Abstract

Let X be a suitable function space and let G C X be the set of divergence free vector fields
generating a global, smooth solution to the incompressible, homogeneous three dimensional Navier-
Stokes equations. We prove that a sequence of divergence free vector fields converging in the sense
of distributions to an element of G belongs to G if n is large enough, provided the convergence holds
“anisotropically” in frequency space. Typically that excludes self-similar type convergence. Anisotropy
appears as an important qualitative feature in the analysis of the Navier-Stokes equations; it is also
shown that initial data which does not belong to G (hence which produces a solution blowing up in
finite time) cannot have a strong anisotropy in its frequency support.
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1. Introduction and statement of results

1.1. Setting of the problem
We are interested in the three dimensional, incompressible Navier-Stokes equations

Ou+u-Vu—Au=—-Vp in RT x R?

divu =0

u|t:0 = uo,
where u(t, x) and p(t, x) are respectively the velocity and the pressure of the fluid at time ¢ > 0 and
position z € R3. We recall that the pressure may be eliminated by projection onto divergence free
vector fields, hence we shall consider the following version of the equations:

du+Pu-Vu) —Au=0 in Rt xR?
(NS) <divu=0

Ujt=0 = U0 »
where P :=Id — VA~ !div.
Note also that the Navier-Stokes system may be written as
ou+diviu®@u) — Au=—-Vp in RT xR?
divu =0

Ult=0 = U0,

d
where div(u®u)’ = Z O (WuP) = div(u/u). The advantage of this weak formulation is that it makes

k=1
sense for singular vector fields and allows to consider weak solutions. The question of the existence of

global, smooth (and unique) solutions is a long-standing open problem, and we shall only recall here a
few of the many results on this question. We refer for instance to [3] or [45] and the references therein,
for a precise definition of weak solutions and recent surveys on the subject. An important point in the
study of (NS) is its scale invariance: if u is a solution of (NS) on R x R associated with the data uq,
then for any A > 0, u(t, z) := Au(A\?t, Az) is a solution on RT x R, associated with the data

upA(z) == Aug(Az) . (1.1)

* The second author was partially supported by the A.N.R grant ANR-08-BLLAN-0301-01 ”Mathocéan”, and
the Institut Universitaire de France.
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In two space dimensions, L?(RR?) is scale invariant, while in three space dimensions that is the case

for L3(R®), the (smaller) Sobolev space Hz(R?), or the Besov spaces B;;Jr%(R?’), with 1 < p < oo
and 0 < g < oco. We refer to Appendix B for all necessary definitions and properties of those spaces.
Note that anisotropic spaces such as L2(R?; H2 (R)) can also be scale invariant under (1.1), but also
more generally under the anisotropic scaling

Iap(@) = Af(Axy, Awo, pas), YA, u>0. (1.2)

Of course (NS) is not invariant through that transformation if A # pu.
5

It is well-known that (NS) is globally wellposed if the initial data is small in By, (1; ? as long as p < o0
(see the successive results by [46], [24], [38], [12] and [52]). Let us emphasize that in all those results,
the global solution lies in C (R"’; X)) when the Cauchy data belongs to the Banach space X. We note
that the proof of uniqueness may require the use of more refined spaces. In [42], H. Koch and D.
Tataru obtained a unique (in a space we shall not detail here) global in time solution for data small
enough in the larger space BMO ™!, consisting of vector fields whose components are derivatives of
BMO functions.

The smallness assumption is not necessary in order to obtain global solutions to (NS), as pointed out
for instance in [13]-[15]. We also recall that in two space dimensions, (NS) is globally wellposed as
soon as the initial data belongs to L?(R?), with no restriction on its size (see [47]); this is due to the
fact that the Lz(Rd) norm is controlled a priori globally in time. This estimate also allowed J. Leray
in [46] to prove the existence of global in time weak solutions in two and three dimensions. J. Leray’s
result extends to any dimension, as shown in [18] for instance.

In this article we are interested in the structure of the set G of initial data giving rise to a unique,
global solution to the Navier-Stokes equations. More precisely our interest will be in the global nature
of the solution, as the uniqueness of the solution will not be an issue. The solutions will be obtained
via a fixed point procedure in an adequate function space. It is known that the set G contains small
balls in BMO™! centered at the origin. But it is known to include many more classes of functions. We
recall that it was proved in [2] (see [27] for the setting of Besov spaces) that G is open for the strong
topology of BMO™?, provided one restricts the setting to the closure of Schwartz-class functions for
the BMO ™! norm. In this paper we address the same question for weak topology. More precisely
we wish to understand under what conditions a sequence of divergence free vector fields converging
in the sense of distributions to an initial data in G, will itself be in G (up to a finite number of terms
in the sequence).

Before going into more details let us discuss some examples. If a sequence converges not only weakly
3

but strongly in B, i: ", say, to an element of G then the result is known, see [27]. To give another

example, consider a sequence of divergence free vector fields g, bounded in L3 (R?’), converging in

the sense of distributions to some vector field ug in L3(R*) N G. If (14 |- |)**®ug., is bounded in L™

for some ¢ > 0, then it is easy to see that wg, generates a global unique solution to (NS) for n

large enough. This can be seen using the “stability of singular points” of [37,53], or more directly
3

using the fact that such a sequence is actually compact! in Bp_, 3): ? for p > 3 and applying the strong
stability result [27]. This example shows that in some cases, the weak convergence assumption implies
the strong convergence in spaces where stability results are available. Here we consider a situation
where such a reduction does not occur. One way to achieve this is considering sequences bounded in
a scale-invariant space only, with no additional bound in a non-scale-invariant space. However in that
case clearly some restrictions have to be imposed to hope to prove such a weak openness result; indeed
consider for instance the sequence

on(z) :=2"0(2"x), neN, (1.3)

! This fact can readily be seen by applying a profile decomposition technique and eliminating all profiles
except for the weak limit, thanks to the additional bounds satisfied by the sequence.
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where ¢ is any smooth, divergence free vector field. This sequence converges to zero in the sense of
distributions as n goes to infinity, and zero belongs to G. If one could infer, by weak stability, that ¢,
gives rise to a global unique solution for large enough n, then so would ¢ by scale invariance and that
would solve the problem of global regularity for the Navier-Stokes equations. Note that the same can
be said of the sequence B

Gu(@) = 6z — 2), |wal > 0. (1.4)

Since the global regularity problem seems out of reach, we choose here to add assumptions on the
spectral structure of the sequences converging weakly to an element of G, which in particular forbid
sequences such as ¢,, or ¢,, which in a way are “too isotropic”.

Actually one has the following interesting and rather easy result, which highlights the role anisotropy
can play in the study of the Navier-Stokes equations. This result shows that initial data generating a
solution blowing up in finite time cannot be too anisotropic in frequency space, meaning that the set of
its horizontal and vertical frequency sizes cannot be too separated; the threshold depends only on the
norm of the initial data. The result is proved in Appendix B; its proof relies on elementary inequalities
on the Littlewood-Paley decomposition, which are all recalled in that appendix. The notation AZA?
appearing in the statement stands for horizontal and vertical Littlewood-Paley truncations at scale 2*
and 27 respectively, and is also introduced in Appendix B. The space BQ% 1(]R?’) is a scale invariant

space, slightly smaller than H B (R3).

Theorem 1 Let p > 0 be given. There is a constant Ny € N such that any divergence free vector
.1
field ug of norm p in B;yl(R?’) satisfying ug = Z AZA;qu gives rise to a global, unique solution
|7—k|>No
o (NS) in C(R*; L3(R?)).

Let us now define the function spaces we shall be working with. As explained above we want to work
in anisotropic spaces, invariant through the scaling (1.2). For technical reasons we shall assume quite
a lot of smoothness on the sequence of initial data: we choose the sequence bounded in essentially the
smallest anisotropic Besov space B;;Z' invariant through (1.2). It is likely that this smoothness could
be relaxed somewhat, but perhaps not with the method we follow. We shall point out as we go along
where those restrictions appear, see in particular Remark 47 page 19.

Definition 11 We define, for 0 < q < oo, the space B; by the (quasi)-norm

1

1y o= (D2 2999 AL AT FIIS, ) (1.5)

JkEL
where AZ and A;’ are horizontal and vertical frequency localization operators (see Appendiz B).

This corresponds to the space Bi’; defined in Appendix B, where the reader will also find its properties
used in this text. More generally we define in Appendix B

1

Il o= (D2 27 ALATF, ) )

J,kEZ

The norm (1.5) is equivalent to the norm (B.3) Wthh is clearly invariant by the scaling (1.2), and is

slightly larger (if ¢ < 1) than the more classical 32 £ norm (for the role of 32 £ in the study of the
Navier-Stokes equations see for instance [17],[51]). Moreover the space B, is anisotropic by essence,
which as pointed out above, will be an important feature of our analysis.

It is proved in Appendix A that any initial data small enough in B} generates a unique, global solution
to (NS) in the space S11 := L>®(R"; B}) N L' (R"; By} N B} 7)), and if the data is not small then there
is a unique solution in the local space

S$11(T) = Lx

loc

([0,T); BY) N L. ((0,T); BY 0 BL?)
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for some T > 0.

We provide also in Appendix A a strong stability result in B}, whose proof follows a classical proce-
dure, and the main goal of this text is to prove a stability result in the weak topology for data in B;
for0<g<1.

Now let us define our notion of an anisotropically oscillating sequence. We shall need another more
technical assumption later, which is stated in Section 2 (see Assumption 2 page 10).

Assumption 1 Let 0 < ¢ < oo be given. We say that a sequence (fn)nen, bounded in B;, 18
anisotropically oscillating if the following property holds. There exists p > 2 such that for all
sequences (ky, jn) in ZN x ZN,

liminf 252 CHEDHE AL A follpms) = C >0 = lim |j, — kn| = 0. (1.6)

n—oQ n—o0

. . . . 51425
Remark 12 Tt is easy to see (see Appendix B) that any function f in Bj belongs also to By oo ”'”

for any p > 1 hence

feB— suw 2k(71+%)+%||A2A§f||U, < 0.
(k,j)ez?

The left-hand side of (1.6) indicates which ranges of frequencies are predominant in the sequence (f,):

if limsup 2’“”(*1*%)*%||AZHA;?"fn||Lp is zero for a couple of frequencies (2%7,2/%), then the se-
n—oo
quence (fy)nen is “unrelated” to those frequencies, with the vocabulary of [31] (see also Lemma 52 in

this paper). The right—hand side of (1.6) is then an anisotropy property. Indeed one sees easily that
a sequence such as (¢, )nen defined in (1.3) is precisely not anisotropically oscillating: for the left-hand
side of (1.6) to hold for ¢,, one would need j, ~ k, ~ n, which is precisely not the condition required
on the right-hand side of (1.6). A typical sequence satisfying Assumption 1 is rather (for a € R?)

fulz) = 2a"f(2a"(x1 —a1),2%"(x2 — as), 25”(;103 — ag)), (o, B) € R?, a#8

with f smooth. One of the results of this paper states that any sequence satisfying Assumption 1 may
be written as the superposition of such sequences, up to a small remainder term (see Proposition 24

page 8).

1.2. Main results

We prove in this article that G is open for weak topology, provided the weakly converging sequence is
of the type described in Assumption 1.

Theorem 2 Let ¢ €]0,1[ be given and let (uon)nen be a sequence of divergence free vector fields
bounded in B;, converging towards uy € Bé in the sense of distributions, and assume that uy generates
a unique solution in 81 1(00). If ug— (Uo.n)nen s anisotropically oscillating and satisfies Assumption 2

page 10, then for n large enough, ug ., generates a unique, global solution to (NS) in Sy 1(c0).

Remark 13 Theorem 2 may be generalized by adding two more sequences to ug,,, where in each
additional sequence the “privileged” direction is not x3 but x; or xs. It is clear from the proof that
the same result holds, but we choose not to present the proof of that more general result due to its
technical cost. Actually a more interesting generalization would consist in considering more geometrical
assumptions, but that requires more work and ideas, and will not be addressed here.

Remark 14 Assumption 2 is stated page 10, along with some comments (see in particular Re-
marks 28, 29 and 210). Its statement requires the introduction of the profile decomposition of the
sequence of initial data and it requires that some of the profiles vanish at zero.
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Remark 15 Theorem 2 generalizes the result of [15], where it is shown that the initial data
J
+Z 1(5) te wl(J) ( D 4e. wo( 7 (j))($17$2,5jx3)
j=1

generates a global solution if uo belongs to H 2z (R*)NG, if the profiles (vo( ‘ vg(J ), 0) and wyg ) are diver-

gence free and in L?(R,,; H~(R?)), as well as all their derivatives, if €1,...£; > 0 are small enough,
and finally under the assumption that vo(j)(xhx%O) = vo(j)(xhxz 0) =0 and wo(j)(xl,x%O) =0.
Those last requirements are analogous to Assumption 2. Note that even in the case when ug = 0, such

.1
initial data cannot be dealt with simply using Theorem 1 since it is not bounded in Bg ;. Note also
that as in [15], the special structure of (NS) is used in the proof of Theorem 2.

Remark 16 Notice that it is not assumed that the global solution associated with ug satisfies uniform,
global in time integral bounds. Similarly to [2] and [27] such bounds may be derived a posteriori from
the fact that the solution is global: see Appendix A, Corollary 3.

Remark 17 One can see from the proof of Theorem 2 that the solution w,(t) associated with g
converges for all times, in the sense of distributions to the solution associated with ug. In this sense
the Navier-Stokes equations are stable by weak convergence.

The proof of Theorem 2 enables us to infer easily the following results. The first corollary generalizes
the statement of Theorem 2 to the case when ug ¢ G.

Corollary 1 Let (ugn)nen be a sequence of divergence free vector fields bounded in the space B; for
some 0 < ¢ < 1, converging towards some ug € B; in the sense of distributions, with uy — (Uo,n)neN
anisotropically oscillating and satisfying Assumption 2. Let u be the solution to the Navier-Stokes
equations associated with ug and assume that the life span of u is T* < oo. Then for all T < T*, there
is a subsequence such that the life span of the solution associated with ug y is at least T'.

The second corollary deals with the case when the sequence belongs to G, with an a priori boundedness
assumption on the solution (which could actually be generalized but we choose not to complicate things
too much at this stage; see Appendix B for definitions), and infers that the weak limit also belongs

to G.

Corollary 2 Assume (uo)neN z's a sequence of initial data, such that the associate solution wu, is

uniformly bounded in L2 (R+ B3 ] 3) If u® converges in the sense of distributions to some ug, with uo—
(wo.n)nen anisotropically osczllatmg and satisfying Assumption 2, then ug gives rise to a unique, global
solution in Ss1(00).

1.3. Notation
For all points & = (z1, 2, 23) in R® and all vector fields v = (v!,v2,v3), we shall denote by
zp = (21,29) and " = (v} 0?)
their horizontal parts. We shall also define horizontal differentiation operators V" := (01, 02) and divy, :=

V. as well as Ay, 1= 02 + 03.

We shall also use the shorthand notation for function spaces X (defined on R?) and Y (defined on R):
XY, = X(R* Y (R)).

