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Abstract

We associate to a pseudomanifold X with a conical singularity a differentiable groupoid G
which plays the role of the tangent space of X. We construct a Dirac element and a dual Dirac
element which induce a K-duality between the C*-algebras C*(G) and C(X). This is a first step
toward an index theory for pseudomanifolds.
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0. Introduction

A basic point in the Atiyah—Singer index theory for closed manifolds lies in the
isomorphism:

K.(V)> K (T*V), (1)

induced by the map which assigns to the class of an elliptic pseudodifferential
operator on a closed manifold V', the class of its principal symbol [2].

To prove this isomorphism, Kasparov and Connes and Skandalis [6,15], define
two elements Dy e KK(C(V)®Co(T*V),C) and AyeKK(C,C(V)®Co(T*V))
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which induce a K-duality between C(V) and Co(T*V), i.e

vy @ Dy = leyryy and Ay ® Dy= Lo
) Co(T*V)

Isomorphism (1) is then equal to (Ay ® ¢(y)-)-

Moreover, Connes and Skandalis recover the Atiyah—Singer index theorem using
this K-duality together with other tools coming from bivariant K-theory (wrong-way
functoriality maps).

This notion of K-duality, also called Poincaré duality in K-theory, has a
quite general meaning [14,5]: two C*-algebras 4 and B are K-dual if there exist
DeKK(A®B,C) and 1€ KK(C, A® B) such that

2 & D=13eKK(B,B) and A Q) D=1,eKK(A,A).
A B

We usually call D a Dirac element and 1 a dual Dirac element. A consequence of
these equalities is that for any C*-algebras C and E, the groups homomorphisms:

(x ® ) KK(A® C,E)—KK(C,BQE),

(/1 ® > KK(B®C,E)—»KK(C,AQE)

are isomorphisms with inverses (-® gpD) and (-® 4D).

It is a natural question to look for a generalization of the K-duality between a
manifold and its tangent bundle for spaces less regular than smooth manifolds.
Pseudomanifolds [9] offer a large class of interesting examples of such spaces. We
have focused our attention on the model case of a pseudomanifold X with a conical
isolated singularity ¢. We use bivariant K-theory, groupoids and pseudodifferential
calculus on groupoids to prove a Poincaré duality in K-theory in this context.

Let us explain our choice of the algebras 4 and B. As in the smooth case we take
A = C(X). For B, we need to define an appropriate notion of tangent space for X. It
should take into account the smooth structure of X\{c} and encodes the geometry
of the conical singularity. This problem finds an answer no longer in the category of
vector bundles but in the larger category of groupoids. Thus, we assign to X a
smooth groupoid G, the tangent space of X, and we let B be the non-commutative
C*-algebra C*(G).

The definition of the tangent space G of X is actually motivated by the case of
smooth manifolds. In particular, the concrete meaning of the isomorphism (1) was
the initial source of inspiration.

The regular part X\{c} identifies to an open subset of G*) and the restriction of G
to this subset is the ordinary tangent space of the manifold X\{c}. The tangent space
“over” the singular point is given by a pair groupoid. Furthermore the orbits space

©)/G of G is topologically equivalent to X, that is C(X)~C(G*)/G). Thus C(X)
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maps to the multiplier algebra of C*(G). The Dirac element is defined as the
Kasparov product D =[P]®0 where [V] is the element of KK(C(X)®
C*(G), C*(G)) coming from the multiplication morphism ¥ and 9 is an element
of KK(C*(G),C) coming from a deformation groupoid ¢ of G in a pair groupoid.
This auxiliary groupoid ¢ is the analogue of the tangent groupoid defined by Connes
for a smooth manifold [5].

The construction of the dual Dirac element A is more difficult. We let X, be
the bounded manifold with boundary L which identifies with the closure of X\{c}
in GO, it satisfies X ~ X, /L and we denote by ./ G the Lie algebroid of the tangent
space G. We first consider a suitable K-oriented map X, — .</G X Xj. This map
leads to an element A of KK(C,C*(o/G)® C(X})). The adiabatic groupoid of
G (see [5,16,17]), provides an element @ of KK(C*(/G),C*(G)) and we
define 2" =2 ® c-(v©. The element 1" can be seen as a continuous family
(A)yex, Where 1[eKo(C*(G)). An explicit description of A" shows that its

restriction to L is the class of a constant family: that means A’ determines an
element 1e KK(C, C*(G) ® C(X)).

An alternative and naive description of A is the following. To each point y of X is
assigned an appropriate open subset éy of G\ satisfying K(C*(G| OAy)):Z. We
where 8, is a generator of K(C*(G|é}_)). This
family gives rise to an element of K(C*(G x X|;)), where O is an open subset of

G x X. We obtain / by pushing forward this element in K(C*(G x X)) with the
help of the inclusion morphism of C*(G x X|;) in C*(G x X).
The dual Dirac element has the two following important properties:

construct a continuous family (8,),

(i) The set OnX, x X; is in the range of the exponential map. Here X; is the
complement of a conical open neighborhood of c.
(ii) The equality A® c+(G0 = 1€ K°(X) holds.

These two properties of 4 are crucial to obtain our main result:

Theorem. The Dirac element D and the dual-Dirac element A induce a Poincare duality
between C*(G) and C(X).

All our constructions are obviously equivariant under the action of a group
of automorphisms of X, that is homeomorphisms of X which are smooth
diffeomorphisms of X\{c}. In previous works, Julg and Kasparov and Skandalis
[12,13] investigated the K-duality for simplicial complexes. Our approach is more in
the spirit of [15] since it avoids the use of a simplicial decomposition of the
pseudomanifold. We hope that it is better suited for applications to index theory.
Indeed, the K-duality gives an isomorphism between KK(C(X),C) and
KK(C, C*(G)) which is, as in the smooth case, the map which assigns to the class
of an elliptic pseudodifferential operator the class of its symbol. This point, among
connections with the analysis on manifolds with boundary or conical manifolds, will
be discussed in a forthcoming paper.
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This paper is organized as follows:

Section 1 is devoted to some preliminaries around C*-algebras of groupoids and
special KK-elements.

In Section 2, we define the tangent space G of a conical pseudomanifold X as well
as the rangent groupoid 4 of X.

In Section 3, we define the Dirac element and in Section 4, we construct the dual
Dirac element.

The Section 5 is devoted to the proof of the Poincaré duality.

We want to address special thanks to Georges Skandalis for his always relevant
suggestions.

1. Preliminaries
1.1. C*-algebras of a groupoid

We recall in this section some useful results about C*-algebras of groupoids [18,5].
Let G = G© be a smooth Hausdorff groupoid with source s and range r. If U is
p

any subset of G, we let:
Gy =s"'(U), GY=r""(U) and G} =G|, =GynGY.

