THE KK-THEORY OF AMALGAMATED FREE PRODUCTS

PIERRE FIMA AND EMMANUEL GERMAIN

ABSTRACT. Given a graph of C*-algebras as defined in [FE13|, we prove a long exact sequence
in KK-theory similar to the one obtained by Pimsner in [Pi86] for both the maximal and
reduced fundamental C*-algebras of the graph in the presence of possibly non-GNS-faithful
conditional expectations. In particular, our results give a long exact sequence in KK-theory for
both maximal and reduced amalgamated free products and HNN-extensions. In the course of
the proof, we established the KK-equivalence between the full amalgamated free product of two
unital C*-algebras and a newly defined reduced amalgamated free product that is valid even
for non GNS-faithful conditional expectations. This KK-equivalence is again true in the general
context. Our results unify, simplify and generalize all the previous results obtained before by
Cuntz, Pimsner, Germain and Thomsen.

1. INTRODUCTION

In 1982 J. Cuntz obtained a very elegant result about the full free product of unital C*-algebras
with one-dimensional representations that leads to a conjectural long exact sequence for amal-
gamated free products in a general situation [Cu82]. At about the same time M. Pimsner and
D. Voiculescu computation of the K K-theory for some groups C*-algebras culminated in the
computation of full and reduced crossed products by groups acting on trees |[Pi86| (or by the
fundamental group of a graph of groups in Serre’s terminology). To go over the group situation
has been difficult and it relied heavily on various generalizations of Voiculescu absorption theo-
rem (see [ThO3| for the most general results in that direction). Note also that G. Kasparov and
G. Skandalis had another proof of Pimsner long exact sequence when studying KK-theory for
buildings [KS91]

However the results we obtain here are based on a completely different point of view. Introduced
in [FE13], the full or reduced fundamental C*-algebras of a graph allows to treat on equal
footings amalgamated free products and HNN extensions (and in particular cross-product by
the integers). Let’s describe its context. A graph of C*-algebras is a finite oriented graph with
unital C*-algebras attached to its edges (B.) and vertices (A,) such that for any edge e there
are embeddings 7. and se of Be in A, () and Ay) with r(e) the range of e and s(e) its source.
As for groups, the full fundamental C*-algebra of the graph is a quotient of the universal C*-
algebra generated by the A, and unitaries u, such that u’s¢(b)ue = rc(b) for all b € Be. In the
presence of conditional expectations form A and A, onto B, one can also construct various
representations of the full fundamental C*-algebra on Hilbert modules over A, or B.. It is the
interplay with the representations that yields the tools we need to prove our results.

P.F. is partially supported by ANR grants OSQPI and NEUMANN. E.G thanks CMI, Chennai for its support
when part of this research was underway.
1



2 PIERRE FIMA AND EMMANUEL GERMAIN

In section 2, we first look at one of the simplest graphs : one edge, two different endpoints. The
full fundamental C*-algebra is then the full amalgamated free products. When the conditional
expectations are not GNS-faithful, there are two possible reduced versions: the reduced free
product of D. Voiculecscu, that is often too small, which is obtained by looking at the module
over the edge algebra and the "vertex" reduced free product that is obtained when looking at
the two modules over the algebras attached to the vertices. In general, Voiculescu reduced free
product is a quotient of the vertex reduced free product, but when the conditional expectations
are GNS faithful, they coincide. As the vertex reduced free product is a new construction, we
devote some time to show some of its properties.

Our first theorem in section 3 states that the full free product if always K-equivalent to the
vertex reduced free product. In particular, when the conditional expectations are "extremely
non GNS-faithful" i.e., when they are morphisms, we get exactly Cuntz result [Cu82]. This
result also generalize and simplify the previous result obtained by the second author [Ge96].
The proof is very simple as it is a simple rotation trick. While finishing writing this paper, the
authors have been aware that K. Hasegawa just obtained the same result in the very particular
case of GNS-faithful conditional expectations. By a remark by Ueda ([Ue08]), this result also
proves the K-equivalence between full and (vertex) reduced HNN extensions, i.e the fundamental
C*-algebras associated to the graph with one edge and one vertex.

In the next section, we prove the K-equivalence, under the same hypothesis, of the full amal-
gamated free product A; x As with the algebra D of continuous functions f from | — 1,1] to

the full free product such that f(] — 1,0]) € A1, f([0,1]) C Az and f(0) € B. This is done
by generalizing one of the author paper (|[Ge97]). Therefore, the full amalgamated free product
Ay x Ay sits inside a long exact sequence for the computation of its K K-groups. Of course the

vertex reduced free product has got the same long exact sequence. Again the HNN extension
case follows using the isomorphism with an amalgamated free product, giving a completely new
proof of Pimsner-Voiculescu exact sequence as a particular case.

At last, in section 5 we generalize the long exact sequences of the previous section to the full and
reduced fundamental C*-algebras of a finite graph of C*-algebras. In section 5.1, we recall the
construction of the fundamental C*-algebra of a graph of C*-algebras as it was done in [FF13].
In contrast with [FF13|, we do not assume the conditional expectations to be GNS-faithful
which forced us to construct a different version of the reduced fundamental C*-algebra that we
called vertex-reduced. We give all the necessary background on vertex-reduced fundamental C*-
algebras. In section 5.2, we construct a very natural element in K K' which gives, by Kasparov
product, the boundary map in the long exact sequence we write in section 5.3. Explicitly, if C
is any separable C*-algebra, P the full or reduced fundamental C*-algebra of the finite oriented
graph (A,, Be) then we have the two 6-terms exact sequence, where ET is the set of positive
edges,

B.cpr KKO(C,B,) “25° @, KKY(C, A,) — KK(C,P)
) 1

KKNC,P) «— @,y KK°(C,A) "2 @, pe KK°(C, B.)

eckE
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and

B.cpr KKO(B.,C) ZE7 @,y KK(A,,C) «— KK°(P,C)
{ )
KK'(P,C) — @,oy KK(A,,C) =57 @,y KK°(B,,C)

In section 6 we give some applications of our results. A direct Corollary of our results is that the
full and vertex-reduced fundamental C*-algebra of a graph of C*-algebras are K-equivalent.This
generalizes and simplifies the results of Pimsner about the KK-theory of crossed-products by
groups acting on trees [Pi86] as well as the results of Thomsen [Th03| about KK-theory for
amalgamated free products which are valid only when the amalgam is finite dimensional.

Also, our results imply that the fundamental quantum group of a graph of discrete quantum
groups is K-amenable if and only if all the vertex quantum groups are K-amenable. This gener-
alizes and simplifies the results of [FEF13]. Finally, our results also implies that a graph product
of discrete quantum groups (see [CF14]) is K-amenable if and only if the initial discrete quantum
groups are K-amenable.

2. PRELIMINARIES

2.1. Notations and conventions. All C*-algebras are supposed to be separable. For a C*-
algebra A and a Hilbert A-module H we denote by £4(H) the C*-algebra a A-linear adjointable
operators from H to H and by K4(H) the sub-C*-algebra of L£4(H) consisting of A-compact
operators. We write Ly € L£L4(A) the left multiplication operator.

2.2. Some homotopies. We will use the following proposition which is well known.

Proposition 2.1. Let H be a Hilbert A-module. For any strictly continuous and norm bounded
path F : [0,1] — LA(H), t — Fy, there exists a unique operator F' € L zg¢((0,1))(H®C([0,1])) for
which the evaluation at t is Fy. Conversely, for any operator F' € Lagc (o)) (H ® C([0,1])), the
evaluation Fy att € [0, 1] defines a norm bounded strictly continuous path [0,1] — LA(H), t — F;.
Moreover, an operator F' € L zgc(o,1))(H ® C([0,1])) is actually in Kagc o1 (H @ C([0,1])) if
and only if the corresponding norm bounded strictly continuous path has values in ICo(H).

The previous proposition is useful to construct homotopies, as shown in the proof of the following
lemma.

Lemma 2.2. Let A, B be unital C*-algebras, H, K Hilbert B-modules, 7 : A — Lp(H),
p : A — Lp(K) unital x-homomorphisms and F € Lp(H,K) a partial isometry such that
Fr(a) — p(a)F € Kp(H,K) for alla € A and F*F — 1 € Kg(H). Then, [(K,p,V)] =0 €
KK (A, B), where V =2FF* — 1.

Proof. Let o :=[(K,p,V)] € KK'(A, B). For t € [0,1], define

1—FF* FF* . F
Ut:< 0 8>+cos(7rt)( 0 _01>Sln(77t)(}9* 0>€£B(K€BH).
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We have Uy = < L0 > and Uy = — < Voo ) Note that, for all ¢ € [0, 1], U = U; and,

0 -1 0 1
s ([ 1-FF 0 , [ FF* 0 o FF* 0
Uf = < 0 0 + cos(mt) 01 + sin(7t) 0 F'F
1—-FF* 0 FF* 0 10
= (T ) (T )= 0 )R
where K; = sin(rt)? 8 F*F(’)— e Kp(K @ H) for all t € [0,1], since F*F —1 € Kp(H).

Moreover, U (p@m)(a)—(p®7)(a)Us € Kp(K®H) for all a € Asince Fr(a)—p(a)F € Kp(H, K)
foralla € A. By Propositionthere exists unique operators U € Lgc (o)) (KS©H)®C([0,1]))
and K € Kpgc(o,1)) (K®H)®C([0, 1])) such that the evaluation of U at t is U; and the evaluation
of K at t is K; for all t € [0,1]. In particular we have U = U* and U? = 1 + K and, since
U(p@dm)(a) — (pdm)(a)U € Kp(K & H) for all a € A and all ¢ € [0, 1], it follows again from
Proposition [2.1] that,

Ulpdr)(a)® Leqoa)) — (pdm)(a)® LeqoU € ’CB®C([0,1])((K@H) ®C([0,1])) for all a € A.
Hence we get an homotopy

v=[((K®H)®C([0,1)), (p & 7) @ Iy, U)] € KK' (A C([0,1]), B C([0,1]))
1 0
0 -1
V o

0 1
where x = [(K, p,—V)] = —a and y = [(H, 7, —idg )] = 0, since the triple is degenerated. O

between v = [(K @ H,p ® 7, Up)] = [(K & H,p & m, < ))] = 0 since the triple is

degenerated and vy = (K @ H,p@m,U1)]=[(K® H,pd 7, — ( )]. Hence, v1 =z @y,

2.3. Conditional expectations. Let A, B be unital C*-algebras and ¢ : A — B by a unital
completely positive map (ucp). A GNS construction of ¢ is a triple (K, p,n), where K is a Hilbert
B-module, n € K and p : A — Lp(K) is a unital *-homomorphism such that K = p(A)n- B
and (n, p(a)n) = ¢(a) for all @ € A. A GNS construction always exists and is unique, up to a
canonical isomorphism.

Note that, if BC Aand F : A — B is a conditional expectation then, the Hilbert B-submodule
n - B of K, where (K,p,n) is a GNS construction of F, is complemented. Indeed, we have
K =n-B® K°, where K° = Span{p(a)n-b : a € A° and b € B} and A° = Ker(FE). Since E is
a conditional expectation onto B we have bA° C A° for all b € B. It follows that p(b)K° C K°
for all b € B. Hence, the restriction of p to B (and to K°) gives a unital *-homomorphism
p: B — [,B(KO).

A conditional expectation is called GNS-faithful (or non-degenerate) if for a given GNS con-
struction (and hence for all GNS constructions) (K, p,n), the homomorphism p is faithful. In
this paper we will consider reduced amalgamated free product with respect to non-necessary
GNS-faithful conditional expectations. Actually, the degeneracy of the conditional expectations
will naturally produce different types of reduced amalgamated free products. This is why we
include the next proposition, which is well known to specialists but helps to understand the
extreme degenerated case: when E is an homomorphism. We include a complete proof for the
convenience of the reader.
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Proposition 2.3. Let B C A be a unital inclusion of unital C*-algebras and E : A — B be a
conditional expectation with GNS construction (K, p,n). The following are equivalent.

(1) E is an homomorphism.
(2) K ~ B as Hilbert B-modules.

(3) K° = {0}.
Proof. Since K =1 - B & K° the equivalence between (2) and (3) is obvious.

(1) = (3). If E is an homomorphism from A to B then, since E is ucp, it is a unital *-
homomorphism and we have for all b € B and all a € A°,

(p(a)n-b,pla)n-byx =b"(n-b,p(a*a)n) kb= b"E(a*a)b=b"E(a)*E(a)b = 0.

(3) = (1). If K° = {0} then, for all a € A°, we have E(a*a) = (p(a)n, p(a)n)x = 0. Hence
E((a—E(a))*(a—E(a))) =0=E(a*a) — E(a")E(a) — E(a)*E(a) + E(a)*E(a) for all a € A.

It follows that, for all a € A, we have E(a*a) = E(a)*E(a). Hence, the multiplicative domain of
the ucp map F is equal to A which implies that E is an homomorphism. [l

2.4. The full and reduced amalgamated free products. Let A, As be two unital C*-
algebras with a common C*-subalgebra B C Ay, k = 1,2 and denote by Ay the full amalgamated
free product. To be more precise, we sometimes write Ay = A E As. Tt is well known that the

canonical map from Ay to Ay is faithful for £ = 1,2 (this statement and an even more general
one is proved in Remark . Hence, we will always view A;, Ay C Ay.

We will now construct, in the presence of conditional expectations, two different reduced amal-
gamated free products. One of them, that we call the edge-reduced amalgamated free product has
been extensively studied and it is called, in the literature, the reduced amalgamated free product.
The other one, that we call the vertez-reduced amalgamated free product, does not seem to be
known, even from specialists. As it will become gradually clear, the vertex-reduced amalgamated
free product is actually much more natural than the edge-reduced amalgamated free product.
It is an intermediate quotient of the full amalgamated free product and it is isomorphic to the
edge-reduced amalgamated free product in the presence of GNS-faithful conditional expectations.
This is the reason why it has not appear before in the literature since many authors only consider
amalgamated free product in the presence of GNS-faithful conditional expectations. Indeed, the
GNS-faithful assumption is very convenient since it produces a universal property for the (edge)
reduced amalgamated free product.

Since the vertex-reduced and the edge-reduced amalgamated free product are the foundations of
our proofs we will now explain in great details the their constructions.

In the sequel, we always assume that, for k = 1,2, there exists a conditional expectation Ej, :
Ay — B. We write A} = {a € Aj, : Ei(a) = 0}, we denote by (K}, pi, i) a GNS construction of
E), and by K} the canonical orthogonal complement of - B in K}, as explain in section . Recall
that the restriction of p;, to B (and to K}) gives a unital *-homomorphism p : B — Lp(K}).

We denote by I the subset of U,>1{1,2}" defined by
I={(i1,...,in) € {1,2}" : n>1and iy #igy; forall 1 <k <n-—1},
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Recall that an operator x € Ay is called reduced if x # 0 and x can be written as * = ay ...a,
with n > 1 and a; € A7 — {0} such that i = (i1,...i,) € .

2.4.1. The vertex reduced amalgamated free products. For i = (i1,...,i,) € I, we define a A; -
A;,-bimodule H;. As Hilbert A;,-module we have:

Ki1®K9 ®...®Kf 1®Ain if n>3,

B B "B
H;, = Ki1®Ai2 if n=2,
B B

S+

i if n=1.
The left action of A;, on H; is given by the unital *-homomorphism defined by
pi, ®id if n>2,

B

/\zAz — L4, Hi; )\i:
i A o L () {LAi1 it n=1.

We consider, for k,l € {1,2}, the subset I;,; = {i = (i1,...,in) € I : 41 =k and 4,, = [} and the
Ap-A;-bimodule defined by

Hk,l = @Hz and )\k,l = @Al : AkéﬁAl(Hk,l)-

i€y 1€y
For k € {1,2} we denote by k the unique element in {1,2}\ {k}.
Example 2.4. If, for k € {1,2}, Ej is an homomorphism from Ay to B it follows from Propo-
sition that K = {0}. Hence, Hy = A, @ K, %) K% %) Ay and HE,k = KE% Ay. Note that,
since Kj, ~ B, we have Hy; ~ A, ® K% %) A~ KE%} A = HE,k' Also we have Hk,E =K, % Ar

and Hy; = Az, Again, H, + ~ A = Hy;. Actually the isomorphism of Hilbert A;-modules
Hyy ~ Hy, is true in full generality as explained below.

For k,l € {1,2} we define a unitary uy; € La,(Hy;, Hy,), by the following formula. Let i =
(i1,...,%n) € I, with 41 = k and 4; = . For { € H; we define uy;§ € Hy; in the following way.

o If n > 2, write i = (k,4’), where ¢ = (ia,...,i,) € It;. For & = pp(a)n, @&, with a € Ay,
)\1’/ ((J/)g, lf ac B

e If n=1then k =1,i=(l) and { € A) = H;. We define uy ;& := n; ®&.
It is easy to check that, for all k,1 € {1,2}, the operator u;; commutes with the right actions
of Ay on Hy; and Hy, and extends to a unitary operators, still denoted wuy;, in L4,(Hy,, Hz )
such that uy; = uz ;. Moreover, the definition of u; implies that,

and ¢’ € Hy, we define uy, & :=

(1) U A (D) kg = Ay (b)  for all b € B.

Definition 2.5. Let k € {1,2}. The k-vertez-reduced amalgamated free product is the C*-sub-
algebra A, C La,(Hyy) generated by g, (Ag) U Uz,k)%k(AE)uk,k C La, (Hgpr). To be more

precise, we use sometime the notation A, = Ay E As.
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For a fixed k € {1,2} the relations imply the existence of a unique unital *-homomorphism

)\k,k(a) if a€ Ay,
T+ A — Ay ) such that m(a) = { uz7k/\g7k(a)uk,k if ac AL
In the sequel we will denote by & the vector & = 14, € Ap C Hpyp. We summarize the
fundamental properties of A, in the following proposition.

Proposition 2.6. For all k € {1,2} the following holds.
(1) The morphism m is faithful on Ay.
(2) If Ex; is GNS-faithful then my, is faithful on Ag.
(3) There exists a unique ucp map Ey : A, — Ay such that Ex(mi(a)) = a Va € Ay, and

Ep(mi(ar...a,)) =0 foralla=ay...a, € Ay reduced withn >2 orn =1 and a = a1 € A%

Moreover, Ei is GNS-faithful.
(4) For any unital C*-algebra C' with unital x-homomorphisms vy : Ax — C such that
e v1(b) =1u(b) for allb € B,
o C is generated, as a C*-algebra, by v1 (A1) Ury(Ag),
o v is faithful and there exists a GNS-faithful ucp map E : C — Ag such that
E(vg(a)) = a for all a € Ay and

Evi,(a1)...vi,(an)) =0 for alla=ay...an € Ay reduced withn >2 orn =1 and a = a1 € A7,

there exists a unique unital x-isomorphism v : A, j, = C such that v o m(a) = vi(a) for
all a € A1 U Ay. Moreover, v satisfies Eov = Ey.

Proof. By definition of 7, we have, if a € Ag, (&, mx(a)é) = a. It follows directly that 7y
is faithful on Aj. Moreover, the map Ey : A, — Ak, © — (&, x&) satisfies Eg(mi(a)) = a
Va € Aj. By the definition of the unitaries ug; we have, for all £k € {1,2} and all reduced

operator x = aj ...a, with ay € A} and i = (i1,...,4,) € I,
piy(a)m @ ... @ pi._ (@n_1)Mn—1 @ an if i1 =kandi, =%k,
e @ pir (a)m & ... @ pi,_y (@n—1)m—1 @ a,, if i1 # k and i, =k,

2 - = e . .

(2) me(ar.. an)ée pir (a1)m & ... ® pi,, (an)mn © 1a,, if iy =k and in # K,
M @ pir (a1) © -+ @ pi, (an)nn © 1, if i1 # k and i, # k.

