ON THE DERIVED CATEGORY OF 1-MOTIVES
LUCA BARBIERI-VIALE AND BRUNO KAHN

ABSTRACT. We consider the category Mj of Deligne 1-motives
over a perfect field k and its derived category D®(M;) for a suit-
able exact structure. As a first result, we construct a fully faithful
embedding Tot : D(M1)[1/p] = DM ., into an étale version of
Voevodsky’s triangulated category of geometric motives, where p
is the exponential characteristic of k, refining a result with rational
coefficients announced by Voevodsky and proven by Orgogozo. Our
second main result is that, after tensoring with Q, Tot has a left
adjoint LAIb : DMSE . ®Q — D¥(M;) ® Q. If fact, LAIb has an
integral refinement as a functor from DMEE1 to D°(M;)[1/p]. Com-
posing with duality, we obtain a related functor RPic. These func-
tors provide natural complexes of 1-motives LAIb(X), LAIb“(X),
LAIb*(X), RPic(X), RPic’(X) and RPic*(X) associated to an al-
gebraic variety X over k. The unit ax : M(X) — Tot LAIb(X)
provide a universal map in DM;ﬁfn,ét, the motivic Albanese map,
which “contains” the classical Albanese map: it is an isomorphism
if dim(X) < 1. As one application, we get a motivic interpretation
of Roitman’s theorem on torsion 0-cycles. Finally, we compute
LAIb(X) and RPic(X) for X smooth, evaluate it for general X
and completely compute it for curves, recovering l1-motives first
discovered by Deligne and Lichtenbaum.
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INTRODUCTION

While Grothendieck’s construction of pure motives associated to
smooth projective varieties over a field k is now classical [26, 12, 22, 38],
the construction of mixed motives associated to arbitrary k-varieties is
still largely work in progress. In this direction, the first concrete step
was taken by Deligne in [11] where he defined 1-motives, which should
ultimately be mized motives of level or dimension < 1. They form a
category that we shall denote by M (k) or M.

Deligne’s definition was motivated by Hodge theory, and he asked if
some Hodge-theoretic constructions could be described as realisations
of a priori constructed 1-motives. In this direction, the first author
and Srinivas associated in [4] homological and cohomological Albanese
and Picard 1-motives Alb~(X), Alb™(X), Pic”(X) and Pic™(X) to
an algebraic scheme X in characteristic zero, providing extensions of
the classical Picard and Albanese varieties. This work was pursued in
[3], where part of Deligne’s conjecture was reformulated and proven
rationally (see also [37]).

A different step towards mixed motives was taken by Voevodsky who
defined in [47] a triangulated category of motives DMg?n(k). Taken with
rational coefficients, this category is conjectured to have a “motivic”
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t-structure whose heart should be the searched-for abelian category of
mixed motives.

Now a 1-motive may be regarded as a length 1 complex of homo-
topy invariant étale sheaves with transfers, so that (after tensoring
with Z[1/p] where p is the exponential characteristic) it defines an ob-
ject of Voevodsky’s triangulated category DMe_ffét(k:) of étale motivic

complexes [47, §3.3] to which DMZﬁfn(k) maps. This defines a functor
Mi (k) — DM (k).

Denote by M (k)®Q the abelian category of 1-motives up to isogeny
over k. When k is perfect, F. Orgogozo [32] has extended the above
functor to a fully faithful functor

D" (M (k)) ® Q — DM, (k) ® Q

whose essential image is the thick subcategory d<; DM;?n(k‘) ®Q C

DM'iﬁ:ét(k) ® Q generated by motives of smooth curves. This proved an
assertion of Voevodsky ([47, p. 218], see also [44, Pretheorem 0.0.18]).
In this paper, we refine and extend the above results as follows.

0.1. The derived category of 1-motives, integrally. While M/ is
not an abelian category, it fully embeds into the abelian category ‘M,
of 1-motives with torsion introduced in [3], which makes it an exact
category in the sense of Quillen (see §1.5). Its derived category D”(M,)
with respect to this exact structure makes sense, and moreover the
functor D*(M;) — D°(* M) turns out to be an equivalence (Theorem
1.6.1).

0.2. p-integral equivalence. Let DMgﬁfn,ét = DMgfn,ét(k) be the thick

subcategory of DMe_ffét(k:) generated by the image of DMgfn(k) (see Def-

inition 2.1.1) and d< DMgihét the thick subcategory of DMgﬁlvét gen-
erated by motives of smooth curves. In Theorem 2.1.2, we refine the

Voevodsky-Orgogozo equivalence to an equivalence of categories

(0.1) D" (M (k))[1/p] — d<1 DM,

gm,ét
where p is the exponential characteristic of k. Note that this is the
best possible result since the category DMe_ffét(k) is Z[1/p]-linear by
[47, Prop. 3.3.3 2)].

0.3. Duality. Deligne’s extension of Cartier duality to 1-motives [11]
provides the category of 1-motives with a natural involution M +—
M* which extends to D*(M;(k)): see Proposition 1.8.5. This duality
exchanges the category “M; of §0.1 with an abelian category ;M of
1-motives with cotorsion (see §1.8).
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We show in Theorem 4.4.3 that, under Tot, Deligne’s Cartier dual-
ity is transformed into the involution M +— MY :=Hom(M,Z(1)) on
d<1 DM;ﬁl,ét(k:) given by the internal (effective) Hom. Of course, this
result involves biextensions.

0.4. Left adjoint. Composing (0.1) with the inclusion into DMgivét(k),
we obtain a “universal realisation functor”

Tot : D* (M (k))[1/p] — DMy, ¢, (k).

It was conjectured by Voevodsky ([45]; this is also implicit in [44,
Preth. 0.0.18]) that, rationally, Tot has a left adjoint. We prove this
in Section 6.

It is shown in Remark 5.2.3 that Tot does not have a left adjoint
integrally. There is nevertheless an integral statement, which involves
an interplay between the étale and the Nisnevich topology. Let o* :
DMgﬁl(l{) — DM;ﬁLét(k) be the change of topology functor. We find a
functor

LAIb : DM (k) — DP(M(k))[1/p]

verifying the following universal property: if (M, N) € DMgffn(k:) X
DP(M;)[1/p], then there is a functorial isomorphism
(0.2) HomDMgiyét(k)(a*M, Tot(NV)) ~ Hompo( g,/ (LAIB(M), N).

We give its construction in Sect. 5.

The point is that, applying LAlb to various motives, we get interest-
ing and intrisically-defined 1-motives. For example, applying it to the
motive M (X) of a smooth variety X, we get the homological Albanese
complex LAIb(X) := LAIb(M(X)) of X. TIts homology 1-motives
L;Alb(X) := ;H;(LAlb(X)) relative to the t-structure on D’(M;) with
heart ;M; (see §0.3) are l-motives (with cotorsion) functorially at-
tached to X.

0.5. Roitman’s torsion theorem. The isomorphism (0.2) comes with
a functorial map (“motivic Albanese map”)

(0.3) an : oM — Tot LAIb(M)

for any M € DMgffn. If X is smooth projective, this canonical map
applied to M = M(X) gives back the Albanese map from the 0-th
Chow group to the rational points of the Albanese variety. We have
thus extended very classical mathematics to a functorial setting. When
X is only smooth, we recover a generalised Albanese map from Suslin
homology

a¥"? : Hy™(X;Z)[1/p] — Axyu(k)[1/p]
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which was first constructed by Ramachandran [35] and Spie-Szamuely
[42]." Here Ay is the “Albanese scheme” introduced by Ramachan-

dran in [36], as suggested by Serre. The map a’y" is an isomorphism
if dim(X) <1 (see Proposition 13.2.1).

We then get a very natural proof of the classical theorem of Roitman,
and even of its generalisation to open smooth varieties by Spief3-Sza-
muely [42, Th. 1.1] (removing their hypothesis of a smooth compacti-
fication): see Theorem 12.2.4.

0.6. Smooth schemes. We then proceed to compute LAIb(X) for a
smooth scheme X: in principle this determines LAIb on the whole of
DM?I;, since this category is generated by the M (X). The answer (see
Theorem 10.2.2) is that it is a “3-extension” of Ax/, by the Cartier dual
of the Néron-Severi group of X, that we define as the étale sheaf repre-
sented by cycles of codimension 1 on X modulo algebraic equivalence.
We deduce that L;Alb(X) is isomorphic to the 1-motive Alb™(X) of

14].

0.7. LAIb and RPic. Composing LAlb with duality, we obtain a con-
travariant functor

RPic : DM (k) — D"(M; (k))[1/p]
such that
RiPic(M) :="H'(RPic(M)) ~ (H;(LAIb(M))*

for any M € DMgfn(k). Here, 'H' is defined with respect to the t-
structure with heart { M. We call RPic the motivic Picard functor. We
define the cohomological Picard complex by RPic(X) := RPic(M(X)).

0.8. Singular schemes. When £ is of characteristic 0, the motive and
motive with compact support M(X) and M¢(X) are defined for any
variety X as objects of DMZ?H(k), so that LAIb(X) and the Borel-
Moore Albanese complex LAIb®(X):= LAIb(M¢(X)) make sense. Still
in characteristic 0 we further define, for an equidimensional scheme
X of dimension n, the cohomological Albanese complex LAIb*(X) :=
LAIb(M(X)*(n)[2n]). We define similarly RPic®(X) := RPic(M¢(X))
and RPic*(X) := RPic(M(X)*(n)[2n]). We describe some properties
of these complexes in Sect. 8.

We then give some general qualitative estimates for L;Alb(X) in
Proposition 11.3.2 (see also Proposition 11.3.4) as well as L;Alb(X)
:=H;(LAIb(X)) in Proposition 11.5.2, before completely computing

IThe observation that Suslin homology is related to 1-motives is initially due to
Lichtenbaum [23].
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L;Alb(X) for a singular curve X, showing that M (X) decomposes in
DMzﬁlyét(lﬂ) ®Q and L;Alb(X) coincide with Deligne-Lichtenbaum mo-
tivic homology of the curve X (see Theorem 13.3.1, ¢f. [23]). Finally,
we completely compute L;Alb°(X) of a smooth curve X (see Theo-
rem 13.4.1), showing that L; Alb°(X) = H} (X)(1) is Deligne’s motivic
H'in [11].

Defining the 1-motivic cohomology R‘Pic(X):=!H(RPic(X)), we
dually obtain properties of these complexes, see Sect. 5. In particular,
we recover Deligne’s 1-motivic H! of any curve, and if X is a smooth
scheme we see that R'Pic(X) is isomorphic to the 1-motive Pic™ (X) of
4] (see 10.6.1 — 13.3.3). With a little more effort, one should be able to
identify our computations with those of Lichtenbaum in [23] and [24].

Moreover, the consideration of Voevodsky’s categories provides us
with some nonobvious extra structures on D°(M,):

0.9. The homotopy t-structure. It turns out that the homotopy t-
structure on DMiﬁ:ét and the equivalence of categories (0.1) induce a
third t-structure on D’(M;)[1/p], that we also call the homotopy -
structure (Theorem 3.9.1; see also Corollary 3.9.2). Its heart is formed
of so-called 1-motivic sheaves: their consideration is very useful for the
computation of LAIb(X) for smooth X.

0.10. Tensor structure and internal Hom. Similarly, the functor
LAlb turns out to transport the tensor structure on DMZ?; ®Q to a
tensor structure on D’(M;) ® Q. This tensor structure is exact (for
the standard t¢-structure), respects the weight filtration and may be
computed explicitly. There is also an exact internal Hom. See Sect. 7.

0.11. Realisations. For X smooth over £ = C the complex numbers,
one can easily check that the 1-motive R'Pic(X) has a Hodge realisation
abstractly isomorphic to H{;)(Xan, Z(1)), the largest 1-motivic part of

the mixed Hodge structure on H*(X,,, Z) Tate twisted by 1. We expect
that for any scheme X over a field k of characteristic zero the 1-motives
R'Pic(X) are isogenous to the 1-motives M;(X) constructed in [3].

In the final version of this article, we plan to deal with realisations,
thereby providing a canonical version of the abstract isomorphism of
the previous paragraph. More generally, this should give a more con-
ceptual (and hopefully more integral) proof of the main results of [3],
and more, e.g. see [2] where the expected formulas are displayed (up
to isogeny).
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0.12. Caveat. While one might think of these results as a partial tem-
plate for a future theory of mixed motives, we should stress that some
of them are definitely special to dimension < 1. Namely:

e It is succintly pointed out in [47, §3.4 p. 215] that the non finite
generation of the Griffiths group prevents higher-dimensional
analogues of LAlb to exist. (This goes against [44, Conj. 0.0.19].)

e Contrary to Theorem 3.9.1, the homotopy ¢-structure does not
induce a t-structure on d<, DMZﬁGEt for n > 2. This can al-
ready be seen on Z(2), although here the homotopy sheaves are
conjecturally ind-objects of d<s DMgglyét (see [44, §6]). The sit-
uation seems to be similar for a surface; it would be interesting
to work out a conjectural picture in general.

These two issues seem related in a mysterious way!

0.13. A small reading guide. Since this article is rather long, we
would like to offer some suggestions to the reader, hoping that they
will be helpful:

One might start by quickly brushing through §1.1 to review the def-
inition of Deligne’s 1-motives, look up §1.5 to read the definition of
D?(M) and then proceed directly to Theorem 2.1.2 (full embedding),
referring to Section 1 ad libitum to read the proof of this theorem. The
lengths of Sections 3 and 4 are necessary evils; they may very well be
skipped at first reading with just a look at their main results (Theorem
3.9.1, the homotopy t-structure, and Theorem 4.4.3, agreement of the
two Cartier dualities).

One may then read Section 5 on the construction of LAlb (which
hopefully will be pleasant enough) and glance through Section 6 (the
rational version of LAIb). After this, the reader might fly over the
mostly formal sections 8 and 9, jump to Theorem 10.2.2 which com-
putes LAIb(X) for a smooth scheme X, have a look in passing at
Section 7 for the tensor structure and internal Hom on D°(M;) ® Q,
read Section 11 on LAIb of singular schemes where he or she will have
a few surprises, read the section on Roitman’s theorem and its gener-
alisations, finally have a well-earned rest in recovering familiar objects
in Section 13 (the case of curves). And never look at the appendices.

The reader will also find a glossary of notations at the end. (To be
done.)

Acknowledgements. This work has been done during periods of stay
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at the Universities of Rome “La Sapienza” and Padova. We like to
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In all this paper, k is a perfect field.

Part 1. The universal realisation functor
1. THE DERIVED CATEGORY OF 1-MOTIVES

The main reference for (integral, free) 1-motives is [11, §10], see also
[4, §1]. We also provide an Appendix C on 1-motives with torsion
which were introduced in [3, §1]. For the derived category of 1-motives
up to isogeny we refer to [47, Sect. 3.4] and [32]: here we are interested
in the integral version.

1.1. Deligne 1-motives. The following terminology is handy:

1.1.1. Definition. a) An abelian sheaf L on (Sm(k))e is discrete if it is
locally constant Z-constructible (i.e. with finitely generated geometric
fibres). The full subcategory of discrete abelian sheaves on (Sm(k))s
is denoted by ‘My(k) =" Moy.

b) A lattice is a k-group scheme locally constant for the étale topology,
with geometric fibre(s) isomorphic to a finitely generated free abelian
group, t.e. representing a torsion-free discrete sheaf. The full subcate-
gory of lattices is denoted by M(k) = M.

A Deligne 1-motive over k is a complex of group schemes
M =[L> G|

where L is a lattice and G is a semi-abelian k-scheme. Thus GG can be
represented by an extension

0—-T—-G—-A—0

where T is a k-torus and A is an abelian k-scheme.
As a complex, we shall place L in degree 0 and G in degree 1. Note
that this convention is only partially shared by the existing literature.
A map from M = [L % G] to M' = [L’ % ('] is a commutative
square

L 25 G

1

I/ L) el
in the category of group schemes. Denote by (f,g) : M — M’ such
a map. The natural composition of squares makes up the category of
Deligne’s 1-motives. We shall denote this category by M; (k). We shall
usually write M instead of M (k), unless it is necessary to specify k.
The following lemma is immediate:
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1.1.2. Lemma. M; is an idempotent complete additive category. [

1.1.3. Definition. Let R be a commutative ring. For any additive
category A, we denote by A ® R the R-linear category obtained from
A by tensoring morphisms by R, and by AKX R the pseudo-abelian hull
(idempotent completion) of A ® R.

This distinction is useful as A ® R may not be idempotent complete
even if A is.

We shall also use the following category, which is technically very
useful:
1.1.4. Definition. Let M denote the category given by complexes
of étale sheaves [L — G| where L is discrete and G is a commutative
algebraic group whose connected component of the identity G is semi-
abelian. It contains M, as a full subcategory.

This category is studied in more detail in §C.8.

1.1.5. Proposition (cf. [32, 3.2.2]). The inclusion M; — M2 in-
duces an equivalence of categories

e: M Q- MI Q.
In particular, the category My ®Q is abelian, hence M;®Q = M;XKQ.

Proof. (See also Lemma B.1.3.) It is enough to show that e is essentially
surjective. But if [L — G] € M | then we have a diagram

(L% = G —— [L§ — G°/u(Ly,)]

|

L5 G

where the vertical (resp. horizontal) map is a pull-back (resp. a push-
out) and LY :=L°/LY where LY is the torsion subgroup of L°. Both

tor tor
maps are isomorphisms in M ® Q. The last assertion follows from

anc

the fact that M is abelian (Proposition C.8.4). O

anc

1.1.6. Remarks. 1 (see also Def. B.1.1 ¢)). An isogeny between
Deligne’s 1-motives, from M = [L = G] to M’ = [L “, G’ in M, (k),
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is a diagram of group schemes with exact columns

0

0

where F and FE are finite groups. Isogenies become invertible in

M ® Q.

2. The category M; of Deligne’s 1-motives has kernels and cokernels
(see Proposition C.1.3) but it is not abelian. This easily follows from
the diagram hereabove: an isogeny has vanishing kernel and cokernel
but it is not an isomorphism in M;.

1.2. Weights and cohomological dimension. Recall that M =
[L — G] € M; has an increasing filtration by sub-l-motives as fol-
lows:

M i>0
G i=-1

WiM) =9 7 -
0 i<-3

We then have gr', (M) = T[—1], gt} (M) = A[—1] and gr}¥ (M) = L
(according to our convention of placing L in degree zero). We say that
M is pure of weight 1 if gr}/v M = 0 for all j # 7. Note that for two pure
1-motives M, M', Hom(M, M") # 0 only if they have the same weight.

1.2.1. Proposition ([32, 3.2.4]). The category My ® Q is of cohomo-
logical dimension < 1, i.e. if Ext'(M,M") # 0, for M,M' € M; ® Q,
then i =0 or 1.
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Recall a sketch of the proof in [32]: one first checks that Ext' (M, M")
= 0 if M, M’ are pure of weights i,7" and i < ¢'. This formally re-
duces the issue to checking that if M, M’, M" are pure respectively of
weights 0, —1, —2, then the Yoneda product of two classes (e, e2) €
Ext' (M, M) x Ext'(M’, M") is 0. Of course we may assume e; and
es integral. By a transfer argument, one may further reduce to k al-
gebraically closed. Then the point is that e; and ey “glue” into a
1-motive, so are induced by a 3 step filtration on a complex of length
1; after that, it is formal to deduce that es - e; = 0 (¢f. [SGAT7, IX,
Prop. 9.3.8 ¢)]).

1.2.2. Remark. We observe that Proposition 1.2.1 can be regarded as
an algebraic version of a well-known property of M;(C) ® Q. Namely,
M;(C) ®Q can be realised as a thick abelian sub-category of Q-mixed
Hodge structures, see [11]. Since the latter is of cohomological dimen-
sion < 1, so is M;(C) ® Q (use [25, Ch. III, Th. 9.1]).

1.3. Group schemes and sheaves with transfers.

1.3.1. Definition (c¢f. Def. D.1.2). We denote by Hlg = Hlg (k) the
category of homotopy invariant étale sheaves with transfers over Sm(k):
this is the full subcategory of the category EST (k) = Shve (SmCor(k))
from [47, §3.3] consisting of those étale sheaves with transfers that are
homotopy invariant.

Let G be a commutative k-group scheme. We shall denote by G
the associated étale sheaf of abelian groups. In fact, under a minor
assumption, G is an étale sheaf with transfers, as explained by Spief3-
Szamuely [42, Proof of Lemma 3.2], ¢f. also Orgogozo [32, 3.1.2]. Both
references use symmetric powers, hence deal only with smooth quasi-
projective varieties. Here is a cheap way to extend their construction to
arbitrary smooth varieties: this avoids to have to prove that DMg?n(k)
may be presented in terms of smooth quasi-projective varieties, cf. [32,

beg. of §1].

1.3.2. Lemma. Suppose that the neutral component G° is quasi-pro-
jective. Then the étale sheaf G is provided with a canonical structure
of presheaf with transfers. Moreover, if G° is a semi-abelian variety,
then G is homotopy invariant.

Proof. For two smooth k-varieties X,Y, we have to provide a pairing
(X, Y)©G(X) = G(Y)

with the obvious compatibilities. As in [27, Ex. 2.4], it is enough to
construct a good transfer f, : G(W) — G(X) for any finite surjective
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map f : W — X with X a normal k-variety. For X and W quasi-
projective, this is done in [42] or [32]2. In general, cover X by affine
opens U; and let V; = f~1(U;). Since f is finite, V; is also affine, hence
transfers G(V;) — G(U;) and G(V; NV;) — G(V; NV;) are defined; the

commutative diagram

0—-GW) — [IG(V)) — [IGViNnYVj)

A a
0—G(X) — [IGWU;) — [IGWU:N))
uniquely defines the desired f,.

The second statement of the lemma is well-known (e.g. [32, 3.3.1]).
O

Actually, the proof of [42, Lemma 3.2] defines a homomorphism in
Hlg;
o:Lg(G)— G
which is split by the obvious morphism of sheaves

v: G — Lg(G)

given by the graph of a morphism. Therefore o is an epimorphism
of sheaves. (One should be careful, however, that + is not additive.)
When G is homotopy invariant, one deduces from it as in [42, Remark
3.3] a morphism in DM*", (k)

(1.1) Ma(G) = C.(Let(G)) — G.

1.4. 1-motives with torsion and an exact structure on M;. We
start with:

1.4.1. Proposition. Let M" be a complex of objects of MSE .
following conditions are equivalent:

(i) The total complex Tot(M) in C'(Hlg) (see Definition 1.3.1 and
Lemma 1.3.2) is acyclic.

(ii) For any q € Z, HI(M") is of the form [F? = F9], where F? is
finite.

The

Proof. (ii) = (i) is obvious. For the converse, let M9 = [L9 — G] for
all ¢. Let L' and G be the two corresponding “column” complexes of
sheaves. Then we have a long exact sequence in Hlg:

- — HYL) — HY(G) — HY(Tot(M)) — H™™ (L) — ...

2For the symmetric powers of G to exist as schemes, it suffices that G° be quasi-
projective.
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The assumption implies that HY(L) — H4(G") for all ¢. Since
HI(L) is discrete and H(G") is representable by a commutative alge-
braic group, both must be finite. 0

We now restrict to complexes of M.

1.4.2. Definition. A complex of M is acyclic if it satisfies the equiv-

alent conditions of Proposition 1.4.1. An acyclic complex of the form

0— N 5 NLN"—0is called a short ezact sequence.

Recall that in [3] a category of 1-motives with torsion was introduced.
We shall denote it here by *M; in order to distinguish it from M.
Denote by *MST the effective 1-motives with torsion: ‘MST is the full
subcategory of the category M of Definition 1.1.4 consisting of the
objects [ — G] where G is connected. Then ‘M, is the localisation
of tMST with respect to quasi-isomorphisms.

The main properties of M are recalled in Appendix C. In partic-
ular, the category ‘M is abelian (Theorem C.5.3) and by Proposition
C.7.1 we have a full embedding

M1 — t./\/ll

which makes M, an exact subcategory of *M;. The following lemma
is clear:

(2

1.4.3. Lemma. A complex 0 — N' — N LN =0 in My is a short
exact sequence in the sense of Definition 1.4.2 if and only if it is a
short exact sequence for the exact structure given by Proposition C.7.1.

1.4.4. Remarks. 1) There is another, much stronger, exact structure
on My, induced by its full embedding in Me : it amounts to require
a complex [L" — G'] to be exact if and only if both complexes L and
G are acyclic. We shall not use this exact structure in the sequel. (See
also Remark 1.8.6.)

2) Clearly, the complexes of Definition 1.4.2 do not provide M
with an exact structure. It is conceivable, however, that they define an
exact structure on the localisation of M®I_/homotopies with respect to
morphisms with acyclic kernel and cokernel.

1.5. The derived category of 1-motives.

1.5.1. Lemma. A complex in C'(My) is acyclic in the sense of Defini-
tion 1.4.2 if and only if it is acyclic with respect to the exact structure
of My provided by Lemma 1.4.3 in the sense of [5, 1.1.4] or [31, §1].

Proof. Let X~ € C(M). Viewing X" as a complex of objects of M¢f

anc?

we define D™ = Im(d" : X™ — X"*!). Note that the D" are Deligne
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1-motives. Let e, : X™ — D" be the projection and m,, : D" — X"*!
be the inclusion. We have half-exact sequences

(1.2) 0— D" 1St X & pr

with middle cohomology equal to H™(X"). Thus, if X is acyclic in
the sense of Definition 1.4.2; the sequences (1.2) are short exact which
means that X is acyclic with respect to the exact structure of Mj.
Conversely, suppose that X' is acyclic in the latter sense. Then, by
definition, we may find D", e/, m/, such that d* = m/ e/ and that the

sequences analogous to (1.2) are short exact. Since M is abelian,

D' = D" and we are done. O

From now on, we shall only say “acyclic” without further precision.

Let K(M;) be the homotopy category of C(Mj). By [31, Lem-
mas 1.1 and 1.2], the full subcategory of K (M) consisting of acyclic
complexes is triangulated and thick (the latter uses the fact that M,
is idempotent-complete, c¢f. Lemma 1.1.2). Thus one may define the
derived category of M; in the usual way:

1.5.2. Definition. a) The derived category of 1-motives is the locali-
sation D(M;) of the homotopy category K (M) with respect to the
thick subcategory A(M;) consisting of acyclic complexes. Similarly for
Di<M1) and Db(./\/ll)

b) A morphism in C(M,) is a quasi-isomorphism if its cone is acyclic.
1.6. Torsion objects in the derived category of 1-motives. Let
M be the category of lattices (see Definition 1.1.1): the inclusion func-
tor My 4 M provides it with the structure of an exact subcategory
of M;. Moreover, the embedding

Mo 2 M,

is clearly exact, where ‘M, is the abelian category of discrete étale
sheaves (see Definition 1.1.1 again). In fact, we also have an exact
functor

‘Mo S IM,
L~ [L—0].
Hence an induced diagram of triangulated categories:

DY (M,) —2— DY(PMy)

d |

D

Db(./\/ll) E— Db(t/\/ll).
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1.6.1. Theorem. In the above diagram

a) B and D are equivalence of categories.

b) A and C are fully faithful; restricted to torsion objects they are
equivalences of categories.

