The Ring of k-regular Sequences, II

Jean-Paul Allouche

CNRS Laboratoire de Recherche en Informatique Bâtiment 490 F-91405 Orsay Cedex France

Jeffrey Shallit^1

Department of Computer Science University of Waterloo Waterloo, Ontario, Canada N2L 3G1

Abstract

In this paper, we continue our study of k-regular sequences begun in 1992. We prove some new results, give many new examples from the literature, and state some open problems.

Key words: k-regular sequences, finite automata

1 Introduction

A sequence (a(n))_{n≥0} over a finite alphabet Δ is said to be k-automatic if there exists a finite automaton with output M = (Q, Σ_k, δ, q_0, Δ, τ ) such that a(n) = τ (δ(q_0, (n)_k)) for all n ≥ 0. Here

• Q is a finite nonempty set of states; • Σ_k = {0, 1, . . . , k − 1}; Email addresses: Jean-Paul.Allouche@lri.fr (Jean-Paul Allouche),

shallit@graceland.uwaterloo.ca (Jeffrey Shallit).

URLs: http://www.lri.fr/~allouche (Jean-Paul Allouche),

http://www.math.uwaterloo.ca/~shallit (Jeffrey Shallit).

1 Supported in part by a grant from NSERC.

Preprint submitted to Elsevier Science 25 April 2003

• δ : Q × Σ_k → Q is the transition function; • q_0 is the initial state;

• (n)_k is the canonical base-k representation of n, starting with the most significant digit; and • τ : Q → Δ is the output mapping.

For example, the famous Thue-Morse sequence

(t(n))_{n≥0} = 0110100110010110· · ·

counts the number of 1’s (mod 2) in the base-2 representation of n, and is generated by the automaton in Figure 1.

Fig. 1. Automaton generating the Thue-Morse sequence

Cobham [16] was the first to systematically study k-automatic sequences. They were then popularized and further studied by Mendès France, the authors, and others. They are extremely useful, with a well-developed theory; see, for example, [4]. However, they are somewhat restricted because of the requirement that they be defined over a finite alphabet. In [2], we gave a generalization that preserved the flavor of automatic sequences, but is defined over an infinite alphabet.

Our approach was through the k-kernel. The k-kernel of a sequence (a(n))_{n≥0} is the set of subsequences {(a(k^en + r))_{n≥0} : e ≥ 0, 0 ≤ r < k^e}. Then we have the following theorem of Eilenberg [19, Prop. V.3.3]:

Theorem 1 A sequence a = (a(n))_{n≥0} is k-automatic if and only if the kkernel of a is finite.

Example 1. The Thue-Morse sequence. Consider the sequence (t(n))_{n≥0}. Then clearly t(2^en + r) ≡ t(n) + t(r) (mod 2)

so every sequence in the k-kernel is either (t(n))_{n≥0} or (t(2n + 1))_{n≥0}. This celebrated sequence occurs in many different areas of mathematics [3].

We now are ready to generalize k-automatic sequences. Instead of demanding that the k-kernel be finite, we instead ask that the set of sequences generated by the k-kernel be finitely generated. If it is, we call such a sequence k-regular.

More precisely, let R be a Noetherian ring. A sequence is (R, k)-regular if the R-module generated by its k-kernel is finitely generated. We usually take

R = Z, and in this case, we omit mention of R.

Example 2. Sums of digits. Consider the sequence (s_2(n))_{n≥0}, where s_2(n) is the sum of the bits in the base-2 representation of n. Then

s_2(2^en + r) = s_2(n) + s_2(r),

so every sequence in the 2-kernel is a Z-linear combination of the sequence (s_2(n))_{n≥0} and the constant sequence 1. Thus the 2-kernel is finitely generated, and so (s_2(n))_{n≥0} is a 2-regular sequence.

The k-regular sequences satisfy a variety of useful properties. We recall a few results from [2]:

Theorem 2 A sequence is k-regular and takes finitely many values if and only if it is k-automatic.

Theorem 3 If (a(n))_{n≥0} and (b(n))_{n≥0} are k-regular sequences, then so are (a(n) + b(n))_{n≥0}, (a(n)b(n))_{n≥0}, and (ca(n))_{n≥0} for any c.

Theorem 4 Let c, d ≥ 0 be integers. If (a(n))_{n≥0} is k-regular, then so is the subsequence (a(cn + d))_{n≥0}.

Theorem 5 The sequence (a(n))_{n≥0} is k-regular if and only if it is k^e-regular for any e ≥ 1.

2 Miscellaneous new theorems on k-regular sequences

In this section we prove a selection of new theorems about k-regular sequences.

Some sequences u = (u_n)_{n≥0} are known to satisfy recurrence relations that link subsequences such as (u_dj_{n+i})_{n≥0} to subsequences of the same kind and to shifted sequences (u_{n+p})_{n≥0}, in a linear fashion. An example is given by the recurrence relations for the block-complexity of fixed points of uniform primitive morphisms [32]. We prove below that such sequences are d-regular. (Note that the proof of [32, Théorème 4] contains a particular case of our theorem below.) Another application of the theorem below is the computation of the palindrome complexity of fixed points of certain uniform primitive morphisms [1].

Theorem 6 Let u = (u_n)_{n≥0} be a sequence with values in a Noetherian ring R. Suppose there exist integers d ≥ 2, t, r, n_0 ≥ 0 such that each sequence (u_dt+1_{n+e} )_{n≥n0} for 0 ≤ e < d^{t+1} is a linear combination of the sequences (u_dj_{n+i})_{n≥n0} with 0 ≤ j ≤ t, 0 ≤ i < d^j and the sequences (u_{n+p})_{n≥n0} with 0 ≤ p ≤ r. Then the sequence u is d-regular.

Proof. First for ℓ ≥ 0 define the sequences (λ^ℓ_n)_{n≥0} by λ^ℓ_n = 1 if n = ℓ, and λ^ℓ_n = 0 otherwise. It is clear that, for 0 ≤ e < d^{t+1}, the sequences (u_dt+1_{n+e})_{n≥0} are linear combinations of the sequences (u_dj_{n+i})_{n≥0} with 0 ≤ j ≤ t, 0 ≤ i < d^j , the sequences (u_{n+p})_{n≥0} with 0 ≤ p ≤ r, and the sequences (λ^ℓ_n)_{n≥0} for 0 ≤ ℓ < n_0.

Define the sequences (v^{j,i,q}_n )_{n≥0} by, for each n ≥ 0, v^{j,i,q}_n := u_dj_{(n+q)+i}, and let F be the R-module generated by the finite set of sequences {(v^{j,i,q}_n )_{n≥0}, 0 ≤ j ≤ t, 0 ≤ i < d^j , 0 ≤ q ≤ Q} ∪ {(λ^ℓ_n)_{n≥0}, 0 ≤ n < n_0}, where Q is fixed such that Q ≥^{d(1+r)}_{d−1} .

Since the R-module F is finitely generated and contains the sequence u, for proving the d-regularity of u it suffices to prove that F is stable by the maps (w_n)_{n≥0} → (w_{dn+k} )_{n≥0}, where 0 ≤ k < d. It even suffices to take (w_n)_{n≥0} to be one of the generators of F.

Let us begin with the sequences (v^{j,i,q}_{dn+k} )_{n≥0}, where 0 ≤ j ≤ t, 0 ≤ i < d^j , 0 ≤ q ≤ Q, and 0 ≤ k < d. Let d^j (k + q) + i = d^{j+1}x + y, where 0 ≤ y < d^{j+1}.

Note that d^{j+1}x ≤ d^j (k + q) + i < d^j (d − 1 + Q) + d^j = d^{j+1} + d^j Q. Hence x ≤ 1 + Q/d. We have v^{j,i,q}_{dn+k} = u_dj_{(dn+k+q)+i} = u_dj+1_{(n+x)+y} . We distinguish two cases:

• Case 1: j < t. Then u_dj+1_{(n+x)+y} = v^{j+1,y,x}_n , where j + 1 ≤ t, 0 ≤ y < d^{j+1}, and 0 ≤ x ≤ 1 + Q/d ≤ Q since Q ≥ d(1 + r)/(d − 1) ≥ d/(d − 1). Hence (v^{j,i,q}_{dn+k} )_{n≥0} is one of the generators of F.

• Case 2: j = t. Then u_dj+1_{(n+x)+y} = u_dt+1_{(n+x)+y} . Hence, from the remark at the beginning of this proof (replacing n by n+x), the sequence (v^{j,i,q}_{dn+k} )_{n≥0} = (v^{t,i,q}_{dn+k} )_{n≥0} is a linear combination of the sequences (u_dℓ_{(n+x)+i})_{n≥0} with 0 ≤ ℓ ≤ t, 0 ≤ i < d^ℓ, the sequences (u_{n+x+p})_{n≥0} with p ≤ r, and the sequences (λ^ℓ_{n+x})_{n≥0} for 0 ≤ ℓ < n_0. We saw in the first case that x ≤ 1 + Q/d ≤ Q.