Hence we have Ey(my(a1,...a,)) =0for alla =ay...a, € Ay reduced with n > 2 or n =1 and
a=aj € A% It also follows easily from the previous set of equations that m(Af)&x - Ay = Hy .
Hence the triple (Hj, g, id, &) is a GNS construction for E;. This shows that Ej, is GNS-faithful.
Note that the uniqueness statement of the third assertion is obvious since Ay is the linear span
of B and the reduced operators. Also, the second statement becomes now obvious since, by the
properties of Ej, we have, for all x € Ay, Ep(mp(x)) = Ep(mi(z — Er(x))) + Ep(mi (B () =
T (B (z)). It follows easily from this equation that m, is faithful on Az whenever Ey is GNS-
faithful. Indeed, let & € Az such that m(a) = 0. Then, for all y € A; we have m(y*z*zy) = 0.
Hence, 1, 0 Er(y*z*2y) = Ey o m(y*z*2y) = 0 for all y € Ag. Since 7y, is faithful on Ay we find
E-(y*x*zy) = 0, for all y € Az. Since Ey is GNS-faithful we conclude that = 0.

(4). The proof is a routine. We write the argument for the convenience of the reader. Let
(K, p,n) be the GNS construction of E. Since E is GNS-faithful we may and will assume that
p=1id and C C L4, (K). By the properties of E; and E, the map U : Hjj — K defined by, for
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T =ay...ap € Ay reduced with ay, € A7 , U(mi(2)&k) := vy (a1) . .. v4, (an)n and, for z = b € B,
U(mp(b)€r) = vi(b)n = va(b)n, is well defined and extends to a unitary U € La, (Hyp, K).
By construction, the map v(z) := UxzU*, for € A, , satisfies the claimed properties. The
uniqueness is obvious. O

Remark 2.7. It is known that the canonical homomorphism from Ay to Ay is faithful for £ € {1,2}
without assuming the existence of conditional expectations from Ay to B. However, assertion
(1) of Proposition gives a very simple proof of this fact, since it shows that the composition
of the canonical homomorphism from Aj, to Ay with the homomorphism 7, is faithful, which
implies that the canonical homomorphism from Ay to Ay itself is faithful.

Example 2.8. Suppose that, for a given k € {1,2}, F} is an homomorphism. Then, as observed
in Example we have Hg 7 = Ay (and Az = La,). It follows from the definition of 7z that

LAf(CL) if ae AE’
_ — Z
(@) { 0 it ae A
Hence, since Ay the closed linear span of A; and the reduced operators and 77 : Ay — A 1 is

surjective, we find that A + = m(A;). Moreover, since 7y is faithful on A; we conclude that
the restriction of 7 to Az gives an isomorphism Az ~ A +.

Definition 2.9. The vertez-reduced amalgamated free product is the C*-algebra obtained by
separation and completion of Ay with respect to the C*-semi-norm || - ||, on Ay defined by

[[]lo := Max{{|m (2) |, [[m2(z)[[}  for all z € Ay.

We will note it A; %Ag or A, for simplicity in the rest of this section and let 7 : Ay — A,

be the canonical surjective unital *-homomorphism. Note that, by construction of A,, for all
k € {1,2}, there exists a unique unital (surjective) *-homomorphism ,j : A, — A, j such that
ok © T = 7. We describe the fundamental properties of the vertex-reduced amalgamated free
product in the following proposition. We call a family of ucp maps {¢; }icr, @i : A — B; GNS-
faithful if N;cKer(m;) = {0}, where (H;, m;,&;) is a GNS-construction for ¢;. From Proposition
and the definition of A, we deduce the following result.

Proposition 2.10. The following holds.
(1) 7 is faithful on Ay for all k € {1,2}.
(2) For all k € {1,2}, there is a unique ucp map Es, : A, — Ay such that E4, om(a) = a
for all a € Ay, and all k € {1,2} and,
Ea,(m(a1...an)) =0 foralla=ay...a, € Ay reduced withn >2 orn=1and a=a; € A%.

Moreover, the family {Ea,,Ea,} is GNS-faithful.
(3) Suppose that C' is a unital C*-algebra with x-homomorphisms vy : Ax — C such that
o v1(b) =1a(b) for allb e B,
o C is generated, as a C*-algebra, by v1 (A1) Uwra(Az),
e vy and vy are faithful and, for all k € {1,2}, there exists a ucp map Ea, : C — Ay,
such that Ea, o vg(a) = a for all a € Ay, and all k € {1,2} and,

Ea,(viy(a1) ... vi,(an)) =0 for alla=ay...an € A reduced withn >2 orn =1 and a = a1 € Ay,
and the family {E,,Ea,} is GNS-faithful.
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Then, there exists a unique unital x-isomorphism v : A, — C such that vom(a) = vg(a)
for all a € Ay, and all k € {1,2}. Moreover, v satisfies Ex, ov =Ey4,, k € {1,2}.

Proof. (1). It is obvious since, by Proposition 7y is faithful on Ay for k =1, 2.

(2). By Proposition the maps E4, = Ej, o m, ;. satisfy the desired properties and it suffices
to check that the family {E4,,E4,} is GNS-faithful. Let zg € Ay be such that z = w(x¢) € A,
satisfies E4, (y*z*zy) = 0 for all y € A, and all £ € {1,2}. Then, for all £ € {1,2} we have
Ep(y*my p(x*x)y) = 0 for all y € A, . Since E; is GNS-faithful, this implies that m, ,(z) =
mr(xo) = 0 for all k € {1,2}. Hence, ||z||a, = Max(||m1(z0)]|, ||72(x0)]]) = 0.

(3). The proof is a routine. We include it for the convenience of the reader. Let (Ly, my, fi) be
the GNS construction of E4,. By the universal property of A, j, the C*-algebra C}, generated
by my(C) C La, (L) is canonically isomorphic with A, ;. Hence, in the remainder of the proof
we suppose that C = A, and, by the universal property of Ay, we have a unital surjective
x-homomorphism vy : Ay — C such that vf|s, = v4. Note that, by the identification we
made, my, o vy = m,. Hence, by construction of A,, there exists a unique unital (surjective)
*-homomorphism v : C' — A, such that 7, o v = my, for all k£ € {1,2}. The homomorphism
v satisfies all the claimed properties and it suffices to check that it is faithful. But it is obvious
since, by the identity 7, yov = my, k = 1,2, it follows that Ker(r) C Ker(m) NKer(msg) = {0},
since the pair (E4,, Fa,) is GNS-faithful.

O

Corollary 2.11. If both E1 and FEo are homomorphisms then there is a canonical isomorphism
A, ~ Ay % As, where Ay % Ag :={(a1,a2) € A1 ® Ay : E1(a1) = Ez(az2)}.

Proof. We use the universal property of A, described in Proposition 2.10} Define v : A —
A1 ® Ay by vy () = (2, E1(2)) and vo(y) = (E2(y),y). It is clear that v and vy are both faithful
B

unital *-homomorphisms such that v1(b) = v»(b) for all b € B. Define E4, : A; & Ay — Ay by
B

Ea (a1,a2) = a1 and Ey,(a1,a2) = ag. Then, for all k € {1,2}, Ej is a unital *-homomorphisms
such that E4, o vg(a) = a for all a € Ag. In particular both E; and E; are conditional
expectations and, since Ker(E4,) N Ker(E4,) = {0}, the family {E4,, Fa,} is GNS-faithful.
Hence, it suffices to check the condition on the reduced operators. Since v1(AJ) = {(z,0) : = €
A} and v2(AS) = {(0,y) : y € AS}, we have vi(A9)ra(AS) = va(A)r1(AS) = {0}. Hence, it
suffices to check the condition on elements (a1, a2) € v1(A7) Ura(AS) which is obvious. O

2.4.2. The edge reduced amalgamated free product. In this section we show how the construction

of the edge-reduced (or, in the literature, the reduced) amalgamated free product in full generality

is related to the vertex reduced free product we just defined.

For i € I, we consider the B-B-module K; = Kfl ®...® K} as Hilbert B-module with the left
i S in

B
action of B given by the unital *-homomorphism p; : B — Lp(K;), pi(b) = pi, (b) ® id for all
B o B

b € B and we define the Hilbert B-bimodule K = B ® (@g’el K£>

Example 2.12. If, for some k € {1,2}, Ej is an homomorphism then K = B & K% ~ Ki.
Hence, if both F and Es are homomorphisms then K = B.
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Proposition 2.13. There are isomorphisms between Hyj @ B and K for k = 1,2 implemented
Ey

by some unitary V. Moreover when we intertwines the representation mp ® 1 by Vi we get the
classical representation of the reduced free product on the space K.

Proof. Note that, for i = (i1,...,i,) € I with i1 =i, = k (hence n is odd) we have, if n =1,
H; ® B=A, ® B~ K, ~ K, ® B,
"~ B By

and, if n > 3, H; ® B = K;; ® (K;@...@KZ) ® K, ~ K; ® Ky ® Ky ® Ky, where
‘B, B B B B ‘ t t L

i = (ig,...,in), 7" = (i1,...,in—1) and ¢ = (i2,...,i,—1). Hence the existence of Vj.
It is easy to check that Vj, satisfies Vi (m1(a) ® 1)V = p(a) for all a € Ay, and all k € {1,2}
where p is the (classical) reduced free product representation which we recall here for convenience.

For [ € {1,2} define K(I) = B&® @ K, | and note that we have a unital *-homomorphism

pr + B = Lp(K(l)) defined by Piei“#l@ pi. Let Uy € Lp(K; ® K(I),K) be the unitary
operator defined by i€y, i1#l e
U KeKD) — K
m @K?B =. B
Kzopl® B = K;
m %El)lei = H;
Kp@Hy = Huy

where (1,i) = (l,i1,...,in) € I if i = (i1,...,4,) € I with 43 # [. We define the unital *-
homomorphisms X; : Lg(K;) = Lp(K) by Ni(z) = Ui(z @ 1)U}

By definition we have A\1(p1(b)) = Aa(p2(b)) for all b € B. It follows that there exists a
unique unital *-homomorphism p : Ay — Lp(K) such that p(a) = Agy(a) for a € Ay, for all
ke {1,2}. O

Definition 2.14. The edge-reduced amalgamated free product is the C*-subalgebra A, C Lp(K)
generated by A1(A1) U A2(A2) € Lp(K). To be more precise, we use sometime the notation

A, = Ay % As.
B

Example 2.15. If, for some k € {1,2}, Ej is an homomorphism then A. is the C*-algebra
pr(Ax) C Lp(Ky). If both Ey and E3 are homomorphisms then A, ~ B.

The preceding Example shows that the edge reduced amalgamated free product may forget
everything about the initial C*-algebras A; and Ay in the extreme degenerated case: it only
remembers B. This shows that, in general, one should consider instead the vertex-reduced
amalgamated free product. Indeed, even in the extreme degenerated case, the vertex reduced
amalgamated free product remembers correctly the C*-algebras A and Asg, as shown in Corollary

211
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In the following proposition we recall the properties of A.. The results below are well known
when E; and Ey are GNS-faithful. The proof is similar to the proof of Proposition [2.6] and we
leave it to the reader.

Proposition 2.16. The following holds.
(1) p is faithful on B.
(2) If Ey, is GNS-faithful then p is faithful on Ag.
(8) There exists a unique ucp map E : Ac — B such that E o p(b) = b for all b € B and,
E(p(a1,...a,)) =0 foralla =ay...a, € Ay reduced.

Moreover, E is GNS-faithful.
(4) For any unital C*-algebra C' with unital x-homomorphisms vy : Ay — C such that
o v1(b) =1a(b) for allb € B,
o C is generated, as a C*-algebra, by v1 (A1) Ura(Az),
e vi|p = wo|p is faithful and there exists a GNS-faithful ucp map E : C — B such
that Eovg(b) =0 for allb e B, k=1,2, and,
E;,(a1)...vi,(an)) =0 foralla=ay...a, € Ay reduced,

there exists a unique unital x-isomorphism v : A — C' such that v o p(a) = vi(a) for all
a € Ag, k € {1,2}. Moreover, v satisfies Eov =E.

Proposition 2.17. For all k € {1,2} there ezists a unique unital x-homomorphism
Ao @ Apr — Ae  such that A, om = p.
Moreover, Ay, is faithful on 7, (Az) and, if Ey is GNS-faithful, Ay, is an isomorphism.

Proof. The formulae A, () = Vi(z ® 1)V}’ defines a unital *-homomorphism A, : Ay — Ae
satisfying A, 1 o mp = p. The uniqueness of A, j is obvious. Let us check that A, ; is faithful on
7, (Az). Suppose that x € Ay and A, x(7(z)) = 0. Then, for all y € Ay, we have p(y*z*xy) =
Avi(Te(y*z*zy)) = 0. Hence, 0 = E o p(y*z*zy) = E o p(Ep(y*z*zy)) = Ep(y*z*zy). It
follows that x € Ker(pp) hence, Ap \(z) = @ier, pp(z) ©® 1 = 0 which implies that m(z) =
ul:,k;)‘%,k; (x)uk,r = 0. The last statement follows from the universal property of A, since the ucp
map Ej oKy : A, — B is GNS-faithful whenever Ej, is GNS-faithful. O

In the next Proposition, we study some associativity properties between the edge-reduced and
the vertex-reduced amalgamated free product. The result is interesting in itself and it will be
used to obtain easily ucp radial multipliers on the vertex-reduced amalgamated free product.

Proposition 2.18. Let A1, Ay, Az be unital C*-algebras with a common unital C*-subalgebra B
and conditional expectations Ey : Ay — B. After identification of Ay with a C*-subalgebra of
both Aq %AQ and Aq %Ag, the canonical GNS-faithful ucp maps A %AQ — A1 and Al%AB — A

become conditional expectations and, with respect to this GNS-faithful conditional expectations,
we have canonical isomorphisms

[ <A1£A2>§ (AliA:S) NA1£<A2§A3>.
1

[ ] <A1 %AQ) j <A3£A2> ~ <A1 %Ag) EAQ
2
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~ 1
Proof. We prove the first point. The proof of the second point is similar. We write A = Ay %
<A2 % A3>. Let p : A2§A3 — AliAg and T : Al; <A2 % Ag) — A be the canonical surjections

and E : A — Aj the canonical GNS-faithful ucp map. Define, for k = 1,2, vy : Ay — D by
v1 = 7|p and vy = T o p|a,. By definition, v1(b) = v1(b) for all b € B and v; is faithful.
Let C' be the C*-subalgebra of A generated by v1(A1) U ra(Az). We claim that the exists a

(unique) unital faithful *-homomorphism v : A4; % Ay — A such that v omi|a, = v for k=1,2,

1
where m : Aj x Ay — Ay 3 Ao is the canonical surjection. By the universal property of
the 1-vertex-reduced amalgamated free product, it suffices to show the following claim, where
E = E’c :C — Al.
Claim. The ucp map E is GNS-faithful and satisfies Eovy = ida, and, for alla =ay...a, € Ay
reduced with ay, € A , E(vi,(a1) ...vi,(an)) = 0 whenever n > 2 orn =1 and a = a; € A3.

Proof of the Claim. The fact the E vanishes on the reduced operators (not in Af) is obvious,

since E satisfies the same property. The only non-trivial property to check is the fact that F is
GNS-faithful: indeed, it is not true, in general, that the restriction of a GNS-faithful ucp map to
a subalgebra is again GNS-faithful. So suppose that there exists x € C such that E(y*z*zy) = 0

for all y € C and let us show that x must be zero. Since E: A— A is GNS-faithful, it
suffices to show that E(y*z*zy) = 0 for all y € A. By hypothesis, we know that it is true for all

y € C. Since A is the closed linear span of 7(A4;) and 7(2), for z € A; x <A2 % A3> a reduced

operator not in A§ and since 7(A4;) U T o p(Az) C C, it suffices to show that E(y*z*zy) = 0
fory=m(z) and z = 21...2, € A3 % Aq £A3 a reduced operator with letters zj alternating
from A9, p(A3) and p(A3) and containing at least one letter in p(A§). Since one of the z
is in p(A§) and = € C we have, by the property of E, E(y*(z*x — E(z*x))y) = 0. Hence,
E(y*z*zy) = E(y*'E(z*z)y) = E(y*E(xz*x)y) = 0, since E(z*z) = 0.

End of the Proof of the Proposition. Define, for k = 1,3, the unital *-homomorphism 7 :
A — A by m = 7|a, = v1 and 93 = 7T o p|a,. Using the universal property of the 1-vertex-

reduced amalgamated free product one can show, using exactly the same arguments we used
to construct the homomorphism v, that there exists a (necessarily unique) unital faithful *-

homomorphism 7 : Ay % As — A such that nomila, = ng for k =1,3, where ] : A; x As —
Ay % As is the canonical surjection. Note that v(b) = 5(b) for all b € B and A is generated,

as a C*-algebra, by v(A; % Ag) Un(A; %Ag). Since the GNS-faithful ucp map E: A— Aq

obviously satisfies the condition on the reduced operators we may use the universal property of the
edge-reduced amalgamated free product to conclude that there exists a canonical *-isomorphism

1 e 1 ~
<A1 E Az) :1 <A1 E Ag) — A. (|
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Using the previous identifications one can prove the following results about completely positive
radial multipliers. For i = (i1,...,4,) € I and | € {1,2} we define the number

i={se{l,....n} :is=1}].

Proposition 2.19. For all k,1 € {1,2} and all 0 < r < 1 there exists a unique ucp map
©p ¢+ Ay — Ay such that o (mi(a)) = m(a) for all a € A; and,

or(mr(ay...ap)) = rilwk(al co.ap) forallay...an € Ay reduced with aj, € A7, and i = (i, ..., in).

Proof. We first prove the proposition for k = 1. We separate the proof in two cases.

Case 1: | = 2. Since m is faithful on Ay, we may and will view Ay C A, 1. After this identifi-
cation, the canonical GNS-faithful ucp map Eq : A, 1 — A; becomes a conditonal expectation.
Consider the conditional expectation 7®id : C[0,1]® B — B, where 7 is the integral with respect

to the normalized Lebesgue measure on [0, 1]. We will also view A; C A; i (C[0,1] ® B) so that

the canonical GNS-faithful ucp map E; : A, % (C[0,1] ® B) — A; is a conditional expectation.

Define A = AME (Al % (0,1 ® B)> with respect to the conditional expectations E; and I~E1.
1

Since E; and IEl are GNS-faithful, the edge-reduced and the k-vertex-reduced amalgamated free
products coincides for & = 1, 2. Hence, we may and will view A, ; C Alé(C’[O, 1]®B) C A and we
have a canonical GNS-faithful conditional expectation E:A- Ay.1. Also, by the first assertion
of Proposition 2.18 we have a canonical identification A = A; %AVQ, where Ay = Ay % (C0,1]®B).

Let po : Ao ; Cl0,1] ® B — AVQ be the canonical surjection from the full to the edge-reduced

amalgamated free product and 7 : A; E AVQ — Ay i ;{2 — A be the canonical surjection from
the full to the vertex-reduced amalgamated free product. Fix t € R and define the unitary
vy € C[0,1] by ve(x) = €2™=. Let p; = |7(vy)|? and uy = 7 o pa(v ® 15) € A. Define the unital
+-homomorphisms v = 7|4, : A1 — A and 15 : Ay — A by va(x) = w7 (x)u}. Note that vy is
faithful. To simplify the notations we put Ay = Ayl

Claim. Forallz =z1...2, € Ay x EQ reduced with ap, € Efk and i = (i1,...,1,) one has:

By (x U () = p%l%(xl...xn) if i(x)EAUJ
Bl (@) v () { 0 if E#(z))=0.

Proof of the Claim. Note that 7(z) € A, 1. if and only if the letters xj, of z are alternating from
AS and p2(A3) and E(7(z)) = 0 if and only if one of the letters of « comes from p2((C|0, 1]® B)°).
We prove the formula by induction on n. If n = 1 we have either x € A] in that case E(v1(z)) =

E(7((x)) = 7(z) or z € p2(A3) and
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E(ra(2)) = E(wi(e)u])

= E((u — 7(ve))m(2)(w; — 7(vr))) + 7(0)E(7 (2) (uy — 7(vr)))

+7 (V) E((us — 7(00))F () + |7(0) PE(F (2))
= [m(v)PE(R(x)) = pE(7(2))-
~ ~f pm(x) if T(x) € Ayp
Hence, E(1s(z)) = { 0 it E(7(z)) =0
This proves the formula for n = 1. Suppose that the formulae holds for a given n > 1. Let
T = x1...2p41 be reduced with x;, € AF and define 2’ = ...z, and 2 = v (21) ... v;, ().
Let 1 = (il, - ,in+1) and ¢/ = (il, - ,in).