(For the notion of torsion objects, see Proposition B.2.1.)

Proof. a) For B, this follows from Proposition A.1.2 provided we check
that any object M in ! M, has a finite left resolution by objects in M.
In fact M has a length 1 resolution: let F'/k be a finite Galois extension
of group I" such that the Galois action on M factors through I'. Since
M is finitely generated, it is a quotient of some power of Z[['], and the
kernel is a lattice. Exactly the same argument works for D.

b) By a) it is sufficient to prove that C' is fully faithful. It suffices
to verify that the criterion of Proposition A.1.4 is verified by the full
embedding ‘Mg — ‘M.

Let [L — 0] — [L' — G'] be a monomorphism in *“M;. We may
assume that it is given by an effective map. The assumption implies
that L — L’ is mono: it then suffices to compose with the projection
L' - G — [L' — 0]

It remains to show that A is essentially surjective on torsion objects.
Let X = [C" — G| € D°(M,), and let n > 0 be such that nly =
0. Arguing as in the proof of Proposition 1.4.1, this implies that the
cohomology sheaves of both C" and G" are killed by some possibly larger
integer m. We have an exact triangle

[0—>G"]—>X—>[C”—>O]+—1>

which leaves us to show that [0 — G| is in the essential image of C'. Let
g be the smallest integer such that G? # 0: we have an exact triangle

(G - Imd"} - G — {0— G /Imd! — ...}

(here we use curly braces in order to avoid confusion with the square
braces used for 1-motives). By descending induction on ¢, the right

term is in the essential image, hence we are reduced to the case where
G is of length 1. Then d? : G — G9! is epi and p := Ker d? is finite

and locally constant®. Consider the diagram in K°(MZE)
0 G1 0 G1 Ly G1 Ly 0
[l = L ][l = l]<[l = l]=[1 — 1]
0 qutt e Lo GY Lo 0

3Note that this is true even if m is divisible by the characteristic of k, since we
only consider sheaves over smooth k-schemes.
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where Ly — Ly is a resolution of u by lattices (see proof of a)). Clearly
all three maps are quasi-isomorphisms, which implies that the left ob-
ject is quasi-isomorphic to the right one on D°(M,). O

1.6.2. Corollary. Let A be a subring of Q. Then the natural functor
DY (M) ® A — DY (M, ® A)

is an equivalence of categories. These categories are idempotent-com-
plete for any A.

Proof. By Proposition B.4.1, this is true by replacing M; by ‘M;. On
the other hand, the same argument as above shows that the functor
D*(M; ® A) — DP(!M; ® A) is an equivalence. This shows the first
statement; the second one follows from the fact that D® of an abelian
category is idempotent-complete. 0

1.7. Discrete sheaves and permutation modules. The following
proposition will be used in §2.6.a.

1.7.1. Proposition. Let G be a profinite group. Denote by D%(G) the
derived category of finitely generated (topological discrete) G-modules.
Then DY(G) is thickly generated by Z-free permutation modules.

Proof. The statement says that the smallest thick subcategory 7 of
D%(G) which contains permutation modules is equal to D%(G). Let M
be a finitely generated G-module: to prove that M € 7, we immedi-
ately reduce to the case where G is finite. Let M = M /Miors. Realise
M®Q as a direct summand of Q[G]" for n large enough. Up to scaling,
we may assume that the image of M in Q[G]" is contained in Z[G]"
and that there exists a submodule N of Z[G]" such that M NN = 0
and M @ N is of finite index in Z[G]™. This reduces us to the case
where M is finite. Moreover, we may assume that M is (-primary for
some prime £.

Let S be a Sylow ¢-subgroup of GG. Recall that there exist two inverse
isomorphisms

QO . Z[G] ®Z[S] M ; HOHIZ[S] (Z[G], M)

0 if vg ¢ 8S.
¢ : HOIHZ[S] (Z[G], M) AN Z[G] ®Z[S] M

W)=Y g7 ® f(g).

geS\G

g ®m)(7) = {W g €5
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On the other hand, we have the obvious unit and counit homomor-
phisms

n : M — Homgs (Z[G], M)

n(m)(g) = gm
e : Z|G] ®z[s] M — M
e(g®m) = gm.

It is immediate that

eothon=(G:9).

Since (G : S) is prime to ¢, this shows that M is a direct summand
of the induced module Z[G| ®zs) M ~ Homgs)(Z[G], M). But it is
well-known (see e.g. [41, §8.3, cor. to Prop. 26]|) that M, as an
S-module, is a successive extension of trivial S-modules. Any trivial
torsion S-module has a length 1 resolution by trivial torsion-free S-

modules. Since the “induced module” functor is exact, this concludes
the proof. O

1.8. 1-motives with torsion and Cartier duality. We now intro-
duce a new category ;M;:

1.8.1. Definition. We denote by ;MST the full subcategory of MET,
consisting of those [L. — G] such that L is a lattice and G is an ex-
tension of an abelian variety by a group of multiplicative type, and by
+M its localisation with respect to quasi-isomorphisms. An object of

M 1s called a 1-motive with cotorsion.

Recall that Deligne [11, §10.2.11-13] (¢f. [4, 1.5]) defined a self-
duality on the category M, that he called Cartier duality. The fol-
lowing facts elucidate the introduction of the category ;M.

1.8.2. Lemma. Let I' be a group of multiplicative type, L its Cartier
dual and A an abelian variety (over k = k). We have an isomorphism
7 : Ext(A,T") — Hom(L, Pic’(A))

given by the canonical “pushout” mapping.

Proof. Displaying L as an extension of Lg by L, denote the corre-
sponding torus by 7":= Hom(Lg, G,,) and let F':= Hom(Lyo, G,,) be
the dual finite group. We obtain a map of short exact sequences

0 — Ext(A,T) — Ext(4,) — Ext(A, F) — 0

0 — Hom(Lg, Pic’(A))—Hom(L, Pic’(A))—Hom( L, Pic’(A)) — 0.
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Now 7 is an isomorphism by the classical Weil-Barsotti formula, i.e.
Ext(4,G,,) = Pic’(A), and 7y, is an isomorphism since the Néron-
Severi group of A is free: Hom(Lio,, Pic’(A)) = Hom(Lio, Pic(A)) =
HY (A, F) =Ext(A, F) (cf. [28, 4.20]). O

1.8.3. Lemma. Cartier duality on My extends to inverse contravariant
equivalences

( )*:tM?HLtMtlaFf
() oMET = LA,

Proof. Let us construct the first functor (for the second it is similar).
We proceed as usual (see [4, 1.5]): starting with M = [L = A] € *MSE,
le G* be the extension of the dual abelian variety A* by the Cartier dual
L* of L given by Lemma 1.8.2 (note that G* may be described as the
group scheme which represents the functor associated to Ext(M, G,,)).
We define M* = [0 — G*] € ;M. For a general M = [L = G] €

tMST with G an extension of A by T, the extension M of [L < A] by
the toric part [0 — T provides the corresponding extension G* of A’
by L* and a boundary map

u* : Hom(T, G,,) — Ext([L = A],G,,) = G"(k)
which defines M* € (MST. O

1.8.4. Remark. Cartier duality does not extend to the category Mef

anc

of Definition 1.1.4: if M = [0 — F] € M with F finite, the dual

of M in a suitable larger category is the complex [F* — 0] with F™*
placed in degree —1.

1.8.5. Proposition. a) The functors of Lemma 1.8.3 induce inverse
anti-equivalences of categories

( )* My — M
() My ="My,
b) The category ;M is abelian and the two functors of a) are exact.

¢) Cartier duality on My is an exact functor, hence induces a triangu-
lated self-duality on D*(M,).

Proof. a) It is enough to show that the functors of Lemma 1.8.3 preserve
quasi-isomorphisms. Again we only treat the case of the first functor.
The key point here is that Ext(—, G,,) vanishes on discrete sheaves (cf.
28, 4.17]). For a quasi-isomorphism M—»M' with kernel [F' — F for
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a finite group F, ¢f. (C.2), the quotient [L -5 A]—[L’ = A'] has kernel
[FF—>F4] where Fy := Ker(A—>A’) and the following is a pushout

0 —- Hom(7",G,,) — Hom(7,G,,) — Hom(Fr,G,)—0

ol ‘| I

0 — Ext([L/ = A", Gp)—Ext([L 5 A],G,,)—Ext([F—F4], Gp) — 0

where Fr:= Ker(T—1T").

b) Since M is abelian, ;M is abelian by a). Equivalences of abelian
categories are automatically exact.

¢) One checks as for * M that the inclusion of M; into ;M; induces
the exact structure of Mj. Then, thanks to b), Cartier duality pre-
serves exact sequences of My, which means that it is exact on M;. O

1.8.6. Remark. Cartier duality does not preserve the strong exact
structure of Remark 1.4.4 1). For example, let A be an abelian variety,
a € A(k) a point of order m > 1 and B = A/(a). Then the sequence

0—=[Z—02ZL A —[0—B]—o0,
with f(1) = a, is exact in the sense of Definition 1.4.2 but not in the
sense of Remark 1.4.4. However, its dual
0—-[0—-B1-[0-G—-[0—-G,]—0
is exact in the strong sense. Taking the Cartier dual of the latter
sequence, we come back to the former.

Dually to Theorem 1.6.1, we now have:

1.8.7. Theorem. The natural functor My — My is fully faithful and
induces an equivalence of categories

D*(M,) = D*(,M,).
Moreover, Cartier duality exchanges My and ;M inside the derived
category D°(M).
Proof. This follows from Theorem 1.6.1 and Proposition 1.8.5. O
1.8.8. Notation. For C € D*(M,), we write ‘H"(C) (resp. H™(C)

for its cohomology objects relative to the t-structure with heart *M;
(resp. +My). We also write H,, for "H™™ and ,H,, for ;H ™.

Thus we have two t-structures on D°(M;) which are exchanged by
Cartier duality; naturally, these two t-structures coincide after tensor-
ing with Q. In Section 3, we shall introduce a third ¢-structure (at least
on D°(M;)[1/p]), of a completely different kind: see Corollary 3.9.2.

We shall also come back to Cartier duality in Section 4.
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2. UNIVERSAL REALISATION

2.1. Statement of the theorem. The derived category of 1-motives
up to isogeny can be realised in Voevodsky’s triangulated category of
motives. With rational coefficients, this is part of Voevodsky’s Prethe-
orem 0.0.18 in [44] and claimed in [47, Sect. 3.4, on page 218|. Details
of this fact appear in Orgogozo [32]. In this section we shall give a
p-integral version of this theorem, where p is the exponential charac-
teristic of k, using the étale version of Voevodsky’s category.

By Lemma 1.3.2, any 1-motive M = [L — G| may be regarded
as a complex of homotopy invariant étale sheaves with transfers. By
Lemma D.1.3, M[1/p]:= M ®zZ[1/p] is a complex of strictly homotopy
invariant étale sheaves with transfers; this defines a functor

(2.1) M, (k) — DM, (k)
M — M][1/p].
(see [47, Sect. 3] for motivic complexes).

From now on, we will usually drop the mention of £ from the notation
for the various categories of motives encountered.

2.1.1. Definition. We denote by DMt

gm,ét

the thick subcategory of
DMiffét generated by the image of DM;’E1 under the “change of topol-
ogy” functor

a* : DM — DM,
of [47, §3.3].
2.1.2. Theorem. Let p be the exponential characteristic of k. The
functor (2.1) extends to a fully faithful triangulated functor

T: D*(My)[L/p] — DM,

where the left hand side was defined in §1.4. Its essential image is
the thick subcategory d<y DMgffLét of DMgif]’ét generated by motives of
smooth curves.

The proof is in several steps.

2.2. Construction of 7. We follow Orgogozo. Let Hlg be the cat-
egory of homotopy invariant étale sheaves with transfers (Definition

1.3.1), and let HI([;’” be the category of complexes of length 1 of ob-
jects of Hlg (concentrated in degrees 0 and 1): HIg, hence ng’l], is
an abelian category. Moreover, the embedding M; — M from the

anc

proof of Proposition 1.1.5 refines by Lemma 1.3.2 to an embedding
M, — HIZY
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Clearly, this embedding extends to a functor
C'(My) — C*(HIGY).
Tot

By Lemma A.2.1, we have a canonical functor C’b(HIgz’l]) — Db(Hlg,),
and there is a canonical composite functor

D(Hlg) <2 DP(HI) — DM,
where HIZ, is the category of strictly homotopy invariant étale sheaves

with transfers (see Def. D.1.2 and Proposition D.1.4). To get T, we
are therefore left to prove

2.2.1. Lemma. The composite functor
CP(M,) — CP(HIDY) X% DV(HI,)
factors through D*(M,).

Proof. 1t is a general fact that a homotopy in C*(M;) is mapped to
a homotopy in C’b(HIgz’l]), and therefore goes to 0 in D’(HI4), so that
the functor already factors through K°(M;). The lemma now follows
from Lemma 1.5.1. U

2.3. Full faithfulness. It is sufficient by Proposition B.2.4 to show
that T'® Q and T, are fully faithful.

For the first fact, we reduce to [32, 3.3.3 ff]. We have to be a little
careful since Orgogozo’s functor is not quite the same as our func-
tor: Orgogozo sends C' to Tot(C') while we send it to Tot(C)[1/p], but
the map Tot(C) — Tot(C)[1/p] is an isomorphism in Dl\/[e_‘:fét ®Q by
Proposition 6.1.1 (see also Remark 2.7.2 2)).

For the reader’s convenience we sketch the proof of [32, 3.3.3 ff]: it
first uses the equivalence of categories

DM Q = DM, @Q
of [47, Prop. 3.3.2] (¢f. Proposition 6.1.1). One then reduces to show
that the morphisms

Ext'(M, M) — Hom(Tot (M), Tot(M")[i])

are isomorphisms for any pure 1-motives M, M and any ¢ € Z. This is
done by a case-by-case inspection, using the fact [47, 3.1.9 and 3.1.12]
that in DM @Q

Hom(M(X),C)®Q =Hj, (X,0)@Q

Zar

for any smooth variety X. The key points are that 1) for such X
we have H}, (X,G,,) = 0 for i > 1 and for an abelian variety A,

Zar

Hi (X, A) = 0 for i > 0 because the sheaf A is flasque, and 2) that
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any abelian variety is up to isogeny a direct summand of the Jacobian
of a curve. This point will also be used for the essential surjectivity
below.

For the second fact, the argument in the proof of [47, Prop. 3.3.3
1] shows that the functor DM, — D~ (Shv((Speck)s)) which takes
a complex of sheaves on Sm(k)e to its restriction to (Speck)g is an
equivalence of categories on the full subcategories of objects of prime-
to-p torsion. The conclusion then follows from Proposition 1.6.1.

2.4. Gersten’s principle. We want to formalise here an important
computational method which goes back to Gersten’s conjecture but
was put in a wider perspective and systematic use by Voevodsky. For
the étale topology it replaces advantageously (but not completely) the
recourse to proper base change.

2.4.1. Proposition. a) Let C' be a complex of presheaves with trans-
fers on Sm(k) with homotopy invariant cohomology presheaves. Sup-

pose that C'(K) := hi>nk;(U):K C(U) is acyclic for any function field K /k.
Then the associated complex of Zariski sheaves Cya, is acyclic.

b) Let f : C'— D be a morphism of complex of presheaves with transfers
on Sm(k) with homotopy invariant cohomology presheaves. Suppose
that for any function field K/k, f(K) : C(K) — D(K) is a quasi-
isomorphism. Then fzar : Cyar — Dzar is a quasi-isomorphism.

c) The conclusions of a) and b) hold for the étale topology if their hy-
potheses are weakened by replacing K by K, a separable closure of
K.

Proof. a) Let F' = H?(C) for some ¢ € Z, and let X be a smooth
k-variety with functrion field K. By [46, Cor. 4.18], F(Ox ) — F(K)
for any x € X, hence Fz,, = 0. b) follows from a) by considering the
cone of f. ¢) is seen similarly. O

2.5. An important computation. Recall that the category DMiﬁfét
is provided with a partial internal Hom denoted by Hom,, defined on
pairs (M, M") with M € DMgi’ét: it is defined analogously to the one

of [47, Prop. 3.2.8] for the Nisnevich topology.

2.5.1. Proposition. Let f : C' — Speck be a smooth projective k-
curve. Then, in DMe_ffét:
a) There is a canonical isomorphism

Homg, (M (C), Z(1)[2]) = Rat fuGm[1/p][1].
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b) we have

Reoc)Gm[l/p]  for q=0
Rgtf*Gm[l/p] = Ec/k[l/p] Jorq=1
0 else.

Here, Rryc)/x denotes the Weil restriction of scalars from 7o(C) to k.
c) The morphism

M (C') — Homy (M (C), Z(1)[2])
induced by the class Ac € Hom(Mg (C) ® M (C'), Z(1)[2]) of the diag-

onal is an isomorphism.

Proof. This is [32, Cor. 3.1.6] with three differences: 1) the fppf topol-
ogy should be replaced by the étale topology; p must be inverted (cf.
Corollary D.1.6); 3) the truncation is not necessary since C' is a curve.

a) is the étale analogue of [47, Prop. 3.2.8] since Zg (1) = G,,[1/p][—1]
(see Corollary D.1.6) and p*(G,, ) = Gy, ¢ for the big étale sites. In
b), the isomorphisms for ¢ = 0,1 are clear; for ¢ > 2, we reduce by
Gersten’s principle (Prop. 2.4.1) to stalks at separably closed fields,
and then the result is classical [SGA4, IX (4.5)].

It remains to prove c¢). Recall that its Nisnevich analogue is true in
DM¢) (see [47, Th. 4.3.2] and [47, Cor. 4.3.6]). Let o : DM® —
Dl\/[e_ﬂjét be the change of topology functor (¢f. [27, Remark 14.3]). By
b), the natural morphism

(2.2) aHomy; (M(C), Z(1)) — Homg (a"M(C), Z(1))
is an isomorphism. Hence the result. O

2.6. Essential image. We proceed in two steps:

2.6.a. The essential image of T is contained in T = d<; DMgﬁljét. It
is sufficient to prove that T'(N) € 7 for N a 1-motive of type [L — 0],
[0 — G] (G a torus) or [0 — A] (A an abelian variety). For the first
type, this follows from Proposition 1.7.1. For the second type, Propo-
sition 1.7.1 applied to the character group of G shows that T'([0 — G])
is contained in the thick subcategory generated by permutation tori,
which is clearly contained in 7.

It remains to deal with the third type. If A = J(C) for a smooth pro-
jective curve C' having a rational k-point ¢, then T'([0 — A]) = A[—1]
is the direct summand of M (C)[—1] (determined by ¢) corresponding
to the pure motive h'(C), so belongs to 7. If A — A’ is an isogeny,
then Proposition 1.7.1 implies that A[—1] € 7 <= A'[-1] € 7. In
general we may write A as the quotient of a jacobian J(C). Let B be
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the connected part of the kernel: by complete reducibility there exists
a third abelian variety B’ C J(C') such that B+ B’ = J(C) and BN B’
is finite. Hence B @® B’ € 7, B’ € T and finally A € 7 since it is
isogenous to B’.

2.6.b. The essential image of T contains T . It suffices to show that
M (X) is in the essential image of T if X is smooth projective irreducible
of dimension 0 or 1. Let E be the field of constants of X. If X =
Spec £, M(X) is the image of [Rp/Z — 0]. If X is a curve, we apply
Proposition 2.5.1: by c) it suffices to show that the sheaves of b) are in
the essential image of 7. We have already observed that Rp/,Gn[1/p]
is in the essential image of T. We then have a short exact sequence

0~ Riad (X)[1/5] = Picyu[1/p] — RipZl1/p] = 0.

Both the kernel and the cokernel in this extension belong to the
image of T, and the proof is complete. O

2.7. The universal realisation functor.

2.7.1. Definition. Define the universal realisation functor
Tot : D*(M4)[1/p] — DM

gm,ét
to be the composition of the equivalence of categories of Theorem 2.1.2
and the embedding d<; Dl\/[gffmét — DM

gm,ét*

2.7.2. Remarks. 1) In view of Theorem 1.8.7, the equivalence of The-
orem 2.1.2, yields two “motivic” t-structures on d<; DMg?n’ét: one with
heart *M;[1/p] and the other with heart ;M;[1/p]. We shall describe
a third one, the homotopy t-structure, in Theorem 3.9.1.

2) In what follows we shall frequently commit an abuse of notation in
writing G rather that G[1/p], etc. for the image of (say) a semi-abelian
variety in DMZ?n’ét by the functor Tot. This is to keep notation light.
A more mathematical justification is that, according to Proposition
D.1.5, the functor T is naturally isomorphic to the composition

DY(M,) — DP(HIEY) — DP(Hlg) — D~ (Shve(Sm(k))) <= DM 4
which (apparently) does not invert p.

3. 1-MOTIVIC SHEAVES AND THE HOMOTOPY t-STRUCTURE

3.1. Some useful lemmas. Except for Proposition 3.1.7, this subsec-
tion is in the spirit of [39, Ch. VII].

Let G be a commutative k-group scheme, and let us write G for the
associated sheaf of abelian groups for a so far unspecified Grothendieck
topology. Let also F be another sheaf of abelian groups. We then have:
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e Ext!(G, F) (an Ext of sheaves);
e H'(G,F) (cohomology of the scheme G);

o F2(G, F): this is the homology of the complex
FO) L FGxG) LS FGxGxaG)
where the differentials are the usual ones.
3.1.1. Proposition. There is an exact sequence (defining A)
0— A— Ext (G, F) > H\(G,F) S HYG x G, F)

and an injection
0— A% TH(G,F).

Proof. Let us first define the maps a, b, c:
e cis given by p} + p5 — p*, where p is the group law of G.
e For b: let £ be an extension of G by F. We have an exact
sequence
£(G) — G(GQ) — HY G, F).
Then b([€]) is the image of 1¢ by the connecting homomor-
phism. Alternatively, we may think of £ as an F-torsor over GG
by forgetting its group structure.
e For a: we have b([€]) = 0 if and only if 15 has an antecedent
s € £(G). By Yoneda, this s determines a section s : G —
& of the projection. The defect of s to be a homomorphism
gives a well-defined element of H2(G,.7-" ) by the usual cocycle
computation: this is a([£]).
Exactness is checked by inspection. O

3.1.2. Remark. It is not clear whether a is surjective.

3.1.3. Proposition. Suppose that the map

(p}.05)

F(G)a F(G) — F(G x Q)
is surjective. Then EQ(G,}") =0.
Proof. Let v € F(G x G) be a 2-cocycle. We may write v = pia+ p3/[.

The cocycle condition implies that o and [ are constant. Hence ~ is
constant, and it is therefore a 2-coboundary (of itself). O

3.1.4. Example. F locally constant, G smooth, the topology = the
étale topology. Then the condition of Proposition 3.1.3 is verified. We
thus get an isomorphism

Ext'(G, F) — Hi(G, F)mut
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with the group of multiplicative classes in Hg (G, F).

3.1.5. Lemma. Let G be a semi-abelian k-variety and L a locally
constant Z-constructible étale sheaf with torsion-free geometric fibres.

Then Ext'(G, L) = 0.

Proof. By the Ext spectral sequence, it suffices to show that Hom (G, L)
= Ext (G, L) = 0. This reduces us to the case L = Z. Then the first
vanishing is obvious and the second follows from Example 3.1.4. U

3.1.6. Lemma. Let £ € Ext'(G,G,,) and let g € G(k). Denote by T,
the left translation by g. Then 7;b(€) = b(E). Here b is the map of
Proposition 3.1.1.

Proof. By Hilbert’s theorem 90, ¢ lifts to an e € £(k). Then 7, induces
a morphism from the G,,-torsor b(&) to the G,-torsor 7,b(E): this
morphism must be an isomorphism. O

For the proof of Theorem 3.3.1 below we shall need the case i = 2 of
the following proposition, which unfortunately cannot be proven with
the above elementary methods.

3.1.7. Proposition. Let G be a smooth commutative algebraic k-group
and L a discrete k-group scheme. Let A = Shve(Sm(k)) be the cat-
egory of abelian étale sheaves on the category of smooth k-varieties.
Then, for any i > 2, the group Ext'(G, L) is torsion.

Proof. Considering the connected part G° of G, we reduce to the case
where G is connected, hence geometrically connected. We now turn
to the techniques of [10]*: using essentially the Eilenberg-Mac Lane
spectrum associated to G, Breen gets two spectral sequences 'EP¢ and
"EP4 converging to the same abutment, with

o "EY' = Ext?(G, L);

e "EP? is torsion for g # 1;

e 'EP? is the p-th cohomology group of a complex involving terms

of the form HY (G*, L).

(In [10], Breen works with the fppf topology but his methods carry
over here without any change: see remark in loc. cit. top of p. 34.)
It follows from [13, (2.1)] that H{ (G, L) is torsion for any ¢ > 0: to
see this easily, reduce to the case where L is constant by a transfer
argument involving a finite extension of k. Hence 'E5? is torsion for
g > 0. On the other hand, since G is geometrically connected, so are
its powers G*, which implies that H°(G* L) = H°(k,L) for any a.
Since the complex giving ’ E;"O is just the bar complex, we get that

4We thank L. Illusie for pointing out this reference.
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'BE9° = L(k) and "E¥° = 0 for p > 0. Thus all degree > 0 terms of the
abutment are torsion, and the conclusion follows. O

3.2. 1-motivic sheaves.

3.2.1. Definition. An étale sheaf F on Sm(k) is 1-motivic if there is
a morphism of sheaves

(3.1) GYF

where G is a semi-abelian variety and Ker b, Coker b are discrete (see
Definition 1.1.1).

We denote by Shvg the full subcategory of Shve (Sm(k)) consisting
of discrete sheaves and by Shv; the full subcategory of Shve (Sm(k))
consisting of 1-motivic sheaves.

3.2.2. Remark. The category Shvy is equivalent to the category ‘M,
of Definition 1.1.1.

3.2.3. Proposition. a) In Definition 3.2.1 b), we may choose b such
that Ker b is torsion-free: we then say that b is normalised.

b) Given two 1-motivic sheaves Fy, Fa, normalised morphismsb; : G, —
F; and a map ¢ : Fi — Fo, there exists a unique homomorphism of
group schemes o : G1 — Gy such that the diagram

QlL)fl

o |
Gy, 2 Fy

commutes.

¢) Given a 1-motivic sheaf F, a pair (G, b) with b normalised is uniquely
determined by F.

d) The categories Shvg and Shvy are exact abelian subcategories of

Shvee (Sm(k)).

Proof. a) If Kerb is not torsion-free, simply divide G' by the image of
its torsion.
b) We want to construct a commutative diagram

b1

0 L 25 G FL 2> E 0

(3.2) @Ll @cl ‘Pl @El

0 L, -2 G, -2 F -2 L, 0
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where L; = Kerb; and E; = Coker b;. It is clear that copb; = 0: this
proves the existence of pr. We also get a homomorphism of sheaves
G, — G,/ Ly, which lifts to ¢g : G; — G, by Lemma 3.1.5, hence ¢y

From the construction, it is clear that ¢g is uniquely determined by
¢ and that ¢ is uniquely determined by (pq. It remains to see that
©¢ is unique. Let ¢ be another choice. Then by(pe — @) = 0, hence
(pa — vz)(G;) C Lo, which implies that ¢¢ = ¢f,.

