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1.Introduction

Well-posedness, lll-posedness.

JACQUES HADAMARD introduced the notion of well-posedness.
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1.Introduction

Well-posedness, lll-posedness.
JACQUES HADAMARD introduced the notion of well-posedness.

Existence and uniqueness are important for an evolution equation, but of
little interest without some inequalities controlling the size of the solution
u(t) at a positive time t by the size of the initial datum u(0) in some
appropriate functional space.
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Quasi-linear first-order systems

A typical example of an ill-posed problem (i.e. not well-posed) is
the Cauchy problem for the O equation :

Otu+idyu =0, ont>0,
u(0, x) = up(x).
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A typical example of an ill-posed problem (i.e. not well-posed) is
the Cauchy problem for the O equation :

Otu+idyu =0, ont>0,
u(0, x) = up(x).

We cannot expect that for t > 0, K, L compact subsets of R,

(%) lu(®) | =neky < Collu(O) [ w1
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A typical example of an ill-posed problem (i.e. not well-posed) is
the Cauchy problem for the O equation :

Otu+idyu =0, ont>0,
u(0, x) = up(x).

We cannot expect that for t > 0, K, L compact subsets of R,
(%) [u(t)[p-n(ky < Collu(O)][ yn(ry

since for up(x) = e, the unique solution is u(t,x) = eMt+X)
and (x) would imply for any A > 1 and a fixed positive t,
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Quasi-linear first-order systems

A typical example of an ill-posed problem (i.e. not well-posed) is
the Cauchy problem for the O equation :

Otu+idyu =0, ont>0,
u(0, x) = up(x).

We cannot expect that for t > 0, K, L compact subsets of R,
(%) [u(t)[p-n(ky < Collu(O)][ yn(ry

since for up(x) = e, the unique solution is u(t,x) = eMt+X)
and (x) would imply for any A > 1 and a fixed positive t,

kA Ve < [u() [ -wiry < Collu(O)[[wry < AN,

For an ill-posed problem, large oscillations in the initial datum
trigger exponential increasing in time of the solution.
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Generic instability of Kovalevskaya solutions for ill-posed problems
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Generic instability of Kovalevskaya solutions for ill-posed problems
Let us quote LARS GARDING :

“ It was pointed out very emphatically by Hadamard that it is not
natural to consider only analytic solutions and source functions
even for an operator with analytic coefficients.
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Generic instability of Kovalevskaya solutions for ill-posed problems
Let us quote LARS GARDING :

“ It was pointed out very emphatically by Hadamard that it is not
natural to consider only analytic solutions and source functions
even for an operator with analytic coefficients. This reduces the
interest of the Cauchy-Kovalevskaya theorem which .. .does not
distinguish between classes of differential operators which have, in
fact, very different properties such as the Laplace operator and the
Wave operator.”
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Let us start over with the toy model

Oru+i0ku=0o0nt >0, u(0,x)= ug(x),
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Quasi-linear first-order systems

Let us start over with the toy model
Oru+idku=0o0nt >0, u(0,x)=up(x),
and assume that supp gp C Ry. With v(t,&) = i(t,§), we get

v==_Ev, (€)= v(t, &) = e®v(0,€) = eFlGp(¢).
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Quasi-linear first-order systems

Let us start over with the toy model
Oru+i0ku=0o0nt >0, u(0,x)= ug(x),
and assume that supp gp C Ry. With v(t,&) = i(t,§), we get
v=gv, 0(t€) = v(£,6) = ev(0,¢) = el (¢).

Assuming now that u(T) belongs to L?(R) for some T > 0 (not
that stringent an assumption), we obtain

(€)= e TFla(T,¢)

and this implies that ug is analytic.
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Without the assumption on the spectrum, it is possible for that
simple model to use the projection P4 on the subspace of functions
with non-negative spectrum and to obtain analyticity for P4 ug.

6 Onset of instability for a class of non-linear PDE systems



1. Introduction Well-posedness
Instability of Kovalevskaya solutions for ill-posed problems

Quasi-linear first-order systems

Without the assumption on the spectrum, it is possible for that
simple model to use the projection P4 on the subspace of functions
with non-negative spectrum and to obtain analyticity for P4 ug.

More generally, it is easy to reproduce that backward
regularization property for some quasi-linear equations whose
characteristics do not stay in the real line.
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simple model to use the projection P4 on the subspace of functions
with non-negative spectrum and to obtain analyticity for P4 ug.

More generally, it is easy to reproduce that backward
regularization property for some quasi-linear equations whose
characteristics do not stay in the real line.

This is also an instability result, since the very existence of a
solution implies some strong regularity property for the initial
datum.
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Quasi-linear first-order systems

Without the assumption on the spectrum, it is possible for that
simple model to use the projection P4 on the subspace of functions
with non-negative spectrum and to obtain analyticity for P4 ug.

More generally, it is easy to reproduce that backward
regularization property for some quasi-linear equations whose
characteristics do not stay in the real line.

This is also an instability result, since the very existence of a
solution implies some strong regularity property for the initial
datum. For instance, obtaining analyticity for the initial datum will
ruin existence of a solution if we perturb an analytic initial datum
by a smooth flat function at a point.
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Quasi-linear first-order systems. We consider the quasi-linear
system,

(ﬁ) Oru + A(t,X, U) - Oxu = b(t,X, U), U=0 = UO(X)a

A(t, x, u) - ZAtxu)@XJ

1<j<d

t € R is the time-variable, x € RY stands for the space variables,
u(t,x), b(t,x,u) € RN A; are real N x N matrices.
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Quasi-linear first-order systems. We consider the quasi-linear
system,

(ﬁ) Oru + A(t,X, U) - Oxu = b(t,X, U), U=0 = UO(X)a

A(t, x, u) - ZAtquJ
1<j<d

t € R is the time-variable, x € RY stands for the space variables,
u(t,x), b(t,x,u) € RN A; are real N x N matrices. We define
for £ € RY,

Au(t,X,f) = Z Aj(t,X, u(t,X))fj, (N x N real matrix),

1<j<d

pu(p; t,x,€&) = det(Au(t',X7 &)—p |dN), (characteristic polynomial of A,).
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Considering the Cauchy problem for a quasi-linear real N x N system

(1) Oru + Z Aj(t, x, u)0u = b(t,x,u), u(0,x) = uo(x),

1<j<d

we define Ay(t, x,&) = >, iy Ailt, x, u)§.
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Considering the Cauchy problem for a quasi-linear real N x N system

(1) Otu + Z (t,x, u)0qu = b(t,x,u), u(0,x)= uo(x),

1<j<d

we define Ay(t, x,&) = >, iy Ailt, x, u)§.

We shall say that the system is hyperbolic when the eigenvalues of A,
are real. Note that if the eigenvalues of

Au(0,0,6) = Y Ai(0, %0, io(x0));

1<j<d

are real and simple for all £ € S9~1, then they stay real and simple for
the matrix A,(t, x, ) nearby (strict hyperbolicity) :
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Considering the Cauchy problem for a quasi-linear real N x N system

(1) Otu + Z (t,x, u)0qu = b(t,x,u), u(0,x)= uo(x),

we define Ay(t, x,&) = >, iy Ailt, x, u)§.

We shall say that the system is hyperbolic when the eigenvalues of A,
are real. Note that if the eigenvalues of

Au(0,0,6) = Y Ai(0, %0, io(x0));

1<j<d

are real and simple for all £ € S9~1, then they stay real and simple for
the matrix A,(t, x, £) nearby (strict hyperbolicity) : the characteristic
roots are continuous functions A(t, x, ), homogeneous of degree one
with respect to &, and if they were non-real, since the matrix A, is real,
the roots A, A would merge to a double real root.
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Quasi-linear first-order systems

Considering the Cauchy problem for a quasi-linear real N x N system

(1) Otu + Z (t,x, u)0qu = b(t,x,u), u(0,x)= uo(x),

1<<d

we define Ay(t, x,&) = >, iy Ailt, x, u)§.

We shall say that the system is hyperbolic when the eigenvalues of A,
are real. Note that if the eigenvalues of

Au(0,0,6) = Y Ai(0, %0, io(x0));

1<j<d

are real and simple for all £ € S9~1, then they stay real and simple for
the matrix A,(t, x, £) nearby (strict hyperbolicity) : the characteristic
roots are continuous functions A(t, x, ), homogeneous of degree one
with respect to &, and if they were non-real, since the matrix A, is real,
the roots A, A would merge to a double real root.

Strict hyperbolicity implies local well-posedness (see A. MAJDA,
G. METIVIER).
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Conversely, even a very weak assumption of well-posedness implies
(weak) hyperbolicity :
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Quasi-linear first-order systems

(1) Oru + Z (t,x, u)0qu = b(t,x,u), u(0,x)= uo(x),

1<j<d

Ay(t, x, &) = Z Aj(t, x, u)g;.

