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Introduction

The revolutionary work on knot invariants presented by Jones in the 1980s supposed a revolution
in knot theory, revealing a new class of invariants called quantum invariants, which revealed the
existence of interactions never before explored between low-dimensional topology and certain hith-
erto exotic algebraic structures such as Hopf algebras. These connections have since given rise to
a large number of interesting results and constructions in different branches of mathematics and
physics, such as quantum mechanics, statistical mechanics, quantum group theory or the theory
of Lie algebras. In this report we review three constructions that have arisen in this context: the
category of ribbon graphs, the oriented-framed skein category and the category of chord diagrams.

The category RibV of ribbon graphs over a ribbon category V and, in particular, the subcategory
of tangles, provides an appropriate algebraic structure for a family of low-dimensional topological
objects, the tangles, that generalise knots providing a suitable environment for a systematic study
of topological invariants. It is a category whose morphisms are isotopy classes of a certain type of
surfaces and which is universal among ribbon categories. Specifically, for any ribbon category V,
there is a uniquely determined functor

F : RibV Ñ V,

which connects the topological structure of ribbon graphs with the algebraic properties of the cate-
gories with the same name. The existence of this connection has interesting immediate consequences
since it allows us to obtain topological properties from the algebra by constructing invariants but
also, in the other way round, it allows us to deduce algebraic results from the topology of the
surfaces.

The second of the categories we will be interested in, the oriented-framed skein category OSpz, tq,
is directly connected to quantum groups. Quantum groups were introduced between 1983 and 1985
by Drinfeld and Jimbo, giving a precise mathematical formulation to the work of some physicists on
the Yang Baxter equation. Roughly speaking, they can be described as uniparametric deformations
of the enveloping algebra of semisimple Lie algebras. These algebras can be described in terms of
generators and relations. By modifying these relations in an appropriate way through the intro-
duction of a parameter q, it is possible to obtain new objects, which include the classical objects
as a particular case (by taking q “ 1 we recover the initial enveloping algebra) and which possess
interesting properties. One of these properties is the fact that their category of representations has a
ribbon category structure and can therefore be used in the study of topological invariants. Although
their combinatorial description is complicated, quantum groups admit a graphical representation
through diagrams that can be organised into a certain category, which turns out to be equivalent
to the quotient of the linearisation of the tangle category by certain skein relations.

The third object to be described is the category of chord diagrams, which has its origin in the
Vassiliev invariants of knots. These invariants were introduced around 1989 by Vassiliev and brought
out once again the deep connection between the theory of invariants of knots, Lie theory and
quantum theory. Vassiliev’s idea was to use singular knots with a finite number of self-intersections
to describe certain subspaces of linear combinations of knots. Using this description, a Vassiliev
invariant of degree n can be defined non-constructively as an invariant which cancels out in the
subspace represented by the singular knots with ą m self-intersections. The introduction of singular
knots produces a filtration in the space of linear combinations of isotopy classes of knots which is
compatible with the filtration of the vector space of all Vassiliev invariants and whose study is
sufficient for the understanding of all finite type invariants. It quickly follows that the invariant of
degree m of a knot with m double points depend only on the combinatorics of the self-intersection
points of singular knots. This combinatorics can be easily described in terms of diagrams on the circle
constructed by adding a series of chords connecting two points whose image is a self-intersection
point. In particular, each Vassiliev invariant produces a function on the space of linear combinations
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of chords diagrams which descends to the quotient A of this vector space modulo the so-called one-
term and four-term relations. The main result of Vassiliev’s theory states that the Vassiliev vector
space of invariants is isomorphic, as a filtered vector space, to the graded dual of A, where the
graduation comes from the number of chords. The proof of this result consists in the construction
of a certain invariant, the Kontsevich integral, which is universal in the sense that it captures all
finite type invariants and also all quantum invariants. The chord diagrams can be organised into
a category CD, which will be the object of study in the third section, that admits a structure of
symmetric infinitesimal category. The theory developed by Drinfeld shows that any such category
can be deformed into a larger category CDΦ which can be equipped with a ribbon structure using
the so-called Drinfeld associators. The universal property of the tangle category then establishes
the existence of a functor

F : RibCDΦ Ñ CDΦ

which turns out to be a generalisation of the Kontsevich invariant.

It follows from all this discussion that there are two ways to produce ribbon categories. The first,
through the category of representations of quantum groups, is explicit but unnatural. The second
construction, based on the existence of Drinfeld associators, is less explicit but more general and
conceptually clearer. It turns out that there is indeed a connection between both. Using again the
theory of Drinfeld associators, it is possible to obtain a ribbon category RepΦG from the category of
representations of a certain class of group G. In the same way that the category of representations
of the associated quantum group, RepqG is closely related to a quotient of the (ribbon) category of

tangles, it is possible to construct a functor F̄ : CDΦ Ñ RepΦG with the property that any invariant
constructed using the universal property of the category of tangles over RepΦG is obtained by
specialising an invariant F : RibCDΦ Ñ CDΦ. Finally, a fundamental theorem in quantum algebra
states the existence of an equivalence of ribbon categories

RepqG » RepΦG,

which establishes the link between the three categories we are going to study.
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1 The category of ribbon graphs

The discovery of the Jones polynomial in 1984 radically transformed the study of knot invariants, as
it revealed the existence of previously unexplored relationships between objects of low-dimensional
topology and certain abstract algebraic structures, relatively exotic until then. However, the set of
knots in R3 is too narrow to define interesting structures to exploit these interconnections. One way
to solve this difficulty is to consider the knots as part of a larger, well-structured object on which
sophisticated algebraic techniques can be properly applied. In particular, knots are a specific case
of a wider family of topological objects, the ribbon graphs, which can be organised into a category
defined from their elementary topological properties. It turns out that this category provides the
natural environment in which to explore the connections between low-dimensional topology and
certain interesting algebraic structures: it possesses a universal property that intimately connects
it to the ribbon categories. This connection can be exploited in two directions: on the one hand, it
produces a machinery for generating topological invariants; on the other hand, it allows one to use
surface topology to produce algebraic results, for example through the graph calculus on monoidal
categories that we will discuss in more detail later.

