F(B)) T Tao(Bo)P £+ lap 1 (Bo)?
Actually, f(E) can be continued at Ey by setting
(4.61) f(Eo) = lao(Eo)[* + - - + |ap-1(Eo)[*.

Let us now assume that ag_l(Eo) # 0. We study the behavior of o, near Ey. Recall (4.39). Then,
one has

(1) either dy, := am(Ep )( ap(Eo) — p~ ' (Eo)) + bm(Eo)ay_,(Ep) # 0: in this case, by (4.46), one
has c(E) = —f2— (14 o(1 ))‘
0)—

\/\E Eol
(2) or dim = am(Eo)(ad(Eo)—p (Eo))~+bm(Eo)a 271(E0) = 0: in this case, as for some 4,, € R*

and k,, > 1, one has
am(E)(ap(E) = p~ (Eo)) + bn(E)ay_1(E) = Ap(E — Eo)* (1 4 o(1)),
and, by (4.46), one can continue a,, to Ey by setting am,(Ep) = am(FEo)/2.

As ag_l(Eo) # 0, we know that for some mg € {0,--- ,p — 1}, we are in case (a). Hence, one has

p—1
(@62) (B = o 3 faan(Eo) ) (Bo) = o (Eo)) + b(Boja 1 (E) (1 + o(1)
m=0

: | 2 (Bl d? |
and F — 2lom (E)” can be continued to Ey settin n = m using the
»/(E) 0 & b f(Eo) |do|? + -+ + |dp-1/? (nsing
notation introduced in point (a).
This completes the proof of Lemma 4.9. U

By Lemma 4.6, we know that for 1 < k < p and Ey € 0%y, one has 2hi(Fy) € nZ. Thus, for
1<k<p,1<m<pand Ey € 0¥z, one has cos(hi(Ey) — 2hm—1(Eo) — pby(Ep)) sin(hi(Ep)) = 0.
Using the expansions leading to the proof of Lemma 4.6, one gets

cos(hi(E) — 2hm_1(E) — pby(E)) sin(hy(E)) = cv/]E — Bol(1 + o(1)).

Recalling (4.59) and the fact that pd,(Ep) € 7Z, Lemma 4.9 implies that f can be extended
continuously up to Ey. Hence, the expansion (4.52) again yields

(4.63) Z’u‘ = Npf()\;).
=0

Let us now review the computation (4.58) in this case. We distinguish two cases:

(1) if ag_l(Eo) = 0: then, (4.58) and the fact that ag11(Eo) # 0 (this case was dealt with in
point (1)), yields that, for |\; — Ep| sufficiently small,

lug| =< /A = Eol.

By (4.61) and (4.63), we obtain
A — F 1
(4.64) oy(L)2 = 12— ol

Np and  p;(0)]* < —.
(2) if a)_;(Eo) # 0: then
(a) if diy1 # 0 (see case (a) in the proof of Lemma 4.9): by (4.62) and (4.63), one has

. _E i — F
(4.65) o5(0)2 = 2o —Fol P = Bol

d (L)]? <
T amd gD = B
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(b) if dg+1 = 0: by (4.62) and (4.63), one has

|\ — Ep

1
(4.66) |05 (0)* =< TNy and  |p;(L)]* <

Np’

The eigenvectors associated to eigenvalues outside 7. Let us now turn to the eigenfunctions asso-
ciated to eigenvalues Hy, in the gaps of ¥z, i.e., in the region {E; |A(E)| > 2}. On R\ Xz, the
eigenvalue E — p(E) is real valued (recall that we pick it so that |p(E)| < 1) and so are all the
functions (am)o<m<p—1 and (Bm)o<m<p—1 (see (4.39)). For 0 <m < p —1, (4.50) yields

J 2: 2 2n 2 —2n
(4.67) W] = R BV (E) + B2 (E)p™ " (B) + 20 (E) i (E).

As when we studied the eigenvalues of Hy, let us now distinguish the cases when F is close to an
eigenvalue of Har or to an eigenvalue of H :

(1) Pick E’ an eigenvalue of Hy but not an eigenvalue of H, ; then, recall that ag_l(E’ )=0=
aY(E") — p(E'). Thus, for 0 < m < p — 1, one has $,,(E’) = 0. Assume E be close to E.
As E satisfies (4.44), using (4.41), (4.67) becomes

j 2 _ n / / B;n(El) /
g = P E) fan(B) = i ()

2
[p(E) = p7H(EN] PPN T(E) + 00N (E))

for0<m<p—-1if0<n<N-land0<m<kifn=N.
Using (4.40), one computes
2

@68) | =0 () o) - DB ()0 () 4 0 (1)
B (B

This yields

L 5 P-IN-1
Sl =30 B () + 0N (E))
=0 m=0 n=0
p—1
= T 2 )+ O (E).

Moreover, by (4.49), (4.67) and (4.39), as aY_;(E') = 0 = a)(E') — p(E'), we obtain

Bre(E)  ar(E)

2
Byt (E)  agia(E) +O(Np"™(B))

where

m=0

Hence, |p;(L)| is exponentially small in L (recall |p(E)| < 1).
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(2) if E' is an eigenvalue of H,  but not of HS’, then inverting the parts of H, and Har, we see
that |p;(L)| is of order 1. A precise asymptotic can be computed but it won’t be needed.

(3) if E’ is an eigenvalue of HO+ and of H, , the double well analysis done in section 7 shows
that for normalized eigenvectors, say, (12 associated to the two eigenvalues of Hy, close to
E’, the four coefficients |p12(0)| and |p1,2(L)| are of order 1. Again precise asymptotics
can be computed but won’t be needed.

This completes the description of the eigenfunctions given by Theorem 4.3 and completes the proof
of this result. O

5. RESONANCES IN THE PERIODIC CASE

We are now in the state to prove the results stated in section 1.2. Therefore, we first study the
[¢]

function E +— Sr(E) and E — I',(E) in the complex strip I 4 i(—o0,0) for I C Xy.
5.1. The matrix I';, in the periodic case. Using Theorem 4.2, we first prove

Theorem 5.1. Fiz I C X7 a compact interval. There exists e; > 0 and o5 € {+1,—1} such that,
for any N >0, there exists C > 0 such that, for L sufficiently large s.t L =k mod (p), one has

(5.1) sup ’FL(E) - r;ﬁ‘(E)] < OyL7V.
ReFEel
—er<ImE<O
where
(5.2)

: AN, (\)
g — B [ ORE) oA (BB /RA'“_E 0
L sinur,(E) or fk_ (E)fS_(E) e_iuL(E)fS_(E) 0 / dj\VSF(E)\)
Ry

and up(E) := (L — k)0p,L(E) (see (4.2)),

The sign o7 only depends on the spectral band containing I.
Deeper into the lower half-plane, we obtain the following simpler estimate

Theorem 5.2. There exists C > 0 such that, for any € > 0 and for L > 1 sufficiently large s.t.
L = Np+k, one has

/ any»y

AN—F -2 —eL/C
5.3 su 'y (E) — R < Ce “e )
(5:3) ReEI;I o(B) 0 /dNJ()\) -

In sections 5.2, the approximations (5.1) and (5.3) theorems will be used to prove Theorems 1.2, 1.3
and 1.4.

Let us note that, as cotz =i+ O (e*QiImZ), for € € (0,e7), the asymptotics given by Theorems 5.1
and 5.2 coincide in the region {Re F € I, Im E € (—¢7, —¢)}: indeed one has,

wp | BB [ IAE) oL@ E) | e
_meser  |sinun(E) \gp 1o (B) £ (B) e ) f(B)

Let us now turn to the proofs of Theorems 5.1 and 5.2.
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5.1.1. The proof of Theorem 5.1. To prove Theorem 5.1, we split the sum Sz (F) into two parts,
one containing the Dirichlet eigenvalues “close” to Re F, the second one containing those “far”
from Re E. By “far”, we mean that the distance to Re E' is lower bounded by a small constant
independent of L. The “close” eigenvalues are then described by Theorem 4.2. For the “far”
eigenvalues, the strong resolvent convergence of Hy to HO+ , that of Hy to H, (see Remark 1.4)
and Combes-Thomas estimates enable us to compute the limit and to show that the prelimit and
the limit are O(L~°°) close to each other. For the “close” eigenvalues, the sum coming up in (2.9),
the definition of I'z, is a Riemann sum. We use the Poisson summation formula to obtain a precise
approximation.

As I is a compact interval in Xz, we pick € > 0 such that, for E € I, one has [E — 6e, E 4 6¢] C Xz.
Let x € C5°(R) be a non-negative cut-off function such that x = 1 on [—4e, 4¢] and x = 0 outside
[—5e, be]. For E € I, define xg(-) = x(- — E).

We first give the asymptotic for the sum over the Dirichlet eigenvalues far from Re E. We prove
Lemma 5.1. For any N > 1, there exists Cy > 0 such that, for L sufficiently large such that
L=k mod (p), one has

L —_—

“ 1—xree(N) (1o (D 909 (L)) -N
60 S (G ) )| s o
where
(55) i1(B) - TER ’
. = +
0 [0 xnnn S

Proof of Lemma 5.1. Recall (see Theorem 2.1) that Hy, is the operator Hy restricted to [0, L] with
Dirichlet boundary condition at L; as L = k mod (p), it is unitarily equivalent to the operator H,
restricted to [—L, 0] with Dirichlet boundary condition at —L (see Remark 1.4).

Pick ¥ € C§° such that Y =1 on o(Hy ) Uo(Hj, ). First, we compute

- ()12 .
;(1 — XRe E)(A)) |;\OJJ(_0)£ B /R(l = xres)(V) di\fg (2)
= (60, [X(1 — xre )] (HL)(Hy, — E)"160)

— (80, [X(1 = Xre B)] (HY ) (HY — E)™"60),

. 2 .
(1— XRQE)(A]-)% — /]R(l - XReE)()\)diV_ (2)

M=

.

o1, [X(1 — Xrer)] (H)(Hy — E)~'6p)
— (01, [X(1 = xre )] (Hy, )(H; — E)™'61),

—~ ©

and

L
S0 e ) ) B 5 150 e ) () (L~ B ).
7=0 J

By the definition of Yge g, the function A — (A — E)71¥(A)(1 — xre £)(\) is C§° on R; moreover,
its semi-norms (see (4.14)) are bounded uniformly in E € C. Thus, there exists an almost analytic
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extension of [Y(1 — xre£)](-)(- — E)~! such that, uniformly in E, one has (4.14).
In the same way as we obtained (4.16), we obtain

(5:6) | (o0, [(1 = 27 = (11 =27 o1
+[(80, [(Hr =)™ = (B — =)™ do)
+ {60, (HL, — 2)7'6L)| < LefL\IszC

Plugging (5.6) into (4.15) and using (4.14) for [X(1 — Xre£)](-)(- — E) 7!, we get

L
[ ()2 / dNg (A)
VK e N (1-— 1-— A
€N, sup Z% xe £)0) 1T = | (0= xmem) () TR < oo
L=k mod (p)
This entails (5.4) and completes the proof of Lemma 5.1. O

Let us now estimate the part of I';, (F) associated to the Dirichlet eigenvalues close to Re E. There-
fore, define

L —_
ey N XReE(N)) (e (D)? ¢;(0)p;(L)
(5.7) R Dl vy’ <¢j(0)¢j(L) e >

Jj=1
We prove

Lemma 5.2. There exists € > 0 such that, for N > 1, there exists Cn such that, for L sufficiently
large such that L = k mod (p), one has

sup  |TX(E) —T(E)+ M(E)| < OyL™N
ReEel
—e<ImE<0

where M is defined in (5.5).
Clearly Lemmas 5.1 and 5.2 immediately yield Theorem 5.1.

Proof of Lemma 5.2. Recall that the quasi-momentum 6, defines a real analytic one-to-one mono-
tonic map from the interior of each band of spectrum onto the set (0,7), (—m,0) or (—m,7) (de-
pending on the spectral band containing I + [—4e,4¢] where € > 0 has been fixed above) (see ,
e.g., [10]). Moreover, the derivative ¢}, is positive in the interior of a spectral band. Thus, for L
sufficiently large, the real part of the derivative 6}, ; (see (4.2)) is positive I 4 [—2¢,2¢] and 0, is
real analytic one-to-one on a complex neighborhood of (I + [—3e¢, 3¢]) + i[—3¢, 3¢] (possibly at the
expense of reducing £ somewhat).

By (2.9), (4.8) and Theorem 4.2, one may write

ycer = 1y e G () oy

where

(5.9)  M(\) = < & e kpr(A)m)
: =\ oy eilim k)epL(Mm fo.L(N)
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and the matrix M is analytic in the rectangle (I +[—3e, 3¢]) +i[—3e, 3¢]. Thus, the Poisson formula
tells us that

ux

rX(E - kz/ 72mjxXReE (Qp_i (j >M<9p_i <L7r_xk>>dx

JEL (L k) L
(510) _ Z / —2ij(L—k)0p (A )XieEg\)ep’L(A)M(A) d\
JEZL
=> - /M]X (E, A\, \)dA
JEL

by the definition of xgre g; here, we have set

g A
M, (0, B) = 2Ry (8T ) B—XEI)E ' 1(B+Re E) M(B + Re E).