1<j<d

Conversely, even a very weak assumption of well-posedness implies
(weak) hyperbolicity : this type of result has now the generic name of
Lax-Mizohata theorems and many authors were involved in proving and
stating them : P. LAX, S. M1ZOHATA for linear equations, V. IvRII &
V. PETKOV for existence of solutions for general C*> data for linear
equations,
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Quasi-linear first-order systems

(1) Oru + Z (t,x, u)0qu = b(t,x,u), u(0,x)= uo(x),

1<j<d

Ay(t, x, &) = Z Aj(t, x, u)g;.

1<j<d

Conversely, even a very weak assumption of well-posedness implies
(weak) hyperbolicity : this type of result has now the generic name of
Lax-Mizohata theorems and many authors were involved in proving and
stating them : P. LAX, S. M1ZOHATA for linear equations, V. IvRII &
V. PETKOV for existence of solutions for general C*> data for linear
equations, S. WAKABAYASHI, K. YAGDJIAN for non-linear equations
with different notions of stability.
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Oru + Z Aj(t, x, u)Ogu = b(t,x,u), u(0,x) = u(x),
lijgdAutXS ZAtxu

1<j<d

) Strict hyperbolicity = Well-posedness
Summing-up : o
Well-posedness = Weak hyperbolicity
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Quasi-linear first-order systems

Oru + Z Aj(t, x, u)Ogu = b(t,x,u), u(0,x) = u(x),
e Ay(t, x, &) = ZAtxu

1<<d

: Strict hyperbolicity = Well-posedness
Summing-up : o
Well-posedness => Weak hyperbolicity

What happens if u(0,x,8) = Z Ai(0, x, up(x))&;
1<j<d

is only weakly hyperbolic?
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Oru + Z Aj(t, x, “)()x/ u=b(t,x,u), u(0,x)=up(x), Ay(t,x,&)= Z Ai(t, x, u)§;.

1<j<d 1<j<d
Strict hyperbolicity == Well-posedness = Weak hyperbolicity

What if A,(0, x, &) = 321 <j<q Aj(0, x, up(x))&; is only weakly hyperbolic ?

We need to look at the behaviour of the characteristic roots for
t > 0, and see if the roots intend to visit the complex flesh around
the real line :
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Instability of Kovalevskaya solutions for ill-posed problems

Quasi-linear first-order systems

Oru + Z Aj(t, x, “)()x/ u=b(t,x,u), u(0,x)=up(x), Ay(t,x,&)= Z Ai(t, x, u)§;.

1<j<d 1<j<d
Strict hyperbolicity == Well-posedness = Weak hyperbolicity

What if A,(0, x, &) = 321 <j<q Aj(0, x, up(x))&; is only weakly hyperbolic ?

We need to look at the behaviour of the characteristic roots for
t > 0, and see if the roots intend to visit the complex flesh around
the real line : if that is so, instability will be present.
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Oru + Z Aj(t‘x.u)r,)xlu*b(t.x.u). u(0,x) = up(x), Au(t,x,§&) = Z Ai(t, x, u)§;.

1<j<d 1<j<d

A difficulty : the roots will be multiple and thus generically
singular : we need to discuss on a “macroscopic’ smooth quantity
and we do not want to calculate the roots.
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singular : we need to discuss on a “macroscopic’ smooth quantity
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We do not expect a system of PDE to behave as a collection of
(coupled) scalar equations, but we want to single out typical
models of unstable systems.
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function of up(x) and tangential derivatives Oy up(x).
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Note that, using the equation, J;:u(0, x) can be expressed as a
function of up(x) and tangential derivatives Oy up(x).

As a result, the k-jet of A, at t = 0 depends only on the data. We
want conditions depending only on the data (!).
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Oru + Z Aj(t‘x.u)r,)xlu*b(t.x.u). u(0,x) = up(x), Au(t,x,§&) = Z Ai(t, x, u)§;.
1<j=d 1<j<d

A difficulty : the roots will be multiple and thus generically
singular : we need to discuss on a “macroscopic’ smooth quantity
and we do not want to calculate the roots.

We do not expect a system of PDE to behave as a collection of
(coupled) scalar equations, but we want to single out typical
models of unstable systems.

Note that, using the equation, J;:u(0, x) can be expressed as a
function of up(x) and tangential derivatives Oy up(x).

As a result, the k-jet of A, at t = 0 depends only on the data. We
want conditions depending only on the data (!). The jet of the
characteristic polynomial det(A,(t,x,€) — pldy) at t = 0 should
be easy to calculate.

12 Onset of instability for a class of non-linear PDE systems
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2. Our results

Definition of Hadamard instability. We assume that we have a reference local
solution ¢(t, x) with regularity H™,m > 1+ g, near a distinguished point xo,

ot + Ai(t,x,d)0x. & = b(t,x,®), &(0,x) = ¢o(x), on [0, Typ] x Up,
J j

1<j<d

To > 0, Up a neighborhood of xg.
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. Our results

Definition of Hadamard instability. We assume that we have a reference local
solution ¢(t, x) with regularity H™,m > 1+ g, near a distinguished point xo,

Ot + Z Aj(t, x, ¢)0x ¢ = b(t, x, ), ¢(0,x) = ¢o(x), on [0, To] x U,
1<j<d

To > 0, Up a neighborhood of xp. Assuming for instance analyticity for the fluxes
and b, ¢, the existence of a local analytic solution follows from CK theorem.
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. Our results

Definition of Hadamard instability. We assume that we have a reference local
solution ¢(t, x) with regularity H™,m > 1+ g, near a distinguished point xo,
Ot + Z Aj(t, x, ¢)0x ¢ = b(t, x, ), ¢(0,x) = ¢o(x), on [0, To] x U,

1<j<d

To > 0, Up a neighborhood of xp. Assuming for instance analyticity for the fluxes
and b, ¢, the existence of a local analytic solution follows from CK theorem.

lll-posedness means : let 0 < T < Ty, U C U a neighborhood of xg,

6 € (1/2,1] be given. There is no neighborhood % of ¢ in H™(U) such that
for all uo € %, the above PDE system has a solution in L> ([0, T], Wh>(U))
with initial value up satisfying

[[u(t) = ¢()lwr.e vy

ug €U ||Uo - ¢0||9H’"(U)
0<t<T

< 400

13 Onset of instability for a class of non-linear PDE systems
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> Aitx, ®)0x; ¢ = b(t, x,$),  $(0,x) = ¢o(x), on [0, To] x Up.

A reference solution, 9¢¢ +
1<j<d

There is no neighborhood % of ¢q in H™(U) such that for all ug € %/, the above PDE system has a solution in
L% ([0, T], WH°°(U)) with initial value ug satisfying

() = SOl 1,00 ()
sup ————————— < +o0.

wex |[u(0) — #(0) ‘H’"(U)

0<t<T

14
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A reference solution, 9¢¢ + X Aj(t, x, O)OXJ ¢ = b(t,x, ®), ¢(0,x)= ¢o(x), on [0, To] X Up.
1<;<d

There is no neighborhood % of ¢q in H™(U) such that for all ug € %/, the above PDE system has a solution in
L*°([o, T], wl oo (U)) with initial value ug satisfying

16(8) = 6Ol 1,00 )

16(0) = SO &m(y)

e Either data arbitrarily close to ¢g fail to generate trajectories (non-existence of a
solution),

14
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A reference solution, 9¢¢ + X Aj(t, x, O)OXJ ¢ = b(t,x, ®), ¢(0,x)= ¢o(x), on [0, To] X Up.
1

<j<d

There is no neighborhood % of ¢q in H™(U) such that for all ug € %/, the above PDE system has a solution in

L*°([o, T], wl oo (U)) with initial value ug satisfying

16(8) = 6Ol 1,00 )

16(0) = SO &m(y)

e Either data arbitrarily close to ¢g fail to generate trajectories (non-existence of a
solution), or if a solution happens to exist, Hdlder continuity fails.
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A reference solution, 9¢¢ + X Aj(t, x, O)OXJ ¢ = b(t,x, ®), ¢(0,x)= ¢o(x), on [0, To] X Up.
1

<j<d

There is no neighborhood % of ¢q in H™(U) such that for all ug € %/, the above PDE system has a solution in

L*°([o, T], wl oo (U)) with initial value ug satisfying

16(0) = SO &m(y)

1u(e) = S(0)l| 1,00 )

e Either data arbitrarily close to ¢g fail to generate trajectories (non-existence of a
solution), or if a solution happens to exist, Hdlder continuity fails.

e The deviation is instantaneous (T arbitrarily small) and localized (U arbitrarily

small).
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A reference solution, 9¢¢ + X Aj(t, x, o)i)xj ¢ = b(t,x, ®), ¢(0,x)= ¢o(x), on [0, To] X Up.