1.1 Ribbon categories

First of all, we introduce the algebraic background on which the rest of the constructions presented
in this report will be based. This is provided by the strict monoidal categories, which constitute
the most elementary natural example of “categories with additional structure”. Roughly speaking,
they are categories with a tensor product. When, in addition, they are equipped with braiding,
twist and duality, they give rise to particularly interesting objects in the construction of certain
topological invariants: the ribbon categories. The definition of these categories has been inspired,
to a large extent, by the Hopf algebras, which we briefly discuss in the appendix.

1.1.1 Strict monoidal categories. A tensor product in a category V is a covariant (bi)functor
b : V ˆ V Ñ V. In particular, we have the following identities

pf ˝ f 1q b pg ˝ g1q “ pf b gq ˝ pf 1 b g1q,

idV b idW “ idVbW ,

whenever they make sense.

Definition 1.1.1. A strict monoidal category is a category V endowed with a tensor product and
a distinguished object 1 P V, called the unit object, such that

pU b V q bW “ U b pV bW q, V b 1 “ V, 1b V “ V,

pf b gq b h “ f b pg b hq, f b id1 “ id1 b f “ f,

for all objects U, V,W and all morphisms f, g, h in V.

Strict monoidal categories are a particular case of (not necessarily strict) monoidal categories. The
general definition and main properties of these categories are given in the appendix.

A first example of strict monoidal category is provided by the category of tangles, that we will treat
in further detail in the next section:

Example 1.1.2 (A first definition of a category of tangles). An unoriented tangle is the image of a
piecewise smooth embedding f :

`

S1
˘\n

\ r0, 1s\m Ñ R2ˆ r0, 1s such that boundary point maps to
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boundary points and interior points maps to interior points. Points lying in R2ˆt0u are the inputs
of the tangle and those lying in R2 ˆ t1u are the outputs.

Figure 1: A tangle with 5 inputs and 3 outputs.

For any p, q ě 0, let T̃p,q be the set of all tangles which have p inputs and q outputs, all of them
lying in Rˆt0uˆt˘1u. Let Tp,q be the set of isotopy classes of elements of T̃p,q such that during the
isotopy the inputs and outputs stay in Rˆ t0u ˆ t˘1u and are not allowed to meet each other. We
can define a canonical multiplication map Tp,q ˆ Tq,r Ñ Tp,r by concatenating two representatives
of the isotopy classes such that the outputs of the first one coincides with the inputs of the second
one, and rescaling.

Figure 2: Concatenation of two tangles t1 P T4,4 and t2 P T4,2.

We define now the category of unoriented tangles up to isotopy as the category T whose objects are
nonnegative integers and, for every p, q P N, HomT pp, qq “ Tp,q. The composition is given by the
concatenation of tangles that we have defined above and, for each p P N, the identity idp P Tp,p is the
tangle consisting of p vertical segments. This category admits the following structure of monoidal
category: for each p, q P N, set pb q – p` q and, for each pair of tangles t1 P Tp,q, t2 P Tr,s, t1 b t2
is the class of isotopy of the union of two representatives of t1 and t2 in such a way that every
input/output of the first tangle is to the left of every input/output of the second one, as illustrated
in the following picture. We will discuss the details of this construction in later sections.

Figure 3: Tensor product of two tangles.
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1.1.2 Presentation of a strict monoidal category by generators and relations. One of
the most efficient ways to describe a group is by generators and relations. A similar formalism
works for strict monoidal categories, as we will see in this subsection.

Let V be a strict monoidal category and F a family of morphisms in V. We define words in the
alphabet F inductively in the following way:

• A word of rank 1 is a symbol f P F or a symbol idV where V is an object of V. For a word
a of rank 1, we denote xay the morphism in V represented by a. The only subword of such a
word is the word itself.

• Suppose that words of rank ď n has been already defined and that for every such a word a, we
have a morphism xay in V and a collection of subwords. Then, the words of rank ď n` 1 are
defined to be the symbols of the form a˝b, with a, b of rank ď n and sourcepxbyq “ targetpxayq,
and ab b, where a, b are words of rank ď n. We set xa ˝ by– xay ˝ xby and xab by– xayb xby.
By a subword of a ˝ b or ab b we mean the word itself or a subword of a or b.

Let tcj , djujPJ be a family of words in the alphabet F such that xcjy “ xdjy, for all j P J . We say
that a and b are equivalent in the alphabet F if there exists a finite sequence a “ a0, a1 . . . , ak “ b
such that, for each i “ 0, . . . k ´ 1, ai`1 is obtained from ai replacing a subword with another
subword such that either for some j P J these subwords are cj and dj , or the are the two sides of
one of the following relations:

pf ˝ gq ˝ h „ f ˝ pg ˝ hq, (M1)

f ˝ idspfq „ f, idtpfq ˝ f „ f, (M2)

idV ˝ idV „ idV , (M3)

pf b gq b h „ f b pg b hq, (M4)

id1 b f „ f, f b id1 „ f, (M5)

idV b idW „ idVbW , (M6)

pf b gq ˝ pf 1 b g1q „ pf ˝ f 1q b pg ˝ g1q, (M7)

where V,W are objects of V, f, f 1, g, g1, h are elements of F and spfq– sourcepfq, tpfq– targetpfq.