Let us now study the individual terms in the last sum in (5.10). Therefore, recall that, on [—4e, 4¢], x
is identically 1 and that A — 6, 1 (A+Re E) and A — M () are analytic in (I +[—3¢, 3¢])+i[—3¢, 3¢];
moreover, by (4.3), for some ¢ > 0, one has

(5.11) liminf inf 6 ;(A+ReE) > liminf inf 6/

oL L(E) > 0.
L—+o00 Ae[—4e,4e] 7 L—+o00 E€l L

Recall also that Im E < 0. Consider x : R — [0, 1] smooth such that x =1 on [-2¢,2¢] and x =0
outside [—3e, 3¢].
In the complex plane, consider the paths v+ : R — C defined by

vi(A) = A =+ 2iex ().

As —e <Im FE < 0, by contour deformation, we have
[ M EAND = [ M (B A1 ()N
R R
/ M (B, X\ A)d\ = —2ime” 20E=R0.L(B)g | (E) M(E) + / M (B, v—(\))dA.
R R

We then estimate

e for j < 0, using a non-stationary phase argument as the integrand is the product of a smooth
function with an rapidly oscillating function (using |j|(L — k) as the large parameter), one
then estimates

/R M (B, A 4 (V)dA = O ((1312) ).

The phase function is complex but its real part is non positive as Im 6, 1,(v+(-) + Re E) > 0
on the support of x (by (5.11)). Note that the off-diagonal terms of M () also carry a
rapidly oscillating exponential (see (5.9)) but it clearly does not suffice to counter the main
one.

e in the same way, for j > 0, one has

[ MinB - )i =0 ((liL) )
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Thus, we compute
(5.12) for j <0: / M (E,\,N)dA = O ((]7|L)~>),
R
(5.13)  forj>0: /R M (BN N)d\ = —2ime” 20E=R0.L(B)g () M(E) + O (/L))
Finally, for j = 0, the contour deformation along v, yields

/R)\—XEI)\I)HEM()\JFRGE)CM:/RW%,L(A) <f’“’L(A) 0 >d)\+O(L‘°°)

\—E 0 fo,L (M)
[ xmer(N) (dNZ(Y) 0 .
L2 (MY ) o)

by Corollary 4.1.
Plugging this, (5.12) and (5.13) into (5.10) and computing the geometric sum immediately yields the
following asymptotic expansion (where the remainder term is uniform on the rectangle I +i[—¢,0))

TY(E) = -2 e ?10-Rhr(Blg | (E) M(E)
>0
XReE(A) (AN, (X) 0 .
+/R A—E ( 0 anzoy) TOET)
(5.14) o—i(L—k)0p 1 (E) P
~ sin((L — k)0, (F)) n.1(B) M(E)
XRe E(N) (dN,;(A) 0 > -
+ | V= + O (L )
L5 (Y b)) o™
This completes the proof of Lemma 5.2. O

5.1.2. The proof of Theorem 5.2. To prove (5.1), for Im E < —¢, it suffices to write

L 2 +
(0 dN§ (A
S O [ING ) i )y ) — o, (5 — ) 0)
X ] R -
j=0 "7
= (%0, (Hr — B) " '01) (041, (H — E) ")
and
S F INO) s (11, - ) a0 1 — ) )
: N — E R \_F — \%0, L L L+1, k 0/
j=0 Y
 0i(L)2;(0)
> J)\iﬂE = (0r, (H, — E)"'é0)
.7 Y
7=0
and to use the Combes-Thomas estimate (5.6). This completes the proof of Theorem 5.2. U

5.2. The proofs of Theorems 1.2, 1.3 and 1.4. We will now use Theorems 5.1 and 5.2 to prove
Theorems 1.2, 1.3 and 1.4.
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5.2.1. The proof of Theorem 1.2. The first statement of Theorem 1.2 is an immediate consequence
of the characteristic equations for the resonances (2.4) and (2.8) and the description of the eigen-
values of Hy, given in Theorem 4.2.

When e = N i.e., for the operator on the half-line, if I C (—2,2) does not meet Xy, there exists
C > 0 s.t. for L sufficiently large dist(I,o(Hy)) > 1/C. Thus, on the set I —i[0,+00), one has
ImS(E) <ImE/C. As on I, one has Im#@,(E) > 1/C (see section 2), the characteristic equa-
tion (2.4) admits a solution E such that Re E € I only if Im E < 1/C?. This completes the proof
of point (1) of Theorem 1.2 for ¢ = N.

For ¢ = Z, i.e., to study equation (2.8), one reasons in the same way except that one replaces
the study of S.(F) by that of (I'r(E)u,u) for u an arbitrary vector in C? of unit length. This
completes the proof of point (1) of Theorem 1.2

Point (3a) is an immediate consequence of Theorems 3.3 and 3.2 and the description of the eigenval-
ues of Hy, outside ¥7. Notice that in the present case d; in Theorems 3.3 and 3.2 is bounded from
below by a constant independent of L and aj is exponentially small and described by Theorem 4.2.
Point (3b) is an immediate consequence of the description of the eigenvalues of H, outside ¥z in
case (3) of Theorem 5.2 and Theorem 3.1. Indeed, in the present case d; and and aj are both of
order 1; thus, Theorem 3.1 guarantees, around the common eigenvalue for H, and HS’ , a rectangle
of width of order 1 free of resonances.

Let us now turn to the proof of point (2). Therefore, we first prove the following corollary of
Theorem 5.1

Corollary 5.1. Fiz I C Xz compact. There exists ng > 0 such that, for L sufficiently large, one
has

(5.15) Rmén[ SL(E) +e B >ny  and Rménl ‘det (FL(E) + e_ie(E)) ‘ > 1.
ImEETfneo/L,O) ImEGTfneo/L,O)

Clearly, Corollary 5.1 implies that neither equation (2.4) nor equation (2.8) can have a solution in
I +i] —no/L,0]. This proves point (2) of Theorem 1.2. O

Before proving Corollary 5.1, we first prove Propositions 5.2 and 5.3 as these will be used in the
proof of Corollary 5.1.

5.2.2. Results on the auxiliary functions defined in section 1.2.2. Recall that N,  is defined in
section 1.2.2. We prove

Proposition 5.1. For k € {0,--- ,p—1}, dN, is a positive measure that is absolutely continuous
on Xz. Moreover, its density, say, E +— n, (E) is real analytic on %Z and there ewists f, : iz —R
a positive real analytic function such that, on ZOTZ, one has n, (E) = f,_ (E)n(E).

Proof. Proposition 5.1 is an immediate consequence of Theorems 5.1 and 5.2 and Corollary 4.1. O
For E;  defined in (1.5), we prove

Proposition 5.2. =" vanishes identically if and only if V =0, i.e., V vanishes identically. More-

over, if V' # 0 then there exists &, # 0 and o), € {2,3,---} such that E; (E) |E|~ fk_Efal;.
—00
ImE<0

Proof. We will do the proofs for the function Z, . Proposition 5.2 is an immediate consequence of

. E 2
the fact that, in the lower half-plane, the function E s —e #8recos(E/2) — 5\ 1 (ie.

the determination of it defined above) is equal to the Stieltjes (or Borel) transform of the spectral
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measure associated to the Dirichlet Laplacian on N and the vector dp; this follows from a direct
computation (see Remark 2.1 and (2.2) for n = 0). Now, if one lets W be the symmetric of 7,V with
respect to 0, the spectral measure dNN, is also the spectral measure of the Schrodinger operator
H, = —A+ W on N associated to dy. The equality of the Borel transforms implies the equality of
the measures but Jg is cyclic for both operators so the operators have equal spectral measures. This
implies that the two operators are equal and, thus, the symmetric of 7V has to vanish identically
on N. As V is periodic, V must vanish identically.

As for the second point, if the function =, were to vanish to infinite order at £/ = —ioo, as each of
dN, (A E |E?
the terms / /\k(E) and 5 VT 1 admits an infinite asymptotic expansion in powers of
R A—

E~1, these two expansions would be equal. The n-th coefficient of these expansion are respectively
the n-th moments of the spectral measures of Hy, and —A{ (associated to the cyclic vector dp). So
these moments would coincide and, thus, the spectral measures would coincide. One concludes as
above. O O

For ¢* defined in (1.6) and (1.7), we prove

Proposition 5.3. Pick e € {N,Z}. Let I C (—2,2) N Xy be a compact interval.

There exists a neighborhood of I such that, in this neighborhood, the function E — c*(E) is analytic
and has a positive imaginary part.

The function ¢ (resp. c”) takes the value i only at the zeros of Z; (resp. = EF ).

Proof. On {Im E < 0}, define the functions

_ . =2 (E) 1 B i
5.16 F) = k — S (E iarccos(E/2)
(5.16) 9 (B) Z+7Tn,;(E) mn, (E) ( p(B)+e )’
Ed(E) 1 4
5.17 TE) =i 0( — SHE —iarccos(E/2) )

First, the analyticity of g, and gg is clear; indeed, all the functions involved are analytic and the
o
functions ng and n, stay positive on Xz. Moreover, these functions can be analytically continued

through (—2,2) NXz. By (1.4), for E real, one has Img; (E) =Imgj (E) = Ime™?®) which is
positive (see section 2). Thus, the functions E — g, (E) and E — g4 (E) do not vanish on I.
Moreover, as

90 (E)gy (E) —1 _ 1 1

@B+ B @Bt @E 1 L
g9 (E)  g; (E)

(5.18)

this function has a positive imaginary part on I.
This proves the first two properties of ¢® stated in Proposition 5.3. By the very definition of ¢* and
gy » the last property stated in Proposition 5.3 is obviously satisfied in the case of the half-line; for
the full line , i.e., if @ = Z, the last property is a consequence of the following computation
Ay i BEEE) 1 (6 (E) i) (B) )

90 (E) + g5 (E) 90 (E) + g, (E)

_ =§ ()2, (B)

2in?nd (E)n, (E) + mny, (E)E{ (E) + mnd (E)Z, (E)

This completes the proof of Proposition 5.3. O O

(5.19)
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5.2.3. The proof of Corollary 5.1. In view of Theorem 5.1, to obtain (5.15), it suffices to prove that

there exists 19 > 0 such that, for L sufficiently large, one has

0, L (E)f; (B)e e (E) B / ANy (V) —inm)
sinur,(E) R A\—FE

min
Re Eel
Im E€[—no/L,0)
where up (E) := (L — k)0, .(E).
We compute
0, L(E)fi (B)e ™) / dN; (V)
sinur,(FE) R N\—F

where g, is defined in (5.16). Thus,

9;,L(E)f1;(E)6_iuL(E) _/ AN (A) o —i0(E)
sinur, (F) R A\—F

> 1o

(5.20) —e ) = ¢ [(B)f(B) (cotur(E) — g; (E))

2 |cotu(E) — g, (B)]

as, for n sufficiently small and L > 1, one has

0<  omin |6, (E)f (E)| < max |0, [(E)fy (E)| < +oo.
Im E€[—n/L,0) Im E€[—n/L,0)

Now, notice that, by Corollary 4.1, for E € I, one has

AN, (\) 1
5.21 I ——k ) =0 (E)f. (E) = —=n (E).
(5:21) w ([ D) =000 (B) =~ Lo ()
Thus, as E —Ime ) is positive on I, the analytic function E g;, (E) has positive imaginary
part larger than, say, 217 on I; hence, it has imaginary part larger than, say, 77 in some neighborhood

of I+ D(0,no) (for sufficiently small 9 > 0). Let M be the maximum modulus of this function on

I+ D(0,m0). Thus, as max 10, (E)| <1, one has
Re Eel ’
Im E€[—no/L,0)

max [Tm cot ur,(E)| < (M? + 1)np.
Re EFel
Im Ee[fT]O/L’O)
| cot(ur (E))|<2M
Possibly reducing 79, this guarantees that, for Re E € I and Im E' € [-n9/L,0), one has
either  |cotur(E) — g, (E)| >2M — M > M
or Im(cotur(E)—g; (E)) < —ij+17/2=—7/2.
This completes the proof of the first lower bound in (5.15) in Corollary 5.1.
To prove the second bound in (5.15), using (5.2), we compute

det (IST(E) + e*w(E))
ny (E)ng (E)

= (cotur(E) — g (E)) (cotur(E) — g (E)) — stsz(E)

+ — _
= — (95 (B) + g5 (2)) (cot up(E) - 9;3(2)91 (f,;)w)l)

(5.22)

where g, and g; are defined by (5.16) and (5.17).