1< Zd

There is no neighborhood % of ¢q in H™(U) such that for all ug € %/, the above PDE system has a solution in

L*°([o, T], wl oo (U)) with initial value wug satisfying

sup 7
v u(0) = ¢0)Gmy)
0<t<T

1u(e) = S(0)l| 1,00 )

e Either data arbitrarily close to ¢g fail to generate trajectories (non-existence of a
solution), or if a solution happens to exist, Hdlder continuity fails.

e The deviation is instantaneous (T arbitrarily small) and localized (U arbitrarily

small).

e m could be very large (e.g. when a CK solution is available), this is not enough to

control the first derivative of the deviation in L.
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Assumptions. We describe now some sufficient conditions triggering instability.
Our reference solution

ord+ > Aj(t, x, $)dx;d = b(t, x, 0),  $(0,x) = do(x),
1<j<d

Ap(t,x, &) = > At x, 0, pgluit,x, &) = det(Ag(t, x, &) — pldy).
1<j<d
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Assumptions. We describe now some sufficient conditions triggering instability.
Our reference solution

ord+ > Aj(t, x, $)dx;d = b(t, x, 0),  $(0,x) = do(x),
1<j<d

Agp(t, x, &) = L Aty x, #)€j,  py(pit, x, €) 7det(A(;,(t.><.£) — pldy).
1<j<d

If for every neighborhood U of xp, there exists x € U, £ € S9=1, u € C\R, such that
Py (1 0,x,£) = 0, this is essentially the “elliptic case”, for which Lax-Mizohata
theorems prove instability.
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Assumptions. We describe now some sufficient conditions triggering instability.
Our reference solution

orp+ > At x, $)0x; ¢ = b(t, x, d),  $(0,x) = ¢o(x),
1<j<d

Agp(t, x, &) = L Aty x, #)€j,  py(pit, x, €) 7det(A(;,(t.><.£) — pldy).
1<<d

If for every neighborhood U of xp, there exists x € U, £ € S9=1, u € C\R, such that
Py (1 0,x,£) = 0, this is essentially the “elliptic case”, for which Lax-Mizohata
theorems prove instability.

We may thus assume that there exists a neighborhood Uy of xo such that for all

x € Ug, all £ € S971, Py(1:0,x,6) =0 = p € R, i.e. we have weak hyperbolicity
near xo at time 0. If all the roots at xg are simple, this is the strictly hyperbolic case
(which is well-posed), so we may assume as well that there is a multiple root at xp.
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® Initial hyperbolicity near xg 3 UQG"//XO such that \/(X.{)G Uo x§4 Y P”(/l;o.x,{):O:N/G

Op 4
® Existence of a multiple root at xp : 3{'65‘[/ ! such that po(;lJO,Xo.{'):%(;L;O.XO.ﬁ):O,
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® Initial hyperbolicity near xg 3 UQG"/QO such that V(x,£)€ U xS971, po(1;0,x,6)=0=—=-pER.

Op 4
® Existence of a multiple root at xp : 3{'63[/ ! such that pw(;l:O,Xo.{’)i%(;t;().)(g.{):o.

This is not enough to get instability :

16
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o Initial hyperbolicity near xp : 3 Up€ ¥4, such that V(x,£)€ Uy xS971, P (1;0,x,£)=0=—=pER.

9pg
I

® Existence of a multiple root at xp : 3{’63[/ ! such that pw(;l:O,Xo.{'): (/I,;O.Xg.{):O.

This is not enough to get instability : if we limit ourselves to the case of double
roots, we have the following (rather) simple-looking condition (H) : there exists
e S971, such that

Opy
o

9py
ot

82
Ps(1; 0, %0,&) = (14;0,x0,&) = 0 and d:j) (10, %0, &) (10, x0,€) > 0.
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® Initial hyperbolicity near xg 3 UOG"/QO such that V(x,£)€ U0><§}d L Po(14;0,x,6)=0—=-pER.

“ P 4
® Existence of a multiple root at xp : 3{6?5[/ ! such that P (1:0,%0,€)= (0/‘) (1;0,%0,£)=0.

This is not enough to get instability : if we limit ourselves to the case of double
roots, we have the following (rather) simple-looking condition (H) : there exists
€ €S, such that

Ipy
ot

Opy
o

82
Po (1 0,%0,8) = ——(11;0,x0,§) = 0 and a;f; (140, x0,8) —-=(14: 0, %0, ) > 0.

This condition is a non-linear one which depends on the first jet of A4 at time
0, since the term Opy /Ot can be calculated using the fact that

(0¢/0t)(t =0, x) can be expressed (thanks to the equation) as a function of
tangential derivatives O¢o/0x and ¢o(x).

16 Onset of instability for a class of non-linear PDE systems
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N X N quasi-linear system : 9ru + A(t, x, ¢) - Oxd = b(t, x, ¢), ¢(0,x) = dp(x).

Apt,x, &) = D> Ailt, x, d(t, x))Ej, plpit, x, §) = det(Ay(t, x, ) — pldy).
1<j<d
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N X N quasi-linear system : 9ru + A(t, x, ¢) - Oxd = b(t, x, ¢), ¢(0,x) = dp(x).

Agp(t,x, &) Z Aj(t, x, d(t, x))Ej, p(ui t, x, &) = det(Ag(t, x, &) — pldy).

1<j<d
ap 8%p Op
10; 0, X0 = —(10;0, xg, =0 and 1g; 0, X H
P(10: 0, x0, €0) Ou(/o 0, €0) (8#2 ot )(/0 0, €0) > (H)
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N X N quasi-linear system : 9ru + A(t, x, ¢) - Oxd = b(t, x, ¢), ¢(0,x) = dp(x).

Agp(t,x, &) Z Aj(t, x, d(t, x))Ej, p(ui t, x, &) = det(Ag(t, x, &) — pldy).

1<j<d
ap 8%p Op
P(0: 0 x0, €0) = a(/"OanXOago) =0and (8#2 ot )(/10 0, x0, £0) > (H)
Why is (H) relevant to instability ?
Onset of instability for a class of non-linear PDE systems




Definition of Hadamard instability
2. Our results Assumptions

Theorem and examples

N X N quasi-linear system : 9ru + A(t, x, ¢) - Oxd = b(t, x, ¢), ¢(0,x) = dp(x).

Agp(t,x, &) Z Aj(t, x, d(t, x))Ej, p(ui t, x, &) = det(Ag(t, x, &) — pldy).

1<j<d

p( 0 5)*—8 ( 0 &) =0 d(—az —8 )( 0 &) >0 (H)
10; 0, X0, = 10,0, X0, &p) = 0 an 10; 0, Xo, > 0. H
Ho 0550 5 Ho 0550 912 ot Ho 0, <0

Why is (H) relevant to instability"
We get a normal form since B—(M, t,x,&) = 0 has a solution u = v(t, x, §)
(thanks to the double root assumptlon)
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N X N quasi-linear system : 9ru + A(t, x, ¢) - Oxd = b(t, x, ¢), ¢(0,x) = dp(x).

Agp(t,x, &) Z Aj(t, x, d(t, x))Ej, p(ui t, x, &) = det(Ag(t, x, &) — pldy).
1<<d

i)zp op

op
p(0: 0, x0, §0) = E(/"OanXOsEO) =0and (Z)TLZ E)(Novﬁ x0,&0) > 0. (H)

Why is (H) relevant to instability"
We get a normal form since B—(M, t,x,&) = 0 has a solution u = v(t, x, §)
(thanks to the double root assumptlon) and thus

=0

Pl £%,) = plo(E %, £, + G2 (08, €)i£x,) (10— v(t5,6))

+ (pfy(t,x.,f))z/o (1*U)g‘ng(l/(t.,X,f)+O’(/L*I/(t,X,E));t,X,f)dO’,

€ #0

17 Onset of instability for a class of non-linear PDE systems



Definition of Hadamard instability
2. Our results Assumptions

Theorem and examples

{)zp op

Op
p(10: 0, x0, §0) = (; (k0; 0, %0, §0) = 0 and (Em )(wo 0,x0,&0) > (H)

:O

P4 %, €) = p(i(t. %, £); £ %,€) + %Z(u(t,x, )t €) (11— (£, %.€)

(L_ytxg /(1— —_ (txf)—l—(r( 1/(1.‘,)(,5));t‘,x,&)da7

e #0

i t, x,€) = p(u(t, %, €)i t, x,€) + (1 — v(t.x,€)) eo(p; t, x, €).

18 Onset of instability for a class of non-linear PDE systems
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é)zp op
(872 a)(uovo« x0,60) > 0. (H)
=0

op
p(10: 0, x0, §0) = o (10: 0, x0, §o) = 0 and
N

Pl £x,) = Pt %, £:x,8) + S2 (08 €t x,) (10— v(t%,6))

+ (/t—l/(t,X,f))2A (1—0)37/;(u(t.,x,£)+(r(u—1/(t,x,£));t,x,£)da,

e #0
pii t, %, €) = p(u(t, x,€); t,x,€) + (1 — v(t, x,€)) eolp; t, x, ).
Since 22 £ 0, this gives with epe; > 0
p(pi t,x,€) = ex(t, x,€) (£ — 0(x, €)) + eo(pi £, x,€) (1 — v(t,x,€))°,
so that the roots are such that

(—v) +ela(t—0)=0= pcv+iR", ift>0.

