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2. The geometric approach.

2.1. Some elements of algebraic geometry.
We consider the affine space V = k with the Zariski topology, that is, closed sets

are of the form
Z(p1,...,p)={vEV:p(v)=O}

where p2 E k [t1,. . . , t7,] is a polynomial in n indeterminates.
" S C k[ti,.. . It,], then Z(S) is the zero set of S.
" Z(S) = Z((S)) = Z(), where

(S) = ideal of k[t1,.. . , t] generated by S
vu = (radical of I) = {p e k[t1, . . . , ta]: p2 e I for some i E N}

" z (u sj = nZ(S,) and Z(S. 5') = Z(S) U Z(S')
\iEI

" Hubert's
I icl
basis theorem: p1, . . . ,p3 e S with Z(S) = Z(pi,. . . ,p3)

" Hubert's Nnllstellensatz: {p E k[t1,. . . , ta]: p 0 on Z(S)} =
We say that Z = Z(S) is an affine variety and k[Z] = k[t1,. . . , t]// is

its coordinate ring.






Au affine variety Z = Z(pi, " , p) is reducible if Z = Z1 U Z2 with proper
closed subsets Z C Z. Otherwise Z is irreducible.

" There is a finite decomposition of any affine variety Z	 Z into irreducible

subsets Z C Z. If the decomposition is irredundant, we say that Z1, . ,
are the irreducible components of Z.

" If Z is an irreducible variety, then the maximal length of a chain

øˆzoz1...zs=z

is called the dimension of Z (=: dim Z).
Z = U Z is an irreducible decomposition

dim Z = max dim Z,.






A map i: Y - Z between affine varieties is a morphism (a regular map),
if ,f: k[Z] - k[Y], p E-	 is well-defined. In fact,	 is a k-algebra
homomorphism.

"	 Any morphism i: Y - Z is continuous.
"	 Amapi: Y- Zisamorphisrnifandonly ift1,...jt, E k[ti,...,t] such

that It (Y) = (fti(y),.. . ,t(y)), Vy = (yi, ... ,y) E Y c kTh.

Proposition. Let p: Y - Z be a morphism. between irreducible affine varieties and
assume i is dominant (i.e. P(Y) = Z). Then for every z e Z and every irreducible
component C of p'(Z) we have

dim C > dimY -dim Z
with equality on a dense open set of Z.

In particular, if C is an irreducible component of Z(pi,.. . , p) C k, we have
dimC ˆ 'n - t






A fundamental result is the following
Theorem (Chevalley) Let 1u: Y -f Z be a morphism between affine varities. Then
the function

y '-f dimu'(,a(y)) = rnax{dimC: y E C irreducible component of p1(ji(y))}
is	 upper semicontinuons (that is, d: Y -f N has {y E Y: d(y) < n} open in Y, for
all	 ri E N).

LL	
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ji(x, y,z)=(x,xy)

-i	 1 (xo, Yo, x)	 if x0	 0, dim = 1
[L (t(x0, Yo, z0)) = t (xo, oyo) =				

(0, y, z)		if x0 = 0, dim = 2
A general morphism t: Y - Z is neither open nor closed, but ,u(Y) is a finite

union of locally closed subsets of Z.
A finite union of locally closed subsets of a variety Z is called a constructible subset.

Proposition. If a: Y - Z is a morphism and Y' c Y a constructible subset, then
IL(Y') is also constructible.






2.2. The main example: module varieties.
Let A = kQ/I be a finite dimensional k-algebra and fix a finite set L of admissible

generators of I. Let z e NQO be a dimension vector.
The module variety modA(z) is the closed subset, with respect to the Zariski topol-

ogy, of the affine space kZ = [I kz(j)z(i) defined by the polynomial equations given by
i-j

the entries of the matrices

= Ajmaji

	

where r =

	

E L

and for each arrow x a
y, Tn,	 the matrix of size z(y) x z(x).