Finally we shall denote by C' a constant which does not depend on the various parameters appearing in
this paper, and which may change from line to line. We shall also denote sometimes z < Cy by x < y.
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1.4. General scheme of the proof and organization of the paper

The main arguments leading to Theorem 2 are the following: by a profile decomposition argument,
the sequence of initial data is decomposed into the sum of the weak limit uy and a sequence of
“orthogonal” profiles, up to a small remainder term. Under Assumptions 1 and 2 and using scaling
arguments it is proved that each individual profile belongs to G; this step relies crucially on the results
of [14] and [15]. The mutual orthogonality of each term in the decomposition of the initial data implies
finally that the sum of the solutions associated to each profile is itself an approximate solution to (NS),
globally in time, which concludes the proof.

The paper is organized in the following way:

— In Section 2 we provide an “anisotropic profile decomposition” of the sequence of initial data,
based on a general result, Theorem 3 stated and proved in Section 5 page 25. This enables us to
replace the sequence of initial data, up to an arbitrarily small remainder term, by a finite (but
large) sum of profiles.

— Section 3 is then devoted to the construction of an approximate solution by propagating globally
in time each individual profile of the decomposition. The propagation is through either the Navier-
Stokes flow or transport-diffusion equations.

— In Section 4 we prove that the construction of the previous step does provide an approximate
solution to the Navier-Stokes equations, thus completing the proof of Theorem 2, while Corollaries 1
and 2 are proved at the end of Section 4. That section is the most technical part of the proof,
as one must check that the nonlinear interactions of all the functions constructed in the previous
step are negligible. It also relies on results proved in Appendix A, on the global regularity for
the Navier-Stokes equation (and perturbed versions of that equation) for small data and forces in
anisotropic Besov spaces.

— Finally in Appendix B we collect useful results on isotropic and anisotropic spaces which are used
in this text, and we prove Theorem 1.

2. Profile decomposition of the initial data

In this section we consider a sequence of initial data as given in Theorem 2, and write down an
anisotropic profile decomposition for that sequence. We shall constantly be using the following scaling
operators.

Definition 21 For any two sequences € = (€)nen and v = (Vn)nen of positive real numbers and any
sequence & = (Tp)neN N R?® we define the scaling operator

1 Th — Tpph T3 — Tp3
Ay ala) im Lo (T T nd )
n

€n Tn

. . . n—1+2,2
Remark 22 The operator A7 is an isometry in the space By 4 *'*

° . forany 1 <p < oo and 0 <
q < 0.

Then we define the notion of orthogonal cores/scales as follows (see also Section 5).

Definition 23 We say that two triplets of sequences (€4, %, &) for £ € {1,2}, where (%,~*%) are two
sequences of positive real numbers and x¥ are sequences in R®, are orthogonal if

1 2
. € €
either 2 4+ 2 4
-2
n

1 2
Yo | Va
c 1

1 — + — 00, N —00
n n n
1

1 1.1
or (e, 7n) = (€n,9m) and |(z)" 7 = (27)° 7 | =200, n— o0,

‘H
s

o
Q?r ‘ B

where we have denoted (:Isz)“:k"ylc = (
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Note that up to extracting a subsequence, any sequence of positive real numbers can be assumed to
converge either to 0, to co, or to a constant. In the rest of this paper, up to rescaling the profiles by a
fixed constant, we shall assume that if the limit of any one of the sequences €?, v¢, n%, ¢ is a constant,
then it is one.

The main result of this section is the following.

Proposition 24 Under the assumptions of Theorem 2, the following holds. Let 2 < p < oo be given
as in Assumption 1. For all integers { there are two sets of orthogonal sequences in the sense of
Definition 23, (€%, ~¢, %) and (n¢, 6%, &*) and for all a € (0, 1) there are arbitrarily smooth divergence
free vector fields (QBZ’E,O) and (—VhA}7183¢£,¢f;) such that up to extracting a subsequence, one can
write

L L )
~ ~ n £ _
o =0+ 32 g g (T4 70+ 3 e (~EA 000 40 L)
=1 =1 n

+ (T — VAT Ok k), divitt =0, [|F

s+ Irtlls < a,
with ﬁzi and L independent of o and uniformly bounded (in n and L) in B;, and

lim sup (H'(ZJZL

n— oo

| _,HQ,L) 50, L oo0. (2.1)
pr1 PP B P p

p,1

Moreover the following properties hold:
VeeN, lim (6%)7'nf € {0,00}, lim (v5)7'el =0, (2.2)
n—oo n—oo

n

as well as the following stability result:

> (% s + 16klls:) < sup lluo.n
LeN "

81 + [|uollsr - (2.3)

Proof (Proof of Proposition 24). The proof is divided into two steps. First we decompose the
third component wj ,, according to Theorem 3 in Section 5, and then we decompose the horizontal
component u{in using both the first step and Theorem 3 again (for the divergence free part of ugn)

Step 1. Decomposition of ug)n. Let us apply Theorem 3 of Section 5 (see page 25) to the se-
quence uf , — uy. With the notation of Theorem 3, we define

52 .— 9—71(Ae(n))

%4; .— 9= 72(Ae(n))
at =27k (N (n))
ot 5 =272 ks (Ng(n)) .

The orthogonality of the sequences (€¢,~¢, x%), as given in Definition 23, is a consequence of the
orthogonality property stated in Theorem 3 along with Remark 51. According to that theorem we can
write

L
U =g =D Ale e e + (24)
=1
where due to (5.10) in Theorem 3,

S 6t s S supllud, — udllsy < oo
LeN "

L1421 .
In particular ¢ is uniformly bounded (in n and L) in B} C Bp,qﬂ’ *, and Theorem 3 gives

limsup %] 1,21 =0, L—oo.
n— oo

1
p’p
p,p
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The result (2.1) then follows by Hélder’s inequality for sequences. Note that we have used here the
fact that ¢ < 1.

Using horizontal and vertical frequency truncations, given any « > 0 we may further decompose ¢
into

14

o' = ¢t +rf,  with ¢!, arbitrarily smooth and HTf;HB; <a, (2.5)

and we have, by this choice of regularization,
Igelis: + Irellss < 206" (s -

This implies (2.3) for ¢f,.

Now let us prove that
VIEN,  lim (o) 7tel = 0.

Assumption 1 along with Lemma 52 page 28 imply that the limit of (v2) e’ belongs to {0,00}.

oreover e divergence free condition on ug., we have divy u = —03u and since u, is
M by the d fi dit i h. d gn 19; 8n d gn

bounded in B} we infer that dsuf ,, is bounded in B?; and dzug also belongs to B?; This in turn,
due to Lemma 53, implies that
lim (v5)7'el = 0.

n
n—roo

Step 2. Decomposition of u&n. The divergence free assumption on the initial data enables us to
recover from the previous step a profile decomposition for ugyn. Indeed there is a two-dimensional,
divergence free vector field Vi-Cp ,, such that

’U,g’n = VﬁCO’n - VhA,jlﬁg,ug’n ,
where Vi = (=04, 02). Similarly there is some function ¢ such that
uy = Virp — Vi A; Lozl

Furthermore as recalled in the previous step dsug,, is bounded in B?; . This implies that the se-
quence Vi-Cp ,, is bounded in B(} and arguing similarly for V3¢, the profile decomposition of Section 5
may also be applied to Vi-Co ,(z) — Vitg: we get

L
VirCon = Virg = > Ale o o™ + "
/=1

with lim sup ||¢Z || —1+2,1 > 0as L — o0 and divy ¢"* = 0 thanks to Lemma 54. Finally 7’ /62 — 0
n—00 B

p,p
or oo due to the anisotropy assumption as in the previous step. The rest of the construction is identical
to Step 1. The proposition is proved.

Before evolving in time the decomposition provided in Proposition 24 we notice that it may happen
that the cores and scales of concentration (n¢, 6%, &*) appearing in the decomposition of VﬁCom
coincide with (or more generally are non orthogonal to) those appearing in the decomposition of u%yn,
namely (¥, v¢, x%). In that case the corresponding profiles should be evolved together in time. This
leads naturally to the next definition.

Definition 25 For each £ € N, we define (£) by the condition (with the notation of Definition 23)

lim
n— o0

R (@) r()
( nt o

We also define for each L € N the set

(2O _ je)e““’w"“’) =(ALA2,a), AL A >0,acR3. (2.6)

K(L) := {EGN/KZ&(Z), 26{17...7L}}.
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Remark 26 Note that for each ¢ there is at most one such x(¢) by orthogonality. Moreover up to
rescaling-translating the profiles we can assume that Ay = Ao = 1 and a = 0.

The decomposition of Proposition 24 can now be written, for any L € N in the following way. The
interest of the next formulation is that as we shall see, each profile is either small, or orthogonal to
all the others. In the next formula we decide, to simplify notation that the profile ¢Z“) is equal to
zero if (2.6) does not hold. We also have changed slightly the remainder terms ¢ and %, without
altering their smallness properties (and keeping their notation for simplicity), due to the fact that in
Definition 25 the ratios converge to a fixed limit but are in fact not strictly equal to the limit. So we

write

L ~ 1
Upn = g+ Y Al o e <¢Z,e il = TR A Da(050 + 1), 6O + r:;“>)
=1 "

L 12
Y A (¢2»Z+f§’f—@whlang(“+rz“>>,¢z“)+rz“))

K(£)=1
K (£)ER(00)\K(L)

L ’
€ —1 ¢ ANV ‘
+ 2177£7m£ <_ ’YZ thh a3(¢a + Ta)7 (ba + Ta) (27>
=1 n
LEK(o0)
0
€ YAV Z Tht | =hyt
- A:£77£7m£ (_ 7?; VhAh aBd) 7¢ ) - Azl,gl,il (¢a + Ta 70)
£>L n £>L
LeK(L) 1<k(6)<L

+ (PPt — VR A Oyl W) .

Before moving on to the time evolution of (2.7), we are now in position to state the second assumption
entering in the statement of Theorem 2.

Assumption 2 With the notation of Proposition 24, there is Ly such that for every L > Ly, the
following holds.

e Suppose there are two indexes {1 # fo in {1,...,L} such that the following properties are
satisfied:

ne=nf, 8% s o0, 021 oroco with 67/62 = 00,
iy (2.8)
- RN, 2, .
and (&5 — gl2ym? o’ — gfrtz ¢ R® T2 ab €R.
o

Then one has q@h’él(~, 0) := (&Z’el + 74 (-,0) = 0.

o I[fug #0 and if there are £y # £y € {1,..., L} such that for i € {1,2}, nb =1 with 6% — oo
while i‘fj’h is bounded and 56%73/5%’ — ay € R, then ¢"'i(.,—ay) =0 for each i € {1,2}.

o A similar result holds for the profiles ¢* = (Z&Z’e + 7t with the corresponding assumptions on
the scales and cores.

Proposition 27 With the notation of Proposition 24 assume the following:

o Ifly # Uy in{l,..., L} are two indexes satisfying (2.8), then a weak limit of the sequence n'? (ug’nf
uf — Pt VA 05 (02 yn + 7 2y + 325) s M2 (y).

o A similar result holds for ef2(ud, — ud — 3% — L) (leyn + xfih,'yffyg, + acfi3), with the
corresponding assumptions on the scales and cores.

Then Assumption 2 holds.

Proof (Proof of Proposition 27).
e We shall start by proving the result for a couple £; # ¢5 chosen in {1,..., L} so that 6% is the
largest vertical scale among the vertical scales associated with all couples satisfying (2.8).
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-0,
We begin by noticing that the limit (after extraction) of 3 s necessarily zero since
n
~ly ~l1 ~Llo ~Llo y)
x x — T x Otz
e R R Ry e ) (2.9)
On! Or? o ) Ot

Without loss of generality we may also assume that for the index ¢; we have chosen, §°2 is the
1argest vertical scale satisfying (2.8). By the hypothesis of Proposition 27 we know that the weak limit

of n (uo n = Ul — wh Ly A\ Vi 1331/1L)( 2y, —|—xn B 523 + iffs) is @itz (y). This weak limit may be
explicitly computed: noticing that for any integer k

nff(/lnk k~k¢hk)(nézyh+xnh,6ffy3+5cfi3) A" ok sk ~ke2¢hk< )7

z2 76l2 » &
with 8¢ .= (zF — iff)”ﬁz"sff , we find that the weak limit of such a term is zero except in three
situations : if kK = {5, if k = ¢4, or if

=z, OR/0E oo, (L~ EET o ale e RS (2.10)

If k = (5, then the function is simply equal to ¢™2 (y), and if k = ¢; then by (2.8) the weak limit
is equal to @™ (y), + all’é2 ,0). Finally if (2.10) were to hold then in particular k¥ would satisfy the
same properties as /5 in the statement of the proposition, while §% /6% — oo, and that is impossible
by choice of /5 as corresponding to the largest vertical scale satisfying (2 8).

So finally the weak limit of 52 (ufy , —uf — iﬁf“ + VR A OsvE) (nleys, —l—xn by 0L2ys +§:f123) is @t2 (y) +
¢£1 (yn + ail’&, 0), hence necessarily by the assumptions of Proposition 27, we have that ¢~)h*z1 (yn +

ale’ZZ,O) = 0 so the result is proved in the case of the largest possible vertical scale.

Now we can argue by induction for the other possible £!’s: suppose that ¢! corresponds to the second
largest for instance, then calling 5% the largest one, the bame argument implies that the weak limit of

the sequence 72 (uf),, — uff — Pl L —|— VA, 050l (nfeyn + i, 6y + 3t n3) is the function o (y) +

nh’ n

O (yn + a2, 0) + @M (g, + @y, 0) = 62 (y) + S (g + aj,*2,0) hence & (yn + ;" 0) = 0
and by mduction the result is proved.

e The proof of the second point is very similar: we first consider ¢; corresponding to the largest
vertical scale among the indexes satsfying ! = 1, 6% — oo, 52,11 — @t bounded and Tl 5 /68 —
% € R. If there is no other index satisfying those requirements then we notice that the weak limit
of uo = ul = Ly ViA; L 0spk is &' (yn — @y, —ak), while we also know that it is zero, so the result
follows. If there is a second index satisfying those requirements, then we consider §*2 the next largest
vertical scale (by orthogonality it cannot be equal to §1) and we use the assumption of Proposition 27,
which implies that the weak limit of the sequence (ug L, —uh— 1/1h L+VhA Losh L (yy, it ol y3 +x 3)

n, h’ n
is the function ¢2(y) while a direct computation gives the limit ¢™*2(y) + @™ (y;, — Wt ah , faé)
and again we get the result.
The rest of the argument is as above, by induction on the size of the vertical scales.

e The proof is identical for the profiles ¢¢.

Proposition 27 is proved.

