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Abstract

We associate to a pseudomanifatdwith an isolated singularity a differentiable groupaidwhich plays the role of the
tangent space of. We construct a Dirac elemefit and a Dual Dirac elemenitwhich induce a Poincaré duality iK-theory
between theC*-algebrasC (X) andC*(G). To cite thisarticle: C. Debord, J.-M. Lescure, C. R. Acad. Sci. Paris, Ser. | 336
(2003).
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Résumé

Etant donnée une pseudo-varigté@ayant une singularité isolée, nous lui associons un groupoide différentiajplejoue le
rle d’espace tangentX. Nous construisons un élément DirBcainsi qu’un élément dual-Dirak qui induisent une dualité
de Poincaré ek -théorie entre le€*-algébresC(X) et C*(G). Pour citer cet article: C. Debord, J.-M. Lescure, C. R. Acad.
Sci. Paris, Ser. | 336 (2003).
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1. Thetangent bundle of a singular manifold

Let X be a pseudomanifold with an isolated singulacityhat isX = ¢L U X1, whereX is a smooth compact
manifold with boundany glued along its boundary with the cone overcL = L x [0, 1]/L x {0}. The singularity
c is then the image of. x {0} in ¢L. We denote by = L x ]—1, 1]U X1 the manifold obtained by gluing;
with L x ]—1, 1] along the boundary.

If yis a point of M or of X \ {c} which is in L x ]-1,1[ we notey,; € L its tangential componant and
ky € 1-1, 1] its radial coordinate; the functidn, is smoothly extended t& in such a way that, > 1 onX;. We
setM* ={yeM |ky >0}, M~ ={yeM |k, <0}andM+ ={ye M | k, >0}.
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We suppose that the manifol is equipped with a Riemannian metric whose injectivity radius is bigger than 1
and which is a product metric ai x 11, 1[.
We define the groupoi@, with source map, range map and space of unit€ © = M:

R
G=M xM UTM+=M.
r

It is the union of the bundl& M+ = {(z,v) € TM | z € M+} equipped with its standard groupoid structure over
M+ and the pair groupoitd ~ x M~ = M ™.
In order to equipG with a smooth structure, we take the usual structure of manifoldon« M~ andonT M.
We take a smooth positive functian ]—1, +oo[ — R which satisfiesr ~1({0}) = [0, +ool[. A local chart around
boundary points of' M+ is provided by the following map:
_ V)=, V)if ye MT,
E:V(ITM) = V(G), {(y, V) (y.exp(—tky)V))if ye M™,

where exp is the exponential map of the Riemannian maniMldV(TM) = {(y,V) € TM; —t(k,)V €
dom(exp,)} andV(G) is a neighborhood o @ in G. The groupoids is called thetangent bundlef X.

Following the construction of A. Connes for smooth manifolds [3], we defin¢athgent groupoidof X in the
following way:

G=Mx M x10,1]UG x {0})=M x [0, 1].

The groupoidj is the union of the groupoid x {0} = M x {0} and the pair groupoid ove¥l parametrized by
10, 1]. We equipgG with a structure of smooth groupoid similarly as we did €or

The groupoidG is amenable [1] so that its reducé&t-algebra coincides with the maximal one and it is
nuclear. The same occurs fGr We denote respectivel¢g*(G) and C*(G) theseC*-algebras. Moreover, up to
isomorphisms, thes€*-algebras do not depend on the mapsed to define the smooth structurecaf

2. TheDirac element

The partitionM x {0} U M x]0, 1] of G© into a saturated open subset and a saturated closed subset induces the
following exact sequence @f*-algebras [5]:

0—— C*(Glmx10,1) — C*(G) —2> C*(Glmx(o) = C*(G) — 0,

where the first map is the inclusion aaglis the evaluation map at 0. Tl -algebraC* (G| x10,17) iS isomorphic
to £ ® Co(]0, 1]) which is contractible. So, sinc€*(G) is nuclear, the elemerjtg] of KK(C*(G), C*(G))
corresponding toeg, is invertible. We denotdeg]™! € KK(C*(G), C*(G)) its inverse. Leter:C*(G) —
C*(Glmxyy) = K be the evaluation map at 1. We lebe the generator &K (IC, C). We set:

d=leol™ ® [e1]®beKK(C*(G),C).
c*(9) K

The algebraC (X) maps to the center of the multiplier algebra@f(G). Let ¥ : C*(G) ® C(X) — C*(G) be the
morphism induced by multiplication ari@’] be the corresponding elementdiK (C*(G) ® C(X), C*(G)).
TheDirac elements then defined as

D=[¥] ® 3eKK(C*"(G)®CX),C).
e(e)
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3. Thedual Dirac element

We are looking for an elementin KK(C, C*(G) ® C(X)), that is a continuous familgi,) e x of elements of
KK(C, C*(G)). In order to be dual to the Dirac elemaf A is constructed so that:

(i) A is in the image of(ip).:KK(C, C*(G x X|»n)) — KK(C, C*(G x X)) whereO is an open subset of
U={(x,y)eM x X |ky <1, ky <1} U{(x,y) e M x X |d(x,y) <1}.
(i) The equalityr ®c+G)d = 1€ K°(X) holds.

We first assign to each pointof X an open subsa?, of M which is a ball centered opwhenk, > 1, which
is contained inM~ whenk, < 1/2 and equal ta~ whenk, < ¢ (where O< ¢ < 1/2). Furthermore the set
O =Uyex Oy x {y} is an open subset @ x X contained iri{.

Notice thatk (C*(Glo,)) ~ Z for eachy € X.