Ma = (Xaij)ij

where Xajj are pairwise different indeterminates. We shall identify points in the variety
modA (z) with representations X of A with vector dimension dim X= z.

a

	

/3
Example: A kQ/I where Q: . > . > . and I (cj3)

(aii	 Xa12	 (x/3ii	 X/3l2	 - (XailX/3li + Xa12X/321	 Xa11X/312 + Xa12X/322
\\Xa21		Xa22)	 X/32l	 X/322)

-
kXa21X/311 + Xa22X/321			 Xa21X/312 + Xa22X/322

modA(2, 2,2) c k2><2 x k2><2 = k8 defined by 4 equations.






The group G(z) = fl GL(2)(k) acts on kz by conjugation, that is, for X E kz,
iEQo

g e G(z) and x a
, then X(c) = gX(c)g;'.

By restriction of this action, G(z) also acts on modA(z). Moreover, there is a
bijection between the isoclasses of A-modules X with dim X = z and the C(z) -orbits
in modA(z).

Given X E rnodA(z), we denote by G(z)X the G(z)-orbit of X. Then
dim G(z)X = dim G(z) - dim Stabc()(X),

where the stabilizer Stabc(2)(X) = {g C(z) : X} AutA(X) is the group of
autornorphisms of X. As AutA(X) is an open subset of the affine variety EndA(X),
then

dim StabG(X)(X) = dim AutA(X) = dim EndA(X).
Finally, we get

dim G(z)X = dim G(z) - dim EndA(X).
also that an orbit G(z)X is locally closed, that is G(z)X is open in the closure G(z)X
defined in rnodA(z). In particular, G(z)X\G(z)X is formed by the union of orbits of
dimension strictly smaller than G(z)X.






Let X, Y E modA(z). If the orbit G(z)Y is contained in G(z)X, we say that Y is
a degeneration of X.

Proposition. Let X E modA(z). We have the following.
(a)	 Let 0	 > X'	 > X	 >	 > 0 be an exact sequence. Then X'	 X" is a

degeneration of X.
(b) Consider the semisimple module gr X	 obtained as direct sum ofiGQO

the composition factors of X. Then gr X is a degeneration of X.

Proof.
(a)	 We may assume that X' is a submodule of X and X" = X/X'. Then for each

arrow i	 > j, we have

(
X'(o) fcX()		0	 XltW)




	where	 X"(i)	 X'(j). For each A E k, we may define the representation
X. e modA(z), with

(
X'(c)			 Af, '\

X() =	
	0	 X"())

For A 0, we get X) X. Indeed,

9A =
(Izf(')		

0
)

e C(z)0

	

AI"




	satisfies that X	 X. Therefore	A		 El
X'	 X" = X0 =e G(z)X.






Corollary. The orbit G(z)X is closed if and only ifX is sernisirnple.

Examples:
(a)	 Let F = k (TI, ..., T) be the free algebra in rn indeterminates. Let M be a

A - F-bimodule which is free as right F-module.
Then the functor Al ®F - : modF > modA induces a family of regular

maps f: modF(n) -k modA(nz) for some vector z E N° and every n E N.

Indeed, for each vertex i e Qo, fix a basis of the free right F-module M(i),
set z(i) = rkFM(i). Then for an arrow i a

j in Q, M(a) M(i) > M (j)
is a z(j) x z(i)-matrix with entries in F. Now, an element \ = (A,,..., )2) E
modF(m) determines an F-module N), with N(T) = A, i = 1, ..., m. Then

M ®F N),(): (kz)n
is the matrix M(c)0) = (M(c)8(Ai, ..., Am))s,t. Therefore

fI() = (M()3(1, ..., Arn))S,t
is the induced regular map.






(b)	 Let C be a finitely generated commutative k-algebra without nilpotent ele-
ments and z E N°. For any regular map g: mod c(l) > rnodA(z), there is
a A - C-bimodule *1 which is free as right C-module and rkc(M)(i) = z(i),
foreach ieQo, such that

g=f1.