We denote by C* (G) the space of complex valued smooth and compactly supported
functions on G. It is provided with a structure of involutive algebra as follows. If f
and g belong to C°(G) we define

the involution by

foryeG, f*()=/0""),
the convolution product by
for yeG, fxg(y) =/ G()f(n)g(n‘lv)-
e Gl

To give a sense to the integral above, we fix a Haar system for G, that is, a smooth
family {2%, xe G} of left invariant measures on G indexed by xe G*) such that the
support of A* is G*.

i
Alternatively, one could replace C°(G) by the space C(G, £2) of compactly

1
supported smooth sections of the line bundle of half densities #2 over G. If k

1
denotes the dimension of the s (or r) fibers of G, the fiber #? over ye G is defined to
be the linear space of maps:

p: AN(T,(G") ® AX(T, (i)~ C,

i
such that p(lv) = |A]2p(v) for all 2 in R and v in Ak(T,(GrW)))®Ak(T},(GS(y))).
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Then, the convolution product makes sense as the integral of a 1-density on the
manifold G""). Both constructions lead to the same C*-algebra.

For each x in G, we define a *-representation 7, of C*(G) on the Hilbert space
L*(G,) by

m(NOM = [ fwEn ),
neGrw

where £€ L?(Gy), fe C*(G) and y€G,.

The completion of C*(G) for the norm || f]|, = sup,cgo||m:(f)|| is a C*-algebra,

called the reduced C*-algebra of G and denoted by C’(G).
The maximal C*-algebra C*(G) is the completion of C*(G) for the norm:

[|./1] = sup{||=(f)|| | = Hilbert space % —representation of C.(G)}.

The previous constructions still hold when the groupoid G is smooth only in the
orbit direction, which means that G|0\. is smooth for any orbit O, = r(s~'(x)),
x€ G In this situation one can replace C*(G) by C.(G).

The identity map of C°(G) induces a surjective morphism from C*(G) onto
C*(G). The injectivity of this morphism is related to amenability of groupoids [1].
When G is an amenable groupoid, its reduced and maximal C*-algebras are equal
and, moreover, this common C*-algebra is nuclear.

1.2. Subalgebras and exact sequences of groupoid C*-algebras

To an open subset O of G\ corresponds an inclusion ip of C*(G|,) into C*(G)
which induces an injective morphism, again denoted by ip, from C*(G|,) into C*(G).
When O is saturated, C*(G|,) is an ideal of C*(G). In this case, F := G?\O is a

saturated closed subset of G(°) and the restriction of functions induces a surjective
morphism 7 from C*(G) to C*(G|r). Moreover, according to [10], the following
sequence of C*-algebras is exact:

0 C*(Glp) 2 C*(G) % C*(G) ~0.

1.3. C*-modules arising from bundles and groupoids

Let us now consider an hermitian bundle £ on G*). We equip the space
C*(G,r*E) with the C*(G)-valued product:

SFrgd () = / SO 90 s

ne G

This endows C*(G,r*E) with a structure of C*(G)-pre-Hilbert module and we
denote by C*(G, E) the corresponding C*(G)-Hilbert module. As usual, we note
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Z (&) and A (&) the C*-algebras of (adjointable) endomorphisms and compact
endomorphisms of any Hilbert module &.

1.4. KK-tools

This paper makes an intensive use of Kasparov’s bivariant K-theory. The
unfamiliar reader may consult [3,14,19]. In this section, we recall some basic
constructions and fix the notations.

When A is a C*-algebra, the element 1,eKK(A,A) is the class of the triple
(A,i4,0), where A is graded by A1) =0 and is: 4— L(A) is given by i(a)b =
ab, a,be A.

If B and C are additional C*-algebras, t¢: KK(A4,B)—>KK(A® C,B&® C) is the
group homomorphism defined by 7¢[(E, p,F)| = [(ER C,pQic, F®1)].

The heart of Kasparov theory is the existence of a product which generalizes
various functorial operations in K-theory. Recall that the Kasparov product
is a well defined bilinear coupling KK(A,B) x KK(B,C)—KK(A4,C) denoted
(x,y)—>x®py which is associative, covariant in C, contravariant in A4 and
satisfies:

® f(x)®py=x®pf*(y) for any x-homomorphism f : B—»FE, xe KK(A4,B) and
yeKK(E, C).

® x®plp=1,4& 4x=x, for xe KK(A4, B).

® 1H(x®py) =1p(xX)®pep tn(y), when xe KK(A, B) and ye KK (B, C).

In the sequel, we will denote simply x®y the product x® pye KK(A, C) when
xeKK(A,B) and ye KK(B, C).

The operation 1¢: KK (A4, B) > KK(A® C,B® C) allows the construction of the
general form of the Kasparov product:

KK(A],Bl @C) X KK(AQ@C, Bg)%KK(Al ®A2,B1 ®Bg), (2)

(o, y) > x Qg) Y= T4, (x) @5, ()- (3)

For xe KK(4,B® C) and ye KK(B® C, E), there is an ambiguity in the definition
of 75(x) ®t5(y): it can be defined by (3) with B= A, = B; or by 15(x®y). These
two products are different in general. Indeed, in the first case, the two copies of B
involved in x and y play different roles, contrary to the second case. To remove this
ambiguity, we adopt the following convention:

(¥ ®y) = 13(x) ®15(y)
and

X @ y=15(x)®15(y) or 15(x) ®15(»).
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Moreover, let fg: B B—>B® B,a®br—b®a be the flip automorphism and let [ /3]
be the corresponding element of KK(B® B, B® B). The morphism f5 exchanges the
two copies of B, so

15(x) @[ f5] @ Ta(y —x® y.

1.5. KK-elements associated to deformation groupoids

We explain here a classical construction [5,10].
A smooth groupoid G is called a deformation groupoid if:

G=G x{0}UG,x]0,1]13GY = M x [0, 1],

where G and G, are smooth groupoids with unit space M. That is, G is obtained by
gluing G, %0, 1]3 M x]0, 1] which is the groupoid G, over M parameterized by |0, 1]
with the groupoid G, x {0} 3 M x {0}.

In this situation one can consider the saturated open subset M x]0, 1] of G
Using the isomorphisms C*(G|y/,0,1)) = C*(G2) @ Co(]0, 1]) and  C* (G| q0y) =
C*(Gy), we obtain the following exact sequence of C*-algebras:

\/1><01

0 C*(G2) ® Co(]0,1]) 222 C*(G) 22 C*(Gy) -0,
where iy7,0,1) is the inclusion map and evy is the evaluation map at 0, that is evy is the
map coming from the restriction of functions to GJ,,, (0}-

We assume now that C*(G)) is nuclear. Since the C*-algebra C*(G2) ® Cy(]0, 1]) is
contractible, the long exact sequence in KK-theory shows that the group
homomorphism (evy), = - ® [evo] : KK (A4, C*(G))—> KK (A4, C*(Gy)) is an isomorph-
ism for each C*-algebra A.