Remark 28 Assuming the hypotheses of Proposition 27 is actually quite natural. Indeed for any

choice of sequences of cores (z!, ,)nen and of scales (n),)nen, one has that the sequence 7 (uf,, —

@Zh Ly VhA_lang)(nfLyh + ach 1y 05y + 2, 3) converges in S’, and it is assumed here that the

Weak limit is precisely the profile qﬁh . Note that for a proﬁle decomposition in the space BS " that is
obvious as soon as s < 2/p and s’ < 1/p. Here we have s’ = 1/p so this is a true assumption (in the
same way as the sequence f(zp,ex3) does not necessarily converge weakly to zero with €).

For example the sequence provided in Remark 12 satisfies Assumption 2 since there is only one profile
involved.
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More generally consider the sequence (assuming that 0 # « # v, and 51,82 # «, 81 # 7)
20m <f1 (2‘mx1, 2an.’£2, 251n$3 — a3) + f2 (2anx1’ 2anx27 2’62n$3)) + 2’Ynf3 (2’7”%1, 27711'2, 261n$3) .

It clearly satisfies Assumption 1. If 83 = (51 then Assumption 2 is also satisfied. If (1 < B2 < 0
then one must have fi(-, —a3) = 0 to ensure Assumption 2: if there are two profiles with the same
horizontal scale (here 27") and different vertical scales going both to infinity (since B2 # (1 and
both are negative), then the profile with the largest vertical scale (here f; (20‘"9:1, 20 gy BN gy ag)
since $1 < B2), must vanish at xg = 0.

Remark 29 If it is assumed that the initial data is bounded also in L?(R?), then the same arguments
as those leading to Lemma 53 allow to infer that the vertical scales 7% and 6% must all go to zero. In
particular Assumption 2 is unnecessary in that case since the hypotheses are never met.

Remark 210 Assumption 2 is used in the following to show that profiles do not interact one with
another (see Paragraph 4.3).

3. Time evolution of each profile, construction of an approximate solution

In this section we shall construct an approximate solution to the Navier-Stokes equations by
evolving in time each individual profile provided in Proposition 24 — or rather the version written
in (2.7) — either by the Navier-Stokes flow or by a linear transport-diffusion equation, depending on
the profiles. First we shall be needing a time-dependent version of the scaling operator AZ , . given

in Definition 21.

Definition 31 For any two sequences € = (€p)nen and ¥ = (Vn)nen of positive real numbers and any
sequence = (Tp)nen 0 R? we define the scaling operator

~ 1 I Th—Tph T3 — Tng3
A2 ot x) = —¢ (, = =)
erwdlt ) €n \ €2 €n Yn

Next let us introduce some notation for function spaces naturally associated with the resolution of
the Navier-Stokes equations. We refer to Appendix B for definitions.

Definition 32 We define the following function spaces, for 1 < p < oo and 0 < g < oo

Lr(R*; Bya 777 (R?)) |

N
i
DX

1

ﬂ
Il

= n—1+242,

1
LT(R+?Bp7q "),

'
]

i
D)

1

ﬁ
Il

—_— L1421 —~ L1421 142241
Sp,q = LOO(R+§BP,Q ") le(R+5Bp7qp "NBpg " 7).

Remark 33 The spaces defined above are natural spaces for the resolution of the Navier-Stokes

C14+2
equations: for instance Z, o, is associated with small data in B ,cl,:” (R?) (see [12],[52], as well as [3])
2 1

1421 . . :
and Sy, ;1 with small data in Bp’1+” " (see Appendix A). Note that A, , contains strictly S, , and A, 4
is embedded in A, 4 as soon as p; < po, and similarly for S,, , and S, 4.

Remark 34 The operator AP is an isometry in Ay, for all 1 <p < oo and 0 < ¢ < co. That is

e,
however not the case for the space Sy, 4.

Now let us consider the decomposition (2.7), and evolve each term in time so as to construct by
superposition an approximate solution to the Navier-Stokes equations with data wug,. We leave to
Section 4 the proof that the superposition is indeed an approximate solution to (NS).
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e The first term of the decomposition (2.7) is the weak limit ug € B; which gives rise to a unique,
global solution by assumption: we define u € S; 1(c0) the associate global solution. Due to Corollary 3
stated page 33, we know that actually u belongs to &y 1.

o Let us turn to the profiles in the decomposition (2.7), namely first the terms

£
l

9267” . A" l 5[ » <¢h o 6( (VhA 183¢I€(4)) (ZSK(K )

for any ¢ € N. We use the notation of Appendix A, and in particular that of Theorem 4.

Lemma 35 Let { € N. There is Lo, independent of n and «, such that the following properties hold.
o If{ > Ly and k() > Lo, then for all o € (0,1) and n large enough, 4,567n belongs to G and the

associate solution @', to (NS) satisfies

Ve > i/() s.t. /Q(é) > EO’ ”ué ||«53 1 < 2(”¢h€HB7

3,

+ el

. 1) <2c. (3.1)
3

11
3°3
1

ol

o For every £ € N, if nt /6% converges to oo when n goes to infinity, then for all o € (0,1) and for n

large enough géém belongs to G: the associate solution !, to (NS) is bounded in Ss1 and satisfies for

alllgrgooandalllgagl—i—g
3 3 T

— L 1i52 01
@, 0 in L'(RT B3 7777777, no oo, (3.2)

o For every { € N, if n', /5" converges to 0 when n goes to infinity, then for all a € (0,1) and for n
large enough géém belongs to G: the associate solution @!, to (NS) is uniformly bounded in the space Sia
and satisfies for all o« € (0,1)

~ ~ e ~ ~
iy, = /1:;/: 5.t <Uh’€ + Z—?US(Z)’}L7 U,'f(é)’?’) + R, R’ bounded in Sz,

£ (3.3)
4n Pt TRt R3S Lpt. B35 A p3s
with R, — 0 in L2(RT; B )N L(RT;BIP NBJY), n— oo,
¢
while UM, UF"(E) 3 and Z—ZUﬁ(Z)’h are smooth and bounded in Sy 1.
Finally if ¢h’e(~, 23) = ¢"O (-, z3) = 0 for some z3 € R, then for all s > 0,
hm 151 [T 28) + UR O3, 23 HLC’O(]R+ I (R2))NL2 (RS F 41 (R2)) S O (3.4)

Proof (Proof of Lemma 35). e By the stability property (2.3), for all 3 > 0 there is L(B) such
that if £ > L(B) and k(£) > L(B), then

1654 s + 1650 s < 8.
- L_11

Then if 3 is small enough, in particular ¢ is smaller than, say cy/2 in By ? (by Sobolev embed-
dings).

¢
Now let o > 0 be given and let us consider the initial data (—Z—?VhAglﬁg(bg“), "), Notice that

n
the only possible limit for the ratio of scales associated with (ba is zero by Proposition 24, so we can
restrict our attention here to the case when 1’ /6% — 0. By construction of or® § n (2.5), the vector

field V, A, 183q5a @ belongs to B; for each given «, hence since 7! /5% converges to 0 when n goes to
infinity, then for n large enough and for x(¢) > L(B)

Va4, 19500

|- 5



14 HAJER BAHOURI, ISABELLE GALLAGHER

Finally choosing 8 < ¢o/4, for £ > L(B), k(¢) > L(B) and n large enough (depending on ¢ and «)
Theorem 4 applies (using also Remark 22) to yield that Qé’n belongs to G and (3.1) holds.

r(0)

o If 1 /6 converges to oo, then we observe that o’ = 0 (since as recalled above the only possible

limit for the ratio of scales associated with qﬁa is zero) and we have by a direct computation

“h g 6[ %
An, ( ,,0)‘ < (%n
[ e (9270 [ 5, = (G

In particular for n large enough the data is small in BY 31 so small data theory of [38] and [52] (see
also [3]) gives the result: there is a global solution to (NS) associated with that initial data, which

1

goes to zero (like (6% /n)s) in Lo® (]R+ Bg )N Ll(RJr B3 1). By Proposition B3 and interpolation, it

0,2—0o 11 2
AR +3)foralll<r<ooandallae[3 3t ], as expected.

.2 1
In partlcular u% is bounded in Lz(]RJr B3}*) which controls the Navier-Stokes equation for data

therefore goes to zero in L7 (R*; By}

1
in B311 3 (see Theorem 4), so we get in particular that @ is bounded in Ss ;.

e Conversely let us suppose that 7’ /6!, converges to 0. Then by (isotropic) scale and translation
invariance of (NS) we can first rescale by 1’ and translate by Z¢,, hence consider the initial data

n?

P () = A7 (é’;‘ 3t (V0 ©), W)( )

é
(W (VA 05 >¢”>> (wp, 5t %3)-

Since 7!, /8¢ — 0 as n goes to infinity, we can rely on Theorem 3 in [14] which states that as soon
as i’ /6% is small enough (depending on norms of the profiles ¢¢, Z(E)), then qﬁéﬁn belongs to G and
according to [14] the solution to (NS) associated with %n is of the form

R ¢ ¢
(O™ + Z—;U;(“vh, UE O3 (&, 2, g—;xg) + (¢, 2)

where for each z3 € R, U ht(., z3) is the global solution to the two-dimensional Navier-Stokes equations
with data (;BZ’K(-, z3), while U;f(z)~ is a divergence-free vector field solving the linear transport-diffusion
equation (%) of [14] with v = U"* and € = 7/}, with data ( — ViA;, 93050, ¢’;(£)): we have, for

r(€)
some pressure pj,

~ Z 2
QUEY L gt . vhUr® — ALURO — (Z;) RUr = — (vh, (

n

)

:Qe'\‘:&

Both U and U5 are as smooth as needed.

In particular relying on [14] Proposition 3.2, and [32] (where estimates in the — more difficult —
. ¢

inhomogeneous situation are obtained), we have that U™, US(Z)B and n—ZUﬁ“)’h are bounded in Sy ;.

n

It is not difficult to prove also (for instance using the estimates of Appendix A) that they are bounded

in 81’1.

Furthermore 7 goes to zero in Ty by [14] (actually the result of [14] only states the convergence

to zero in L>®(RT; Hz) N L2(R*; H?) but it is clear from the proof that it can be extended all the

way to o 1). It then suffices to unscale to the original data to find the form (3.3), with ﬁfl going to
zero in Zp 1. We infer in particular by Proposition B3 and Sobolev embeddings that Rf, goes to zero

—~ 21 .51 .34 -

in L2(R*; B3y)N LY(R™; B$® N B3 1) as required. Finally let us prove that R’ is bounded in Sz ;.
—~ 21

We notice that due to the above bounds, the function @, solves (NS) and is bounded in L2(R™; B3?)
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since that holds for the right-hand side of (3.3) by direct inspection. By Theorem 4 this implies
that @% is bounded in particular in L (Rt B; 1%’%), which proves the result for ﬁﬁ again inspecting
the formula (3.3) giving u!, — Rfl and recalling that 7!, /5 — 0 as n goes to infinity.

To conclude suppose that q%f(-, 23) = ¢*O(-,23) = 0 for some z3 € R. Then by construction of ¢,

in (2.5) and that of U™’ recalled above, the result follows for U™(t, -, z3). For Uﬁ’(e)(t, -, 23) we get
the result from Proposition 3.2 of [15].

Lemma 35 is proved.

o

ot
e Now let us consider A% . . (—Z(VhA 1930% ) (), qi)f;(x)), when £ ¢ (o).

Lemma 36 Assume ¢ ¢ K(c0). Then there is Lo, independent of n such that the following result
‘
holds. For any £ and for n large enough, A" . . (—i]’g(th;la?)(ﬁé)(x)’(éf (x)) belongs to G and

ey ,x <«

the associate solution u’, to (NS) enjoys the following properties.

e For every £ > Lo, o € (0,1) and n € N large enough,

Hqu”SB,l < 2”¢i” -

11
3’3
B3,1

§ 200 . (35)

o For every £ € N a € (0,1) (md n large enough, the sequence ul,

space LOO(R+ B3 3’3) N LY(RT; B?f ’13 N B“"‘) and satisfies

s uniformly bounded in the

ul, ZZZ,‘YZ,QZZ (’V ubh Ut 3> + RY where (3.6)

4
3

w\m

RL =0 in DR B3 P) N LARY B N BY®), n— oo,

and all the properties stated in Lemma 35 hold.

Proof (Proof of Lemma 36). The proof follows the lines of the proof of Lemma 35, and is in fact
easier. One first uses the stability property (2.3) to obtain the existence of Lg such that for all £ > Ly,
for each « € (0,1) and for n large enough,

||(th 163¢a3¢e)|| 0% < ¢o

and Theorem 4 applies. Then we notice again that by rescaling and translation it is enough to con-

¢
sider the vector field /1 2 (EZ(VhA;l@ggbi)(x), gf)‘;(x)) , and again [14] gives the result (recalling
v

1, 17 n
that £, /v goes to zero by Proposition 24). Compared with the proof of Lemma 35, in this case the
profile U* is simply a solution to the heat equation in R® with viscosity (¢, /7%)? in the third direction

(see [14] system (7};), with v =0 and ¢ = e /4L). The lemma is proved.

In the following we define, with the notation of Lemmas 35 and 36,

L
Z u + Z Z , and
1<e<L 1<(O<L =1
e (3.7)
= > R+ > R, +ZR
1<¢<L 1<2(>/£<L

and we recall that
VL, lim R}l

2
n—oo L2(RT; BS

1 .51 2
1PNLY(RY; B3P NBJ
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e Finally we propagate all the remaining terms in (2.7) by the heat equation: we define

VE = pk +wk (3.9)
with ,
7 — n En —
e (A W v R D S P V—thlag&q&‘)
zeZE(LL) "
Z Ane 5£ ~£ 0))
£>L
1<k(0)<L
and

pﬁ(t) — etA( A", 5t ~£(,,:h,f nnv AT 183,r2(5)’7«2(2))

o~
I\Mh
I

n°,6%8%\ 5t
L 77[

+ Z Azl,él,il (7:2’( - 57?th;:1837'2(8))’ Tg(e))
K(0)=1 n

(
K(£)ER(00)\K(L)

L
n 1
+ E A:zﬁz@ th 637‘a, a — E A” nt.5%, z a , ))
=1 >L
£¢K (o0) 1<r(6)<L

We notice that by (2.5)

VLENv hmsupHan&l <O( )

3.10
and limﬁsup (||!l7,f’h||5311+§3’1 + HW,?’SHSM) — 0, L — oo uniformly ina, (3.10)

where 53)1 = m m L (RT; B;i_o”‘ o3 3). The presence of that space is due to terms of the
r=1 c=0
type VhA,jlagﬂ and those bounds are due to (2.1) as well as the stability property (2.3) and the fact
that £ /7% — 0. In particular
lim sup (HW#H ) — 0, L — oo uniformly in «. (3.11)
n—oo

4. Global regularity for the profiles superposition

Now we need to superpose each of the solutions constructed in the previous section, and check
that the superposition is indeed a good approximate solution. This will prove Theorem 2, and at the
end of this section we shall show how the methods developed here give easily Corollaries 1 and 2.

