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Chapter 1

Introduction

1.1 Examples

What is a partial differential equation? Although the question may look too general,
it is certainly a natural one for the reader opening these notes with the expectation of
learning things about PDFE, the acronym of Partial Differential Equations. Loosely
speaking it is a relation involving a function u of several real variables xi,...,x,
with its partial derivatives

ou  d%*u Du
Ox;’ Ox;0xy,’ Ox;0xydx)
Maybe a simple example would be a better starting point than a general (and vague)

definition: let us consider a C! function v defined on R? and let ¢ > 0 be given. The
PDE

O + cOpu =0 (Transport Equation) (1.1.1)
is describing a propagation phenomenon at speed ¢, and a solution is given by
u(t,z) =w(x —ct), we CYR). (1.1.2)

We have indeed dyu + cdyu = w'(z — ct)(—c+ ¢) = 0. Note also that if u has
the dimension of a length L and ¢ of a speed LT, d;u and cd,u have respectively
the dimension LT™!, LT™'LL™ ! i.e. (fortunately) both LT™!. At time ¢ = 0, we have
u(0,2) = w(x) and at time ¢t = 1, we have u(1l,2) = w(z — ¢) so that w is translated
(at speed ¢) to the right when time increases. The equation (1.1.1) is a linear PDE,
namely, if uy, us are solutions, then u; 4+ us is also a solution as well as any linear
combination cju; + couy with constants ¢1,co. Looking at (1.1.1) as an evolution
equation with respect to the time variable ¢, we may already ask the following
question: knowing u at time 0, say u(0,z) = w(x), is it true that (1.1.2) is the
unique solution? In other words, we can set the so-called Cauchy problem,!

{&u + cO,u = 0,

w(0) = o (1.1.3)

1 AugusTIN L. CAUCHY (1789-1857) is a French mathematician, a prominent scientific figure
of the nineteenth century, who laid many foundational concepts of infinitesimal calculus; more is
available on the website [17].
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and ask the question of determinism: is the law of evolution (i.e. the transport
equation) and the initial state of the system (that is w) determine uniquely the
solution u? We shall see that the answer is yes. Another interesting and natural
question about (1.1.1) concerns the regularity of u: of course a classical solution
should be differentiable, just for the equation to make sense but, somehow, this is
a pity since we would like to accept as a solution wu(t,z) = |xr — ct| and in fact
all functions w(z — ct). We shall see that Distribution theory will provide a very
complete answer to this type of questions for linear equations.
Let us consider now for u of class C*' on R?,

Oyu + udu = 0. (Burgers Equation) (1.1.4)

That equation? is not linear, but one may look at a linear companion equation in
three independent variables (¢, z,y) given by 0,U + y0,U = 0. It is easy to see that
U(t,z,y) = x —y(t —T) is a solution of the latter equation (here 7" is a constant).
Let us now take a function u(t,x) such that  — u(t,z)(t — T') = xo, where x; is a

constant, i.e.
r — XTo
u(t,r) = .
( Y ) t _ T

Now, we can verify that for ¢ # T, the function w is a solution of (1.1.4): we check

(x—x9) x—x¢ 1
(t-T)2 t-Tt-T

O + ub,u = — =0.

We shall go back to this type of equation later on, but we can notice already an
interesting phenomenon for this solution: assume 7" > 0, zy = 0, then the solution
at t =0 is —z/T (perfectly smooth and decreasing) and it blows up at ¢t = 7. If on
the contrary, we assume 7' < 0, zo = 0, the solution at t = 0 is is —x /T (perfectly
smooth and increasing), remains smooth for all times larger than 7', but blows up
in the past at time t =T

The Laplace equation® is the second-order PDE, Au = 0, with

Au= Y Fu (1.1.5)

—  Ox?
1<j<n

This is a linear equation and it is called second-order because it involves partial
derivatives of order at most 2. The solutions of the Laplace equation are called har-
monic functions. Let us determine all the harmonic polynomials in two dimensions.
Denoting the variables (x,y) € R?, the equation can be written as

(0y +10y)(0y — i0y)u = 0.
Since u is assumed to be a polynomial, we can write

u(z,y) = Z upy (v + iy)*(x —iy)',  wup; € C, all 0 but a finite number.
(k,1)EN?

2JAN M. BURGERS (1895-1981) is a Dutch physicist.
3PIERRE-SIMON LAPLACE (1749-1827) is a French mathematician, see [17].
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Now we note that (9,419,)(z+iy)" = l(z+iy)" ' (14:?) = 0 and (9, —1id,)(z—iy)' =
0. As aresult v is a harmonic polynomial if u;; = 0 when kl # 0. Conversely, noting
that (0, +i9,)(z — iy)' = l(z — iy)'™12 and (9, — i9,)(z + iy)* = k(z + iy)* 12, we
have (the finite sum)

Ay = Z up ALz + iy) (2 — dy)' !
(k.)E(N)?

and thus for kl # 0, ux; = 0, from the following remark: If the polynomial P =
Zp,qEN ap 42’z vanishes identically for z € C, then all ap, = 0. To prove this
remark, we shall note with z = x + 1y,

o 1,0 0 o 1,0 0 a0 _ 0 J _ 0
% - 5(8_x+zﬁ_y)’ & = 5(%_7/%),80 that £Z— 1,&2’ —0, &Z —0,&2— ].7
1, 0P 01
= pgi gzt )0 = G
Finally the harmonic polynomials in two dimensions are
u(z,y) = f(z+iy) + g(x —iy), f,g polynomials in C[X]. (1.1.6)

Requiring moreover that they should be real-valued leads to, using the standard
notation = + iy = re®, r > 0,0 € R,

u(z,y) = Z Re((ak —ibg)(z + zy)k) = Z rk Re((ak — z'bk)ewk)

keN keN
— Z(ak cos(k0) + by sin(k6))r*, ay, by € R all 0 but a finite number.
keN

We see also that for a sequence (cg)rez € 0,

v(z,y) =co+ Z (crz™ + c_p2") (1.1.7)
keN*
is a harmonic function in the unit disk Dy = {z € C,|z| < 1} such that

VoD, (eia) _ Z Ckeikg.

kEZ

As a consequence the function (1.1.7) is solving the Dirichlet problem® for the
Laplace operator in the unit disk D; with

{Av:O on Dy, (1.18)

v=v on 0D,

where v is given by its Fourier series expansion v(e) = >, _, cxe™. The boundary
condition v = v on 9D is called a Dirichlet boundary condition. The Laplace

1JoHANN P. DIRICHLET (1805-1859) is a German mathematician, see [17].
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equation is a “stationary” equation, i.e. there is no time variable and that boundary
condition should not be confused with an initial condition occurring for the Cauchy
problem (1.1.3).

The eikonal equation is a non-linear equation

Vol =1, ie. > [da,0f =1 (1.1.9)

1<j<n

Note that for £ € R™ with Euclidean norm equal to 1, ¢(z) = £ - x is a solution of
(1.1.9). The notation V¢ (nabla ¢) stands for the vector

_ 09 ¢
Vo = (a_xl""’axn)' (1.1.10)

We shall study as well the Hamilton-Jacobi equation®
Owu+ H(zx,Vu) =0, (1.1.11)

which is a non-linear evolution equation.
The Helmholtz® equation —Au = \u is a linear equation closely related to
the Laplace equation and to the wave equation, also linear second order,

1 0%u

292 Ayu=0, teR,zeR" «¢>0is the speed of propagation. (1.1.12)
c

Note that if u has the dimension of a length L, then ¢ 20?u has the dimension
L72T2T2L = L~ ! as well as A,u which has dimension L72L = L1, It is interesting
to note that for any £ € R™ with )7, &% = 1, and w of class C? on R

u(t,x) =w(€ -z —ct)
is a solution of (1.1.12) since ¢ ?w"(§ - o — ct)c® — 33 o, W"(§ - @ —ct)§F = 0.

We shall study in the sequel many other linear equations, such as the heat
equation,

0

(3_1; —Ayu, teR, zeR"
and the Schrodinger equation,

10

—,—u —Ayu, teR,xzeR"

i Ot

Although the two previous equations look similar, they are indeed very different. The
Schrodinger” equation is a propagation equation which is time-reversible: assume
that u(t,z) solves on R x R", idyu + Au = 0, then v(t,z) = u(—t,z) will satisfy

5 Sir WILLIAM HAMILTON (1805-1865) is an Irish mathematician, physicist and astronomer.
CARL GUSTAV JACOBI (1804-1851) is a Prussian mathematician.

SHERMANN VON HELMHOLTZ (1821-1894) is a German mathematician.

"ERWIN SCHRODINGER (1887-1961) is an Austrian physicist, author of fundamental contribu-
tions to quantum mechanics.
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—i0v + Av = 0 on R x R™. The term propagation equation is due to the fact that
for £ € R™ and
u(t’ x) — ei(x~§—t\§|2)’

we have
%atu — Au = [t _ 3 2ezitrete)
J

so that, comparing to the transport equation (1.1.1), the Schrédinger equation be-
haves like a propagation equation where the speed of propagation depends on the
frequency of the initial wave w(z) = €. On the other hand the heat equation is a
diffusion equation, modelling the evolution of the temperature distribution: this
equation is time-irreversible. First of all, if u(¢, z) solves yu — Au =0 on R, x R™,
then v(t,x) = u(—t,x) solves v + Au = 0 on the different domain R_ x R";
moreover, for £ € R" the function

v(t,x) = vt o tlel?

satisfies

O — Av = —[¢[u(t,2) = Y 2&v =0, with v(0,2) = ™.
J

In particular v(t = 0) is a bounded function in R™ and v(t) remains bounded for
t > 0 whereas it is exponentially increasing for ¢ < 0. It is not difficult to prove
that there is no bounded solution v(t, z) of the heat equation on the whole real line
satisfying v(0, z) = €™ (€ #£0).

So far, we have seen only scalar PDE, i.e. equations involving the derivatives
of a single scalar-valued function R” > 2 — u(z) € R,C. Many very important
equations of mathematical physics are in fact systems of PDE, dealing with the
partial derivatives of vector-valued functions R” > z — u(z) € RY. A typical
example is Maxwell’s equations®, displayed below in vacuum. For (t,z) € R x R3,
the electric field E(t,z) belongs to R® and the magnetic field B(t, x) belongs to R3
with

(

O, B 0o B3 — 03Bo
OF =curlB= |0, | x| B | = | 03B1 — 01Bs |,
Oz B OBy — 02 By
By Ey — By (1.1.13)
OB =—cuwrlE=|0E3 —KE |,
o Ey — 01 Fy
\diVE =divB =0,

with div £ = 0, E| + 0o F5 + 03F3. The previous system is a linear one, whereas the
following, Euler’s system for incompressible fluids’, is non-linear: the velocity

8JaMES C. MAXWELL (1831-1879) is a Scottish theoretical physicist and mathematician.
9LEONHARD EULER (1707 -1783) is a mathematician and physicist, born in Switzerland, who
worked mostly in Germany and Russia.
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field v(t, x) = (v1,v9,v3) and the pressure (a scalar) p(t, x) should satisfy

o+ (v-V)v=-V(p/p)
divo =0 (1.1.14)

V=0 = W
where v - V = 0101 + v20, + v303, p is the mass density, so that the system is

Oror + 3 v;0501 + A (p/p) 0
Dy + >, 0002+ Oap/p) | = 0], ) 0w =0.
Oz + 3, v;0;v3 + O3(p/p 0 J

Note that v has dimension LT™!, so that d;v has dimension LT~? (acceleration) and
v - Vv has dimension LT'L7ILT™! = LT™2, as well as V(p/p) which has dimension

L'MLT 2 172 M3 =172
P A e

VvV force area—! density !

where M stands for the mass unit.
The Navier-Stokes system for incompressible fluids'’ reads

O+ (v-V)v—vAv=—=V(p/p)
dive =0 (1.1.15)

Ujt=0 = W

where v is the kinematic viscosity expressed in Stokes L2T~! so that the dimension
of vAw is also
LT L 2LT ! =LT 2
W_/Y\,./
14 v

8961 aﬂmf
We note that curl grad = 0 since | 9,, | X | Ox,f | = 0 and this implies that, taking
Doy Oy f

the curl of the first line of (1.1.14), we get with the vorticity
w = curlwv (1.1.16)

Oww + curl((v - V)v) = 0.

Let us compute, using Einstein’s convention'' on repeated indices (this means that
djv; stands for ) ;5 0;v;),

8961 (U . V)’Ul 821)]0]«1)3 - 831)]0]-1)2
curl((v-V)v) = | Ou, | X [ (v-V)va | = (v V)curlv+ | d30;0;01 — O1v;0;05
5’% (U . V)Ug 81Uj8jvg — 82vj8jvl

OCLAUDE NAVIER (1785-1836) is a French engineer and scientist. GEORGES STOKES (1819-
1903) is a British mathematician and physicist.

Y ALBERT EINSTEIN (1879-1955) is one of the greatest scientists of all times and, needless to say,
his contributions to Quantum Mechanics, Brownian Motion and Relativity Theory are far more
important than this convention, which is however a handy notational tool.



1.2. COMMENTS 11

82213 — 83’1)2
and since J;v; =0, w = | O3v1 — O1v3 |, we get
01vg — Oovy

0ov;0;v3 — 300,09

= [0v10103] + 02020503 + Oav305v3 — [O30101Vs] — 3020509 — O3030302

= [Oov101v3] — [D3v1010s] + w (Dave + O3v3)

= —w101v1 + Ov101v3 — O3v10102

= —w;0jv1 + (0301 — 01v3) 0oy + (0109 — Oav1) 0301 + Oav101V3 — D301 01V2

= —wj(?jvl —+ 82U183U1 — 837)1821}1 = —wjajvl,
so that, using a circular permutation, we get
curl((v- V)v) = (v V)w — (w- V)v (1.1.17)

and (1.1.14) becomes Ow + (v - V)w — (w - V)v = 0,dive = 0, wj— = curlv.

1.2 Comments

Although the above list of examples is very limited, it is quite obvious that partial
differential equations are occurring in many different domains of science: Electro-
magnetism with the Maxwell equations, Wave Propagation with the transport, wave,
Burgers equations, Quantum Mechanics with the Schrodinger equation, Diffusion
Theory with the heat equation, Fluid Dynamics with the Euler and Navier-Stokes
systems. We could have mentioned Einstein’s equation of General Relativity and
many other examples. As a matter of fact, the law of Physics are essentially all
expressed as PDE, so the domain is so vast that it is pointless to expect a useful
classification of PDE, at least in an introductory chapter of a textbook on PDE.
We have already mentioned various type of questions such that the Cauchy prob-
lem for evolution equations: for that type of Initial Value Problem, we are given an
equation of evolution yu = F(z,u, 0,u,...) and the initial value u(0). The first nat-
ural questions are about the existence of a solution, its uniqueness but also about
the continuous dependence of the solution with respect to the data: the french
mathematician JACQUES HADAMARD (1865-1963)"'? introduced the notion of well-
posedness as one of the most important property of a PDE. After all, the data
(initial or Cauchy data, various quantities occurring in the equation) in a Physics
problem are known only approximatively and even if the solution were existing and
proven unique, this would be useless for actual computation or applications if minute
changes of the data trigger huge changes for the solution. In fact, one should try
to establish some inequalities controlling the size of the norms or semi-norms of the
solution u in some functional space. The lack of well-posedness is linked to instabil-
ity and is also a very interesting phenomenon to study. We can quote at this point
Lars Garding’s survey'® article [10]:“ When a problem about partial differential op-
erators has been fitted into the abstract theory, all that remains is usually to prove

12See [17].
13LARS GARDING (born 1919), is a Swedish mathematician.
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a suitable inequality and much of our knowledge is, in fact, essentially contained in
such inequalities”.

On the other hand, we have seen that the solution can be submitted to bound-
ary conditions, such as the Dirichlet boundary condition and we shall study other
types of boundary conditions, such as the Neumann boundary'*, where the normal
derivative to the boundary is given.

The questions of smoothness and regularity of the solutions are also very impor-
tant: where are located the singularities of the solutions, do they “propagate”? Is it
possible to consider “weak solutions”, whose regularity is too limited for the equation
to make “classical” sense (see our discussion above on the transport equation).

Obviously non-linear PDE are more difficult to handle than the linear ones, in
particular because some singularities of the solution may occur although the initial
datum is perfectly smooth (see our discussion above on the Burgers equation). The
study of systems of PDE is playing a key role in Fluid Mechanics and the intricacies
of the algebraic properties of these systems deserves a detailed examination (a simple
example of calculation was given with the formula (1.1.17)).

1.3 Quotations

Let us end this introduction with a couple of quotations. First of all, we cannot
avoid to quote GALILEO GALILEI (1564-1642), an Italian physicist, mathematician,
astronomer and philosopher with his famous apology of Mathematics: “Nature is
written in that great book which ever lies before our eyes - I mean the universe - but
we cannot understand it if we do not first learn the language and grasp the symbols,
in which it is written. This book is written in the mathematical language, and the
symbols are triangles, circles and other geometrical figures, without whose help it
is impossible to comprehend a single word of it; without which one wanders in vain
through a dark labyrinth,” see the translation of [1].

Our next quotation is by the physicist EUGENE P. WIGNER (1902-1995, 1963
Physics Nobel Prize) who, in his celebrated 1960 article The Unreasonable Effective-
ness of Mathematics in the Natural Sciences [24] is unraveling part of the complex
relationship between Mathematics and Physics: “The miracle of the appropriate-
ness of the language of mathematics for the formulation of the laws of physics is a
wonderful gift which we neither understand nor deserve. We should be grateful for
it and hope that it will remain valid in future research and that it will extend, for
better or for worse, to our pleasure, even though perhaps also to our bafflement,
to wide branches of learning.” It is interesting to complement that quotation by
the 2009 appreciation of JAMES GLIMM' in [11]: “In simple terms, mathematics
works. It is effective. It is essential. It is practical. Its force cannot be avoided, and
the future belongs to societies that embrace its power. Its force is derived from its
essential role within science, and from the role of science in technology. Wigner’s
observations concerning The Unreasonable Effectiveness of Mathematics are truer
today than when they were first written in 1960.”

14CARL GOTTFRIED NEUMANN (1832-1925) is a German mathematician.
15JAMES GLIMM (born 1934) is an American mathematician.
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The British physicist and mathematician ROGER PENROSE (born 1931), ac-
claimed author of popular books such as The Emperor’s new mind and The Road
to Reality,'®a complete guide to the laws of the universe [15], should have a say
with the following remarkable excerpts of the preface of [18]: “To mathematicians
... mathematics is not just a cultural activity that we have ourselves created, but
it has a life of its own, and much of it finds an amazing harmony with the physical
universe. We cannot get a deep understanding of the laws that govern the physical
world without entering the world of mathematics. .. In modern physics, one cannot
avoid facing up to the subtleties of much sophisticated mathematics”

Then we listen to JOHN A. WHEELER (1911-2008), an outstanding theoretical
physicist (author with Kip S. THORNE and CHARLES W. MISNER of the landmark
book Gravitation [16]) who deals with the aesthetics of scientific truth: “It is my
opinion that everything must be based on a simple idea. And it is my opinion that
this idea, once we have finally discovered it, will be so compelling, so beautiful, that
we will say to one another, yes, how could it have been any different.”

16 As a matter of fact, that extra-ordinary one-thousand-page book could not really be qualified
as popular, except for the fact that it is indeed available in general bookstores.
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Chapter 2

Vector Fields

We start with recalling a few basic facts on Ordinary Differential Equations.

2.1 Ordinary Differential Equations

2.1.1 The Cauchy-Lipschitz result

I Let I be an interval of R and € be an open set of R". We consider a continuous
function F' : I x€Q — R” such that for all (¢, xo) € I x§2, there exists a neighborhood
Vo of (tg,zo) in I x Q and a positive constant Ly such that for (¢, z1), (t,22) € Vj

’F(t,l’l) —F<t,$2)| S Lo‘xl —xzf, (211)

where | - | stands for a norm in R”. We shall say that F' satisfies a local Lipschitz
condition. Note that these assumptions are satisfied whenever F € C'(I x ) and
even if 9, F(t,x) € C°(I x Q).

Theorem 2.1.1 (Cauchy-Lipschitz). Let F' be as above. Then for all (ty, zo) € I XS,
there exists a neighborhood J of to in I such the initial-value-problem

{:'c(t) = F(tx(t)) (2.1.2)

$<t0) = Xy
has a unique solution defined in J.

N.B. A solution of (2.1.2) is a differentiable function on J, valued in Q, and since
F and z are continuous, the equation itself implies that x is C'. One may as well
consider continuous solutions of

x(t) = xo —I—/ F(s,z(s))ds. (2.1.3)

From this equation, the solution t — x(t) is C*, and satisfies (2.1.2).

1See the footnote (1) for A.L. Cauchy. RUDOLPH LIPSCHITZ (1832-1903) is a German mathe-
matician.

