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V WXYZ[\]^Y_[X
`a bcdec fb gbhijfe ekeh eaflcm njagfobap q bae gla grbbpe lksbcofrh p ncbh doteceaf gklppeppjgr lp pronfuladuldd lksbcofrh p vwwx vwyx q i bkmabh olk liicbz oh lfobap v{x q lad hefrbdp|lped ba fre lcofrhefogusebh efcog h ela v}x ~ �re klpf bae op jped �rea l �ecm klcseicegopoba op aeeded �e ~s ~q pe�eclk frbjplad dosofp� ~�ronfuladuldd lksbcofrh p �ece de�ekbi ed nbc rlcd�lce ohikeh eaflfoba poage elgr ofueclfoba jpep poh ike bi eclfobap �lddofoba lad hjkfoi koglfoba |m l ib�ec bn fre cldoz � ~�bkmabh olk liicbz oh lfobap h efrbdp rl�e | eea fre |lpop bn pbnf�lce ko|clcoep q |jf fre jpebn fl|kep �h ehbcm � h l�ep frepe lksbcofrh p lffclgfo�e nbc rlcd�lce ohikeh eaflfoba v�x ~ `afrop iliec q �e icbi bpe l hefrbd �rogr gbh|oaep frepe f�b liicblgrep fb fl�e ld�laflsebn | bfr liicblgrep ~`a �egfoba w �e ce�oe� fre ��� lksbcofrh v�x �rogr | ekbasp fb fre pronfuladuldd gklpp�ko�e ����`� vwwq wyx lad lddofo�e�hjkfoi koglfo�e abch lko�lfoba v� q �x� ~ �rop lksbcofrhop �ecm lffclgfo�e poage of op �ekk ldlifed fb cedjadlaf ajh|ec pmpfeh ~ `a pjgr pmpfeh p qlddofobap gbjkd | e dbae oa gbapflaf foh e ~ �bkmabh olkp h efrbdp lce dopgjpped oa y ~y ~�bc rosr icegopoba frepe h efrbdp h lm ce�joce �ecm rosr descee i bkmabh olkp ~ � ofr ljpe bn fl|kep fb cedjge fre oafec�lk bn gbhijflfoba q fre descee bn fre ibkmabh olk gla |ecedjged v�x ~
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`a �egfoba � q �e oafcbdjge l ae� lksbcofrh �rogr gbh|oaep | bfr hefrbdp ~ �e gbh uijfe fre ºcpf dosofp bn fre cepjkf jpoas ��� q lad frea fre ceh loaoas dosofp lce gbhijfed� ofr l ibkmabh olk liicbz oh lfoba jpoas la e» goeaf e�lkjlfoba pgreh e ~ �re gbhikez ofmbn fre lksbcofrh deieadp ba fre descee bn fre i bkmabh olk q lad frecenbce ba fre ajh|ecbn ��� ofeclfobap ~ ¼zi ecoh eaflk cepjkfp lce dopgjpped oa �egfoba � nbc ezibaeafolkp ladkbslcofrh p jpoas l icegopoba bn
128

|ofp ~
½ ¾Z¿À _[]Á Â¿YÃ[\Á
Ä ÅÆ ÇÈÉÊËÌÍÎÏÌÍÏÏ ÍÐÑÒÓÉËÈÔ Õ
�re ��� lksbcofrh q | ekbasp fb fre gklpp bn pronfuladuldd hefrbdp pjgr lp jped |m �cosspfb |jokd fre ºcpf fl|ke bn kbslcofrh p lad ����`� vwwq wyx ~ ��� lkkb� p fre gbhijflfobabn fre gbhikez kbslcofrh lad ezibaeafolk njagfobap q lad frjp of gla |e jped fb gbhijfefre celk ekeh eaflcm njagfobap pjgr lp Ö×ØÙ ÚÛÖÙ ÜÝÚÞÜØÙ ßØÙ lad àáâ ~ ãako�e ����`� q ofrlp ab pglkoas nlgfbc lad q frecenbce q of lkkb� p fre jpe bn cedjadlaf ajh|ec pmpfeh � ofrbjfi ealkfm~ �re ��� lksbcofrh op |lped ba fre nbkkb� oas ofeclfobap ä