4.1. Statement of the superposition result and main steps of its proof

The main result is the following, where we use the notation of the previous section.
Proposition 41 For n and L large enough, o small enough and up to an extraction, we have
n=u+Uy +VE+wh, (4.1)
where wk belongs to Sz 1 with iig})(liﬂsolip [whls,,) = 0 as L — oo.
Remark 42 The choice of the function space S3; in the statement of Proposition 41 is for conve-

nience, we have not tried to optimize on the integrability index here and other spaces would certainly
do as well.
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Remark 43 This proposition proves Theorem 2. Indeed the sequence (u,) belongs in particular to

—~ Sz
the space LQ(R+;B§’7’13), since the results of the previous section show that this is the case for all
the terms in the right-hand side of (4.1). But we know from Theorem 4 that this norm controls the
equation so the result follows.

Proof (Proof of Proposition 41). Let u, be the solution of (NS) associated with the data wug .,
which a priori has a finite life span 7}, and define

whk =, - GE with GL:=u+FL and FF:=ubr+VE.

n

The vector field wr satisfies

owk +P(wk - Vwk + GE - Vwk +whk - VGE) - Awk = —PZE

. L _
n, divw, =0

with initial data w),_, = 0, and where, recalling the definitions of U and Vi in (3.7) and (3.9)
respectively,

Zﬁ’ = Zufl . VUZ + Zﬂfz(llﬁfill +1 1§;£@2§L> . Vﬂi(llSkSL + 11§~(k)§L)

£>L

(£k 04k
¢ k J4 ~k
+ #Zk (U (Lice<r +1 1ss<n) - Vg + - Vg (Lick<r + Lisemsr )

+u-VFEE+ FLovu+ul - vyl +vEi vul + vt vyl
The proposition follows from the two following lemmas.

.21 .51 .24
Lemma 44 Define Y := L2(R+;B§”13) N Ll(RJr;B:;f”f N B3313) With the notation of Lemmas 85
and 36, there is a constant K (depending on Lo, Ly and bounds on ug, (uy,) and u) such that one can
decompose GE = GL-t + GE2 - with the following properties: for each L € N and each o € (0,1) there
is N(L, ) such that

Gz ly < K for n> N(L,a),

while for all L € N there is ag > 0 such that
Vo<a<ag, [GE%y <K uniformlyin n.

Lemma 45 Define

.11 —~ L1 2 .2
X:=L'(R"B;$%)+ L2(RY; B 7 %) N LY R B3y ®).

)

o

We can write ZL = ZE1 + 252 4 ZL3 ith

limsup || 22 ||x = 0 uniformly in n,a, (4.2)
L—oo
VL, limsup||ZL?||x = 0 uniformly inn, (4.3)
a—0
and VYL,Vo, limsup|ZL3||x =0. (4.4)
n— oo

Assume indeed for the time being that those two lemmas are true. Then we start by choosing L large
enough so that uniformly in o and N one has

||Z7€’1||X < % exp ( — 2Kc61) uniformly in n, « (4.5)

with the notation of Theorem 5 stated and proved in Appendix A, and Lemma 45. Then now that L
is fixed we choose a € (0, ap) small enough so that

||Z,I;’2||X < % exp ( — 2KCO_1) uniformly in n (4.6)
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and

G2
with the notation of Lemma 44. Finally now that L and « are fixed we take Ny > N(L, «) so that for
all n Z No,

|y < K uniformly in n,

C _
1252 < T exp (— 2Keg ') (4.7)
and
Gz lly < K.

It then suffices to apply Theorem 5 in Appendix A with U = GL, F = ZL and data ug = 0, noticing

that X = X3, and Y C Vs1. The result follows immediately: we get that wk belongs to Ss.1, and

the fact that lirrb(lim sup ||[wZ||s,,) — 0 as L — oo is due to the fact that one can choose the bounds
a—=0" nooco ’

in (4.5)-(4.7) as small as one want, provided L and n are large enough, and « is small enough.

The two coming paragraphs are devoted to the proofs of Lemmas 44 and 45, thus achieving the proof
of Theorem 2. The final paragraph of this section contains the proofs of Corollaries 1 and 2.

4.2. Study of the drift term GE

Proof (Proof of Lemma 44). Recall that GE = u + FL' = u + UL + VI with the notation of
Section 3, so since we know that u belongs to Sz 1, which embeds continuously in YV, and u depends
neither on L, on a nor on n, we need to study FX. According to Lemmas 35 and 36 and recalling the
notation (3.7), we can split FX =UL + VL into FL .= FB1 + FL2 4 VI with

L L
L1 ._ ~0 ~¢ ¢ L2 ._ ~0
= E ,, + E U, + E u, and F°:= E Uy, - (4.8)
1<e<L 1<k(£)<L (=1 =1
nb /64 —0 £>L né /84 — oo

nt /8% —0

The result (3.2) deals with F.X2 since according to (3.2), @Y goes to zero in ) for each £ as n goes to
infinity. So that term is incorporated in the term GZ:1.

Now let us consider FX!. We can decompose the sum again into several pieces, writing with the
notation of Lemmas 35 and 36, for all L > max (Lo, L),

L Lo L
§ L § : 4 § Y4
Uy, = Unp, + Up, 5
=1 =1

{=Lo+1
2 : ~0 2 : ~0 2 : ~{ 2 : ~{
1<e<L 1<e<Lig Lg<e¢<L Lg<e¢<L
nk /8t —0 nt /st 0 1<r(£)<Lg Lo<r(e)
ngb/éfi_’() ”fz/(sﬁ_’o
and o= > ah+ > k.
1<k(£)<L 1<k(£)<Lg Lo<r(O)<L
£>L £>L £>L
nt, /8%, —0 nt /8L 0 nt /56 —0

In all three right-hand-sides, the easiest term to deal with is the last one: indeed we can write

L L
14 ~0 ~0 4 ~
| Xowe X oas X a2 X by Xl
{=Lo+1 Log<e¢<L Lo<r(£)<L {=Lo+1 Lo<et
Lo<r(e £>L Lo<r(t
ngo/sﬁ,(a)o 5, /68,0 o=r®

Then by (3.1) and (3.5) we infer that as soon as n is large enough (depending on the choice of L
and «)

L
IS D DI NS DY AN S A
1 3

f=Lo+1 Lo<esr fo<n()<L Lo<? 3 o<t
Lo<k(€) 214>2L
nk /68 =0 M /85, —0

1
73

=l
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and the conclusion comes from the embedding of B} into B; 273 along with the stability property (2.3):
forn > N(L,«)

L
| > e Y A >

14 Th,t
5 S 20 lIsallsy + 3 log lsy < €
{=Lo+1 Lg<t¢<L Lo<w(®)<L Lo<t j,0<g
Lo<r(l) e>L
né /84 —0 n% /8% —0

L
So Z ub + Z it + Z @ is of the type G&1.

{=Lo+1 Lg<e¢<L Lo<r(&)<L
Lo<r(£) £[>EL
n& /84 —0 N /6p =0

Lo
Now let us estimate Z u’, and Z @', . There is of course no uniformity problem in L and we sim-

=1 1<¢<Lg
nf, /5% —0
ply use the uniform bound in Y provided in Lemmas 35 and 36. The terms g @t and E N
Lo+1<e<L 1<k(£)<Lg
1<k(6)<Lg ok
nt /64 —0 /O =0

are dealt with similarly and all those three terms are also of the type GZ1. Choosing G2 := VI and
using (3.10) and (3.11) concludes the proof of Lemma 44.

Remark 46 This argument shows that 2% is uniformly bounded in the space S ;.

Remark 47 It is important to have chosen the initial data bounded in a space of the type B;:;l
with p = 1 > ¢ (hence in particular with p = 1 = ¢ by embedding), as it enables us to prove easily
the uniform bound on F,{“’l. As seen for instance in [28], it is indeed possible to prove such a bound
when p = ¢ and it is not clear how to prove it in the general case, when p # ¢. Then it is very
natural to pick ¢ < 1 as explained in the introduction in order to have a good Cauchy theory for the
Navier-Stokes equations in anisotropic spaces, and finally the choice ¢ < 1 implies by interpolation
that the remainders are small precisely in a space where the Cauchy theory for (NS) is satisfactory
(namely ¢ = 1).

4.3. Study of the forcing term
Proof (Proof of Lemma 45). We recall that

Z£ = Zufl . vuﬁ + Zﬂfl(llgggL +1 1§;(;sz) . Vﬂﬁ(llgkgL —+ 11§m(k)§L)

>1
£k £k
+ Z (ﬁfl(]-nggL +1 1§Z(>e£5L) . VU]:L + ufl . Vﬁ];(llgkgL + 11§;;,(>k2§L ))
=k
+u-VFEE+ FLovu+ul vyl +vE.vul + vt . vyl
We define
L1 . L k ~{ ~k
Hn .= gl;un . Vun + ;Cun(llgggll + 1152(;3]);14) . Vun(llgkgL +1 1§»Z(>k£§L)
+ Z: (ﬂfl(]-nggL +1 1§;(>[2§L) . VUI:L + ufl . Vﬂﬁ(llgkgL + 11§»Z(>ksz )) s
k

HEZ2 .=yl . vyl Lyl . vyt + vl . vyt and HL3 :=u VEL + FL . V.
Let start by discussing HZ'1. We shall actually only deal with

Sooalhvak = > div (i, @dk),

1<0£k<L 1<0£k<L



20 HAJER BAHOURI, ISABELLE GALLAGHER

as all the other terms in H1*! can be dealt with similarly. Referring to Lemma 35, we know that this
term can in turn be split into two parts, defining

L,1,1 N A N s (B ok o o L
HLLL .= E div (@, @ Uy, + Uy, @ Uy, ) + g dlv(Rn®un+un®Rn>,
1<0#£k<L 1<0£k<L
n /6t oo nt /84 +nk /6k —0
L12._ o An Thit , w(0),h Tre(0),3
HEVY2 = 3 div (Al e e (O™ + 3 URO,U0)
1<0#j<L

né /64 +n3, /59, —0

~ . J 4 ,
® AZ" 5 23 (Uh,y + %US(])7h7 U;(J)a?’)) .

n

The first term HL-1! is dealt with using product laws in anisotropic Besov spaces (see Appendix B).
On the one hand we have for any j € {1,2}, by (B.4),

) <
||8;(f9)||ﬁ(R+;B;1%,%) 1790 5 g RS o
S ) 0 |
(R B3 )
and on the other hand estimate (B.5) gives
10s(f)l . -tz Sfall 1
DP®+B, 33 L2(R+;B, 23
( 3,1 ( 3,1 ) (410)
S < i 30819l BEX
< (R+;B, 773) 77 L2 (RT;BF P
and by (B.4) again
<
Has(fg)l\ﬁ(wﬂgg;%) S ol R
* (4.11)
SIS,z llgll L 2
L2(RH:B3,%) 7 LR BT
So using (3.2) along with the uniform bounds provided by Lemma 35 gives
o dim | diw (@ eak)| =0 (4.12)

1<t#k<L
nk /88 —oo

The terms R ® ¥ are dealt with in the same way using Lemma 35: we find that HZ1! satisfies the
bound (4.2).

The same product laws (using the structure of the nonlinear term) enable us to deal with H12,
recalling that

Hy? :=Uy - NV +Vy - VUy + V5 - VVy
using (3.10)-(3.11) to estimate VZ, and Remark 46 for UL. To control VX - VVL for instance, we notice

11
that the horizontal component does not belong a priori to LOO(R+ B‘3 273) (see (3.10)) but that is
not a problem as in (4.10), due to the structure of the nonlinear term, one of the two functions is

— .11
necessarily a third component, which does belong to L>(R™; B; P ). We argue similarly for all the
other terms.

Next let us consider the term HZI12 and prove it satisfies the bounds (4.3)-(4.4). Let us define a

typical term
. An Th,l i Th,j
= Anl,Sl,ieU ®A’I7j,5j,5:jU J 5

and first show that

div U7* is bounded in L' (RT; Bi 1) N Lo(RF; By 1) + LYRT BY)) nL=(RT; BYY) . (4.13)
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This follows from the fact that U™‘ belongs to L%R"’;Bi’%) N fog(]R*',B%%) (see Lemma 35 for
that result): we know indeed that 32’1 is an algebra and that the product of two functions in Bl’l
belongs to By} (see Appendix B). Since L2(RT; B>HnL>=(RT; By'y) is invariant through the action
of /T"l 6.5t (see Remark 34) the result (4.13) follows.

Now let us prove that U goes to zero in L' (R*; B2y nL>(R*; B? D), as in (4.3)-(4.4): div U7 will
then go to zero in L'(R*; B}’ ) N LOO(R+ Bl_% D) —|— L1 (R B% NN LOO(R+ B? ) which is contained
in .

Let us start by the L'(R™; Bfll) norm. By the equivalent formulation in terms of the heat flow (B.3),

we know that 7272 K, (1) K, (/) U3 (t, ) is uniformly bounded in L! in all variables. To prove the
result, by Lebesgue’s dominated convergence theorem we shall therefore prove the pointwise conver-
gence of 727~ 2 K, (1)K, (") U (t, ) to zero for almost every (7,7/,t,x), as n goes to infinity.

We shall use the well-known bounds
1
1) Ko ()i, < 707 H 17 0) s and )
KR (T) Ko (7) [t )l Lge, < I (E @)l
as well as their interpolates, in the horizontal and vertical space variables: for instance denoting L} L7 :=
LP(R?*; L"(R)) we have also
[ B (T) Ko (7)) f(t, )| Lge, < 7 1||f(t>$)||L§°L}1L3° :

We first notice that

HUJ,

LerL = HAn‘ 5. S U™ Z||L°°L2L1 ||AnJ ,89 &9 h’jHLgOLiLgo
<ot
so the a.c. pointwise convergence of 7727~ 3 Ky, (1)K, (') UJ*(t, ) to zero follows, using (4.14), if (by

symmetry in ¢ and j) either 6/, or 6 go to zero. So from now on we assume that J° and 7 go to
infinity or 1. Next we write

j,4
1031

in rrh,l in rTh,j
LeLiLe < ||/1 e 5t 5eU ||L§CL}LL1°}°||Anj75j’5:jU g rseree
77
O TL
77n
so again from now on we may assume that 1’ = 77, if not the result is proved (if one or the other

ratio goes to zero). But in that case

; 1
¢
U3 Ngeree <C

T2

hence from now on we restrict our attention to the case when n‘ = 77 — 0 or 1. We notice that by
the change of variables

¥4 ~0
Tp — T h xr3 — & 3 _ )\ — —
yni= = o= ()T ol = (0) 7 se= (),
77’!L n

we have after an easy computation

frosned

where

(1)K, (U (t, x) ‘drdr’dmdt /O' o'

(0)K, (0')Uﬁ’£(s,y)‘dado’d8dy

- ¢ ~0  _ ~]
30 h,t h.j h xnh Op T3 xn,?z)
Ui(s,y) :=U"(s,y) @ U <3yh+7n% (%y +76% ,
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so if 8¢ = &7 then the orthogonality assumption on the cores of concentration implies the result,
so we may assume for instance that 8% /67 goes to infinity, and since nelther goes to zero, that in
particular 6% goes to infinity. The same argument lets us assume that (¢ Ty, — i h) /n, is bounded.

