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2 CHAPTER 1. CATEGORIES

One checks readily that the intersection of a non-empty family of universes
is a universe. Consequently, under axiom 1.1.4, for every set x, there exists a
smallest universe U containing x.

Definition (1.1.5). — A category C is the datum of two sets ob( C') and mor(C'),
whose elements are respectively called its objects and its morphisms, of two maps
o,t: mor(C) — ob(C) (origin and target) and of a partial composition map:
mor(C) xmor(C) - C, denoted (f, g) — g o f satisfying the following prop-
erties, where f, g, h € mor(C'):

a) the composition g o f is defined if and only if t(f) = 0(g); one has o(go f) =
o(f) and t(g o f) = t(g)

b) the composition is associative: if t(f) = 0(g) and t(g) = o(h), then ho (go
f)=(hog)of;

c) for every object X € ob( C'), there exists a morphism idx € mor(C') such
that o(idx) = t(idx) = X, idx of = f for every f € mor(C) such that t(f) = X,
and g o idx = g for every g € mor( C) such that o(g) = X.

If f € C, the objects o(f) and t(f) are called the origin and the target of f.
For any two objects X, Y in a category C, one writes C(X,Y), or Hom¢(X,Y)
to be the subset of mor( C') consisting of all morphisms f with origin X and
target Y.

Example (1.1.6). — Let C be a category. Its opposite category, denoted by C°,
has the same objects and the same morphisms, but the origin/target maps are
exchanged, and the order of composition is switched.

When one writes down a general construction/theorem from category theory
both in C and in the opposite category C°, one obtains two related statements,
one being obtained from the other by “reversing the arrows”.

Example (1.1.7). — Let A be a set and let < be a preordering relation on A, that
is, a binary relation on A which is reflexive and transitive. From (A, <), one
defines a category A as follows: one has ob(A) = A and mor(A) is the set of
pairs (a,b) € A x A such that a < b, the maps o and ¢ being the first and second
projection respectively, the composition is defined by (b, ¢) o (a,b) = (a, c) for
every a,b,c € A.

BIBLIOGRAPHY 159
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4 CHAPTER 1. CATEGORIES

One says that f is invertible, or an isomorphism if it is both left- and right-
invertible. In this case, any left-inverse g and any right-inverse & of f coincide,
since g = goidy = go(foh) =(go f)oh =idxoh = h, and this element is
simply called the inverse of f.

The definitions of a left-invertible morphism and of a right-invertible are
deduced one from the other by passing to the opposite category.

L1 — LetX,Yeob(C)and fe C(X,Y).

One says that f is a monomorphism if for every object Z € ob( C') and every
h,h' e C(Z,X), the equality f o h = f o h' implies that h = h'.

If f is left-invertible, then f is a monomorphism. Let indeed h, h' € C(Z,X)
be such that f o h = f o h'; for every left-inverse g of f, one then has

h=(gof)oh=go(foh)=go(foh)=(gof)oh = I.
One says that f is an epimorphism if for every object Z € ob( C') and every
g8 € C(Y,Z), the equality g o f = ¢’ o f implies that g = ¢'.
If f is right-invertible, then f is an epimorphism. Let indeed g, ¢’ € C(Y,Z)
be such that go f = ¢’ o f; for every right-inverse 4 of f, one then has

g=go(feh)=(gof)oh=(gof)oh=go(foh)=g"
The definitions of a monomorphism and of an epimorphism are deduced one
from the other by passing to the opposite category.

The reader will take care that a morphism can be both a monomorphism and
an epimorphism, without being an isomorphism (exercise 1.7.2).

Definition (1.1.12). — Let C and D be two categories. A functor F from C to D
is the datum of two maps ob(F) : ob(C') — ob(D) and mor(F) : mor(C) —
mor( D) satisfying the following properties:

a) For every f € mor(C), one has o(mor(F)(f)) = ob(F)(o(f)) and

t(mor(F)(f)) = ob(F)(¢(f));
b) Forevery pair (f, g) inmor(C) such that t(f) = 0(g), one has mor(F)(go

f) = mor(F)(g) o mor(F)(f);
c) For every object X € ob( C'), one has mor(F)(idx) = idgp(r)(x)-

In practice, the maps mor(F) and ob(F) associated with a functor F are simply
denoted by F.
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6 CHAPTER 1. CATEGORIES

1.2.3. — By passing to the opposite category, one defines the notions of a cocone
on a diagram D and of a colimit of D. Explicitly, a cocone on the diagram D is
the datum of an object X of C' and of a family (p, ),ev satisfying the following
properties:

a) For everyv eV, p, is a morphism in C' with origin X, and target X;
b) For every a € A, one has p;(4) © fa = Po(a)-

One says that a cocone (X, (p,)) on a diagram D = ((X,), (f,)) is a colimit of
the diagram D if for every cocone D’ = (Y, (g,)) on D, there exists a unique
morphism ¢ € C(Y,X) such that ¢ o p, = g, for every v € V.

If (X', (p!)) is another colimit of the diagram D, then there exists a unique
morphism ¢: X — X’ such that ¢ o p, = pj, for every v € V, and ¢ is an
isomorphism.

Example (1.2.4). — a) Let Q be the empty quiver — no vertex and no arrow.
There exists a unique corresponding Q-diagram D in C': it is empty — no object,
no morphism. A cone on D is just an object of C’; a limit of D is an object X
such that for every object X’ in C, there exists a unique morphism ¢ : X’ - X
in C. Such an object is called a terminal object of C. Passing to the opposite
category, a colimit of D is called an initial object: this is an object X such that for
every object X’ € C, there exists a unique morphism ¢ : X - X"in C.

In the case of the category of sets, the empty set is an initial object, and terminal
objects are sets with one element; in the case of the category of k-modules, the
initial and the terminal objects are the zero module; in the case of the category
of groups, the initial and the terminal objects are the groups reduced to the unit
element. In the category of rings, the ring Z is an initial object, and the zero ring
is a terminal object. The category of fields has no initial object and no terminal
object.

b) Let Q = (V, A, o, t) be a quiver with no arrows. A Q-diagram in C is just
a family (X, ),cv of objects, indexed by the set V of vertices of Q. A limit of D is
called a product of the family (X, ); a colimit of D is called a coproduct of the
family (X,).

In the case of the category of sets, one gets the product, resp. the disjoint
union; in the case of the category of k-modules, one gets the product, resp. the
direct sum; in the case of the category of groups, one gets the product, resp. the
free product. In the category of rings, the product is a product, and the tensor
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is mapped to an isomorphism after applying j; it is also mapped to an isomor-
phism after applying i5, where i is the inclusion of F in U,,,,. Consequently, it
is an isomorphism, and this concludes the proof of the proposition. [l
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8 CHAPTER 1. CATEGORIES

b) A morphism of functors n: id¢ — F o G such that for every x € ob(C')
and every y € ob(D), the map D(G(x),y) — C(x,F(y)) givenby g~ g* =
F(g) o #, is bijective.

¢) A morphism of functors e: G o F — idp such that for every x € ob(C')
and every y € ob(D), the map C(x,F(y)) - D(G(x),y) given by f — ft =
gy 0 G(f) is bijective,

d) For every object x of C and every object y of D, a bijection f — f* from
C(x,F(y)) to D(G(x), y), with inverse g — g, such that for any objects x, x'
of C, any objects y, y' of D, any morphisms u € C(x',x) andv € D(y,y'), any
morphism f € D(G(x), y) and any morphism g € C(x,F(y)), one has

(vogoG(u)) =F(v)og ou and vofloG(u)=(F(v)o fou).
In their presence, one has moreover the relations:

g =F(g)on.

f'=¢,0G(f)

fx = (idg(x))’
gy = Ewg.

Proof. — To pass from d) to b), we just set 77, = (idg(x))® for every object x of C.
One observes that for every morphism g € D(G(x), y), one has F(g) o #, =
F(g)o Ewc& = g'. Then, for every morphism u € C(x, x"), one has

FoG(u)on, =G(u) =neou.

Consequently, the morphisms 7, : x = F o G(x) define a morphism of functors
fromid¢ to Fo G.

Conversely, if b) holds, we just need to check that the asserted bijection g ~ g’
satisfies the given formulae of d). Indeed, for u € C(x/,x) and v € C(y,y'),
one has

(vogoG(u))' = F(v)oF(g)o(FoG)(u) ot = F(v)oF(g)onyou = F(v)og'ou,

which proves the second formula. The other follows.
The equivalence between datas c) and d) is proved similarly, or by considering
opposite categories.
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Card(.¥) =1, so that . = {X} and p is constant. It then follows from exam-
ple 5.2.3 that the pair (D (X)<?, D(X)?F*") is the standard truncation structure,
shifted by —p(X). Let us assume that Card(.%) > 2; let F be a closed subset
of X which is a union of strata, and such that F #+ g and F # X (lemma 5.1.7);
let U = X — F. By induction, (D(U)<f, D(U)>?**) and (D(F)<?, D(F)>r+)
are truncation structures on D(U) and D(F) respectively. It remains to
observe that (D (X)<f, D(X)?P*1) is the truncation structure on D(X) which
is deduced by glueing from these two truncation structures. O

Definition (5.2.6). — Let X be a topological space, let ./ be a stratification of X and
let p be a perversity relative to .. The truncation structure (D (X)<°,PD(X)>')
on D(X) is called the p-perverse truncation structure. Ifs heart is denoted by
M (X)#; objects of M (X)? are called p-perverse sheaves.

Let us introduce the following notation: D (X)<? = 2D (X)<° and D(X)?? =
PD(X)?P. By example 5.2.3, it is consistent with the case of a constant perversity.
It is also consistent with the intuitive understanding When p and ¢ are two
perversities such that p < g, it gives an intuitive explanation to the inclusions of
example 5.2.4.

Similarly, the truncation functors associated with the p-perverse truncation
structures will be denoted by 7¢, and 7, and the p-perverse cohomology
functor will be denoted by H?.

5.2.7. — Let X be a topological space, let . be a stratification of X and let p
be a perversity relative to .. Let U c X be an open subset which is a union
of strata, let j: U — X be the inclusion; let F = X = U be the complementary
subset and let i : F - X be the inclusion. We have adjoint triples of functors
(i*, 1., 1) and (ji, j*, j. ) relating the triangulated categories D (U), D(X) and
D(F), giving rise to a glueing context: the p-perverse truncation structure
on D(X) is obtained by glueing the p-perverse truncation structures on D (U)
and D (F). We also have their variants on hearts (i*,1,,1') and (j;, j*, j.). We
also have the intermediate extension functor ji..

The functors j), i* are right t-exact; the functors j* and i, are t-exact; the
functors j. and i* are left t-exact. The functors j,, i* are right exact; the functors
7* and 7, are exact; the functors j, and 7' are left exact.
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10 CHAPTER 1. CATEGORIES

b) The functor G if full if and only if v, is right invertible, for every object x
of C;
¢) The functor G is fully faithful if and only if n is an isomorphism of functors.

a') The functor F is faithful if and only if €, is an epimorphism for every object y
of D;

b’) The functor F if full if and only if ¢, is left invertible, for every object y of D;

') The functor F is fully faithful if and only if € is an isomorphism of functors.

Proof. — a) Let us assume that 7, is a monomorphism, for every object x
of C, and let us prove that G is faithful. Let x, x’ be objects of C and let u and '
be elements of C'(x’, x) such that G(u) = G(u'). Then

o u = (FoG)(u) oy = (Fo G)(u') o gy = o,

hence u = u'. Conversely, let us assume that G is faithful and let u, u’ € C'(x', x).
One has (1, o u)! = eg(x) © G(#x) © G(u) = G(u), and (1, o u')} = G(u').
Consequently, if efa, o u =, o u’, then G(u) = G(u'), hence u = v, since G is
faithful. This proves a).

b) Let us assume that 7, is right invertible. Let x, x’ be objects of C and let
ve D(G(x'),G(x)). Let 0, € C(F o G(x), x) be such that 5, 0 0, = idp.g(x)-
Let us set u = 0, o F(v) o 5,; this is an element of C'(x’, x). Moreover, #, o u =
F(v) o5, = v*, so that v = (4, o u)! = G(u). This proves that G is full.

Conversely, let us assume that G is full, let x be an object of C' and let us
choose a morphism 6, € C(F o G(x), x) such that G(0,) = (idp.g(x))*. Then
(11x 0 0:)% = G(0y) = (idpeg(x))*, s0 that 7, 0 0, = idpeg(x). This proves that 7,
is right invertible.

c) Let us assume that G is fully faithful. Let x € ob( C'); then 7, has a right
inverse 0y, by b). It follows that 7, o 0, o 7, = #,, hence 0, o 1, = idpog(x)>
because 7, is a monomorphism, by a). Consequently, #, is an isomorphism.
This implies that # is an isomorphism of functors.

Conversely, let us assume that # is an isomorphism of functors. In particular,
#x is an isomorphism for every object x of C'. Then the functor G is faithful,
by a), and is full, by b); it is thus fully faithful.

The primed assertions follow from what has just been proved, by passing to
the opposite category. O
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have S c T. Then S ¢ T — T, which is closed in T. Consequently, s € T—T, a
contradiction. ]

Lemma (5.1.7). — Let X be a topological space and let . be a stratification of X.
Assume that Card(.¥) > 2. Then there exists a closed subset F of X such that F + &
and F # X, which is a union of strata.

Proof. — LetS$ € .’ beastratum such that S # X. By definition of a stratificatino,
S is a union of strata, as well as S = S; moreover, S =S is closed in S. If S = X,
then we take F = S=S. Otherwise, we take F = S. [l

5.2. Perverse sheaves

Definition (5.2.1). — Let X be a topological space and let . be a stratification of X.
A function p: . — Z is called a perversity on X relative to the stratification % .

Definition (5.2.2). — Let X be a topological space and p be a perversity on X
relative to a stratification % .

Let ?D (X)<° be the full subcategory of D (X) whose objects A are characterized
by the property

(5.2.2.1) H"(iiA) =0 forallSe . andalln> p(S).

Similarly, let PD (X)>° be the full subcategory of D (X) whose objects A are
characterized by the property

(5.2.2.2) H"(iiA) =0 forallSe.” andalln < p(S).

For every integer n, we also set 2D (X)s" = X7"?D(X)<" and PD(X)*" =
=D (X)?m.

Example (5.2.3) (Constant perversity). — Assume that p is constant with
value a € Z; let us prove that 2D (X)<° = D(X)% and ?D(X)?>° = D(X)>*.

Since the functor i§ on sheaves is exact, for every S € ., one has D (X)<* c
PD(X)<°. Conversely, let A € 2D (X)<° and let us prove that A € D(X)<*. Since
the standard truncation structure on D (X) is nondegenerate, it suffices to prove
that H"(A) = o for every integer n such that n > a. Let n be such an integer.
By exactness of i, one has i{H"(A) = H"(iA) = o for every S € .. Since the
subspaces S, for S € .7, cover X, this implies that all stalks of H"(A) are zero,
hence H"(A) = o.
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12 CHAPTER 1. CATEGORIES

Definition (1.3.2). — Let C' be a category. One says that C' is semi-additive if
the following conditions are satisfied:

a) C admits finite products and finite coproducts;

b) There exists an object of C, denoted by o, which is both initial and terminal;

c) Let (X,,X,) be a pair of objects of C, let (X, uX,, (ji, j,)) be a coproduct,
let (X, x X,,(py, p,)) and let e: X, uX, - X, x X, be a morphism such that
pPac€c jp=idx, ifa = b, and o otherwise. Then ¢ is an isomorphism.

Let us detail the third condition a little bit. By definition of a coproduct, the
map f ~ (foj,, foj,)isabijection from C(X,uX,,X,xX,) to [T;_, C(Xp, X, x
X,). Similarly, for every b € {1,2}, the definition of a product implies that the
map g~ (p, o g, p, o g) is abijection from C (X, X, x X,) to T3, C(Xp, X,).
Consquently, the map f = (pa © €9 ji)(ap)efu)> is a bijection from C(X, U
X,, X, x X,) to 12 -, C(Xp,X,). Consequently, there there exists a unique
morphism ¢ as stated, and the assertion is that ¢ is an isomorphism.

Lemma (1.3.3). — Let C be a semi-additive category. For every pair (X,,X,) of
objects of C and every pair f,g € C(X,,X,), let f + g be the unique element of
C (X,,X,) such that

X 2% X, Y X, <X, S5 X, U, 25 X,

where dy, is the unique morphism whose composition with the two canonical
morphisms X, xX, — X, isidx, , and 8x, is the unique morphism whose composition
with the two canonical morphisms X, - X, uX, is idx,. Then the composition law
(f,g) ~ f+gon C(X,,X,) is commutative, associative, the zero morphism is a
neutral element.

Moreover, for every triple (X,,X,,X;) of objects of C, the composition map
C(X,X,) x C(X,,X;) > C(X,,X;) given by (f, g) — go f is bi-additive: for
ffe C(X,,X,) and g, g' € C(X,,X,), one has

go(f+f)=(gof)+(gof) and (g+g)of=(gof)+(g )
Proof. — To be done. 0

Definition (1.3.4). — One says that a semi-additive category C is additive if its
semi-groups of morphisms C(X,,X,) are abelian groups.

CHAPTER s

PERVERSE SHEAVES

5.0.1. — In this chapter, we only consider topological spaces which are locally
compact and finite dimensional. If X is such a space, we write D(X) for its
derived category of sheaves of abelian groups.

We recall that every continuous map f:Y — X of such topological spaces
induces functors fi, f. : D(X) - D(Y) and f*, f': D(Y) - D(X), related by
adjunctions (f*, f.) and (fi, f*).

5.1. Stratified spaces

Definition (5.1.1). — Let X be a topological space. A stratification . of X is a
finite partition of X into nonempty locally closed subsets, called strata, such that
the closure of a stratum is a union of strata.

Example (5.1.2). — Let n be an integer. The projective space P" (considered as
a complex manifold) admits a standard stratification (S,, .. .,S,) such that for
every i, the stratum S; is an affine space C’ of (complex) dimension i, and its
closure S; =S, u--- U'S; is a projective subspace P'.

