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Polynomial invariants of finite linear groups

Let K be a characteristic zero field and let V' be an r—dimensional
K—vector space. Let S be the symmetric algebra of V.
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Polynomial invariants of finite linear groups

Let K be a characteristic zero field and let V' be an r—dimensional
K—vector space. Let S be the symmetric algebra of V. Each choice
of a basis (vi, v2,...,Vv,) of V determines an identification of S with

a polynomial algebra

S~ K[vi,va,...,v].
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Polynomial invariants of finite linear groups

Let K be a characteristic zero field and let V' be an r—dimensional
K—vector space. Let S be the symmetric algebra of V. Each choice
of a basis (vi, v2,...,Vv,) of V determines an identification of S with
a polynomial algebra

S~ K[vi,va,...,v].

Let G be a finite subgroup of GL(V). The group G acts on the
algebra S, and we let R := S¢ denote the subalgebra of G-fixed
polynomials.
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In general R is NOT a polynomial algebra,
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In general R is NOT a polynomial algebra, but there exists a graded
polynomial algebra

P:= Klui,u2,...,u] with degu; =d|
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In general R is NOT a polynomial algebra, but there exists a graded
polynomial algebra

P:= Klui,u2,...,u] with degu; =d|

such that
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In general R is NOT a polynomial algebra, but there exists a graded
polynomial algebra

P:= Klui,u2,...,u] with degu; =d|
such that

S=K[vi,va,...,v]

R=S¢
Arankm

P = Klui,ua,...,ur]

free of rank m|G|
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In general R is NOT a polynomial algebra, but there exists a graded
polynomial algebra

P:= Klui,u2,...,u] with degu; =d|
such that

S=Klv,va,...,v]

not free unless...

free of rank m|G| R = SG ~ not a polynomial algebra unless...

free of rank m

P = Klui,ua,...,ur]
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Moreover,
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Moreover,
L m|G| =didy---d,
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Moreover,
1 m|G|=d1d2---dr
2 As a PG-module, we have S ~ (PG)™.
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Moreover,
1 m|G|=d1d2---dr
2 As a PG-module, we have S ~ (PG)™.

Example.
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Moreover,
1 m|G|=d1d2---dr
2 As a PG-module, we have S ~ (PG)™.

Example.

Corsiclr € {((1) (1)) : (_01 _01)} C GLa(K).
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Moreover,
1 m|G|=d1d2---dr
2 As a PG-module, we have S ~ (PG)™.

Example.

Corsiclr € {(é 2) : (_01 _01)} C GLa(K).

Denote by (x, y) the canonical basis of V = K2.
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Moreover,
1 m|G|=d1d2---dr
2 As a PG-module, we have S ~ (PG)™.

Example.

Corsiclr € {(é 2) : (_01 _01)} C GLa(K).

Denote by (x, y) the canonical basis of V = K2. Then
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Moreover,
1 m|G|=d1d2---d,
2 As a PG-module, we have S ~ (PG)™.

Example.

Corsiclr € {((1) 2) : (_01 _°1>} C GLa(K).

Denote by (x, y) the canonical basis of V = K2. Then

S =K|x,y]
W
free of rank 4 R = SG = K[X2,y2] ® K[X2,y2]xy
Mk 2
P = K[x?, y?]
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Unless...
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Unless...

A finite reflection group on K is a finite subgroup of GLx (V) (V a
finite dimensional K—vector space) generated by reflections, i.e., linear
maps represented by

¢ W oo @
01 - 0
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Unless...

A finite reflection group on K is a finite subgroup of GLx (V) (V a
finite dimensional K—vector space) generated by reflections, i.e., linear
maps represented by

¢ W oo @
01 - 0
00 - 1

A finite reflection group on R is called a Coxeter group.

Michel Broué Reflection groups and their braids



Unless...

A finite reflection group on K is a finite subgroup of GLx (V) (V a
finite dimensional K—vector space) generated by reflections, i.e., linear
maps represented by

¢ W oo @
01 - 0
00 - 1

A finite reflection group on R is called a Coxeter group.

A finite reflection group on Q is called a Weyl group.
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Main characterisation
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Main characterisation

Let G be a finite subgroup of GL(V) (V an r—dimensional vector space
over a characteristic zero field K). Let S denote the symmetric algebra of
V/, isomorphic to the polynomial ring K[v1, va, ..., v].

The following assertions are equivalent.
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Main characterisation

Let G be a finite subgroup of GL(V) (V an r—dimensional vector space
over a characteristic zero field K). Let S denote the symmetric algebra of
V/, isomorphic to the polynomial ring K[v1, va, ..., v].

The following assertions are equivalent.

1 G is generated by reflections.
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Main characterisation

Let G be a finite subgroup of GL(V) (V an r—dimensional vector space
over a characteristic zero field K). Let S denote the symmetric algebra of
V/, isomorphic to the polynomial ring K[v1, va, ..., v].
The following assertions are equivalent.
1 G is generated by reflections.
2 The ring R := S€ of G-fixed polynomials is a polynomial ring
K|ui, up, ..., u,] in r homogeneous algebraically independant
elements.
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Main characterisation

Let G be a finite subgroup of GL(V) (V an r—dimensional vector space
over a characteristic zero field K). Let S denote the symmetric algebra of
V/, isomorphic to the polynomial ring K[v1, va, ..., v].
The following assertions are equivalent.