In particular with 4 = C*(G) we get that [evy] is invertible in KK-theory: there is
an element [evo]”' in KK(C*(G),C*(G)) such that [evo]®[evo] ' = le-(g) and
[evo] ' ® [evo] = Lev(qy)-

Let ev; : C*(G)— C*(G,) be the evaluation map at | and [ev;] the corresponding
element of KK(C*(G), C*(G)).

The KK-element associated to the deformation groupoid G is defined by

0 = [evo] ' ®[evi] e KK (CH(G)), C*(Gy)).

Example 1. (1) Let G be a smooth groupoid and let .&/G be its Lie algebroid.
The adiabatic groupoid of G [5,16,17]:

Ga = 4G x {0} UGx]0,1]13GY x [0, 1],

is a deformation groupoid. Here, the vector bundle 7 :.«/G— G is considered as a
groupoid in the obvious way.
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Since Cy(.o7*G) is nuclear, the previous construction applies and the associated
KK-element 0 € KK(Cy(/*G), C*(G)) gives rises to a map:

‘®0: Ko(Co(#7G)) = Ko (C™(G))

This map is defined in [16] as the analytic index of the groupoid G.

(2) A particular case of (1) is given by the tangent groupoid of R: Tan(R) =
R x Rx]0,1JUTR x {0} 3R x [0, 1] [5]. The corresponding KK-element dp, which
belongs to KK(Cy(R?),#") is the dual Bott element. Precisely, the map (-®Jp)
induces an isomorphism from K(Cy(R?)) into K(#")~Z.

1.6. Pseudodifferential calculus on groupoids

We recall here some definitions and results of [4,16,17,20] (see also [6]).

Let G be a smooth groupoid, possibly with a boundary [16].

Let U, : C*(Gyy,))— C¥(G,y) be the isomorphism induced by right multi-
plication: U,f(y) =f(y'y). An operator P:C*(G)—C*(G) is a G-operator if
there exists a family P, : C°(Gy) — C* (Gy) such that P(f)(y) = PS(N/,)(f\GA(y))(y) and
UsPsty) = Pry) Uy

A G-operator P is a pseudodifferential operator on G (resp. of order m) if for any
open local chart @:Q—-5(Q) x W of G such that s=pr;o® and any cut-off
function yeC?(Q), we have (@*)_l(xPx)xID* =a(x,w,D,) where aeS*(s(Q) x
T*W) is a classical symbol (resp. of order m).

One says that K =G is a support of P if supp(Pf) = K.supp(f) for all fe CF(G).
When P has a compact support we say that P is uniformly supported.

These definitions extend immediately to the case of operators acting on sections
of bundles on G (pulled back to G with r), and we denote by ¥*(G,E) the
algebra of uniformly supported pseudodifferential operators on G acting on sections
of E. Thanks to the invariance property, each operator Pe ¥*(G; E) has a principal
symbol a(P)e C¥ (S*G,homn*E) where S*G is the sphere bundle associated to
</*G and 7w its natural projection onto G». The following inclusions hold:
Y(G,E)c £ (C*(G,E)) and ¥ Y(G,E)c#(C*(G,E)). Moreover, the symbol
map extends by continuity and gives rise to the following exact sequence of C*-
algebras:

0— A4 (C*(G,E)) > Po(G, E) > Co(S*G,hom 7* E) - 0. (4)
£(C*(G,E))

where ¥((G,E) = ¥°(G,E) ", Finally a linear section Op; of the symbol
map can be defined by the following formula:

i —1 (=1 £ _
Opg(a)(u)(y) :/56%:(“)0;8@“ G a(r(y), Oy iy iy u(y) dy’ dE
V'€ Gy
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Here ¢ € C*(G) is supported in the range of an exponential map Eg: ¥ (o/G)—> G
where 7"(.«/ G) denotes a small neighborhood of the zero section in .27 G; moreover ¢
is assumed to be equal to one on a neighborhood of V' in G. We have used a
parallel transport p to get local trivializations of the bundle E. It is implicit in the
formula that the symbol ae C° (S*G, hom n*E) has been extended in the usual way
to o/*G.

2. The geometry

Let X; be an m-dimensional compact manifold with boundary L. We attach to
each connected component L; of the boundary the cone ¢L; = L; x [0,1]/L; x {0},
using the obvious map L; x {1} —>L;=dX,. The new space X = U cL;uX; is a
compact pseudomanifold with isolated singularities [9]. In general, there is no
manifold structure around the vertices of the cones. From now on, we assume that L
is connected, i.e. X has only one singularity denoted by c. The general case follows
by exactly the same methods.

For any ¢€]0, 1], we will refer to ¢,L = L x [0,¢]/L x {0} as a compact cone over L,
to ¢, L = L x [0,&[/L x {0} as an open cone over L and we let X, = L x [¢, 1] U X].

We define the manifold M by attaching to X; a cylinder Lx] — 1, 1]. Wefixon M a
Riemannian metric which is of product type on Lx] — 1, 1] and we assume that its
injectivity radius is bigger than 1.

We will use the following notations: M denotes Lx]0,1]u X;, M its closure in
M and M~ = Lx] — 1,0[. If y is a point of the cylindrical part of M or X\{c}, we
will write y = (yz,k,) where y €L and k,e] — 1, 1] are the tangential and radial
coordinates. We extend the map k& on X; to a smooth defining function for its
boundary; in particular, k~!(1) = 9X; and k(X;)<=[l,+oo].

2.1. The tangent space of the conical pseudomanifold X
Let us consider TM*, the restriction to M+ of the tangent bundle of M. As a 6~
vector bundle, it is a smooth groupoid with unit space M+. We define the groupoid
G as the disjoint union:
R
G=M xM UTM'3 M,

where M~ x M~ 3 M~ is the pair groupoid.
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In order to endow G with a smooth structure, compatible with the usual smooth
structure on M~ x M~ and on TM*, we have to take care of what happens around

points of TM*| 7.

Let t be a smooth positive function on ] — 1, + oo [ such that 7! ({0}) = RT. We let
% be the smooth map from M to R* given by #(y) = t(k,).

Let (U, ) be a local chart for M around ze M. Setting U~ = Un M~ and
U+t = UM, we define a local chart of G by

$:U xU UTUT>R" x R",

o) = $(x)

) ) if (x,y)eU™ x U™ (5)

and

d(x, V) = (dp(x),(d),(x,V)) elsewhere.

Let us explain why the range of % is open. We can assume that ¢(U) = R" and
$(U™) = R"™ = R™" 'x] — o0, 0[. Let B be a open ball in R™. Since 7 vanishes on U+
there exists an open neighborhood W of OU* such that {7(x)p+ ¢(x)|xe
WU, peB}<R”. Then $(TOUT)AR” x B (W) x B<Img.

We define in this way a structure of smooth groupoid on G.