Example (5.1.3). — Let G be a complex reductive algebraic group, let B be a Borel
subgroup of G and let W be a Weyl group associated to the maximal torus of B.
For example, one may take for G the linear group GL(#, C), for B be the subgroup
of upper triangular matrices and for W be the subgroup of permutation matrices.
The Bruhat decomposition G = BWB induces a stratification & = (BwB),,cw
of G.

Example (5.1.4). — Let p and n be integers such that1 < p < nandlet X =
Gr(p, n) be the Grassmann varieties of p-dimensional subspaces of C". By
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14 CHAPTER 1. CATEGORIES

b) Let X be a topological space and let &' be a sheaf of rings on X. The category
of &'-modules is an abelian category. Monomorphisms, resp. epimorphisms,
are the morphisms which induce injective, resp. surjective, morphisms on all
stalks. Consequently, monomorphisms are injective morphisms. However, not
every epimorphism is surjective (see exercise 3.10.1). Kernels are defined naively;
however, the cokernel of a morphism ¢ of &-modules is the sheaf associated
with the presheaf U — Coker(¢y).

c) Let A be an abelian category. The additive category C'(A) of complexes
in A is an abelian category. Kernels and cokernels are computed termwise and a
morphism of complexes f: X — Y is a monomorphism (resp. an epimorphism,
resp. an isomorphism) if and only if so is f": X" — Y", for every integer n € Z.

d) The category of Banach spaces is not an abelian category. Indeed, in this cat-
egory, monomorphisms are the injective continuous morphisms, while kernels
are monomorphisms with closed image.

Proposition (1.4.3). — Let f : X — Y be a morphism in an abelian category C.
a) The morphism f is a monomorphism if and only if Ker(f) = o;
b) The morphism f is an epimorphism if and only Coker(f) = o;
c) The morphism f is an isomorphism if and only it is both a monomorphism
and an epimorphism.

Proof. — a) The conditions “f is a monomorphism” and “Ker(f) = 0” are
both equivalent to the statement that for every object Z, the zero morphism is
the only morphism h € C(Z,X) such that f o h = 0.

b) Similarly, the conditions “f is an epimorphism” and “Coker(f) = 0” are
both equivalent to the statement that for every object Z, the zero morphism is
the only morphism g€ C(Y,Z) such that go f = o.

¢) If f is an isomorphism, then it is both an epimorphism and a monomor-
phism. Let us assume, conversely, that f is both an epimorphism and a monomor-
phism. Since f is a monomorphism, it is the kernel of a morphism g: Y - Z.
In particular, one has go f = 0 = o o f. Since f is an epimorphism, one has
g = o. Since f: X — Y is a kernel of o, the relation o o idy = o implies the
existence of a unique morphism s : Y - X such that idy = f o h. In particular,
f is right-invertible. By passing to the opposite category, one proves that f is
left-invertible. Consequently, f is an isomorphism, as was to be shown. [l

Lemma (1.4.4). — Let C be an abelian category.

4.5. EXTENSIONS 147

c) Since the functor 7. is exact and fully faithful, for every object T in C¥, the
object i, T of C is simple if and only if T is simple. Moreover, if T and T’ are
two objects of Cg such that j;, T and j,, T’ are isomorphic in C, then T and T’
are isomorphic.

d) To conclude the proof, it suffices to prove that a simple object X of C'is
either of the form 7S for some object S € Cy, or of the form 7, T for some object
T € Cg. There are two cases. If X has a nonzero subobject, or a nonzero quotient,
in Cg, then X is isomorphic to that object since it is simple. Otherwise, the
relation j*ojy, ~ idin Cy shows that X is an extension of j*X; since this extension
has neither a nonzero subobject, nor a nonzero quotient in C'y, corollary 4.5.11
implies that X ~ j,, j*X. [l
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16 CHAPTER 1. CATEGORIES

This is represented by the following diagram:

Ker(f) ——— X ! y —2

b

Coim(f) |-w-w Im(f)

Coker(f)

Observes that when one passes to the opposite category, kernels and cokernels
are switched, as are images and coimages.

As an intermediate step, the proof of the proposition uses a result which can
be seen as corollary.

Lemma (1.4.6). —  a) There exists a unique morphism f,: X - Im(f) such
that f = jo f.

b) For every factorization f = j' o f!, where j': T — Y is a monomorphism
and f!: X - T is a morphism, there exists a unique morphism u: Im(f) > T
such that fl =uo fiand j = j ou.

¢) The morphism f, is an epimorphism.

Proof. — a) By definition, Im(f) is a kernel of p: Y — Coker(f), so that
p o f = o. Consequently, the assertion follows from the definition of a kernel.

b) Let p’: T — Coker(j") be a cokernel of j'. Since p’o f = p’oj'o f] = o, there
exists a unique morphism u’: Coker(f) — Coker(j) such that p’ = u’o p. Then
p'oj=u'opoj=o,sothatthere exists a unique morphism u : Ker(p) - T such
that j= jou. Then jo f/ = f = fo f, = j' cu o f; since j' is a monomorphism,
onehas f/ =uo f,.

c) Lets: Ker(p) — S be a morphism such that s o f, = 0; let us prove that
s=o. Let k: Ker(s) - Ker(p) be a kernel of s; there exists a unique morphism
f!: X — Ker(s) such that f, = ko f/. Then f = jo fy = (jok) o f/. Since jo k
is a monomorphism, part b) of lemma 1.4.6 asserts that there exists a unique
morphism u : Ker(p) — Ker(s) such that f/ =uo f,and j = jo k o u. Since j is
a monomorphism, this implies that k o u = idyy(s). Finally,s =sokou =o0. []

Proof of proposition 1.4.5. — Since p o f = o, there exists a unique morphism
fi: X > Ker(p) such that f = jo f;; by lemma 1.4.6, f, is an epimorphism. Then
jofioi= foi=o0,hence foi = 0, because j is a monomorphism. Consequently,

there exists a unique morphism f: Coker(i) - Ker(p) such that f, = f o q.
One then has f = jo f o q. If f’ is a second morphism such that f = jo f/og,
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Since the three vertices of this triangle belong to C, the diagram
o-» i H'Yi"j,Y>jY>X-o0

is an exact sequence, as claimed.
By duality, the canonical morphism 7f_jiY — 7f ;Y furnishes an exact se-
quence
o-X-7Y-iHijY-o.
This proves that X is the image of the canonical morphism 7Y — j.Y, hence
X = j1.Y, as was to be shown. O]

Corollary (4.5.11). — Let Y € Cy. Then X = }.Y is the unique extension of Y
in C which has no non-trivial subobject and no non-trivial quotient in C'.

Proof. — Let X € C be an extension of Y. By proposition 4.5.7, b), the largest
quotient of X that belongs to Cy is 7. 7*X. One has i*X € D5°, because i* is right
t-exact, hence 7*X = H°i*X. Since 7. is exact and fully faithful, this quotient
vanishes if and only if i*X € Dg°.

Similarly, the largest subobject of X that belongs to Cy is 7.7'X. Since ' is
left t-exact, one has i'X € Dg°, hence i'X = H°i'X. It vanishes if and only if
i'*X e Dg°.

The corollary thus follows from proposition 4.5.10. O]

Corollary (4.5.12). — The functor ji.: Cy — C if fully faithful and respects epi-
morphisms and monomorphisms. It induces an equivalence of categories from Cy
to the full subcategory of C' consisting of objects X such that i*X = 'X = o.

However, the functor ji. is not exact in the middle in general, see (
, , p- 562).
Proof. — Let f: Y — Zbe a morphism in Cy. The morphisms j,(f) and j.(f)
fit in a diagram

Y 7Y 7Y
\,_S_ T*S ?S
7z iz 7.z,

Assume that f is a monomorphism. Since j. is left exact, the morphism j,.(f)
is a monomorphism, and one reads on the preceding diagram that j.(f) isa
monomorphism as well.
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18 CHAPTER 1. CATEGORIES

b) Let X be a topological space and let &' be a sheaf of rings on X. The category
Mod(0) of 0-modules on X satisfies the axioms (AB;), (AB,), (ABs), (AB;]),
but not (AB}).

For every open subset, let 0y be the extension by zero of the ring sheaf J|y.
The family (Oy)y is generating.

Definition (1.4.9). — Let C be an abelian category.

a) An object I of C' is said to be injective if for every monomorphism j: X - Y
and every morphism f: X — 1, there exists a morphism g: Y — 1 such that
f=g0j.

b) An object P of C' is said to be projective if for every epimorphism p: X - Y
and every morphism f: P — Y, there exists a morphism g: P — X such that
f=rog

In other words, an object I is injective if and only if the left-exact functor
C(-,1) is exact; an object P is projective if and only if the left-exact functor
C(P,-) is exact.

Theorem (1.4.10) (Grothendieck). — Let C be a Grothendieck abelian category.
For every object X of C, there exists an injective object 1 of C and a monomorphism
f:X->L

For the proof, see ( s , théoréme 1.10.1).

When the conclusion of the theorem holds, one says that C' admits enough
injectives.

)

1.5. Complexes in additive categories

Let A be an additive category.

()To be added: representability of a contravariant additive functor from an abelian category admitting a
generator to the category of abelian groups.
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Proposition (4.5.7). — a) The functor j*: C — Cy identifies the abelian cate-
gory Cy with the quotient of the abelian category C' by the essential image C'y of
the functor i..

b) For every object X of C, i,i*X is the largest quotient of X that belongs to C'g,

and i,i'X is the largest subobject of X that belongs to C'.

Proof. — a) Let us first show that the category C' is the kernel of the func-
tor j*: C — Cy. The relation j*i, = o implies that C c Ker(j*). Conversely,
let X € C be such that j*X = o. The exact sequences of corollary 4.4.8, c), show
that 7,7*X ~ X = 7,i'X; in particular X belongs to Cy. Consequently, the func-
tor j* factors uniquely through a functor T: C/Cr - Cy. LetS: Cy — C/Ck
be the composition of the functor j, with the canonical functor C — C/Cf.
The isomorphism j* o j, ~ id implies that T o S ~ id. On the other hand, the the
first exact sequence of corollary 4.4.8,c), implies that So T ~ id. Consequently, T
is an equivalence of categories, as claimed.

b) Let X be an object of C'. By corollary 4.4.8, ¢), the canonical morphism X —
1,7*X is an epimorphism. Conversely, let v : X — 7, Y be an epimorphism from X
to an object of C'g. Since the pair (i*, i, ) is adjoint, the morphism v corresponds
to a morphism v*: *X — Y, and v* = 5y o 1*(v), where 5 : i* 0 i, — id is the
counit (it is an isomorphism because 7, is fully faithful). Then v = 7, (v*) o ex
factorizes uniquely through 7,7*X.

Similarly, the canonical morphism 7,7'X — X is a monomorphism. Let then
w: i,Z — X be a monomorphism from an object of C to X. Let w!: Z — i'X
be the morphism associated with w by the adjunction (i.,'). If 5 : i, o I' — id
is its counit, then w = zx o i, (w!) is the unique factorization of w through 7, 7'X
as claimed. O

4.5.8. — LetY € Cy. Since the functor j is right t-exact, one has j|Y € D<°,
and 7)Y = 75,jiY. Since the functor j, is left t-exact, one has j.Y = 7¢j.Y.
Moreover, there exists a unique morphism i : /Y — j.Y such that j* (i) is the
composition of the counit j*j, — id and the unit id - j*j, associated with the
adjoint pairs (j*, j.) and (j), 7*). This leads to a canonical diagram

S

where u: j|Y — j.Y is the canonical morphism.
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20 CHAPTER 1. CATEGORIES

1.5.4. — Let X and Y be complexes in the additive category A; for every n € Z,
let 7 € A(X",Y"). We define as follows the cone of f, denoted by Cy: For every
n € Z, one sets C7 = Y" @ X", and one defines a morphism mm% 1 Cf -~ G by

the block-matrix A AR v

o ~dyt
Observe that d¢'" o d¢t is given by the product of matrices

&ﬂi .\.:JS &ﬂ .\.:i o &m_‘i.\.:i _ .\:+~&M+_

o -di”J\o -dy? o 0 ’
so that Cy is a complex if and only if f is a morphism of complexes.

Let us assume that f is a morphism of complexes. The canonical morphisms
ap: Y - Ch=YreXm define a morphism of complexes af : Y — Cy. Similarly,
the canonical morphisms mmt tC=Yre X - X define a morphism of
complexes B¢: Cy - XX. One has 7o ay = o.

For every n € Z, let mw X" > Yt X = OwL be the canonical morphism.
One has

. § agt o fm ) o
o0+ oy ody = (Y o liae ) lian. dr
fr o) _(f"
= 4= =aso f.
—dr) " \daz) " \o) %

Consequently, the family 6 = Amwv is a homotopy with origin as o f and target o.

Conversely, let g: Y — Z be a morphism of complexes and let 7 be a homotopy
with origin g o f and target o. Then the family (y") given, for every n € Z, by
y" = (¢" ¢" ) is the unique morphism of complexes y : Cy - Zsuch that yoas = g
andyo 0 =y.

In other words, the triple (Cy, as, 05) solves the universal problem of mak-
ing ay o f the origin of a homotopy 0 r with target o.

For every n € Z, let g7 Ch—>Y"= (£Y)"* be the canonical morphism. One
has

n n+1
o0y + gt odt, = < (v o)+ (idv o) (¥ T

(=di o)+ (dy fr)=(o fr)
= M.\‘ (o) \w‘xv
so that the family ¢ = ?&S is a homotopy with origin X o B¢ and target o.
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Example (4.5.3). — Let Y be an object of Dy. The object Y, endowed with the
isomorphism ey : Y = j*j,Y, unit of the adjunction (ji, j*), is an extension of Y.
The object j.Y, endowed with the isomorphism 7y : j*j.Y — Y, counit of the
adjunction (j*, j.), is an extension of Y. Moreover, the canonical morphism
#1Y = j.Y is a morphism of extensions.

Example (4.5.4). — Let Y be an object of Dy, let p be an integer and let X =
ﬁw@\_%«.

Let us apply the functor j* to the canonical distinguished triangle i.7.,i'jiY —
iy ﬁwm\k - i, T,i'j)Y; since j*i. = o, we get a distinguished triangle o -

7Y I, 7“5, /1Y — 0,50 that j*(v) is an isomorphism. Letting u = j*(v)oey

be its composition with the unit ey: Y = j*;Y, this furnishes an extension
(X,u) of Y.

More precisely, let (X', u’) be another extension of Y, where X' is isomorphic
to X as an object of D. Let us show that there exists at most one morphism
f: X = X’ such that u = u' o j*(f), in other words, at most one an morphism of
extensions from (X, u) to (X', u’), and that, in this case, f is an isomorphism.
Indeed, let us complete the morphism u'?: j;Y — X to a distinguished triangle

Z - jY “, X - SZ and consider a partial morphism of distinguished triangles:

b

i TepijiY Y —/— X TiTepi' i)Y
|
wm : “\ me
v " M v
4 Y —/—— X' 7.

Relative to the truncation structure on D of example 4.4.13, the object i, 7.,i Y
is < p,and X' =~ 7% ,jY is > p, hence 27X is > p as well. Consequently,
D(i.1,i'jiY,27'X’) = o. It then follows from corollary 2.2.6 that there ex-
ists at most one isomorphism of extensions.

Consequently, we will allow ourselves to say that an extension of Y “is” iso-
morphic to 75, j;Y.

Example (4.5.5). — Let Y be an object of Dy, let p be an integer, and let X =
ﬂmm j«Y. Applying j* to the canonical distinguished triangle .ﬁMw WY 55y -
i.T5oi*Y = 27, /1Y, we obtain that j*(v) is an isomorphism. Then u = 5y o
j7*(v): 7*X = Y is an isomorphism, so that (X, u) is an extension of Y.
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The consideration of the opposite category furnishes a different descrip-
tion: the canonical BOQTGE X" — Im(d}) factors uniquely through
X" - Coker(d}™); let H"(X) be a kernel of the resulting epimorphism
vy : Coker(d{™) — Im(dg).

Im(d2) —% Ker(dl) —» H7(X)

SN

(1.6.1.1) X

N\

H"(X) — Coker(d}™) —> Coim(d})

Let u: Ker(df) — Coker(d{™) be the composition of the two canonical
morphisms indicated on the diagram.

Since u o ¢} = o, the morphism ¢} factors uniquely through Ker(u). Since
the following composition of canonical monomorphisms

Im(d{™) < Ker(u) = Ker(X" —» Coker(d§™)) — Im(d§™)

is the identity, these monomorphisms are isomorphisms; in particuliar, the
morphism ¢ induces an isomorphism Im(d2™) — Ker(u).

Since Y% o u = o, the morphism y% factors uniquely through Coker(u); one
checks as above that it induces an isomorphism Coker(u) — Coim(d2)
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Example (4.4.12). — Let us now start with the degenerate truncation structure
(D, 0) on Dy and with the given truncation structure (D°, D) on Uc An
object X of D belongs to D<° if and only if j*X € D5°. We denote by 77, be
the associated truncation functor, right adjoint of the 5&:&05 D<° - D. d._m
canonical truncation triangle associated with an object X writes

VX = X = ju1s0j X = 219X,
and the cohomological functor is given by H°X = j, H°;j*X.

Example (4.4.13). — Finally, we start with the degenerate truncation structure
(0, Dg) on Dy and with the given truncation structure (Dg°, D{°) on Dy. An
object X of D belongs to D>° if and only if j*X € D{°. Let us denote by 73, the
associated truncation functor, left adjoint of the inclusion D>° — D. For every
object X of D, the canonical truncation functor writes

JiTeof X = X > 19X = jit,j'X
and the cohomological functor is given by H°X = jH°(j*X).

Remark (4.4.14). — The four truncation structures on D described in exam-
ples 4.4.10, 4.4.11, 4.4.12 and 4.4.13 can be used to describe the truncation struc-
ture given by theorem 4.4.6. Indeed, one has the formulas

To=ToTo,  and  Tso = Th 7Y,

<o \

To prove the first formula, let us go back to the octahedron drawn in the course
of the proof of theorem 4.4.6. In that diagram, the first vertical distinguished
triangle identifies with the canonical truncation triangle associated with the
truncation structure of example 4.4.12, so that Y = .wmovn. Then 7, X = A =

The other formula is deduced from that one by passing to the opposite cate-
gories (and exchanging i' and i* on the one hand, and j, and j, on the other
hand).