15
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Proof. We shall use directly the Picard approzimation scheme” which goes as follows.
We want to define for £ € N, ¢ in a neighborhood of ¢, ,

xo(t> = Xy,

Tpy1(t) = zo + / F(s,zk(s))ds. (2.1.4)

to

We need to prove that this makes sense, which is not obvious since F' is only defined
on I x Q. Let us assume that for t € Jy = {t € I, |t — to| < Tp}, (z1(t))o<i<k is such
that

z(t) € B(wo, Ro) C Q, where Ty and Ry are positive, (2.1.5)
(2.1.1) holds with Vo = Jy x B(xg, Ro), o
and such that
eLOTO/ |F'(s,2z0)|ds < Ry. (2.1.6)
|t7t0|§T0

The relevance of the latter condition will be clarified by the computation below, but
we may note at once that, given Ry > 0, there exists Ty > 0 such that (2.1.6) is
satisfied since the lhs goes to zero with Tj. Property (2.1.5) is true for & = 0; let us
assume k > 1. Then we can define x;(t) as above for t € Jy and we have, with
(x1)o<i<k satisfying (2.1.5)

t
|Tpr1(t) — 2 (t)] < / Lo|zk(s) — xr_1(s)|ds| . (2.1.7)
to
and inductively
¢ |t — tol*
(€)= 2n(0) < LE | [ 1F(s,zo)las 20, (2.18)
to .

since (we may assume without loss of generality that ¢t > () that estimate holds true
trivially for £ = 0 and if &k > 1, we have, using (2.1.7) and the induction hypothesis
(2.1.8) for k —1,

t S 1
e (1) — 22(8)] < Lo / Lk / F(o,20)|( — to) dods———
to to (k - 1)

1 t t _ LE(t —to)* [!
SLSM/@ |F(a,x0)|da/ (s—to)k lds = OT/tO |F (0, x0)|do.

to

As a consequence, we have for t € Jp,

3 Lyt — to|'
l!

0<I<k

[ () =20l < D e (t) —z(t)] <

0<I<k

¢
/ |F (0, x0)|do
to

S eLo‘t—to‘

Ry.

¢
/ |F (0, x0)|do
to

<
<~
from (2.1.6)

2EMILE PICARD (1856-1941) is a French mathematician.



2.1. ORDINARY DIFFERENTIAL EQUATIONS 17

We have thus proven that, provided (2.1.6)_ holds true, then for all £ € N and all
t € Jo, xk(t) makes sense and belongs to B(xg, Ry). Thus we have constructed a
sequence (zy)r>o of continuous functions of C%(Jy; R™) such that, defining

Oé(T(]) = |F<S,.’E0)|d8, J(] = {t S I, |t - t0| S To}, (219)

Jo

and assuming as in (2.1.6) that a(Tp)elT < Ry, we have

sup ||z (2) — 2 (t)]] <
tedo

a(Ty). (2.1.10)

Lemma 2.1.2. Let J be a compact interval of R, E be a Banach® space and £ =
{ue C°J; E)} equipped with the norm ||u|le = sup,e; |u(t)|g is a Banach space.

Proof of the lemma. Note that the continuous image u(.J) is a compact subset of E,
thus is bounded so that the expression of ||u||¢ makes sense and is obviously a norm;
let us consider now a Cauchy sequence (ug)r>1 in €. Then for all t € J, (ug(t))r>1
is a Cauchy sequence in F, thus converges: let us set v(t) = limg ug(t), for t € J.
The convergence is uniform with respect to ¢ since

lur(t) —v(t)|p = li{n lug(t) — up(t)| g < limlsup lug — upsil|le = (k) — 0.
k—-+oco

The continuity of the limit follows by the classical argument: for t,t + h € J, we
have for all k

ot +h) —v(t)|g < vt +h) —u(t+h)|g + |ue(t + h) —up(t)| g + |ue(t) —v(t)|e
< 2|lv — uglle + |uk(t + h) — uk(t)|g,

and thus by continuity of ug, limsup,_, |v(t + h) — v(t)|p < 2||v — ug|le so that
limsup,,_, [v(t + h) —v(t)|p < 2infy ||v — ugl|le = 0. O

Applying this lemma, we see that the sequence of continuous functions (zy) is a
Cauchy sequence in the Banach space C°(Jy; R™) since (2.1.10) gives

D Nk = zilleoppmn < a(To)e ™ < too.
k>0

Let u = limy, 2 in the Banach space C°(Jo; R"); since z(Jo) C B(zo, Ro), we have
also u(Jo) C B(xg, Ro) and from the equation (2.1.4), we get for ¢t € Jy

u(t) = xo +/ F(s,u(s))ds,

to

3STEFAN BANACH (1892-1945) is a Polish mathematician. A Banach space is a complete normed
vector space.
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since u(t) = limy, 241 1(t), xpy1(t) = 20+ fot F(s,z(s))ds and the difference

[ (Fsan(o)) = Fis.uts))as

satisfies

[ (Fsute) - )] <

to

t
| Lalus) = x(s)1ds| < LoTullo — ull oo,

to

providing the local existence part of Theorem 2.1.1. Let us prove uniqueness (and
even more). Let u,v be solutions of

{u(t) = x0 + jz] F(s,u(s))ds
v(t) = yo + f; F(s,v(s))ds

We define p(t) = |u(t) — v(t)| and we have

p(t) < Julto) — v(to)] + / Lofu(s) — v(s)|ds = R(t),

so that R(t) = Lolu(t) — v(t)| = Lop(t) < LoR(t).

Lemma 2.1.3 (Gronwall*). Let ty < t; be real numbers and R : [to,t1] — R be a
differentiable function such that R(t) < LR(t) for t € [to,t1], where L € R. Then
fort € [to, t1], R(t) < eFE0IR(t).

More generally, if R(t) < L(t)R(t) + f(t) for t € [to,t1] with L, f € L*([to, 1)),
we have fort € [to, ]

t t t
R(t) < el "OT R(t) + / els 1O f(5)ds.

to

Remark 2.1.4. In other words a solution of the differential inequality
R< LR+ f, R(ty) = Ry,
is smaller than the solution of the equality R = LR + f, R(ty) = Ry.

Proof of the lemma. We calculate

%(R(t)e_ fi B8y — (R(t) — LU)R(t))e o PO% < f(t)e o O,
entailing for t € [to,t1] R(t)e Jig LAs)ds < R(ty) + fti f(s)e” Jiy Llo)do 0

Applying this lemma, we get for 0 <t —tq < T that
[u(t) = v(t)] = p(t) < R(t) < e R(ty),

proving uniqueness and a much better result, akin to continuous dependence on the
data, summarized in the following lemma.

1 THOMAS GRONWALL (1877-1932) is a Swedish-born American mathematician
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Lemma 2.1.5 (Gronwall lemma on ODE). Let F' be as in Theorem 2.1.1 with
|F(t,x1) — F(t,x9)| < Llxy — 29| fort € I,x1,29 € Q. Let u,v be as in (2.1.11).
Then forto <t e I, |u(t) — v(t)] < et |u(ty) — v(toy)|.

The proof of Theorem 2.1.1 is complete. O]

Remark 2.1.6. We have proven a quantitatively more precise result: let F' be as
in Theorem 2.1.1, (tg,z9) € I x Q, Ry > 0 such that B(zg, Ry) C Q and Ty > 0
such that (2.1.6) holds. Then with Jy = {t € I, |t — to| < T}, there exists a unique
solution z of (2.1.2) such that x € C*(Jy; B(zo, Ro)). Let K be a compact subset of
2 and J be a compact nonempty subinterval of I: then

sup |[F'(t,21) = F(t, 7o) < +00 (2.1.12)
E— . 1.

ted
(L’jGK,j:LQ,{El;ﬁxz
If it were not the case, we would find sequences (t;) in J, (214), (z24) in K, so that
|F(th, w1 k) — F(tr, wo)| > Eloig — 224.

Extracting subsequences and using the compactness assumption, we may assume
that the three sequences are converging to (t,x1,z2) € J X K?; moreover the con-
tinuity hypothesis on F' gives the convergence of the lhs to |F(t,z1) — F(t,z5)| and
the inequality gives x; = x5 and x1; # w2 We infer from the assumption (2.1.1) at
(t,z1) that for k > ko,

F(tk, :cl,k) — F(tk7x2,k)|

\l’l,k - 902,19\

k<‘ < Ly

which is impossible. We have proven that for K compact subset of €2, J compact
subinterval of I, (2.1.12) holds. Let R > 0 such that U,cx B(z, R) = K C Q. Now
if o is given in I, Ly stands for the lhs of (2.1.12), and T} small enough so that

eLOTO/ sup |F(s,y)|ds < R,
¢

€1 |t—to|<Th yEK

we know that, for all y € K, there exists a unique solution of (2.1.2) defined on
Jo={t € I,|t — to| < Tp} such that z € C'(Jo; B(y, R)), z(to) = y. In particular,
if the initial data y belongs to a compact subset of €2 and s belongs to a compact
subset of I, the time of existence of the solution of (2.1.2) is bounded from below
by a fixed constant (provided F' satisfies (2.1.1)).

If we consider F' as in Theorem 2.1.1, we know that, for any (s,y) € I x ,
the initial-value problem &(t) = F(t,x(t)),z(s) = y has a unique solution, which
is defined and C! on a neighborhood of s in I. We may denote that solution by
x(t, s,y) which is characterized by

(Op)(t, s,y) = F(t, x(t, s, y)), x(s,s8,y) = v.
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We may consider y;,y2 € 2, s € I and the solutions z(¢, s, o), (¢, s, y1) both defined
on a neighborhood J of s in I (the intersection of the neighborhoods on which
t +— x(t,s,y;) are defined). We have

l’(t, Svy2) - x<t787y1> =Y2 - +/ [F(O->1:(O-7 S7y2)) - F(U7x(a7 Sva))}do-v

and assuming J compact, we get that U;—; 2{z(0, s, y;) }ses is a compact subset of
), so that there exists L > 0 with

t
’x<t757y2) - $(t,$,y1)‘ S |y2 - yl‘ + / L’J?(O', 3>y2) - x(0757y1>’d0_
s

and the previous lemma implies that
lz(t, s, 12) — z(t, s,91)] < el yy — ). (2.1.13)

The mapping Q2 3 y — x(t, s,y), defined for any s € I and ¢ in a neighborhood of s
is thus Lipschitz continuous. We have also proven the following

Proposition 2.1.7. Let F': [ x Q@ — R be as in Theorem 2.1.1 with 0 € I. We
define the flow ¢ of the ODE, X (t) = F(t, X(t)) as the unique solution of

O

D) = Ft0(,0), 0(0.0) == (2.1.14)
The C* mapping t — (t, x) is defined on a neighborhood of 0 in I which may depend
on x. However if x belongs to a compact subset K of 2, there exists Ty > 0 such
that v is defined on {t € 1,|t| < To} x K and ¥(t,-) is Lipschitz-continous.

Remark 2.1.8. There is essentially nothing to change in the statements and in the
proofs if we wish to replace R™ by a Banach space (possibly infinite dimensional).

Remark 2.1.9. The local Lipschitz regularity can be replaced by a much weaker as-
sumption related to an OSGOOD ° modulus of continuity: let w :]0, +00) —]0, +00),
be a continuous and non-decreasing function, such that w(0;) = 0 and

Iro > 0 / ar_ 4 (2.1.15)

To s — = TOQ. 1.
0 W(T)

Let I be an interval of R, €2 be an open subset of a Banach space F and F' : [ x) — E

such that there exists o € LL _(I) so that for all ¢,z1, 25 € I x Q?

|F(t,x1) — F(t,22)|p < a(t)w(|x; — 22|R). (2.1.16)

Then Theorem 2.1.1 holds (see e.g. [5]). Some continuous dependence can also be
proven, in general weaker than (2.1.13). Note that the Lipschitz regularity corre-
sponds to w(r) = r and that the integral condition above allows more general moduli
of continuity such as

w(r)=rx|lnr| or rx|lnr|xIn(|Inr|).

SWiLLIAM F. OscooD (1864-1943) is an American mathematician.
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Naturally Hoélder’s regularity w(r) = r* with « € [0, 1] is excluded by (2.1.15): as a
matter of fact, in that case some classical counterexamples to uniqueness are known
such as the one-dimensional

z=|z|*, x(0) =0, (o €[0,1])

which has the solution 0 and z(¢) = ((1 — a)zf)ﬁ for t > 0, 0 for t <0.

Remark 2.1.10. Going back to the finite-dimensional case, a theorem by Peano®
is providing an existence result (without uniqueness) for the ODE (2.1.2) under a
mere continuity assumption for F. That type of result is not true in the infinite
dimensional case as the reader may check for instance in the exercise 18 page IV.41
of the Bourbaki’s volume [2].

2.1.2 Maximal and Global Solutions

Let I be an interval of R and {2 be an open set of R". We consider a continuous
function F' : I x Q@ — R". Let I} C I, C I be subintervals of I. Let z; : [; — Q
(j = 1,2) be such that i; = F(t,z;). If 21 = @y, we shall say that x; is a
continuation of x.

Definition 2.1.11. We consider the ODE & = F(t,z). A mazimal solution x of
this ODE is a solution so that there is no continuation of x, except x itself. A global
solution of this ODE is a solution defined on I.

Note that a global solution is a maximal solution, but that the converse in not
true in general. Taking I = R, Q) = R the equation & = 2% has the maximal solutions
t — (T —t)~! (Tp is a real parameter) defined on the intervals (—oo, Tp), (Ty, +00).
None of these maximal solutions can be extended globally since |z ()| goes to +o00
when t approaches Tj.

1
Fort <1, x(t)= T3 z(0) =1, blow-up time ¢t =1,
fort € R, xz(t) =0, the only solution not blowing-up,

1
fort > 1, z(t)= T3 z(2) = —1, blow-up time ¢ = 1.

Note that if (o) is positive, then x(t) is positive and blows-up in the future and if
x(to) is negative, then z(t) is negative and blows-up in the past. Moreover z(0) =
Ty !, so that the larger positive z(0) is, the sooner the blow-up occurs.

Theorem 2.1.12. Let F' : I xQ2 — R" be as in Theorem 2.1.1 and let (to, xo) € I xS).
Then there exists a unique mazximal solution x : J — R™ of the initial-value-problem
&= F(t,x),z(ty) = xo, where J is a subinterval of I containing t.

Proof. Let us consider all the solutions x, : J, — R" of the initial-value-problem
To = F(t,24),24(tg) = xo, where J, is a subinterval of I containing t,. From the

6 GIUSEPPE PEANO (1858-1932) is an Italian mathematician.
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blow-up time, t=1

x(2)=-1

Figure 2.1: THREE SOLUTIONS OF THE ODE i = 22,

existence theorem, that family is not empty. If 6 € J, N Jg, 2,(6) = 25(0), from the
uniqueness theorem on [tg, 0] (or [6,t0]) so that we may define for t € U, J, = J (J
is an interval since ¢y belongs to all J,,), z(t) = z,(t).

Moreover, the function x is continuous on J: take 6 € J, say with 0 > ty, 6 € J,:
the function = coincides with x, on [to, 0], thus is left-continuous at 0. If § = sup J,
it is enough to prove continuity. Now if § < supJ, 30" € J, 0 > 6: 0’ € J, for
some « and as above the function z coincides with z, on [tg,#'], which proves as
well continuity. Note that z is continuous at ¢y since it coincides with z, on a
neighborhood of ty in [ for all a.

For t € J, we have t € J, for some «a and since ty € J,, we get

/t F(s,x(s))ds = /t F(s,24(5))ds = x4(t) — xg = x(t) — 0,

so that z is a solution of the initial-value-problem & = F'(¢,x), x(to) = zo on J. By
construction, it is a maximal solution. O
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Theorem 2.1.13. Let F': [0, +00) X Q — R™ be as in Theorem 2.1.1, xo € Q2. The
mazimal solution of & = F(t,z),x(0) = xq is defined on some interval [0, To[ and if
Ty < +00 then

sup |z(t)| =400 or x([0,To[) is not a compact subset of .
0<t<Top

Proof. If the maximal solution were defined on some interval [0, Tp], Tp > 0, then
(To, z(Tp)) € [0, +00) x Q2 and the local existence theorem would imply the existence
of a solution of y = F(t,y),y(Ty) = z(Tp) on some neighborhood of Ty: by the
uniqueness theorem, that solution should coincide with x for ¢ < T}y and provide a
continuation of z, contradicting its maximality.

Let us assume that z is defined on [0, Tp[ with 0 < Ty < 400 and

sup |z(t)] < M < +oo, as well as ([0, To[) = K compact subset of 2.
0<t<To

We consider a sequence (t)g>1 with 0 < ¢, < Tp,limg ¢, = Tp. The sequence
((tx))k>1 belongs to K and thus has a convergent subsequence, that we shall call
again (z(tg))g>1 so that

The equation y = F(t,y), y(Tp) = £ has a unique solution defined in [T — &g, To + €|
with 9 > 0. For ¢ € [Ty — eq, Ty[, we have z(t) € K which is a compact subset of 2
and y(t) in a neighborhood of £ so that (see the remark 2.1.6 for the uniformity of
the constant L)

/ Md$—y@H%,

12

|2(t) = y(O)] < |z(ts) — y(te)| +
implying

sup [a(t) — ()] < |o(t) —y(t)| + LIt —tl  suwp  |2(t) — y(2)]

To—eo<t<Tpy To—eo<t<Ty

and thus, since supg, g, |(t)] < M < 400, we have supy, . <7, |2(t) —y(t)| = 0,
ie. z(t) = y(t) on [Ty — €9, Tp[. Considering the continuous function X (t) = z(t) for
0<t<Ty X(t)=y(t) for Ty—eg < t < Ty+eg, we see that for To—eo < t < Ty+ep,

t To—¢o t
/ F(s,X(s))ds = / F(s,z(s))ds + / F(s,y(s))ds
0 0 To—eo
= 2(Ty — €0) — w0 + y(t) — y(To — £0) = X(t) — o,
so that X is a continuation of z, contradicting the maximality of the latter. O

The previous theorems have the following consequences.

Corollary 2.1.14. We consider a continuous function F' : R x R" — R"™ which
satisfies the Lipschitz condition (2.1.1). Then for all (ty,z9) € R x R™ the initial

value problem
{ w(t) = F(t,z(t))
l‘(to) = Zo
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has a unique mazximal solution (defined on a non-empty interval J). Then

if sup J < 400, one has limsup |z(t)| = +o0, (2.1.17)
t—(sup J)—

if inf J > —o00, one has limsup |z(t)| = +oo. (2.1.18)
t—(inf J)4

This follows immediately from Theorem 2.1.13. In other words, maximal solu-
tions always exist (under mild regularity assumptions for F') and the only possible
obstruction for a maximal solution to be global is that |z(t)| gets unbounded, or if
Q2 # R", that x(t) gets close to the boundary 0.

Corollary 2.1.15. Let I be an interval of R. We consider a continuous function
F : I xR" — R" such that (2.1.1) holds and there exists a continuous function
a: 1 — Ry so that

Vie ILVz e R, |F(t,z) < at)(1+]|z]). (2.1.19)

Then all mazimal solutions of the ODE & = F(t,x) are global. In particular, the
solutions of linear equations with C° coefficients are globally defined.

The motto for this result should be: solutions of nonlinear equations may blow-up
in finite time, whereas solutions of linear equations do exist globally.

Proof. We assume that 0 € I C [0,+00) and we consider a maximal solution of the
ODE: we note that for / 3¢t >0

¢
()] < [(0)] +/0 a(s)(1+|a(s)])ds = R(t),
so that R = a(1 + |z|) < a + aR, R(0) = |z(0)|, and Gronwall’s inequality gives
¢
lz(t)] < R(t) < elo 2| 2(0)] +/ a(s)els s < Loo, forall I3t >0,
0

implying global existence. In particular a linear equation with C° coefficients would
be & = A(t)x(t) +b(t), with A a n X n continuous matrix, t — b(t) € R™ continuous,
so that (2.1.1) holds trivially and

[F(t,x)| = [A()x + b(@)| < [[AQ@)[|] + [b(t)]
satisfying the assumption of the corollary. O]

We can check the example & = z(z? — 1).

If |z(0)| > 1, the solutions blow-up in finite time,

If |z(0)] € {£1, 0}, stationary solutions,

If |2(0)| < 1, global solutions.
When 0 < z(0) < 1, z(t) €]0, 1] for all ¢ € R (and thus are decreasing), otherwise at
some to, we would have by continuity z(t) € {0, 1} and thus by uniqueness it would
be a stationary solution 0 or 1, contradicting 0 < x(0) < 1. The lines x = 0, £1 are
separating the solutions.
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x(0)=3/2

x(0)>1: blow-up in finite time

"x(0)=1

x(0)=1/2

Ix(0)I<1: global solutions x(0)=0

x(0)=-1/2

x(0)=-1

x(0)=-3/2 x(0)<-1: blow-up in finite time

Figure 2.2: SOLUTIONS OF THE ODE & = z(2* — 1).