Using Proposition 5.3, one then concludes the non-vanishing of £ — det (FiH(E) + e*ie(E)) in the
complex rectangle {ReE € I, ImE € [-n9/L,0)} (for ny sufficiently small) in the same way as
above. This completes the proof of Corollary 5.1. O
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5.2.4. The proof of Theorem 1.3. To solve (2.4) and (2.8), by Theorem 5.1, we respectively first

solve the equations

0, L (E)fy (B)e ™+ B r N ())
B /R AN—F

in a rectangle I+i[—n, —7/L]. Indeed, in such a rectangle, by Theorem 5.1, equations (2.4) and (2.8)

are respectively equivalent to

0y, (B) fi (B)e e (®) / AN (\)
(5.24) sinug (F) R \—E
and  det (T§(B) + ¢ ) =0 (1)

(5.23) — e E) and  det (I‘eLff(E) + e—ie(E)) =0

sinur, (F)

- e—i@(E) +0 (L—oo)

where the terms O (L~>°) are analytic in a rectangle I + i[—2n, —0) (where I C I) and the bound
O (L™"°) holds in the supremum norm.
Thanks to (5.20) for @« = N and to (5.22) for e = Z, to solve the equations (5.23), it suffices to solve

(5.25) cotur(E) = c*(E)

where we recall ur(E) := (L — k)0, (E) and, g5 and g, being respectively defined in (5.17)
and (5.16), and, as in section 1.2.3, one has set
e AN(E) := g (E) in the case of the half-line,

_ 90 (B)gy (B) —1

90 (E) + g; (E)
We want to solve (5.25) is a rectangle I 4 i[—¢, 0) for some ¢ small but fixed. Using Proposition 5.3,
we pick € so small that, in the rectangle I + i[—¢,0], the only zeros of ¢®* — i are those on the real
line and Im ¢* is positive in I + i[—¢,0).
To solve (5.25), we change variables v = (L — k)8, 1,(E) that is, we write

_ p-1 u
peo (1),
As, for Ly sufficiently large, Li£1£ Re 9;,, 1 (E) > ¢ > 0, at the cost of possibly reducing ¢, this
Eel@'[—os,o)
real analytic change of variables maps I + [—¢,¢] 4 i[—¢,0) into, say, Dy, such that Iy, + i[—n(L —
k),0] C Dy, (for some n > 0) where I, = (L — k)60, 1.(I + [—¢/2,¢/2]); the inverse change of variable
maps I, + i[-n(L — k),0] into some domain, say, Dy, such that I + [—¢’,&']| 4+ i[—¢’,0] C Dy, (for
some 0 < &’ < g). Now, to find all the solutions to (5.25) in I +i[—¢’,0), we first solve the following
equation in Iy, +i[—n(L — k), 0]

(5.26) cotu:c’oﬁp_i (Ll_tk>

As u — cotu is m periodic, we split Iy, + i[-n(L — k), 0] into vertical strips of the type Im +
[0, 7] +i[-n(L —k),0], - <1<y, (I_,1y) € Z*. Without loss of generality, we may assume that
I, = [I_,l4]7. To solve (5.26) on the rectangle Im + [0, 7] + i[—n(L — k), 0], we shift « by 7 and
solve the following equation on [0, 7] + i[—n(L — k), 0]

in the case of the line.

o Z(E):

) ° . -1 (- +lm
(5.27) cotu=cj(u) where ¢f()=c"00, (L—k .
In proving Theorem 1.2, we have already shown that for some 7 > 0 (independent of L sufficiently
large and I_ <1 < I}), (5.27) does not have a solution in [0, 7] 4+ i[—7,0]. The cotangent is an
analytic one-to-one mapping from [0, 7) + i(—o0, 0] to C* \ {i}. Thus, for L sufficiently large and



58 FREDERIC KLOPP

7 sufficiently small, the cotangent defines a one-to-one mapping from [0, ) + i[—n(L — k), —7] onto
T, = D(z4,74+) \ D(2—,r_), analytic in the interior of [0, 7) + i[—n(L — k), —7] and continuous up
to the boundary where we have defined

edn(L=Fk) 4 1 | 2627 2e2n(L—F)
HTVmE 1 T o T e T R — 1
Moreover, the boundaries {0} + i[—n(L — k), —7] and {r} +i[-n(L — k), —7] are mapped onto the
interval [z +ir_, z4 +iry].
Let Z® denote the finite set of zeros of E'+ ¢*(E) —i in I. Then, by a Taylor expansion near the
zeros of ¢ — i, we know that, for n sufficiently small, there exists eg > 0 and k£ > 1 such that, for L
sufficiently large,

e for € € (0,¢p), there exists 0 < n_ such that, for [_ <1 <1y, if VE € Z*, one has

Im ~
-1
Oni <L—k> ‘E' =

then Vu € [0, 7] + i[-n(L — k), 0], one has - < [Im ¢} (u) — 1;

~ - l
o for u € [0, 7] 4+ i[-n(L — k),0] and E the point in Z* closest to Hp_i (Lirk> , one has
. _1 {Reu+Inm =1 |Imul A

where k is the order of E as a zero of E s ¢*(E) —i.
As a consequence of the above description of ¢} ;, we obtain
Lemma 5.3. There exists  and n small such that, for L sufficiently large, for all I <1 <[4,

u > ¢ (u) maps the rectangle (0, w|+i[—n(L—k), —7]] into a compact subset of D(z4,r+)\D(2—,7-)
in such a way that

= lm 7 k
(5.29) sup cotu —cjp(u)| 2 (‘E—H 1 ( >‘+ )
wed (07 +il—n(L—k),~il) | et PINL—k)| " L—k

> and k is the order of this root.

;- l
where E is the root of E +— ¢*(E) — i closest to 9;% (Lirk

Note that, under the assumptions of Lemma 5.3, (5.29) implies that
sup |cotu — cl'L(u)} 2 L

u€d([0,7]+i[—n(L—k),—])
Thus, we can define the analytic mapping cot™! ocjy on [0, 7] + i[-n(L — k), —7]; it maps the
rectangle [0, 7] + i[-n(L — k), —7] into a compact subset of (0,7) + i(—n(L — k), —7). The equa-
tion (5.27) on [0, 7] + i[—n(L — k), —7] is, thus, equivalent to the following fixed point equation on
the same rectangle
(5.30) u=cot™to clr(u)

We note that, for a € (0,1), for L sufficiently large, if for some E e Z* of multiplicity l;:, one has

lm -
1
i ()

of the set

< L™ then, equation (5.27) has no solution in [0, 7] +i[—n(L — k), —7] outside

I -
1
() e

k 1
Ryp:=1[0,m] +i —n(L—k),aTlog [ +L]
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Indeed, for u € ([0, 7] +i[-n(L — k), —7]) \ Ri,, by (5.28), that is, for

k k
0 <Reu<m and —Oillongoillog{

Im ~ 1
1 — — | < < —7
9p,[ < k> E’—i— ] Imu n

one has ’CZ.L(“) - Z‘ < Lk and |cotu —i| > L—ok/2,

-1 l’7T

So, if for some E € Z°, one has ‘HPL T 5" E| < L™, it suffices to solve (5.30) on Ry . We
compute the derivative of ¢} ; in the interior of R,
-1 (utl
d, . . 1 ol (LE) 1
— (cot OCl,L) (u) = — 5

du

Thus, fixing a € (0,1),

e if [ is such that, for some E € Z°, one has

L—k
estimate
d 1 1 -1 Im D ‘ImU| B
— (cot™ ol ) (w)| S — [ pL (Lk> _E‘Jr L—k
1
(5.31) A L(2%) B+
o (720) ] s (720) 5]
< 1.
~ log L’

e if [ is such that, for all E € Z°*, one has > L™, foru € [0, 7] +i[—n(L—

k), —7], we estimate

Im ~
-1

() -5
d

— (cot™* octr) (u)] <

1 o1 I Bl Imu|] ™"
du ~NL—k|[|PE\L -k L—-k
(5.32) 3 . o1
~ _ - ~| ~ 1—a*
(L-ro;t () -B| " L

Hence, for L sufficiently large, cot~! o ¢ 1, 1s a contraction on R; 1. Equation (5.30) thus admits a
unique solution, say, 7 ; in the rectangle [0, 7| +i[—n(L — k), —7]. This solution is a simple root of
u— u—cot to ¢} 1,(u). Hence, 47 ; is the only solution to equation (5.27) in [0, 7] +i[—n(L—k), —7.
By (5.24), for L sufficiently large, for I_ < <, both the equations

Sp o 9;,1; <72+ l;r) + e 00, (T5) =0 and

det (rL 00} (““”) +e—i9<ep,i(1ztlz)>) —0

(5.33)

L—-k
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can be rewritten as

(5.34) u = cot ™! (¢fp(u)+ 0O (L™)) = cot™ 1o ¢ p(u)+0 (L)

in [O,ﬂ'] + 1[—77(11 - k)a _ﬁ]

Thus, each of the equations in (5.33) admits a single solution in [0,n] + i[—n(L — k), —7] and
this root is simple; moreover, this solution, say, u; j, satisfies ’ul' L — Uy | = O(L™°); indeed, the
bounds (5.31) and (5.32) guarantee that one can apply Rouché’s Theorem on the disk D (% ,, L")

for any k£ > 0.
Thus, we have proved the

Lemma 5.4. Pick I as above. Then, there exists n > 0 such that, for L sufficiently large s.t.
L = Np + k, the resonances in I +i[—n,0] are the energies (2});_<i<i, defined by

. B UZ.,L + I

belonging to I + i[—n,0].
Let us complete the proof of Theorem 1.7 that is, prove that, for n sufficiently small, for L sufficiently
Re (2 + 2 4) Re(Z] +274)

2 ’ 2

large such that L. = k mod (p), is the unique resonance in [

i[—n,0]; recall that Z} is defined in (1.9).
Therefore, we first note that the Taylor expansion of §,, I, (4.1) and the quantization condition (4.3)

imply that
1 log L 2
° — )\ L]
A=A L e O (( L ) )

as Rewy, € [0,7) and —log L SImuwy, S —1.

2

Moreover, as ¢ f(u) = c° [)\l + ﬁ +0 <u )] using (1.9) and (5.35), we compute

2

. 1 o 1 e 1 1 e log L log L 2
2] — 2 :71'71()\1)L<ul’L_COt loc [)\l—i_wn()\l)LCOt loc ()\l—z 7 )])—FO(( 7 ))

Thus, one has

. ~e 1 . —1 ° —1 ° . logL 2
Zl — Zl = W (ULL — cot OCl,L [COt OCLL (*ZT{' n()\l) 10g L)]) + O (( I > .

As w1, solves (5.34), using (5.31) and (5.32), we thus obtain that

o« - o _ . . log L 2
2] —zl\gm‘uu—cot 1ocl’L(—z7rn()\l)logL)‘+< 17 >
_ ’“ZL’JrlogL log L\ _ 1
Llog? L L ~ Llog L

using again Rew; ;, € [0,7) and —log L SImuwy, S —1.
Taking into account (1.10), this complete the proof of Theorem 1.3. O



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 61

5.2.5. The proofs of Propositions 1.1 and 1.2. Proposition 1.2 is an immediate consequence of
Theorem 1.3, the definition of Z (1.9) and the standard asymptotics of cot near —ioo, i.e., cot z =
i+ 2ie7?" + 0 (e 1?).

To prove Proposition 1.1, it suffices to notice that, under the assumptions of Proposition 1.1, the
bound (5.32) on the derivative of cot~! o c] 1, on the the rectangle Ry, becomes

d —1 ° ].

% (Cot Ocl’L) (U) 5 E
Thus, as a solution to (5.30), u} ; admits an asymptotic expansion in inverse powers of L. Plugging
this into (5.35) yields the asymptotic expansion for the resonance. Then, (1.11) follows from the
computation of the first terms. O

5.2.6. The proof of Theorem 1.4. Theorem 1.4 is an immediate consequence of Theorem 5.2, the
fact that the functions are analytic in the lower complex half-plane and have only finitely many
zeros there and the argument principle. O

5.3. The half-line periodic perturbation: the proof of Theorem 1.5. Using the same no-

tations as above, we can write
H_ |5—1><5O\>
H*>® = 1 .
(!5())(5—1! —Ag

where —A{ is the Dirichlet Laplacian on ¢2(N).
Define the operators

D(E) = HZ; — E — (5| (=AF — E)™!00) [0-1) (61
and
D(E) = —Af — B — (0_1](H, — B)~Y6_1) 50) (dol-

For ImE # 0, (6_1|(H—; — E)~Y0_1) and (do|(—=Aj — E)~1|dy) have a non vanishing imaginary
part of the same sign; hence, the complex number

({60l (=AF = B)Hb0)) ™" = (5-1[(HZ, — B)16-1)
does not vanish. Thus, by rank one perturbation theory, (see, e.g., [35]), we know that I'(E) and
I'(E) are invertible and their inverses are given by

[HZ) — E)Ho_1) (0| (HZ, — B) 7!