Suppose that z,4+1 € AJ. Then i, = i}, and,
E(vi, (21) - - Vi (Tn)Viy oy (n41)) = E(viy (21) - . Vi, (2) 7 (Tn11)) = E(2) 7 (@n41)-
Hence, if 7(z) € A, then also 7(2’) € A, 1 and we have, by the induction hypothesis,

E(viy (1) -« Vi (@0)Vin sy (¥01)) = pEF (2R (2ny1) = p2F(2).

If E(7(z)) = 0 then also E(7(z/)) = 0 and we have, by the induction hypothesis, E(z) = 0 so

E(vi, (1) .. - Vi, (#n)Vi 1y (Tn41)) = 0.

Suppose now that z,11 € ,Z[g then x,, € A} and we have,

E(zyimrl (xn—i-l)) = E(zut%(xn—i-l)u;tk) - _

= E(z(ue — 7(0))(@ns1) (0] = 7(v1))) + 7(0) B2 (2ns1) (4] = 7(vr)))

+T(Ut)ﬂ*i(2(ut - T(Ut))%({ml)) + |7 () PE(#7 (2541))
= |T(v)PE(z7(2n41)) = pE(2T (2n41)).

Hence, if 7(z) € Ay then also 7(2’) € A1 and zpq1 € A3 so T(xp41) € Ay and iy = @5 + 1.
By the preceding computation and the induction hypothesis we find:

B0, (2n+1)) = pE(F(@ns1)) = PE() R (20s1) = pepF (@i (@nsn) = o7 (a).

Finally, if E(7(z)) = 0, we need to prove that E(27(2,,41)) = 0. Note that z = v;, (1) . .. Vi 1 (Tn—1)xy
since z,, € Aj. Hence, if E(7(2’)) = 0 so by the induction hypothesis we have E(z) = 0, z may
be written as a sum of reduced operators, containing at least one letter from po((C[0,1] ® B)°)

and ending with a letter from AS. It follows that z7m(z,41) may be written as a sum of reduced
operators, containing at least one letter from py((C[0, 1] ® B)°). Hence, E(27(2p41)) = 0. Even-
tually, if E(7(z)) = 0 and E(7(2')) € Ay then, z1,...2, € ASU A3 but E(F(2,41)) = 0. It
follows that z = v, (z1) ... v, , (xp—1)zy, may be written as a sum of reduced operators ending
with a letter from A$. Hence, 27(2y+1) be be written as a sum of reduced operators containing

at least one letter from pa((C[0,1] ® B)°). Hence, E(27(2p41)) = 0.

End of the proof of the Proposition. By the Claim, E; o E(uil (z1)...v4, (x)) = 0 for all reduced
operators * = x1...x, € A; EAQ which are not in A; and, we obviously have, Ej cEov) =idg4,.
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~ 1 ~
Viewing A = A E Ay and using the universal property of the vertex-reduced amalgamated free

product, there exists, for all ¢ € R, a unique unital *-isomorphism oy : A — A such that
ay(m(a)) = m(a) if a € Ay and a((7(z)) = wem(x)uy if @ € Ay % (C[0,1] ® B). In particular,
it follows from the Claim that E o Oét|AvJ : Ay1 — Ay, which is a ucp map, satisfies the

properties of the map ¢, described in the statement of the Proposition, with r = p; =

sin(7t) 2
t )

This concludes the proof.

Case 2: [ = 1. The proof is similar. This time, the automorphism a; : A— g is defined, by
the universal property, starting with the maps v1 = 7|4, : A1 = A and vy : Ay — A defined
by vi(a) = w7 (a)u; and vo(z) = 7(x). The reminder of the proof is the same.

The proof for £ = 2 is the same, using the second assertion of Proposition [2.18 U

3. K-EQUIVALENCE BETWEEN THE FULL AND REDUCED AMALGAMATED FREE PRODUCTS

Let Ay, As be two unital C*-algebra with a common C*-subalgebra B C A, k = 1,2 and denote
by Ay the full amalgamated free product.

Let A:= A % Aj be the vertex-reduced amalgamated free product. For k = 1,2, let Ey, (resp.

Ep) be the canonical conditional expectation from A to Ay (reps. from A to B). We will denote
by the same symbol A the set of reduced operators viewed in A or in A;. Recall that the linear
span of A and B is a weakly dense unital *-subalgebra of A (resp. Ay).

We denote by A : Ay — A the canonical surjective unital *-homomorphism which is the identity
on A. In this section we prove the following result.

Theorem 3.1. [\ € KK(A¢, A) is invertible.

The following Lemma is well known (see [Ve04, Lemma 3.1]). We include a proof for the conve-
nience of the reader.

Lemma 3.2. Letn > 1, a; € Afk for1<k<n,anda=ay...an € A a reduced word. One has
E4, (a*a) = Eg(a®a) whenever I, # k.
Proof. We prove it for k = 1 by induction on n. The proof for k = 2 is the same.
It’s obvious for n = 1. Suppose that n > 2, define b = EB(a{al)%, z = (bag) ... ay. One has:
Ea (a*a) = FEa (a) ...aja1...ay) = Ea,(a; ...a5Fp(ajal)as . ..a,) = Ea, (2"z) = Ep(a*x),

where we applied the induction hypothesis to get the last equality. Since the same computation
gives Eg(a*a) = Ep(x*z), this concludes the proof. O

We denote by (Hy, g, &) (resp. (K, p,n)) the GNS construction of Ey4, (resp. Ep). We may
and will assume that A C L4, (Hy) and 7, = id.

Observe that the Hilbert Ag-module &;.Ar C Hj is orthogonally complemented i.e. Hp =
&k-Ar @ Hy, as Hilbert Ag-modules, where Hy is the closure of {a : a € A, Ey4,(a) = 0}.
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We now define a partial isometry Fj, € L4, (Hy, K ® Ay) in the following way. First we put
B

Fy(;.a) = 0 for all a € Ag. Then, it follows from Lemma that we can define an isometry
Fy, « H — K ® A, by the following formula:
B

p(al...an)n%1 if I,#k

Fk(al .. an&k‘) = p(a1 .. ,an_1>?’]® ap if ln =k
B

forall aj...a, € A a reduced operator.

Hence, F, € La, (Hy, K % Ay) is a well defined partial isometry such that 1 — FyFj, is the
orthogonal projection onto . Ay and, 1 — Fj F}; is the orthogonal projection onto
(n®1).A; ®Span{p(ai...a)n®1 : a=aj...a, € A reduced with I, = k}.Ay.
We will denote in the sequel ¢¢ the orthogonal projection of K onto n.B, and for [ = 1,2 ¢
the projection in K such that FjF}" = q ®4, 1. It is clear that 1 = g1 + g2 + qo and that all the

projections commutes. Define also F; = F} + Oyopie- It is again clear that F; is an isometry
&mdflfgk =q+qo=1-—q for k#I.

Lemma 3.3. For k = 1,2 the following holds.
(1) p(a)Fk = Fra € EAk(Hk,K%Ak) for all a € Ay.

(2) Im(p(a)aFy — Fra) C (p(a)n ® 1).A, ® (n ® 1). A, for all a € A} with | # k.
(3) p(x)Fy, — Frx € Ka, (Hg, K % Ayg) for all x € A.
(4) pla)Fx = Fra for all a € A; with | # k and p(z)Fy — Frx € Ka, (Hi, K % Ayg) for all
x € A
Proof. We prove the lemma for £ = 1. The proof for k£ = 2 is the same.

(1). When a € B the commutation is obvious hence we may and will assume that a € Aj. One
has Fia§y = 0 = p(a)F1&. Let nown > 1and 2 = ay...a, € A, a; € Afk, be a reduced
operator with F4, () = 0. It suffices to show that Flaz&; = p(a)Fiz&;. If n =1 we must have
z € AS and Frazé& = p(ax)n® 1 = p(a)F1x&; . Suppose that n > 2. If [; = 2 then ax is reduced
and ends with a letter from A;’n. It follows that Fiaxzés = p(a)Fix&s. It I3 = 1 then we can write
ar = (aai)®ay...an+ Ep(aai)ay ... a,. Since ay . .. ay is reduced and ends with [, we find again
that Fraz& = p(a)Fix;.

(2). Let a € AS and put X, = (p(a)n % 1).Ar @ (n % 1).Ax. We have Fia&; = p(a)n ® 1 and

p(a)Fi1& = 0 hence, (p(a)F1 — Fia)é = —pla)n®1 € X,. Let nown > 1land x = a;...a, € A,
ar, € A} , be a reduced operator with E4,(z) = 0. If n = 1 we must have z € A3. It follows
that Frazé; = Fi(ax)°é + FiEg(az)é = p((az)®)n @ 1 and p(a)Fix& = p(ax)n ® 1. Hence,
(p(a)Fy — Fra)z& = Ep(ar)n® 1 = (n® 1).Ep(ax) € X,. If n > 2, arguing as in the proof of
, we see that Flaz&; = p(a)Fix&. Hence, Im(p(a)Fy — Fra) C X,.

(1)
(3). It is obvious since A is generated, as a C*-algebra, by A; and Ay and, by assertions (1) and
(2), p(a)Fk — Fra € ]CAk(Hk,K & Ak> for all a € A; U As.

B
(4). The second part is obvious in view of (3), so let’s concentrate on the exact commutation.
Let a € AS. Clearly Fra&; = Fra&; = p(a)n ® 1 and p(a)F1& = p(a)n @ 1. Let now n > 1 and
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T =ap...an € A, ap € A}, be a reduced operator with Ey4,(z) = 0. If n = 1 we must have
z € A3. It follows that Fraz&y = Fi(ax)°&1 + Oye1e, Ep(az)é = p((az)®)n @ 1+ Ep(az)n @ 1
and pla)F1x& = Fizé = plaz)n ® 1. If n > 2, arguing as in the proof of (1), we see that

Fraxz& = Frazé = p(a)Fiaé = pla)Fra;.
O

We define the following Hilbert A g-modules:
H,=H @ Ay®Hy ® Ay and K, =K®QA;= (K@Ak> ® Ay,
Ay As B B Ay,
with the canonical representations m : A — L4, (Hp), 7(r) =2 ® 14, Dx ® 14, and p : A —
Aq Ao

La,(K), p(r) = p(r) % 1a,. We consider, for k = 1,2, the partial isometry

Fr, @ 14, € L4, (Hy, @ Ap, (K ® Ap) @ Af).

b La A ( kA (K¢ k)Ak f)
Observe that F1 ® 14 ; and FH ® 14 ; have orthogonal images. Indeed, the image of F, ® 14 p is
Aq As Ag
the closed linear span of {p(ai...an)n®y : y € Ay and a;...a, € A reduced with a,, ¢ A}}.
B
Hence the operator F' € Ly, (Hpm, Kyy) defined by F' = F} ® la, ®Fy ® 14, is a partial isometry
Aq Ao
such that 1 — F'F™* is the orthogonal projection onto (n®14,).Ay and 1 — F*F' is the orthogonal
B
projection onto (&1 g@ 1a,).Ap® (525429 14,).Ay. In particular 1 — F*F, 1~ FF* € Ka,(Hp, Kpn)-
1 2

Moreover, it follows from Lemmathat Fr(z) —p(x)F € Ka;(Hm, Ky,) for all z € A. Hence,
we get an element o = [(Hy, @ Ky, m® p, F)] € KK(A, Ay).

To prove Theorem [3.1] it suffices to prove that « g{; [A] = [ida] in KK(A, A) and [A] % o = [ida,]
in KK(Af, Ay). We prove the easy part in the next Proposition.

Proposition 3.4. One has [)] 62 a = [ida,] in KK(Af, Ay).

Proof. Observe that [A] % a = [(Hpy @ K, Tm © pm, F)] where m,, = mo X+ Ap — La,(Hp)
and pm = po X 1 Ay — La,(Ky). Hence, [A] (%) o — [ida,] is represented by the Kasparov

triple (Hy, @ IN(m, Tm @ Pms ﬁ), where IN(m = K, ® Ay and pp, () = pm(x) © @, where we view
Ay = La,(Ay) by left multiplication. Finally, F' € La,(Hy,, Km) is the unitary defined by

F(&i ®1a,) =1®1a,, F(&2 ®1a,) =14, and,
Aq B Ao

F(&) =F(¢) for all £ € Hy, © ((61 @1a,)-Ar@ (2@ ]-Af)'Af> -
1 2
We collect some computations in the following claim.

Claim. Let v € La,(Hy) be the self-adjoint unitary defined by the identity on Hp © ((§1 1(42)
1
1Aj.).Af ® (L2 ® 1Af).Af) and v(§ ® lAf) =& ® la,, v(€a ® 1Af) =& ® 1a,. One has:
Ao Aq Aoz As Ay

(1) F*prn(D)F = mn(b) and v*mtpm (b)v = mp(b) for all b € B.
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(2) F*pm(a)F = v*mm(a)v for all a € Aj.
(8) F*pm(a)F = mtp(a) for all a € As.
Proof of the claim.The proof of (1) is obvious and we leave it to the reader.

(2). By (1), it suffices to prove (2) for a € Aj. Let a € AS. One the one hand:

F*pm(a)F& ® la, = ﬁ*(p(a)n@l,qf) =a§p®14, and F*pm(a)Fé ® la, = F*(a) = & ®a.
Al B A2 A2 A2

One the other hand:

V' Tm(a)v§1®1a, = v (al2®14,) = a&a®@1a, and v'mp(a)v§a®1a, = v (a61®14,) = 2®a.
A1 AQ A2 AQ Al A2

Let now x = aq ...a, € A be reduced operator with ay € Afk. We prove by induction on n that

ﬁ*ﬁm(a)ﬁa:fk? la, = U*Wm(a)vx5k§> L4, for all k € {1,2}. Suppose that n = 1soz € AJUA3

k k
and let k& € {1,2} such that = ¢ A} (the case x € A} has been done before). We have:

(ax)°& @ 1a, + &1 @ Eg(ax) if z € A7,
A2 A1

F pm(a)Fmgk S%i 1Af =F (P(GUC)W% 1Af) = azéy ? 1Af if re A;
1

One the other hand we have:
(02)°62 © 1, + &1 © Eplax) if x € A] (k=2),
2 1

‘ Ly, =" 1) = .
vimm(ajuey © La, = vN(awb ©1a,) =\ g 1y, it weAg (k=1
1

Finally, suppose that n > 2 and the formula holds for n — 1. Write ax = y + z, where, if [ = 1,
y = (aa1)°as...a, and z = Eg(aay)as...a, and, if [; = 2, y = ax and z = 0. Observe that, in
both cases, y is a reduced operator ending with a letter from A} and z is either 0 or a reduced
operator ending with a letter from A; . By the induction hypothesis, we may and will assume
that k #£ [,,. We have:

F* B (a)Fxg; ® 1, = F*(p(az)n @ 1a) = F*(p(y)n 2 la,) + F*(p(2)n 2 14,)
k
= Y& ® la, + 26 ® 14, = axp, ® 1a,.
Ay Ay Ak
Moreover,
Vi (a)vréy @ 1a, = vi(axé, @ 1a,) = v (Y& @ 1a,) + 0" (& @ 14,)
= Y& ® la, + 2§ ® 1a, = axly ® 1a,.
Ay Ay A

The proof of (3) is similar. O

End of the proof of Proposition . Let t € R and define v; = cos(t) + ivsin(t) € La,(Hp).
Since v = v* is unitary, v; is a unitary for all ¢ € R. Moreover, assertion (1) of the Claim implies
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that vy, (b)vf = my,(b) for all b € B. It follows from the universal property of Ay that there
exists a unique unital *-homomorphism 7; : Ay — La,(H,;,) such that:

| vimp(a)ve i a € Ay,
mi(a) = { Tm (@) if a€ A,

Then the triple oy = (Hp, @ Ky, m @ P ﬁ) gives an homotopy between g which represents
[A] ® a — [ida,] and a1 which is degenerated by the Claim. O
A
We finish the proof of Theorem in the next Proposition.
Proposition 3.5. One has a ® [A\] = [ida] in KK(A, A).
Af

Proof. Observe that o ® [\ = [(H, @ K, m ® pr, F})] where
Ag

H =H, A=H A®DHy® A and Kr:Km@)A:K@A: <K®Ak) ® A,
A Ay Ao A

with the canonical representations 7, : A — La(H,), mr(z) = 7(x) ® l==x ® ladx ® 14 and
2 A= LAK,), pr(z) = plz)®1 = p(z )®1A and with the operator F, = F®1 € EA(HT,K ).
A

Hence, « ® [A] — [id4] is represented by the Kasparov triple (H, ® KT,T('T ® pr, F,), where
Ay

K, = K, ® A and p,(z) = pr(2) & x, where we view A = £ 4(A) by left multiplication. Finally,
F, € L(H,, K,) is the unitary defined by

P& ®14)=n®1s, Fu&®14)=14 and,
Az B As

F(&) = F(¢) forall € € H, © ((61 ® 14).A® (& ® 1A).A> .
The Claim in the proof of Proposition [3.4] implies the following Claim.
Claim. Letu € L4(H,) be the self-adjoint unitary defined by the identity on H, S ((51?1 14).A®
(&2 ® 14).4) and u(& ® 14) =& ® La, u(é2 ® la) =& ® 14. One has:

(1) ﬁ*ﬁr(b)ﬁ = 7.(b) and w*m,(b)u = m,(b) for allb € B.

(2) F*pr( )F = u*m,(a)u for all a € A;.

(3) F*p(a)F = m,(a) for all a € Ay.
Let t € R and define the unitary u; = cos(t) + iusin(t) € La(H,). Assertion (1) of the Claim
implies that u;m,(b)u; = m,(b) for all b € B. By the universal property of full amalgamated free

products, for all ¢ € R, there exists a unique unital *-homomorphism 7, : Ay — L4(H,) such
that:
| uime(a)uy if a€ Ay,
mi(a) = { mr(a) if ae€ A,
Arguing as in the end of the proof of Proposition [3.4] we see that it suffices to show that, for all
t € [0,1], m factorizes through A i.e. ker(\) C ker(m;). To do that, we need the following Claim.

Claim. Forallt € R and alla=aq...a, € A a reduced operator with aj, € Afk one has
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(1) m(a)uf (&2 g@ 14) = e %(a&s S‘i) 14) if I, =1 and m(a)(& g@ 14) =a& gi) 1aifl, =2.