Remark 2. (1) If 7 is C’ then the atlas defined above provides G with a structure of
C'~! groupoid (it is easy to see that the source, target and inversion maps have the
same regularity as the atlas).

(2) At the topological level, the space of orbits M /G of G is equivalent to X: there
is a canonical isomorphism between the algebras C(X) and C(M/G).

Definition 3. The smooth groupoid G3 M is called a tangent space of X.

It is important to remark that the Lie algebroid of G=3 M is the bundle .«/G = TM
over M with anchor pg: o/G=TM—->TM,(x,V)—(x,f(x)V); in particular
pc 1s the zero map in restriction to TM*. The exponential map exp of
the Riemannian manifold M provides an exponential map Eg for the groupoid
G (for a description of exponential maps for groupoids, see e.g. [17,7]). More
precisely:

Eg: 7 (TM)—G,

Ec(y,V) = (y,V) when ye M+
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and
Eg(y, V) = (y,expy(—=%(y)V)) when ye M,

where ¥V (TM) = {(y, V)eTM|||Z(y)V||<1 and exp,(—%(y)V))eM~ if ye M~ }.

The map Eg is a diffeomorphism onto a neighborhood of the unit space
M in G. In fact, we could have defined the smooth structure of G using the
map Eg.

Remark 4. (1) There exists a slightly different groupoid which could naturally play
the role of the tangent space of X. We will call it the tangent space with tail. It is
defined by

Gy=LxLxT(]-10)uTM"3M.

As a groupoid, G, is the union of two groupoids: the bundle TM ™= M+ and the
groupoid L x L x T(] — 1,0[) 3 Lx] —1,0[= M~ which is the product of the pair
groupoid over L with the vector bundle 7(] — 1,0[) 3] —1,0[. One can equip G,
with a smooth structure similarly as we did for G. We will see that the C*-algebras of
G and G, are KK-equivalent.

(2) The groupoid G is obtained by gluing along their common boundary 7L x R
the groupoids TM+ and a groupoid isomorphic to Tan(L)><R’ obtained by the
action of R’ (by multiplication on the real parameter) on the tangent groupoid
Tan(L) = L x L x R, UTL x {0} of L. The groupoid G, is defined in the same way
except that we consider the trivial action of RY.

2.2. The tangent groupoid of the pseudomanifold X

The following construction is a natural generalization of the tangent groupoid
of a manifold defined by Connes [5]. We define the tangent groupoid 4 of
the pseudomanifold X as a deformation of the pair groupoid over M into the
groupoid G. This deformation process has a nice description at the level of Lie
algebroids. Indeed, the Lie algebroid of ¥ should be the (unique) Lie algebroid
given by the fiber bundle /%9 =1[0,1] x /G =[0,1] x TM over [0,1] x M, with
anchor map

ps:AG=100,1]xTM - T(0,1]x M)=T[0,1] x TM
(A,x, V) — (4,0,x,p6(x, V) + V) = (4,0, x, (T(x) + 1) V).

Such a Lie algebroid is almost injective, thus it is integrable [7,8].
We now define the tangent groupoid:

G =M x Mx]0,1]uG x {0} 3M x [0, 1],

whose smooth structure is described hereafter.
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Since 4 = (M x M x [0, I\(M+* x MUM x M+) x {0})uTM~* x {0}, we keep
the smooth structure on M x M x [0, 1\(M+ x MUM x M*) x {0} as an open
subset in the manifold with boundary M x M x [0, 1]. We consider the following map:

p: Y (TM x [0,1])>% = M x Mx]0,1]uG x {0},

otz V’X):{(z, V,0) if zeM* and 4 =0,
(z,exp-(—(%(z) + 1).V),A) elsewhere,
where ¥ (TM x [0,1]) is an open subset in TM x [0,1] such that ¥ (TM x
[0,1])nTM x {0} = ¥"(TM), and which is small enough so the exponential in the
definition of p is well defined. Then TM+ x {0} is in the image of p and we equip ¥
around TM+ x {0} with the smooth structure for which p is a diffeomorphism onto
its image. One can easily check that it is compatible with the smooth structure of
M x M x [0, 1\(M+ x MuM x M*) x {0}.
The Lie algebroid of 4 is .&/% and p is an exponential map for 4.

2.3. The C*-algebras

Let u be the Riemannian measure on M and let v be the corresponding Lebesgue
measure on the fibers of 7M. The family {1*;xe M}, where d/*(y) = ngdu(y) if x

belongs to M~, and d2*(V) = dv(V) if x is in M, is a Haar system for G. We use
this Haar system to define the convolution algebra of G.

Remark 5. (1) G is a continuous field of amenable groupoids parameterized by X.
More precisely, G = U, xyn~'(x) where 7: G— X is the obvious projection map. If
x#c¢, n'(x)=TM is amenable. If x=r¢, n'(c)=M" x M~ OTM*| 57 is
isomorphic to the groupoid H = Tan(L)><R of an action of R on the tangent
groupoid Tan(L) = L x Lx]0,1[UTL x {0} of L. The groupoid H is an extension
of the group R by Tan(L), both of them being amenable, according to [1, Theorem
5.3.14], H is amenable. Finally according to [1, Proposition 5.3.4], G is amenable.
In the same way, 4 and G, are amenable. Hence their reduced and maximal
C*-algebras are equal and they are nuclear.

(2) Using the KK-equivalence between .#" and Cy(R?) (cf. Example 1(2)) one can
establish a KK-equivalence between C*(G) and C*(G,).

3. The Dirac element

The tangent groupoid ¥ =3 M x [0, 1] is a deformation groupoid and its C*-algebra
is nuclear, thus it defines a KK-element. We let 0 be the KK-element associated to .
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More precisely:
0= leo) ' ®le1] e KK(C*(G), #),

where €p : C*(%9) > C* (9] q0y) = C*(G), the evaluation map at 0 is K-invertible,
and e : C*(9) > C* (Y 1 q1y) = A (L*(M)) is the evaluation map at 1. Let b be the
(positive) generator of KK(#,C)~Z7Z. We set J = OQb.

The algebra C(X) is isomorphic to the algebra of continuous functions on the
orbits space M /G of G. Thus C(X) maps to the multiplier algebra of C*(G) and we
let ¥ be the morphism ¥ : C*(G) ® C(X)— C*(G) induced by the multiplication. In
other words, if ae C*(G) and fe C(X), ¥(a,f)e C.(G) is defined by

a()f (r(n) = a()f (s(y)) if yeTMT,

T((Lf)(y): {a(y)f(c) if yeM™ x M~.

We denote by [P] the corresponding element in KK(C*(G) ® C(X), C*(G)).

Definition 6. The Dirac element is

D = [¥]®0eKK(C*(G)® C(X),C).

4. The dual Dirac element

We first recall the construction of the dual Dirac element for a compact manifold
V [6,15].