Next we notice that the change of variables

yn = xh_f ys 1= x(;e o= () ol= (6) 72, si= ()77,
gives
/T—ZT’—% K (1)Ko (UM (¢, z) ‘deT dadt /o— o' "2 |Kp(0)Ky(o ’)Vi’é(s,y)‘dado’dsdy
where

_ N 5 o i, -, i, -3,
VV{’Z(SJJ) = Uh’z(’S,yha 6723/3) & Uh’J (Sayh + = 5 L yYs + = i L ) .
n n On

So if (%} 5 — xn 3)/d% is not bounded, then for each fixed y3 the limit of Vi Z(s y) is zero hence we
may from now on assume that (zf 5 — J:n 3)/07 is bounded, and similarly for xn 3/0) and T, 5/6% by

translation invariance. Notice that repeating the argument (2.9) we get that asn /6% must go to zero.
According to Assumption 2, we may therefore now assume that

P00 =0,
which implies by Lemma 35, (3.4), that
e B (0
‘Uhl(tayha 57?/3)‘ < (57|y3| +a)f(t7yh) (415)

where f(t,ys) is a smooth function in L>(R™; L? N L>°(R?)). We obtain finally that

N
”ti (~,.vy3)||L§OL}1L S ‘a—i— 6—?

The result in L'(R™; 31211) follows.

The same argument gives actually also the result in Z&?(R*'; B(l)%) since all convergences to zero above
are uniform in .

All other terms of HZ1:2 are dealt with in a similar fashion hence HL'! satisfies the bounds (4.3)
and (4.4).

Recalling that HL-? was already dealt with, let us finally consider HL*® with
H,f’g ::u~VFnL+FnL~Vu.
Using the decomposition (4.8) of FL' and the same arguments as above give

VL, limsup (u-VEL! + FF-Vu) =0 in LYRY; BPf + BYY) N Lo(®RY; Br ' + BYY)

n—o0
where
L
pLl . L2 ._ ~¢
F, E it + E u and FL?.= E Uy, .
1<¢<L £=1
[ /5£ —0 nfL/SfLﬁoc

while the terms FL! — FL-1 and FL2 are dealt with using the product laws (4.9)-(4.11). We leave the
details to the reader. Lemma 45 is proved.
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4.4. Proof of Corollaries 1 and 2

4.4.1. Proof of Corollary 1 If the solution u associated with ug only has a finite life span T, then
we can retrace the following steps, replacing everywhere R by [0, 7] for T < T* and it is obvious
that the result of Corollary 1 holds as soon as n is large enough (depending on T').

4.4.2. Proof of Corollary 2 The proof of that corollary is very close to the proof of a similar
result in the isotropic context (see [25], Theorem 2(ii)). Under the assumptions of Corollary 2, we can
apply the previous results (in particular Corollary 1) to write that as long as the solution u associated
with ug exists, it may be decomposed into

u:un—Uf—Vﬁ—w,Ll,

.2
3

and we know that for all T < T, denoting by Lo(T) := L2([0,T]; Bz))”l%)7
. . L
Olllg%)(hﬂsolip\\wnﬂbg)) =0, L—oo. (4.16)

Moreover we also have, for n large enough, « small enough and all L (due to the assumption on w,
and to Lemma 44),
lu+whl gy < C,

uniformly in L, a and n. Next recalling that if a solution blows up at time 7™, then its norm in £o(T)
blows up when T goes to T* (see Appendix A), we can therefore choose T' < T* such that

ullgo(ry = 2C

We conclude by noticing that
lull 2y < O+ llwy | 2o(my

so choosing n and L large enough and « small enough gives a contradiction due to (4.16), whence the
result.

5. Profile decompositions in 5]

5.1. Introduction and statement of the theorem

After the pioneering works of P. -L. Lions [48] and [49], the lack of compactness in critical Sobolev
embeddings was investigated for different types of examples through several angles. For instance, in
[30] the lack of compactness in the critical Sobolev embedding H*(R?) < LP(R?) in the case where
d>3 with 0 <s < d/2and p = 2d/(d— 2s) is described in terms of microlocal defect measures
and in [31], it is characterized by means of profiles. More generally for Sobolev spaces in the L?
framework, this question is treated in [36] (see also the more recent work [41]) by the use of nonlinear
wavelet approximation theory. In [6], the authors look into the lack of compactness of the critical
embedding H}, ;(R?) < L, where £ denotes the Orlicz space associated to the function ¢(s) = e’ —1.
Other studies were conducted in various works (see among others [7,11,23,54-56]) supplying us with
a large amount of information on solutions of nonlinear partial differential equations, both in the
elliptic or the evolution framework; among other applications, one can mention [5,25,26,28,39,40,57].
Recently in [4], the wavelet-based profile decomposition introduced by S. Jaffard in [36] was revisited
in order to treat a larger range of examples of critical embedding of function spaces X < Y including
Sobolev, Besov, Triebel-Lizorkin, Lorentz, Holder and BMO spaces. For that purpose, two generic
properties on the spaces X and Y were identified to build the profile decomposition in a unified way.
These properties concern wavelet decompositions in the spaces X and Y supposed to have the same
scaling, and endowed with an unconditional wavelet basis (¢))re 4.

The first property is related to the existence of a nonlinear projector Qs satisfying

li _ —0.
M e I f—Qumflly
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More precisely, if f may be decomposed in the following way (the notation will be made precise below):

f= Z dxy, then Qs f, sometimes called the best M -term approximation, takes the general form
AeV

Qumf = Z dxx, (5.1)
ANEE N
where the sets Ey = Ep(f) of cardinality M depend on f and satisfy En(f) C Ep+1(f). The
existence of such a nonlinear projector was extensively studied in nonlinear approximation theory and
for many cases, like Sobolev spaces, it turns out that the set Epy = Epr(f) can be chosen as the subset
of V that corresponds to the M largest values of |dy|. It is in fact known (see [50] for instance) that
in homogeneous Besov spaces BY., we have the following norm equivalence :

1l ~ 1(d)

T,

(5.2)

for f = Z dx1y with wavelets normalized in B;’ - Therefore, in the particular case where X = Bf,’p
AeV

and Y = Bq 4 With % - % = =L the nonlinear projector Qy; defined by (5.1), where Ey = Ep(f) is

the subset of V of cardinality M that corresponds to the M largest values of |d,|, is appropriate and

satisfies (see [4] for instance):

P
sup |[f = Qufllp. <CM™ T . (5.3)
1155 <1

The second property concerns the stability of wavelet expansions in the function space X with respect
to certain operations such as “shifting” the indices of wavelet coefficients, as well as disturbing the
value of these coefficients. In practice and for most cases of interest, this property derives from the
fact that the X norm of a function is equivalent to the norm of its wavelet coefficients in a certain
sequence space, by invoking Fatou’s lemma.

Under these assumptions, it is proved in [4] that, as in the previous works [30] and [36], translation and
scaling invariance are the sole responsible for the defect of compactness of the embedding of X — Y.

In what follows, we shall apply the same lines of reasoning, taking advantage of an anisotropic wavelet

2 1
setting to describe the lack of compactness of the Sobolev embedding Bl — B;Jlfg’g with p >
max(1,¢) in terms of an asymptotic anlsotroplc profile decomposition. We recall that as defined in
the introduction of this paper, Bl = 31 Our presentation is essentially based on ideas and methods
developed for the isotropic settlng in [4] Because of the anisotropy, we use a two-parameter wavelet
basis. More precisely, wavelet decompositions of a function have the form

f= Z daty, (5.4)

A=(A1,A2)EV

where the wavelets 1) are assumed to be normalized in the space X = Bé, and where the notation \; =
(j1,k1) € Z x Z* (vesp. Ay = (ja, k2) € Z x 7) concatenates the scale index j; = j1(\;) (resp. jo =
j2(A2)) and the space index k1 = k1(A1) (resp. ka = k2(\2)) for the horizontal variable (resp. the
vertical variable). Thus the index set V in (5.4) is defined as V := (Z x Z?) x (Z x Z) and the
wavelets 1 write under the form

Ur =P = 2092~k 272 ko)

where 1 the so-called “mother wavelet” is generated by a finite dimensional inner product of one
variable functions ¢, for e € E a finite set. It is known (see for instance [8]) that wavelet bases
are unconditional bases, i.e. there exists a constant D such that for any finite subset £ C V and
coefficients vectors (cx)acr and (dy)rep such that |cy| < |dy] for all A\, one has

| Z CW’AHB; <D Z d)\w)\HB; (5.5)

AEE AEE
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2
D’

. 5—1 < . s —1+2,1 . . .
and similarly for B, , ”'”. In addition B; and By, ”* may be characterized by simple properties on
wavelet coefficients: for f = Z Ay = Z d(x; 20)V(A1,00) With normalized wavelets, we have
AEV (A1, X2)€V
the following norm equivalences:

115~ (X (2 )’ (56)

J1E€EZ  |Ai]|=j1 J2€Z |X2]=j2

and

I sz ~ [[(dx)xevller - (5.7)
B

1
P,p ? (R2§B£P(R))

Moreover as proved in [4,7?], there exists a nonlinear projector Qs of the form (5.1) such that

lim max1||f—QMf||B,H%, =0. (5.8)

1
M=-+oo | fllg3 < »

We refer to [1,8,10,19-22,29,? 44, 58] and the references therein for more details on the construction
of wavelet bases and on the characterization of function spaces by expansions in such bases.
In the sequel, for any function ¢, not necessarily a wavelet, and any scale-space index A defined

by A = (A1, A2) = ((41, k1), (J2, k2)) € V, we shall use the notation

(b)\(.%') = 2j1¢(2j1$h — k1,2j2$3 — k‘g),
and to avoid heaviness, we shall define for 7 € {1,2} and A = (A1, A2) = ((J1, k1), (J2, k2)), by j; = Ji(A\)
and k‘l = kz()\)
We shall prove the following theorem, characterizing the lack of compactness in the critical embed-
ding ZS’; — B;Il,+5’5, p > max(q, 1). The result actually holds for many such embeddings, but for the

sake of readability we choose to only state and prove it in this particular case.

Theorem 3 Let (uy)n>0 be a bounded sequence in B;. Then, up to a subsequence extraction, there
exists a family of functions (¢%)s>o in B; and sequences of scale-space indices (A¢(n))n>0 for each
£ > 0 such that for all p > max(q,1),

L

‘ L . L
Uy = Z¢Az(7b) +1,7, where limsup |[¢)]] 142,
=1 n— 00 By,

1 >0 as L — .
P

The decomposition is asymptotically orthogonal in the sense that for any k # £, as n — +oo, either
71(Ak(n)) = Ji(Ae(n))| + [72(Ak (1)) = J2(Xe(n))] — +00 (5.9)
or
k1 (Mg (n)) — 27 Ok ED=31 O gy (g ()| + (ko (g () — 272073200 D oy (3 (n))| = 400,
Moreover, we have the following stability estimates

o0
S 160l < Csup flunllss (5.10)
=1 n=0

where C' is a constant which only depends on the choice of the wavelet basis.
Remark 51 Up to rescaling the profiles, if (5.9) does not hold then one may assume that j;(A¢(n)) =
Ji(Ak(n)) for i € {1,2}.

5.2. Proof of Theorem 3

Along the same lines as in [4], the anisotropic profile decomposition construction proceeds in several
steps.
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5.2.1. Step 1: rearrangements According to the notation (5.4), we first introduce the wavelet

decompositions of the sequence wu,, namely u, = Z dxn¥x. Then we use the nonlinear projector

AEV
@ to write for each M > 0

Up = Qrrtty + Rpruy, ,  with Mlim sup ||Rarunll . _1st =0,

2 1
—+00 >0 B,, PP

in view of (5.8) and the boundedness of the sequence u,, in B}. Noting

M
Qumu, = Z dm,n¢)\(m,n) )
m=1

it is obvious that the coefficients d,, ,, are uniformly bounded in n and m, so up to a diagonal subse-
quence extraction procedure in n, we can reduce to the case where for all m, the sequence (dy,n)n>0
converges towards a finite limit that depends on m,

= lim dp,p
n—-+oo
We may thus write
M M
Un = Z dmd)/\(m,n) + tn,M ,  where tn,M = Z (dm,n - dm)w)\(m,n) + Ry, -
m=1 m=1

5.2.2. Step 2: construction of approximate profiles The profiles ¢¢ will be built as limits of
sequences ¢*? resulting by the following algorithm. At the first iteration i = 1, we define

O =i, M(n)=A(Ln), i(n) =n.

Now, supposing that after iteration step i—1, we have constructed L—1 functions denoted by (¢*#=1, ... ¢L=1i=1)
and scale-space index sequences (A1(n),...,Ar—1(n)) with L < i, as well as an increasing sequence of
positive integers ¢;_1(n) such that

i—1

L—1
£i—1

Z dmd’k(mwfl(n)) = Z ¢)\g(<p1,_1(n)) )

m=1 (=1

we shall use the i-th component d;ix(; p,_,(n)) to either modify one of these functions or construct a
new one at iteration ¢ according to the following dichotomy.

(i) First case: assume that we can extract ¢;(n) from ¢;_1(n) such that for £ =1,..., L — 1 at least
one of the following holds:

Lim [71(A( 9i(n)) = J1(Ae(ws(n)))] + 152(A(E, @i(n)) = J2(Ae(pi(n))] = +oo, (5.11)
or

lim ‘kl (A 91())) — 271 NG ()= i () (AE(%(n)))‘

n——+oo (5 12)
+‘k1()\(i,gai(n))) — 271 (Aipi(n) =1 (Ae (i () g (/\e(%(n)))‘ = +400.

In such a case, we create a new profile and scale-space index sequence by defining
oM i=dinp, Ap(n) = Ai,n), o=t Ivee{1,.. . L—1}.

(ii) Second case: assume that for some subsequence ¢;(n) of ¢;—1(n) and for some ¢ belonging
to {1,...,L — 1} neither (5.11) nor (5.12) holds. Then it follows that for 7 in {1,2}, the quanti-
ties ji(Ae(pi(n)) — ji(A(i, @i(n)) and ki(A(i, pi(n))) — 27 AEM=0 LD (N (i9:(n))) omly
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take a finite number of values as n varies. Therefore, up to an additional subsequence extraction, we
may assume that there exists numbers a1, as, b1 and by such that for all n > 0 and for ¢ € {1,2},

Ji(AG, @i(n)) = Gi(Adlpi(n)) = ai,
and
ki(A(i, pi(n))) — 25 MO =aQelei O (A (93 (n))) = by
We then update the function ¢**~! according to
Ph7 = @b p d2M (27 - —by,2%2 - —by), U=t IV € {1,... . L—1}, ' £ 1.