5 if n is even,

(2) (uj(&1 ® 1a), me(a)uf (€1 @ 14)) = sin®*(t)a where k=< 251 ifn is odd and I, = 1,

A = 2t ifn is odd and I, = 2.
if n is even,

(3) (&2 @ 1a,m(a)és @ 14) = sin®*(t)a where k = Hifnis odd and l,, = 1,

Az Az "Tfl if n is odd and l, = 2.
Proof of the Claim. (1) is obvious by induction on n once observed that u;& = ¢ (and ujé =
e~ for all € € H, © (& ® 14.ADE @ 14.4)

1 2

3n0I3

(2). Define, for aj...a, € A, F(a1,...,a,) = (uf(&1 @ 14), m(a)uf(§&1 ® 14)). First suppose
A1 Al
that a € A then,F(a) = (uj (& ? 1a),uimr(a)(& 519 14)) = (& %{) 14,61 Slé a) = a. Now, let
1 1 1 1
a=ai...ap € Awithn > 2 and [, = 1. We have:
F(ay,...,an) = (uf (&1 g@ 1a),m(ay...an—1)u;i (&1 ,? an)) = F(ai,...,an—1)an.
1 1
Hence, it suffices to show the formula for [,, = 2. Suppose a € A3, we have:
Fla) = (u(&1 © 1a), m(a)uf (& ® 14))
A1 Al
= (cos(t)&1 ® 14 —isin(t)éy ® 14, cos(t)aly @ 14 —isin(t)éy ® a) = sin?(t)a.
Al A2 A1 AQ
Now suppose ajas € A, with [ =2, [; = 1. We have:
F(ai,az) = (& @ La, mp(a1)ugmr(a2)uy (&1 ® 14))
1 1
= (& ® 1a,mp(a1)ue(cos(t)azds @ 14 —isin(t)é2 ® az))
Ay A Az
= & ® 1A,cos(t)eita1a2£1 ® 14 —icos(t)sin(t)a1&s @ az + sin2(t)£1 ® ajaz)
Ay Aq Az Ay
= sin®(t)ajas.
Finally, suppose that n > 3 and ay ...a, € A with [, = 2. Define z = ay...a,_2. We have
Flai,...,an) = (u{(& f? La), m(@)uimr (an—1)uemy (an)uy (& 1(? 14))
1 1

= (u (& © La), m(@)uymr(an)ur(cos(t)ands © 14 — isin(t)gz © an))

= (uy (& gg 14), ﬂt(x)uf(cos(t)eitan_lanfl ® 14 —icos(t)sin(t)an—1&2 @ an+sin2(t)§1 ® ap-1an))

1 1 A2 Al

= (uj (&1 @ 14),co8(t)ay . ..an&1 ® 1a —ie " cos(t)sin(t)ay . ..an_1& @ an)
Al A1 A2
+(uf (€1 @ La),sin* ()T (@)ui& @ an-1an)).
1 1

Hence we find:

F(ai,...,a,) = sin®(t){u} (& g@ 14), m(x)uf&y g@ Un_10y)) = sin?()F (a1, ..., an_2)an_10n.
1 1

The result now follows by an obvious induction on n. The proof of (3) is similar. O
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End of the proof of Proposition [3.5, Fix t € [0,1] and let A; be the C*-subalgebra of £4(H,)
generated by m (A1) U m(Az). Hence, m; : Ay — A; is surjective. Consider the ucp map
vy + Ay — A defined by

1
= — ¥ 1 ¥ 1 1 1 .
o) = (6 @ La)oui 6 9 L)+ (62 @ Lavate 9 1)
Note that ¢, is GNS faithful. Indeed, let = € A; such that ¢;(y*z*zy) = 0 for all y € A;. Then
L C ker(z) where,

L = Span (Atu:(fl ®14).AUA(L ® 1A).A> = Span <At(§1 ®14).AUA(L ® 1A).A>
Ay Ao Ax Az

= Span (At(gl 1(? ].A)AUA{U,:(€2 1(? ]-A)A> = HT;
1 2

where we used assertion (3) of the Claim for the last equality. Hence, x = 0.

Let also A, for k = 1,2 be the k-vertex-reduced free product and call i; the natural in-
clusion of A in A, and 7, = i o A the natural map from Ay to A, ;. Clearly ||z||la =
max(||i1(x)]],]],72(z)||) for any = in the vertex reduced free product A. From the assertions (1)
and (2) of the Claim and with 7 = sin?(¢) we deduced that for any k = 1,2 there exists two
ucp maps ¢F and ¢§ from A, j, to itself such that ix(p(m(a))) = 3 (W5 (7 (a)) + ¢ (7x(a))) for
all a € Ay. Therefore ||ps(m(a))||a < max(||m(a)|], [|r2(a)|]) = ||A(a)|| for all a € Ay.

Let us show that ker(\) C ker(m;). Let o € ker(X). Then, for all y € Ay we have A(y*z*zy) =
0. Therefore ¢; o m(y*z*xy) = 0 for all y € Ay. Since m is surjective we deduced that
oy m(x)*m(x)y) = 0 for all y € A;. Using that ¢, is GNS faithful we deduce that m(x) =
0. O

Corollary 3.6 (JCu82|). If we have conditional expectations Ey, : Ay, — B which are also unital
x-homomorphism, then the canonical surjection A ;Ag — A1 ®p Ay is K-invertible

Obvious with Theorem and Corollary [2.11]

4. A LONG EXACT SEQUENCE IN K K-THEORY FOR FULL AMALGAMATED FREE PRODUCT

Let A7 and As two unital C*-algebras with a common C*-subalgebra B. We will denote by 4;
the inclusion of B in A; for | = 1,2. The algebra Ay is the (full) amalgamated free product. To
simplify notation we will denote by S the algebra Cy(] — 1,1]).

Let D be the subalgebra of S ® Ay consisting of functions f such that f(] — 1,0[) C Aj,
f(J0,1[) C Ay and f(0) € B. This algebra is of course isomorphic to the cone of iy & iz from B
to A1 @ As. We call j the inclusion of D in the suspension of Ay.

Theorem 4.1. Suppose that there exist unital conditional expectations from A; to B forl=1,2,
then the map j, seen as an element [j] of KKY(D,S ® Ay), is invertible.

The proof of this result will be done in several steps. We will start with the construction of an
element z of KK'(Ay, D). As KK'(Ay, D) is isomorphic to KK°(S ® Ay, D) this will produce
a candidate y for the inverse of j. The proof that y ®p [j] is the identity of the suspension of
Ay will use Finally the proof that [j] ®sga, y is the identity of D will be done indirectly by
using a short exact sequence for D.
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4.1. An inverse in KK-theory. In order to present the inverse, we need some additional
notations and preliminaries.

Let k1 be the inclusion of Cy(] — 1,0[; A1) in D and kg the inclusion of Cy(]0,1[; A2) in D.
There is also kg the obvious map from S® B in D. As K of the preceding section is a B-module,
we can define Ko = (K ® 5) ®,, D but also K1 = (K ®;, A1 ® Cy(] —1,0])) ®4, D and similarily
Ky = (K Ry As ® Co(]o, 1[)) Qky D.

If one defines I; as the images of k; in D for [ = 1,2, it is clear that these are ideals in D.

Lemma 4.2. Kj is isomorphic to Ko.I; forl = 1,2 as D Hilbert module.

Proof. Lets do if for [ = 1. Indeed as I} = Cy(] — 1,0[)./; because an approximate unit for Cp(] —
1,0[) is also one for Iy, it is easy to see that Ky.I; is isomorphic to (K ® S).Co(] — 1,0]) ®x, D11,
ie. (K®Cy(] —1,0[)) ®g, D.I;. Considering that Co(] — 1,0[; A1) ®,, D is D.I;, one gets that
Ky.I is nothing but (K ®Cy(]—1,0])) ®z, Co(] —1,0[; A1) ®x, D where Ry is the natural inclusion
of Co(] - 1, 0[, B) in C@(] - 1, 0[, Al), i.e. 11 ®IdCo(]—l,0[)' Therefore (K ®i1 Al) ® C()(] - 1, 0[) is
(K ® C()(] - 1,0[)) ®,’.§0 Co(} - 1,0[;A1) and K().Il is Kl. O

We will also need the following lemmas

Lemma 4.3. (1) If f € C([-1,1];R), then f is a self-adjoint element in Z(M (D)) and
more generally for any D-Hilbert module £ then the right multiplication by f induces a
morphism f € Z(Lp(E)) such that the map f — f is a algebra morphism.

(2) Let f in Co(] —1,0[;R). Then f € Iy N Z(D) and the right multiplication by f induces a
morphism f of Lp(Ko, K1) such that f*f = f2 in Lp(Ko) and ff* = f2in Lp(K1)
(3) Let f in Co(]0,1[;R). Then f € Io N Z(D) and the right multiplication by f induces a

morphism f of Lp(Ko, K3) such that f*f = f2 in Lp(Ko) and ff* = f2 in Lp(K2)
The first point is pretty obvious and (2) and (3) are also clear in view of lemma [4.2]

Lemma 4.4. (1) If f € Co(] — 1,1[;R) then for any B-module €& and F € Kp(£), we have
(F®1g) ®u, 1pf is a compact operator of (€ @ S) @y, D
(2) If f € Co(] — 1,0[;R) then for any Ai-module €& and F € Ka,(E), we have F &
Loy (-1,06R) @k, 1pf is a compact operator of (€ ® Co(] —1,0[)) @y, D
(8) Similarily for f € Co(]0,1[;R) and Az-modules.

Proof. Point (2) and (3) are similar to 1. To do (1), let F' be the rank one operator 6, for £

and 7 vectors in £ which is defined as ¢ ,(z) = £ <n,x > for all z in £. Then (F ® 1g) ®4, Ipf

iS O¢ fo@ fon® f2@ fo f1 and therefore compact for any function f = f; f4 with f1 and fo in Cp(] —
1,1[;R). As any function can be written like that, use for example the polar decomposition, we
get our result. O

Define now two functions in C'([—1,1];R) : C*(¢) is cos(nt) if ¢ > 0 and 1 if ¢ < 0, the function
C—(t) is cos(nwt) if t < 0 and 1 if ¢ > 0. Similarly, we have two functions in S ; ST is sin(wt) if
t > 0 and 0 if ¢t <0, the function S™(¢) is sin(nt) if £ < 0 and 0 if ¢ > 0. And finally T is the
identity function of C'([-1,1]; R).

With the notation of the first part, we have a natural D-module
H = (H1 ® Co(] —1,0[)) ®x, D ® (H2 ® Co(]0,1[)) @, D & (K @ 5) @, D.
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It is also clear that H is endowed with a natural (left) action of Ay as Hy, Hy and K have it.
Let G be the operator of Lp(H) defined in matrix form by

C- 0 —((F1 ©1¢gy(-1,0p)" ®n ST
G = e 0 L ~-C* (F2® 100(]071[))* Ry 1)ST
=57 (F1 ®1gyq=-1,0)) ®@ry 1) ST ((F2 ® 1gy0,1)) @ra 1) A

where Z = —C/*:(ql ®1g) @k, 1+ éjr(qg ®1g) gy 1 — T\(qo ® 1g) @y, 1.
Thanks to lemma [£.3] G is well-defined. Moreover

Proposition 4.5. The operator G verifies G*> — 1 is a compact operator of H and G commutes
modulo compact operators with the action of Ay.

Proof. Computing G? one gets as upper left 2 x 2 corner :
— 2 —~ % ~ ~ %
C™ +F® 1575 F1® 1 Ff @k, 1875F Fh @y, 1
o~ o~ % — 2 —~
Ff @k, 1875F Fh ®y, 1 Ct + F5 Q@ 15TST Fho®,, 1
As F} F is the identity modulo compact operator, using [4.4] ( the function (S7)2 is in Cp(] —

o —

1,1[) ) one has that F} ®,, 1(S7)2F ®4, 1 is (S7)? modulo compact operators.

Recalling also that Fy'F, = 0, one gets that this matrix is the identity modulo compact
operators. . e -

Let’s focus now on the last row of G2. We get first —C~F} ®,, 1S~ — F} ®,, 15~ Z. As
Fiq1 ®i, 1 = F} and F'q2 ®;, 1 = 0 along with F{'qo®;;, 1 =0, F ®x, 1572 is —F] ®,, 15-C~.
The second composant of that row is treated in the same way. Finally the last composant is

9

—~2 ~2 —~ 2 ~

S (F1F}) @y 1487 (FaFy) @4, 1407 (1 ®15) @ro 1+CF ((2015) @y 1+ T2 (0@ 15) @5y 1 a5
—~2 —2

4o, q1, g2 are commuting projections. But FjF}" is q;®;,1s0 S~ (F1F})®x, 1is S7 (1 ®1g) R, 1.

Hence as q1 + g2 + go = 1, the last component is 1 + T2 — 1(gy ® 1g) ®y, 1. As T? — 1 is in
Co(] — 1,1]) and qo is compact, this composant is then 1 modulo compact operator.

Addressing now the compact commutation with the left action of Ay, it is very obvious using
for every composant of G' except Z as it contains multiplication with functions not in Cp(] —
1,1[). So let a be in A;. We need to compute [Z, p(a) ®y, 1]. But we know that [q1, p(a)] = 0.

As g2 =1 —q1 — qo we get that [Z, p(a) Ry, 1] = —(C*T + T)|qo, p(a)] ®x, 1 which is compact as
CT + T is a function that vanishes on —1 and 1. The case when a is in Aj is treated in a similar
way, hence the compact commutation property is proved for all @ in Ay. [l

Aa a consequence, the couple (H,G) defines an element of K K'(A £, D) which we will call x
in the sequel.

4.2. K equivalence. In all the following proofs we will very often use the external tensor product
of Kasparov elements. Instead of the traditional notation 7¢(z) for the tensorisation with the
algebra C of an element =z in KK*(A, B), we will write 1¢ ® x for the element in KK*(C' ®
A,C®B) or ®1¢ for the element in KK*(A®C, B C). Of course B® C' is (non canonically)
isomorphic to C ® B, but as we will perform several times this operation, the order will matter.
Note that we do not specify the tensor norm as the algebra C' we will be using is alway nuclear.
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Also when 7 is a morphism between A and B, we will write [r] for the canonical element in
KKY(A, B).

We will denote by b the element of K K'(C,S) which is defined on the S Hilbert module S
itself by the operator T. Tt is well known that b is invertible.

Proposition 4.6. With the hypothesis of one has in KK (Af, A ® S) that  ®p [j] is
homotopic to (14, ®b) ®a,cs ([Ida,] ® 1s)

Proof. To prove that we will choose the representant of [Id 4 f] that appear in and show that
its Kasparov product with b is homotopic to z ®p [j]. Call j; for [ = 1,2 the inclusions of 4; in
Ay and jo = j1 041 = jp 0 i the inclusion of B in Ay.

First it is obvious that H ®; (A® S) is H1 ®;, A @ Co(] — 1,0]) @ Ha ®;, Ay ® Cp(]0,1]) ®
K ®j, Ay ® S which is not quite the same as (H; ®;, A ® Hy ®;, Ay @ DK ®j, Af) ® S So we
will realize now an homotopy to fix that.

Lemma 4.7. Consider the following two spaces : A1 = {(t,s) ER},0< s <1, -1 <t < s} and
Ay ={(t,s) e R*0<s <1, —s<t<1}. The Hilbert module H = H1®j, A @Co(A1)®Ha®j,
Ar®@Co(A2) DK ®j, Ay ®S®C([0,1]) is endowed with a natural structure of Ay @S ® C([0,1])
Hilbert module and Ay left action. Moreover the operator

B C™ ® 1o, R 0 - ®;,1® 1A1£* ® leqo)
G=1 _, 0 . —C" @ Le(po,) F3 ®), 1® 1a,5% ® Lo(o,1))
=57 @loqou F1®; 1®@1a, ST @ loqo) F2 ®j, 184, Z

with Z = Z ® Le(po,1)) where Z = —C/':ql ®jo 1 ® 1g + C/’\+q2 ®ijo 1 ®1g — fqo ®j, 1 ® 1g makes
the pair (H,G) into an element of KK'(Ap, A® S ® C([0,1])) for which the evaluation att = 0
is  ®p [j] and the evaluation att =1 has (H1 ®j, Ay ® Hy®j, Ay @ K ®j, Af) ® S as module

B c- 0 —F} @, 1® 158"
and G = 0 —-Ct Fy ®j,1®1gS5* as operator
—S R @, 10ly ST R®;,l Z
Proof. As it is a straightforward check, details will be omitted. U

Then one easily checks that Gisan T Qa4 1 connection. Indeed as Hy ®;, Ay ® Hy ®;, Ay
is of grading 0 and K ® joAy of grading —1, one need to check that when evaluating on —1, G

-1 0 0
does the same thing as 7" i.e. is the matrix | 0 —1 0] and when evaluating on 1, GG is the
0 0 1

opposite matrix. It is indeed the case as ¢ + g2 + g9 = 1.
Lastly one need the following lemma where the operator F' of [3.4] appears.

Lemma 4.8. The anti-commutator 0f(~}’ and F ® 1g is positive.

Proof. To do that, we will decompose G in its diagonal and anti-diagonal part. It is clear that

c- 0 0 0 0 Fr o, 1o1g
0 —-C* 0] and 0 0 Fy ®g,1® 1g | anti-commutes modulo
o 0 Zz Fi@,1oly FHe,lels 0

compact operator as we have (modulo compact operator) ¢1 F1 = F} and g2 F1 = qoFy = 0.
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On the other hand the anti-commutator with the anti-diagonal part is

—2(F{F) ®;, 1 ® 155~ 0 0
0 2FiFy) @), 1 ® 195+ 0
0 0 —2q1 ®j, 1 ® 155~ + 22 ®;, 1 ® 195+
As —S~ and ST are positive functions and ¢; and g commutes, the previous matrix is a diagonal
matrix of positive operators hence positive. O

_ Using Connes- Skandalis characterization of the Kasparov product, we have established that
G is a representant of the Fredholm operator for the product (14, ®b) ®a,es ([[da,] ®1s). Our

proposition is henceforth proven.
O

We need now the following two lemmas to get some information about [j] ®.4,es (z ® 1g) as
an element of KK1(D,D ® S).

Lemma 4.9. Call evg the morphism from D to B that evaluates a function at 0. Then we have
in KK'(D, B® S) that [j] ®4,es ((z ®p [evo]) ® 1s) = —[evo] ®@p (15 ® D)

Proof. Let’s first describe the left hand side. The Hilbert module is K ® 1g as the module
(Hi®Co(] —1,0]) @k, D ®eny B is 0. The left D action is given by (p® 1g) o j and the operator
is just (—q1 + ¢2) ® 1g. We can replace this operator with Go = (—q1 + q2) ® 1g — fqo ® 1g
as for any f in D, (p @ 1g) 0 j(f) Tqo ® 1g is compact. Note now that the evaluation at —1 of
Go is (1 —2¢q1) and at —1 is 2go — 1. It then enables us to do an homotopy. Consider the pair
(K ®8®C([0,1]), Go ® 1¢(o,1))) Where the left action of D is defined now for any f in D and
ke C( —1,1[x]0,1]; K) as (f.k)(t,s) = p(f(t(1 — s)))k(t,s). This is still a Kasparov element
as (G2 -1)® Lo = ((Tj\—l)qo ®1s5) @ 1¢(po,1)) hence compact. Also the commutator of the
left action with the operator Go ® 1 is compact. Indeed as qq is compact, it is only necessary to
check that the evaluation at —1 or 1 of any commutator is 0. But this is true as [g1, p(41)] =0
and [q2ap(A2)] =0.

Therefore [j] ® ;05 ((z @p [evo]) ® 1) is homotopic to an element of KK'(D, B® S) wich is
described with the pair (K ® S, Gg) where D acts on K ® S as the constant morphism poevy. So
it is [evo] ® 2 with z an element of K K'(B, B®S) which is only non trivial on oK ® S ~ B® S
where G acts as —T. Thus z = —1p®b. [l

Recall that for [ = 1,2, x; is the inclusion of 4; ® C(] — 1,0[) in D. To be precise we will use
R for the induced map from A; ® S to D via the isomorphism of C'(] — 1, 0[) with S.

Lemma 4.10. For | = 1,2, one has that in KK'(A;, D) the element [ji] ®a, x is ([Ida,] ®
b) ®a@8 (R
Proof. We will do the lemma for [ = 1. The element [j;] ®a4, z as the same module and operator

that x, the only change is that we only consider a left action of A;. We first perform a compact
perturbation of the operator G. With the operators F'; defined before consider

c- 0 —F} @, 15~
G, = 0 —Ct Fy @y, 15+

*S/':*Fl Ry 1 S/(;*FQ Qpy 1 A4
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where Z = —C— (g1 ® 15) ®py 1+ CFH(1 — g1 ® 1g) @y, 1.
As Fy — F is compact (see ) and Z — Z = Ct 4+ T(qo ® 1g) @, 1 is compact as CT + T
is in S, we get the same element of K K'(A;, D).

Observe now that when evaluating at any positive ¢, G7 is the identity because Fy is an
isometry and S- Fy ®, 1 vanishes and that for any ¢, G; commutes exactly with the left action
of Ay as Fy and F5 does.

We will now construct an homotopy to remove the [0, 1] part of our module. Consider the
space Az = {(t,s) e RO<s<1,0<t<s}and Ay ={(t,s) e RO<s<1 —-1<t<s}
which are open in | — 1,1[x]0, 1]. Hence we also have a natural imbedding d4 of Co(A4; B) in
D ® C([0,1]) and 83 of Cy(As; Az) in D ® C(]0,1]). Then H = (H; ® Co(] — 1,0])) ®x, D ®
C([0,1]) & (H2 ® Co(As])) ®5, D @ C([0,1]) & (K ® Co(A4) ®s, D ® C([0,1]) is well defined and
the pair (H,G1) is a Kasparov element in KK'(A;, D ® C([0,1])). Indeed the only thing to
check is whether é% is the identity modulo compact operator as (~?1 has exact commutation with
the action of A;. But this is true by the previous observation.