2.1.3 Continuous dependence

Theorem 2.1.16. Let I be an interval of R, ) be an open set of R™ and U be an
open set of R™. We consider a continuous function F': I x Q, x Uy — R™ such that
the partial derivatives OF/0x;, OF /O exist and are continuous. Assuming 0 € I,
y € Q, we define z(t,y, \) as the unique solution of the initial value problem

Ox
E(tayv)‘) = F(t,l‘(t,y,)\),)\), x<0>y7 )‘> =Y.

Then the function x is a C function defined on a neighborhood of {(0,y)} x U.
Proof. We consider first the flow ¥ of the ODE defined by
oy
ot

and we recall that (¢, ) is Lipschitz-continous from (2.1.13). According to Propo-
sition 2.1.7, we may assume that v is defined on [0, Ty] x K with Tp > 0 and Kj a
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compact subset of €} with
[W(t, 1) — (t, 29)] < eolzy — x4 (2.1.20)
For x given in 2, we consider the linear ODE (D, 0, F are n x n matrices)

D(t,x) = (0,F)(t,1(t,x)) D(t,z), D(0,z) =1d, (2.1.21)
and we claim that g—f(t, x) = D(t,z). In fact, we have, since 0, F is continuous and
Y(t,-) is Lipschitz-continuous,

W(t,x+h) —p(t,z) =h+ /t(F(s,w(s,x + h)) — F(s,w(s,x)))ds
= h+ ’

/Ot /01(32F) (S, U(s,z) +0(L(s,x + h) — (s, x)))dé’(l/)(s, x+h) —¥(s,z))ds.

As a result, with p(t,z,h) = ¥ (t,x + h) — (t, z), we have

Pt h) = /0 OuF) (b 0t ) + Op(t, 2, 1)) dBplt, . h), (0,2, B) — .
We obtain
pt,x, h) = (F) (L, ¢(t, x))p(t, x, h) + w(t, z, p(t, z, h))p(t, z, h),
w(t,z,p) = /01((3217)(@@&(1%95) +0p) — (02F)(t,(t,x)))d6.

Using (2.1.21), (2.1.20) we have
p(0,z,h) — D(0,2)h =0 and |p(t,z,h)| < eolhl,
so that

= (O F)(t, ¢(t, 2))(p(t, x, h) — D(t, x)h) + w(t, z, p(t, x, h))p(t, , h),
and as a consequence with r(t) = |p(t,z,h) — D(t,z)h| for t > 0,

r(t) < /O [(02F) (s, (s, 2))|[r(s)ds + tn(h)|h] < /0 Cir(s)ds + tn(h)|h| = R(t),

with lim,_on(h) = 0. This gives
R(t) = Cur(t) +n(h)|h| < CLR(t) +n(R)|h|, R(0) =0,
and by Gronwall’s inequality R(t) < fot e“1t=9)dsn(h)|h| = o(h) which gives
r(t) =o(h), p(t,x,h) = D(t,z)h+ o(h),
so that g—f(t,x) = D(t, z). We note also that (2.1.21) and (2.1.13) imply that D(¢, x)
is solution of the linear equation

D(t,z) = Q(t,x)D(t,z), D(0,x)=1d (2.1.22)

with € continuous.
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Lemma 2.1.17. Let N € N, I be an interval of R and U be an open subset of R™.
Let Q be a continuous function on I x U valued in My(R), the N x N matrices with
real entries. Let A(x) be a continuous mapping from R™ into My(R). The unique
solution of the linear ODE

D(t,z) = Q(t,z)D(t,z), D(0,z) = A(z),
is a continous function of its arguments.

Proof. From Theorem 2.1.1, we know that there exists a unique global solution for
every x € U, so that I > t — D(t,x) is C* for each z € U. We may assume
[0,Ty] C I with some positive Ty, and for t € [0, Ty], z,x + h € Ky, where K is a
compact neighborhood of x in U, we calculate

D(t,x+h)—D(t,x) = A(:L‘—l—h)—A(:L‘)—l—/t(Q(S,l’—l—h)D(S,$+h)—Q<S,.T)D(S,l’))dS,
entailing
|D(t,x +h) — D(t,x)| < |A(z + h) — A(z)|

/\stJrh (s, 2)|| D(s,z + h)|ds

+/ |Q(s, x)||D(s,z + h) — D(s,z)|ds.
We note also that :
D] <186+ [ 1062 IDLs,2)lds
< w81+ [ 1Pls.allds swpj0] = R

z€Ko [O,To]XKO

so that R(t) = || p11xx | Dt )| < |1Qlj0.1)x k0 R(t) and Gronwall’s inequality
implies

|D(t,z)| < R(t) < [|Allk, exp t]|Qljo,m)xx0 < Co, for t € [0,Tp], z € K.
With p(t,z,h) = |D(t,x + h) — D(t,x)|, we get thus with Cy = ||Qo/m]x ko>
limy, o n(h) =0,

t
p(t,z,h) < |A(x + h) — Ax)| + CoTon(h) + C’l/ p(s,x,h)ds = Ry(t).
0

We obtain Ry(t) = Cip(t,z,h) < C1Ry(t) and Gronwall’s inequality gives
p(t,z, h) < Ri(t) < (|A(z + h) — A(z)] + CoTon(h)) exp ToCh.
For t € [0, Ty], x,x + h € Ky we get
ID(t, 2+ ) — D(0, )
t
< (|A(z + h) — A(z)] + CoTon(h)) exp ToCh +/ |Q(s, x)||D(s, x)|ds
0

< (|A(z + h) — A(z)| + CoTon(h)) exp ToCh + tC1Cy,
which proves the continuity of D at (0, z), ending the proof of the Lemma. m
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We may apply this lemma to get the fact that the flow is C!, under the assump-
tions of Theorem 2.1.16. To handle the question with an additional parameter A,
we use the previous results, remarking that the equation

V(L y,2) = F(t,¥(ty,2),2), ¥0,y,2) =y

can be written as

Ut y,z)=F@ Yy 2), ¥Y0,y2) =y z)
with W(t,y,2) = (¥(t,y, 2), z). The proof of Theorem 2.1.16 is complete. O

Corollary 2.1.18. Let I be an interval of R containing 0, 2 be an open set of R™,
ke N and FF: I xQ — R” be a continuous function such that {03 F} o<k exist
and are continuous on I x . We denote” by J, x Q 3 (t,z) — ¥(t,r) € R" the
maximal solution of the ODE

o

E(t,x) = F(t,w(t,x)), »(0,2) = .

Then the function ¢ is a C* function such that {02, 0,021} a1<k are continuous.

Proof. For k =1,z € Q, we get from the previous theorem that v is a C' function
defined in a neighborhood of (0, z¢) in I x Q. Moreover, the proof of that theorem
and (2.1.21) gives

8%

0 0
Otox (t " Or ox

ox (), ox

z) = (0F)(t,¥(t, x)) (0,z) = Id, (2.1.23)

with g_;p continuous, according to Lemma 2.1.17, entailing from the above equation
the continuity of %. We want now to prove the theorem by induction on k with

the additional statement that for any multi-index o with |a| < k,

8,00 = > clag, ... a, p)(O5F)(t, )% ... 95"y, (2.1.24)

lp|>1
a1+~~~+a‘p‘:a, ‘a]-|21

where c¢(a, ..., a,, p) are positive constants and (92)(0, ) is a C* function. The
formula (2.1.23) gives precisely the case k = 1 (note that ¥(0, x), 9,1(0, z) are both
C"). Let us now assume that k > 1 and the assumptions of the Theorem are fulfilled
for k4 1. For |a| =k, (2.1.24) implies that 021 satisfies

0ta§w = (82F) (t7 ¢) ' agw _'_ G<t7 ¢7 af@b)ﬁm

where G is a linear combination of products (95F)(t, )0 ... 0% ", with |p| <
k,1 < |aj| < k. As a result the function G is a C* function of ¢, z. Since (¢, ) —
(02 F)(t,9(t, z)) is also C! since k > 1, Y, = 0% is the solution of a linear ODE
~—— N —

Ck c1

0y = a(t,x)Y, + f(t,2), a,fcC.

7According to Remark 2.1.6, the time of existence of the solutions is bounded below by a positive
constant Tj, provided the initial data belong to a compact subset.
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A direct integration of that ODE gives

¢
Ya(t, z) = elod@®)doy, (0, z) + / els @7 (g 1)ds,
N—— 0

eCt

so that 921 is also C, as well as 9;0% from the equation. Taking the derivative
with respect to ;1 of (2.1.24), using the fact that {0 F'}|a<k+1 exist, we get a linear
combination of terms

(BF)(t, )02 0y th . 02", Y (B F) (1, 4) 0y . 5,

o' |=]pl+1

entailing the formula (2.1.24) for k + 1; note also that for |5 = 1+ k > 2,
(0%4)(0,z) = 0. The proof of the induction is complete as well as the proof of
the theorem. N

Corollary 2.1.19. Let Q be an open set of R", 1 <k € N and F': Q — R" be a C*
function. Then the flow of the autonomous ODE, ¢ = F(1), is of class C* (in both
variables t,x).

Proof. For k = 1, it follows from Corollary 2.1.18. Assume inductively that & > 1
and F € C*: from Corollary 2.1.18, we know that 9;,0%), 9%} are continuous
functions for |a| < k+1. Moreover we know from (2.1.24) an explicit expression for
0,08 for |a| < k41 and in particular for |a| = k; since in (2.1.24), |p| < |o| = &,
we can compute 9202, which is a linear combination of

o' Bpth M . .. A1 4p, OPFO™ O .. 9%y,
~~  ~~ NG
o/ |=1+1p| <k+1 piy) R

which is a continuous function. More generally, 9!0%¢) for | + |a| < k+ 1 is a
polynomial in 9%, (0°F)(v), with |3| <k+1, |p| <k + 1, thus a continuous
function. All the partial derivatives of ¢ with order < k + 1 are continuous, com-
pleting the induction and the proof. O

2.2 Vector Fields, Flow, First Integrals

2.2.1 Definition, examples

Definition 2.2.1. Let 2 be an open set of R™. A wector field X on ) is a mapping
from € into R™. The differential system associated to X 1is

dx

— = X(x). 2.2.1

=X () (221)
An integral curve of X is a solution of the previous system and the flow of the vector
field is the flow of that system of ODE. A singular point of X is a point xy € )
such that X (xg) = 0. When for x € Q, X (z) = (X;(2))1<j<n, the vector field X is
denoted by 3, i, X;(x) 9

B
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N.B. We have introduced the notion of flow of an ODE in Proposition 2.1.7. In the
above definition, we deal with a so-called autonomous flow since X depends only on
the variable z and not on t.

Remark 2.2.2. Let X be a C! vector field on some open subset €2 of R®. The flow
of the vector field X, denoted by ®% (x) is the maximal solution of the ODE

Pl () = X (D (2)), O%(z)=ux. (2.2.2)

The mapping ¢ — P (z) is defined in a neighborhood of 0 which may depend
on x; however, thanks to Proposition 2.1.7 and Corollary 2.1.18, for each compact
subset Ky of Q, there exists Ty > 0 such that (¢,z) — ®%(x) is defined and C' on
[—To, To] x Ko. We have for z € Q and t, s in a neighborhood of 0,

d

E(‘P?S(ﬂf)) = X (25°(x)), O (2)y=0 = Px(2),
(@4 (@ ())) = X (@ (5 (2))). Ph(@5 (), = Pi(a).

so that the uniqueness theorem 2.1.1 forces
DL = DL DY (2.2.3)

In particular the flow ®% is a local C! diffeomorphism with inverse ®" since ® is
the identity.

Let us give a couple of examples. The radial vector field in R? is 2,0, + 220,,,
namely is the mapping R* > (x1,22) — (x1,22) € R% The differential system
associated to this vector field is

hr=a xy =yie’, 21(0) =y
Ty =m9 | X2 =€, 22(0) = yo

so that the integral curves are straight lines through the origin. The flow (¢, x) of
the radial vector field defined on R x R? is thus

Y(t,x) = e'z.

We can note that 1(t, Ogz) = Ogz for all ¢, expressing the fact that Og: is a singular
point of x10,, + x20,,, namely a point where the vector field is vanishing.

We consider now the angular vector field in R? given by x,0,, — 120, (the
mapping R? 3 (21, x2) — (=22, z1) € R?). The differential system associated to this
vector field is

L d '
{m.l B T2 e — (2 +ixo) = i(xy + i), (w1 +imy) = e(21(0) + iz2(0))
Ty = X1 dt

so that the integral curves are circles centered at the origin. The flow 1 (t, z) of the
angular vector field defined on R x R? is thus

cost —sint
sint cost

b(t,2) = R(t)e,  R(t) = (

) (rotation with angle ).
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Figure 2.3: THE RADIAL VECTOR FIELD 210,, + 220,,.

Remark 2.2.3. We note that if a vector field X is locally Lipschitz-continuous on
Q, for all o € Q, there exists a unique maximal solution ¢ — z(t) = (¢, zo) of
the ODE (2.2.1) defined on [0, 7] with some positive Ty. From Theorem 2.1.13,
if ([0, Tp[) is contained in a compact subset of 2, we have Ty = 400, (otherwise
Ty < 400 and supy;p, |2(t)| = +00).

Definition 2.2.4. Let X be a vector field on €2, open subset of R™. A first integral
of X is a differentiable mapping f : Q@ — R such that

VeeQ, (Xf)z)= > Xj(x)g—a{;(x) = 0.

1<j<n

In other words, (df, X) = 0, where the bracket stand for a bracket of duality
between the one-form df =37, ., %dxj and the vector field X =3, X;0, .
If f is of class C* with df # 0, the set (a level surface of f)

S ={zeQ flz)=f(z)}

is a C! hypersurface to which the vector field X is tangent since it is “orthogonal”
to the gradient of f given by Vf = (0, f)i<j<n, Which is the “normal” vector to
Y. The quotation marks here are important in the sense that orthogonality here
must be understood in the sense of duality. The tangent bundle to the open set U
is simply the product U x R™ and a vector field on U is a section of that bundle,
i.e. a mapping U 3 z — (z,X(x)) € U x R*. Now if V is an open set of R" and
k: Y — U is a O'-diffeomorphism, we can define the pull-back of the vector field X
by r as the vector field Y on V such that for f € C'(U)

(d(f 0 k), Y) = (df, X) o 5, (2.2.4)



32 CHAPTER 2. VECTOR FIELDS

s ~ N
o NN
, N
NN
\

/ -~ \
/ //4/’\\': !
! ~ N\ |
'1 Ak »
'\ \'\'\/// ]
{ N /
.\ e /

) /

V) »

y.
N s
N O~ -7

Figure 2.4: THE ANGULAR VECTOR FIELD 210,, — Z20,,.

Le. for X =3, ., a;(7)0,;, we define Y =3, ;. br(y)9y, so that

> ™) = 3 ) g x()

1<k<n 1<j<n

which means

S w220 = 3 ) L2 = 3 4y 2L ()

x .
1<k<n (9yk 1<k,j<n Y 1<j<n Oz

and this gives

2{: bk 85@

8
1<k<n yk

Abusing the notations, these relationships are written usually in a more convenient

way as
Ox; 0x;
bk = = be—2L | —
S = S g~ (S
’ —_——
aj
Anyhow, we get immediately from these expressions that if X(f) = 0, i.e. f is
a first integral of X, the function f o k is a first integral of Y, meaning that the
notion of first integral is invariant by diffeomorphism, as well as the notion of a
vector field tangent to the level surfaces of a function f. Similarly, the one-form
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df has an invariant meaning as a conormal vector to >: the reader may remember
from that discussion that no Euclidean nor Riemannian structure was involved in
the definitions above.

Let us go back to our examples above: the angular vector field x105 — 220, has
obviously the first integral 2% 4+ 23 and we see that this vector field is tangential to
the circles centered at 0. The radial vector field 10, + w205 has the first integral
xo/x1 on the open set x; # 0 and is indeed tangential to all straight lines through
the origin. We see as well that

T T2
2 2’ 2 2
\/xl + x5 \/xl + 75

are first integrals of the radial vector field as well as all homogeneous functions of
degree 0. Considering the diffeomorphism®

Rix] —m,m[ — C\R_
(r,0) — et

we see as well that

2 = [Blag — 33'281. (225)

0
r— = .’13'181 + x282, 20

or

For the so-called spherical coordinates in R3, we have

x1 =rcosfsing
Zo = rsinfsin ¢ (2.2.6)

T3 =T COSQ
(6 is the longitude, ¢ the colatitude’) and the diffeomorphism

k: ]0,400[ x 0,7 x |—ma] — RN{(x1,72,23),71 <0,29 =0} =D
(r , 0 0) —  (rcos@sing,rsinfsin @, r cos ¢)

we have

—cosﬁsm(b 0 —l—sm@smqﬁ 0 + cos p—
8x2 81‘3

— rsin gbaa

2 T3

9

or

0 8
%—rcosecosqﬁ +rsm€cos¢ax
9

0

0:—T81n981n¢ + rcosf sin p—

Ox 1 axQ

8 For z € C\R_, we define Log z = f[l . % and we get by analytic continuation that et°8* = z;
we define arg z = Im(Log 2), so that z = e!282¢Relogz — giargzpn|z]

9The latitude is 5 — ¢, equal to 7/2 at the “north pole” (0,0,1) and to —x/2 at the “south
pole” (0,0, —1).
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Since we have an analytic determination of the argument (see footnote 8) on C\R_,

we define on D
¢ = arg(zs +i(af + 23)"/?)
0 = arg(xy + ixs)

The radial vector field -0, = 210,, + 20, +x30,, = 0, is transverse to the spheres

with center 0 since 9,7 = 1 # 0 whereas the vector fields -2, -2 are tangential to the

¢’ 06
spheres with center 0 since it is easy to verify that

or or

In fact the three vector fields 290, —%10,,, 30, —20,,, T10.,—x30,,, are tangential
to the spheres with center 0 and

% = *Tlaxg - 1‘28951, (227>
0 . .
% = rcosf cos ¢0,, + rsin b cos ¢p0,, — rsin PO,
so that
. g 0 , 0 0 0 2 2
7 sln gba¢ = xgrar T Dy T123 B + xox3 02y (x] + xQ)axg
Y P S P
- 36l‘1 181’3 2 381‘2 28I3
so that
0 I 0 0 i) 0 0
J— €T — T —+ x — X . 2.2.8
¢ \/x%—kx%( oy 18353) \/x%—kx%( S0, 28903) ( )

The integral curves of /00 are the so-called parallels, which are horizontal circles
with center on the xz-axis (e.g. the Equator, the Artic circle), whereas the integral
curves of 0/0¢ are the meridians, which are circles (or half-circles) with diameter
NS where N = (0,0, 1) is the north pole and S = (0,0, —1) is the south pole.

2.2.2 Local Straightening of a non-singular vector field

Theorem 2.2.5. Let k € N*, Q an open set of R", o € Q and let X be C*-vector
field on Q0 such that X (xq) # 0 (X is non-singular at zo). Then there exists a C*
diffeomorphism k : V. — U, where U is an open neighborhood of xo and V is an
open neighborhood of Ogn such that

K" (X|U) = —,



2.2. VECTOR FIELDS, FLOW, FIRST INTEGRALS 35

Proof. Assuming as we may xg = 0, with X = Zlgjgn aj(a:)(?xj, we may assume
that a1(0) # 0. The flow of the vector field X satisfies

b)) =X (W), Y(02) =1 (2.2.9)

and thus the mapping (y1,¥2,---,¥n) = K1, Y2, Yn) = (Y150, 92, ..., yn) is of
class C* in a neighborhood of 0 (see Corollary 2.1.18) with a Jacobian determinant

at 0 equal to

¢} o oy
at< )/\8—%(0)/\-- A@yn(> X(0)AeEA---Né, =ai(0) #0.

As a result, from the local inversion Theorem, x is a C* diffeomorphism between V
and U, neighborhoods of 0 in R™. From the identity

%{uw(t,y))} = lén%(w(t,y))%(t,y) = 1<JZ<n a; (¥(t, y))ggj (v(t,y)),
we get
{0 )W)} = 5o {u (030, ) } = 1;naj<m<y>>§—;<m<y>>,
so that p
(d(uo k), 8_y1> = (du,X) ok

and the identity (2.2.4) gives the result. We have with (b1,...,b,) = (1,0...,0)

(X = Y bl Gl = Y SE0) = ()b

0
1<k<n 1<k<n Yk

The previous method also gives a way to actually solve a first-order linear PDE:
let us consider the following equation on some open set 2 of R”

Z aj(:v)g—;j(:p) = ao(z)u(z) + f(z) (2.2.10)

where the {a;}1<j<, € C* (4 R), ag, f € CH(2;R). We are seeking some C* solution
u. That equation can be written as Xu = aqu + f and if v is the flow of the vector
field X, i.e., satisfies (2.2.9) and u is a C'! function solving (2.2.10), we get

%(U(w(t,x))) = (du, X)((t, x)) = ao(P(t, 2))u(y(t, x)) + f( (¢ ).