{

En+1 = En (1 + dn2−n)
Ln+1 = Ln − ln (1 + dn2

−n)

�w�
� ofr l gbhikez dosof

dn = dr
n + i di

n

q lad
dr

n, d
i
n = −1, 0, 1

`f bi eclfep oa f�b hbdep ä ¼uh bde nbc fre ezibaeafolk q lad åuhbde nbc fre kbslcofrh ä
• æçèéêë ä �oad l pe�jeage ìdn í pjgr frlf Ln → 0

~ �rea
En → E1e

L1
~

• îçèéêë ä �oad l pe�jeage ìdn í pjgr frlf En → 1
~ �rea

Ln → L1 + ln (E1)
~

`n
E1

lad
L1

lce gbccegfkm pekegfed q
n
pfeip bn ofeclfoba �w� icbdjge

n
posaoºglaf dosofpbn fre cepjkf ~ �ba�ecseage dbh loap nbc frepe f�b hbdep lce so�ea |m e�jlfobap �y� lad ��� ~�cbbnp lce so�ea oa v� q yx ~

L1 ∈
{

L = Lr + iLi,−0.829 < Lr < 0.868,−0.749 < Li < 0.749
}

,
�y�

E1 ∈

{

E = Er + iEi, 0.64 < Er < 1.4,−
2

5
< Ei <

2

5

}

,
���

ï csjh eaf cedjgfobap gbapopf bn l poh ike fclapklfoba nbc fre ¼uh bde �rogr so�ep l ºalkicbdjgf q lad l pronf lad ldd bieclfoba nbc fre åuhbde �rogr so�ep l ºalk pjh ~ �osjce wokkjpfclfep l gbhijflfoba oa fre ¼uh bde ~ ðbfe l koaelc gba�ecseage bn fre åuilcf ~ �reh efrbd frlf �e icbi bpe fl�ep ld�laflse bn frop degcelpe ~
y



k Er
k Ei

k Lr
k Li

kw w~ññññññññññ ñ ~ññññññññññ ñ ~} wññññññññ ñ ~y�ññññññññy w~}ñññññññññ ñ ~ññññññññññ ñ ~wñ�}���� w� ñ ~y�ññññññññ� w~��}ñññññññ ñ ~��}ñññññññ uñ ~w��yw�ñ w{ñ ñ ~ñ�y{ñ���ñy� w~{�ñ{y}ññññ ñ ~�y� wy}ññññ uñ ~ññ�{��{y�� ñ ~ñ�y{ñ���ñy} w~{yñ ww�w��} ñ ~��ñ{{�ñ{y} uñ ~ññ{{�{���{ ñ ~ñ�ñ w�}{�ñy{ w~{ñ{{}���}} ñ ~��wy�y�y�{ uñ ~ññ�wy���{{ uñ ~ññ wñ}�yñ��� w~{ñ{{}���}} ñ ~��wy�y�y�{ uñ ~ññ�wy���{{ uñ ~ññ wñ}�yñ��� w~}�� wñ{� wy{ ñ ~���}�y{y}y ñ ~ñññ�w� w�ñ� uñ ~ññ wñ}�yñ��� w~}�� wñ{� wy{ ñ ~���}�y{y}y ñ ~ñññ�w� w�ñ� uñ ~ññ wñ}�yñ��~~~y� w~}�}�}}ñ��{ ñ ~��{ w����y� uñ ~ññññññññ}� uñ ~ññññññññ��y� w~}�}�}}ñ�y� ñ ~��{ w���y�� ñ ~ññññññññyy uñ ~ññññññññ��y� w~}�}�}}ñ�ñ� ñ ~��{ w���y}y uñ ~ññññññññ w} uñ ~ññññññññ ww�ñ w~}�}�}}ñ��� ñ ~��{ w���y�� ñ ~ñññññññññ� uñ ~ññññññññ ww� w w~}�}�}}ñ��� ñ ~��{ w���y�� uñ ~ñññññññññ{ uñ ~ñññññññññy�y w~}�}�}}ñ��{ ñ ~��{ w���y� w uñ ~ñññññññññ w uñ ~ñññññññññy�� w~}�}�}}ñ��� ñ ~��{ w���yy{ ñ ~ñññññññññw ñ ~ññññññññññ�� w~}�}�}}ñ��{ ñ ~��{ w���yy{ uñ ~ññññññññññ ñ ~ññññññññññ
�osjce wä ¼�lkjlfoba bn