SRy o (- -l
(5.36) I (B):=(H-,-E)" + (6ol (=AF — E)=160)) 1 — (6_1|(H=, — E)~1[6_1)
and
(5.37) YE) = (A — )"+ | = AG — E)" o) {dol(—=Ag — E)”|

((6-1|(HZ) — E)~Y6-1)~1 — (do|(—AF — E)~![d0))

Thus, for Im F # 0, using Schur’s complement formula, we compute

-1
(5.38) (H® -~ B)~L = (:(E(g) F'(YSEE;l) .

where v* (E) is the adjoint of ~ (E) and
Y(E) == =D(E) M o-1){bol (A5 — E) 7',

Now, when coming from Im E > 0 and passing through (—2,2) N Xz, the complex numbers
(6_1|/(H=; — E)7Y0_1) and (d|(—A¢ — E)~![do) keep imaginary parts of the same positive sign;
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thus, the two operator-valued functions E + I'"}(E) and E — (H* — E)~! can be analytically

continued through (—2,2) N Xz from the upper to the lower complex half-plane (as operators re-
spectively from (2, (N) to ¢2 _(N) and from (2, (Z) to 62 (Z)).

comp comp

When coming from the upper half-plane and passing through (—2,2)\ ¥z and 37\ [-2, 2], (5.38) also
provides an analytic continuation of (H*> — E)~!. Definition (5.36) and formula (5.38) immediately
show that the poles of these continuations only occur at the zeros of the function

, dN__ (A
B 1= (0415, — B8 )0l (-7 — B o) = 1 - e [ Lot
e

when continued from the upper half-plane through the sets (—2,2)\ Xz and Xz \ [—2, 2] (these sets
are finite unions of open intervals).
This completes the proof of Theorem 1.5. O

6. RESONANCES IN THE RANDOM CASE

As for the periodic potential, for the random potential, we start with a description of the function
E — TL(E) (see (2.9)), that is, with a description of the spectral data for the Dirichlet operator
H,r.

6.1. The matrix 'y in the random case. We recall a number of results on the Dirichlet eigen-
values of H,, 1, that will be used in our analysis.

It is well known that, under our assumptions, in dimension one, the whole spectrum of H,, is in
the localization region (see, e.g., [29, 11, 8]) that is

Theorem 6.1. There exists p > 0 and a € (0,1) such that, one has

(6.1) sup  EQ > e, (Hop — E)716,)|% p < oo

LeNU{+o0} 2€[0,1]

ye[0,L] ’
Im E#0

and
(6.2) sup E Z e?!l*=vl gup |(0zy f(Huw,1)0y)| p < 00.

LeNU{+oco} 2€[0,1] supp fCR

yel0,L] ’ lfI<1

where Hy, oo = HY and [0,+00] = N. The supremum is taken over the functions f that are
Borelian and compactly supported.

As a consequence, one can define localization centers e.g. by means of the following results

Lemma 6.1 ([11]). Fiz (I1)1 a sequence of scales, i.e., l;, — +00 as L — +oo. There exists p > 0
such that, for L sufficiently large, with probability larger than 1 — e=‘L | if

(1) ©jw 18 a normalized eigenvector of H,, j, associated to Ej ., in X,
(2) zj(w) € [0, L] is a mazimum of x — |@j.(x)| in [0, L],

then, for x € [0, L], one has
(6.3) |pjw ()] < VL rePle-zi@l,
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Note that Lemma 6.1 is of interest only if ¢;, < L; otherwise (6.3) is obvious. This result can e.g.
be applied for the scales I, = 2log L. In this case, the probability estimate of the bad sets (i.e.
when the conclusions of Lemma 6.2 does not hold) is summable. The point z;(w) is a localization
center for Fj, or ¢j,. It is not defined uniquely, but, one easily shows that there exists C' > 0
such that for any two localization centers, say, z and 2/, one has |z — 2’| < C'log L (see [11]). To fix
ideas, we set the localization center associated to the eigenvalue Ej,, to be the left most maximum
of = [ljwlla-

We show

Lemma 6.2. For any p > 0, there exists C > 0 and Ly > 0 (depending on o and p) such that, for
L > Ly, for any sequence satisfying (1.22), with probability at least 1 — L™P, there exists at most
Cly, eigenvalues having a localization center in [0,€r] U [L — £, L].

We will now use the fact that we are dealing with one-dimensional systems to improve upon the
estimate (6.3). We prove

Theorem 6.2. For any 6 > 0 and p > 0, there exists C > 0 and Lo > 0 (depending on p and §)
such that, for L > Lo, with probability at least 1 — L™P, if F; ., is an eigenvalue in X associated to
the eigenfunction ;. and the localization center x; ., then,

o ifxj, €[0,L —ClogL], one has

4 —p(E;,) — < —p(E; .
(6.4) p(Ejw) —0 < A p(Ejw) 40
o ifxj, € [ClogL, L], one has
log | ., (0
(6.5) () — o< B0l i

':U‘77w

To analyze the resonances of HE{L (resp. HZ:,L)7 we shall use (6.4) (resp. (6.4) and (6.5)).
We now use these estimates as the starting point of a short digression from the main theme of this
paper. Let us first state a corollary to Theorem 6.2, we prove

Theorem 6.3. For any § > 0 and p > 0, for L sufficiently large (depending on p and §), with
probability at least 1 — L™P, if E;, is an eigenvalue in X associated to the eigenfunction ;. and
the localization center xj,, then, for |z — x| > 0L and 1 < x < L, one has

log(|pjw(2)] + |@jw(z —1)])
[z — 2jwl

(6-6) - p(Ej,w> —0<

IN

—p(Ejw) +0.

Compare (6.6) to (6.3). There are two improvements. First, the unknown rate of decay p is replaced
by the Lyapunov exponent p(E; ) which was expected to be the correct decay rate. Indeed, for the
one-dimensional discrete Anderson model on the half-axis, it is well known (see, e.g., [5, &, 34]) that,
w-almost surely, the spectrum is localized and the eigenfunctions decay exponentially at infinity at
a rate given by the Lyapunov exponent. In Theorem 6.3, we state that, with a good probability,
this is true for finite volume restrictions.

Second, in (6.6), we get both an upper and lower bound on the eigenfunction. This is more precise
than (6.3).

To our knowledge, such a result was not known until the present paper. The strategy that we use
to prove this result can be applied in a more general one-dimensional setting to obtain analogues
of (6.6) (see [25]).

We complement this with the much simpler
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Lemma 6.3. For any C > 0 and p > 0, there exists K > 0 and Ly > 0 (depending on p and C)
such that, for L > Lg, with probability at least 1 — L™P, if F;, is an eigenvalue in 3 associated to
the eigenfunction @; ., and the localization center xj,, then,

e ifzj, € [L—ClogL,L], one has L5 < |p;,(L)];
e ifx;, € [0,Clog L], one has L5 < |p;,(0)].

The proof of this result is obvious and only uses the fact that the matrices in the cocycle defining the
operator (see section 6.3) are bounded that is, equivalently, that the solutions to the Schrédinger
equation grow at most exponentially at a rate controlled by the potential.

Let us return to the resonances in the random case and the description of the function Sy. Recall
that in (2.4), the values ();); are the eigenvalues (Ejw)o<j<r of Hy, 1 and the coefficients (a3); are

defined in Theorem 2.1 and by (2.13). Thus, Theorem 6.2 describes the coefficients (a}); coming

into Sg, and I'y, (see (2.4) and (2.8)). Let us now state a few consequences of Theorem 6.2.
Fix I a compact interval in ¥ the almost sure spectrum of H,,. For e € {N,Z}, define

L—x; for e =N
(6.7) B = {min(x];:,, L—xj,) fore= Z.’
Taking p > 2 in Theorem 6.2 and using Borel-Cantelli argument, we obtain that
w almost surely, for § > 0 and L sufficiently large, if \; = E;, € I
(6.8) log aj
s,

and d3,, > C'log L then —2p()\;) — ¢ < < —2p(Aj) +6.

This and the continuity of the Lyapunov exponent (see, e.g., [, 8, 31]) guarantees that

(6.9) w almost surely, for any 6 > 0 and L large, one has — 2ne sup p(E)(1 +9)L < /\inff log a}
Eel F€

where 7, is defined in Theorem 1.6.

To use the analysis performed in section 3, we also need a description for the (A;);, i.e., the Dirichlet
eigenvalues of H,, ;. Therefore, we will use the results of [14], [23] and [22] (see also [15]).

We first recall the Minami estimate satisfied by H,, 1, (see, e.g., [9] and references therein): there
exists C' > 0 such that, for I C R, one has

P(tr(11(Hw,r))) > 2) < E (tr(17(Hy,n))[tr(1(Hy 1)) — 1]))
< C|I2(L+1)2.

Here, 1;(H) denotes the spectral projector for the self-adjoint operator H onto the energy interval
1.
By a simple covering argument, this entails the following estimate

P(3i#jst [N—\| <L) <COL 72,
Thus, for ¢ > 3, a Borel-Cantelli argument yields, that
(6.10) w almost surely, for L sufficiently large, rr;ém |I\i —Aj| > L7
i#j

6.2. The proofs of the main results in the random case. We are now going to prove the
results stated in section 1.3.

6.2.1. The proof of Theorem 1.6. As for Theorem 1.2, this result follows from Theorem 3.1. The
point (1) is proved exactly as the point (1) in Theorem 1.2. Point (2) follows immediately from
Theorem 3.1 and (6.9). This completes the proof of Theorem 1.6.
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6.2.2. The proof of Theorem 1.7. Recall that x € (0,1). To prove (1) we proceed as follows. The
standard result guaranteeing the existence of the density of states N (see, e.g., [5, &, 34]) imply
that, w almost surely, one has

#{\; € I}

(6.11) o —>/IdN(E).

This, in particular, shows that, if I C Y is a compact interval, then, w almost surely, for L sufficiently
large, I is covered by intervals of the form [A;, Aj11] and their number is of size < L (actually this
holds for A\; € I+ [—¢,¢] if € > 0 is chosen small enough). Moreover, the estimate (6.10) guarantees
that d; > L™7 (for any ¢ > 3 fixed) for all A\; € I. Thus, Theorems 3.1, 3.2 and 3.3 and the
estimate (6.8) guarantee that, w almost surely, all the resonances in the strip I — i[e™2",0) are
described by Theorem 3.3. Indeed, for such a resonance the imaginary part must be larger than
—e~L"; thus, by Theorem 3.1, for every rectangle [(Aj+X;-1)/2, (A\j+X;+1)/2]—i[e"L", 0) containing
a resonance, one has a; < e 1" 1?4 Thus, a; K d? and one can apply Theorem 3.3 to compute the
resonance.

Let us count the number of those resonances. Therefore, let £/ = 7L" where 7 is to be chosen.
By (6.8) and (6.10), w almost surely, one has a; < d? for all j such that A\; € I as long as the
Dirichlet eigenvalue )\; is associated to a localization center in [0, L — ¢1] (actually it holds for
Aj € I+ [—¢,¢] if € > 0 is chosen small enough); thus, we can apply Theorems 3.3 and 3.2 to each
of the ()\;); that are associated to a localization center in [0, L — ¢1]. By formula (3.19), each of
these eigenvalues gives rise to a single simple resonance the imaginary part of which is of size < a;;
it lies above the line {Imz > e P = ¢7L"} for 7p = 1. Actually, the estimate (6.10) guarantees
that d; > L™ (for any ¢ > 3 fixed) and Theorem 3.2 shows that these resonances are the only ones
above a line Imz > —L79. Moreover, by Lemma 6.2, we know there at most C/j, eigenvalues \;
that do not have their localization center in [0, L — ¢1]. Thus, we obtain, w almost surely,

. 1 .y
— t. > — = .
Lgrfoo L# {z resonance of H,, 1 s.t. Rez €I, Imz > —e "'} /IdN(E)

Point (2) is proved in the same way. Pick A € (0,1). In addition to what was used above, one uses
the continuity of the density of states E +— n(E) and Lyapunov exponent E — p(E). Assume E is
as in point (2). Then, w almost surely, the reasoning done above shows that, for any 7 > 0, there
exists g9 > 0 such that, for € € (0,e9) and ¢ € (0, d), for L sufficiently large one has,

_ €
4 A e.v of HE{L in £+ 2n(E)

that — en.p(E)&L SJ 62n.p(E))\Lal g _efn.p(E')(SL

[-1+mn,1—mn] such

< # {z resonance of HJ ; in R*(E,\, L,¢, 5)}

g
Nevof HY, in E
cu pevof Hy  in +2n(E)
that — eMeP(EVL < 2ep(EMZLy, < o=nep(E)OL

[-1—mn,1+n] such

Using Theorem 6.2 and the continuity of the Lyapunov exponent in conjunction with the definition
of a; (see (2.4) and (2.13)), we obtain that, w almost surely, for any n > 0, there exists €y > 0 such
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that, for € € (0,g9) and § € (0, ), for L sufficiently large one has,
€

2n(FE)

with localization center in I*(L,d, —n)

< # {2 resonance of HJ ; in R*(E,\, L,¢,6)}

e.vofHE{L in £+ [—1+n,1-n

vof HY; in E
<4 ewvof Hyy in +2n(E)

with localization center in I*(L,d,n)

[_1_7771‘1‘77]

where IN(L, A, 6,n) is the interval (here [r] denotes the integer part of r € R)
IN(L, A, 6,m) = [LA] + [-L8(1 + 1), L&(1 + )]
and, IZ(L, \,6,7) is the union of intervals
I%(L, A, 6,m) = <[L2A] + [-Lé(1 4 1), Lé(1 + n))]]>

U ([L <1 - ;)] + [~L&(1 +n)), Lé(1 +n))]]> .