Indeed, from Hubert's theorem C = k[modc(1)] is the affine algebra of
regular functions on modc(1). We define M(i) = Cz(i), for i E Qo; for i j
in Q, we put M() the matrix corresponding to

g(c)
:
modc(1) > kz(j.

By (a), f1k1 = g.






(c)	 Consider the subset indA(z) of rnodA(z) indA(z) is a constructible subset of
modA(z). Indeed, the set of pairs.
{(X, f) :X e modA(z), f E EndA(X) with 0 f 1x and f2 = 1}.
is a locally closed subset of modA(z) x kd2, where d

	

z(i). The projection
iEQo

711 : modA(z) x

	

modA(z) is a regular map with image
modA(z)\indA(z).

(d)	 Let z e NQO. Let C be an irreducible component of modA (z). A decomposition
z = w1 +... + w with w E NQ0 determines a constructible subset

C(wi,..., w8)
=
{X E C : X = X1 ... X3 with X indA(w)}

in C. We say that (w1,..., w) is a generic decomposition in C if C('wi, ..., w)
contains an open and dense subset of C.






Proposition. Let C be an irreducible component of modA(z), then there exists a
unique generic decomposition (wi,. . . , w8) in C. Moreover, there exists an irreducible
component C2 of modA(w2) such that the generic decomposition in C2 is (wi) and the
following inequality holds:

dim G(z) - dim C ˆ

Proof: For each decomposition z

G(w) - dim Ci).

z1 + ... + Zt with z E N° we get a regular
map		

G(z) x modA(zl) x ... x modA(zt) > modA(z), (g, (X)) I

Since indA(z) = {Y E rnodA(z) : Y is indecomposable} is constructible in

modA(z), then

indA(zl,

	

, zt) =	 x indA(zl) x	 x indA(zt))
is constructible in modA(z). Moreover, modA(z) = U{indA(zl, ..., Zt) : 1: Zi = z}.
There is a decomposition z = w1 + + w8 such that C equals the closure of the
intersection indA(wl,. . , w) fl C. There is an open dense subset Uc of C contained
in indA(wl, .		, w3). Thus z = w1 +	 + w8 is generic in C. The unicity is clear.	 El






2.3. The tangent space.
Suppose V C kTh is defined by certain polynomials f (T1, ..., T1). For x E V, define

df =

	

(x)(T - x)

the derivative of f at the point x. Then the tangent space of V at x is the linear
variety T(V) in the kTh defined by the vanishing of all df as f(T) ranges over the
polynomials in the radical ideal 1(V) defining V.

There are more algebraic ways to define tangent spaces: let R = k[V] be the affine
algebra associated with V and M be the maximal ideal of R vanishing at x. Since
R/MX can be identified with k and M is a finitely generated R-module, then then
R/M-module Mx/Mx' is a finite dimensional k-vector space.
Then (M/Iv[)* the dual space over k may be identified with T(V).






Some facts and examples:
(a)	 Let x e V and G be any irreducible component of X containing x. Then we

have dimkT(V) ˆ dim C. If equality holds, x is called a simple point of V.
If all points of V are simple, we say that V is smooth. An important fact:

" the simple points of V form an open dense subset of V.
(b)	 Consider the variety modA(z) as a topological space. The orbit C(z)X of a

point X E rnodA(z) is a smooth space. Indeed, given two points x, y in the
orbit, there is an element g of the group G(z) such that y = gx. The regular
map £g : G(z)X > G(z)X given as right multiplication by g, induces a linear
isomorphism T?9 : T(G(z)X) T(G(z)X). Therefore x is a simple point
of the orbit if and only if so is y. Thus (a) implies that G(z)X is smooth.

The following is an important result:






Theorem. (Voigt) Let X e modA(z).
Consider Tx(G(z)X) as a linear subspace of Tx(rnodA(X)). Then there exists a

natural linear monornorphism

Tx(modA(X))/Tx(G(z)X) - Ext(X, X).
(b) Assume that X satisfies Ext(X, X) = 0. Then the linear morphism

Tx(modA(X))/Tx(G(z)X)	 Ext(X, X).
is an isomorphism.