Let V' be a smooth compact n dimensional Riemannian manifold, whose
injectivity radius is at least 1. We denote by A the bundle of complex valued
differential forms on ¥V, and we keep this notation for its pull-back to 7%}V and
its restrictions to various subsets of V' and T*V. For xe V', we denote by O, the
geodesic ball with radius %, H, the Hilbert space L>(O,, A) and we write H for the
continuous field of Hilbert spaces | J,.. Hy.

With a model operator on R”, for instance those given in Theorem (19.2.12) of
[11], we define a continuous family P = (P.).., of pseudodifferential operators
P.e¥°(0,, A) of order 0 satisfying the following conditions:

(1) Py is trivial at infinity of O, which means that P, is the sum of a compactly

supported pseudodifferential operator and a smooth bounded section of the
bundle EndA — Oy, (in particular, this ensures boundedness on H,).

@) P, is selfadjoint on H,, and has degree one (i.e. P, = (;ﬂ’g)) with respect to the
grading induced by A4 = A% @ A°%,

(3) P> —1d is a compactly supported pseudodifferential operator of order —1; in
particular it is compact on H,.
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(4) the family P = (Py),., has a trivial index bundle of rank one. In fact, for all x,
P! is onto, it has a one-dimensional kernel and there exists a continuous section
Vsxiseceker Pr<L*(M,A).

Here the continuity of the family means that P is an endomorphism of the C(V)-
Hilbert module H.

We let a, be the principal symbol of P,. Under the assumptions above, the
Kasparov module

;Lx = [(CO(T*Oxa A)a 1a ax)]
is a generator of Ky(Co(7T*0,))~7Z. The following element:

iV: [(C()(T*Ox,/l),l,ax) }GK()(C()(T*VX V))

xeV

is the dual Dirac element used in the proof the Poincaré duality between C(V') and
Co(T*V) [15].

There is an alternative elegant description of 1) [6]. Let us consider the map
[ VTV x V,x—((x,0),x). This map is K-oriented so it gives rise to an element
f1eKK(C(V), Co(T*V x V)). If p denotes the obvious map C— C(V), then:

Ay = [pl®f".

With the previous example in mind and keeping the same notations, we shall define
an element A€ Ky(C*(¥9 x X)) whose evaluation 1 = (ey),(4)e Ko(C*(G x X)) will
be the appropriate dual Dirac element of the pseudomanifold X.

We define a map 4 : X\{c}~M™" — M which pushes points in M~. More precisely,
h(y) =y when k,>1, and h(y) = (y1,I(k,)) otherwise, where:

k) — 3k—2 if 1/2<k<],
L -1/2 if 0<k<1/2.

From now we fix ¢€]0, 1/2[. Recall that X, = {xe X |k, >¢}. We set:
0 = (Zn(x))repo.1)xex, € Ko(Co( (%) x Xy)).
Here o/*(9)~T*M x [0,1] and ¢ corresponds to the K-oriented map: [0, 1] x
X.>T*M x [0,1] X X, (t,x)— ((h(x),0),t,x).
Next, let us consider the adiabatic groupoid of ¥ [5,16,17] (see Example 1(1)):
H ={0} x A (9)U]0,1] x ¥3[0,1] x ¥,
We let @ e KK(Cy(4* (%)), C*(¥%)) be the KK-element associated to ), i.c.
0 = [evo] ' ®[evi],

where evg: C*(A#)— Co(T*M x [0,1]) is the evaluation map at 0 composed with
the Fourier transform C*(./(%)) = Co(#*(%)), and ev,: C*(#)—C*(9) is the
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evaluation at 1. We define 4, € Ky(C*(¥9 x X;)) by

4,=8 X 6.

Co( 2 (9))

Proposition 7. (1) The element A, satisfies
(e1),(4,) = 1y, eK*(X,) Ko (A ® C(X,)),

where e1: C*(9) > C* (9| 1)) = A is the evaluation map at 1.
(2) There exists Age Ko(C* (9 % X|oy01))) extending A, that is,

1o (iox(0,1)) (o) = 4,

where (O is the open subset | J.. yr+ Opx) X {X} UM~ x ¢Lof M x X, ioxfo,1) s C*(% x
Xloxo,)) = C (9 x X) is the inclusion morphism and r: C* (9 x X)— C* (9 x X,) is
the restriction morphism.

Proof. (1) Let us note O, = (J,.y Opx) x {x}. This is an open subset of M x X; the

unit space of the groupoid G x X;. Let @, be its lift to M x [0, 1]* x X, which is the
unit space of the groupoid # x X,. We let Q be the groupoid:

Q:%XXHE.

In fact, Q identifies with the adiabatic groupoid of Q; = & x X| 0x[0,1]"

We shall use the pseudodifferential calculus on Q to get an explicit representant
of 4,. The family (a())..y, depends smoothly on x and defines a symbol

aeS°(</*(Q),EndA). Note that this symbol is independent of the two real
parameters coming from the lift of ¢, to 0,. Let Op, be a quantification map for
Q. Thanks to the properties of this calculus and the fact that each a;)(y,¢) is of
order 0, trivial at infinity (that is independent of { near the infinity of Oy,)) and
ai(x) (»,€) — 1is of order —1 and vanishes near the infinity of Oj,), we deduce from
the exact sequence (4):

Opg(a)e £ (C*(Q, A)) and Opj(a) — Ide # (C*(Q, A)).

Hence, we get an element [(C*(Q, A),Opg(a))]€ Ko(C*(R)) which gives using the
inclusion Q= # x X, an element A€ Ky(C*(A# x X,)) satisfying

(evo),(4) = e Ko(Co(T* M x [0,1] x X,)).
Hence,

As - (eVl)*(Z) = [(C*(QlaA)7Ole (a))}a
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where Q) = ¥4 x XE\C,,&X[O‘”. Now consider the evaluation map e; : C*(¥9) - #". We get
(€1),(4e) = [(C*(Qu,1,4),Opg, (@))€ Ko (# @ C(X,)),

where we have set Q)| =% x Xg|@nx{1}. Note that

Q1= | Onw x Oy x {x}=(M x M) x X,

XeEX;

and Opg,, is an ordinary quantification map which assigns to a symbol living on
T* O~/ (Op(x) X Op(yy) a pseudodifferential operator on Oy. Since Py =

X

(Pn(x))xey, has symbol equal to (ap(y)), .y and has a trivial index bundle of rank one,
the following holds:

(e1).(4:) = [(C*(R1.1,4),0pg,,(@)] = [(Hly,, Ply,)] = Ly, e K*(X,).
(2) The existence of 4y follows immediately from:

Lemma 8. If rp : C(X;)— C(L) (L = 0X,) denotes the restriction homomorphism, and
iv-xpo.1) 2 A @ C([0, 1) = C* (G| ps- 4 jo.1) = C*(9) the inclusion morphism, then