Now, using the exponential localization of the eigenfunctions, one has that, w almost surely, for
any 1 > 0, there exists g > 0 such that, for ¢ € (0,¢9) and 6 € (0, dy), for L sufficiently large, one
has

_ €
(6.12) # {e.v of HET,L,A,&*ZW,' in £+ 2n(E) [—1+2n,1— 217}}
< # {z resonance of HS ; in R*(E, )\, L,¢, 5)}
. €
< # {e.v of HEL,)\’&Q”’. in £+ 3n(E) [-1—2n,1+ 277]}
where H, ﬁ LASne = (HE] L) IS TS with Dirichlet boundary conditions at the edges of the interval
*(L;A.0m

I°(L, )\ 6,1m).

This immediately yields point (2) for A € (0,1) using (6.11) for the operators HﬁL,)\,ém,-' The case
A =1 is dealt with in the same way.

As already said, point (3) is an “integrated” version of point (2). Using the same ideas as above,
partitioning I = Ullf:OIp s.t. |I,| ~ e centered in E,, one proves

P
_ : €
pzo# {e.v of H  ,inEp+ In(Ey) [—1+2n,1— 277]}

< # {z resonance of H3  in I + [—e X", —e7L]}

P
+ . €
< pz;)# {e.v of H} 1, in Ep+ In(Ey) [-1—2n,1+ 277]}

where

e H is the operator H) restricted to

w,p,L,e w
— [2L*, (inf(cp=Y(Ep), 1) — n)L] if e = N,
— to [2L, (inf(cp™1(E,), 1)/2 = ) L] U[(1 — inf(cp~ (Ep), 1)/2+ )L, L — 2L~] if & = Z;



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 67

. H:’p’L’. is the operator HY restricted to

SLLR/2, (inf(cpM(B,), 1) + m)L] if @ = N,

— to [2%/2, (inf(ep (By), 1)/2+n) LJUI(L ~inf(ep™ (Ey), 1)/2—n) L, L—L%/2] if o  Z
In the computation above, we used the continuity of both, the density of states F +— n(FE) and
Lyapunov exponent E — p(F). Thus, we obtain

# {2z resonance of H}, ; in I + (—oo, e*CL]}

P

= L [ Y inf(ep " (By), Un(Ey) L] +o(1)
p=0

+ # {z resonance of HU:,L in I+ (—oo, e—L”] } _
The last term being controlled by Theorem 1.10, one obtains point (3) as the Riemann sum in the

right hand side above converges to the integral in the right hand side of (1.18) as ¢ — 0. This
completes the proof of Theorem 1.7. O

6.2.3. The proof of Theorem 1.8. The proof of Theorem 1.8 relies on [14, Theorem 1.13] which
describes the local distribution of the eigenvalues and localization centers (Ej,, ;. ): namely, one

has
E,,€e E+ LT
# n; I * ! = /61
Tjw € LC
(6.13) lim P | 4w : : _ ﬁefﬁn (fi)
L—+o00 ’ : . 11 ol
E,,e E+ LI
#n; Y P —k,
Tjw € LCp

where fip, := n(E)|[,||Cy| for 1 <n <p.
Recall that (ZJL (w)); are the resonances of H,, 1. By the argument used in the proof of Theorem 1.7,

we know that, w almost surely, all the resonances in Ky := [E — ¢, F + €] + i [—e_LH,O] are
constructed from the (A}, a$) by formula (3.19). Thus, up to renumbering, the rescaled real and
imaginary parts (see (1.19)) become

zj = (Rezl(w) — E)L = (\; — )L + O(Lay) = (Ejo — E)L + O(Le™"")

. log a3 a3,
Yi =51 log [Im 27 1 (w)| = — oL +O(1/L) = P(E)T +o(1).
where \; = FE;, and z;, is the associated localization center; here we used the continuity of
E — p(E).
On the other hand, for the resonances below the line in {Imz = —e~2"}, one has y; < L*"!. So
all these resonances are “pushed upwards” towards the upper half-plane. Hence, the statement of
Theorem 1.8 is an immediate consequence of (6.13). O

6.2.4. The proof of Theorem 1.9. Using the computations of the previous section, as E # FE’,
Theorem 1.9 is a direct consequence of [23, Theorem 1.2] (see also [11, Theorem 1.11]).

6.2.5. The proof of Theorem 1.10. Consider equations (2.4) and (2.8). By Theorem 6.2 and
Lemma 6.2, w almost surely, for L large, the number of (a}); larger than e 10 is bounded by
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Clr. Solving (2.4) and (2.8) in the strip {ReE € I, InE < —e .}, we can write S(E) =
S, (E) + S} (E) where

N
4 N
N and S} (E):= Z

aJN>67102L

a
N -E

N
J

Sp(E) =

(]

a§IS67102L
and similarly decompose I'z,(E) =T'; (E) + I'f (E). For L large, one then has
(6.14) sup  |[S;(B)| +ITL(B)] < e 5.
Im E<—e~*L

The count of the number of resonances given by the proof

of Theorems 2.1 and 2.2 then shows that the equations (2.4) \ U. _
and (2.8) where Sy, and I'j, are respectively replaced by S} J ‘ % %
and I‘z have at most C/;, solutions in the lower half plane. Lo ‘

The equations where S; and I';, are replaced by Szr and — 7 R.
‘ ‘ j
FJLF we will call the +-equations. The analogue of Theo- FT %
rems 3.1, 3.2 and 3.3 for the +-equations and Theorem 6.2 | new path
show that the only solutions to the +-equations in the strip fj
‘ j

{ReFE €I, —e 4L/5 <ImF < —6_3ZL/4} are given by formu-
las (3.19) and (3.20) for the eigenvalues of the Dirichlet prob-
lem associated to a localization center in [L — 2y, L — {1 /2] if
e = N and in [[EL/Q,ZELH @] [[L — 201, L —EL/Q]] if ¢ = Z. Thus,
these zeros are simple and separated by a distance at least L~ from each other (recall (6.10)).
Moreover, we can cover the interval I by intervals of the type [(A; + Aj—1)/2, (Aj + Aj4+1)/2], that
is, one can write

Figure 8: The new path

Jt Y L\

j=i~
where \j-_1 & I, M4+ € I, \;- € I and A\;+ € I. Consider now the line {Im £ = —e~‘r} and its
intersection with the vertical strip [(A; + \j—1)/2, (A\j + Aj41)/2] — iR*. Three things may occur:

(1) either e™* < a;dj?|sin§(\;)|/C (the constant C is defined in Theorem 3.1), then, on the
interval [(A; + Aj—1)/2, (\j + Aj+1)/2] — ie~“, one has

(6.16) SHE)+e B >1  and ’det (rg(E) + e*”(E))) >1;

this follows from the proof of Theorem 3.1 (see in particular (3.5), (3.6), (3.7) and (3.8))
for some fixed ¢ > 0; recall that, on the interval I +ie~*2, one has |sin§(E)| > 1;

(2) either e *¢ > Ca; (the constant C is defined in Theorem 3.2), then, on the interval [(\; +
Xi—1)/2, (Aj + Aj+1)/2] —ie“, one has again (6.16) for a possibly different constant; this
follows from the proof of Theorem 3.2 (see in particular (3.15) and (3.16));

(3) if we are neither in case (1) nor in case (2), then the line {Im F = —e~‘2} may cross R;
(defined in Theorem 3.3; see also Fig. 7); we change the contour {Im E = —e~.} 50 as to
enter f]j until we reach the boundary of R; and then follow this boundary getting closer to
the real axis, turning around R; and finally reaching the line {Im F' = —e_éL} again on the
other side of R; and following it up to the boundary of Uj (see Figure 8); on this new line,

the bound (6.16) again holds; moreover, this new line is closer to the real axis than the line
{ImE = —e £},
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Let us call C; the path obtained by gluing together the paths constructed in points (1)-(3) for
A Sy

Jj~ <j <j*t and the half-lines % —i[e7*, +00) and % —i[e™"r, +00) (see (6.15)).

One can then apply Rouché’s Theorem to compare the + equations to the equations (2.4) and (2.8):

by (6.14) and (6.16), on the line Cy, one has |S; | < ’SZ“ 1 e and

det (T1(E) + 7)) det (Tf (B) + e~ | < % det (T4 (E) + 7)) |

Thus, the number of solutions to equations (2.4) and (2.8) below the line Cy is bounded by C¥p;
as Cy lies above {Im E = —e ™2}, in the half-plane {Im E < —e 2}, the equations (2.4) and (2.8)
have at most C'¢y, solutions. We have proved Theorem 1.10. g

6.2.6. The proof of Theorem 1.11. The first point in Theorem 1.11 is proved in the same way as
point (2) in Theorem 1.7 up to the change of scales, L being replaced by £1. Pick scales (¢})r,
satisfying (1.22) such that ¢; < ;. One has

Lemma 6.4. Fiz two sequences (ar)r and (br)r such that ar, < by. With probability one, for L
sufficiently large,

# {e.v. of Hw,éLf%/L/p m |ar, + e_ZIL, by, — e_glb] }
< #{ew. of H, in |ar,br] with loc. cent. in [0,01]}

< # {e.v. of Hy ey vo0 /p 10 |arL — e by, + eiélL] }
where p is given by Lemma 6.1.

Proof. To prove Lemma 6.4, we apply Lemma 6.1 to L = {1, + ¢} (i.e. for the operator H,
restricted to the interval [0, 47 + ¢;]) and Iy, = ¢};. The probability of the bad set is the O (L™°),
thus, summable in L. Using the localization estimate (6.3), one proves that
e cach eigenvalue of Hw’gL_%/L /p is at a distance of at most e~ ‘= of an eigenvalue of H,, , with
loc. cent. in [0, ¢L];
e cach eigenvalue of H,, ; with loc. cent. in [0,¢] is at a distance of at most e~ of an
eigenvalue of Hw’gLJrML/p.

Lemma 6.4 follows. U

The first point in Theorem 1.11 is then point (2) of Theorem 1.7 for the operator Hy 020, jp and
Hy 0,420, /p and the fact that ¢ < (r.

The proof of the second statement in Theorem 1.11 is very similar to that of Theorem 1.8. Fix I a

compact interval in . As ¢ 1, satisfies (1.22), one can find ¢, < ¢7] also satisfying (1.22) such that
e 'L <« e < e'L. For the same reasons as in the proof of Theorem 1.8, after rescaling, all the
resonances in I — i(—o0,0) outside the strip I —1 [e*glL, e*Z/L/> are then pushed to either 0 or ico
as L — 4o0.

On the other hand, the resonances in the strip I — ¢ [64

L,e*ZILI> are described by (3.19). The
rescaled real and imaginary parts of the resonances (see (1.24)) now become z; = (Ej ., —E){1+o0(1)
djw

and y; = p(E)7F= + o(1).

Now, to compute the limit of P(#{j; z; € I, y; € J} = k), using the exponential decay prop-
erty (6.3), it suffices to use [14, Theorem 1.14]. Let us note here that [14, condition (1.50)] on the
scales (£1), is slightly stronger than (1.22). That condition (1.22) suffices is a consequence of the
stronger localization property known in the present case (compare Theorem 6.2 to [14, Assumption
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(Loc)]). This completes the proof of the second point in Theorem 1.11. The final statement in 1.11
is proved in exactly the same way as Theorem 1.9.
The proof of Theorem 1.11 is complete. O

6.2.7. The proofs of Proposition 1.3 and Theorem 1.12. Localization for the operator H. can be
described by the following

Lemma 6.5. There exists p > 0 and q > 0 such that, w almost surely, there exists C, > 0 s.t. for
L sufficiently large, if
(1) ¢jw is a normalized eigenvector of H,, 1 associated to Ej,, in X,
(2) zj(w) € N is a mazimum of x — |pju(x)| in N,
then, for © € N, one has
(617) |Q0j,w(x)| < Cw(l + |:Cj(w)|2)q/2€—P‘$—1‘j(w)“
Moreover, the mapping w — C,, is measurable and E(C,,) < +o0.