We will observe several consequences:
(a)		For any X E modA(z), let Gx

containing X. Then
be an irreducible component of modA(z)

dimk Ext(X, X)	 > dimkTx(modA(z)) - dimk77x(G(z)X)
ˆ dim C - dim G(z)X
= dim C - dim G(z) ± dimk EndA(X).

Hence,
dimC(z) - dim Gx> dimk EndA(X) - dim Ext(X, X)

(b)	 The inclusion above is not always an isomorphism, as the following simple
example shows:

Let A = k[T]/(T2). Consider the simple module S e modA(1). Then
rnodA(1) G(1)S {S} and T8 (modA(1)) is trivial. On the other hand
Ext14 (8, S) has dimension 1.






2.4. Exercises.

(1)	 Let X e modA(z). Then G(z)X is open if and only if Tx(modA(z)) =
Tx(C(z)X).

(2)	 Let ri E N, the function
eTh: modA(z)

	

x F-> dimkExt(X, X)
is upper semicontinuous.

(3)	 Up to isomorphism, there are only finitely many modules X with dimX = z
and satisfying Ext(X, X) = 0 .






3. Tame algebras and varieties.

Proposition. The following conditions are equivalent:
(To): A is tame.
(T1) : For each z E N°, there is a constructible subset C of modA(z) satisfying dim

C < 1 and indA(z) c G(z)C.
(T2) : For each z NQO, if C is a constructible subset of indA(z) intersecting each

orbit of G(z) in at most one point, then dim C 1.

Proof: (T0) == (T1) : Let z E N°. Let 1V11, ..., M be the A - k[t]-bimodules such
that M is a free finitely generated k[t] -module and any X E indA(z) is isomorphic to
Mj®k[l] S for some i and some simple k[t]-module S. Therefore, the functor Mj®k[tI ()
induces a regular map f, : rnodk[](1)	 > modA(z), i = 1..

	

. s.






The set

C = U(im fi fl indA(z))

is a constructible subset of indA(z) with dim C < 1 and G(z)C = indA(z).

(T2) == (To) : Assume that A is not tame. Then by the tame-wild dichotomy,
the algebra A is wild. That is, there exists a A k(u, v) -birnodule A'i which is free
finitely generated as right k(u, v)-module and such that the functor Al ®k(x,y) ()
rnodk(,

	

modA insets indecomposable modules.

Let z E NQ0, where z(x) is the rank of the free k(u, v)-module M(x). We get
an induced regular map fm : modk(,V)(1) modA(z). By definition, Tm fm is a
constructible subset of indA(z) intersecting each orbit in at most one point. Moreover,
fm is injective and theferefore dim Tm fm = 2.






Corollary. An algebra can not both tame and wild.

Proposition. Let A kQ/I be a tame algebra. Then for every z E NQ',
dim modA(z) < dim C(z)

Proof: By (1.4), it is enough to show that dim G(z)- dim C ˆ 0, for an irreducible
component C of modA(z)

Since A is tame, we may choose a A - k[t]-bimodule Al which is free as right
k[T]-module and the following map is dominant

:G(z)xTmf		>C,	 (g,X)i >Xg.
Let X E Tm be such that dim '(X) = dim G(z)- dim C+ dim Tm fm' and

(g, Y) e '(X). Then the regular map
AutA(Y)	 >	 '(X), h i

	

(hg, Y)
is injective. Therefore,

0 < dim AutA(Y) - 1 < dim G(z) - dim C






Example:
Let Am =

modAm(n).

We get

Unfortunately, the converse of the above results are not true.
k[ci,..., cm]/(aioj : 1 i j in) with 'in ˆ 3. We will calculate dim

If m = 3, then
Proposition fails.

dim modArn('n) =
{

(m±1)
2

(m+') (n2
dim modA3 (n)	 n, showing

if ii even

1) if 'n odd.
that the converse of the above