¢) Follows from b).

d) The case of Shvy is obvious. For Shvy, given a map ¢ as in b), we
want to show that F3 = Ker¢ and F;, = Coker ¢ are 1-motivic. Let
G5 = (Ker pg)? and G4 = Coker pg: we get induced maps b; : G; — F;
for i = 3,4. An easy diagram chase shows that Ker b; and Coker b; are
both discrete. O

Here is an extension of Proposition 3.2.3 which elucidates the struc-
ture of Shv; somewhat:

3.2.4. Theorem. a) Let SAb be the category of semi-abelian k-varie-
ties. Then the inclusion functor

SAb — Shv;
G— G

has a right adjoint/left inverse v; the counit of this adjunction is given
by (3.1) (with b normalised). The functor ~y is faithful and “exact up
to isogenies”. For a morphism ¢ € Shvy, v(p) = @g is an isogeny
if and only if Ker ¢ and Coker ¢ € Shvy. In particular, v induces an
equivalence of categories

Shv, / Shvy — SAb®Q

where SAb ®Q is the category of semi-abelian varieties up to isogenies.
b) The inclusion functor Shvy — Shvy has a left adjoint/left inverse
o, the unit of this adjunction is given by Cokerb in (3.1). The right
exact functor

(m0)q : Shvy — Shvy ®Q
has one left derived functor (m)g given by Kerb in (3.1).

Proof. a) The only delicate thing is the exactness of 7 up to isogenies.
This means that, given a short exact sequence 0 — F — F — F" — 0
of 1-motivic sheaves, the sequence

0= (F) = 1(F) = 9(F") =0
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is half exact and the middle homology is finite. This follows from a
chase in the diagram

0 r“.o Y.oFm <. 0
[ |

0 L —*. a6 ‘s F 2. F 0
L | |

0 A e N oL 0

of which we summarize the main points: (1) G’ — G is injective because
its kernel is the same as Ker(L' — L). (2) G — G” is surjective because
(i) Hom(G" — Coker(E’ — F)) = 0 and (ii) if L” — Coker(G — G") is
onto, then this cokernel is 0. (3) The middle homology is finite because
the image of Ker(G' — G) — E’ must be finite.

In b), the existence and characterisation of (7)g follows from the
exactness of v in a). O

3.2.5. Remark. One easily sees that m; does not exist integrally. Rather,
it exists as a functor to the category of pro-objects of Shvy. (Actually
to a finer subcategory: compare [40].)

3.3. Extensions of l-motivic sheaves. The aim of this subsection
is to prove:

3.3.1. Theorem. The categories Shvg and Shvy are thick in the abelian
category Shve (Sm(k)).

Proof. For simplicity, let us write A := Shv (Sm(k)) as in Proposition
3.1.7. The statement is obvious for Shvy. Let us now show that Shvy is
closed under extensions in A. Let Fi, F2 be as in (3.2) (no map given
between them). We have to show that the injection

(33) EXtéhvl (fg, ./’:'1) — EXtJlél(Fg, fl)

is surjective. This is certainly so in the following special cases:

(1) F, and F; are semi-abelian varieties;
(2) F; is semi-abelian and F; is discrete (see Example 3.1.4).

For m > 1, consider

F = Coker(Li ™ G, & L)
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so that we have two exact sequences

(1G4,0)

0 G
0 L1 F — Ql/LlEBLl/m — 0.
The first one shows that (3.3) is surjective for (Fy, F1) = (Gy, F™).

Let us now consider the commutative diagram with exact rows associ-
ated to the second one, for an unspecified m:

(3.4)
EXtéhvl (G, ]—"m)—>ExtéhV1 (Gy, Gy /L1 @ Ll/m>_>EXt§hv1 (Gy, L)

| l l

Extly(Gy, F™) — Ext4(Gy, Gy/L1 @ Ly /m) ~— Ext’(Gy, L1).
Note that the composition

Fm — Ll/m — 0
(alro)

Exty(Gy, G1/Ln) = Exty(Gy, Gy /Ly @ L1 /m) == Ext}(Gy, L)
coincides with the boundary map ¢ associated to the exact sequence
0—1L1 -G, —G/L —0.

Let e € ExtYy(G,, G/L1). By Proposition 3.1.7, f = d(e) is tor-
sion. Choose now m such that mf = 0. Then there exists ¢ €
ExtY (G5, Li/m) which bounds to f via the Ext exact sequence as-
sociated to the exact sequence of sheaves

0—>L12>L1—>L1/m—>0
Since 6™ (e, —€’') = 0, (3.4) shows that (e, —¢’) comes from the left,

which shows that (3.3) is surjective for (Fy, F1) = (Gy, G,/ L1).
By Lemma 3.1.5, in the commutative diagram

EXtéhvl(szgl/Ll) - EXtéhvl <Q2=~7:1)

| |
EXt}A(Qz’Ql/Ll) - EXt}A(Qm]:l)

the horizontal maps are isomorphisms. Hence (3.3) is surjective for
Fo =G, and any Fi.

To conclude, let F be an extension of F, by F; in A. By the above,
F':=03F is 1-motivic as an extension of G, by Fi, and we have an
exact sequence

0— Ly —F —F— Ey— 0.

Let ¥ : G — F’ be a normalised map (in the sense of Proposition
3.2.3) from a semi-abelian variety to F' and let b : G — F be its



ON THE DERIVED CATEGORY OF 1-MOTIVES 31

composite with the above map. It is then an easy exercise to check
that Kerb and Coker b are both discrete. Hence F is 1-motivic. O

3.3.2. Remark. We may similarly define 1-motivic sheaves for the fppf
topology over Speck; as one easily checks, all the above results hold
equally well in this context. This is also the case for §3.7 below.

In fact, let Shvi”/ be the category of fppf 1-motivic sheaves and
7 1 (Speck) fpps — Sm(k)e be the projection functor. Then the func-
tors 7* and m, induce quasi-inverse equivalences of categories between
Shv; and ShV{p P/ Indeed it suffices to check that m,7* is naturally
isomorphic to the identity on Shvy: if F € Shvy; and we consider its
normalised representation, then in the commutative diagram

l l ! l

0 — mo*'l — 7o' —— Tt F —— Tt L —— 0
the first, second and fourth vertical maps are isomorphisms and the
lower sequence is still exact: both facts follow from [28, p. 14, Th.
I11.3.9].

In particular the restriction of m, to Shv{p vt

(qur*)‘Shv{ppf =0 for ¢ > 0 (use same reference).

is exact. Actually,

3.4. A basic example.

3.4.1. Proposition. Let X € Sm(k). Then the sheaf Picx, is 1-
motivic.

Proof. Suppose first that X is smooth projective. Then Picy/; is an
extension of the discrete sheaf NSx/, (Néron-Severi) by the abelian
variety Pic% s (Picard variety).
In general, we apply de Jong’s theorem [16, Th. 4.1]: there exists a

diagram

U — X

g

U— X
where the horizontal maps are open immersions, X is smooth projec-
tive and the vertical map is finite étale. Then we get a corresponding

diagram of Pics

|

PiCU/k A — PiCX/k.
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The horizontal morphisms are epimorphisms and their kernels are
lattices. This already shows by Proposition 3.2.3 d) that Picg . € Shvy.

Consider the Cech spectral sequence associated to the étale cover p.
It yields an exact sequence

0— Hl(p,ﬂgt(ﬁ,Gm)) — Picyy, — Ho(pv Picﬁ/k)
— H*(p, H (U, Gy)).

All the H' are cohomology sheaves of complexes of objects of the
abelian category Shvy, hence belong to Shvy; it then follows from The-
orem 3.3.1 that Picy/, € Shvy, as well as Picx/s. O

3.5. Application: the Néron-Severi group of a smooth scheme.

3.5.1. Definition. Let X € Sm(k).

a) Suppose that k is algebraically closed. Then we write NS(X) for the
group of cycles of codimension 1 on X modulo algebraic equivalence.
b) In general, we define NSx/; as the étale sheaf on Sm(k) given by

NSx/k(U) = NS(X x, k(U))“

where U € Sm(k) is irreducible, k(U) is a separable closure of k(U)

and G = Gal(k(U)/k(U)).

3.5.2. Proposition. The natural map e : Picy, — NS/ identifies
NSx/x with mo(Picy ;) (¢f. Theorem 3.2.4 b)). In particular, NSx/ €
ShVO.

Proof. Tt is well-known that cycles modulo algebraic equivalence are
invariant by extension of algebraically closed base field. By Proposition
3.6.2 b), this implies that e induces a map € : ﬂo(ﬂx/k) — NSx/,
which is evidently epi. But let @2(/,6 = Kere: by [8, Lemma 7.10],
Pic’(X7) = Pic% /k(E) is divisible, which forces € to be an isomorphism.

O

3.5.3. Remark. In particular, NS(X) is finitely generated if k is al-
gebraically closed: this was proven in [19, Th. 3] in a quite different
way.

3.6. Technical results on 1-motivic sheaves.
3.6.1. Proposition. The functor
ev : Shv; — Ab

F — F(k)
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is faithful, hence (cf. 9, p. 44, prop. 1]) “faithfully exact”: a sequence
€ is exact if and only if ev(E) is exact.

Proof. The exactness of ev is clear. For faithfulness, let ¢ : F; — F

be such that ev(p) = 0. In ev(3.2), we have pg(G,(k)) C Lo(k);
since the former group is divisible and the latter is finitely generated,
ev(pg) = 0. Hence pg = 0. On the other hand, ev(pg) = 0, hence
wp = 0. This implies that ¢ is of the form byipcy for ¢ : B} — G,. But
ev(1) = 0, which implies that ¢ = 0. O

The following strengthens Theorem 3.2.4 b):

3.6.2. Proposition. a) Let G be a commutative algebraic k-group and
let E be a Gal(k/k)-module, viewed as an étale sheaf over Sm(k) (E
is not supposed to be constructible). Then Hom(G, F) = 0.

b) Let F € Shvy and E as in a). Then any morphism F — E factors
canonically through o (F).

Proof. a) Thanks to Proposition 3.6.1 we may assume k algebraically
closed. By Yoneda, Hom(G, F) is a subgroup of E(G) (it turns out
to be the subgroup of multiplicative sections but we don’t need this).
Since E(k) — E(G), any homomorphism from G to F is constant,
hence 0.

b) follows immediately from a) and Proposition 3.2.3. O

3.6.3. Lemma. Let F € Shvy, K a separably closed extension of k
and M/K an algebraic extension. Then the map F(K) — F(M) is
1mjective.

Proof. Consider a normalised representation of F:
(3.5) 0-L—->G2F—>E—0.

The lemma then follows from an elementary chase in the diagram:
0 — LK) — G(K) — F(K) —— E(K) — 0
! mono | | !
0O — LM) — G(M) —— F(M) —— E(M) —— 0.
O
3.6.4. Definition. We denote by * AbS(k) = * AbS the category of com-
mutative k-group schemes G such that G° is semi-abelian and 7o(G)

is discrete. An object of Y AbS is called a semi-abelian scheme with
torsion.
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3.6.5. Proposition. The functor

¢ AbS — Shv,
G— G

has a left adjoint/left inverse Q.

Proof. Let F € Shv; with normalised representation (3.5). As the set
of closed subgroups of H C (G is Artinian, there is a minimal H such
that the composition

L—G—G/H

is trivial. Then F/b(H) represents an object Q(F) of * AbS and it
follows from Proposition 3.2.3 b) that the universal property is satisfied.
O

3.7. Presenting 1-motivic sheaves by group schemes. In this
subsection, we give another description of the category Shvy; it will
be used in the next subsection.

3.7.1. Definition. Let AbS be the category of abelian k-group schemes
G such that 7o (G) is finitely generated and G is a semi-abelian variety
(it is a full subcategory of ¢ AbS). We denote by S5 the full subcategory
of AbSI"M consisting of those complexes F. = [F} — Fp] such that
(i) Fy is discrete (i.e. in *My);
(i) Fp is of the form Ly & G, with Ly € ‘Mg and G € SAb;
(i) Fy; — Fp is a monomorphism.

(iv) Ker(Fy — Lg) is free.

We call S¢T the category of presentations.

We shall view S¢ as a full subcategory of Shv[l_l’o] via the functor
G +— G which sends a group scheme to the associated representable
sheaf. In this light, F\ may be viewed as a presentation of F := Hy(F).

In the next definition, quasi-isomorphisms are also understood from
this viewpoint.

3.7.2. Definition. We denote by ¥ the collection of quasi-isomorph-
isms of S¢I by giﬁ the homotopy category of S$T (Hom groups quo-
tiented by homotopies) and by S; = 2—156133 the localisation of ?iﬁ
with respect to (the image of) X.

The functor F. +— Hy(F') induces a functor

(36) ho : Sl — ShV1 .
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Let F. = (Fi,Lo,G) be a presentation of F € Shvy. Let L =
Ker(Fy — Ly) and E = Coker(F; — Ly). Then we clearly have an
exact sequence

(3.7) 0O—-L—-G—-F—FE—NO.

3.7.3. Lemma. Let F. = (Fy, Ly, G) € S¢. Then, for any finite Galois
extension E/k: such that Lo is constant over {, there exists a q.i. F—F,

with F = [F1 — LO @ G] such that ug is diagonal and Lo is a free
Gal(¢/k)-module.

Proof. Just take for ZO a free module projecting onto Ly and for F —
Ly the pull-back of F} — Lj. ]

3.7.4. Lemma. The set ¥ admits a calculus of right fractions in the
sense of (the dual of) [14, Ch. I, §2.3].

Proof. The exchange condition is obtained by a pull-back diagram. For
the other condition, an immediate calculation shows that q.i.’s are
actually simplifiable on the left. 0

3.7.5. Proposition. The functor hy of (3.6) is an equivalence of cat-
egories. In particular, Sy is abelian.

Proof. Step 1. hy is essentially surjective. Let F € Shvy and let (3.7)
be the exact sequence attached to it by Proposition 3.2.3 b). We shall
construct a presentation of F. from (3.7). Choose elements fi,..., f. €
F(k) whose images generate E(k). Let £/k be a finite Galois extension
such that all f; belong to F(¢), and let I' = Gal(¢/k). Let Ly = Z[I)"
and define a morphism of sheaves EO — F by mapping the ¢-th basis
element to f;. Then Ker(Ly — E) maps to G/L. Let My be the kernel
of this morphism, and let Ly = EO /My. Then ZO—»E factors into a
morphism Lo—~FE, whose kernel K injects into G/L.

Pick now elements gy, ..., g, € G(k) whose image in G(k)/L(k) gen-
erate the image of K(k), and gi1,...,g € G(k) be generators of the
image of L(k). Let ¢'/k be a finite Galois extension such that all the
g belong to G(¢'), and let I = Gal(¢'/k). Let Fy = Z[I"]t, and define
a map f : F—G by mapping the i-th basis element to g;. By con-
struction, f~'(L) = Ker(Fy—K) and f': f~(L) — L is onto. Let
M be the kernel of " and F; = ﬁl/Mlz then ﬁl — K factors through
Fy and Ker(F}—K) = Ker(Fy, — Ly) — L. In particular, condition
(iii) of Definition 3.7.1 is verified.

Step 2. hg is faithful. Let f : I — F’ be a map in S; such that
ho(f) = 0. By Lemma 3.7.4, we may assume that f is an effective



36 LUCA BARBIERI-VIALE AND BRUNO KAHN

map (i.e. comes from S¢T). We have f(Lo ® G) C Im(L} — L, & G"),
hence fi¢ = 0 and f(Ly) is contained in Im(L} — Ljy ® G'). Pick a
finite Galois extension ¢/k such that Ly and L) are constant over ¢. By
Lemma 3.7.3, take a q.i.u : [ﬁl — EO] — [Fy — Ly such that Zg is
Gal(¢/k)-free. Then the composition Ly — Ly — Im(L}, — L, & &)
lifts to a map s : EO — L}, which defines a homotopy between 0 and

fu.
Step 3. hg is full. Let F.,F" € Sy and let ¢ : F — F', where

F = ho(F) and F' = ho(F’). In particular, we get a map g : G — G’
and a map ¢ : Ly — Ly & G'/F]. Let £/k be a finite Galois extension
such that F7 is constant over ¢. Picka q.i.u : F — F asin Lemma 3.7.3
such that Ly is Gal(¢/k)-free. Then tpou lifts to a map ¢ : Ly — Li®G'.
The map

f=0,06): Ly®G — Lyd G’

sends ﬁl into F| by construction, hence yields a map f : F — F’ such
that ho(fu™') = ¢. O

3.7.6. Corollary. The obvious functor
Sl ad Db(Sth)
is fully faithful.

Proof. The composition of this functor with Hj is the equivalence hg
of Proposition 3.7.5. Therefore it suffices to show that the restriction
of Hy to the image of S; is faithful. This is obvious, since the objects
of this image are homologically concentrated in degree 0. 0

3.8. The transfer structure on 1-motivic sheaves. Recall the cat-
egory AbS from Definition 3.7.1. Lemma 1.3.2 provides a functor

p: AbS — Hlg .
The aim of this subsection is to prove:
3.8.1. Proposition. This functor extends to a full embedding
p : Shvy — Hlg

where Hlg is the category of Definitions 1.1.1 and D.1.2. This functor
is exact with thick image (i.e. stable under extensions).

Proof. By Proposition 3.7.5, it suffices to construct a functor p : S; —
HIg. First define a functor p: S$f — HIg by

p([F1 — Fy]) = Coker(p(F1) — p(Fp)).
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Note that the forgetful functor f : Hlg — Shvg (Sm(k)) is faithful
and exact, hence conservative. This first gives that p factors into the
desired p.

Proposition 3.2.3 d) says that fp is (fully faithful and) exact with
thick image. Since f is faithful, p is fully faithful and exact.

It remains to show that p is thick. Recall that Shv; is thick in
Shve (Sm(k)) by Theorem 3.3.1. Since f is exact, we are then left to
show:

3.8.2. Lemma. The transfer structure on a sheaf F € Shvy is unique.

Proof. Let p be the transfer structure on F given by the beginning of
the proof of Proposition 3.8.1, and let 1’ be another transfer structure.
Thus, for X, Y € Sm(k), we have two homomotphisms

pop  F(X) @Y, X) — F(Y)

and we want to show that they are equal. We may clearly assume that
Y is irreducible.

Let F' = k(Y') be the function field of Y. Since F is a homotopy in-
variant Zariski sheaf with transfers, the map F(Y) — F(F) is injective
by [46, Cor. 4.19]. Thus we may replace Y by F.

Moreover, it follows from the fact that F is an étale sheaf and from
Lemma 3.6.3 that F(F) — F(F), where F is an algebraic closure of
F. Thus, we may even replace Y by F.

Then the group c(Y, X) is replaced by c¢(F,X) = Zy(X#). Since
F is algebraically closed, all closed points of X7 are rational, hence
all finite correspondences from Spec F' to X are linear combinations of
morphisms. Therefore p and p’ coincide on them. U

This concludes the proof of Proposition 3.8.1. O

3.9. I-motivic sheaves and DM. Recall from Definition D.1.2 the
subcategory HI;, C HlIg of strictly homotopy invariant étale sheaves

with transfers: this is a full subcategory of DMe_ffét. By Proposition
D.1.4, we have

HI, = {F ®2 Z[1/p] | F € Hlg}.
The introduction of Shvy is now made clear by the following

3.9.1. Theorem. Let Shv] C HI}, be the full subcategory image of Shv,
by the functor F — F[1/p] of Lemma D.1.3. Let M € d<; DMZ§n7ét.
Then for alli € Z, H;(M) € Shvi. In particular, there is a t-structure
on d<; DM§§17ét, with heart Shvy; it is induced by the homotopy t-

structure of Corollary D.53.3 on DM?fét (see Definition D.2.1 and The-
orem D.2.2).
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Proof. By Proposition 3.2.3 d), we reduce to the case M = M(C),
C % Speck a smooth projective curve. By Proposition 2.5.1, the
cohomology sheaves of M (C) belong to Shvi: for H! this is clear and
for H? it is a (trivial) special case of Proposition 3.4.1. U

Note that the functor M; — ngf1

Shv[lo’l], hence, using Lemma A.2.1 again, we get a composed triangu-
lated functor

I refines to an functor M, —

(3.8) tot : D°(M;) — DY(Shv™) — D¥(Shv)
refining the one from Lemma 2.2.1 (same proof). We then get:

3.9.2. Corollary. The two functors

tot[1/p]

DY (M)[1/p] —5 DY(Shv?) — d<y DMSE

gm,ét

are equivalences of categories. (See Theorem 3.9.1 for the definition of
Shvi.)

Proof. For the composition, this is Theorem 2.1.2. This implies that
the second functor is full and essentially surjective, and to conclude, it
suffices by Lemma A.1.1 to see that it is conservative. But this follows
immediately from Theorem 3.9.1. U

3.9.3. Definition. We call the t-structure defined on D*(M;)[1/p] or
on d<; DM by Corollary 3.9.2 the homotopy t-structure.

gm,ét

3.10. Comparing t-structures. In this subsection, we want to com-
pare the homotopy t-structure of Definition 3.9.3 with the motivic ¢-
structure of Theorem 1.6.1 a).

Let C € D°(M;)[1/p]. Recall from 1.8.8 the notation ‘H,(C) €
EM[1/p] for its homology relative to the torsion 1-motivic t-structure
from Theorem 1.6.1. We also write H"(C') € Shv] for its cohomology
objects of relative to the homotopy t-structure.

For notational simplicity, we shall write tot for tot[1/p] where tot is
the functor of (3.8). Let F be a 1-motivic sheaf and (G, b) its associated
normalised pair (see Proposition 3.2.3 a)). Let L = Kerb and F =
Coker b. In D°(M;)[1/p], we have an exact triangle

[L - G[1] = Tot (F) = [E—0] 5
(see Corollary 3.9.2). This shows:
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3.10.1. Lemma. We have
"Hy(fot ' (F)) = [E — 0]
'Hy(fot (F)) =L — G
"Hy(tot '(F)) =0 forq#0,1. O

On the other hand, given a 1-motive M = [L EN G], we clearly have
HO(M) = Ker f
H'(M) = Coker f
HI(M) =0 for g £0,1.

In particular, “M; N Shv] = Shvy, *M; N Shvi[—1] consists of quo-
tients of semi-abelian varieties by discrete subsheaves and * M;NShv;|g]
=0 for ¢ # 0, —1.

Note finally that the homotopy t-structure is far from being invariant

under Cartier duality: this can easily be seen by using Proposition
3.7.5.

4. COMPARING TWO DUALITIES

In this section, we show that the classical Cartier duality for 1-
motives is compatible with a “motivic Cartier duality” on triangulated
motives, described in Definition 4.4.2 below.

4.1. Biextensions of 1-motives. This material is presumably well-
known to experts, and the only reason why we write it up is that we
could not find it in the literature. Exceptionally, we put 1-motives in
degrees —1 and 0 in this subsection and in the next one, for compati-
bility with Deligne’s conventions in [11].

Recall (see [11, §10.2]) that for M; = [L; > G] and My = [Ly 2 G
two complexes of abelian sheaves over some site S, concentrated in
degrees —1 and 0, a biextension of M; and M, by an abelian sheaf
H is given by a (Grothendieck) biextension P of G; and Gy by H
and a pair of compatible trivializations of the biextensions of L; x G
and G x Ly obtained by pullbacks. Let Biext(M;, My; H) denote the
group of isomorphism classes of biextensions. We have the following
fundamental formula (see [11, §10.2.1]):

L
(4.1) Biext(M;, My; H) = Extg(M; @ My, H).

Suppose now that M; and M, are two Deligne 1-motives. Since G
and GGy are smooth, we may compute biextensions by using the étale
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topology. Hence, we shall take here
S = Sm(k)ét.

Let Mj denote the Cartier dual of M, as constructed by Deligne
(see [11, §10.2.11] and [4, §0]) along with the Poincaré biextension
Pyp, € Biext(My, M5;G,y,). We also have the transpose ‘Pyy, = Py €
Biext(M;, My; G,,). Pulling back *Pyy, yields a map

(4.2) Yary ., - Hom(My, M) — Biext(My, Ma; G,y,)
o (¢ x 1 )" ("Pay)
which is clearly additive and natural in M;.

4.1.1. Proposition. The map v, i, yields a natural equivalence of
functors from 1-motives to abelian groups, i.e. the functor

M; — Biext(M;, My; G,,)

on 1-motives is representable by the Cartier dual M3. Moreover, Y, s,
1s also natural in Ms.

Proof. We start with a few lemmas:

4.1.2. Lemma. For q <0, we have

L
HOH’IE(Ml X MQ, Gm[Q]) =0.

Proof. For ¢ < 0 this is trivial and for ¢ = 0 this is [11, Lemma
10.2.2.1]. O

4.1.3. Lemma. Let k be an algebraic closure of k and G = Gal(k/k).
Then

Homy (M, M3) = Homg (M, M;)¢
Biexty, (M, My; G,,,) — Biextz(M;, Ma; Gm)C.
Proof. The first isomorphism is obvious. For the second, thanks to
(4.1) we may use the spectral sequence
L L
H?(G, Homg(M; ® Ms, G,[q])) = Homy (M @ My, G, [p + q]).

(This is the only place in the proof of Proposition 4.1.1 where we
shall use (4.1).) The assertion then follows from Lemma 4.1.2. O

Lemma 4.1.3, reduces the proof of Proposition 4.1.1 to the case where
k is algebraically closed, which we now assume. The following is a
special case of this proposition:

4.1.4. Lemma. The map v, v, %5 an isomorphism when My and My
are abelian varieties Ay and As, and is natural in As.
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Again this is certainly well-known and mentioned explicitly as such
in [SGA7, VII, p. 176, (2.9.6.2)]. Unfortunately we have not been
able to find a proof in the literature, so we provide one for the reader’s
convenience.

Proof. We shall use the universal property of the Poincaré bundle [30,
Th. p. 125]. Let P € Biext(A;, Ay). Then

(1) Pla,xqoy is trivial;

(2) Plrayxa, € Pic”(Ay) for all a € Ay (k).

Indeed, (1) follows from the multiplicativity of P on the As-side. For
(2) we offer two proofs (note that they use multiplicativity on different
sides):

e By multiplicativity on the A;-side, a = P43x 4, gives a homo-
morphism A;(k) — Pic(A42). Composing with the projection
to NS(A2) gives a homomorphism from a divisible group to a
finitely generated group, which must be trivial.

e (More direct but more confusing): we have to prove that
Ty Piayxa, = Payxa, for all b € Ay(k). Using simply a to
denote the section Speck — A; defined by a, we have a com-
mutative diagram

a><1A2
AQ E— Al X A2

TbJ{ J{lAl X Ty

a><1A2
AQ E— Al X AQ.

Let my : Ay — Speck and m : Ay — Speck be the two
structural maps. Then by multiplicativity on the As-side, an
easy computation gives

(1A1 X Tb)*P =P® (1A1 X (71'2 ¢} b))* P.

Applying (a x 14,)* to this gives the result since (a x 14,)* o
(1a, X (mp0b))" P =74, P,y is trivial.