>0

18 Onset of instability for a class of non-linear PDE systems
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N x N quasi-linear system : 0:¢ + A(t, x, ¢) - Oxd = b(t,x, $), #(0,x) = ¢o(x).
Ap(t,x,8) = 301 <jcqg At x, d(t,x))E,  p(uit,x, &) = det(Ay(t, x, &) — pldy).

7] 8p o
p(o; 0, x0, &0) = afZ(uo;O,XmEo) =0 and <87§ i)(;to:&m@o) >0. (H)
pu;t,x, &) = er(t,x, &) (t — 0(x,€)) + eo(t, p, t,x,€) (1 — I/(t‘X.E))2

with ege; > 0.

19 Onset of instability for a class of non-linear PDE systems
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N x N quasi-linear system : 0:¢ + A(t, x, ¢) - Oxd = b(t,x, $), #(0,x) = ¢o(x).
Ap(t,x,8) = 301 <jcqg At x, d(t,x))E,  p(uit,x, &) = det(Ay(t, x, &) — pldy).

9%p Op

. _9p, _ .
p(p0; 0, x0, &0) = @(Novovxofo) =0 and <3Tl2 E)(Hovoﬂmio) >0. (H)

pu;t,x, &) = er(t,x, &) (t — 0(x,€)) + eo(t, p, t,x,€) (1 — I/(LX.S))2

with ege; > 0.

Note that the assumption (H) depends only on ¢ and its first
derivative (wrt x !) since we can use the equation to get 0;¢.
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N x N quasi-linear system : 0:¢ + A(t, x, ¢) - Oxd = b(t,x, $), #(0,x) = ¢o(x).
Ap(t,x,8) = 301 <jcqg At x, d(t,x))E,  p(uit,x, &) = det(Ay(t, x, &) — pldy).

9%p Op

. _or, _ .
p(0;0,x0,80) = O*H(Moyoaxofo) =0 and <8Tﬂ E)(Hovoﬂmio) >0. (H)

p(u; t,x, &) = el(t.x.f)(t —0(x,€)) + eo(t, i, t,x, &) (1 — 1/(f.><.£))2

with ege; > 0.

Note that the assumption (H) depends only on ¢ and its first
derivative (wrt x !) since we can use the equation to get d:¢. Now
the elliptic region is t > 0(x, &) since ege; > 0.
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N x N quasi-linear system : 9:¢ + A(t, x, @) - Ox¢ = b(t, x, ¢), ¢(0,x) = ¢o(x).
Ap(t,x,8) = 301 <jcqg At x, d(t,x))E,  p(uit,x, &) = det(Ay(t, x, &) — pldy).

9%p Op

. _or, _ .
p(k0;0,x0,&0) = O*H(Moyoxofo) =0 and <8T¢2 E)(Moyoﬂméo) >0. (H)

p(u; t,x, &) = el(t.x.f)(t —0(x,€)) + eo(t, i, t,x, &) (1 — 1/(f.><.£))2

with ege; > 0.

Note that the assumption (H) depends only on ¢ and its first
derivative (wrt x!) since we can use the equation to get d:¢. Now
the elliptic region is t > 0(x, ) since ege; > 0. Since t =0 is in
the hyperbolic region, we get

0(x,£) >0, v(0,x0,%) = to, 6(x0,%0) =0,
implying VO(xo, &) = 0.

19 Onset of instability for a class of non-linear PDE systems
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Theorem and examples

N x N quasi-linear system : 0r¢ + A(t, x, ¢) - Ox¢p = b(t, x, ¢), ¢(0,x) = ¢o(x).
Ap(t,x,8) = D1 <jcq Ai(ts x, 0(t, ))&, p(; t,x, &) = det(A(t, x, &) — pldy).

9%p Op

p(k0: 0, x0,&0) = M(Mo 0,x0,&0) = 0 and <8 2 9t

)(Mo:O,Xo,Eo) >0. (H)
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Theorem and examples

N x N quasi-linear system : 0r¢ + A(t, x, ¢) - Ox¢p = b(t, x, ¢), ¢(0,x) = ¢o(x).
A!!’(tfxfé) - Zl\:jgdA'(thto(t X))ﬁj p(ﬂ; L, X~{) - det(A(thti)

o 25 0p

p(k0: 0, x0,&0) = @(Mo;owo,ﬁo) =0 and ((9“2 0t>(uo:0,><07£o) >0. (H)

With Toan NGUYEN (Penn State University) and Benjamin TEXIER
(Université Paris VII), we proved the following result.

Theorem
When Condition (H) holds, the N x N quasi-linear PDE system above is
unstable in the Hadamard sense, i.e. there is no neighborhood % of ¢o in

H™(U) such that for all uy € %, the above PDE system has a solution in
L>= ([0, T], Wh>2(U)) with initial value uo satisfying

l[u(t) = o(D)llwre vy

e, lluo — @ollfimuy

< +o00

pAi] Onset of instability for a class of non-linear PDE systems
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N x N quasi-linear system : 0:u + A(t, x, u) - Oxu = b(t,x, u), u(0,x) = ug(x).
At x,8) = D01 cjca Ailtsx, u(t, X)), p(pit,x, &) = det(A(t, x,€) — pldn).

82p@

ou? at)(uo;O,XO,Eo) >0. (H)

0
p(t10; 0, x0, &0) = i(/to; 0,x0,&0) = 0 and <
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N x N quasi-linear system : 0:u + A(t, x, u) - Oxu = b(t,x, u), u(0,x) = ug(x).
At x,8) = D01 cjca Ailtsx, u(t, X)), p(pit,x, &) = det(A(t,x, &) — pldy).

82p@

0
p(10; 0, X0, &0) = £(1t0;07><0~,€o) =0 and <W 9t

)(uo;O,XO,Eo) >0. (H)

In other words (H) implies instability even though the operator is
weakly hyperbolic at time 0.
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N x N quasi-linear system : 0:u + A(t, x, u) - Oxu = b(t,x, u), u(0,x) = ug(x).
At x,8) = D01 cjca Ailtsx, u(t, X)), p(pit,x, &) = det(A(t,x, &) — pldy).

0 &p o
p(po; 0, x0,&0) = i(uo; 0, x0, &) = 0 and <W£ a—f)(uo;o,xo,fo) > 0. (H)

In other words (H) implies instability even though the operator is
weakly hyperbolic at time 0.

(Hopefully not) outrageous claim :
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N x N quasi-linear system : 0:u + A(t, x, u) - Oxu = b(t,x, u), u(0,x) = ug(x).
At x,8) = D01 cjca Ailtsx, u(t, X)), p(pit,x, &) = det(A(t,x, &) — pldy).

0 &p o
p(po; 0, x0,&0) = i(uo; 0, x0, &) = 0 and <W£ a—f)(uo;o,xo,fo) > 0. (H)

In other words (H) implies instability even though the operator is
weakly hyperbolic at time 0.

(Hopefully not) outrageous claim : (H) is easy to check.
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N x N quasi-linear system : 0:u + A(t, x, u) - Oxu = b(t,x, u), u(0,x) = ug(x).
At x,8) = D01 cjca Ailtsx, u(t, X)), p(pit,x, &) = det(A(t,x, &) — pldy).

62p@

0
p(10; 0, X0, &0) = £(1t0;07><0~,€o) =0 and <W 9t

)(uo;O,XO,Eo) >0. (H)

In other words (H) implies instability even though the operator is
weakly hyperbolic at time 0.

(Hopefully not) outrageous claim : (H) is easy to check.

Let's try our hand on a significant example, mentioned by
METIVIER.
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Example 1 : Van der Waals. Consider the compressible Euler equations in one
space dimension, in Lagrangian coordinates :

(9tu —+ axv = 0,
Orv + 0xq(u) =0,

with g analytic.

22 Onset of instability for a class of non-linear PDE systems
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Example 1 : Van der Waals. Consider the compressible Euler equations in one
space dimension, in Lagrangian coordinates :

8tU —+ axv = 0,
Orv + 0xq(u) =0,

with g analytic. The polynomial p(u, t, x,£) is

- €

P(M, t7X7§) = q/(u)£ —u

] — i~ €4 (ult, )
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Example 1 : Van der Waals. Consider the compressible Euler equations in one
space dimension, in Lagrangian coordinates :

8tU —+ axv = 0,
Orv + 0xq(u) =0,

with g analytic. The polynomial p(u, t, x,£) is

- €

P(M, t7X7§) = q/(u)£ —u

] — i~ €4 (ult, )

Assuming q'(uo(x)) = 0, we have a double root =0, g—Z‘z’ =2,
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7t7 ) = ! = - t,
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Assuming q'(uo(Xo)) = 0, we have a double root x = 0, —3;2 =2,
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S = —€4"(u(t, )9 = €q" (u)dv
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Example 1 : Van der Waals. Consider the compressible Euler equations in one
space dimension, in Lagrangian coordinates :

8tU —+ axv = 0,
Orv + 0xq(u) =0,

with g analytic. The polynomial p(u, t, x,£) is

_M g 2 2 7/
7t7 ) = ! = - t,
p(u, t, x, &) g(E —u =M £°q (u(t, x))
Assuming q'(uo(Xo)) = 0, we have a double root x = 0, —3;2 =2,
0 " "
S = —€4"(u(t, )9 = €q" (u)dv

For (H) to be satisfied, we need only

q" (uo(x0))vo(x0) >0
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Ou+0v=0, q'(u(x))=0, qg"(uo(x0))vo(x0)> 0.
Oev + 0xq(u) =0, p=p® —q'(v)&?
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Ou+0v=0, q'(u(x))=0, qg"(uo(x0))vo(x0)> 0.
Oev + 0xq(u) =0, p=p® —q'(v)&?