exp(0.51 + i0.29)
fb

10
degoh lk dosofp � ofr

34
��� ofeclfobap ~

Ä ÅÄ òÒÐóÎÒÔ ÉÍÐ ÍôôÓÒõ ÉÔÍËÉÒÎÕ
ïabfrec gklpp bn njagfoba e�lkjlfoba hefrbdp op |lped ba ibkmabh olk liicbz oh lfobap ~ �re�ekku�ab�a hefrbdp pjgr lp �lmkbc q �re|mpre� lad � oaoh lz lce jped fb liicbz oh lfeekeh eaflcm njagfobap ba la oafec�lk |m ibkmabh olkp vwñx ~�bc oapflage q fre descee

n
�lmkbc liicbz oh lfoba bn fre ezibaeafolk njagfoba op ä

exp(x) ' 1 + x +
x2

2
+

x3

6
+ · · ·+

xn

n!

���
�rece fre eccbc nbc

|x| ≤ 1
op kepp frla 1

(n + 1)!
×

xn+1

1 − x

~
�bc l so�ea icegopoba

p
q �e e�lkjlfe fre ibkmabh olk pb frlf fre h lzohjh eccbc opkepp frla

2−p
~ �re descee bn fre ibkmabh olk dei eadp ba fre liicbz oh lfoba hefrbd�e ~s ~ �lmkbc bc h oaoh lz � q lad epi egolkkm ba fre oafec�lk clase ~ ãpoas frepe h efrbdp oal clfrec klcse dbh loa ce�jocep ibkmabh olkp bn klcse descee q lad q frecenbce q rlp l kbasgbhijflfobalk deklm~ ï gbhhba �lm fb cedjge frop deklm op fb fclapnbch fre bcosoalkoafec�lk fb l ph lkkec bae ~

�



ö ¾Z[÷[Á¿\ øùú[Z_YÃÂ û üýþ ÿ ¾[ù�X[Â _øù
�re hloa odel rece op fb cedjge fre oafec�lk oa �rogr l ibkmabh olk op e�lkjlfed ~ ï docegffl|ke kbb�uji ce�jocep fre po�e bn fre fl|ke �rogr op bn fre plh e bcdec lp fre oafec�lkcedjgfoba ~ �bc ezlhike q fb fclapnbch fre oafec�lk

[0, 1]
fb la oafec�lk

[0, β−n]
q l fl|ke bn

βn
eafcoep op aeeded ~�e icbibpe fb cedjge fre dbhloa oafec�lk |m i ecnbch oas pe�eclk ��� ofeclfobap ~ `afrop glpe q fre po�e bn fre ce�joced fl|ke op e�jo�lkeaf fb fre

log
�po�e� bn fre docegf fl|kekbb�uji ba fre bcosoalk oafec�lk ~�e rl�e prb�a ice�objpkm frlf fre icbibped h efrbd op e» goeaf nbc �ecm klcse ajh|ecp�pe�eclk frbjplad |ofp� oa fre ¼uhbde vwx ~ �osjce y okkjpfclfep fre doteceagep oa gbhijuflfobalk deklm |ef�eea fre frcee h efrbdp ä �o� jpoas ��âÜ� ilg�lse q �oo� l fl|ke kbb�uji�

28 eafcoep� � ofr l i bkmabh olk h efrbd q lad �ooo� bjc h efrbd � ofr fre ajh|ec bn ���ofeclfobap gbccepibadoas fb
(1/16)

bn fre icegopoba ~`a �egfoba � �e dopgjpp fre i ecnbch lage bn fre icbi bped hefrbd oa e�lkjlfoas ezi buaeafolkp lad kbslcofrh p fb l wy�u|of icegopoba ~
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�osjce y ä �bhijflfoba bn fre celk ezibaeafolk
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� ÅÆ �È� �õô ÒÎ�ÎËÉÍÐ ��ÍÐ�ÍËÉÒÎ 	�ÕÉÎÑ ËÈ� 
 ÌÔÒÏ��
`n