We write a „ b if the words a and b are equivalent and we say that xF : cj “ dj , j P Jy is a
presentation of V by generators and relations if

(i) F generates V, i.e., each morphism of V is equal to xay for some word a in the alphabet F ,
(ii) for any words a and b in the alphabet F , the equality xay “ xby holds if and only if a is

equivalent to b modulo the relations tcj “ djujPJ .

The following three lemmas will be useful in latter sections. We suppose that F is a collection of
morphisms in a strict monoidal category V. By equivalence of words, we mean equivalence modulo
de empty set of relations.

Lemma 1.1.3. If f1, f2, . . . , fn P F and the composition f1 ˝ f2 ˝ ¨ ¨ ¨ ˝ fn is defined, then for any
objects V,W P V, we have

pidV b f1 b idW q ˝ ¨ ¨ ¨ ˝ pidV b fn b idW q „ idV b pf1 ˝ ¨ ¨ ¨ ˝ fnq b idW .

Proof. For n “ 2, we have

pidV b f1 b idW q ˝ pidV b f2 b idW q „ rpidV b f1q ˝ pidV b f2qs b pidW ˝ idW q

„ pidV ˝ idV q b pf1 ˝ f2q b pidW ˝ idW q „ idV b pf1 ˝ f2q b idW .

The general case then directly follows by induction. �
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Lemma 1.1.4. If f : X Ñ U and g : V Ñ W are morphisms from F then the words pf b idW q ˝
pidX b gq and pidU b gq ˝ pf b idV q are equivalent.

Proof. We have

pf b idW q ˝ pidX b gq „ pf ˝ idXq b pidW ˝ gq „ f b g

„ pidU ˝ fq b pg ˝ idV q „ pidU b gq ˝ pf b idV q.

�

Lemma 1.1.5. Every word in the alphabet F is equivalent either to a word idV where V is an
object of V, or to a word of the form

pidV1 b f1 b idW1q ˝ pidV2 b f2 b idW2q ˝ ¨ ¨ ¨ ˝ pidVk b fk b idWk
q,

where k ě 1, fi P F and V1, . . . , Vk,W1, . . . ,Wk are objects of V.

Proof. By induction on the rank. The result is obvious for words of rank 1: if f P F , then
f „ id1b f b id1. Assume that the result is true for words of rank ď n and let a be a word of rank
ď n ` 1. Then either a “ b b c or a “ b ˝ c, where b and c are certain words of rank ď n. By the
induction hypothesis, we may assume that b and c are words of the form of the lemma.

The case a “ b ˝ c is obvious. Suppose that a “ bb c and neither b nor c are of the form idV . Let
b “ b1 ˝ ¨ ¨ ¨ ˝ bk and c “ c1 ˝ ¨ ¨ ¨ ˝ cl, where all bi and cj are words of the form idV b f b idW . Set
S “ sourcepbkq and T “ targetpc1q. Then

a “ bb c „ b ˝ pidSq
l b pidT q

k ˝ c „ pb1 b idT q ˝ ¨ ¨ ¨ ˝ pbk b idT q ˝ pidS b c1q ˝ ¨ ¨ ¨ ˝ pidS b clq.

Thus, a has the desired form. The cases where b “ idV and/or c “ idW are treated similarly. �

1.1.3 Strict braided monoidal categories. A braiding in a monoidal category V is a natural
family of isomorphisms

c “ tcV,W : V bW ÑW b V : V,W P Vu
such that

cU,VbW “ pidV b cU,W q ˝ pcU,V b idW q,

cUbV,W “ pcU,W b idV q ˝ pidU b cV,W q,

for all objects U, V,W P V. In particular, taking V “W “ 1 in the first identity, one has

cU,1 “ pid1 b cU,1b1q ˝ pcU,1,bid1q “ cU,1 ˝ cU,1.

Hence, cU,1 “ idU , and applying the same argument to the second equality, we also get c1,U “ idU ,
for all object U in V. Any braiding satisfies the Yang-Baxter identity :

pcV,W b idU q ˝ pidV b cU,W q ˝ pcU,V b idW q “ pidW b cU,V q ˝ pcU,W b idV q ˝ pidU b cV,W q,

for all U, V,W P V. This is proven algebraically in the appendix for an arbitrary monoidal category.

Definition 1.1.6. A strict braided monoidal category is a strict monoidal category V endowed with
a braiding.

If the braiding verifies
cW,V ˝ cV,W “ idVbW ,

for all objects V,W , we say that it is symmetric. Finally, it is straightforward to prove (cf. appendix)
that the reverse braiding

c̄V,W – c´1
W,V

is also a braiding.
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1.1.4 Duality in strict monoidal categories. We now introduce the notion of duality in a
strict monoidal category. To motivate this definition consider the category Vecfk of finite dimensional

vector spaces. Each V P Vecfk has a dual V ˚ P Vecfk . Fix a basis tviui and let tviui be its dual
basis. We have natural isomorphisms

evV : V ˚ b V Ñ k, vi b vi ÞÑ
@

vi, vi
D

δV : kÑ V b V ˚, 1 ÞÑ
ÿ

i

vi b v
i,

where x , y is the duality pairing. It is then straightforward to check that the following compositions
are equal to the identity:

V V b V ˚ b V V,

V ˚ V ˚ b V b V ˚ V ˚.

δV bidV idV bevV

idV ˚bδV evV bidV ˚

We can generalize theses objects and maps in the following way:

Definition 1.1.7. Let V be a strict monoidal category and V P V an object. A right dual to V is
an object V ˚ P V with two morphisms

bV : 1 Ñ V b V ˚,

dV : V ˚ b V Ñ 1,

such that the compositions

V V b V ˚ b V V,

V ˚ V ˚ b V b V ˚ V ˚.

bV bidV idV bdV

idV ˚bbV dV bidV ˚

are equal to idV and idV ˚ , respectively. These requirements are called rigidity axioms.