Hence the sequences (u_dℓ_{(n+x)+i})_{n≥0} with 0 ≤ ℓ ≤ t, 0 ≤ i < d^ℓ are in the set of generators of F.

On the other hand the sequences (u_{n+x+p})_{n≥0} are also in this set of generators, since x + p ≤ x + r ≤ 1 + Q/d + r ≤ Q from the choice of Q. Finally the sequences (λ^ℓ_{n+x})_{n≥0} satisfy:

· either ℓ ≥ x and (λ^ℓ_{n+x})_{n≥0} = (λ^{ℓ−x}_n )_{n≥0}. Then ℓ − x ≤ ℓ < n_0 and the sequence (λ^ℓ_{n+x})_{n≥0} belongs to the set of generators of F;

· or ℓ < x and (λ^ℓ_{n+x})_{n≥0} is the constant sequence 0.

Hence all the sequences (v^{j,i,q}_{dn+k} )_{n≥0}, where 0 ≤ j ≤ t, 0 ≤ i < d^j , 0 ≤ q ≤ Q, and 0 ≤ k < d, belong to the R-module F.

Let us look now at the sequences (λ^ℓ_{dn+k} )_{n≥0} for 0 ≤ ℓ < n_0, and 0 ≤ k < d.

• If ℓ ≠ k mod d, then clearly the sequence (λ^ℓ_{dn+k} )_{n≥0} is the constant sequence 0. • If ℓ = k mod d, say ℓ = dz + k with z ∈ Z, then:

· either z ≥ 0, hence (λ^ℓ_{dn+k} )_{n≥0} = (λ^z_n)_{n≥0}, which belongs to the R-module F since z ≤ ℓ < n_0;

· or z < 0, hence the sequence (λ^ℓ_{dn+k} )_{n≥0} is the constant sequence 0.

Hence all the sequences (λ^ℓ_{dn+k} )_{n≥0} for 0 ≤ ℓ < n_0 and 0 ≤ k < d belong to the R-module F.

A celebrated theorem of Cobham says that if a sequence is both k- and ℓautomatic, with k, ℓ multiplicatively independent, then it is ultimately periodic. The analogous conjecture about k-regular sequences is still open [2, p. 195]. But we do have the following result:

Theorem 7 Let k and ℓ be integers ≥ 2. Let x be a sequence that is both k-regular and ℓ-regular. Then x is kℓ-regular.

Proof. Suppose x = (x_n)_{n≥0} is both k-regular and ℓ-regular, for k, ℓ ≥ 2. Since x is k-regular, we know there exist sequences (x^{(1)}_n )_{n≥0}, . . . , (x^{(d)}_n )_{n≥0}, each of the form (x_kα_{n+β} )_{n≥0} for some α ≥ 0 and β < k^α, such that (x^{(1)}_n )_{n≥0} = (x_n)_{n≥0}, and any sequence (x_kγ_{n+δ} )_{n≥0} with γ ≥ 0 and δ < k^γ is a Z-linear combination of the sequences (x^{(i)n}_{n≥0}), for i = 1, 2, . . . , d.

Since the sequence (x_n)_{n≥0} is ℓ-regular, it follows from Theorem 2.6 of [2] that the sequences (x^{(i)}_{n≥0}) are also ℓ-regular, for each of them is of the form (x_kα_{n+β} )_{n≥0}. Hence for each i = 1, 2, . . . , d there exist sequences (x^{(i,1)}_n )_{n≥0}, (x^{(i,2)}_n )_{n≥0}, . . . , (x^{(i,ei)}_n )_{n≥0}, each of the form (x^{(i)}_ℓα_{n+β} )_{n≥0} for some α ≥ 0 and β < ℓ^α, such that (x^{(i,1)}_n )_{n≥0} = (x^{(i)}_n )_{n≥0}, and any sequence (x^{(i)}_ℓγ_{n+δ} )_{n≥0} with γ ≥ 0 and δ < ℓ^γ is a linear combination of the sequences (x^{(i,j)}_n )_{n≥0}, for j = 1, 2, . . . , e_i. Now let α ≥ 0 and β < (kℓ)^α, and consider the sequence (x_{(kℓ)}α_{n+β} )_{n≥0}. Let β = k^αq + r, with q ≥ 0 and 0 ≤ r < k^α. Then k^αq ≤ k^αq + r = β < (kℓ)^α. Hence q < ℓ^α.

We then have x_{(kℓ)}α_{n+β} = x_kα_{(ℓ}α_{n+q)+r} . The sequence (x_kα_{n+r})_{n≥0} is a Z-linear combination of the sequences (x^{(i)}_n )_{n≥0}, with i = 1, 2, . . . , d. Hence the sequence (x_{(kℓ)}α_{n+β} )_{n≥0} is the same linear combination of the sequences (x^{(i)}_ℓα_{n+q} ), and hence, since q < ℓ^α, a linear combination of the sequences (x^{(i,j)}_n )_{n≥0}, with i = 1, 2, . . . , d and j = 1, 2, . . . , e_j. Theorem 8 Let α, β be real numbers, and let k be an integer ≥ 2. The sequence (⌊nα + β⌋)_{n≥0} is k-regular if and only if α is rational.

Proof. Suppose a := (⌊nα + β⌋)_{n≥0} is k-regular. Then by Theorem 3 the sequence b := (⌊(n + 1)α + β⌋ − ⌊nα + β⌋ − ⌊α⌋)_{n≥0} is also k-regular. But b takes its values in {0, 1}, and hence by Theorem 2 is k-automatic. But then, by a classic theorem about automatic sequences, the limiting frequency of the symbol 1, if it exists, must be rational [16]. But it is easy to see that 1 occurs with frequency α mod 1. Hence α mod 1 is rational, and so α is rational.

On the other hand, if α is rational, then it is easy to see that c := (⌊(n+1)α + β⌋ − ⌊nα + β⌋)_{n≥0} is periodic and hence k-regular. Then by [2, Theorem 3.1], the running sum sequence d = ( ∑ 0≤i<n ci)n≥0 of c = (cn)n≥0 is also k-regular.

But d = a.

In our previous paper [2] we remarked that if p is a prime number, the sequence (ν_p(n!))_{n≥0} is p-regular. Here ν_q(m) denotes the exponent of the highest power of q dividing m. Note that

ν_p(n!) = ⌊ n p ⌋ + ⌊ n p^2 ⌋ + ⌊ n p^3 ⌋ + · · · . In our last theorem of this section, we generalize this result as follows:

Theorem 9 Let k be an integer ≥ 2, and let (c_n)_{n≥0} be a k-regular sequence with c(0) = 0. Then the sequence (b_n)_{n≥0} defined by b_n = c_n + c_{⌊n/k⌋} + c_{⌊n/k}2_⌋ + · · · is also k-regular.

Proof. We have b_n = c_n + b_{⌊n/k⌋}. Since (c_n)_{n≥0} is k-regular, the Z-module generated by its k-kernel is finitely generated, say by T = {(c_kei_{n+fi} )_{n≥0} : 1 ≤ i ≤ t}. Let e = max_{1≤i≤t} e_i. Let F be the R-module generated by T ∪ {(b_kd_{n+a})_{n≥0} : d ≤ e and 0 ≤ a < k^d}. Clearly (b_n)_{n≥0} ∈ F. Further F is stable under each of the maps (w_n)_{n≥0} → (w_{kn+a})_{n≥0}, 0 ≤ a < k. The result about the k-regularity of ν_p(n!) follows by setting c_n = n. Then ν_p(n!) = b_n − n.

3 k-regular sequences and arithmetic fractals

In this section we explore a connection between k-regular sequences and the “arithmetic fractals” of Morton and Mourant [30,31].

Let G be an abelian group, written additively, and let a = (a(n))_{n≥0} be a sequence of elements of G. For n, q ≥ 0 we define a subword of a of length k^q as follows: X^q_n = (a(nk^q), a(nk^q + 1), . . . , a(nk^q + k^q − 1)). For a subword v = b_1b_2 · · · b_t over the set G, and c ∈ G, we define v − c = d_1d_2 · · · d_t, where d_i = b_i − c for 1 ≤ i ≤ t. Morton and Mourant defined the group Γ_k (G) to be the set of all sequences a for which the sequence of blocks (X^q_n − a(n))_{n≥0} is purely periodic, for all q ≥ 0. In other words, a sequence a is in Γ_k (G) if there exists an integer M ≥ 1 such that for all q ≥ 0 we have X^q_m − a(m) = X^q_n − a(n) if m ≡ n (mod M).