Up to a diagonal subsequence extraction procedure in n, it derives from this construction that for
each value of M there exists L = L(M) < M such that

M L
221 dmw)\(m,n) = ; (bi);\(/[n)

with foreach £ =1,...,L
oM
¢>\z(n) - Z quz[}k(m,n) ’

meE{,M)

and where the sets E(¢, M) for £ = 1,..., L form a partition of {1,..., M}. Moreover, for i € {1,2}
and for any m,m’ € E(¢, M) we have

JilA(m,n)) — j;(A(m’,n)) = a;(m,m’), (5.13)
and
ki(A(m, n)) — 20iA0nm) =5 i) k(X (m! ) = bi(m,m) (5.14)

where a;(m,m’) and b;(m,m’) do not depend on n.

5.2.3. Step 3: construction of the exact profiles The profiles ¢’ will be obtained as the limits
in B of #“M as M — +o0. To this end, we shall use (5.6) and the fact that the wavelet basis (¥x)xev
is an unconditional basis of Bé. So let us define for fixed ¢ and M such that ¢ < L(M) the functions

gM = Z dmtr(m) and foMn = Z A, x(m), With A(m) := A(m, 1). In view of (5.13),
meE(¢,M) meE(t,M)
(5.14) and the scaling invariance of the space B, we have

1 sy =[S dmntorimmy

meE(L,M)

Bg

Since Z im,nPr(m,n) 18 a part of the expansion of u,, we deduce the existence of a constant C
meE(,M)
which depends neither on n nor on ¢ and M such that

£ sy < C-

Now, according to the first step of the proof of the theorem, the coefficients d,, are the limits of dy, n
when n tends to infinity. Therefore, (5.6) and Fatou’s lemma imply that

9"l < L fuf £ ey

which ensures the convergence in Bé of the sequence ¢“M towards a limit ¢g* as M — +oo.

Finally, since by construction the g are rescaled versions of the ¢*, there exists numbers A; >
0, As > 0, B; € R? and B, € R such that

gt =2ttt By 242 —By).

Therefore ¢“M converges in B; towards ¢ := 241g¢(241 . —B;,242 . —By) as M — +oo0.
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To conclude the construction, we argue exactly as in the proof of Theorem 1.1 in [4].

Finally, let us prove that the decomposition derived in Theorem 3 is stable. The argument is again
similar to the one followed in [4], we reproduce it here for the convenience of the reader. We shall
use the following property: if E1,..., E are disjoint finite sets in V, then for any coefficient sequence
(dy), one has

L L
Z [ Z daxiballs < C Z Z dxixllss - (5.15)
(=1 XEE, (=1 XEE,

Such an estimate was proved in [4] for Besov spaces B; .(RY) and generalizes easily to our framework.

Let us then consider for £ =1,..., L the functions
(bZ,M,n = Z dm,n"/’)\(m,n) ’
meE,M)

where FE(¢, M) are the sets introduced in the second step of the proof of the decomposition. These
functions are linear combinations of wavelets with indices in disjoint finite sets E1, ..., Fr, (that vary
with n), which implies by (5.15) that

L L
Z H(be,M,n”Bé < CH Z¢£,M,7L
(=1 (=1

Since the functions ¢*M:™ are part of the wavelet expansion of u,,, we deduce that

B;

L
D 15N ss < C sup [lunlls; -
- n>0

Now, by construction the sequence (¢**:"),,~ converges in B; towards the approximate profiles q[)i’%l) =

Z dm¥x(m,n) as n — oo. It follows that for any € > 0 we have
meE(¢,M)

L
0,M
; 163 (myllBr < C ig%HUnHB; +e,

for n large enough. Thanks to the scaling invariance, we thus find that

L
Z ||¢Z7MHB; < C sup ||un||B§-
=1 n20

Letting M go to +00, we obtain the same inequality for the exact profiles and we conclude by letting
L — +4o00. The theorem is proved. ]

5.8. Some additional properties

The following result is very useful.

Lemma 52 Let (up)nen be a bounded sequence in B;, which does not converge strongly to zero in B;

and which may be decomposed with the notation of Theorem 3 into

L
Up = Z Do) + U - (5.16)
=1
Let p > 2 be given. For any ¢ € {1,..., L}, there are three constants C > 0 and (a},a?) € Z? such that
; 31 (e () (~142)+ 2CLED || 4y _
fim sup 277 i)t Ags e ba Ul oo = O (5-17)
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Proof (Proof of Lemma 52). We start by noticing that the existence of C' < oo satisfying (5.17)
is obvious, the only difficulty is to prove that C' > 0.

e Let us first estimate one individual contribution, meaning let us show that there is C%? > 0
and (ap,a?) € Z? such that

lim sup 271 (¢ =P, (5.18)

n—oo

n (_1_;’_2 +M h
" 2 ! Jl(Ae(n))JralA (Ae(n))+a? ¢Ag(n)

LP(R3)

By definition A% |, u = 22U1Te)g (20101 sy and AY, |, u = 272792@(272792.) s, u, where ¥ is the
frequency localization function introduced in Appendix B and #; (resp. x,) denotes the convolution
operator in the horizontal (resp. vertical) variable. Writing

) = 2]1(/\6("))¢€(211(>\£(n))( n =l ), 220 (g —xfm))»

we easily prove that

h 1 (A 14 A 4 j2(Ae(n 4
AL st A% ety paz Oy = 2@ 5 g (21O (g — gl ), 220D ()

where U (z) := 22“““3&0(2“’% xh)W(2a§$3)7 which ensures that

lim sup 271(*e(®
n—oo

(n))(— 1+ )+12(M("))H h

I (e () A% (g (n)) Un =" ¢ | Loey 0, (5.19)

Lr(R3)

as soon as (a},a?) are conveniently chosen so that the supports of @' and ng are not disjoint.

e Next let us prove that for ¢/ # ¢

—0 as n— o0,

LP(R?)

1(he(n)) (—142)+ 2L || 4
2 JL1(>\z(n))+a1A

j2(Ae(n +ae ¢)\[/ (n)

when the scales j(\¢(n)) and j(Ap(n)) are orthogonal, meaning 27:(A¢(m)=3i(Ae (M) 5 0 or 0o as n —
oo, for ¢ equal either to 1 or 2. Noticing that

ARAY (G282, 27 23)) = (Af_p AY_ ;1) (28 2, 27 )

we deduce that

J1(A (n))(—1+%)+w h
J1iAe J1(Xe(n)) +a%A (Ae(n))+a2 d)kg/(n Lo ()
J (n) ’
— it Yy (—142)4 20 / A0 f’
30 (m)4at TieY m+a2 © || Lo

where

“(n) =) = 1w () and G5 (n) == ja(e(n)) = j2(Ae (n)).
Since ¢ € Bp q M , we deduce that

2]1(Ag(n))( 1+ = )+MHA

e () +a,§AJz(/\z(n )+a2 qﬁ)\z, ]| —0, as n—o0. (5.20)

e Finally, let us regroup in (5.16) all the profiles corresponding to the same scales: namely let us write,
for a given £ € N

L 0 4
7#} :un1+un27

where (up to conveniently re-ordering the profiles QSA NOLREE c;S )

Z¢Az (n) with jl()‘ék (n)) = .]7/()\6(77’))7 Vi e {1,2},
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and on the other hand, writing to simplify j7;(A¢(n)) =: j;(n),

Z (b/\z,c(n ’

k=L¢+1

with scales j;(Ag, (n)) orthogonal to the scale j;(n) for every k € {L; + 1,...,L}. The result (5.20)
enables us to take care of the term ufl 5 which satisfies

2j1()\z(n))(*1+%)+]2(/\[(”)) LAY

1 (e(n))+ak 0, as n— o0,

|4

E
12()‘2(”))""‘1/ n 2‘ Lp(RS)

so let us prove that

~ J1(n)(=142)+ 220 oL _
117rlnﬁsol<1)p21 ’A +a%AJ2(n )+a2 nl‘LP(R3)7C>O.
By Holder’s inequality if 2 < p < oo, we have
=)
Jz(ﬂ . . 2(p—1
(n)+j2(n)
’A (n)Aﬂ(n) | P < <2J1 g2(m) || AR (n)Ap(n) L1(R3)>

(5.21)

P
w (27 m(—1+2)+ 20 ey
Lr(R?)

and since both terms on the right—hand side are bounded, the result will follow if we prove that

v é
Af 1Ay 1‘

hmsup2 HA 1 AY =C>0.

n—0o0

Z
(n)+ay; =ja2(n) +a£ Up, 1‘

L2(%%)

But this is a simple orthogonality argument, noticing that

2 Le
HAjl(n)-S-alA n)+a2 Un 1‘ L2(R?) = Z 1A 31 +a1A32(n)+a (b n)H%z(W‘)
(5.22)
+ Z ]l(n +a} J2(")+a§ (b)\ék(n)‘Ah(n)+a1A32(n)+ae ¢>\z ,(n))L2(R3) ’
k#k!
Indeed we know from (5.18) that
i) (& : o24n)
2 (kzl HA;‘ll(n)Jraé Jz(n)+a2 ¢/\z n)HQL?(RS)) 22 HA +a;Ag2(n)+a,Z ¢€\e(n)||L2(R3)
>0 >0 (5.23)
so it is enough to prove that

272t Z n)+ag Jz(n +a? ¢>\ek | Jl(n)+a1A72(n)+a§ ¢i§;,(n))L2(R3) — 0. (5.24)

k#k!

This is a finite sum so it suffices to prove the result for each individual term, which writes after a
change of variables

h 4 h Crr 1 l 2%
[ (At A0 @) x (Al A0 o+ wlly, = alty)) do
which goes to zero when n goes to infinity, due to the orthogonality of the cores of concentration (see

Theorem 3), so (5.24) holds.

e Finally we need to take the remainder into account. But a reverse triangle inequality gives trivially
2 1

L1421 .
the result, since the remainder ¥»L may be made arbitrarily small in Bp,o: P’? as soon as L is large
enough, uniformly in n, whereas (5.22)-(5.23) guarantee that making L larger does not decrease the
norm of the sum of the profiles.

The lemma is proved.
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Lemma 53 Let us consider a sequence (vp,)nen, bounded in Bé, which may be decomposed with the
notation of Theorem 3 into

L
Un = Z ety T ¥

Assume moreover that lim 27 JI(A"(”))HQ()“’(”)) € {0,00}. If (8305 )nen is bounded in B} g then
n— oo
lim 291 (e(n)+i2(Ae(n)) — (.
n—oQ
Proof (Proof of Lemma 53). By definition of B?:;, we have
Jq h Av q /a : :
||(’931)n||3(13:; = ( Z 2 ||AkAj831)n||L1(R3)) < oo uniformly in n.
k€2
In particular, for any ¢ € {1, ..., L}, we have
9J2 /\z(n))HAjl e () A% (e (n)) O30 ) < oo uniformly in n. (5.25)

Now reasoning as in the proof of Lemma 52 and taking into account that Osv, is also bounded in
Bi’g, we find that there are two integers at} and a% such that

=C>0,

lim sup 271(Ae(n)) HA
L1(R?)

n—oo

T e )+t D (m)+a2 058, (n)
and for any ¢ #£ ¢

—0 as n— o0.
L1(R3)

9J1 (Ae(n)) HA Ag(n))-i-alA (Ae(n))+a? a3¢>\//(")

Finally, we argue as in the proof of Lemma 52 and write
Up = Un,1 + Un,2 + 1/15 )

where v, 1 contains all the profiles with scale j;(A¢(n)), meaning (up to re-ordering the profiles)
L
¢
Un,1 :Z‘bﬁk(n)’
k=1

with (bil;k( = 271(0e(m) ti (231(’\4("))(33;1 — b ) 272(Ae(m)) (g5 — gt 3)) and where, denoting j;(n) :=
Ji(Ae(n)),

L
4
D N

k=L,+1
with scales j(Ag, (n)) orthogonal to the scale j;(n) for any k € {L; + 1,...,L}. Using the same
argument as in the proof of Lemma 52, we easily prove that for any ¢ € {1,...,L}
Oe(m) || AR ~ 9—d1(Ae(n))+i2(Xe(n))
2O AL (vt A2 D0 pgey "2 TG, s n— oo,

with C' > 0, which concludes the proof of the lemma due to (5.25).

Lemma 54 Let us consider (v} = (v},v2))nen a bounded sequence of vector fields in B and let us
suppose, with the notation of Theorem 3, that
L
_ T0,h L,k
=D Dy T
=1

If divy, v = 0, then for any ¢ € {1, ..., L} we have divy, qgi’eh(n) =0.
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Proof (Proof of Lemma 54). We use the notation of the proof of Lemma 52. Taking advantage of

the fact that the operator divy, is continuous from Bl into B1 ’q, we get, along the same lines as (5.19)
1

25

in the proof of Lemma 52 and recalling that B0 ; embeds in B ” ,

Jz(M(n))

lim sup 91 (Ae(m)(5-2)9 = ||@€ * divy, éﬁ’f(n) [z

HA]l(/\e(n +Q}AJ2(AZ(H))+a2d1Vh gi))\ n)

n—oo
and for any ¢/ # ¢, as in (5.20),

972(Ae(n)) —0 as n— oo.

L'(R?)

‘AJ (et Aoz iV 05, ()

Moreover as in (5.24),
—2j1(Ae(n j2(Ae(n h v
2 Jl( é( ))2]2( Z( Z(Ajl(n)“ralA n)+a§ ¢ng(n)| ]1 )\[(n))+alAJ2(>\( +a2¢ (n))L2 —>O
k#k’

Then we follow the method giving Lemma 52 which yields

0 = 2271 (Ae(n)) 952 (Ae(n)) ?

h
’A et Aha(rp(yya diVa v L2(R?)

n n M ~‘€7
> 9271 (Ae(n)) g2 (Ae(n) ZHAJI(/\NL Jrar A%, () a2 dive ¢Af(n)||2LQ(R3) +o(1), n—o0
k=1

> || @ « divy, g?)ieh(n)ﬂiz +o(l), n—o0

Il
e

so finally ¥ x divy, &i’f(n) = 0 for all couples (aj,a?), hence divy, (;Nﬁi"eh(n)

S

Appendix A. The (perturbed) Navier-Stokes equation in prl

Appendiz A.1. Statement of the results

L1421 .
In this appendix it proved that (NS) is globally wellposed for small data in Bp’lJr” P using
anisotropic techniques (note that in [35] such a study was undertaken in the framework of Sobolev
spaces). We also study a perturbed Navier-Stokes equation in such spaces.