Take for instance q(u) = u(u? — 1), uo(x0) = 372, V(x0) > 0, (¢'(v) = 32> — 1)

q(u) >0 gu) <0 q(u) >0

Hipti . hyperbolic region
hyperbalic region elliptic region

+1

-1 g2 0 312
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

24 ility for a class of non-linear PDE systems



Definition of Hadamard instability
2. Our results Assumptions

Theorem and examples

In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth,
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth, which is not surprising because of
multiple characteristics.
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth, which is not surprising because of
multiple characteristics. The system resembles to

7 () (G 9o (3) =0 (6) =)
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth, which is not surprising because of
multiple characteristics. The system resembles to

7 () (G 9o (3) =0 (6) =)

The matrix (_Ot (1)> is nilpotent at t = 0 and that system cannot be reduced

to a collection of scalar first order equations.
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the

=0 >0
characteristic polynomial is

p—q (u)§* = ¥ + to(t)¢?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth, which is not surprising because of
multiple characteristics. The system resembles to

7 () (G 9o (3) =0 (6) =)

The matrix (_Ot (1)> is nilpotent at t = 0 and that system cannot be reduced

to a collection of scalar first order equations.

Not surprising either : do not expect a system with multiple roots to
behave as several possibly coupled scalar equations
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In fact ¢'(u(t, x0)) = q'(uo(x0)) — q” (uo(x0))v'(x0) t + O(t?), and the
—_——— —
=0 >0
characteristic polynomial is
1= q'(u)€ = 1i* + to(t)e?,  o(0) > 0.

The roots (~ +it}/2¢) are not smooth, which is not surprising because of
multiple characteristics. The system resembles to

7 () (G 9o (3) =0 (6) =)

The matrix (_Ot (1)> is nilpotent at t = 0 and that system cannot be reduced

to a collection of scalar first order equations.

Not surprising either : do not expect a system with multiple roots to
behave as several possibly coupled scalar equations unless some miracle
happens (smooth double roots, semi-simple matrix). In fact nilpotency is
generic in that case.
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However, it is interesting in that case to check direcly that a
classical second order ODE, the Airy equation, describes the
instability of this system pretty well.
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However, it is interesting in that case to check direcly that a
classical second order ODE, the Airy equation, describes the
instability of this system pretty well.

(i) + (S o) () =0 (20 =)
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However, it is interesting in that case to check direcly that a
classical second order ODE, the Airy equation, describes the
instability of this system pretty well.

(i) + (S o) () =0 (20 =)

Fourier transform v(t,§) = (t,§) :

8t(V1>+<O 1>i5<V1>:0 vi +i€va =0,
%) -t 0 %) ’ v — itévy =0,
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However, it is interesting in that case to check direcly that a
classical second order ODE, the Airy equation, describes the
instability of this system pretty well.

(i) + (S o) () =0 (20 =)

Fourier transform v(t,§) = (t,§) :
ity — 0
)0 Del)-e e
Vo -t 0 V2 vo — itévq = 0,

v = —ifvn = —i€itévy = t&v,
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However, it is interesting in that case to check direcly that a
classical second order ODE, the Airy equation, describes the
instability of this system pretty well.

(o) + (% D)o () =0 (56)- )

Fourier transform v(t,§) = (t,§) :
ity — 0
)0 Del)-e e
Vo -t 0 V2 vo — itévq = 0,

v = —ifvn = —i€itévy = t&v,

and thus vi(t, &) = A(t£%/3) where A is an Airy function, i.e. a
solution of A”(s) — sA(s) = 0.
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u» - —t 0 Ox uo =0, UQ(O) - 0
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AT 0 1\, (w) _ u1(0)\ (1
() (o) () =0 (i) = o)
Taking into account the initial data we find the solutions

ur(t, x) = AN3t)e™,  wp(t, x) = A (A2/3t)in"1/3emA
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~ (1 0 1\, (w) _ u1(0)\ (1
() (o) () =0 (i) = o)
Taking into account the initial data we find the solutions

ur(t, x) = AN3t)e™,  wp(t, x) = A (A2/3t)in"1/3emA

where A is a Airy function (solution of A”(s) — sA(s) = 0) such
that A(0) =1, A(0) = 0.
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() (o) () =0 (i) = o)
Taking into account the initial data we find the solutions

ur(t, x) = AN3t)e™,  wp(t, x) = A (A2/3t)in"1/3emA

where A is a Airy function (solution of A”(s) — sA(s) = 0) such
that A(0) =1, A(0) = 0.
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~ (1 0 1\, (w) _ u1(0)\ (1
() (o) () =0 (i) = o)
Taking into account the initial data we find the solutions

ur(t, x) = AN3t)e™,  wp(t, x) = A (A2/3t)in"1/3emA

where A is a Airy function (solution of A”(s) — sA(s) = 0) such
that A(0) =1, A(0) = 0.

With the notation Ai for the standard Airy function (Inverse
Fourier transform of e’§3/3), we find with j = /3,

1

AS) = T m100)

(Ai(js)—jAi(s)) (note Ai(0) =37/°T(1/3)/(2r) > 0).
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() () ()= (o) = o)
w(t,x) = AOY3t)e™,  w(t,x) = AW3t)in 3™

A(s) = m@i(ﬁ) — JjAi(s))
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() (e o) () =0 (660)= ()
u(t,x) = AQY31)e™,  w(t,x) = AW 3t)in "3
A(s) =

m (Ai(js) — jAi(s))

- . . 3/2 - .
A(s) is increasing exponentially as e*" " for s > 0 from the term Ai(js), since
Ai(s) decreases exponentially.
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() () ()= (o) = o)
w(t,x) = AOY3t)e™,  w(t,x) = AW3t)in 3™

A(s) = m@i(ﬁ) — JjAi(s))

. . . 3/2 L/ .
A(s) is increasing exponentially as € for s > 0 from the term Ai(js), since
g exp y
Ai(s) decreases exponentially. We have in particular

—No—1_c At/
A 0T e

2 N
< H“(t)||/-/—’\’o(|x|§1/,\)a ||u(0)||HN0(|x|§R0) < GA®

and
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() () ()= (o) = o)
w(t,x) = AOY3t)e™,  w(t,x) = AW3t)in 3™

1 . e
A(s) = W(Al(ﬁ) — jhi(s))
A(s) is increasing exponentially as e for s > 0 from the term Ai(js), since
Ai(s) decreases exponentially. We have in particular

—No—1_c At/
A 0T e

2 N
< H“(t)||/-/—’\’o(|x|§1/,\)a ||u(0)||HN0(|x|§R0) < GA®
and

. (n N)?3(Inn )

flu( 573 a0 (ko) < Cllu(0)l o (1) is impossible,
A2/ (
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u(t,x) = AN20)e™ | wy(t,x) = AW 3t)ia" 3™
1 o
= W(AI(JS) 7_]Al(5))

.. . . 3/2 L/ .
A(s) is increasing exponentially as € for s > 0 from the term Ai(js), since
g exp y
Ai(s) decreases exponentially. We have in particular

—No—1_c At/
A 0T e

2 N
< Hu(t)l|H_N0(|x|§1//\)v ||U(0)||HN0(|X|§R0) < GA®
and

_ (In)*2(IninX)