Therefore [j;] ® 4 ;@ can be represented by the evaluation at 0 of this Kasparov element. Let’s
describe it: the module part is (H1 ® K ®;, A1) ®Co(] —1,0[) ®4, D with obvious left A; action as
(K®Cp(]—1,0[)) ®s, D is isomorphic to (K ®;, A1) ®Coh(]—1,0]) ®x, D. With this identification,
the operator is

Ei= . - - —F} ®@1cgyq-1,0) @y 15~
=57 F1®1gy1-1,0) @ I —C7 (@1 ®iy, 1@ Lgyq—1,00) @ry L+ (1 —q1 @4 1 @ 1gyq-1,00) @ry 1

It is then clear, after identifying Co(] — 1,0[) with S, that [j;] ®a, = is 2 ®4, [k1] with 2 in
KKI(Al,Al X S)
By recalling that 1 —¢; commutes with the left action of Ay, it is obvious that z is represented

S Fi@ls —Cilg®, 1®1g
(1 is the function cos(m(t/2 — 1/2)) and S; the function sin(w(t/2 — 1/2)).

Following the proof of z is obviously the product z’ ® b where 2’ is the element of
KKY(Ay, Ay) given by the module Hy @ q1 K ®;, A1 with Hj positively graded and the obvious
left action of Ay and the operator (Zg 131 ) .

1

We will be finish when we prove that 2’ is [[d4,]. To do this we represent 2z’ @ —[Ida,] by

the module Hy & 1 K ®;; A1 ® qoK ®;, A1 ~ H; ® (1 — q2) K ®;, A1 and the previous operator.

by the pair ((H, ® 1 K ®;, A1) ® S, E1) with B} = Gy T ®Ls 5 )) where

=
But it is a compact perturbation of (12 Fé ) This last operator is homotopic via a simple
1
rotation (see F0F*> hence trivial as F; F; = 1 and F1F; = 1 modulo compact
141
operators as observed before [3.3] O

We are now ready to prove our theorem

Proof. Call a € KK'(S,C) the inverse of b.
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Then y = (14, ® a) ®4, z is an element of KK(A® S, D). We claim that this is the inverse
of []].
Indeed thanks to 1.6 we have that
y®p [j] =14, ®a)®a, 2 @p [j] = (1a, ®a) @4, (14, ®b) @a,es ([[da,] @ 1s).
As a®c b= [Idg] we get that y ®p [j] = (14 ® [Ids]) ®a,0s ([[da,] ® 15) is [Ida,es]-
To prove the reverse equality, we will need a trick that can be found already in [Pi86]. Observe
first that for any [ = 1,2 and using
[F1] ®@p @il ®a,esy = [Jokil®asesy = (] ®1s) ®ases (14, ®a) ®a, @
= (14, ®a)®a, [ji] ®a, x
= (14, ®a) @4, (14, @) @4, ([Ida)] © 15) @as [Fi]
[F]
We need now to compute [j] ®4,95 ¥y ®p [evo]. To do this carefully we will use the following
lemma

Lemma 4.11. In KKY(D® S,A® S), one has ([j] ®Ares (la, ®a))®1s = —(1p®a)@p [j]-
Proof. Indeed
(1p ®@b) ®pes ([1] @405 (14, ® a)) ® 15 = [j] ®a,0s (14, ® (15 @ b) @sgs (a ® 15))

If ¥ is the flip automorphism of S ® S then clearly [£] = —[Idsgs] in KK°(S®S,S®S). As
a consequence (1g ® b) Rsps (a®1lg) = —1g ® (b®c a) = —[Idg]. Hence
(1p ®b) ®pes ([J] ®a,0s (14, ® a)) ® 1s) = —[j].

Multiplying both side by 1p ® a gives the result. (Il

In view of the lemma and (.9

([l ®a,05y@p [evo]) ®1s = —(1p ®a)@p ([J] ®a,8s (T @p [evo]) @ 1s)
= +(Ip®a)®@p [evo] ®p (1 ®b)
= (lp®a)®@p (1p ®b) ®pgs ([evo] ® 15)
= [evo] ® 1g
As — ® 1g from KK(Bj, Bs) to KK(B; ® S, By ® S) is an isomorphism for any By and By,
we get
] ®4,05 Y @p [evo] = [evo]

Denote now q = [Idp] — [j] ®a,05 y- As y @p [j] = [Ida,es], ¢ is an idempotent in the ring
KK°(D, D).
On the other end, D fits into a short exact sequence

evg

05 A 0S®A @S2 p o p_yp,

The induced six terms exact sequence for the functor K K°(D, —) then shows that, as ¢®p [evg] =
0, there exist ¢; in KK°(D, A;) for [ = 1,2 such that ¢ = (1 ® ¢2) @a,04, ([F1] ® [K2])
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Soq=q®pq=(q1 ®¢)Ra,apa, ([k1] ® [R2]) ®p ¢ = 0. because [k;]] ®p ¢=0for [ =1,2 as
observed before Therefore [Idp] = [j] ®4,9s y and the K-equivalence between Ay and D
is established.

(I

5. EXACT SEQUENCE IN K K-THEORY FOR FUNDAMENTAL C*-ALGEBRAS

5.1. Preliminaries on fundamental C*-algebras. In this section we recall the results and
notations of [FEF13].

If G is a graph in the sense of [Se77, Def 2.1], its vertex set will be denoted V(G) and its edge
set will be denoted E(G). We will always assume that G is at most countable. For e € E(G)
we denote by s(e) and r(e) respectively the source and range of e and by € the inverse edge of
e. An orientation of G is a partition E(G) = ET(G) UE™(G) such that e € ET(G) if and only
ife € E7(G). We call G’ C G a connected subgraph if V(G') C V(G), E(G') C E(G) such that
e € E(G@') if and only if € € F(G’) and the graph G’ with the source map and inverse map given
map the ones of G restricted to E(G’) is a connected graph.

Let (G, (Aq)q, (Be)e) be a graph of unital C*-algebras. This means that

e G is a connected graph.
For every ¢ € V(G) and every e € E(G), A, and B, are unital C*-algebras.
For every e € E(G), Be = Be.
For every e € E(G), s. : Be — As(e) is a unital faithful *-homomorphism.
For every e € E(G), we set re = sz : Be — Ay(e), Bl = se(Be) and Bl = r¢(B.). Given a
maximal subtree 7 C G the maximal fundamental C*-algebra with respect to T is the universal
C*-algebra generated by the C*-algebras A,, ¢ € V(G), and by unitaries u., e € E(G), such that
e For every e € E(G), ug = u}.
e For every e € E(G) and every b € B, ugse(b)ue = 7¢(b).
e For every e € E(T), ue = 1.

This C*-algebra will be denoted by P or Pg. We will always view A, C P since, as explain in
the following remark, the canonical unital *-homomorphisms from A, to P are faithful.

Remark 5.1. The C*-algebra P is not zero and the canonical maps v, : A, — P are injective for
all p € V(G). Indeed, this follows easily from the Voiculescu’s absorption Theorem and since we
did assume all our C*-algebras separable and the graph G countable. Indeed, since A, is separable
for all p € V(G) and since G is at most countable we can representation faithfully all the A, on the
same separable Hilbert space H. Write 7, : A, — L(H) the faithful representation. Replacing
H by H® H and 7, by m, ®id if necessary, we may and will assume that m,(A4,) N KC(H) = {0}
for all p € V(G). Write C = L(H)/K(H) the Calkin algebra and @) : £(H) — C the canonical
surjection. For e € E(G) we have two faithful representation 7y o se and 7, o re of B. on
H with trivial intersection with K (H). By Voiculescu’s absorption Theorem there exists, for all
e € B(G), a unitary U, € C such that Q o m,()(re(b)) = UZ Q o my(ey(5e(b))Ue for all b € Be and
all e € E(G). Hence, P is not zero and we have a unique unital *-homomorphism 7 : P — C
such that 7(u.) = U and mov, = Qom, for all p € V(G). In particular, the canonical map from
A, to P is faithful since m,(A,) N K(H) = {0} and 7, is faithful, which implies that @Q o 7 is
faithful. Note that, when the C*-algebras A, are not supposed to be separable and/or the graph
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G is not countable anymore the result is still true by considering the universal representation, as
in the proof of [Pe99, Theorem 4.2] (which was inspired by [BI7§]).

Remark 5.2. Let A C P be the %-algebra by the A, for ¢ € V(G) and the unitaries u., for
e € F(G). Then A is a dense unital x-algebra of P. Moreover, for any fixed p € V(G), A is the
linear span of A, and elements of the form ague, ... ue,an where (eq,...,e,) is a path in G from
ptop, ap € Ap and a; € Ay, for 1 <@ < n, see [FE13, Remark 3.7].

We now recall the construction of the reduced fundamental C*-algebra, when there is a family
of conditional expectations E : Ay.) — Bg, for e € E(G). Set Ef = EZ : A, () — B{ and note
that, in contrast with [FE13], we do not assume the conditional expectations ES to be GNS-
faithful. However, as it was already mentioned in [FF13|, all the constructions can be easily
carried out without the non-degeneracy assumption. Let us recall these constructions now. We
shall omit the proofs which are exactly the same as the GNS-faithful case and concentrate only
on the differences with the GNS-faithful case. The interested reader will observe that all the
constructions are modeled on the vertex reduced amalgamated free product.

For every e € E(G) let (K%, pg,1%) be the GNS construction of the ucp map s; 1o ES : Ay — Be.
This means that K¢ is a right Hilbert Be-module, p? : Age) — Lp,(K¢) and i € K are such
that K7 = p3(Ase))ns - Be and (1, pi(a)ns - b) = s;' o Ef(a)b. In particular, we have the
formula p?(a)ns -b = pi(ase(b))ns. Let us notice that the submodule n.B, of K7 is orthogonally
complemented. In fact, its orthogonal complement is the closure (K7Z)° of {p3(a)ns : a €
Agee), ES(a) = 0} which is easily seen to be a Hilbert Be-submodule of KZ. Similarly, the
orthogonal complement of 1..B. in K will be denoted (K)° .

Let n > 1 and w = (ey,...,e,) a path in G. We define Hilbert C*-modules K; for 0 < i < n by

[ ] KO = Kgl

o If ;11 # €, then K; = szrl

o If ;11 =€, then K; = (K£i+1)o
[ ] Kn = Ar(en)

For 0 < i < n—1, K; is a right Hilbert B, ,-module and K, will be seen as a right Hilbert
Ap(en)-module. We define, for 1 < ¢ < n — 1, the unital *-homomorphism

pi = pZiH ore; : Be, — £B€i+1 (K;),
o) (K,,). We can now define the right Hilbert Ay (e,)-module

H,=Ky®...® K,
P1 Pn

and, p, = LAr(en) ore, : Be, = L4

endowed with the left action of A,y given by the unital *-homomorphism defined by

r(en) <Hw) ’

For any two vertices p,q € V(G), we define the Hilbert Ay-module H,, = &, Hy, where the
sum runs over all paths w in G from ¢ to p. By convention, when g = p, the sum also runs over
the empty path, where Hy = A, with its canonical Hilbert A,-module structure. We equip this
Hilbert C*-module with the left action of A, which is given by A\, : Ay = La,(Hgp) defined
by Agp = D, A\w, where, when ¢ = p and w = 0 is the empty path, A\j := La,.

Aw = pp, ®@id : Ager) = La

For every e € E(G) and p € V(G), we define an operator u? : Hy(e)p — Hg(e)p in the following

way. Let w be a path in G from r(e) to p and let £ € H,,.
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e If p=r(e) and w is the empty path, then ug(§) =1 ® € € H,).
e lfn=1w=(e1), &= p (a)n, @& with a € Ay.,) and £’ € A, then
—Ife; #¢, Ug(g) =N Q&€ H(e,e1)'
_ _ = D _ 772 ®¢& € H(e,el) if Egl ((I) =0,
ffer =2 ue(&) = { Te, 05, (a)¢ €4, if aeB§.
e lfn>2 w=(e,...,en), & = ps(a)n:, ®& witha € Ageyand § € K1 ®...® Ky,
P2 Pn

then
—Ife 7& €, uﬁ(g) = ”72 ®§ € H(e,e1 ..... en)"
. - o 772 029 g € H(e,el,...,en) if Egl (a’) =0,
If €1 =¢€, Ue(f) - { (,01(5@_11((1)) ® id)é-/ c H(ez,...,en) if a € B;?I.

One easily checks that the operators u? commute with the right actions of A, on H,(¢)p and

H,(.),p and extend to unitary operators (still denoted ug) in £, (Hy(e) p, Hs(e) p) such that (ug)* =
u?. Moreover, for every e € E(G) and every b € B,, the definition implies that

ug)‘s(e),p(se(b))uzc3 = )‘r(e),p(re(b)) € ‘CAp (Hr(e),p)'

Let w = (e1,...,e,) beapathin G andlet p € V(G), we set uty = u, ... ue, € La,(Hye,)pr Hs(er)p)-

The p-reduced fundamental C*-algebra is the C*-algebra
Py = ((uB)* Ay p(Ag)ub|q € V(G),w, z paths from q to p ) C L, (Hpp).

We sometimes write Ppg = P,. Let us now explain how one can canonically view P, as a
quotient of P. Let 7 be a maximal subtree in G. Given a vertex ¢ € V(G), we denote by g4

the unique geodesic path in 7 from ¢ to p. For every e € E(G), we define a unitary operator

D_ (D ®, D
We = (ugs(e)p) U(e,gr(e)p) € by

For every ¢ € V(G), we define a unital faithful *-homomorphism =, : A, — P, by

Tgp(a) = (ug, ) Agp(a)ul —~ for all a € Ag.

It is not difficult to check that the following relations hold:

o wl = (wh)* for every e € E(G),

o wl =1 for every e € E(T),

o WrTy(e) p(Sc(D))WE = Tpe) p(Te(b)) for every e € E(G), b € Be.
Thus, we can apply the universal property of the maximal fundamental C*-algebra P to get a
unique surjective *-homomorphism A, : P — P, such that \,(u.) = wf for all e € E(G) and
Ap(a) = 7 p(a) for all a € Ag and all ¢ € V(G). We sometimes write AJ = A,

Let po,p,q € V(G) and a = )\po,p(ao)ugl/\5(62)7p(a1)u£2 ol Ngplan) € La,(Hyp, Hyy p), where
w = (e1,...,e,) is a (non-empty) path in G from pg to q, ap € Ay, and, for 1 <i < n, a; € A,
The operator a is said to be reduced (from pg to q) if for all 1 < ¢ < n — 1 such that ;11 = ¢,
we have Ef (a;) = 0.

€41
Let w = (eq,...,e,) be a path from p to p. It is easy to check that any reduced operator of the
form a = Ay, p(ao)ub, ... uk A\;p(ay) is in P, and that the linear span A, of A, and the reduced
operators from p to p is a dense *-subalgebra of P,.

Remark 5.3. The notion of reduced operator also makes sense in the maximal fundamental C*-
algebra (if we assume the existence of conditional expectations) and, for any fixed p € V(G), the
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linear span of A, and the reduced operators from p to p is the *-algebra A4 introduced in Remark
which is dense in the maximal fundamental C*-algebra. Observe that, by definition, the
morphism A, : P — P, is the unique unital *-homomorphism which is formally equal to the
identity on the reduced operators from p to p. More precisely, one has, for any reduced operator
a = agle, - .- Ue,an € P from p to p, A\p(a) = A\pp(ao)ul, ... ul, App(an).

We will need the following purely combinatorial lemma which gives an explicit decomposition of
the product of two reduced operators in P from p to p as a sum of reduced operators from p to
p plus an element in A,.

Lemma 5.4. [FF13, Lemma 3.17| Let w = (en, ..., e1) and p = (f1,..., fm) be paths from p to
p. Set ngp = max{1l < k < min(n,m)|e; = f;,Vi < k}. If the above set is empty, set ng = 0. Let
a = Aple, ... Ue,ap € P and b = bouy, ... uf, by € P be reduced operators. Set xg = apby and,
for 1 <k < ng, x = ag(se, © re_kl oY, (zx—1))br and y. = P, (wx_1). The following holds :

(1) If ng =0, then ab = apue, . . . Ue, ToUy, . .. Uf,, by

(2) If no =n=m, then ab="> ;| aple, ... Ue, YkUf, - - - Uf,bp + Tp.

(3) If no =n < m, then ab =3} Gple, - - - Ue, YkUfy - - - Ufy b + Tptp, . U, .

(4) If no =m < n, then ab="3 ;" | anle, - .. Ue, YUy - - - Uf, D + Aplle,, - . . Ue,, 1 Trn-

(5) If 1 < ng < min{n, m}, then

n
ab = E Aple, - - - Ue, YEUS, - - - U, by + Aple, - . ey 11 TngUfpg 41 - - ug,, bm.
k=1

Note that the preceding Lemma also holds in P, for all p € V(G), simply by applying the unital
*-homomorphism A, which is formally the identity on the reduced operators from p to p, as
explained in Remark

In the following Proposition we completely characterize the p-reduced fundamental C*-algebra:
it is the unique quotient of P for which there exists a GNS-faithful ucp map P, — A, which
is zero on the reduced operators and "the identity on A,". This proof of this result is almost
contained in [FEF13| in the GNS-faithful case but it is not explicitly stated like. Since all the
arguments are given in [FF13| and since we already did the proof in great details in section 2 in
the case of amalgamated free product, we will only sketch the proof of the next Proposition.

Proposition 5.5. For all p € V(G) the following holds.
(1) The morphism Xy is faithful on A,,.
(2) There exists a unique ucp map E, : P, — A, such that E,o0\,(a) = a for all a € A, and
E,(Ap(aote, - .. ue,an)) =0 for all a = ague, . .. Ue,an € P a reduced operator from p to p.

Moreover, K, is GNS-faithful.
(8) For any unital C*-algebra with a surjective unital x-homomorphism © : P — C and

GNS-faithful ucp map E : C — Ay such that E o A(a) = a for alla € A, and
E(m(ague, - .. Ue,an)) =0 for all a = ague, ... Ue,an € P a reduced operator from p to p

there exists a unique unital x-isomorphism v : P, — C such that v o )\, = m. Moreover,
v satisfies Eov =E,.

Proof. Assertion (1) follows from assertion (2), since E, o A, (a) = a for all a € A,,. Let us sketch
the proof of assertion (2). Define §, = 14, € A, C Hpp and Ey(z) = (£, 2§p) forallz € P,. Then
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E, : P, = Ay is a ucp map and, for all a € Ay, E,(Ay(a)) = (1a,,La,(a)la,) = a. Repeating
the proof of [FF13|, Proposition 3.18|, we see that P,&, - A, = Hp, and, for any reduced operator
a € Ay, one has (§,,a,) = 0. It follows that the triple (Hp,p,id,&,) is a GNS-construction of E,,
(in particular E, is GNS-faithful) and E,(A,(z)) = 0 for any reduced operator € P from p to
p, since the map A, sends reduced operators in P from p to p to reduced operators in P,.

The proof of (3) is a routine. Since E is GNS-faithful on C' we may and will assume that
C C La,(K), where (K,id,n) is a GNS-construction of E. By the properties of E' and E,, the
operator U : Hp, — K defined by U(\,(x),) = m(x)n for all x € P reduced operator from p
topor x € A, C P extends to a unitary operator U € L4,(Hpyp, K). By the definition of U, the
map v(z) = UzU*, for z € P, does the job. The uniqueness is obvious. [l

Notation. We sometimes write Eg =E,.

For a connected subgraph G’ C G with a maximal subtree 7/ C G’ such that 7’ C T we denote
by Pg: the maximal fundamental C*-algebra of our graph of C*-algebras restricted to G’ with
respect to the maximal subtree 7’. By the universal property there exists a unique unital x-
homomorphism 7g: : Pgr — P such that Ag/(a) = a for all a € Ay, p € V(G') and mg (ue) = ue
for all e € E(G"). The following Corollary says that we have a canonical identification of Ppg " with
the sub-C*-algebra of P, generated by A, and the reduced operators from p to p with associated
path in G'.