We now prove a simple characterization of Γ_k(Z).

Theorem 10 Let a = (a(n))_{n≥0} be a sequence of integers. Then a ∈ Γ_k (Z) if and only if the sequence (a(n) − a(⌊n/k⌋))_{n≥0} is purely periodic.

Proof. Suppose a ∈ Γ_k (Z). Then by taking q = 1 in the definition of Γ_k (Z), we see there exists M ≥ 1 such that X^1_m − a(m) = X^1_n − a(m) if m ≡ n (mod M). In other words, if m ≡ n (mod M), then a(km + i) − a(m) = a(kn + i) − a(n) (1) for all i, 0 ≤ i < k. We now show that (a(n) − a(⌊n/k⌋))_{n≥0} is purely periodic with period Mk. Suppose m^′ ≡ n^′ (mod Mk). Then m^′ ≡ n^′ (mod k), so that we can write m^′ = mk + i, n^′ = nk + i for some m, n with 0 ≤ m, n < M.

Then by Eq. (1), we have a(m^′) − a(⌊m^′/k⌋) = a(n^′) − a(⌊n^′/k⌋), which is the desired conclusion.

For the other direction, suppose that (a(n) − a(⌊n/k⌋))_{n≥0} is purely periodic. In other words, suppose that if m ≡ n (mod M), then a(m) − a(⌊m/k⌋) = a(n) − a(⌊n/k⌋). (2) Now suppose m ≡ n (mod M). Fix a q ≥ 0 and i_0 with 0 ≤ i_0 < k^q. Define

m_0 := mk^q + i_0 n_0 := nk^q + i_0 Then m_0 ≡ n_0 (mod M), so by Eq. (2) we have a(m_0) − a(⌊m_0/k⌋) = a(n_0) − a(⌊n_0/k⌋). (3) But ⌊m_0/k⌋ = mk^{q−1} + ⌊i_0/k⌋ and similarly ⌊n_0/k⌋ = nk^{q−1} + ⌊i_0/k⌋. Hence, defining

m_1 := mk^{q−1} + i_1 n_1 := mk^{q−1} + i_1 where i_1 := ⌊i_0/k⌋ we get a(m_0) − a(m_1) = a(n_0) − a(n_1). (4) Note that 0 ≤ i_1 < k^{q−1} and m_1 ≡ n_1 (mod M), so we can repeat this procedure. This gives us a system of equalities a(m_j) − a(m_{j+1}) = a(n_j ) − a(n_{j+1}) (5) for 0 ≤ j < q where

m_j := mk^{q−j} + i_j n_j := nk^{q−j} + i_j for 0 ≤ j ≤ q and i_{j+1} := ⌊i_j /k⌋ for 0 ≤ j < q. Furthermore 0 ≤ i_j < k^{q−j} . Now add all of the equalities (5) together. Telescoping cancellation gives a(m_0) − a(m_q) = a(n_0) − a(n_q).

Since m_q = m and n_q = n, we get and hence a(mk^q + i_0) − a(m) = a(nk^q + i_0) − a(n), provided m ≡ n (mod M). It follows that X^q_m − a(m) = X^q_n − a(n) if m ≡ n (mod M). Hence a ∈ Γ_k (Z).

Now we consider the more general case of Γ_k (G), where G is an abelian group. We will show Theorem 11 Let a be a sequence in Γ_k (G), i.e., if m ≡ n (mod M) then X^q_m − a(m) = X^q_n − a(n) for all q ≥ 0. Then there exist a k-uniform morphism φ : (G × Z/MZ) → (G × Z/MZ)^k and a coding τ : G × Z/MZ→ G such that a = τ (φ^ω([a(0), 0])).

Proof. Define φ([g, i]) = [g_0, ki][g_1, ki + 1] · · · [g_{k−1}, ki + k − 1] where (of course) the second entries are computed mod M, and g+X^1_i −a(i) = (g_0, g_1, . . . , g_{k−1}). Note that this map is well-defined, since if i^′ ≡ i (mod M) then φ([g, i^′]) = [g^′_0, ki^′] · · · [g^′_{k−1}, ki^′ + k − 1] where (g^′_0, . . . , g^′_{k−1}) = g + X^1_i0 − a(i^′) and by definition we have X^1_i0 − a(i^′) = X^1_i − a(i) if i^′ ≡ i (mod M). Also define τ ([g, i]) = g. We now claim that φ([a(i), i]) = [a(ki), ki] · · · [a(ki + k − 1), ki + k − 1]. (6) To see this, note that φ([a(i), i]) = [g_0, ki] · · · [g_{k−1}, ki + k − 1] where

(g_0, . . . , g_{k−1}) = a(i) + X^1_i − a(i) = X^1_i = (a(ki), . . . , a(ki + k − 1)). Now a simple induction on j, together with Eq. (6), proves that φ^j ([a(0), 0]) = [a(0), 0][a(1), 1] · · · [a(k^j − 1), k^j − 1].

From this the desired result follows.

As a corollary, we get a result of Morton and Mourant [31]:

Corollary 12 If G is finite, the sequence a is k-automatic.

Proof. From Theorem 11, the sequence a is the image, under a coding, of a fixed point of a k-uniform morphism over a finite alphabet (with M|G| letters). Hence, by a well-known theorem [16], a is k-automatic.

4 New examples of k-regular sequences

In our 1992 paper [2] we gave about 30 examples of k-regular sequences from the literature. Now we give about twenty more. For more information about the sequences we discuss, the reader can consult Sloane and Plouffe’s Encyclopedia of Integer Sequences [45], or the newer on-line version of this reference work [44]. Sequences from the former work are given in the form Mxxxx and from the latter work in the form Axxxxxx.

Although we believe this catalogue is interesting in its own right, we observe that by [2, Corollary 4.6], it follows that each of these sequences can be computed in polynomial time. In some cases (e.g., Example 17), this is not at all obvious.

Example 3. Families of Separating Subsets. Consider a set S containing n elements. If a family F = {A_1, A_2, . . . , A_k} of subsets of S has the property that for every pair (x, y) of distinct elements of S, we can find indices 1 ≤ i, j ≤ k such that

(i) A_i ∩ A_j = ∅; and (ii) x ∈ A_i and y ∈ A_j,

then we call F a separating family for S. Let f(n) denote the minimum possible cardinality of F .

For example, the letters of the alphabet can be separated by only 9 subsets: {a, b, c, d, e, f, g, h, i} {j, k, l, m, n, o, p, q, r} {s, t, u, v, w, x, y, z} {a, b, c, j, k, l, s, t, u} {d, e, f, m, n, o, v, w, x} {g, h, i, p, q, r, y, z} {a, d, g, j, m, p, s, v, y} {b, e, h, k, n, q, t, w, z} {c, f, i, l, o, r, u, x}

Cai Mao-Cheng showed (see [23, Chapter 18]) that

f(n) = min_{0≤i≤2} f_i(n),

where f_i(n) = 2i + 3⌈log_3 n/2^i⌉.

The first few terms of this sequence are given in the following table:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14

f(n) 0 2 3 4 5 5 6 6 6 7 7 7 8 8

It is Sloane and Plouffe’s sequence M0456 and Sloane’s sequence A007600.

A priori, it is not clear that f is 3-regular, since the minimum of two k-regular sequences is not necessarily k-regular. However, in this case it is possible to prove the following characterization:

Theorem 13 Let j be an integer such that 3^j < n ≤ 3^{j+1}, i.e., j = ⌈log_3 n⌉ − 1. Then

f(n) = 3j + 1, if 3^j < n ≤ 4 · 3^{j−1}; 3j + 2, if 4 · 3^{j−1} < n ≤ 2 · 3^j ; 3j + 3, if 2 · 3^j < n ≤ 3^{j+1}.

Proof. First, note that f_i(n) ≠ f_j (n) for i ≠ j, since if i ≠ j, then f_i(n) and f_j (n) are in different residue classes, modulo 3.

Next, note that f_0(n) < f_1(n) if and only if 3⌈log_3 n⌉ < 2 + 3⌈log_3 n/2⌉, if and only if ⌈log_3 n⌉ ≤ ⌈log_3 n/2⌉, if and only if there exists j such that 2 · 3^j < n ≤ 3^{j+1}.

Similarly, f_0(n) < f_2(n) if and only if there exists j such that 4·3^j < n ≤ 3^{j+1}, and f_1(n) < f_2(n) if and only if there exists j such that 4 · 3^j < n ≤ 2 · 3^{j+1}.