1.1.5 Twists. A twist in a strict monoidal category V is a natural family of isomorphisms

θ “ tθV : V Ñ V : V P Vu,

such that, for any two objects V,W P V, we have

θVbW “ cW,V ˝ cV,W ˝ pθV b θW q.

Using the naturality of the braiding, we may also write

θVbW “ cW,V ˝ pθV b θW q ˝ cV,W “ pθV b θW q ˝ cV,W ˝ cW,V .

We have seen that in a strict monoidal category c1,1 “ id1, so we have

θ1 “ θ1b1 “ θ1 b θ1 “ pθ1 b id1q ˝ pid1 b θ1q “ θ1 ˝ θ1,

Thus θ1 “ id1 by the invertivility of θ1.
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1.1.6 Definition of ribbon category. We are now ready to give the definition of a ribbon
category. One of the most important features about this constructions is that it allows a consistent
theory of traces and dimensions, as we will see in latter sections.

Definition 1.1.8. A ribbon category is a monoidal category V equipped with a braiding c, a twist
c and a duality p˚, b, dq verifying the following compatibility axiom:

pθV b idV ˚q ˝ bV “ pidV b θV ˚q ˝ bV ,

for all V P V.

1.2 Ribbon graphs and operator invariants

Roughly speaking, ribbon graphs are compact surfaces in R3 that can be obtained by gluing to-
gether three elementary pieces: bands, annuli and coupons. Labelling theses pieces by objects
and morphisms of a ribbon category V, ribbon graphs can be turned into a category RibV which
topologically encodes the algebraic properties of V.

1.2.1 Ribbon graphs and their diagrams. The first step in the construction of RibV consists
in giving formal definitions of the elementary pieces that we mentioned above and using then to
construct ribbon graphs. A band is a homeomorphic image of the square r0, 1s ˆ r0, 1s in R3. The
image of the segment t1{2u ˆ r0, 1s is called the core of the band and the images of r0, 1s ˆ t0u and
r0, 1s ˆ t1u are its basis. We will say that the band is directed if its core carries an orientation. An
annulus is a homeomorphic image of the cylinder S1 ˆ r0, 1s in R3. The core of the annulus is the
image of S1 ˆ t1{2u. The annulus is said to be directed if its core is oriented. A coupon is a band
with a distinguished base, called the bottom base of the coupon. The opposite based is said to be
the top one.

Figure 4: Directed band and directed annulus.

Definition 1.2.1. Let k, l be two non-negative integers. A pk, lq-ribbon graph is an oriented surface
Ω embedded in R2 ˆ r0, 1s and decomposed into an union of bands, annuli and coupons such that

(i) Ω intersects the planes R2 ˆ t0u and R2 ˆ t1u along the segments

tri´ 1{10, i` 1{10s ˆ t0u ˆ t0u : i “ 1, . . . , ku

and
trj ´ 1{10, j ` 1{10s ˆ t0u ˆ t1u : j “ 1, . . . , lu ,

which are the bases of certain bands of Ω. In the points of theses segments, the orientation of
Ω is determined by the pair of vectors p1, 0, 0q and p0, 0, 1q tangent to Ω;

(ii) other bases of bands lie on the bases of coupons; otherwise, bands, annuli and coupons are
disjoint;

(iii) the bands and annuli of Ω are directed.
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We will consider ribbon graphs up to isotopy. Precisely, by isotopy of ribbon graphs, we mean an
isotopy in the strip R2 ˆ r0, 1s constant on the boundary intervals and preserving the splitting into
annuli, bands and coupons as well as the directions of bands and coupons and the orientation of
the surface. By rotating an annulus around its core by the angle of π we get the same annulus with
the opposite orientation, so the orientations of annuli are then superfluous. On the other hand, the
orientation of bands and coupons determine a “preferred side” of the surface Ω.

Ribbon graphs allow a more manageable representation in terms of diagrams, which can be con-
structed as follows. Using isotopy, we can always deform a ribbon graph in such a way that coupons
and bans are parallel to the plane Rˆ t0u ˆ R and the projections of the cores in this plane are in
generic position, i.e., there are finitely many intersections, each intersection point has exactly two
preimages and the two tangent vectors are linearly independent. In the addition, we require that top
bases of coupons are represented on top of bottom bases. We will then say that the ribbon graph is
in generic position. Projecting bands and annuli onto their cores and R2 ˆ r0, 1s onto Rˆ t0u ˆR,

and labelling each intersection by or , we obtain a representation of the ribbon graph by a

diagram which determines it up to isotopy.

Figure 5: A ribbon graph and its diagram.

The only ambiguity comes from the fact that bands may be twisted several times along its cores.
However, both positive and negative twists in a band are isotopic to curls which go parallel to the
plane, as shown in Figure 6.

Figure 6: Twisted bands are isotopic to cursl.

1.2.2 The category of v-coloured ribbon graphs. Let now V a strict monoidal category with
duality. Labelling bands and annuli by objects and coupons by morphism of V, we will construct
the category RibV which will be key in latter sections to matching the topology of ribbon graphs
with the algebra of ribbon categories. Precisely, a ribbon graph is said to be coloured if each band
and each annulus of the graph is equipped with an object of V. This object is called the colour of
the band or annulus.

Let Ω be a coloured ribbon graph. Let Q be a coupon of Ω and let V1, . . . , Vm be the colours of

10



the bands incident to the bottom base of Q, enumerated in the order induced by the orientation
of Ω restricted to Q. Let W1, . . . ,Wn be the colours of the bands intersecting the top base of Q,
encountered in the order induced by the opposite orientation of Q. For each i “ 1, . . . ,m, define εi
by

εi “

"

`1, if the band coloured by Vi is directed “out” of Q,
´1, otherwise.

Similarly,

νj “

"

´1, if the band coloured by Wj is directed “out” of Q,
`1, otherwise.

A colour of the coupon Q is an arbitrary morphism

f : V ε1 b ¨ ¨ ¨ b V εm
m ÑW ν1

1 b ¨ ¨ ¨ bW νn
n ,

where we set V `1 :“ V and V ´1 :“ V ˚, for every object V of V. A ribbon graph is v-coloured over
V if it is coloured and coupons are provided with colours as above. Again, we will consider colored
ribbon graphs up to isotopy. By isotopy of coloured (resp. v-coloured) ribbon graphs, we will mean
colour-preserving isotopy. We are now ready to define the category RibV .

Definition 1.2.2. The category RibV of v-colored ribbon graphs is the category defined by the
following data:

• Objects: finite sequences ppV1, ε1q, . . . , pVm, εmqq, where V1, . . . , Vm are objects of V, and
ε1, . . . , εm P t`1,´1u.

• Morphisms: given two sequences η, η1 as above, a morphism f : η Ñ η1 is a v-coloured ribbon
graph such that η and η1 are the sequences of colours and directions of those bands meeting the
bottom and top boundary intervals, respectively, with ε “ 1 corresponding to the downwards
direction and ε “ ´1 corresponding to the upwards direction of the bands.

Composition of morphisms is obtained is obtained by stacking one ribbon graph on the other, i.e.,

f ˝ g “
f
g

, and the identity morphisms are represented by ribbon graphs which have no annuli

and no coupons, and consists of untwisted vertical bands.

This category is endowed with an structure of strict monoidal category by defining the tensor
product on objects by juxtaposition and the tensor product of two morphisms f and g by placing
a v-coloured graph representing f to the left of a v-coloured ribbon graph representing g.

1.2.3 Presentation of RibV by generators and relations. An important subcategory of
RibV is provided by ribbon tangles. A ribbon tangle is a ribbon graph containing no coupons.
The category of v-coloured ribbon tangles is thus the subcategory of RibV with the same objects
and whose morphisms are ribbon graphs containing no coupons. Diagrams representing morphisms
in this category are called tangle diagrams. These diagrams consist basically of oriented strands
connecting different points of Rˆ t0u ˆ t0, 1u.

The isotopy invariance allows us to deform the diagrams to obtain other equivalent diagrams, for
example by bending or stretching one of the strands. There are, however, a number of pathological
situations that cannot be solved using isotopy. First of all, remember that each strand represents
a band in the ribbon graph, so loops cannot be eliminated by simply stretching the strand (this
would produce a twist in the corresponding band). On the other hand, if the two ends of a strand
are at the same height, it is inevitable that the strand will have a “maximum” or a “minimum”.
Finally, two strands cannot intersect, so crossings between them cannot be resolved by an isotopy
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that leaves the endpoints fixed. Around one of these pathological points, the tangle diagrams “look
like” one of the morphisms in the following list:

ÓV–

V

; ÒV–

V

; ϕV –

V

; ϕ1V –

V

;

XV –
V

; X
´
V –

V
; YV –

V
; Y

´
V –

V
;

X`V,W –

W V

; X´V,W –

W V

; Y `V,W –

W V

; Y ´V,W –

W V

;

Z`V,W –

W V

; Z´V,W –

W V

; T`V,W –

W V

; T´V,W –

W V

.

We will see that, in effect, any tangle diagram can be obtained by composition and tensor product
of morphisms from this list.

Given a tangle diagram D, we call height function of D the restriction πD of the projection π :
R ˆ r0, 1s Ñ r0, 1s, px, yq ÞÑ y, to D. The extremal points of πD and the crossing points of D are
the singular points of the diagram. A generic tangle diagram is a tangle diagram such that:

(i) the set of the extremal points of πD and the set of crossing points of D are disjoint;
(ii) there is a finite number of singular points;
(iii) the heights of two different singular points are different;
(iv) πD is non-degenerate in all extremal points.

With this definition we exclude points of the following nature:

Figure 7: Examples of “pathological” point in tangle diagrams.

Since we are considering diagrams up to isotopy, it is clear that every tangle diagram is equivalent to
a generic one, obtained applying a small deformation on it. Let D be such a generic diagram. The
number of singular points is finite and they lie at different heights, so we can take a partition 0 “
x0, x1, . . . , xr “ 1 of the unit interval such that there is at most one singular point in Rˆ rxi´1, xis,
for each i “ 1, . . . r. Cutting the strip Rˆr0, 1s along the lines Rˆtxiu, i “ 0, . . . r, we can decompose
the tangle diagram into a composition of tangle diagrams containing at most one singular point, as
the following picture suggests:

12



Figure 8: Decomposition of a generic tangle diagram.

Taking into account that generic points are either crossings or extremal points, it is now straight-
forward to see that every block in the previous decomposition is obtained as a finite tensor product
of some of the morphisms that we listed at the beginning of the paragraph (except ϕV and ϕ1V ).

The general case of ribbon graphs, eventually with some coupons, can be treated in a similar
way. Isolating coupons as we have just done with singular points, we can decompose any diagram
representing a ribbon graph into simpler pieces containing at most one coupon or one singular
point. An elementary ribbon graph is a ribbon graph consisting of one coupon and a set of unlinked
untwisted vertical bands incident to this coupon.

Figure 9: Elementary ribbon graph.