Proposition 5.6. For all p € V(G'), there exists unique faithful x-homomorphism ﬂ'g/ : Ppg/ —
P, such that TI'gl o )\g/ = Ay omg. The morphism ﬂg, satisfies |y o ﬂg, = Eg,. Moreover, there
exists a unique ucp map Egl i Ppg/ such that Eg/ o Trg/ = id and Eg/()\p(a)) = 0 for all
a € P a reduced operator from p to p with associated path containing at least one vertex which is
not in G'.

Proof. The uniqueness of Wg/ being obvious, let us show the existence. Define P’ = ﬂ'g, o

)\g,(Pg/) C P, and let E : P’ — A, be the ucp map defined by E = E,|p,. By the universal
property of Proposition assertion 3, it suffices to check that F is GNS-faithul. Let z € P’
such that E(y*z*zy) = Ey(y*z*zy) = 0 for all y € P’. In particular E,(z*z) = 0 and we may
and will assume that z*x is the image under A, of a sum of reduced operators from p to p with
associated vertices in G’'. Let us show that x = 0. Since E, is GNS-faitful and since P’ contains
the image under )\, of A, and of the reduced operators from p to p in P whose associated path
from is in G’, it suffices to show that E,(y*z*zy) = 0 for all y = A\,(a), where a € P is a reduced
operator from p to p whose associated path contains at least one vertex which is not in G’. It
follows easily from Lemma [5.4] since this Lemma implies that, for all z € P a reduced operator
from p to p with all edges in G’ or z € A, and for all a € P a reduced operator from p to p with
at least one vertex which is not in G’, the product a*za is equal to a sum of reduced operators
from p to p with at least one vertex which is not in G’. In particular, E,(\,(a*za)) = 0 for all
such a and z. Hence, E,(yz*zy) = 0 for all y € P,. By construction, Wg/ satisfies £, o ﬂ'g, = Eg'.
Finally, we construct the ucp map Eg/ (the uniqueness is obvious).

Let HZ/LP = &b H, C Hp,,. By convention the sum also contains the empty
w a path in G’ from p to p
path for which Hy = A,. Observe that H, , is a complemented Hilbert sub-A,-module of
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Hyp Let Q € La,(Hpyp) be the orthogonal projection onto Hzlo,p and define the ucp map
EY : P, — La,(H),) by EJ (z) = QzQ.

Since tz’),p C Hz/7,p for all x € Ppg/, the projection Q commutes with every x € Ppg,. Hence, after
the identification Ppg, C P,, we have Ezg,/ () =z for all x € Ppg/.

Let a = ague, ... Ue,an, € P be a reduced operator with w = (e1,...e,) a path in G from p
to p such that ex ¢ F(G’) for some 1 < k < n. Observe that, by Lemma , forallbe P a
reduced operator from p to p with associated path in G’ or for b € A, the product ab is a sum
of reduced operators from p to p whose associated path has at least one edge from G’. Hence,
Ap(ab)éy € Hyp © Hy, .. Tt follows now easily from this observation that Q\,(a)QA,(b)E, = 0 for
all b € P a reduced operator from p to p or b € A,. Hence, Q\y(a)@ = 0 and this concludes the
proof. O

The following definition is not contained in [FF13|, it is the right definition of the reduced
fundamental C*-algebra in the case of non GNS-faithful conditional expectations and it is the
main contribution we are making in the present paper to the general theory developed in [FF13].

Definition 5.7. The vertez-reduced fundamental C*-algebra Pyey is the C*-algebra obtained by
separation completion of P for the C*-semi-norm ||z, = Sup{||A,(z)|| : p € V(G)} on P.

ot = Puert- We will denote by A : P — Pyt (or Ag) the canonical
surjection. Note that, by construction of Py, for all p € V(G), there exists a unique unital
(surjective) *-homomorphism A, , : Pyt — P, such that A, , o A = A\, We sometimes write
/\gp = Ay,p.- We describe the fundamental properties of Pyt in the following Proposition.

We sometimes write PY

Proposition 5.8. The following holds.
(1) The morphism X is faithful on A, for all p € V(G).
(2) For allp € V(G), there exists a unique ucp map Ea, : Py — A, such that Ea, 0\ (a) = a
for alla € A, and all p € V(G) and,

Ea,(Ao(aote, - - te,an)) = 0 for all a = agute, . . . te,an € P a reduced operator from p to p.

Moreover, the family {Ea, : p € V(G)} is GNS-faithful.

(8) Suppose that C is a unital C*-algebra with a surjective unital *-homomorphism m : P —
C and with ucp maps Ea, : C — Ay, for p € V(G), such that Ea, o 7(a) = a for all
a€ A, allpeV(G) and,

Ea,(m(aoe; - - - Ue,an)) = 0 for all a = ague, . .. Ue,an € P a reduced operator from p to p

and the family {Ea, : p € V(G)} is GNS-faithful. Then, there exists a unique unital
x-isomorphism v : Py — C such that v o X = 7. Moreover, v satisfies Eov =K, for
allp e V(G).

Proof. (1). Tt follows from (2) since E4, o A(a) = a for all a € A, and all p € V(G).

(2). By Proposition , the maps Ea, = [E, o A\, ;, satisfy the desired properties and it suffices
to check that the family {E4, : p € V(G)} is GNS-faithful. This is done exactly as in the proof
of assertion (2) of Proposition [2.10]

(3). The proof follows the proof of assertion (3) of Proposition by using the universal
property stated in Proposition [5.5 and the definition of Pyey. O
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Notation. We sometimes write Ei =Ea,.

. PY P vert sSuch that

vert vert

oAg' = Aomgr. The morphism errt satzsﬁes E, o7rg = Eg for allp € V(G). Moreover, there
. such that )\v,p oEg = p, o A\yp for allp e V(G').

Pr0p051t10n 5.9. There exists a umque faithful x-homomorphism 79

vert

exists a unique ucp map Egr © Pyery — PY

ver

Proof. Define P’ = X o mg/(Pgr) C Pyery and consider, for p € V(G), the ucp map E4, =Ey,|p.
Using the universal property of Proposition assertion 3, it suffices to check that the family
{Ea, : p € V(G)} is GNS-faithful. Let x € P’ such that E4 (y*z*zy) = 0 for all y € P’
and all p € V(G). Arguing as in the proof of Proposition we find that Ea,(y*z*2y) = 0
for all y € Pyert and all p € V(G). Since the family {E4, : p € V(G)} is GNS faithful,
the family {E4, : p € V(G)} is also GNS-faithful. The construction of the canonical ucp map

Eg : Peert — PVert is similar to the construction made in the proof of Proposmon Indeed, let
A = @®,ev(g) Ap and consider the Hilbert A-module P,cy (g) Hp,p with the (faithful) left action

of Pyert glven by v = @pe\/(g) Av,p- As in the proof of Proposition given any p € V(G'), we
identify the Hilbert module of path in G’ from p to p, with the canonical Hilbert A,-submodule
H,, C Hy, and we also view @ eV (G ) Hy, ., C Dpevig) Hp,p as a Hilbert A-submodule. Note
that the left action @,ey (g

view P9, C LA(DBpev g p’p). Let Q € LA(D,ev(g) prp) be the orthogonal projection onto
@pev(g ) H,, ,. Then it is not difficult to check that the ucp map z + Qu(z)Q has the desired
properties. ([

A9 » of P9 on @D,ev () Hp,p is faithful so that we may and will

Example 5.10. When the graph G has two vertices p; and po and two edges e and e with
s(e) = p1 and r(e) = py then we get the amalgamated free product, as explain in Section 2.
When the graph has only one vertex p and two edges e and € with s(e) = r(e) = p we obtain
the HNN-extension. Let us recall the construction of HNN-extension. We have two unital C*-
algebras A and B with two unital faithful *-homomorphisms 7. : B — A, for e € {—1,1}. The
full HNN-extension P = HNN(A, B, m,7_1) is the universal unital C*-algebra generated by A
and a unitary u with the relations um (b)u* = m_1(b) for all b € B. When there exists ucp maps
E. : A — B such that E. o = idp, for all € € {—1,1}, one can construct the vertex-reduced
HNN-extension. We refer to [Fil3l [Ue08| for the "edge-reduced" HNN-extension, when E. is
GNS-faithful for all e € {—1,1}. An operator z € P is called reduced if x = agu® ... ua,, with
n > 1 and aj € A such that, for all 1 <k <n —1, we have €411 = —ep = E (ax) =0. It is
easy to see that the linear span of A and the reduced operator is a dense *-subalgebra A C P.
The vertex reduced HNN-extension Pyeyt = HNNyert (A, B, w1, m—1) is a quotient A : P — Pyt
having a GNS-faithful ucp map E : Pyt — A such that E(A(a)) = a for all a € A and
E(A(z)) = 0 for all z € P reduced. Moreover, any quotient of P have such a GNS-faithful
ucp map is isomorphic to Pyert. Let us now described the vertex-reduced HNN-extension in the
extreme degenerated case i.e. when E. is an homomorphism for e € {—1,1}. Define the right
Hilbert A-module H = A ® [*(Z) with the faithful unital *-homomorphism p : A — L4(H)

ar Q e, if n=0
defined by p(a)(z ®@e,) = ¢ (moE_1)"(a)z®e, if n>0

(m_10E1)° ™a)zx®e, if n<0
Define the unitary u = 1 ® s € La(H), where s € L(I>(Z)) is the bilateral shift. It is easy
to check that u*p(m_1(b))u = p(m1(b)) for all b € B. Let £ = 14 ® 9 € £. It can be easily
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checked that (p(A),u){ - A = H. Hence, the ucp map E : (p(A),u) = A, x — (£, x§) is GNS-
faithful. Moreover, it is obviously zero on the image of the reduced operator in P. By uniqueness,
(p(A),u) ~ HNNyert (A, B, w1, m—1) canonically.

We now described the Serre’s devissage process for our vertex-reduced fundamental C*-algebras.

For e € E(G), let G. be the graph obtained from G by removing the edges e and € i.e., V(G.) =
V(G) and E(G.) = E(G) \ {e,e}. The source range and inverse maps are the restrictions of
the one for G. The Serre’s devissage shows that, when G, is not connected, the vertex-reduced
fundamental C*-algebra is a vertex-reduced amalgamated free product and, when G, is connected,
the vertex-reduced fundamental C*-algebra is a vertex-reduced HNN-extension.

Case 1: Ge is not connected. Let Gy (respectively G, () the connected component of s(e)
(resp. 7(e)) in Ge. Since Ge is not connected e € E(T) and the graphs Ty) := T N Gy and
Tre) == T NG, () are maximal subtrees of G,y and G, () respectively. Let Fg, ., and Fg, be
the maximal fundamental C*-algebras of our graph of C*-algebras restricted to Gy() and G,
respectively and with respect to the maximal subtrees 7, and 7, respectively. Recall that

we have canonical maps ng, . : Fg,, — Pandng,  : Fg —P.

Let Fg,., X Fg, ., be the full free product of Py, and Pg, . amalgamated over B, relative

to the maps se : Be = Pg,,, and re : Be — Pg, . Observe that, since e € E(T), we have
ue = 1 € P. Hence, we have s.(b) = r.(b) in P, for all b € B.. By the universal property of the full

amalgamated free product there exists a unique unital *-homomorphism v : PQS(E) g Pgr(e> — P
such that V|Pg‘( A and v|p, o = TGy Moreover, by the universal property of P, there
exists also a unital *-homomorphism P — Fg_ X Fg, ., which is the inverse of v. Hence, v is

a #-isomorphism. Actually, this is also true at the vertex-reduced level.

Note that we have injective unital *-homomorphisms ty,) = Ag,,, © Se : Be — Pvgeiﬁ:) and
gr(e)
P,

vert  and conditional expectations Ege) = Ag,,, © E¢ © Eisl(:)) from

gs e gr
P to Ls(e)(Be) and Er(e) = )\gr(e> o Bl oLy

Ls(e) = AGyo) OTe : Be =

((8> from Pvgerr(te) t0 t,(e)(Be) so that we can perform

the vertex-reduced amalgamated free product. Following Section 2, we write

vert

pIrer _y pYster & pYree)

vert vert vert

Pgs(e) *
Be Be

(e vert

the canonical surjection for the full amalgamated free product to the vertex-reduced amalgamated
free product. and E; (resp. Eg) the canonical cup map from Pl § pIre to po© (resp. to

vert B, vert vert

P,

vert

. . . . gS € v g’l‘ (=
Lemma 5.11. There exists a unique *-isomorphism ve : Poo{ X Py — Py such that:

e

VeOTOAg, =Aomg, ., and veomoldg  =Aomg, .

Moreover we have Egs(e) ove, =Eq and Egm) o v, = Es.

Proof. The proof is the same as the proof of [FF13, Lemma 3.26], it suffices to prove that Plyert
gs(e)
P,

vert

gS = 1} g’r‘ - .
Pver(te) 2 Pver(:): the canonical ucp maps from Pyert to

e

satisfies the universal property of
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and P77 are the ones constructed in Proposition Le. Eg, ., and Eg . By the universal

vert
property, the result isomorphism v, intertwines the canonical ucp maps. O

Case 2: G, is connected.

Let e € FE(G) and suppose that G, is connected. Up to a canonical isomorphism of P we
may and will assume that 7 C G.. So that we have the canonical unital *-homomorphism
g, : Pg. — P. We consider the two unital faithful *-homomorphisms s.,r. : B, — Fg,.
By definition, we have u.re(b)u; = s.(b) for all b € B, and P is generated, as a C*-algebra, by
7g.(Pg,) and u.. By the universal property of the maximal HNN-extension, there exists a unique
unital (surjective) x-homomorphism v : HNN(Fg,, Be, s¢,7e) — P such that v|p, = mg, and
v(u) = u.. Observe that, by the universal property of P, there exists a unital *-homomorphism
P — HNN(Pg,, Be, S, re) which is the inverse of v. Hence v is a x-isomorphism. Actually this
is also true at the vertex-reduced level.

Define the faithful unital s-homomorphism 7y, 71 : B, — P%, by n_; = )\g o se and
= MAg, ore. Note that the ucp maps E, : Pgrt — B, defined by Ey = s_" o EJ o Y
and F_1 = 7"_1 oFEl o Eg(e) satisfy E. o = idp, for ¢ € {—1,1}. Hence we may consider

Se s(e)

the vertex-reduced HNN-extension and the canonical surjection A, HNN(PV;Kt7 Be, SeyTe) —
HNNvert(Pvert,Be,m,Tr 1). Write v = Ac(u), where u € HNN(PvertaBeaSeaTe) is the "stable
letter". Recall that, by Proposition we have the canonical faithful unital x-homomorphism
79 .+ P9 — Puy. Let E : HNNygi (P9, Be,mi,m_1) — P9, the canonical GNS-faithful

vert ver vert» ver
ucp map.

Lemma 5.12. There is a unique *-isomorphism v, : HNNvert(P Be,m1,m-1) = Pyert sSuch

vert?
that v, o )\e!Pget =79 and ve(u) = u.. Moreover Eg, o v, = E.
ver

vert

Proof. Since we have uende, (w_1(b))ut = w9 (w1 (b)) for all b € Be, it suffices, by the universal
property of the vertex-reduced HNN-extension explained in Example [5.10] to Check that we have
a GNS-faithful ucp map Pyert — Pvert satisfying the conditions described in Example |5 . This
ucp map is the one constructed in Proposition [5.9} it is the map Eg, and the condltions can
be checked as in the proof of [FF13| Lemma 3.27|. The fact that the resulting isomorphism v,

intertwines the ucp maps follows from the universal property. [l

We end this preliminary section with an easy Lemma.

Lemma 5.13. If x = ague, - . - Ue, an € P is a reduced operator from p to p and a, € B then
Ep(Ap(z*2)) = Ee, 0 Ep(/\p(w*iv))-

Proof. Define z9 = ajap and for 1 < k < n, xp = aj(re, o s, o EJ ($k_1))ak. We apply
Lemma to the pair a = z* and b = z in case (2). It follows that z*x = y + x,,, where y
is a sum of reduced operators from p to p. Hence E,(A\,(y)) = 0 and, since a,, € B , we have
Tn = a}(re, 055 0 ES (25-1))an € BE . O

5.2. Boundary maps. Define the completely positive map E, = E] oE Angey Piert = B.. Note
that the GNS construction of E, is given by (Hy(e)r(e) @ B, Apre) @ 1, &) ® 1). To simplify
E¢
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the notations, we will denote by (K¢, pe,ne) the GNS construction of E.. We define R, C K,
has the Hilbert B.-submodule of K. of the “words ending with e". More precisely,

Re := Span{pec(A(z))ne | £ = agie, - . . Ue, an, € P reduced from r(e) to r(e)

with e, = e and a,, € B.} C K..

It is easy to see from the definition that R. is a Hilbert B.-submodule of K.. Moreover, it is
complemented in K, with orthogonal complement given by:

Le := Span{pe(A(x))ne | T € Apie) OF T = aguie, - - - Ue, @y € P reduced from r(e) to r(e) with

en # e or e, =eand a, € Ay) © By}
Let Q. € Lpr(K.) be the orthogonal projection onto R, and define
Xe = {x = agte, - .. Ue, an, € P reduced from r(e) to r(e) with ey ¢ {€,e} for all 1 <k <n},

Lemma 5.14. The following holds.

(1) For all reduced operator a = apue,, ... ue, a9 € P from r(e) to r(e) we have

Im(Qepe(ANa)) — pe(A(a))Qe) C X4, where:

Y, := pe(Man))ne - BL @ ( pe(Mante, .. Ue,))Ne - Bg) if € is not a loop,

ke{l,...,n}ex=e

X, =
Y, ® ( b pe(Nante, .. Ue,ar—1))Ne - B;’) if € is a loop.
ke{l,...,n}er=e

(2) Qe commutes with pe(A(a)) for all a € Span (A, U Xe).

Proof. Tt is obvious that p.(A(a)) commutes with Q. for all a € A, (). Hence, (2) follows from
(1). Let us prove (1). During the proof we will use the notation P¢(x) = x — Ef () for z € Ay(e).

Let n > 1 and a = aple,, - .- Ue, a0 € P a reduced operator from r(e) to r(e).
Suppose that b € A,(). We have Qepe(A(D))ne = 0 and ab = anue, ... uea0b € P is reduced.
Hence, if e; # e, we have Qcpe(A(ab))n. = 0 and, if e; = e, we have

ab = aple, ... uEL(x0) + an ... uePL(xg) where xg = agb.
It follows that Qepe(A(ab))ne = pe(Aante, - .. ueEL(x0)))ne. To conclude we have, Vb € A, (),

(Qeﬂe()\(a)) - Pe(A(a))Qe)Pe(A(b))ne = { 2j>\iijnuen -oUel))'fle . Eg(aob) cX, ii 2 i :?

Suppose that b = bouy, ...uy, by, € P is a reduced operator from 7(e) to r(e). Let 0 < ng <
min{n, m} be the integer associated to the couple (a,b) in Lemma This Lemma implies
that, when ng = 0 or ngp = n < m or 1 < ny < min{n,m}, ab is reduced word or a sum
of reduced words that end by wuy, by,. Hence, in this cases, we have p.(A(b))n. € Re =
pe(Aab))me € Re and pe(A(b))ne € Lo © Apey = pe(Aab))me € Le © Apey. It follows that

(Qepe(A(a)) = pe(Ma))Qe)pe(A(b))1e = 0 € X,
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Suppose now that ng = m < n. Lemma implies that ab = y + z where y is a sum of reduced
words that end by uy,, by and z = anue, .. Ue,, ., Tm- Hence we have po(A(b))n. € Re =
p€<)‘(y))776 € Re and Pe()\(b»ne €L.OS Ar(e) = Pe()\@/))??e €LS Ar(e)' It follows that

st it | G0k
We have pe(A(2))ne = pe(Aante,, - -Uem+1xm))776 hence,

X, if emy1 #eorepny1 =eand z, € Ay © B,
Mante, - Uepyy))Ne-Tm € Xo if €pq1 = e and x,, € B.