It follows that f_0(n) ≤ min(f_1(n), f_2(n)) if and only if 2 · 3^j < n ≤ 3^{j+1}. In this case, f_0(n) = 3j + 3. Similar reasoning suffices for the other two cases.

From Theorem 13, it easily follows that f(n) is 3-regular. In fact, if we define g(n + 1) = f(n) − 3j, where j = ⌈log_3 n⌉ − 1, then it is easy to prove that (g(n))_{n≥0} is actually a 3-automatic sequence which is the image under τ of the fixed point of φ, where τ (abcde) = 32312, and φ sends a → abc, b → dee, c → ccc, d → ddd, and e → eee.

Example 4. The sequences of Mallows and Propp. C. Mallows observed that there is a unique monotone sequence (a(n))_{n≥0} of non-negative integers such that a(a(n)) = 2n for n ≠ 1. Here are the first few terms of this sequence:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

a(n) 0 1 3 4 6 7 8 10 12 13 14 15 16 18 20 22 24

It can be shown that a(2^i +j) = 3·2^{i−1} +j for 0 ≤ j < 2^{i−1}, and a(3·2^{i−1} +j) = 2^{i+1} + 2j for 0 ≤ j < 2^{i−1}. This sequence is also 2-regular. It is Sloane and Plouffe’s sequence M2317 and Sloane’s sequence A007378. We have

a(4n) = 2a(2n);

a(4n + 1) = a(2n) + a(2n + 1);

a(4n + 3) = −2a(n) + a(2n + 1) + a(4n + 2); a(8n + 2) = 2a(2n) + a(4n + 2);

a(8n + 6) = −4a(n) + 2a(2n + 1) + 2a(4n + 2).

Let P be a string of 0’s and 1’s that starts with a 1. We define the pattern function e_P (n) to be the number of (possibly overlapping) occurrences of P in the binary representation of n. For example, e_{101}(21) = 2. The pattern sequence is the sequence (e_P (n))_{n≥0}.

We observe that the sequence a(n + 1) − a(n) has the following interesting representation as a sum of pattern sequences:

a(n + 1) − a(n) = 1 + e_1(n) − e_{10}(n) + ∑ i≥0 e_{10}i_{10}(n) − ∑ i≥0 e_{10}i_1(n) . The proof is left to the reader.

J. Propp [37] introduced the sequence (s(n))_{n≥0}, defined to be the unique monotone sequence such that s(s(n)) = 3n. The table below gives the first few terms:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

s(n) 0 2 3 6 7 8 9 12 15 18 19 20 21 22 23 24 25

It is Sloane and Plouffe’s sequence M0747 and Sloane’s sequence A003605. Patruno [33] showed that s(n) = n + 3^k, if 3^k ≤ n < 2 · 3^k; 3(n − 3^k), if 2 · 3^k ≤ n < 3^{k+1}.

This sequence is 3-regular, and satisfies the recurrence

s(3n) = 3s(n);

s(9n + 1) = 6s(n) + s(3n + 1); s(9n + 2) = 6s(n) + s(3n + 2); s(9n + 4) = 2s(3n + 1) + s(3n + 2); s(9n + 5) = s(3n + 1) + s(3n + 2);

s(9n + 7) = −6s(n) + 3s(3n + 1) + 2s(3n + 2); s(9n + 8) = −12s(n) + 6s(3n + 1) + s(3n + 2).

More generally, one can consider solutions to the equation a(a(n)) = dn for a fixed integer d ≥ 4. Elsewhere we show that the lexicographically least monotone increasing solution to a(a(n)) = dn is d-regular, and its first differences are d-automatic [5].

Example 5. The Hurwitz-Radon function. Every n ≥ 1 can be uniquely expressed as n = 2^{4a+b}u, where u is odd, and 0 ≤ b ≤ 3. In [27, p. 131], T. Y. Lam discusses the function ρ_F (n) = 8a + 2^b in connection with real periodicity and Clifford modules. The table below gives the first few terms of this sequence:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ρ_F (n) 1 2 1 4 1 2 1 8 1 2 1 4 1 2 1 9

Also see [43]. This function is 2-regular. It is Sloane and Plouffe’s sequence M0161 and Sloane’s sequence A003484.

Example 6. The Stanton-Kocay-Dirksen sequence. In [46], Stanton, Kocay, and Dirksen studied the sequence f(n), defined to be the cardinality of a certain set. More precisely, define the product of sets C, D to be CD = {cd : c ∈ C, d ∈ D}. Let A(n) = {1, 2, . . . , n}, and B = {2^i : i ≥ 0}; then we define f(n) := |A(n) \ (A(⌊n/2⌋)B)|.

They showed that f(0) = 0, and f(n) = f(n − 1) + (−1)^{ν2(n)} for n ≥ 1. They also introduced the functions F (n) = ∑ 1≤k≤n f(k) and R(n) = ∑ 1≤k≤n h(k), where h(k) is the alternating sum of the binary digits of i. More precisely, write k = ∑ i≥0 a_i(k)2^i, where each a_i is either 0 or 1; then h(k) := ∑ i≥0(−1)^ia_i.

Here is a brief table of these sequences:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

f(n) 0 1 0 1 2 3 2 3 2 3 2 3 4 5

F (n) 0 1 1 2 4 7 9 12 14 17 19 22 26 31

R(n) 0 1 0 0 1 3 3 4 3 3 1 0 0 1

h(n) 0 1 −1 0 1 2 0 1 −1 0 −2 −1 0 1

All of these sequences are 2-regular. For example, it is easy to see that the following relations hold:

f(4n) = f(4n + 2) = 2f(n) + f(2n); f(4n + 1) = f(4n + 3) = 2f(n) + f(2n + 1); h(2n) = −h(n); h(2n + 1) = 1 − h(n).

The sequence R(n) is Sloane and Plouffe’s sequence M2274 and Sloane’s sequence A005536. The sequence h(n) is Sloane’s sequence A065359.

From the recursion relations for h(n), the following relations follow easily:

R(2n + 1) = n + 1 − R(n) (n ≥ 0);

R(4n) = R(n) + 3R(n − 1) (n ≥ 1); R(4n + 2) = 3R(n) + R(n − 1) (n ≥ 1).

Combining these with the identity R(2n) = n − R(n) − R(n − 1) for n ≥ 1 demonstrates that (R(n))_{n≥0} is 2-regular.

Furthermore, R(n) is always non-negative, although it is not immediately obvious from the preceding identities. To prove this fact, first observe that R(n) = ∑ 0≤k≤n ∑ j≥0 (a_{2j}(k) − a_{2j+1}(k))

for n ≥ 0. To prove R(n) non-negative, it suffices to show that each of the sequences ∑ 0≤k≤n(a2j (k) − a2j+1(k)) is non-negative.

To see this, observe that

(a_{2j}(i))_{i≥0} = (0^r, 1^r)^ω, (7)

where r = 2^{2j} , the exponents in the right-hand-side of Eq. (7) denote repetitions, and comma denotes concatenation. Similarly,

(a_{2j+1}(i))_{i≥0} = (0^{2r}, 1^{2r})^ω .

It follows that

(a_{2j} (i) − a_{2j+1}(i))_{i≥0} = (0^r , 1^r, (−1)^r, 0^r)^ω.

Hence ∑ 0≤i≤n (a_{2j} (i) − a_{2j+1}(i)) n≥0 = (0^r, 1, 2, . . . , r, r − 1, r − 2, . . . , 2, 1, 0, 0^r )^ω.

The result now follows.

Example 7. Length of subgroup chains. Let G be a finite group. A subgroup chain of length m is a strictly descending chain of the form

G = G_0 > G_1 > · · · > G_m = 1.

Let ℓ(G) be the maximum possible chain length for G. In [7], L. Babai investigated ℓ(G) for G = S_n, the symmetric group on n letters. He conjectured that ℓ(S_n) = ⌈3n/2⌉ − s_2(n) − 1, where s_2(n) denotes the number of 1’s in the binary expansion of n. This conjecture was proved by Cameron, Solomon, and Turull [9]. The sequence ℓ(S_n) is 2-regular, as it is the sum of three sequences, each of which is 2-regular.

Example 8. The “odious” numbers. Consider the set B = {1, 2, 4, 7, 8, 11, 13, 14, 16, . . . } of integers containing an odd number of 1’s in their base-2 expansion. Let b_0 = 1 and in general, let b_i be the i’th smallest number in this set. See [38, p. 22]; [28]. For sets S ⊆ N define a function f : S ×N → N as follows: f_S : n → number of solutions to x + y = n, with x, y ∈ S. Then Lambek and Moser [28] showed that the sets B and A = N \ B have the property that f_A = f_B , and furthermore these are the only two complementary sets with this property.