This result for our model is a consequence of Theorem 6.1 (see, e.g., [29, 11, &]) and [14, Theorem
6.1].
We thus obtain the following representation for the function =,

c 50O | ~sarccosz/2)
(6.18) E.(F) = PPyl p—iarccos
Z Ej,—FE

As HY satisfies a Dirichlet boundary condition at —1, one has

(6.19) Vi, lpjw0)] >0 and ) lp;w(0)]* =1
J

As E — —ioo, the representation (6.18) yields
2. (E) = —E72 Z 0jw(0)*Ejw + O (E73) = —E~%(d0, H} o) + O (E7?)
J

= —wE?+0(E™).

This proves the first point in Proposition 1.3.

As a direct consequence of Theorem 6.1 and the computation leading to Theorem 5.2 (see sec-
tion 5.1.2), we obtain that there exists ¢ > 0 s.t. for L sufficiently large, with probability at least
1 — e %L one has

dN, (A _ —é
(6.20) sup / ) _ (60, (Hu 1, — E)'60)| < e .
Im E<—e—¢L |JR A—FE
Taking
(6.21) L=L.~c Ylogel

for some sufficiently small ¢ > 0, this and Rouché’s Theorem implies that, with probability 1 — &2,
the number of zeros of Z,, (counted with multiplicity) in I + i(—o0, ] is bounded
2),

)

e from above by the number of resonances of Hy, 1. in I +i(—0co,—¢ — ¢
e from below by the number of resonances of H, 1 in I7 +i(—00, —& + &2].
where It =[a—¢e,b+¢]and I = [a+¢e,b—¢] if [ =[a,b)].
Here, to apply Rouché’s Theorem, we apply the same strategy as in the proof of Theorem 1.10
and construct a path bounding a region larger (resp. smaller) than I + i(—oco, —e — €?] (resp.

I- + i(—00, —& 4 €2]) on which one can guarantee |S;(E) 4+ e 0F)| > 1,
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Now, we choose the constant ¢ (see (6.21)) to be so small that ¢ < %11111 p(E). Applying point (3)
€

of Theorem 1.7 to H,, 1. with this constant ¢, we obtain that the number of resonances of H,, . in
IF +i(—o0,e — €2] (vesp. I7 +i(—00,e + €?]) is upper bounded (resp lower bounded) by

LE/]min<p(CE), > n(E)dE (1 + O(1)

E)dE (14 0(1))

—|Iogs|/ dE (14+0(1)).

Hence, we obtain the second point of Proposition 1.3. The last point of this proposition is then
an immediate consequence of the arguments developed to obtain the second point if one takes into
account the following facts:

e the minimal distance between the Dirichlet eigenvalues of H i\f’ ;, is bounded from below by
L= (see (6.10)),

e the growth of the function E +— SL(E) + e~
controlled by Proposition 3.1.

#(E) near the resonances (i.e. its zeros) is well

Indeed, this implies that the resonances of H, L are simple in I +i[—e ﬁ, 0) (one can choose larger
rectangles) and that near each resonance one can apply Rouché’s Theorem to control the zero of
Z.- Note that this also yields w-almost surely, there exists ¢, such that

= (F
(6.22) min inf (Bl > 1.
z zero of 2y, 0<r<e, (Im 2)3/2 |E—z|=r r
z€l+i(—ey,,0)
This completes the proof of Proposition 1.3. O

Theorem 1.12 is a consequence of the following

Theorem 6.4. There exists ¢ > 0 such that, w almost surely, for L > 1 sufficiently large one has

dNg (A
sup |Trua(E)— /R A _(E) X + |SLw(E) —/ de()\)‘ <e L
ReBel boe 0 / dNo(N) b R A-E |7
ImE<—e—¢L R AN—F

where I'r o (E) (resp. Spw(E)) is the matriz ' (E) (resp. the function Sp(E)) (see (2.9))
constructed from the Dirichlet data on [0, L] of —A + wa 1 (resp. —A+ VEIL) (see (1.26)) using
formula (2.9) (resp. (2.4)).

Theorem 6.4 is proved exactly as Theorem 5.2 except that one uses the localization estimates (6.2)
instead of the Combes-Thomas estimates.

Theorem 1.12 is then an immediate consequence of the estimate (6.20). Indeed, this implies that
if z is a resonance for e.g. HU]J\{L in I +i(—00,e], then |E,(z)| < e “*. By the last point of
Proposition 1.3, w almost surely, we know that the multiplicity of the zeros of =, is bounded
by N,. Moreover, for the zeros of =, in I + i(—¢e,,0), we know the bound (6.22). This bound
and (6.20) imply that

()
max max <e
z zero of Z,,  |E—z|=e—¢L Zu(E)|
zeI—l—i(—sw,e_CL)
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This yields point (2) in Theorem 1.12 by an application of Rouché’s Theorem. Point (1) is obtained
in the same way using Proposition 3.1 that gives
Eu(E) = (Su.L(E) + e )|
max .
z resonance of HY | |E—z|=e~¢k ‘Sw,L(E) + e_le(E)|
z€I+i(75w,e_5L)

The case of H 5@7 1, is dealt with in the same way.
This completes the proof of Theorem 1.12. O

6.3. Estimates on the growth of eigenfunctions. In the present section we are going to prove
Theorems 6.2 and 6.3. At the end of the section, we also prove the simpler Lemma 6.2.

The proof of Theorem 6.2 relies on locally uniform estimates on the rate of growth of the cocy-
cle (1.15) attached to the Schrodinger operator that we present now. Define

(6.23) Ti(E,w) = T(E,wr) - T(E, wo)

where
EF—-w;, -1
T(E,w]‘) = ( 1 J 0 )

We start with an upper bound on the large deviations of the growth rate of the cocycle that is
uniform in energy. Fix o > 1 and ¢ € (0,1). For one part, the proof of Theorem 6.2 relies on the
following

Lemma 6.6. Let I C R be a compact interval. For any 6 > 0, there exists Ls > 0 and n > 0 such
that, for L > Ls and any K > 0, one has
VO<k<K, VEeclI, Vul=1,
(6.24) P log |77 (E; Tk(w))uH >1— Ke (Lt
I+1 <p(E)+4

where we recall that T : Q@ — Q denotes the left shift (i.e. if w = (wp)n>0 then [T(w)]p = wpt1 for
n>0)and ™" =To0---0T n times.

At the heart of this result is a large deviation principle for the growth rate of the cocycle (see [5,
section I and Theorem 6.1]). As it also serves in the proof of Theorem 6.2, we recall it now. One
has

Lemma 6.7. Let I C R be a compact interval. For any 6 > 0, there exists Ls > 0 and n > 0 such
that, for L > Lg, one has

log ||T(F;
(625) Sup ]P( Og” L( 7w)u” _ p(E)‘ Z 5> g 6_77([/4-1)‘
Bel L+1
[[ull=1
While this result is not stated as is in [5], it can be obtained from [5, Lemma 6.2 and Theorem

6.1]. Indeed, by inspecting the proof of [5, Lemma 6.2 and Theorem 6.1], it is clear that the
quantities involved (in particular, the principal eigenvalue of T'(z; E) = T'(z) in [5, Theorem 4.3])
are continuous functions of the energy E. Thus, taking this into account, the proof of [5, Theorem
6.1] yields, for our cocycle, a convergence that is locally uniform in energy, that is, (6.25).

To prove Theorem 6.2, in addition to Lemma 6.6, we also need to guarantee a uniform lower bound
on the growth rate of the cocycle. We need this bound at least on the spectrum of H,, ; with a
good probability. Actually, this is the best one can hope for: a uniform bound in the style of (6.24)
will not hold.

We prove
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Lemma 6.8. Fiz I a compact interval and § > 0. Picku € C? s.t. |lu| =1. For 0 <j < L, if
j < L—1, define

log “Tg_l(jJrl)(E, Tj+1(w))uH
L—j

/Cj‘(w,L,cS,u) =R FEel; —p(E)| >4¢

and, if 1 < j, define

log || Tj-1(E, w)ull

IC;(w,L,&,u) = {EEI; -

o) > 8}

finally, define K} (w, L,6,u) =0 =Ky (w, L, 6, u).
Recall that (Ej ,)o<j<1, are the eigenvalues of Hy, 1, and let x;, be the associated localization centers.
For 0 < /¢ < L, define the sets

Q5(L, 0, 0,u) = {w;

dj s.t. xj, > L and
QR(L, 0, 6,u) := ; .
B( P ,U) w? ij E ’C‘,;ij (W,L,67 ’LL)

Then, the sets Q?;(L,K, 0,u) are measurable and, for any § > 0, there exists 1 > 0 and £y > 0 such
that, for L > £ > {y, one has

dj s.t. L—xj, > /L and
E;. € IC:'j,w (w, L,6,u)

and

L+ 1)|I]e—n=1D)
(6.26) max (B(Q5 (L, £,5,u)), B2 (L, £,6,u))) < < +1)| |ﬁn .
—e
Here, the constant n is the one given by (6.25).

First, let us explain the meaning of Lemma 6.8. As, by Lemma 6.6, we already control the growth
of the cocycle from above, we see that in the definitions of the set K}’ (w, L, 0, u) resp. IC;Ir (w, L, 6, u),
it would have sufficed to require
log | Tj—1(E,w)ul
J

p(E) <=6

resp.
tog | 7y (B 7+ ()

L=(G+1)
Hence, what Lemma 6.8 measures is that the probability that the cocycle at energy E, . leading
from a localization center x, , to either 0 or L decays at a rate smaller than the rate predicted by
the Lyapunov exponent.
The sets Qg(L,ﬁ, d,u) are the sets of bad configurations, i.e., the events when the rate of decay
of the solution is far from the Lyapunov exponent. Indeed, for w outside Qﬁ(L,Z, 9), i.e., if the
reverse of the inequalities defining le-E(w,L,é, u) hold, when j = z,,, and E = E,, then, we
know that the eigenfunction ¢y, ., has to decay from the center of localization z,,, (which is a local
maximum of its modulus) towards the edges of the intervals at a rate larger than v(E, ) — 6. The
eigenfunction being normalized, at the localization center, it is of size at least L™Y2. This will
entail the estimates (6.4) and (6.5) with a good probability.
There is a major difference in the uniformity in energy obtained in Lemmas 6.8 and 6.6. In
Lemma 6.8, we do not get a lower bound on the decay rate that is uniform all over I: it is merely
uniform over the spectrum inside I (which is sufficient for our purpose as we shall see). The

—p(E) < —0.
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reason for this difference in the uniformity between Lemma 6.6 and 6.8 is the same that makes the
Lyapunov exponent E — p(E) in general only upper semi-continuous and not lower semi-continuous
(in the present situation, it actually is continuous).

We postpone the proofs of Lemmas 6.6 and 6.8 to the end of this section and turn to the proofs of
Theorems 6.2 and 6.3.

6 3.1. The proof of Theorem 6.2. By Lemma 6.6, as T,(E,w) € SL(2,R), with probability at least
— KLe "4D) for L > Ls and any K > 0, one also has

log || T, ' (B; 7 (w))ul|
L+1

Now pick ¢ = C'log L where C > 0 is to be chosen later on. We know that, with probability P

satisfying

(6.27) P>1-— L%,

VO<k<K, VEeI, Y|u|=1,

< p(E) +4.

for L > Ls and any [ € [¢, L] and any k € [0, L], one also has

log ||7; ! (E; 7 (w))ul
< p(E) + 6.
I+ 1 < p(B) +

Let ¢; ., be a normalized eigenfunction associated to the eigenvalue Ej,, € I with localization center
Zjw. By the definition of the localization center, one has
Pjw x Gw T 1)>

(6.29) L+1 < H(gpﬁgg?i)l)> <1 and L+1 = H( ©jw(Tjw)

By the eigenvalue equation, for = € [0, L], one has

Pjw(@) >_
6.30 =
( ) <90j,w(x - 1)

Hence, by (6.24) and (6.28), with probability at least 1 — 2L%2e™" — L™P_ if |z, — x| > ¢, for

Zjw < x < L, one has

(ij x]w

(ij xjw_
Tow. (E; 7% (w Yiw Tjw Piw (@)
e (B (7 %w_l)H (720,

7L, () (P |

and, for 0 <z < z,, one has
Spjw 55](.0_

(22 )] -]

Sajw -
()
Pjw xjw_ VL +1

> ¢~ (P(Ejw)+o)lz—z;.0l
On the other hand, by the definition of the Dirichlet boundary conditions, we know that

(£99) =i (5) ena (P5)7) =i (7).