Q= { )

Pe
Hence (Qepe(M(a)) — pe(A(a))Qe)pe(A(b))ne € Xa if pe(A(b))ne € Le and, if pe(A(b))ne € Re,
we have fp,, = e and b,, € B.. Since ng = m we have e,, = f,, = € and &, = am(re 0 5_1
E$(xpm—1))bm. Note that, since r(fn) = r(e) and f,, = € we find that s(e) = r(fm) = 1"( ).
Hence e must be a loop. Moreover, pe(A(2))ne = pe(Aante, - - - Ueyt@m))Ne - Try € Xq, Where
xl = (re o s;t o ES(xy—1))by € BL. It follows that (Qepe(A(a)) — pe(A(@))Qe)pe(A(b))7e € Xa
also when pe(A(D))ne € Re.

—~ M

Suppose that ng = n = m. Lemma implies that ab = y + z,,, where y is a sum of reduced
words that end by wuy, by,. As before, we deduce that:

Qepe(M(Tm))ne =0 if  pe(A(b))ne € Le,
epPe(A(a)) — pe(A(a))Qe)pe(A(b))Ne = .
(Qepe(Ma)) = pe(Ma))Qe)pe(AED)n {@%u@mm%u@mmeﬂfummmena
And,ipe(/\(b))n6 € R. then f,, = e and b,, € B.. Since ng = m = n, we deduce that
en = fm =€ (hence e is a loop) and z,,, = ap(re 0 5.1 0 ES(x,-1))by € a, BY. Hence,
QepeN@m))ne — peN(@m))Ne = —pe(Mxm))ne = —pe(Man))ne - xgz € Xa,
where z}, = (re 0 s;1 0 E2(2,1))b, € BY. This concludes the proof of the Lemma. O
Deﬁne Ve =2Qc — 1 € Lpr(K.). We have V2 =1, V., =V} and, for all + € Py, Lemma

implies that Vepe(x) — ( )Ve € Kpr(K.). Hence we get an element yeg € KKY(Pyert, BY).
Deﬁne xg = yg ® [ ] € KK (PvertyBe)'

Remark 5.15. Note that we also have an element 29 = [\] ® 29 € KK'(P,B,).
Pvert

Recall that for a subgraph G’ C G with a maxnnal subtree T' C G’ such that 7' C T we have
the canonical unital faithful x-homomorphism 7 P9 P vert defined in Proposition

vert vert
Proposition 5.16. For all connected subgmph G' C G with mazimal subtree T' C T, we have
(1) ife € E(G) then [n9.,] © 29 =219 € KK'(PY ., B.),
P

vert et
B.).

(3) Xone)=p e @ lre] =0 € KK Y(Pyert, Ap) for all p € V(G).

(4) For all e € E(g) we have :r:g = —29.

€

vert

(2) if e ¢ E(g’) then 79 ] ® 29 =0e KK'(PY,

e vert»
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Proof. Let G’ C G be a connected subgraph with maximal subtree 7/ C T and e € E(G).

(1). Suppose that e € E(G) (hence e € E(G")). Recall that we have the canonical ucp map Eg/ :
Pyert — P9, from Proposition 5.9 Moreover, by definition of errt of we have EY' = E, o 79

where EY" = E7 0 B9, oy

Let (K, pe, ne) be the GNS construction of E, and define K. = p. o 79, (P9 )n. - Br. Observe
that K. is complemented. Indeed, we have K. & L, = K., where

L. = Span{pe(z)ne - b : b € B, and x € Pyey such that Eg/(z) = 0}.

Let R, 6 Lpr(K.) be the orthogonal projection onto K. Since p o errt( VK. C K for all
z e PY It is also easy to check that R,

vert?
commutes with Q. hence with V.

vert»

R. commutes with p. o 79 . (z) for all z € PY...

Since E" = E, o 79, the triple (K!, p.,n.), where p.(z) = pe o 7% . (2)R, for z € PY . and
1L = 7e, is a GNS construction of EY'. Let Q. € Lpr(K~) be the associated operator such that

29 = [(K, ,pe,ch)], with V/ = 2@;3 — 1. By definition we have Q. = Q.R. hence, V! = V. R,.
It follows that [ ® xg =29 ©y, where y € KKl(Pg

vert?

B,) is represented by the triple

vcrt]
vert

(Le, e, Vo(1 — Ry)), where m = pe o 7% . (-)(1 — R.). To conclude the proof of (1) it suffices to
check that this triple is degenerated. Since V. and (1 — R.) commute, V(1 Re) is self-adjoint
and (Vo(1 - R.))? =1— R, = idy,. Hence, it suffices to check that, for all a € pPY

vert?
(ere o 7Tgert( ) Pe © errt( )Qe)(l - ) = 0

We already know from assertion (2) of Lemmathat Qepe(Aa)) = pe(Ma))Qc foralla € A,
(and alla € X,). Let a = apue,, ... ue, a0 € Pgrand b = bouy, ...uf, by € P bereduced operators
from 7(e) to r(e) and suppose that Eg/(A\(b)) = 0. Hence, there exists k € {1,...m} such that
fr ¢ E(G') and it follows that the integer ng associated to the pair (mg:(a),b) in Lemma
satisfies ng < k since ¢; € E(G’) for all [ € {1,...n}. Applying Lemma in case (5), we see
that mg/(a)b is a sum of reduced operators that end with wuy, b,,. Hence, pe(A(b))ne € Re =
pe(A(mgr(a)b))ne € Re and pe(A(D))ne € Lo = pe(A(mgr(a)b))ne € Le. It follows that

[ere( vert(Ag/( ))) - pe( vert(Ag/( )))Qe]pe(/\(b))??e
= [Qepe(Amgr(a))) — pe(A(7g (a)))Qelpe(A(b))ne = 0.
This concludes the proof of (1).
(2). Suppose that e ¢ E(G’) (hence € §é E(G")). The element 7% ] ® a9 is represented by the

vert
vert

Since V2 =1 and V =V, it suffices to show that Q).
commutes with p (79 (z)) for all z € PY

st~ 1t follows from assertion (2) of Lemma since
e,e ¢ E(G') implies 79 (PY..) C Span (MAy ) UAXe)).

(3). For p € V(G) we use the notation (Hp,mp, &) = (Hpp, Ao p,&p) for the GNS construction

of the canonical ucp map E4, : Pyert — Ap. Observe that &, - A, is orthogonally complemented

in H), and set Hy = Hp, © &, - Ap. Define K) = @eeE(g) r(e)=p K. ® A, and observe that, by
k) Bg

Lemma we have an isometry F), € L4,(H,, K;) defined by
Fp(mp(Maote, - - - Ue, @n))Ep) = pe,, (Maote, - - Ue,))Ne, ® an,

triple (Ko, me, V.), where 1, = pe o n¥

vert
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for all ague, ... ue,an € P reduced operator from p to p. We extend F), to partial isometry, still
denoted Fy, € La,(Hp, Kp) by Fple,.4, = 0. Then FJF, =1 — Q¢,, where Q¢, € L4,(Hp) is the
orthogonal projection onto &, - Aj,. Moreover, F},F; = @eeE(g),r(e)zp Qe ® 1.

Define Pp = @eEE(g),T(e):p Pe ®1: Pvert — ‘CAp(Kp)
Lemma 5.17. For any a = aple,, - .- Ue, ap € P reduced operator from p to p we have:

Im(Fpmp(A(a)) — pp(A(a))Fp) C Zg with,
Za = @ (Per, (Mante, - - - ue,))ne, @ 1) - Ap @

1<k<n,r(ex)=p
D (P (Aante,, - - - tey,, 0k))1e, @ 1) - Ap & (e, (Aan))1e, @ 1) - Ap
1<k<n-—1, s(ex)=p
Proof. If b € A, then Fpmp(A(b))€p, = 0 and ab = apue,, ... ue,apb € P is reduced from p to p.
Hence, Fpmp(A(ab))ép = pe, (M(ante, - . - Ue, ))Ne; @ apb and we have
(Fpmp(Aa)) = pp(Ma)) Fp)mp(A(b))&p = (pey (Aantie,, - - - te, )) ey ® 1) - ag € Za.

Suppose that b = bouy, ...uf, by, € P is a reduced operator from p to p and write b = V'by,,
where V' = bouy, ...uy,,. Let 0 < ng < min{n,m} and, for 1 <k < ng, 2, € Ay,) be the data
associated to the couple (a,?’) in Lemma By Lemma |5.4{ we can write ab’ = y + 2z, where y
is either reduced and ends with uy,, or is a sum of reduced operators that end with uy,, and:

Aple, -+ Ue,, 1 Tm fng=m <n

z2=1< In ifng=n=m

0 ifng=0o0rny=n<mor1l<ng<min{n,m}
Since y is a sum of reduced operators ending with uy,, we have F,mp(A(y))&p = pf., (AN Y))0f, @1
and,

(Fpmp(Ma) = pp(M(a) Fp)mp(A(D))Ep = Fpmp(Mab')&p - b = py,, (A(ab)) 10, @ b
pTp(A(Y))&p - bm me( U @ b+ Fpmp(A(2))8p - b = P (A(2))111 @ b

= Fpmp(A(2))&p - b — o1 (M(2))05,, @ b
Hence, if ng =0, ng=n<mor 1 <ng< mm{n,m} then

(Fymp(A(@)) — ppA@) F)mpA(B)Ep = 0 € Za.
If no = m < n then z = apue, - uem+1xm and f,, = e, which implies that r(e,11) = s(em) =
r(fm) = p and, since &, = amse,, 075 © Bl (Tm,) € amBL , we have
pfm (A( ))nfm ® bm = pém(A(anuen e U6m+1$m))TFm ® b
€ (pen (AMante, - . Uep 1 0m))Ne,, @ 1) - Ay C Z,. Also,
Fomp(M2))&p - b = Fpmp(Mante, - - - Ue,, 1 Tm))Ep - b
= p6m+1()‘(anu€n s u6m+1))n€m+1 ® Tmbm € Z,

Fmally, if no = n = m then z = z, = apse, o1, o Ef (n—1) € a,B;  and, since fp, =

= . e have pg, (A, © b — IR, el AT il
Fomp(A(2))&p - b = Fpmp(A(2n))Ep - by = 0 € Z,. It concludes the proof. O
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It follows from Lemmathat Fymy(x) = pp(2) Fy € Ka,(Hp, Kp) for all 2 € Pyt and, since F,
is a partial isometry satisfying Fj,Fjy —1 = —Q¢, € Ka,(Hp), we can apply Lemma 2.2 to conclude
that [(Kp, pp, Vp)] = 0 € KK'(Pyert, Ap), where V, = 2F,F — 1 = Decrg), r(e)=p Ve ® 1, where
Ve has been defined previously by Ve = 2Q. — 1. It follows from the definitions that (K, pp, Vp)

is a triple representing the element °, .\, x9 %@ [re]. This concludes the proof of (3).

e

(4). Note that, for all e € E(G) and all z € P, we have Eg(A(z)) = A ue)Ee(A(uizue))A(u)). It
follows from this formula that the operator W, : Kz ® B, — K, ® Be defined by W, (pe(A(z))ne

b) = pe(A(zue))ne @b, for z € P and b € B, is a unltary operator in Lp, (Kz ® B, K. ® B.).

Moreover, it is clear that W, intertwines the representations p(-) ® 1 and pg(- ) ®1 and we have
W (Qe®1)W, =1®1— Qe ® 1. The proof of (4) follows.
O

Remark 5.18. Assertions (2) and (3) of the preceding Proposition obviously hold for the elements
29 = [)\] ® 29 ¢ KK'Y(P,B,) and also assertions (1) and (2) with mg/ instead of Wge/rt since we

vert

have 77 . o Ag' = Ao mg for any connected subgraph G’ C G, with maximal subtree 7' C T .

vert
We study now in details the behavior of our elements xe under the Serre’s devissage process.

The case of an amalgamated free product. Let Ay, A and B be C*-algebras with unital
faithful x-homomorphisms ¢; : B — Ay and conditional expectations Fy, : Ay — mi(B) for k =

1,2. Let A, = Ay % Aj be the associated vertex-reduced amalgamated free product, Ay = A; E As

the full amalgamated free product and 7 : Ay — A, the canonical surjection. Let (K, p,7n) be
the GNS construction of the canonical ucp map E : A — B (which is the composition of the
canonical surjection from A to the edge-reduced amalgamated free product with the canonical ucp
map from the edge-reduced amalgamated free product to B) and Kj, for i = 1,2, be the closed
subspace of K generated by {p(7(x))n : = a1...a, € Ay reduced and ends with A4; © B}.
Observe that K; is a complemented Hilbert submodule of K. Actually we have K = K1 ® Ko @
n- B. Let Q; € Lg(K) be the orthogonal projection onto K;. The following Proposition is easy
to check and left to the reader.

Proposition 5.19. (K,p,V), where V. = 2Q; — 1 defines an element x4 = [(K,p,V)] €
KK'(A,,B).

Let e € E(G) and suppose that G, is not connected. We keep the same notations as the one
used in the Serre’s devissage process explained in the previous Section. In particular we have

. . v G
the x-isomorphism v, : Ag, = Pvei(te) g Pverr(te) — Pyert from Lemma [5.11, We now have two

e

canonical elements in KK'(Pyert, Be): 29 and zg, := [v!] ® Yg., where yg_ is the element

associated to the vertex-reduced amalgamated free product Ag constructed in Proposition
These two elements are actually equal.

Lemma 5.20. We have zg, = 19 € KK'(Pyert, Be).

Proof. The proof is a simple identification: there is not a single homotopy to write, only an
isomorphism of Kasparov’s triples. The key of the proof is to realize that the two ucp maps
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Pyert — Be defined by ¢ = 7' o E, and ¢ = F o v, ! are equal, where E : Ag, — B is the
canonical ucp map and it directly follows from the fact that v, intertwines the canonical ucp
maps. Having this observation in mind, one construct an isomorphism of Kasparov’s triples.
Recall that (K¢, pe,ne) denotes the GNS construction of the ucp map E. : Pyt — Bl and
(K, p,n) denotes the GNS of the ucp map F : Ag, — Be.

Since K = po ygl(Pvert)n - B, K, (5?1 B. = pe(Pyert)ne @ 1 - B and

Te
(. povy (z)m Kk =1v(x) =) = (N ® 1, pe(@)ne @ 1), ® B for all € Pyert,

it follows that the map U : K — K, ® B., U(pov,  (z))n-b) = pe(x)ne@) 1-b for € Pyt and
~1
T
b € Be, defines a unitary U € Lp,(K,K. ® B.). Moreover, U intertwines the representations
~1
e

pov.tand p.(-) ® 1. Observe that zg, is represented by the triple (K,p o Ve_l,V), where
V =20@Q — 1 and Q is the orthogonal projection on the closed linear span of the p(m(z1 xn))

s(e gr e . s s(e
where 21 ... 2, € Pvelft) X P, is a reduced operator in the free product sense and z,, € P e( )

e

Moreover, :cg is represented by the triple (K, ® Be,pe() ® 1,V,), where V., = Q. ® 1 and Q.
21
T

is the orthogonal projection onto the closed linear span of the pe(A(ague, - .. Ue, an))Ne, Where
aple, - - . Ue, an € P is reduced from r(e) to r(e) with e, = e and a,, € BY.

To conclude the proof, it suffices to observe that UVU* = V. O
We study now the case of an HNN-extension.

The case of an HNN extension. For e € {—1,1}, let 7. : B — A be a unital faithful
*-homomorphism E, : A — B be a ucp map such that E. om. = idp. Let C be the fulld HNN-
extension with stable letter v € U(C), C, the vertex-reduced HNN-extension and 7 : Cy — C,
the canonical surjection. Let (K, p,n) be the GNS construction of the ucp map F = Ej o Ey4 :
C, — B, where E4 : C, — A is the canonical GNS-faithful ucp map. Define the sub B-module

K, = Span{p(m(z))n : © = apu® ...u"ay, € Cf is a reduced operator with €, =1 and a,, € m(B)}.

Observe that K is complemented and let Q4 € Lp(K) be the orthogonal projection onto K .
The following proposition is easy to check.

Proposition 5.21. (K, p, V), where V = 2Q, — 1, defines an element vc € KK*(C,, B).

Let e € E(G) and suppose that G, is connected. Up to a canonical isomorphism of P we may
and will assume that 7 C G.. Recall that we have a canonical *-isomorphism v, : Cg, =
HNNvert(Pvert,Be,m,ﬂ 1) — Pvert defined in Lemma u As before, we get two canonical

elements in K K'(Pyert, Be): 29 and zg, = [v7] ® yg., where yg, € KK'(Cg,, Be) is the

element associated to the vertex-reduced HNN—extensmn Cg, constructed in Proposition [5.21]
As before, these two elements are actually equal.

Lemma 5.22. We have zg, = 29 € KK'(Pyert, Be).

Proof. Recall that (K, p,n) denotes the GNS construction of the canonical ucp map F : Cg, —
B,. The proof is similar to the proof of Lemma [5.20] and is just a simple identification. Since v,
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intertwines the canonical ucp maps, the two ucp maps ¢, ¢ : Pyert — Be defined by ¢ = E. and
v =~Fo 1/51 are equal. As before, one can deduce easily from this equality an isomorphism of
Kasparov’s triples. Since the arguments are the same, we leave the details to the reader. [l

Remark 5.23. The analogue of Lemmas [5.20] [5.22] are obviously still valid for the elements
2¢ € KK(P, B.) defined in Remark |5.15

5.3. The exact sequence. For any separable C*-algebra C, let F*(—) be KK*(C,—). It is a
Zs-graded covariant functor. If f is a morphism of C*-algebras, we will denote by f* the induced
morphism.

In the sequel Pg or simply P denotes either the full or the vertex reduced fundamental C*-
algebra in the context of GNS faithful conditional expectations. We define the boundary maps
79 from F*(Pg) = KK*(D, Pg) to KK**Y(D, B,) = F**1(B.) by 7¢(y) = y ®p x. when P is
the full fundamental C*-algebra or 7 (y) = y ®p 2. when P is the vertex reduced one.

If G is a graph, then E7T is the set of positive edges, V the set of vertices and for any v € V,
the map from A, to Pg is 7, or sometimes 79 if it is necessary to indicate which graph algebras
we consider. If one removes an edge ep (and its opposite) to G, the new graph is called Gy, Py
is the algebra associated to it and 70 is the embedding of A, in Py. We also have for G; C G a
morphism 7g, from Pg, to FPg.

Theorem 5.24. In the presence of conditional expectations (not necessarily GNS -faithful), we
have, for P the full or vertex reduced fundamental C*-algebra, a long exact sequence

* _pak * g
— P F(B) TS P F(A) =T PP S @ F(B) —
ecE+ veV ecE+

Proof. First note that it is indeed a chain complex. Because s, and r, are conjugated in P, we only
have to check that v, o7} = 0 (which is point 2 of prop [5.16) and ) g+ e ® [1e] — 2 @ [s¢] = 0.
As z, = —xz (point 4 of [5.16) and sz = 7, this is the same as point 3 of

Also if the graph contains only one geometric edge (i.e. two opposite oriented edges), we are
in the case of the amalgamated free product or the HNN extension and the complex is known to
be exact because of the result of section 4 as noted by several authors (|Ge97], [Th03|, [Ue08]).
For convenience we will briefly recall why and also we will identify the boundary map, freely
using the notations of that section. Let’s do the full amalgamated free product Ay first. Recall
that D fits into a short exact sequence :

04 0S®A 08 ™5 D2 B0,
Therefore there is a long exact sequence for our functor F™* :
F*(A1®S® A ®8) = F*(D) - F*(B) » FF'H (A1 S® A, ® 9).

But F*(A), ® S) identifies with F*T1(Ay) and F*(D) with F*T1(Af). Via these identifications,
the map from F*(B) to F*(Ag) becomes i} or its opposite (this is seen using the mapping
cone exact sequence) and the map from F*(Ay) to F*(Ay) is j;. The only thing left is the
identification of the boundary map from F*(Ay) to F**1(B). It is obviously the Kasparov
product by x ® [evg] where x is the element in KK'(Ay, D) that implements the K-equivalence.
It has been described in [I.11] and is exactly the element of [5.19] Therefore the boundary map
is exactly given by the corresponding 79 for the graph of the free product. Note also that x, as
defined at the end of section 4.1, actually factorizes as [A] ® 4 z where A is the vertex reduced
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free product, A the canonical homomorphism from the full free product onto the vertex reduced
one and z € KK'(A, D). Therefore the same identifications and the same exact sequence hold
for the vertex reduced free product A and theorem [5.24] is true for free products.