The function ¢ — wu(¢(t,x)) satisfies an ODE that we can solve explicitely: with

x) = fot ao(¢(s,x))ds
u(tp(t, ) = e®EPuy(z) + /t elbo)=als2) £ (1) (s, 1)) ds. (2.2.11)
0
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In particular, if in the formula above x belongs to some C! hypersurface ¥ so that
X is tranverse to X, the proof of the previous theorem shows that the mapping
R x X5 (t,x) — ¢(t,z) € Qis a local C'-diffeomorphism. As a result the datum
ujs: determines uniquely the C' solution of the equation (2.2.10).

Corollary 2.2.6. Let Q be an open set of R®, 3 a C* hypersurface’® of Q and X a
Ct wvector field on Q2 such that X is transverse to Q. Let ag, f € C°(Q), 19 € ¥ and
g € C°%X). There exists a neighborhood U of xy such that the Cauchy problem

Xu =au+f onlU,
us =g on,
has a unique continuous solution.

Proof. Using Theorem 2.2.5, we may assume that X = a%. Since X is transverse

to the hypersurface ¥ with equation p(x) = 0, the implicig function theorem gives
that on a possibly smaller neighborhood of xy (we take xy = 0),

Y ={(,7,) e R xR x, = a(z))}
where « is a C! function. We get

9]
3xu = ao(2', xp)u(, x,) + f(2', 2,), u(d', alz")) = g(z').

Using the notation
Tn
a(x’, z,) :/ ao(2',t)dt
a(z’)
The unique solution of that ODE with respect to the variable x,, with parameters
2’ is given by

u(x, ) = e g (') 4 / e(@en)=al@) £ (o 1)dt.,

]

Definition 2.2.7. Let Q) be an open set of R™, X a Lipschitz-continuous vector field
on Q. The divergence of X is defined as div X =3, _,, 0, (a;).

Definition 2.2.8. Let Q be an open set of R™: Q will be said to have a C' boundary
if for all xy € 0N, there exists a neighborhood Uy of xo in R™ and a C* function
po € CH(Uy; R) such that dpy does not vanish and QN Uy = {x € Uy, po(z) < 0}.

Note that 0Q N Uy = {x € Uy, po(z) = 0} since the implicit function the-
orem shows that, if (0po/0x,)(xg) # 0 for some xg € 02, the mapping x
(z1,..., 201, po(z)) is a local C'-diffeomorphism.

10We shall define a C! hypersurface of 2 as the set ¥ = {z € Q, p(x) = 0} where the function
p € CH(R) such that dp # 0 at ¥. The transversality of the vector field X means here that
Xp#0at X.
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Theorem 2.2.9 (Gauss-Green formula). Let Q be an open set of R"™ with a C*
boundary, X a Lipschitz-continuous vector field on 2. Then we have, if X is com-
pactly supported or € is bounded,

/ (div X)dz = / (X, vdo, (2.2.12)
Q o9

where v is the exterior unit normal and do is the Euclidean measure on OS).

Proof. We may assume that @ = {z € R", p(x) < 0}, where p : R* — R is C"*
and such that dp # 0 at 9€2. The exterior normal to the open set (2 is defined on (a
neighborhood of) 92 as v = ||dp||~'dp. We can reformulate the theorem as

/QdivX dx:/(X,y> (o)) [dp()]| = lim / (X, dp(2))0(p(x) /€)da e

where 6 € C.(R) has integral 1. Since it is linear in X, it is enough to prove it for
a(x)0,,, with a € C}. We have, with ¢ =1 on (1, +00), 1 = 0 on (—o0, 0),

. da , da
/levX dx :/ —(z)dr = lim a—xl(x)@b(—p(x)/e)dx

p(z)<0 8:131 =04

= Jim [ o) ()} 2wy = lim [ (), doyi (~p(a) fe)e

e—04 T e—04

= lim [ (X, dp)d(p(x)/e)e ‘dz,

e—04
with 0(t) = ¢/(—t), [200(t)dt = [y (~t)dt = [T (H)dt = 1, O
In two dimensions, we get the Green-Riemann formula
P
// 0_ + G_Q )dzdy = / Pdy — Qdx, (2.2.13)
o0

since with X = P0, + Q0,, 1 = p(a: y) < 0, the lhs of (2.2.13) and (2.2.12) are the
same, whereas the rhs of (2.2.12) is, if p(z, y) f(z) — y on the support of X,

/ / (X, dp)(p)dedy = lim / / (2.9)F'(2) - Qo 9))8((f(x) — y)/e)drdy/e
- / (Ple. S @) — QU f)) e = [ Pay—Qar

o0

Corollary 2.2.10. Let Q be an open subset of R™ with a C* boundary, u,v € C?(Q).
Then

/Q (Au)(2)o(z)dz = /Q (@) (Av) () + /6 ) (v% - u%)da, (2.2.14)
/QVU -Vudr = —/QuAvd:c + /BQ u%da. (2.2.15)

where A = 3., Gﬁj s the Laplace operator and g—g = Vu - v where v is the
exterior normal.

Proof. We have vAu = div (vVu) — Vu- Vo so that vAu —uAv = div(vVu — uVv)
providing the first formula from Green’s formula (2.2.12). The same formula written
as Vu - Vv = —uAv + div (qu) entails the second formula. O
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2.2.3 2D examples of singular vector fields

Theorem 2.2.5 shows that, locally, a C'* non-vanishing (i.e. non-singular) vector field
is equivalent to 0/0x;. The general question of classification of vector fields with
singularities is a difficult one, but we can give a pretty complete discussion for planar
vector fields with non-degenerate differential: it amounts to look at the system of
ODE

T2 X2

(xl) =A <x1) ,  where A is a2 X 2 constant real matrix, det A # 0. (2.2.16)

The characteristic polynomial of A is

pa(X) = X? - Xtrace A+det A, A, = (trace A)* — 4det A.

Case A, > 0: two distinct real roots A\, Ay, R? = E,, @ E),
In a basis of eigenvectors the system is
Y1 = Myt ‘e y1 = eMyrg
Yo = Aay2 Y2 = €2y

~det A > 0,trace A > 0: 0 < A\ < g

A2 /M
Y2 Y1 .
= = (—> repulsive node.
Y20 Y10

~det A > 0,trace A < 0: Ay < A\ < 0, attractive node, reverse the arrows in the
previous picture,
Xa/M
Y2 (y_>
Y20 Y10

~det A < 0: A\ <0 < Xy, saddle point

2 (£>/\2/(—>\1) _
Y20 \ Y10

Case A4 = 0: a double real root, \; = A\ = %trace A.

- dim E, = 2 attractive node if trace A < 0, repulsive node if trace A > 0,
- dim F), = 1 attractive node if trace A < 0, repulsive node if trace A > 0.

Case A, < 0: two distinct conjugate non-real roots, A\; = a+i3, \s = a—if3,
6>0

- a = 0 center,
- a > (0 expanding spiral point,
- o < 0 shrinking spiral point.

Exercise: draw a picture of the integral curves for each case above.
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2.3 Transport equations

2.3.1 The linear case

We shall deal first with the linear equation

0 0
ey a;(t, m)au = ao(t,x)u+ f(t,x) ont>0, reRY
1<j<d Ly (2.3.1)

Ujt=0 = U, for z € RY,

where a;, f are functions of class C' on R4, We claim that solving that first-order
scalar linear PDE amounts to solve a non-linear system of ODE. We check with

z(t) = (xj(t))lgjgd € R4
i(t) = a;(t,2(t)), 1<j<d, ;(0) =y, (2.3.2)

and we note that if u is a C'* solution of (2.3.1), we have

%{u(t,x(t))} (Ou)(t, (t +Za W)t 2(1))a; (¢, 2(0))
= ao(t,z(t))u(t, z(t)) + f(t, 2(t)),

so that u(t, 2(£)) = ug(y)els ()i | / el oo(eal@)de (s 1())ds. As a result, the

value of the solution u along the characteristic curves t — x(t), which satisfies a
linear ODE, is completely determined by ug, ag and the source term f. We can write
as well z(t) = (¢, y) and notice that v is a C* function: following Theorem 2.1.16,
1 is the flow of the non-autonomous ODE (2.3.2) and we shall say as well that 1 is
the flow of the non-autonomous vector field

+ > ay(t,x) 8% (2.3.3)
1<j<n
We have
9% aaj O, . d dadw
ata =2 &% Ly, BY) de e = ay

1<l<d

so that with D(t,y) = det (24

ayk)lgj,kéd’ we have from ¥(0,y) = v,

D(t,y) = exp/0 (trace %)(s,w(s,y))ds = eXp/O (diva)(s,¥(s,y))ds.  (2.3.4)

As a result, from the implicit function theorem, the equation z = (¢, y) is locally
equivalent to y = (¢, z) with a C' function ¢ so that

Dt p(t,2)) = @
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We obtain from

t
u(t7 w(t, y)) — uo(y)e.fo ao(Sﬂl}(S:y))dS _'_ / efs aO(va(va))de(S’ ¢(S, y))ds

0
that

t
u(t, z) = uo(p(t, v))elo wolslsetaNds | / el ao(ow(o.p(ta)))do f(s,0(s, 0(t,2)))ds.
0

(2.3.5)
We need to introduce a slightly more general version of the non-autonomous flow
in order to compare it with the actual flow of the vector field 0, + a(t,x) - 0, in
particular when a satisfies the assumption (2.1.19), ensuring global existence for the
characteristic curves.

Definition 2.3.1. Let a: R x R — R? be a C! function such that (2.1.19) holds.
The non-autonomous flow of the vector field O, +a(t, x)- 0, is defined as the mapping
R xR xRY> (t,s,y) — U(t,s,y) € R? such that

(%\f)(t s.y)=a(t,U(t,sy)), Y(s.sy) =y (2.3.6)

Lemma 2.3.2. With a as in the previous definition, we have V(t,0,y) = (t,y),
where ) is defined by (2.3.2). The flow ®° of the vector field 0, + a(t,z) - 9, in RI*+4
satisfies

(s,y) = (s +0,¥(s+0,s,9)). (2.3.7)
Moreover for s,0,,0, € R,y € R?, we have
U(s+ 01 +0a,8,y) = ‘I’(S + 01+ 02,5+ 01, ¥ (s + 04, 5, y)) (2.3.8)
For allt € R, y s 1(t,y) is a C! diffeomorphism of RY.

Proof. Formula (2.3.7) follows immediately from (2.3.6). Considering the lhs (resp.
rhs) u(fy) (resp. v(6;)) of (2.3.8), we have

U(QQ) = CL(S + (91 + 02, U(Qg)), U(@Q) = CL(S + 01 + 02,’0(92)),

and u(0) = V(s + 64, s,y), v(0) = \IJ(S + 01,5401, V(s + 6, s,y)) =U(s+0,s,y),
so that (2.3.8) follows. Note also that (2.3.8) is equivalent to the fact that ®%1+%2 =
P%1®% proven in (2.2.3). In particular, we have

y = Y(s, (ss—{—Q\P(s—{—é’sy))

Y) =
so that y = W(s,t, U(t,s,y)) = ¥(0,t,¥(t,y)) = ¥(s,0,V(0,s,y)) = (s, ¥(0,s y))
and for all t € R, y — ¢(t,y) = \If(t 0,y) is a C! global diffeomorphism of R?
with inverse diffeomorphism z +— ¢(t,2) = ¥(0,t,x): both mappings are C' from
Theorem 2.1.16, and with ¢ (z) = (t, z), Y:(y) = ¥ (t,y) we have

) =
(b0 9i)(y) = u((t,y)) = W (0,4, ¥(¢,0,9)) = v,
(Y0 pi) (@) = Pulp(t, 2)) = W(t,0,9(0,t, ) = .
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Remark 2.3.3. The group property of the non-autonomous flow is expressed by
(2.3.8) and in general, ¥(t + s,y) # ¥(t,¥(s,y)): the simplest example is given by
the vector field 0; + 2t9, in R}, for which

Yt +s,y)=({t+s)?+y

42
w“”*‘t+y:${¢ww@w»=ﬁ%+f+y

Note also that here W(t,s,y) = t? — s? + y and (2.3.8) reads
(s+0+60)° —s"+y=(s+0+6)°—(s+60)*+(s+6)—5 +v.

Of course when a does not depend on t, the flow of L = 9, + a(x) - 9, is given by
—

X

Ol (s,y) = (s +0,9%(y), V(t,s,y) = (), ¥(t,y) = P(y)
and in that very particular case, ¥ (t + s,y) = ¥(t, ¥(s,v)).
We have proven the following

Theorem 2.3.4. Let a : R; x RY — R? be a continuous function which satisfies
(2.1.19) and such that Oya is continuous. Let ag, f : Ry x R;f — R be continuous
functions and ug : R* — R be a C function. The Initial-Value-Problem (2.3.1) has

a unique C* solution given by (2.3.5).

Note that, thanks to the hypothesis (2.1.19) and 0,a continuous, the flow z —
Y(t,z) and y — o(t,y) defined above are global C! diffeomorphisms of R?.

Remark 2.3.5. Let us assume that ag and f are both identically vanishing: then
we have from (2.3.5)

u(t’ :C) = UO(SO(ta Z‘))

and since ¥ (t,y) =y + f(f a(s,z/z(s, y))ds we get

v = vltplt) = plta) + [ a(s ol ot )ds

so that |p(t,x) — x| < |t|||a||r~ and the solution u(¢,z) depends only on ug on the
ball B(z, [t|||a||z=), that is a finite-speed-of-propagation property. Moreover the
range of u(t,-) is included in the range of ug: in particular if ug is valued in [m, M],
so is the solution u. If the vector field is autonomous, we have seen that

gp(t,x) = CI))_(t(x)a X = Z aj(x)aa:ja

so that u(t,z) = uo(® (), u(t+s,2) =uo(Py *(z)) = u(t, 3’ (2)).
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2.3.2 The quasi-linear case
A linear companion equation

We want now to investigate a more involved case

0 0
a4 + a; (t,x,u(t,x))—u = b(t,x,u(t,x)) on0<t<T, z€R?
325 - 0xj
1<j<d
Ug=0 = Uo, for x € R,

(2.3.9)

That equation is a general quasi-linear scalar first-order equation. We know from

the introduction and the discussion around Burgers equation (1.1.4) that we should

not expect global existence in general for such an equation. We assume that the

functions a;, b : R, x Rg xR, — R are of class C'! and we shall introduce a companion
linear homogeneous equation

or + a;(t,x, v)a—F + b(t, x,v)g—i

ot , 0z =0, F(0,z,v) =v—up(zx). (2.3.10)
1<j<d

From the discussion in the previous section, we know that, provided ug is continuous,
there exists a unique C' local solution of the initial value problem (2.3.10), near the
point (t,z,v) = (0, xg,v9 = up(zo)). We claim now that, at this point, F/dv # 0:
in fact this follows obviously from the identitv F'(0,z,v) = v — ug(x) which implies
that (0F/0v)(0,z,v) = 1. We can now apply the Implicit Function Theorem, which
implies that the equation F'(¢,x,v) = 0 is equivalent to v = u(t, z) with a C! function
u defined in a neighborhood of (t = 0,z = () with w(0, x¢) = ug(xy). We have

F(t, 2 ult,z)) =0 (2.3.11)
and
ou ou
2 _ 4 (t,x,u(t,x))a—%
1<5<d
8F/8t aF/axj -
— —ap/av(t,m,u) — Z aj(t,z,u) 9F 0 (t,z,u) = b(t,z,u),
1<5<d

so that we have found a local solution for our quasi-linear PDE. Moreover, since
F(0,z,v) = v — ug(x), we get from (2.3.11) u(0,x) — up(z) = 0, so that the initial
condition is also fulfilled. We shall develop later on this discussion on the first-order
scalar quasi-linear case, but it is interesting to note that finding a local solution for
such an equation is not more difficult than getting a solution for a linear equation.
Moreover, we shall be able to track the solution by a suitable method of characteris-
tics adapted to this quasi-linear case, in fact following the method of characteristics
for the companion linear equation (2.3.10).

The previous discussion shows that a local solution of (2.3.9) does exist. A direct
method of characteristics can be devised, following the discussion above: we assume
that u is a C"! solution of (2.3.9) and we consider the ODE

(t) = a(t,z,u(t,z(t))),v(t) = b(t, z(t), u(t,x(t))), 2(0) = xq, v(0) = up(zo).
(2.3.12)
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We calculate

< (ut,2(0)) — v(t)
= (Qwu)(t, 2(t)) + (Opu)(t, x(t)) - alt, x(t), u(t, (1)) — b(t, 2(t), u(t, 2(t))) = O
so that
ult, z(t)) = v(t). (2.3.13)
2.3.3 Classical solutions of Burgers equation

We have already encountered Burgers’ equation in (1.1.4). According to the previous
discussion, the linear companion equation is 9, F+v0, F' = 0 whose flow is ¥ (¢, x,v) =
(x+tv,v) since & = v, 0 = 0; we have F(t,x+tv,v) = v—up(x) and thus the identity
F(t,x + tug(z),up(z)) = 0. Since a C* solution u(t, x) of

Ou +ud,u =0, u(0,2) = up(x), (2.3.14)
satisfies the identity (2.3.11) we have
u(t, x + tug(x)) = up(x). (2.3.15)

If ug € C' with ug, uj, bounded the mapping x +— z + tug(z) = fi(z) for t > 0 is a
C' diffeomorphism provided 1 + tujy(z) > 0 which is satisfied whenever

1

0<t<Ty= ——no
sup(—ug) +

since the inequality uy, > —M with M > 0 implies
1+ tug(z) >1—tM >1—TyM = 0.
Moreover f; and g, = f;* are C* functions of t. As a result, we have for 0 < t < Tj,

ult, 7) = uo(gr(x)), 5o that sup [u(t, z)] = sup fuo(a)].
Note that

(Dau) (¢, ful@)) fi() = up () = (Osu) (t, @ + tuo(x)) = fotgﬁm)

so that this quantity is unbounded when ¢ — (7p)_ if —u(, reaches a positive max-
imum at z, but nevertheless [ [(0,u)(t,z)|dx = [ |uj(ge(2))|g;(x)dx = [ |uf(z)|dz.
Let us check some simple examples.

e When ug(x) = ax, with a > 0 we do have a global solution for ¢ > 0 given by the
identity

u(t,x) = up(z — tu(t,x)) = ar — atu(t,r) = u(t,x) = azx/(1 + at).
e When uo(z) = —az, with a > 0 the solution blows-up at time 7" = 1/a,

u(t,z) = uo(x — tu(t,x)) = —ax + atu(t,r) = u(t,z) = ax/(at — 1).



44 CHAPTER 2. VECTOR FIELDS

e When ug(z) = (1 —2)H(z) + (1 4+ 2)H(—=z), with H = 1g,, we find, using the
method of characteristics that

l1—=x z+1

— < . 0.
1_t+H(t x)t+1, 0<t<l, =ze€eR (2.3.16)

u(t,z) = H(x —t)

The function « is only Lipschitz continuous, but we may compute its distribution
derivative and we get on the open set —1 <t <1

1—2x z+1 l—x r+1
O = =b0w —t)3— + 0t —a) g + Hlz =) gy — Ht = 2)
= H(z t)m—H(t—ﬂﬂ)mELzoc
1—x x+1 1 1
633U—(5(x—t)1_t —5(t—x)t+1 —H(x—t)(lijH(t—:U)m

1 1
=—H(z — t)m + H(t— m)m € L;5., the product ud,u makes sense

1-— 1
u@xu:—H(x—t)—x—i-H(t—x) T

(=1 Ere s 0

so that Burgers equation holds for u. The following picture is helpful. In fact, the

Blow-up at time t=1

t=0 L.
for x<0, the characteristics do not meet for x=0, the characteristics meet at (1,1)

Figure 2.5: The characteristic curves with
up(z) = (1 —2)H(x) + (1 + 2)H(—x).

function wug is equal to 1 + z for x < 0 and to 1 — z for x > 0 and we have from
(2.3.15) u(t, z+tug(z)) = up(z), so that u is constant along the characteristic curves
t = (w0 + tug(wo),t) € RZ,: these curves are straight lines starting at (o, = 0)
with slope 1/ug(zo). In the case under scope, we have

x(t,xg) = xo +t(1 +x9) if 29 <0,
x(t,xo) = xg + t(1 — xg) if xy > 0.