L1 = z
lad

E1 = 1
q lnfec

n
pfeip bn ��� ofeclfobap q �e b|floa

Ln+1

q
En+1

lad frepe�jeage bn dosofp
d1, . . . , dn

pjgr frlf

exp(z) = En+1 exp(Ln+1)
�}�

�rece

Ln+1 = z −

n
∑

k=1

ln(1 + dk2
−k)

�{�

En+1 =

n
∏

k=1

(1 + dk2
−k)

���
�e gbhijfe fre celk ilcf

Re(exp(z))
lad fre oh lsoalcm ilcf

Im(exp(z))
bn

exp(z)
lpnbkkb� p ä

Re(exp(z)) = exp(Lx
n+1) ×

(

Ex
n+1 × cos(Ly

n+1) − Ey
n+1 × sin(Ly

n+1)
) ���

Im(exp(z)) = exp(Ly
n+1) ×

(

Ex
n+1 × cos(Ly

n+1) + Ex
n+1 × sin(Ly

n+1)
) ���

�rece
exp(Lx

n+1)
q
sin(Ly

n+1)
lad

cos(Ly
n+1)

lce e�lkjlfed � ofr ibkmabh olk liicbz oh lfobap ~ðbfe frlf
|Lx

n|, |L
y
n| ≤

3

2
2−n, ∀n

pb frlf fre ezibaeafolk gla | e liicbz oh lfed |m

Tn(x) = 1 + x +
x2

2
+ · · · +

xn

n!

�wñ�
pjgr frlf

| exp(x) − Tn(x)| ≤
xd+1

(d + 1)! (1 − x)

� �� æ ��é� ��������`a fre ¼uhbde bn ���
E1

op oa ofolko�ed fb
1
lad fre

log(p) − 1
ºcpf ofeclfobap db abfseaeclfe lam eccbc ~ �rjp

En+1
op b|floaed � ofr l ceklfo�e eccbc pjgr frlf ä

Ẽn+1 = En+1(1 + c2−p+δE)
� ofr

δE = log(n − log(p) + 1)
�ww�

ï p nbc
Ln+1

q
L1 = z

q lad �e b|floa
L̃n+1 = Ln+1 + c′2−p+δL

� ofr
δL = log(n)

�wy�
}



ðbfe frlf
ez+ε = ezeε

lad on
|ε| < 1

frea
|(eε − 1)| < |ε|(e − 1)

~`a fre i bkmabh olk ilcf q poage �e jpe �bcaec pgrehe � ofr la lcsjh eaf kepp frla
0.5
q�e b|floa la eccbc oadei eadeaf bn fre descee ä

˜exp(L̃n+1) = exp(L̃n+1)(1 + c′′2−p)
�w��

= exp(Ln+1)(1 + c′(e − 1)2−p+δL)(1 + c′′2−p)�bapodecoas fre klpf gbhikez icbdjgf q �e b|floa ä
˜exp(z) = ˜exp(L̃n+1) × Ẽn+1 × (1 + c′′′2−p)

�w��
= exp(Ln+1)En+1(1 + c2−p+δE)(1 + c′(e − 1)2−p+δL)(1 + c′′2−p)

= exp(Ln+1)En+1(1 + k2−p+δL)�bc ezlhike q �rea
n = 8

q
|k| < 24 ~ �bhilced fb l docegf ibkmabh olk h efrbd q freoagcelpe oa fre eccbc op lf h bpf bn