We pull back the vector bundle of differential forms dhto G andg using their range maps and thenGo< X
andg x X using the first projection. We denote all these bundles by the same fetfine following step is the
construction of a continuous famikg,),cx, whereg, = (Fy, C*(G|o,, A)) is an element o (C, C*(Glo,))
which class is a generator & (C*(G|o,)) ~ Z.

When 0, is a subset of/ " it is natural to stateF, = a, wherea, € C;°(T*0,, EndA) is the symbol of a
pseudo-differential operat@r, which satisfies:

e G, belongs to?2(0,, A) + C;°(0y, EndA) andG? — 1 belongs ta? (0, A),

e G, isof the formG, = (Gof Gd‘_') with respect to the usual decompositiondt= A%V @ A°99,

e G is surjective and KQG;L) =C - €, wheree, belongs taC;°(0y, A),

o the family (Gy) yex defines a continuous section B{H) whereH is the bundlé_J yex LZ(Oy, A).
ky>e ky>e

The existence of such an operator is a consequence of Theorem 19.2.12 of [6].

Wheny comes closer to the singularity we gradually pass from a situation wheréy, = T Oy to a situation
whereG|o, = 0, x O,. The pseudo-differential calculus on groupoids, first introduced by A. Connes in [2] (see
also [4]), enables us to construct a continuous farofly) yex, «,~e such that up to a compact operafor = ay
whenGlo, =T O, andF), = G, whenG|op, = O, x O,. Thus we “replace” the symbal, by the operatos .

The last case is whe@, becomes equal td7 . We first choose an appropriate extensiorFpfwhich belongs
to B(Lz(Oy, A)) into an element oB(L2(M~, A)). Afterwards, thanks to the properties of the operatgtisted
above, we can repladg, by a constant operatd.

We constructin this way a continuous famfly of elements o (C, C*(G|o,)). This family induces an element
B of KK(C, C*(G x X|p)). We seti = (ipn)«(B). The dual-Dirac elemenit satisfies the properties (i) and (ii)
mentionned above.

4. The Poincar é duality

Theorem 4.1. The Dirac elementD and the dual-Dirac element induce a Poincaré duality between the
C*-algebrasC*(G) andC(X), thatis

A ® D=1cx) eKK(C(X),C(X)) and A ® D=1lc+q) € KK(C*(G),C*(G)).
C*(G) C(X)

Idea of the proof. Let us consider the morphism&’, A’:C*(G x X) ® C(X) — C*(G) ® C(X) given hy
V(f@g@h)=¥(fehegandA (f®g®h) = f® A(h® g) where A:C(X) ® C(X) — C(X) is
the multiplication map. Their restriction§*(G x X|p) ® C(X) — C*(G) ® C(X) are homotopic, hence, since
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A = (ip)«(B), the following equality holds:

A ® [PV]=A ® [A]
Cc*(G) cX)

This ensures that

L ® D=Q ® 09) ® [A]=1cx).
Cc*(G) c(G)  CX)
In order to show the second equality, we study the invariance of the elementx) [¥] under theflip
automorphismy of C*(G x G), that is the automorphism induced by, n) € G x G — (n, y). The motivation
comes from the equality

((x ® [W])C*(EC?XG)U]) ® a:(x ® a) ® [¥]=1c+q). whichimplies

C(X) C*(G) C*(G) C(X)
A ® D-leg=((* @ 1) ® [id-f]) & a.
c(X) c(X) C*(GXG) C*(G)

If B is a symmetric geodesically convex neighborhood of the diagonaf6fx M™* contained in the range
of exp, then the flip automorphism @*(7 B) is homotopic to identity. LeC =L x -1, 1[Cc M and F =
M x M\ C x C.We denote by, : KK(C*(G), C*(G x G)) — KK(C*(G), C*(G x G|r)) the morphism induced
by the restriction-.

Using again that is in the image of(ip), and thatO N M+ x M~ is a small enough neigborhood of the
diagonal, we show thai, (A ®c(x) [¥]) is invariant under the flip automorphism6f (G x G|r). Then, the long
exact sequence iKK-theory associated to:

0— = C*(G x Glexe) 2~ C*(G x G) — "> C*(G x G|r) —= 0

ensures tha. ®cx) [¥]) @c+xc) [Id— f]1 belongs to the image @fcxc)« : KK(C*(G), C*(G x Glcxc)) —
KK(C*(G), C*(G x G)). This enables us to show that®cx) D — 1c+(g) is in the image ofic). : KK(C*(G),
C*(G|c)) — KK(C*(G), C*(G)) wherei¢ is the inclusion morphism af *(G|¢) into C*(G).

On the other hand the equality®c+ gy D = 1¢(x) ensures that @c(x) D — 1c«c) is in the kernel of the map
(-®c*@c) D) :KK(C*(G), C*(G)) = KK(C*(G)®C(X), C). Tofinish the proof we show that this map is injective
in restriction to the image ofi¢).. This last point comes from the fact that the inclusiénof C*(Gly-) =K
into C*(G|¢) induces &KK-equivalence betweell andC*(G|c¢); and(- ®c+) D) o (ic)« o (i), = eX where
el :KK(C*(G), C) — KK(C*(G) ® C(X), C) comes from the evaluation mapate.:C(X) - C. O

A consequence of the preceding theorem is a Poincaré duality betigé®nM+) andCo(M ™). Thus we get
a second Poincaré duality for manifolds with boundary, the first one has been stated by G. Kasparov in [7] for the
algebrasCo(T*M*) andC(M™).
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