(6.28) VE eI, V|u|=1,

2 2

<1

Txij y (E; FTjw (w)) Pjw (l'ij) if ¢ > i,
’ Pjw(Tjw — 1)

L Erw) (e ) e
” Pjuw(Tjw —1)

—(P(Bj ) +6) |z 0
e ’ < o (p(B ) o) e -z |

(6.31) vE+1 -

S ‘

(6.32)
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Thus,
| (Y _( piwl(Tie)
jw(0) Ty 1 (B w) (0> B <s0j,w(l’j,w -1

0 : jw(Tjw +1)
iw(L =115, —1(E; Tjwtl <(‘037"‘) Jw ) .
2l )<1> L% (BT @) ©jw(Tjw)

and

Thus, for w & QL(L,¢,8,uy) UQg(L, ¢, 5, u_) where we have set u_ := <(1)> and uy = <(1)>, we

know that
ew@MJwﬁw%qhﬁﬁfmﬁﬂw“wwHH

and
OB < T (B |
Thus, we obtain that, for w ¢ QE(L,Z, d,us) UQ5(L,¢,6,u_), one has

-1

_ . 1 w(Tjw + 1)
- e O |05537)
(6.33) gL ‘ Loy (BT g Piw(Tjw)
S 6_(p(Ej,w)_6)(L_ijw_1)
and
0\|~" 0iw(T
L) =T, (B;7% Jw Ljw

61 65.0(0)] ’%A . (@)QN <%w%w_ M]

< ef(p(Eij)fé)(mijfl) .

The estimates given by Lemma 6.8 on the probability of Q5(L,¢,8,uy) and Qz(L, ¢, 8,u_) for
¢ = C'log L and the estimate (6.27) then imply that, with a probability at least 1—4L2e~"¢=1 =P,
the bounds (6.31), (6.32), (6.33) and (6.34) hold. Thus, picking ¢ = C'log L for C' > 0 sufficiently
large (depending only on 7, thus, on § and p), these bounds hold with a probability at least 1 —L7P.
This complete the proof of Theorem 6.2. g

Remark 6.1. One may wonder whether the uniform growth estimate given by Lemmas 6.6 and 6.8
is actually necessary in the proof of Theorem 6.2. That they are necessary is due to the fact that
(7))

Pjw(Tjw — 1)

depend on w. Thus, (6.25) is not sufficient to estimate the second term in the left hand sides of (6.31)
and (6.32).

6.3.2. The proof of Theorem 6.53. To prove Theorem 6.3, we follow the strategy that led to the
proof of Theorem 6.2. First, note that (6.31) and (6.32) provide the expected lower bounds on the
eigenfunction with the right probability. As for the upper bound, by (6.30), using the conclusions
of Theorem 6.2 and the bounds given by Lemma 6.6, we know that, e.g. for 0 <z <z,

Al ; ! ; (p(Ejo)+0)z . —(p(Ejw)—6)j
H<Q0‘7w r—1 ) TI(E’W) <O>H |90],0J(0)| S@ J e j j

if (1+C)z < (C—1)zju, e, 2(14+C) aj, <zjy — 2.
For x > z; ., one reasons similarly and, thus, completes the proof of Theorem 6.3. O

both the eigenvalue E; , and the localization center x;,, (and, thus, the vector

< e~ (P(Ejw)=Co)le—z).0]

Remark 6.2. Actually, as the proof shows, the results one obtains are more precise than the claims
made in Theorem 6.3 (see [25]).
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6.3.3. The proof of Lemma 6.8. The proofs for the two sets Qﬁ(L, ¢,9,u) are the same. We will only
write out the one for Q5 (L, ¢, 8,u). Let us first address the measurability issue for Q5(L, £, 6, u).
The functions w +— Ej, and w — ¢;j,, are continuous (as the eigenvalues and eigenvectors of finite
dimensional matrices depending continuously on the parameter w = (wj)o<j<r). Thus, for fixed j,
the sets {w; Ejo € K (w,L,d,u)} and {w; zj, > j} are open (we used the definition of z;, as
the left most localization center (see Theorem 6.2)). This yields the measurability of Q5(L, £, 6, u).

We claim that

L+1—¢
1
(6.35) L+119§(L,e,5,u) < Z <5j’1/C;r(w,L,5,u)(Hw,L)5j>
j=0

where l,q(%L,M)(Hw’L) denotes the spectral projector associated to H,, 1, on the set IC;F (w, L,d,u).

Indeed, if one has Ej, ¢ IC;FJ_ J(w, L,0,u) for all j then the left hand side of (6.35) vanishes and the
right hand side is non negative. On the other hand, if, for some j, one has 0 < x;, < L — £ and
Ej. € lC;fjw(w, L,5,u) then, we compute

L—¢ L—¢
(01, 11Cl+(w7L,5,u)(vaL)6l> = Z ‘@k,w(l)lz 2 ’(Pj,w(xj,w”z
=0 =0 ks.t
Ekywer(w,L,(S,u)
1 1
>

L+1° D41 btsn

by the definition of x;,.

An important fact is that, by construction (see Lemma 6.8), the set of energies IC;F (w, L,d,u) does
not depend on w;. Hence, denoting by E,,(-) the expectation with respect to w; and Eg,(-) the
expectation with respect to @; = (wg)k-;, we compute

L—/¢ L—¢
E | D005 Lt g (Heon)55) | = D By (B, (007 Licr o .00 (Hor)3)))
=0 =0

As wj is assumed to have a bounded compactly supported distribution and as IC;F (w, L,d,u) does

not depend on wj, a standard spectral averaging lemma (see, e.g., [38, Theorem 11.8]) yields
E,, (<5j, 1,C],+(W,L,57u)(Hw,L)5j>) < K (w, L, 6,u)]
where | - | denotes the Lebesgue measure. Thus, we obtain
L—¢ L—¢ L—¢
(6:36) B | D05 Vs o150 (Hot)0) | < D Bay (1K) @, L,8,0)l) = SOE (I (@, L6w)l)
j=0 §=0 j=0

By Lemma 6.7 and the Fubini-Tonelli theorem, we know that

E (K] (@ L,6,u)|) =E (/I 1K;(wL5u)(E)dE> /E(1K+(wL5u)(E)> dE

og 752 oy (Bom]|
< |I| supP Gt
Eel L—j

< I e =),
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Taking the expectation of both sides of (6.35) and plugging this into (6.36), we obtain

L—¢ —n(t-1)

. o o (LF1)|I]e ™

P(Q(L, €, 6,u)) < (L +1)|I]e™ )de S e
=

In the same way, one obtains

L+ 1)|I|e~ 1)
1—e " '

P(Q25(L, 4, 6,u)) < (

This completes the proof of Lemma 6.8.

7

O

Remark 6.3. This proof can be seen as the analogue for products of finitely many random matrices

of the so-called Kotani trick (see, e.g., [11]).

6.3.4. The proof of Lemma 6.6. The basic idea of this proof is to use the estimate (6.25), in
particular, the exponentially small probability and some perturbation theory for the cocycles so as

to obtain a uniform estimate.
Let n be given by (6.25). Fix ' < n/2 and write

(6.37) I =Ujej[Ej, Bjs1] where e 7 2 < By — By < 2e77 EHD;

thus, #J < e (L+1),

We now want to estimate what happens for E € [Ej, Ej1]. Therefore, using (1.15) and

(E — V,(n) —1> B <Ej - Vu(n) —01> — (E — E;)AT

1 0 1
where
1 1
>1=(6)){6)
we compute
L
(6.38) Tp(B,w) = Tr(Ej,w) + Y (E - E;)'S)
=1
where
Sp = Z Ty, (Eja TL_nlw) x AT x Tn2*n1*1(EJ" W)

ni<ng<---<ny

X AT x -+ x AT X TL—nl—l(Ej7Tnlw)

SP-J (O EE )

ni<ng<---<n; m=2
_ 1 1
T, (Ej’ T+ "Mw) <O>> < (0> ‘ TL—”l—l(Ejv W)

Clearly, as the random variables have compact support, one has the uniform bound
(6.39) sup | T (E;w)|| < L.
Eel

weN

Thus one has

(6.40) sup ||Sy]] < L'eL.
weN
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Hence, for [y fixed, one computes

L L L
(6.41) SE-E)S|| <> (E-E) S < e EDILC <
l=lo I=lo I=lo

if n'ly > 2C and L is sufficiently large (depending only on 7’ and C).

We now assume that [y satisfies n/ly > 2C and pick 1 <1 <. Pick dy € (0,1) small to be fixed
later. Assume moreover that L is so that dopL > Ls where Ls is defined in Lemma 6.7. Then, by
Lemma 6.7, for m € {2,---,1}, one has

(1) either ny, — n;,—1 < Ls; then, one has
[T (B 7)< €l

(2) or my, — nm—1 > Ls; then, by (6.25), with probability at least equal to 1 — e~ N(nm—"nm-1)/2
one has

Ty —1 (B 7 L) || < emm—nm=0)(0(E+),

Define

Gnl:“' n = {m € {2’ T vl};nm — Np—1 2 L(S}

)

and
By =42, 3\ Gy ooy
By definition, one has

(6.42) Z (N — nm—1) < ILs and Z (N —nm—1) > L —1Ls.

mMEBn,... ny meGn, ... n

For a fixed sequence n; < no < -+ - < Ny, the random variables (Tnm,_nm,_l_l(Ej, T"m’w)) e
<m’<m

are independent. Hence, by (6.25), for a fixed (my,--- ,mg) € Gy, ... n,, onte has

P < inf
1<k<K

Thus, for € € (0,1), one has

T P 1—1(Eju’7'nmkw)H > e(p(Ej)+§)(nmk_nmkl)) < e_nZkK:I Mmg —Mmp—1
m mk— —_ J—

K
A(ma, -+ ,mi) € Gpy ..y 8-t ank — Ny—1 > €L
P k=1 < Llemel,
i g, —1 (p(E5)+8)(nm), —mm),—1)
1§1]?£K Tnmk_nmkfl—l(EwT k w)H >e ! k k

Hence, with probability at least 1 — Lle™ "L we know that

K
A(my, -+ ,mK) € Gy ey S-L. ank —Nypy—1 > L —1Ls — €L
k=1

V1<k<K, ‘Tn <Ej,Tnmk71W)H < e(P(Ej)+5)(nmk*”mk—l)_

my _nmkfl_l
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Using estimates (6.42) and (6.39) for the remaining terms in the product below, for any given
m-uple (ny, -+ ,ny,), one obtains

l
H ||Tnm—nm71_1(Ej’ Tnmk—lw)H
m=1

< o(P(B))+8)(A—e)(L—1Ls)+C (e L+1Ls)

Hence, with probability at least 1 — lgL el for 1 < < Iy, we estimate

P > 1 — Lle L,

l
||Sl” S Z H HTnm_nm—l—l(Ejanmkw)H

nyp<nz<---<n; m=1
(643) < Lle(p(Ej)+5)(175)L+C€L+(Cf(p(Ej)+5)(1*6))[[15

< LlelP(E))+6+(C—p(E;)=0)elL+[C—(p(E;)+9) (1-¢)] Lsl
< Lhoelp(E)+o+(C—p(Ej)=d)el L+[C—(p(E;)+8) (1=¢)lLslo
It remains now to choose the quantities 7, Iy and ¢ so that the following requirements be satisfied
n'ly > 20, (C—p(Ej) —d)e < g, loLto e=melen (L41) 1
[C — (p(E) +6)(1 — e)lLslo _ 5
L+1 = 2(p(Ey) +0)

Fixing ¢ small, picking 0 < 1’ < ne/3 and setting lp = L* where a € (0,1), we see that all the
conditions in (6.44) are satisfied for L sufficiently large. Moreover, one has

(6.44)
and

loLlO e—naLen’(L—i—l) < e—neL/Q.

Plugging this and the last estimate in (6.43) into (6.38), we obtain that, with probability at least
1 — e ™L/2 for any j € J (see (6.37)), for E € [E}, E;11], one has
lo
|TL(E,w) — Tr(Ej,w)|| <1+ Z oM ULAD) [ 1, (p(E))+20)L
=1
< 14 (PENT2O)(L+1)

(6.45)

As p is continuous (see, e.g., [5]), one gets that, for any § > 0, for L sufficiently large, with
probability at least 1 — e "L/2 one has, for any B €1,

|1 TL(E,w)| S o(P(B)+20)(L+1)
Hence, as Tp(E,w) € SL(2,R), one has HTL—l(E,w)H < o (P(E)+20)(L+1).
Using the fact that the probability measure on  is invariant under the shift (it is a product

measure), we obtain (6.24). This completes the proof of Lemma 6.6. O

6.3.5. The proof of Lemma 6.2. Assume the realization w is such that the conclusions of Lemma 6.1
hold in I for the scales l;, = 2log L. Fix o > 0 and let &7, be the set of indices of the eigenvalues
(Ejw)o<j<r of Hy 1, having a localization center in [L — {1, L]. Fix C' > a > 0 and consider the
projector on the sites in [L — Cfy, L], i.e., U := 111_cy, 1]

Consider the following Gram matrices

G(ELw) = (((Pjw: Piw))) (nm)ees wxér., = LdN
where N = #&p ., and

Gr(€rw) = ((Hewjw Lewjw))) mm)cer wxér o
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By definition, the rank of Gr(£r.) is bounded by the rank of Il¢, i.e., by C¢;. Moreover, as
by (6.3) one has ||(1 — Il¢)p; .| < Lie 1L one has

IIdy — Gr(ELw)|| < L¥e—PnClL < [2+a=Con,

Thus, picking Cnp > ¢ + 2 yields that, for L sufficiently large, G(€r ) is invertible and its rank
is N. This yields #&r ., = N < C/p, and the proof of Lemma 6.2 is complete. O

6.4. The half-line random perturbation: the proof of Theorem 1.13. Using the same
notations as in section 5.3, we can write

o= (1))
00)(0-1]  —Ag
where
e —A[ is the Dirichlet Laplacian on ¢%(N),
e H, ;=-A+V,on ?2({n < —1}) with Dirichlet boundary conditions at 0.
Define the operators

Du(B) = —Af — B — (51|(Hy,_, — B)~"16_1) 150 (dol.
P (B) = Hy_, — E — (ol(~Ad — B) |60} [-1) (5.