(e =5

M=o (kg) < Cllu(0)[[yno 1) is impossible,
since At*/2 = (\*1)/2 = (InA)(In In )% and

exp (InA)(InIn A)¥/2 = A(nin VY2 > AMo,
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Example 2 : Klein-Gordon-Zakharov.
Another example is the family of systems in one space dimension

d(2) (1) (5 8)(2)= won( )
o(2)ren(2)+(3 $)a(2)- o(o0)

indexed by o, c € R.
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Example 2 : Klein-Gordon-Zakharov.
Another example is the family of systems in one space dimension

at<5)+ax<5)+<g‘ 8)@(,’;): (n+1)<_vu),
a(m)re(0)= (5 8)a (V)= alwln)

indexed by a, ¢ € R. The symbol of the first-order operator is

Akcz(t,x,§) =

0N oo
on oo

0 1
1 0
« 0
—2u  —2v
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Example 2 : Klein-Gordon-Zakharov.
Another example is the family of systems in one space dimension

at<5)+ax<5)+<g‘ 8)@(,’;): (n+1)<_vu),
a(m)re(0)= (5 8)a (V)= alwln)

indexed by a, ¢ € R. The symbol of the first-order operator is

Akcz(t,x,§) =

oOn OO

0 1

1 0

o 0

—2u  —2v

In the case ¢ ¢ {—1,1} and a = 0, it has four distinct eigenvalues
{z£c, £1}

for any values of u, v.
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Example 2 : Klein-Gordon-Zakharov.
Another example is the family of systems in one space dimension

at<5)+ax<5)+<g‘ 8)@(,’;): (n+1)<_vu),
a(m)re(0)= (5 8)a (V)= alwln)

indexed by a, ¢ € R. The symbol of the first-order operator is

Akcz(t,x,§) =

oOn OO

0 1
1 0
« 0
—2u  —2v

In the case ¢ ¢ {—1,1} and a = 0, it has four distinct eigenvalues
{z£c, £1}

for any values of u, v. This implies that this system is strictly hyperbolic,
hence locally well-posed in H®, for s > 3/2.
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[COLIN-EBRARD-GALLICE-TEXIER]| proved that if ¢ ¢ {—1,1}
and a = 0, the system is locally well-posed in H*(R), for s > 1/2.
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n oo
on oo
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0 1 a 0
1 0 0 0

Akaz(t, x, &) = N 0o o0 ¢ |
—2u —-2v ¢ 0

We look at this for ¢ ¢ {—1,+1} and a # 0. The characteristic polynomial is
p(p) = (12 — ) (p? — 1) — ®p® 4 2ac(v + up)

p(0) = > +2acv =0 if vo(x0) = —¢/2a
p'(0) = 2acu =0 if up(xo) = 0.
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0 1 a 0
1 0 0 0

Akaz(t, x, &) = N 0o o0 ¢ |
—2u —-2v ¢ 0

We look at this for ¢ ¢ {—1,+1} and a # 0. The characteristic polynomial is
p(p) = (12 — ) (p? — 1) — ®p® 4 2ac(v + up)

p(0) = > +2acv =0 if vo(x0) = —¢/2a
p'(0) = 2acu =0 if up(xo) = 0.

To check (H), we calculate at t =0, u = 0, x = xo,

2
%%g—; = —(14 S+ a?)2acdv = (1 + & + o?)2acdyu,
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0 1 a 0
1 0 0 O
Akaz(t, x, &) = N €.
e 0 0 ¢
—2u —-2v ¢ O

With vo(x0) = —c/2a,  up(x) =0,
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With vo(x0) = —¢/2a, up(xp) =0, (H) means

acdyug(xg) > 0.
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Burgers-like complex systems
We consider a complex scalar quasi-linear equation

d
(£)  Oeu+ > aj(t,x u)dgu=b(t,x,u),  u(0,x)=w(x).

Jj=1
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Burgers-like complex systems
We consider a complex scalar quasi-linear equation

d
(£)  Oeu+ > aj(t,x u)dgu=b(t,x,u),  u(0,x)=w(x).

Jj=1

L=0:+ 27:1 aj(t,x,v)0y + b(t,x,v)0y,

J
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Burgers-like complex systems
We consider a complex scalar quasi-linear equation

d
(£)  Oeu+ > aj(t,x u)dgu=b(t,x,u),  u(0,x)=w(x).

Jj=1

L=0:+ Z;-j:l aj(t, x,v)0x + b(t, x,v)d,, holomorphic vector
field,

ai,

Vg = ( ceey ad),
= ([,(31), oo ,L(ad)) = ,C(I/()), Vg = ,C(I/k_l) = ,Ck(V()).

Vg = (al,...,ad),

v = ([,(31), oo ,ﬁ(ad)) = ,C(I/()), Vg = ,C(I/k_l) = ,Ck(V()).
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Burgers-like complex systems
We consider a complex scalar quasi-linear equation

d
(£)  Oeu+ > aj(t,x u)dgu=b(t,x,u),  u(0,x)=w(x).

Jj=1

L=0:+ Z;-j:l aj(t, x,v)0x + b(t, x,v)d,, holomorphic vector
field,

( ey ad),
= ([,(31), e ,L(ad)) = ,C(I/()), Vi = ,C(I/k_l) = ,Ck(V()).

Vo ai,
"
Vg = (al, .. .,ad),

v = ([,(31), oo ,ﬁ(ad)) = ,C(I/()), Vg = ,C(I/k_l) = ,Ck(l/()).

We shall assume that, for some (xp, vp), there exists k € N such
that Im (0, xp, vo) # 0.
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Oru+ a(t, x,u) - Oxu = b(t,x,u), u—o = w(x).

o Im (0, x0, vo) = Im a(0, xp, w(xp)) # 0 is the ellipticity
assumption.
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Oru+ a(t, x,u) - Oxu = b(t,x,u), u—o = w(x).

o Im (0, x0, vo) = Im a(0, xp, w(xp)) # 0 is the ellipticity
assumption.
e With Imv; = Ima} + Rea- Ima + Im(ba), the next

assumption is
Im I/O(O,x,w(x)) =0,
Im V1 (O,Xo,w(Xo)) 75 0.
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Oru+ a(t, x,u) - Oxu = b(t,x,u), u—o = w(x).

o Im (0, x0, vo) = Im a(0, xp, w(xp)) # 0 is the ellipticity
assumption.
e With Imv; = Ima} + Rea- Ima + Im(ba), the next
assumption is
Im I/O(O,x,w(x)) =0,
Im V1 (O,Xo,w(Xo)) 7& 0.

@ And so on : with v, = L1y, 11 =Ly, 1= a,
£:8t+a'8x+b8V|

Im 1 (0, x, w(x))

0
Im 1 (0, x, w(x)) =0,
0

h

Im v (O,xo,w(xo))
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Theorem (N.L, Y. MormMOTO, C.-J.XU, Amer. J. Math. 132, (2010) )
Let k € N. If the Cauchy problem

Oru+ a(t,x, u) - Oxu = b(t, x,u), U= = to(X).

has a CK** solution for t > 0 on near (0,x0), and Vx € Q, Vj with 0 < j < k,
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Theorem (N.L, Y. MormMOTO, C.-J.XU, Amer. J. Math. 132, (2010) )
Let k € N. If the Cauchy problem

Oru+ a(t,x, u) - Oxu = b(t, x,u), U= = to(X).
has a C*** solution for t > 0 on near (0,x0), and Vx € Q, Vj with 0 < j < k,
Imv;(0, x, up(x)) = 0, Imuwy (07 X0, uo(xo)) #0,

then,
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data won't give rise to a solution. If ug analytic, use Cauchy Kovalevskaya to
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Theorem (N.L, Y. MormMOTO, C.-J.XU, Amer. J. Math. 132, (2010) )
Let k € N. If the Cauchy problem

Oru+ a(t,x, u) - Oxu = b(t, x,u), U= = to(X).
has a CK** solution for t > 0 on near (0,x0), and Vx € Q, Vj with 0 < j < k,
Imv;(0, x, up(x)) = 0, Imuwy (0, X0, uo(xo)) #0,

then, for all € € S*=! such that Im v (0, xo0, Uo(x0)) - € > 0, the point (xo, &) ¢
the analytic wave-front-set of up.

So the existence of a merely continuous solution forces the initial datum to
have some analyticity properties. This triggers instability since “most” initial
data won't give rise to a solution. If ug analytic, use Cauchy Kovalevskaya to
get a local solution, then perturb in C* that wo : no solution. METIVIER
proved that result in the elliptic case (k = 0).

34 Onset of instability for a class of non-linear PDE systems



Definition of Hadamard instability
2. Our results Assumptions
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The C™ wave-front-set : (xp,&0) ¢ WFoou : 3x € C, x(x0) # 0,
IWy € Vgo/|£0| with

VYN, 3Cp, VE € Wo, VA > 1, |xu(X)| < Cua~N.
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The C™ wave-front-set : (xp,&0) ¢ WFoou : 3x € C, x(x0) # 0,
IWy € Vgo/|£0| with

VYN, 3Cp, VE € Wo, VA > 1, |xu(X)| < Cua~N.
We have of course p1(WF,u) = singsupp u C singsupp u.
The analytic wave-front-set WFa(u) D WF(u) is such that
p1(WFau) = singsuppy u.
It is convenient to use the Fourier-Bros-lagolnitzer transform of

v e &'(RY),

(Tv)(z,\) = / e Py (x)dx,  z€C,\>0.
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(x0,&0) ¢ WFa(u) means
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The C™ wave-front-set : (xp,&0) ¢ WFoou : 3x € C, x(x0) # 0,
IWy € Vgo/|£0| with

VYN, 3Cp, VE € Wo, VA > 1, |xu(X)| < Cua~N.
We have of course p1(WF,u) = singsupp u C singsupp u.