δL = log(n)
|ofp ~

� �� �éè������é� � �èë�b e�lkjlfe fre i bkmabh olk nbc wy� |ofp bn icegopoba q fre �bcaec pgrehe op pj» goeaf ~ �erl�e prb�a oa vwx frlf fre �h ofr pgrehe op h bce e» goeaf nbc klcsec icegopoba ~ �receunbce q fre foh e gbpf nbc e�lkjlfoas l ibkmabh olk bn descee
d(n)

op
d(n)

lddofobap lad
d(n)hjkfoikoglfobap ~ �e b|floa l fbflk foh e lp ä

(6n + 2d(n) + 2)A(p) + (2d(n) + 6)M(p),
�w}�

�rece
n
op fre ajh|ec bn ��� ofeclfobap q

p
op fre ajh|ec bn |ofp jped q

d(n)
op fre desceebn fre i bkmabh olk q lad �rece

A(p)
lad

M(p)
lce fre deklm bn l

p
u| ofp lddofoba lad l

p
u|ofp hjkfoi koglfoba ~�re oafec�lk cedjgfoba � ofr fre ��� ofeclfobap ce�jocep l fl|ke bn

7n
eafcoep bn

p
u|ofpajh|ecp q gbhilced l fl|ke bn

22n+1 eafcoep bn p
u| ofp ajh|ecp aeeded fb b|floa fre plhecedjgfoba � ofr l pfladlcd fl|ke kb b�ji ~

� ÅÄ �È� ÐÒÑÍÓÉËÈÔ ��ÍÐ�ÍËÉÒÎ 	�ÕÉÎÑ ËÈ� �ÌÔÒÏ��
åef

z
| e l gbhikez ajh|ec oa fre gba�ecseage dbhloa bn fre åuhbde bn ��� ~ `n �e jpelp oaofolk �lkjep

E1 = z
q
L1 = 0

q frea lnfec
n
ofeclfoba bn ��� �e sef

Ln+1

q
En+1

ladfre pe�jeage
d1, . . . dn

pjgr frlf ä

ln(z) = Ln+1 + ln(E1)
�w{�

� ofr
Ln+1 = −

n
∑

k=1

ln(1 + dk2
−k)

�w��

En+1 = E1 ×
n

∏

k=1

(1 + dk2
−k)

{



�oage
ln(z)

op l gbhikez ajh|ec q �e rl�e ä
Re(ln(z)) = Lx

n+1 +
1

2
ln(Ex

n+1
2 + Ey

n+1
2
)

�w��
Im(ln(z)) = Ly

n+1 + arctan

(

Ey
n+1

Ex
n+1

)

�e ab� jpe ibkmabh olk liicbz oh lfobap fb gbhijfe
ln(Ex

n+1
2+Ey

n+1
2
)
lad

arctan
(

E
y
n+1

Ex
n+1

) ~
�oage ibkmabh olkp lce gbhijfed ba cedjged oafec�lkp q �e rl�e nbc

0.5 ≤ E1 ≤ 1.5
q
n ≥ 4

q
|Ex

n − 1| ≤ 1.5 × 2−n
lad

|Ey
n| ≤ 1.5 × 2−n

~ �recenbce
|Ex

n+1
2 + Ey

n+1
2
− 1| ≤ 3 ×2−n−1

Ey
n+1

Ex
n+1

≤ 2−n

�re ibkmabh olkp jped nbc
ln
lad

arctan
lce ä

LN(x) =

∞
∑

n=1

(−1)n−1xn

n

�w��

AT (x) =

∞
∑

k=0

(−1)k x2k+1

2k + 1

�yñ�

= x ×
∞

∑

k=0

(−1)k x2k

2k

� � � æ ��é� ��������`a fre åuh bde bn ��� q
L1
op oaofolko�ed fb

0
~ �jcoas fre ºcpf ofeclfobap q frop �lkje glapflm ajkk ~ �bape�jeafkm

Ln+1
op b|floaed � ofr l ceklfo�e eccbc pjgr frlf

L̃n+1 = Ln+1(1 + c2−p+δL)
� ofr

δL = log(n)
�y w�

E1
op oa ofolko�ed fb

z
q lad lp �e gbhijfe fre �lkje

2n(En − 1)
q �e b|floa

Ẽn+1 − 1 = (En+1 − 1)(1 + c′2−p+δE)
� ofr

δE = log(n)
�yy�

ðbfe frlf fre njagfoba
z 7→ ln(1 + z)

op åoi y �plfopºep fre åoipgrof� gbadofoba bn bcdec y�on
1/2 ≤ z ≤ 2

~ �rea
ln(Ẽn+1) = ln(1 + (En+1 − 1)) + 2c′2−p+δE(En+1 − 1)