For Im E # 0, the numbers (6_1|(H, _; — E)~Y5_1) and (6o|(—AF — E)~1|dp) have non vanishing
imaginary parts of the same sign; hence, the complex number ((6_1|(H, _; — E)~'|6_1))"" —
(60|(=Af — E)7Ydp) does not vanish. Thus, by rank one perturbation theory, (see, e.g., [35]), we
thus know that I',,(E) and I'y,(E) are invertible for Im £ # 0 and that

IoHE) = (A5 —B)7
(6.46) N [(=Ag — E) ') (ol (A7 — E)~'|

((0—1|(H _y — B)716-1)) 71 = (dol(~Ag — E)~1[do)
LY (E)=(H,_, —E)"!
(6.47) L U By (B~ B

({8l (—=Ag — B)~do)) ™+ — (6-1|(H, _y — E)~'[6-1)
Thus, for Im F # 0, using Schur’s complement formula, we compute
o _ -1 _ (TSUE)  ~(E)

(649 x-n= (g D)

w

where v* (E) is the adjoint of ~y (E) and

Y(E) = ~|(Hy _y — E)0-1)(6|U5 ()]
6.4.1. The continuation through (—2,2) \ ¥. Let us start with the analytic continuation through
(—=2,2)\ 2.
One easily checks that the function E — (5_1[(H, _; — E)~'[6_1)"" is analytic outside X, the
essential spectrum of H,, _, and has simple zeros at the isolated eigenvalues of H,, ;. Hence,

E + T,}(E) can be analytically continued near an isolated eigenvalue of H,, _, different from —2
and 2.
As for T, using the spectral decomposition of of H P E)~1, as for any eigenvector of H w1

say, ¢, one has (6_1,¢) # 0, for Ep, an isolated eigenvalue of H_ _; different from —2 and 2, doing
a polar decomposition of I';! near Ey, one checks that F f‘; L(E) can be analytically continued
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to a neighborhood of Ej.
Finally let us check what happens with v. We compute

Y(EB) = —(0-1|(H;_y = B) 7o)~ (H_y = B)"Ho-1) (%ol (=25 — E) 7.

As B — (01|(H,, 4 —E)_1\5,1>_1(H;771 — E)~! is analytic near any isolated eigenvalue of (H, 1
we see that £ — ~v(FE) can be can be analytically continued to a neighborhood of an isolated

eigenvalue of H _;.

Hence, the representation (6.48) immediately shows that the resolvent (H°—E)~! can be continued

through (—2,2) \ X, the poles of the continuation being given by the zeros of the function

- . ; dN, (X
E 1= (Sol(=AF — E) o) (0 1|(Hy oy —E) o) =1—e¢ 9<E>/ X (E).
L A

[¢]
6.4.2. No continuation through (—2,2)NX. Let us study the analytic continuation through (—2,2)N
3. Considering the lower right coefficient of this matrix, we see that, when coming from upper

half-plane through (—2,2)NY, E +— (H — E)~! can be continued meromorphically to the lower
half plane (as an operator from ¢2, . (Z) to ¢2 (Z)) only if E ++ I'J!(E) can be meromorphically

comp loc

(as an operator from (2, (N) to £ (N)).

As E+— (—=Af — E)~! can be analytically continued (see section 2), by (6.46), the meromorphic
continuation of E + I';!(E) will exist if and only if the complex valued map

1
(01| (H gy = E)7Ho-1)) = (dol(=Ag — E)~"|do)

Ew g,(E) =

can be meromorphically continued from the upper half-plane through (—2,2) N ¥. Fix w s.t. the
spectrum of H, _; be equal to ¥ and pure point (this is almost sure (see, e.g., [%, 34]). Asd_1 is a

cyclic vector for H, _,, for E an eigenvalue of H,, _,, one then has

(6.49) lim ((6_1|(H, _, — F —ie) '|6_1)) "t =0.
e—07t ’

Hence, if the analytic continuation of g, would exist, on (—2,2) N %, it would be equal to
1
(ol(—=Ag — E —i0)~1]do)
By analyticity of both sides, this in turn would imply that (6.50) holds on the whole upper half-

plane, thus, in view of the definition of g,,, that (6.49) holds on the whole upper half plane: this
is absurd! Thus, we have proved that, w almost surely, £ + (HX — E)~! does not admit a

(6.50) 9o (B +1i0) = —

meromorphic continuation through (—2,2) N X.

6.4.3. Absolutely continuity of the spectrum of H in (—2,2) N X. Let us now prove that the

[e]
spectral measure of H® in (—2,2) N X is purely absolutely continuous. Therefore, it suffices (see,

e.g., [10, section 2.5] and [38, Theorem 11.6]) to prove that, for all E € (—2,2) N X, one has
limsup | (8o, (H® — E —ie) ' 80)| + [(0-1, (HF — E —ie)'6_1)| < +oo.
e—07t

Using (6.46), (6.47) and (6.48), for Im E # 0, we compute

N (01|(Hy _y — E)"o_1)
(6.51) <(5—1; (Hw - E) 15_1> - 1— <50‘(—A3_ _ E)_1|(50> . (5_1|(H;7_1 _ E)_1’5_1>’
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forn>1,m <0,

—~(0-nl(H, _; = E)7'6-1) (00| (=Ag — E)"'[6m)

oo —1 _
(6.52) (0n, (HY —E) "0m) 1_ <50’(_A8- — E)~1[8) - <5_1‘(H‘;_1 —E)-16_,)
and
(6.53) (80, (H — E)"L50) = (00| (=Ag = E)~'|do)

1= (dol(=Ag — E)~Hdo) - (01| (Hy _y — E)~Ho-1)

o
Thus, to prove the absolute continuity of the spectral measure of H® in (—2,2) N Y, it suffices to

prove that, for £ € (—=2,2) N %, one has

1
lim sup — ; .
0+ (‘ ((0-1|(Hy—y — B —ie)70-1)) 7! = (dol(=A§ — E —ie)~*|o)

1
({0l (=Ag — E —ie)~H00)) ™ — (01 [(H, _y — E — ig)"}]o_1)

+

) < 00.
This is the case as
e the signs of the imaginary parts of —((6_1|(H, _, — E—ie)~'[6_1))"" and (do|(—AF — E —
ie) Y 6o) are the same (negative if Im E < 0 and positive if Im E > 0),
o for E € (—2,2), (§|(—AF — E —ie)~!{dp) has a finite limit when e — 07T,
e forE € (—2,2), the imaginary part of (Jp|(—Af — E —ig)~*|dp) does not vanish in the limit
e— 0T,
So, we have proved the part of Theorem 1.13 concerning the absence of analytic continuation of

the resolvent of H3® through (—2,2) N ¥ and the nature of its spectrum in this set.

6.4.4. The spectrum of HZ® is pure point in ¥\ [—2,2]. Let us now prove the last part of The-
orem 1.13. The proof relies again on (6.48). We pick § € (0,/2) where « is determined by
Theorem 6.1 for H, _;. Then, for n > 1 and m < 0, using the Cauchy-Schwartz inequality, for
ImFE #0, we compulce

(654) E ([{5-n (H ~ E)_15m>|ﬂ)2

< (0l(- = ) o) 5 (|-l - By 6]

28
1
B + 1 - 1
1 —(do|(=Ag — E)~do) - (0-1|(H,, 1 — E)~1|6-1)
For J C (—2,2)\ ¥ a compact interval, we know that, for n > 1 and m <0,

e sup [(Jo|(=Af — E)Hom)| < e ™ by the Combes-Thomas estimates;

Tm E#£0

28

e sup E <‘<5_n\(H;1 - E)71|6_1)‘ ) < e8P by the characterization (6.1) of localiza-

Im E#0 ’

tion in ¥ for H;_l.
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It suffices now to estimate the last term in (6.54) using a standard decomposition of rank one
perturbations (see, e.g., [38, 2]), one writes

1 . w_1 — b
L= (dol(—=Ag = E)~Ydo) - (01 [(H, 4 — B)Mo1)  w-1-a

where a and b only depend on (w_y,),>2. Thus, as (w_p)n>1 have a bounded density, for Im E' # 0,

one has
2,8)

Thus, we have proved that, for J C ¥\ [—2, 2] a compact interval, for 5 € (0, «/2) and some p > 0,
for n > 1 and m < 0, one has
sup E (’(5_11, (HS — E)_lém)‘ﬁ> < CgePlm=m),

Im E+#0
Re Eel

28
1

1= (dol(=Ag — E)~1do) - (6-1|(Hg, g — E)~H0-1)

w_1—a

w_1— b
< E(‘U—n)n22EW71 <‘

< Cp < +0o0.

In the same way, using (6.51) and (6.53), one proves that

sup E <‘<50; (HX — E)7150>}B + ’<5—17 (H — E)il‘s—l”ﬁ) <+

Thus, we have proved that, for some p > 0, one has

sup sup E Z ePm=n) |6, (HY — E)*lémﬂ’g < +o0.
Im EAOmEZ  \ » =y,
Re Eel

Hence, we know that the spectrum of H® in ¥\ [—2,2] (as J can be taken arbitrary contained in
this set) is pure point associated to exponentially decaying eigenfunctions (see, e.g., [2, 1, 3]). This
completes the proof of Theorem 1.13.

7. APPENDIX

In this section we study the eigenvalues and eigenvectors of Hy, (see Remark 1.4) near an energy
E’ that is an eigenvalue of both Har and H, (see the ends of sections 4.1.3 and 4.1.4). We keep
the notations of sections 4.1.3 and 4.1.4.

Let ¢t € (*(N) (resp. ¢~ € (*(Z_)) be normalized eigenvectors of Hy (resp. H, ) associated to
E_. Thus, by (4.28) and (4.32), we can pick, for n >0 and [ € {0,--- ,p — 1},

(7.1) e o1 = cal( BN (E) and ¢, = ¢ bi(E)p" ().

Assume L = Np + k and, for [ € {0,---, L}, define =% € £2([0, L]) by
cp;r’L = g0l+, <,0J_r’1L = cpJerl = cpfl =0 and
(7.2) L B _L L B
o =L, P = e = =0
Thus, one has
Hyptt =FEott 4o 60, Hpp P =Ee=r+o7, 6

and  (p"F 07" = O(NpN(E)).
Recall that ax(E’) # 0 # bp(E’) (see sections 4.1.3 and 4.1.4); thus, by (7.1), one has

(7.4) 0”1l = (BN = lof -

(7.3)
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Moreover, as Hj converges to HJ in strong resolvent sense, for ¢ > 0 sufficiently small, for L
sufficiently large, Hy, has no spectrum in the compact E’ + [—2¢,¢/2] U [¢/2,2¢]. Let Iy, be the

spectral projector onto the interval [¢/2,¢/2] that is I}, := (Hp — 2z)"'dz. By (7.3),

% |z—FE'|=¢
one computes
+
(1 — HL)QO+’L = (pL,+1 / (E/ — Z)_I(HL — Z)_l(;odz
2 |z—E'|=¢
Thus, one gets
(7.5) 11 = T)e™ [+ (1= T ) S [p(B)Y.
Define ) L
~+ L +,L ~—,L __ —,L
X = =gl and X = ool
[TILptt]| [Tt

The Gram matrix of (Y%, Y %) then reads Id+O(Np™ (E)). Orthonormalizing (Y™, ¥ %) into
(xT*,x~*) and, computing the matrix elements of I (Hy — E’) in this basis, we obtain

+ +,L + +,L
010,977 @i (00, ™ >>+O N22N(E)) = a oN(E <0 1) L O(N22N(E
<¢‘L1<5L,¢>’L> @180, %) (N"p(E) =ap™(E) (1 (NZp™(E))

Thus, we obtain that the eigenvalues of Hy, near E’ are given by E’ +ap™ (E) +O(N?p*N(E)) and
the eigenvectors by %(gp*L + o) + O(p™V(E)). In particular, their components at 0 and L are
asymptotic to non vanishing constants.
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