The analytic wave-front-set WFa(u) D WF(u) is such that
p1(WFau) = singsuppy u.

It is convenient to use the Fourier-Bros-lagolnitzer transform of

v e &'(RY),

(Tv)(z,\) = / e Py (x)dx,  z€C,\>0.

Rd

(XO’§0) ¢ WFA(U) means

IWh € Vyg—ico» X0 € C°(2), xo(x) = 1 near xp,Jeg > 0 with

sup  eM(Txou)(z, \)|e ™M) < 4 oo,
A\>1,ze Wy
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3. Proofs

First reductions. Our reference solution ¢ on [0, To] x Up(xo) :
Oep+ Y At x,0)00 = b(t,x,6),  $(0,x) = do(x).
1<j<d
A perturbed datum :

ue(0,x) = ¢o(x) + eNgoo(ﬂ), N large, k > 0,

€Iﬁ3
which is assumed to giving rise to some solution
Orue + Z Ai(t, x, uc)Oy ue = b(t, x, uc).
1<j<d

We write the equation satisfied by

Ue — @ = Ve, Ve(t:O):eNSOO(XZHXO)'
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3. Proofs Stratification of the boundary of the instability region

Or(@+ ve) + Y Ai(t,x, ¢+ ve)dy (¢ + ve) = b(t, x, ¢ + ve).

1<j<d

O + Orve + {A(t,X,¢ + Ve) - A(t,X, ¢)} : Vx(¢+ Ve)
—|—A(t,X,¢) -Vx¢ + A(t,X, qb) - Vixve
= bt %6+ ve) — b(t, %, 6) + b(t, x,6).

atV6+A(t7X7 ¢+V6)'VXV€+{A(t7X7 ¢+V6)_A(tax7 ¢)} VX((Z))
= b(t,x,d + v.) — b(t, x, p).
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3. Proofs Stratification of the boundary of the instability region

Orve + A(t, x, ¢+ Vve) - Vxve
= —Z(t,x, &, Ve)Ve Vi (gb) + B(t,x, ¢, Ve) - Ve

8tve + A(t,X, ¢) . vxve
= —Z\(t,x, o, VE)VEVXVE—Z(t, X, @, Ve)Ve Vi (gb)—i—B(t,x, b, V) Ve

Orve + A(t7X’ (b) “VxVe = Cl(taX, b, Ve)Vevae + Co(t,X, b, Ve) Ve
V€(07 X) = GNQOo(%) (we took xo = 0).

€
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3. Proofs Stratification of the boundary of the instability region

Otve + A(t, x,9) - Vive = Ci(t, x, 0, ve)veVive + Co(t, X, &, Ve) - Ve
ve(0,x) =€ cpo(%) (we took xop = 0).

We define y
X
ve(t,x) = ere(t, — )
€
and we find

eNorw, + NTRA(L, ey, d(t, €y)) - Ve
= Ci(t, €y, ¢(t, e”“y),e’\’we)e’\’w6 N*"’”Vyw6
+GCo(t, "y, o(t, e"y), eNwe) - N,
we(0,y) = wo(y)
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Duhamel’s principle and pseudodifferential flows

3. Proofs Stratification of the boundary of the instability region

(Dewe + ¢ LA(t, €y, d(t, €y)) - £5(V, w)(t, y)

= TGt €y, ot €y), Mwe(t, ) we(t, y)eN e (Y we)(t, y)
+Co(t, €y, d(t, €7y), Nwe(t, y)) - we(t,y)
we(0,y) = wo(y)

Bewe + ¢ TA(L, €y, ¢(t, €7y)) - € TH(Vywe)(t, y)
= N1, (t, ey, eNw(t, y)) we(t, y)e = (V,ywe)(t, y)
+Qo(t, ey, eNWG(t,y)) - we(t,y)
we(0,y) = wo(y)
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e x = 0 corresponds to the already known elliptic case where a
non-real root exists :

Orwe + A(t,y, o(t,y)) - (Vywe)(t, y)
= N (¢, ey, " we(t, y)) we(t, y)(Vywe)(t, y)
+Qo(t,y, Mwe(t,y)) - we(t, y)
we(0,y) = vo(y),

leading to a Lax-Mizohata type instability result.
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e 1 = 1/3 corresponds to our Airy-like case, Van der Waals &
Klein-Gordon-Zakharov examples :

atWE + E_IA(t7 61/3}/> ¢(t7 61/3.)/))(‘2/3(vy W‘)(t, y)
= eNe_lQl (t7 61/3.)/7 ENWE(t7 y)) Wf(t7 y)€2/3(vy W‘)(ta y)
+QO (ta 51/3)’7 0) Wﬁ(t7 .y)
+e" Qo (t, Py, M we(t,y)) we(t, y)?
we(0,y) = @o(y)-
o The term
6NE_IQI (t7 61/3)/7 ENWF (t7 .y)) We (t7 )/)52/3(vyw‘)(tﬂ y)

is a non-linear perturbation of the lhs.

o The term Qo(t, /3y, 0)we(t,y) is a linear term, eligible for the Ihs.

o The term eV (t, €2y, " we(t, y)) we(t, y)? will be considered as a source
term.
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e k = 1/3 corresponds to our Airy-like case, Van der Waals & Klein-Gordon-Zakharov
examples :

OrWe + e_lP(t, el/3y, We(t,)/))62/3vyw6 + Q(t, 61/3_)/) we(t,y)
=" (t, Py, Mwe(t, y))we(t, y)?
we(0,y) = wo(y),

where P is close to A(t, /3y, ¢(t,€/3y)) and the source term
"D (t, ¢y, M we(t, y)) we(t, y)?

is small.
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Duhamel’s principle and pseudodifferential flows
We shall use pseudodifferential operators with matrix-valued

symbols @ satisfying
(050,Q)(t,y, m)| < Cue T P13 k1< N,
for instance defined as
Q(t,y,n) =€ "Qu(t, 3y, ),

where the matrix (1 has N derivatives bounded. This version of a
semi-classical calculus can be provided with a graded algebra of
pseudodifferential operators.
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We solve the system of ODE for S(t;7),

S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.
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We solve the system of ODE for S(t;7),
S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.

We use S(t,7) = Op(S(t,7,y,n)) as an approximate parametrix for our
Cauchy problem and we find

t
We :S(t,O)Lpo—FeN/ S(t, 7)QdT + pe.
0
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We solve the system of ODE for S(t;7),
S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.

We use S(t,7) = Op(S(t,7,y,n)) as an approximate parametrix for our
Cauchy problem and we find

t
We :S(t,O)Lpo—FeN/ S(t, 7)QdT + pe.
0

e The term p. is a small remainder, thanks to a semi-classical
pseudodifferential argument.
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We solve the system of ODE for S(t;7),
S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.

We use S(t,7) = Op(S(t,7,y,n)) as an approximate parametrix for our
Cauchy problem and we find

t
We :S(t,O)Lpo—FeN/ S(t, 7)QdT + pe.
0

e The term p. is a small remainder, thanks to a semi-classical
pseudodifferential argument.

e Condition (H) implies some exponential increase for S(t,0)¢o, provided we
choose the vector-valued ¢q properly, namely a cutoff function x an
eigenvector.
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We solve the system of ODE for S(t;7),
S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.

We use S(t,7) = Op(S(t,7,y,n)) as an approximate parametrix for our
Cauchy problem and we find

t
We :S(t,O)Lpo—FeN/ S(t, 7)QdT + pe.
0

e The term p. is a small remainder, thanks to a semi-classical
pseudodifferential argument.

e Condition (H) implies some exponential increase for S(t,0)¢o, provided we
choose the vector-valued ¢q properly, namely a cutoff function x an
eigenvector.

e Next, we have also some upper bounds for S(t,7) and the integral term must
be shown as not perturbing the exponential increase.
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We solve the system of ODE for S(t;7),
S+ e tQu(t, ey, éP)S =0, S(r,7)=1Id.

We use S(t,7) = Op(S(t,7,y,n)) as an approximate parametrix for our
Cauchy problem and we find

t
We :S(t,O)goo—FeN/ S(t, 7)QdT + pe.
0

e The term p. is a small remainder, thanks to a semi-classical
pseudodifferential argument.

e Condition (H) implies some exponential increase for S(t,0)¢o, provided we
choose the vector-valued ¢q properly, namely a cutoff function x an
eigenvector.

e Next, we have also some upper bounds for S(t,7) and the integral term must
be shown as not perturbing the exponential increase.

e Two assets for this : the ¢V in front and, using reductio ad absurdum, we
may assume that we have a priori bounds on w. (the term Q> depends
non-linearly on w).
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Stratification of the boundary of the instability region
e We have seen that a toy model for Hadamard instability in the
presence of a non-real root is the scalar equation

O + iy
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3. Proofs Stratification of the boundary of the instability region

e Assuming that the roots are real and at most double, our toy
model is no longer a scalar equation, but is a system

=2 v=1, <—0t (1)> ., A2 4+t = 0 has singular roots,

w=2, v=2 (_Otz é) , A2 + t? = 0 has smooth roots,

are two examples in the non-semi-simple case .

