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1 Introduction

This article has two sources of motivations :

On one hand, Teissier’s approach to resolution of singularities, which roughly
speaking consists in re-embedding the variety, in such a way that in the new
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coordinates, the variety is non-degenerate with respect to its Newton polyhe-
dron in the sense of Khovansky-Kouchnirenko, so that it can be desingularized
by one toric morphism. In particular in [GT], the authors, by considering the
specialization of a plane branch C' to the monomial curve whose semigroup is
the one of C, gave such a desingularization for plane branches.

On the other hand, Nash’s approach to detect the intrinsic data in various
abstract resolution of singularities of a variety, from its arc space. While the
arc space contains information about abstract resolution of singularities, jet
schemes, as pointed out in [ELM], encode information about embedded reso-
lution of singularities (See also [dFEI]).

In the case of a plane branch C' C C?, we will mix the two points of view as
follows: First we will use some information about irreducible components of the
jet schemes in order to detect interesting divisors that appear on the minimal
embedded resolution of C, namely the root divisor, the end divisors and the
star divisors (see definition 25). Then we will associate with these irreducible
components a combinatorial data, that we will exploit to give an embedded
resolution of the branch C' C C9t!. This last resolution is special between
those given in [GT], in the sense that its restriction to the strict transform of
the plane C? is the minimal embedded resolution of C' C C2. This also gives a
jet-theoretical interpretation of the notion of maximal contact in [L].

2 Jet schemes and dual graph of a plane branch

We begin by recalling the definitions of jet scheme and by giving some nota-
tions.

Let K be an algebraically closed field. Let X be a K-scheme and let m € N.
The functor F), : K — Schemes — Sets which to an affine scheme defined by
a K—algebra A associates

Fy(Spec(A)) = Homg (SpecAlt]/(t™ 1), X)

is representable by a K—scheme X,,, [V]; X, is called the m—th jet scheme
of X, and F,, is isomorphic to its functor of points. In particular the closed
points of X, are in bijection with the K[t]/(¢™!) points of X.

For m,p € N,m > p, the truncation homomorphism A[t]/(t™T1) — A[t]/(tPT1)
induces a canonical projection m,, , : X, — X,. These morphisms clearly
verify T, p © Tqm = Tq,p for p < m < g. This yields an inverse system whose
limit X, is a K—scheme called the arc space of X. Note that Xg = X. We
denote the canonical projections X,, — X by m, and X, — X, by ¥,,.

Example 1 The m-th jet scheme of the affine space A} = Spec K[z, . .. 2p_1]
is (AR)m = Spec K[z©, .- z(™] where, for j > 0, 29) = (2§, 2 )

n—1

is an n-uplet of indeterminates. Hence, (AR)., is isomorphic to A]%mﬂ)" and
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the projection Tp m—1 : (AR)m —> (AR)m—1 is the map that forgets the last n
coordinates.

For f € K[zo,...,x,], andj >0, let FO) (2O ... 20)) ¢ K[z(®), ... ()]
be defined by the Taylor expansion as follows:

f(Zg(j)tj) = Z:F(J‘)@(O)7 oz
J j=0
Now, let X = Spec % be an affine K—scheme. Then
K[Q(O)’ . &(m)]

Jask ){::i); ’7 Tm

X,, = Spec

Indeed, for a K-algebra A, to give an A-point of X,, is equivalent to give a
K-algebra homomorphism

. K[l‘(h e ,.’L'n]
(fla e 7fT‘)
The map ¢ is completely determined by the image of x;,i =0,--- ,n, that is

— A[t]/ (™).

2 — o(ag) = x4 xWDe 44 xMemoe Al

such that fi(¢(xo),...,p(xn)) € ™), 1 = 1,...,7. This is equivalent to
determine x\9) = (Xé]), e ,xgﬁl) € A", j =0,...,m, which satisfy

FDxO . x0y =0

wherel=1,--- ,r and j =0,--- ,m.

From now on, in this section, K is an algebraically closed field of characteristic
0. Let f be a nonzero polynomial of K[zg, 21] and assume that f(0,0) = 0 and
that f is irreducible in K][xo, 21]], i.e. the curve defined by f has one branch
at O = (0,0). We denote by C' this branch. By possibly a change of variables,
we may assume that x¢o = 0 is transversal to C, and that x; = 0 has the
maximal contact with C' in the sense of [L]. By the Newton-Puiseux theorem,
there exists a parametrization of C of the form

zo(t) =t
xl(t) = Z aiti
i>fo

where ged(Bo,{¢ / a; # 0}) = 1. Let $1,---, 84 be the sequence of Puiseux
exponents of C, that is, the §;’s are defined recursively by

Bi = min{i,a; # 0, ged(Bo,- -+, Bi—1) is not a divisor of i}.
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Let eg = By and e; = ged(e;—1,5:),i > 1. The sequence of positive integers
eg > e > .-+ > e > --- is strictly decreasing, and there exists g € N,
such that e, = 1. We set n; := e‘ L i=1,---,g and by convention, we set
Bg+1 = +o0 and ng4q1 = 1.

On the other hand, let vo be the divisorial valuation defined by C, that is

for h € K[[zo, 21]], vo(h) is the intersection number

. Kllzg,x
(£, 1o = dimie 201 o, g (8), 21 (1),
(f.h)
Let I'(C) be the semigroup of vc i.e I'(C) = {(f,h)o € N,h # 0 mod(f)}.
Then, the minimal system of generators of I'(C) is Bo,- -+ , By where the B;’s

are determined by ﬂO - 607 51 - ﬁl and Bz = Ni— 151 1+ ﬂz 5171 for
1 <1 < g. Note that

e; = ged(Bo, -+, Bi), 0<i<g,

and that, for 1 < i < g, there exists a unique system of nonnegative integers
bij, 0 < j <isuch that b;; <nj for 1 <j <iand

n;B; = Z bijB3; 1<i<g.

0<j<i

Let {xo,%1,22,...,2g+1} be a minimal generating sequence for the diviso-
rial valuation vc. In fact, one can choose x441 = f and z;, 2 < 7 < g, such
that they satisfy identities of the form

— T b; (i-1) _ ) ; .
Tip1 =T — g’ @”1 E CinTy rxl, 1<i<g (%)

n=(n0,"+ ,M:)

with, 0 <n; <ny, for 1 <j <4, and Zjn]ﬂ_j > nlﬂ_l and with ¢; ,,¢; € K and
¢i # 0. These last equations (x) let us realize C' as a complete intersection in
K9+2 = Spec K [[Xo, - , Xy, Xg+1]] defined by the equations X, 1 = 0 and

fim Xipn— (X —aXp XG0 = 3, X XD
n=(no,+- ;M)
for1<i<gy.
In [Mol], we have described the irreducible components of C9, := m,.1(0),

(recall that 7, : C,,, — C' is the canonical morphism) as follows: For e € N,
set

Cont®(zo)m (resp. Cont™(xg)m) = {7y € Cm, | ordyzgoy =€ (resp. >e)}.
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Theorem 21 ([Mol], cor. 4.4 and th. 4.9) Let C be a plane branch with g
Puiseuz exponents. Let m € N. For 1 < m < ny 1 + e1, C9 = Cont”%(z¢)m
is irreducible. For qnifB1 +e1 < m < (¢ + 1)nyfy + e, with ¢ > 1 in N, the
irreducible components of C°, are:

(i) the infinite components:
Cons = ContrPo (£0)m for1 <k and kByB1 +e1 < m,

(i) the vanishing components:

xB0

ci = Cont™ " (xq)y, forj=2,---,9, 1 <k and k # 0 mod N,

merv
KNy - ~-nj_1,§1 +e1<m< Hﬂ_j
and

(i1i) the big component:
By, = Cont™™%(x0) .

Moreover, the restrictions of the morphisms 7,41, define projective sys-
tems of three types: the first type

.= Bpy1 =By == By
the second
el C(erl)nI = Coper — -+ — C(Kgoﬁl-&-el)mf — Bnﬁoﬁﬁel—l L= BK/EOBl
and the third, for 2 < j < g and k # 0 mod(n;),

C Y — B

(nn1~~~nj_1[§1+el)ﬁq)

c? — Y

(ng—l)/{v (“Bj—Z)KU“ kni-nj_1PBit+er—1-° "

- Bﬁnl"'nj—lgl :

To the irreducible component appearing in the second and the third type of
projective systems, we associate the invariant x that we will call index of spe-
ciality. The components appearing at the left hand side of the finite projective
systems of the third type, will be called the end components. Later, we will be
interested in the end components of index of speciality equal to 1, these are

C’(jﬁ e j =2,...,9. Note that for m < nif; + ey, CY is irreducible, in
-

particular C% L s irreducible and we call it the first end component. Let

1
mo := min{m € N;m > 1 | codim(C%, 1, (A%)m+1) > codim(CY,, (AZ)m)}.

It follows from proposition 4.1 in [Mol], that mg = By — 1. We have that C%

is irreducible, and we call it the root component.

o—1
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Given m > 1 and an irreducible component H,, of CY,, given h € O¢ we
set
ordy H,, = ordtfyﬁ(h)

where v : Spec x(H,,)[[t]/(t)™*! — C is the generic point of H,, and ~* is
its induced morphism of rings v* : Oc — k(H,,)[[t]]/(t)™ .
Fori=1,...,9, let

v (Hyp,) i= (ordg, (Hp), ordy, (Hp,), . . ., ordy, (Hy,)) € NTY
and let p; € NU oo be defined as follows :
wi :=min{m > 1| there exists a pair of irreducible components(H,,, Hy,+1)
verifying: i) Tp41,m(Hm+1) C Hp,
i) codim(H,y,, (AZ),) < codim(H,, 41, (AZ),m11)
iii) v (Hp) = v'(Hpmy1) )

Proposition-definition 22 (1) Fori=1,...,g, we have that yu; = n;3; — 1.

(2) The pair (H,,, H,,+1) with the above property is unique, and we have that
H,, =C). - ~

H,, = Cy,i1 (resp. 032_11;) for_g =2 (resp. g >2) and P2—ny1f1 # eo,

otherwise if g > 2 and B2 —n1B1 = ez then H,, = B,,,.

H, = C;jllv (resp. H,, = Cua1) for 3<i<g—1 (resp.3<i=g).

We call the components H,,, the rupture components.

(3) Fori= 1,...,g, ’Ui(HMi) = e%(BO”Bl)

Proof: For i = 1 the proof is a direct consequence of proposition 4.1 of
[Mol]. We now prove the case 2 < 4 < g — 1, the case i = g goes along the
same lines (The only difference lies in the notation). For ¢ > 2, it follows from
the conditions 4, and ¢ on the pair (H,,, Hy,+1) that H,,4+1 and H,, both
belong to one of the projective systems of the second or the third type. Indeed,
if H,,+1 belongs to

B(k+1)n131*1 - Bkn151+61’ keN

we have by corollary 4.2 in [Mol] that when the codimension changes v'
changes, and always by the same corollary UQ(B(k-s-l)mﬂ'l—l) * UQ(B(k+1),ngl ).

It follows from the definition of the components H,, appearing in a projec-
tive system of the second (resp. third) type, from condition i and corollary
4.2 in [Mol] that ord,,(H,,) = kn1 = kny...ng(resp. kny...nj_1.) There
also exists [ > 2 such that xn;_q - ~nj_1/§l_1 <m+1< kn- "”j—lBl- If
moreover we have m + 1 < n;f3;, then [ < i and by combining proposition 4.5,
proposition 4.7 (see also the formula which appears after proposition 4.7) and
again corollary 4.2 in loc. cit., we observe that codim(H,,1+1) > codim(H,,)
implies that ord,, (Hp41) > ordy, (Hy,).
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Since by proposition 4.7 in loc. cit. we have that

. i+1 2 . i+1 2
Codlm(CZ;B—i_l)lv, (Ag)m) < COdlm(CZ;Bi)lv’ (AR)m+1),
it remains to prove Ui(C(i:,-,IB,-,—l)lv) = vi(CZ;%i)lv) = e%-(BOv ..., ;). By apply-
ing lemma 4.6 in loc. cit. for j = 1,7+ 1 we have that
ordy, (C+Y ) = ordg, (C;HL | ) = bo
o (nlﬁlfl)lv - o (nlﬁi)lv - ei ’

. 1 : 1 3 .
Ordm(CZ:iBi—l)lv) = ?rdwl(Cziﬂ—i)M) = %, z}nd for 2 <1 < ¢, we have that
ord,, (Cé:;lgi_l)lv) > %, Ordwz(c(l::gi)m) > ? Moreover, by the lemma loc.
cit. we have that the generic point of C(z:‘lﬁ'—l)lv satisfies the equations

(fil)"l fi())b“) (gl;l)bz(zq)
" —qry” oz 7 , 1=2,...,i—1.
The generic point of C(ZIIIB;)M satisfies beside the above equations, the following
(%)ni (%)bio (Blczl)bim:—l)
x; — g T
, Loy )
Since at the generic point of C(Z;;lﬁi)lv’ we have that z,“" and z;“ " are both

different from zero, it follows by induction on [, using the above equations
, By

that, at the generic point of C’(l;:lg‘)lv, xl( «) #0forl=2,...,i. Whence the

proposition.

Corollary 23 Fori=1,...,g we have that vI(H

_ 15,
pi) = < 0; where

51‘ = (BO’ . ,Bi,niﬁi, RN (TN ng_lﬁi) e Zgz—gl (**)

Proof: The case i = g is proved in proposition-definition 2.2 (3). Let us con-
sider the case i = 1,...,9 — 1.. By applying proposition 4.5 in loc. cit. with
i replaced successively by i 4+ 1,...,9g — 1 and j by ¢ + 1, we deduce that for
l=i+1,...,g9, ord, (H,,) > e%nz ...ny_1/3;, the equality follows because the
codimension grows.

The vectors ; and the cones 0y ;,7 = 1,...,9; j = 1,2 that we will in-
troduce in the following remark, will be of particular importance in the next
section.

Remark 24 Let g; € N9 be the vector whose i —th component is 1, and its
other components are 0. Let 6y be defined as in (xx) where we set ng := 0, i.e.
do = (8y,0,...,0). For 0 <i < g, we define the cones 0,1 :=< d;—1,0; > and
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052 =< 5i,6i > 1<31<g.
We consider the irreducible components H,, in the following inverse systems

B(k+1)"1,3_1—1 = Bk”lgﬁ-el’ keN

and which are at the end position or verify codim(H,+1) > codim(H,,), where
H,, 11 is the consecutive element in the inverse system. We have that the
vectors v9 of such irreducible components belong to 01,1Uc2 2. Fori=2,...,g,
we consider the irreducible components H,, in the following inverse systems

Co—ie %G -n10 " — Cln i Fio
it1 i+l o i+l
(nif;—11v — C(”igi*Q)h) O(niniflﬁi—l)lv

(resp- Cinyg,-1)11 = Clngf—211 = Clnyn, 1By -211 F1=9)

and which are at the end position or verify codim(H 1) > codim(H,,), where
H,,11 is the consecutive element in the inverse system. By reasoning as in
the above proposition, we can prove that the vectors v9 of such irreducible
components belong to 0;1 U 0; 2.

We now will associate with a rupture component a divisorial valuation
over AZ. Let m: X — AZ be the minimal embedded resolution of C' C AZ,
which is a composition of a finite number ¢ of point blowing ups. Since C' is
an hypersurface in Af@ 7 is a log resolution. Let E;, 1 < ¢ < ¢, be the strict
transform on X of the exceptional locus of the i-th point blowing up. The
curves {E;}i_; will be called ezceptional divisors and the exceptional divisor
E4, which is defined by the first blowing up, will be called root divisor. Let
E= 22:1 r; F; be defined by

t
[Ox =0x(=)_rE).
i=1

Form € N, let ¥¢, : A2 — A2 be the canonical morphism, here the exponent
a stands for ambient. For p € N, we now consider the following cylinder in the
arc space

Cont?(f) = {y € Al ;ord,f oy = p}.
Note that this notation is different from the notation ”Cont” that we have
introduced before, here we are considering arcs in the ambient space. From
example 1, we know that ¢% is a trivial fibration, therefore for a rupture
component H,,,, we have that

e “H(Hy,) N ConttT(f)

is an irreducible component of Cont*i*t1(f). Note the fact that by defini-
tion of rupture components the codimension of H,,.; jumps, implies that
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vy, “Y(H,,,) N Conttit(f) # 0. We associate with H,,, a discrete valuation

v, as follows: let v be the generic point of 5, ( ) N ContHiT1(f), then
for every h € K[zo, 1], we set

vh,, (h) = ordiho.

It follows from corollary 2.6 in [ELM], that vy, is a divisorial valuation (see

also [R], prop. 3.7 (vii) applied to 7, ~(H,,) ). In the same manner, we as-
sociate with the end components a lelsorlal valuation.

Let us consider the dual graph associated with the configuration of the
exceptional divisors.

Definition 25 A star divisor is either an exceptional divisor whose corre-
sponding vertex on the dual graph has valence equal to 3 or the exceptional
divisor which intersects the strict transform of the branch. An end divisor is
an exceptional divisor whose corresponding vertex has valence equal to 1, and
which is not the root divisor (see figures 3 and 2).

Then we can state the following theorem :

Theorem 26 1. The divisorial valuations associated with the rupture com-
ponents are the valuations defined by the star divisors.

2. The end components of index of speciality one correspond to the end divi-
sors and the root component corresponds to the root divisor.

Proof: We prove the first assertion, the second one follows in the same way.
Let E;;,j = 1,...,g be a star divisor locally defined by g;, = 0, we consider
the set

Cont'(E;;) = {7y € Xoo;ordsg;; oy = 1}.

Let oo @ Xoo — A2 be the canonical morphism induced by 7. Then by
corollary 2.6 of [ELM], we need to prove that mo(Cont'(E;,)) is dense in

wgﬂ__lfl(H,“) NCont™i (f). First, by [C],]G], [L] we know that a projection
V)

of a curvette i.e. an element in Contl(Eij) has intersection multiplicity whith
C which is equal to n;3; and intersection multiplicity with z¢ which is equal
to ny - - - nj, therefore we have the inclusion

ﬂoo(Cont ( )) - d}n]ﬁ]fl ( M) mcontnjaj (f)

On the other hand, knowing the numerical data of the minimal embedded res-
olution of the branch (see e.g. [C],[G]), we apply theorem 2.1 of [ELM] to find
the codimension of . (Cont' (E;,)) C ¢® -1 ~Y(H,,) in A2, (codimension in
the sense of [ELM],) and which is equal by proposition 4.7 of [Mo1] to the codi-
mension of wzjﬁj_171(Hui) N Cont™Pi(f) in A2, . Since they are irreducible,
we conclude that their closures are equal, and therefore they define the same
valuation, hence the theorem.
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38 = 31:1;?1 + ey

29:11152, 1

26 = 2?1131 + e

15 = 3,

4 =01 +e

Figure 1

Figure 2
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We get a tree T o by representing each irreducible component of C9,, m >
1, by a vertex v;m,1l < i < N(m), and by joining the vertices v;, m4+1 and
Vig,m if Tm+1,m induces one of the maps appearing in the three type of the
projective systems between the corresponding irreducible components.
We represent in ﬁgure 1 below the tree for the branch defined by f(z,y) =
(y? — 23)? — 425y — 2° = 0, whose semigroup is < By = 4,51 = 6, B = 15) >,
and for which we have ey = 2, ex =1 and ny = ny = 2.

We represent in figure 2 the dual graph of the same branch.

The theorem 26 determines a corrspondance between on one side, the irre-
ducible components denoted in figure 1 by 1,2,3 (the root component and the
end components) and those denoted by a,b (rupture components), and on the
other side the vertices on the dual graph which are denoted in figure 2, by the
same numbers (resp. letters).

3 Minimal desingularization

Recall that f € Klzo,z1] is a nonzero polynomial such that f(0,0) = 0
and f is irreducible in K[[xg,z1]], and C is the plane branch defined by f
at O = (0,0). Recall also that zo,z1,22,...,2441 = f is a minimal sys-
tem of generators for vc. We consider the embedding of the formal neigh-
borhood Xy, = Spec K|[[zg,z1]] of O in K? into the formal neighborhood
Z, = Spec k[[Xo, ..., X,]] of O in Zy = K9t given by sending X; to z;.
Let CT C 2/35 be the monomial curve parametrized by X; = t%:.

Recall from corollary 23 that & := (Bg,..., BBy sni...ng_15;) €
Zg;)l, 0 < ¢ < g, and that we consider the cones o;; :=< §;-1,d; > and
0i2 =< €;,0; > for 1 < i < g, where ¢; is the unit vector on the X;-axis.
Let X'zr be the Newton fan of the g functions defining /'/V\O in 20 and let Zyx,,
be the toric variety defined by Y. Then the cones o € Xz whose orbit O,
in Zy,, intersect the strict transform X;N of XO in Zx,, are {0;;}1<i<g,j=1,2
and their faces, and X v, has 2g toric singularities which are its intersection
points with the orbits O,,,, 1 <i < g, j = 1,2 (see [LR], prop. 1.3). Next we
will show a canonical way to obtain a regular subdivision YX¢ of X'ss inducing
the minimal regular subdivision in each o;;. In particular, we will have that
R>(dy is a cone in Y. The reason why we are interested in such a subdivision
is the following:

Lemma 31 Let X be a regular subdivision of A := ngl, Z5; the toric variety

defined by X, and ?/C'\g the strict transform of XO by the equivariant morphism
s Zx — Zy. The following conditions are equivalent:

(i) R>004 is a cone ofE
(i) the map Xs — Xy is an embedded desingularization of C.
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Besides, if the above conditions hold then 7y desingularizes the monomial
curve O,

Proof: Let 0 =< ag, ...,a, >€ X where a; = (ag, .-, ag;) and let V,, be the
affine toric variety defined by o. Since o is a regular cone, the map

Vy = Spec kU, ..., Uyl = 2

is given by X; = U§®...Us*", 0 < i < g, and the orbit O, of R>pq; is defined
inV, by Uy =0, Uj # 0, j # i Let {X;(t)}o<i<g be a parametrization of
C'. If the strict transform C' (resp. (CT)) of C (resp. C') in Zx intersects
V, and is given by {U;(t)}_,, then d, = (ord; Xi(t))o<i<y = (ord; t%1)o<i<y
is a combination of the a;’s with coefficients A\; = ord; U;(t) € Z>q, thus it
belongs to o, and besides, U;(t) = t*w;(t) where {w;(t)}?_, are the unique
solutions in (k[[t]*)9+! of the system wq(t)0i...w, ()% = X;(t)/tPi € k[[t]*
(resp. w;(t) =1, 0 <i<g).

If R>d, € X' then we may assume A\g = 1, \; = 0 for ¢ # 0 and hence both
C” and (C!')" are smooth and C” intersects Qs, N Xy transversally and does
not intersect O, for 7 € X, 7 # R>0d,. This proves (i) = (i1) and also the last
statement in the lemma. For (i7) = (i), if R>00, ¢ X, then we may assume
Ao, A1 > 0 and hence Oy N Oy NC" # 0, i.e. Xs — Ap is not an embedded
desingularization.

Let N,,, be the lattice obtained intersecting 7971 with the real space
spanned by o;;, and let 7;, A; and p; be the primitive vectors on the half
lines through &;_1, 0; — d;—1 and §; — (B; — n—15,_1) &; respectively. Then
{7, \i} (vesp. {pi,€;}) is a Z-basis of N,, , (resp. Ny, ,) and we have ¢;; =<
Vi €im1Vi+(Bi—ni—1B;_1) Ai >and o0 = < ej_1pi+(B;—ni—18,_1) €, € >
Thus, if we set _ gz _ =
(Gi_l, Bz — ni_lﬁi_l) S Z2207 and 51'71 =< (1,0),51 >, &i72 =< 52,(0,1) >
are the two-dimensional cones in the subdivision of ]R>0 by R>ng, then the
pair (o; 5, Ny, ;) is isomorphic to (o, ]7Z2) for 1 <i<g,j=1,2. From this it
follows that, 1f Oi; := 04, ; N X;N and OZ j is the unique closed orbit in the
toric surface Z, ., then the germs (XEN, 0;,j) and (Z5, ;, O”) are analytically
isomorphic.

Therefore, for any regular subdivision X of A inducing the minimal regular
subdivision on each ¢;;, the dual graph G of the morphism X5, — A} is



Jet schemes and minimal embedded desingularization of plane branches 13

Figure 3

where if we denote by ©; the minimal regular subdivision of R2 by RZOS;H
then G; is obtained from Proj ©; by erasing its ends Proj (R>(1,0)) and
Proj (R>0(0,1)), and the star w; is Proj (R>q 6:). But from lemma 3.1 and
prop. 1.3 in [LR] it follows that G is the dual graph of the minimal embed-
ded desingularization of C' in )/(\0. Thus the equivariant morphism Zyx, — Zj
induces on & the minimal embedded desingularization of C.

The isomorphism between (0; j, Ny, ;) and (7,5, Z?) allows us to describe
the minimal system of generators G, ; of o;; from the minimal system of

generators of ¢; ;. In fact, given n > 1 and independent variables uq,. .., un,
we define a sequence of polynomials {Ps(uy,...,us)}0—, Ps € N[ug,...,u,
by Py =1 and

Py(uq,...,us) =us Ps_1(ua,...,us) + Ps_o(us, ..., us)

where we set P_; = 0. Note that Ps(uy,...,us) / Ps—1(ua,...,us) = [u1,...,us
where

1
[wgy ... us] == uy + .
Uz +
2 . 1

Ua - —————
T
o

Us

is the continued fraction expansion. Now let [agi), . ,ag?] be the expression of

(B; —mi—1B;_1) / ei—1 as continued fraction (this notation does not coincide

with the one in [Sp]). We define 2 := {(i,s,a) /1 <i<g, 1 <s<s;, 1<

a<al’}U{(,0,0),(i,1,0) / 1 <i < g} and, for (i,s,a) € £2, we set
P(i,s,a) := S(agi), al? a) P(i,s,a) == Ps_l(aéi), al? a)

» Ps—19 » Ps—10

and .
. | P(i,s,a) vi+ P(i,s,a) A if s odd
(i.5,0) P(i,s,a) p; + P(i,s,a) & if s even

(note that v(; 0,0y = €, v(;,1,0) = 7 and v by = ~i+1). Then we have

i si al®)
(4,84 yAsy

GU@J = {U(i,s7a) / (i,s,a) € Q: s odd } U {7i+1}
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Go,n = {V(is,0) / (iy8,a) € £2, s even} U {yiy1}.

Let us describe some properties of the vectors {v,}ac. Let us consider
the lexicographic order in (2. For « = (4,s,a) € 2, a # (4,0,0), (¢,1,0), there
exists a unique element in {2 strictly smaller than « of the type (i, s’,a’) with
s" odd (resp. even) and maximal with this property, let us denote it by «,
(resp. a.). Note that the unique element o — 1 of §2 strictly smaller than «
and maximal with this property is one of «,, a,. With this notation we have:

Lemma 32 i) Let a = (i,s,a) € £2, a # (i,0,0), (i,1,0). Then v, belongs to
the interior of the cone < va,,Va,,Eitl,---,Eg >.

it) Given a, o € 2, vo = Vo iff = &' or else there exists i, 1 <i < g—1,
such that {a, o’} = {(i,si,agi)), (t+1,1,0)}.

i) If a, # (i,0,0),(:,1,0) for 1 < i < g, then vy, < vy (where we
consider the usual order in RITL) iff a < o'.

Proof: 1t follows from explicit calculus.

3.3. Given a regular fan X, in the lattice Zg;gl and a primitive vector

d€ Zg;gl in the support of Xy, let us show a canonical algorithm to obtain a
regular subdivision X of X which contains R>d:

If R>¢0d is a cone in X, we set X' = X and finish. If it is not, then there
exists a unique cone gy in Xy such that § belongs to the interior oj of oy.
The cone oy is regular, i.e. its extremal vectors {ay,...,a, } form part of a
basis of the lattice. Let wy = ZO§k§r0 a;, and let us consider the minimal
subdivision X of Xy containing R>gw;. The fan X is regular. If w; = § then
21 contains R>¢d. In this case, we set X = ¥ and we stop the algorithm. In
the other case, w1 < § (where we consider the usual order in R9™1), and the
unique cone o in X such that § € o7 has w; as extremal vector. We repeat
the procedure and obtain wy such that wy; < ws < § and a regular fan X
which is the minimal subdivision of X containing Rx>ow2. We go on in this
way.

The preceding process stops after a finite number of steps since, if w; € Zi‘gl
is the vector appearing in the i-th step, then w; < ... < w;_; < w; < 6. It de-
termines a canonical way of obtaining a regular subdivision of Xy containinig

Rs0.

3.4. Let us now describe the algorithm to obtain Y¢: First note that A
contains the half-lines defined by v(1 1,0y = €0, v(i,0,0) = €i, 1 <7 < g. Let us
consider v(y 1,1y, which belongs to Supp A, then we can apply the algorithm in
3.3 and obtain a regular subdivision X ; 1) of A which contains R>ov(1,1,1)-
Now, let a = (i,s,a) € £2, a # (¢,0,0), (4,1,0), and suppose we have obtained
a regular subdivision X,_; of A containing {R>ove / @’ < a —1}. In order
to define X, we observe that the primitive vector v, belongs to Supp X, _1,
in fact it belongs to the interior of < vag,va.;€i41,--.,€9 >. We apply the
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algorithm 3.3 and obtain a regular subdivision X, of X, _; which contains
{R>ovo / & < a}. We continue this process until we obtain regular fans X,
for all « € 2, a # (i,0,0), (,1,0). We define Y'¢ to be X

(9,5¢,a82))"

Theorem 33 The equivariant morphism Zx. — Zy desingularizes both curves

C and CT and besides it induces on Xy the minimal embedded desingulariza-
tion of C.

Proof: 1t is clear that Y¢ contains all half-lines R>v, for o € §2, i.e. all
half-lines defined by the vectors in the minimal regular subdivision of each
0;j. In order to prove the theorem it suffices to show that these are the unique
1-dimensional cones of Yz whose support is in some o;;. In fact, when we
determine X, from X, _; applying 3.3, the new half-lines that appear are

defined by a finite number of vectors w,; € Zg;)l which are smaller or equal
than v, and contained in the interior of < v, ,va,,€i+1,-..,€4 >. Since, for

o' < a, vy does not belong to the interior of that cone, from lemma 3.1 i),
1i1) it follows that the unique vector w, appearing which is contained in some
Oij is Vo -
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