The sequence (b_i)_{i≥0} is 2-regular, as it satisfies the following recurrence relations:

b_{4n} = −2b_n + 3b_{2n};

b_{4n+1} = −2b_n + 2b_{2n} + b_{2n+1};

b_{4n+2} = 2 3 b_n + 5 3 b_{2n+1};

b_{4n+3} = 6b_n − 3b_{2n} + 2b_{2n+1}.

Example 9. The Josephus problem. The Josephus problem is as follows: the numbers from 1 to n are written in a circle. Starting our count with the number 1, every 2nd number that remains is crossed off until only one is left. For example, if n = 7, then we cross off successively 2, 4, 6, 1, 5, 3 and we are left with 7. The “survivor” is denoted J(n). The first few values of J(n) are as follows: 1, 1, 3, 1, 3, 5, 7, 1, 3, 5, 7, 9, 11, 13, 15, · · · . It is Sloane and Plouffe’s sequence M2216 and Sloane’s sequence A006257.

This problem was discussed by Graham, Knuth, and Patashnik [21, pp. 8–16] who observed that J(2n) = 2J(n) − 1 and J(2n + 1) = 2J(n) + 1 for n ≥ 1. It follows that J(n) is 2–regular.

The same problem, where 2 is replaced by k and the result is the first uncrossedoff number encountered when there are only k−1 numbers left, does not appear to be k-regular in general. See [21, pp. 79–81].

We are grateful to P. Dumas for pointing out this example.

Example 10. Kimberling’s paraphrases. Kimberling [24] introduced the sequence (c(n))_{n≥1} 1, 1, 2, 1, 3, 2, 4, 1, 5, 3, 6, 2, 7, 4, 8, . . . which arose in his study of numeration systems. It follows from his paper that this sequence is (n/2^{ν2(n)} + 1)/2, which is a 2-regular sequence. It is Sloane and Plouffe’s sequence M0145 and Sloane’s sequence A003602. It has the pleasant property that deleting the first occurrence of each positive integer in the sequence leaves the sequence unchanged. In fact, it is easily verified that c(2n) = c(n) and c(2n − 1) = n for n ≥ 1.

Example 11. The Arkin-Arney-Dewald-Ebel sequences. In [6], the sequence 1, 1, 2, 2, 3, 4, 4, 4, 5, 6, 7, 8, 8, 8, 8, 8, 9, 10, . . . is studied. This sequence (F (n))_{n≥1} satisfies the recurrence F (2n) = 2F (n); F (2n + 1) = F (n) + F (n + 1). It is 2-regular, and is Sloane and Plouffe’s sequence M0277 and Sloane’ sequence A006165.

The same paper also discusses the sequence (G(n))_{n≥1} = 1, 1, 3, 3, 3, 3, 5, 7, 9, 9, 9, 9, 9, . . . which satisfies the recurrence G(3n) = 3G(n); G(3n + 1) = G(n + 1) + 2G(n); G(3n + 2) = 2G(n + 1) + G(n). This is 3-regular, and is Sloane and Plouffe’s sequence M2270 and Sloane’s sequence A006166.

Example 12. Cost of grid communications on the Connection Machine. In [49], A. Weitzman gave the following formula for F (n), the optimal cost of grid communication between two processors of distance n on the Connection Machine:

F (j) =

0, if j = 0; 1, if j is a power of 2; 1 + min(F (n − 2^k ), F (2^{k+1} − n)), if 2^k < n < 2^{k+1}.

It is Sloane and Plouffe’s sequence M0103 and Sloane’s sequence A007302.

Here is a brief table of this sequence:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

F (n) 0 1 1 2 1 2 2 2 1 2 2 3 2 3 2 2 1

This sequence has the following beautiful expansion as a sum of pattern sequences (see Example 4 for definition):

F (n) = e_1(n) − ∑ i≥0 e_{11(01)}i_1(n).

There is also a connection between F (n) and representation in base-2 using the digits 0, 1, ¯1, where ¯1 = −1. Define the weight of such a representation to be the number of non-zero terms. For example, 10¯101 is a representation for 13 of weight 3. Then it can be shown that F (n) is the minimum weight over all such representations for n.

Example 13. Sums of squares of digits. Porges [36] has discussed properties of the sequence b_k(n), defined as follows: let n = ∑ i≥0 a_ik^i, where 0 ≤ a_i < k, and set b_k(n) = ∑ i≥0 a^2_i . We have b_k(kn + a) = b_k(n) + a^2 for 0 ≤ a < k, and so it follows that this sequence is k-regular for all k ≥ 2.

Also see [47].

Example 14. The correlation of the Thue-Morse sequence. Define the correlation γ_f (h) of a sequence (f_n)_{n≥0} of complex numbers as follows:

γ_f (h) = lim_{N →∞} 1 N ∑ 0≤n<N f(n)f(n + h). if this limit exists. In the case where f_n = (−1)^{s2(n)}, the Thue-Morse sequence on symbols 1 and −1, Mahler [29] proved that γ_f (0) = 1, γ_f (2k) = γ_f (k), and γ_f (2k + 1) = −^1_2 (γ_f (k) + γ_f (k + 1)). It follows that the sequence γ_f (k) is 2-regular (with respect to Q and not Z). We are grateful to Michel Mendès France for pointing out this example.

Example 15. Kuczma’s sequences. Define f(0) = 0, f(2n + 1) = 2f(n) for n ≥ 0, and f(2n) = 2f(n) + 1 for n ≥ 1. Then f is 2-regular, and it is easy to show [25] that for n ≥ 1 we have f(n) = 2^{⌊log2 n⌋+1} − n − 1. In fact, f maps n to the number whose base-2 representation is obtained by changing every 1 to 0, and vice-versa, in the binary representation of n. It is Sloane’s sequence A035327.

Similarly, if we define define g(n) = f(f(n)), then we have

g(2n) = g(n);

g(4n + 3) = −2g(n) + 3g(2n + 1); g(8n + 1) = 4g(n) + g(4n + 1);

g(16n + 5) = −4g(2n + 1) + 4g(4n + 1) + g(8n + 5); g(16n + 13) = −8g(n) + 8g(2n + 1) + g(8n + 5);

and so (g(n))_{n≥0} is also 2-regular.

Finally, Kuczma defined r(n) to be the least non-negative integer i such that f^i(n) = 0, where f^i denotes the i-fold composition of f with itself. In other words, r(n) is the number of blocks of adjacent identical symbols in the base-2 representation of n. It is easy to see that

r(4n) = r(2n);

r(4n + 1) = r(2n) + 1; r(4n + 2) = r(2n + 1) + 1; r(4n + 3) = r(2n + 1);

and so (r(n))_{n≥0} is also 2-regular. It is Sloane and Plouffe’s sequence M0110 and Sloane’s sequence A005811.

Here are the first few values of these sequences.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

f(n) 0 0 1 0 3 2 1 0 7 6 5 4 3 2 1 0 15

g(n) 0 0 0 0 0 1 0 0 0 1 2 3 0 1 0 0 0

r(n) 0 1 2 1 2 3 2 1 2 3 4 3 2 3 2 1 2

The sequence r(n) has the following simple expansion as a sum of pattern sequences (see Example 4 for definition):

r(n) = e_1(n) + e_{10}(n) − e_{11}(n).

Example 16. The sparse space for Grundy’s game. In [22], the sequence (r_n)_{n≥0} is discussed:

0, 1, 6, 7, 10, 11, 12, 13, 18, 19, 20, 21, 24, . . .

These values are {n : s_2(⌊n/2⌋) ≡ 0 (mod 2)}. This sequence is 2-regular, and is Sloane and Plouffe’s sequence M4060 and Sloane’s sequence A006364. The complementary sequence (c_n)_{n≥0}:

2, 3, 4, 5, 8, 9, 14, 15, 16, 17, 22, 23, . . .

is also 2-regular.

Example 17. Counting overlap-free words over a binary alphabet. A word w is said to be overlap-free if it contains no subword of the form axaxa, where a is a single letter and x is a (possibly empty) word. For example,

alfalfa is not overlap-free (take a = a, x = lf), but overlap is. Cassaigne

[13] has shown that the sequence counting the number of overlap-free binary words is a 2-regular sequence.

Example 18. Bottomley’s sequence. Henry Bottomley proposed a sequence, Sloane’s A055562, [44], defined as follows: define a(0) = 2 and a(n) to be the least integer > a(n − 1) such that a(n) ≠ a(k) + a(k − 1) for all k with 1 ≤ k < n. An easy induction shows that a(2n) = 3n + 1 + (⌊log_2 n⌋ mod 2) for n ≥ 1 and a(2n + 1) = 3n + 3 for n ≥ 0. It follows that (a(n))_{n≥0} is 2-regular.