4.5. Extensions
We retain the notation of the previous section, as given in §4.4.2.

Definition (4.5.1). — LetY € Dy. An extension of Y is an object X of D endowed
with an isomorphism u: j*X — Y.
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Proof. — Composed with d{** on the left, and with the canonical epimorphism
X" — Coker(d§ ™) on the right, the morphism Coker(d} ™) - X"*!) becomes
equal to di"'od} = 0. Consequently, Since X" — Coker(dy ) is an epimorphism,
this implies that the morphism Coker(d§ ™) — X"*! factors through Ker(d%™),
hence the existence of the morphism labeled (ii).

Exactness at H"(X) follows from the fact that the morphism (i), H*(X) —
Coker(d§™), is a monomorphism. Similarly, exactness at H"*'(X) follows from
the fact that the morphism (iii), Ker(dg*) - H"*(X), is an epimorphism.

Let us show exactness at Coker(d§ '): the kernel of the morphism (ii) coin-
cides with that of y%, because the morphism Coim(d§) — X"*! is a monomor-
phism, that is, with Im(u), that is with the image of H"(X).

Let us finally show exactness at Ker(dg™): by construction, the kernel of
the morphism (iii) is the image of di, which coincides with the image of the
morphims (ii). O

1.6.3. — The cohomology objects are functorial: any morphism of complexes
f: X = Y induces morphisms of cohomology objects H*( f) : H"(X) - H"(Y)
in such a way that H"(g o f) = H"(g) o H"(f) and H"(idx) = idy»(x). These
functors are also additive.

If H"(f) is an isomorphism for every n € Z, then one says that f is a homolo-
gism, or a quasi-isomorphism. We also say that two complexes are homologous,
or quasi-isomorphic, if there exists a homologism from one to another. (This is
not an equivalence relation in general.)

Lemma (1.6.4). — Let A be an abelian category.

a) Let f,g: X — Y be morphisms of complexes in A. If f and g are homotopic,
then H*(f) = H"(g) for every n € Z.

b) Let f : X = Y be a morphism of complexes in A. If f induces an isomorphism
in the homotopy category K (A), then f is a homologism.

c) Let X be a complex in A. If the identity morphism idx is null homotopic,
then the complex X is acyclic.

Proof. — a) Let (0"),ez be a family of morphisms, where for every n, 0" ¢
A(X",Y"), such that g" — f* = d{™ o 0" + "% o df for every n € Z. The
morphism H"(g) - H"(f) : H*(X) - H"(Y) decomposes as the sum of two
morphisms respectively induced by d{™ o 8" and 6"** o d{. The first one is
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Let then X, Y € Ck. Since the functor i, is t-exact, its restriction to Cg coin-
cides with the functor i,. Since i, is fully faithful, the functor i, is fully faithful
as well.

b) The three equalities follow from corollary 4.3.6 and the fact that j* and i,
are both left (or right) t-exact, that i* and j) are both right t-exact, and that j,
and i* are both left t-exact.

c) Let X € C and let us apply the functor H° to the canonical distinguished
triangle

QX > X > i i*X > ZjjX.
One obtains an exact sequence
H™(X) - H'(i,i"X) - H°(jij*X) -» H°(X) - H°(i,i*X) - H'(jij*X).

Since X € C, one has H°(X) = X and H*(X) = o. Since j* and j, are both
right t-exact, one has H°(jij*X) = j,j*X. Since i, and i* are both right t-exact,
one has H°(i,i*X) = i,i*X and H(i,i*X) = i.H'(i*X) = 7,.H*(i*X). Finally,
>X € D< % since ji and j* are both right t-exact, this implies j,7*X € D<°, hence
2j1j*X € DSt and HO(Z 1 j*X) = o. This furnishes the desired exact sequence

P H'(i'X) - 77X > X > ,i"X > 0.

The second exact sequence is established similarly, by applying the functor H°
to the distinguished triangle i.i'X - X — j,j*X - Zi,i'X. O

Proposition (4.4.9). — The truncation structure on D is nondegenerate if and
only if the given truncation structures on Dy and Dy are nondegenerate.

Proof. — Let us assume that the given truncation structures on Dy and Dk
are nondegenerate, and let us prove that the truncation structure (D<°, D*') is
nondegenerate as well.

Let X € N D<". Consequently, j*X € D" and i*X € Dg" for every integer n,
so that *X = o0 and i*X = o. The distinguished triangle j, j*X - X - 7,i*X —
> jij*X then proves that X = o.

Similarly, let X € N, D>". This implies that j*X € N, D" and i*X € N, D;",
so that 7*X = o and i'X = o. The distinguished triangle i,i'X - X - j, j*X —
¥i,i'X then proves that X = o.

Conversely, let us assume that the truncation structure on D is nondegenerate.

It follows from the fact that the functor i, is t-exact and fully faithful that the
truncation structure on Dy is nondegenerate. Let indeed X € N Um:. Since i, is
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a) Since ayo f is null homotopic, one has H"(as) oH"(f) = o. Since Boas =
o, one has H"(fs) o H"(ay) = o. Since Xf o 8 is null homotopic, one has
H () o HY () = o.

Let x € X" be such that dx(x) = o and such that H*(f)([x]) = o in H"(Y).
Let y € Y"* be such that f(x) = dy(y); let z = (7}); one has d¢,(z) = 0 and
By(z) = x. This proves exactness at H"(X).

Let y € Y" be such that dy(y) = o and such that H"(af)([y]) = o;let z € cy

be such that (}) = dc,(z); write z = Qwv One has d(y') + f(x') = y and
d(x") = o, hence [y] = [f(x")] = H"(f)([x']). This proves exactness at H"(Y).

Let z € H*(Cy) be such that dc,(z) = o and H*(By)([2]) = o in H***(X);
write z = (). One has d(y) + f(x) = o and d(x) = 0; moreover, there exists
x" € X" such that x = d(x'). Consequently, d(y + f(x')) = 0o and

= (7)) = (D) = (D) = de, ((2))

so that [z] = H"(as)([y + f(x")]). This proves exactness at H*(Cy).

b) Let n € Z. Let z € C} be such that d(z) = oand H*(h)([z]) = o. Let
z' € 2" be such that h(z) = dz(2'); write z = (}). Then d(y) + f(x) =
d(x) =oandd(z') = g(y). Since g"': Y — Z" is surjective, there exists
y" € Y such that 2/ = g(y'); then d(2’) = dz(g(¥")) = g(dy(y")), so that
g(y—dy(y")) = o; consequently, there exists x € X" such that y—dy (') = f(x).
We thus have z = (40")+/()) = d((2)), so that [2] = o. This proves that H" (h)
is injective.

Let now z € Z" be such that d;(z) = o. Since g" is surjective, there exists y € Y"
such that z = g"()y), hence o = d}(g"(y)) = g"(d%(y)). Consequently, there ex-
ists x € X" such that d%(y) = f"*(x). One has f"(d§ '(x)) = d¥(f"(x)) =
0, hence dx(x) = o since f" is injective. Let 2/ = ( 2,) € C}™". One has d(z')=o0
and h(z') = g(y) = z, so that H"(h)([2']) = [z]. This proves that H"(h) is
surjective.

¢) If H"(Cy) = o, the exact sequence of a) shows that H"(f) is an epimor-
phism and H"*'(f) is a monomorphism. Consequently, if Cy is acyclic, then
H"(f) is an isomorphism for every n, so that f is a homologism.

Conversely, if H"(f) is an epimorphism, then H"(as) = o, while if H"(f)
is a monomorphism, then H"7(¢) = o. In particular, if f is a homologism,
then H"(as) = o and H"(ff) = o for every n. Then, o = Im(H"(ay))
Ker(H"(Bf)) = H"(Cy) for every n, so that C is acyclic. O

4.4. GLUEING TRUNCATION STRUCTURES 135

Similarly, applying the functor i' to this second vertical triangle, we obtain the
distinguished triangle

.. - i'(h) k)
i To0i’Y —> i'B —> I juTsol X > i1, T.01Y.

Since i'j, = 0, the morphism i'(h) is an isomorphism. Composed with the unit
e: id = i'i, (which is an isomorphism, because i, is fully faithful), we obtain
an isomorphism i'(h) o &,_j+y : T50i*Y — i'B. Consequently, i'B € D;.

Let us now apply j* to the second horizontal triangle; we obtain a distinguished
triangle

j NEAAN \x|v€ B - ZjA.

Observe that &, jx 0 j*(k) o j*(w) = & jx 0 j* (kow) = & jx 0 j*(g) = €jx-
Consequently, we have a distinguished triangle

A LU, ey B #X S SiA.
Equivalently, the morphism j*( f o u) factors uniquely through an isomorphism
j*A = 14,j*X. In particular, j*A € DS°.
Let us apply i* to the first horizontal triangle; this furnishes a distinguished

triangle

I C7) I A € N . .
iA—> <|:N?ON<|VMN>

The counit 7 : i*i, — id is an isomorphism, because i, is fully faithful, and one
has 7,y 0 i*(v) = #i*Y. Consequently, there exists a distinguished triangle of
the form

o ) nitY . %
I'A—>07'Y — 1,,0°Y - Zi"A.

This implies that the morphism i* () factors uniquely through an isomorphism
i*A = T4i*Y. In particular, i*A € D5°.
We thus have proved that A € D<° and B € D**, as claimed.

Consequently, (D<°, D*') is a truncation structure on D. O

Proposition (4.4.7). — a) The functors j, and i* are right t-exact;
b) The functors j* and i, are t-exact;
c) The functors j. and i* are left t-exact.

Proof. — If X € D<°, then j*X € D§° and i*X € Dg°; consequently, j* and i*
are right t-exact. If X € D>, then j*X € D{' and i'X € D;*; consequently, j* and
i* are left t-exact.
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f
(thatis, a colimit of the diagram ¢ ———3 x ). Prove that a regular epimorphism
g

is an extremal epimorphism.

Exercise (1.7.5). — Let A be an abelian category satisfying both axioms (AB)
and (AB;).

a) Let X be and let I be a set. Let (X;) ;e be the family in A where X; = X for
every i € . Show that the canonical morphism X(I) - X! from the coproduct of
the family (X;);q to its product is an isomorphism.

b) Prove that X is a zero object in A.
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to its pair (i.Dg, jiDy) of triangulated subcategories. It furnishes two exact
sequences of triangulated categories

i i ji i*
o->Dg—> D> Dy—o and o—->Dy—-> D — Dr—o.

Indeed, with the notation of that proposition, the two functors 7p, and 7p, are
induced by the distinguished triangle (v), hence are given by 7p,X = j;j*X and
Tp, X = i,i*X; finally, we have identified Dy and Dy as a subcategory of D via
the functors ji and i, respectively.

The same argument applied to the second distinguished triangle of §4.4.2 (v)
furnishes two exact sequences of triangulated categories:

ix 7 Jx i’
o->Dg—> D> Dy—o and o> Dy— D — Dg—o.
The second exact sequence is the one that was missing. O

Definition (4.4.5). — Let (D§°, D{') and (Dg°, D;") be truncation structures
on Dy and Dy respectively. Let D<° and D' be the full subcategories of D whose
objects are given by

(4-4-5.1) ob(D*°) = {X eob(D); j*X € D andi*X € Dg°}
(4-4.5.2) ob(D*") = {Xeob(D); j*X e D' andi'X € D;'}.

Theorem (4.4.6). — The pair (D<°, D*) given by definition 4.4.5 is a truncation
structure on D.

We say that this truncation structure of D is obtained by glueing the given
truncation structures on Dy and Dk.

Proof. — We check the axioms of a truncation structure.

a) By construction of the categories D<° and D?>°, they contain any object
of D which is isomorphic to one of their objects.

b) Let X € ob(D<°) and let Y € ob(.D*'). Applying the contravariant coho-
mological functor D (-, Y) to the distinguished triangle jj*X - X - i,i*X —
> jij*X, we obtain an exact sequence

D(i,i*X,Y) » D(X,Y) - D(jij*X, Y).

By adjunction of the pair (i.,i'), one has D(i,i*X,Y) ~ Dg(i*X,i'Y) = o,
since i*X € Dg° and i'Y € Dg'. Similarly, the pair (ji, j*) is adjoint, hence
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2.1.2. — Since trianglesin C' are complexes, a morphism of triangles ¢ : T — T’
gives rise to a cone C,. Let us explicit the description of this cone. Let us thus
consider a morphism of triangles, as represented by the diagram:

X5y —“t->7-",73%X

bbb b

X Y 7' s X,

By definition, its cone is the complex
(5 %) (5 %)

There is also a natural notion of homotopy between morphisms of triangles. If
two morphisms of triangles F = (f, g, h) and F' = (f’, ¢’, h’) are homotopic, the
choice of a homotopy 1 = (0, ¢, y) with origin (f, g, h) and target (f’, g’, h")
gives rise to a morphism of triangles A : Cg - Cp, explicitly given by the diagram

u ! w' M.\
B ) IO DO G
Cr XoY 2B Yez 2X7e3X 255X 03Y
[ e Jen ey (=)
XeoY —YoZ \lw\v 7' ® X ﬂv X' XY
v w
O I T e Pl
This morphism A is an isomorphism.
Finally, one says that a triangle T is contractible if idy is null homotopic.

A_\i MM\ v
XoY-2%5Y ez 2" 75X >, vX' & 3.

@)
o
I

Definition (2.1.3). — A triangulated category is an additive category C endowed
with an automorphism X and a set T of triangles such that the following properties
hold:

(2.1.3.1) A triangle isomorphic to a triangle in 7 belongs to 7;
(21.3.2) A Nz.n:w% X5 Y5 25 5Xin C belongs to T if and only if the

triangle Y —> Z — X sy belongs to 7 ;

(2.1.3.3) For every object, the triangle X — 9 X >0 - 32X belongs to T ;

(2.1.3.4) For every morphism u: X — Y in C, there exists a triangle X LY
Z->3XinT;

(2135) Let X > Y 5> Z 5 X and X/ “ Y’ 7 Z v, XX’ be triangles
of 7. Forevery f € C(X,X') and every g € C(Y,Y') such thatu'o f = gou,
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(iii) The functors i,, ji and j. are fully faithful. Equivalently, the counits
i*i, > id and j*j, — id are isomorphisms, as well as the units id — i'i, and
m& d .\.*\N._.

(iv) One has j*i, = 0. As a consequence, its left adjoint i* j; = o, and its right
adjoint i'j, = 0. Moreover, for X € Dy and Y € Dy, one has D(;Y,i.X) =
Dy(Y, j*i.X) = oand D(i.X, j.Y) = Dy(j*i.X,Y) = o.

(v) For every object X € D, there exists distinguished triangles

QX S X S i X > 27X
and
PLd'X 5 X 5 X > 2K

By corollary 2.2.7, the unlabeled arrows of these triangles are uniquely deter-
mined and these triangles are functorial in X.

Observe the symmetry: passing to the opposite categories interchanges i'
and i* on the one hand, and j and j, on the other hand.

As a consequence of these hypotheses, we note the following functorial iso-
morphism, for every Y € Dy:

Dy(jY, .Y) ~ Dy(Y, j*j.Y) = Dy(Y,Y).

Example (4.4.3). — The important example of such a glueing context, and the
motivation for the notation, comes from topology.() Then, D, Dy, and Dy, are
the derived categories D(Ab(X)), D(Ab(U)) and D(Ab(F)) of the categories
of abelian sheaves on a topological space X, an open subset U, and the closed
complement subset F = X—=U. Let i : F - X and j: U - X be the inclusions.

(i) The extension by zero functor i) = i,: Ab(F) - Ab(X) is exact, and
induces a functor, still denoted i,, from Dy to D. The functor of restriction
to F, i*: Ab(X) - Ab(F), is also exact, and induces a triangulated functor
i* D — Dg. The functor i, does not admit a right adjoint at the level of categories
of sheaves, but Verdier duality provides a right adjoint i': D — Dk at the level
of derived categories.

()What follows is not strictly true; one should rather assume that X, U, F are moderate topological
spaces and restrict to the subcategories of the indicated derived categories consisting of complexes with
constructible cohomology. This will hopefully be cleaned up once the sections on Verdier duality and
constructible sheaves are written.
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complexes f : X — Y sits in a diagram

xLy%c &osx,

where af o f is homotopic to o, fs o ay = 0 and Zf o B is homotopic to o.
Consequently, these diagrams give rise to triangles in the homotopy category.
We shall prove below (theorem 2.4.3) that the category K (C'), endowed with
the triangles isomorphic to such a cone triangle, is a triangulated category.

Definition (2.1.6). — Let C' be a (pre)triangulated category. An additive functor
H: C — A to an abelian category is said to be cohomological if the complex
H(T) in A is exact for every distinguished triangle T.

Let H: C' - A be a cohomological functor. For every integer m € Z, set
H™ = H o ™. By definition, every distinguished triangle

Xx5y5Lz5sx
gives rise to a long exact sequence

H™'(w H(u) H°(v)

EOA<V ) EOANV H°(w) EHAVAV H'(u)

o H(2) T ()
On the other hand, a shifting argument shows that to verify that an additive
functor is cohomological, it suffices to prove that for every distinguished triangle

as above, the complex H(X) — H(Y) — H(Z) is exact at H(Y).

Lemma (2.1.7). — Let C be a (pre)triangulated category and let A be an object
of C. The functor C(A,-): C — Ab is a cohomological functor.

Proof. — Let X 5 Y 5 7 % X be a distinguished triangle and let us show
that the complex

C(A,X) 2 C(AY) 2 C(A,2)

is exact in the middle, where u, and v, are the group morphisms deduced from
composition with u and v respectively.

First of all, we recall that v, o u, = o; indeed v. o u, maps every f € C'(A,X)
tovouo f=o.

Let then f € C(A,Y) be such that v.(f) = v o f = 0. By axioms (2.1.3.3)

and (2.1.3.2), the triangle A - o - ZA T s A is distinguished; by ax-
55G.rw.nv.ﬁrmﬁiwzmﬁuwHVNHVMN \|M=VM<$ &madmimwma.w%mx-

iom (2.1.3.5), there exists a morphism h, ¢ C(ZU, £X) making the following
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Proof. — Let us assume that F is left t-exact and let us prove that G is right
t-exact. Let X be an object of D<° and let us prove that G(X) € D'<°. We use the
criterion of corollary 4.1.9; let Y € D"*%; since F is left t-exact, one has F(Y) € D>
consequently, D'(G(X),Y) ~ D(X,F(Y)) = o; this proves that G(X) € D<°.

Conversely, these arguments prove that if G is right t-exact, then F is left
t-exact.

Let X be an object of C’ and Y be an object of C. Since F(Y) € D>°, one has
F(Y) = H°(F(Y)) = 1,F(Y); similarly, G(X) = H°(G(X)) = 75,G(X).

The adjunction (G, F) furnishes a bifunctorial isomorphism D (X, F(Y)) =~
D’(G(X),Y). Since X € D<°, the adjunction (-, T¢,) furnishes a bifunctorial
isomorphism C(X,F(Y)) ~ D(X,F(Y)). Similarly, the adjunction (7,,")
furnishes a bifunctorial isomorphism C’(G(X),Y) =~ D'(G(X),Y).

The composition of these isomorphisms is a bifunctorial isomorphism
C(X,F(Y)) ~ C'(G(X),Y). In particular, F is right adjoint to G. W

4.4. Glueing truncation structures

Proposition (4.4.1). — Let D be a triangulated category, let M, N be two full
triangulated subcategories such that every object isomorphic to an object of M
(resp. N') belongs to M (resp. N ). We make the following hypotheses:

(i) Forevery A € M andeveryBe N, one has D(A,B) = o;

(ii) For every object X € D, there exists a distinguished triangle A - X — B —
A, where Ae M andB e N.
Let Qu: D - D/M and Qn : D - D/ N be the localization functor from D
to its quotients by the subcategories M and IN respectively.

a) The functor Qpr|n : N - D/ M is an equivalence of categories. It admits
a quasi-inverse whose composition with Qg is a left adjoint T of the inclusion
N - D.

b) The functor Qu|pr: M — D/ N is an equivalence of categories. It admits
a quasi-inverse whose composition with Qp is a right adjoint T ps of the inclusion
M - D.

We shall sum up the conclusion of the proposition by saying that the diagrams
o-M-DXN-o and o-N-DX Moo

are exact sequences of triangulated categories.
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Proof. — a) By definition, the triangle cone of this morphism is the triangle
! / w' M\
AN \m\v AM |m<v Ao \M:v

XoY—=YoZ—57Zo3X ——5 X' @Y.

Let us prove that it is decent. Let H: C' - A be a decent cohomological functor
and let us show that the induced diagram
(s 5) n(y 4) H( 4)

H(X'Y) —% H(Y' Z) —% H(Z # 2X) ——% H(ZX'®Y).
is an exact sequence in the abelian category A. Since H respects products, we
have H(X'® Y) = H(X') @ H(Y), etc., so that this diagram is the cone of the
morphism of complexes in A obtained by applying the functor H to the initial
morphism of triangles. By assumption, these complexes are acyclic, so that the
resulting complex is acyclic as well (lemma 1.6.6; a morphism between acyclic
complexes must be a homologism!). This proves that the given morphism of
triangles is decent, as was to be shown.

b) Let A be an object of C and let us apply the functor C'(A,-); we obtain
the diagram of abelian groups

C(A,X) 5 C(AY) -5 C(A,Z) 25 C(A,ZX) 25 C(A,2Y)

bk

C(AX) — C(AY) — C(AZ) — C(AZX) o C(AZY)

whose two rows are exact sequences. The two left vertical morphisms are induced
by f and g, hence are isomorphisms, as well as the two right vertical morphisms,
which are induced by 2 f and 2g. By the five lemma, the morphism h: Z — Z!
induces an isomorphism C(A,Z) — C(A,Z'). Since this holds for every
object A, it then follows from the Yoneda lemma that h is an isomorphism. [J

Corollary (2.2.4). — Let C be a (pre)triangulated category and let u: X - Y
be a morphism in C. Let T: X 5> Y - Z - 3Xand T': X 5> Y » 7/ -
2X be distinguished triangles. There exists a morphism of triangles of the form
(idx, idy, h); moreover, for every such morphism, the morphism h: Z — Z' is an
isomorphism.

4.3. T-EXACT FUNCTORS 127

F is right t-exact if F(D<°) c D'<°, and that it is left t-exact if F(D>') c D"
One says that F is t-exact if it is both left t-exact and right t-exact.

4.3.2. — Assume that F is left t-exact. By translation, one observes that
F(D>"1) c D> for every integer n.

Let moreover X € D, let 7., X - X 5 T50X — X7 X be the canonical

. . . e . F(e)
triangle. Applying F, we obtain a distinguished triangle F(7,,X) - F(X) —
F(150X) = ZF(7¢,X) in D'. By assumption, F(7,,X) € D"°; consequently,
the morphism F(e) : F(X) — F(7.,X) factors through a unique morphism
750 F(X) > F(150X).

4.3.3. — Assume that F is right t-exact. By translation, one observes similarly
that F(D<") c D'<" for every integer n.

Moreover, for every object, the morphism F(#) : F(1,X) — F(X) factors
through a unique morphism F(7¢,X) — 7¢,F(X), where 7: 7,,X — X is the
canonical morphism.

4.3.4. — LetF: D — D’ be a triangulated functor between triangulated cate-
gories endowed with truncation structures. Let C' and C" be their hearts, and
let E=HC°oF: C - C’;itis an additive functor.

Proposition (4.3.5). — a) IfF is left t-exact, then Eis left exact.

Moreover, for every object X € D?>°, the canonical morphism yx: T¢cX - X
induces an isomorphism H° o F(yx) : F(H°(X)) ~ H°(F(X)).

b) IfF is right t-exact, then F is right exact.

Moreover, for every object X € D<°, the canonical morphism ex: X — 75,X
induces an isomorphism H° o F(ex) : H°(F(X)) — F(H°(X)).

Proof. — a) Let us assume that F is left t-exact. Leto > X > Y 5 Z —» o
be an exact sequence in C. By theorem 4.2.2, there exists a morphism w: Z —

»X such that X 5 Y 5 Z % ¥X is a distinguished triangle. Applying the

triangulated functor F, we obtain a distinguished triangle F(X) ), E(Y) ),

F(Z) o, ZF(X) in D’. Since F is left t-exact and X, Y, Z belong to D>°, their

images F(X), F(Y), F(Z) belong to D'>°; in particular, H'(F(Z)) = o. The long
exact sequence associated with the previous triangle and the cohomological
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b) If they hold, and if C(X,Z7Z") = o, then such morphisms f and h are
uniquely determined.

Proof. — Let us prove that 1)=>2). Applying the decent functor C(X,-) to the
bottom triangle, one obtains an exact sequence

C(X,2Z) - C(X,X) % c(x.Y) % C(X.Z).

Since v'o(gou) = o, there exists a morphism f € C'(X,X’) such that gou = u/of.
If, moreover, C (X, £7'Z") = o, there exists exactly one such morphism f.

Conversely, the existence of a morphism f: X - X’ such that u’o f = gou
implies that v/ o gou = v' ou’ o f = o. This shows that 1) and 2) are equivalent.

The proof of the equivalence 1)<>3) follows by passing to the opposite
(pre)triangulated category.

The implications 4)=2) and 4)=>3) are obvious.

Finally, if 2) holds, the existence of a morphism of triangles as in 4) follows
from axiom (2.1.3.5), so that 2)=-4). The proof of the implication 3)=-4) is
analogous.

When these conditions hold and C(X,27Z’) = o, the uniqueness of the
morphisms f and h has been established during the proof of their equivalence.

O

Corollary (2.2.7). — Let X 5 Y 5 2 25 SX be a distinguished triangle. Assume
that C(X,X7'Z) = o. Then:

a) The morphism w is the unique morphism 0 such that the triangle X = Y 5
Z 3, XX is distinguished;

b) For every distinguished triangle of the form X 2> Y 7R 2X, there exists
a unique morphism of triangles of the form (idy, idy, h), and it is an isomorphism.

Proposition (2.2.8). — Let C be a (pre)triangulated category.

a) A product (resp. a coproduct) of a family of distinguished triangles is a
distinguished triangle.

b) A triangle which is a direct factor of a distinguished triangle is a distinguished
triangle.

Proof. — a) Let (X; Sy, Lz 2X;)iea be a family of distinguished
triangles. Assume that the products X = [1;,qX;, Y = [[;q Yiand Z = [[; Z;
exist. Since X is an automorphism of the category C, it commutes with products,

4.2. THE HEART OF A TRUNCATION STRUCTURE 125
This concludes the proof of ¢), hence of the theorem. O]

4.2.3. — If X € D<°, then H°(X) = T5,7¢<,cX = 750X = 0. Similarly, if X € D>°,
then 7, X = 0 hence H°(X) = o.

For every integer n and every object X of D, we set H*(X) = H°(2"X). With
this notation, any distinguished triangle X - Y - Z — XX in D gives rise to a
long exact sequence

-+ > H"YZ) > H'(X) - H"(Y) - H"(Z) - H""(X) —> ...

in C.
Observe that H"(X) = 2"75,7¢,X. f X € D<" or X € D>", then H"(X) = o.
Let m be an integer and let #x : 7¢,»,X — X be the canonical morphism. For
every integer n > m, one has H"(7¢,,X) = o, since 7¢,,X € DX c D<"X. On
the other hand, if n < m, then H"(5x) : H*(7¢,,X) — H"(X) is an isomorphism;

indeed,

H"
E:AHM:\EMV = Hw:ﬂm:\ﬁmv\:x Ev \ﬁwxﬂm:vﬂ =H" Axv

Similarly, one has H"(75,,X) = o for n < m, while the canonical morphism
ex: X = T5,,X induces an isomorphism H"(X) — H"(ts,,X) for n > m.

Definition (4.2.4). — A truncation structure (D<°, D>*) on D is said to be non-
degenerate if N, D" and N, D<" are reduced to zero objects.

The canonical truncation structure on the derived category D( A) of an abelian
category (example 4.1.6) is nondegenerate. Indeed if X € N, D(A)>", then
H/(X) = o for every j € Z, so that the zero morphism o — X is a homologism.

However, the “degenerate” truncation structures of example 4.1.5 are not non-
degenerate.

Proposition (4.2.5). — Let (D<°, D*') be a nondegenerate truncation structure
on D. Then the following properties hold:

a) An object X € D is zero if and only if HI(X) = o for every integer j;

b) An object X € D belongs to D" if and only if H/(X) = o for every integer j
such that j > n;

c) An object X € D belongs to D>" if and only if Hi(X) = o for every integer j
such that j < n;

d) Amorphismu: X — Y in D isan isomorphism if and only if H/(u) : H/(X) —
HI(Y) is an isomorphism for every integer j.
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38 CHAPTER 2. TRIANGULATED CATEGORIES

b) LetT: X5 Y525 5Xand T : X oy Lz 2 X be two triangles
whose direct sum

(*w) (") (")

767 —5 33X e XX

XeX YooY

is a distinguished triangle. Let us prove that T is a distinguished triangle.
First of all, it is decent. Indeed, for every object A € C', applying the functor
C(A,-) to the triangle T & T’ furnishes the exact sequence

X7'w
C(A,27Z)® C(A,27'Z)) ) C(A,X)® C(AX) ~

("w) (")

~ 25 C(AY)e C(AY) 5 C(AZ)® C(AZ) >

As\:\v

~—"5 C(A,ZX) @ C(A,2X).

Consequently, the complex
C(A,Z) 2% C(AX) S C(AY) S C(AZ) % C(A,2X)
is exact, which proves that the triangle T is decent.
Let us now complete the morphism u : X — Y into a distinguished triangle
X5Y5HZ5 35X Leth:Z— Zand h': Z — Z' be morphisms that fit in a
morphism of distinguished triangles:

X d Y ’ 7
()] [ [(#) )
XX — YooY — ZoZ —— XX o ZX.

(*w) (") ("w)

Composing with the projections, we obtain a morphism of decent triangles:
X —“>Y z X
[
X ——Y Z =X

where two vertical arrows out of three are isomorphisms. Consequently, the

=

X

% W

w

remaining arrow h is an isomorphism; the triangle T is isomorphic to the top
triangle, which is distinguished, hence T is a distinguished triangle. O
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Let T € C. Applying the (contravariant) cohomological functor D (-, T) to
the given triangle, we obtain an exact sequence of abelian groups:

D(EX,T) % D(z,T) % DY, T) S D(X,T).

Since X € D<'and T € D?°, one has D(2X, T) = 0. On the other hand, since
T € D>°, the morphism &3 : Z — 75,Z induces an isomorphism D (75,2, T) =
D(Z,T). Since T € D<°, the morphism 7, 7 T<oTs0Z — Ts,Z induces an
isomorphism D(75,Z,T) — D(H°(Z),T). In this way, the previous exact
sequence rewrites as the exact sequence
o> C(H(2),T) 2 cme(y), 1) MY cme(x),T),

since H°(X), H°(Y), H°(Z) belong to C'. Since this holds for every object T
of C, the initial diagram is exact.

We now return to the general case where only X is assumed to belong to D<°.

Let us first prove that the morphism 7,,v € D(7s,Y, 75,Z) is an isomorphism.
Let T € D> applying the contravariant cohomological functor D(-, T) to the
initial distinguished triangle furnishes an exact sequence

D(EX,T) % D(z,T) % D(Y,T) ‘S D(X, T).

Since X € D<°, one has X € D<° as well, and D(2X,T) = D(X,T) = o,

because T € D?>. Consequently, the morphism v*: D(Z,T) - D(Y,T)

is an isomorphism. Making use of the adjunction (73,,-), we obtain that

75,(v)*: D(15,Z,T) - D(15,Y,T) is an isomorphism. Since this holds for

every object of D>, we finally deduce that 75, is an isomorphism, as claimed.
Let us now build an octahedron

X TeoY U X
|

| [ |
2

X “ Y 4 4 X
b
i)
ﬂwp< ﬁw~<
_ |
@

X —— 271,Y U X
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40 CHAPTER 2. TRIANGULATED CATEGORIES

and let us apply the cohomological functor C'(ZX, -); one gets an exact sequence

Suy

Cc(zX.7) 2 C(2X,5X) 2 C(5X, 2Y).

consequently, there exists y' € C(XX,Z’) such that w oy’ = woy. Let A =
Y ow+v' o@:Z—Z;onehas

S\O\anS\o<\o§+$\o<\oﬂn%oﬁo§”§l§o<o€”§

Aov=yp'owov+vogpov=v-vouof=v".
Consequently, the diagram

X —~>Y—7Z =X

e

X Y z' X

’

u v w

depicts a morphism of triangles. Since these triangles are decent and two out of
three vertical morphisms are isomorphisms, it is an isomorphism of triangles.
In particular, the initial triangle is distinguished.

b) Since homotopical morphisms of triangles give rise to isomorphic cones
(§2.1.2), it suffices to show that the null morphism between two distinguished
triangles

is a distinguished morphism. By definition, the cone of this morphism of trian-
gles is the triangle

() (") (" 54

XeoY—5YoeoZ—7e3X —53X' oYY

It is isomorphic to the direct sum of the two triangles

XLy Lz Losx and Y5z sx 2 vy,
the first one is distinguished by hypothesis, and the second one by axiom (2.1.3.2).
Thus, proposition 2.2.8 implies that this cone triangle is distinguished, as was to
be shown. O
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One has 75,7, X € D<? and 7., X € D>?, so that there exists a unique isomor-
phism of distinguished triangles

ﬁwaﬂmwx ﬂwavﬂ ﬂvwvm Mﬁwaﬂmwvﬂ
_\ b /_« b
My ,x
T¢pT3aX Tya X TopToaX —> ZT¢pTsaX-

The left vertical morphism is equal to fx. Indeed, the morphism
dWwax °© .\x P ToaTpX = T54X

is the only one that makes the middle upper square of the octahedron commute,
and u = fx is the only morphism such that :W:x oy = awsx o fx. Consequently,
fx is an isomorphism. \ \

Finally, one deduces from the characterization of the morphism fx that it
induces an isomorphism of functors. O]

4.2. The heart of a truncation structure

Definition (4.2.1). — Let D be a triangulated category. The heart of a truncation
structure (D<°, D>') on D is the full subcategory D<° n D>°.

Theorem (4.2.2). — Let D be a triangulated category and let C' be the heart of a
truncation structure (D<°, D>') on D.

a) The category C'is an abelian category; as a subcategory of D, it is thick and
stable under finite products and extensions.

b) Acomplexo X %Y 5> Z — oin C is an exact sequence if and only if there
exists a morphism w: Z — X such that X 5 Y 5 Z % X is a distinguished
triangle in D.

c) The functor H° = 15,7¢, : D — C'is a cohomological functor.

Proof. —  a) First of all, the category C' is a thick additive subcategory of D,
because both D<° and D>° are themselves thick additive subcategories of D.

Let us show that any morphism in C admits a kernel and a cokernel. Let
thus u: X - Y be a morphism in C' and let us choose a distinguished triangle
X 5 Y 5 75 5Xin D. The vertices Y and X of the translated triangle
Y - Z - XX - XY belong to D<° and to D>, hence Z € D<°n D>
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42 CHAPTER 2. TRIANGULATED CATEGORIES

be a commutative square in C'. There exists a morphism h: Z' — P such that
hog'=y andho f' = ¢'.

b) LetY,Y',Z be objects of C andlet f:Y - Z and g: Y - Y' be morphisms.
There exist an object Z!' and morphisms g': Z — Z' and f': Y' — Z' such that the
diagram

f

Y ——

S

<\ N\

is a homotopically cartesian square.
¢) Moreover, if Z" is an object of C and g":Z — Z", f":Y" — Z' are mor-
phisms in C' such that

f

Y ——

& b ¢
"

<\ 5 N:

is homotopically cartesian, there exists an isomorphism h: Z' — Z" such that
hof'=f"andhog =g".

Proof. — a) The functor Hom(:, P) is a cohomological functor on the oppo-
site triangulated category. Applying it to the distinguished triangle Y - Y/ ®Z —
Z' - XY, we obtain an exact sequence

C(Z,P) - C(Y' ® Z,P) - C(Y,P).

The image of the morphism ¢’ — )’ is ¢’ o g — 9’ o f = 0. Consequently, there
exists a morphism h € C(Z',P) such that ¢’ =ho f'andy’ = ho g'.

b) It suffices to complete the morphism A .ﬂv :Y = Y’ & Zin a distinguished
triangle.

¢) This follows from the uniqueness property of corollary 2.2.4.

O

Lemma 2.3.2 provides “homotopy push-outs” in triangulated categories; by pass-
ing to the opposite category, one deduces the following lemma which provides

“homotopy pull-backs”.
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4.1.10. — In category theory, an adjoint is only unique up to a canonical iso-
morphism, and the construction of the functors 7¢, and 75, involved the choice
of a distinguished triangle A - X — B — XA, for every object X € D, where
A e DsandB e D> 4

If X € D<°, we may assume that the chosen distinguished triangle is X N
X — o — XX, where o is a zero object, chosen to be X if X ~ o. In this case, one
has 7, X = X for every object X € D<°, and #x = idx.

Similarly, if X € D>, we assume that the chosen distinguished triangle is
0> X2 x >0, where o is a zero object chosen to be X if X ~ o, so that
75, X = X and ¢x = idy.

When X € D<°n D?, it is a zero object and the two chosen distinguished
triangles coincide.

4.1.11. — Let n be an integer. The functor 7¢, = £ 1, X" is a right adjoint of
the inclusion functor D" — D. The functor Ts,,, = £7"15, 2" is a left adjoint
of the inclusion functor D>"*! - D.

The functors are called the truncation functors associated with the given trun-
cation structure on D.

To simplify the notation, we also let 7., = 7¢,—, and 7., = 75,4, for every
integer n. In particular, an object X of D belongs to D<" if and only if 7.,X = 0;
it belongs to D>" if and only if 7., X = o.

4.1.12. — Let a, b be integers such that a < b. One has D<? c D<b. Given our
construction of the functors 7, we thus have 7¢j, o ¢, = 7¢,. On the other hand,
the composition 7¢, o T¢;, is a right adjoint of the inclusion of D<“ into D, so
that there is a canonical isomorphism of functors 7¢, ~ T¢j © T¢,.

Similarly, we have 7544, © Topir = Toprs = Top © Toam

4.1.13. — Let a, b be integers and let X € ob(D<?). Then one has 7,75, X ~
T5,TspX = 0, hence 75,X € D<b,
Similarly, if X € D>9, then 7, X € D> as well.

Proposition (4.1.14). — Let a and b be integers such that a < b. For every object
X € D, there exists a unique morphism fx : Ts, © T¢pX = Tp 0 T3, X such that the
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be a distinguished morphism of distinguished triangles. Then the triangle

A L v (v'h) Suow’
Y—-YeoeZ—57 —=73Y

is distinguished. In particular, the square

Yy —~* 5,7

o

<\F|VN\

is homotopically cartesian.

Proof. — By hypothesis, the cone C of this this morphism of triangle,

u’ g v h w1
X oY (6 %) Yoz Alﬁv N\em&r&wvmxem%

is a distinguished triangle. Observe that the diagram

XY @ YoZ @ N\mwMNAEWVMwaM%\
(29)] : IGE I
XY — YeZ —— XXoZ —— IX XY
(%) (v #) (™ suow)
is commutative. Indeed,

! !

1 o\ [(w 1 w 1 -1 -w' -1
Su 1)J\o -Zu Suow' o Suow 1 o)’
-w' 1\ (v h o o
1 oJ\o —w v h
uw g\ [o g)f1 0
o -V o —v/\u 1

Since the vertical morphisms are isomorphisms, it is an isomorphism of triangles
from C to the bottom triangle, which is therefore distinguished. On the other
hand, the bottom triangle is the direct sum of the triangle T of interest and the
triangle X - o - £X —> XX. Consequently, the triangle T is a direct factor of a
distinguished triangle, hence is distinguished. O

4.1. DEFINITION OF TRUNCATION STRUCTURES 17

Since X7'B € D> and B € D?, the two extreme groups vanish, so that the
morphism A — Y induces an isomorphism D(X,A) - D(X,Y) for every
X € ob(D<°).

For every object Y in D, let us choose a distinguished triangle A = Y — B —
YA andlet usset 7.,,Y = A and #y = u. Let f : Y — Z be a morphism in D. By
what precedes, the morphism #7 induces an isomorphism D (7Y, 7¢,Z) —
D(1,Y,Z). Let then 7, (f) : 7<oY = 7T<oZ be the unique morphism such that
nz o T<o(f) = fony.

One checks readily that 7, is a functor and that the morphisms #y, for Y €
ob(D), are the counits of an adjunction, making 7, a right adjoint of the
inclusion of D<° in D.

b) This is proved analogously to a), or can be deduced from a) by passing to
the opposite category and shifting. In fact, one may choose for every object Y a
distinguished triangle A - Y — B — XA as above and set 7,Y = B.

c) LetY be an object of D. By construction, the counit #y of the adjunction
(+, T<o) and the unit ey of the adjunction (7,, ) stand in a distinguished triangle

Y &y 9
ToY — Y — 175 = 27, Y.

Since D(7¢Y, 5, Y) = o, the uniqueness of the differential d follows from
corollary 2.2.6.

d) LetY be an object of D, let A > Y 5 B % 3A be a distinguished triangle,
where A € D<° and B € D*'. Let us show that there exist a unique morphism of
distinguished triangles of the form (f,idy, h):

~— B - ZA
m h If
v

|
I
|
A\

A LY
€

|
v
Y ey T Yy 2 vy,
Since A € ob(D<%°) and 7,Y € ob(D?'), one has ey oidy ou € D(A, 15,Y) = o,
by definition of a truncation structure. Consequently, the assertion follows from
corollary 2.2.6. O

Corollary (4.1.8). — a) Let X € ob(D). The following properties are equiva-
lent: 1) One has 1¢,X = 0; 2) One has D (A, X) = o for every object A € ob(D<°);
3) The morphism nx : X — 15,X is an isomorphism; 4) One has X € ob(D>').
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is a distinguished morphism (axiom (2.1.3.5)), so that its cone C is a distinguished
triangle. Let us consider the diagram:

h: 1
R (5 )
YoYeoz oV Wyegz 20 yrgyy X2 2. 5YerY @3z

v i EN |
I(5:) [(32) I8 (2 )
YoY®Z —— 00Y ®Z —— XYDoY” — YooY @ XZ.

(") (") (® s

Its first line is the triangle C; its bottom line is the direct sum of the three triangles

Y—>0-3Y53Y
Y 5Y 50-3Y

h k Tyog'
NIVN\|V<:|WVMNW

the vertical morphisms are isomorphisms. Let us check that is is commutative:

o o o 0o o 1
g 1 o
1 0 , = g 1 o= 1 g 1
, o —v' -h :
V-1 -v'og o h hl\-v o1
-g" -1\[o o o o o o)fo
o oflr of=] o o]=]1 o o
-1 of\Vv -1 -g -k vo-1 k
1 %‘\\ 1 1 |N: -1
g 1 o -2g|= 0 o o
-2v o 1J\o 2Xv Zvog/\ -1 o

Consequently, the bottom triangle is distinguished; in particular, the triangle

zh 7z by 2, sz distinguished. Set Z" = Y"”, ' = k and h"" = Zv o g";

one has hov =v' o g, by hypothesis; onehasd = g ok = g" o h’ and h' o v' =
k ov' = ¢g’, by definition of k; and one has Zv o g’ = h” by definition of h"”. This
concludes the proof of the lemma. O

CHAPTER 4

TRUNCATION STRUCTURES

4.1. Definition of truncation structures

Definition (4.1.1). — Let D be a triangulated category. A truncation structure,
in short t-structure, on D is the datum of two full subcategories D<° and D>* of
D satisfying the following conditions:

(i) Every object isomorphic to an object of D<° (resp. of D<°) belongs to D<°
(resp. of D<°);

(ii) One has D(X,Y) = o for every X € ob(D<°) and every Y € ob(D?);

(iii) One has XD<° c D<° gnd D> c D>}

(iv) For every object X € ob(.D), there exists a distinguished triangle A - X —
B — ZA in D, where A € ob(D<°) and B € ob(D*').

Remark (4.1.2). — Let (D<°, D>") be a truncation structure on the triangulated
category D. We introduce the notation D<" = X" D<° and D>"*" = X" D>,
for every integer n.

Condition (iii) of the definition can thus be written D<° ¢ D<*and D>' c D>°,
In fact, for every pair (m, n) of integers such that m < n, one has D" c D<"
and D?" c D>™,

Example (4.1.3). — Let (D<°, D?') be a truncation structure on the triangulated
category D. For every integer n, the pair (D<", D>"*1) is a translation structure
on D, called the translation structure deduced by translation.

Example (4.1.4). — Let (D<°, D*') be a truncation structure on the triangu-
lated category D. Then (D?>°, D<°°) is a truncation structure on the opposite
triangulated category D°.
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is homotopically cartesian, and the triangle

(%) (vm) . Suow,
X, — X072, —— 7, —— X,

is distinguished. Lemma 2.3.5 then furnishes a morphism m, : Z, - Z, giving
rise to a morphism of distinguished triangles

1

— 7,
?

7,
m,
Z,
T

w, V30w,

IR Z,.
This concludes the proof of the theorem. O
Remark (2.3.7). — The name of this axiom comes from a particular way of repre-

senting its final diagram as an octahedron. Indeed, if one identifies the vertex X;
and its shift X, for each i, as well as the two vertices of an identity morphisms,
one gets a figure with eight triangles: four of them are the distinguished triangles,
and the four other are the commutative triangles.

The reader shall find in ( ), ( ),
( ), or in ( ) alternative representations of the diagram, which s-he
may find more appealing.

Remark (2.3.8). — Verdier’s definition of a triangulated category amounts to a
pretriangulated category satistying the octahedral axiom (theorem 2.3.6). Con-
versely, theorem 1.8 of ( , ) proves that a triangulated category in
Verdier’s sense is a triangulated category according to definition 2.1.3.

To conclude this section, let us quote a strengthening of the octahedral axiom,
refering to ( , , prop. 1.1.11) for its proof.

3.10. EXERCISES 13

a) Prove that if U is simply connected (say, contractible), then the induced
morphism ey : Ox(U) - O%(U) is surjective.
b) Prove that the morphism e is surjective.

¢) Let X = Cand U = C*. Prove that the function z € ;(C*) does not belong
to the image of ey.

Exercise (3.10.2). — Let X be a topological space.
a) Let U and V be open subsets of X; compute Hom(Zy, Zy).

b) Let 7 be a family of open subsets of X and let .%# be the sheaf @ycy Zy
on X. If 7 is a covering of X, construct an epimorphism of sheaves f : F4 —
Zy.

¢) Let (%,) be a sequence of open coverings of X such that, for every n € N,
the covering %, refines %,, and such that the empty set is the only open
subset U of X which is finer that every %,. Let f, : .#, — Zx be the epimorphism
constructed in the preceding question. Prove that the corresponding product
morphism, f: [].%#, - []Zx, is not an epimorphism.
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50 CHAPTER 2. TRIANGULATED CATEGORIES

Theorem (2.4.3). — Let A be an additive category. Together with its translation
automorphism, and its set of triangles 7, the homotopy category K (A) is a
triangulated category.

Let us say that a triangle is distinguished if it belongs to .7

Proof. — 1) By definition, a triangle which is isomorphic to a distinguished
triangle is distinguished.

2) Let us consider a distinguished triangle T and let us prove that the shift of T

ww&mabmamr&mmém:.<<m5m<mmmcam.ﬁrmﬁ,:mﬂrmam:%mx Lys O\ 5 osx

AiwﬁmeQ\mbawnm\ymogmﬂﬁmwwﬁwmﬁrmﬁimbmrw% - O\ oex

2Y. By definition, C=CroXY=Yo2X0ZXY, endowed with the differential

&& M“.\. 1
dc_, = &M\ Mw =lo -X¥dx o
—ay
o o —Xdy

Letu = AM\V :ZX - C g letv = (010) : C_y, - XX. Observe that u is a
morphism of complexes because

dy Xf 1 o) o)
&ng ocu=|lo -Zdx o 1 | =] -Zdx |,
(0] (0] IM&JW IMU.\\ M&Jw o MU.\.
o o
uodsx=-| 1 [|Zdx=| -Zdx
-xf 2foZdx

and X foXdx = ZdyoZXf,since f : X - Y is a morphism of complexes. Similarly,
&Mxo<u|mevo 1 ov = Ao -2dx ovu

&% MU.\.\ 1
<oan-nnAo 1 OV o —-Xdx o qu —2dx ov,
o o —Xdy

hence v is a morphism of complexes. One has

o
<o:HAO 1 Ov 1 =1.

IM.\

3.5. COHOMOLOGY WITH COMPACT SUPPORT 11

Corollary (3.5.14). — Let f : X - Y be a continuous map of topological spaces.
Assume that X is locally compact. Then the functor fi: Ab(X) - Ab(Y) is
left exact and the full subcategory of Ab(X) consisting of soft abelian sheaves is
injective with respect to fi.

In particular, this subcategory is injective with respect to the functor I.(X, ) of
global sections with compact support.

Proof. — Every abelian sheaf can be embedded into a flasque sheaf, hence into a
soft sheaf. Leto - .#' — .% — .#" — o be an exact sequence of abelian sheaves
on X, where .#" and .% are soft; by the proposition, the sheaf .#" is soft as well,
so that we just need to prove that the sequence 0 - fi.#' - ¥ - fiF" - o
of abelian sheaves on Y is exact. By left exactness of the functor f;, it suffices
to prove the surjectivity of the morphism fi.# — fi.#". By proposition ??, its
fiber at a point y € Y identifies with the morphism I'.(X,, #[x ) - I(X,, pﬁ@v
The sequence o - F'|x, - F|x, - F"|x, — o is exact, and Ty, is flasque.
Consequently, the sequence obtained by applying the functor I'.(X,, -) is exact,
as was to be shown. O

Corollary (3.5.15). — Let j: U — X be the inclusion of an open subset. There exists
a unique isomorphism of o-functors RI.(U,-) - RI(X,") o j) which extends
the isomorphism of functors I'.(U, -) - I.(X, ji(+)).

Proof. — The functor ji is exact, because it induces either the identity, or o, on
the fibers. Consequently, the composition RI.(X,) o j, is indeed a 0-functor.
Moreover, applying the functor j to an injective resolution ¢, — ... of .%, one
gets a soft resolution of j.%. Applying the functor I'.(X, -), we obtain the the
desired isomorphism.(7) O

Corollary (3.5.16). — Let X be a locally compact topological space. Let F be an
abelian sheaf on X. The following properties are equivalent:

(i) The abelian sheaf 7 is soft;
(ii) One has H.(U,.F) = o for every open subset U of X and every integer j > 1;
(iil) One has H.(U, %) = o for every open subset U of X.

() Uniqueness?
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52 CHAPTER 2. TRIANGULATED CATEGORIES

3) Let X be a complex and let f: o - X be the unique morphism. One
has C; = X, ay = id, and 8 = o. This leads to a distinguished triangle o - X =N
X — o. This triangle is isomorphic to the triangle 0 - X —> X — o, which is
therefore distinguished. Since a shift of a distinguished triangle is distinguished,

this proves that the triangle X - X — o — 2X is distinguished.

tmmeﬁQBoQEmB\”Mi%.ﬁrmno_\ﬁﬁim:m_mvm Ly O\ b, MVQm

distinguished, by definition.

5) Let us finally prove axiom (2.1.3.5): given two distinguished triangles and
a partial morphism between them, we need to show that it can be completed
into a distinguished morphism of distinguished triangles in K (A). We may
assume that the two given triangles are cone triangles, and choose representatives
in C(A). Let thus consider a diagram of complexes in A:

Xy

c, —P sx

Il b

X 4y S, P sxe

where u, v/, f, g are morphisms of complexes such that g o u is homotopic to
u'o f;let 0: X - X7'Y’ be a homotopy such that gou —u'o f =d6 + 0d. Let us
show the existence of a morphism i : Y ® £X — Y’ ® £X’ such that the triangle

(4 %) (5 %) (5 %)
XeoY—>""5Ye(YoIX) —> (YoIX)e X X'@XY

is distinguished. We set h = Am MM._% v Then

, 210\ (1 1
hoa-alog= M 2f J\o) Vo £=9

Sfof-pBoh=3f(o 1)-(o 1) m MMW =(o 2f)-(o Xf) =0,

so that the preceding diagram is indeed a morphism of distinguished triangles.
To prove that its cone is a distinguished morphism, we shall show that there
exists morphisms of complexes ¢ and v, as represented by the diagram below,
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Lemma (3.5.10). — Let .F be a soft abelian sheaf on a locally compat topological
space X. For every locally compact'®) subspace W of X, the sheaf .F |\ is soft

Proof. — Let A be a compact subset of W and let s € (F|w|a)(A) = F|a(A).
Then A is a compact subset of X, hence there exists t € % (X) such that #[4 = s.
Then ¢|y is a section of .%|w (W) which restricts to s on A. O

Proposition (3.5.11). — Let X be a locally compact topological space and let F
be a soft abelian sheaf on X. Let A be a compact subset of X and let U be an
open neighborhood of A. The canonical morphism I[.(U, %) — T(A, F|s) is
surjective.

Proof. — Let V be an open neighborhood of A such that V is compact and
contained in U. Let s € T(A, %#|s). Let B = AU dV; since A n dV = @, there
exists a unique section s’ of % |5 (B) whose restriction to A is equal to s and whose
restriction to dV is zero. Since .# is soft, there exists a section t' € I'(X, %)
such that /|4 = s and |3y = o. There exists an open neighborhood W’ of aV
such that |y = 0; let W = W' U (X =V). Then there exists a unique section
t € % (X) such that t|y = ' and t|w = 0; indeed, WV = W' nV and #'|ywny = 0.
By construction, the support of ¢ is contained in X =W c V. Since V is compact
and contained in U, so is the support of ¢. O]

Corollary (3.5.12). — Let O be a soft sheaf of rings on a locally compact topological
space X, then any sheaf of 0-modules on X is soft.

Proof. — Letindeed .# be a sheaf of &-modules on X and let A be a compact
subset of X. Let s € T'(A, .#|s). By the extension theorem 3.2.11, there exists
a neighborhood U of A and a section s’ € ['(U,.%) such that s'|4 = s. Let
f € T.(U, O) be any section with compact support such that f|s = 1. The
section fs’ € I'(U, %) has compact support, hence can be extended by zero to a
section t € I'(X, .#). By construction, one has #[s = f|ss|a = s. 0O

Proposition (3.5.13). — Let X be a locally compact topological space and let o —
F' > F - F" - o be an exact sequence of abelian sheaves on X Assume that
F'is soft.

(6)Recall from lemma 3.1.2 that a subset W of a locally compact space is locally compact if and only if it is
locally closed.
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The differential of the cone Y/ ® Y @ XX @ XX’ ® £X is given by

!

d o o u ¢
od u o -1
6=lo o -d o o],
oo o -d o
o1 o o -d

and one checks that H+H& = poy—id. Consquently, ¢ and y are isomorphisms
in the homotopy category, inverse one of the other. Consequently, the first row
is isomorphic to the bottom row, which is a cone, hence it is is a cone.

This concludes the proof of the theorem. [l

2.5. Localization

Definition (2.5.1). — Let C, D be triangulated categories. A functor F: C - D
is called a triangulated functor if it is additive, commutes with translations, and if
it maps a distinguished triangle in C' to a distinguished triangle in D.

2.5.2. — Let C be a triangulated category. A subcategory D of C'is called a
triangulated subcategory if the following properties hold:

(i) Every object of C' which is isomorphic to an object of D belongs to D;

(ii) For every objects X,Y of D, one has D(X,Y) = C(X,Y);

(iii) The subcategory D is stable under the translation functor of C' and under
finite coproducts;

(iv) For every morphism f: X — Y in D, there exists a distinguished triangle

XxLy4z % sXin C, and Z is an object of D.

These axioms imply that D is a triangulated category when endowed with the
restriction of the translation functor X and the set of triangles of C' whose
vertices belong to D, and that the inclusion functor is a fully faithful triangulated
functor.

Moreover, in a distinguished triangle X - Y - Z — XX, if two objects out
of three belong to D, then so does the third one. This holds by hypothesis if X
and Y belong to D, and the two other cases follow by considering translated
triangles.
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we see that there exists a unique element s € f,.#(U) such that s|y = sy for
every V € ¥ indeed, f..Z is a sheaf. Then, for every V € ¥, the intersection
supp(s) n f(V) is proper over V; consequently, supp(s) is proper over U,
hence s € £.% (U). This proves that fi.7# is a subsheaf of f..%, and concludes
the proof of the proposition. O]

3.5.3. — Let f: X > Y be a continuous map of topological spaces.

Let u: .# — ¢ be a morphism of abelian sheaves on X. For every open
subset V of Y, the morphism f.(u): fo.% (V) - f.4(V) maps fi.# (V) to
fi9(V). Indeed, the image f.(u)(s) of a section s € 1.7 (V) is the section u(s)
of .9 (f(V));its support is a closed subset of the support of s, hence is proper
over V.

Consequently, the maps .# +~ fi.# and u — fi(u) define a functor from the
category Ab(X) to the category Ab(Y).

Lemma (3.5.4). — The functor f, is a left-exact additive functor. (+)

Proof. — It follows from its definition that the functor f, is additive.

Leto —» %' > F — 7" be an exact sequence of abelian sheaves on X and let
us show that the diagram o - fi.%#' - fi.# — f.7" of abelian sheaves on Y is
an exact sequence.

Let V be an open subset of Y and let s € £i.#'(V) map to o in fi.# (V). Then
s, viewed as an element of .#'(f~*(V)), maps to o in # (f~*(V)). Since the
morphism from .%" to .% is a monomorphism, one has s = o. This shows that
the morphism fi.%' - fi.%# is a monomorphism.

Let then s € i.% (V) map to o in £.#"(V). Again, the section s, when viewed
as an element of # (f7(V)) maps to o in F#"(f~(V)). By definition of the
exactness of the sequence 0 -~ %' — % — .#", there exists a unique sec-
tion s’ € .Z#'(f(V)) which maps to s. Since the morphism #' - .7 isa
monomorphism, the support of s’ is equal to the support of s, hence is proper
over V, since s € f1.% (V). This proves that the section s of fi.# (V) is the image
of a section of £.%'(V), as was to be shown. O

3.5.5. — By the general theory of derived functors, the functor f;, for a contin-
uous map f: X - Y, gives rise to a functor Rf;: D(Ab(X)) - D(Ab(Y)).

(4)Prove the general commutation with filtered colimits, as well as commutation with arbitrary coproducts.
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Lemma (2.5.6). — a) If a morphism in C' is an isomorphism, then it is an
isomorphism (mod N );

b) Let f: X - Y and g: Y — Z be morphisms in C; if two morphisms among
f, g and g o f are isomorphisms (mod ), then so is the third one;

c) Let f: X > Y be a morphism in C. Then f is an isomorphism (mod N) if
and only if X f is an isomorphism (mod IV ).

As a consequence, there exists a unique subcategory S of C whose set of
morphisms is the set of isomorphisms (mod IN'). Its set of objects is the set of
objects of C.

Proof. — a) Indeed, if f is an isomorphism, then the triangle X LYsoo
XX is distinguished, and o € N.
b) Let us consider an octahedral diagram

X — .y U X
| = :
X =L, 7 v X
J |
W w
| |
sX sy SU $2X.

By definition, f, resp. g, resp. g o f, is an isomorphism (mod V) if and only if
U, resp. W, resp. V, is an object of IN. Since N is a triangulated subgcategory
of N, if, in the distinguished triangle U - V - W — XU, two objects out of

three belong to N, then so does the third one. This implies the claim.

¢) Let us assume that f is an isomorphism (mod V') and let X N y&z2h

=X be a distinguished triangle, where Z € ob(INV'). Translating this triangle

-y > -
three times, one obtains a distinguished triangle XX Hovy sz 22X,

which is isomorphic to the triangle £X sy 2 57 7 52X, Since $Z s
an object of IV, this shows that g is an isomorphism (mod IN'). The other

direction is analogous. O
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By Zorn’s lemma, we may consider a maximal element (W, t) of %; let us show
that W = X. By hypothesis, there exists an open covering #" of X and, for every
V € ¥, an element ty € % (V) which maps to s|y in F”(V). f W # X, there
exists an open subset V € ¥ such that V ¢ W. Then the elements |y~ and
tv|vaw of F(V N W) both map to slyaw in .#"(V n W); consequently, their
difference belongs to .#'(V n W). Since .#" is flasque, there exists u € .%#'(X)
such that t|ynw — tvlvaw = u|vew. In other words, the elements t € .7 (W)
and ty + uly € F(V) agree on V n W; consequently, there exists a unique
section t' € (W U V) which restricts to t on W and to #y + uly on V; it maps to
slwov in F'(W u V). In particular, (W U V, #') is an element of % such that
(W, t) < (WuV, "), contradicting the hypothesis that (W, ¢) were maximal.

Let U be an open subset of X. By restriction to U, the initial exact sequence of
sheaves on X furnishes an exact sequence of sheaves on U, and .#'|y; is flasque.
By the case already treated, the diagram o - .%'(U) - .%(U) - %"(U) - o
is exact.

Assume now that .% is flasque as well; let us show that .#" is flasque. Let
U be an open subset of X and let s € #"(U). By what precedes, there exists
t € % (U) which maps to s. Since .# is flasque, there exists ' € .% (X) such that
t'|y = t. Then the image s’ of t' in .7 " (X) satisfies s’|y = s. Consequently, F#" is
flasque. ]

Corollary (3.4.13). — Let f: X — Y be a continuous map of topological spaces.
The full subcategory of Ab(X) consisting of flasque sheaves is injective with respect
to the functor f..

In particular, the category of flasque sheaves on X is injective with respect to the
global sections functor T'(X, ).

As a consequence, if % * is a complex in K*( Ab(X)) such that %/ is flasque,
for every j, then the canonical morphism f,.#°* - R f..%#* is a homologism of
complexes of abelian sheaves, hence it induces an isomorphism in D*(Ab(Y)).

Proof. — We need to check the three properties of definition 2.7.5:

(i) Every abelian sheaf on X embeds in a flasque sheaf.
(ii) For every exact sequence o - .#' - # — Z" — o of abelian sheaves
on X, where .’ and .7" are flasque, the sheaf .#" is flasque.
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Proof. — a) With the notation of lemma 2.3.5, the morphism g is an isomor-
phism (mod V) if and only if Y € ob(IV), if and only if 4 is an isomorphism
(mod NN). The other assertion follows by symmetry.

b) It is obvious that the given relation is reflexive and symmetric; let us es-
tablish that it is transitive. Let (Z, f,g), (Z', ', g'), (Z", f", g"") be elements
of D(X,Y) such that (Z, f,g) ~ (Z', f',¢') and (Z', f', ¢') ~ (2", f", ¢"); by
definition, there exist two diagrams

Z zZ

AN N

Xe—W—y ad x . w__,y

A ~oa

N\ N:
as above, where u, u/,v', v are isomorphisms (mod N'). By lemma 2.3.3, there
exists an object W" and morphisms w € C(W", W) and w’ ¢ C(W",W’) that
give rise to a homotopically cartesian square

=

W s W

ol

’

W —— 7
By a), the morphisms w and w' belong to mor(.S). Consequently, the diagram

Z

SN

X+— W' —Y

proves that (Z, f, g) ~ (Z", f", g"), as was to be shown.

It then follows from the definition of ~ that it is the equivalence relation gen-
erated by the relation given by (Z, f, g) ~ (Z', ', g') if there exists a morphism
ueS(Z',Z)suchthat f'= fouand g’ =gou.
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b) This isomorphism extends uniquely to an isomorphism of cohomological
functors (R f,-), ~ RIT(X,,-|x,) on D*(Ab(X)).

Definition (3.4.6). — One says that a sheaf F on X is flasque if for every open
subset U of X, the restriction map % (X) — % (U) is surjective.

Lemma (3.4.7). — Let .F be a flasque sheaf on X.

a) The sheaf F |y is flasque, for every open subset U of X;
b) Let f: X = Y be a continuous map. The sheaf f..F is flasque.

Proof. — a) Let V be an open subset of U and let s € .# (V). Since .7 is
flasque, there exists s’ € .#(X) such that s'|y. Then ¢ = |y is an element
of #(U) such that t|y = s. This proves that #|y is flasque.

b) Let U be an open subset of Y and let s € f,.#(U). By definition, s is a
section f of % (f7'(U)). Since .# is flasque, there exists a section ¢’ € .F(X)
such that ¢/| s (y) = t. Then ¢’ can be viewed as a section s" of Z (Y) and t'|y = ¢.
This proves that f..7 is flasque.

O

Example (3.4.8). — If X is discrete, every section of an étale space is continuous,
so that a sheaf % on X is flasque if and only if its fibers .%, are non-empty, for
all x € X. Indeed, In particulier, every abelian sheaf on X is flasque in this case.

Let X? be the set X endowed with the discrete topology. The identity p: X% - X
is continuous. For every abelian sheaf . on X, one lets G(.#) = p.p*.%. This
is a flasque sheaf on X, and the unit 57 : % — G(.%) is a monomorphism.
Explicitly, one has G(.% )(U) = [l cu-Zx, for every open subset U of X, the
restriction morphisms are the morphisms [T,y %x = [liey Fx for V.c U
which are not only surjective, but have a section.

Example (3.4.9). — An injective sheaf F on X is flasque.

Let indeed U be an open subset of X and let s € .% (U). Let j: U - X be the
canonical inclusion; let f : jiZy — .Z be the unique morphism corresponding
to the morphism Zy — j*.% which maps 1 to s. The canonical morphism
u: jiZy - Zx is injective; since .7 is injective, there exists a unique morphism
g: Zx - % such that g o u = f; it corresponds to a section t € % (X) such that
t|lu = s. Consequently, the restriction morphism .%# (X) — .% (U) is surjective,
as as to be shown.
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Proposition (2.5.9). —  a) There exists a unique category D such that ob(D) =
ob(C), D(X,Y) = D(X,Y)/~ for every objects X, Y, and such that the composi-
tion of the classes of triples (W, f1,g) € D(X,Y) and (W,, f,.£,) € D(Y,Z) is
the class of a triple (W, f,o f, g,0¢) where (W, f, g) is any element of D(W,, W)
such that ggo f = f,og.

b) There exists a unique functor F: C — D such that for every morphism
f:X = Y in C, the morphism F(f) is the equivalence class of the triple
(X,idx, f).

c) For every morphism f € S(X,Y), F(f) is an isomorphism in D, and its in-
verse is the class of the triple (X, f,1dx). Moreover, for every triple p = (W, f, g) €
D(X,Y), one has F([¢]) = E(g) o E(f) ™"

d) Let D’ be a category, let F': C — D' be a functor such that ¥'(f) is in-
vertible, for every morphism f € mor(S). Then there exists a unique functor
G: D — D' such thatF' = GoPF.

Proof. — a) The set of objects, the set of morphisms and the composition law
are prescribed; it thus remains to prove that the composition law is associative
and the existence of neutral elements at each object.

Let X,Y,Z, T be objects of C,letu e D(X,Y),v e D(Y,Z) and w e D(Z, T);
write [u] for the class of u in D(X,Y), etc. We build objects P, Q, R as depicted
by the diagram, all of whose vertical arrows are isomorphisms (mod N):

:

T

«—— g «— ™

I
.

o —

By construction, [v] o [u] is the class of the triple (P,P - X,P — Z), hence
[w]o ([v]o[u]) is the class of the triple (R,R - X,R — T). Similarly, [w] o [v]
is the class of the triple (Q,Q - Y,Q — T), hence ([w] o [v]) o [u] is the class
of the triple (R,R — X, R — T). The composition law is thus associative.
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where j,w(s|wnu) is just the section w(s|ynw) € 4(W nU), but considered as
a section of j,%(U). Then, the commutation of the above diagram implies that

t*lzave = Ny (tzavr)

i1 © v (slzov+)

i*jow o i*n.z(s|zavs)

Faw(slwave)|zavs

in i*j,j*9(Z n V*). Consequently, there exists an open neighborhood U~
of Zn V* in V* such that #*|wayux = w(slwnur). Up to replacing V* by U*, we
thus assume that *|ways = w(s|wny=) for every x € Z. This shows that ¢* satisfies
the properties of the required section u(s|yx). By the uniqueness property, *
and ¥ coincide on V¥ n V7, for all x, y € Z; and t* coincides with v(s|wnu)
on W n V*, by construction. Consequently, there exists a section u(s) € 4(U)
such that u(s)|y« = #* for every x € Z, and u(s)|wnu = v(slwnu)- It satisfies the
desired requirements, and this concludes the proof that the considered functor
is fully faithful.

We now prove that it is essentially surjective. Let (Fw, %z, ¢) be a triple
consisting of a sheaf .#w on W, a sheaf .%; on Z, and of a morphism of sheaves
¢: Fz > i*j,.Fw. For every open subset U of X, one defines .% (U) as set set of
pairs (s, t), where s € Zw(WnU), t € .7,(ZnU) satisfy ¢(t) = i*s. In fact, F
is the kernel of the morphism of sheaves

.\*%gxm*n%lNim*\fn%lgv Amu NVIN*AleﬂANV

It is thus a sheaf on 2, and one checks readily that it maps to the given triple
by the considered functor. This concludes the proof.

3.4. Direct images

3.4.1. — Let X and Y be topological spaces, let f: X — Y be a continu-
ous map. The functor f,: Ab(X) — Ab(Y) is left exact, as is the functor
I': Ab(X) - Ab. As usual, we denote by Rf.: D(Ab(X)) - D(Ab(Y))
and RT: D(Ab(X)) - D(Ab) their derived functors.

For n € Z, we also denote by R"f,: Ab(X) - Aband H": Ab(X) — Ab
the functors H” o R f, and H"” o RT.
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proves that F(f) o [¢] is represented by (X, f, f) and that (X, f, f) is equivalent
to (Y,idy,idy). Consequently, F(f) o [¢] = ey. One proves similarly that

[9] o F(f) = ex.
Finally, if ¢ = (W, f, g) e D(X,Y), the diagram

2”2'%v<

|

w

7

X

;
:

|

shows that F(g) o F(f) ™ is represented by (W, f, g), hence [¢] = F(g) o F(f)™.

d) Necessarily, G(X) = F/(X) for every object X of C. Moreover, for every
triple ¢ = (W, f, g), one has [¢] = F(g) o F(f)™* so that necessarily, G([¢]) =
F/(g)™ o F/(f). It remains to show that these formulae define a functor G such
that GoF=F".

Let ¢ = (W, f,g) and (W', f', ¢') be equivalent triples; let us show that
F(g)oF(f)* =F(g') o F'(f')™. By the definition of the equivalence relation
on D(X,Y), we may assume that there exists h € S(W, W’) such that f = f'o h
and g = ¢’ o h. Then

F'(g) = F'(g")oF'(h) = F'(g")oF'(f') "oF'(f))oF (h) = F'(g")oF'(f') oF'(f),
hence F'(g) o F'(f) = F/(g') o F'(f") . Consequently, G is well defined. One
has F’ = G o F by construction.

To prove that G is a functor, we need to check that it maps unit elements to
unit elements, and that it is compatible with composition. Since ex = F(idx),
one has G(ex) = F/(idx) = idp(x). Let then ¢ = (W, f;,£) € D(X,Y) and
v =(W,, f,8) € D(Y,Z);let (W, f,g) e D(W,, W,) besuchthat g,o f = f,o0g.
By definition, [¢] o [¢] is the class of the triple (W, f, o f, g, 0 g). Consequently,

G(lyle[e]) = G([(W. fie f>8.28)])
=F(gog)eF(fiof)”
=F () o F'(f) o F(f) o F'(g) o F'(f) " o F'(f)™
=G([yD) o F(fiog) o F'(f) o F'(f)
=G([y]) o F'(g) o F'(£)™ = G([v]) o G([9]),
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3.3.6. — Let us assume that Wisopenin X;letZ=X—W andleti: Z - Xbe
the inclusion.

Let ¥ be an abelian sheaf on X. For every open subset U of W and every section
s € 9(U), the support of s is closed in U, hence 'y (¥ )|w = ¢. Consequently,
one has the equality j* = j* of functors from Ab(X) to Ab(W).

We now show that the diagram

(3.3.6.1) 0->jj'9 -9 > i.i"9—>o0

is an exact sequence, where the morphisms are induced by the counit of the adjunc-
tion jy 4 j* and the unit of the adjunction i* - i,. It is called the glueing exact
sequence.

We first show that the map jij*¥ — ¢ is injective. Let indeed U be an open
subset of X and let s € jij*¢(U). By definition, s is a section of j*4(U) =
% (W n U) whose support is closed in U, and the counit is induced by the
identity map, hence it is injective.

The image of s in i,i*%(U) = i*9(Zn U) is the germ of s along Z N U; since
supp(s) is a closed subset of U contained in W n U, it does not meet Z n U, and
this germ is zero. Conversely, let s € ¢ (U) be a section whose germ along Zn'U
vanishes. This implies that there exists an open neighborhood V of Zn U in U
such that s|y = 0. Consequently, the support of s is contained in U=V, hence is
closed in U, so that s is induced by a section of j,j*%4(U).

Finally, let U be an open subset of X and let s € i, i*¥4(U) = i*9(Zn U). By
construction, Zn U is covered by open subsets V of U on which s is induced by a
section t of & (V). This proves the surjectivity of the unit morphism ¢ — i,i*¥.

On the level of fibers, the glueing exact sequence (3.3.6.1) induces the exact
sequences

0% —->% —o0—o, forx e W,

0>0->% —>Y9 —o, forx e Z.

3.3.7. — We keep the same context. Let X be a topological space, let j: W - X
be the inclusion of an open subset W of X, and let i : Z — X be the inclusion of
the complementary closed subset Z = X = W.
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By assumption, h*(f-g) = (f—g)oh = o; consequently, there exists a morphism
j: N = Y such that f — g = j o h: the morphism f — g factors through an object
of N.

Conversely, assume that (iv) holds and let us consider an object N of N and a
factorization f — g =vou, whereu € C(X, N)andv e C(N,Y). There exists a
distinguished triangle X = N - W 2 32X, hence, by translation, a distinguished
triangle Z7'W VXA N > W, Consequently, 27w ¢ S(Z7'W,X).
Moreover, (f — g) o Zw = v o u o Zw = o. This proves (ii).

b) (i)=(ii). Let (W,s, g) € D(Y,X) be a triple whose equivalence class is an
inverse of F(f). By definition of the composition, (W,s, f o g) is equivalent
to (Y,idy, idy). Consequently, there exists a triple (Z, h, k) and isomorphisms
(mod N),u:Z - Wandv:Z — Y,suchthatsou = h, fogou =k,
h =1idyov = v and k = idyov = v. Then, h = k = v and u are isomorphisms
(mod N) and (f o g) o u = k, so that f o g is an isomorphism (mod V). The
other part of (ii) follows by passing to the opposite category.

(ii)=-(i). These assumptions imply that F(f) is left-invertible and right-
invertible; consequently, F(f) is invertible.

(ii)=(iii). Let h: Y — T be such that & o f is an isomorphism (mod ). By
the implication (ii)=(i), F(f) is an isomorphism, as well as F(/ o f), so that
F(h) is an isomorphism as well. The commutative diagram

Xx 1 L,y _u

Z X
ol e | e

L Tez 57— 3T,

(o) (o1)

corresponds to a morphism of distinguished triangles; since its bottom row is
a contractible triangle, this morphism is distinguished (proposition 2.2.10, b)),
hence the commutative square

X Y
hof 16
T——TeZ

is homotopically cartesian (lemma 2.3.4).
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b) Let x € W. Since W is locally closed, there exists an open neighborhood V
of x in X such that WnV is closed in V. For every an open subset U of V and every
s€ j..#(U) = % (WnU), the support supp(s) of x is closed in WNU, hence in U,
because WNU is closed in U. Consequently, j,.% (U) = j..%# (U) for every such U.
In particular, the inclusion ji.# — j,.# induces an isomorphism (ji.% )|y —
(j+«%)|u. In particular, the canonical morphisms (ji.% ), — (j«.# ), > % are
isomorphisms.

0

Proposition (3.3.3). — Let X be a topological space and let j: W — X be the
inclusion of a locally closed subset of X. The functor j is exact and fully faithful.
It induces an equivalence of categories from Ab(W) to the full subcategory of
Ab(X) consisting of abelian sheaves ¢ such that 9, = o for every x € X=W. On
that subcategory, the functor j* induces a quasi-inverse.

Proof. — At the level of fibers, the functor j, induces the identity functor, or
the zero functor; it is in particular exact.

Let % be an abelian sheaf on X such that %, = o for every x € X=W. Let us show
that the canonical morphism %y : 4 — j.j*% factors through i j*%. Let indeed
U be an open subset of X. Then j, j*¥4(U) = j*¢4(W n U) and the morphism
1y (U): 4 (U) - j*9 (W n U) factors through the morphism s ~ (s|y)v from
4 (U) to j5ed (W nU) = colimy-way 4 (V) = colimysvsway 4 (V). Moreover,
for every s € 4(U), the support of s is closed in U, hence the support of s|y
is closed in V, for every open subset V of X such that U 2 V > W n U. This
implies that the image of s belongs to ji*%(U). The resulting morphism of
sheaves, 4 — jij*¢, induces an isomorphism on fibers: this is tautological for
x € W, and follows from the fact that ¢, = o otherwise. This morphism is thus
an isomorphism.

Let then .# be an abelian sheaf on W. The canonical morphism ¢ # : j*j..# —
Z induces a morphism j*j.# — .%. Let O be an open subset of X containing W
such that W is closed in O. Let V be an open subset of W. The canonical
morphisms

Jpren 7 (V) = colim ji.7 (U) = colim j.F (U)
i T — colim F o~ T
- mwwww?& (U) = mww%KAEDGV Z (V)
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Proposition (2.5.13). — The category D is an additive category and the functor F
is an additive functor.

Proof. — a) Let us show that o is both an initial and a terminal object in D.
We thus need to show that for every object X of C, the sets D(X, 0) and D(0, X)
have exactly one equivalence class.

Let (V, f, ), (V', f, g") € D(X, 0); since o is a terminal object in C, one has
g=g=o.Let

be an homotopically cartesian square (lemma 2.3.3). Since f and f’ are iso-
morphisms (mod IN), so are u and u' (lemma 2.5.8). The triple (W, f o u,0)
and the morphisms u, u’ imply that (V, f, g) ~ (V/, f’, g'), as was to be shown.
Consequently, o is a terminal object in D. By considering the opposite category,
o is an initial object in D.

b) LetX,Y beobjectsof C, and let us show that X@Y isa productof Xand Y in
the category D. Leti: X - X@Y,j: Y > X@Y,p: X&Y - Xandg: XoY - Y
be the canonical morphisms. Given an object P and two morphisms ¢ : P - X
and y: P - Y in D, we need to show that there exists a unique morphism
0:P - X &Y such that F(p) 0 6 = ¢ and F(q) o 0 = y. The morphisms
@, v are represented by triples (W, f, ¢) € D(P,X) and (W, f',h) e D(P,Y).
Considering a homotopically cartesian square

/)\2 /)\\

N

W ——

we reduce to the case where W = W' and f = f'. Letk = Amv and let 9 ¢
D(P,X @ Y) be the class of the triple (W, f,k). One has F(p) o 6 = ¢ and
F(q) o0 =y. Let 6’ ¢ D(P,X @ Y) be a morphism such that F(p) o 6’ = ¢ and
F(q) o 6" = y. Up to replacing W, we may assume that 6’ is represented by a
triple of the form (W, f, k"), where k' = Amﬂ v Then (W, f,g) and (W, f, ¢') are
equivalent, so that, in particular, F(g) = F(g’); by proposition 2.5.11, a), there
exists an isomorphism (mod N'), u: U - W, such that g o u = ¢’ o u. Similarly,
there exists an isomorphism (mod N), v: V - W, such that gov = g’ o v.
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endowed with a continuous map p : E - X which is a local homeomorphism (ev-
ery point of E has an open neighborhood U such that ply is a homeomorphism
from U to an open subset of X).

To every étale space p : E — X is associated its sheaf .# of continuous sections.
The fiber .%, is identified with p~*(x). Conversely, given a sheaf .%, one endowes
the set Ez = [],x %, with a topology so that the projection Ez — X is étale
and its sheaf of continuous sections identifies with .%.

In the setting of étale spaces, the functor f* corresponds to the fiber product
of topological spaces.

3.2.10. — Let.% be an abelian sheaf on X. Let U be an open subset of X and
let s € #(U). By the sheaf property of .%, if ¥ is a family of open subsets of U
with union V, such that s|y = o for every W € ¥, then s|y = o. The support of s,
supp(s), is the intersection of all closed subsets Z of U such that s|y_z = 0. Itisa
closed subset of U, and the restriction of s to its complement is o; consequently,
it is the smallest such closed subset.

Morphisms of sheaves respect supports. Precisely, let u: % — ¢ be a mor-
phism of abelian sheaves on X. For every open subset U of X and every sec-
tion s € & (U), one has supp(u(s)) c supp(s). Indeed, the restriction of s to
U —supp(s) is the zero section, so that the restriction of u(s) to U—supp(s) is
zero as well.

Theorem (3.2.11). — Let ¥ besheafonX, let A be a subspace of X andlet j: A - X
be the canonical inclusion. Let us make one of the following hypotheses:

(i) The subspace A admits a basis of paracompact neighborhoods;

(ii) The space X is paracompact and A is closed;

(iii) The space X is metrizable;

(iv) The space X is separated and A is compact.

Then the canonical morphism of presheaves ji,.# — j*.7 induces a bijection

i o P T
nwwﬂdKACv P F(A).

For the proof, I refer to ( , , théoréme 3.3.1, p. 150) or ( ,

, L, p. 37 théoréme 2).

Corollary (3.2.12). — Let X and Y be topological spaces and let f: X — Y be
a continuous map. Let ¥ be a sheaf on X. Let y € Y and write X, = f(y).
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Starting with the first two triangles, let us now apply the octahedral axiom:

X - Yy ‘>z Y X
I L
_\o\ v M
X Y 7" X
ﬁ i
v
z p——= .Z
% i
|
v
¥X Su % v 7 —-Zw 2

Since g is an isomorphism (mod V), the object N belongs to IN; consequently,
k"' is an isomorphism (mod N') as well.

We then apply the octahedral axiom in the opposite category to the last two
triangles, after having shifted them to the left:

sy’ 2 s-17/ -2 X! -u N

| _

y — = o ex 22 sy

Again, since the morphism X f is an isomorphism (mod V'), the object N’
belongs to IV, so that A’ is an isomorphism (mod N'). Finally, we may let
h = h'o h"; it is an isomorphism (mod V). O

Theorem (2.5.16). — Let 7 be the set of triangles in D which are isomorphic to the
image under F of a distinguished triangle of C'. The category D is a triangulated
category, when endowed with its endofunctor X and the set T of triangles, and
the functor F: C' — D is a triangulated functor.

Let us remark that the given set of distinguished triangles in D is the small-
est possible one for which F is a triangulated functor. Indeed, this condition
implies that the image of a distinguished triangle is again distinguished, and
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vertex {V, V'}, and with morphisms induced by the inclusions VNV’ ¢ V (resp.
VnVicV) forV,V eZ.

One says that a C-presheaf is a sheaf if for every open subset U of X, and
every open covering % of U, the cone (#(U) - .Z#(VnV'))y vy is alimit.

3.2.3. — Assume that the category C admits limits. Then the natural functor
from the category of sheaves on X to the category of presheaves admit a left
adjoint .7 — .#7, inducing, for every presheaf .# and every sheaf ¢, a bijection

Hom(.Z',4) = Hom(.%,9)).

Let us consider a diagram of sheaves. Viewed as a diagram of presheaves, its
limit is a sheaf, and is its limit in the category of sheaves.

However, the presheaf-colimit of this diagram is usually not a sheaf; the
associated sheaf furnishes a colimit in the category of sheaves.

3.2.4. — We denote by Ab(X) the category of sheaves of abelian groups on X.
If O is sheaf of rings on X, we denote by Mod ( O ) the category of Ox-modules
on X. Let k be an abelian group (resp. a ring); we write kx for the constant sheaf
on X associated with k. One has Mod(Zx) = Ab(X).

These categories admit limits and colimits. Limits (for example products or
equalizers), are computed as presheaves. Colimits, for example coproducts or
coequalizers, require to consider the sheaf associated with the colimit-presheaf.

Theorem (3.2.5). — Let X be a topological space and let O be a sheaf of rings
on X. The category Mod(0') of sheaves of O-modules on X is a Grothendieck
abelian category. In particular, the category Ab(X) of abelian sheaves on X is a
Grothendieck abelian category.

As a consequence, these categories have enough injective objects (theo-
rem 1.4.10).

3.2.6. — Assume that Oy is a sheaf of commutative rings. Then the category of
Ox-modules admits an internal Hom bifunctor Homy(-, -), and a tensor product.
These are additive functors.
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are summarized by the diagrams:

WL v Sy Wt vy

R A R T
U_—“,y vt x _ Ts
L i \ kv X

X X

Moreover, t,, s!, s, and t, are isomorphisms (mod V).

Let us complete u, o t,: P - V into a distinguished triangle P - V - Q - XP
in C;let us complete u]: V' - Y’ into a distinguished triangle V' - Y’ - Q' —
2V'in C. This furnishes the diagram of distinguished triangles in C"

X ——Y —— 7 ——3X

R

—-——>

p Vv Q PN Y
f T\ m h’ T\
A4
<\ <\ O\ M/\\

|
¢ : “ " 4—«Mm\
v

X =Y 4 7 —— X

where s, t,s' are morphisms in S such that f = F(s") o F(f’) o F(s)™ and
g = F(g’") o F(t)™. Let us choose a morphism h’': Q — Q' that gives rise to a
distinguished morphism of distinguished triangles in C'. By lemma 2.5.15, there
exist morphisms r: Q - Zand r': Q" - Z’ in S that give rise to isomorphisms
of triangles in D. The morphism h = F(r')oF(h')oF(r)*: Z — Z' in D induces
a distinguished isomorphism of distinguished triangles.

This shows that the category D satisfies the five axioms of a triangulated
category. By construction, the functor F is triangulated. [l

Proof of theorem 2.5.4. — We have constructed a triangulated category D and a
triangulated functor F: C' — D such that N c Ker(F). LetnowF : C — D’be

any triangulated functor to a triangulated category D’ be such that IV c Ker(F’).

Let f: X — Y be an isomorphism (mod IN) and let X Lyoszosx

be a distinguished triangle in C; by definition, Z is an object of N. Then
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a) The map f is proper if and only if f~'(y) is compact, for every y € Y.
b) If X and Y are locally compact (in particular, separated), the map f is proper
if and only if f=(A) is a compact subset of X, for every compact subset A of Y.

Proposition (3.1.6). — Let f : X > Y be a continuous map.

a) Assume that f is proper (resp. separated). Then for every subspace A of Y,
the map fa: f(A) - A induced by f by restriction is proper (resp. separated).

b) Assume that f is proper (resp. separated). Then for every closed subspace Z
of X, the map flz: Z — Y is proper (resp. separated).

c) Assume that there exists an open covering V" of V such that for every Ve ¥,
the map fy: f(V) — V is proper (resp. separated). Then f is proper (resp.
separated).

Definition (3.1.7). — A topological space X is paracompact if for every open
covering % of X, there exists an open covering ¥ of X satisfying the following
properties:

a) ForeveryV e ¥, there exists U € % such that V c U (the covering ¥ refines
the covering U );

b) Every point of X has an open neighborhood A such that the set of V € ¥ such
that ANV # & is finite.

A compact topological space is paracompact; a metrizable topological space
is paracompact; every subspace of a cellular space is paracompact.

Lemma (3.1.8). — Let X be a locally compact topological space.

a) For every open subset U of X and every point a € U, there exists an open
neighborhood V of a such that V c U.

b) Let (U,,...,U,) be a finite family of open subsets of X, let U = U,u---u U,
and let A be a compact subset of X which is contained in U. There exists a family
(Vi,...,V,) of open subsets of X such that A c V,u---uV, and V; c U, for
everyie€{1,...,n}.

c) Inparticular, for every compact subset A of X and every open neighborhood U
of A, there exists an open neighborhood V of A such that V c U.

Proof. — a) By definition of a locally compact topological space, the point a
admits a compact neighborhood C. Replacing U by U n C, we may assume that
U is compact. Let then A = 9(U) = U=U; it is a compact subset of X which does
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72 CHAPTER 2. TRIANGULATED CATEGORIES

(iv) For every object Z in C' and every morphism f : Y — Z which is an isomor-
phism (mod N), there exists a morphism g: Z — Y such that g o f = idy.

We leave to the reader to state the analogous statement in the opposite category.

Proof. — (i)=(ii). Let

be a diagram in C, where s is an isomorphism (mod N). Let W 5> X —» Z —
EW be a distinguished triangle in C; since s is an isomorphism (mod '), the
object Z belongs to N. Applying the (contravariant) cohomological functor
C (-, Y), we obtain an exact sequence

C(Z,Y) - C(X,Y) 5> C(W,Y) -~ C(27'Z,Y).

Since Z and 27'Z belong to N, one has C(Z,Y) = C(27Z,Y) = o. Conse-
quently, the morphism s induces an isomorphism C(X,Y) — C(W,Y). In
particular, there exists a unique morphism g: X - Y in C such that gos = f.

(ii)=(iii). By definition of morphisms in D, assertion (ii) implies that the
canonical morphism C(X,Y) - D(X,Y) is surjective. On the other hand,
let ¢ € C(X,Y) be such that h(g) = o. By proposition 2.5.11, there exists a
morphism s: W — X in S such that gos = o in C. Assertion (i) applied
with f = o then implies that g = o.

(ii))=(iv). Let f: Y — Z be an isomorphism (mod N). Since it induces
an isomorphism in D, assertion (iii) implies that there exists a morphism g €
C(Z,Y) such that h(g) = h(f)™. One has h(g o f) = idy. By (iii) again,
go f=idyin C(Y,Y), as was to be shown.

(iv)=(i). Let X be an object in N and let f : X - Y be a morphism in C'. Let
xLy&zosx be a distinguished triangle. The triangle Y Lz.5x
XY is distinguished as well, so that g is an isomorphism (mod V). By (iv),
there exists a morphism 4 : Z — Y such that h o g = idy in C. Consequently,
f=idyof =hogo f=oin C. This proves that C(X,Y) = o, as claimed. [J

Corollary (2.5.18). — Let N+ be the subcategory of C' consisting of objects Y such
that C(X,Y) = o forevery X € N. Then N* is a thick triangulated subcategory
of C the restriction to which the functor F induces a fully faithful functor to D.

CHAPTER 3

COHOMOLOGY OF SHEAVES

3.1. General topology

3.1.1. — Let X be a topological space. We say that X is separated (equivalently,
Hausdorff) if any two distinct points admit disjoint neighborhoods.

We say that X is compact if it is separated and if it satisfies the Borel-Lebesgue
covering property: if a family of open subsets covers X, then a finite subfamily
already covers X.

We say that X is locally compact if it is separated and if every point of X has a
compact neighborhood.

Let X be a topological space and let A be a subset of X. One says that A is
locally closed if for every point a € A, there exists a neighborhood U of a in X
such that A n U is a closed subset of U.

Lemma (3.1.2). — Let X be topological space and let A be a subset of X.

a) Assume that A is locally closed in X. The union U of all open subsets V of X
such that An'V is a closed subset of V is an open subset of X of which A is a closed
subset, and it is the largest such open subset.

b) The following properties are equivalent: (i) The set A is locally closed in X;
(ii) There exist an open subset U and a closed subset Z of X such that A = U nZ;
(iii) The set A is open in its closure A.

c) Assume that X is locally compact. Then A is locally closed in X if and only if
it is locally compact for the induced topology.

Proof. — a) Theset U is open in X, because it is the union of a family open
subsets of X. By definition of a locally closed subset of X, one has A c U. Let us
prove that A is closed in U. Let x € U — A; by construction of U, there exists a
open subset V of X, containing x, such that AnV is closed in V; then V=(ANnV)
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Definition (2.6.3). — Let A be an abelian category. The derived category D (A)
is the triangulated category quotient of the homotopy category K (A) by its thick
triangulated subcategory of acyclic complexes.

There are canonical functors
A>C(A)S K(4) S D(A).
The functor A - C(A) considers an object X of A as the unique complex

such that X" = o for n # o and X° =X, all differentials being o. It is fully faithful.

Let f be a morphism in K (A). By lemma 2.5.11, b), the morphism h(f) is an
isomorphism if and only if f isa homologism. More generally,if H: K(A) — B
is a functor, there exists a functor G: D(A) — B such that H = Goh ifand only

if H maps homologisms to isomorphisms. The necessity of the condition is clear,
by what precedes, and the converse assertion follows from proposition 2.5.9, d).

If, moreover, the functor H is additive (resp. a cohomological functor), then so
is G.

2.6.4. — Let A be an abelian category and let C be a triangulated category. A
o-functor F: A — C is an additive functor endowed, for every exact sequence

=(o > X—>Y > Z - o) in A, with a morphism 9(S) : F(Z) - ZF(X),

satisfying the following properties:
a) For every exact sequence S = (0 - X > Y > Z — 0), the diagram

mA:v mc\v S)

FX) 2 key) 22 pz) 28 sR(x)

is a distinguished triangle;
b) For every morphism of exact sequences

S o} X Y Z o
| I
s 0 X Y z o,
the diagram
r(z) 2, sR(X)
zi TmS
r(z') 2L sR(x)

is commutative.

2.8. EXERCISES 87

2.8. Exercises

Exercise (2.8.1). — Let C be an abelian category and let X be a complex in C.
One says that X is contractible if idx is null homotopic.

a) Prove that X is contractible if and only if it is acyclic and if the exact sequence
o = Ker(d}) - X" - Im(d}) — o is split, for every integer n € Z.

b) Let k be a ring and let C' be the category of k-modules. Assume that X is
an acyclic complex such that X" is a free k-module, for every n € Z.

Prove that X is contractible if, moreover, k is a field or a principal ideal domain.

¢) Prove that X is contractible if, moreover one has X" = o for every n < o.

d) Let k = Z/4Z and X" = Z/4Z for every n € Z, let d§ be given by the
multiplication by 2. Prove that X is acyclic but not contractible.

Exercise (2.8.2). — Let X 5 Y 5 Z % X be a distinguished triangle in a
(pre)triangulated category. Establish the equivalence of the following conditions:
(i) u is an isomorphism; (ii) v = o; (iii) w = o. If they hold, prove that Z = o.

Exercise (2.8.3). — (From ( , , Exercise I11.4.1).) Let A
be an abelian category and let f: X — Y be a morphism of complexes in A.
Consider the four following statements: (i) f = oin C'(A); (ii) f =oin K(A);
(iii) f =oin D(A); (iv) H*(f) = o for every n € Z.

a) Establish the following implications: (i)=(ii)=>(iii)=(iv).

b) Give examples where (ii) holds but not (i), and (iii) holds but not (ii).

c) Let A = Ab be the category of abelian groups and let f be given by the
following morphism of complexes

ii—0—>Z2Z 57— 0 —.

Lo b
e.—>0—>Z — Z[3Z — 0 — .
where the horizontal maps are induced by multiplication by 2, while the vertical
maps are the canonical ones. Prove that H"(f) = o for all n € Z but that f # o
in D(A).
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The morphism X — 72,,(X) induces an isomorphism H/(X) — Hi(75,(X))
for every integer i such that i > n, and one has Hi(1,(X)) = o for i < n. The
similar property holds for the morphism X — 75, (X).

Moreover, the diagrams

(2.6.6.1) 0->14,.,(X) > 1n(X) > Z"H"(X) » 0
(2.6.6.2) 0> X"H"(X) - 1:4(X) » 74,,(X) = 0
(2.6.6.3) 0->Tu(X) > X->1, ,(X)—o0
(2.6.6.4) 0->1,(X) > X->1,,(X)—>o0

are exact sequence of complexes.
These exact sequences of complexes induce distinguished triangles in the
homotopy category K (A) and in the derived category D (A):

(2.6.6.5) Ty (X) = 76, (X) - Z7"H"(X) - 277,,_,(X)
(2.6.6.6) SH(X) > Ton(X) = Ty (X) = ZTH(X)
(2.6.6.7) Ten(X) = X > 14,,,(X) = Z7¢,(X)
(2.6.6.8) 7.,(X) > X - 75, (X) - 27L,(X).

Every morphism of complexes f: X — Y induces in an obvious way a mor-
phism of complexes 7¢,(f) : 7¢4(X) = 7¢,(Y), and 7¢, defines a functor from
the category C(A) to itself. If f is null homotopic (resp. a homologism), then
s0 is 7¢,(f). Consequently, the functor 7, extends to an endofunctor of the
homotopy category K (A) (resp. of the derived category D(A)).

Similar properties hold for the other truncations.

The diagrams (2.6.6.1-2.6.6.4), the distinguished triangles (2.6.6.5-2.6.6.8),
are functorial.

2.6.7. — By imposing the vanishing of appropriate cohomology objects, we
can define various full subcategories of K (A):

- K>%(A), whose objects X satisfy H*(X) = o for n < a;

- K*(A) = Uuz K>*(A), whose objects X satisfy H"(X) = o for n smaller
than some integer (depending on X);

- K<4(A), whose objects X satisfy H"(X) = o for n > a;

- K~ (A) = Uyez K<%(A), whose objects X satisfy H*(X) = o for n larger
than some integer (depending on X);

2.7. DERIVED FUNCTORS 85

Definition (2.7.5). — Let F: A — B be a left exact additive functor between
abelian categories. One says that a full additive subcategory A, of A is injective
with respect to F, or is F-injective, if the following conditions hold:

(i) Every object of A admits a monomorphism into an object of A;

(ii) For every exact sequence o - X - Y — Z — o in A, where X and Y are
objects of A,, the object Z belongs to A;

(iil) For every exact sequence o - X - Y — Z — o in A, with objects in A,,
the complex o -~ F(X) - F(Y) - F(Z) — o is exact.

Example (2.7.6). — If the category A has enough injectives, then the full sub-
category of injectives objects of A is F-injective for every left-exact functor F.

Assertion (i) is the definition of having enough injectives. Let o - X Ly
Z — o be an exact sequence of objects in A, where X and Y are injective objects.
Since X is an injective object, the identity idx extends along the monomorphism
j+ X = Y, hence there exists a morphism r: Y — X such that r o j = idyx;
consequently, the morphism (7, p): Y - X @ Z is then an isomorphism and
the given exact sequence is split. It first follows that Z, a direct summand of an
injective object, is injective as well, and then that the image of the given exact
sequence under any additive morphism is again exact.

Proposition (2.7.7). — Let F: A — B be a left exact additive functor between
abelian categories. Let A, be an F-injective subcategory of A.

a) For every complexY € K*(A) with terms in A,, the canonical morphism
F(Y) - RF(Y) in D*(B) is an isomorphism;

b) For every complex X € K*(A), there exists a complexY € K*(A,) and a
homologism e: X = Y in K*(A).

In particular, one can define RF(X) by considering an arbitrary F-injective
resolution of X.
Proof. — O
Remark (2.7.8). — Let F: A — B be aleft-exact functor between abelian cate-

gories. Let A, be an F-injective subcategory of A. Then, every object X of A,
satisfies R"F(X) = o for n > 0 — one says that X is F-acyclic.
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78 CHAPTER 2. TRIANGULATED CATEGORIES

(i) The complexY is homotopically injective;
(ii) For every diagram

of morphisms of complexes, where s is a homologism, there exists a unique mor-
phism g: X > Y in K (A) such that g o s is homotopic to f;

(iil) Forevery complexX, the functorh induces an isomorphism K (A)(X,Y) —
D(A)(X,Y);

(iv) For every complex Z and every homologism f:Y — Z, there exists a
morphism g: Z — Y such that g o f is homotopic to idy.

Proof. — 'This is a particular case of proposition 2.5.17. O

Proposition (2.6.11). — Homotopically injective complexes form a thick triangu-
lated subcategory I of K (A) and the restriction to I of the localization functor
K(A) - D(A) is fully faithful.

Proof. — This follows from corollary 2.5.18. O

Theorem (2.6.12). — If A is a Grothendieck abelian category (see $1.4.7), then
every complex is homologous to a homotopically injective complex.

This theorem is due to ( ) in the particular case where A
is the category of abelian sheaves on a topological space. His methods have
then be extended to reach the result in this form by
( ) and ( ). More precisely, these authors show that the func-
torh: K(A) - D(A) admits a right adjoint.

Corollary (2.6.13). — Let A be a Grothendieck abelian category and let I be
the thick triangulated category of K (A) consisting of all homotopically injective
complexes. The triangulated functor I — D(A) is an equivalence of triangulated
categories.

Corollary (2.6.14). — Let A be a Grothendieck abelian category. If U is an uni-
verse such that A is locally U-small, then D (A) is locally U-small.

2.7. DERIVED FUNCTORS 83

Let f: X — X' be a morphism in K(A), let ¢': X’ — I’ be the chosen ho-
motopically injective resolution of X'. Since I’ is homotopically injective, there
exists a unique morphism f’: I — I’ in K (A) such that f' o e = f o ¢’ (proposi-
tion 2.6.10); let us define RE(f) = F(f"): F(I) - F(T').

These maps define a functor K(A) - D(B).

If f: X - X' is a homologism, then the morphism f’: I — I’ constructed
above is an isomorphism in K (A) (proposition 2.6.10), so that RF(f) is an
isomorphism. Consequently, the functor we have just defined extends to a
functor

RF: D(A) - D(B),
called the right derived functor of F.

Remark (2.7.2). — a) For every object X of K(A) and every homologism
€: X — I, where Iis homotopically injective, the morphism F(e) : F(X) — F(I) =
RF(X) in K (B) satisfies an universal property: for every object Y of K (B),
the canonical morphism F(¢) : h(F(X)) - RF(X) induces an isomorphism
colim K (A)(Y,F(X')) — D(B)(h(Y), RF(X)).
X=X/
(In fact, the system (F(X'))xosx is “eventually constant”)

This universal property of the right derived functor RF is also formulated by
saying that RF is a left Kan extension of the functor h o K (F) with respect to
the localization functorh: K (A) - D(A).

b) If we remove the hypothesis that the abelian category A is a Grothendieck
category, then the right derived functor RF may not exist. However, the left
hand side of this formula furnishes a definition, for every object X, of a “functor
RF(X)” on the category D(B). One then may say that F is right derivable
at X if this “functor RF(X)” is representable and denote by RF(X) an object
that represents it. The previous construction shows that the functor F is right
derivable at every object that admits a homotopically injective resolution.

Lemma (2.7.3). — Let F: A — B be an additive functor between abelian cate-
gories; assume that A is a Grothendieck abelian category. Let X € D*(A) and let
acl.
a) If X e D?>%(A), then RF(X) € D>%(B). In particular, RF(X) € D*(B);
b) For every integer n such that n < a, the canonical morphism 1¢,,(X) - X
induces an isomorphism H' ( RF(1¢,(X))) - H (RF(X)).
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8o CHAPTER 2. TRIANGULATED CATEGORIES

hence f" — d{'0"*: N" — Y" factors through N"/Im(d{™). Since N
is acyclic, Im(d{") = Ker(d}}). The morphism df induces a monomor-
phism N”/Ker(d}}) — N"*1. Since Y" is injective, there exists a morphism
0" : N"* — Y" such that f" — dj70"* = 0" o dJ}. This provides the required
morphism.

This shows that the morphism f is null homotopic and concludes the proof of
the proposition. O

Proposition (2.6.17). — Let A be a Grothendieck abelian category and let I be
its additive full subcategory of injective objects. Let X € C'(A) be a complex, let
p € Z be such that H"(X) = o for every integer n < p.

a) There exists a complex Y € C(I) such that Y" = o for every n < p and a
homologism f: X - Y.

b) If, moreover, X" = o for n < p, then one can moreover choose Y and f in
such a way that f" is a monomorphism for every n € Z.

Proof. — We first observe that asssertion a) follows from b). Indeed, by hypoth-
esis, the canonical morphism X — 75,(X) is a homologism, and the complex
T5p(X) satisfies the hypothesis of b), so that X is homologous to a complex
in C>?(I).

Let us now prove b). We shall construct the complex Y and the morphism
i: X = Y by induction, degree by degree, in such a way that for every integer n €
N, the induced morphism X — 0,,(Y) induces isomorphisms H” (X) - H"(Y)
for m < n, and a monomorphism H"(X) — Coker(d{™).

For n < p, we take Y” = o, the morphisms i” and d are taken equal to zero.
Assuming that Y™ and i™ are defined for m < n, and that d{} is defined for
m < n -1, let us define Y"1, i"+1: X1 — Y"1 and df: Y" — Y"1, We first
define

7" = Coker(d{™) DCoker(dz) Ker(d{™)

so0 to have a cartesian diagram

Coker(d{™) —— Ker(dg{™)

| %

Coker(dy™) —— Zm.

2.6. DERIVED CATEGORIES 81

This furnishes a commutative diagram

o — H"(X) — Coker(d}{™) — Ker(d}") — H"*(X) — o

| | |

o — H"(X) — Coker(d§™) Zr+ H"(X) — o

in which the first line is the exact sequence from lemma 1.6.2.

Let us prove that the second line is exact as well. The morphism H*(X) —
Coker(d{™) is a monomorphism, by the induction hypothesis, and the mor-
phism from Z"** to H**(X) is an epimorphism by construction of Z"**1. To
prove the remaining two other exactness properties, we pretend that A is a
category of modules.

Let us consider the class y in Coker(d{ ™) of an element y in Y” which is
mapped to o in Z""; by construction, the element (j,0) of Coker(d}™) @
Ker(dg*") belongs to the submodule Coker(d%): there exists an element x € X"
such that (y,0) = (%,-%), so that x € Ker(d%™) and y comes from the class
of x in H"(X).

Let us then prove exactness at Z"*. Let y € Coker(d{™) and x € Ker(d§{*")
such that the class z of (7, x) in Z"* is mapped to o in H"**(X). This means
that x belongs to Im(d}), so that there exists x’ € X" such that x = d}(x’). In
the right hand side of the equality (y, x) = (y+i"(x),0) - (i"(x), -d%(x")), the
class in Z"*1 of the first term comes from Coker(d{ ), while that of the second
term is zero. Consequently, z comes from Coker(d%™), as was to be shown.

Let now Y"*! be an object of I and j: Z"*! - Y"*! be a monomorphism; these
exist, since A is a Grothendieck abelian category. We then define djf : Y" - Y™
to be the compositions with j of the canonical morphisms Y” - Coker(d{ ™) —

7"+, Similarly, we consider the composition Ker(d§™) — Zn* 2 Yy since
Y"* is injective, this morphism can be extended to a morphism i"*': X"+ —
Yy,
TO BE FINISHED
O

As a corollary, we have the following partial result in the direction of theo-
rem 2.6.12.