(re),(4:) = (in-xpo,1).(12),
where 17 is the unit of the ring Ko(A# ® C([0,1] x L))~K°(L).
Proof. The element (r.),(4,) is represented by
(C*(02,4),0P)eE(C,C*(¥9 x L))

where 0Q; = U(t,x)e[O,l]xL Oh(x) X 0/1(x) X {([,x)}C(M7 X Mf) X [0, 1] x L and
OP = (Pyy)) Since C*(0Q;,A) is also a # ® C([0, 1] x L)-Hilbert module, we
observe that

xelL®

x = [(C*(8Q1, A),0P) e Ko(# ® C([0, 1] x L))

is such that (iy-xp,1)).(x) = (rz),(4:). Moreover, under the isomorphism
K°(L)~Ko(# ®C([0,1] x L)), the element x is represented by: (Hj(v), Pu(x))xer
which also represents the unit element 1, € K°(L) thanks to the triviality of the index
bundle of the family (Ppy))..,- O

By a slight abuse of notation, ¥ X X;|o,01), ¥ X ¢:Llgxjo1) and & X Llg o) will
denote, respectively, the restrictions of ¥ x X to O x [0,1]nM x X, x [0,1], O x
0,1]nM xc,Lx[0,]]=M xcLx[0,1] and Ox][0,]]nM x 90X, x[0,1] =
M~ x Lx][0,1].

It is obvious from the concrete description of 4, that it comes from an element
A:,0€Ko(C* (% % Xy|gx01)) via the inclusion morphism. Now let xoeKo(C*(% x
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¢:L|gx0,1)) be the pushforward of 1€ Ko(C) via the obvious homomorphism:
H=C'(M™ x M )>C (M~ x M )®C([0,1] x ¢;.L)~C* (9 x ¢;L|oypo1))-

The preceding lemma and the Mayer-Vietoris exact sequence in K-theory associated
to the following commutative diagram:

C*(% x X‘C’X[O,l]) — (% x Xﬁ‘(fx[o.l])
YerL rr

C(9 % ¢;Llgypo,1) —— C (9 X Llgyupo) =A@ C([0,1] x L)

show that there exists Ao€Ko(C* (¥ x Xy p))) satisfying r.(4o) =4, ¢ and
(rcL)*(AO) = X0. D

Remark 9. In fact, (r7),(4.¢) may be represented by the trivial vector bundle
ker P|; = J,. ker Py — L while xo may be represented by the product vector
bundle ¢L x C—cL. The element 4, is obtained by gluing these bundles along
L =L x {1} ccL. This involves a bundle isomorphism ker P|, ~ L x C, which yields
a continuous map ¥ : L— GL;(C) and a class [)] e K' (L). One could be more careful
with the construction of the family (P,) to make sure that [iy] = 0, otherwise one
may perturb 4o by elements coming from K'(L). That will be done in the next
proposition.

Proposition 10. There exists Ao € Ko(C*(9 X X|oy01))) such that:

(1) Iy o (i(’/x[O,l])*(A@) =4,
() (e1), = (ioxo1).(do) = 1y e KX (X) = Ko(C(X) Q@ A).

Proof. Firstly, we note that

reo(e1), o (ioxpo.).(4o) = (e1), o 1v © (loxo.1). (4o) = (e1),(4:) = 1y, = ri(ly).

From the exact sequence:
0-Co(é, L) L C(X) L C(X,) >0
and the previous computation, we deduce
(e1),(4o) — 1y eIm(jy).

We choose yoe K' (L) ~Ky(C (¢, L)® #') such that

J=(vo) = (e1),(4o) — lx.
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Moreover one deduces from the fact that the inclusion # (L*(M ™)) = (L*(M))
induces an isomorphism in K-theory, that

(e1). i - Ko(C" (% % &, Llgypo.)) = Ko(H ® Co(é, L))

is an isomorphism. Here % x ¢, Ly, is the restriction of ¥ x X to ¢ x [0,1]n
M x[0,1] x é Land i: C*(% x ¢, L{gypo,1)) = C*(% x X) is the inclusion morphism.

Now let JoeKy(C* (9 x &, Lloypy)) be the unique element such that
(e1), (o) = —yo. We set:

Ao = Ao +j. (o),

where we have still denoted by j the inclusion morphism from C*(% x ¢, Lloypo,) to

C(% % X|gxjo1))- Then Ag € Ko(C*(% % X|yp0))) satisfies (1) and (2). O
We define

A = (igxo.1)).(40) € Ko(C* (% x X)).

Definition 11. The dual Dirac element AeK)(C*(G)® C(X)) of the singular
manifold X is defined by

7= (e0). (4),
where ¢y : C*(9)— C*(G) is the evaluation homomorphism at 0.
We have proved the following:
Proposition 12. (1) The following equality holds:
) &) 0= 1xeKo(C(X))~K"(X),
c(G)
where 1y is the unit of the ring Ky(C(X)).
(2) For each open subset 0,, 0<o<1, of M x X defined by
Oy ={(x,y)eM x X |d(x,y)<1,k,>0}Uu{(x,y)eM x X | ky<a,k, <o},
the dual Dirac element A belongs to the range of:

(ic,).  Ko(C7(G x X)) = Ko (C7(G x X)).
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Roughly speaking, every @, contains the “support” of 1. From now on, we choose
O = 0y, and / a preimage of / for (i¢),.

5. The Poincaré duality
This section is devoted to the proof of our main result:

Theorem 13. The Dirac element D and the dual Dirac element A induce a Poincaré
duality between C*(G) and C(X), that is

M 2 @ D =1cw)eKK(C(X),C(X)),
C(G)

2 2 & D= lc6eKK(CH(G), C*(G)).
C(X)

5.1. Computation of L ® c+(G)D

Let m: C(X)®C(X)—>C(X) be the morphism of C*-algebras induced by
multiplication of functions.

Lemma 14. The following equality holds:

) ®) (W] =2 C@) [m].

(G
Proof. According to Proposition 12 we have that A® ¢-(g) [V] = rC(X)(/T) ® [Hyp] and
A® cix) [m] = tex (2)®[H,], where Hy and H, are the morphisms from C*(G x
X|,)®C(X) to C*(G x X) defined by

Hy(BQS)(7,y) =f(r(7))B(y,y) and H{(B&f)(y,y) =/(»)B(7.),

when feC(X), BeC.(G x X|,), (y,)eG x X, and C(X) is identified with the
algebra of continuous functions on M which are constant on M.
There is an obvious homotopy between H; and H; defined by

H\(B®S)(,y) =1 (h(y))B(,»),

where / is the map constructed in Section 4 to push points in M.

Let #" = {(x,y)eM x X;d(x,y)<1 and k,>¢} viewed as a subset of M x M.
Let ¢ be the continuous function #” x [0,1] > M+ <X such that ¢(x,y,-) is the
geodesic path going from x to y when (x,y)e# .
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We obtain an homotopy between H, and H; by setting for each te[0, 1]:

S (e(r(), h(x), 0)B(y, x) if ki=1/2,

H/(B®f)(y,y) = {f(c)B(y,X) elsewhere.

Now we are able to compute the product A® ¢-(g) D:

X (}@ ") ® o= (:@m) ®
“ron9 (1 © ) -ren (s @1)

The equality of the first line results from the previous lemma, the equality of the
second line comes from the commutativity of the Kasparov product over C and the
last equality follows from Proposition 12. This finishes the proof of the first part of
Theorem 13.

Let us notice the following consequence: for every C*-algebras 4 and B, we have:

(' ® D) ° </1 ® ) = ldgx(c(x)@4,8) and ( ® > ° ( ® D) = ldkx (4,80 c(x))-
C*(G) c(G) C(X)

In particular, this implies the following useful remark:

Remark 15. The equality (-® c-(q) D)(A® c(x) D) = (@ c+(6) D) ° (A® c(x)') (D) =
D ensures that A®cx)D —1c(g) belongs to the kernel of the map
(-®c-(6) D): KK(C*(G), C(G)) » KK(C*(G)® C(X), ©).

5.2. Computation of . ® c(x)D
The purpose here is to prove that
) ® D =102 ®tc0)([P]®0) = l¢(6)-

This problem leads us to study the invariance of A® c(x)[¥] under the flip
automorphism f of C*(G x G)~C*(G)® C*(G).
Indeed, we have

e ([P)®[f1®1c (g ® 9= 3® | =tc(¢ecx(9)®[Y],
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which implies (cf. Proposition 12):

<<i X [W]) ®[f]> ®Tc(6)(0) = (/1 ® 5) g%[‘ﬂ = lci(6)-

C(X) CcH(G)

Hence,

ig% D —lcvg = ((i ® [‘1’]) ® ([id] — [f])) ®1c+(6)(0) (6)

Cx)

and the invariance of A1® ¢(y) [¥] under | £ would enable us to conclude the proof.
Such an invariance would be analogous to Lemma 4.6 of [15]. Unfortunately, we are
not able to prove that A® ¢(x) [¥] is invariant under the flip.

Put C=Lx]—1,1[and F =M x M\C x C.

We let @ be the inverse image of ¢ by the canonical projection of M x M — M x
X. We denote (i;), : KK(C*(G), C*(G x G|;)) = KK(C*(G), C*(G x G)) the morph-
ism corresponding to the inclusion iz. A simple computation shows that:

Lemma 16. The element . ® c(x) [V] belongs to the image of (i),

The set F (@ is an open and symmetric subset of M x M, hence the flip makes
sense on C*(G x G|z z)-

Lemma 17. The flip automorphism of C*(G x G| ;) is homotopic to identity.

Proof. The set FN 0 = {(x,y)e M x M |d(x,y)<1, ky>1 or k,>1} is a subset of
M+ x M+, so the algebra C*(G x G| ;) is isomorphic to Co(T*(F n()). To prove
the lemma, it is sufficient to find a proper homotopy between the flip f  ; of
T*(Fn®) and dr(pri)

The exponential map of M provides an isomorphism ¢ between 7*(F r\(b) and
(T*M,)@3, where M; = {xe M | ky>=1} for some 0</< 1. Via this isomorphism, the
flip becomes the automorphism of Cy((T *M1)®3) induced by the map g:
(x,X,7, Z)e(T;‘M;)3 — (x,—X,Z, Y). One can take for example: ¢ : (x,y, X, Y)+—

xp; 'y
(m(x,p),exppl (0 —expyl (), T(x, 0, X), T(v,x, ¥)), where m(x, y) = exp(2552)

is the middle point of the geodesic joining x to y and T'(x,p,-): TxM — Typ(r )M is
the parallel transport along the geodesic joining x to m(x,y).

-1 0 0 1 00
Let A:[0,1] > SO;(R) be a continuous pathfrom [ 0 0 1 ]Jto (0 1 0
0 10 0 0 1

The map [0, 1] x (T*M;)®* » (T*M))®*; (1,x, V) (x, 4,.V) is a proper homotopy
between identity and g. [
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Note that C x Cis a saturated open subset of (G X G)(O). So we obtain the following
commutative diagram of C*-algebras:

0 C*(G % G|y opnp) —— C (G x Gl;) —22 s C*(G x Gl ) 0
lizf liFn(? (7)
C*(G X G) ——.C*(G x G|;)—0.

icxe IF

0-C*(G x Glexe)

Since flip automorphisms commute with restriction and inclusion morphisms, this
commutative diagram and the previous lemma imply that the induced morphisms of
KK groups satisfy:

(rp). o fs o (i), = (rF). o (ig)..

In other words, (rf), o (id — f), ° (i), is the zero map.

Hence Lemma 16 implies that (A® ¢(x) [¥]) ® ([id] — [£]) belongs to the kernel of
the map (rr), : KK(C*(G), C*(G x G)) > KK(C*(G), C*(G x G|)). It follows from
the long exact sequence in KK-theory associated to the second short exact sequence
of (7) that (A® ¢ [P]) @ ([id] - [f]) belongs to the image of the map
(icxc). : KK(C*(G), C*(G X Gl )~ KK(C*(G), C*(G x G)).

Remark 18. The C*-algebra C*(G|.) is KK-equivalent to 2#°(L*(M~)). Indeed, we
have the following exact sequence:

_\\ M

0— A (L (M™)) = C*(Gl¢) = C*(Gleyy-) = Co(T*(L x [0,1]) >0

and the C*-algebra Co(7*(L x [0,1])) is contractible. So [iy ] is an invertible
element of KK (A (L*(M™)), C*(G|o)).

In particular, C*(G x G|q, ) is KK-equivalent to " ® . Furthermore, the flip
automorphism of #” ® " is homotopic to identity. Together with our last result, this

only shows that (A® ¢(x)[¥]) ® ([id] — [f]) is a torsion element (of order 2).

Lemma 19. The element A® c(x) D — 1¢+(g) belongs to the image of the map (ic), :
KK(C*(G), C*(G|)) —» KK(C*(G), C*(G)) induced by the inclusion morphism ic.

Proof. The proof follows from the equality [icxc]®tc-(6)(0) = (lic]®clic]) ®

‘CC*((;)((?) = TC*(G\C)([Z.C]®8)® [lc] and the fact that (i@c(){)[?])@([ld] - [f]) is in
the image of (icxc),. O

Thus, with Remark 15 in mind, it remains to show that the map
(-®c6) D) e (ic), is injective.

We consider the morphisms i~ : # (L*(M™))— C*(G) and i : A (L*(M~))—
A (L*(M)) induced by the inclusion of functions. Since i preserve the rank of
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operators, (i”), is an isomorphism. We let e, : C(X) —C be the evaluation map at c.
The map e, admits a right inverse, so e} is injective.

Proposition 20. For any C*-algebra A, the following diagram is commutative

KK(A, 2/ (L2(M™))) — L KK (4, C*(G))

(-@[f'”]®b>| l < ® D)
C(G)
KK(A4,C) KK(A® C(X),C)

Proof. For any xe KK(A, #"(L*(M™))) we write:
<‘ cg?c) D) o (i), (x) =t (x®[IT]) @D = te(x)(X) @Tex)([i7]) ®[P]®O.

If feC(X) and keKK(L*(M~)), we observe that ¥((i~(k)®f)) = f(c)i~ (k) =
ec(f)i~ (k). In particular, tcix)([i7]) @ [P] = 4 ([ec]) ®[i7]. It follows that

(- CC?G) D) °(I7).(x0) = 1 () @1 ([e) @[] ® .

Furthermore, the following commutative diagram of C*-algebras:

H(L(M)) <2 @y o) = C0, 1) © A (LM )) —22 /(12(M7))
| | !
A (LX(M)) (%) _ c(6)

shows that [i"]®0 = [i”].
Finally, using that t¢(x)(x) ® T ([ec]) = x X [e], we get
c

C(G

<~ ®) D) (i), () =e o (®I]@b)(x). O

We have already noticed that C*(G| ) is KK-equivalent to " (L*(M ™)) (cf. Remark
18), and i¢ < iy ¢ = i~ . So, using the previous proposition (applied to 4 = C*(G)),
we deduce

Corollary 21. The morphism (-® c-(g) D) is injective when restricted to the image of
(ic), going from KK(C*(G), C*(G|.)) to KK(C*(G), C*(G)).
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Combining Lemma 19, Remark 15 and Corollary 21, we conclude that

L& D=l g,
c(X)

This finishes the proof of Theorem 13.

Remark 22. The K-duality for the pseudomanifold X is strongly related to a
Poincaré duality for manifolds with boundary. Let us consider the following two
exact sequences:

0 A (LA(M) 5 C(G) L Co(TMT) -0, (8)

0«<C < C(X) " Co(X\{c}) 0. 9)

Note that the exact sequence (9) is split, and that Proposition 20 ensures the
injectivity of (i~7),. Hence both (8) and (9) give rise to short exact sequences in KK-
theory, and invoking again Proposition 20, we get the following commutative
diagram:

0 KK(A, #)—" . KK(4,C*(G)) —— KK(A, Co(T*MF))—0

(®[i"]®b) ( ® D)
C*(G)
0—KK(4,C) ——KK(4® C(X),C) ——KK(4® Co(M™*),C) -0

The vertical arrows are isomorphisms: it is obvious for the left one and a
consequence of Theorem 13 for the middle one. Hence there is an induced
isomorphism KK (A4, Co(T*M*))— KK(A® Co(M™),C) making the diagram com-
mutative.

Conversely, using [6], one can prove the K-duality between Co(7MT) and
Co(M™), and obtain from this an alternative proof of Theorem 13. This will be used
in a forthcoming paper to extend this work to general pseudomanifolds.

References

[17 C. Anantharaman-Delaroche, J. Renault, Amenable groupoids, Monographies de L’enseignement
Mathématique, Vol. 36, L’Enseignement Mathématique, Geneva, 2000.

[2] M. Atiyah, I. Singer, The index of elliptic operators I, III, Ann. Math. 87 (1968) 484-530, 546-604.

[3] B. Blackadar, K-theory for operator algebras, Mathematical Sciences Research Institute Publications,
2nd Edition, Vol. 5, Cambridge University Press, Cambridge, 1998.

[4] A. Connes, Sur la théorie non commutative de 'intégration, in: Springer (Ed.), Algebres d’opérateurs,
Lecture Notes in Mathematics, Vol. 725, Springer, Berlin, 1979, pp. 19-143.



C. Debord, J.-M. Lescure | Journal of Functional Analysis 219 (2005) 109-133 133

[5] A. Connes, Noncommutative Geometry, Academic Press, New York, 1994.
[6] A. Connes, G. Skandalis, The longitudinal index theorem for foliations, Publ. R.I.M.S. Kyoto Univ.
20 (1984) 1139-1183.
7] M. Crainic, R.L. Fernandes, Integrability of Lie brackets, Ann. Math. 157 (2003) 575-620.
[8] C. Debord, Holonomy groupoids for singular foliations, J. Differential Geom. 58 (2001) 467-500.
]
]

[9] M. Goresky, R. MacPherson, Intersection homology theory, Topology 19 (1980) 135-162.

[10] M. Hilsum, G. Skandalis, Morphismes K-orientés d’espaces de feuilles et fonctorialité en théorie de
Kasparov, Ann. Sci. Ecole Norm. Sup. 20 (4) (1987) 325-390.

[11] L. Hormander, The analysis of linear partial differential operators. Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 111, Vol. 274, Springer, Berlin,
1994. Pseudo-differential operators, Corrected reprint of the 1985 original.

[12] P. Julg, C*-algebres associées a des complexes simpliciaux, C. R. Acad. Sci. Paris Sér. I Math. 308 (4)
(1989) 97-100.

[13] G. Kasparov, G. Skandalis, Groups acting on buildings, operator K-theory and Novikov’s
conjecture, K-theory 4 (1991) 303-337.

[14] G.G. Kasparov, The operator K-functor and extensions of C*-algebras, Izv. Akad. Nauk SSSR, Ser.
Math. 44 (1980) 571-636.

[15] G.G. Kasparov, Equivariant KK-theory and the Novikov conjecture, Invent. Math. 91 (1988)
147-201.

[16] B. Monthubert, F. Pierrot, Indice analytique et groupoide de Lie, C.R.A.S Série 1 325 (1997)
193-198.

[17] V. Nistor, A. Weinstein, P. Xu, Pseudodifferential operators on differential groupoids, Pacific
J. Math. 181 (1) (1999) 117-152.

[18] J. Renault, A Groupoid Approach to C*-Algebras, in: Lecture Notes in Mathematics, Vol. 793,
Springer, Berlin, 1980.

[19] G. Skandalis, Kasparov’s bivariant K-theory and applications, Exposition. Math. 9 (1991) 193-250.

[20] S. Vassout, Feuilletages et Résidu non Commutatif Longitudinal, Ph.D. Thesis, Université Paris VI,
2001.



	K-duality for pseudomanifolds with isolated singularities
	Introduction
	Preliminaries
	Cast-algebras of a groupoid
	Subalgebras and exact sequences of groupoid Cast-algebras
	Cast-modules arising from bundles and groupoids
	KK-tools
	KK-elements associated to deformation groupoids
	Pseudodifferential calculus on groupoids

	The geometry
	The tangent space of the conical pseudomanifold X
	The tangent groupoid of the pseudomanifold X
	The Cast-algebras

	The Dirac element
	References