There is an interesting connection between this sequence and a sequence of Kimberling (Sloane’s sequence A022441). Let b(n) = a(n)+a(n−1) for n ≥ 1.

Then b(n) = 3n + 2 − (⌊log_2 n⌋ mod 2) for n ≥ 1. Furthermore, the sequences (a(n))_{n≥0} and (b(n))_{n≥1} are complementary, in the sense that {a(n) : n ≥ 0} ∪ {b(n) : n ≥ 1} = {2, 3, 4, . . . }.

Example 19. A counterexample sequence.

Many k-regular sequences have the property that their first differences (or, more generally, tth order differences for some t ≥ 0) are k-automatic. It might be thought the class of such sequences exhausts the k-regular sequences. But this is not the case. For example, consider the sequence u = (u_n)_{n≥0} defined by u_n = n, if n is a power of 2; 0, otherwise.

This sequence is k-regular since it satisfies the recurrence

a_{2n} = 2a_n a_{4n+1} = a_{2n+1} a_{4n+3} = 0.

Hence all its tth order differences Δ^tu are also k-regular. But Δ^tu is unbounded for all t and hence never k-automatic.

Example 20. Chang and Tsai’s recurrence.

Chang and Tsai [14] proved an interesting theorem on recurrences, which we reformulate as follows: Let a ≥ b ≥ 0 be integers. Then the solution to the recurrence S_n = min 1≤k≤n/2 (aS_{n−k} + bS_k) for n ≥ 2 is S_n = S_1 + (a + b − 1)S_1 ∑ 1≤i≤n−1 a^{e0(i)}b^{e1(i)−1}. Here e_P (n) is the pattern function introduced above in Example 4. Then (S_n)_{n≥1} is 2-regular for all integers a ≥ b ≥ 0.

Example 21. A recurrence from automata theory. In a recent paper [20] the second author and co-authors were led to study the recurrence given by V (1) = 1 and V (n) = s ( V (⌊n/2⌋) + V (⌈n/2⌉) ) for n ≥ 2.

They proved that if n = 2^a +b with 0 ≤ b < 2^a, then V (n) = 2bs^{a+1} +(2^a −b)s^a. It follows that (V (n))_{n≥0} is 2-regular. In fact, if V (0) = 0, this sequence satisfies the following relations for n ≥ 0:

V (2n) = 2sV (n) V (4n + 3) = (4s^3 − 2s^2)V (n) + (2s^3 + 3s)V (2n + 1) − 2sV (4n + 1) V (8n + 1) = (4s^3 − 2s^2)V (n) − sV (2n + 1) + (s + 1)V (4n + 1) V (8n + 5) = (4s^4 − 2s^3)V (n) + (2s^3 + 5s^2)V (2n + 1) − 2s^2V (4n + 1).

In the case s = 2, this is Sloane’s sequence A073121.

Example 22. Carlitz’s sequences related to Stirling numbers. Let {_n r } denote the Stirling numbers of the second kind, i.e., { n r } = 1 r! ∑ 0≤j≤r (−1)^{r−j} ( r j ) j^n.

Carlitz [10,11] defined

θ_0(n) := Card{r : { n 2r } is odd and 0 ≤ 2r ≤ n}

and later [12] ω_0(n) := θ_0(n + 2). Here is a brief table of this function:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ω_0(n) 1 1 2 1 3 2 3 1 4 3 5 2 5 3 4 1 5

(Carlitz’s table [11] contains an error for n = 14.)

Carlitz showed that [10] ∑ n≥0 ω_0(n)X^n = ∏ n≥0 (1 + X^{2n} + X^{2n+1} ).

It now follows that (ω_0(n))_{n≥0} is 2-regular. We have the relations

ω_0(2n + 1) = ω_0(n)

ω_0(4n) = −ω_0(n) + 2ω_0(2n) ω_0(4n + 2) = ω_0(n) + ω_0(2n).

In fact, ω_0(n) is just the famous Stern-Brocot sequence shifted by 1; it is Sloane and Plouffe’s sequence M0141 and Sloane’s sequence A002487.

More generally, for a prime p define θ_j (n) to be the number of Stirling numbers {_n k } , 0 ≤ k ≤ n, that are relatively prime to p and such that k ≡ j (mod p).

Define ω_j (n) = θ_j (n + p). Carlitz [12] showed that there exists a polynomial f of degree p(p − 1) such that if W_0(X) := ∑ n≥0 ω_0(n)X^n, then W_0(X) = ∏ n≥0 f(X^{pn} ).

It now follows from a result of Dumas [18, Thm. 24, p. 131] that (ω_0(n))_{n≥0} is a p-regular sequence.

Example 23. The “infinity series” of composer Per Nørgård. Danish composer Per Nørgård (1932–) used a particular mathematical sequence (c_n)_{n≥0}, called by some commentators the “infinity series”, in many of his music compositions. Here (c_n)_{n≥0} is defined by c_0 = 0, and for n ≥ 0 we have c_{2n} = −c_n, and c_{2n+1} = c_n + 1. The first few values of this sequence are given in the following table.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 c_n 0 1 -1 2 1 0 -2 3 -1 2 0 1 2 -1 -3 4 1 m_n G A♭ F♯ A A♭ G F B♭ F♯ A G A♭ A F♯ E B A♭ This is Sloane’s sequence A004718.

For example, the first 1024 notes of the second movement of his symphony Voyage into the Golden Screen (1968) are defined as follows: the n’th note of the composition m_n is the note offset by c_n halftones of the chromatic scale from G (sol). The sequence (c_n)_{n≥0} is 2-regular.

For further details, see [26] and the following web pages about Per Nørgård:

http://www.pernoergaard.dk/indexeng.html
http://www.pernoergaard.dk/eng/strukturer/uendelig/uintro.html
http://www.pernoergaard.dk/eng/strukturer/uendelig/ukonstruktion.html
http://www.pernoergaard.dk/eng/strukturer/uendelig/uhierarki.html

The second movement of Voyage into the Golden Screen is discussed at http://www.pernoergaard.dk/eng/udvalgte/111b.html

with music available at

http://www.pernoergaard.dk/ress/musexx/m1110356.mp3

The first 128 notes of the infinity series are available at

http://www.pernoergaard.dk/ress/musexx/mu01.mp3 .

Another 2-regular sequence appears in the so-called “rhythmic infinity system” of Nørgård [26].

Let the Fibonacci numbers (F_n)_{n≥0} be defined as usual by F_0 = 0, F_1 = 1, and F_n = F_{n−1} + F_{n−2}. Starting with the pair (c_0, c_1) = (F_{2n}, F_{2n+1}), perform the following operation n − 2 times:

• If a number F_i appears in an even-indexed position, replace it with (F_{i−2}, F_{i−1}) • If a number F_i appears in an odd-indexed position, replace it with (F_{i−1}, F_{i−2}) Kullberg illustrates this procedure in the case n = 5, as follows:

Fig. 2. Generating the rhythmic infinity series

The resulting sequence is of length 2^{n−1}. As n → ∞ we get a limiting sequence (a_i)_{i≥0}:

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 · · · a_i 3 5 8 5 8 13 8 5 8 13 21 13 8 13 8 5 8 13 · · · It can be shown that this sequence is 2-regular; see [42] for the details. It is Sloane’s sequence A073334.

5 k-regular two-dimensional arrays

It is also possible to define the notion of k-regular two-dimensional array. To do so, we need a generalize the notion of k-kernel which was provided by Salon [41]. The k-kernel of a two-dimensional array a = (a(m, n))_{m,n≥0} is defined to be the set {(a(k^em + a, k^en + b))_{m,n≥0} : e ≥ 0, 0 ≤ a, b < k^e}. Again, we say a is k-regular if the module generated by the k-kernel is finitely generated.

One way to generate k-regular two-dimensional arrays is suggested by the following theorem:

Theorem 14 Suppose a = (a_m)_{m≥0} and b = (b_n)_{n≥0} are k-regular sequences. Then (a_m + b_n)_{m,n≥0} and (a_mb_n)_{m,n≥0} are k-regular two-dimensional arrays.

Proof. By [2, Thm. 2.2] we have that the module generated by the k-kernel of a (resp. b) is generated by {(a_ki_{m+r})_{m≥0} : (i, r) ∈ S} (resp. {(b_kj_{n+s})_{n≥0} : (j, s) ∈ T }) for some finite set S (resp. T ). Then the k-kernel of (a_m +b_n)_{m,n≥0} is a subset of {(a_ki_{m+r} + b_kj_{n+s})_{m,n≥0} : (i, r) ∈ S, (j, s) ∈ T }. Similarly, the k-kernel of (a_mb_n)_{m,n≥0} is a subset of {(a_ki_{m+r}b_kj_{n+s})_{m,n≥0} : (i, r) ∈ S, (j, s) ∈ T }.