Now let’s tackle the HNN extension case. Let’s call Cy, the full HNN extension of (A, B,6)
and E and Ejy the conditional expectations from A to B and 6(B). An explicit isomorphism
is known to exist between C,, and ej; Ma(A) BéB M>s(B)ej; where B @ B imbeds diagonally

in Mjy(A) via the canonical inclusion and 6, e;; is the matrix unit < 0) and the conditional

0 0
expectations are E (Zl 32) = E(a1)® Ey(ay) from My(A) to B& B and Es (Zl 22> =b1 Dby
3 a4 3 by
from My (B) to B @ B. The exact sequence for the HNN extension is then deduced from this
isomorphism of C*-algebras (cf. [Ue0§| for example).

If we call j4 and jp the inclusions of Ma(A) respectively Ma(B) in the free product then the
unitary u in O, that implements 6 is mapped to j4 <8 (1)> iB <0 0

1 0)°
It is then clear that a reduced word in C,, that ends with « times b with b in B is mapped
/
into a reduced word in the free product that ends with jp ((1) 8) (8 8) =B (2 %) e11 i.e.

that ends in jp(M2(B)) © (B @ B). Therefore in this situation the element described in is

the same as the element described in and we have identified the correct boundary map.
Let’s have a look now at the vertex reduced situation. Recall that, given two unital C*-algebras

D1, Dy, in the situation of a unital inclusion of Ma(D1) C My(D3) a GNS faithful conditional

expectation from Ms(D2) onto Ma(D;) comes from a GNS faithful conditional expectation from

2
D5 onto D;. Hence with the notations of section 2 and using the universal properties, Ma(A) B*B
®

M>5(B) is isomorphic to Ma(A) BiB M>(B) and as a consequence Ma(A) BiBMQ(B) is isomorphic

v

to Ma(A) . Ms(B). Again using the universal properties it is obvious that the vertex reduced
@

HNN extension of (A, B,0) is e11 Ma(A) BiB Ms(B)ey1. Therefore the identification described
earlier for the full free product and HNN extension is again true for the vertex reduced free
product and corresponding vertex reduced HNN extension. Hence theorem is again valid
for HNN extensions.

We now prove exactness at each place by induction on the cardinal of edges and "devissage".
Note that and allow us to decompose our fundamental algebra in HNN or free product
while using the same boundary maps ~e.

Lemma 5.25. We have the exactness of

* Ze SZ_T: * Zv ﬂ—: *
P Fr(B.) T @ F(A,) = FH(P)
ecEt veV
Choose a positive edge ep. Then without this edge (and its opposite), the graph Gy is either

connected (Case I) or has two connected components G; and Gy (Case II).
For Case I, P is the HNN extension of Fg, and Be,.
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Note vg = s(eg) = r(ep) and that the set of vertices of G is the same as the set of vertices of

o-
Let © = @, be in @yey F*(A,) such that " 7i(z,) = 0. If y = >, 70" (), then clearly

v
7g,(y) = 0. Then long exact sequence for P seen as an HNN extension implies then that there
exists yo € F*(Bey) such that (mu, 0 5¢)*(y0) = (w0 7¢0)*(90) =y = X2, 70 ()
S0 Yy T (Bustug@o @ (T, — 5, (y0) + 75, (y0)) = 0. Using the exactness for Py as Gy has

one less edge, we get that there exists for any e # eg a ye such that >° .. st(ye) — ri(ye) =
DotvgTo D (Tvy — S5, (Y0) + 78, (o). Thus 3o 00 st(ye) — re(ye) + 55, (Yo) — 7, (o) = 2.

For case II, P is the amalgamated free product of P; = Pg, and P, = FPg, over B,.

For i = 1,2, note V; the vertices of G;. We know that V' is the disjoint union of V; and V5.
The map 7, will be the embedding of A, in P;. Note also v; = s(ep) and vy = r(eg).

Let © = @z, be in Gyey F*(A,) such that > 75 (2,) = 0. Let ; = @yey, 7 (2,). Clearly
75, (21) + 75, (z2) = 0. Then the long exact sequence for P seen as an amalgamated free product
gives a yo € F*(Be,) such that (7}, 0 sey)*(yo) — (73, © reo)*(yg') =121 P x2. Set T1 = Bpeyy Ty —
s¢(y0) and To = @yer, @y + 17 (Y0). So we have that ) . 7" (z;) = 0 for i = 1,2. Therefore
by induction as G; has strictly less edges than G, there exists for any e # eg a y. € F*(Be) such
that Z1 ® T2 = }° . Se(Ye) — 16 (Ye). Hence =3 .. st(ye) — 12(ye) + 55, (Y0) — 3, (yo) and
we are done.

O

Lemma 5.26. The following chain complex is exact in the middle

B FH(A) =5 ) X P P,

veV ecE+

Proof. For case I.
Let = be in F*(P) such that for any e, v9(z) = 0. In particular for the edge eg. Using the long
exact sequence for P seen as an HHN extension, and since 'ygo (x) = 0 we get that there exists z in

F*(Py) such that 7 (z0) = . For any edges e # e, one has 750 (x0) = ’)/g(ﬂ'éo (x0)) = 0. Hence
by induction there exists for any v € V(Gy) = V(G) a y, € F*(A,) such that " 70" (y,) = 0.
Hence z = 3, (g, © m)* () = 20, Ty (40)-

For case II.

Using that P is the free product of P; and P, we get an x; € F*(F;) for i = 1,2 such that
r = 75 (z1) + 75, (v2). Now for i = 1,2, and for any edge e of G, VG (x;) = 'yeg(wa(:rz)) =
79 (x) — ’yeg(wéj (z;)) with j # 4. But e is not an edge of G;, so 79 o mg, = 0. Hence v (z;) = 0.
By induction we get for any vertex of ViUVa = V(G) ay, € F*(Ay) such that z; = >y, 7 ()
for i = 1,2. Therefore x =) 7} (yv).

U

Lemma 5.27. The following chain complex is exact in the middle

@ (B =5 @D F(A)

ecE+ veV

g
PPy %

Proof. Let’s turn first to case I.
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Let £ = @ cp+x. such that Y s} (ze) — 75 (xe) = 0. Then for the distinguished vertex vg, one
has

o (520(Teo)) = oy (1t (o)) = = Y oy (52(2eg)) =m0y (e (o)
e#ep
But as e is an edge of Gy, s, and r. are conjugated by a unitary of Py. Therefore there difference
are 0 in any KK-groups. Thus 70 " (s% (2e,)) — 70, " (15, (ze,)) = 0. Using the long exact sequence
for P as an HHN extension, we get a yo in F*~1(P) such that 79 (yo) = Ze,. Set now Z, =
ze — 9 (yo) for any e # eg and compute

Yosel@e) —ri(@) = Y st(xe) —ri(ze) = ) si(vE (wo)) — i (€ (wo))
e#eo e#ep e

+Se, (’Yego (Y0)) — 72, (’Yego (v0))

= > si(we) —rilze)

e

by the third property of .. Hence . si(Ze) — ri(Ze) = 0. By induction there exists 7 in
F*~1(P,) such that for all e # eg, 79°(y1) = Ze. Set at last y; = 75, (91) which is an element of
F*~Y(P). Now ’yego (yo+y1) = xo + ”yego omg, (U1). But eg is not an edge of Gy so 'yego omg, = 0.
Hence v (yo + y1) = zo.

On the other end, for e # e, Y9 (yo +v1) = 77 (yo) + T as 790 = 'yegOﬂ'éO. So Y9 (yo +y1) = Te.

And let’s finish with case II. Call E; the edges of G; for ¢ = 1,2. Note that for any positive
edge e, if s(e) € V} then either e € Ej or e = ey and if r(e) € V5 then e € Ej.

Let ¢ = @ cp+xe such that > si(z.) — r5(ze) = 0. The equality can be rewritten as
ZeeEf sh(we) — 15 (2e) + 320 (Tep) = 0 in yevy F*(Ay) and z:eeEZr sp(xe) —1i(Te) — TZO (Tey) =0
in @vEV2F*(Av)'

Let’s compute now my (z¢,). It is — ZeeEf (w;(e) 05¢)*(ze) — (mr(€)t ore)* (ze) by the preceding
remark. But as s, and 7. are conjugated in P; because e is an edge of Gy, this is 0. In the same
way 72, (Ze,) = 0. Therefore using the long exact sequence for P as a free product of Py and P,
there is a yo in F*~!(P) such that vJ (yo) = e,.

For all e # eg set T, = o — 79 (yo). Then ZeeEj' sH(Ze) — i (Ze) = ZeEEf‘ sH(xe) —ri(xe) —

(Secrs 5t 098 wo) = 1 078 (w0) ).

But the third property of the 4¢ implies that 0 = ZeeEf s:o7§+s’go O'yego _ZeeEf' oY using
the remark made at the begining of this proof. Hence ZeeEf 5 (Ze) — i (Ze) = ZeeET si(ze) —
75 (xe) + 55, (Tey) = 0. Similarly ZeeE; s3(Ze) — r5(Te) = 0. Therefore by induction, there
exists for ¢ = 1,2, an element y; in F*~1(P;) such that for all e in E;", 79 (y;) = Te. Set now
Y = Yo + 7g, (1) +7g, (y2) in F*~(P). Then 7§, (y) = we, + 78, 0 75, (y1) + 78, 0 75, (12) = weq
as fyego omg, = 0 since eg is not an edge of G; nor Go. On the other end, for e € Ey, 79 (y) =

9 (yo) +79' (y1) + 0 as e is not an edge of Go. Hence 79 (y) = 79 (yo) + Te = 2. The same is of
course true for an edge in Fy. So we are done. O
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Let’s treat now the case F*(—) = KK (—,C). Again if f is a morphism of C*-algebras we will
adopt the same notation f* for the induced morphism. Now the map 7¢ from F(B,) to F(P) is
defined as 79(2) = 29 ®p, 2.

Theorem 5.28. When the conditional expectations are GNS faithful, we have, for P the full or
reduced fundamental C*-algebra, a long exact sequence

— @ FB) T PF )T FR) S @ FB)
ecE+ veV ecE+
Proof. As before this is a chain complex and the same identifications proves it for free products
and HNN extension. We will now show exactness with the three following lemmas.

Lemma 5.29. We have the exactness of

D F() S @4 T
ecE+ veV
Proof. Let x = ®x, € ®,F(Ay) such that ) si(Px,) — ri(Pz,) = 0.

For case I. Then }_ . si(®zy) — ri(®zy) = 0. Hence there is a yo in F'(Fp) such that for
all v, 7" (yo) = @y. But 7, om0 " (o) = 8%, (Tuy) = 17, (20y) = 15, 0 1" (yo). Using the exact
sequence for P as an HNN of Py and the two copies of Be,, we get that there is y € F'(P) such
that 7g,*(y) = yo. Now for all v, 7(y) = 79" (yo) = 0.

For case II. Then ZeEE: si(@xy) — ri(dzy) = 0 for k = 1,2. Hence there is y, € F(Py)
such that Wﬁ*(yk) =z, for any v € Vi, As 87 o wil*(yl) = Szo(l‘vl) = T'ZO(IvQ) =1} 0 ng*(yg),
using the exact sequence for P as a free product, we have a y € F'(P) such that mg, *(y) = y for
k=1,2. Then for k =1,2 and all v € Vi, 7(y) = 75" (yx) = z,.

[l

Lemma 5.30. The following chain complex is exact in the middle
1o 9
P F(A,) =T P p) T @ (B,
veV ecEt

Proof. Let y be in F(P) such that 7 (y) = 0 for all v.
Case L. Let yo = 7 (y). Then for all v, 9% (yo) = mi(y) = 0. Therefor there exists x =

> etey Te such that 37 . 790 (z.) = yo. Put z = y — > erteo 79" (x¢). Then 75, (2) = Yo —
> et 790(z.) = 0. Hence there is a x¢, € F/(Be,) such that v, (e,) = z and y = D et 79 () +
Veo (Tey)-

Case II. Let y, = g, (y) for k= 1,2. For all v € V4, 75 (yr) = m¥(y) = 0, hence there exists
T = @QGE:CC@ such that ZeeE; 9k (20) = yp. Let 2z =y — Z#eo 79" (x,). Then for k = 1,2,
75, (2) =y — ZeeE,j 79k (x.) = 0 as g, © 791 = 0 because of Hence z = 7¢,(x¢,) for some

Te, in F(Be,) and we are done.
]

Lemma 5.31. The following chain complex is exact in the middle

g st _p*
FUP) @D (B T @D Fr(AL)

ecE+ veV
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Proof. Let x = @z, in F($.B.) such that .. p+ 79 (ze) = 0.

Case I. Then 0 = mg)* (3 cp+ 1 () = > eteo 790 (2) as Tg,* © Ve, = 0. Hence by in-
duction, there is a z = ®z, in ©,F(A,) such that for all e # eo, ze = 55(25(e)) — 75 (20(e))-
Put wg = ey — 85, (209) — 75, (209). As by 5.5 Y cpi Ve 055 — e or; = 0, we deduce that
Yeo © (=860 (209) +72 (200)) = Dczey Vel5(B20)) = e(rE(D20)) = 2 ose, Ve(e). Hence vy (20) =
Yeo (Teg) + D zey Ve(Te) = 0. Using the long exact sequence for P as an HNN of Py and Be,, we

get a zg € F(Py) such that zo = s} (79 " (20)) — %, (79,7 (20)). So ey = %, (20, + 70, (20)) —

13 (v, + 79 (20)) and we are done.

Case IL 0 = mg,* (X ,cp+ V9 (2e)) = ZGAE: 79k (xe) for k = 1,2. Hence there is a z = @z,

such that for all e € E;", z. = 5e(zs(e)) — Te(zr(e)). Write mo = Ty — 87 (20y) — 75 (20,). As
before we have that ve,(z9) = 0 and by exactness for the free product of P; and P, there
is 21 € F(P1) and 2 € F(FP,) such that zop = szo(ﬂ},l*(zl)) — 1} (72, (22)). Finally ¢, =
st (2o, + 78 " (21)) — 1% (20, + 72,7 (22)) and this concludes the proof.

]

O

6. APPLICATIONS

In this section we collect some applications of our results to K-equivalence, K-amenability of
quantum groups and computation of K K-theory. We also explain how our results unify and
simplify many other known results and allow to recover them as corollaries.

Our first application is entirely new. We will deduce many important results out of it, in
particular all the known results about K-amenability from Cuntz [Cu82|, Julg-Valette [JV84],
Pimsner |Pi86], Vergnioux [Ve04], Fima [Fil3] and Fima-Freslon [FF13] will become obvious
corollaries of our result and so their proofs are greatly simplified and unified. We will also
deduce much more in the context of quantum groups. The fact that we do not need to assume
that the conditional expectations are GNS-faithful will be crucial for the applications.

Let Aj, As be unital C*-algebras with a common unital subalgebra B and C7, Cy be unital
C*-algebras with a common unital subalgebra B’ and conditional expectations Ej : A, — B
and E; : Cp — B’. Suppose that we have unital *-homomorphisms \; : A, — Cj such
that A\1(b) = X2(b) € B’ for all b € B and define \g : B — B’ by \g(b) := A\1(b) = A\a(b).
By the universal property of the full amalgamated free product, there exists a unique unital
x-homomorphism A\ : A; E Ay — (1 E (5 such that

_f M(a) if a€ A,
Aa) = { Xo(a) if a€ A,

Theorem 6.1. If, for k =1,2, E, o\, = Ao Ej, and Ay, is a K-equivalence for all k € {0,1,2}
then X is a K -equivalence.
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Proof. Consider the following diagram with exact rows
KK(D,B) — KK(D,A)®KK(D,A2) — KK(D A1 x4;) — KK'(D,B) — KK'D,A:)® KK"(D,As)

vatd  L(ca)e (e b) boe W Yy V(e m)e (o n)
KK(D,B') — KK(D,C1)® KK(D,Cs) — KK(D,Z&;/CQ) - KKYD,B) — KK'D,C,)®KK"(D,C>)

By the Five Lemma and the hypothesis, it suffices to check that very square of the diagram is
commutative. For a unital inclusion X C Y of unital C*-algebras, we write txcy the inclusion
map. We also write A = A, E Asand C =4 ék/ (5 the full amalgamated free products. The first

square on the left and the last square on the right of the diagram are obviously commutative
since, by definition of Ao, Agotpca, = tprcc, 0Xo for all k € {1,2}. The second square on the left
is commutative since, by definition of A\, we have Aota,ca = tc,cco A for all k € {1,2}. Hence,
it suffices to check that the third square, starting from the left, is commutative. Note that the
commutativity of this square is equivalent to the equality [z 4] %) [Xo] = [A] % [zc] € KKY(A, B'),

where 24 and z¢ are the KK elements constructed in Proposition associated with the
amalgamated free products A and C respectively. Indeed if we call K; the space appearing in
the definition of x4 in and K| the same space for . Then it follows easily from the
assumption Ej o A\ = Ao o Ej, for k = 1,2 that K; ®), B’ is isomorphic to K| and that the
induced left action of A on K7 is A U

We now formulate the same result in the context of HNN-extensions. Let B C A, B’ C C be
unital inclusions of unital C*-algebras and # : B — A, ¢’ : B’ — C be unital and faithful x-
homomorphisms. Suppose that we have conditional expectations E, : A — B.and E! : C — B!
for e € {—1,1}, where B, B! are defined as usual. Let A; : A — C be a unital x-homomorphism
such that A\ (b) € B’ for all b € B and define \g : B — B’ by \g = A\|p. Suppose moreover
that Ay 0 = 0’0o \g. By the universal property of full HNN-extensions, there exists unique unital
s-homomorphism A\ : HNN(A, B,0) — HNN(C, B’,#’) such that A|4 = A; and A\(u) = v/, where
u and u' are the "stable letters" in HNN(A, B, ) and HNN(C, B’, ') respectively.

Corollary 6.2. If, fore € {—1,1}, EloA\; = Mo E, and )\, is a K-equivalence for all k € {0,1}
then A is a K-equivalence.

Proof. 1t follows from Theorem and the relation between amalgamated free products and
HNN-extensions discovered in [Ue08]. O

Let (Ap, Be, G) be a graph of C*-algebra. Fix a maximal subtree 7 C G and let P we the maximal
fundamental C*-algebra relative to 7. Suppose that we have a compatible family of conditional
expectations Ef : Ay — BZ. We write Py the vertex reduced fundamental C*-algebra and
A : P — Pyt the canonical surjective unital x-homomorphism.

Corollary 6.3. Suppose that G is a finite graph then the class of the canonical surjection [\ €
KK (P, Pyert) is invertible.

Proof. Using the Serre’s devissage machinery developed in the beginning of section 5, the results
follows by induction and Theorem and Corollary O

Remark 6.4. The previous result is actually true without assuming the graph G finite. Indeed
the inverse of [A] and the homotopy showing that it is an inverse can be constructed directly,
without using induction.
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Remark 6.5. Corollaryimplies the result of Pimsner [Pi86, Corollary 19| saying that a count-
able discrete group I' acting without inversion on a tree 7 is K-amenable if and only if all the
vertex stabilizers are K-amenable (whenever the quotient graph 7 /T is finite). Indeed, by in-
duction and Bass-Serre’s theory, it suffices to prove the result for amalgamated free products and
HNN-extensions and these two cases follow from Theorem [6.1]and Corollary [6.2] More generally,
the following also holds.

Corollary 6.6. The following holds.

(1) If G be the fundamental compact quantum group of a graph of compact quantum groups
(Gp,Ge,G) then G is K -amenable if and only if @p is K-amenable for all p € V(G).

(2) If G is the compact quantum group obtained from the graph product of the family of
compact quantum groups Gp, p € V(G) (see [CE14]) then G is K-amenable if and only
if @p is K-amenable for all p € V(G).

Remark 6.7. The first assertion of the previous Corollary strengthens the results of [FF13] [Fi13],
Ve04].
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