�y��
= ln(En+1)(1 − 4c′2−p+δE)

lp 1

2
|En+1 − 1| ≤ | ln(En+1)|

�



�|pec�oas fre i bkmabh olk ilcf q �e rl�e
l̃n(z) = L̃n+1 + l̃n(Ẽn+1)

�y��
= Ln+1(1 + c2−p+δL) + ln(Ẽn+1)(1 + c′′2−p)

�y}�
= Ln+1(1 + c2−p+δL) + ln(En+1)(1 − 4c′2−p+δE)(1 + c′′2−p)

= (Ln+1 + ln(En+1))(1 + k2−p+δL)

= ln(z)(1 + k2−p+δL)

`f gla |e lppjh ed frlf
|k| < 25 ~

� � � �éè������é� � �èëåef
d(n)

| e fre descee bn fre ibkmabh olk aegepplcm fb lgroe�e fre icegopoba bn
p
~ �ropdescee op fre plh e nbc

ln
lad

arctan
~

d(n) = max{i ∈ N ;
(

1 − 2−n
)

2in(i + 1) < 2p}
�y{�
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n
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n degree n degree n degree n degree n degree n degree

0 34 6 15 12 9 18 7 · · · · · · · · · · · ·
1 28 7 14 13 9 19 7 30 5 62 3
2 24 8 12 14 8 20 6 31 4 63 2
3 21 9 12 15 8 · · · · · · · · · · · · · · · · · ·
4 18 10 11 16 8 23 6 41 4 127 2
5 16 11 10 17 7 24 5 42 3 128 1
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n degree n degree n degree n degree n degree n degree

1 123 7 18 13 10 · · · · · · · · · · · · · · · · · ·
2 62 8 16 14 9 20 7 31 5 63 3
3 41 9 14 15 9 21 6 32 4 64 2
4 31 10 13 16 8 · · · · · · · · · · · · · · · · · ·
5 25 11 12 17 8 25 6 42 4 127 2
6 21 12 11 18 7 26 5 43 3 128 1
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v�x ( ~� ~ �l) lcd q � ~ � kl q lad ( ~� ~ �jkkec ~ ��� ä ï ae� gbhikez lksbcofrh nbc gbhikezekeh eaflcm njagfobap ~ 8999 ;ÝÜØÖÜÚÞ×ÛØÖ ÛØ <Û�â � ÞàÝÖq �� ��� ä�}}4�{� q ljsjpf w��� ~
v�x � ~ �cljae ~ �fladlcd njagfobap nbc celk lad gbhikez iboaf lad oafec�lk lcsjheafp� ofr dmalh og lggjclgm~ <Û�â � Þ×Ø6 q �jiik { äw}�4 w�� q w��� ~
v}x � ~�~ �ceaf ~ �lpf hjkfoi ke icegopoba e�lkjlfoba bn ekeh eaflcm njagfobap ~ = Û�ÝØÜß Û7Þ2 à / <> q y� äy�y4 y}wq w��{ ~
v{x � ~( ~ �bdm~ ï pjc�em bn iclgfoglk clfobalk lad ibkmabh olk liicbz oh lfoba bn njagfobap ~-8/> ? à3×à@ q wy ��� ä�ññ4�y� q )jkm w��ñ ~
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vwyx ( ~� ~ �lkfrec ~ ï jaoºed lksbcofrh nbc ekeh eaflcm njagfobap ~ =Û×ØÞ <Û�â � ÞàÝ <ÛØ7 àÝBàØ Úà 5 ÝÛÚàà�×Ø6Öq w��w~ �eicoafed oa ¼ ~ ¼ ~ ��lcf�kladec q <Û�â � ÞàÝ / Ý×Þ2� àÞ×Ú q Cbk ~wq `¼¼¼ �bhijfec �b goefm �cepp �jfbcolk q åbp ï klh ofbp q �ï q w��ñ ~

w�


