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Algebraic preliminaries

A ∗-ring is a ring R with an anti-automorphism ι : r 7→ r∗ (i.e. linear,
(rs)∗ = s∗r∗) that is an involution (i.e. (r∗)∗ = r).

A ∗-algebra A is a ∗-ring, with involution ∗, that is an associative algebra
over a commutative ∗-ring R , with involution ′, and such that (ra)∗ = r ′a∗

for all r ∈R and a ∈A.

A ∗-homomorphism f :A→B between ∗-algebras is an algebra
homomorphism compatible with the involution i.e. f (a∗)= f (a)∗ for all
a ∈A.

Examples: any commutative ring with ι= identity is a ∗-ring (trivial
involution); the complex numbers with ι=conjugation are a ∗-ring, and
also a ∗-algebra over the reals (with trivial involution).
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Noncommutative probability spaces

In classical probability theory, complex-valued random variables are
measurable functions on a probability space (Ω,F,P), they form an algebra
over C. The expectation E(f )= ∫

Ω f dP de�nes a linear functional on

De�nition

A noncommutative probability space is a pair (A,Φ) where A is a unital
∗-algebra (over C) and Φ is a state on A: a ∗-homomorphism Φ :A→C

1 Φ is unital: Φ(1)= 1.

2 Φ is positive: for all a ∈A, Φ(aa∗)≥ 0.

The state is tracial if Φ(ab)=Φ(ba) for all a,b ∈A, and faithful if
Φ(aa∗)= 0 i� a= 0.
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Examples

1 Classical probability: Take A=⋂
1≤p<∞Lp(Ω,F,P,C), Φ= E, and ∗

as conjugation.

2 Matrices: Set A=Mn(C) and Φ= 1

n trace, with ∗ being the conjugate
transpose.

3 Random matrices: One can mix the previous examples, considering
the algebra A of Mn(C)-valued random variables, with state
Φ= 1

nEtrace and involution = conjugate transpose.

4 Quantum mechanics: In this case, the algebra A is a C∗-algebra i.e.
a ?-algebra that is also a Banach space, satisfying the identity
||xx∗|| = ||x ||2. By the GNS construction, A can be represented as a
norm-complete ∗-subalgebra of the space of bounded operators on a
Hilbert space H. The functional Φ is then given by a unit vector
h ∈H, as Φ(a)= 〈ah,h〉 (pure state). The self-adjoint elements are
interpreted as physical observables (operators with real spectrum).
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Random variables

De�nition

Let (A,Φ) be a noncommutative probability space. A (noncommutative)

random variable is a ∗-homomorphism j : B →A where B is a (unital)
∗-algebra. The state ϕj :=Φ◦ j on B is called distribution of j .

The �elementary� random variables are generated by a single element a ∈A
i.e. the algebra generated over C by 1 and a. The distribution of a is then
a linear map µa :C[X ]→C such that µa(P)=Φ(P(a)). The information in
µa is the collection of moments (Φ(an))n∈N.

Similarly, the distribution of a family of random variables (ai )i∈I ⊂A is a
map µa :C〈X1, ...,Xn〉→C such that µa(P)=Φ(P(a1, ..,an)), and it is
equivalent to the collection of mixed moments Φ(ai1 · · ·aip).

If a is selfadjoint element in a C∗-proba. space, µa can be identi�ed with a
compactly supported probability measure on R (comes from the spectral
theorem).
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Independence: Basic ideas

Loosely speaking, two random variables A→C and B →C are independent
if their joint distribution (i.e. of the ∗-subalgebra generated by A∪B) is
the product of their marginals. We will see that this idea has several
realizations in the noncommutative world i.e. there are several ways in
which the mixed moments Φ(ak1

1
bl1
1

. . .aknn blnn ) can depend of the moments
of the ai and bj .
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Categorical remarks

Let Ai be (non necessarily unital) associative algebra over C.

Their coproduct in the category of algebras is the free product

A1tA2 ≡A1∗A2 =
⊕
ε∈S

Aε1 ⊗·· ·Aεn ,

where S is the set of all �nite sequences ε= (ε1, · · ·εn) ∈ {1,2}n such that
two consecutive terms di�er.

For any pair of algebra homomorphisms j1 :B1 →A1 and j2 :B2 →A2, there
exists a unique morphism j1t j2 such that the following diagram commutes

B1 A1

B1tB2 A1tA2

B2 A2

←→ ι1

←→j1

←

→
ι1

← →j1tj2

←

→

ι2 ←→j2

← →ι2
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Natural products

A natural product in the category of ∗-algebras equipped with linear
functionals is a map ((A1,φ1),(A2,φ2)) 7→ (A1tA2,φ1äφ2) that satis�es:

1 Associativity: Under the natural identi�cation
(A1tA2)tA3

∼=A1t (A2tA3), one has (φ1äφ2)äφ3 =φ1ä(φ2äφ3).
2 Universality: for any ji :Bi →Ai , one has

(φ1 ◦ j1)ä(φ2 ◦ j2)= (φ1äφ2)◦ (j1t j2).
3 Normalization: (φ1äφ2)◦ ji =φi , for i = 1,2, and

(φ1äφ2)(ι1(a1)ι2(a2))= (φ1äφ2)(ι2(a2)ι1(a1))=φ1(a1)φ2(a2)

for any a1 ∈A1 and a2 ∈A2.

Theorem (Ben Ghorbal and Schürmann, Speicher, Muraki cf. [4])

There exist only �ve natural products: the tensor product ⊗, the free

product ?, the boolean product ¦, the monotone product B and the

anti-monotone product C.
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The natural products

Conventions: Given (ε1, ...,εn) in S, n≥ 2, introduce
V1 :=V1(ε) := { i |εi = 1 }, and similarly V2. Suppose given a1, ..,an in

A1tA2 such that for each k ∈ [n], we have ak = iεk (a
(εk )
k

) for some

a
(εk )
k

∈Aεk .

1 Tensor:

(φ1⊗φ2)(a1 · · ·an)=φ1(
→∏

k∈V1
a
(1)
k

)φ2(
→∏

l∈V2
a
(2)
l

).

2 Boolean:

(φ1 ¦φ2)(a1 · · ·an)=
∏
k∈V1

φ1(a
(1)
k

)
∏
l∈V2

φ2(a
(2)
l

).
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3 Free:

(ϕ1?ϕ2)(a1 · · ·an)=
∑

I⊂[n],I 6=[n]
(−1)n−|I |+1

(
(φ1?φ2)(

→∏
k∈I ak)

)∏
l 6∈I
φεl (a

(εl )
l

),

with (φ1?φ2)(
→∏
k∈;ak) := 1.

4 Monotone:

(φ1 Bφ2)(a1 · · ·an)=φ1(
→∏

k∈V1
a
(1)
k

)
∏
l∈V2

φ2(a
(2)
l

).

5 Anti-monotone:

(φ1 Bφ2)(a1 · · ·an)=
∏
k∈V1

φ1(a
(1)
k

)φ2(
→∏

l∈V2
a
(2)
l

).
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Independence

De�nition

Let (A,Φ) be a nc probability space. Variables i1 :A1 →A and i2 :A2 →A
are ä-independent if

Φ◦ (i1t i2)= (Φ◦ i1)ä(Φ◦ i2).

i.e. if the law of the joint A1tA2 is the ä-product of the marginal laws.

Example: Let us compute φ(a1a2a1a2a1), for ai ∈Ai , when A1 and A2 are

1 Tensor independent: φ1(a
3

1
)φ2(a

2

2
).

2 Boolean independent: φ1(a1)
3φ2(a2)

2.

3 Free independent: φ(a1a2a1a2a1)= ... 25−1 terms.

4 Monotone: φ(a3
1
)φ(a2)

2.

5 Anti-monotone: φ1(a1)
3φ2(a

2

2
).
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Free independence: alternative formulation

A family of unital ∗-subalgebras (Ai )i∈I of (A,Φ) is freely independent if
Φ(a1 · · ·an)= 0, whenever Φ(aj)= 0 for all j ∈ [n] and two consecutive
factors ai belong to di�erent algebras.

A family of subsets (Si )i∈I of (A,Φ) is freely independent if the algebras Ai

generated by {1}∪Si are freely independent.

To compute the moments of a product b1 · · ·bn of freely independent
noncentered elements, one considers �rst

Φ((b1−Φ(b1)1) · · ·(bn−φ(bn)1)),

which gives the product formula quoted before.
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Free groups

Let G be a discrete group. Let λ be the left regular representation of G on
`2(G ): λ(g)eh = egh, where eg are the canonical basis vectors of `2(G ).
The von Neumann algebra L(G ) is de�ned as the weakly closed linear
space generated by λ(G ); roughly speaking, operators

∑
g∈G cgλ(g) that

are bounded in `2. The trace/state is τ(
∑

g∈G cgλ(g))= ce , with e the
neutral element.

A family of subgroups (Gi )i∈I is group-theoretic free if there is no
non-trivial algebraic relation among the Gi i.e. g1 · · ·gn 6= e whenever all
gi 6= e and two consecutive factors belong to di�erent subgroups. Then, the
free independence of (λ(Gi ))i∈I in in (L(G ),τ) is equivalent to the group
theoretic freeness of (Gi )i∈I in G .

τ(λ(g1) · · ·λ(gn))= τ(λ(g1 · · ·gn︸ ︷︷ ︸
6=e

))= 0.

Problem: Is it possible to have L(Fn)∼= L(Fm) if N 6=m.
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Relation with random matrices

As before, AN =⋂
1≤p<∞Lp(Ω,F,P,Mn(C)), and ΦN(a)=N−1E(tr(a)).

Let AN and BN be symmetric matrices with i.i.d. entries that are
(0,N−1)-Gaussians. Then AN and BN are asymptotically free as N →∞,

lim
N→∞

ΦN((A
n1
N

− lim
M

tr(An1
M
) ·1)(Bm1

N
− lim

M
tr(Bm1

M
) ·1)

· · ·(Ank
N

− lim
M

tr(Ank
M
) ·1)(Bmk

N
− lim

M
tr(Bmk

M
) ·1))= 0. (1)

Holds in much more generality: matrices AN and BN with asymptotic
eigenvalue distribution (i.e. limM tr(Ak

M) exists for all k ∈N), independent,
BN with unitarily invariant distribution.
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Noncommutative probability theory

For each notion of independence, there is a notion of central limit theorem,
stochastic processes with independent increments (Brownian motion, Lévy
process...) and �quantum� stochastic calculus.
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Central Limit Theorems

Given a C∗-probability space (A,Φ), consider a sequence (ai )i≥1 of
self-adjoint elements (ai = a∗i for any i), identically distributed (same
moments), centered and normalized i.e. Φ(ai )= 0 and Φ(a2i )= 1 for all
i ≥ 1. Suppose that the variables are independent (for some of the notions
introduced above), and the mixed moments are bounded: for all n≥ 1,

sup
i1≥1,...,in≥1

|Φ(ai1 · · ·ain)| <∞.

Then for all k ≥ 0,

lim
n→∞Φ

((
a1+·· ·+anp

n

)k)
=

∫
R
xk dµ=:Mk ,

where the distribution µ is...
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Central Limit Theorems

...where the distribution µ is:

1 for tensor independence (commutative), the standard Gaussian
distribution (2π)−1/2 exp(−x2/2)dx , with moments M2k+1 = 0 and

M2k = (2k)!
2(k!) .

2 for free independence, the semicircle distribution on [−2,2],
(2π)−1

p
4−x21[−2,2](x)dx , with moments M2k+1 = 0 and

M2k = 1

k+1
(
2k
k

)
, the Catalan numbers.

3 for boolean independence, the symmetric Bernoulli distribution,
1

2
(δ−1+δ1), with moments M2k+1 = 0 and M2k = 1.

4 for monotone independence, the arc-sine distribution on [−p2,
p
2],

π−1(2−x2)−1/21(−p2,
p
2)(x)dx , with moments M2k+1 = 0 and

M2k = 2−k
(
2k
k

)
[3].
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Free entropy, free Fisher information

If X is a self-adjoint nc random variable with law µ on R, its free entropy is

χ(X ) :=
∫ ∫

log |s − t|dµ(s)dµ(t)+ 3

4
+ 1

2
log(2πe).

Among the centered variables with unit variance, the free entropy is
maximized by the semicircular law (2π)−1

p
4−x21[−2,2](x)dx .

Idea: an information theoretic proof of the free CLT: partial sums have
increasing entropy, and they convergence to the element S of maximum
entropy. See [2].

In�nitesimal theory: Introduce the Fisher information
Φ(X )= d

dtχ(X +p
tS). This equals 2

3

∫
(f (x))3dx when X has law f dx .

Then the entropy is

χ∗(X )= 1

2

∫ ∞

0

(
1

1+ t
−Φ(X +p

tS)

)
dt+ 1

2
log(2πe).
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Free Fisher information

If X is a classical, real-valued random variable with density p, its Fisher
information is

J(X )=
∫
(
p′

p
)2pdλ=

∥∥∥∥p′p
∥∥∥∥2
L2(R,pdλ)

.

If p has copact support, the score function s = p′/p is the adjoint of the
derivation −(d/dt)∗1. In other words,

∫
sqdλ=−∫ d

dt qdλ for any
polynomial q.

Similarly, one can introduce the derivation ∂X :B :B[X ]→B[X ]⊗B[X ] that
sends X to 1⊗1 and B to zero, and introduce the score function s(X :B)
through the condition

〈s(X :B),P〉 = 〈1⊗1,∂X :BP〉 = τ⊗τ(∂X :BP
∗)

for any P in B[X ]. Then J(X :B)= ∥∥s(X :B)
∥∥2
L2(M), where M is the

ambient nc proba. space.
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Shannon's conjecture

If (Xi )i∈N∗ is an i.i.d. sequence of square integrable random variables, then

H

(
X1+·· ·Xnp

n

)
is an increasing function of n. This was proved by Artstein et al in [1].

Later, Shlyakhtenko proved the analogous result in the free case: if (Xi )i
are freely independent, identically distributed random variables

n 7→χ

(
X1+·· ·Xnp

n

)
is monotonically increasing in n [5].

The key ingredient is a projection formula

s(X +Y :C)= EW ∗(C[X+Y ])s(X :C[Y ]).

This induces certain inequalities because the conditional expectation is a
contraction in L2.
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