2.4. ONE-DIMENSIONAL CONSERVATION LAWS 45

We have indeed for g # x; both > 0,0 <t <1
z(l,me) =1, x(t,zo) — x(t, 1) = (vg — x1)(1 — t) # 0.
On the other hand for zy # x; both <0, ¢t > 0, we have

x(t,xo) — x(t,x1) = (xg — 1) (L + 1) # 0.

2.4 One-dimensional conservation laws

2.4.1 Rankine-Hugoniot condition and singular solutions

We shall consider here the following type of non-linear equation
O+ 0, (f(u)) =0, (2.4.1)

where (¢, x) are two real variables, and u is a real-valued function, whereas f is a
smooth given function, called the fluz. We shall consider some singular solutions of

this equation, with a discontinuity across a C'' curve with equation z = o(t). We
define
u(t,z) = H(x — o(t))u,(t,z) + H(o(t) — x)u(t, z) (2.4.2)

where H is the Heaviside function and we shall assume that u, and w; are C*
functions respectively on the closure of the open subsets

Q, ={(z,t),x > o(t)} and @ = {(z,t),x < o(t)}

and that w, solves the equation (2.4.1) on the open set €, (resp. wu; solves the
equation (2.4.1) on the open set €2;). We shall assume also the so-called Rankine-
Hugoniot condition,

at . =o(t), f(u.)— fw)=0c()(u —w). (2.4.3)

Theorem 2.4.1. Let o be a C' function, Q,; defined as above, let u,,u, be C*
solutions of (2.4.1) respectively on Q,.,$Y. Then u given by (2.4.2) is a distribution
solution of (2.4.1) if and only if the Rankine-Hugoniot condition (2.4.3) is fulfilled.

Proof. We have
flu(t,z)) = H(z — o(t)) f(ur(t, ) + H(o(t) — ) f(u(t, x))
and thus the distribution derivative with respect to x of f(u) is equal to
0, (f(w)) = H(z — o(®)) f'(ur(t, ) Qo) (t, ) + H(o(t) — 2) f'(wi(t, ) (Or) (¢, )
+0(x = o) (f(ur(t, 7)) = f(u(t,2))).

On the other hand, we have dyu = §(z — o(t)) (w/(t, z) — u,(t,))o’(t). Since u, and
u; are C' solutions respectively on ., ;, we get

O+ 0 (£(w)) = oz = o(8)) (£(wr) = Flw) = o' (8) (u, — )

and the results follows. O]
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2.4.2 The Riemann problem for Burgers equation

o0

i solution u of

We consider Burgers equation and a L

(2.4.4)

O+ 0,(u?/2) =0, ont>0,r€R,
u(0,z) = up(x), x€R.

It means that for all ¢ € C°(R?),

/R o (2)0(0, ) dar + / / H(#)up(t, w)ult, v)dtdz
+ % // H(t)u(t, z)*(0p)(t, v)dtdz = 0, (2.4.5)

or for u € Ly2 (R?),

O(Hu) + 0,((Hu)?/2) = 6(t) ® ug(w), H = H(t). (2.4.6)
Indeed (2.4.5) means that
(O(Hu) + 0. (Hu)?/2,0) 5.9 = (3(t) @ uo(), 0) 77,2,

which is (2.4.6).

Non-Physical Shock and Rarefaction Wave

Let us first assume ug(z) = H(x), i.e. w(0,z) = 0,u,(0,2) = 1. Following the
method of characteristics (2.3.15), we should have u(t, z + tug(z)) = up(x), i.e.

u(t,z) =0, for z < 0, . Ju(t,x) =0, forz <0,
that is
u(t,z+t)=1 foraz > 0. u(t,z) =1 for x >t,
so we get no information in the region 0 < x < t. We could use our knowledge
on the construction of singular solutions to create a somewhat arbitrary shock at
x = t/2 (non-physical shock)

ult z) = u(t,z) =0, forax<t/2, (2.47)
U Nu(t,x) =1 for x> /2. o

2 _
.=

The Rankine-Hugoniot condition (2.4.3) is satisfied since o(t) = ¢/2,u? = w;,u
u,, so that

(2 ) = o' (6)(u; — ).
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u=0

A non-physical shock along the line x=t/2

However, we can also devise another solution v by defining (rarefaction wave)

v(t,z) =0, foraz <0,
v(t,z) = qou(t,z) =x/t for 0 <z <t (2.4.8)
v(t,z) =1  forxz >t.

We can indeed calculate
O (H (0 H (@) (H(t - 2)a/t+H(z — 1))
%ax (H(t)H(a:) (H(t — z)z/t + H(z — t))>2

and refer the reader to the proof of Theorem 2.4.2 to show that (2.4.8) is actually a
solution.

Il
_

A rarefaction wave: u=x/t in the region 0<x<t, u=0onx<0, u=1onx>t

We have thus two different weak solutions of (2.4.4) with the same inital datum!
This very unnatural situation has to be modified and we have to find a criterion to
select the “correct” solution.
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Entropy condition

For a general one-dimensional conservation law d;u + 0, ( f (u)) = 0 with a strictly
convex flux f (assume f € C*(R) with inf f” > 0), suppose that we have a curve of
discontinuity I' = z = ¢(t) with distinct left and right limits u;, . Then nonetheless
the Rankine-Hugoniot (2.4.3) should be satisfied across I', but also u; > u, along
I': this eliminates in particular the solution (2.4.7). As a geometric explanation, we
may say that singularities are due to the crossing of characteristics, but we want
to avoid that by moving backwards along a characteristic, we encounter a singular
curve.

Theorem 2.4.2. We consider the initial-value problem

{@u+&4§)=& t>0, (2.49)
up(z) = H(—x)w + H(x)u,.
where u;, u, are distinct constants and we define
1u? —u?
0254_4 (2.4.10)
(1) If w; > u,., the unique entropy solution is given by
u(t,z) = H(ot — x)u; + H(x — ot)u,. (2.4.11)

This is a shock wave with speed o satisfying the Rankine-Hugoniot condition (2.4.3)
at the discontinuity curve x = ot.
(2) If u; < u,, the unique entropy solution is given by

u(t,z) = H(tw — x)u + %ytwr](gg) + H(z — tu)u,. (2.4.12)

The states u;, u, are separated by a rarefaction wave.

Proof. In the case u; > u,, we have a singular solution according to Theorem 2.4.1
satisfying our entropy condition u; > wu,. In the other case, we must avoid a shock
curve and we check directly, with u given by (2.4.12),

T T
O = §(tuy — x)u — t_gl[tw,tur] (x) + ;(—5@ — tw)w + 6(tu, — z)u,)

— §(x — tu,)u?,

and

2
0, (u?) = 0, (H(tul —z)ui + f—Ql[tul’tur](x) + H(zx — tur)uf)
2

Lty ) () + %((5(:6 — tw) — 6(z — tu,))

2z

= —ud(ty — x) + 2

+ §(z — tu,)u?
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so that
=u}(3-1+1)=0
Oru + 0, (u?/2) = o(tu; — x),(ulz/2 — zu [t + 2 /2t%)
+0(z — tu,) (—ul/2 + zu, [t — % /2t%) = 0.

=u}(—5+1-3)=0
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Chapter 3

Five classical equations

3.1 The Laplace and Cauchy-Riemann equations

3.1.1 Fundamental solutions

We define the Laplace operator A in R"™ as

_ 2
A= > 0. (3.1.1)
1<j<n
In one dimension, we have that %(m) = Jp and for n > 2 the following result
describes the fundamental solutions of the Laplace operator. In Rivy, we define the
operator 0 (a.k.a. the Cauchy-Riemann operator) by

9
0= 5(895 +10,). (3.1.2)
Theorem 3.1.1. We have AE = §y with || - || standing for the Fuclidean norm,
1
E(z) = —n|z|, forn=2, (3.1.3)
2m
Bo) = 2Pt forn> 3, with |5 = 2 (3.14)
- (2 —n)s1 o - T(n/2)’ -
-1
8(—) =00, with z =2 + iy (equality in P'(R? y)) (3.1.5)
Tz :

Proof. We start with n > 3, noting that the function ||z||*~™ is L{,. and homogeneous

with degree 2—n, so that Al|z||* ™ is homogeneous with degree —n (see section 3.4.3
in [15]). Moreover, the function ||z||>™" = f(r?),r* = ||z||?, f(t) = ti_i is smooth
outside 0 and we can compute there

A(f(r?) = Zaj(f’(TQ)ij) = Z f”(r2)4x? +2nf'(r?) = 4r?f"(r?) + 2nf'(r?),

so that with ¢ = r2,

A(F(?) = 41 = S50 75 +2n(1 = )% =175 (L= Z)(=2n+2n) = 0.
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As a result, A||z||*" is homogeneous with degree —n and supported in {0}. From
Theorem 3.3.4 in [15], we obtain that

A||x||2 "l Y Y cady”.

homogeneous lsjsm |al=j
degree —n D
homogeneous

degree —n — j

Lemma 3.4.8 in [15] implies that for 1 <j <m, 0=3",_, Cia0t® and Allz|2 ™ =
cdp. It remains to determine the constant c¢. We calculate, using the previous
formulas for the computation of A(f(r?)), here with f(t) = ™™,

= (Alz|*, eI = / ]~ (4] 2|*7” — 2n) da
400 )
— |Sn—1| / ,r,2—n+n—16—7rr (471'27"2 . 27’L7T)d7“
0
1

1 [t
=[S (= [e™™ (42 — 2n7)] e + /0 e 8 rdr)

21 2

= |5"H(=n+2),

giving (3.1.4). For the convenience of the reader, we calculate explicitely |S™~1|. We
have indeed

2 too 2
1 :/ e~z gy = |S”_1|/ e dr
n 0

+o0 1
— ’Sn—l‘,ﬂ(l—n)ﬂ/ t— —tzt 1/2dt7r_1/2 ’Sn 1‘7T_n/22 1F(n/2)
retl/25—1/2 0

Turning now our attention to the Cauchy-Riemann equation, we see that 1/ is also
L} .(R?), homogeneous of degree —1, and satisfies d(2~!) = 0 on the complement of
{0}, so that the same reasoning as above shows that

o(r 1z = cdy.

To check the value of ¢, we write ¢ = (O(7 712 7!), e7™) = [, e ™ n 2 rzdady =
1, which gives (3.1.5). We are left Wlth the Laplace equatlon in two dimensions and
we note that with 2 = (9, — i9,), & = (9, + i9,), we have in two dimensions

19z
0 8 0 0

48E

Solving the equation 45> = é leads us to try £ = % In |z| and we check directly’

that 2 (In(z2)) = 2~
1 12,00 40,y
A(_QTF In|z|) =727 4_8 g (In(22)) == P (z7) = do.

Noting that In(z? 4+ y?) and its first derivatives are Ll _(R?), we have for p € C(R?),

(& (n[2?),0) =

// Drp+i0yp) In(z?+y*)dzdy = // z,y)(zr—2— Hdady = // r—iy) Loz, y)dady.
R2
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O
3.1.2 Hypoellipticity
Definition 3.1.2. We consider a constant coefficients differential operator
1
P=P(D)= Y a.,DS, wherea, € C,D; = ———0 (3.1.7)

(2im)lel %"

laf<m
A distribution E € 2'(R") is called a fundamental solution of P when PE = dy.

Definition 3.1.3. Let P be a linear operator of type (3.1.7). We shall say that P
is hypoelliptic when for all open subsets Q0 of R™ and all u € 2'(2), we have

singsupp u = singsupp Pu. (3.1.8)

We note that if f € &'(R") and E is a fundamental solution of P, we have from
(3.5.13), (3.5.14) in [15],

PExf)=PExf=dxf=F,

which allows to find a solution of the Partial Differential Equation P(D)u = f, at
least when f is a compactly supported distribution.

Examples. We have on the real line already proven (see (3.2.2) in [15]) that 4 = 4y,
so that the Heaviside function is a fundamental solution of d/dt (note that from
Lemma 3.2.4 in [15], the other fundamental solutions are C'+ H(t)). This also
implies that

O, (H (1) ® 60(w2) ® -+ - ® 0o(x,)) = do(x), (the Dirac mass at 0 in R").
Let N € N. With 2% defined in (3.4.8) of [15], we get, since ON*!(z('[") =
H(x1)(N +1)!, that

N+1

@200 (T1 (ﬁ)—%(m).

1<j<n

It is obvious that singsupp Pu C singsupp u, so the hypoellipticity means that
singsupp u C singsupp Pu, which is a very interesting piece of information since we
can then determine the singularities of our (unknown) solution u, which are located
at the same place as the singularities of the source f, which is known when we try
to solve the equation Pu = f.

Theorem 3.1.4. Let P be a linear operator of type (3.1.7) such that P has a fun-
damental solution E satisfying

singsupp F = {0}. (3.1.9)

Then P is hypoelliptic. In particular the Laplace and the Cauchy-Riemann operators
are hypoelliptic.
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N.B. The condition (3.1.9) appears as an iff condition for the hypoellipticity of the
operator P since it is also a consequence of the hypoellipticity property.

Proof. Assume that (3.1.9) holds, let 2 be an open subset of R” and u € 2'(€2). We
consider f = Pu € 2'(Q), zo ¢ singsupp f, xo € C(2), xo = 1 near x,. We have
from Proposition 3.5.7 in [15] that
€Ce(R™)
~ N
xu=xux PE = (Pxu)x E=([P,x|lu)* E+ (xf) *E
———

€Co(R")
and thus, using Proposition 3.5.7 in [15] for singular supports, we get

singsupp(yu) C singsupp([P, xJu) + singsupp E = singsupp([P, x]u) C supp(uVx),

and since y is identically 1 near xy, we get that xy ¢ supp(uVy), implying xq ¢
singsupp(xu), proving that zy ¢ singsupp v and the result. O

A few words on the Gamma function

The gamma function I' is a meromorphic function on C given for Rez > 0 by the
formula

+o0
['(z) = / e "t*dt. (3.1.10)
0

For n € N, we have I'(n 4+ 1) = n!; another interesting value is I'(1/2) = /7. The
functional equation
['(z+1) =2I'(2) (3.1.11)

is easy to prove for Re z > 0 and can be used to extend the I' function into a mero-

_ (=D
R

morphic function with simple poles at —N and Res(I", —k) For instance, for

—1 < Rez <0 with z # 0 we define

r 1 ,
['(z) = M, where we can use (3.1.10) to define I'(z 4 1).
2
More generally for k € N, —1 — k < Rez < —k, z # —k, we can define
r k+1
Pz = —Ltk+D
2(z+1)...(2+k)

There are manifold references on the Gamma function. One of the most compre-
hensive is certainly the chapter VII of the Bourbaki volume Fonctions de variable
réelle [2].

3.1.3 Polar and spherical coordinates

The polar coordinates in R? are |0, +00)x| —m, 7[> (r,0) — (rcosf,rsinf) = (z,y)
which is a C! diffeomorphism from |0, +00)x]—, [ onto R\ (R_ x {0}) with inverse
mapping given by

r= (2> +yH? 0= Im(Log(z + 4y)), where for z € C\R_,Logz = / %
1.2]
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We have in two dimensions
A = (rd,)* + 9;, (3.1.12)

since

(20, + yay)z + (20 — yax)2
=220 + y28§ + Qxyé?iy + 20, + y0, + x26§ + 9202 — nyaiy — 20, — Y0,
= (2® +y*) (02 + ).

In three dimensions, the spherical coordinates are given by

xr =rcosfsing o= (2?4 y? + )2
y =rsinfsing , 0 =Im(Log(z + iy)) (3.1.13)
Z =rcos¢ ¢ =Im(Log(z +i(z* + y?)/?))

defining a C! diffeomorphism
10, +00)x] — 7, 7[x]0,7[3 (16, 6) — (., 2) € B\ (R_ x {0} x E).

The expression of the Laplace operator in spherical coordinates is

1

1
2 tan ¢

A = (r0,)? + 10, + 33, + ——05 +
sin® ¢

To prove the above formula, we use (3.1.12), with

0. (3.1.14)

zZ=rcos¢, p=rsing, (9% + 82) = (rd,)* + (335,
(00,)* + 05 = p*(0; + 0y,

so that (rd,)? + 935 = 1?02 +r?p~2(p*(0% + 9;) — pd, — 0;) and thus

1

QA: 87"2 82
r (7" ) + ¢+Si1’12¢

95 +1r°p710,. (3.1.15)

We have also, using the change of variables (r, ¢) — (z, p)

1
Oy + pr=10,) = m&b + 10,

and with (3.1.15), this provides the sought formula (3.1.14).

7 COS ¢
22 4 p?

r’pta, =r*p7(

3.2 The heat equation
The heat operator is the following constant coefficient differential operator on R, x R
O — Ay, (3.2.1)

where the Laplace operator A, on R" is defined by (3.1.1).
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Theorem 3.2.1. We define on Ry x R” the L]

loe function

IOCI

E(t,z) = (4nt) ™2 H(t)e . (3.2.2)
The function E is C* on the complement of {(0,0)} in R x R™. The function E is
a fundamental solution of the heat equation, i.e. OLFE — AL E = dp(t) @ do(x).

Proof. To prove that E € L .(R"™), we calculate for T > 0,

T +o00 2 400
/ / t_n/27"n_16_117dtd7" / / n/22n 1 (n 1)/2pn 16 P 2t1/2dtd,0
0 0

2t1/2
+o0 )
= 2"T/ P e dp < 4-o00.
0

Moreover, the function E is obviously analytic on the open subset of R'™™ {(¢,x) €
R x R™ ¢ # 0}. Let us prove that E is C* on R x (R™\{0}). With p, defined in
4t

(3.1.1) of [15], the function p; defined by py(t) = H(t)t™"/?py(t) is also C* on R
" of o
o xT Xz n/2 _ n 7n/2 n 7n/2
B(t,z) = H(EDy (22 ; il
(t,x) ( m )( m ) e i |35’ = |z|” P1 (|a:|2)’

which is indeed smooth on R, x (R”\{0}). We want to solve the equation dyu—A,u =
80(t)do(z). If u belongs to ./ (R™!), we can consider its Fourier transform v with
respect to x (well-defined by transposition as the Fourier transform in (4.1.10) of
[15], and we end-up with the simple ODE with parameters on v,

v + 43 EPv = o(2). (3.2.3)
It remains to determine a fundamental solution of that ODE: we have

L Eon (LN e ) = (L @ H ) = 6o(0), (3.2.4)

dt e’ <dt dt

so that we can take v = H(t)e ™ "€ which belongs to .7’(R; x RE). Taking
the inverse Fourier transform with respect to & of both sides of (3.2.3) gives® with
u e S (R x RY)

Oru — Ayu = do(t) ® dp(x). (3.2.5)

To compute u, we check with ¢ € Z(R), 1 € Z(R"),

400
(e D) = (e ev) = ped) = [ [ pbi@e ™ e

We can use the Fubini theorem in that absolutely converging integral and use (4.1.2)
in [15] to get

i) = [ olo) [ amy e i) i = (e d)

where the last equality is due to the Fubini theorem and the local integrability of
E. We have thus F = u and FE satisfies (3.2.5). The proof is complete. O

2The Fourier transformation obviously respects the tensor products.
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Corollary 3.2.2. The heat equation is C™ hypoelliptic (see the definition 3.1.3)
in particular for w € 2'(RY™™),

singsupp w C singsupp(dw — A,w),
where singsupp stands for the C*° singular support as defined by (3.1.9) in [15].

Proof. It is an immediate consequence of the theorem 3.1.4, since E is C'™ outside
zero from the previous theorem. O

Remark 3.2.3. It is also possible to define the analytic singular support of a dis-
tribution 7" in an open subset €2 of R™: we define

singsupp4 T = {z € Q,YUopen € ¥, Tiy ¢ A(U)}, (3.2.6)

where A(U) stands for the analytic® functions on the open set U. It is a consequence’
of the proof of theorem 3.2.1 that

singsupp 4 £ = {0} x RJ. (3.2.7)
In particular this implies that the heat equation is not analytic-hypoelliptic since

{0} x R? = singsupp 4 F ¢ singsupp 4(0:E — A, E) = singsupp 4 dg = {Ogi+= }.

3.3 The Schrodinger equation

We move forward now with the Schrodinger equation,

1o

= A (3.3.1)

which looks similar to the heat equation, but which is in fact drastically different.

Lemma 3.3.1.
+oo ” |a|?
PR / e 2 (drt) T ( / @(t,x)eludﬂa) dt = (E,®)  (3.32)
0 n

is a distribution in R"! of order < n + 2.

3A function f is said to be analytic on an open subset U of R™ if it is C>(U), and for each
xo € U there exists rg > 0 such that B(zg,r9) C U and

Va € B(wo,70), fl(x)= Z é@;‘f(xo)(m —x0)%.

aeNn

4In fact, in the theorem, we have noted the obvious inclusion singsupp 4 £ C {0} x R?, but
since F is C*° in ¢ # 0, vanishes identically on ¢ < 0, is positive ( it means > 0) on ¢ > 0, it cannot
be analytic near any point of {0} x RZ.
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Proof. Let ® € 2(R x R"); for t > 0 we have, using (4.6.7) iin [15],

e—i(n—Q)% (47Tt)_n/2 /

so that with N > 7 even > n, using (4.1.7) and (4.1.14) in [15],

.l 2 A .
@(t,x)ez%dm = z/ (I)x(t7§)@—4“r2t|€|2d£’

n n

<sup [ |(t,€)|d¢

t>0 JRrRn

sup (e
>0

. xz
DT (4rt)” ”/2/ @(t,x)el%dm
< SHP/(l + €)M (1 + [€P)™2 B(8,€)[dE < Co max | 07D poo ().
t>0 T || <7t
polynomia

As a result the mapping

PR - / —=DF (4rt) T2 ( / @(t,x)e’udJE) dt = (E, ®)

is a distribution of order < n + 2. O

Theorem 3.3.2. The distribution E given by (3.3.2) is a fundamental solution of
the Schrodinger equation, i.e. 21O,E — AyE = &(t) ® 6o(x). Moreover, E is smooth
on the open set {t # 0} and equal there to

e =DF [ () (4mt) 26 (3.3.3)

The distribution E is the partial Fourier transform with respect to the variable x of
the L>(R™) function
E(t,&) = iH(t)e e, (3.3.4)

Proof. We want to solve the equation —idyu — Au = 6o(t)do(z). If u belongs to
S'(R™1), we can consider its Fourier transform v with respect to = (well-defined
by transposition as the Fourier transform in (4.1.10) of [15]), and we end-up with
the simple ODE with parameters on v,

O + idm?|€Pv = idy(t). (3.3.5)

Using the identity (3.2.4), we see that we can take v = iH (t)e "¢ which belongs
to (R x R¢). Taking the inverse Fourier transform with respect to £ of both sides
of (3.3.5) gives with u € &'(R; x RY)

Ou — iAzu = 19p(t) ® do(z) i.e. %&u — Ayu = dp(t) @ do(x). (3.3.6)

To compute u, we check with ¢ € Z(R), ¢ € Z(R"),

(@ %) = (0%, 0 ® ) = (v, 0 @) :Z-/Om (>( [ e 4ﬁt>|gzd§>
(3.3.7)
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We note now that, using (4.6.7) and (4.1.10) in [15], for ¢ > 0,

N 3 ;1T 2 (s
i w(é)em(*%rt)m?df — w(gj) (47Tt)—n/2€z% dre™ T
Rn

Rn

. - ]2
= 7D T (4grp) /2 / ez%w(x)dx.

n

As a result, u is a distribution on R"*! defined by

. T too .|z 2
(u, ) = e~ 1("=DF (47) "/ / /2 ( / o(t, x>el'4idx) dt
O n

and coincides with E, so that E satisfies (3.3.6). The identity (3.3.7) is proving
(3.3.4). The proof of the theorem is complete. O

Remark 3.3.3. The fundamental solution of the Schrodinger equation is unbounded
near t = 0 and, since E is smooth on ¢t # 0, its C° singular support is equal to
{0} x R”. In particular, the Schréodinger equation is not hypoelliptic. We shall see
that it looks like a propagation equation with an infinite speed, or more precisely
with a speed depending on the frequency of the wave.

3.4 The Wave Equation

3.4.1 Presentation

The wave equation in d dimensions with speed of propagation ¢ > 0, is given by the
operator on R; x R¢
0. = ¢ 207 — A,. (3.4.1)

We want to solve the equation ¢=20?u — A, u = §y(t)do(x). If u belongs to .7/ (RIH1),
we can consider its Fourier transform v with respect to z, and we end-up with the
ODE with parameters on v,

c20R0 + AT |EPu = 0o(t),  OPv + AT |EPu = 2(1). (3.4.2)

Lemma 3.4.1. Let A\, u € C. A fundamental solution of Py, = (& —\)(% — ) (on

dt
the real line) is
tA 61&/1,

(6

ﬁ)H(t) for X # p,
te H (t) for A = p.

(3.4.3)

Proof. If X # p, to solve (4 — X)(£ — p) = &(t), the method of variation of

parameters gives a solution a(t)e + b(t)et with

et)\ etu a 0 a 1 5
()\et)‘ Met“) (b) = (5) = (b) = m (—5) —> (3.4.3) for \ # p,

which gives also the result for A = p by differentiation with respect to A of the
identity P, (e — ") = (A — p)é. O



60 CHAPTER 3. FIVE CLASSICAL EQUATIONS

Going back to the wave equation, we can take v as the temperate distribution®
given by
Zimet|€| _ ,—2imct|| in(2rct
e e sin(27c
o(t,€) = CH(H) s i)
dime|€] 2mel€]

Taking the inverse Fourier transform with respect to £ of both sides of (3.4.2) gives
with u € .7/(R; x RY)

(3.4.4)

20 — Ayu = 6o(t) @ do(). (3.4.5)
To compute u, we check with ® € 2(R*?),
Heo &+ ( sm 27rct|§|

We have found an expression for a fundamental solution of the wave equation in d
space dimensions and proven the following proposition.

Proposition 3.4.2. Let E, be the temperate distribution on R such that

—~z in(2mwc
(€)= cH(t)S(QWTTgD. (3.4.7)

Then E. is a fundamental solution of the wave equation (3.4.1), i.e. satisfies
DCE+ = 50(t) & 50(11)
Remark 3.4.3. Defining the forward-light-cone I'; . as

Iyo={(t,x) € R xR ct > ||}, (3.4.8)

one can prove more precisely that F, is the only fundamental solution with support
in {t > 0} and that

supp FL =Ty, when d =1 and d > 2 is even, (3.4.9)
supp £, = 0I'y, when d > 3 is odd, (3.4.10)
singsupp E; = dI',, in any dimension. (3.4.11)

Lemma 3.4.4. Let Ey, E5 be fundamental solutions of the wave equation such that
supp By C I'y ., supp Ey C {t > 0}. Then E, = Es.

Proof. Defining u = F1 — Fs, we have suppu C {t > 0} and the mapping
{t>0}xTi.3 ((t,2),(s,9)) — (t+ s,z +y) € R
is proper since
t,s >0,cs > |y, [t+s| <T,|lx+y| < R=1t,s€[0,T],|x| <R+ cT,y| < T,
so that Section 3.5.3 in [15] allows to perform the following calculations
u=ux0g=uxUO.E, =0ux E; =0.
O

The function R > s — =28 — Zk>0(—1)k% = S(s?) is a smooth bounded function of

52, so that v(t,&) = 2 H(t)tS(4n%c2t%|¢|?) is continuous and such that |v(t,€)| < CtH(t), thus a
tempered distribution.
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3.4.2 The wave equation in one space dimension

Theorem 3.4.5. On R, x R, the only fundamental solution of the wave equation
supported in I'y . 1s

B, (t,z) = gﬂ(ct —Jz]). (3.4.12)

where Ey is defined in (3.4.7). That fundamental solution is bounded and the prop-
erties (3.4.9), (3.4.11) are satisfied.

Proof. We have ¢20? — 92 = (¢7*0, — 0,)(¢™*0; + 9,) and changing (linearly) the
variables with x; = ¢t + z, 29 = ¢t — x, we have t = i(:cl + x9),x = %(wl — Xg),
using the notation

(x1,m0) — (L, ) — u(t,z) = v(wy, x2),

ou  Ov Ov ou  Ov Ov 1

— =—cCc+ — — = — 10, — 0, = 20,,, ¢ 10, + 0y = 20,,,
o 0, on” O Om O © O »¢ 0t :
and thus O, = 4%(2%2, so that a fundamental solution is v = $H (z1)H (). We
have now to pull-back this distribution by the linear mapping (¢, x) — (z1,x2): we

have the formula

0%v

01074 <$1, I2>’ 80(1‘1, ZL’2)> = ((Dcu)(t7 x), gp(ct + ot — $)>26

90(0’0) = <4

which gives the fundamental solution 2 H (ct+x)H (ct —x) = $H(ct —|z|). Moreover
that fundamental solution is supported in I'; . and since E is supported in {t > 0},
we can apply the lemma 3.4.4 to get their equality. O

3.4.3 The wave equation in two space dimensions
We consider (3.4.1) with d = 2, i.e. O, = ¢20f — 92 — 92,.

Theorem 3.4.6. On R; x R, the only fundamental solution of the wave equation
supported in I'y . is

B (t,z) = iH(ct — (A — |x?)7V2, (3.4.13)

where E, is defined in (3.4.7). That fundamental solution is Lj,, and the properties
(3.4.9), (3.4.11) are satisfied.

Proof. From the lemma 3.4.4, it is enough to prove that the rhs of (3.4.13) is indeed
a fundamental solution. The function E(t,z) = SH(ct — |z[)(c*t* — |z|*)7V/? is
locally integrable in R x R? since

T ct T
/ / (Pt — ) VPrdrdt = / (P2 — r2)2r=0dt = ¢T?/2 < +o0.
o Jo 0

Moreover E is homogeneous of degree —1, so that [I.F is homogeneous with degree
—3 and supported in I'y .. We use now the independently proven three-dimensional
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case (Theorem 3.4.7). We define with E, 3 given by (3.4.15), ¢ € 2(R}, ..). x €
Z(R) with x(0) =1,

(U, ) 9 (R3),9(R3) = 1im<E+ 3, 0(t, 21, T2) @ X(€23)) 9 (m1), 2 (m)

Wt o
= lim — /// xl o5+, xQ)X(E$3)d$1d.T2d$3
R3

931+:r2~|—933

_2/// (e /a% + a3 + a3, 11, 29)
T R2 . x{r3>0} Va2 + ki + a3

d$1d$2d$3

(t=c"y/ai + a3 +23)

t 1
e | e e T
R2, o, x{et>y/x 2422}

o(t, m1, 12) (P12 — 22 — 22) "V 2dx da,ydt
///]R2 ><{ct>w/:p%+x§} ! ?

T1,T2

= <E, QO 2'(R3),2(R3) so that E+ = u.

With 0.4 standing for the wave operator in d dimensions with speed ¢, we have,
since

Oes(@(t, 1, 22) @ x(exs)) = Oez(p(t, 21, 22)) @ x(exs) — p(t, 21, 22)€* X" (€x3)

(Oecpu, p) = 1{%<E+,3a (Oe29)(t, 21, 22) ® x(€x3))

= 11m<<E+ 3, O3 (@(t, 21, 2) @ x(e23)))) + (Bt 3, 0(t, 21, $2)62x"(ex3)>>
= @(Ov 0, 0)7

which gives .2 F = [, ou = dg s and the result. O

3.4.4 The wave equation in three space dimensions

We consider (3.4.1) with d = 3, i.e. O, = ¢ 207 — 02, — 92, — 02,

Theorem 3.4.7. On R, x R3, the only fundamental solution of the wave equation
supported in I'y . is

B, (t,r) = e |(50R( —cYa|), (3.4.14)
i.e. for® € (R, xR3), (E,,®) = / ! (¢ x|, x)dz. (3.4.15)
R3 47T’.CC'|

where Ey is defined in (3.4.7). The properties (3.4.10), (3.4.11) are satisfied.

Proof. The formula (3.4.15) is defining a Radon measure £ with support o'y .,
so that the last statements of the lemmas are clear. From the lemma 3.4.4, it is
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enough to prove that (3.4.15) defines indeed a fundamental solution. We check for
» € I(R),¢ € I(R?)

(LB, o(t) @ Y (x)) = <E Oe(p @)

== [l (A el ota) ol el () a) ) da

If we assume that supp ¢ C R, we get

[ lal ot b @@ = [ Aal " ole o)) b(a)da
/ (e )" + 2 (1 Ye(e ) Je@)de (= a)
/w L (et e 4 2(—r ) (T hr)e T+ 2r (e )
+2r bt (et + 2T_1(—T_2)g0(c_1r)>dx,
which gives (O.E, ¢(t) @ ¥(x)) = 0. As a result,
supp(d.FE) C OI'y . N {t <0} = {(Og, Ors)},
and since E is homogeneous with degree —2, the distribution U.E is homogeneous
with degree —4 with support at the origin of R*: Lemma 3.4.8 and Theorem 3.3.4

in [15] imply that O.E = kdpra. To check that k = 1, we calculate for p € Z(R)
(noting that [t| < C' and |z| < ¢|t| + 1 implies |z]| < cC + 1)

1 +00 +o00
(O.E,0(t) @ 1) = i / r e 2" (¢ ir)ridran = / " (r)rdr
Q 0

400
— ()™ - / & (r)dr = (0),

so that x = 1 and the theorem is proven. O
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Chapter 4

Analytic PDE

4.1 The Cauchy-Kovalevskaya theorem

Let m € N*. We consider the Cauchy problem in R; x R?

{3,§“u = F(t, xZ, (afagu)|a\+k§m,k<m)> (4 1 1)

(@u)(0.2) = v;(x), 0<j<m.
where F,v; are all analytic of their arguments.

Theorem 4.1.1. Let F' be an analytic function in a neighborhood of (0, xq,yo) €

Ry x RY x RY with yy = ((3§‘vk)(xo))|al+k§mvk<m, N =0yt =1 (see (7.3.3) in

the appendiz) and let (vj)o<j<m be analytic functions in a neighborhood of xo. Then
there exists a neighborhood of (0,x¢) on which the Cauchy problem (4.1.1) has a
unique analytic solution.

Proof. The uniqueness part is a consequence of the following lemma.

Lemma 4.1.2. Let m,m’ € N*. We consider the Cauchy problem in R, x R%

{a;nu = G(t, 2, (OFO5u) aj<mt k<m) (4.1.2)

(0u)(0,2) = vi(x), 0<j<m.

where G,v; are all analytic of their arguments. The problem (4.1.2) has a unique
analytic solution.

Proof of the lemma. Let u be an analytic solution of (4.1.2): we prove by induction
on [ that
Vi e N, Elm; €N, atm—Hu = Gl(ta €, (afagu)|a\§m;,k<m)7 (413)

where G; depends on a finite number of derivatives of G. It is true for [ = 0 and if
true for some [ > 0, we get

an—&-l—i-lu _ % + Z ﬁak—i—laa

’
\Oz|§m ,k:<m expected term if k < m — 1

65
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If k =m — 1 in the sum above, we have 9F*'9%u = 92 (G(t, z, (afagu)mm,,km)),

and this concludes the induction proof. As a result, we get that
vVl e N, aZ”Hu(O,x) = G(0, z, (8?Uk)|a|§m;’k<m) (and & u(0,2) = vj(z),0 < j < m).

This implies that for all k, a, (F0%u)(0,z) are determined by the equation (4.1.2)
and by analyticity of u, gives the uniqueness result. The proof of the lemma is
complete. O

Let us now prove the existence part of Theorem 4.1.1. Introducing U(t, ) = u(t, z)—

> o<j<m Vi (x)z—], we see that (4.1.1) is equivalent to

oruU = F(t, x, (8f8§(U + ZO§j<m vj(x)%))|a|+k§m) = G(t, x, (6#6%U)|a‘+k§m),

k<m k<m
(U)(0,2) =0, 0<j<m.
(4.1.4)
with G analytic. To prove the theorem, we may thus assume that the v; in (4.1.1)

are all identically 0. Let us notice that if u is a smooth function satisfying (4.1.1),
then for k + |a] < m, k < m, we have with wy, o, = 0F0%u,

ifk+1+|al<mand k+1<m, Owie = Wi,
lf k =m — 1, |Oé| = O, 8twk7a = a;nu = F(t,l‘, (wl/g)l+|5|§m,l<m),

OF OF 0
OF Ly~ OF Oui

ifk=m— ]_, |Oé| = ]_,Oé = ey, atwk,a = (()x]alnu = 81‘] 8wlﬁ al'j P

I+]8|<m
<m

ifthk<m—-1Lk+1+]a>14+4m=k+|a|=mk<m—2]al >2,
3j with a; > 1, Quwpa = 07 0%u = 0,0, 02w = Oy, Wiy 1,0—e;
withk+1<m,k+1+|a—ej|=k+|af=m,

Wia (0, ) = Ogvk(x) = 0.

Conversely, if the functions (Wi a)k+|aj<mk<m satisfy

ifk+1+]al<mand k+1<m, Qwie = Wki1,a, (4.1.5)
ifk=m—1,|a| =0, Owia = F(t, 2, (Wig)it8/<mi<m);

. OF OF 8wlﬁ

fk=m—1]al=1,a=e¢;, Quwpo= —— 41T
1 m ) |OK‘ ,Oé e]? twk), axj + Z awlﬁ 81‘] ( )

I+|B|<m

l<m

if k4ol =mk<m—2,|a]>2, Owra = 0p,Wit1,a—e;, (4.1.8)

where j is the smallest integer in [1, d] such that a; > 1,
Wk (0, ) = 0, (4.1.9)

we have

Wi = OF0%weo, K+ |a| <m,k < m. (4.1.10)

In fact, if || = 0, we have for k& < m from (4.1.5)

k
Owop = Wig, .. , OWy—20 = Wpm—1,0 = Oy wWoo = wyo for 0 < k <m,
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and the property (4.1.10) for || = 0. We perform now an induction on |af. If
kE+|al=m,k<m—2,(4.1.8), (4.1.9) imply

atwk,a = axj Wk+1,a—e;

t t
_ _ a—e; Qk+1 __ akaa
— Wg,o = /(; 8xjwk+17a,ej ds ind;ion /(; a:cj aa: 78 woods = 815 81, Woo-
sincela — ej| = [a] — 1
(4.1.11)
Moreover, if k =m — 1, |a| = 1,a =¢;, (4.1.7), (4.1.9) imply
oF 8w15
Wnte; = ( ) s 41.12
bes / oz, l %; dwyp Ox; ( )
l<m
whereas from (4.1.6), (4.1.9),
t
W10 = / F(s,x, (wig)i481<m,i<m)ds
0
and thus (4.1.12) gives O, Wm—1, = Wi—1,, S0 that
Wn—1,e; = OOy wop, (4.1.13)

from the case |o| = 0. Assume now that k+1+|a| < m,k+1 <m,ie k<m—2,
k+lal <m-—1.
If k=m—2|a| =1, a = ¢;, we have from (4.1.5), (4.1.9) and (4.1.13)

t t t
Wm—2,a = / wm—l,ejds = / a;vjwm—l,ods = aac]- / 8twm—2,0d5
0 0 0

m—2 Qo
- a.’L'j wm—2,0 = at am wOO

If k =m—3,|a] > 1, a; > 1, we have from (4.1.5), (4.1.9) and the case k = m—2,

t t t
Wm—3,00 = / wme,adS = / aa:jwmflafejds = azj / atwmf&afej ds
0 0 0

m—3 qa—e; m—3 ga
= aa:jwmf?),afej = 8xjat 8;(; T Wop = at ax Woo-

Ifk=m—1,1>2]al >1, a; > 1, we have from (4.1.5), (4.1.9) and the case
k=m-—1+1,

t t t
Wm—1,a :/ wm—l+1,ads :/ am]-wm—l+1,a—ejd8 = am]/ atUJm—l,oz—e]-dS
0 0 0
= 8a:jwm—l,a—ej = axjatm_lag_ejw()o = aln_la?wOOa
proving (4.1.10). Property (4.1.10) and (4.1.6) give

atmwOO = at'wmfl,O = F(ta Z, (wlﬁ)l+\,6|§m,l<m> = F(ta xz, (8éaxﬁw00)l+\,8|§m,l<m)
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so that u = wyy satisfies the equation (4.1.1) with &/u(0,2) = 0 for 0 < j < m. As
a result, considering the vector-valued function Y = (W )k+|a|<m k<m, We have

{aty =Y icjea Ai(t 2, Y)Y + Tt 2,Y), (4.1.14)

Y (0,2) =0,

where each A; is a N x N matrix and T belongs to RY. Moreover if F' is analytic,
it is also the case of the functions A;,7". Adding a dimension to the vector Y, we
may take ¢ as a first component and deal finally with the existence of an analytic
solution for the quasi-linear system

oY = Z1§j§d Aj(@,Y)0,,Y +T(z,Y), (4.1.15)
Y(0,2) = 0, -

where each A; is a N’ x N’ matrix and T belongs to R’ (this new N’ = N + 1,
where N is given in (4.1.14): nevertheless, we shall call it N in the sequel). If
Y =3, 2°Y, ; is an analytic solution of (4.1.15), we have

8tY = Z jtjflxo‘Ya’j = Z (j + 1)tjxaya’j+1

Jjzla 720,

and since A(z,Y) - 0,Y +T(x,Y) =3, , Poj(Ya1)i<j, coeff. A, T) 2zt | where P, ;

is a polynomial with non-negative coefficients, we get

1

J+ 1Paaj((yﬂ,l)l§j7 coeff. A, T),

Ya,j—l—l =

As aresult, the knowledge of (Yj,)i<; provides the knowledge of (Y3,);<;j11, and since
we know (Yj) from the initial condition in (4.1.15), the above formula determines
the power series coefficients of Y and we have

Yo, = Qaj (coeff.A, T),

where @, ; is a polynomial with non-negative coefficients. We consider the Cauchy
problem
0.7 => Bj(x,2)0,,Z + S(x,2), Z(x,0)=0
J

with analytic functions B;, S, majorizing A;, T if we find an analytic solution Z,
then its Taylor coefficients Z, ; will satisfy

Zaj = Qa,;j (Coeff.B,S)
and since Q, ; is a polynomial with non-negative coefficients, we get
Yo il =[Qay(coeffl. A, T)| < Qg j(coeff. B, S) = Zo
Using (7.2.7), we see that the power series of A, T are majorized by those of
Mr

r—= Zlgjgd Ty — Zlgng w’
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provided, M is large enough and r > 0 is small enough. We consider now the Cauchy
problem

OiZm = Mr <Z Oz, 21 + 1)

r—= Zlgjgd Tj— ZlngN <l I

zm(0,2) = 0.

1<m<N. (4.1.16)

It is enough to prove the existence of an analytic solution for this problem. If we
consider the scalar equation (¢, s) € R? — u(t,s) € R,

Mr
and if we define
Zm(t, ) =u(t,z1 + -+ x4), 1 <m <N,

we get a solution of (4.1.16). The remaining task is to solve (4.1.17). To simplify
the algebra we solve

1
(9tu = m(@su + 1), U(O, S) = 0.

Using the method of characteristics, we obtain

t=1-s—u, §=—-1, u=1,
t(0) =0, s(0) =0, u(0) =0

sothatu=7, s=o0—7, t=7—orandthuso =s+u,7=u,t=u(l—s—u),
that is u = VU2 —4 W. To satisfy the initial condition «(0, s) = 0, we find
1—s—y/(1—s)2—4t

= 4.1.18
u 9 ) ( )

which is indeed analytic near the origin. The proof of Theorem 4.1.1 is complete. [
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Chapter 5

Elliptic Equations

5.1 Some simple facts on the Laplace operator

5.1.1 The mean-value theorem

Definition 5.1.1. Let Q be an open subset of R™ and u € 2'(2). We shall say that
u s an harmonic function on € if Au =0 on ).

Remark 5.1.2. Note that from Theorem 3.1.4, an harmonic function is C**° and we
shall see below that it is even analytic.

Proposition 5.1.3. Let Q be an open subset of R™ and u be an harmonic function
on Q. Then u is a smooth function and for all x € Q and all v > 0 such that
B(z,r) C 2, we have

1
ule) = |Bm|/ o "N = B r)\ ooy WO (51

We shall use the notation fAf y)dy = W fA

Proof. For x,r as in the statement above, we define

o= [ wdot) = [ et rin
and we have ¢'(r) = f, v/ (z+rw)-wdo(w) so that with X (y) = >°.(9;u)(x+ry)d,,

S 1|_/S Z (Oju)(z + rw)w;do(w) = /Sn_l(X,V>da

"l 1<j<n

(v is the exterior normal to S"~1) = / div Xdy = / (Au)(x + ry)rdy = 0,

and ¢ is constant so that f, ., Wu(y)do(y) = lim,_o, ]%B(I nu(y)do(y) = u(z). On
the other hand we have

/ U(y)dyz/ p”l/ u(z + pw)do(w)dp
B(z,r) 0 sn—1

_ / S dpu() = [Bla, ) ule),

71



72 CHAPTER 5. ELLIPTIC EQUATIONS

concluding the proof. O]

Remark 5.1.4. Note that, defining a subharmonic function u as a C? function such
that Au > 0, we get, using the same proof, that a subharmonic function u on an
open subset €2 of R" satisfies

Vo € Q with B(z,r) C Q, wu(z) < 7[ u(y)do(y). (5.1.2)
OB (z,r)

In fact the function ¢ above is proven non-decreasing, and thus such that u(z) =
limy o £(r) < f o0 u(y)do(y).

Remark 5.1.5. If B(z,7) C §, we have defined for u € C?(),

o) =1 ulyasty)
OB(z,r)
and we have seen that
p(r)|S" 7 = / u(z + wr)do(w), so that
Snfl
¢'(r)S" | = / (Au)(z + ry)rdy = / (Au)(2)dzr' ™

B(x,r)

= ][ (Au)(z)dzrl_"r—]S"_ll and thus
B(z,r) n

() = 713( )(Au)(z)dz%. (5.1.3)

Theorem 5.1.6. Let 2 be an open subset of R™ and u € C*(Q). The function u is
harmonic in Q if and only if for all x € Q and all r > 0 such that B(xz,r) C Q, we
have

mw—fmwyww@,

that is u satisfies the mean value property.

Proof. We have seen in Proposition 5.1.3 the “only if” part. On the other hand, if
u satisfies the mean-value property and =y € Q with (Au)(xg) > 0, ¢ as above, we
get

n

ozwmzf; (Bu))oty) 7 >0

with B(zg,r9) C Q, 19 > 1 > 0, Au > 0 continuous on B(z, 1), which is impossible;
the same occurs with a negative sign for Au. O]
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5.1.2 The maximum principle

Theorem 5.1.7. Let Q be an open bounded subset of R", uw an harmonic function
on §2 continuous on (). Then maxgu = maxpq u, and if ) is connected and Iz, € €2
with u(xg) = maxgu, then u is constant on §).

Proof. Note that u is continuous on the compact set Q. Let us assume 3z, € € with
u(zo) = maxgu = M. Then if 0 < r < d(xg, 092),

M = ufz) = YKBB(IO,T)“(?J)d”(” <M.

and this implies that u = M on B(zg,7), so that the set A = {z € Q,u(z) = M}
is closed and open in €. If € is connected, we get the sought result. In the general
case, we get that A contains the closure of the connected component of . O

Remark 5.1.8. If 2 is a connected open subset of R"™, u is a continuous function
on {2, such that

Au=0 1in €,
u=g on 0f),

with ¢ > 0, then u(x) > 0 for all x € Q if there exists xy € 02 such that g(x¢) > 0.
In fact, the function g is valued in [m, M] C Ry with M > 0,m > 0. From the
previous result, the function u is also valued in [m, M]. If m > 0, we are done and
if m = 0, we define

B={ze€Qu(z)=0}

we get that it is closed and open and cannot be all 2 since v must be positive near
the point zy. As a result, B = (), proving the result.

Theorem 5.1.9. Let ) be an open subset of R", f be a continuous function on €2 and
g a continuous function on O). There exists at most one solution u € C'(2)NC%*(Q)
to the Dirichlet problem

Au=f in (),
u=gq on 0S).

Proof. 1f uy, us are two solutions, the function u; — us is harmonic on €2 with bound-
ary value 0 and the maximum principle entails u; — us = 0. O

Theorem 5.1.10 (Harnack’s inequality). Let U € § be open subsets of R", with U
connected (U € Q means U compact C Q). There exists C > 0 such that for any u
nonnegative harmonic function on €2,

supu < C'inf u. (5.1.4)
U U

This implies that for all x,y € U, C7 u(y) < u(z) < Cu(y).



74 CHAPTER 5. ELLIPTIC EQUATIONS

Proof. Since U is a compact subset of (2, dist (U, 00) > 0, and with 21,25 € U, |71 —
xo| < r with r = dist (U, 00) /4, we have B(xq,r) C B(x1,2r) C €2, and

u(r) = 7[ u(y)dy = 2‘”7[ u(y)dy = u(z,),
B(z1,2r) ?2’(']/ B(z2,r)

implying that for zy, 2o € U,[r1 — 22| < 7, we have 27"u(zs) < u(z1) < 2"u(z9).

Using the compactness of U, and U C UyegB(y,7/2), we can find a finite number

N of balls such that U C Ui<;<nB(y;,7/2).

Lemma 5.1.11. Let U be an open connected subset of R™ such that U C Ui<j<nDB;
where the B; are open balls. Then for xy,x1 € U, there exists a continuous curve
v :10,1] = U such that v(0) = xg,v(1) = x1, and there exists 0 < Ty < Ty < --- <
T, 1 <1 withv <N and

7([07T1)) C lev/y([ThT?) C Bj27 s aV([Tu—lv 1] C Bju‘

Proof of the lemma. Note first that since U is an open connected subset of R", it is
also pathwise connected and we can find a continuous curve I' in U joining xy to x;.
If 2y, 1 belong to the same ball B;, there is nothing to prove. If zy € B;,,z1 ¢ Bj,,
we define

Ty =sup{t € [0,1],I'(t) € B}, }

We get that 77 € (0,1) and I'(T}) € 0B;,. We define v on [0,73] as the segment
[7(0),v(T1)]. We know now that I'(¢) ¢ By, for all t > T. Since I'(T}) € B;, we can
now define

T, =sup{t € [T1,1],['(t) € Bj,}.

We get that Ty € (11,1 and I'(T3) € 0B;,. We define v on [T}, 1] as the segment
[v(T1),v(T)]. And so on. -

This implies that for z,y € U, u(z) < 2"V u(y) and the result. O

5.1.3 Analyticity of harmonic functions

We have seen in Theorem 3.1.1 that the fundamental solution of the Laplace operator
is nonetheless C'*° outside of the origin, but also analytic outside of the origin. We
could use that result to prove directly the analytic-hypoellipticity of the Laplace
equation, that is the property Awu analytic on the open set 2 implies u analytic
on ). However, we have chosen a more direct approach, relying on the maximum
principle.

Proposition 5.1.12. Let Q) be an open set of R™ and u be an harmonic function on
Q. Then u € C*®(Q) and for xg € Q with B(wg,r) C €,

C
Bal0Cu(zo)| < rnfk ull i (B, |l =k, Co=1,Cp = (2" 'nk)* for k> 1,

where . 2
2" ik
— St _ — 5.1.5
O = B = ) T T D (5:-15)

1s the volume of the unit ball in R™.
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Proof. We have from the mean-value property if B(z, p) C €,

[u(z)|p" B < [Jull L1 (Ba,p)) (5.1.6)

and in particular the estimate is true for £ = 0. From the mean-value property, we
have from the harmonicity of each 0,,u that, if B(x, p) C €,

Oz, u(z) = 7[ Oz, u(y)dy = %/ div (u0,,)dy
B(z,p) P |S | B(z,p)

n

= — uv;do,
pn|Sn—1| IB(z,p) !
so that n
9z, u(@)] < Zlull =@ (5.1.7)
As a result, we have, using (5.1.6)-(5.1.7) with p = r/2,
on . lull21(BEor)  on
BnlOnyulo)l < —=(r/2) " ullrBory) = —— 12"

and the property is true for £ = 1. Let us consider now a multi-index a with
|a| = k > 1 and from the harmonicity of 0%u and (5.1.7)

0,5 uan)] < "D

TiYx

107 ull oo (9B (o (k+1))

so that, inductively,

n(k + 1) [[ul| 21 (B@owr))

r (k"‘_—fl)n-f—k?

B0z 05u(xo)| <

TiYx

(n2n+1k)k‘

We check now

k+1

(2" EYen(k + 1) (—— p

)n+k (k—i— )k+1(k+1)nk n k+1<2n+l)k

k+1 k-i-l

%)” < (n2"'(k+1))

completing the proof of the proposition. n

= (2" (k+1))" 27 (1 +

Theorem 5.1.13 (Liouville theorem). Let u be a bounded harmonic function on
R™. Then u is a constant.

Proof. From the previous proposition, we have for all x € R™",r > 0

n+1n 2n+1

2
[Vu(z)] < S

| < WHUHLI(B(x,r
n

|l Loo (),

implying Vu = 0 so that u is constant. O

Corollary 5.1.14. Let f € L, (R™) withn > 3. The bounded solutions of Au = f
on R"™ are E x f + constant, where E is the fundamental solution of the Laplace
operator given by Theorem 5.1.1
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Proof. If u is a bounded solution of Au = f, the distribution © — F * f makes sense
and is harmonic on R"™. It is also bounded since u is bounded and

(<o [ Uy < alflimen [ o=yl

If |x| > Ry + 1, we have

RiB,
o — yPdy < / (o] = Ro)>"dy = — 190 png
/MSRO W< ’ (|| = Royn2 = °°

and if |z| < Ry + 1, we have

/ 2 —yPdy < / 2"z < / 2" dz
ly|<Ro |z—z|<Ro |z|]<Ro+|z|<2Ro+1

entailing that F % f is bounded. By Liouville Theorem, u — E * f is constant.
Conversely E x f 4+ C' is indeed a bounded solution of Au = f. O

Note that in two dimensions, the fundamental solution of the Laplace operator
is unbounded; in particular a solution of Au = f with f € C>(B(0,1)),f # 0 is
given by - fly—xISl f(z —y)In|y|dy. Since |y — x| > ||y| — |||, |y — 2| < 1 implies
lz| =1 < |y| < l|z|+1 and if |2| > 2,

ly—z| <1=0<In(z| —1) <lnly| <In(l+|z|)

so that if f >0, for |z| > 2,
/| )y 2 el ) JECE
y—z|<1

which is unbounded.

Theorem 5.1.15 (Analytic-hypoellipticity of the Laplace operator). Let u be an

harmonic function on some open subset ) of R™. Then wu is an analytic function on
Q.

Proof. Let x( be a point of Q and ry > 0 with B(xg,4r9) C Q. We have proven in
Proposition 5.1.12 that u is C* and such that

BullOgull Lo (Baoroy < o " K2 ) [ull 1 (B0 2oy, ol = .

Furthermore Stirling’s formula (7.3.5) gives for k > ko, k* < k12(27k)~'/2¢* and

since n* = ZaeNan:k g which implies k! < a!n”*, we obtain for k > ko,

Bull 05 ull Lo (Baoro < 70" (@) ul| L (Bao 2rop K12(27k) 2R < Copy 't

yielding analyticity from Theorem 7.2.4. [
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5.1.4 Green’s function

Lemma 5.1.16. Let Q be a bounded open set of R™ with a C* boundary, u € C?(Q).
Then we have for all x € ),

ou
—(y)E(y —x)d

., 5, WE(y —x)do(y)

(5.1.8)

where E is the fundamental solution of the Laplace operator (see Theorem 3.1.1).

Since E € L} (R™) N C°(R"\{0}), the formula above makes sense.

loc

ute) = [ B -p@uds+ [ )G - )io() -

Proof. We consider u € C°(R™) and we write u = u* 6 = ux AE = Aux* F so that

u(z) = /Au(y)E(:c —y)dy = /QAu(y)E(y —x)dy +/ div, (E(y — x)Vu(y))dy

c

- [ (@B -2 Tuwiy
entailing with Green’s formula for = € €2,

ue) = [ Bul) B - )iy~ [ Bl a5 o)

Q

+ [ Gt autdotn) + | (o) By —a)dy

which is the result. O
Remark 5.1.17. Let Q be a bounded set of R® with a C! boundary. Assume that
for each x € Q, we are able to find a function y — ¢,(y) such that

{A% =0 in £, (5.1.9)

¢.(y) = —E(x —y) on 99,

As a consequence, we have [, ¢.(y)(Au)(y)dy = [, (¢.2% — u%) do(y). We define
then the Green function for the open set as

G(z,y) = E(y — @) + ¢.(y). (5.1.10)

Using formula (5.1.8), we get for x € Q,

ua) = [ Bla =@+ [ aGotr—ado)+ [ Zwenin)
~ [ ctwn@amars [ uw (52 + G0 a) do)

- [ cn@nma - | Qu<y>§—2<x,y>da<y>. (5.1.11)
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Note that we may symbolically write that for x € €Q,

(AyG)(z,y) =0(z—y), ye
G(z,y) =0, yeonN.

As a matter of fact, we have

| Gy

ou oG
- [v@wir+ [ (enGio - 5 @) do)
~ue)~ [ D0 puly)doty).
N Y

which is (5.1.11).

An immediate consequence of Lemma 5.1.16 and Formula (5.1.10) is the following
theorem.

Theorem 5.1.18. Let 2 be a bounded open set of R™ with a C! boundary. If
u € C*() is such that

{A“:f m s}, (5.1.12)
u=g on 0f),
then for all x € €,
oG
o) = [ Gaasmay+ [ Tt (6.113)

where G is the Green function given by (5.1.10).

Green’s function for a half-space

We consider first the following simple problem on R? = R™' x R*. Let g €
S (R"1): we are looking for u defined on R} such that

Au=0 inz, >0,
u(-,0)=g on R" L

Defining v(¢’, x,,) as the Fourier transform of u with respect to 2/, we get the ODE
Oz, (€ ) =4[ Pu(€ ) = 0, 0(€,0) = §(¢),

that we solve readily, obtaining v(&, z,) = e=2™¢'1g(¢"), so that, at least formally,

w(x', x,) = // 62”(1/*?/)5/6*2#%\f’lg(y/)dy/dfl'
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Using Formula (7.1.1), we get for =, > 0,

F n 2 — —-n —n
et o) = LD [0 ! P
_ 2x, 9y )dy' _ 2, / 9(y)dy (5.1.14)
ISP et (22 4 |2 — y’|2)"/2 B Jorn | —yl|"
We define the Poisson kernel for R} as
k(z,y) 2y eR",y € OR" (5.1.15)
€T = €T 1.
;y nﬂn|x—y|”7 +Jy —+
and we note right away that
22, .
Vo e RY, ——— —dy =1 (for a proof see Section 7.3.3). (5.1.16)
om Tl — "

Theorem 5.1.19. Let g € CO(R" 1) N L®(R"™) and u defined on R by (5.1.14).
Then the function u € C*(R}) N L*(RY), is harmonic on R’ and such that for
each xo € ORY

lim u(x) = g(xo). (5.1.17)

r—xQ
n
z€ERY

The function u is thus continuous up to the boundary.
Proof. Formula (5.1.14) is well-defined for z,, > 0, g € L>(R"!), defines a smooth
function which satisfies as well |u(x)| < ||g| Lo (rn-1) since the Poisson kernel k given
by (5.1.15) is non-negative with integral 1 from (5.1.16). On the other hand, u is
harmonic on R” since with p, (z/,z,,) = (|2/ — ¢/|> + 22) /2
o A(p™") +20,,(p7")
=z [(=n)(=n=1p" "+ (n = D)p (=n)p ™"+ 2(=n)p " wnp™!
=z,p " ?(n(n+1) —n(n—1)—2n) = 0.

We now consider for =, > 0, u(2’,z,) — g(2') = %fw—l % and we
obtain with r > 0
dy
nBnlu(a’, zn) = g(2')| < 2z, sup [g(y) - g(l")l/ 7
y'€B(z'r) B (22 + |2’ — y'?)
dy’

+4xn|yg|yLoo(Rn_l)/

|z’ —y'|>r (l’% + |I/ - y/|2)n/2

so that from (5.1.16) and k& > 0,

4xn||g||Loo Rn—1 oo n—92—n n—
e ) =g < supJoly) —gle!) LD [ ety
y' eB(x!,r n r

< sup |g(y') — g(@)] +
y'€B(z’,r) ‘ ’ nﬁnr
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As a result, we get

limsup [u(z', z,,) — g(z')] < inf( sup |g(y/) — g(')]) = 0.

Tn—04 r>0 y'€B(z’,r)

Since

u(z, 2n) = 9()] < Jule’, zn) — g(2)] + l9(2") — g(=)]

4 || gl oo (mn—1) [S™ |
< sup |g(y) —g(2')| + +
y/eB(x,m)| (¥') —g(@)] B

l9(«") — g(=)].

we get

limsup |u(2',z,) — g(2')| < inf(limsup( sup |g(y') — g(x’)\)) =0
(‘Tl:f’fn):(gzlvo) r>00 gy y'€B(x’,r)

from the continuity of g. O]
Proposition 5.1.20. The Green function for the half-space {x € R", z,, > 0} is
G(z,y) = E(y —z) — E(y — 1), (5.1.18)

where E is the fundamental solution of the Laplace operator given by (3.1.4) and for
r= (2,2, € R xR, we have defined ¥ = (2, —x,,).

Proof. According to (5.1.10), we have to verify for z € R" that ¢,(y) = —E(y — %)
does satisfy (A¢,)(y) = 0in Q and ¢,(y) = —E(z —y) for y € OR’. Both points are
obvious. Note also that Formula (5.1.13) gives for u satisfying (5.1.12) with f =0
and r € R,

wo)= [ (o) (B o) - Bl 0) sty

which gives for n > 3, u(z) =

1 / 1— Tn — Yn l— Tn + Yn
— [ 9W)(ly—2] 7"(2—n +ly—z "2—n dy
s Sy = e =T gy a2 -

so that we recover Formula (5.1.14) for the Poisson kernel of the half-space. O]

Green’s function for a ball

We want now to solve

u=g onS" 1

{Au:() in |z| <1,

The Green function for the ball is G(z,y) = E(y — x) + ¢.(y) and with 7 = x/|z|?
we define

0:(y) = —E((y — 2)|x]).
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We note that for |z] < 1, the function y — ¢,(y) is harmonic and for y € S"™!, we

have
ly — 2"

(2 - n)nﬁn

since |z|?ly — 2> = |2|> = 2y - 2 + 1 = |z — y|?. We calculate now for |y| = 1

=—E(y -2

(2- n)nﬁng—fy(x, y)=ly—z|"C-n)y—x)-y—ly—2"2—n)zP " (y—7) -y,

so that
oG ly — ™" 201 _ = 1 — |z
—(ry) =———1—-z-y—|zl-2y) = —.
éh/y( ) B, ( [ *( ) By — o
As a result the Poisson kernel for the ball Br = B(0, R) is
RQ _ |.Z"2
k(z,y) =
() nB,R|z — y|"
Theorem 5.1.21. Let g € C°(0Br) and u defined on Br by
R? — I:L“IQ/ 9(y)
u(z) = do(y 5.1.19
0= [ ety (5.1.19)

Then the function u € C*°(Bg), is harmonic on Br and such that for each o € OBg
limx&:}no u(z) = g(xg). The function u is thus continuous up to the boundary.
z R

Proof. The proof is similar to that for Theorem 5.1.19. We may also compare this
formula to (1.1.7) in the introduction: we have

u(z,z2) = co + Z(ckzk +c 2", g(e?) = Z cre™

k>1 keZ

so that u(z,2) = & O%g(ew)de + D i1 5o fo%(zke_iw + zFek?)dh. Since we have

also for |(| =1 > |z|,

Sk ok 2C zC 2(!
1—|—k221(z§) + (2¢) =l g ety =1t 2Rey—
B 22 \ o (42, Re(C+2)((—2) 1—|z?
—Re(1+<_z)—Re(C_Z)— [=E "= 2
we obtain
I e Y O N e k1 9(y)
u(z,z) = —5 /0 —|z — ei9|2d0 BT T y|2da(y),

which is indeed the 2D case of (5.1.19). O
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Chapter 6

Hyperbolic Equations

6.1 Energy identities for the wave equation

6.1.1 A basic identity

In Section 3.4, we have found the fundamental solution of the wave equation and
provided explicit formulas when the space dimension is less than 3. Here, we want
to consider € a bounded open subset of R?, with a smooth boundary. For T > 0,
we define the cylinder Qr = (0,77 x 2 and noting that

Qr =[0,7] x Q= ((0,T] x Q) U ({0} x Q) U ([0,T] x 9Q)
we see that B
Iy = Qr\Qr = ({0} x Q) U ([0, 7] x 09).
With ¢ > 0, we define the wave operator with speed ¢ by the formula (3.4.1)
O.=c 207 — A,.

We consider the problem

Oou = f, on Qr = (0,7] x €,

u=g, on I'y = ({0} x Q) U ([0,T] x 09), (6.1.1)

Owu = h, on {0} x Q,

and we want to start by proving that if a C? solution exists, it is unique. We
calculate

1d

(Ocu, Opu) r2(0) = §Ec_2||8tu||%2(ﬂ) — (Au, Ou) 12(0)
— 5 N0l — [ o + @0V Vil
— 3 (0 + IVuliy) — [ uldo
Defining the energy of u on () at time ¢ as
B(t) = 3 (20 lagey + [ Vullfae) (6.1.2)

83
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we see that 5
E(t) = (Dcu, (9tu>L2(Q) +/ 3tu—ud0. (613)
a0 81/

As a first result, if uq,us are two solutions of (6.‘1.1)7 the function v = us — w3
satisfies (6.1.1) with f, g, h all 0 and consequently £ = 0 for that u. Since E(0) =0
as well, we get that FE(t) = 0 for all times, and w is 0.

6.1.2 Domain of dependence for the wave equation

We consider now a C? solution u of the wave equation on R, x R, ¢ 20?u—A,u = 0,
and we introduce for ¢ty >t > 0 the following energy

1
F(t) = —/ (20wl + [Vul?) d
2 J B(wo,clto—t))

and we calculate its derivative, using the identity of the previous subsection,

. 1
F(t) = / 8tu%da — —/ (Mol + c|Vul?) do.
lo—ao|=c(to—t) OV 2 J|a—zo|=c(to—t)

We note that 28tu% < ¢ Howu|* 4 ¢|Vul? so that F < 0. As aresult, for 0 < t < t,,
we have

[ ol vy s [ (e ou ) e (610
B(xo,c(to—t))

B(:Eo,cto)

In particular, if u and dyu both vanish at time 0 on the ball B(zg, cty) then u vanishes
on the cone
C’lﬁo,ﬂﬁo = {(tvx) € [Oﬂfo] X Rd, ’33 - ZB()’ < C(to — Zf)}

Rephrasing that, we can say that, if both u(t = 0) and dyu(t = 0) are supported in

B(Xy, Ry), then for tq > 0,
supp u(ty, -) C B(Xo, Ry + cto). (6.1.5)
In fact, if |zg — Xo| > Ro + cto, we have Cy, ., N {t = 0} = B(xo, cty) and
B(xg, cty) C B(Xo, Ro)¢  since |y — 0| < cto = |y — Xo| > |@o — Xo| — |y — 20| > Ro.

As a consequence, both u(t = 0) and dyu(t = 0) vanish on B(xg,cty) so that
u(to, o) = 0 and the result (6.1.5). In other words, the value u(7, X) for some
positive T" depends only on the values of u(t = 0), dyu(t = 0) on the backward light-
cone with vertex (T, X) intersected with t = 0, i.e. Crx N{t = 0} = B(X, 7).
The cone C7r x is the cone of dependence at (7', X). If both u(t = 0), dyu(t = 0) are
supported in the ball B(X, R), then

suppu(T,-) C B(X, R+ cT).

These properties bear the name of finite propagation speed.



Chapter 7

Appendix

7.1 Fourier transform

Lemma 7.1.1. Let n € N* and R* 5 x — u(z) = exp —2w|x|, where |z| stands
for the Euclidean norm of x. The function u belongs to L'(R™) and its Fourier

transform is
n+1

a(e) = m (B (14 g2) T, (7.1.1)

Proof. We note first that in one dimension

+oo
/ e 2mEE o =2mle] g0 — 9 Re/ e 24 g — ! 2
R 0 m(1+£2)

corroborating the above formula in 1D. We want to take advantage of this to write
e~ 217l as a superposition of Gaussian functions; doing this will be very helpful since
it is easy to calculate the Fourier transform of Gaussian functions (this quite natural
idea seems to be used only in the wonderful textbook by Robert Strichartz [22] and
we follow his method). For t € R, we have

— — — — _ T2
e it = [ g2imiT e2imtT g=sm(1+7? H(s)dsdT = e g2 g
(1 2
R +7 R2 R,

so that for z € R, e~ 2717l = f e~ ™5~ 12~ %1 15 and thus

// —217rx£ —-1/2 €_§‘x|2d$d3 :/ 6—#53—1/26—ﬂ3|§\23n/2d8
R"XR+ R+

so that 4(€) = [™ e s D/2 (7 (1 + [¢]? )) D725, which is the sought result. [

7.2 Spaces of functions

7.2.1 On the Faa de Bruno formula

The following useful formula is known as Faa de Bruno’s' , dealing with the iterated
chain rule. We write here all the coefficients explicitly.

1\ One could find a version of theorem 7.2.1 on pages 69-70 of the thesis of “Chevalier Francois
FAA DE BRUNO, Capitaine honoraire d’Etat-Major dans I’armée Sarde”. This thesis was
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Theorem 7.2.1. Let k > 1 be an integer and U, V, W open sets in Banach spaces.
Let a and b be k times differentiable fonctionsb:U — V and a:V — W. Then
the k- multilinear symmetric mapping (a o b)*) is given by (N* = N\{0})

(a o) b)(k) _ a(]) o b b(kl) b(kj)
T — Z j! k:l! P k! . (7.2.1)
1<j<k J
(kl ..... kj)EN*j
K1+ tki=k

Remark 7.2.2. One can note that a symmetric k—multilinear mapping L is de-
termined by its value on “diagonal” k-vectors (T,...,T), so that formula (7.2.1)
means that (a o b)® is the only symmetric k-multilinear mapping such that, if 7" is
a tangent vector to U, and z a point in U

k times
| PR ()] (BT B ()T
—(ao b)) (T,...,T) = , ( )
e @I = 3 g b o
(k1,...,k; ) EN*I
ki4-+kj=k
| times

———
where b (z2)T" stands for the tangent vector to V given by 6@ (z) (T, ..., T). Since
aly) [b(x)} is a j-multilinear mapping from the product of j copies of the tangent
space to V into the tangent space to W, the formula makes sense with both sides
tangent vectors to W. Note also that the sum in (7.2.1) is extended to all the
multi-indices (ki, ..., k;) € N such that ky + -+ k; = k.

Proof. Let’s now prove the theorem. Using the same notations as in the remark
above, we see, that for ¢t € R, x € U and h a tangent vector to U,

d\F
B (z)hkF = (%) c(x+th)u=o

so that it is enough to prove the theorem for U neighborhood of 0, U C R and
b(0) = 0 . Moreover, one can assume by regularization that b € C°(R). Taylor-
Young’s formula gives then with a continuous € with £(0) = 0

(aob)(t)= Y _ M b(t)? + the(t) (7.2.2)

|
0<j<k J:

and thus

e ,
0kaon)0) = 3 D arpy .

|
0<j<k J:

Since for tensor products we have (the inverse Fourier formula comes from the usual
one for (£,b(t)), where ¢ is a linear form)

b(t)! = / 2T Nt () L b(ry)dry ... dTy,
RI

defended in 1856, in the Faculté des Sciences de Paris in front of the following jury : Cauchy
(chair) , Lamé and Delaunay.
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we obtain

8f[b(t)j]|t:0 = / (20m)* (1 + -+ + Tj)k 13(7-1) . .B(Tj)dTl ...dTj

RI

K |
D IR A U O

- g

which gives the result of the theorem, since b(0) = 0 so that all the kq, ..., k; above
should be larger than 1. O

It is now easy to derive the following

Corollary 7.2.3. Let a and b be functions satisfying the assumptions of Theorem
7.2.1 so that U C R} , V C Ry, W C R and o s a multi-index € N™. Then
(using the standard notation for a multi-index 3 € N* , a® = 85a and if v € N |
Y=l y!) we get for |a| > 1,

9%(aob) T a@ob b))

B 5! ol a0l (7.2:3)

al
1<5<]al

(@M ..., a)eN™ x... x N =N™J
oz(l)Jr---Jra(j_):a
min; <,<; [a()[>1

We can remark that, although corollary 7.2.3 follows actually from Theorem
7.2.1, it is easier to prove it directly, along the lines of the proof above using the
Fourier inversion formula to compute 9%[b(x)).

7.2.2 Analytic functions

Let 2 be an open subset of R” and f : 2 — R be a C* function. The function f is
said to be analytic? on € if for all xy € Q, there exists Ry > 0 such that

(k) (20 i
Va € B(wo, Ry), flz) =) / k<! )(:zc — zo)". (7.2.4)

Note that when n > 1, f*)(z,) is a k-th multilinear symmetric form and that?

(k) le}

ol
lo|=Fk

so that formula (7.2.4) can be written

(@) (£,
fla)y=">Y" fa—(!)(:c — z)*. (7.2.6)

aeN”

2Real-analytic would be more appropriate.
3The summation is taking place on multi-indices o € N" such that |a| = Di<j<n @ = k.
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There are plenty of examples of C'*° functions which are not analytic such as (3.1.1-
2) in [15]. One should also keep in mind that the convergence of the Taylor series

Y k>0 ! UZ!(O) h¥ is not enough to ensure analyticity as shown by the example on the
real line

flt)y=eY" for t £0, f(0) =
which is easily seen to be C* and is flat at the origin, i.e. for all k € N, f*)(0) = 0.
That function is not analytic near 0 (otherwise it would be 0 near 0, which is not
the case), but the Taylor series at 0 does converge.

On the other hand, there is no difficulty to extend Formula (7.2.4) to a ball
with same radius in C". In particular the restriction to R™ of an entire function
(holomorphic function on the whole C") is indeed analytic. However, all analytic
functions on R™ are not restrictions of entire function: an example is given by
R >t — 1/(1 4 *) which is analytic on R but is not the restriction of an entire
function to R (exercise: if it were the restriction of an entire function, that function
would coincide with 1/(1 + 2?) which has poles at +4). This type of example is a
good reason to use the terminology real-analytic for analytic functions on an open
subset of R™.

Going back to (7.2.4), we define the k-th multi-linear symmetric form a;, =
and

f®) (z0)
k!

= limsup ||a||/*, with |ja|| = sup |axT*|.
R k IT|=1

Assuming R > 0, we have for |h| < Ry < R; < R, provided that for k£ > ko,
lax['/* < 1/Ry,

Z sup |agh® |< sup || a|| Z Rk—i—z sup (lax || *| Ak

k>0 [hI<h2 ko 0<k<ko ko<k NS

< sup |agl] Z Rk—i-z RT'Ry)F < +o0,

O<k<ko 0<k<ko ko<k

so that the series ), arh® converges normally on each compact subset of B(0, R).
As a consequence the convergence is uniform on each compact subset of B(0, R) and
the series can be differentiated termwise.

Ifn =1and |h| > Ry > Ry > R, we have, extracting a subsequence, |ay, |Vki Ry >
Ry1/Rs, Vj > jo. As a result, for j > jo,

jax, 15| = (lax, |5 Ra|h| R ")™ (R Ry)®
R , _ _
> (G IhIR; ) (Ro/Ba) = |0/ R) > 1
2

and the series > aih® cannot converge. This proves also in n dimensions that, if

1

|| > :
SUD|7|—1 (lim supy, |axT*|1/*)

the series Y aph* cannot converge everywhere. Note that

1/R = sup (hmsup ]akT’“|1/k) < hmsup lax|* = 1/R
IT|=1
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and the series 3" aih* does not converge on the whole |h| > R and converges when
|h| < R (note that we have indeed R < R and R = R in one dimension).

The following example is a good illustration of what may happen with the domain
of convergence of multiple power series: we consider

E 22k which is convergent on |ziz,| < 1.
k>0

We have [lazy|| = supyzi,3-1 |zhak| = suppeg | cosOsin ¥ = 2% so that R = /2,
which is indeed the largest circle to fit between the hyperbolas x1zo = 1. On the
other hand, with Ty = (cos 6y, sin ),

|a2kT02k|1/2k = (cos G sin6)"/? = 2_1/2\/sin(290) — R =2

The radius v/2 is indeed the largest possible ball in which convergence takes place.
However the region of convergence is unbounded. The picture below may help the
reader to understand the various regions. *

We have the following characterization of analytic functions.

4For multiple power series, it would be more natural, but also more complicated, to introduce
the notion of polydisc: a polydisc with center ¢ and (positive) radii r1,...,r, in C™ is the set

D(<7T17"'7T7l) = {Z E Cn7vj7|zj —<_7| < 7‘]}'

The interior of the set where absolute convergence of a multiple power series takes place is called
the domain of convergence D. With r = (r1,...,7,), the polydisc D(¢,r) is called the polydisc of
convergence at ¢ € C" if D(¢,r) C D and D((,p) ¢ D if max(p; — r;) > 0. We have then the
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Theorem 7.2.4. Let Q) be an open subset of R™ and f € C>*(Q;R). The function f
15 analytic on Q if and only for all compact subsets K of 2, there exists C' > 0,p > 0
such that

Va € N, |02 f|lrex) < Cp1®lal

We leave the proof as an exercise for the reader.

Remark 7.2.5. A consequence of Corollary 7.2.5 and is that the composition of an-
alytic functions is analytic and that the power series coefficients of aob are universal
polynomials with positive rational coefficients of the power series coefficients of a, b:
i fact we have the explicit formula

02(aob) Z aDob b pet)

al 5! a1, a0l

1<5<]ef
(aM,...,alD)eN"x... x N"* =N"J
oM. 1ql)=q
min; << [a@]>1

Definition 7.2.6. Let A =) . @ax® be a power series with non-negative coeffi-
cients and B =) cyn o™ be a power series with complex coefficients. The power
series A is said to magjorize B if for all « € N", |b,| < ao. We shall write B < A.
In particular, if A converges absolutely, then B converges absolutely.

To provide simple examples, we start noting that, for R > 0, the function R¢ >
L -~ is analytic on {z, Y, ., |7;| < R} since it is equal to

HR*ZKjgdw]
- - —1—-|a Oé! [e%
RS (S w) = e

k>0 1<j<d

T

and with |z[; = 37, |2;], we have from the multinomial formula®

—1_|a|@ al _ p-1 —1 NE_ pt 1 _ 1
LA = B R 2 I = gy ~ Bl

k>0 1<j<d

We remark now that if the power series C'= )" c,2® converges on

Tl = max |z;| < R for some positive R,
1<j<n ' 7
<j<n

then co(R, ..., R)® = c,R1* must be bounded, i.e. |c,| < MRl < MR"O“%, SO

that
MR

< .
R — Zlgjgn Lj

C (7.2.7)

relation o
limsup (Jagry? ...r5|) ALY

|k|—+o00

analogous to the Cauchy-Hadamard relation for the radius of convergence in one dimension.

k!
5The multinomial formula is (t; + - +t,)* = Z Jta.

aeN"n
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7.3 Some computations

7.3.1 On multi-indices

Let n € N*, m € N. We have

_ m+n—1)!
Card:{(oq, ce ,Oén) S anl + -t a, = m} = C;:L—&-ln—l = W (731)
En,m

In fact, defining
61:&14—1, ﬁ2:a1+a2+2,...,ﬁn,1:041—1—---—1—0471,1—1—77,—1,

we have 1 < 81 < o < -+ < fBh1 < m+n—1, and we find a bijection between
the set E,,, and the set of strictly increasing mappings from {1,...,n — 1} to
{1,...,m+n—1}; the latter set has cardinality CJ_},_; since it amounts to choosing
a subset with n — 1 elements among a set of m+n —1 elements. On the other hand,
defining ¢, ,, = Card E,, ,,, we have obviously

m
Qn+1,m = E Adn,j
j=0

and we can check that C} = Z;ﬁ:o CZ;}_l : it is true for m = 0 and if verified for
m > 0, we get indeed

m m—+1
n _ n n—1 __ n—1 n—1 __ n—1
Om—f—l-i—n - Om—i—n + Om—l—n - E OnJrjfl + Om—l—n - E :CnJrjfl'
=0 =0

We have also obviously from the above discussion

Card{(al,...,an) ENn’Q1+...+&n Sm}ZQnJrl,m:Cn

n+m?

(7.3.2)

Fn,m
as well as

Card{(a1,...,n1) E N ag+ - Han <myanp <m}=Crh —1. (7.3.3)

7.3.2 Stirling’s formula
Let k£ € N. We have

k! = (é)k\/ﬂ(l + é +O0(k™)), k— oo. (7.3.4)

and in particular
k
K~ (g)k\/27rk k — +oc. (7.3.5)
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7.3.3 On the Poisson kernel for a half-space

We consider for z,, > 0,2/ € R" 1. n>1,n83, = I?Zrn—"//j) = |S™7Y,

" nfBy Jgea (|xl — )2 +$%)n/2 =E e (22 + |y [2)?

B xnr(n/Q) /+oo ,On_2d,0 |Sn—2| B F<n/2) 27T(n—1)/2 /+oo pn—2 i
B @2t T e T 02) Jy (T A
We have
+00 pn72 w/2 ) ) w/2 )
—dp:/ tan€)" " “(cos )"~ d@z/ sin )" 4“df = W,,_o,
/0 (14 p2)n/2 0 ( o ) 0 ( ) ?
the so-called Wallis integrals. It is easy and classical to get for k € N,
_ 7(2k)! (k222
Wor = W’ W1 = m (7.3.6)
As a result, for n = 2 + 2k,
T(n/2) 2x(=1/2 /+°° P kL2 m(2k)  wI(2Kk)!
/2 T((n—1)/2) J, (1+ p*)n/? P= ['(k+ %) (K1)222k+1 " 92k LT (K 4 %)

and for n = 3 4 2k,

F(TL/2) 27T(n—1)/2 /+oo pn—2 4
2 D((n-172) )y @+

_ (B4 5)0(k+3) 2 (k2% 2"KIT(k + 3)
ml/2 k! (2k + 1)! T2 (2k)
on the other hand we have
1 1 3 (2k —1) 12 (2k)!
Nk+=)=(k-—=)k—=2)... (k- I(1/2) = 7t/2 222
1 2 1
entailing nIR) g ZIRD(kg) We have thus proven

22k EIT (k+3) 73 (2k)!

2 dy
V(2 z,) € R x RY, ﬁ/ =1 (7.3.7)
nBn Jernt (|2 — /|2 4 22)
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