The discussion above shows that the list of elementary morphisms together with elementary ribbon
graphs provides with a full set of generators. Moreover, some of them are superfluous, since they
can obtained by composition and tensorization of the rest. Indeed, we have the following equalities:

Y
´
V “ pÒV bϕ

1
V q ˝ Z

`
V,V ˝ YV ,

X
´
V “ XV ˝ Z

´
V,V ˝ pϕVb ÒV q,

Y ν
V,W “ pXVb ÓW b ÒV q ˝ pÒV bX

ν
W,Vb ÒV q ˝ pÒV b ÓW bYV q,

T νV,W “ pXVb ÒW b ÒV q ˝ pÒV bY
ν
W,Vb ÒV q ˝ pÒV b ÒW bYV q,

where ν P t´1,`1u. The right-hand side of the above relations is represented in Figure 10 for ν “ 1.
A similar graphical argument works for the other cases.
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Figure 10: Graphical representation of the decomposition of Y´V , X´V , Y `V,W and T`V,W .

All in all, we have proven the following lemma:

Lemma 1.2.3. The coloured ribbon tangles

Xν
V,W , Z

ν
V,W , ϕV , ϕ

1
V ,YV ,XV

where V,W runs over objects of V and ν runs over t`1,´1u generate the category of ribbon tangles.
The same ribbon tangles together with all elementary v-coloured ribbon graphs generate RibV . �

Recall from paragraph 1.1.2 that a presentation by generators and relations for a monoidal category
V consists of a collection F of morphisms together with a family of relations such that any morphisms
of V can be written as a word in the elements of F (cf. subsection 1.1.2 for a precise definition of
word) and two words represent the same morphism if and only if they are connected by a finite
string of words obtained by substituting one letter by another one which is equivalent modulo the
relations.

We center again on the subcategory of ribbon tangles. We claim that the following is a list of
fundamental relations for the tangles from lemma 1.2.3:

pÒW bX`U,V q ˝ pX
`
U,Wb ÓV q ˝ pÓU bX

`
V,W q “ pX

`
V,Wb ÓU q ˝ pÓV bX

`
U,W q ˝ pX

`
U,Vb ÓW q, (R1)

ÓV“ pÓV bXV q ˝ pYVb ÓV q, (R2)

ÒV“ pXVb ÒV q ˝ pÒV bYV q, (R3)

X´V,W “ pX`W,V q
´1, (R4)

ϕ1V “ pϕV q
´1, (R5)

Xν
V,W ˝ pÓV bϕW q “ pϕWb ÓV q ˝X

ν
V,W , (R6)

ZνV,W “

”

pXWb ÓV b ÒW q ˝ pÒW bX´νV,Wb ÒW q ˝ pÒW b ÓV bYW q

ı´1
, (R7)

pϕV q
2 “ pXVb ÓV q ˝ pÒV bX

`
V,V q ˝ pZ

`
V,Vb ÓV q ˝ pYVb ÓV q. (R8)

In the proof of lemma 1.2.3, we gave an explicit method to assign a word to a given ribbon tangle.
Indeed, if D is a tangle diagram with no singular points, we can associate to D the word apDq “ idV ,
for some object of V. On the other hand, if D has n ě 1 singular points, we take n´ 1 horizontal
lines in R ˆ r0, 1s in such a way that there is exactly one singular point between two consecutive
lines. This singular point is a crossing or an extremal point of the hight function, so the graph
locally looks like one of the preferred diagrams that we presented at the beginning of this section.
Strands not containing this point are isotopic to vertical lines. Hence, the part of the diagram lying
between two adjacent horizontal lines is a morphism of RibV of the form idV bf b idW , where V,W
are objects and f is represented by one of the aforementioned morphisms. Writing f in terms of
the generators presented in lemma 1.2.3, we get a word representing the part of the diagram lying
between two lines. We assign to the diagram D the composition apDq of these n words written
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down from the left to the right in the order of decreasing height. It is clear that the corresponding
morphism xapDqy in RibV is the isotopy class of D.

In order to prove that the set of relations listed above is a fundamental set of relations, we shall
show that two words in the generators from lemma 1.2.3 representing isotopic ribbon tangles are
equivalent modulo these relations. The theory of ribbon tangles widely generalizes the theory of
framed knots and links. The following well-known theorem of knot theory characterizes isotopy of
framed links in terms of transformations of link diagrams:

Theorem 1.2.4 (Reidemeister’s theorem). Two link diagrams in R2 represent isotopic framed links
in R3 if and only if they may be related by an ambient isotopy of the plane and a finite sequence of
moves Ω0,Ω2,Ω3 of the same type as those represented in picture 11. �

Figure 11: Reidemeister moves.

The proof of Reidemeister’s theorem involves examining how a certain deformation on an arc of a
link changes its diagram. This argument is entirely local to arcs of the link. In particular, it does not
depend on the fact that those arcs are part of a circle or an interval, so the theorem extends to the
setting of tangles. The same works when we introduce colours and directions, so the Reidemeister’s
theorem gives a method to check whether two ribbon tangles are isotopic or not by inspecting their
diagrams.

The proof that (R1) - (R8) is a fundamental set of relations comes now to show that, under
transformations of a tangle diagram consisting of Reidemeister moves and/or ambient isotopies
of Rˆr0, 1s constant on the boundary of the strip, the word associated with the diagram is replaced
by an equivalent one.

The Reidemeister move Ω2. Considering directions, we have the following eight oriented versions
of the second Reidemeister move Ω2:

Figure 12
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where, in each diagram, we let ε and η be different elements of
!

,
)

.