We use the following notation:

21 1
Spq = L®(R"; B,,,;ﬂ ") LR By Pme;* ),
-1+2 +2 —1+2,2+44
Spvq(T) _Llo(?c([O7T[’B )leloc([O T[ qu P ﬂqu ? )

":)

—~ 2 1 —_~— _ 1 2
Xyq = Ll(w;g,,;w)+L2<R+.Bp,q i p)le(R*-B;;

?)
)
),
Voa = DERT BEP )N L RS BEy TP 0 Bhr).

Theorem 4 Let 1 < p < oo be given. There is a constant cy such that the following result holds. Let

< ¢g. Then, there exists a unique, global

L1421
ug € B,y 7" wverifying the smallness condition ||luol| . 2,

—142 1
P
p,1

solution u to (NS) in Y, 1, and it satisfies

lully,, < 2[|uoll . 1t +2,1
p,1

o 142 iy . ‘ ‘
If the initial data belongs to B, ©'" with no smallness condition, then there is a mazimal time of

existence T* > 0 such that there is a unique solution in Y, 1(T*) and if T* < co then

— 0. (A.1)

lim
ToT (0B )
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2 1

e A .
If the initial data belongs moreover to Bp,qu” P with ¢ < 1 then the solution belongs to the space YV, o(T™),
on the same life span.

Moreover if p < 4 then the spaces Yy, 4 can be replaced by S, , everywhere.

The next result deals with a perturbed Navier-Stokes system:

ou+Pu-Vu+U -Vu+u-VU)—Au=F in R" xR?
(NSP) Ult=0 = U0,
divug =div F =0.

Theorem 5 Let 1 < p < 4 be given. There is a constant cq such that the following result holds.

L—14+2,0
Consider three divergence free vector fields ug € Bp71+” LR eX, 1 andU € Yy, If

luoll , —se2.5 + [1Fllx,., < coexp (~ co NUl9,.) »
p,1

then there is a unique, global solution to (NSP), in the space

2+

— .21 14 + 2141
2(m+t. Rp’P P T
L2R*: B NB,

1 — .1 271 .2
YNLYRT B, PP NB 7).

The proofs of those two theorems allow to obtain the following strong stability result, which to simplify
we only state in the case p = 1 since it is the setting of the stability result by weak convergence proved

in this paper. We recall that B} = B%%

Corollary 3 (Strong stability in Bi) Let ug € Bl be a divergence free vector field generating a
unique solution u in LS (RT;BY) N L} (RY; By N ByY}). Then u belongs to i1 and Ju(t)||z — 0
as t — oo.

Moreover there is g9 such that any vo € B} satisfying ||ug — vo||3} < gg generates a unique global

solution in Sy 1.

loc

Appendiz A.2. Proof of Theorem 4

We shall proceed in several steps:

L1421 . . —~ .21
1. Ifug belongsto B, ; © ", we prove that a fixed point may be performed in the Banach space L2 (R+; By" ),

which implies the existence and uniqueness of a solution in that space for small data.

2. We then prove that the solution constructed in the previous step actually belongs to ), 1, and
to Sp.1 if p < 4, and we prove that any ”almost global solution” belongs to S, 1 and decays to zero
at infinity.

3. We deduce from the estimates leading to the above steps the result for large data.

4. We prove the propagation of regularity in S, 4 for ¢ < 1.

—~ .21

(1) Let us start by applying a fixed point theorem in the Banach space L2(R™; Bzf,,lp ), to (NS) written
in integral form:

t

u(t) = e Pug — / A Pdiv (u @ u)(t') dt’

0
recalling that P := I — VA~!div is the Leray projector onto divergence free vector fields. We first
notice that (see Proposition B2)

_ 2k | 52j
" Af AVug|| o < e AR AVug|| o
so one sees immediately that for any 1 < r < oo and for any 0 < o < 2/r,

tA < A2
€ U 1424452 4541 U 142 1. .
” 0||,7( +;‘p11+§+ 2 +11))NH OHAP)T—Z‘Q) ( )
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Now let us turn to the non linear term. Defining

t
B(u,u)(t) == — /0 e A Pdiv (u @ u) (') dt’

we have

. t ) . ;

T ARAYB(u, ) (6)] e S / et (9 4 99) 2T E S | ALAY (u @ u) ()| 1 dt’ -
0

2 1

The space B is an algebra according to (B.4) so we have

Pl
[lu @ ul| 21 Sl e (A.3)
1(R+ P P) L2 (R+ BP P)
It follows that
. t , '
2P ARAYBu ) (B)lee S Nl s / T U 9F D)yt dt,  (A)
L2 R+;B:'1p) 0
where ¢;ji(t") belongs to E +(Lt) and Young’s inequality in time gives
IBlu,wll o 21 Sl 2. (A.5)
L2(RT;BP.P) L2(R+;BPP)

21
The small data result follows classically from (A.2) and (A.5) by a fixed point in LQ(R+ B" 7).

(2) Now let us prove that the solution actually belongs to Y, 1. We first notice that the above

1+2 1 . 2)1+l
computations actually imply that the solution u belongs to L!(R™; Bp 7PN By 7). Indeed that
holds for the term e*“ug due to (A.2) so we just need to concentrate on the bilinear term. We return

to estimate (A.4) and consider any real number r € [1, c0]. Using (A.3), we can write for any o € R
Li(t) = 2k(—1+%+o)2j(%—o+%)HAZAyB(u’ W)l e

t
< ull® 21 / —c(t— t)(22’“+22j)(2k+21)2k( I+24+0-2)9i(2—o+3— )cjk(t)dt’,
L2(R+;BP1P) Jo

where again ¢;i,(t') belongs to £}, (L{,). We want to prove that I;(t) belongs to £}, (L},). We apply a
Young inequality in the time variable, which produces
1l < (2% +2%) 7% (28 4 )2l T gy, (A.6)
L

.21
2(RTB), ")

with dji € £j;. An easy computation shows that the sequence bounding || x|z~ is bounded in £} jk 2
1—;71 P m

soon as one has 1 < ¢ < 2/r. This implies in particular that u belongs to the space Ll(R+; Bp’
1

52,145 .
By 1 ") as claimed.

Remark A1 Note in passing that if 2¥ 4 27 was replaced by 2* on the right-hand side of (A.6), then
one would recover directly the whole range 0 < o < 2/r. Here we need an extra step because of the
presence of 27.

From now on we assume that p < 4, and we want to extend this result to any degree of integrability

1 2
in time, as well as to the space L'(RT; B ety P). Let us start with the case r = co. Due to the

smallness of ug and to the result we just found, it is enough to prove that

(A7)

A+

1Bu,w)ll _ oz Slull _ iz ull '
Lee ,1 1

21 1
(]R*'B. p‘p) Loo(R+.B P p) LI(R+ IJ)

AN

21
o1 P'PNB
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since (A.2) takes care of e*“ug. But we have, if p < 4,

(|- Vull 1421 < ”uh : thH 12,1t Hu?’aduH 1421
L1 . p’'p LY(RT:B p’p L1(R+: p’'p
R*;B, 1 ) R*;B, 1 ) By )
' (A.8)
< g2 ( u 21 U 24,1 )
~ H HLT'?(RﬂBp;ﬂZ”;’) || ”Ll(RJr;B;t?’“l’) || ||L1(R+;B§;1+11’)

by the product laws (B.5) recalled in Appendix B, and the result follows exactly as above: on the one
hand (A.8) gives

Jik(t) == 2k(71+%)2%||AZA§B(u,u)||Lp

t . . .
S / e elt=t) @ 2Nk (=14 D) 95 90—k (=14 D)= (¢/) df!
0

~

x [l ezl ),

7,00 (R+ '_H'%’% (”’U,H,Vl + PP 1p+.BP P
L= (R+B, ) LY ®R+;B, 7' 7) LY (R+;BP;

with ¢;i(t) € £, (L{), hence

”B(u’ U)HN( ;.p—j‘*'%v;l,) < ||‘)jk||€;k((l’t )
< lu < u u )
~ ” ||~( ;.p’i+g,;) ” H 1 ;.11:1123,;) ” H 1 ;.§i1+11j) )

which proves (A.7). On the other hand

K (t) = 28010210 | AR AYB(u, ) | 0

~

t , 4 ;
</ e et @42 k(=14 D) 9l (24 5) g R(—1+ D)o =5 . (¢)) dt!
0

X |u|| a2 1 U 21 + ||u 2 ,)
I g8 b (e et I 2 )

with ¢;i(t) € £, (L{), hence

[ B(u, vl 1 ;.;1+%‘2+—;) < ||Kjk||€}k(L})
< Jju iy2 ( U 21+ |ju )
Sl HN( ;.piﬂ%,})) [ 1 +;4;+’1§,}J) [ 1 +;.§,11+}J)

We conclude that if the initial data is small enough, then the solution belongs to Sy, ;.
Remark A2 It is easy to see, using Remark Al for instance, that one could add an exterior force,

—~ L1421
small enough in L!(R*; Bp,;+p’p ), and the small data result would be identical.

Remark A3 Note that all the estimates can be restricted to a time interval [a, b] of RT.

__ L1421
Remark A4 The L>(R™; Bpiﬂ”p) norm on the right-hand side of (A.8) can be replaced by the

L a2 ~ .21
(smaller) L>=(R™; Bp;rp’: )1norm. The same goes for the L2(R™; BJ17) norm in (A.3), which can be

replaced by the L?(R™; B;l") norm. This will be useful in the proof of Theorem 5.

(3) It is classical that the previous estimates can be adapted to the case of large initial data (for
instance by solving first the heat equation and then a perturbed Navier-Stokes equation, of the same
type as in the proof of Theorem 5 below) and we leave this to the reader.

(4) Now we are left with the proof of the propagation of regularity result. Again this is an easy
exercise based on the fact that Young’s inequality for sequences are true in ¢? with ¢ > 0 so we can
simply copy the above arguments.

Theorem 4 is proved. O
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Appendiz A.3. Proof of Theorem 5

We shall follow the proof of Theorem 4 above, writing (NSP) under the integral form

t
u(t):emuof/ e(t*t')A]P’<div(u®u+U®u+u®U)+F)(t’)dt’
0

The linear term e“ugy and the term involving div (u ® u) (called B(u,u) in the previous proof) have

already been dealt with and we know that in particular for any a < b and any 1 < r < oo,

2
Vo<o< - HetAUO ‘ - + +o.2-0td S lluoll  —igz 1 (A.9)
r’ L7([a,b);B,,, ?) o DT
We have as well
1B (u, w)ll 2.1+ | B(u,u)| 2opr ez Sl 21, (A.10)
LAtk B ") LM(ablByy B, ") L2(a BB L")
and if 1 <p < 4,
HB(wu)IIZ;(RﬁBsz 1+ B(u, u)llmR+ e + 1B (u, u>||L1(R+;B;1*%‘2*%>
< (A.11)
S Ml 21 flull 421 241
<(RH;B,, "'P) LI(R+B Pl’mB;’l )
Note that the estimate in Za(R‘”" Bp i+ ) appearing in (A.11) is a consequence of an interpolation

2
TR and LNRE; By T

Now let us study the term containing the force F'. We deﬁne

142
between the spaces L®(R*; B

7.

¢ ) L1421
Ft) = / TOAPE()dt, with Py e Ll(R*sBp,i”’p) and
0

1+4

1 +1 .2
T A R BT,

Fy € I2(RY; B,

On the one hand the above arguments (see the estimates of I, and Ky, or simply Remark Al) enable
us to write directly that for all o € [0, 2],

F p21 +H||F - - < ip2.1 A12
|| ”N([a b3 p1+§ 11,) H || L1 (ot Bp1+ +2.2- +1) || HLI([ab] Bp1+12, 117) ( )
while for all 1 < o < 2,
Fll 21 F 1(,,(,,<F 2 .1 . A.13
| HL%[a,b};BE;P) L P | QHLl([a,bl;BE’,; ) (A13)
On the other hand the same computations as in the proof of Theorem 4 give easily
||]:H~ - + 1+2 1+— ~ ||F2||~ —14 21t (A-14)

> ([a,b]; B P p)ﬂLQ([a bl; B L2(RT; 1'3p N Py

Finally let us turn to the contribution of U. We define

t
U(t) = — / A Pdiv (ue U + U @ u)(t) dt’ .
0

We can write using (B.5) (and Remark A4)

h h 3
u" - V'"U + v’ 03U ez 1 Slu _ U 21 241
H 3 HLl([a, ’ .p1+§,})) ~ ” HL (ot pﬁi ;)” |L1 (ot B g ;QBEIH;)
< ||u a2 ||U 21 2441
< HN([ Hi, p)” ”qua,b],B;ﬁp Bl
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and using (B.5) again,

||Uh Vi + U30zul| ez Sl ipzap1 oz U] 21
L([a,b;B, ; P F) L2([a,b];B, , P nBy ") L2([a,b);B) ")
This enables us to write
Uu 21 a1 < ( U 21 ||U 21 2.1
| || = ([0}, | 142, fl’)ﬂLZ([ab] +2 1+1) | ||L = ([0, | 142, 11,)” H L1 ([ab]: B 1tf”;’mB§;+p)
+lu _ 2 |[U 21 ) (A5
lull B ”lmsz;;)” ”L?([a,b];BEiIl’) (A.15)
Putting estimates (A.9), (A.10), (A.12), (A.13), (A.15) together we infer that
[ " iy a2y SO(lP oy (A.16)
D2 (0l B2 PN (0B, 7B D2 (labiBE7)
+l|ul| _ 21 ||U 2 1 u(a 21 + || F ) ,
1905 b g, IO e+ 1
while estimates (A.9), (A.11), (A.14), (A.15) give
U 1421 _ <C<u p2.1 fju 21 2,41
W o o 3 b B e Il e o3 B )
+||u U 21 2,41
| Hiz([a,bwpi*’z’ I o PR T
+l|u S142041 21 ||U 21 + [lu(a)|| _ii21 +||F )A.l?
90 s34 1 iy IO ey + 1P, ) AT

To conclude we resort to a Gronwall-type argument (see for instance [27] for a similar argument):
N-1

there exist N real numbers (T})1<;<n such that T3 = 0 and T = +o0, such that Ry = U [T;, Tit1]
i=1
and satisfying
1
(a4l 21 + U] w21 2.1 <— Vie{l,...,N—1}. (A.18)
L2([T3,Tia )i BE 7)) LT3, TiaiB, ,» P0Bry 7))~ 8

Then suppose that
1

F S
IIUOII 3 +1F |, < < SON@OYN (A.19)
By time continuity we can define a maximal time 7' € R* U {co} such that
1
ull__ 21 + ||u 1 77<—- A.20
” HLQ([QT];BE’,J’ | ” L([0,T]; B2 Y- +112) z 4C ( )

