NON-ARCHIMEDEAN INTEGRALS AS LIMITS OF
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Abstract

We explain how non-Archimedean integrals considered by Chambert-Loir and Ducros
naturally arise in asymptotics of families of complex integrals. To perform this anal-
ysis, we work over a nonstandard model of the field of complex numbers, which
is endowed at the same time with an Archimedean and a non-Archimedean norm.
Our main result states the existence of a natural morphism between bicomplexes of
Archimedean and non-Archimedean forms which is compatible with integration.
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1. Introduction

1.1

Chambert-Loir and Ducros [6] recently developed a full-fledged theory of real-valued
(p,q)-forms and currents on Berkovich spaces that is an analogue of the theory of
differential forms on complex spaces. Their forms are constructed as pullbacks under
tropicalization maps of the “superforms” introduced by Lagerberg [19]. They are able
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to integrate compactly supported (7, n)-forms for n the dimension of the ambient
space (the output being a real number), and they obtain versions of the Poincaré—
Lelong theorem and Stokes’s theorem in this setting. Their work is guided throughout
by an analogy with complex analytic geometry. The aim of the present work is to con-
vert the analogy into a direct connection, showing how the non-Archimedean theory
appears as an asymptotic limit of one-parameter families of complex (Archimedean)
forms and integrals.

One way to view a family of complex varieties as degenerating to a non-
Archimedean space is to consider the hybrid spaces first introduced by Berkovich [2]
to provide a non-Archimedean interpretation of the weight-0 part of the mixed Hodge
structure on the cohomology of a proper complex variety. For some other recent
applications of hybrid spaces, see [4], [7], and [9].

The approach we follow in this paper is somewhat different. We work over an
algebraically closed field C containing C, which is a degree-2 extension of a real
closed field R containing R and is endowed at the same time with a nonstandard
Archimedean norm |- | : C — R4 and a non-Archimedean norm | - |, : C — Ry
that essentially encapsulates the “order of magnitude” of | - | with respect to a given
infinitesimal element which should be thought of as a “complex parameter tending to
zero.” This presents the advantage of working on spaces that have both Archimedean
and non-Archimedean features and allows one to directly compare Archimedean con-
structions and their non-Archimedean counterparts. The fields R and C are con-
structed using ultrapowers. The field R was introduced by Robinson in [25], with
the explicit hope that it will be useful for asymptotic analysis (see also [20]). It was
brought to good use in [18] following the fundamental work of van den Dries and
Wilkie [28], who have reformulated Gromov’s theory of asymptotic cones of metric
spaces in [ 10] using ultrapowers.

A long-term motivation for our work is the famous conjecture by Kontsevich and
Soibelman [16], [17] relating large scale complex geometry and non-Archimedean
geometry. Roughly speaking, the conjecture describes the Gromov—Hausdorff limit
of a family of complex Calabi—Yau varieties with maximal degeneration in terms
of non-Archimedean geometry. (We refer to [11]-[13], [23], [24], and [26] for some
recent results in that direction.) Note that our results involve a renormalization in pow-
ers of log|¢| which corresponds to what appears naturally when considering volume
forms on Calabi—Yau varieties with maximal degeneration. From a model-theoretic
perspective, this is related to considering measures on certain definable sets over the
value group, in contrast to [1], where measures are reduced to the residue field.
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1.2

Before going further, it may be useful to provide the flavor of our main results on a
very elementary example. Let ¢ : R — R be a smooth function with compact support.
Consider the complex (1, 1)-form

Wy =

1 (_10g|z(z—l‘)|

d
- )dlog|z| A SH82
log |t] log |¢] 2

on Py, depending on the complex parameter ¢. Fix a real number K > 1. One may
write

/ =1L +1L+13
P1(C)

with

11 =/ wy, 12=/ wy, and I3 =/ wy.
lzI<ltl/ K ltl/K<|z|<K]t] lz|=K|¢|

Using direct explicit computations, one may check that

lim I; =/ ¢(x —1)dx, lim I, =0, and
x<—1 t—0

t—0

t—0

lim I3 = [ ©(2x) dx,
x>—1

from which one deduces the equality

t—>0

lim w; = / e(x —1)dx + / ¢(2x)dx.
P (C) x<—1 x>—1

Quite remarkably, the right-hand side of that equality admits a non-Archimedean
interpretation. Indeed, consider the field of Laurent series C((¢)), fix t € (0,1), and
endow C((z)) with the z-adic norm ||, normalized by |¢|, = 7. On the Berkovich
analytification P{" of P; over C((#)) one can consider the (1, 1)-form

1 log|z(z = 1)y
o= (-

- d'log|z|, Ad”log|z|p

log z]s log|z]p )
in the sense of Chambert-Loir and Ducros [6]. Furthermore, the integral in the sense
of Chambert-Loir and Ducros of the form w, on P{" is given by

/ Wy = / e(x —1)dx —I—/ ¢(2x)dx,
é}“ x<-—1 x>—1

since the support of w, is contained in the standard skeleton (0, c0) of G3., and the
function z is of degree 1 at each point of this skeleton. Therefore, we finally deduce
the equality
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lim wy = / wp,
t—0 P, (C) Pein

a very special case of our Corollary 8.4. We can already see here an instance of a
general feature that will be exploited in our proof of the general case: asymptotically,
the complex integrals we consider concentrate on the support of the corresponding
non-Archimedean forms. This support is piecewise polyhedral, and only the faces of
maximal dimension provide a nonzero contribution to the limit. In general, Chambert-
Loir and Ducros integrals also involve degrees over these faces (see Section 9.1.11
for an explanation of how these relate to the number of sheets of a complex étale
morphism).

1.3

Let us now sketch the construction of the nonstandard “asymptotic” field C. We fix
a nonprincipal ultrafilter U on C containing all the neighborhoods of the origin (oth-
erwise said, U converges to zero) and consider the ultrapowers *C = [[,ccx C/U
and *R = [[,¢c~x R/U. We say that an element (a,) in *C (resp., *R) is z-bounded if
for some positive integer N, |a;| < |t|~" along U (i.e., the set of indices ¢ for which
this inequality holds belongs to U). Similarly, it is said to be z-negligible if for every
positive integer N, |a;| < ||V along U. The set of z-bounded elements in *C (resp.,
*R) is a local ring which we denote by A (resp., A;), with maximal ideal the subset
of #-negligible elements which we denote by 9t (resp., ;). We now set C := A/M
and R := A,;/9.. The field R is a real closed field, and C ~ R(i) is algebraically
closed. The norm |- |: *C — *R5¢ induces an R-valued norm |- |: C — Rso.

1.4

Any usual smooth function ¢ : U — R defined on some semialgebraic open subset U
of R” formally induces a map U(*R) — *R which is still denoted by ¢. Allowing our-
selves to compose these functions (which arise from standard smooth functions) with
polynomial maps (which might have nonstandard coefficients), we define for every
smooth, separated *R-scheme X of finite type a sheaf of so-called smooth functions
for the (Grothendieck) semialgebraic topology on X (*R), which we denote by €3°.
The natural inclusion map from X(*R) into the (underlying set of) the scheme X
underlies a morphism of locally ringed sites ¥ : (X(*R), ¢%°) — (X, Ox), and we
can define the sheaf of smooth p-forms on X(*R) by «@7f := W*Q§( /R One has for
every p a natural differential d: &/ — o7 *1 We now assume that X is of pure
dimension n and that X(*R) is oriented (the notion of an orientation of a variety
makes sense over an arbitrary real closed field; see Section 3.3). Let w be a smooth
n-form on some semialgebraic open subset U of X(*R), and let E be a semialge-
braic subset of U whose closure in U is definably compact. Choosing a description
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of (X,U,w, E) through a “limited family” (X;, U, w;, E;);, it is possible to define
the integral [ w as the class of the sequence ([ @), in *R.

1.5
We now move from *R to R, seeking to show that smooth functions, smooth forms,
and their integrals remain well defined on R.

Let ¢: U — R be a usual smooth function defined on some semialgebraic
open subset U of R”. Under some boundedness assumptions on ¢ (which are, for
instance, automatically fulfilled if ¢ is compactly supported, or more generally if all
its derivatives are polynomially bounded), the induced function ¢ : U(*R) — *R in
turn induces a map U(R) — R, which we again denote by ¢.

For instance, the map log| - | from C* ~ R? \ {(0,0)} is smooth and satisfies
the boundedness conditions alluded to above; it thus induces a map log|-|: C* — R,
which enables us to endow the field C with a real-valued non-Archimedean norm |- |, :
C — R as follows. For any z belonging to C*, one checks that the norm of ]lc(’fg llj\l
is bounded by some positive real number in R. One can thus consider its standard
part @ = Std(]ﬁi'ﬂ) € R. Fixing 7 € (0, 1) C R, one sets |z|, := t* so that |z|, = |¢].
With this non-Archimedean norm the field C is complete (even spherically complete;
cf. [21]).

We repeat the procedure used in Section |.4. Allowing ourselves to compose the
functions defined at the beginning of Section 1.5 (which arise from standard smooth
functions) with polynomial maps (which might have nonstandard coefficients), we
define for every smooth, separated R-scheme X of finite type a sheaf of so-called
smooth functions for the (Grothendieck) semialgebraic topology on X (R), which we
denote by €’y°. There is a natural morphism of locally ringed sites ¥ : (X(R),6y°) —
(X, Ox). One then sets @7f := y*Q é’( /R’ and one has for every p a natural differen-
tiald: o/f — AP

Assume now that X is of pure dimension n and oriented. A substantial part of
Section 3 is devoted to the construction of an R-valued integration theory on X(R).

1.6 PROPOSITION
Integration theory on X(A;) descends to X (R).

Namely, to a semialgebraic subset K of X(R), with definably compact definable
closure, and a smooth n-form @ on a semialgebraic neighborhood of K in X(R), we
assign an integral || x @ which is an element of R. This is achieved in Section 5.10
by reducing to the case when X is liftable. Independence from the lifting follows
from the fact, proved in Proposition 5.3, that the integrals obtained from two different
liftings coincide up to a z-negligible element. A preliminary key statement in that
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direction is provided by Proposition 3.9, which states that if D is a semialgebraic
subset of (*R)” contained in A, then the volume of D is 7-negligible if and only if
the image of D in R" through the reduction map is of dimension at most n — 1.

Assume that X is a smooth C-scheme of finite type and pure dimension 7. One
defines similarly the integral [ x @ of a complex-valued (n,n)-form @ defined in a
semialgebraic neighborhood of a semialgebraic subset K of X(C), assuming that
there exists a semialgebraic subset K’ of K with definably compact closure such that
o vanishes on K \ K’.

1.7 Remark

Note that for an arbitrary real closed field S one cannot hope for a reasonable inte-
gration theory with values in S. Indeed, let, for instance, S be the algebraic clo-
sure of Q in R. Then there is no such reasonable integration theory on S, otherwise
T = fx2+y251 dx A dy would belong to S.

1.8

Fix a smooth C-scheme X of finite type and pure dimension n, and set A := —log]|¢|.
In this text, we define two Dolbeault-like complexes A?>4 and B?4. Informally, A?-4
and B?+? should be thought of as living on X(C) and X", respectively. But since
we want to be able to compare them in some sense, we need them to be defined on
the same site; this is the reason that we have chosen to define them as complexes of
sheaves on the Zariski site of X .

1.8.1. The nonstandard Archimedean complex
Let us start with A2, We will explain what would be the most natural definition, why
it is not convenient for our purpose, and what the actual definition is.

1.8.1.1. Basically, we would like a section of A?*¢ on a given Zariski-open subset U
of X to be a differential form on U(C') which is locally for the semialgebraic topology
on X(C) of the form

1 Z (10g|f1| log | finl
1,7

a)=x—p 2 Seeay 1

)dlog| 1l AdArg £,

s

where I (resp., J) runs through the set of subsets of {1, ..., m} of cardinality p (resp.,
q), where the f; are regular invertible functions, dlog| f7| stands for the wedge prod-
uctdlog| fi, [A---Adlog]| f; | if iy <ip <--- <, are the elements of I, and d Arg f;
stands for the wedge product %fh Ao A d;%qu if j1 < ja <--- < jq are the ele-
ments of J.
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1.8.1.2. But it would be difficult to use the definition suggested in Section 1.8.1.1,
because the general forms described therein do not have non-Archimedean counter-
parts, since there is no natural way to turn the implicit semialgebraic covering of
U(C) in their definition into an open covering of U"; hence we will take a slightly
more restrictive definition, albeit flexible enough for our purpose.

We thus define a section of AP+ on a Zariski-open subset U of X as a differential
form on U(C) that is locally for the Zariski topology of U of the form

1 lo lo
Y s (R Ry diog i) nare 11,

w=— yeens
AP ] A A

where (f1,..., fm) are regular functions (but they are not assumed to be invertible),

where I (resp., J) is running through the set of subsets of {1,...,n} of cardinality

p (resp., q), and where each function ¢y ; is defined on a suitable subset of (R U
{—00})™ and satisfies some technical conditions which we explain now. Let x =
(x1,...,Xm) be a point of (RU {—00})™, and let K denote the set of indices i such
that x; = —oo. Then:

. around x the function ¢ ; depends only on the x; for i ¢ K and is smooth as

a function of the latter;

. the function ¢,y even vanishes around x as soon as K intersects 1 U J.

It is clear that sections of A?>¢ admit a local description as in Section 1.8.1.1. Note
that if K = @, then the only requirement is for ¢;, f{ to be smooth around x, and that

darg f;

our second condition ensures that dlog | f;| or =5+ can actually appear only around

points at which f; is invertible (which is necessary for integrating such a form when
p=qg=n).
There exist natural differentials d : A”4 — AP+14 and d* : AP4 — AP-4+1 map-

ping, respectively, a form

1 1 1

T T
to
1 dp (log| f1l log | fm|
e Z ax,-( LS )dlog|ﬁ|Adlog|f1|/\dArng
1<i<m
and to

Adlog|fr| AdArg fr.

1 3 8_<p(10g|f1| loglfml)dargﬁ

AP Y~ Jy; AT A 2
1<i<m

Here the map d is the usual differential, and d* is designed to switch modulus and

argument (see Section 4.2.2); it turns out to be analogous to the operator d° of complex

analytic geometry.
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1.8.2. The non-Archimedean complex
We are now going to describe B?4. Set Ay, := —log|¢|,.

1.8.2.1. Basically, we would like a section of B?*9 on a given Zariski-open subset
U of X to be a differential form on U?" in the sense of [6] which is locally on U?*" of
the form

1 log| f1lp log | fm|b / "
— d'l Ad’l ,
Af;]:w,]( iy L) dlog| frly A d”log 1,

where I (resp., J) runs through the set of subsets of {1, ..., m} of cardinality p (resp.,
q), where the f; are regular invertible functions, and where d’log| f7|, standing for
the wedge product d’log | fi [, A--- Ad'log| fi | if iy < iy <--- <, are the elements
of 7, and similarly for d” log.

1.8.2.2. But by analogy with A?>4, we shall rather define a section of B#:4 on a
Zariski-open subset U of X as a differential form on U " that is locally for the Zariski
topology of U of the form

1 log| f1lp log | fmlb\ .
— lo e )dlo Ad’lo ,
v §I J:m( ) = gl frls Ad"log| f11,

where (f1,..., fm) are regular functions, where I (resp., J) is running through the
set of subsets of {1, ...,n} of cardinality p (resp., ¢) (with d'log| f7 |, standing for the
wedge product d’log| fi, [y A--- Ad'log| f;, |p if iy < iz <--- <i, are the elements of
I, and similarly for d”log| fs|p), and where each ¢y, j satisfies the same conditions
as those in the definition of AP9.

It is clear that sections of B?*4 are locally of the form described in Section 1.8.2.1,
and that B®** is stable under the two differential operators d’ and d”.

1.9

Our main result, Theorem 8.1, states that the two sheaves of bigraded differential
R-algebras A®** and B*® on the site X7z, consisting, respectively, of nonstandard
Archimedean and non-Archimedean forms, are compatible in the following sense.

1.10 THEOREM

There exists a unique morphism of sheaves of bigraded differential R-algebras
A** — B**, sending a nonstandard Archimedean form w to the non-Archimedean
form wy,, such that if w is of the form

_ (log|f1| log| fm|
A

T )dlog|f1|/\dArng,
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with f1,..., fm regular functions on a Zariski-open subset U of X, I, and J subsets
of {1,...,m}, and ¢ a quasismooth function, then

1 (10g|f1|b log | finlp

b= —
Al Ap Ab

)d'tog| fily A d"log]| f1.
Furthermore, we also prove in Theorem 8.1 that the mapping @ +— wj, is compat-
ible with integration. A special case of that compatibility can be stated as follows.

1.11 PROPOSITION

Assume that w is an (n,n)-form defined on some Zariski-open subset U of X and that
its support is contained in a definably compact semialgebraic subset of U(C). Then
the form wy on X™ is compactly supported, |, U(C) |w| is bounded by some positive

real number in R, and
std( / a)) = [ wp,
U(C) an

with std standing for the standard part.

Compatibility with integration is used in an essential way in proving that the
mapping o — w, is well defined. Indeed, it allows us to use a result of Chambert-
Loir and Ducros [6, Corollaire 4.3.7] stating that, in the boundaryless case, nonzero
forms define nonzero currents. A key point in the proof of compatibility with inte-
gration is to show that the non-Archimedean degree involved in the construction of
non-Archimedean integrals in [6] actually shows up in the asymptotics of the corre-
sponding Archimedean integrals, which is done in Section 9.1.11.

This main result has very concrete consequences (see our Theorem 8.4, in which
we express limits in the usual sense of complex integrals depending on a parameter
in terms of non-Archimedean integrals).

2. General framework

2.1

We shall use in this paper basic facts and terminology from model theory, which can
be found, for instance, in the books [22] and [27]. We shall make particular use of
the theory DOAG of nontrivial divisible ordered abelian groups, the theory RCF of real
closed fields, and the theory ACVF of algebraically closed nontrivially valued fields.
Both DOAG and RCF are examples of o-minimal theories.
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2.2

We fix a nonprincipal ultrafilter %7 on the set C of complex numbers; we assume that
it converges to zero, which means that every neighborhood of the origin belongs to %
(for our purpose, it would be sufficient to consider such an ultrafilter % on a sequence
approaching zero). Note that since % is not principal, {0} ¢ % ; as a consequence,
every punctured neighborhood of zero also belongs to %/. In particular, there exists a
family X;, i € N, of elements of % such that (");cy X; = @; that is, the ultrafilter %
is countably incomplete.

2.3 Convention

Unless otherwise stated, when we introduce a “sequence” (a;); the parameter ¢ is
always understood as running through some set belonging to % (e.g., a small punc-
tured disk centered at the origin), which we shall usually not make explicit. We shall
allow ourselves to shrink this set of parameters when necessary (without mentioning
it), for instance if we work with finitely many sequences and need a common set of
parameters.

If we work with some sequence (M;); of sets and then consider a sequence (a;);
with a; € M; for every t, it will be understood that a; is defined for ¢ lying in some
set belonging to %/ and on which ¢ +— M, does make sense; so we do not require that
a; be defined for every ¢ such that M; is.

We say that some specified property P is satisfied by a; along 7% if the set of
indices ¢ such that a, satisfies P belongs to % ; for example, |a;| < |¢| along %
means that the set of indices ¢ such that |a;| < || belongs to % .

2.4. Ultraproducts

Let (M;); be a sequence of sets. The ultraproduct of the sets My along % is the
quotient of the set of all sequences (a;); with a; € M, for all ¢ by the equivalence
relation for which (a;) ~ (b;) if and only if a; = b; along % (we remind the reader
that according to Convention 2.3, a, needs not to be defined for all ¢ for which M,
exists, but only for a subset of such complex numbers ¢ that belongs to %). If all the
sets M, are groups (resp., rings, resp., ...) the ultraproduct of the sets M, along %
inherits a natural structure of group (resp., ring, resp., ... ), which enjoys all the first-
order properties that hold for M; along % ; for example, if the group M; is abelian
along 7 , then the ultraproduct of the groups M, along % is abelian.

2.5 Remark
One can describe in a perhaps unusual way the ultraproduct of the sets M; as
colimy M7 where T runs through the set of elements of % included in the domain
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of t = M;, where Mt :=[[,cr M;, and where the transition maps are the obvious
ones.

2.6. The field *C

We apply the above by taking M; equal to the field C (resp., R) for all ¢, and we
denote by *C (resp., *R) the corresponding ultraproduct. The field *R is a real closed
extension of R; the field *C is equal to *R(7) and is an algebraically closed extension
of C. We still denote by | - | the “absolute value” on *C; this is the map from *C to
*R. that maps a + bi to v/a? + b2. By (harmless) abuse, the image in *C of the
sequence (¢); will also be denoted by ¢; it should be thought of as a nonstandard
complex number with infinitely small (but nonzero!) absolute value.

A sequence (a;); of complex numbers is called:

. bounded if there is some N € Z>¢ such that |a;| < N along % ;

. t-bounded if there is some N € Zs such that |a,| < |t~ | along % ;
. negligible if |a;| < % along % forall N € Z~;

. t-negligible if |a,| < |tV | along % for all N € Zy.

An element a of *C is called bounded (resp., t-bounded,; resp., negligible; resp.,
t-negligible) if it is the image of some bounded (resp., -bounded; resp., negligible;
resp., t-negligible) sequence. This amounts to requiring that |a| < N for some integer
N >0 (resp., |a| < |t~| for some integer N > 0; resp., |a| < % for all integers
N > 0; resp., |a| < ||V for all integers N > 0). (Be aware that the above inequalities

are understood in the huge real closed field *R.)

2.7. The field C

The set A of ¢-bounded elements of *C is a subring of *C which contains 7. This is a
local ring, whose maximal ideal m is the set of #-negligible elements; the intersection
A; := A N *R s also a local ring, whose maximal ideal is m, := m N *R. We denote
by C (resp., R) the residue field of A (resp., A;), and we still denote by 7 the image of
the element # of A in C. Note that m # 0: for instance, the sequence (exp(—1/|¢|)); is
t-negligible and not equal to zero along %, so it defines a nonzero element of m. One
can directly describe C as the ring of 7-bounded sequences modulo that of 7-negligible
sequences. The field R is a real closed extension of R, we have C = R(i), and C is
an algebraically closed extension of C. We still denote by | - | the “absolute value”
on C; this is the map from C to Ry that maps a + bi to +/a? + b%. An element
z of C is called bounded (resp., negligible) if it is the image of a bounded (resp.,
negligible) element of A. This amounts to requiring that z is the image of a bounded
(resp., negligible) sequence or that |z| < N for some N € Z> (resp., |z| < % for all
N €Z-y).
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If z = a + bi is any bounded element of C, then the subset of R consisting of
those real numbers that are at most a is nonempty and bounded above, and hence has
a least upper bound & € R; we define 8 analogously. By construction, z — (o + fi) is
negligible, and o + Bi is the only complex number having this property; it is called
the standard part of z and it will be denoted by std(z). If z € R, then std(z) € R.

Any ¢-bounded complex-valued function f on an element of % (e.g., a small
punctured disk centered at the origin) gives rise to an element of C, which we shall
denote by f if no confusion arises, as we do for ¢. Let us give some examples.

. For every « € R, the sequence (|¢|%); is ¢-bounded and is not ¢-negligible, so
it gives rise to an element [¢|* of C* (which actually belongs to R%). Note
that if o # 0, then (|¢|* — 1), is not z-negligible; hence o — |¢|* is an injective
order-reversing group homomorphism from R into R .

. The field .# of meromorphic functions around the origin has a natural embed-
ding into C.
. If a is any nonzero element of C arising from a ¢-bounded and non-z-

negligible sequence (a;);, then the sequence (log|a;|); is t-bounded, so it
gives rise to an element of C. The latter depends only on a, and not on the
specific sequence (a;). To see it, we have to check that if (&;); is a z-negligible
sequence, then (log |a; + &;| —log|a;|) is t-negligible as well. For that pur-
pose, we first notice that if z is a standard complex number with |z| small
enough, then log |1 4 z| < 2|z|. Now our assumptions imply that the sequence
(era;); is 1-negligible and a fortiori negligible, so that

logla; + & —logla;| =log|(1 + &la:|™")| < 2|era; |

holds along % ; using once again the fact that (g;a;!); is -negligible, we
obtain the required result.

The element of C defined by the sequence (log |a;|); depending only on a, we
denote it by log |a|. The sequence (%), is bounded, so ll‘;i, ||‘:|| is bounded.
Set A = {r € R||t|'/N <r <|t|7"/NforallN € Zo}; this is a convex sub-

group of RY, and R /A thus inherits an ordering such that the quotient map is

order-preserving. The composition

g
c* RX R%/A

is a valuation |- |y, and |C*|, = R /A. The valuation ring C° of | - | is the set of the
elements z € C such that |z| < |¢|~"/¥ for all integers N > 0, and the maximal ideal
of C° is the set C°° of elements z of C such that |z| < |¢t|'/" for some integer N > 0
(note that C° contains the ring of bounded elements of C).
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Let z € C*, and set o = std(ll‘;gg H). It follows immediately from the defini-
tions that |z| = |¢|* modulo A and that |z]|* itself belongs to A if and only if o =
0. Hence o — [¢|* mod A induces an order-reversing isomorphism between the
ordered groups R and |C*|,, which maps 1 to |t|, = |f| mod A.

We fix once and for all an order-preserving isomorphism between |C |, and R,
which amounts to choosing the image 7 of |¢|, in (0, 1). We will from now on use this
isomorphism to see | - |, as a real valuation (with value group the whole of R}). If z

is any element of C*, then we have

log|z|
std (s log|z|

gl _std( )
zlp = 121, =T el

The residue field C := C°/C°° is an algebraically closed extension of C. Let us
give an example of an element of C that is transcendent over C. For every complex
number A and every integer N > 0, the (complex) inequalities 1 < |log|t| — A| <
|1|7Y/N hold along % ; as a consequence, 1 < |log|t| — A| < |[t|7/N in R fg{\?ﬂ
integers N > 0, so |log |¢| — Mb/f_/l' Hence |log|t||, = I and if we denote by lggiﬂ
the image of log |¢] in C, then log|t| — A # O for all A € C; as a consequence, log ||
is transcendent over C.

The non-Archimedean field C is complete, and even spherically complete (cf.
[21]). Indeed, let (By)nez., be a decreasing sequence of closed balls with positive
radius in C. For every n, denote by r,, the radius of B,, and choose b, in B,,; we want
to prove that () B, is nonempty. For every n > 1, choose a preimage b, of b, in A4,
and a real number s, with r,_; > s, > ry, and denote by B, the set of those x € *C
such that |x — b, | < |¢]'°#57/1°27 For each n > 1, the ball B,, contains the preimage
of By, in A and is contained in the preimage of B,_;. The fact that every B, contains
the preimage of B, in A implies that the intersection of finitely many of the sets B,
is nonempty. Since, as noted in Section 2.2, the ultrafilter % is countably incomplete,
the ultraproduct *C is 8 -saturated by [15, Corollary 2.2], and thus the intersection
of all the sets B, is nonempty; however, this intersection is contained in the preimage
of the intersection of all the sets B, so the latter is nonempty.

3. Smooth functions, smooth forms, and their integrals over *R and *C

3.1. Semialgebraic topology

Let S be an arbitrary real closed field (we will use what follows for S = *R and
S = R). Let X be an algebraic variety over the field S, that is, X is a separated S-
scheme of finite type. The set X () is in a natural way a definable space of RCF. By
quantifier elimination in RCF, the definable subsets of X(S) are precisely its semi-
algebraic subsets; that is, those subsets that can be defined locally for the Zariski
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topology of X by a Boolean combination of inequalities (strict or nonstrict) between
regular functions.

3.1.1

The order topology on the field S induces a topology of X(S), which is most of
the time poorly behaved: except if S = R, it is neither locally compact nor locally
connected.

Let U be a semialgebraic subset of X(S). We shall say that U is open (resp.,
closed) if it is open (resp., closed) for this topology. This amounts to requiring that
U be defined—Ilocally for the Zariski topology of X—by a positive Boolean com-
bination of strict (resp., nonstrict) inequalities between regular functions (see [3,
Théoréme 2.7.1]). The topological closure of a semialgebraic subset U of X(S)
is semialgebraic (and so is its topological interior, by considering complements).
Indeed, this can be checked on an affine chart, and hence we reduce to the case where
X =A%; “now since the topology on S” has a basis consisting of products of open
intervals, U is definable, so it is semialgebraic.

3.1.2

Since the interval [0, 1] of S is not compact except if S = R, naive topological com-
pactness is not a relevant notion in our setting. We use definable compactness instead,
which itself relies on the notion of a definable type (see, e.g., Section 2.3 and Chap-
ter 4 of [14] for more information on these topics). Let us just recall here that a subset
E of X(S) is called definably compact if every definable type lying on E converges
to a unique point of E. Since X is separated, any definably compact semialgebraic
subset of X(S) is closed. If E is a definably compact semialgebraic subset of X(S),
then a semialgebraic subset F of E is closed if and only if it is definably compact.

3.1.3

Assume that X is affine, and let (f1,..., f;) be a family of regular functions on X
that generate the S-algebra 0'(X). If E is a semialgebraic subset of X(S), then E is
definably compact if and only if it is closed and bounded; that is, there exists r > 0 in
S and such that | f;(x)| <r forall i and all x € E.

3.2 LEMMA

Let X be a separated S-scheme of finite type, and let E be a definably compact
semialgebraic subset of X(S). Let (U;);er be a finite family of definable open subsets
of X(S) such that E C \JU;. There exists a family (E;) with each E; a definably
compact semialgebraic subset of U; and E = | J; E;.
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Proof

Up to refining the covering (U;), we can assume that U; is for every i contained
in X;(S) for some open affine subscheme X; of X. We argue by induction on |/ |.
The statement is clear if |/| = 0. Assume that |/ | > 0 and that the statement is true in
cardinality less than |/ |. Choose an element i in /, and set F = X(S)\U s ;4 U;-
By definition, F is a closed semialgebraic subset of X(5) contained in U;; thus E N F
is a definably compact semialgebraic subset of Uj.

Choose a semialgebraic open subset V' of U; that contains £ N F and whose
closure V' is definably compact and still contained in U; (one can use a finite set of
generators of the S-algebra Oy (X;) to build semialgebraic continuous distance func-
tions to £ N F, to the boundary of U; in X;(S), and to (X \ X;)(S), and then define
V by a suitable positive Boolean combination of nonstrict inequalities involving these
functions).

Set G = X(S) \ V. By definition, G is a closed semialgebraic subset of X(S)
and G N E is thus definably compact.

We then have E = (EN V) U (G N E). Since G N E avoids F, it is contained
in i Uj. The conclusion follows by applying the induction hypothesis to the set
GNE. O

3.3

Because of the bad properties of the order topology X(S), we shall not use it except
while speaking of closed or open semialgebraic subsets. Nevertheless, we shall use a
closely related set-theoretic Grothendieck topology, namely the semialgebraic topol-
ogy. The underlying category is that of semialgebraic open subsets of X(S) with
inclusion maps. A family (U;);es is a cover of U if there is a finite subset J of I such
that U = | ;¢ U;; this amounts to requiring that (U; — U) induces a usual (open)
cover at the level of type spaces.

If X is smooth, then X(S) comes equipped with a sheaf of orientations (for the
semialgebraic topology), defined mutatis mutandis as in the standard case. It is locally
isomorphic to the constant sheaf associated with a two-element set; a global section
of this sheaf is called an orientation on X(S).

3.4. Smooth forms and integrals over the field *R

If U is an semialgebraic open subset of R” for some 7, then every smooth function
(i.e., °°-function) ¢ : U — R gives rise to a function U(*R) — *R, which sends the
class of a sequence (a;); with a; € U along % to the class of (¢(a;)),; it will still be
denoted by ¢ if no confusion arises.
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3.4.1. Smooth functions and smooth forms on a variety

Let X be a smooth, separated *R-scheme of finite type. Let .# be the assignment that
sends a semialgebraic open subset U of X (*R) to the set of functions from U to *R
of the form ¢ o g, where:

. g is a regular map from a Zariski-open subset of X containing U to A} for
some m;
. ¢ is a smooth function from V to R, where V' is a semialgebraic open subset

of R™ such that g(U) C V(*R).
Then .7 is a presheaf; its associated sheaf (for the semialgebraic topology) is denoted
by € or €¢y° and called the sheaf of smooth functions on X (*R). It makes X(*R) a
locally ringed site.

The natural embedding of X(*R) into (the underlying set of) the scheme X
underlies a morphism of locally ringed sites ¥ : (X(*R),65°) — (X, Ox); hence
W*Qf( SR is for every p a well-defined ¢’3°-module on X (*R), which we denote by
P or &4’ . The sheaf d;} is equal to €5y°, and the €’y°-module d)} is locally free
(of rank n if X is of pure dimension n); for every p, we have 42/; = A? &7}} The
sheaf &%f is called the sheaf of smooth p-forms on X(*R). One has for every p a
natural differential d: &/f — @7 *1 The sheaf *C ®+g /% is called the sheaf of
complex-valued p-forms on X(*R). Every complex-valued p-form w defined on a
semialgebraic open subset U of X (*R) can be evaluated at any point u of U, giving
rise to an element w(u) of the *C-vector space *C ®¢ ,, fo’u.

3.4.2. Integral of an n-form

We still denote by X a smooth, separated *R-scheme of finite type; we assume that
it is of pure dimension n for some n, and that X(*R) has been given an orientation.
Let @ be a complex-valued smooth n-form on some semialgebraic open subset U of
X(*R), and let E be a semialgebraic subset of U whose closure in U is definably
compact.

We now choose a description of (X,U,w, E) through a “limited family”
(X:,Us,wy, E)s, where X; is for every ¢ a smooth, separated R-scheme of pure
dimension n endowed with an orientation of X;(R), U; is an open subset of X;(R),
w; is a complex-valued smooth form on U;, and E; is a relatively compact semi-
algebraic subset of U;. The expression “limited family” means that the sequence
(X¢, Us, wy, Et) can be defined using finitely many smooth functions (defined on real
intervals), a given set T € %, and finitely many polynomials with coefficients in R” .

For every 7, the smooth manifold X;(R) is oriented; hence the integral |’ E, @t
is well defined. The sequence (| E, wy); defines an element of *C that depends only
on (X,U,w, E), and the chosen orientation on X (*R). We denote it by [, w; if  is
real-valued, then f g @ is an element of *R.
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3.4.3. The case of a nonstandard complex variety

Now let X be a smooth quasiprojective scheme over *C, and let Y be the Weil
restriction R«g/+cX; this is a quasiprojective scheme over *R, equipped by defini-
tion with a canonical bijection Y (°*R) ~ X (*C). This allows us to transfer to the set
X*(C) all notions introduced above. Moreover, for every p, the sheaf &/? ®xg *C
of complex-valued smooth p-forms on X*(C) is equipped with a natural decompo-
sition &7 ? ®+g *C = @iﬂ':p /" where <7/ is the sheaf of (i, j)-forms; that is,
of complex-valued p-forms generated over 4*° by forms of the type

dfin--AdfindgiAn---Adg;

for some regular functions f1,..., fi.g1,...,&;-

Assume that X is of pure dimension n for some n, let U be a semialgebraic
open subset of X (*C), and let w be a smooth (n,n)-form on U. Let E be a semial-
gebraic subset of X(*C) whose closure is definably compact. The (#,n)-form @ can
then be integrated on E, using the canonical orientation of X (*C). Indeed, choose a
description of (X, U, w, E) through a “limited family” (X;, U;, w;, E;);, where X; is
for every ¢ a smooth, separated C-scheme of pure dimension 7, U; is an open semi-
algebraic subset of X;(C), w; is a complex-valued smooth (7, n)-form on Uy, and E;
is a relatively compact semialgebraic subset of Uy; the integral |’ g @ is then given by
the sequence [ ;.

344
We have considered so far only differential forms with smooth coefficients. But by
replacing the class of usual smooth functions (on open subsets of R™) by a broader
class ¢, we can define in the same way differential forms over *R with coefficients
in ¥, and integrate those of maximal rank on relatively compact definable subsets
(provided that € consists of locally integrable functions).

For instance, if we consider w and E as in Sections 3.4.2 or 3.4.3, we can define
||, which is a form with continuous piecewise smooth coefficients, and also define
the integral [, |w|, which is a nonnegative element of *R.

35

We are thus able to integrate smooth forms on the field *R, but what we are actually
seeking is a similar integration theory over R. Our basic strategy is very simple: it
consists of lifting a differential form on the field *R, integrating it, and reducing the
result modulo 7-negligible elements. But of course, one has to check that it does not
depend on our lifting. This requires a good understanding of the way our integrals
interact with 7-negligibility; this is the purpose of what follows.



330 DUCROS, HRUSHOVSKI, and LOESER

3.6 Notation

Let S be a real closed field, and let © be a nonempty, bounded above convex subset
of S with no least upper bound in S. Then such a least upper bound nevertheless
exists, but as a type on S; we denote it by d. We shall allow ourselves to say that a
given definable subset / of S contains d (resp., that a given definable formula @ is
satisfied by d) if I (resp., the set of x € § satisfying ®) contains (A, +00) N D for
some A € 9.

3.7 LEMMA

Let I be a definable interval of S that contains d, and let f be a definable function
from I to S. Assume that there exists a € I with a < d such that f(x) > d for all x
with a < x < d; then there exists x > d in I with f(x)>d.

Proof

Let J be the set of those x € I such that f(x) > x. This is a definable subset of S
which contains all elements y € § with @ < y < d. By o-minimality, J is a finite
union of intervals with bounds in S U {—o0, +00}; thus it contains some interval of
the form (a,b) for some element b € S with b > d. Then for all x € S such that
d <x<b,wehave f(x)>x>d. O

3.8
Let D be a definable subset of (*R)” with definably compact closure. The integral
Jp dxi A--- Adx, is called the volume of D and is denoted by Vol(D).

If D is a cube, that is, D is of the form [ ], _; _,[ai, b;], then Vol(D) = [T]; (b; —
a,').

We remind the reader that A, is the set of ¢-bounded elements of *R, and that
a +— a denote the reduction modulo the maximal ideal m, of A, (cf. Section 2.7).

3.9 PROPOSITION

Let D be a definable subset of (*R)" contained in Al'. The following are equivalent:

(1) the volume of D is t-negligible;

(i)  for every n-form w = ¢ dxy A --- A dx, with ¢ a smooth function defined in
a neighborhood of the closure of D and taking only t-bounded values on the
latter; the integral [ p @ is t-negligible;

(iii)  every cube contained in D has t-negligible volume;

(iv)  the image D of D in R" through the reduction map is of dimension at most
n—1.
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3.10 Remark

It is known that D is a closed definable subset of R” (no matter whether D is closed
or not; see, e.g., [5]). Thus its dimension is well defined. But the reader could also
rephrase (iv) by simply saying “D contains no n-cube with nonempty interior; and
this is indeed the rephrasing of (iv) that we shall actually use in the proof.

Proof of Proposition 3.9
We are going to prove (i) = (ii) = (iii) = (i), and then (iv) = (iii) and (i) = (iv).

Assume that (i) is true, and let w be as in (ii). By definable compactness of the
closure of D, there exists a #-bounded positive element M such that |¢| < M on D.
Then | [, w| < M Vol(D); the volume of D being ¢-negligible, [, w is r-negligible
as well.

Now if (ii) is true, then in particular Vol(D) is t-negligible (take ¢ = 1); this
implies that the volume of every definable subset of D, including any cube contained
in D, is t-negligible.

Assume now that (iii) is true, and let us prove (i). We argue by induction on 7.
If n = 0, then there is nothing to prove. So assume that » > 0 and the result holds
in dimension n — 1. Let p: (*R)® — (*R)"~! be the projection on the first n — 1
coordinates, and set A = p(D). If (D;) is any finite covering of D by definable
subsets, then it is sufficient to prove that (i) holds for every D; (note that D; obviously
satisfies (iii)).

Hence using cellular decomposition we can assume that we are in one of the
following two cases:

. there exists a continuous definable function f on A such that D is the graph
of 1
. there exist two continuous definable functions f and g on A with f < g such

that D = {(x, y). f(x) <y <g(x)}.

In the first case, D is at most (n — 1)-dimensional and its volume is zero. Let us
assume from now on that we are in the second case. Since D C A7, there is a positive
t-bounded element M suchthat g — f < M.

Let ¢ be the function that sends an element a of [0, M] to the least upper bound
of the (n — 1)-volumes of all cubes contained in A over which g — f > a.

3.10.1

Let us prove by contradiction that there exists some ¢-negligible element a such that
@(a) is t-negligible. We call ¢-significant an element which is not z-negligible, and
we assume that ¢(a) is ¢-significant for all #-negligible a; we are going to exhibit a
cube inside D with ¢-significant volume, which will contradict our assumptions.
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By Lemma 3.7 (which we apply by taking for d the least upper bound of the
set © of t-negligible elements), there exists some ¢-significant a with ¢(a) also ¢-
significant. Therefore, there exists some cube K inside A with ¢-significant (n — 1)-
volume over which g — f > a. For each family ¢ = (eq,...,82,—2) of elements of
{—1,1}, let K, be the subset of K on which d;g € &; (*R>¢) and 9; f € e4—14i (*Rx0)
orall 1 <i <n—1.Then K is the union of the sets K, so one of the sets K, has a
t-significant volume and hence contains a cube K’ with ¢-significant volume (by the
induction hypothesis). Replacing A by K’, we assume from now on that A is a cube
with z-significant volume on which each partial derivative of f and g has constant
sign and on which g — f > a.

Write A = [][a;, Bi]. Set M =sup, | f| and K = 4M(B; — 1)~ L. Since M is
t-bounded and since B; — o is 7-significant (because A has ¢-significant volume), K
is #-bounded. Let Ax = {x € A,|d1 f(x)| > K}. We claim that Vol(Ag) < %@‘).

Indeed, fix z = (z2,...,2p—1) in [[;o,[0, Bi], and set Ag, = {y € [a1,B1].
(y.z) € Ag}. By o-minimality, Ag ; is a finite union of closed intervals; let A be the
1-dimensional volume (or, otherwise said, the total length) of Ag .. If y and § are
two elements of [o;, 8] such that y < § and [y, 8] C Ak ;, then by the mean value
theorem one has | f(§,z2)) — f(y,z)| = K(§ — y). By monotonicity of f(:,z), this
implies that | f(B1,2) — f(a1,2)| = KA. Since | f(B1,2) — f(x1,2)| <2M by the
definition of M, we see that A <2M/K = (81 —ay)/2. Thus, by Fubini, Vol(Ag) <
V(’léA) , as announced.

It follows that the complement of Ag in A has f7-significant volume. By the
induction hypothesis, it contains a cube with 7-significant volume. Iterating this argu-

ment (which works for g as well as for f, and for the ith component as well as for
the first one), we can furthermore assume that A is a cube with 7-significant volume
on which each partial derivative of f and g has an absolute value bounded above by
some positive #-bounded constant N.

Let x be the point (“"‘2“3" )i of A.Sety = W; the point (x, y) belongs to
D. Setr = (g(x)— f(x))/4; since g(x) — f(x) > a, the number r is z-significant.
Let N’ be a t-bounded number such that N’ > «/n — 1N and r/N’' < min; (8; —
«;)/4—such N’ exists since B; — o; is ¢-significant for every i. Let " be the cube in
(*R)" with center (x, y) and polyradius (r/N’,...,r/N’,r). If (£,7n) belongs to T,
then £ € A. By the mean value theorem, | f(§) — f(x)| < @ < 5 and similarly
|g(§) —g(x)| < 5. Thus f(§) <n < g(£), and therefore D contains the cube I' which

has 7-significant volume.

3.10.2
By the above, there exists some ¢-negligible element a such that ¢(a) is t-negligible.
Let A’ be the subset of A consisting of points over which g — f* > a. By assumption,
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every cube contained in A’ has ¢-negligible volume; by our induction hypothesis,
the volume of A’ is ¢-negligible. Since g — f is uniformly 7-bounded, it follows
from Fubini’s theorem that the volume of p~!(A’) is t-negligible. Let A” be the
complement of A’ in A. The (n — 1)-volume of A” is t-bounded, and g — f <a on
A" . Applying Fubini’s theorem again, we see that p~1(A”) has ¢-negligible volume.
Hence D = p~!(A’) U p~1(A”) has t-negligible volume. This ends the proof of (i)
— (i) < ().

3.10.3. Proof of (iv) = (iii) and (i) = (iv)

It is clear that (iv) = (iii) since the reduction of every cube in A7 with ¢-significant
volume is a cube with nonempty interior. We are going to prove (i) = (iv) by
contraposition. So assume that D is n-dimensional. Under this assumption, it con-
tains a cube with nonempty interior; let us write it [][a;, bi], where a; and the
b; are t-bounded and b; — a; is t-significant for all i. Let B be the definable set
[1;lai.bi]\ D.

We claim that every cube contained in the definable subset B has 7-negligible
volume. Indeed, let A = [][o;, B;] be such a cube. If x is a point of A” with X €
[, E), then x € A (and hence x ¢ D), so ]_[(a_i,E) does not intersect D. On the
other hand, since [ [(o, E) is contained in [[[a;, b_,] (because A C [];[a;.bi]), and
D contains [];[a;, b;], the open cube [](a;, B;) is contained in D. Thus [](a;, B;)
is empty, and there is at least one index i such that E —o; = 0, which means that
Bi — «; is t-negligible; a fortiori, the volume of A is ¢-negligible.

Now by what we have already proved, this implies that fﬂ[ai b\D dxyA--Adxy,
is t-negligible. As a consequence,

/ dxl/\m/\dx,,:/ dx; A Adxy
[lla; .b;IND [1la;.bi]

modulo a ¢-negligible element, but fl_[[at bl dx; A --- Adx, = [](b; — a;), which
is t-significant. Thus f]‘[[a,—,b,-]mD dx; A -+ Adxy, is t-significant as well, and so is
Jp dxi Ao Adx,. O

3.11

A definable subset D of (*R)”" is called 7-bounded if it is contained in A”; it is called
t-negligible if it is t-bounded and satisfies the equivalent properties of Proposition 3.9.
We shall say that two -bounded definable subsets D and D’ of (*R)” almost coincide
(resp., are almost disjoint) if their symmetric difference (resp., their intersection) is
t-negligible. If D is a t-bounded definable subset of (*R)”, then a finite family (D;)
of z-bounded definable subsets of (*R)” will be called an almost partition of D if
| D; is almost equal to D and the subsets D; are pairwise almost disjoint.
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A definable subset D of R” is called negligible if it is of dimension at most n — 1.
We shall say that two definable subsets D and D’ of R" almost coincide (resp., are
almost disjoint) if their symmetric difference (resp., their intersection) is negligible.
If D is a definable subset of R”, then a finite family (D;) of definable subsets of R"
will be called an almost partition of D if | J D; is almost equal to D and the subsets
D; are pairwise almost disjoint.

3.12 LEMMA
Let D and A be two t-bounded definable subsets of (*R)". Then D and A are almost
disjoint if and only if D and A are almost disjoint.

Proof

If D and A are almost disjoint, then D N'A C D N A is negligible, so D N A is
t-negligible by Proposition 3.9. Conversely, assume that D N A is ¢-negligible, and
let us prove that D and A are almost disjoint. We argue by contradiction, so we
assume that there exist elements ay,...,a,.b1,...,b, in A, with b; —a; > 0 and
t-significant for all i such that [[a;,b;] € D N A. Set P = [][a;,b;] C A". The
volume of the cube P is ¢-significant and the volume of P N D N A is ¢-negligible,
so the volume of P\ (D N A)= (P \ D)U (P \ A) is t-significant. So at least
one of the two definable sets P \ D and P \ A has ¢-significant volume. Assume
without loss of generality that P \ D has ¢-significant volume. By Proposition 3.9,
there exists ¢1,...,¢n,d1,...,dy in A, with d; — ¢; > 0 and z-significant for all i
such that [][c;,di] C P\ D. Set x = (#,...,%). Then x is a point of P
whose distance to D is ¢-significant. As a consequence, X ¢ D. But since x € P, its
reduction X belongs to [][@;, ;] C D N'A, which is a contradiction. O

3.13 PROPOSITION

Let D and A be two t-bounded definable subsets of (*R)".

(1) The set D is almost equal to A if and only if D is almost equal to A.
2) The set D N A is almost equal to D N A.

Proof
Set P=D\ Aand Q = A\ D.By Lemma 3.12 above, Q and D N A are almost
disjoint, and so are P and D N A as well as P and Q. Moreover, we have

D=PUDNA and A=QUDNA.

Hence D is almost equal to A if and only if P and Q are negligible, which amounts
to requiring that P and Q be ¢-negligible (see Proposition 3.9), that is to say, that D
and A almost coincide, whence (1). Moreover, DNA=DNAU (F N @), and in
view of the negligibility of P N Q this implies (2). O
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3.14 COROLLARY
Let K be a definably compact definable subset of R". There exists a definable, defin-
ably compact and t-bounded subset E of (*R)" such that E almost coincides with K.

Proof

Choose ayp,...,a, and bq,...,b, in A, such that b; > a; for all i and K C
[1[a.b:]. By using the description of definably closed subsets of R" provided
by Théoréme 2.7.1 of [3], we can assume that there exist finitely many polynomials
fis--+s fm in R[T},..., T,] such that K is the intersection of [][a;, E] with the set
of points x such that f;(x) > 0 for all j. By Proposition 3.13 above, we may assume
that m = 1 and write f instead of f1.If f is constant, then the set K is either empty
or the whole of [][a;.b;] and the statement is obvious. If f is nonconstant, let g be
a polynomial with ¢-bounded coefficients that lifts f. Let E be the intersection of
[Tla:.b;] and the nonnegative locus of g; it suffices to prove that E is almost equal to
K. By definition, E C K. Now let x be a point on K at which f is positive, and let
& be any preimage of x on [[[a;, b;]. Since f(x) > 0, we have g(§) > 0, and hence
£ e E and x € E. Thus the difference K \ E is contained in the zero locus of f,
which is at most (n — 1)-dimensional since f is nonconstant. Ol

4. Smooth functions and smooth forms over R and C

4.1. Smooth functions and smooth forms over the field R

Recall that A denotes the ring of 7-bounded elements of *C, m denotes its maximal
ideal (i.e., the set of #-negligible elements), and A, and m, denote the intersections of
A and m with *R. The reduction modulo m will be denoted by a > a.

4.1.1
Let U be a semialgebraic open subset of R for some m.

4.1.1.1. If x is a point of R™ lying on U(R) and if £ is any point of A" lifting x,
then £ lies on U(*R): this comes from the fact that U can be defined by a positive
Boolean combination of strict inequalities (which follows from Théoréme 2.7.1 of
[3]). For short, we shall call such a £ a lifting of x in U(*R).

4.1.1.2. Let ¢ be a smooth function from U to R. Let x € U(R). We shall say that
@ is tame at x if it satisfies the following condition: for every lifting & of x in U(*R)
and every multi-index 7, the element 3/ ¢ (£) of *R is ¢-bounded.

If this is the case, then for every £ and every I as above, the element 37 ¢(§) of
R does not depend on £ (since 97 ¢ is Lipshitz with ¢-bounded constant around £).
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4.1.1.3. If ¢ is tame at x, then so are all of its partial derivatives; the sum and the
product of two smooth functions on U that are tame at x are themselves tame at x.

4.1.1.4. 1If ¢ is tame at x, then we shall denote by ¢(x) the element ¢ (&) for & any
lifting of x in U(*R) (it is well defined in view of Section 4.1.1.2).

4.1.2. Examples
In each of the following examples, the function ¢ is tame at every point of U(R):

. U = C* (viewed as a semialgebraic subset of C ~ R?) and ¢ = | - [;
. U=R*and ¢ =z +> z" forsome n € Z;

. U =R, and ¢ =log;

. U =R and ¢ is any trigonometric polynomial.

The function x > exp(1/x) (defined on R*) is not tame at the element ¢ of *R*;
indeed, exp(1/¢) of *R is not #-bounded.

4.1.3. Composition of tame functions
Let U be a semialgebraic open subset of R™, and let IV be a semialgebraic open
subset of R”. Let ¢ = (¢1,...,¢,) be smooth functions from U to R”, and assume
that o(U) C V. Let ¥ be a smooth function on V.

Let x be a point of U such that every ¢; is tame at x and such that i is tame at
@(x). It follows straightforwardly from the definition that i o ¢ is tame at x.

Using this together with Examples 4.1.2, we see that

C* >R, z > log|z|
is tame at every point of C* and that
C\ {z.]z]| =1} >R, z+>1/log|z]

is tame at every point of C* \ {z € C*, |z| = 1}.

4.1.4. Smooth functions and smooth forms on a variety
Let X be a smooth, separated R-scheme of finite type.

Let U be a semialgebraic open subset of X(R), and let g be a regular map from
a Zariski-open subset of X containing U to A’g for some m. A (U, g)-tame smooth
function is a smooth function ¢ defined on some semialgebraic open subset V' of R
with g(U) C V(R) such that ¢ is tame at g(x) for every x € U.

Let .% be the assignment that sends a semialgebraic open subset U of X(R) to
the set of functions from U to R of the form ¢ o g, where g is a regular map from a
Zariski-open subset of X containing U to A’z for some m and where ¢ is a (U, g)-
tame smooth function.
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Then .# is a presheaf; its associated sheaf for the semialgebraic topology is
denoted by "> or €y° and called the sheaf of smooth functions on X(R). It makes
X(R) alocally ringed site.

The natural embedding of X(R) into the scheme X underlies a morphism of
locally ringed sites ¥ : (X(R),%6y°) — (X, Ox); hence W*Qf(/R is for every p a
well-defined ¢’g°-module on X(R), which we denote by /? or &/ . The sheaf &/
is equal to €’3°, and the €’g°-module d)} is locally free (of rank n if X is of pure
dimension n); for every p, we have @7 = AP o/, . The sheaf &7 is called the sheaf of
smooth p-forms on X(R). One has for every p anatural differential d: ,ef’)f — ;2{; +

The sheaf C ®g sz%; is called the sheaf of complex-valued p-forms on X(R).

4.2. The case of a variety over C

By considering the Weil restriction, we can apply the above to smooth schemes of
finite type over the field C. For such a scheme X and every m, we get a sheaf .27y’
of R-vector spaces on X(C) (equipped with the semialgebraic topology). This sheaf
comes with a natural decomposition

Cordy = @ 9.
p+gq=m

where /P4 is the sheaf of (i, j)-forms, that is, of C-valued p-forms generated over
€° by forms of the type

dfin--AdfpAdgiA---Adgy

for some regular functions fi,..., fp,g&1.-.., 8y (this is analogous to Section 3.4.3).

4.2.1. Polar coordinates

The usual real functions cos and sin are tame at every point of R; hence 6 + cosf +
i sinf is a well-defined smooth C-valued function on R, which we denote by 6 +—
¢'?. The map 6 — ¢'? is a surjective homomorphism from R to {z € C*,|z| = 1}.
The map 6 — ¢'? is not injective; its kernel consists of elements of the form 27 n
where n is a (possibly) nonstandard integer; that is, it can be written as the (class
of the) limit of a ¢-bounded sequence of integers. For every a € R, the restriction of
0+ e to [a,a + 27) and (a,a + 27] is injective.

Every element z of C* can be written as ret? with r € R.o and 6 € R. The
element 7 is unique (it is equal to |z]|), but 8 is not—we say that 6 is an argument
of z.