1 G is generated by reflections.

2 The ring R := S€ of G-fixed polynomials is a polynomial ring

K|ui, up, ..., u,] in r homogeneous algebraically independant
elements.
3. S is a free R—module. )
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Main characterisation

Let G be a finite subgroup of GL(V) (V an r—dimensional vector space
over a characteristic zero field K). Let S denote the symmetric algebra of
V/, isomorphic to the polynomial ring K[v1, va, ..., v].
The following assertions are equivalent.
1 G is generated by reflections.
2 The ring R := S€ of G-fixed polynomials is a polynomial ring
K|ui, up, ..., u,] in r homogeneous algebraically independant
elements.

3. S is a free R—module.

In other words, unless... m=1, i.e., R= P.
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S=K[vi,va,...,v]

free of rank m|G]| R = SG€

free of rank m

P = Klui,ua,...,ur]

becomes
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S=K[vi,va,...,v]

free of rank m|G]| R = SG€

free of rank m

P = Klui,ua,...,ur]

becomes

S=K[v,va,...,v]

free of rank |G|

_c¢cG _ p_
R=5%=P=Klui,up,...,u]



Examples
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Examples
For G = &,, one may choose

m=wvi+-+v

Uup=vivo+wvivz+---+Vv,_1V,

Upr=viva---Vr
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Examples

For G = &,, one may choose

u=vi+---+v
Uup=vivo+wvivz+---+Vv,_1V,

Upr=viva---Vr

For G = (e2”i/d>, cyclic group of order d acting by multiplication on
V = C, we have

S=K[x] and R=K[x9].
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Classification
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups Gs, Gs, ..., Gs7.
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups Gs, Gs, ..., Gs7.

2 The group G(de, e, r) (d ,e and r integers) consists of all r x r
monomial matrices with entries in pg4e such that the product of
entries belongs to pg.
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups Gs, Gs, ..., Gs7.

2 The group G(de, e, r) (d ,e and r integers) consists of all r x r
monomial matrices with entries in pg4e such that the product of
entries belongs to pg.

3 We have
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups G;, Gs, ..., Gz7.

2 The group G(de, e, r) (d ,e and r integers) consists of all r x r
monomial matrices with entries in pg4e such that the product of
entries belongs to pg.

3 We have
G(d,1,r) ~ C41 6,

Michel Broué Reflection groups and their braids



Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.

There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups G;, Gs, ..., Gz7.

2 The group G(de, e, r) (d ,e and r integers) consists of all r x r
monomial matrices with entries in pg4e such that the product of
entries belongs to pg.

3 We have

G(d,1,r)~ C41 &,
G(e,e,2) = Dye (dihedral group of order 2e)
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Classification

1. The finite reflection groups on C have been classified by Coxeter,
Shephard and Todd.
There is one infinite series G(de, e, r) (d ,e and r integers),
...and 34 exceptional groups G;, Gs, ..., Gz7.

2 The group G(de, e, r) (d ,e and r integers) consists of all r x r
monomial matrices with entries in pg4e such that the product of
entries belongs to pg.

3. We have
G(d,1,r)~ C416,
G(e,e,2) = Dye (dihedral group of order 2e)
G(2,2,r) = W(D,)
Gz =H3, Gog=Fs, Gzo=Hy

G3s,36,37 = E6,7.8 -
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with

a reflecting hyperplane H := ker(s — 1),
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).

A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).

A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),

a reflecting pair (H, L).
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).

A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
a reflecting pair (H, L).

Properties :
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
a reflecting pair (H, L).
Properties :
HelL=YV,
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
a reflecting pair (H, L).
Properties :
HelL=YV,

H determines L, and L determines H,
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
a reflecting pair (H, L).
Properties :
HelL=YV,

H determines L, and L determines H, hence, in terms of normalizers,

Ne(H) = Ng(L) = Ng(H, L).
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Reflecting hyperplanes, lines, pairs

Let G be a finite subgroup of GL(V).
A reflection s is associated with
a reflecting hyperplane H := ker(s — 1),
a reflecting line L :=im (s — 1),
a reflecting pair (H, L).
Properties :
Hel=V,

H determines L, and L determines H, hence, in terms of normalizers,
Ne(H) = Ng(L) = Ng(H, L).

The fixator Gy (pointwise stabilizer) of H is a cyclic group consisting
of reflections with reflecting hyperplane H and reflecting line L.

Michel Broué Reflection groups and their braids



Notation
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|
sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.

For L a line in V/, the ideal q := SL of S is a height one prime ideal.
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.

For L a line in V/, the ideal q := SL of S is a height one prime ideal.
In other words, the hypersurface of V defined by g is a codimension one
irreducible variety.
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.

For L a line in V/, the ideal q := SL of S is a height one prime ideal.
In other words, the hypersurface of V defined by g is a codimension one
irreducible variety.