If T'= oo then the theorem is proved. Suppose now that 7' < 4+o00. Then we can define an integer k €
{1,..., N — 1} such that
Ty <T < Ty,

and plugging (A.18) and (A.20) into (A.16) we get for any i < k — 1

21 +||u 21 < Clu(Ty)| _ii2 1
Ju Hm([n,n“]si 5 [Jull LTS S UL (T . -8
1
+ C||F||x . 21 - 2.1
L I L N
so finally
[Jull 21+ [ufl L2041l g421
L2([Ty, T4 iBY 1 P) LY([T:,Tixal;iBy, PNB, " ")

(A.21)
<20 (Tl 123 + I1Fllx,s) -

p,1
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From relations (A.16) and (A.17) we also get

lull _ <20 ([Tl 2.y + 1Pl ). (A.22)

421
Loo([TuT1+1] B p p)

1+

Since LOO(R+ B ), we further infer that

Ju( 1+1>||B,H%,% <20 ([T, 33+ 1Fllx, )

p;1 p;1

A trivial induction now shows that for all s € {1,...,k — 1},

[w(T)Il 1422

< @0 (llwoll  v3.3 +[1F 12, )

1
1 B, 1

We conclude from (A.21) and (A.22) that

Hu”~ .21 +||u|| 204l 1y
L2([T,Ti41]:B) P LY([T;, Ti1]:B) PNB 1

< @) (Jluoll 1123 + 111, )

and

1
L>([Ti,Tiz1]; B P

< 20) (lluol 1132 + 1Fllx, )
for all i < k — 1. The same arguments as above also apply on the interval [Ty, T] and yield

lul < @O (luoll _1ez.3 +11Flx,.,)
pr1

21
L2([Ty, T);BE,P)
and

|l ||~ it

s id, S CON (ol ez + 17,
k>

el p 1
Then it is easy to see that (see for instance [27])
lall 2.1 <l 21
L2([0.T):B, ") L2([Ty,T2]; By ”)
< NEO ol 1oz + VROl

Hlull 21
LA ([T TBY .7

Under assumption (A.19) this contradicts the maximality of T as defined in (A.20). Since the integer
+ [|U]| , the theorem is

N can be chosen of size equivalent to ||U]| 21 21 241
L2(R+;BP P LR B, P PABFLP)
proved. O
. 71+Z’l
Remark A5 Note that we have obtained also that u belongs to LOO(]R+ b1 0 )

Appendiz A.4. Proof of Corollary 3

Let u € L (RY; BY) N LL (RY; B:fl N B1 %) solve (NS) with initial data uo € B). Let us start

by proving that v € S&1;1 and that ||u( ) B — 0 as t goes to co. Actually it is enough to prove

the convergence to zero result in large times, since the fact that v € S;; is then a consequence of
Theorem 4 since for T' large enough we have [|u(T)||z < co.

We shall only sketch the proof as it is very similar to the same result in the isotropic case, proved
in [27]. The idea is to use a frequency truncation to decompose ug = vy + wo with [|wol[p:1 < eo for

some arbitrarily small eg and with vy € B N L?. We then solve globally (NS) in S;; with data wy,
and we know from Theorem 4 that

”w”Sl,l < 2.
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It is easy to see (using the same arguments as in Proposition B3) that [[wol|z-: < o so the arguments
of Proposition A.2 of [27] imply that

sup Vtl[w(t)|| L~ < eo - (A.23)
t>0

Now let us consider v: it satisfies the perturbed (NSP) equation with data vy, with F = 0 and
with U = w, and it belongs to L (R*; BN L1 (R*; By} N By since that holds for u and w. We

loc loc

claim that there is " > 0 such that
ve Le([0,T); L*) N L*([0,T); H') .
Indeed we have by product laws the following analogue of (A.8):
[u- Vul N T 2 Ogul

LY([0,T):B, 2) LY([0,T); By’ Ll([o,T];Blljl%
< .
Sl e by (Bllsorsty + Tl sgomes )

which implies as in (A.7) that

1B (u, wll 4y S vl

L=((0,T):B T=((0,T):B) 2) lell o,y 302

s as in Lemma A.2 of [27] we get v € L>([0,T); B'2) € L=([0,T]; BSY) ¢ L([0,T]; L?). The
bound in L2([0,T]; H') is obtained in a similar way, noticing that if f is in Ll([O,T];Bi’l%), then

¢
F = / eAP(f£)(¢') dt’ satisfies, by similar computations to the proof of Theorem 4,
0

I 25 0,79, 2 1L (R%)) S Iy S 1AL 1o T1BE)

Then we conclude exactly as in the proof of Theorem 2.1 in [27]: we find, writing an energy estimate
in L? and using (A.23) that v can be made arbitrarily small in H 2 as time goes to infinity, hence
0.1
by Proposition B3 the same holds in Bg:f. It follows that u(t) = v(t) + w(t) is arbitrarily small
0.1
in Bgf (say smaller than ¢y, if ¢ is small enough) for ¢ large enough, hence there is a global solution

in Sy1 associated with ug, which can be shown to also belong to S;; by a propagation of regularity
argument. We know indeed by Theorem 4 that u belongs to S1,1(7") for some time T so we just need

to check that the L2 ([0, T7; Bf%) norm of v remains bounded uniformly in 7. But product laws give

lu® UHLI([O,T];Bfﬁ) S HUHE,VZ([&T];Bf:i) Hu”fé([O,T];B;’l%

so as in (A.5) we get

”B(%u)Hﬁ([O’T];Bf:i) S Hu||fé([07T];B )” H OT,B 2)7

which allows to prove the result.

Then the strong stability result is obtained using Theorem 5. Indeed we can solve (NS) with initial
data vy for a short time and the solution v can be written as © — w. The vector field w then satis-
fies (PNS) with initial data wg, with forcing term zero, and with U = u. We know that u € S11 C Y11
so the result is a direct consequence of Theorem 5.

Corollary 3 is proved. 0O

Appendix B. Anisotropic Littlewood-Paley decomposition

In this section we recall the definition of the isotropic and anisotropic Littlewood-Paley decompo-
sitions and associated function spaces, and give their main properties that are used in this paper. We
refer for instance to [3], [17], [33], [32], [35], [51] and [59] for all necessary details.
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Appendiz B.1. Isotropic decomposition and function spaces
Let X (the Fourier transform of ) be a radial function in D(R) such that Xx(¢) = 1 for |t| < 1
and X(t) = 0 for [¢t| > 2, and we define (in d space dimensions) x; := 2%y (2¢| - |). Then the frequency

localization operators used in this paper are defined by

Sei=xex- and Ap:=Spp1 —Sp=:Wp*-.

Now let us define Besov spaces on R? using this decomposition. We start by defining, as in [3],
S) = {f e S'(RY /14 fllz~ — 0, j — —oo} . (B.1)

Let f be in S’(R%), let p belong to [1,00] and ¢ to ]0,00], and let s € R,s < d/p. We say that f
belongs to B;,q(Rd) if the sequence gy := 2| A f||z» belongs to £9(Z), and we have

||f||B;’q(1Rd) = [leelleaz) -

If s =d/p and ¢ = 1, then the same definition holds as soon as one assumes moreover that f € Sj,
— or equivalently after taking the quotient with polynomials. Finally in all other cases then B;q (Rd)
is defined by the above norm, after taking the quotient with polynomials (see [9] and the references
therein for a discussion).

It is well-known that an equivalent norm is given by

Vs €R, V(p,q) € [Locl,  [1fllsy gmay = Il

K@ o0 | et (B.2)

with K(t) := t0;et®. We recall also that Sobolev spaces are defined by the norm || - |

N
B3 ,(re) and

d o 3
Vo< g Wlauey = ([ IR de)
where f is the Fourier transform of f.

Finally it is useful, in the context of the Navier-Stokes equations, to introduce the following space-time
norms (see [16]):

12 oy ) = 127145 e oy ey

or equivalently

”fHZVT([o,T];B;,q) = Ht_i K(t)f|‘LT([07T];LP(Rd))HLq(R+;%) :
The following proposition lists a few useful inequalities related to those spaces.
Proposition B1 If1 <p < g < oo, then

10 A; fl paray S 272D A F|| 1o gy

and ”etAAjf”L‘I(Rd) Se ez ”AijLq(]Rd) .
Finally let us recall product laws in Besov spaces:

£l

< s Y5
govseamd gy S Wl oo llolg ey

as soon as

d
$1+52 >0 and Sj<2;7j€{1,2}.
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Appendiz B.2. Anisotropic decomposition and function spaces

Similarly we define a three dimensional, anisotropic decomposition as follows. For (j, k) € 72, we
define the horizontal decomposition as

Spfi=F L (RE D F(©) and A = Sy — Sp, which writes  F(A]f) :=¥(27"|¢a]) £ ()
and the vertical decomposition as

SVfi=FH(R(277|&))f(€) and AY := Y., — SV, which writes F(AYf) = W(277|¢5)) f(€).

Now let us define anisotropic Besov spaces. We define, for all (s,s’) € R* s < 2/p,s' < 1/p and
all p € [1,00] and ¢ €]0, 0],

58,8’ L ks+js’ h Av
By = { €8/ 1fllggy = [ 1AL fllo |,

<oo).
In all other cases one defines the same norm, and one needs to take the quotient with polynomials.

As in (B.2) an equivalent definition using the heat flow is

(DKL) o]

1l = e8¢ (B.3)

La(RTxRT; 4t dt’)
where Kj(t) := t0;e!4h and K, (t) := tdye!%.
As in the isotropic case we introduce the following space-time norms:

1z o mpemss'y = N125 T NARAY FllLr o2y |

or equivalently

Ht T K () Ky () fll o o,7): L0

Hf||f7~([07T]B;* L‘I(R‘*'XR'*';%‘!TJ‘,,) ’

Notice that of course L7 ([0, T]; B;:f/) = L"([0,T}; B;:i/), and by Minkowski’s inequality, we have the
embedding L7([0,7]; B5:S') € L™([0,T}; B ) if r > q.
The anisotropic counterpart of Proposition Bl is the following.
Proposition B2 If1 < p; < py < 00, then
102, AR Fll poo (r2;rr(ry) S 2MUAT2API= P2 AR F|| 1) (R2. 1 )
102, AY fll £r 2, 1o2 (y) S 27UV AV F| 1 g2 o () »
|4 ALAT flla S e ALAT ] 1o

In this paper we use product laws in anisotropic Besov spaces, which read as follows:

Gl orvea-2.04 S slfllgll-ez b H 1l e s llgll

Bp.q pl

as soon as

1 2
- <sh, s1+s2>0 and s; <=, j€{l,2},
p p
and
||ng ;1:»52—— s/l+s’17% 5 Hf”B;}q,ﬂ |g||B;,2q,€’2 9
as soon as

1
s1+s5>0 and sj <=, je{l,2}
p
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and with the same conditions on s1, s2. Finally

gl 2.0 SN

2
P
BP«

1, (B.4)

1

1
P

1

gl
B

21
p’'p
p,1

AT

and if p < 4,

2 1
p’p

I fall . —1s
B

p,1

<
< ||fHB;+%,% ||g||3§;% :

The following result compares some isotropic and anisotropic Besov spaces.

Proposition B3 Let s and t be two nonnegative real numbers. Then for any (p,q) € [1,00]* one has

Il gze S Mg -

Proof (Proof of Proposition B3). We recall that
1719, = 3 2Fo2r | aparfe, .
j.k

We separate the sum into two parts, depending on whether 7 < k or j > k and we shall only detail
the first case (the second one is identical). We notice indeed that if j < k, then

[ARAY flle = 1Y AcARAY | o
YA

~ AR ARAS fl

It follows that . ‘
DR ALAT I, S 22 Af

i<k i<k
S 2K ALfe,
k

and the result follows.

Finally let us prove the following easy lemma, which implies that (ugn)nen is bounded in B; if it is
bounded in a space of the type B}ﬁgl’liez for some £1,e5 > 0.

Lemma B4 Let s1,52 € R, p € [1,00], 0 < ¢1 < g2 < 0 be given, as well as two positive real
numbers €1 and 5. The space Biqual’” 2 s continuously embedded in B2,

leﬂ:al,SQﬂ:EQ

Proof. Let f be an element of By

and let us prove that f belongs to B;}q’f2. We write
k j h
71%,.e0 = ST 22 AL AT 1)
3.k
and we decompose the sum into four terms, depending on the sign of j and k. For instance we have

Fii= Z oks1q19js2q1 HAZA;Jﬂ @

i<o0
k>0

E —ke1qi9je2qigk(site1)qi9j(s2—e2)q h Av £||01
S 2 1919 19 1 1)q19 1||AkAjf|LP
j<0
k>0

and we apply Holder’s inequality for sequences which gives
Fi1 3 ||fHBSl+51v52—52 :
1,92

The other terms are dealt with similarly.
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Appendiz B.3. On the role of anisotropy in the Navier-Stokes equations

In this final short paragraph, we shall prove Theorem 1 stated in the introduction.

Proof (Proof of Theorem 1). The proof follows from the small data theory recalled in Appendix A.

Let us first consider vg := Z AZA;-’UO. We have
j—k<—Np

leoll oy~ D° 23R A uollaes)
2,1 j—k<—No
~ Y 2R AL AU sy < C27F
Jj—k<—Ng

.1 .1
due to Proposition B3 which states in particular that By, C B22,’10. So vy can be made arbitrarily

0.1

small in ngf, for Ny large enough (depending only on p).

Now let us consider wy = Z AZA}’UO. We shall prove that in this case ||wg||rs is small. Indeed
j—k>No .

we know (see for instance [3]) that BY; C L*, and moreover we have as soon as Ny is large enough

(depending only on the choice of the Littlewood-Paley decomposition)

[Apwollzs ~ | Y. ArAjuol|,s -
k—¢<—Np
It follows that
laawolls < 5 AL ATuollLs
k—£<—Ng
<C Y 2828 | Al Au|
k—£<—No
by Bernstein’s inequalities (see Proposition B2, applying successively the inequalities for the horizontal

1
and the vertical truncations). So using Proposition B3 again which states in particular that B3, C
0.1 ’
By'f, we get
et o N,
lAgwol s <C S 255 25| AR Aug|| 2 < C27F pey,
k—£<—No
where ¢ is a sequence in the unit ball of (1(Z). So again if Ny is large enough (depending only on p)
then we find that wo is small in BS ; hence in L.

To conclude we can start by solving (NS) associated with the data wy which yields a global, unique
solution w that by Proposition B3 belongs to s 1, with norm smaller than 2|jwg|/rs (by small data
theory, as soon as Ny is large enough). Then since Bglé embeds in Bg_lé% we can apply Theorem 5
with F' = 0 and U = w which solves the perturbed equation satisfied by u — w globally in time, as
soon as Ny again is large enough. The solution belongs to C(R'; L3(R?)) by classical propagation of
regularity arguments, and that proves the theorem.

Remark B5 Contrary to Theorem 2, the proof of Theorem 1 does not require the special structure
of the nonlinear term in (NS) as it reduces to checking that the initial data is small in an adequate
scale-invariant space.
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