We now give two examples of k-regular two-dimensional arrays.

Example 24. Let r, s be non-negative integers with base-2 representation given by ∑ 0≤i<t ci2 i and ∑ 0≤i<t di2 i, respectively. Define the Nim-sum of two integers, r ⊕ s, to be the integer given by ∑ 0≤i<t((ci + di) mod 2)2 i ([50, p. 19], [17, Chapter 6], [8]). Consider the two-dimensional array N = (m ⊕ n)_{m,n≥0}. Here are the first few rows and columns of this array:

⊕ 0 1 2 3 4 5 6 7 8 9 0 0 1 2 3 4 5 6 7 8 9 1 1 0 3 2 5 4 7 6 9 8 2 2 3 0 1 6 7 4 5 10 11 3 3 2 1 9 7 6 5 4 11 10 4 4 5 6 7 0 1 2 3 12 13 5 5 4 7 6 1 0 3 2 13 12 6 6 7 4 5 2 3 0 1 14 15 7 7 6 5 4 3 2 1 0 15 14 8 8 9 10 11 12 13 14 15 0 1 9 9 8 11 10 13 12 15 14 1 0

It is easily seen that N is 2-regular, as we find

N[2i, 2j] = N[2i + 1, 2j + 1] = 2N[i, j] N[2i + 1, 2j] = N[2i, 2j + 1] = 2N[i, j] + 1.

Example 25. Let F be a field with characteristic ≠ 2. Define D_F (n) = {a ∈ F^∗ : a is a sum of n squares in F }. Pfister proved that there is a binary operation on N × N (N = {1, 2, 3, . . . }) such that D_F (r)D_F (s) = D_F (r ∘ s); see [43, pp. 250–252].

Here is a short table of the function ∘:

∘ 1 2 3 4 5 6 7 8 9 10 1 1 2 3 4 5 6 7 8 9 10 2 2 2 4 4 6 6 8 8 10 10 3 3 4 4 4 7 8 8 8 11 12 4 4 4 4 4 8 8 8 8 12 12 5 5 6 7 8 8 8 8 7 13 14 6 6 6 8 8 8 8 8 8 14 14 7 8 8 8 8 8 8 8 8 15 16 8 8 8 8 8 8 8 8 8 16 16 9 9 10 11 12 13 14 15 16 16 16 10 10 10 12 12 14 14 16 16 16 16

It can be shown using results of Pfister [34,35] that the operation ∘ satisfies the following identities:

2m ∘ 2n = 2(m ∘ n); (2m − 1) ∘ 2n = 2(m ∘ n); 2m ∘ (2n − 1) = 2(m ∘ n);

(2m − 1) ∘ (2n − 1) = 2(m ∘ n) − ( ( m + n − 2 m − 1 ) mod 2).

It follows that the infinite array (m ∘ n)_{m,n≥1} is 2-regular.

6 Recognizing a k-regular sequence

Some tips for recognizing an unknown sequence are given by Sloane and Plouffe [45]. The k-regular sequences form another easy-to-recognize class. Given a sequence s = (s_n)_{n≥0}, how can we determine if it is k-regular? Evidently no finite examination of the values of s will suffice. But in practice the following procedure often succeeds in deducing the k-regular relations for s from knowledge of the first few values. The basic idea is to construct a matrix in which the rows represent truncated versions of elements of the k-kernel, together with row reduction.

(1) Initialize the matrix to have as its single row the elements s_n, 0 ≤ n ≤ M, where M is an arbitrarily chosen upper limit. In practice one may start with M = 100.

(2) Now repeat the following step: if the subsequence (s(k^j n + c))_{n≥0} is not linearly dependent on the previous sequences, add the (s(k^j (kn + a) + c))_{n≥0} for 0 ≤ a < k as rows, using as many terms as you have. Decrease the number of columns of the matrix appropriately.

(3) As elements further out in the k-kernel are examined, the number of columns of the matrix that are known in all entries decreases. If rows that are previously linearly independent suddenly become dependent with the elimination of terms further out in the sequence, then no relation can be accurately deduced; stop and retry after computing more terms.

(4) When no more linearly independent sequences can be found, you have found hypothetical relations for the sequence. These can then be verified through induction or other means.

There are some variations possible on this procedure. For example, we may initialize our matrix to have two or more rows, in which all but the last correspond to known sequences such as the constant sequence 1; the last is reserved for the sequence you wish to analyze. This frequently results in much smaller lists of relations.

This procedure has been implemented in APL, and has discovered many sequences known or conjectured to be k-regular.

As an example, let us consider a sequence due to N. Strauss [48]. Define

r(n) = ∑ 0≤i<n ( 2i i ) ,

and, as above, let f(n) = ν_3(r(n + 1)) be the exponent of the highest power of 3 that divides r(n + 1). The following table gives the first few values of f:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

f(n) 0 1 2 0 2 3 1 2 4 0 1 2 0 3 4 2 3 5 1 2

Our k-regular sequence recognizer easily produced the following conjectured relations:

f(3n + 2) = f(n) + 2;

f(9n) = f(9n + 3) = f(3n); f(9n + 1) = f(3n) + 1;

f(9n + 4) = f(9n + 7) = f(3n + 1) + 1; f(9n + 6) = f(3n + 1).

With a little more work, one arrives at the conjecture

ν_3(r(n)) = ν_3(n^2 ( 2n n ) ), which we proved in 1989.

A beautiful proof of this identity using 3-adic analysis was later given by Don Zagier [51]. Zagier showed that if we set

F (n) = ∑ 0≤k<n (_{2k} k ) n^2 (_{2n} n ) ,

then F (n) extends to a 3-adic analytic function from Z_3 to −1 + 3Z_3, and can be evaluated at the negative integers as follows: F (−n) = − (2n − 1)!

(n!)^2 ∑ 0≤k<n (k!)^2 (k − 1)!

for n ≥ 0.

A heuristic k-regular sequence recognizer can produce many interesting conjectures. For example, let a(n) = ∑ 0≤k≤n ( n k )( n + k k ) .

Let b(n) = ν_3(a(n)). Then computer experiments strongly suggest:

b(n) = b(⌊n/3⌋) + (⌊n/3⌋ mod 2), if n ≡ 0, 2 (mod 3); b(⌊n/9⌋) + 1, if n ≡ 1 (mod 3).

This recurrence has been verified for 0 ≤ n ≤ 10, 000, but no proof of the conjecture is currently known.

7 Open Problems

In this section we list some open problems about k-regular sequences.

1. Prove or disprove: (⌊^1_2 + log_2 n⌋)_{n≥1} is not a 2-regular sequence.

Comment. Suppose a(n) = ⌊^1_2 + log_2 n⌋ is 2-regular. Define b(n) := a(n + 1) − a(n) for n ≥ 1. Then (b(n))_{n≥0} would be 2-automatic, and is over the alphabet {0, 1}. The 1’s in b are in positions c_1 = 1, c_2 = 2, c_3 = 5, c_4 = 11, c_5 = 22, c_6 = 45, c_7 = 90, etc. Then c_{i+1} − 2c_i is the i’th bit in the binary expansion of √ 2.

2. Suppose S and T are k–regular sequences and T (n) ≠ 0 for all n. Prove or disprove: if S(n)/T (n) is always an integer, then S(n)/T (n) is k–regular.

Comment. This is an analogue of van der Poorten’s Hadamard quotient theorem [39,40].

3. Prove or disprove: if a sequence (a(n))_{n≥0} is simultaneously k- and l-regular, where k and l are multiplicatively independent, then (a(n))_{n≥0} satisfies a linear recurrence.

Comment. This is an analogue of a famous theorem of Cobham [15] for automatic sequences.

4. Prove or disprove: if q is a polynomial taking integer values and p is a prime, then (ν_p(q(n)))_{n≥0} is either ultimately periodic or not p-regular.

Comment. If we understood, for example, the sequence ν_5(n^2 + 1), then we would understand the 5-adic expansion of √ −1. 5. Show that if S(n) is k–regular and unbounded, then it takes on infinitely many composite values.

6. Suppose (a(n))_{n≥0} is a k-regular sequence of integers such that a(n) is a perfect square for all n ≥ 0. Prove or disprove: (a(n)^{1/2})_{n≥0} is a k-regular sequence.