The semi-simple case is easier

w=2, (_Ot é) ., A? + t2 = 0 has smooth roots.
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Stratification of the boundary of the instability region

3. Proofs

e Now assume that for our PDE system, hyperbolic at initial time,

Oru + A(t, x,u) - Oxu = b(t,x,u) on t >0, Uje—o = uo(x).

Au(t,x,€) = D Aj(t, x, u(t, x))g, pu(Xi t,x,€) = det(Ay(t, x,€) — Aldy),
1<j<d

we have a triple root

2 3
_8”_8"207 %7&07 att=0,x=x0,E =& €S 1.

P=03x " ax

We check the (nilpotent) matrix (the semi-simple-case should be easier to
handle and the case where the minimal polynomial has degree two is dealt with

before)
0 1 0 0 1 bt
0 0 1 and its perturbations ait 0 1
0 0 O

at ast 0
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3. Proofs Stratification of the boundary of the instability region

We have
A 1 bt
ait —\ 1
at ast —A

= (=N (A% — a3t) — art(—\ — azbyt?) + apt(1 + byt))
= —\? + \t(a3 + a1 + apbit) + arazhi t> + aot,

and the discriminant is
—A(t) = —4t3(a3 + a1 + axbit)’ + 27 (arasbi 3 + art).

Assuming a> # 0, we find that A(t) <0 near t =0 (and 0 at
t = 0), so that the polynomial has two complex conjugate non-real
roots and one real root.
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Stratification of the boundary of the instability region

3. Proofs

It seems interesting to check the one-dimensional 3 x 3 system

010
Oru+ [0 0 1] 0Oku
t 00
and to calculate the solution of
_ 010
M+ic|l0 0 1|1 M=0
t 00

ility for a class of non-linear PDE systems
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3. Proofs Stratification of the boundary of the instability region

-X 1 0
0 —X 1 |=-=X341troots {t¥/3 t¥/3] ¢}/3/2)
t 0 —X

{iet'/3, igt/3), ictt 3%}
and if £ >0,t >0,

V3
2

;—‘[), Re(i€t'/3j) <0

w

: . I
I€t1/3j:I§t1/3(—§+l ) = &t /3(—
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It turns out that this is related to special functions solutions of the
fourth-order scalar equation

f(4)(t) + atf/(t) + bf(t) =0, a, b non-zero complex parameters,

an ODE that can be solved explicitly, thanks to the fact that the

Fourier transform of tv(t) is i-<=¥ so that the above equation on

the Fourier side is first-order with 0 as a regular singular point,

(7)) + aidiT(/T%(T)) +bF(r) = 0,
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e We could go on : assume that for our PDE system, hyperbolic at initial time, with
size N x N,

Oru~+ A(t, x, u) - Oxu = b(t,x,u) on t > 0, Uje—o = to(x).
Au(t, x,8) = Z Aj(t, x, u(t, x))g;, pu(Ai t, x, €) = det(Ay(t, x,€) — Xldy),
1<j<d
has a root with multiplicity v > 2,
T B .
P=ox ="~ ot oA
We check the (nilpotent) matrix with size v

=0, £0, at t=0,x=x0,& =& €S

01 0000O0O0OTO0OTPO
0 01 00 0O0O0OO0OTO
0 001 00O0O0TO0OTO
0 0001 O0O0O0TO0TO
0 00001 0 O0O0TUO
0 000O0O0OT1TUO0OTGO0OSFO
0 000O0O0OO0OT1TUO0TFO
0 0000 OO0 OT1TTPO0O
0 0000 O0OO0OO0OTO0O1
0 00O0OO0OO0OOO0OTUO0OTP O
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0
1
0
0
0
0
0
0
0

and its perturbation

[eNeoNoNoNoNoNoNoNo]
[eNeoNoNoNoNaol NoNe]
[eNeNoNoNaol o NeNe]

[eNeNeloNoNolNoNoNoll S
[eNeNeNoNol e NeNeNo]
OO O0OOHrHOOOOO
OO0 OoOrOOOOOO

O OOOOOOO
O OOO0OOOOCOOoO

|
-
o
o
o
o

with characteristic polynomial (—1)¥(A\” + t) and eigenvalues
tl/”ei”(Lu_l),O < k < v with imaginary part /¥ sin(mTﬂT), so that
k- ok —
Re(iftl/”e'"(Zle)) S sin(u) <0,
174
if for instance
2k—1 . ov+1 2v+1
<2, e <k< ,
2 2
2v+1 v+1l v

—>1.
2 2 2>

t>0,6>0, 1<

forv =2, k=2, for v > 3,
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Of course many other perturbations are relevant, each of it giving rise to another
model such as

[eNeoNoNoNoNoNoNol
[=NeNeloNoNoeNoNol S

~
)

[eNeNeNoNeoNeoNeoNel "l
[eNeNelNoNoNeNoN S -2=]
[eNeNeNoNoNel oo N}
[eNeNoNoNol NeoloNe Nl
OO O0OOH+HOOOOOo
OO0OOHOOOOOOo
OO OOOOOOOo
OH OOO0OO0OOOOoOOoO

~
N

—t

This would produce a lot of special functions which could be of interest in the study of
instability for systems of PDE.
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Oru+ A(t, x, u) - Oxu = b(t,x,u)ont >0, uj,_g = ug(x),

Au(t,x, 8) = > Aj(t, x, u(t, x)§;, pulpit, x, §) = det(Ay(t, x, &) — pldy).
1<j<d
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Duhamel’s principle and pseudodifferential flows

3. Proofs Stratification of the boundary of the instability region

Oru+ A(t, x, u) - Oxu = b(t,x,u)ont >0, uj,_g = ug(x),
Au(t,x, 8) = > Aj(t, x, u(t, x)§;, pulpit, x, §) = det(Ay(t, x, &) — pldy).
1<j<d

o When the hyperbolicity is strict, local well-posedness occurs.
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Oru+ A(t, x, u) - Oxu = b(t,x,u)ont >0, uj,_g = ug(x),

Au(t,x, 8) = > Aj(t, x, u(t, x)§;, pulpit, x, §) = det(Ay(t, x, &) — pldy).
1<<d

o When the hyperbolicity is strict, local well-posedness occurs.

e Hadamard's well-posedness requires hyperbolicity : when a non-real root
shows up at time 0, instability occurs : this is the “elliptic’ case and the related
model is a scalar equation, the 0 equation.
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Oru+ A(t, x, u) - Oxu = b(t,x,u)ont >0, uj,_g = ug(x),

Au(t,x, 8) = > Aj(t, x, u(t, x)§;, pulpit, x, §) = det(Ay(t, x, &) — pldy).
1<j<d

o When the hyperbolicity is strict, local well-posedness occurs.

e Hadamard's well-posedness requires hyperbolicity : when a non-real root
shows up at time 0, instability occurs : this is the “elliptic’ case and the related
model is a scalar equation, the 0 equation.

e When weak hyperbolicity occurs at t = 0 with roots intending to exit the real
line, instability occurs. When the roots are at most double, our Condition (H)
above, a non-linear condition depending only on the data, ensures instability.
The related model is no longer scalar, but is a 2 X 2 system closely related to
Airy’s equation.
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3. Proofs Stratification of the boundary of the instability region

Oru+ A(t, x, u) - Oxu = b(t,x,u)ont >0, uj,_g = ug(x),

Autx €)= S0 At u(t, ), pulii tox, €) = det(Au(t x, &) — pldy).
1<j<d

o When the hyperbolicity is strict, local well-posedness occurs.

e Hadamard's well-posedness requires hyperbolicity : when a non-real root
shows up at time 0, instability occurs : this is the “elliptic’ case and the related
model is a scalar equation, the 0 equation.

e When weak hyperbolicity occurs at t = 0 with roots intending to exit the real
line, instability occurs. When the roots are at most double, our Condition (H)
above, a non-linear condition depending only on the data, ensures instability.
The related model is no longer scalar, but is a 2 X 2 system closely related to
Airy’s equation.

e When weak hyperbolicity occurs at t = 0, with a root of multiplicity v > 2, it
is quite likely that some sufficient non-linear conditions (depending only on the
data) for instability can be described “macroscopically” (without actually
computing the roots). The typical models will be some v X v system which are
related in some cases to higher-order scalar ODE involving some special
functions.
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Instability of the Cauchy-Kovalevskaya solution for a class of non-linear systems,
with Yoshinori Morimoto and Chao-Jiang Xu,
AMERICAN JOURNAL OF MATHEMATICS, Vol. 132, 1, February 2010, pp. 99-123.

The onset of instability in first-order systems,
with Toan T. Nguyen and Benjamin Texier,
submitted for publication, http://arxiv.org/abs/1504.04477.
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