By the universal property of the Poincaré bundle, there exists a
unique morphism® f : A; — Af such that P ~ (f x 14,)*(*Pa,). It
remains to see that f is a homomorphism: for this it suffices to show
that f(0) = 0. But

Oay = Poyxay = (0 X 14,)" 0 (f X 14,)"("Pay)
= (f(0) X 14,)*("Pa,) = (Pay)jazx{r)y = f(0)

SFor convenience we denote here by A’ the dual of an abelian variety A and by
f' the dual of a homomorphism f of abelian varieties.
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where the first isomorphism holds by multiplicativity of P on the A;-
side.

Finally, the naturality in As reduces to the fact that, if f : A; —
Al then (f x 14,)*(*Pay) >~ (14, X f)*(Pa,). This follows from the
description of f’ on k-points as the pull-back by f of line bundles. [

We also have the following easier

4.1.5. Lemma. Let L be a lattice and A an abelian variety. Then the
natural map

Hom(L, A") — Biext(L[0], A[0]; G,,)
fr= (L x ) ("Pa)
18 bjiective.
Proof. Reduce to L = 7Z; then the right hand side can be identified with
Ext(A, G,,) and the claim comes from the Weil-Barsotti formula. O

Let us now come back to our two 1-motives My, Ms. We denote by
L;,T; and A; the discrete, toric and abelian parts of M; for i = 1,2. Let
us further denote by w : L) — A} the map corresponding to G; under
the isomorphism Ext(A;,T;) ~ Hom(L}, Al) where L, = Hom(T;, G,,)
and A} = Pic’(A;).

We shall use the symmetric avatar (L;, A;, L}, A}, ¢;) of M; (see [11,
10.2.12] or [4, p. 17]): recall that v; denotes a certain section of the
Poincaré biextension Py, € Biext(A4;, A};G,,) over L; x L. The sym-
metric avatar of the Cartier dual is (L}, A}, L;, A;,¢t). By loc. cit.
a map of l-motives ¢ : M; — M5 is equivalent to a homomorphism
f Ay — A} of abelian varieties and, if f’ is the dual of f, liftings ¢
and ¢’ of fu; and f'usy respectively, i.e. to the following commutative
squares

/

L, —% I} L, —/— L
(4.3) Ull ugl and “21 U’IIJ/
A L4 A, oA

under the condition that

(44) (1L1 X g,)*¢1 = (g X 1L2>*t77b2 on L1 X LQ.

Now let (P,7,0) be a biextension of M; and My by G,,, i.e. a
biextension P € Biext(Gy,Ge;G,,), a section 7 on L X Gy and a
section o on (G; X Ly such that

(4.5) T |Lix0:= 0 |11, -
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We have to show that (P, 7,0) = (¢ x 1)*(*Pa,, T2, 09) for a unique
¢ : My — M3, where 7 and oy are the universal trivializations.

Recall that Biext(Gy, Go; G,,,) = Biext(A1, A; G,,) (¢f. [11,10.2.3.9])
so that, by Lemma 4.1.4, P is the pull-back to G; x Gy of (f X
14,)*(*Pa,) for a unique homomorphism f : A; — A}. We thus have
obtained the map f and its dual f’ in (4.3), and we now want to show
that the extra data (7,0) come from a pair (g, ¢’) in a unique way.

We may view E = (fuy x 14,)*(*Pa,) as an extension of L; ® Ay by
Gy, Consider the commutative diagram of exact sequences

0 0 0

|

0 — 0 —>L1®T27L1®T2 — 0

l 1, ®i2

i

(4.6) 0o ——0 G,, — Q L S LL®G, —— 0

|| ™ 11, ®p2
0O — G, — F — Li®A — 0
0 0 0

where iy (resp. ps) is the inclusion Ty < Go (resp. the projection
Gy — Ajy). The section 7 yields a retraction 7 : @ — G,, whose
restriction to L; ® Ty yields a homomorphism

§:L1®T2_>Gm

which in turn defines a homomorphism as in (4.3). We denote the
negative of this morphism by g.

4.1.6. Lemma. With this choice of g, the left square of (4.3) commutes
and T = (g X 1g,) " 7o.

Proof. To see the first assertion, we may apply Ext*(—,G,,) to (4.6)
and then apply [7, Lemma 2.8] to the corresponding diagram. Here is
a concrete description of this argument: via the map of Lemma 4.1.5,
uhg goes to the following pushout

0 —— L1 ®1T5 LR L1 ® Gy RN Li®Ay —— 0

=1 wor | i
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because, due to the relation i7+7n’ = 1, the left square in this diagram
commutes.
In particular, we have

Q = (1 ®p2)*(fu1 ® 1)*tPA2 = (ful ®p2>*tPA2
- (uég ®p2)*tPA2 - (g & 1>*(u/2 ®p§)tpz42'
For the second assertion, since Hom(L; ® As, G,,) = 0 it suffices to
check the equality after restricting to L; ® T5. This is clear because un-

der the isomorphism Hom(L) ® Ty, G,,) = Hom(L}, L)), the canonical
trivialization 4y corresponds to the identity. O

Note that if we further pullback we obtain that

(4.7) T |LaxLo= U3 |LixLs -
The same computation with o yields a map
g Ly — L}

and the same argument as in Lemma 4.1.6 shows that with this choice
of ¢’ the right square of (4.3) commutes. We now use that P = (14, x
)" (P4,), which follows from the naturality statement in Lemma 4.1.4.
As in the proof of Lemma 4.1.6, this implies that its trivialization ¢ on
G1 X Ly is the pullback of the canonical trivialization ¥; on Gy x L}
along 1g, x ¢’ : G4 X Ly — G x L}. In particular:

(4.8) 0 |Lix12= U1 |LixLs -

Put together, (4.5), (4.7) and (4.8) show that Condition (4.4) is
verified: thus we get a morphism ¢ : My — M;. Let h: G; — G}, be
its group component. It remains to check that ¢ = (h x 1;,)*09. Asin
the proof of Lemma 4.1.6 we only need to check this after restriction
to 11 ® Ly. But the restriction of h to the toric parts is the Cartier
dual of ¢’, so we conclude by the same argument.

Finally, let us show that s, s, is natural in M,. This amounts to
comparing two biextensions. For the bitorsors this follows from Lemma

4.1.4 and for the sections we may argue again as in the proof of Lemma
4.1.6. U

4.2. Biextensions of complexes of 1-motives. Let A be a cate-

gory of abelian sheaves, and consider two bounded complexes C, C5 of
objects of ALY, Let H € A. We have a double complex

Biext(Cy, Co; H)P := Biext(CY, C3; H).
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4.2.1. Definition. A biextension of Cy and Cy by H is an element of
the group of cycles

Biext(Cy, Co; H) := Z°(TotBiext(Cy, Cy; H)).
Here Tot denotes the total complex associated to a double complex.

Concretely: such a biextension P is given by a collection of biexten-
sions P, € Biext(C7,Cy"; H) such that, for any p,

(& ®1) Pper = (1®dy" )P,

where d; (resp. d,) are the differentials of C (resp. of Cs).
Now suppose that A is the category of fppf sheaves, that H = G,,
and that all the CY are Deligne 1-motives. By Lemma 4.1.2, we have

Ext'(C?,C4; G,,) = 0 for i < 0.
Therefore, a spectral sequence argument yields an edge homomor-
phism
(4.9) Biext(Cy, Cy: Gpn) — Ext'(Cy & Cs, Gn).
Recall that Deligne’s Cartier duality [11] provides an exact functor
M— M*: M; — M,
yielding by Proposition 1.8.5 a triangulated functor
(4.10) ( )*:D"(M;) — D*(M,).
Note that for a complex of 1-motives
C=(-—M — M ...
we can compute C* by means of the complex
CF = (- — (MY = (M) = ..
of Cartier duals here placed in degrees ..., —i — 1, —1, etc.
Let us now take in (4.9) C1 = C, Cy = C*. For each p € Z, we have

the Poincaré biextension P, € Biext(C?,(C?)*;G,,). By Proposition
4.1.1, the {P,} define a class in Biext(C, C*; G,,).

4.2.2. Definition. This class Py is the Poincaré biextension of the
complex C'.

Let C1,Cy € C°(M;). As in Subsection 4.1, pulling back Py, =
Fe: € Biext(Ch, C7; G,,) yields a map generalising (4.2):

(4.11) Yoo, - Hom(Ch, C3) — Biext(Ch, Ca; Gy
¥ = (90 X 101)*(tP02)'
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which is clearly additive and natural in C';. We then have the following
trivial extension of the functoriality in Proposition 4.1.1:

4.2.3. Proposition. y¢, ¢, s also natural in Cy. O

4.3. Comparing two Ext groups. The aim of this subsection is to
prove:

4.3.1. Proposition. Let C},Cy € D°(M;). Then the forgetful trian-
gulated functors

DM, (k) — D~ (Shvg (SmCor(k))) — D~ (Shve (Sm(k)))

induce an isomorphism

N L
HomDMeffét (TOt Cl ®T0t CQ, Z(l) [q]) — HomSm(k)ét (Cl (024 CQ, Gm [q—l— 1])
for any q € Z.

Proof. Each of the two functors in Proposition 4.3.1 has a left adjoint.
For the first one see [47, Prop. 3.2.3]; we shall denote it by RC' as in
loc. cit. The second may be constructed using [47, Remark 1 p. 202]:
we shall denote it by ®. In both cases, the construction is done for
the Nisnevich topology but carries over for the étale topology as well

L
(see also [27]). The tensor product ®. in D~ (EST) is defined from the
formula
L(X)®L(Y) = L(X x Y)
see [47, p. 206]. For X € Sm(k), let Z(X) be the Z-free étale sheaf on
the representable sheaf Y +— Map, (Y, X). It is clear that

SZ(X) = L(X)
Z(X)QZY)=Z(X xY).
From this it follows that one has natural isomorphisms
L L
P(A® B) = ®(A)®,P(B).
On the other hand, the tensor product in Dl\/[e_ﬂjét is defined by descent

L
of ®;, via RC [47, p. 210]. Hence we get an adjunction isomorphism

L L
Hom (i (C1 & Ca, Gonlg-+1]) = Hompuger, (RCo®(C, & C3), Z(Dg)
~ Hompypetr (RC 0 ®(Ch) ® RC o (Cy)), Z(1)[g]).

Now, since the components of C'; and C5 belong to Hlg, the counit
maps RC o ®(C}) — Tot(C}) and RC o &(Cy) — Tot(Cy) are isomor-
phisms. This concludes the proof. O
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4.4. Two Cartier dualities. Recall the internal Hom Homy, from
§2.5. We define

(4.12) DZ,(M) :=Hom,, (M, Z(1))

for any object M € DMZifl’ét.

We now want to compare the duality (4.10) with the following duality
on triangulated 1-motives:

4.4.1. Proposition. The functor DY, restricts to a self-duality ()"

eff

(anti-equivalence of categories) on d<; DMgy 4.

Proof. 1t suffices to compute on motives of smooth projective curves
M (C). Then it is obvious in view of Proposition 2.5.1 ¢). O

4.4.2. Definition. For M € d<; DMZﬁLét, we say that MV is the motivic
Cartier dual of M.

Note that motivic Cartier duality exchanges Artin motives and Tate
motives, e.g. ZY = Z(1). We are going to compare it with the Cartier
duality on D?(M;) (see Proposition 1.8.5) via Theorem 2.1.2.

For two complexes of 1-motives Cy and Csy, by composing (4.11) and
(4.9) and applying Proposition 4.2.3, we get a bifunctorial morphism

(4.13) Hom(Cy, ) — Biext(Ch, C; Gyn) — Hom(Cy & Co, Gon[—1])

where the right hand side is computed in the derived category of étale
sheaves. This natural transformation trivially factors through D?(M,).

From Proposition 4.3.1, it follows that the map (4.13) may be rein-
terpreted as a natural transformation

Home(Ml) (Cl, C;) — Homdgl DMztrfn,ét (TOt(CI), TOt(CQ)V>

Now we argue a la Yoneda: taking C; = C' and Cy = C*, the image
of the identity yields a canonical morphism of functors:

ne : Tot(C*) — Tot(C)".

4.4.3. Theorem. The natural transformation n is an isomorphism of
functors.

Proof. Tt suffices to check this on 1-motives, since they generate D°(M,)
as a triangulated category. Using Yoneda again and the previous dis-
cussion, it then follows from Theorem 2.1.2 and the isomorphisms (4.1)
and (4.2) (the latter being proven in Proposition 4.1.1). The following



48 LUCA BARBIERI-VIALE AND BRUNO KAHN

diagram explains this:

Th. 2.1.2
—

Hom(N, M*) = Hom(Tot(N), Tot(M*))

zl(4.1>+(4.2> ml

1 L Prop. 4.3.1 Y
EXtSm(k)ét<N @ M,G,,) ———— Hom(Tot(N), Tot(M)").

~

Part 2. The functors LAlb and RPic
5. A LEFT ADJOINT TO THE UNIVERSAL REALISATION FUNCTOR

The aim of this section is to construct the closest approximation to a
left adjoint of the full embedding Tot of Definition 2.7.1: see Theorem
5.2.1 (and Remark 5.2.3 for a caveat). In order to work it out, we first
recollect some ideas from [44].

In Section 6, we shall show that the functor LAIb of Theorem 5.2.1
does provide a left adjoint to Tot after we tensor Hom groups with
Q: this will provide a proof of Pretheorems announced in [44, Preth.
0.0.18] and [45].

5.1. Motivic Cartier duality. Recall the functor Dégt1 DM

gm,ét

Dl\/[e_Ffét of (4.12). On the other hand, by Corollary D.3.3 and Theo-

rem D.2.2, we may consider truncation on DM;ff

homotopy t-structure. We have:

& with respect to the

m

5.1.1. Lemma. Let p : X — Speck be a smooth variety. Then the
truncated complex T<; D% (Mg (X)) belongs to d<; DM;ﬁLét. Here we
set Mg (X) :=a*M(X).

Proof. The same computation as in the proof of Proposition 2.5.1 yields
that the nonvanishing cohomology sheaves are H' = R (x)xGm[1/D]
and ‘H? = Picx/,[1/p]. Both belong to Shvy (the latter by Proposition
3.4.1), hence the claim follows from Theorem 3.9.1. U
Unfortunately, H'(D¥, (M (X))) does not belong to d<; DML, ., for
1 > 2 in general: indeed, it is well-known that this is a torsion sheaf
of cofinite type, with nonzero divisible part in general (for ¢ > 3 and
in characteristic 0, its corank is equal to the i-th Betti number of X).
It might be considered as an ind-object of d<q DM;ﬁLét, but this would
take us too far. To get around this problem, we shall restrict to the
standard category of geometric triangulated motives of [47], DM;?H.
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Let us denote by Dgils the same functor as Dégt1 in the category
DM®? defined with the Nisnevich topology. Let as before o* : DM —
Dl\/Ie_ﬂjét denote the “change of topology” functor.

5.1.2. Lemma. a) For any smooth X with motive M(X) € DM;&, we
have

a*DEPM (X) = 7o D& " M(X).
b) The functor Oé*DI;HlS induces a triangulated functor

a* DY : DMSE — doy DMSE

gm,ét *

Proof. a) This is the weight 1 case of the Beilinson-Lichtenbaum con-
jecture (here equivalent to Hilbert’s theorem 90.) b) follows from a)
and Lemma 5.1.1. U

5.1.3. Definition. We denote by d<; : DM;El — d<y DM the com-

gm,ét
posite functor DY, o o o DIF.
Thus, for M € DM;EN we have

(5.1) d<1(M) = Homy, (o*Homy, (M, Z(1)), Z(1)).

The evaluation map M ® Homy; (M, Z(1)) — Z(1) then yields a
canonical map

(5.2) ay 2 oM — d<i (M)

for any object M € DMgffn.

5.1.4. Proposition. The restriction of (5.2) to d<; DMgf1 is an iso-
morphism of functors. In particular, we have an equality

a*D<y (DM ) = a*d<; DMSL .

Proof. For the first claim, we reduce to the case M = M (C') where C
is a smooth proper curve. The argument is then exactly the same as
in Proposition 4.4.1, using (2.2). The other claim is then clear. O

5.2. Motivic Albanese.

5.2.1. Theorem. Let M € DMS;. Then ap; induces an isomorphism
Hom(d<; M, M") — Hom(a* M, M")

for any M' € d<y DMSE

gm,ét’
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Proof. By Proposition 4.4.1, M’ can be written as NV = D% (N) for

some N € d<; DMgiét.

Hom(a* M, D¥,(N)) = Hom(o*M ® N, Z(1)) = Hom(N, D%, (a*M))
a*MT (aM®1N)*T DéStl(a]\/[)*T

Hom(dglM, Dégtl (N)):HOm(d§1M & N, Z(l)):HOHl(N, Dégtl (dglM))

We have the following commutative diagram

But D%, (an) o apNispr = 1pe o« and apyisyy is an isomorphism by
Proposition 5.1.4, which proves the claim. O

5.2.2. Definition. The motivic Albanese functor
LAIb : DM — D*(My)[1/p]

is the composition of d<; with a quasi-inverse to the equivalence of
categories of Theorem 2.1.2.

By Theorems 2.1.2 and 5.2.1, the relationship between LAlb and
the functor Tot of Definition 2.7.1 is as follows: for M € DM;?H and

N € D*(M,)[1/p], the map ayp of (5.2) induces an isomorphism
(5.3) Hom(LAIb M, N) — Hom(a* M, Tot(N)).

We call ap; the motivic Albanese map associated to M for reasons
that will appear later.

5.2.3. Remark. The above suggests that LAlb might actually extend
to a left adjoint of Tot : D*(M,)[1/p] — DMggl’ét. Unfortunately this
is not the case, and in fact Tot does not have a left adjoint.

Indeed, suppose that such a left adjoint exists, and let us denote it
by LAIb®. For simplicity, suppose k algebraically closed. Let n > 2.
For any m > 0, the exact triangle in DMgiét

Z(n) * Zn) — Z/m(n) =
must yield and exact triangle
LAIL® Z(n) ™ LAIb® Z(n) — LAIb® Z/m(n) *>

Since Tot is an equivalence on torsion objects, so must be LAIb®.
Since k is algebraically closed, Z/m(n) ~ pu®" is constant, hence we
must have LAIb® Z/m(n) ~ [Z/m — 0]. Hence, multiplication by m
must be bijective on the 1-motives H9(LAIb®(Z(n))) for all ¢ # 0,1,
which forces these 1-motives to vanish. For ¢ = 0, 1 we must have exact
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sequences

0 — H°(LAI®(Z(n))) = H°(LAIb®(Z(n))) — [Z/m — 0]
— HYLAIY(Z(n))) 5 HY(LAI®(Z(n))) — 0
which force either H* = [Z — 0], H' =0 or H* =0, H' = [0 — G,,].
But both cases are impossible as one easily sees by computing
Hom(M (P"), Tot([Z — 0])[2n + 1]) = HZ"' (P", Z)[1/p]
~ HZ(P", (Q/Z)) ~ (Q/Z)
via the trace map, where (Q/Z)" = B, Qi/Z:.

Presumably, LAIb® does exist with values in a suitable pro-category
containing D°(M,), and sends Z(n) to the complete Tate module of
Z(n) for n > 2. Note that, by 8.1.c below, LAIb(Z(n)) = 0 for n > 2,
so that the natural transformation LAIb®(a* M) — LAIb(M) will not
be an isomorphism of functors in general.

We shall show in Section 6 that LAlb does yield a left adjoint of Tot
after Hom groups have been tensored with Q.

5.3. Motivic Pic.

5.3.1. Definition. The motivic Picard functor (a contravariant func-
tor) is the functor

RPic : DMS, — D(My)[1/p]

given by Tot ™" a* DY (¢f. Definition 5.2.2).

For M € DM;?H we then have the following tautology

(Tot RPic(M))Y = Tot LAIb(M).

Actually, from Theorem 4.4.3 we deduce:

5.3.2. Corollary. For M € Dl\/[g;fn we have
RPic(M)* = LAIb(M). O
Therefore we get ‘H'(RPic(M)) = (;H;(LAIb(M)))*.

6. LAlb AND RPic WITH RATIONAL COEFFICIENTS

Throughout this section, we use the notations ®Q and XQ from
Definition 1.1.3.
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6.1. Rational coefficients revisited. To give a rational version of
Theorem 5.2.1, we have to be a little careful. Let DM*(k; Q) and

DM‘iffét(k; Q) denote the full subcategories of DM (k) and DMe_ffét(k)
formed of those complexes whose cohomology sheaves are uniquely di-
visible. Recall that by [47, Prop. 3.3.2], the change of topology functor
a* : DM* (k) — DM, (k)
induces an equivalence of categories
DM (k; Q) — DM, (k; Q).

Beware that in loc. cit. | these two categories are respectively de-

noted by DM (k) ® Q and DM, (k) ® Q, while this notation is used

e
here according to Definition 1.1.3. The composite functors (with our
notation)

DM (k; Q) — DM (k) — DM (k) @ Q
DM, (k; Q) — DMZ (k) — DMZ (k) ® Q
are fully faithful but not essentially surjective. The functor a*®Q is not

essentially surjective, nor (a priori) fully faithful. Nevertheless, these
two composite functors have a left adjoint/left inverse C' — C'®Q, and

6.1.1. Proposition. a) The compositions

DM (k) ® Q — DM (k) © Q 2% DM (k; Q)

DM (k) ® Q — DM, (k) ® @ 2% DM, (k; Q)
are fully faithful.

b) Via these full embeddings, the functor o* induces equivalences of
categories

DM (k) R Q = DM (k) X Q

gm,ét

d<; DM (k) ®Q — d<; DMSE (k) K Q.
Proof. a) We shall give it for the first composition (for the second one
it is similar). Let M, N € DMggl(k): we have to prove that the obvious
map

Hom(M,N) ® Q — Hom(M @ Q, N ® Q)
is an isomorphism. We shall actually prove this isomorphism for any
M e DMggn(k:) and any N € DM®*(k). By adjunction, the right hand
side coincides with Hom(M, N ® Q) computed in DM® (k). We may
reduce to M = M(X) for X smooth. By [47, Prop. 3.2.8], we are left
to see that the map

HI%iS(X7 N) ® Q - Hl(\]Iis(X7N ® @)
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is an isomorphism for any ¢ € Z. By hypercohomology spectral se-
quences, we reduce to the case where N is a sheaf concentrated in
degree 0; then the assertion follows from the fact that Nisnevich coho-
mology commutes with filtering direct limits of sheaves.

b) It is clear that the two compositions commute with «*, which
sends DM;&(I{:) ® Q into DMgﬁm’ét(k) ® Q. By a) and [47, Prop. 3.3.2],
this functor is fully faithful, and the induced functor on the X cate-
gories remains so and is essentially surjective by definition of the two

categories. Similarly for the d<; categories. O

6.2. The functor LAIbY. We now get a rational version of Theorem
5.2.1 by taking (5.1) with rational coefficients according with the results
collected in 1.6.2 and 6.1.1.

6.2.1. Corollary. The functor d<; of (5.1) induces a left adjoint to
the embedding d<; DMy (k) X Q — DM, (k) X Q. The Voevodsky-
Orgogozo full embedding Tot : D*(M; @ Q) — DMg, ®Q has a left
adjoint/left inverse LAIbC. O

6.2.2. Remark. In this case, the formula d<; = D%, oa*o DY¥ collapses
into the simpler formula

with Dy = DY5 = D&,
7. A TENSOR STRUCTURE AND AN INTERNAL HoM oN D°(M;)® Q

In this section, coefficients are tensored with Q and we use the func-
tor LAIb? of Corollary 6.2.1.

7.1. Tensor structure.

7.1.1. Lemma. Let G,G5 be two semi-abelian varieties. Then, we

have in DM;?n’ét ®Q:

Biext(Gl,Gg;Gm) qu =0

0 else.

HI(D«1(G[-1] ® Go[-1])) = {

Proof. By Gersten’s principle (Proposition 2.4.1), it is enough to show
that the isomorphisms are valid over function fields K of smooth k-
varieties and that H° comes from the small étale site of Spec k. Since
we work up to torsion, we may even replace K by its perfect closure.
Thus, without loss of generality, we may assume K = k and we have
to show the lemma for sections over k.

For ¢ < 0, we use Proposition 4.3.1: for ¢ < 0 this follows from
Lemma 4.1.2, while for ¢ = 0 it follows from the isomorphisms (4.1)
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and (4.2) (see Proposition 4.1.1), which show that Biext(G1, Ga; Gy,)
is rigid.

For ¢ > 0, we use the formula

D<i(G[=1] ® G,[~1]) ~ Hom(G, [-1], Tot([0 — Ga]"))
coming from Theorem 4.4.3. Writing [0 — Ga|* = [Ly — As] with Lo
a lattice and Ay an abelian variety, we are left to show that

Hompyper  oq(G1, 4lq]) = 0 for ¢ > 0.

For this, we may reduce to the case where G is either an abelian
variety or G,,,. If Gy = G,,, G, is a direct summand of M (P*)[—1] and
the result follows. If G; is an abelian variety, it is isogenous to a direct
summand of J(C) for C' a smooth projective geometrically irreducible
curve. Then G, is a direct summand of M (C'), and the result follows

again since Ly and A, define locally constant (flasque) sheaves for the
Zariski topology. U

7.1.2. Proposition. a) The functor LAIb? : DMZH ®Q — D*(M;)®Q

m
is a localisation functor; il carries the tensor structure ® of DMg,, ®Q

to a tensor structure @ on D°(M;) ® Q.
b) For (M,N) € DML ®Q x D*(M;) ® Q, we have

LAIb%(M ® Tot(N)) ~ LAIb®(M) @, N.
c) We have
Z—0l® C=C
for any C € D*(M,;) ® Q;
Ny @ N = [L — @]
for two Deligne 1-motives Ny = [L; — G1|, Ny = [Ly — G|, where
L=1® Ly;
there is an extension
0 — Biext(G1,G2;Gp)" = G — L1 @ Go® Ly ® G; — 0.

d) The tensor product ®; is exact with respect to the motivic t-structure
and respects the weight filtration. Moreover, it is right exzact with respect
to the homotopy t-structure.

e) For two 1-motives N1, Ny and a semi-abelian variety G, we have

Hom(N; ®; N, [0 — G]) ~ Biext(Ny, N2; G) @ Q.
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Proof. a) The first statement is clear since LAlb is left adjoint to the
fully faithful functor Tot. For the second, it suffices to see that if
LAIL®(M) = 0 then LAI®(M ® N) = 0 for any N € DM ®Q.

m

We may check this after applying Tot. Note that, by Proposition
4.4.1 and Remark 6.2.2, Tot LAIb®(M) = d<y(M) = 0 is equivalent
to D<1(M) = 0. We have:

Do;(M ® N) =Hom(M ® N,Z(1)) = Hom (N, Hom(M, Z(1))) = 0.
b) Let M’ = fibre(Tot LAIb®(M) — M): then LAIb%(M') = 0. By
definition of ®; we then have
LAIb®(M) @, N = LAIb%(Tot LAIb%(M) @ Tot(N))
5 LAY (M @ Tot(N)).
c¢) The first formula is obvious. For the second, we have an exact
triangle
Gl[—l] X Gg[—l] - TOt(N1> & TOt(NQ)

— Tot([Li ® Ly — L1 ® Go ® Ly ® G1])

hence an exact triangle
Hom(Tot([L; ® Ly — L1 ® Gy @ Ly ® G4],Z(1))
— Hom(Tot(N;) ® Tot(N2), Z(1)) — Hom(G4[—1]® Go[—1], ) 5

By Lemma 7.1.1, the last term is Biext(G1, Go; G,,,), hence the claim.

d) Exactness and compatibility with weights follow from the sec-
ond formula of b); right exactness for the homotopy t-structure holds
because it holds on DM*T Q.

e) We have:

HOIHM1®Q(N1®1N2, [O — G]) = HOIHdSl DM@Q(TOt(Nl(X)lNQ), G[—l])
= HomDM®Q(Tot(N1) X TOt(NQ), G[—l]) = Biext(Nl, NQ, G) ® Q
by Proposition 4.3.1 and formula (4.1). O

7.1.3. Remarks. 1) It would be interesting to try and define ®; a
priori, with integral coefficients, and to see whether it is compatible
with the tensor product of DMZ?H via the integral LAlb.