Making z vary, we obtain two “functions” r and 6 on C* = G,,(C). More pre-
cisely, r is an actual function which is tame at every point and takes its values in R,

and dr and dlogr = % are well-defined differential forms on C*. But 6 is only a
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multivalued function; nevertheless, the differential form d is also well defined. Let
us quickly explain how. Let zg € C*, and let a be any element of R such that z¢ has
an argument 6y in (@ — 7w, a + ) (this always holds for a = 0 or @ = 7). Then on a
suitable semialgebraic neighborhood U of zg in C* we have a single-valued smooth
argument function 6 with values in (¢ — 7w,a + 7) (and 6(z¢) = 6p). The smooth
form d@ is well defined on U. From the equality z = re'? we get

dz = e dr + rie' do,

and then

- d
do = —l—e_’edz —i—r.
r r

This last formula does not involve the choice of zg, a, and 6y anymore, and we use it
to define df on the whole of C*.
If we see z as an invertible function on C*, we shall write dlog |z| instead of %
and darg z instead of df.
From the equality zz =r

2 we get

dlog|z| =

2 r 2

=T )

From the equality Z = %% we get

1 1 de?®) 1 ,dz dz
dargz—5-2d9—2—i- 2210 _Z< )

z z
4.2.2. The definition of d*
Let X be a smooth scheme of finite type over C. Our purpose is to define an operator
d* on complex-valued smooth forms on X(C) (which is a nonstandard avatar of d° up
to a constant).

Let us denote for short by €3°- (resp., ;z{)f c) the sheaf C ®g €3° (resp.,
C ®R ). The sheaf o7y . of complex-valued smooth 1-forms on X(C) admits a
canonical decomposition &y - = &% @ &%!. The formula (v, ®") = (—iw,iw’)
defines an order-4 automorphism J of the %;?C -module d)},c? we still denote by J
the induced automorphism of &7y . We remark that &/g"¢. ~ &/ et A 0n 5o
the operator J on mf;”c C is nothing but (—i)"i"1d = Id.

We then define the derivation d: Cxc — %)},C as being equal to (Jo d)/2n
(this is an avatar of the classical operator d°); it extends to a compatible system of
exterior derivations

1 —1. P pt1
d*:= sedol o >
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Let us see how it acts on polar coordinates. We have
§ 1
d*(logr) = —J(dlogr)
2w
1 J(l(dz n df))
2 \2\z 7
1 (1( _dz+,df))
T2 \2 ! z ! z

(5 (F-3)
do
T o

and

a*(9) = %J(d@)

)

G- F)

dlogr
2

Note that since (d*)2 = 0, this implies that d*(dlogr) = 0 and d*(d6) = 0.
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More generally, if f is an invertible regular function defined on some Zariski-
open subset U of X, we can define dlog| /| and darg f. Those are smooth forms on

U(C), and we have the following equalities:

atog 1= 5( %+ dfrf),
1 ,df df
s 52T
d(og) ) = 2L
dn(argf):_M_

2
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4.3

Now we introduce a particular class of smooth functions and forms on smooth
schemes over C that will play a crucial role in our work. Roughly speaking, these are
the functions and forms that have a natural counterpart in the Berkovich setting—we
will make this rather vague formulation more precise later.

4.4 Definition
Let V be an open subset of (R U {—00})™ which can be defined by a Boolean com-
bination of Q-linear inequalities, and let ¢ be a function from V' to C. We shall say
that ¢ is a reasonably smooth function if there exists:
. a finite open cover (V;); of V, where each V; is also defined by Q-linear
inequalities;
. for every i, a subset J; of {1,...,m} with Q; := ps, (V;) C R’i where pJ; is
the projection onto the coordinates belonging to J;;
. for every i, a smooth function ¢; on €2; such that |y, = ¢; o py.|v,.
The data (V;, J;, Q2;, ¢;); will be called a nice description of ¢.
If J is some subset of {1,...,m}, then we shall say that ¢ is J -vanishing if there
exists an open subset V’ of V satisfying the following:

. V' can be defined by Q-linear inequalities;
. ¢l =0
. for every x = (x1,...,xm) € V\ V' and every i € J, the coordinate x; is not

equal to (—o0).
Note that ¢ is automatically ¢-vanishing; indeed, if J = @, then the above con-
ditions are fulfilled by V' = @.

For instance, a reasonably smooth function ¢ on R U {—o0} is nothing but a
smooth function ¢ on R such that there exists A € R with ¢(x) = A for x < 0 (and
the value of ¢ at —oo is then set equal to A); it is 1-vanishing if and only if A = 0.

4.5

Let V be an open subset of (R U {—oc0})™ which can be defined by a Boolean combi-
nation of Q-linear inequalities. The following facts follow straightforwardly from the
definition.

4.5.1
If ¢: V — R is a reasonably smooth function, then it is continuous, and ¢|yngm is
smooth.
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4.5.2
For V' C R™, a function from V to R is reasonably smooth if and only if it is smooth.

4.5.3
The set of reasonably smooth functions on V' is a subalgebra of the algebra of R-
valued functions on V. It is endowed with partial derivation operators defined in the
obvious way.

Let ¢ be a reasonably smooth function on V that is J-vanishing for some subset
J of {1,...,m}.Let j € J. Let us show that d;¢ is (J U {,})-vanishing.

Let (V;, J;,Ri,9;); be a nice description of ¢, and let V' be an open subset of
V' that witnesses the fact that ¢ is J-vanishing. Let V" be the union of ¥’ and of all
the open sets V; such that j ¢ J;. We claim that V" witnesses the fact that 9;¢ is
(J U {j})-vanishing. Indeed, d;¢ is zero on V' since so is ¢, and if i is such that
J & Ji, then ¢|y; does not depend on the jth coordinate, so d;¢ is zero on V;; thus
d;¢ iszeroon V.

Let x € V \ V”; choose i such that x = (xy,...,X;) € V;. By definition of V",
the set J; contains j. Hence x; # (—o00), whence our claim.

4.6. Smooth functions and smooth forms on a C -scheme: A fundamental example
Let V be an open subset of (R U {—o0})™ which can be defined by a Boolean com-
bination of Q-linear inequalities, and let ¢ be a reasonably smooth function from V
to C.

Let W be the semialgebraic open subset of C"T! consisting of points (ay,...,
am,b) such that 0 < |b| < 1 and (—log|a;|/log|b|); € V. By construction,

®: (ar.....am.b) — ¢(—logla|/log|b|,...,—log|am|/log|b|)

is a well-defined " *°-map from W to C.

Let X be a smooth C-scheme of finite type, and let U be a semialgebraic open
subset of X(C). Let g = (g1,...,8m) be a regular map from a Zariski-open subset
of X containing U to A”, and assume that (g1,...,8m,t)(U) C W(C) (here the
element ¢ of C is viewed as a constant regular function).

4.6.1. The smooth function ® on W is (U, (g1,...,8m,t))-tame
To see it, fix a nice description (V;, J;, Q;,¢;); of ¢. For every i, denote by W; the
preimage of V; in W under the map (ai,....an,b) — (—logla;|/log|b|), and let
U; denote the preimage of W; in U under the map (g1,...,8&m,1).

We fix i, and we are going to show that @ is (U;, (g1,...,8&m,t))-tame, which
will imply our claim. In view of Sections 4.1.1.3 and 4.1.3, it suffices to prove that
for every x € U;, the map ¢; is tame at the point y := (—log|g;(x)|/log|t|)jes, of
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2, (R). But the coordinates of y are bounded (as is logr/log |t| for every r € R~y),
so the coordinates of 1 are bounded for every lifting n of y, which implies that all
partial derivatives of ¢; are bounded, and a fortiori #-bounded, at 7; thus ¢; is tame
at y.

4.6.2
We can thus compose ® and (g1, ..., gm.?) to get a smooth map on U, which we can
safely write as

x> ¢(—log|gi|/loglt],..., —log|gm|/log|t]);
its restriction to every U; can be written as

x> ¢i(—loglg;l/logltl) ;o -

4.6.3
Let 7 and J be two subsets of {1, ...,m} of respective cardinalities p and ¢ such that
¢ is (I U J)-vanishing.

Let U’ be the pre-image of V' in U under (—log|g1|/log|t|,...,—log|gm!|/

log|t]), and let U” be the subset of U consisting of points at which all the functions
gi withi € I U J are invertible. Let w be the (p, ¢)-form on U"” equal to

—1 \»
( ) ¢(—loglgi|/loglt],...,—log|gm|/log|t|) dlog|gr| A darg g s

log |¢|

(where dlog|g;| = dlog|gi,| A--- Adloglg;,|if i1 <ip <---<i, are the elements
of I, and similarly for darg|g|). Since ¢ is (I U J)-vanishing, the restriction of w
to U' N U" is zero, so that @ and the zero form on U’ glue to a (p, g)-form on U
which (obviously) does not depend on V’; we shall allow ourselves to denote it by

—1 \»
(ogy) @(-Toglsil/toglrl. ...~ log|gn|/log ) dloglgr| A darggs.

5. Integrals of smooth forms over R and C

5.1
The purpose of this section is to integrate forms on a smooth scheme defined over
the field R. The rough idea is quite natural (and unsurprising): lift the situation over
Ay, compute the integral over *R like in Section 3, and then take its class modulo the
ideal m, of ¢-negligible elements.

First of all, we shall assume that we are given two different liftings of a very
specific form, and we show that the integrals over *R to which they give rise coincide
modulo m; (Proposition 5.3 below); the proof rests in a crucial way on our former
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study of cubes with 7-negligible volume and uses the notion of “almost equality”
over *R as well as over R (see Proposition 3.9, Section 3.11, and Proposition 3.13),
together with Hensel’s lemma.

Then we shall handle the general case, the point being that a form on a smooth R-
scheme always admits locally for the Zariski topology a lifting of the kind dealt with
by Proposition 5.3, so this part is somewhat tedious but rather formal once Proposi-
tion 5.3 is taken for granted.

5.2

If 2 is an affine A;-scheme of finite type, a definable subset E of .2 (*R) will be
called ¢-bounded if it is contained in 2" (A;). We remark that E is ¢-bounded if and
only if its topological closure is 7-bounded, and if this is the case, then the latter is
even definably compact. Indeed, by embedding 2" in an affine space and arguing
componentwise we reduce to the case where 2~ = Al " for which our statement fol-
lows from o-minimality.

5.3 PROPOSITION

Let Z be a smooth R-scheme of finite type and pure dimension n, and let h =
(h1.....hy) be an étale map Z — A’y factorizing through an immersion (h, hy+1):
7z — A’I’{H. Let Z and % be two smooth A.-schemes of finite type and of pure
relative dimension n, equipped with identifications Zgr ~ Z and %r >~ Z. Let
f=Ut o fn): 2> A% and g = (g1,....82): ¥ — Ay be two étale maps,
factorizing respectively through a closed immersion (f, fu+1): Z — A;’Jl and
(g.gn+1): ¥ — A’ZH; assume that for all i one has fi|z = gilz = h;.

Let E (resp., F) be a t-bounded semialgebraic subset of 2" (*R) (resp., % (*R));
assume that the subsets E and F of Z(R) almost coincide.

Let ¢ be a smooth function defined on a neighborhood of E in % (A;), of the
SJorm @g o A with @o a €*°-function and A a tuple of regular functions on Z’; let  be
a smooth function defined on a neighborhood of F in % (A;), of the form g o . with
Yo a € function and | a tuple of regular functions on %. Assume that there exists a
semialgebraic open subset O of Z(R) containing E and F such that ¢y is (O, X|z)-
tame, Yo is (O, w|z)-tame, and the smooth functions ¢g o (A|lo) and Yo o (1t]o)
coincide on some semialgebraic subset of O almost equal to E and F.

Then [ @dfi A---Adfy and [y dgy A--- Adgy, are t-bounded and coincide
up to a t-negligible element.

Proof
We begin with noting that our tameness assumptions on ¢q (resp., ¥¢) imply that ¢
(resp., ¥) takes only ¢#-bounded values on E (resp., F'); this in turn implies that it is
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uniformly t-bounded on E (resp., F'). The t-boundedness of the integrals involved in
our statement follows immediately.

Throughout the proof, we will use the map f, 41 (resp., gn+1; resp., fn+1) to see
any fiber of f (resp., g; resp., /1) as a subset of the affine line over its ground field, and
we will repeatedly use the following fact, which is a consequence of the Henselian
property of the local ring A,: if w is a point of A7 with image w in R", then for every
z € Z(R) lying above w there exists a unique preimage ¢ of w in 2 (A;) (resp.,
% (Ay)) with ¢ = z.

The subsets £ and F of Z (R) are definable, closed, and bounded (because E
and F are bounded), so they are definably compact. The sets #(E) and h(F) are
definably compact, and they almost coincide since E and F almost coincide, so they
have the same n-dimensional locus ®; and the set #(E A F) is negligible. It follows
that there exists an almost partition (8;) of ® (and thus of #(E) as well as of #(F))
by definably compact definable subsets satisfying the following: for every i, there
exists an integer n; such that the subset ®; of ®; consisting of points having exactly
n; preimages in E N F and no preimage in E A F is almost equal to ©;.

Now for every i, there exists a £-bounded definable subset ; of (*R)” such that
Q; is almost equal to ®; (see Corollary 3.14). By Proposition 3.13, the family (£2;)
is an almost partition of f(E) as well as of g(F). For every i, let 2} be the subset
of ©; consisting of points having exactly n; preimages in E under f and exactly n;
preimages in F' under g.

5.3.1

Let us fix i, and prove that Q7 is almost equal to €2;. It is sufficient (since f and g
play exactly the same role) to prove that the set H of points of €2; having exactly n;
preimages in E under f is almost equal to €2;.

We argue by contradiction, so we assume that the set H consisting of points
x € Q; such that £~!(x) N E has cardinality different from n; has ¢-significant vol-
ume. Then its image H is a nonnegligible subset of ®;, which implies that H N O}
has dimension 7. Let us choose a cube (with nonzero volume) € in H N ©; having
the following property: there exist an integer N, a subset [ of {1,..., N} of cardinal-
ity n;, and a ¢-bounded element A > 1 in *R such that each fiber of & over € consists
of exactly N points z; < zp < --- < zy all contained in [I — A4, A — 1] and such that
z; € E ifand onlyif j € I.

Let us choose a cube D C A" lifting €. Since € C H, the intersection D N H is
not ¢-negligible (see Lemma 3.12), and hence contains a cube D’ with 7-significant
volume. Every point of ' has exactly N ¢-bounded preimages, all contained in
[—A4, A]; let 07 < --- < o denote the corresponding continuous sections of the étale
map f above D'. If x € D" and if j € {I,...,N} \ I, then o;(x) ¢ E, because
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m ¢ E by the very definition of /. Foreach j € I, set JD} = aj._l (E).Lett € D/,
and let j € I. The point & belongs to €, so its jth preimage { under s belongs
to E, so there exists a point z € E such that Z = ¢, which implies that f(z) = &;
thus z = 0;(f(z)) and f(z) belongs to {O}. As a consequence, !D_; = D’. In view
of Proposition 3.13, it follows that [ jel JD} is almost equal to £’. In particular,
(\jer D is nonempty, but for every x € ()¢, D the intersection f ~1(x) N E has
exactly n; elements, which is a contradiction.

532
Now we remark that if N is a 7-negligible z-bounded definable subset of (*R)”, then

/ edfin---Adfy and / Yvdgy Ao Adgn
ENf=1(N) Fng=l(&)

are z-negligible. Indeed, let N be an integer such that the fibers of f|g and of g|F all
have cardinality at most V, and let M be a z-bounded positive element such that |¢|
and || are bounded by M on E and F, respectively.

Then

‘/ 0dfi A AdS, ENM/ ATy Ao AdT,,
ENnf—1(N) N

and

‘/ Wdgy A~ Adgn SNMf ATy A - AdT,,
Fng—L(N) N

whence our claim.

5.3.3. Conclusion
In view of Sections 5.3.1 and 5.3.2, it is sufficient to prove that for all i the integrals

/ edfi A Adfy and / Yvdgy A Adgy
Enf=1(Q) Fng=1(Q)

agree up to a f-negligible element. So let us fix i. We denote by 01 <02 <--- < 0y,
the continuous sections of f|g over Q; and by 71 < 12 < -+- < 7, the continuous
sections of g|r over Q. For all x € Q} and all j between 1 and #;, the elements
m and m coincide: both are the jth preimage of X in E N F. We have by
construction

/ (pdfl/\---/\dfn=Z/ (poo;)dTy A...dT,
Enf=1(Q)) FIRAY

and
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/j delAn-Ad&f:E:/m(WotﬂdT}A“.dﬂp
Fng=1(Q) T/

The difference

/ ¢dﬁ/V“Adﬁr—/ Y dgi A Adgy
Enf=1(@)) Fg=1(@))

is thus equal to
z:/ (poa; —Yot;)dTy A+ AdT,.
~ Jo!
Jj i

By our assumptions on v and v, the difference |¢ o o; — ¥ o 7| is t-negligible for
every j at every point of Q. Therefore, there exists a positive 7-negligible element &
such that [p ooj — o 7;)| < e forall j at every point of 7. As a consequence,

Fng=1(Q))

|/ wdflA---Adfn—f Ydgi A Adg,
Ens—1@)
Snis:/ dTi A---AdTy,
2

which ends the proof. O

5.4 COROLLARY

Let 2 be a smooth A;-scheme of finite type and pure relative dimension n. Let

f=U1.... /) & — A} be an étale map factorizing through an immersion

(fs fu+1): & — A’Zrl. Let E be a t-bounded semialgebraic subset of Z (*R); we

remind the reader that E denotes the image of E under the reduction map (and not

its topological closure). The following are equivalent.

(1) The image f(E) is t-negligible.

(i)  The image f(E) is of dimension less than n.

(iii)  The reduction E is of dimension less than n.

(iv)  For every smooth function ¢ of the form ¢y o A with ¢g a €*°-function and
A a tuple of regular functions on 2" such that ¢q is (O, A| 27, )-tame on some
semialegbraic open subset O of 2 (R) containing E, the integral fE pdfi A
-« Ad fy is t-negligible.

(v) The integral fE dfi A---Adfy is t-negligible.

Proof
Implication (i) = (ii) comes from the fact that f(E) = f(E). Implication (ii) =
(iii) comes from étaleness of f . Implication (iii) = (iv) follows from Proposition 5.3
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(apply it with & = 2, g = g, gn+1 = fu+1, and F = @). Implication (iv) = (v)
is obvious. Assume that (v) holds. For every i, let D; denote the subset of f(E)
consisting of points having exactly i preimages on E, and let N be such that D; = @
for i > N. We then have

N
/EdflA---/\df,,=Z/Di dTy; A--- AdT,.

i=1

As a consequence, fDi dT; A --- A dT, is t-negligible for every i, so ff(E) dTy A
.-+ AdT, is t-negligible, whence (i).

55

Let us keep the notation of Corollary 5.4 above. We shall say that E is ¢-negligible if
it satisfies the equivalent conditions (i)—(v) (note that condition (iii) does not involve
the functions f;, so the notion of ¢-negligibility does not depend on the choice of the
functions f;). We shall say that two z-bounded definable subsets of 2 (*R) almost
coincide if their symmetric difference is z-negligible, and that two definable subsets
of 2 (R) almost coincide if their symmetric difference is of dimension less than 7.

5.6 LEMMA

Let & be a smooth A;-scheme of finite type and pure relative dimension n. Assume
that there exists an étale map f = (f1,..., fn): Z — AZ, factorizing through an
immersion (f, fp+1): Z — A'XIH. Let E and F be two t-bounded definable subsets
of Z (*R). Then E and F are almost disjoint if and only if E and F are almost
disjoint.

Proof

If dim(f N f) <n,then dimE N F <nbecause ENF C E N F; thus if £ and F
are almost disjoint, so are £ and F. Assume now that E and F are almost disjoint.
Set G = f(E U F). For every triple (i, j, k), denote by G; ; & the subset of points of
G having i preimages in E, j in F, and k in E U F. By Corollary 3.14, there exists
for every (i, j,k) a t-bounded definably compact definable subset I'; j x of (*R)”"
such that T; ; & is almost equal to the definable closure of G; ; x, hence is also almost
equal to 6,~, jk- By the same reasoning as in Section 5.3.1, the subset of points of
I'; j k having exactly i preimages in £ (resp., j preimages in F'; resp., k preimages
in E U F) is almost equal to I'; ; x; hence so is the intersection Fl{,,‘, « Of these three
subsets. The family (F{’j, &) 1s an almost partition of G.

Let (i, j, k) be a triple with k <i + j. Since E N F has dimension less than 7,
the set G; j x is negligible; as a consequence, I'; jx and T/ .k are t-negligible. This
implies that f(E N F) is t-negligible, whence the ¢-negligibility of £ N F itself. [
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5.7 PROPOSITION

Let 2" be as in Lemma 5.6 above, and let E and F be two t-bounded definable
subsets of Z (*R).

(1) The set E is almost equal to F if and only if E is almost equal to F.

2) The set E N F is almost equal to E N F.

Proof
The proof is the same as that of Proposition 3.13, except that one uses Lemma 5.6
instead of Lemma 3.12. O

5.8 COROLLARY

Let 2 be as in Lemma 5.6, and let K be a definably compact definable subset
of X (R). There exists a definable, definably compact and t-bounded subset E of
2 (*R) such that E almost coincides with K.

Proof

By writing K as the union of its intersections with the Zariski-connected components
of Zr, we can assume that it lies on such a component X. By boundedness of K
and the Henselian property of A, (which ensures that any R-point of 2~ can be lifted
to an A;-point), we can choose a ¢-bounded, definably compact definable subset F
of 2" (*R) such that K C F C X(R). By Théoréme 2.7.1 of [3], we can assume that
there exist finitely many regular functions f1,..., f;; on Zx such that K is the inter-
section of F with the set of points x such that f 7(x) > 0 for all j. By Proposition 5.7
above, we may assume that m = 1, and write f instead of fi. If f is constant on
X, then the set K is either empty or the whole of F and the statement is obvious. If
f is nonconstant on X, let g be a regular function on 2" that lifts /. Let E be the
intersection of F and the nonnegative locus of g; it suffices to prove that E is almost
equal to K. By definition, E C K. Now let x be a point on K at which f is positive,
and let £ be any preimage of x on F'. Since f(x) > 0, we have g(§) > 0, hence £ € E
and x € E. Thus the difference K \ E is contained in the zero locus of f in X(R)
which is at most (n — 1)-dimensional since f |y is nonconstant. O

5.9 Definition

Let X be a smooth R-scheme of finite type and pure dimension 7. We shall say for
short that X is liftable if there exists a smooth affine 4,-scheme 2", an isomorphism
Zr >~ X, and n + 1 regular functions fi,..., f,+1 on 2 such that (f1,..., fu+1)
defines an immersion 2~ < A'Zl and (f1,..., fa): & — A’If1r is étale.
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5.10. Integral of a smooth n-form

Let X be a smooth R-scheme of finite type and pure dimension 7, let K be a definable
subset of X(R) with definably compact definable closure, and let @ be a smooth -
form on a semialgebraic open neighborhood O of K in X(R). The purpose of what
follows is to define [ .

5.10.1

We first assume that X is liftable and w is of the form ¢(u 1, ..., Un)wo almost every-
where on K, with u; regular functions, ¢ an (O, (uy,...,us))-tame smooth func-
tion, and where wy is an algebraic n-form. Choose 2" and f1,..., fu+1 as in Defini-

tion 5.9. The sheaf Qx, g is then free with basis (d f;|x)1<i<n; therefore, up to mul-
tiplying ¢ with a regular function, we might assume that wg = (df; A---Adfy)|x-
Choose a ¢-bounded definable subset E of 2" (*R) such that E is almost equal
to the definable closure of K (see Corollary 5.8) and for every i, choose a regular
function v; on 2" lifting u;.
By Proposition 5.3, the integral [ ¢(v1,...,vm)dfi A ... df, does not depend
on our various choices up to a 7-negligible element. We can thus set

/sz/Esﬂ(vl,...,vm)dflA...dfn;

this is an element of R. Note that if K’ is any definable subset almost equal to K, then
f g ®= f x @ (since the same E can be used for both computations).

The assignment K + | x @ is finitely additive. Indeed, if K is a finite union
U es K of definable subsets, we can choose for every j an almost lifting E; of

K ;; now for every subset / of J the sets ();¢; £, and () ;¢; K almost coincide by
Proposition 5.7, and additivity follows from additivity of integrals over the field *R.

5.10.2
We still assume that X is liftable, but we no longer assume that @ is of the form
@(U1,...,um)we on K. By the very definition of an n-form, there exist finitely many

definably open subsets Uy, ..., U, of X(R) that cover K and such that |y, has the
required form. By Lemma 3.2, we can write the definable closure of K as a finite
union | J;¢; K; with each K; definably compact and contained in U, . By additivity,
Z%HCJ(—I)'”Jrl ‘/hjel K@ does not depend on the choice of the sets U; and K,
and we can use this formula as a definition for fKa). The assignment K +— fKa)
remains additive in this more general setting, and |’ x @ depends only on the class of

K modulo almost equality.
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5.10.3

We still assume that X is liftable. Let s be an algebraic function on X, set X’ = D(s)
(the invertibility locus of s), and assume that the definable closure of K is contained in
X'(R). We then have a priori two different definitions for [ , the one using X and
the other one using the principal open subset X’, which is also (obviously) liftable.
Let us show that both integrals coincide. By replacing K by its closure (to which it is
almost equal), we can assume that it is definably compact.

By cutting K into finitely many sufficiently small pieces (see Lemma 3.2) and
using additivity, we can assume that @ is of the form ¢ (u1, ..., u;,)we almost every-
where on K, with u; regular functions on X, ¢ an (O, (uq,...,u;))-tame smooth
function, and wy a section of 2% /R (this can be achieved since 2y, is free because
X is liftable). Lift every u; to a regular function v; on 2", and lift wy to a relative
n-form w’ on 2.

Let us choose data (27, f1,..., fu+1) that witness the liftability of X . Lift every
u; to a regular function v; on 27, lift wy to a relative n-form @’ on 2", and lift s to
a regular function o on 2. Set 2 = D(0). Then (27, f1,..., fn, fu+1) Witnesses
the liftability of 2. Now choose a t-bounded definable subset of 2" (*R) that almost
lifts K. Then it is definable, 7-bounded and an almost lifting of K as a subset of
Z (*R) as well. Therefore, the X and the X’ version of [ w both are equal to the
class of [ ¢(v1,...,vm)w’ modulo the #-negligible elements.

5.104

The scheme X is no longer assumed to be liftable, but we assume that there exist two
liftable affine open subsets X’ and X” of X such that the definable closure of K is
contained in X’(R) N X" (R). We then have a priori two different definitions for [ w,
the one using X’ and the other one using X”. We want to prove that they coincide.
By replacing K by its closure (to which it is almost equal), we can assume that it is
definably compact.

Let us first note the following. Let x be a point of X’ N X”. Choose an affine
neighborhood Y of x in X’ N X" equal to D(s) as a subset of X', for some regular
function s on X’. Now choose an affine neighborhood Z of x in Y equal to D(w)
as a subset of X", for some regular function w on X”. The restriction of w to Y is
equal to a/ st for some ¢ > 0 and some regular function a on X’; as a consequence,
Z = D(as) as a subset of X”'.

Hence we can cover X’ N X” by finitely many open subschemes Y7,...,Y,, each
of which is principal in both X’ and X”. Now write K = | J K; with every K; defin-
able, definably compact and contained in Y¥; (see Lemma 3.2). For every nonempty
subset [ of {1,...,r}, it follows from Section 5.10.3 that fﬂie/ K @ does not depend
on whether one is working with X’ or X" (because it can be computed working with
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Y;, where j is any element of /). By additivity, it follows that | x @ also does not
depend on whether one is working with X’ or X”.

5.10.5
Now let us explain how to define |’ x @ in general. Let K’ be the closure of K, which
is definably compact. We choose a finite cover (X;);e; of X by liftable open sub-
schemes (which is possible since X is smooth). We then write K’ as a finite union
| Ki, where every K; is a definably compact semialgebraic subset of X;(R) (see
Lemma 3.2).

We then set

/sz Z (_1)|J|+1/;T K'w’

B#JCI

which makes sense because, as it follows straightforwardly from the above, it does
not depend on (X;) nor on (Kj;).

5.11
Let X be a smooth R-scheme of finite type and pure dimension #. It follows from our
construction that

(K,a))l—>/Ka)

(where K is a semialgebraic subset of X(R) with definably compact closure and w is
an n-form defined on a definable neighborhood of K) is R-linear in w, additive in K,
and that it depends on K only up to almost equality.

We can extend this definition to forms with coefficients in a reasonable class
of functions (like piecewise smooth) by requiring everywhere in the above that ¢
belongs to the involved class (instead of being smooth) and satisfies some tameness
condition. For instance, [ || makes sense (and is nonnegative; see Section 3.4.4). It
follows from the definition that [ w depends only on w|g; in particular, it is zero if
 vanishes almost everywhere on K. We can thus extend the definition of | x @ when
we only assume that there exists a definable subset K’ of K with definably compact
closure such that @ vanishes on K \ K’.

And of course, we can also define by linearity the integrals of complex-valued
forms (see Section 4.1.4).

5.12. The complex case

We now consider a smooth C-scheme of finite type X and pure dimension #, and
a complex-valued (n,n)-form @ with coefficients belonging to a reasonable class of
functions defined in a semialgebraic open neighborhood of a semialgebraic subset K
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of X(C). Assume that there exists a semialgebraic subset K’ of K with definably
compact closure such that w vanishes on K \ K’.

Then [ w is well defined. Its computation requires (among other things) to lift
locally Rc/r X to a smooth A;-scheme and w to a (2n)-form on this scheme, which
can be achieved by lifting locally X to a smooth A-scheme and w to an (n,n)-form
on this scheme.

6. Archimedean and non-Archimedean complexes of forms

6.1
We denote by A the element —log|?| of R~¢, and by Log the normalized logarithm
function a — loga /A from R~¢ to R.

We recall that C is equipped with a non-Archimedean absolute value | - |, which

log|z|
std(Felz] . :
sends a nonzero element z to t°“l=i1) where 7 is an element of (0, 1) which has been

fixed once and for all, and where std(-) denotes the standard part (see Section 2.7). We
set A, = —logt = —log|¢|, € R>¢, and we denote by Log,, the normalized logarithm
function a — loga /A, from R ¢ to R.

If a is any element of C*, then it follows from the definitions that

Log, |al, = std(Log|al).

6.2. Analytification of C -schemes
The field C is a complete non-Archimedean field, so Berkovich geometry makes
sense over it.

Let X be a C-scheme of finite type, and let X*" denote its Berkovich analytifi-
cation. Let x be a point of X". In the proof of our main theorem, we shall use the
fact that x has a basis of open (resp., affinoid) neighborhoods V' in X" satisfying
the following: there exists an affine open subscheme €2 of X such that V' is an open
subset (resp., a Weierstrass domain) of 2" that admits a description by a system of
inequalities of the form

|(p1|b < Rl’-~-?|€0n|b < an resp., |§01|b =< Rl,-»-,|fpn|b =< Rn’

where the functions ¢; belong to &'(€2), and with R; positive real numbers.

Let us prove it. We first chose an open affine subscheme U of X with x € U?",
a family (f1,..., f) of regular functions on U that generate &'(U) over C, and let
R be a positive real number such that | f; (x)|, < R for all i; let W be the Weierstrass
domain of U™ defined by the inequalities | f;|, < R. Now it follows from the general
theory of Berkovich spaces that x has a basis of open (resp., affinoid) neighborhoods
described by a system of inequalities of the form
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|fib <R.....[fuls <R, g1l <ri,....|8mlp <rTm,
|hilb > s1,.... |hels > se,

resp., [filb < R.....|falb < R, g1l <71, s gmly < 7m,
|hily > 51,0, |Bely > se

with g; and h; analytic functions on W, and s; and r; positive real numbers. But &'(U)
is dense in (W), so we can assume by approximation that the functions g; and #;
belong to &'(U). Then the domain described by the above system of inequalities can
also be described as the locus of validity of

|filb <R,....[fulb <R, lg1lb <71, [gmly <Tm,
Wt e <sytso by < s
resp., |filb <R.....|fulb <R, lgilo <7r1seslgmlb < Tms
I e <sytao gty < st

on D(hih,...hg)*™, whence our claim.

6.3. Two complexes of differential forms
We fix a smooth C-scheme of finite type X and pure dimension 7.

6.3.1

Let us begin with some notation. Let U be an open subscheme of X, and let f =

(f1,..., fm) be a family of regular functions on U. Let I and J be two subsets of

{1,...,m}. We shall denote by .#/>/-(/i) the set of pairs (V, ) where:

(a) V' is an open subset of (R U {—o0})™, defined by Q-linear inequalities such
that Vg contains (Log| fi[,...,Log| fm|)(U(C));

(b) @ is a reasonably smooth function on V' which is (I U J)-vanishing.

We identify two pairs (V,¢) and (V',¢’) if ¢ and ¢’ agree on V N V’; therefore, we

shall most of the time omit mentioning V, and elements of .#/+/>(/1) will be called

(I U J)-vanishing reasonably smooth functions.
We denote by 5’1}1’]’0" ) the set of pairs (V, @) satisfying condition
(ap) V is an open subset of (R U {—oc0})™, defined by Q-linear inequalities and
containing (Logy | iy, -, Log, | fn|y) (U™)
and condition (b) above. Here also, we identify two pairs (V, ¢) and (V’, ¢’) if ¢ and
¢" agree on V NV’ and elements of %I’J’(f" ) will be called (1, J)y-vanishing smooth
functions.

Note that .#1-7-Ui) ¢ LgﬂbIJ’(fi).



354 DUCROS, HRUSHOVSKI, and LOESER

6.3.2. The nonstandard Archimedean complex
Let U be a Zariski open subset of X(C). Let us denote by A?? (U) the set of those

resh
(p + g)-smooth forms w on U(C) for which there exist: ’
. a finite family ( f1,..., fn) of regular functions on U;
. for every pair (/,J) with / and J two subsets of {1,...,m} of respective
cardinality p and g, an (/ U J)-vanishing reasonably smooth function ¢; 5 €
LI (fi)
such that

o= ¢rs(Log|fil.....Log| fl)dLog| f1| AdArg fy.
1,J

where dLog | f|; stands for dLog | fi; | A--- AdLog| fi,| if iy <ip <--- <i, are the
elements of 7, and d Arg f; stands for % A A %
are the elements of J.

We denote by AP+ the sheaf on X" associated to the presheaf A[’,’r’eqsh, and by
A** the direct sum B, , AP9.

We set for short A = A%0 By construction, A°(X) is the subsheaf (of C-
algebras) of the pushforward of C ®g €y° to X Zar whose sections are the smooth
functions that are locally on X% of the form ¢(Log| fil,...,Log| f;|) for some
finite family ( f1,..., f) of regular functions and some reasonably smooth function
@ on a suitable open subset of (R U {—o00})™.

The sheaf A®* has a natural structure of bigraded A°-algebra; it follows from
Section 4.5.3 that the differentials d and d* induce two differentials on A®*®, which
are still denoted by d and d*. The differential d is of bidegree (1,0) and maps a form

if j1 <Jja<--<Jg

¢(Log| fil.....Log| fm|) dLog| f7| AdArg f;

to
> 2 (Log il Log|ful) dLog i AdLog| fr | AdAre fy
1<i<m
The differential d* is of bidegree (0, 1) and maps a form
¢(Logl| fil.....Log| fm|) dLog| f7| A dArg fs
to

dg darg
> 5 (Loglfil,... Log| fml) == fi AndLog|fr| AdArg f;.
12

1<i<m

The operator J also acts on A®**; it maps a form
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¢(Logl fil.....Log| fml) dLog|f7| A dArg f7

to

(=D?@2m)"1¢(Log| fil.....Log| fu|) d Arg f; AdLog| fy|

and acts trivially on A",

6.3.3. The non-Archimedean complex
Let U be a Zariski-open subset of X. Let us denote by BZ:Z (U) the set of those

presh

(p,q)-smooth forms @ on U" in the sense of [6] for which there exist:

. a finite family (fi, ..., fm) of regular functions on U ;

. for every pair (/,J) with I and J two subsets of {1,...,m} of respective
cardinality p and ¢, an (/, J),-vanishing reasonably smooth function ¢ j €
10

b
such that

® = ¢rs(Log | fily.....Log, | fmls) d' Logy | f7]s A d"log| f7]s.
1,J

where d'Log, | /7], stands for d'Log, | fi, [» A--- Ad'Log, | fi, |y if iy <iz <---<ip
are the elements of I, and similarly for d” log| /.

We denote by B?* the sheaf on X** associated to the presheaf B;’r’e‘ih. We
denote by B** the direct sum @,  B”?. We set for short B® = B%?. By con-
struction, B? is the subsheaf (of C-algebras) of the pushforward of C ® g A%., to
X7 whose sections are the smooth functions that are locally on X% of the form
o(Logy, | filb,--.,Logy | fnlp) for some finite family (f1,..., fn) of regular functions
and some reasonably smooth function ¢ on a suitable open subset of (R U {—o00})™.

The sheaf B** is a bigraded B?-algebra which is stable under d’ and d”.

6.4 Remark
Every (p, q)-form in the sense of [6] can be written locally for the Berkovich topology
as a sum

> vrs(loglgily. ... 1og|gmls) d'log|grls Ad”log|gslb.

where the ¥ ; are smooth and with g; invertible analytic functions.
By the very definition of an (/ U J)-vanishing reasonably smooth function, a
section

© = rs(Logy|fily....Logy | fml>) d'Log, | f1], A d"log| fs1s
1,J
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of Bf)’rﬁh fulfills this condition, because locally for the Berkovich topology, every
nonzero term of the sum can be rewritten by involving only the functions f; which are
invertible. But the reader should be aware that w cannot in general be written locally

for the Zariski topology as a sum

> v (loglgils. ... log|gmly) d'log|gr]s A d"log|gs s

with g; invertible algebraic functions.

(Consider for example a non-zero smooth function ¢ on R that vanishes on
(—o0, A) for some A, and the section ¢(Log, |T|y) d' Log, |T|, A d”log|T |, of B!
on Al’an.)

(o

7. Pseudopolyhedra

The purpose of this section is to describe the domains on which we shall integrate
our forms, in both the Archimedean and non-Archimedean settings. These domains
will be the preimages under functions of the form Log | f| (resp., Log,, | f|,) of some
specific subsets of (R U {—o0})” (resp., (RU {—o0})") that we call pseudopolyhedra.

7.1 Definition

Let S be a nontrivial divisible ordered abelian group with additive notation (in prac-
tice we shall consider only cases where S underlies a real closed field). A subset of
(S U {—00})™ is called a pseudopolyhedron if it is a finite union of sets of the form

{7y e[ Ti=o0.bil x [ Tlar.bil st g1 (") <0, (x) < O}

i€l ieJ
where
. I and J are subsets of {1, ..., m} that partition it;
. for 1 <i <m, a; and b; are elements of S;
. for 1 < j <r, ¢, is an affine form whose linear part has coefficients in Q.

A subset of S™ is a polyhedron if this is a pseudopolyhedron of (S U {—o0})™.
This amounts to requiring that it be a finite union of sets of the form

{x c l_[ [ai,bi] s.t. p1(x) <O0,...,0r(x) 50},

ie{l,...,n}
with a;, b;, and ¢; as above.
7.1.1

Let X be an analytic space over C, and let f1,..., fi be analytic functions on X . Let
P be a pseudopolyhedron of (R U {—oc0})™. The set

(Log, | filb - - - Log, | fnls) "' (P)
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is a closed analytic domain of X.

7.1.2
Let P be a pseudopolyhedron of (R U {—o00})™. The subset

t|™F == {|¢t| . x € P}

(with the convention that 7> = 0) is an RCF-definable subset of RZ; indeed, it is
defined by monomial inequalities. One sees easily that if P depends DOAG-definably

on some set of parameters aj,...,a; € R, then |t|~F depends RCF-definably on
[£]91, ..., |¢]%e.
7.1.3

In practice, we shall encounter pseudopolyhedra over the real closed fields R and R.

7.1.3.1. Let P C (RU{—00})" be a pseudopolyhedron over R. It gives rise by base
change to a pseudopolyhedron over Pgr C (R U {—o0})™ over the field R which has
the following properties: it can be written as a finite union of subsets of (R U {—oo})™
admitting a description like in Definition 7.1 with the additional requirement that all
the elements a; and b; are bounded; we shall say for short that such a pseudopolyhe-
dron is bounded.

7.1.3.2. Let I be a bounded pseudopolyhedron in (R U {—oc})™. For every x in
R U {—o0} which is either negative unbounded or equal to —oo, we set std(x) = —o0;
with this convention, the definition

.....

makes sense, and std(IT) is a pseudopolyhedron of (R U {—o0})™.
To see this, we can assume that IT is of the form

{27y e [Ti=o0.bil x [ Tlaw.bil st g1 (") < 0. (") < 0},

i€l ieJ

where the notation is as in Definition 7.1 and where the elements a; and b; are all
bounded. Set

O = {x € H[a,-,b,-] s.t. 01(x) <0,...,0r(x) 50}.
ieJ

This is a bounded polyhedron of R’ and one has

std(IT) = (H[—oo, std(b,-)]) x std(®).

iel
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So it suffices to prove that std(®) is a polyhedron. Otherwise said, we can assume
that I =@ and J ={1,...,m} and it suffices to show that std(IT) is a polyhedron.

In fact we shall prove more generally that std(IT) is a polyhedron when IT is any
bounded DOAG-definable subset of R™. We use induction on m; there is nothing to
prove if m = 0. Assume now that m > 0 and that the result holds for integers less
than m. By cell decomposition for an o-minimal theory, we can assume that IT is an
open cell. So there exists an open DOAG-definable subset A of R”~! and two DOAG-
definable functions A and p from A to R such that A < p on A and IT is equal to the
set of those m-tuples (x1,...,X,) € R™ such that

(X1,..., Xm—1) €A and AX1, ey Xm—1) <X < (X1, 00y Xm—1)}-

Up to refining the original cell decomposition, we can even assume that A and p are
affine with their linear parts having coefficients in Q.

Since the cell IT is bounded, its projection A onto R™~! is bounded as well, and
the constant terms of both A and p are bounded too, thus the standard parts std(1)
and std(u) make sense as affine functions from R”~! — R, with linear parts having
coefficients in Q.

Now a direct computation shows that std(I1) is equal to the set of those m-tuples
(x1,...,%m,) € R™ such that

(X1,...,Xm—1) €std(A) and
std(A) (X1, ..oy Xm—1) < Xm <std(u)(x1,...,Xm—1)}.

Since std(A) is a polyhedron of R”~! by our induction hypothesis, we are done.

7.2

Let U be a Zariski-open subset of X, let g1,..., g, be regular functions on U, and
let P be a pseudopolyhedron of (R U {—oco})¢. Let Q be the closed analytic domain
(Log, |glp)"1(P) of U™ (with g = (g1,...,&¢)). A point x of U(C) belongs to Q if
and only if Log, |g(x)|p € P, which is equivalent to

log |g(x)|
std( Tog I7]

)
—1
og(r ) ep

logt

which we may rewrite as

_Std(loglg(X)l) cp
log |t]

or equivalently as
Log|g(x)| € Pr +n™,

where we denote by n the set of negligible elements of R.
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7.3 Notation

If T1 is a pseudopolyhedron of (R U {—oc})¢ for some £ and if a is a nonnegative
element of R, we shall denote by I, the pseudopolyhedron IT + [—a, a]¢. If TT and
a are bounded, then IT, is bounded as well.

7.4 LEMMA

Let X be a C-scheme of finite type, let g: X — Aé be a morphism, and let T1 be a

bounded pseudopolyhedron of (R U {—oo})t. The following are equivalent:

(1) the analytic domain (Log, |g|y) ! (std(IT)) of X* is compact;

(i)  there exists a positive standard number ¢ such that the semialgebraic subset
(Log|g))~'(I1,) of X(C) is definably compact.

Proof

Choose a finite affine open cover (X;) of X and for each i, a finite family (f;;) of
regular functions on X; that generate Oy (X;) as a C-algebra. For every i and every
positive bounded element M of R (resp., every positive real number M), denote by
KM (resp., Kl.Abl) the subset of X;(C) consisting of points at which Log| f;;| < M
for all j (resp., the subset of X" consisting of points at which Log, | f;j|, < M for
all j). For every positive real number M and every positive real number &, we have
the inclusions

KM c kM(C)c kMe

Assume that (i) holds. As (Log, |g|,)~!(std(IT)) is compact, it is contained in
U; K lIL” for some positive real number M.

Let a be a positive infinitesimal element of R. The subset (Log|g|)~!(I1,) of
X(C) is contained in (Log, |g|,) ™! (std(T1,)) = (Log, |g],) " (std(IT)); it is thus con-
tained in the definably compact semialgebraic subset _J; K lM +

Let I be the set of positive elements a of R such that (Log|g|)~'(I1,) C
U; KI.M *1 This is a definable subset of R-¢ which contains by the above every
positive infinitesimal element; thus it contains some standard positive element €. The
semialgebraic subset (Log |g|)~!(I1¢) of X(C) is closed by its very definition, and is
contained in the definably compact semialgebraic subset | J; KiM *1 by the choice of
g, so it is definably compact; thus (ii) holds.

Conversely, assume that (ii) holds. Then there exists a positive real number M
such that (Log|g])~!(IT,) C |U; KM.

The set of C-points of (Log, |g|») ™! (IT) is contained in (Log |g|)~*(T1,), hence
in Ui KI.M. The latter is itself contained in the set of C-points of Ui KZ.M; thus
(Logy Igls)~1(IT) € \J; KM, which implies that (Log, |g[,) ™" (TT) is compact. [
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7.5 Notation

Let X and g be as in Lemma 7.4 above. The set of bounded pseudopolyhedra IT of
(R U {—00})* such that the equivalent assertions (i) and (ii) of Lemma 7.4 hold will
be denoted by ®(g). For any IT € ©(g), we will denote by A (g, IT) the set of positive
real numbers ¢ as in (ii).

7.6 Remark

Let X and g be as in Lemma 7.4 above, and let IT € ®(g). The set A(g, 1) is
nonempty by definition; choose ¢ therein. If 7 is any real number in (0, ¢), then it
is clear that I1,, € ®(g) and that (¢ — n) € A(g, I1;).

8. Main theorem: Statement and consequences

8.1 THEOREM
Let X be a smooth scheme over C of pure dimension n. There exists a unique mor-
phism of sheaves of bigraded differential R-algebras on X**

A%* — B**

w—> wy

such that for every Zariski-open subset U of X, every finite family (f1,..., fm) of
regular functions on U, every pair (1, J) of subsets of {1,...,m}, and every (I U J)-
vanishing reasonably smooth function ¢ in .#17>UD one has

[¢(Log| fil.....Log| fml) dLog| f7| A dArg f7],
=¢(Logy | filp.--..Logy | fmlp) d'Logy | f11» Ad”log| f7 .

Moreover, this morphism enjoys the following properties; let U be a Zariski-open

subset of X, and let w € AP (U).

(1)  Assume that the support of w is contained in some definably compact semial-
gebraic subset of U(C). Then wy, is compactly supported.

We assume from now on that p = q = n.

2) Letg: U — Aé be a morphism, and let T1 be an element of ©(g). The integral
f(Log\gD—l(H) |@| is bounded, which implies that f(Log|g\)—1(H) w is bounded
too.

3) Let (V;) be a finite family of Zariski-open subsets of U ; for every i, let g; be
a morphism from V; — Ach, and let T1; be an element of ®(g;). Then

std(/ w) — / wh (a)
Ui (Loglg; D~1(I1; ) U; (Log, |g; 1b)~1 (std(T1;))

and
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s o) — [ ol ®
Ui (Loglg; D~1(T1; ) Ui (Log, |g; [b)~1 (std(TT;))

when the positive standard number ¢ belongs to (; A(gi,I1;) and tends to
zero.
Moreover, there exists a positive negligible element o € R such that

std(/ |a)|) —0 (c)

Ui (Loglgi D™1(T; )\U; (Log lgi D1 (TT; o)
when the positive standard number ¢ belongs to (; A(gi.I1;) and tends to
zero.

(4)  Assume that the support of @ is contained in a definably compact semialge-
braic subset of U(C), which implies by (1) that wy, is compactly supported.
Then fU(c) |w| is bounded and

std(/U(C) w) = / oy (d)

sa( [ o) = [ ol ©
U(C) an
8.2 Remark

Statement (3c) has the following consequence. Assume that we are given for every
small enough positive standard ¢ in {*); A(g;, I1;) a semialgebraic subset D, of U(C)
satisfying

and

\J(Loglgil) ™" (Mia) € De € | J(Loglgil) ™ (Mze).

1 12

Then

std(/ a)) —>/ wh ®
De Ui (Log, |g; [p)~1 (std(I1;))

and

s / o) — [ bl ©®
D, Ui (Logy 1gi 1)~ (std(IT;))

when the positive standard number ¢ tends to zero.
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8.3. A statement about ordinary limits of complex integrals

Our purpose now is to state a corollary of our main theorem in a more classical lan-
guage, namely, in terms of limits of usual complex integrals, without using any ultra-
filter nor any nonstandard model of R or C.

Let us recall that ./ denotes the field of meromorphic functions around the origin
of C. Let X be a smooth .# -scheme of finite type and pure dimension 7, and let (U;)
be a finite Zariski-open cover of X. For every i, let (fij)1<j<n, be a finite family
of regular functions on Uj;; for every subset / and J of {1,...,n;} of cardinality n,
let ¢; 1,7 be a reasonably smooth and (/ U J)-vanishing complex-valued function
defined on some suitable open subset of (R U {—oo})"i.

Since .# is the field of meromorphic functions around the origin, X gives rise
to a complex analytic space, relatively algebraic, over a small enough punctured disk
D*, which we still denote by X . Up to shrinking D*, we can assume that every U; is
a relative Zariski-open subset of the analytic space X, and that the functions f;; are
relatively algebraic holomorphic functions on Uj;.

Assume that there exists a relative (n,n)-form w on X whose support is proper
over D* and such that

—1 \n log | fi1] log| fin; |
olo, = (o) Do irs (-~ o) dlogl fir| AdArg fi g
log |¢] ] log |¢] log |¢]|

for every i (otherwise said, the forms locally defined by the above formulas coincide
on overlaps, and the global form obtained by gluing them is relatively compactly
supported).

The ¢-adic completion of . is the field C((¢)) of Laurent series. Fix 7 € (0, 1),
and endow C((¢)) with the ¢-adic absolute value | - |, that maps 7 to t; let us denote
by X the Berkovich analytification of X x_, C((¢)).

Then the existence of our morphism of sheaves of bigraded differential R-
algebras implies the existence of a compactly supported (n,n)-form w, on X" (in
the sense of [6]) such that

bl
=1\ log| fi1ly 10g|fin»|b) /
= i _ .., ———)d'] ;
(logr) IXJ:('D”I’J( logt logt og|firl
A d"log| fi. 1l
for every i.

Now assertion (4) has the following consequence.
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8.4 THEOREM
We have

lim | ol|x, = Wp.
t—0 X; an

Proof

Let (z,) be a zero sequence of nonzero complex numbers such that | X. w|x., hasa
limit in R U {—o00, 400} when n tends to infinity, and let %/ be any uﬁraﬁlter on C
containing all cofinite subsets of {z,},. Then applying our general construction with
this specific % (recall that .# has a natural embedding into our field C of nonstandard
complex numbers), we see that

/ wlx., — )
X Xan

Zn

when n tends to infinity. As this holds for an arbitrary sequence (z,) as above, we are
done. (]

9. Proof of the main theorem

9.1. Compatibility with integration
We shall in some sense establish the good behavior with respect to integration before
showing the existence of the morphism w — wy. Let us make this more precise.

9.1.1. Our setting
We assume that w can be written as

Y ors(Loglfil,....Log| fm|)dLog| f1| AdArg f7,
1,J

where [ and J run through the set of subsets of {1,...,m} of cardinality n, where
(fi)1<i<m is a family of regular invertible functions on U, and where ¢7 s is an
(I U J)-vanishing reasonably smooth function in .7 />/-(/i) for each (I, J). We denote
by wy, the form

> @r.r(Logy | filb. ... Logy | fl) ' Log, | f1], A d"log| f11s
1,J

(we insist that our morphism has not yet been defined, so wy, is currently just a notation
for the form above).

We also assume that the open covering (V;) is the trivial covering consisting of
one open subset V7 = U and we write g instead of g1, I1 instead of I1;, and £ instead
of Z] .

Section 9.1 will be devoted to the proofs of (2) and (3) in this setting.
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9.1.2. Proof of (2)

We shall in fact prove that || x |w| is bounded for any z-bounded definably com-
pact semialgebraic subset K of U(C); so, let us fix such a subset K. Since K is
definably compact and since Log]| f;| only takes bounded values on the invertible
locus of f;, there exists a positive standard real number A such that Log| f;| <
A on K for all i; thus there exists a positive standard real number N such that
lor.s(Log|fil,...,Log| fim])| <N on K forall (,J).

Fix I and J. By the very definition of (/ U J)-vanishing reasonably smooth
functions, there exist two open subsets VI/, 7 C Vi of (RU{—00})™, defined by
Q-linear inequalities, and such that the following holds:

. @1, is defined on V7, and (Log| f1l,...,Log| fm)(U(C)) C V1,7 (R);

. (pI’JlV},J =0, and for every i € I U J, the ith coordinate function does not
take the value —oo on Vj j \ VI’J.

Let K,y be the preimage of V7 j \ VI/,J in K under (Log]| f1l,...,Log| fi]). This is

a definably compact semialgebraic subset of K on which | f;| does not vanish as soon

asi € I U J; by construction, ¢7, y(Log| fi|,...,Log| fm|) vanisheson K \ Ky ;.

By enlarging A, we may assume that for all /, J and all i € I U J one has the
minoration log | f;| > —A on Ky ;.

For every subset L of {1,...,m}, denote by Dy, the subset of U(C) consist-
ing of points at which every f; with i € L is invertible. Let i € {1,...,m}; on
Dy;y we set f; = r;e?™% for every i (where r; = | f;| and o; is a multivalued
function, which we will use only through the well-defined differential form do;).
Let /7 and J be two subsets of {l,...,m} of cardinality n. Let i} < --- < iy
be the delements of I, and let j; < --- < j, be those of J; on Dyys, we set
dry iy

— veo A Ty — A e . 1 o
= NN T and day = daj; A--- Adaj,. Let Sp denote the “unit

circle” {z € C,|z| = 1}. Let u s be the map from D7,y to (R>0)" x (Sg)" that maps

. i ) -
apoint x to (| fi, ()|, ..., | fi, A, ‘228‘)

We denote by p; the coordinate function on (Rx)" x (S }Q)” corresponding to
the jth factor R, and by w; the multivalued argument function corresponding to
the jth factor Sh. The form dw; is well defined (we can describe it alternatively as
the pullback under the projection to the jth factor SL ~ {(x,y) € R?,x2 + y2 =1}
of the form x dy — y dx). Let E s denote the étale locus of u ;; by definability and

o-minimality, there exists an integer d such that the fibers of uz s|g, ,nk are all of
cardinality at most d for all / and J.
We then have (recall that A = —log|¢|)

/|w|_AnZ/K”

T A day

dry ‘ )
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N d
A 77 /K1 gnEr I
Nd d d d :
< / dov, e dwy o
A 1,J uy gy (Kr.gNEs g) P1 Pn 2 21
==—> / N Lo ©
A" 1,7 MK g NEr.y) P1 On
2 Nd d d
<" [ dpr . don 0
n) A Jygag-ap py o
* Nd
m n
2
= (m Nd2A)". -
n

Hence [y |w| is bounded, as announced.

9.1.3. Proof of (3)(c)

The proofs of (a) and (b) will rest on several steps allowing ourselves to reduce to a
simpler case, in which it will be possible to perform some explicit computations that
are the core of our proof. But to achieve this reduction we shall need (c); hence we
start by proving it.

Let IT € ®(g). Choose a positive standard real number a in A(g, IT) (such an a
exists in view of Remark 7.6). For every nonnegative standard real number &, we set
P, = std(I1) + [—¢, €] C R (so Py = std(IT)). Let us introduce some notation:

. Ve = (Log, |glp) "1 (Ps) C U™, for ¢ a standard element of [0, a];

. Ven = (Log, |glh) "1 (Pe \ Py) C U™, for ¢ a standard element of [0, a] and 7
a standard element of (0, &);

. K. = (Log|g|)~(Ily) C U(C), for ¢ any element of R lying on [0, a];

. Ke, = (Log|g))~1(I1¢ \ IT,) C U(C), for & any element of R lying on [0, a]
and 7 any element of R lying on (0, &).

We fix two subsets [ and J of {1,...,m} of cardinality n. For every standard real
number A, we shall need the following extra notation:
. VSA (resp., VS‘:‘”) for the intersection of V; (resp., V; ) with the closed analytic
domain of U defined by the inequalities Log, | fi|, > A foralli € I;
. K ;4 (resp., K én) for the intersection of K (resp., K¢ ;) with the closed semi-

algebraic subset of U(C) defined by the inequalities Log| f;| > A foralli € I.
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The preimage of V7 5 \ VI’, ; (the notation is introduced in the second paragraph
of Section 9.1.2) in K, under (Log]| f;|)1<i<m is definably compact, and none of the
functions f; with i € I vanishes on it; thus there exists some standard real number
A such that every point of K, at which at least one of the Log| f;| is smaller than
A belongs to the preimage of VI/, 7+ 50 @7,y (Log| f]) vanishes at such a point. Using
mutatis mutandis the same argument and up to decreasing A if necessary, we can
ensure that ¢y sy (Log, | f|») vanishes at every point of 1, at which at least one the
Logy, | fi|b is smaller than A.

Otherwise said, there exists a standard real number 4 such that for every ele-
ment ¢ of R lying on [0, a], the function ¢; s (Log | f|) vanishes on K, \ K2 and the
function ¢7 s (Log, | f|») vanishes on V; \ VA.

We are now going to show that Vol(Log, | f7[s(VA \ Vi) tends to zero when
¢ tends to zero, which is the core of the proof of (3)(c). Our method for proving
this claim consists in describing Log, | f7[»(V;) more or less as the image under
Log, | f1|» of a piecewise linear subset of VA, which allows us to get rid of non-
Archimedean geometry and only deal with usual real integration.

Recall that the skeleton of GL:2" is the closed subspace of GX:** homeomorphic
to RY via the mapping sk : R” — GL-* sending (log(r;));es to the seminorm assign-
ing the real number max,,cz7 |am|[1;; 7/ to a Laurent polynomial }_,,czr dmT™
Let ¥ be the preimage of the skeleton of Grln"jln under f7 |VHA. This is a skeleton of
VaA in the sense of [8, Section 4.6] (see Théoreme 5.1 there; a mistake in this paper is
corrected in the erratum); in particular, it inherits a canonical piecewise linear struc-
ture and (Log, | f7|b)|x is piecewise linear. Moreover, if W is any compact analytic
domain of VA, then the intersection ¥ N W is a piecewise linear subset of ¥ and
Log, | 11, (W)™ = Log, | frlh((X N W)™), where the superscript ™ denotes the
pure n-dimensional part of a piecewise linear set (this last equality is a lemma which
is shown in a forthcoming version of [6]; its proof is not difficult and rests on the
description of a skeleton in terms of tropical dimension; see [0, Section 2.3.3]); in
particular, the volume of Logy, | f7|,(W) is equal to that of Log, | f7|,(W N X).

Choose ¢ € (0, a]. From the equality VA \ V! = Uo<n<e Vaf‘n, we get

Vol(Log, | f71s (VA \ V")) = sup Vol(Log, | f1 (Vi)

0<n<e

= sup VOI(LOgb |fl |b(z N Vsl,‘ln))

0<n<e
= Vol(Log, | f1[s((E NV \ (N Vgh).
Now (XN VSA)OQSI is a nonincreasing family of compact piecewise linear subsets

of ¥ with intersection = N Vi, and Log, | f7|s|x is piecewise linear. Since dim ¥ <
n, this implies that Vol(Log, | f7[,(Z N VA \ = N V1)) tends to zero when & tends
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to zero. By the above, this means that Vol(Log, | f7|,(V.A \ V') tends to zero, as
announced.

In order to end the proof of (3)(c), we now have to understand the consequences
in the nonstandard world of the limit statement above (which involves only standard
objects); this step rests in a crucial way on DOAG-definability.

For every standard ¢ € (0,a], the set A, := Log, |f1|b(V8A \ VOA) is DOAG-
definable, and depends DOAG-definably on &. Thus A, g makes sense for every
element e € R with 0 < e <a.

Let D be the set of positive elements x € R such that x < a/2 and

Log | fr|(KZ\ K¢) C Aze.r
for all & € (x, ). An element x of R belongs to D if and only if the implication
(lg@)| elel MV and | £7(2)] € [t 449) = | f1(2)] € Je~A2e%

holds for all z € U(C). It thus follows from Section 7.1.2 that |¢|? is definable; but
since it is 1-dimensional, it is a finite union of intervals by o-minimality, so D is also
such a union, hence is definable as well. Moreover, it contains by definition every
bounded x whose standard part belongs to (0, §]. As a consequence, D contains [e, 5]
for some positive negligible element «.

For all elements ¢ of R lying on («,a/2), we have

Log|f1|(KA\ K& C Az r.

The inclusion above holds in particular for every positive standard ¢ < a/2; for such
an &, we thus have

1 d d
—/ oL A 'Oanol(Azs).
A Dk akd) P Pn

Since Vol(A3.) —> 0 when ¢ — 0, it follows that

1 d d
std(—/ g n Py,
A" JifrikA\kg) 1 Pn
when ¢ — 0. In view of inequality (k) of Section 9.1.2, this implies that
std(/ |(p1,J(L0g|f1|,...,Log|fm|)dL0g|f1| /\dArng|) —0
KA\Kg

when ¢ —> 0. But by the choice of A4 the integral

[ lons (o il Log ol dLog 71 ndave £
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is equal to

..., Log| fm|)dLog| fr| AdArg f;

’

f 01,7 (Log| f1
K:\Kqy
so that

([ fors(Logl fil....Logl ) dLog il AdAte £3]) — 0
Ke\Kq

when ¢ — 0.
The infinitesimal element @ above depends a priori on (/, J); but by taking it
large enough (and still infinitesimal) we can ensure that it does not. Then

Std</;<g\Ka |a)|) —0

when ¢ — 0, which ends the proof of (3)(c) in our particular setting.

9.1.4. Proof of (3)(a) and (3)(b) in our setting

Assertions (3)(a) and (3)(b) involve the form to be integrated w, which is defined with
an explicit formula using the functions f;, and the domain of integration, whose def-
inition uses another family of functions g and a pseudopolyhedron IT. We will first
simplify slightly this set of data, by showing that we may assume that f = g and IT is
of the form Py for some pseudopolyhedron P C (RU {—o0})¢ (and so std(IT) = P),
with moreover Log, | f|»((Log, | f|») "' (P)) = P. This reduction essentially uses
(3)(c) through its consequence Remark 8.2, together with some elementary defin-
ability arguments.

Set h = (f,g), P = std(I1), W = (Log,|gly) ' (P) C V®, and Q =
Log, |h],(W) C R"*¢. Then W = (Log, |h],)~'(Q). We are now going to explain
why it is sufficient to prove assertion (3) for (Q g, k) instead of (I1, g). So we assume
that (3)(a) and (b) hold for (Q g, h).

If ¢ is a positive real number, then we clearly have (Log, ||,)"1(Q,) C
(Log, |gls)"1(P:). On the other hand, for every & > 0, the set (Log, ||,) 1 (Q)
is a neighborhood of W, hence contains (Log, |g|,) 1 (P;) for some n which can be
taken in (0, g] (here we use topological properness—recall that [T € ©(g)). Let §(¢)
denote the least upper bound of

{n€(0,¢), (Log, |glh) " (Py) C (Log, |Al) " (Qx)}:

note that by compactness we have (Log, |h[,) ™" (Ps)) C (Log, |i],) "' (Q¢). Then
8 is a DOAG-definable function; in view of the fact that §(¢) < & by definition, this
implies that there exists a positive rational number r and a positive real number M
such that §(¢) = M ¢e" for & small enough.
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This implies that

(Loglh) ™ (Qr.5) C (Loglgl) ™ (Ie)  (Log|hl) " (Qp, 2 c1/r)

for ¢ a small enough standard positive real number. Since we assume that (3)(a) and
(3)(b) hold for (Qg,h) (and since (3)(c) has already been proved), it follows from
Remark 8.2 that

std(/ a)) — / wh
(Loglg)~1(TTe) (Logy lg1p)~1(P)

and

std(/ o] —>/ s
(Loglgh~1(ILe) (Logy 1g1,)~1(P)

when the positive standard number ¢ belongs to A(g, IT) and tends to zero.

Therefore, if the result holds for (Q g, /), then it holds for (I1, g); we thus can
replace I1 by Qg and g by /&, and then enlarge f (which is harmless) so that g = f.
We keep the notation P = std(IT) and

W = (Log, lgl,) " (P) = (Log, | /1))~ (P);

note that we have I1 = Pg and (Log, | f|p)(W) = P.

9.1.5. Arguing piecewise on P
To allow for more flexibility in the proof, we shall need to argue piecewise on P. We
explain here why it is possible; the key points are once again (3)(c), and the additivity
of integrals in both frames.

Assume that we are given a finite covering (P;);es of P by pseudopolyhedra, and
that for every nonempty subset J of I, statements (3)(a) and (3)(b) hold for (P, f)
with Py :=(");c; Pi. Then these statements hold for (P, f).

Indeed, for every i set I1; = P; g, and every nonempty subset J of /, set I1; =
Py, r. For every positive standard &, we have I, = | J; IT; .. Now let J be a nonempty
subset of 1.

If Py = @, then for & small enough we have (), I1; s = @. If P; # @, then by
definability and compactness there exist two positive real numbers A and 7, such that

PJ,ECmPi,SCPJ,AE
ieJ

for all positive real numbers ¢ < 7, which implies (by model-completeness of DOAG)
that
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HJ,s C ﬂ Hi,s - 1_I.I,Ae

ieJ
for every positive € < nin R
The difference
/ w— Z(—l)”IH/ 0]
(Log|fN~1(TIe) T4 (Log|fN~1(TLy e)

can be rewritten as
Yo (| o= )
J 40 Nies Wog|fND~1(TT; ) (Log| fN~1(Iy.e)

It now follows from (3)(c) (which has already been proved) and from the inclusions
IT;e C ﬂie] I1; ¢ C I1,4¢ (which hold for & small enough) that

std(/ w —/ a)) —0
Nies WLogl fD~1(I; ) (LoglfD~1(M.¢)

when £ — 0 (and remains standard). Thus
std(/ w— Z(—l)"'“/ a))—>0
(Log| fN~1(TLe) ) (Log| /N1y e)

when ¢ —> 0. As statements (3)(2) and (3)(b) hold for every Py, this implies that

std(f a)) —>Z(—1)|f|+1/ wp =f wp
(Log| £)~1 (I1¢) 7 (Logy | £16)~1 (P)) (Logy | 1)~ (P)

when ¢ — 0.
We prove in the same way that

std([ o] —>/ 55
(Log|f N~ (T1e) (Logy | £15)~1(P)

when ¢ — 0.

9.1.6

Being allowed to argue piecewise on P, we now would like to cut it into finitely many

pieces as nicely as possible. This will be achieved by exhibiting a finite covering (P;)

of P by pseudopolyhedra such that for every i, the following hold:

(1) for every pair (1, J) of subsets of {1,...,m} of cardinality n, either 7 s is
identically zero on P;, either for every (xy,...,X,) € P; andevery j € [ U J,
we have x; # —oo;
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(i)  there exists a subset E of {1,...,m} such that:

. for every (x1,...,X;,) € P; and every j € E, we have x; # —o0;

. for every pair (/,J) of subsets of {1,...,m} of cardinality n, there
exists a compactly supported smooth function ¥ y on RE such that
forevery (x1,...,Xm) € P;onehas o7 s(X1,....,Xm) =V71,7(X}) eE-

Let us explain how this can be done. Let £ be a point of P, and let / and J be
two subsets of {1, ...,m} of cardinality n. By the very definition of (/ U J)-vanishing
reasonably smooth functions, there exists a pseudopolyhedral neighborhood Q of x
in P such that:

(1) either ¢y, is identically zero on Q, either for every (x1,...,Xx,) € Q and
every j € I UJ we have x; # —o0;
(i)  there exists a subset £ of {1,...,m} such that:

° we have x; # —oo for every (x1,...,x,) € Q andevery j € E;
° there exists a compactly supported smooth function 1 on RE such that
for every (x1,...,Xm) € Q onehas @7 j(x1,....%Xm) =V (xj)jecE

(note that a priori v is a smooth function defined on an open neighborhood of the
projection of Q to RE, but since the latter is compact we can assume that v is defined
on the whole of Rf and compactly supported). We now conclude by compactness
of P.

9.1.7

In view of Sections 9.1.5 and of 9.1.6, we can assume that there exists a subset E of
{1,...,m} satisfying the following:

° for all (xy,...,X;,)in P and all j € E, we have x; # —oo;

° one can in fact write

o= ¢rs(Log|f;l),;cpdLog|fi| AdArg f;
1,J

and

o =Y ¢, (Log, | fjlb) jep 4 Log, | f1ls A d"log] f1]s,
1,J

where / and J run through the set of subsets of E of cardinality n, and where
the ¢ s are smooth, compactly supported functions on RE.
We note that the functions f; with j € E are invertible on the analytic domain W.
We set Q = (Log, | f£|»)(W); this is a compact polyhedron of RZ which can also be
described as the image of P under the projection to (R U {—oc}).
We denote by ¢ the Lagerberg form
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1\7»
Z(A_b) 1,7 (xj/A)jeedxg Ad"xg
1,J

on A, Q; by construction, w, = f#§.

9.1.8
We first consider the case where dim Q < n. In this case the (n,n)-form £ on A, Q is
zero, and it suffices to prove that

std(/ |a)|) —0
(Loglg)~1(ITe)

when ¢ — 0. This will follow quite easily from the rough estimates of Section 9.1.2.
Let I be any subset of E of cardinality n. For every positive standard real number
e, let Q C{ denote the image of Q, under the projection map R¥ — R’ . The inequality
dim Q < n implies that Vol(Q!) —> 0 when & —> 0.
Now for every standard positive €, we have the inclusion

(Log| /1) ((Log| /1) () C Q2 &-
It follows that

1 d d
e NN

= < Vol(Q3,).
A )£ (ogl £)=1(T1e) P1 Pn ‘

Since this holds for all 7, this implies in view of inequality (k) of Section 9.1.2
that

std(/ |a)|> —0
(Loglgh~1(TTe)

when ¢ —> 0.

9.1.9

We are now going to describe two general methods which we shall use several times
to make the situation simpler. The first one essentially combines the fact that the
statements we want to prove can be checked piecewise on P (Section 9.1.5) and the
fact that they hold as soon as dim Q < n (Section 9.1.8); the second one follows easily
from Remark 8.2.

9.1.9.1. Arguing cellwise on Q. Let (Q;) be a finite covering of Q by compact
polyhedra whose pairwise intersections are of dimension less than n; for every i, let
P; be the preimage of Q; in P. Assume that statements (3)(a) and (3)(b) hold for
every P;; then they hold for P. Indeed, let / be any finite set of indices of cardinality
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at least 2. Then the projection of (;c; P; to (RU {—oo})® is equal to ();<; Qi, so
it is of dimension less than 7. Therefore, the theorem holds for ();; P; in view of
Section 9.1.8; it now follows from Section 9.1.5 that it holds for P.

9.1.9.2. Affine change of coordinates. Let M = (m;;) be a matrix belonging
to Mg (Z) with nonzero determinant, and let v = (v;); € RE. For every point
X = (X1,...,Xm) in P, we set Mx = (y1,...,ym) Wwith y; = x; if i ¢ E, and
Yi = ) jeymijX; otherwise. For i ¢ E, we set h; = fi; for i € E, we set

he =101 Tljer £

Set P’ = M P + v; this is a pseudopolyhedron. By expressing Log |i|, d Log | 4],
and darg/ in terms of Log| f'|, dLog| f'|, and darg f, and the same with Log,, instead
of Log and | - |, instead of | - |, we get equalities

w= ZI//I,J(LoglhlL...,L0g|hm|)dL0g|h1| ANdArghy
1,J

and

oy, = Z'{//I,‘](Logb |h1lb, ... . Logy |hmlp) d' Log, ||y Ad"Tog|hslp.
1,J

Assume that statements (3)(a) and (3)(b) hold for (P, k). We are going to prove that
they hold for (T1, f).
There exist two standard positive real numbers A and B with A < B such that

(Log|hl) ™ (Pg_4e) C (Log | f 1)~ (Ts) € (Log|hl) ™ (P 5,)

for ¢ small enough. Then

std(/ w) —>/ wh =/ wh
(Log|fD~1(ITe) (Log,, [Alp)~1(P) (Logy | f1b)~1(P)

and

sa ol) — | ol = | sl
(Log| )1 (Te) (Logy |k1p)~1(P) (Logy | f1p)~1(P)

by Remark 8.2.

9.1.10

We assume now that (wyp)|w = 0, which means that the form & on A, Q is zero, and
we are going to prove (3)(a) and (3)(b) under this assumption. We will use the fact that
these statements hold whenever dim Q < n (Section 9.1.8), that they can be checked
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cellwise on Q (Section 9.1.9.1), that they can be proved after an affine change of coor-
dinates (Section 9.1.9.2), and that J acts trivially on A">"; and then we will ultimately
rely on the estimates in Section 9.1.2.

We want to prove that

std(/ |a)|) —0
(Log| D~ 1(ILe)

when ¢ — 0. By considering a cell decomposition of Q and using Section 9.1.9.1,
we reduce to the case where Q is a cell. If dim Q < n, then we already know that
the required statement holds (Section 9.1.8); we can thus assume that dim Q = n.
And in view of Section 9.1.9.2, we are allowed to perform an affine change of the
coordinates indexed by E with integral linear part; hence we can assume that there
exists a subset Ey of E of cardinality n such that Q is contained in the subspace
defined by the equations x; = 0 for i running through E \ Eq. The assumption that
& = 0 now simply means that ¢g, g,|0 = 0.

We fix two subsets [ and J of E, both of cardinality n. Let wy s be the form
or.7(Log| fil,...,Log| fm|)dLog| fr| A dArg f;. It suffices to prove that

std(/ |w,,,|) —50
(Logl /D=1 (TT,)

when ¢ — 0.

9.1.10.1. The case where I = J = Ey. We then have ¢;7|g = 0. Let P’ be the
preimage of dQ on P. Since ¢7,7|o = 0, we have

Std(/ lwr,s ) = Std(/ lwr,s
(Log|/D~1(IT¢) Log| FDTL((PR)e)

for all &, and since dim dQ < n, the result follows from Section 9.1.8.

9.1.10.2. The case where I # Eg. Choosei € I \ Ey. Then since x; vanishes iden-
tically on P, we have for every ¢

-1 _
| £i1((Log| £1)~ (ILe)) C [121%4, [r]7%¢].
Therefore, there exists some positive standard real number A such that
-1 —2¢7{i}
| f11((Log | £1)™ (o)) C [1e2, 1e1 725" x [I¢

for & small enough (see Section 9.1.2). In view of inequality (k) of Section 9.1.2, it

follows that
Std( / lwr,s
(Log|fN~1(ITe)

—AI\G}
A,|l| A] !

)—>0

when ¢ —> 0.
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9.1.10.3. The case where J # Ey. Since the operator J acts trivially on A™", we
have

w17 =l (wr,7)
= (—1)"¢r,s (Log| fil.....Log| f|m)dArg f7 AdLog| f7|

2
— (1) 1.s(Log| fl.....Log| fm) dLog | fs| A dArg f;
= ¢1,7(Log| f1l,....Log| f|m)dLog| fr| AdArg f7.

Hence we reduce to the case considered in Section 9.1.10.2.

9.1.11. Proof of (3)(a) and (3)(b) in the general case

Now comes the core of our proof; this is the only step in which one uses the actual def-
inition of the non-Archimedean integrals (the former ones used only basic properties
like additivity or obvious norm estimates). Using once again the flexibility allowed
by the former steps (which enables us to argue cellwise, see Section 9.1.9.1; or to
modify the explicit writing of w, provided that (wp)|w remains unchanged, see Sec-
tion 9.1.10), we will simplify slightly our assumptions, and then reduce to the case in
which the integral || w @b can be computed by an explicit formula. The latter involves
a classical real integral and the degree d of an étale map between Berkovich spaces
over some skeleton X, and the main point of our reasoning consists in interpreting
this degree d in the nonstandard Archimedean world; this is achieved by showing
that our étale map also has degree d above “sufficiently many” C-points (over which
the degree is now simply the naive one, namely, the cardinality of the fibers, which
makes sense in our nonstandard Archimedean world as well).

By considering a cell decomposition of Q and using Section 9.1.9.1, we reduce
to the case where Q is a cell. If dim Q < n, then we already know that the required
statement holds (see Section 9.1.8); we can thus assume that dim Q = n. And in
view of Section 9.1.9.2 we are allowed to perform an affine change of the coordinates
indexed by E with integral linear part, we can assume that there exists a subset Eg of
E of cardinality n such that Q is contained in the subspace defined by the equations
x; = 0 for i running through E \ Ey. Otherwise said, O = Q¢ x {0}£\F0 for some
convex polyhedron Qg of R0, Since dim Q = n by our assumption, dim Q¢ = n.
Now £|;, o can be written as

1 Xj
— (L) dxg Ad’
Y ‘”(Ab )jeEO ¥Eo N Yo

(with ¢ smooth). Set

o' =¢(Log|fjl) g, dLog| fE,| A dArg fE,
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and
oy = ¢(Log, | fjlb) e, 4 Logy | fEo | A d"Log, | fEq -

Then (w, — wy)|w = 0, and in view of Section 9.1.10 this implies that

std(/ |a)—a)/|) —0
(Log| f)~1(Te)

when ¢ —> 0. We can thus replace @ with ', hence reduce to the case where w is of
the form

w = ¢(L0g|fj|)j€E0dL0g|on| /\dAI'ngO_

Let u: V — G,‘EO be the map induced by the functions f; for j € Ey. Since
dim Q¢ = n the tropical dimension of fg, is n, which forces p to be dominant, hence
generically étale, because both schemes involved are integral of the same dimension
and the ground field is of characteristic 0. Let 2 be a proper Zariski-closed subset of
GE° such that W 1s finite étale over the open complement of 2.

Let D be the affinoid domain of GE°™ defined by the condition Log, |T |, €
Qo, and let D’ be the open subset of D defined by the condition Log, |T'|, € Qoo.
Also, let sk denote the canonical homeomorphism between RZ0 and the skeleton of
GEo™ The images under Log,, | f&,|, of the boundary of D and the image of 2"
under Log,, |T|, are of dimension less than n. Since we can argue cellwise on Q (see
Section 9.1.9.1), we may thus assume the following:
© (Log, |5 l»)(@W) C 3Q0:;

. the morphism W X gEo.n D’ — D’ is finite étale.

These two conditions imply that |y is finite étale above D’. Since the latter is con-
nected (it admits a deformation retraction to sk(A,, Qoo)), the degree of u|w over D’ is
constant; let us denote it by d. The map u|y is in particular finite and flat of degree d
above every point of sk(A}, Qoo), whence the equalities

d X;
_ (1 n(n—l)/Z_/ xj d
/Wwb ! A AbQo(p(Ab)/EEo *Eo

— (Vg / () jero dxEy
Qo

[roh=1x [ Jo(32),
w = — —_— X
wo A beo(p Av/j€Eo

= d/ 0] ;e dXEo-
Qo

and

Eo
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9.1.11.1. By construction, every point of D’(C) has d preimages under y in W(C).
We would like to exploit this fact in the nonstandard Archimedean setting. The point
is that D’(C) and W(C) are ACVF-definable, but not RCF-definable; so we will
first have to “approximate” them by RCF-definable subsets for which this statement
remains true.

Let n be the set of negligible elements of R. Let 1 be a positive standard real
number, and set O, = éo \(0Q0)y. Let x € (Log |T|)~'(Q4,r)- The point x belongs
to (Logy, |T|y) ™! (Qo()), hence the intersection

pH) 0 (Log L) TN+ 0é) = w7 () N (Logy [ £15) " (P)=p~ () N W

has exactly d elements. Let m(x) and M(x) be, respectively, the greatest lower bound
and the least upper bound of the set ® of those u € [1, |¢|~!] such that

w7 AT T e )
has exactly d elements. Since ® is definable, if follows from the above that
std(Logm(x)) =0  and std(Log M (x)) > 0.

Now m and M are definable functions; as a consequence, the greatest lower bound
of M on (Log|T|)~1(Qy.r) is equal to |¢|B™ for some B(1) with negative standard
part, and the least upper bound of m on (Log | T|) ™! (Q,r) is equal to |¢|?™ for some
negative negligible b(n).

9.1.11.2. Let § be a positive real number. Choose 7 such that the volume of (0Q¢)2y
is smaller than §. Let ¢ be a positive real number such that ¢ < min(B(#n), n). Let IT' be
the subset of I, consisting of points whose projection to the variables in £( belongs
to Q, and let T1” be the complement of IT" in IT,. One has

/ w =/ 0] —|—/ w.
(Log|fD~1(ITe) (Log|fD~1(IT) (Log|fN~L(I1”)

It follows from inequality (k) of Section 9.1.2 that there exists a positive standard
real number M (independent of §, 71, &, and so on) such that f(Logl -1 lw| <
M Vol((3Q0)2y) < M.

Now since b(n) < & < B(n), the map u induces a d-fold covering

(Log| /1)~ (I) — (Log|T|) ™ (Qn.R);

SO
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d
/ 0= ¢(Log|T|)dLog|T| AdArg T
Wogl D=1y A" J(LogITD=1(Qy,8)

= (1) /Q 937 jery dxry
n.R

=(—1)"("_1)/2d/ @(xj)jeE, dXEy.
(o)

Therefore,
)/ a)—/ o) = sup pld Vol(Q \ ;)
(Log| £~ (IT") w Po
< d Vol((8Q0)2n) sup |¢|
Qo
<dd sup|e|.
Qo
Hence

’[ a)—/ wb‘ES(M+dsup|g0|).
(Log|fD~1(e) w Qo

One shows exactly in the same way that

|/ ol = [ |onll =8(3 + dsupl).
(Log|fN~1(T1e) w Qo

We thus have proved that

std(/ a)) — / W
(Log|fD~1(ITe) (Logy |f1b))~1 (std(IT))

and

std(/ |a)|) —>[ |y |b
(Log| /N1 (I1¢) (Logy, | f1,))~ 1 (std(TT))

when the standard positive real number ¢ tends to zero.

9.2. Construction of the map w +— wy

It is clear that there is at most one such morphism of sheaves. We are going to prove
that there is actually one by using our comparison theorem for integrals and the fact
that forms are naturally embedded into currents on Berkovich spaces. Let p and g be
two integers. Let U be a Zariski-open subset of X . Let w be a section of A?*¢ on U
that can be written as
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o= > ¢rs(Logl|fil.....Log| fml) dLog|f7| AdArg 7
[I|=p,|J|=q

with f; regular functions on U and ¢y ; an (I U J)-vanishing reasonably smooth
function in .#%>7>(/1) for each (I, J) (we shall say for short that w is tropical on U).
Let wy, be the section

ZW,J(LOgb | filb. ... Logy | fmlb) d'Logy | f71» A d”log | f71s
7

of BP- on U. It suffices to show that @, depends only on w, and not on the particular
way we have written it. One immediately reduces to proving that w, = 0 if v = 0;
for that purpose we suppose that w, # 0, and we are going to prove that w # 0. Since
w, # 0 and since U™ is boundaryless, there exists a smooth compactly supported
(n — p,n —q) form n on U* such that fUm wp, A 1 # 0 (see [6, Corollaire 4.3.7]).
Every point of U®" has a basis of affinoid neighborhoods V' having the following
properties.

. The restriction 1|y can be written as

> Yrs(Log,lgil.....Log, |gely) d'log|grly Ad”log|gs
[I|=n—p,|J|=n—q

with g; regular functions on V' and 7 ; compactly supported smooth func-
tions on R.

. The domain V is a Weierstrass domain of Q" for some open subscheme 2 of
U (see Section 6.2).

Then we can find such a V' with fV wp, AN # 0. Since V is a Weierstrass domain
in Q2" and since 7|y does not change if we replace each g; by a function having the
same norm on V' (see [6, Lemme 3.1.10]), we can assume by approximation that each
of the functions g; comes from a function belonging to ¢'(€2), which we still denote
by gi. Then by replacing €2 by the intersection of the sets D(g;), we can assume that
gi € 0(Q)* foralli.

Now set

nt = > Yrs(Loglgil.....Log|gel)dLog|gr| AdArgg,.
[I|=n—p,|J|=n—q

This is a section of A”~7"~¢ on €. By Section 9.1, the integral [}, @, A 7 can be
expressed as a limit of standard parts of integrals of w|q A 7* on suitable definably
compact semialgebraic subsets of 2(C). Then these integrals cannot be all equal to
zero, which implies that w|q A n* # 0, and a fortiori that w # 0. We thus are done
with the proof in the particular setting of Section 9.1.1.
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9.3. Proof of (3)
We are now going to prove (3) in the general case. The reasoning is tedious, but rather
formal; it uses as a crucial input the particular case handled above in Section 9.1,
together with the additivity of the integrals in both settings.

For all i, we set P; = std(I1;) and W; = (Log, |gi|») " 1(P;) C VA, we also set
W= Wi.

9.3.1. Reduction to the case where I1; = P; g for all i

Assume that (3) holds for (P; g);. Since std(I1;) = std(P;, r), there exists a positive
negligible element a such that IT; C P; g, and P; g C I1; , for every i. Let ¢ be a
standard positive real number. By the above,

P Rej2 CIlie C PiRos

for all i. Then it follows from Remark 8.2 that statements (3)(a) and (3)(b) hold for
(T1y).
We then have for all standard & > 0 and all i

U Hi,e \ U Hi,tx+a C U Pi,R,Zs \ U Pi,R,oz,
i i i i

s0 (3)(c) holds for (IT;); with the negligible element o + a instead of «. We assume
from now on that I1; = P; g forall i.

9.3.2

Fix an index i. Let x be a point of W;. There exists a Zariski-open subset €2 of V; on
which o is tropical, and such that x € Q. The point x has a Weierstrass neighbor-
hood Q' in Q2; by construction, ' N W; is of the form (Log, |A],) ' (Q) for some
family h = (hy,...,hy) of regular functions on Q' and some pseudopolyhedron Q
of (RU {—oo})V.

By compactness, it follows that there exists a finite family (V;;) of Zariski-open
subsets of V; and, for each (i, j), a finite family %;; = (hijk)1<k<¢;; of regular func-
tions on V;; and a pseudopolyhedron P;; of (RU {—oo})bi/ such that the following
hold:

. for each (i, j), the form w is tropical on V;j;;
. W; =, Wij with Wi; = (Logy |hij1s) =" (Pij).

We set I1;; = Pj; r; for every nonempty set / of pairs (7, j), we set
. =3 pyer bijs
. M7 =[T¢ yer Mij C (RU{—o0}h)*7;

y Pr =Tl jyer Pij C RU{—o0});
. Vi = jyer ViiandWr =g jyes Wij-
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We also denote by /7 the concatenation of the functions /;; for (i, j) € I; thisis a
family of £; invertible functions on V7 and Wy = (Log, |h7],) " (Pr) C V™.
For every I, the form w|y, is tropical. It follows therefore from Section 9.1 that

std(/ a)) —>/ Wp, (0)

(LoglhrN~1(TT; ) (Logy |7 1b)~1(Pr)

s o) — [ sl ®)
(Loglhr D=1 (M1 ) (Logy, |77 b))(Pr)

when the positive standard number ¢ tends to zero, and that there exists a positive
negligible o € R such that

std(/ |a)|) —0 (@
(LoglgD~1(TT7 . \7.0)

when the positive standard number ¢ tends to zero.
The equality W = {J; j)es Vij can be rewritten as

U (Log lgih) ™ (P) = (Logyluils) ™" (Piy) -
i @.7)

i
understood as contained in V" understood as contained 1nVlf‘}'~1

If a is a small enough positive real number, then for every i, j the sets
(Log, |gil») "1 (Piq) and (Log, |hijlo) 1 (Pijq) are compact in view of assertion
(1). Hence for a small enough, the infimum m(a) of all positive real numbers b such
that

-1 -1
| J(Log, Igils) ™ (Pia) € | (Logy hijls) ™ (Pij.6)
i (U¥))
is well defined. This is a DOAG-definable function of a that tends to zero when a tends
to zero. It follows that there exists a positive rational number p such that

-1 -1
|J(Log, Igils) ™ (Pia) € | (Log, hijls) ™ (Pij.pa)
i .0
for a small enough. We can perform the same kind of reasoning for the converse
inclusion, and by taking p big enough we can thus assume that we also have

-1 -1
(J(Log, 1gils) ™ (Pipa) O | (Log i 1)~ (Pija)
i (U¥))
for a small enough.
We then have for all positive standard real numbers a the inclusions

J(Loglgil) ™ (Mia) € | (Log /ij1) ™ (Mij20a)
i ((9))]
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and

J(Loglgil) ™" (Mizpa) D | (Log 1hij 1) ™ (Mija).
i (U¥))
But then by a definability argument (using Section 7.1.2), there exist a positive negli-
gible element 8 € R and an element y € R with positive standard part such that the
above inclusions hold for all elements a € R with 8 <a <y.
By the same kind of arguments, we can increase 8 and p and decrease y so that
we have for all / and all a € [B, y] the inclusions

(M (Loglhyl) ™ (Mia) C (Loglhzl) ™ (M1 pa)
(i,j)el

and

(M (Loglhi )™ (Mijpa) D (Loglhsl) ™ (M1.a).
(i,j)el

Together with (0), (p), and (q) above and with the additivity of both the
Archimedean and the Berkovich integrals, this ends the proof of (2).

9.4. End of the proof

It remains to show (1) and (4). The proofs essentially consist in standard computa-
tions, once granted the existence of our map of complexes and the comparison theo-
rems (3)(a), (3)(b), and (3)(c) for integrals.

We use the assumptions of (1). Choose a finite open affine cover (U;) of U. For
every i, let (f;;); be a finite generating family of the C-algebra Ox (U;). By our
assumption on the support of @ and by Lemma 3.2, there exists A € R such that the
w is zero outside the set

Ey:= U{x € Ui (C),Log| fij(x)| < A forallj}.

We also set

Eap= U{x € Ui"m,Logb|ﬁj(x)|b < Aforallj}.

i

9.4.1. Proofof (1)
We are going to prove that w, is zero outside E 4, which will show that it is com-
pactly supported.

Let y be a point of U*" \ E 4. The point y belongs to U; for some i. Let us
choose a neighborhood V' of y in U \ E,4 of the form Log, |g|b_1(P), where
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g =1(g1,-..,8m) is a finite family of regular functions on U; and where P C (R U
{—o0})™ is a product of intervals, each of which is either of the form (A, u) or
of the form (—oo, it). Up to shrinking P, we can assume that for some ¢ > 0 the
preimage Log,, | glb_l(P + [0,8)™) still avoids E 4. Let ¢ be a reasonably smooth
function on (R U {—o0})”™ whose support is contained in P, which does not van-
ish at g(y), and which takes only nonnegative values. We shall prove that the form
¢(Log, |glb)w, € &/P4(U") is zero; this will ensure that w;, vanishes around y and
thus imply our claim.

Since Log, [g[;' (P + [0,€)™) is contained in U™ \ Ep, the preimage
Log|g|~!(Pg) avoids E. As the support of ¢ is contained in P and as @ van-
ishes outside E, the form ¢(Log|g|)w vanishes. But this form belongs to A?-4(Uj;)
and its image in B?9(U;) is precisely ¢(Log, |g|p)w,. The latter is thus zero, as
announced.

9.4.2. Proof of (4)
Assume moreover that p = g = n, and let us prove () and (g). It follows from (2),
(3)(a), and (3)(b) that if the standard positive € is small enough, then f Eate |w]| is
bounded, and that

std(f a)) — wh
Egte Eaqp

std(/ |a)|) —>/ |wp b
Eqqe Eap

when ¢ tends to zero (while remaining standard and positive).
But since w is zero outside E 4, we have

/ 1) =/ 1) and / |w| =/ |w]
Egte uc) Egte u(c)

for any ¢ as above. And since wy, is zero outside E 4, by Section 9.4.1, we have

/ wb=/ o and [ |wb|b=[ ool
EA.b an EA,b an

Assertion (4) follows immediately.

and
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