Given two diagrams D and D1 such that D1 is obtained from D by an application of one of these
moves, we shall show that apDq „ apD1q. Note that Reidemeister moves of type Ω2 involve only
two consecutive singular points, so they modify only two consecutive blocks in the decomposition
of Rˆ r0, 1s into horizontal bands that we use to compute words. These two blocks are of the form
idV b f b idW and idV b gb idW , where f, g P tXν

U,Q, Y
ν
U,Q, Z

ν
U,Q, T

ν
U,Q : ν “ 0, 1u, for some objects

U, V,W and Q. We have then to show that

pidV b f b idW q ˝ pidV b g b idW q „ idV b idU b idQ b idW .

However, lemma 1.1.3 allows us to write

pidV b f b idW q ˝ pidV b g b idW q „ idV b pf ˝ gq b idW ,

which reduces the problem to prove that f ˝ g „ idU b idQ, i.e., we can suppose, without loss of
generality, that D and D1 are the simple diagrams represented in Figure 12.

We examine the first three cases where ε “ and η “ . The rest can be treated in an

analogous way. For the first graph, we directly have from (R4) that

X`V,W ˝X´W,V „ X`V,W ˝ pX`V,W q
´1 “ idWbV “ÓW ÓV .

In the second case, the resulting graph for our choice of ω and η is Z´V,W ˝Y
`
W,V . It follows from the

proof of lemma 1.2.3 that the related word is

Z´V,W ˝ pXWb ÓV b ÒW q ˝ pÒW bX`V,Wb ÒW q ˝ pÒW b ÓV bYW q,

which is equivalent to ÒW Ó V by (R7). The third diagram is Y ´V,W ˝ Z`W,V and the same argument
works. The ideas for the fourth diagram are the same, but the computations are tedious since they
involve longer words. A pictorial argument for this case is given in [8, section I.4.4.].

We give some ideas of the proof for Reidmeister moves of type Ω3 and ambient isotopies. For further
details and a complete proof refer again to [8, sections I.4.5. to I.4.6.].

The Reidemeister move Ω3. The third Reidemeister move involves three strands and captures
the idea that when one of them goes over or under the other two, we can move it to both sides of
the crossings without changing the isotopy type of the ribbon tangle represented by the diagram.
This move is represented schematically in Figure 13 where each symbol A,B,C stands for one of
the crossings Xν

V,W , Y
ν
V,W , Z

ν
V,W , T

ν
V,W , where ν P t´1,`1u and V,W are objects of V.

Figure 13

We will say that a triple pA,B,Cq is compatible if one of the strands goes over or under the other
two and the directions and colours of A,B,C are induced by a choice of colour and orientation for
each strand. Example of triples which are not compatible are given if figure 14.
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Figure 14: Non compatible triples.

For each compatible triple pA,B,Cq, we may replace the crossing points in Figure 13 by the cor-
responding graphical representation of A,B,C, giving rise to two tangle diagrams DpA,B,Cq
and D1pA,B,Cq. We will say that a compatible triple is good if apDpA,B,Cqq is equivalent to
apD1pA,B,Cqq. Hence, proving that a Reidmeister move of type Ω3 produces an equivalent word
comes to prove that all compatible triples are good. We will only address here the case where A,B
and C are of type Xν to give an idea of how that can be proven.

Consider first the involution A ÞÑ A in the set of crossings tXν
V,W , Y

ν
V,W , Z

ν
V,W , T

ν
V,W u defined by

symmetry on the vertical axis, as shown in the following picture:

Figure 15: Symmetry on crossings.

Note that the diagrams of the form A ˝ A and A ˝ A are exactly those concerned by the second
Reidemeister move. Composing DpA,B,Cq and D1pA,B,Cq from above by C b | and from below
by |bC and applying a move of type Ω2, we get D1pB,A,Cq and DpB,A,Cq, respectively, as shown
in Figure 16.

Figure 16: DpA,B,Cq „ D1pB,A,Cq.

The preceding argument shows that if pA,B,Cq is a compatible triple, then pB,A,Cq is compatible
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too. Moreover, if pA,B,Cq is good, we have

a
`

D1pB,A,Cq
˘

„ a
`

C b |
˘

˝ a pDpA,B,Cqq ˝ a
`

| b C
˘

„ a
`

C b |
˘

˝ a
`

D1pA,B,Cq
˘

˝ a
`

| b C
˘

“ a
`

DpB,A,Cq
˘

,

i.e., the triple pB,A,Cq is also good. The same argument can be applied to show that the compati-
bility and goodness of pB,A,Cq imply those of pA,B,Cq, and we can prove similarly that pA,B,Cq
is good if and only if pA,C,Bq.

Now consider the case where A,B,C are crossings of type Xν , with ν “ ˘1. Replacing if necessary
pA,B,Cq by pA,C,Bq or pB,A,Cq we may always suppose that the signs ν of the first and the
third element of the triple coincide. This forces the second element of the triple to have also the
same sign. If this common sign is ν “ `1, we have

a pDpA,B,Cqq “ pÓU bX
`
W,V q ˝ pX

`
W,Ub ÓV q ˝ pÓW bX`V,U q

„ pX`V,Ub ÓW q ˝ pÓV bX
`
W,U q ˝ pX

`
W,Vb ÓU q “ a

`

D1pA,B,Cq
˘

,

where the equivalence between the two words follows from (R1). Otherwise, ν “ ´1, and we get

apDpA,B,Cqq “ pÓU bX
´
W,V q ˝ pX

´
W,Ub ÓV q ˝ pÓW bX´V,U q

„ pÓU bX
`
V,W q

´1 ˝ pX`U,Wb ÓV q
´1 ˝ pÓW bX`U,V q

´1

„

”

pÓW bX`U,V q ˝ pX
`
U,Wb ÓV q ˝ pÓU bX

`
V,W q

ı´1

„

”

pX`V,Wb ÓU q ˝ pÓV bX
`
U,W q ˝ pX

`
U,Vb ÓW q

ı´1

„ pX´V,Ub ÓW q ˝ pÓV bX
´
W,U q ˝ pX

´
W,Vb ÓU q “ apD1pA,B,Cqq,

where the first and the fourth equivalence are a consequence of (R4), the second one is trivial and
the third one is given by (R1).