2) It is likely that Proposition 7.1.2 e) generalises to an isomorphism

HOHIM1®Q(N1 &1 NQ, N) = Biext(Nl, NQ, N) X @

for three 1-motives Ny, Ny, N, where the right hand side is the biexten-
sion group introduced by Cristiana Bertolin [6], but we have not tried
to check it. This would put in perspective her desire to interpret these
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groups as Hom groups in the (future) tannakian category generated by
1-motives.

More precisely, one expects that DM, ®Q carries a motivic ¢-struct-
ure whose heart MM would be the searched-for abelian category of
mixed motives. Then M; ®Q would be a full subcategory of MM and
we might consider the thick tensor subcategory M$ C MM generated
by M; ® Q and the Tate motive (inverse to the Lefschetz motive): this
is the putative category Bertolin has in mind.

Since the existence of the abelian category of mixed Tate motives
(to be contained in M?!) depends on the truth of the Beilinson-Soulé
conjecture, this basic obstruction appears here too.

Extrapolating from Corollary 6.2.1 and Proposition 7.1.2, it seems
that the embedding M; ® Q — MM (where MM is to be the
intersection of MM with DM;ﬂr ®Q) is destined to have a left ad-

m

joint /left inverse AIbY = Hy o LAleM e which would carry the ten-

sor product of MM to ®,. Restricting Alb? to MP N MM would
provide the link between Bertolin’s ideas and Proposition 7.1.2 e).

7.2. Internal Hom.

7.2.1. Proposition. a) The formula
HOIIl(Cl, CQ) = (Cl ®1 C;>*

defines an internal Hom on D*(M,) ® Q, right adjoint to the tensor
product of Proposition 7.1.2.
b) This internal Hom is exact for the motivic t-structure.

Proof. a) We have to get a natural isomorphism
HOHI(Cl &1 CQ, Cg) =~ HOHI(Cl, HOHI(CQ, Cg))

for three objects C;, Cy, C3 € D*(M;) ® Q.
Let us still write @; for the tensor product in d<; DM;{; ®Q corre-

sponding to the tensor product in D*(M;) ® Q. By definition, we have
for Ml, Mz, M e dgl DM

HOIIldSl DM(Ml ®1 M27 M) ~ HOHIDM(Ml (2 MQ, M)
= Hompy (M7, Hom(M,, M)).

In view of Theorem 4.4.3, we are left to show that Hom(My, M) ~
(My®q, MY)Y. By duality, we may replace M by MY. Then:

Hom(M,, M) = Hom(M,, Hom (M, Z(1))
~ Hom(M, @ M, Z(1)) ~ Hom (M, @, M,Z(1)) = (My @, M)”
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where the second isomorphism follows from Proposition 7.1.2 b).
b) This follows from the formula of a), Proposition 7.1.2 d) and
Proposition 1.8.5 c). O

Part 3. Some computations
8. THE ALBANESE COMPLEXES AND THEIR BASIC PROPERTIES

We introduce homological and Borel-Moore Albanese complexes of
an algebraic variety providing a computation of their 1-motivic homol-
ogy.

We also consider a slightly more sophisticated cohomological Al-
banese complex LAIb*(X) which is only contravariantly functorial for
maps between schemes of the same dimension. All these complexes
coincide for smooth proper schemes.

8.1. The homological Albanese complex. Let p: X — Speck be
a smooth variety. Recall that X has a motive M (X) € DM;?H [47]: M
is a covariant functor from the category Sm(k) of smooth k-schemes
of finite type to DM;?H. The image of M(X) via the full embedding
DM;?H — DM®T is given by the Suslin complex C., of the representable
Nisnevich sheaf with transfers L(X) associated to X.

For X an arbitrary k-scheme of fnite type, the formula M (X) =
C.(L(X)) still defines an object of DM®®; if char k = 0, this object is
in DMSE by [47, §4.1].

Convention. In this subsection, “scheme” means k-scheme of finite
type if char £ = 0 and smooth k-scheme of finite type if char k& > 0.

8.1.1. Definition. We define the homological Albanese complex of X
b

' LAIb(X):= LAIb(M (X)).
Define, for 7 € Z
the 1-motives with cotorsion (see Definition 1.8.1 and Notation 1.8.8)
determined by the homology of the Albanese complex.

The functor LAIb has the following properties, easily deduced from
(47, 2.2):

8.1.a. Homotopy invariance. For any scheme X the map
LAIb(X x A') — LAIb(X)
is an isomorphism, thus

LAIb(X x AY) = L;Alb(X)
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for all i € Z.

8.1.b. Mayer-Vietoris. For a scheme X and an open covering X =
U UV there is a distinguished triangle

LAIb(UNV) —— LAIb(U) @ LAIb(V)
+1 N /
LAIb(X)
and therefore a long exact sequence of 1-motives
-+ = LAIb(UNV) — L;AIb(U) & L;Alb(V) — L;Alb(X) — - --
8.1.c. Tate twists. If X is a smooth scheme and n > 0, then

0 ifn>1

LAIb(M (X)(n)) = {M(WO(X))U) ifn=1

where 7y (X)) is the “scheme of constants” of X, i.e. mo(X) = H Spec k;
iel
where [ is the set of connected components of X and k; is the field of
constants of the corresponding connected component. Indeed
LAIb(M(X)(n)) = Homy o (Homy; (M (X)(n), Z(1)), Z(1))
- Hométa*(HomNis(M(X>(n - 1)7 Z)7 Z(l))

by the cancellation theorem [48]. Now

0 ifn>1

Homy, (M (X)(n — 1), Z) = {HO_mNiS(M(WO(X)),Z) if n = 1.

The last formula should follow from [17, Lemma 2.1 a)] but the
formulation there is wrong; however, the formula immediately follows
from the argument in the proof of loc. cit. , i.e. considering the Zariski
cohomology of X with coefficients in the flasque sheaf Z.

This gives
[O — Rﬂg(X)/ka] ifi=0
0 else

LiAIb(M (X)(1)) = {

where Ry, /p(—) is Weil’s restriction of scalars.
From this computation we formally deduce:

8.1.2. Proposition. For any M € DMZEI, we have
e LAIb(M(n)) =0 forn > 2;
o LAIb(M(1)) is a complex of toric 1-motives. O
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8.1.d. Gysin. Let Z be a closed smooth subscheme purely of codimen-
sion n of a smooth scheme X, and let U = X — Z. Then

LAIb(U) — LAIb(X) if n > 1
and if n = 1 we have an exact triangle
LA]b(U) — LAlb(X) — [0 — ero(Z)/ka] [2] — LAlb(U)[l]

hence a long exact sequence of 1-motives

0 — LoAlb(U) — LoAlb(X) — [0 — Ryyx)/6Gom)
— LjAlb(U) — L;Alb(X) — 0

and an isomorphism LyAlb(U) — LAlb(X).

8.1.e. Blow ups. If X is a scheme and Z C X is a closed subscheme,
denote by p : X — X a proper surjective morphism such that p=! (X —
Z) — X — Z is an isomorphism, e.g. the blow up of X at Z. Then
there is a distinguished triangle

LAIb(Z) —— LAIb(X) @ LAIb(Z)

+1 N0 /
LAIb(X)

with Z = p~Y(Z), yielding a long exact sequence of 1-motives

(8.1) -+ — L;AIb(Z) — LAIb(X) @ LAIb(Z) — L;Alb(X) — - --

If X and Z are smooth, we get (using [47, Prop. 3.5.3] and the
above)

LAIb(Z) = LAI(X) @ [0 — Rey(z)/5Gm][2]

and corresponding formulas for homology.

8.1.f. Albanese map. If X is a scheme we have the natural map (5.2)

in DMST
ax : " M(X) — Tot LAIb(X)

inducing isomorphisms on étale motivic cohomology

Hom(M(X), Z(1)[5]) = Hom(LAIb(X), Gyn[j — 1)).
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8.2. Cohomological Pic. Dual to 8.1.1 we set:
8.2.1. Definition. Define the cohomological Picard complex of X by
RPic(X):= RPic(M(X)).
Define, for ¢ € Z 4
RiPic(X) :="H'(RPic(X))
the 1-motives with torsion determined by the cohomology of the Picard
complex (see Notation 1.8.8).

The functor RPic has similar properties to LAlb, deduced by duality.
Homotopical invariance, Mayer-Vietoris, Gysin and the distinguished
triangle for abstract blow-ups are clear, and moreover we have

: 0 ifn>1
RPic(M(X)(n)) = {[ZWO(X) 0] ifn=1
We also have that RPic(X) = LAIb(X)", hence

RiPic(X) = LAlb(X)".
We shall complete §8.1.d by

8.2.a. RPic and LAIb with supports. Let X € Sm(k), U a dense open
subset of X and Z = X — U (reduced structure). In DM, we have the
motive with supports M#(X) fitting in an exact triangle

MU) — M(X) —» M?(X) 5
hence the cohomological complex with supports
RPicz(X) := RPic(M?(X))

fitting in an exact triangle

RPicz(X) — RPic(X) — RPic(U) 2 .

Dually, we have LAIb?(X) := LAIb(M?(X)).

8.2.2. Lemma. If dimX = d, RPicz(X) ~ [CH, ,(Z) — 0][-2],
where CH, ((Z) is the lattice corresponding to the Galois module
CHy 1 (Zy).

Note that CHy_1(Z3) is simply the free abelian group with basis the
irreducible components of Z7 which are of codimentsion 1 in Xz.

Proof. This follows readily from the exact sequence
0— F(XE, Gm) - F(UE, Gm) - CHd—l(ZE)
H'(X3,G,) — H'(UR, Gyn) — 0.
U
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9. BOREL-MOORE VARIANTS

9.1. The Borel-Moore Albanese complex. Let p : X — k be a
scheme of finite type over a field which admits resolution of singu-
larities. Recall that the motive with compact support of X, denoted
M¢(X) € DM®® | has also been defined in [47, Sect. 4]. It is the Suslin
complex C, of the representable presheaf with transfers L¢(X) given by
quasi-finite correspondences. Since finite implies quasi-finite we have
a canonical map M(X) — M¢(X) which is an isomorphism if X is
proper over k.

In general, M€ : Sch®/k — DM;{1 is a covariant functor from the
category of schemes of finite type over k£ and proper maps between
them.

9.1.1. Definition. We define the Borel-Moore Albanese complex of X
by

LAIb®(X) := LAIb(M¢(X)).
Define, for i € Z
L;Alb(X) ;= H;(LAIb®(X))
the 1-motivic homology of this complex.
Note that we have the following properties:
9.1.a. Functoriality. The functor X +— LAIb®(X) is covariant for proper

maps and contravariant with respect to equidimensional morphisms of
relative dimension zero. We have a canonically functorial map

LAIb(X) — LAIb“(X)
which is an isomorphism if X is proper.

9.1.b. Localisation triangle. For any closed subscheme Y of a scheme
X we have a triangle

LAIbS(Y) ——  LAIb%(X)
+1N /
LAIbY(X —Y)

and therefore a long exact sequence of 1-motives
(9.1)
- — L AIY(Y) — LAIY(X) — LAIDY(X-Y) — L, 1AI(Y) — ...
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In particular, let X be a scheme obtained by removing a divisor Y’
from a proper scheme X, i.e. X = X — Y. Then

-+ — LiAIb(Y) — LiAlb(X) — LiAIb%(X) — LoAlb(Y)

— LoAlb(X) — LoAlb*(X) — ...

9.1.c. Albanese map. We have the following natural map (5.2)
a% : o M°(X) — Tot LAIb®(X)

which is an isomorphism if dim(X) < 1. In general, for any X, a5 in-
duces an isomorphism on motivic cohomology with compact supports,
i.e. HI(X,Q(1)) = Hom(LAIb(X),G,,[j — 1]).

9.2. Cohomological Albanese complex.

9.2.1. Lemma. Suppose p =1 (i.e. chark =0). For any X of dimen-
sion n, the motive M(X)*(n)[2n| is effective.

Proof. First assume X irreducible. Let X — X be a resolution of
singularities of X. with notation as in §8.1.e, we have an exact triangle
M(X)*(n) = M(X)*(n) & M(2)*(n) & M(Z)"(n) = .

Since X is smooth, M(X)*(n) ~ M¢(X)[-2n] is effective by [47,
Th. 4.3.2]; by induction on n, so are M(Z)*(n) and M(Z)*(n) and
therefore M(X)*(n) is effective.

In general, let Xy,..., X, be the irreducible components of X. Sup-
pose r >2and let Y = Xy N - N X,: since (X1,Y) is a cdh cover of
X, we have an exact triangle

M(X)*(n) — M(X1)*(n) ® M(Y)*(n) ® M(X,NY)*(n) 5.

The same argument then shows that M (X)*(n) is effective, by in-
duction on 7. U

We can therefore apply our functor LAlb and obtain another complex
LAIb(M (X)*(n)[2n]) of 1-motives. If X is smooth this is just the Borel-
Moore Albanese.

9.2.2. Definition. We define the cohomological Albanese complez of an
equidimensional scheme X of dimension n by

LAIb*(X) := LAIb(M(X)*(n)[2n]).
Define, for 1 € Z
L;Alb*(X) :=H;(LAIb* (X))

the 1-motivic homology of this complex.
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9.3. Compactly supported and homological Pic. We now con-
sider the dual complexes of the Borel-Moore and cohomological Al-
banese.

9.3.1. Definition. Define the compactly supported Picard complex of
any scheme X by

RPic*(X) := RPic(M°(X))

and the homological Picard complex of an equidimensional scheme X
of dimension n by

RPic*(X) := RPic(M(X)*(n)[2n]).
Denote R'Pic’(X):='H*(RPic°(X)) and R'Pic"(X):='H (RPic*(X))

the 1-motives with torsion determined by the homology of these Picard
complexes.

Recall that RPic?(X) = RPic(X) if X is proper and RPic?(X) =
RPic*(X) if X is smooth.

9.4. Topological invariance. To conclude this section and the pre-
vious one, we note the following useful

9.4.1. Lemma. Suppose that f : Y — X is a universal topological
homeomorphism, in the sense that 1y X f : U XY — U x X is a
homeomorphism of topological spaces for any smooth U (in particular
f is proper). Then f induces isomorphisms LAIb(Y) —— LAIb(X),
RPic(X) — RPic(Y), LAIb*(Y) — LAIb%(X) and RPic*(X) —
RPic®(Y). Similarly, LAIb*(X) — LAIb*(Y) and RPic*(Y) —
RPic*(X). This applies in particular to Y = the semi-normalisation

of X.

Proof. Tt suffices to notice that f induces isomorphisms L(Y) — L(X)
and L(Y) — L°(X), since by definition these sheaves only depend on
the underlying topological structures. 0

Lemma 9.4.1 implies that in order to compute LAIb(X), etc., we
may always assume X semi-normal if we wish so.
10. CoMPUTING LAIb(X) AND RPic(X) FOR SMOOTH X

10.1. The Albanese scheme. Let X be a reduced k-scheme of fi-
nite type. “Recall” the Albanese scheme Ax/; fitting in the following
extension

(10.1) 0 — A%, — Axjr — Zlmo(X)] — 0
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where Ag(/k is Serre’s generalised Albanese semi-abelian variety, and

mo(X) is the scheme of constants of X viewed as an étale sheaf on
Sm(k).% In particular,

Ax/i € AbS (see Definition 3.7.1).
There is a canonical morphism
(10.2) ax : X — Axyi

which is universal for morphisms from X to group schemes of the same
type.

For the existence of Ay, the reference [36, Sect. 1] is sufficient if
X is a variety (integral k-scheme of finite type), hence if X is normal
(for example smooth): this will be sufficient in this section. For the
general case, see §11.1.

We shall denote the object tot™'(Ay,,) € D*(My)[1/p] simply by
AX/k. As seen in Lemma 3.10.1, we have

[Z[mo(X)] — 0] fori=0
0 for ¢ #0,1.

10.2. The main theorem. Suppose X smooth. Via (1.1), (10.2) in-
duces a composite map

(10.3) Mg (X) — Mg (Axyr) — Axyp

Theorem 4.4.3 gives:
10.2.1. Lemma. We have an exact triangle

Z[ro(X)][0] = Hom(Ax i, Z(1)) — (A%,)' -2 = O
By Lemma 10.2.1, the map
Hom (A s, Z(1)) — Hom(Me(X), Z(1))

deduced from (10.3) factors into a map
(104)  Hom(Axp Z(1)) — reoHom(Me(X), Z(1)).

Applying Proposition 4.4.1 and Lemma 5.1.2, we therefore get a
canonical map in D°(M;)[1/p]

(10.5) LAIb(X) — Ax k-

6In the said references, Ag(/k is denoted by Albx and Ay, is denoted by ZYI/)X.
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10.2.2. Theorem. Suppose X smooth. Then the map (10.5) sits in an
exact triangle

[0 — NS%,][2] — LAIb(X) — Ax AN

where NS}/k denotes the group of multiplicative type dual to NSx /i, (cf.
Definition 3.5.1 and Proposition 3.5.2).

This theorem says in particular that, on the object LAIb(X), the
motivic t-structure and the homotopy t¢-structure are compatible in a
strong sense.

10.2.3. Corollary. For X smooth over k we have
[Zlmo(X)] = 0] ifi=0

LAlb(x) = § 0™ Al fi=1
' 0= NSy, ifi=2
0 otherwise.

Note that, while LyAlb(X) and L; Alb(X) are Deligne 1-motives, the
same is not true of LoAlb(X) in general.

10.2.4. Corollary. For X smooth, L1 Alb(X) is isomorphic to the ho-
mological Albanese 1-motive Alb™ (X)) of [4]. O

10.3. Reformulation of Theorem 10.2.2. It is sufficient to get an
exact triangle after application of D<;0Tot, so that we have to compute
the cone of the morphism (10.4) in DM . We shall use:

gm,ét*
10.3.1. Lemma. For F € HI},, the morphism b of Proposition 3.1.1 is
induced by (1.1).

Proof. This is clear by construction, since Hompy, (M (G), F[1])

H (G, F) [47, Prop. 3.3.1]. O
Taking the cohomology sheaves of (10.4), we get morphisms
(10.6) Hom (Ax /i, Grm) — p:Grm x
b o T .
(10.7) [ Eat (Axpe, Gn) — Picy ) — Picy,

where in (10.7), b corresponds to the map of Proposition 3.1.1 thanks
to Lemma 10.3.1. Thanks to Proposition 3.6.1, Theorem 10.2.2 is then
equivalent to the following

10.3.2. Theorem. Suppose k algebraically closed; Then
a) (10.6) yields an isomorphism Hom(Ax x, Gy) — T'(X, G,).
b) (10.7) defines a short exact sequence

(10.8) 0 — Ext(Ay 4, Gm) — Pic(X) — NS(X) — 0
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where e is the natural map.

Before proving Theorem 10.3.2, it is convenient to prove Lemma
10.3.3 below. Let Ax/; be the abelian part of Ag(/k; then the sheaf

Ext (Ax )y, Gr) is represented by the dual abelian variety A% /1~ Com-
posing with the map f of (10.7), we get a map of 1-motivic sheaves

(10.9) Ax/x — Picyy.
10.3.3. Lemma. The map (10.9) induces an isomorphism in SAb

A}/k — V(EX/k)
where v is the adjoint functor appearing in Theorem 3.2.4 a).

Proof. We proceed in 3 steps:

(1) The lemma is true if X is smooth projective: this follows from
the representability of Pic} and the duality between the Picard
and the Albanese varieties.

(2) Let 5 : U — X be an open immersion: then the lemma is
true for X if and only if it is true for U. This is clear since
Picy/, — Picy ), is an epimorphism with discrete kernel.

(3) Let ¢ : Y — X be an étale covering. If the lemma is true for Y,
then it is true for X. This follows from the existence of transfer
maps ¢, : Ay, — A%, Picy ) — Picy ), commuting with the
map of the lemma, plus the usual transfer argument.

We conclude by de Jong’s theorem [16, Th. 4.1]. O

10.4. Proof of Theorem 10.3.2. We may obviously suppose that X
is irreducible.

a) is obvious from the universal property of Ay /. For b) we proceed
in two steps:

(1) Verification of ef = 0.
(2) Proof that the sequence is exact.

(1) As above, let A = Ay, be the abelian part of A% . In the
diagram

Ext<A’ Gm) — EXt(A()){/k, Gm) — EXt(AX/kn Gm)

the first map is surjective and the second map is an isomorphism, hence
we get a surjective map

v: Ext(A,G,,) — Ext(Ax/k, Gn).
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Choose a rational point # € X (k). We have a diagram
EXt(A, Gm) L EXt(Ax/k, Gm)

| /|

Pic(4) —— Pic(X)

NS(4) —F— NS(X)
in which
(i) a is given by [39, p. 170, prop. 5 and 6] (or by Proposition
3.1.1).

(ii) ca =0 (ibid., p. 184, th. 6; ).

(i) 2* is induced by the “canonical” map X — A sending x to 0.

Lemma 3.1.6 applied to G' = Ax/,, implies that the top square com-
mutes (the bottom one trivially commutes too). Moreover, since v is
surjective and ca = 0, we get ef = 0.

(2) In the sequence (10.8), surjectivity is clear. Let us prove injec-
tivity: suppose that f(€) is trivial. In the pull-back diagram

E*é’L X

a’l al
E X Ax /i

7’ has a section ¢’. Observe that £ is a locally semi-abelian scheme: by
the universal property of Ax/y, the morphism @'c’ factors canonically
through @. In other words, there exists o : Ax/, — & such that
a'c’ = oa. Then
moa =na o =an'c’ =a

hence mo = 1 by reapplying the universal property of Ax/,, and &
is trivial. Finally, exactness in the middle follows immediately from
Proposition 3.5.2 and Lemma 10.3.3. 0

10.5. An application.

10.5.1. Corollary. Let X be a smooth k-variety of dimension d, U a
dense open subset and Z = X — U (reduced structure). Then the mor-
phism Ay — Axyi is epi; its kernel is a torus Tx u, whose character
group fits into a short exact sequence

0— T)*(/U,k — CH, 1 (Z) — NSz(X) — 0
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where CH,_1(Z) is as in Lemma 8.2.2 and NSz(X) = Ker(NS(X) —
NS(U).

Proof. To see that Ay, — Axyy is epi with kernel a torus, it is suffi-
cient to see that mo(Ay/k) — mo(Ax/x) and that Ay, — Axjr. The
first isomorphism is obvious and the second one follows from [29, Th.

3.1]. The characterisation of Tx/u is then an immediate consequence
of Theorem 10.2.2 and Lemma 8.2.2. O

10.6. RPic(X). Recall that for X smooth projective Ag(/k = Axy, is
the classical Albanese abelian variety Alb(X). In the case where X
is obtained by removing a divisor Y from a smooth proper scheme X,
A5 /1> can be described as follows (cf. [4]). Consider the (cohomological

Picard) 1-motive Pic™(X) := [Div{,(X) — Pic’(X)]: its Cartier dual is
A% Ik which can be represented as a torus bundle

0—Tx/x;— Ax/k — AIb(X) — 0

where Ty, has character group Div).(X) according to Corollary 10.5.1.
From the previous remarks and Corollary 10.2.4, we deduce:

10.6.1. Corollary. If X is smooth with smooth compactification X,
then

0= Zlmo(X)]' ifi=0
_JDiv)(X) — Pic”(X)] ifi=1
P =1 INs(x) - o) Fiz2
0 otherwise

where Y = X — X. In particular, R'Pic(X) is isomorphic to the 1-
motive Pict (X) of [4].

11. 1-MOTIVIC HOMOLOGY AND COHOMOLOGY OF SINGULAR
SCHEMES

11.1. Ay, for X € Sch(k). In this subsection, we extend the con-
struction of Ax/;, to arbitrary reduced k-schemes of finite type, starting
from the case where X is integral (which is treated in [36, Sect. 1]).
So far, k may be of any characteristic.

To make the definition clear:

11.1.1. Definition. Let X € Sch(k). We say that Ay ewists if the
functor

AbS — Ab
Gr— G(X)
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is corepresentable.

First note that Ay, does not exist (as a semi-abelian scheme, at
least) if X is not reduced. For example, for X = Spec k[e] with €2 = 0,
we have an exact sequence

0 — Gu(k) = Map,(X,G,,) — G, (k) — 0

which cannot be described by Hom(.A, G,,) for any semi-abelian scheme

A.

On the other hand, M (X) = M(X,eq) for any X € Sch(k), where
Xreq is the reduced subscheme of X (see proof of Lemma 9.4.1), so we
are naturally led to neglect nonreduced schemes.

11.1.2. Lemma. Let Z € Sch(k), G € AbS and fi, fo : Z = G two
morphisms which coincide on the underlying topological spaces (thus,
fi = fo if Z is reduced). Then there exists a largest quotient G of G
such that mo(G) — m(G) and the two compositions

7=G—G
coincide.

Proof. The set S of such quotients G is in one-to-one correspondence
with the set of closed subgroups H® C G°. Clearly mo(G) € S, and
if 61 = G/H? € S, 62 = G/Hg € S, then G5 = G/(H? ﬂHS) e S.
Therefore S has a smallest element, since it is Artinian (compare proof
of Proposition 3.6.5). O

11.1.3. Proposition. Ay, exists for any reduced X € Sch(k).

Proof. When X is integral, this is [36, Sect. 1]. Starting from this case,
we argue by induction on dim X. Let Z,...,Z, be the irreducible
components of X and Z;; = Z; N Z;.

By induction, Ajj :=A(z,),../x exists for any (i, j). Consider

A = Coker (@ Aij — @ .Az-)

with A»L = AZz/k Let Z = Hsz and fl,fg 4= HZZ the two
inclusions: the compositions fi, fo : Z = A verify the hypothesis of
Lemma 11.1.2. Hence there is a largest quotient A’ of A with my(A) —
mo(A), equalising f; and f;. Then the composition

glues down to a morphism X — A’. It is clear that A" = Ay since,
for any commutative group scheme G, the sequence

0 — Map,(X,G) — @Mapk(zi, G) — @Mapk(zij’ G)
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is exact. ]

Unfortunately this result is only useful to understand L;Alb(X) for
X “strictly reduced”, as we shall see below. In general, we shall have
to consider Albanese schemes for the éh topology.