8 Acknowledgments.

We are grateful to N. J. A. Sloane, who in 1995 permitted us to use an electronic copy of his book with Plouffe [45]. Thanks to L. Babai for telling us about the paper of Cameron, Solomon, and Turull [9]. Thanks to Doug Morton for help with citation searches.

We are very grateful to Per Bak and Mikael Christensen for sharing their knowledge about Per Nørgård with us.

We thank G. Skordev for having suggested Example 22, and we thank the referee for helpful comments.

References

[1] J.-P. Allouche, M. Baake, J. Cassaigne, and D. Damanik. Palindrome complexity. To appear, Theoret. Comput. Sci., 2002.

[2] J.-P. Allouche and J. O. Shallit. The ring of k–regular sequences. Theoret.

Comput. Sci. 98 (1992), 163–197.

[3] J.-P. Allouche and J. O. Shallit. The ubiquitous Prouhet-Thue-Morse sequence.

In C. Ding, T. Helleseth, and H. Niederreiter, editors, Sequences and Their Applications, Proceedings of SETA ’98, pp. 1–16. Springer-Verlag, 1999.

[4] J.-P. Allouche and J. O. Shallit. Automatic Sequences: Theory, Applications, Generalizations. Cambridge University Press, 2003. In press.

[5] J.-P. Allouche, N. Rampersad, and J. O. Shallit. On integer sequences whose first iterates are linear. Manuscript in preparation, November 2002.

[6] J. Arkin, D. C. Arney, L. S. Dewald, and W. E. Ebel, Jr. Families of recursive sequences. J. Recreational Math. 22 (1990), 85–94.

[7] L. Babai. On the length of subgroup chains in the symmetric group. Commun.

Algebra 14 (1986), 1729–1736.

[8] E. R. Berlekamp, J. H. Conway, and R. K. Guy. Winning Ways for Your Mathematical Plays, Vol. 1. Academic Press, Toronto, 1982.

[9] P. J. Cameron, R. Solomon, and A. Turull. Chains of subgroups in symmetric groups. J. Algebra 127 (1989), 340–352.

[10] L. Carlitz. Single variable Bell polynomials. Collect. Math. 14 (1962), 13–25.

[11] L. Carlitz. A problem in partitions related to the Stirling numbers. Bull. Amer.

Math. Soc. 70 (1964), 275–278.

[12] L. Carlitz. Some partition problems related to the Stirling numbers of the second kind. Acta Arith. 10 (1965), 409–422.

[13] J. Cassaigne. Counting overlap-free binary words. In P. Enjalbert, A. Finkel, and K. W. Wagner, editors, STACS 93, Proc. 10th Symp. Theoretical Aspects of Comp. Sci., Vol. 665 of Lecture Notes in Computer Science, pp. 216–225. Springer-Verlag, 1993.

[14] K.-N. Chang and S.-C. Tsai. Exact solution of a minimal recurrence. Inform.

Process. Lett. 75 (2000), 61–64.

[15] A. Cobham. On the base-dependence of sets of numbers recognizable by finite automata. Math. Systems Theory 3 (1969), 186–192.

[16] A. Cobham. Uniform tag sequences. Math. Systems Theory 6 (1972), 164–192.

[17] J. H. Conway. On Numbers and Games. Academic Press, 1976.

[18] P. Dumas. Récurrences Mahlériennes, Suites Automatiques, Études Asymptotiques. Thèse de Doctorat, Université Bordeaux I, 1993. INRIA Rapport 952, available from

ftp://ftp.inria.fr/INRIA/publication/Theses/TU-0252/ .

[19] S. Eilenberg. Automata, Languages, and Machines, Vol. A. Academic Press, 1974.

[20] K. B. Ellul, J. Shallit, and M. w. Wang. Regular expressions: new results and open problems. In J. Dassow, M. Hoeberechts, H. Jürgensen, and D. Wotschke, editors, Descriptional Complexity of Formal Systems (DCFS), Pre-Proceedings, pp. 17–34. 2002. Technical Report No. 586, University of Western Ontario.

[21] R. Graham, D. E. Knuth, and O. Patashnik. Concrete Mathematics. Addison- Wesley, 1989.

[22] R. K. Guy. Impartial games. In R. K. Guy, editor, Combinatorial Games, Vol. 43 of Proc. Symp. Appl. Math., pp. 35–55. Amer. Math. Soc., 1991.

[23] R. Honsberger. Mathematical Gems III. Mathematical Association of America, 1985.

[24] C. Kimberling. Numeration systems and fractal sequences. Acta Arith. 73 (1995), 103–117.

[25] M. E. Kuczma. Problem 1922. Crux Math. 20 (1994), 74. Solution in 21 (1995), 62–64.

[26] E. Kullberg. Beyond infinity: On the infinity series — the DNA of hierarchical music. In A. Beyer, editor, The Music of Per Nørgård: Fourteen Intepretive Essays, pp. 71–93. Scolar Press, 1996.

[27] T. Y. Lam. The Algebraic Theory of Quadratic Forms. Benjamin, 1973.

[28] J. Lambek and L. Moser. On some two way classifications of integers. Canad.

Math. Bull. 2 (1959), 85–89.

[29] K. Mahler. The spectrum of an array and its application to the study of the translation properties of a simple class of arithmetic functions. Part Two: On the translation properties of a simple class of arithmetic functions. Journal of Mathematics and Physics 6 (1927), 158–163.

[30] P. Morton and W. Mourant. Paper folding, digit patterns, and groups of arithmetic fractals. Proc. Lond. Math. Soc. 59 (1989), 253–293.

[31] P. Morton and W. J. Mourant. Digit patterns and transcendental numbers. J.

Austral. Math. Soc. Ser. A 51 (1991), 216–236.

[32] B. Mossé. Reconnaissabilité des substitutions et complexité des suites automatiques. Bull. Soc. Math. France 124 (1996), 329–346.

[33] G. Patruno. Solution to problem proposal 474. Crux Math. 6 (1980), 198.

[34] A. Pfister. Zur Darstellung von �1 als Summe von Quadraten in einem Körper.

J. London Math. Soc. 40 (1965), 159–165.

[35] A. Pfister. Quadratische Formen in beliebigen Körpern. Inventiones Math. 1 (1966), 116–132.

[36] A. Porges. A set of eight numbers. Amer. Math. Monthly 52 (1945), 379–382.

[37] J. Propp. Problem proposal 474. Crux Math. 5 (1979), 229.

[38] J. Roberts. Lure of the Integers. Mathematical Association of America, 1992.

[39] R. Rumely. Notes on van der Poorten’s proof of the Hadamard quotient theorem: part I. In Séminaire de Théorie des Nombres, Paris 1986–87, Vol. 75 of Progress in Mathematics, pp. 349–382. Birkhäuser Boston, 1989.

[40] R. Rumely. Notes on van der Poorten’s proof of the Hadamard quotient theorem: part II. In Séminaire de Théorie des Nombres, Paris 1986–87, Vol. 75 of Progress in Mathematics, pp. 383–409. Birkhäuser Boston, 1989.

[41] O. Salon. Propriétés arithmétiques des automates multidimensionnels, 1989.

Thèse, Université Bordeaux I.

[42] J. Shallit. The mathematics of Per Nørgård’s rhythmic infinity system.

Submitted for publication, November 2002.

[43] D. B. Shapiro. Products of sums of squares. Exposition. Math. 2 (1984), 235– 261.

[44] N. J. A. Sloane. The on-line encyclopedia of integer sequences, 2002.

http://www.research.att.com/~njas/sequences/.

[45] N. J. A. Sloane and S. Plouffe. The Encyclopedia of Integer Sequences. Academic Press, 1995.

[46] R. G. Stanton, W. L. Kocay, and P. H. Dirksen. Computation of a combinatorial function. In C. St. J. A. Nash-Williams and J. Sheehan, editors, Proc. 5th British Combinatorial Conf., pp. 569–578. 1975. (= Congressus Numerantium 15).

[47] C. Stewart. Sums of functions of digits. Canad. J. Math. 12 (1960), 374–389.

[48] N. Strauss and J. Shallit. Advanced problem 6625. Amer. Math. Monthly 97 (1990), 252.

[49] A. Weitzman. Transformation of parallel programs guided by micro-analysis. In B. Salvy, editor, Algorithms Seminar, 1992–1993, pp. 155–159. Institut National de Recherche en Informatique et en Automatique, France, December 1993. Rapport de Recherche, No. 2130.

[50] A. M. Yaglom and I. M. Yaglom. Challenging Mathematical Problems with Elementary Solutions, Vol. II. Holden-Day, 1967. Translated by J. McCawley.

[51] D. Zagier. Solution to advanced problem 6625. Amer. Math. Monthly 99 (1992), 66–69.