S
Now the extension /L
R =S¢
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.

For L a line in V, the ideal q := SL of S is a height one prime ideal.
In other words, the hypersurface of V defined by q is a codimension one
irreducible variety.
4
| )
/

S
Now the extension /L (corresponding to the covering
R =S¢ V/G
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Notation

A :={H | H reflecting hyperplane of some reflection in G}
For He A, ey := |Gy|

sy is the generator of G whose nontrivial eigenvalue is e2/™/eH,
called a distinguished reflection.

For L a line in V/, the ideal q := SL of S is a height one prime ideal.
In other words, the hypersurface of V defined by g is a codimension one
irreducible variety.

4
Now the extension (corresponding to the covering l )
/

R =S¢ V/G

is ramified at ¢ = SL if and only if L is a reflecting line.
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}

Ramification and parabolic subgroups
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}

Ramification and parabolic subgroups

Assume G generated by reflections.
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}

Ramification and parabolic subgroups

Assume G generated by reflections.
1 The ramification locus of V —= V/G is [Jyc 4 H-
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}

Ramification and parabolic subgroups

Assume G generated by reflections.
1 The ramification locus of V —= V/G is [Jyc 4 H-

2 Let X be a subset of V. Then the fixator of X in G is generated by
the reflections which fix X.

v
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Thus there are G—equivariant bijections

A <— {reflecting lines} <— {ramified height one prime ideals of S}

Ramification and parabolic subgroups

Assume G generated by reflections.
1 The ramification locus of V —= V/G is [Jyc 4 H-

2. Let X be a subset of V. Then the fixator of X in G is generated by
the reflections which fix X.

3 The set Par(G) of fixators ( “parabolic subgroups” of G) is in
(reverse—order) bijection with the set I(\A) of intersections of elements
of A:

I(A) = Par(G) , X+ Gx.

v
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Braid groups
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Braid groups

Set
Ve .=V — e H.
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Braid groups

Set
veeg .=V — Jpeu H-

Since the covering /"8 —— V"8 /G is Galois, it induces a short exact
sequence
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Braid groups

Set
veeg .=V — Jpeu H-

Since the covering /"8 —— V"8 /G is Galois, it induces a short exact
sequence

1— M(V™e, xg) — = My(V™8/G,x) — = G — 1
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Braid groups

Set
veeg .=V — Jpeu H-

Since the covering /"8 —— V"8 /G is Galois, it induces a short exact
sequence

1— M(V™e, xg) — = My(V™8/G,x) — = G — 1

| |
Pc Bg
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Braid groups

Set
veeg .=V — Jpeu H-

Since the covering /"8 —— V"8 /G is Galois, it induces a short exact
sequence

1— M(V™e, xg) — = My(V™8/G,x) — = G — 1

| |
P Bg
(Pure braid group) (Braid group)
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Notation around H
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Notation around H

Let H € A, with associated line L.
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Notation around H

Let H € A, with associated line L. For x € V, we set

x=x.+xy (with x, € L and xy € H).
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Notation around H

Let H € A, with associated line L. For x € V, we set
x=x.+xy (with x, € L and xy € H).

= Thus, we have s(x) = e™/enx + xy .
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Notation around H

Let H € A, with associated line L. For x € V, we set
x=x.+xy (with x, € L and xy € H).

= Thus, we have s(x) = e™/enx + xy .

If t € R, we set :

sh(x) = e2imt/ ety 4y, defining a path s, from x to sy(x)
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Notation around H

Let H € A, with associated line L. For x € V, we set
x=x.+xy (with x, € L and xy € H).
= Thus, we have s(x) = e™/enx + xy .
If t € R, we set :
sh(x) = e®™t/eHx, + xy  defining a path s/, from x to sp(x)

We have

tey

sy (x) = e®™tx, + xpy  defining a loop TH,x With origin x
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Notation around H

Let H € A, with associated line L. For x € V, we set
x=x.+xy (with x, € L and xy € H).
= Thus, we have s(x) = e™/enx + xy .
If t € R, we set :
sh(x) = e®™t/eHx, + xy  defining a path s/, from x to sp(x)

We have

tey

sy (x) = e®™tx, + xpy  defining a loop TH,x With origin x

In other words,
THx = Siﬁx € PG
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Braid reflections
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Braid reflections
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Braid reflections

XH®
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Braid reflections

o SH(XH)
XH®
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Braid reflections

® sy(x0)

o SH(XH)
XH®
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Braid reflections

Let v be a path in V™8 from xg to xy.

v

® sy(x0)
o SH(XH)
XH

Y
X0
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Braid reflections
Let v be a path in V™8 from xg to xy.

SH.x 7Y

® sy(x0)

SH (XH)
XH

X0
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Braid reflections

Let v be a path in V™8 from xg to xy.

SH(Y ™) - SHx Y

SH(X())
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Braid reflections
Let v be a path in V™8 from xg to xy.

We define : oy = spy(7v 1) - sp -y

SH(X())
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Braid reflections
Let v be a path in V™8 from xg to xy.
We define : oy = spy(7v 1) - sp -y

su(v™1) sh(xo)

SH & %

X0
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Braid reflections
Let v be a path in V™8 from xg to xy.

We define : oy == sy(y 1) - Spx -

SH(X())

su(v™1)

SH & %

X0

We call braid reflections the elements s , € B defined by the paths o . J
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The following properties are immediate.
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The following properties are immediate.

SH, and sy -/ are conjugate in P.
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The following properties are immediate.

SH, and sy -/ are conjugate in P.

ey - e . 8l
sy’ is a loop in V'€ @ \/_\-xo
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The following properties are immediate.

SH, and sy -/ are conjugate in P.

ey - E . 8l
syj'., is a loop in V'8 : @ \/_\-xo

The variety V (resp. V//G) is simply connected, the hyperplanes are
irreducible divisors (irreducible closed subvarieties of codimension one),
and the braid reflections are “generators of the monodromy” around the
irreducible divisors. Then
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The following properties are immediate.

SH, and sy -/ are conjugate in P.

ey - E . 8l
syj'., is a loop in V'8 : @ \/_\-xo

The variety V (resp. V//G) is simply connected, the hyperplanes are
irreducible divisors (irreducible closed subvarieties of codimension one),
and the braid reflections are “generators of the monodromy” around the
irreducible divisors. Then
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The following properties are immediate.

SH, and sy -/ are conjugate in P.

ey - E . 8l
syj'., is a loop in V'8 : @ \/_\-xo

The variety V (resp. V//G) is simply connected, the hyperplanes are
irreducible divisors (irreducible closed subvarieties of codimension one),
and the braid reflections are “generators of the monodromy” around the
irreducible divisors. Then

1 The braid group Bg is generated by the braid reflections (sy5) (for
all H and all v).
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The following properties are immediate.

SH, and sy -/ are conjugate in P.

ey - E . 8l
syj'., is a loop in V'8 : @ \/_\-xo

The variety V (resp. V//G) is simply connected, the hyperplanes are
irreducible divisors (irreducible closed subvarieties of codimension one),
and the braid reflections are “generators of the monodromy” around the
irreducible divisors. Then

1 The braid group Bg is generated by the braid reflections (sy5) (for
all H and all v).

2 The pure braid group Pg is generated by the elements (sf_f{v)

Michel Broué Reflection groups and their braids



Linear characters of the reflection groups

For H e A,
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Linear characters of the reflection groups

For He A,

JjH denotes a nontrivial element of L,
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Linear characters of the reflection groups

For He A,

jH denotes a nontrivial element of L,

H{H’ H'=¢ }_/H’ (depends only on the orbit of H under G)
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Linear characters of the reflection groups

For H e A,

jH denotes a nontrivial element of L,

H{H’ H'=¢ }_/H’ (depends only on the orbit of H under G)
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Linear characters of the reflection groups

For He A,

JjH denotes a nontrivial element of L,

o= H{H’|(H’:GH)}jH/ (depends only on the orbit of H under G)

1 The linear character dety : G — C* is defined by g(jy) = dety(g)in
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Linear characters of the reflection groups

For He A,

JjH denotes a nontrivial element of L,

o= H{H’|(H’:GH)}jH/ (depends only on the orbit of H under G)

1 The linear character dety : G — C* is defined by g(jy) = dety(g)in

det(s) if Hs=¢ H
> detu(s) = { 1 if not
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Linear characters of the reflection groups

For He A,

JjH denotes a nontrivial element of L,

o= H{H/|(H’:GH)}-/H/ (depends only on the orbit of H under G)

1 The linear character dety : G — C* is defined by g(jy) = dety(g)in

det(s) if Hy=¢ H
> detu(s) = { 1 if not

3 Hom(G,C*) = (HHeA Hom(GH,(CX))G
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Linear characters of the reflection groups

For He A,

JjH denotes a nontrivial element of L,

o= H{H/|(H’:GH)}-/H/ (depends only on the orbit of H under G)

1 The linear character dety : G — C* is defined by g(jy) = dety(g)in

det(s) if Hy=¢ H
> detu(s) = { 1 if not

o~ X G X
3 Hom(G,C*) = ([T Hom(Gr, C¥))€ ~ (HHeA/GHom(GH,(C ))
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Linear characters of the braid groups
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
AyeR= sé
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G

hence defines a morphism
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G

hence defines a morphism
I'Il(AH) o ﬂl(Vreg/G) — I'Il((CX) i.e.,
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G

hence defines a morphism
I'Il(AH) . ﬂl(Vreg/G) — I'Il((CX) i.e., KH . BG — 7
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G

hence defines a morphism
I'Il(AH) . ﬂl(Vreg/G) — I'Il((CX) i.e., KH . BG — 7

aws
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

Vreg/ G

hence defines a morphism
I'Il(AH) . ﬂl(Vreg/G) — I'Il((CX) i.e., KH . BG — 7

For He A, Gy ~Z/enyZ

aws
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Linear characters of the braid groups

The discriminant at H € A (or rather 4/G)is Ay = j;
Ap € R=S% hence defines a (continuous) map
Ay Vs Cx

—~

VreE/G

hence defines a morphism
I'Il(AH) . ﬂl(Vreg/G) — I'Il((CX) i.e., KH . BG — 7

For He A, Gy ~Z/enyZ

L
° / BGHZZ
H
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"~ G
Hom(Bg,Z) — (HHeA Hom(Bg,, Z))
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"~ G
Hom(Bg,Z) — (HHeA Hom(Bg,, Z))

2 {y is a length :
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"~ G
Hom(Bg,Z) — (HHeA Hom(Bg,, Z))

2 {y is a length :

nl . n2 .. nk — ;
gH(SHh’Yl SHz/Yz SHk»’)’k) Z ni
{i|(Hi=cH)}
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"~ G
Hom(Bg,Z) — (HHeA Hom(Bg,, Z))

2 {y is a length :

nl . n2 .. nk — ;
gH(SHh’Yl st/Yz SHk»’Yk) Z ni
{i|(Hi=cH)}

l
Bg———>17

| e )

G——" >7/en
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Center of the braid groups
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Center of the braid groups

From now on we assume that G is irreducible on V.
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Center of the braid groups

From now on we assume that G is irreducible on V.
Hence the centre of G is cyclic. Set z := |ZG| and ¢ := %7/,
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Center of the braid groups

From now on we assume that G is irreducible on V.
Hence the centre of G is cyclic. Set z := |ZG| and ¢ := e?'™/2,

Let 7 € Pg defined by 7 : t — e?"txg
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Center of the braid groups

From now on we assume that G is irreducible on V.

Hence the centre of G is cyclic. Set z := |ZG| and ¢ := e?'™/2,

Let 7 € Pg defined by 7 : t — e?"txg
Let ¢ € Bg defined by ¢ : t — e2/mt/2x,
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Center of the braid groups

From now on we assume that G is irreducible on V.
Hence the centre of G is cyclic. Set z := |ZG| and ¢ := %7/,

Let 7 € Pg defined by 7 : t — e?"txg
Let ¢ € Bg defined by ¢ : t — e2/mt/2x,
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Center of the braid groups

From now on we assume that G is irreducible on V.
Hence the centre of G is cyclic. Set z := |ZG| and ¢ := %7/,

Let 7 € Pg defined by 7 : t — e?"txg
Let ¢ € Bg defined by ¢ : t — e2/mt/2x,

1 ZPg = (m) and ZBg = (().
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Center of the braid groups

From now on we assume that G is irreducible on V.

Hence the centre of G is cyclic. Set z := |ZG| and ¢ := e?'™/2,

Let 7 € Pg defined by 7 : t — e?"txg
Let ¢ € Bg defined by ¢ : t — e2/mt/2x,

1 ZPg = (m) and ZBg = (().

2. We have the short exact sequence

1— ZP¢ — ZB¢ — ZG — 1
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Case of Coxeter groups
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Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Michel Broué Reflection groups and their braids



Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Example : 9=9_9_ : _,[91
e————@
s t1 %) =il
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Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Example : 9 Ct Ct _tO
1 2 r—1

e=0—@——@

s t1 %) (=il

and a “section” (not a group morphism !) of the map Bg — G using
reduced decompositions.
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Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Example : 9 Ct Ct _tO
1 2 r—1

e=0—@——@

s t1 %) (=il

and a “section” (not a group morphism !) of the map Bg — G using
reduced decompositions.

Let wy be the longest element of G, and let gg be its lift in Bg.
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Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Example : 9 Ct Ct _tO
1 2 r—1

e=0—@——@

s t1 %) (=il

and a “section” (not a group morphism !) of the map Bg — G using
reduced decompositions.

Let wy be the longest element of G, and let gg be its lift in Bg.

2
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Case of Coxeter groups

The choice of a Coxeter generating set for G defines a presentation of Bg

Example : 9 Ct Ct _tO
1 2 r—1

e=0—@——@

s t1 %) (=il

and a “section” (not a group morphism !) of the map Bg — G using
reduced decompositions.

Let wy be the longest element of G, and let gg be its lift in Bg.

2

Example : ™ = (stity - - 'tr_1)2’
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Artin—like presentations
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Artin—like presentations

An Artin—like presentation is
(s €S [{vi=wi}ics)

where
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Artin—like presentations

An Artin—like presentation is
(s €S [{vi=wi}ics)

where

S is a finite set of distinguished braid reflections,
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

i.e., such that (for each i) v; and w; are positive words in elements of S
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal :
The minimal number of reflections needed to generate G
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal

The minimal number of reflections needed to generate G
The minimal number of braid reflections needed to generate Bg
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal

The minimal number of reflections needed to generate G
The minimal number of braid reflections needed to generate Bg
[(N + Np)/d,]
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Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ticr)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal (denoted by ') :

The minimal number of reflections needed to generate G
The minimal number of braid reflections needed to generate Bg
[(N + Np)/d,]

Michel Broué Reflection groups and their braids



Artin—like presentations

An Artin—like presentation is
(s €S| {vi=wi}ien)
where

S is a finite set of distinguished braid reflections,
| is a finite set of relations which are multi-homogeneous,

Let G C GL(V) be a complex reflection group. Let di < d» < --- < d, be
the family of its invariant degrees.
1 The following integers are equal (denoted by ') :
The minimal number of reflections needed to generate G
The minimal number of braid reflections needed to generate Bg
[(N + Np)/d,]
2 Either ¢ =rorl g =r+1, and the group Bg has an Artin—like
presentation by ¢ braid reflections.

V.
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The braid diagrams
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The braid diagrams

t
Let D be a diagram like s
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The braid diagrams

t
Let D be a diagram like s D represents the relations
u

stustu - - - = tustus - - - = ustust - - -
——
e factors e factors e factors
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The braid diagrams

(bt
Let D be a diagram like s ge D represents the relations

u
stustu - - - = tustus--- = ustust - - - and sf=tb=y=1
—_— S S
e factors e factors e factors
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The braid diagrams

(bt
Let D be a diagram like s ge D represents the relations

u

stustu - - - = tustus - - - = ustust - - - and sP=th=yc=1
— —_— ~—_—
e factors e factors e factors
L : @,
We denote by Dy, and call braid diagram the diagram s ()
Ou
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The braid diagrams

(bt
Let D be a diagram like s ge D represents the relations

u

stustu - - - = tustus - -- = ustust - - - and sf=tb=y=1
—_— S S
e factors e factors e factors

@,
We denote by Dy, and call braid diagram the diagram s .e
u

which represents the relations

Sstustu - - - = tustus - - - = ustust - - -
S—— Y\ Y
e factors e factors e factors
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The braid diagrams

(bt
Let D be a diagram like s oe D represents the relations
(9

u

stustu - - - = tustus - -- = ustust - - - and sf=tb=y=1
N—— N—
e factors e factors e factors

@,
We denote by Dy, and call braid diagram the diagram s
u

which represents the relations

Sstustu - - - = tustus - - - = ustust - - -
S—_——— —
e factors e factors e factors

Note that
©F t t
G7 . 5@@ G11 . s@ G19 . s@
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The braid diagrams

(bt
Let D be a diagram like s 9° D represents the relations
(9

u

stustu - - - = tustus - -- = ustust - - - and sf=tb=y=1
N—— N—
e factors e factors e factors

@,
We denote by Dy, and call braid diagram the diagram s
u

which represents the relations

Sstustu - - - = tustus - - - = ustust - - -
S—_——— —
e factors e factors e factors

Note that

Gy : s@Q?t Gt : 5@ : Gig : S@Qt

have same braid diagram.
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For each irreducible complex irreducible group G,
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For each irreducible complex irreducible group G,

there is a diagram D,
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For each irreducible complex irreducible group G,
there is a diagram D,

whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

Michel Broué Reflection groups and their braids



For each irreducible complex irreducible group G,
there is a diagram D,

whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that
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For each irreducible complex irreducible group G,
there is a diagram D,
whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that

For each s € NV(D), there exists a braid reflection s € Bg above s such
that the set {s};cn(p), together with the braid relations of Dy, is a
presentation of Bg.
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For each irreducible complex irreducible group G,
there is a diagram D,
whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that

For each s € NV(D), there exists a braid reflection s € Bg above s such
that the set {s};cn(p), together with the braid relations of Dy, is a
presentation of Bg.

The groups G, for n = 4,5,8, 16,20, as well as the dihedral groups,
have diagrams of type (@——@
s t
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For each irreducible complex irreducible group G,
there is a diagram D,
whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that

For each s € NV(D), there exists a braid reflection s € Bg above s such
that the set {s};cn(p), together with the braid relations of Dy, is a
presentation of Bg.

The groups G, for n = 4,5,8, 16,20, as well as the dihedral groups,
have diagrams of type (@d——@ , corresponding to the
S t

presentation
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For each irreducible complex irreducible group G,
there is a diagram D,
whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that

For each s € NV(D), there exists a braid reflection s € Bg above s such
that the set {s};cn(p), together with the braid relations of Dy, is a
presentation of Bg.

The groups G, for n = 4,5,8, 16,20, as well as the dihedral groups,
have diagrams of type (@d——@ , corresponding to the
S t

presentation
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For each irreducible complex irreducible group G,
there is a diagram D,
whose set of nodes NV(D) is identified with a set of distinguished
reflections in G,

such that

For each s € NV(D), there exists a braid reflection s € Bg above s such
that the set {s};cn(p), together with the braid relations of Dy, is a
presentation of Bg.

The groups G, for n = 4,5,8, 16,20, as well as the dihedral groups,
have diagrams of type (@d——@ , corresponding to the
S t

presentation

s9=1t9=1and ststs--- = tstst---
M~ Y=
e factors e factors
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The group Gig has diagram (®=—=(3) corresponding to the
s t

presentation
s® =13 =1 and stst = tsts.
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The group Gig has diagram (®=—=(3) corresponding to the
S t

presentation
s® =13 =1 and stst = tsts.

The group Gs3; has diagram ({@%@

v t w
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The group Gig has diagram (®=—=(3) corresponding to the
s t

presentation
s® =13 =1 and stst = tsts.

The group Gs3; has diagram @/@% corresponding to the

v t w

presentation
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The group Gig has diagram (®=—=(3) corresponding to the
s t

presentation
s® =13 =1 and stst = tsts.

The group Gs3; has diagram @/@% corresponding to the

presentation
2 2 2 2_1q,

2=t

I
e
I
<
I
S
I
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The group Gig has diagram (®=—=(3) corresponding to the
s t

presentation
s® =13 =1 and stst = tsts.

The group Gs3; has diagram @/@% corresponding to the

v t w

presentation

SP=t?*=uv’=v’=w?=1,

uv =vu, sw=ws, vw = wv, sut = uts = tsu,
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The group Gig has diagram (®=—=(3) corresponding to the
s t

presentation
s® =13 =1 and stst = tsts.

The group Gs3; has diagram @/@ - corresponding to the

. v t w
presentatlon

SP=t?*=uv’=v’=w?=1,
uv =vu, sw=ws, vw = wv, sut = uts = tsu,

svs = vsv, tvt = vtv, twt = witw , wuw = uwu .
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More on the work of Bessis
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More on the work of Bessis

e Solution of an old conjecture
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J

e Springer’s theory of regular elements in complex reflections groups lifts
to braid groups
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J

e Springer’s theory of regular elements in complex reflections groups lifts
to braid groups

Let (g := e2i7/d.
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J

e Springer’s theory of regular elements in complex reflections groups lifts
to braid groups

Let ¢y := e2im/d.

1. The (4—regular elements in G are the images of the d-th roots of 7.
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J

e Springer’s theory of regular elements in complex reflections groups lifts
to braid groups

Let (g := e2/™/d,

1. The (4—regular elements in G are the images of the d-th roots of 7.

2 All d-th roots of 7 are conjugate in Bg.
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More on the work of Bessis

e Solution of an old conjecture

The space V™8 is a K(m,1). J

e Springer’s theory of regular elements in complex reflections groups lifts
to braid groups

Let (g := e2/™/d,

1. The (4—regular elements in G are the images of the d-th roots of 7.
2 All d-th roots of 7 are conjugate in Bg.

3 Let g be a d-th root of 7, with image g in G. Then Cg.(g) is the
braid group of Cg(g).
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A monodromy representation

(after Knizhnik—Zamolodchikov, Cherednik, Dunkl, Opdam, Kohno, Broué-Malle-Rouquier)
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A monodromy representation

For H € A, let ay be a linear form with kernel H,
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A monodromy representation

For H € A, let ay be a linear form with kernel H, and
1 dOéH

WH = —/——

2iT ay
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A monodromy representation

For H € A, let ay be a linear form with kernel H, and
1 dOéH
WH = —/——
2iT ay
Each family

(zH)Hea € (H CGH)

HeA
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A monodromy representation

For H € A, let ay be a linear form with kernel H, and
1 day
WH = —/——
2iT ay
Each family

(zH)Hea € (H CGH)

HeA

defines a G-invariant differential form on V"€ with values in CG

w = E ZHWH

He A
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A monodromy representation

For H € A, let ay be a linear form with kernel H, and
1 day
WH = —/——
2iT ay
Each family

(zH)Hea € (H CGH)

HeA

defines a G-invariant differential form on V"€ with values in CG

w = E ZHWH

He A

hence a linear differential equation df = wf for f: V"™ — CG,
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A monodromy representation

For H € A, let ay be a linear form with kernel H, and

1 day
WH = —/————
2iT ay

Each family

(zH)Hea € (H CGH)

HeA

defines a G-invariant differential form on V"€ with values in CG
w = Z ZHWH
HeA
hence a linear differential equation df = wf for f: V™8 — CG, i.e

1 ap(v)

2im ey ap(x)

YveV,xe Ve df(x)(v)=

zyf(x)
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For H € A,
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e G,/ is the group of characters of Gy,
For H € A, &
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e G,/ is the group of characters of Gy,
For H € A, o v . . - :
e for 0 € Gy, ey g is the corresponding primitive idempotent in CGy
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e G,/ is the group of characters of Gy,
For H € A, o v . . - :
e for 0 € Gy, ey g is the corresponding primitive idempotent in CGy

Weset gy = exp((~2im/en)zn) = Y Gusers
0eGy
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e G,/ is the group of characters of Gy,
For H € A, o v . . - :
e for 0 € Gy, ey g is the corresponding primitive idempotent in CGy

Weset gy = exp((~2im/en)zn) = Y Gusers
0eGy
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. G,X is the group of characters of Gy,
For H € A, v . . - :
e for 0 € Gy, ey g is the corresponding primitive idempotent in CGy

Weset  qu = exp((~2it/en)zi) = 3 qHocHo

0eGy

1 The form w is integrable, hence defines a group morphism

p:Bg — (CG)*.
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e G,/ is the group of characters of Gy,
For H € A, { & SICEP f

e for 6 € G,\_,’, ey.p is the corresponding primitive idempotent in CGy

Weset gy = exp((~2im/en)zn) = Y Gusers
0eGy

1 The form w is integrable, hence defines a group morphism

p:Bg — (CG)*.

2 Whenever sy, ., is a braid reflection around H, there is uy € (CG)*
such that

(st ) = un(qrsw)uy"
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e G,/ is the group of characters of Gy,
For H € A, { & SICEP f

e for 0 € G,\_,/, ey.p is the corresponding primitive idempotent in CGy

We set gy :=exp ((—2im/en)zn) =: Z qH,0€H.0
0eGy

1 The form w is integrable, hence defines a group morphism
p:Bs — (CG)*.

2 Whenever sy, is a braid reflection around H, there is uy € (CG)*
such that

p(sH) = un(qnsm)ug’
In particular, we have

H (p(SH,y) — qr,e0(sH)) = 0.

0eGy
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Hecke algebras
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Hecke algebras

Every complex reflection group G has an Artin-like presentation :

G:@=@ , G:0—0q
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Hecke algebras

Every complex reflection group G has an Artin-like presentation :
G Q=1 , Gs : @—0
s t s t

and a field of realization Qg:= Q ({trv(g) | (g € G)}).
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Hecke algebras

Every complex reflection group G has an Artin-like presentation :
G 0= ) Gy : O—0
s t s t

and a field of realization Qg:=Q ({trv(g) | (g € G)}).

The associated generic Hecke algebra is defined from such a
presentation :

STSTST = TSTSTS
H(G) =< S, T ;< (S—qo)(S—q1)=0 >
(T—n)(T—-n)=0
STS = TST

H(Gs) =< 5’T;{(S—qo)(S—ql)(S—qz):O>
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[( b, (rjjEl yeet]-
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[(qiil), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[(qiil), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :

if G=@—/—(@—— -, then for
S t
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1 The generic Hecke algebra H(G) is free of rank |G| over the

corresponding Laurent polynomial ring Z[(qiil), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :

if G=@—(@——: -, then for
s t
(X,!“(@G)| =C¢ a0, d1 (}/J-‘”(Qc)l =(7n)j=01,..e-1
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[(qiil), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :

if G=@—(@——: -, then for
s t

(XI!,U'(QGN — C;l

Ce’rj)j=01,...e—1

9i)i=0,1,....d—1 > (}/J-‘”(QG)‘Z

the algebra Qg ((xi), (¥}),---))H(G) is split semisimple,
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[(qiﬂ), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :

if G=@—(@——: -, then for
s t
(x,!“(QG)| = a)im01,d-1 (ij(@c)‘ = (7 1)j=01, 01

the algebra Qg ((xi), (¥}),---))H(G) is split semisimple,

e Through the specialisation x; — 1 y; — 1,..., that algebra becomes
the group algebra of G over Qg.
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1 The generic Hecke algebra H(G) is free of rank |G| over the
corresponding Laurent polynomial ring Z[(qiﬂ), (rjﬂ), o

2 |t becomes a split semisimple algebra over a field obtained by
extracting suitable roots of the indeterminates :

if G=@—(@——: -, then for
s t
(x,!“((@c)| = a)im01,d-1 (}’J-W(QG)‘ = (7 1)j=01, 01

the algebra Qg ((xi), (¥}),---))H(G) is split semisimple,

e Through the specialisation x; — 1 y; — 1,..., that algebra becomes
the group algebra of G over Qg.

e The above specialisation defines a bijection
Irr(G) = Irr(H(G)) . X+ X3
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1 There exists a unique linear form
tq 0 H( W7 q) = Z[q7 q_l]

with the following properties.
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1 There exists a unique linear form
tq 0 H(Waq) = Z[qaq_l]

with the following properties.

tq is @ symmetrizing form on the algebra H(W, q).
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1. There exists a unique linear form
tq 0 H(Waq) = Z[qaq_l]

with the following properties.

tq is @ symmetrizing form on the algebra H(W, q).

tq specializes to the canonical linear form on the group algebra.
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1 There exists a unique linear form
tq 0 H(Waq) = Z[qaq_l]

with the following properties.
tq is @ symmetrizing form on the algebra H(W, q).
tq specializes to the canonical linear form on the group algebra.
For all b € B, we have

tq(bfl)v — tgq(([::r)) .
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2 The form tq satisfies the following conditions.
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2 The form tq satisfies the following conditions.

As an element of Z[q,q ], tq(b) is multi-homogeneous with degree
L1(b) in the indeterminates qp g.
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2 The form tq satisfies the following conditions.
As an element of Z[q,q ], tq(b) is multi-homogeneous with degree
L1(b) in the indeterminates qp g.

If W' is a parabolic subgroup of W, the restriction of tq to a parabolic
sub—algebra H(W’, W, q) is the corresponding specialization of tq (W’)
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2 The form tq satisfies the following conditions.
As an element of Z[q,q™!], tq(b) is multi-homogeneous with degree
L1(b) in the indeterminates qp g.

If W' is a parabolic subgroup of W, the restriction of tq to a parabolic
sub—algebra H(W’, W, q) is the corresponding specialization of tq (W’)

The canonical forms tq are hidden behind Lusztig's
theory of characters of finite reductive groups, their
generic degrees and Fourier transform matrices.
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