11.2. The ¢éh topology. In this subsection and the next ones, we
assume that k is of characteristic 0.

The following étale analogue of the cdh topology was first considered
by Thomas Geisser:

11.2.1. Definition. The éh topology on Sch(k) is the topology gener-
ated by the étale topology and coverings defined by abstract blow-ups
(it is the same as [47, Def. 4.1.9] by replacing the Nisnevich topology
by the étale topology).

As in [47, Th. 4.1.10] (see [27, Proof of Th. 14.20] for more details),
one has:

11.2.2. Proposition. Let F be a presheaf with transfers. Then, for
any X € Sm(k) and any q € Z one has

Hompyger, (M(X), C.(F)lq)) = HY (X, Fa).

In particular, if X is smooth then HE (X, Fe) — HE (X, Fan). O

We are going to prove a few comparison results between éh and étale
cohomology for non-smooth schemes. Let € : Schg, — Schg be the
obvious morphism of sites. If F is an étale sheaf on Sch, we denote by
Fen its éh sheafification (that is, Fg, = e.£*F). We shall abbreviate
H} (X, Fa) to H (X, F).

The first basic result is a variant of [43, Cor. 7.8 and Th. 10.7]:

11.2.3. Proposition. Let C be a bounded below complex of torsion étale
sheaves on Sch. Then, for any X € Sch and anyn € Z, HZ (X, C) —
H} (X,0).

Proof. This is true if X is smooth by Proposition 11.2.2. In general,
we argue by induction on dim X: in the situation of §8.1.e, we have a
commutative diagram

. —HIYZ,0) —— H(X,C) —— HA(X,C) @ H2(Z,C)—. ..

T | I

. —HIYZ,0) —— HA(X,0) —— HL(X,C)® HL(Z,C)—. ..
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where the top sequence is exact by definition of the éh topology and
the bottom one is exact by [33, Prop. 2.1] (recall that the proof of loc.
cit. relies on the proper base change theorem).

If the statement is true for X and if dim Z ,dim Z < dim X , then it is
true for X. If X is irreducible, we may take for X a desingularisation
of X, and in general we reduce to the irreducible case by taking for X
the coproduct of the irreducible components of X. U

We now consider discrete sheaves:

11.2.4. Lemma. a) If F is discrete, then F — Fg,. More precisely,
for any X € Sch, F(mo(X)) — F(X) — Fen(X).

b) If f 1Y — X is surjective with geometrically connected fibres, then
Fen — fof *Fon.

Proof. a) We may assume X reduced. Clearly it suffices to prove that

F(mo(X)) — Fan(X) for any X € Sch. In the situation of §8.1.e, we
have a commutative diagram of exact sequences

0 — Fa(X) — éh()?)@]:éh(z) — éh(z)

[ I I

0 —— F(m(X)) — Flm(X)) ® F(mo(Z)) —— F(mo(Z)):

The proof then goes exactly as the one of Proposition 11.2.3. b)
follows from a). O

It is well-known that H}, (X, F) = 0 for any geometrically unibranch
scheme X € Sch if F is constant and torsion-free (cf. [SGA4, IX, Prop.
3.6 (ii)]). The following lemma shows that this is also true for the éh
topology, at least if X is normal.

11.2.5. Lemma (compare [27, Ex. 12.31 and 12.32]). Let F be a con-
stant torsion-free sheaf on Sch(k).
a) For any X € Sch, H} (X, F) is torsion-free. It is finitely generated
of F is a lattice.
b) Let [ : X — X be a surjective morphism. Then Hy (X, F) —
th(f(,}") 1s injective in the following cases:

(i) The geometric fibres of f are connected.

(ii) f is finite and flat.
c¢) If X is normal, H (X, F) = 0.
d) Let ()?, Z, Z) be as in §8.1.¢, with X the normalisation of X and Z
the locus where X is not normal. Then there is an exact sequence

F(mo(2)) — F(wo(2)) — Hy(X, F) — Hy(Z, F) — HY(Z, F).
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Proof. a) The first assertion follows immediately from Lemma 11.2.4
(consider the exact sequence of multiplication by n on F). The second
assertion follows, by induction on dim X, from the exact sequence

(11.1) 0 — HY(X,F) — HYN(X, F) @& HY(Z,F) — HY\(Z, F)
- Helh(Xu:'t) - H;h()?7f) EB Helh<va) - H§h<27f)

for (X, Z,Z) as in §8.1.e and from the fact that HL (X, F) = 0 if X is
smooth, by Proposition 11.2.2.
b) In the first case, the Leray spectral sequence yields an injection

HY (X, f.F) — HY(X, F)

and f,.F = F by Lemma 11.2.4 b). In the second case, the theory of
trace [SGA4, XVII, Th. 6.2.3] provides F, hence Fg,, with a morphism
Try : fuF — JF whose composition with the natural morphism is
(on each connected component of X) multiplication by some nonzero
integer. This shows that the kernel of H} (X, F) — Hj (X, f.F) is
torsion, hence 0 by a).

c) follows from b) with X a desingularisation of X: by Proposition
11.2.3, HL(X,F) =5 HL(X,F) and it is well-known that the first
group is 0; on the other hand, the fibres of f are geometrically con-
nected by Zariski’s main theorem. d) now follows from c¢) by applying
the exact sequence (11.1) a second time. O

11.2.6. Remark. It would be interesting to describe exactly the rela-
tionship between HZ (X, Z) and H} (X,Z) in general.

If G is a commutative k-group scheme, the associated presheaf G is
an étale sheaf on reduced k-schemes of finite type. However, G(X) —
Gy, (X) is not an isomorphism in general if X is not smooth. Never-
theless we have some nice results in Lemma 11.2.8 below.

11.2.7. Definition. A k-group scheme of finite type X is strictly re-
duced (a recursive definition) if it is reduced and

(i) If X isirreducible: X, is strictly reduced.

(ii) If Zy,...,Z, are the irreducible components of X: all Z; are
strictly reduced and the scheme-theoretic intersection Z; N Z;
is reduced for any i # j.

11.2.8. Lemma. a) If X is reduced, then the map G(X) — G4, (X) is
injective for any semi-abelian k-scheme G.
b) If X is strictly reduced, this map is an isomorphism.
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Proof. a) Let Z; be the irreducible components of X, and for each i let

i © Z; — Z; be a resolution of singularities. We have a commutative
diagram

Ga(X) — B Cal(Z) L B GCa(Z)

I I I

G(X) — @Gz 2 BG(Z).

The bottom horizontal maps are injective; the right vertical map is
an isomorphism by Proposition 11.2.2 (and the fact that G is strictly
homotopy invariant by Proposition D.1.4). The claim follows.

b) We argue by induction on d = dim X. If d = 0 this is trivial.
If d > 0, we first assume X irreducible. Let Z be its singular locus,
and choose a desingularisation p : X — X with p proper surjective,
X smooth, Z = p~'(Z) a divisor with normal crossings (in particular
reduced) and pix_z an isomorphism. We now have a commutative
diagram

n(X) — Qéh(Z)@QéhQN() — @th(Z)

| T T

0 — G(X) — G(2)aG(X) — DG12)

where the lower sequence is exact, the middle vertical map is bijective
by induction on d and the smooth case (Proposition 11.2.2) and the
right vertical map is injective by a). It follows that the left vertical
map is surjective.

In general, write 71, ..., Z, for the irreducible components of X: by
assumption, the two-fold intersections Z;; are reduced. The commuta-
tive diagram

0 — Gg(X) — DGu(Z) —— DGaulZiy)
0 — GX) — DGZ) — DGE(Zy)

then has the same formal properties as the previous one, and we con-
clude. ]

0 — Gi

We finish this subsection by some representability results.

11.2.9. Proposition. Let 7 be the structural morphism of X and 7"
the induced direct image morphism on the éh sites. For any éh sheaf
F, let us denote the restriction of RIT®L to Sm by Riw,F. Then
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a) For any lattice L, R'm.L is a ind-discrete sheaf for all ¢ > 0; it is a
lattice for g =0, 1.
b) For any semi-abelian scheme G, R'm,G is 1-motivic for ¢ =0, 1.

Proof. a) Let U be a smooth k-variety. We have:
HG (X x U, L) = HomDMg;fhét(M(X x U), L[q])
— Hompyger , (M(X), Hom(M(U), Lg))
= HomDI\/IgﬁfMt (M(X), Rf{*Liq])

where f is the structural morphism of U. Let u € U, Y = Spec Of]’}u
and ¢ the structural morphism of Y. Passing to the limit over the

previous isomorphism, we get
Hi (X xY L) = HomDMgffn? (M(X), Rgi*L[q])

= HomDMgivét (M<X)> Rg/itL[Q])

ét

where ¢’ is the structural morphism of mo(Y) = mo(U). This easily
implies that the restriction of RI7¢"Z to smooth k-schemes is locally

constant. For ¢ = 0, 1, the fact that it is a lattice follows from lemmas
11.2.4 and 11.2.5 a).

b) O
11.3. L;Alb(X) for X singular. The following is a general method
for computing the I-motivic homology of LAIb%(X):

11.3.1. Proposition. If chark = 0 and X € Sch(k) consider cdh
cohomology groups HLy, (X, 7*(N))qg, where m : Sch(k)ean — Sch(k)zar
1s the canonical map from the cdh site to the big Zariski site. Then we
have short exact sequences, for all i € 7

0 — Ext!(L;, AIbY(X), N) — H,, (X, 7*(N))g
— Hom(L;AIb%(X), N) — 0

0 — Ext!(N, Ly AIb%(X)) — Ext (N, LAIbY%(X))
— Hom(N, L;Alb(X)) — 0.
Proof. For any 1-motive N € M; we have a spectral sequence
(11.2) EP? = Ext?(L,Alb(X), N) = Ext?"(LAIb(X), N)
yielding the following short exact sequence
0 — Ext!(L;_;AIb%(X), N) — Ext’(LAIb?(X),N) —
Hom(L;AIb%(X), N) — 0
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because of Proposition 1.2.1. By adjunction we also obtain
Ext’(LAIb%(X), N) = Hom(LAIb®(X), N[i]) = Hom(M(X), Tot N|i]).
Now from [47, Thm. 3.2.6 and Cor. 3.2.7], for X smooth we have
Hom(M (X), Tot N[i]) = Hy,.(X, N)g.

If £ is of characteristic 0 and X is arbitrary, we get the same isomor-
phism with edh hypercohomology by [47, Thm. 4.1.10].
The proof for the second short exact sequence is similar. O

One gets similar computations integrally by replacing the cdh topol-
ogy by the éh topology, but here the spectral sequence does not degen-
erate. In any case we shall obtain the following integral results directly
(except for Proposition 11.3.3).

11.3.2. Proposition. For any X € Sch(k) of dimension d in charac-
teristic 0, we have

a) L;AlIb(X) =0 if i <O0.

b) LoAlb(X) = [Z[mo(X)] — 0].

¢) LiAlb(X) =0 for i > max(2,d + 1).

d) Ly 1Alb(X) is a group of multiplicative type.

e) Let LiAlb(X) = [Ly — G4|. If X is proper, then Gy is an abelian
variety.

Proof. 1) Suppose that X is irreducible. Choose a resolution of singu-
larities p : X — X; let Z = Sing(X) and Z = p~!(Z). We obtain from
(8.1) a long exact sequence

-+ — LAIb(X) ® L;AIb(Z) — LAIb(X) — L;_;Alb(Z) — ...

a) and b) follow from this exact sequence, Corollary 10.2.3 and an
induction on d. For c), by Corollary 10.2.3 we have L;Alb(X) = 0 for
1 > 2, hence the claim still follows inductively.

d) Again we argue by induction on d. For d = 0 the statement is
trivial. For d = 1, the long exact sequence of c¢) reduces us to the
smooth case where this follows from Corollary 10.2.3. For d > 2, this
exact sequence together with ¢) yields a monomorphism

Las1Alb(X) < LyAlb(Z)
and we conclude.

e) is also proven inductively by reduction to the smooth case.

2) In general, we argue similarly by replacing the éh cover Z ] X —
X of 1) by the éh cover [[ Z; — X, where the Z; are the irreducible

components of X, and Z by [[ Z;;. O
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We now compute the 1-motive L;Alb(X) = [L; — G] in important
special cases. This is done in the following two propositions.

11.3.3. Proposition. a) We have a canonical isomorphism
Ly ~ Hom (R'7.7Z,7)

(cf. Proposition 11.2.9). b) We have a canonical isomorphism
Gr /(L) zar — (A"

where (Ly)zar 18 the Zariski closure of the image of Ly in Gy and
(.Aﬁ?/k)o corepresents the functor SAb 3 G — G, (X).

c) If X is normal, L1 =0 and G, = (Ai?/k)o.
Proof. a) Let L be a lattice. We compute:
Hy,(X,L) = HomDMzglyét(Mét(X)a L[1]) = Hompspq,) (LAID(X), L[1]).
From the spectral sequence (11.2), we get an exact sequence
0 — Ext'(LoAlb(X), L) — Hom ps(us,)(LAIb(X), L[1])
— Hom(L;Alb(X), L) — Ext*(LoAlb(X), L).
Since the two Ext are 0, we get an isomorphism
Hom py ) (LAIb(X), L[1]) — Hom(L;Alb(X), L) = Hom(Ly, L)

which gives the first statement, since we obviously have Hj, (X, L) =
HY.(k,R'm,L) = H%(k, R'7.Z ® L) by Proposition 11.2.9 a).

b) We may suppose X connected. We do the same computation with
the 1-motive [0 — G| for a variable semi-abelian scheme G. We get:

Hg,(X,G) = HomDMgﬁl ét(Mét(X>7 G)
| — Homppas,)(LAI(X), [0 — G][1])
then an exact sequence
0 — Ext'(LoAlb(X), [0 — G]) — Homps(u,)(LAIb(X), [0 — G][1])
— Hom(L;Alb(X), [0 — G]) — Ext*(LoAlb(X), [0 — G]).
The first Ext is G(k) and the second Ext is 0, hence an isomorphism
Gen(X) — Hom(L;Alb(X), [0 — G])

and the last group consists of those homomorphisms from G; to G
which vanish on the image of L.
c) follows from a), b) and Lemma 11.2.5 ¢). O

The next proposition gives a computation of G from a different (and
complementary?) point of view.
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11.3.4. Proposition. Let X € Sch(k). Then
a) H;(LAIb(X)) =0 fori < 0.
b) Let Fx = Ho(Tot LAIb(X)). Then the composition

a*M(X) — Tot LAIb(X) — Fx|0]
corepresents the functor

Shv; — Ab
F — Fen(X) (see Def. 11.2.1).

c) We have an epimorphism

(11.3) QFx) = Axa/k
(cf. Proposition 3.6.5), where the left hand side corepresents the functor
*AbS — Ab
G — Gg(X).

In particular, Q(Fx)* = (AF)° (cf. Proposition 11.3.3 c)).
d) The sheaves Fx and Q(Fx) have my equal to Z[mo(X)]; in particular,
e) If Xyea is strictly reduced (Def. 11.2.7), (11.3) is an isomorphism.

Proof. a) is proven as in Proposition 11.3.2 by blow-up induction (re-
duction to the smooth case). If F € Shvy, we have

HomDM‘iﬂét(a*M(X>7f) = Fen(X)

by Propositions 3.8.1, 11.2.2 and D.1.4. The latter group coincides
with Homgyy, (Fx, F) by (5.3) and a), hence b). The left hand side of
(11.3) clearly corepresents the said functor; the map then comes from
the obvious natural transformation in G: G(X,eq) — Gen(X) and its
surjectivity follows from Lemma 11.2.8 a), hence c).

In d), it suffices to prove the first assertion for Fx: then it follows
from Proposition 11.3.2 b). The second assertion is obvious. e) now
follows from Lemma 11.2.8 b). O

11.3.5. Remark. It is convenient to write Aé?/k :=Q(Fx) in the pre-
vious proposition. One could christen Fx and Aé?/k the universal 1-
motivic sheaf and the éh-Albanese scheme of X. Here is a concrete
description of them: if LjAlb(X) = [L; EN G4], then Fyx is an exten-
sion of Z[my(X)] by G,/f(L1) and Q(Fx) is an extension of Z[m(X)]
by G1/H, where H is the Zariski closure of f(L;) in Gj.
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11.3.6. Remark. One could make use of Proposition 11.3.1 to compute
L;Alb(X) for singular X and i > 0. However, H} (X, G,,)g can be non-
zero also for ¢ > 2. Also Hj, (X, Z)g # 0 in general (cf. [27, Ex. 12.31
and 12.32]), therefore a precise computation for X singular and higher
dimensional appears to be difficult. We shall do completely the case of
curves below.

11.4. The cohomological 1-motives R'Pic(X). If X € Sch(k), we
quote the following variant of Proposition 11.3.1:

11.4.1. Lemma. Let N € M; ® Q and X € Sch(k). We have a short
exact sequence, for all i € Z
0 — Ext(N,RiPic(X)) — H'y, (X, ™ (N"))o
— Hom(N, R'Pic(X)) — 0
here m: Sch(k)ean — Sch(k)za and N* is the Cartier dual.
Proof. The spectral sequence
EY? = Ext?(N, R%Pic(X)) = Ext?™(N, RPic(X))
yields the following short exact sequence
0 — Ext(N, R"'Pic(X)) — Ext'(N, RPic(X)) —
Hom (N, R'Pic(X)) — 0
and by Cartier duality, the universal property and [47, Thm. 4.1.10]
we obtain:
Ext’(N, RPic(X)) = Hom(N, RPic(X)[i]) = Hom(LAIb(X), N*[i])
Hom(M (X), N*[i]) 2= Hegy (X, 7 (N7))q-
O

On the other hand, here is a dual to Propositions 11.3.2, 11.3.3 and
11.3.4:

11.4.2. Proposition. For any X € Sch(k) of dimension d in charac-
teristic 0, we have

a) R'Pic(X) =0 ifi < 0.

b) ROPic(X) = [0 — Z[m(X)]*].

¢) R'Pic(X) = 0 for i > max(2,d +1).

d) R 1Pic(X) is discrete.

e) Let R'Pic(X) = [L' — G']. If X is proper, L' = 0.

f) If X is normal, R'Pic(X) is the dual of [0 — (A_ég?/k)o}.

g) If X s strictly reduced, R'Pic(X) ~ [0 — AE(/,C]* ® [0 — T, where
T is the torus R'm, 7 ® G,, (cf. Proposition 11.2.9). O
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11.5. Borel-Moore variants.

11.5.1. Definition. For X € Sch(k), we denote by 7§(X) the disjoint
union of my(Z;) where Z; runs through the proper connected compo-
nents of X: this is the scheme of proper constants.

11.5.2. Proposition. Let X € Sch(k) of dimension d. Then:

a) L;AIb°(X) =0 if i <O.

b) LoAlb*(X) = [Z[n§(X)] — 0]. In particular, LoAlb°(X) = 0 if no
connected component is proper.

c) L;AIb(X) = 0 for i > max(2,d + 1).

d) Ly 1AIbS(X) is a group of multiplicative type.

e) LiAIb(X) = [L1 — Ay, where Ay is an abelian variety.

f) If X is normal, let X be a normal compactification of X. Then L,
has finite index in Zmo(X — X)].

Proof. Let us first consider a)-e). If X is proper, this is Proposition
11.3.2. In general, we may choose a compactification X of X; if Z =
X — X, with dim Z < dim X, the claim follows inductively by the long
exact sequence (9.1).

For f), we may assume X connected. Consider the exact sequence
(9.1): we get with obvious notation an almost exact sequence

where “almost exact” means that its homology is finite. The last map

is an isomorphism and L;(X) = 0 by Proposition 11.3.3. Since L;(X)
and Lo(X — X) are torsion-free, we conclude. O

We leave it to the reader to formulate the dual of this proposition
for RPic(X).
12. GENERALISATIONS OF ROITMAN’S THEOREM

In this section we give a unified treatment of Roitman’s theorem
on torsion O-cycles on a smooth projective varieties and its various
generalisations.

12.1. Motivic and classical Albanese. Let X € Sch(k); we assume
X smooth if p > 1 and X semi-normal (in particular reduced) if p = 1,
see Lemma 9.4.1. Recall that Suslin’s singular algebraic homology is

H;(X) := Hompyes (Z[j], M(X)) = Hyl.(k, C.(X))
for any scheme p : X — k. On the other hand, we may define
H{H(X) := Hompyer (Z[j], Met (X)) = H (k, 0" C.(X)).
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We also have versions with torsion coefficients:
Hjét(X7 Z/n) == :E[()11/1])1\/14971’i"ét (Z[JL Mét(X) ® Z/n) “e e

(this convention is chosen so that we have the usual long exact se-
quences.) The motivic Albanese map (5.2) then gives maps

(12.1) H{*(X) — Hompyer (Z[5], Tot LAIb(X))
(12.2) H{' (X, Z/n) — Hompyer (Z[]], Tot LAIb(X) @ Z/n).

Now let Ag"?/k be as in Proposition 11.3.4 and Remark 11.3.5: recall
th}at .Ag?/k = Axyi if X is strictly reduced. The map Tot LAIb(X) —
Ag?/k of loc. cit. induces a homomorphism

(12.3) Hompyper (Z, Tot LAIb(X)) — AS,,(k)[1/p]

which is not an isomorphism in general (see below).

Finally, composing (12.3), (12.1) and the obvious map Hy(X)[1/p] —
HEY(X), we get a map
(12.4) Ho(X)[1/p] — AR (k) [1/p].

We may further restrict to parts of degree 0, getting a map
Ho(X)*[1/p] — (AS)° ()[1/p].

If X is smooth, this is the Z[1/p]-localisation of the generalised Al-
banese map of SpieB-Szamuely [42, (2)].

12.2. A proof of Roitman’s and Spief3-Szamuely’s theorems.
Until the end of this section, we assume that k is algebraically closed.
We shall show how the results of Section 10 allows us to recover the
classical theorem of Roitman on torsion O-cycles, as well as its general-
isation to smooth varieties by SpieB-Szamuely [42]. The reader should
compare our argument with theirs (loc. cit. , §5).

Since k is algebraically closed, Corollary D.1.6 implies

12.2.1. Lemma. For any j € Z, H{"(X) = H;(X)[1/p]. O

Moreover, it is easy to evaluate Hompyper (Z[j], Tot LAIb(X)) out

of Theorem 10.2.2: if L,Alb(X) = [L,, — G,], we have a long exact
sequence

(12.5)
L1 (R)[1/p] = Grya(K)[1/p] — HomDMc_ﬁ,ét (Z[n], Tot LAIb(X))

— La(B)[1/p] = Gu(k)[L/p] — ..
Thus:
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12.2.2. Lemma. (12.3) is an isomorphism and we have
(12.6) Hompyper (Z[1], Tot LAIb(X)) ~ NS . (k)[1/p]
Hompyper (Z[n], Tot LAIb(X)) = 0 if n # 0, 1.

Here is now the main lemma:

12.2.3. Lemma. The map (12.2) is an isomorphism for j =0, 1.

Proof. 1t is sufficient to show that the Hom((12.2),Z/n(1)) is an iso-
morphism. Since k is algebraically closed, by finite group duality (!)
this is nothing else than the map

H(Tot RPic(X) ® Z/n) — H2,(X,Z/n(1)).
By definition, the left hand side is
HY (a"Homy,, (M (X), Z(1)) ® Z/n) = H (X, Z/n(1))

(using again that k is algebraically closed), hence the result follows
from Hilbert’s theorem 90. U

The following theorem extends [42, Th. 1.1] to the case of arbitrary
smooth varieties’.

12.2.4. Theorem. The map (12.4) is an isomorphism on torsion.

Proof. Lemmas 12.2.1 and 12.2.2 reduce us to show that (12.1) is an
isomorphism on torsion for j = 0. For notational simplicity, let us
write 7" for Tot LAIb(X') and drop DM‘fét from the Homs. We have a
commutative diagram with exact rows:
(12.7)

HYX)©Q/Z — HYX,QZ) — HE(Xww —0

Hom(Z[1],T) ® Q/Z—Hom(Z[1],T ® Q/Z)—Hom(Z, T)tors—0

The middle vertical map is an isomorphism by Lemma 12.2.3 and
Hom(Z[1],T) ® Q/Z = 0 by (12.6), so the proof is complete. O

12.3. Generalisation to singular schemes. We now assume char k&
= 0, and show how the results of Section 11 allow us to extend the
results of the previous subsection to singular schemes.

n loc. cit. , X is supposed to be quasi-projective and, more restrictively, to
admit a smooth compactification.
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13. 1-MOTIVIC HOMOLOGY AND COHOMOLOGY OF CURVES

13.1. “Chow-Kiinneth” decomposition for a curve. Note that
for any curve C, the map a¢ is an isomorphism by Proposition 5.1.4.
Moreover, since the category of 1-motives up to isogeny is of cohomo-
logical dimension 1 (see Prop. 1.2.1), the complex LAIb(C) can be
represented by a complex with zero differentials. Using Proposition
11.3.2 ¢), we then have:

13.1.1. Corollary. If C is a curve then the motive M(C) decomposes
n DME?H ®Q as
M(C) = Mo(C) @ M1 (C) & M>(C)
where M;(C) := Tot L; AIb%(C)[i].
13.2. The motivic Albanese map for curves.

13.2.1. Proposition. If X is a smooth curve, the maps (12.1) are
isomorphisms for any j.

Proof. This follows immediately from Proposition 5.1.4. U

Note that if X = X — Y is a smooth curve obtained by remov-
ing a finite set of closed points from a projective smooth curve X
then Ax/, = Picx .y, is the relative Picard scheme (see [4] for its
representability) and the Albanese map just send a point P € X to
(Ox(P),1) where 1 is the tautological section, trivialising O (P) on
X. We then have the following result (cf. [27, Lect. 7, Th. 7.16]).

13.2.2. Corollary. If X = X —Y is a smooth curve,
a™ : Hy™ (X)) — Pic(X, Y)[1/p]
s an isomorphism.

13.3. L;Alb and R'Pic of curves. Here we shall complete the com-
putation of Proposition 11.3.2 in the case of a curve C'.

Let C denote the normalisation of C. Let C be a smooth compactifi-
cation of C' so that F = C — C is a finite set of closed points. Consider
the following cartesian square

C
|
S — C

where S denote the singular locus. Let S denote S regarded in C. Note
that S = my(S), S = m(S) and my(S) — mo(S) if € — C is radicial,

yielding M (C) = M(C) in this case. In general, we have the following.

j—)
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13.3.1. Theorem. Let C, 5 C, S, §, S and F as above. Then

Zm(C)] — 0 im0
U e 00 o
L;Alb(C) = [Div S/s(*c ) = Pie(CLR)] i =1
[0 —> NSC/k] ifi=2
otherwise
where: DlVS/S(C, F) = Div% (C) here is the free group of degree zero

5/8
divisors generated by S having trivial push-forward on S and the map u
is the canonical map (cf. [4, Def. 2.2.1]); NSg ;. is the sheaf associated

to the free abelian group on the proper irreducible components of C.
Proof. We use the long exact sequence (8.1)
-+ — L;Alb(S) — L;Alb(C)BL;Alb(S) — L;Alb(C) — L;_;Alb(S) —

Since S and S are 0-dimensional we have L;Alb(S) = L;Alb(S) =
for ¢ > 0, therefore

L;Alb(C) = L;AIb(C) for i > 2
and by 10.2.3 we get the claimed vanishing and description of Ly Alb(C).
For i = 0 see Corollary 11.3.2. If i = 1 then L;Alb(C) is here repre-

sented as an element of Ext([A — 0], L1 Alb(C)) where A := Ker(Z[m(S5)]
— Zmo(C)) @ Z[mo(S)]. Recall, see 10.2.3, that L1 Alb(C) = [0 — A% ]

~ C/k
thus Ext(A, L1 Alb(C)) = Homyg (A, Ag/k) and

LiAID(C) = [A = AL .

Now A = DIVS/S( F), .A%/k = Pic’(C, F) and the map u is induced

by the following canonical map.

Consider ¢z : €' — Pic(C, F) where ¢5(P):=(0Og(P), 1) yielding
Az, = Pic(C, F) and such that

0 — Div(C)* — Pic’(C, F) — Pic’(C) — 0.

Thus L;Alb(C) = [0 — Pic” (C F). Note that Zlmo(S)] = Div§(6’) =
Divg(C, F), the maHZ[WO(S)] — Z[mo(C)] is the degree map and the
following map Z[my (S )} — Z[mo(5)] is the proper push-forward of Weil
divisors, i.e. A = Dlvs/s(C, F). The map ¢g then induces the map-
ping u € Homy (A, Pic’(C, F)) which also is the canonical lifting of the

universal map D — Og(D) as the support of D is disjoint from F (cf.
[4, Lemma 3.1.3]). O
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13.3.2. Remark. We remark that L;Alb(C) coincides with the ho-
mological Albanese 1-motive Alb™(C') (= Pic™(C) for curves, see [4]).
The L;Alb(C') also coincide with Lichtenbaum-Deligne motivic homol-
ogy hi(C) of the curve C, cf. [23].

Note that R'Pic(C) = L;Alb(C)* is Deligne’s motivic cohomology
H} (C)(1) of the singular curve C by [4, Prop. 3.1.2]. Hence:

13.3.3. Corollary. Let C be a curve, C' its seminormalisation, C a

compactification of C', and F = C —C'. Let further C' denote the
normalisation of C. Then

[0 = Gy [mo(C)]] ifi=0
RiPic(C) = Divi(C) = Pic’ ()] ifi=1

INS(C) — 0] ifi=2

0 otherwise

where NS(C) = Z[wg(é)} and wg(é) is the scheme of proper constants.
13.4. Borel-Moore variants.

13.4.1. Theorem. Let C' be a smooth curve, C' a smooth compactifi-
cation of C' and ' = C — C' the finite set of closed points at infinity.
Then

[Z[75(C)] — 0] ifi=0

i) DIvR(C) = Pic’(C)] ifi=1

L;Alb*(C) = 0 NS, i
0 otherwise

where NS(C') = Z[no(C)] and ©§(C') is the scheme of proper constants.
Proof. 1t follows from the distinguished triangle

LAIb(F) —— LAIb(C)

+1N /
LAIb*(C)
and Corollary 10.2.3, yielding the claimed description: LoAlb®(C) =

Coker(LoAlb(F) — LoAlb(C')) moreover we have
[Div}.(C) — 0] = Ker(LoAlb(F) — LoAlb(C))
and the following extension
0 — LiAIb(C) — L AlIb%(C) — [Divi(C) — 0] — 0.

Finally, L;Alb(C) = L;Alb%(C) for i > 2. O
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13.4.2. Corollary. Let C' be a smooth curve, C' a smooth compactifi-
cation of C and F = C — C the finite set of closed points at infinity.
Then

[0 — Gu[r§5(C)]] ifi=0

[0—>P1c (C’ F)] ifi=1

[N (C) — 0] ifi =2
otherwise

where NS(C) = Z[ro(C)] and 75(C) is the scheme of proper constants.

Here we have that R!Pic’(C') = R!Pic"(C) is also the Albanese va-
riety of the smooth curve.

Note that L;Alb°(C) (= Pict(C) = Alb*(C) for curves, see [4])
coincide with Deligne’s motivic H., (C')(1) of the smooth curve C. This
is due to the Poincaré duality isomorphism M¢(C') = M (C)*(1)[2].

RPic’(C) =

Part 4. Appendices
APPENDIX A. HOMOLOGICAL ALGEBRA

A.1. Some comparison lemmas. The following lemma is probably
well-known:

A.1.1. Lemma. Let T : T — T’ be a full triangulated functor between

two triangulated categories. Then T is conservative if and only if it is
faithful.

Proof. “If” is obvious. For “only if”, let f : X — X’ be a morphism
of 7 such that T'(f) = 0. Let g : X’ — X" denote a cone of f. Then
T'(g) has a retraction p. Applying fullness, we get an equality p = T'(r).
Applying conservativity, u = rg is an isomorphism. Then ' = u~!r is
a retraction of g, which implies that f = 0. U

A.1.2. Proposition. a) Let i : E < A be an exact full sub-category of
an abelian category A, closed under kernels. Assume further that for

cach A* € C°(A) there exists E° € C*(E) and a quasi-isomorphism
i(E") — A" in K°(A). Then i : D"(E) — DY(A) is an equivalence of
categories.

b) The hypothesis of a) is granted when every object in A has a finite
left resolution by objects in E.

Proof. a) Clearly, the functor D°(E) — DP(A) is conservative. The
assumption implies that ¢ is essentially surjective: thanks to Lemma
A.1.1, in order to conclude it remains to see that ¢ is full.
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Let f € D*(A)(i(D"),i(E")). Since D(A) has left calculus of frac-

tions there exists a quasi-isomorphism s such that f = f's~! where
f' A" —4(E")is amap in K®(A), which then lifts to a map in C*(A).
By hypothesis there exists F~ € C*(E) and a quasi-isomorphism s’ :
i(F°) — A", Set f":=f's' :i(F") — i(E"). Then f = f"(ss')"
where ss’ : i(F") — i(D") is a quasi-isomorphism. By conservativity
of i, we are reduced to check fullness for effective maps, i.e. arising

from true maps in C®(A): this easily follows from the fullness of the
functor C*°(E) — C°(A).
b) This follows by adapting the argument in [15, I, Lemma 4.6]. O

A.1.3. Proposition. Let E — A be an exact category. Let D be a
triangulated category and let T : D*(E) — D be a triangulated functor
such that

Hom po gy (', Eli]) — Homp(T(E"), T(Eli)))
forall E'"E € E and i € Z. Then T s fully faithful.
Proof. Let C,C" € C*(E): we want to show that the map
Hom ps () (C, C") — Homp(T(C), T(C"))
is bijective. We argue by induction on the lengths of C' and C". O

Finally, we have the following very useful criterion for a full embed-
ding of derived categories, that we learned from Pierre Schapira.

A.14. Proposition ([20, p. 329, Th. 13.2.8]). Let A — B be an
exact full embedding of abelian categories. Assume that, given any
monomorphism X' — X in B, with X' € A, there exists a morphism
X — X", with X" € A, such that the composite morphism X — X" is
a monomorphism. Then the functor

D*(A) — D*(B)
is fully faithful for x = 4+, 0.
A.2. The Tot construction.

A.2.1. Lemma. Let A be an abelian category and let A%V be the
(abelian) category of complexes of length 1 of objects of A. Then the
“total complex” functor induces a triangulated functor

D*<A[O,1]) N D*(.A)

for any decoration *.
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Proof. We may consider a complex of objects of A% as a double com-
plex of objects of A and take the associated total complex. This yields
a functor

Tot : C*(A*Y) — D*(A).

(Note that if we consider a complex of objects of A1

M =L G

asamap u* : L' — G of complexes of A, then Tot(M ") coincides
with the cone of u*.)

This functor factors through a triangulated functor from D*(A%):
indeed it is easily checked that a) Tot preserves homotopies, b) the
induced functor on K*(A%1) is triangulated; ¢) Tot of an acyclic com-
plex is 0 (which follows from a spectral sequence argument). O

APPENDIX B. TORSION OBJECTS IN ADDITIVE CATEGORIES

B.1. Additive categories.

B.1.1. Definition. Let A be an additive category, and let A be a
subring of Q.

a) We write A ® A for the category with the same objects as A but
morphisms

(A2 A)(X,Y)=AX,Y)® A.
b) We denote by A{A} the full subcategory of A:
{X € A|3n > 0 invertible in A,nlx = 0}.

For A = Q, we write A{A} = Aio,s. We say that X € A{A} is an
A-torsion object (a torsion object if A = Q).

¢) A morphism f: X — Y in A is an A-isogeny (an isogeny if A = Q)
if there exists a morphism g : ¥ — X and an integer n invertible in A
such that fg = nly and gf = nlyx. We denote by ¥ 4(.A) the collection
of A-isogenies of A.

d) We say that two objects X,Y € A are A-isogenous if they can be
linked by a chain of A-isogenies (not necessarily pointing in the same
direction).

B.1.2. Proposition. a) The subcategory A{A} is additive and closed
under direct summands.

b) The A-isogenies X4(A) form a multiplicative system of morphisms
in A, enjoying calculi of left and right fractions. The corresponding
localisation of A is isomorphic to AR A.
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Proof. a) is clear. For b), consider the obvious functor P : A — A® A.
We claim that

Ya(A) ={f| P(f) is invertible.}

One inclusion is clear. Conversely, let f : X — Y be such that P(f)
is invertible. This means that there exists v € (A® A)(Y, X) such that
P(f)y = 1y and vP(f) = 1x. Choose an integer m € A — {0} such
that m~y = P(g;) for some g;. Then there is another integer n € A—{0}
such that

n(fg1 —mly) =0 and n(g; f —mlx)=0.

Taking g = ng; shows that f € ¥ 4(A).

It is also clear that homotheties by nonzero integers of A form a
cofinal system in ¥ 4(A). This shows immediately that we have calculi
of left and right fractions.

It remains to show that the induced functor

SA(ATTA—- AR A

is an isomorphism of categories; but this is immediate from the well-
known formula, in the presence of calculus of fractions:

Sa(ATAXY) = lim AXY) = lim  A(X,Y).
x'Lxes X5X,neA—{0}

The following lemma is clear.

B.1.3. Lemma. Let B be a full additive subcategory of A, and suppose

that every object of B is A-isogenous to an object of A. Then B A ——
A®A. O

B.2. Triangulated categories.

B.2.1. Proposition. Let T be a triangulated category. Then

a) The subcategory T{A} is triangulated and thick.

b) Let X € T andn € A—{0}. Then “the” cone X/n of multiplication
by n on X belongs to T{A}.

¢) The localised category T /T {A} is canonically isomorphic to T ® A.
In particular, T ® A is triangulated.

d) A morphism f of T belongs to X4(7T ) if and only if cone(f) € T{A}.

Proof. a) It is clear that 7{A} is stable under direct summands; it
remains to see that it is triangulated. Let X|Y € T{A}, f: X =Y
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a morphism and Z a cone of f. We may assume that nly = nly = 0.
The commutative diagram

Y Z X[1]
| o] el
Y 7z X[1]

show that multiplication by n on Z factors through Y; this implies that
n21Z = 0.

b) Exactly the same argument as in a) shows that multiplication by
n on X/n factors through X, hence that n21X/n =0.

c) Let f € 7 be such that C' := cone(f) € T{A}, and let n > 0
be such that nle = 0. The same trick as in a) and b) shows that
there exist factorisations n = ff' = f”f, hence that f € ¥4(7). In
particular, f becomes invertible under the canonical (additive) functor
7 — T ® A. Hence an induced (additive) functor

T/T{A} > T®A

which is evidently bijective on objects; b) shows immediately that it is
fully faithful.
d) One implication has been seen in the proof of ¢). For the other, if

f € ¥A(T), then f becomes invertible in A®Q, hence cone(f) € T{A}

by c). O
B.2.2. Remark. As is well-known, the stable homotopy category gives
a counterexample to the expectation that in fact nly,, = 0 in b)
(X =5%n=2).

B.2.3. Lemma. Let0 — 7' — 7T — T" — 0 be a short exact sequence
of triangulated categories (by definition, this means that T' is thick in
T and that T" is equivalent to T /T'). Then the sequence

0T A—-TRA—-T" A —0

15 ezact.
Proof. We have to show that the functor

T®RA

a:

T'® A
is an equivalence of categories. Since the left hand side is A-linear, the
natural functor

—>T//®A

T/T' - TRA/T'® A
canonically extends to a functor

b: (T/TY®A—-T®A/T ® A.
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It is clear that a and b are inverse to each other. O

B.2.4. Proposition. Let T : S — 7 be a triangulated functor between
triangulated categories. Then T is fully faithful if and only if the in-
duced functors T{A} : S{A} - T{A} and TR A:SRA—-TRA
are fully faithful.

Proof. “Only if” is obvious; let us prove “if’. Let X,Y € §: we have
to prove that 7' : S(X,Y) — T (T(X),T(Y)) is bijective. We do it in
two steps:

1) Y is torsion, say nlx = 0. The claim follows from the commuta-
tive diagram with exact rows

sxmay) —  sxy) 22N sxy) — S(X/ny)

o|: ‘| ‘| o|:

n=0
S(T(X)/n1),T(YV) =T (T(X),TY)) — T(T(X),TY))—=>S(T(X)/nT(Y))

and the assumption (see Proposition B.2.1 b)).
2) The general case. Let n > 0. We have a commutative diagram

with exact rows
0—  S(X,)Y)/n — SX)Y/n) — .S(X,Y[1]) —0

TJ/ TJ/Z Tl
0T (X)) /T (T(X),T(Y) /)= S (T(X), T (V1) —0

where the middle isomorphism follows from 1). The snake lemma yields
an exact sequence

0— S(X,Y)/n - T(T(X),T(Y))/n

—.,S(T(X), TYV)[1]) — S(T(X), T(Y)[1]) — 0.
Passing to the limit on n, we get another exact sequence
0—S(X,Y)®A/Z - T(T(X),T(Y))® A/Z
— S(T(X), T(Y)[){A} — S(T(X), T(V)[1]){A} — 0.

Combined with the commutative diagram with exact rows
0—  SXY){A} — SXY) — SXY)eA — SXY)®A/z —0

Tl Tl Tll Tl
0—>T(T(X),T(Y)){A}—>T(T(X),T(Y))—>'T(T(X),T(Y))®A—>T(T(X),T(Y))@A/Z—>0

where the isomorphism is by assumption, and the similar ones replacing
Y by Y[—1], we get the claim from the 5 lemma. O
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B.3. Torsion objects in an abelian category. The proof of the
following proposition is similar to that of Proposition B.2.1 and is left
to the reader.

B.3.1. Proposition. Let A be an abelian category. Then

a) The full subcategory A{A} is thick (a Serre subcategory, in another
terminology).

b) Let X € A and n > 0 invertible in A. Then the kernel and cokernel
of multiplication by n on X belong to A{A}.

c¢) The localised category AJA{A} is canonically isomorphic to A® A.
In particular, A® A is abelian.

d) A morphism [ € A is in X 4(A) if and only if Ker f € A{A} and
Coker f € A{A}. O

The following corollary is a direct consequence of Proposition B.3.1
and Lemma B.1.3:

B.3.2. Corollary. Let A be an abelian category. Let B be a full additive
subcategory of A, and suppose that every object of B is A-isogenous to
an object of A (see Definition B.1.1). Then B ® A is abelian, and in
particular idempotent-complete. 0

B.4. Abelian and derived categories.

B.4.1. Proposition. Let A be an abelian category. Then the natural
functor D*(A) — D*(A ® A) induces an equivalence of categories

D'(A)® A" DV A® A).
In particular, D°(A) ® A is idempotent-complete.

Proof. In 3 steps:

1) The natural functor C*(A) ® A — C*(A® A) is an equivalence of
categories. Full faithfulness is clear. For essential surjectivity, take a
bounded complex C' of objects of A® A. Find a common denominator
to all differentials involved in C'. Then the corresponding morphisms
of A have torsion composition; since they are finitely many, we may
multiply by a common bigger integer so that they compose to 0. The
resulting complex of C®(A) then becomes isomorphic to C'in C*(A® A).

2) The functor of 1) induces an equivalence of categories K’(A) ®
A K*(A® A). Fullness is clear, and faithfulness is obtained by the
same technique as in a).

3) The functor of 2) induces the desired equivalence of categories.
First, the functor

D*(A)/Diyay(A) — D"(A/A{A})
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is obviously conservative. But clearly DZ{ a(A) = D*(A){A}. Hence,
by Propositions B.2.1 and B.3.1, this functor translates as

DY(A)® A — DY(A® A).

Let A%(A) denote the thick subcategory of K°(A) consiting of acyclic
complexes. By Lemma B.2.3 we have a commutative diagram of exact
sequences of triangulated categories

0 — AANRA —— KA A — DA A —— 0

l | l

0 — AUARA) — K'A®A) —— D'(A®A) —— 0.
We have just seen that the right vertical functor is conservative, and

by b), the middle one is an equivalence. Hence the left one is essentially
surjective, and the result follows. U

APPENDIX C. 1-MOTIVES WITH TORSION

Effective 1-motives which admit torsion are introduced in [3, §1].
We investigate some properties which are not included in op. cit. as a
supplement to our Sect. 1.

C.1. Effective 1-motives. Let k& be a field. An effective 1-motive
over k is a complex of group schemes M = [L = G] where L is finitely
generated locally constant for the étale topology i.e. a discrete sheaf
of Def. 1.1.1, and G is a semi-abelian k-scheme. Therefore L can be
represented by an extension

0_>L‘cor_>L_>Lfr_>0

where Ly, is a finite and flat k-group scheme and Ly is free, i.e. a
lattice. Also G can be represented by an extension of an abelian k-
scheme A by a k-torus 7.

C.1.1. Definition. An effective map from M = [L % G] to M' =
(L Lyel ] is a commutative square

L 25 G

1

L@
in the category of group schemes. Denote by (f,g) : M — M’ such
a map. The natural composition of squares makes up a category, de-
noted by ‘MSE. We will denote by Hom.g(M, M’) the abelian group

of effective morphisms.
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For a given 1-motive M = [L - (] we have, in the abelian category
of commutative group schemes, a commutative diagram

0 0

0 —— KGI'(U) ﬂLtOr _— Ltor L} U(Ltor) — 0

l

(c1) 0 —  Ker(u) —— L —2 G

with exact rows and columns. We set

o My :=[Lt = G/u(Lior)]

o M, :=[Ker(u) N Ly — 0]

o My :=[L/Ker(u) N Lioy — G
considered as effective 1-motives. From Diagram (C.1) there are canon-
ical effective maps M — Mg, Mo, — M and My — Mg,

C.1.2. Definition. A I-motive M = [L = G] is free if L is free, i.e.
if M = Mg.. M is torsion if L is torsion and G = 0, i.e. if M = M,
and torsion-free if Ker(u) N Lo, = 0, i.e. if M = M.

Denote by 'MSTT AT and P MY the full sub-categories of
EMET given by free, torsion and torsion-free 1-motives respectively.

The category t/\/liﬁ’fr is nothing else than the category M of Deligne
1-motives and we shall ehnceforth use this notation. It is clear that
EMETET s equivalent to the category of finite group schemes. If M is
torsion-free then Diagram (C.1) is a pull-back, i.e. L is the pull-back
of Ly along the isogeny G — G/ Lyo,.

C.1.3. Proposition. The categories ' MST and M, have all finite limits
and colimits.

Proof. Since these are additive categories (with biproducts), it is enough
to show that they have kernels, dually cokernels. Now let ¢ = (f,g) :
M — M’ be an effective map. We claim that

Ker p = [Ker’(f) = Ker®(g)]
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is the pull-back of Ker’(g) along u, where Ker’(g) is the connected
component of the identity of the kernel of g : G — G’ and Ker’(f) C
Ker(f). We have to show that the following diagram of effective 1-
motives

Ker'(f) —— Ker’(g)

f g

L/ L) G/

satisfies the universal property for kernels. Suppose that M"” = [L” ¥,
G"] is mapping to M in such a way that the composition M" — M —
M’ is the zero map. Then L” maps to Ker(f) and G” maps to Ker(g).
Since G” is connected, it actually maps to Kero(g) and, by the universal
property of pull-backs in the category of group schemes, L” then maps
to Ker®(f). Finally note that if L is free then also Ker®(f) is free.

For cokernels, we see that

[Coker(f) % Coker(g)]

is an effective 1-motive which is clearly a cokernel of .

For My, it is enough to take the free part of the cokernel, i.e. given
(f,g) : M — M’ then [Coker(f) — Coker(g)]; meets the universal
property for coker of free 1-motives. O

C.2. Quasi-isomorphisms. We now introduce natural generalisations
of isogenies between abelian varieties (c¢f. [3, §1]).

C.2.1. Definition. An effective morphism of 1-motives M — M’, here
M =L % G]and M’ = [l % ('], is a quasi-isomorphism (q.i. for
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short) of 1-motives if it yields a pull-back diagram

0 0

where F' is a finite group.

C.2.2. Remarks. 1) Note that kernel and cokernel of a quasi-isomor-
phism of 1-motives are 0 but, in general, a quasi-isomorphism is not an
isomorphism in ! MST. Hence the category *MST is not abelian.

2) A q.i.of I-motives M — M’ is actually a q.i. of complexes of group
schemes. In fact, an effective map of 1-motives M — M’ is a q.i. of
complexes if and only if we have the following diagram

0— Ker(u) L —— G Coker(u) —0
u ] ||
0—Ker(u) I Y a — Coker(u')—0.

Therefore Ker and Coker of L — L' and G — G’ are equal. Then
Coker(G — G') = 0, since it is connected and discrete, and Ker(G —
G’) is a finite group. Conversely, Diagram (C.2) clearly yields a q.i. of
complexes. In particular, it easily follows that the class of q.i.of 1-
motives is closed under composition of effective morphisms.

C.2.3. Proposition. Quasi-isomorphisms are simplifiable on the left
and on the right.

Proof. The assertion “on the right” is obvious since the two components
of a q.i.are epimorphisms. For the left, let ¢ = (f,g9) : M — M’ and
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o= (s,t): M' — M a q.i.such that o = 0. In the diagram

L - G

we have L = L'/F, G = G'/F, for some finite group F, Im(f) C F and
Im(g) C F. Now o’ restricts to the identity on F' thus Im(f) C Im(g)
and Im(g) = 0, since Im(g) is connected, hence ¢ = 0. O

C.2.4. Proposition. The class of q.i. admits calculus of right fractions
in the sense of (the dual of) [14, Ch. 1, §2.3].

Proof. By [3, Lemma 1.2], the first condition of calculus of right frac-
tions is verified, and Proposition C.2.3 shows that the second one is
verified as well. O

C.2.5. Remark. The example of the diagram
[L -G —2— [I' - G
(170)l
[L — 0]

where ¢ is a nontrivial q.i. shows that calculus of left fractions fails in
general.

C.2.6. Lemma. Let s,t,u be three maps in 'MST, with su =t. If s
and t are q.i., then so is u. O

Proof. Consider the exact sequence of complexes of sheaves
0 — Keru — Kert — Ker s — Coker u — Cokert — Coker s — 0.

Since s and t are ¢.i., the last two terms are 0. Hence Coker(u) =
[L — G] is a quotient of Ker(s); since G is connected, we must have
G = 0. On the other hand, as a cokernel of a map of acyclic complexes
of length 1, Coker(u) is acyclic, hence L = 0. Similarly, Ker(u) is
acyclic. O
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C.3. 1-motives. We now define the category of 1-motives with torsion
from ‘MST by formally inverting quasi-isomorphisms.

C.3.1. Definition. The category ‘M, of 1-motives with torsion is the
localisation of ‘MST with respect to the multiplicative class {q.i. } of
quasi-isomorphisms.

C.3.2. Remark. Note that there are no nontrivial q.i. between free
(or torsion) 1-motives. However, the canonical map My — My is a
quasi-isomorphism (it is an effective isomorphism when u( Lo ) = 0).

It follows from Proposition C.2.4 that the Hom sets in ' M, are given
by the formula
Hom(M, M") = lim Homeg (M, M')
q.i.
where the limit is taken over the filtering set of all quasi-isomorphisms
M — M. A morphism of 1-motives M — M’ can be represented as a
diagram
M M’
q.i. \ N / eff
M

and the composition is given by the existence of a M making the fol-
lowing diagram

M M/ M//
q.i. \ N / '\ . /‘ eff
M M’

q.i. \ - / eff
M

commutative. (This M is in fact unique, see [3, Lemma 1.2].)

C.4. Strict morphisms. The notion of strict morphism is essential
in order to show that the category of 1-motives is abelian (cf. [3, §1]).

C.4.1. Definition. We say that an effective morphism (f,g) : M — M’
is strict if we have

Ker(f, g) = [Ker(f) — Ker(g)]

i.e. if Ker(g) is connected.
To get a feeling on the notion of strict morphism, note:

C.4.2. Lemma. Let p = (f,g) : M — N be a strict morphism, with g
onto. Suppose that ¢ = 0@, where o is a q.i. Then o is an isomorphism.
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Conversely, we obtain:

C.4.3. Proposition ([3, Prop. 1.3]). Any effective morphism ¢ : M —
M’ can be factored as follows

M 25 M
(C.3) NS
M

where ¢ is a strict morphism and M — M is a q.i.

Proof. (Sketch) Note that if ¢ = (f, g) we always have the following
natural factorisation of the map g between semi-abelian schemes

G- @

NS
G/ Ker'(g)

If g is a surjection we get the claimed factorisation by taking M =
[L — G/Ker’(g)] where L is the pull-back of L', the lifting of f is
granted by the universal property of pull-backs. In general, we can
extend the so obtained isogeny on the image of ¢ to an isogeny of G’
(see the proof of Prop. 1.3 in [3] for details). O

C.4.4. Lemma. Let

M -

-

N "N

be a commutative diagram in *MSE, where f is strict and u,t are
q.i. Then the induced map v : Coker(h) — Coker(f) is a q.i.

Proof. In all this proof, the term “kernel” is taken in the sense of kernel
of complexes of sheaves. Let K and K’ be the kernels of f and h
respectively:

0 — K M L m Coker(f)
ool d
0 — K’ N N Coker(h)

By a diagram chase, we see that v is onto and that Kert — Kerwv is
surjective. To conclude, it will be sufficient to show that the sequence
of complexes

(C.4) Ker(u) — Ker(t) — Ker(v)
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is exact termwise. For this, note that the second component of w is
onto because f is strict and by dimension reasons. This implies by a
diagram chase that the second component of (C.4) is exact. But then
the first component has to be exact too. U

C.5. Exact sequences of 1-motives. We have the following basic
properties of 1-motives.

C.5.1. Proposition. The canonical functor
tMTH BN tMl
is left exact and faithful.

Proof. Faithfulness immediately follows from Proposition C.2.3, while
left exactness follows from Proposition C.2.4 and (the dual of) [14, Ch.
I, Prop. 3.1]. O

C.5.2. Lemma. Let f: M' — M be an effective map.

(1) The canonical projection m : M — Coker(f) remains an epi-
morphism in *tM;.

(2) If f is strict then m remains a cokernel in *M.

(3) Cokernels exist in *M.

Proof. To show Part 1 let m : M — N be an effective map. One sees
immediately that 7 is epi in “M; if and only if for any commutative
diagram

M —/— N

4]

Q- Q
with s,s q.i., the map 7’ is an epi in the effective category. Now
specialise to the case N = Coker(f) and remark that (up to modding
out by Ker f) we may assume f to be a monomorphism as a map of
complexes, thus strict. Take 7/, s, s’ as above. We have a commutative
diagram of effective maps

0 MLt Coker(f)
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Here s” is a q.d.and Q”, f’,s” are obtained by calculus of right
fractions (Proposition C.2.4). By Lemma C.4.4, the induced map
t : Coker(f’) — Coker(f) is a q.i. By Proposition C.2.3, «'f" = 0,
hence the existence of u. By Lemma C.2.6, u is a q.i.. Hence 7’ is a
composition of two epimorphisms and Part 1 is proven.

To show Part 2, let gt~ : M — M" be such that the composition
M'" — M" is zero. By calculus of right fractions we have a commutative
diagram

M Ll M T Coker(f)

N

M//

where all maps are effective and u is a q.i.. As above we have gh =
0, hence the factorisation of g through Coker(h). Moreover Coker(h)
maps canonically to Coker(f) via a map v (say), which is a q.i. by
Lemma C.4.4. This shows that g¢t~! factors through Coker(f) in ‘M.
Uniqueness of the factorisation is then granted by Part 1.

In a category, the existence of cokernels is invariant by left or right
composition by isomorphisms, hence Part 3 is a consequence of Parts
1 and 2 via Proposition C.4.3. U

Now we can show the following key result (cf. [3, Prop. 1.3]).
C.5.3. Theorem. The category 'M; is abelian.

Proof. Existence and description of kernels follows from Propositions
C.1.3, C.2.4, C5.1 and (the dual of) [14, Ch. I, Cor. 3.2], while
existence of cokernels has been proven in Lemma C.5.2. We are then
left to show that, for any (effective) strict map ¢ : M — M’  the
canonical effective morphism from the coimage of ¢ to the image of ¢
is a q.i. of 1-motives, i.e. the canonical morphism

(C.5) Coker(Ker ¢ — M) — Ker(M' — Coker ¢)

is a quasi-isomorphism. Since we can split ¢ in two short exact se-
quences of complexes in which each term is an effective 1-motive we
see that (C.5) is even a isomorphism in ‘MST.

O

C.5.4. Remark. Note that for a given non-strict effective map (f,g) :
M — M’ the effective morphism (C.5) is not a q.i.of 1-motives. In
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fact, the following diagram

Im(f) — Im(g)

0 0
is not a pull-back, in general. For example, let g : G — G’ be with
finite kernel and a proper sub-group F' C Ker(g), and consider
0,9): [F — G —[0—G.
C.5.5. Corollary. A short exact sequence of 1-motives in tM;
(C.6) 0—-M —=M-—-M—0

can be represented up to isomorphisms by a strict effective epimorphism
(f,g9) : M — M" with kernel M', i.e. by an exact sequence of com-
plexes.

C.5.6. Example. Let M be a 1-motive with torsion. We then always
have a canonical exact sequence in *M;

(C.7) 0— Mgy > M — Mg — 0

induced by (C.1), according to Definition C.1.2. Note that in the fol-
lowing canonical factorisation

M—>Mfr

NS
Mg

the effective map M — M;; is a strict epimorphism with kernel M,
and My — My is a q.i. (providing an example of Proposition C.4.3).

C.6. The (-adic realisation. Let n : M — M be the (effective)
multiplication by n on a I-motive M = [L — G] over a field k. It is
then easy to see, e.g. by the description of kernels in Proposition C.1.3,
that

WM = Ker(M -~ M) = [Ker(u) N, L — 0].



102 LUCA BARBIERI-VIALE AND BRUNO KAHN

Thus ,M = 0 (all n) if and only if M is torsion-free, i.e. M, = 0.
Moreover, by Proposition C.4.3 and Lemma C.5.2, we can see that

M /n:= Coker(M -~ M)
is always a torsion 1-motive. If L = 0, let simply G denote, as usual,
the 1-motive [0 — G]. Then we get an extension in M,
(C.8) 0—-G-5G—,G[1]—0

where ,,G[1] is the torsion 1-motive [,G — 0]. If L # 0 then M/n can
be regarded as an extension of L/n by Coker(,L — ,G), e.g. also by
applying the snake lemma to the multiplication by n on the following
canonical short exact sequence (here L[1] = [L — 0] as usual)

(C.9) 0—-G—>M-—L[1]—=0

of effective 1-motives (which is also exact in M; by Corollary C.5.5).
Summarizing up from (C.8), (C.9) we then get a long exact sequence
in t MY
(C.10) 0—,M— L[l - ,G[l] = M/n — L/n[1] — 0.

Let now be n = ¢¥ where ¢ # char(k). Set:

C.6.1. Definition. The /-adic realisation of a 1-motive M is
To(M):=* liin "L,

14

in the category of l-adic sheaves, where M /¢¥ = [L, — 0.

Since the inverse system im "L is Mittag-Leffler trivial, we ob-
tain a short exact sequence
where Ty(G) is the Tate module of the semiabelian variety G. More
generally:
C.6.2. Lemma. The functor T} is exact on *M;. O

C.7. Deligne 1-motives. Let ‘M M and ! MY denote the corre-
sponding full sub-categories of *M; given by free, torsion and torsion-
free effective 1-motives respectively. The following M +— My (resp.
M + M) define functors from ‘M; to MY (resp. from ‘M; to
EMIPT). We have (¢f. [3, (1.1.3)]):

C.7.1. Proposition. The natural functor
Ml — t/\/l1

from Deligne 1-motives to 1-motives with torsion has a left adjoint/left
inverse given by M — My.. In particular, it is fully faithful and makes
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M an exact sub-category of * My in the sense of Quillen [34, §2]. The
above left adjoint defines equivalences

My =2 MF = MY

Proof. Consider an effective map (f,g) : M — M , to a free 1-motive
M, and a qi. M — M, ie. M = [L/F — G/F] for a finite group
F. Since M’ is free then F is contained in the kernel of f and the
same holds for g. Thus (f, g) induces an effective map M — M’'. Let
M =[L = G]. Then Ly, C Ker(f) and also u(L,) C Ker(g) yielding
an effective map (f, g) : My — M’. This proves the first assertion.
Since *MET  E AT the claimed equivalence is obtained from
the canonical q.i. M — M, for M € tMS™™ see (C.1). Finally, con-
sider the exact sequence (C.6) of 1-motives with torsion such that
M, = M{, = 0. Since M, is mapped to zero in M", it injects in
M’'. Thus also M is torsion-free, i.e. M = M, and quasi-isomorphic
to Mfr. O

C.7.2. Remark. We also clearly have that the functor M — M, is a
right-adjoint to the embedding 't M «— M, | i.e.

Homeg (M, M) = Hom (M, M)
for M € "M and M’ € ' M;.
C.7.3. Corollary. We have 'M'* @ Q = 0 and the full embedding

My — tM; induces an equivalence
M Q= 'M;®Q.

C.8. Non-connected 1-motives. We consider a larger category al-
lowing non-connected (reduced) group schemes as a supplement of
Proposition 1.1.5.

C.8.1. Definition. Let M¢f denote the following category. The objects
are N = [L — G] complexes of étale sheaves over the field k where L
is discrete and G is a reduced group scheme locally of finite type over
k such that

(i) the connected component of the identity G is semiabelian, and
(ii) mo(@G) is finitely generated.
The morphisms are just maps of complexes. We call M the category
of effective non-connected 1-motives.
We denote M the full subcategory of M°T whose objects are N =
[L — G] as above such that G is of finite type over k (then condition (ii)
is automatically granted and my(G) is a finite flat group scheme). We

call MSE the category of algebraic effective non-connected 1-motives.



104 LUCA BARBIERI-VIALE AND BRUNO KAHN

Note that a representable presheaf on the category of schemes over
k can be characterised by axiomatic methods, including the condition
(i) above, c¢f. the Appendix in [4].

Associated to N = [L — G| we have the following diagram

0 0

0 0
here LY denote the pull-back of G® along L — G. Let
N?:=[L" — G|

denote the effective 1-motive associated to N and denote
(V) := [L/L0 — mo(G)].

We say that D = [L — L'| is discrete if L' is a discrete sheaf and
L injects into L. Denote M3 the full subcategory of M given by
discrete objects. Note that N is discrete if and only if mo(N) = N (if
and only if N° = 0).

C.8.2. Proposition. The operation N — N° defines a functor
i i i
M M M
which is right adjoint to the embedding iy : Mt — MCT and iy = 1.
Moreover, we have a functor

o - Mff — M
which is left adjoint to igs : MU — TMST and mgigs = 1.
Proof. Straightforward. 0

C.8.3. Remarks. 1) The same results as in Proposition C.8.2 above
refine to M and M3s

anc anc’

2) Note that M°T has kernels. Let ¢ = (f,g) : N — N’ be a map in
M Let ¢° : G° — G'° and mo(g) : m(G) — mo(G’) be the induced
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maps. Then Ker(yp) = [Ker(f) — Ker(g)] as a complex of sheaves;
in fact Ker(g) is representable, Ker’(¢°) = (Ker(g))? and my(Ker(g))
maps to Ker(my(g)) with finite kernel. However, it is easy to see that
M is not abelian.

C.8.4. Proposition. The category MS_ is abelian.

anc

Proof. Regard M as a full subcategory of CI=1%(Shv(ks)) of the
abelian category of complexes of sheaves concentrated in degree —1
and 0. For amap ¢ = (f,g) : N — N, Ker(¢) = [Ker(f) — Ker(g)] €
M and Coker(p) = [Coker(f) — Coker(g)] € M . For an exten-

sion 0 = N — N’ — N” — 0 in CI=1%(Shv(ke)) such that N and N”
belongs to M then also N” € M O

anc anc*

C.9. Homs and Extensions. We will provide a characterisation of
the Yoneda Ext in the abelian category M.

C.9.1. Proposition. We have

(a) Homy, (L[1], L'[1]) = Homg (L, L'),

(b) Homy, (L[1], G") =0,

(¢) Hompy, (G, G") € Homg(A, A") x Homg (T, T") if G (resp. G') is
an extension of an abelian variety A by a torus T (resp. of A’
by T'),

(d) Homy, (G, L'[1]) = Homy(,G, L},,) if nLi,, = 0.

tor tor

In particular, the group Homy, (M, M') is finitely generated for all 1-
motives M, M' € M.

Proof. Since there are no q.i.to L[1], we have Hom,, (L[1], L'[1]) =
Homeg(L[1], L'[1]) and the latter is clearly isomorphic to Homy (L, L').
By Proposition C.7.1, we have Hom, (L[1],G') = Homeg(L[1], G")
and Homyy, (G,G’) = Homes(G,G’). The former is clearly 0 while
Homes(G,G') = Homi(G,G') € Homg(A, A") x Homy(T,T") since
Homy (T, A’) = Homy(A,T") = 0. For (d), let [FF — G] — [0 — G]

be a q.i.and [FF — G] — [L’ — 0] be an effective map providing
an element of Hom(G, L'[1]). If L’ is free then it yields the zero
map, as F' is torsion. Thus Homay, (G, L'[1]) = Homp, (G, Li,,[1]).

tor

For n € N consider the short exact sequence (C.8) in M;. If n
is such that nL}, = 0 taking Homu, (—, L}, [1]) we further obtain

tor
Hom/\/h (G7 Ll[l]) = Homk(nG7 L )

tor
The last statement follows from these computations and an easy

dévissage from (C.9). O
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C.9.2. Remark. If we want to get rid of the integer n in (d), we may
equally write

Hom , (G, L'[1]) = Homeon (T(G), Liy,) = Homeon (T(G), L')
where T(G) = [1, 71(G) is the complete Tate module of G.

C.9.3. Proposition. We have isomorphisms

(a) Exty(L, L") — Exty,, (L[1], L'[1]),

(b) Homy (L, G") = Ext), (L[1], G"),

(c) Extp(G,G") — ExtM (G,G") and

(d) lim Exty(,G, L") — Ext), (G, L'[1]); these two groups are 0 if

L’ is torsion.

Proof. By Corollary C.5.5, any short exact sequence of 1-motives can be
represented up to isomorphism by a short exact sequence of complexes
in which each term is an effective 1-motive.

For (a), just observe that there are no nontrivial q.i.of 1-motives
with zero semiabelian part. For (b), note that an extension of L[1] by
G' is given by a diagram

0 —— F L L 0
(C.11) l l l
0 —— & G" 0 0

where M’ = [F' — ('] is q.i.to [0 — G']. When F’ = 0, this diagram is
equivalent to the datum of v: this provides a linear map Homy (L, G') —
Ext), (L[1],G"). This map is surjective since we may always mod out
by F’in (C.11) and get an quasi-isomorphic exact sequence with F’ =
0. It is also injective: if (C.11) (with F’ = 0) splits in My, it already
splits in *MST and then v = 0.

For (c) we see that an extension of G by G’ in M, can be represented
by a diagram

0 —— F' L’ F 0
Lo
0 — G G" G 0

with M’ asin (b) and M = [F — G] q.i.to [0 — G]. Since the top line is
exact, L” is finite. For F' = F" = 0 we just get a group scheme extension
of G by G’, hence a homomorphism Ext; (G, G') — Ext), (G,G’). This
homomorphism is surjective: dividing by F’ we get a quasi-isomorphic
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exact sequence

0 0 L'/F —= F 0

0 G’ G"/F’ G 0
and further dividing by F’ we then obtain

0 0 0 0 0

0 G’ G"/L" G 0.

Injectivity is seen as in (b).
For (d) we first construct a map ®,, : Ext,(,G, L) — Exty, (G, L'[1])
for all n. Let [L"] € Exty(,G, L") and consider the following diagram

0 L L el 0
(C.12) l l l
0 0 G — G 0.

Since [,G — G] is q.i.to [0 — G], this provides an extension of G by
L'[1] in M. For n variable {Ext,,(,G, L)}, is a direct system and one
checks easily that the maps ®,, are compatible (by pull-back), yielding
a well-defined linear map

@ : lim Exty (oG, L) — Ext}y, (G, L'[1]).

This map is surjective since any extension of G' by L[1] can be repre-
sented by a diagram (C.12) for some n (as multiplication by n is cofinal
in the direct sytem of isogenies). We now show that @ is also injective.

Let n | m, e.g. n = m, so that the following sequence is exact

0—,G—,,G——,G—=0
and yields a long exact sequence
Homy(,,G, L") — Hom(,G, L) — Ext,(,G, L") —— Ext, (.G, L').

If L' is torsion, we have L' = 0 for some r, hence lim Exty (.G, L') =
0. This shows in particular that Ext), (G, L/[1]) = 0 in this case.

Suppose now that L’ is free. Then we have Homy (.G, L) = 0, hence
the transition maps are injective. Therefore, to check that ® is injective
it suffices to check that ®,, is injective for all n.
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Let 0 : G — [L” — G] be a section of (C.12) in M;. Then ¢ can be
represented by a diagram of effective maps

mG
R AN
0 L L — WG
Lobe |
s N
0 0 G = G

for some r, where the southwest map is a q.i. To say that o is a section
is to say that this diagram commutes. Hence the image of ,,G in
L" surjects onto ,,GG, and it also injects since L’ is torsion-free. This
means that the projection L” — ,G has a section, hence [L”] = 0 in
Ext, (.G, L").

For a general L', we reduce to these two special cases through an
easy diagram chase. O

C.10. Projective objects in ‘M,[1/p]. We describe the projective
objects in *M;[1/p] when k = k is algebraically closed.

C.10.1. Proposition. Let k = k. Projective objects in ‘M1[1/p] are
tori, i.e. finite products of copies of G,.
Proof. Suppose that M = [L — G] € "M;[1/p] is such that Ext(M, N)
= 0 for any N € ‘M;[1/p]. From (C.9) we then get a long exact
sequence
Hom(G, G,,) — Ext(L[1],G,,) — Ext(M,G,,)
— Ext(G,G,,) — Ext*(L[1],G,,)
where Ext(M, G,,) = 0, thus i) Ext(G, G,,) is finite, and ) Hom(L, G,,)
is finitely generated. We also have an exact sequence
Hom(T', G,,) — Ext(A4,G,,) — Ext(G,G,,)

where Hom(7T', G,,) is the character group of the torus 7" and Ext(A, G,,)
is the group of k-points of the dual abelian variety A, the abelian quo-
tient of G. From i) we get A = 0. Since Hom(L,G,,) is an extension
of a finite group by a divisible group, from 4i) we get that L is a finite
group. Now consider the exact sequence, for [ # p

0 — Hom(L[1], Z/I[1]) — Hom(M, Z/I[1])
— Hom(T, Z/I[1]) — Ext(L[1],Z/i[1]) — 0
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where the right-end vanishing is Ext(M,Z/l[1]) = 0 by assumption.
Now Hom(T,Z/I[1]) = Ext(T,Z/l) and any extension of the torus
T is lifted to an extension of M by Z/I, therefore to an element of
Hom(M,Z/1[1]) = Ext(M,Z/l). This yields Ext(L,Z/l) = 0 for any
prime [ # p, thus we see that L = 0 as claimed. U

C.10.2. Remark. From Proposition C.10.1 we see that the category
M has not enough projectives.

C.11. Weights. If M = [L = G] € M, is free then Deligne [11]
equipped M = My with an increasing filtration by sub-1-motives as
follows:

W_o(M):=[0—=>T] CW_(M):=[0— G| CWy(M):=M

If M is torsion-free we then pull-back the weight filtration along the
effective map M — Mj, as follows:

M 1 >0
‘ L [Ltor — G] 1= —1
WilM):= Q0 (L AT =T i=—2
0 1< =3

Note that W;(M) is q.i. to W;(Mpg).
If M has torsion we then further pull-back the weight filtration along
the effective map M — M;;.

C.11.1. Definition. Let M = [L - G] be an effective 1-motive. Let
us @ L — A denote the induced map where A = G/T. Define

M 1 >0
[Ltor - G] 1= —

Wi(M):= [Lior N Ker(ug) = T] 0= -2
Moy = Lioy N Ker(u)[1] 7= —

0 1< —4

C.11.2. Remark. It is easy to see that M +— W;(M) yields a functor
from M to M;.

APPENDIX D. HOMOTOPY INVARIANCE FOR ETALE SHEAVES WITH
TRANSFERS

One of the main results of Voevodsky concerning pressheaves with
transfers is that, over a perfect field k, a Nisnevich sheaf with trans-
fers I is homotopy invariant (that is, F'(X) — F(X x A!) for any
smooth X)) if and only if it is strongly homotopy invariant, that is,
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Hi (X, F) — Hi (X x A F) for any smooth X and any i > 0.
This allows him to define the homotopy t-structure on DM

These results remain “as true as can be” in the étale topology, at
least if k£ has finite étale cohomological dimension. According to an
established tradition, this result is probably well-known to experts but
we haven’t been able to find it in the literature: it could have been
formulated and proven for example in [27]. The aim of this appendix
is to provide proofs, for which our main source of results will be [27].

D.1. Homotopy invariance and strict homotopy invariance.

D.1.1. Definition. We denote as in [27, Def. 2.1] by PST(k) = PST
the category of presheaves with transfers on smooth k-varieties. We
also denote by EST(k), or simply EST, the catégory of étale sheaves
with transfers over k.

According to [27, Def. 2.15 and 9.22]:

D.1.2. Definition. a) An object F' of PST or EST is homotopy invari-
ant if F(X) — F(X x A') for any smooth k-variety X.

b) Let F' € EST. Then F is strictly homotopy invariant if H, (X, F) —
H (X x A', F) for any smooth k-variety X and any i > 0.

We denote by Hlg (k) = Hlg the full subcategory of EST consisting of
homotopy invariant sheaves, and by HIZ, (k) = HI, the full subcategory
of Hlg consisting of strictly homotopy invariant sheaves.

(Strict homotopy invariance for F' simply means that F is Al-local
in D~ (EST), see [27, Lemma 9.24].)

Note that Hlg; is a thick abelian subcategory of EST: is 0 — F’ —
F — F” — 0 is an exact sequence in EST, then F' € Hl if and only
if F', F" € Hlg. We shall see below that the same is true for HIZ,.

The main example of a sheaf F' which is in Hlg but not in HIJ,
is F' = Z/p in characteristic p: because of the Artin-Schreier exact
sequence we have

k[t)/P(k[t]) — He (A Z/p)
where P(z) = 2P — x.
We are going to show that this captures entirely the obstruction for

a sheaf in Hl not to be in HIZ,.
The following is an étale analogue of [27, Th. 13.8]:

D.1.3. Lemma. Let F' be a homotopy invariant presheaf with transfers.
Suppose moreover that F is a presheaf of Z[1/p|-modules, where p is
the exponential characteristic of k. Then the associated étale sheaf with
transfers [27, Th. 6.17] Fg is strictly homotopy invariant.
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Proof. The following method is classical: let 0 — F/ — F — F" — 0
be an exact sequence of homotopy invariant presheaves with transfers,
and consider the corresponding exact sequence 0 — Fj, — Fy —
F/, — 0. If, among FY,, Fi and F/;, two are in HI,, then clearly so is

the third. Using the exact sequence
0= Fps > F—>FQ—>F®Q/Z—0
for the sheaf F' of Lemma D.1.3, this reduces us to the following cases:
e [is a presheaf of Q-vector spaces. Then the result is true by [27,
Lemma 14.25] (reduction to [27, Th. 13.8] by the comparison
theorem [27, Prop. 14.23]).
e [is a presheaf of torsion abelian groups. Since, by assumption,
this torsion is prime to p, Fg is locally constant by Suslin-

Voevodsky rigidity [27, Th. 7.20]. Then the result follows from
[SGA4, XV 2.2] (compare [27, Lemma 9.23]).

O

D.1.4. Proposition. The inclusion HI;, — Hlg has an exact left ad-
joint/left inverse given by F +— F ®gz Z[1/p|. In particular, HIj =
Hlg [1/p].

Proof. The fact that HIZ, is Z[1/p]-linear follows from the Artin-Schreier
exact sequence plus the contractibility of G, (compare [47, Prop. 3.3.3
2)]). Conversely, Lemma D.1.3 implies that any Z[1/pl|-linear sheaf of
HIg; belongs to HIZ,. The rest of the proposition follows. O

As a complement, let us mention the following proposition, which
extends Proposition D.1.4:

D.1.5. Proposition. Let F' € Hlg,. Then the complex Ci(F') is canon-
ically isomorphic to F[1/p] in DM,

Proof. The map F' — F[1/p] induces a map C.(F') — C.(F[1/p]). The
latter complex is tautologically equal to C.(F')[1/p]. Since DMejcfét is
Z[1/p]-linear, the map C.(F) — C.(F)[1/p] is a quasi-isomorphism.
Finally, since F[1/p] € HI;, (Prop. D.1.4), the augmentation F[1/p] —
C.(F[1/p]) is a quasi-isomorphism by [27, Lemma 9.15]. O
D.1.6. Corollary. Let F' be a homotopy invariant Nisnevich sheaf with
transfers. Then, the natural functor a* : DM°T — Dl\/[e_ﬂfét sends F' to
Fe[1/p].

Proof. According to [27, Remark 14.3], a* may be described as the
composition

DM < D™ (Shvis(Sm(k))) - D™ (Shve (Sm(k))) o DMefét
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where the middle functor is induced by the inverse image functor
(change of topology) on sheaves and RC' is induced by K +— C.(K).
The result then follows from Proposition D.1.5. U

D.2. Friendly complexes.

D.2.1. Definition. A object C' € D~ (EST) is friendly if there exists an
integer N = N(C') such that, for any prime number [ # p, H,(C/l) =0
for ¢ > N (in other terms, C'/l is uniformly bounded below). We denote
by Dy (EST) the full subcategory of friendly objects and by Dl\/[?;c’fét the
intersection Dy (EST) N DM‘fét.

D.2.2. Theorem. DMt

gm7e

Proof. 1f is clear that D, (EST) is a thick triangulated subcategory of
D~ (EST); hence it suffices to prove that C,(Le (X)) is friendly for any
smooth scheme X. By [27, Lemmas 6.23 and 9.15], we have for any
smooth U, any prime [ # p and any q € Z

Hom(C, (Let (X x U)), Z/1[q]) ~ HE(X x U, Z/1)

ff
t - DM?r,ét‘

hence

Ext™(Cu(La(X)), Z/1) = Rim. 2/l
where m : X — Speck is the structural morphism. By the cohomo-
logical dimension results of [SGA4, Exp. X] and the finiteness results
of [SGA4 1/2, Th. finitude], this shows that Hom, (C\(L (X)), Z/1)
is a bounded complex of constructible Z/I-sheaves. It follows that the
biduality morphism

Ci(L&(X))/l — Homg (Homy, (C\(Ler(X)), Z/1), Z]1)

is an isomorphism of bounded complexes of constructible Z/I-sheaves.
Moreover, the lower bound is at most 2 dim X, hence is independent of
[. O

D.3. The étale homotopy t-structure. The following is an étale
analogue of [27, Prop. 14.8]:

D.3.1. Proposition. Let K € D~ (EST) be a bounded above complez of
€tale sheaves with transfers. Suppose either that the étale cohomological
dimension of k is finite, or that K is friendly. Then K is A'-local if
and only if all its cohomology sheaves are strictly homotopy invariant.

Proof. In the finite cohomological dimension case, “if” is trivial (cf.
27, Prop. 9.30]). For “only if”, same proof as that of [27, Prop. 14.8],
by replacing the reference to [27, Th. 13.8] in loc. cit. by a reference
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to Lemma D.1.3 (note that if K is A'-local, then it is Z[1/p]-linear by
(47, Prop. 3.3.3 2)] and thus so are its cohomology sheaves).
In the friendly case, note that the two conditions

e Al-local
e having strictly homotopy invariant cohomology sheaves

are stable under triangles: for the first it is obvious and for the second
it is because HIZ, is thick in EST by Proposition D.1.4. Cosidering the
exact triangle

K->K®Q—K®((Q/z) %

we are reduced to show the statement separately for K ® Q and for
K ® (Q/Z)'. In the first case this works by reduction to Nisnevich
cohomology, while in the second case the spectral sequence of [27, Prop.
9.30] also converges, this time because K ® (Q/Z)" is bounded below.

O

D.3.2. Remark. The finite cohomological dimension hypothesis ap-
pears in the spectral sequence arguments of the proofs of [27, Prop.
9.30 and 14.8]. We don’t know if it is really necessary. Nevertheless,
Joél Riou pointed out that this argument trivially extends to fields of
virtually finite cohomological dimension: the only issue is for the “if”
part, but if we know that an object K is Al-local étale-locally, then
it is clearly A'-local. (For example, this covers all fields of arithmetic
origin.) Therefore:

D.3.3. Corollary. If the virtual étale cohomological dimension of k
s finite, then Dl\/[e_ffét has a homotopy t-structure, with heart HIZ, , and

ét
the functor o : DM — Dl\/[e_ffét 1s t-exact. Without any cohomological
dimension assumption, DMy ¢ has a homotopy t-structure. O
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