The rest of the cases are trickier, but the details are given in [8].

Ambient isotopies. As mentioned before, we consider ambient isotopies of R ˆ r0, 1s constant
on the boundary. We can think of such an isotopy as a continuous deformation of the tangle
diagram keeping the endpoints of every strand fixed. We have to show that two generic diagrams
connected by such a transformations are represented by equivalent words. These deformations of
tangle diagrams will affect singular points so, at a given instant of time, a situation may arise in
which two singular points are “instantaneously” at the same height, a crossing “instantaneously”
coincides with an extremal point of the height function or new singular points are generated or
annihilated when bending or stretching a strand. Thus, isotopic generic diagrams may be obtained
from each other by a finite sequence of the following transformations:

(A1) an isotopy in the class of generic diagrams;
(A2) an isotopy interchanging the order of two singular points with respect to the height function;
(A3) birth or annihilation of a pair of local extrema;
(A4) isotopies shown in Figure 17.

Figure 17
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Transformations of type (A1) do not modify the configuration of the set of singular points so they
do not change the word at all. The result for transformations of type (A2) is a direct consequence
of lemma 1.1.4. The argument for transformations of type (A3) depends on the orientation of the
strands. The simplest case is represented in Figure 18, which is nothing but the graphical analogous
of (R3).

Figure 18

The rest of transformations of type (A3) and transformations of type (A4) involve Reidemeister
moves and some sophisticated transformations of diagrams which are better explained graphically.
The details are given in [8, section I.4.6.]

The Reidemeister move Ω0. We finally treat the first transformation depicted in Figure 11. In
this case, we have to show that

apϕV q ˝ apϕ
1
V q “ apϕ ˝ ϕ1V q „ idV ,

apϕ1V q ˝ apϕV q “ apϕ ˝ ϕ1V q „ idV .

We have

apϕV q “ pXVb ÓV q ˝ pÒV bX
`
V,V q ˝ papY

´
V qb ÓV q

“ pXVb ÓV q ˝ pÒV bX
`
V,V q ˝

´”

pÒV bϕ
1
V q ˝ Z

`
V,V ˝ YV

ı

b ÓV

¯

„ pXVb ÓV q ˝ pÒV bX
`
V,V q ˝ pÒV bϕ

1
Vb ÓV q ˝ pZ

`
V,Vb ÓV q ˝ pYVb ÓV q

„ pXVb ÓV q ˝

´

ÒV b

´

X`V,V ˝ pϕ
1
Vb ÓV q

¯¯

˝ pZ`V,Vb ÓV q ˝ pYVb ÓV q

„ pXVb ÓV q ˝

´

ÒV b

´

pÓV bϕ
1
V q ˝X

`
V,V

¯¯

˝ pZ`V,Vb ÓV q ˝ pYVb ÓV q

„ pXVb ÓV q ˝
`

ÒV b ÓV bϕ
1
V

˘

˝ pÒV bX
`
V,V q ˝ pZ

`
V,Vb ÓV q ˝ pYVb ÓV q

„ ϕ1V ˝ pXVb ÓV q ˝ pÒV bX
`
V,V q ˝ pZ

`
V,Vb ÓV q ˝ pYVb ÓV q

„ ϕ1V ˝ ϕV ˝ ϕV

„ ϕV ,

where the first equality holds by definition of a; the second one by the decomposition of Y´V given
in the proof of lemma 1.2.3; the first equivalence follows from (M3) and (M7); the second one from
(M7); the third one is a combination of (R4), (R5) and (R6); the fourth one is a consequence of (M3)
and (M7); the fifth one can be obtained from (M5) and (M7); and the two last are a consequence
of (R8) and (R5), respectively.

Applying the same arguments one shows that

apϕ1V q „ ϕ1V ˝ pXVb ÓV q ˝ pÒV bX
´
V,V q ˝ pZ

`
V,Vb ÓV q ˝ pYVb ÓV q.

Representing graphically the right-hand side of the last equation and applying the Reidemeister
move Ω2 and an ambient isotopy, we get
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a
`

ϕ1V
˘

„ ϕ1V ˝ a

¨

˚

˚

˚

˚

˝

V

˛

‹

‹

‹

‹

‚

„ ϕ1V ˝ a

¨

˚

˚

˚

˚

˝

V

˛

‹

‹

‹

‹

‚

“ ϕ1V ˝ idV „ ϕ1V .

The claim now follows straightforward from the previous computations and (R5).

We summarize the all the information presented above in the following lemma:

Lemma 1.2.5. Relations (R1)-(R8) form a complete set of relations between the generators of the
category of coloured ribbon tangles presented in lemma 1.2.3. �

To generalize this result to the category RibV , we need to introduce new relations involving elemen-
tary ribbon graphs. The idea is the same as in the case of ribbon tangles: we describe an isotopy of
ribbon graph through a finite sequence of transformations connecting their respective ribbon graphs
and we show that these transformations translates into an equivalence between the associated words
modulo the desired relations.

Let Ω and Ω1 be two ribbon graphs and let D and D1 be two diagrams representing them. Coupons
are then parallel to a vertical plane in such representations. In the course of the isotopy, they
move as solid rectangles so, in particular, they describe a loop in SOp3q. We may visualize this by
thinking of every coupon as having three ortogonal axis attached to its center; the position of these
axis will change as we deform Ω into Ω1, so that at each time they represent the element of SOp3q
(the rotation taking the initial reference system into the reference system at time t). Since the
coupons are in generic position in both D and D1, the final configuration of the axis coincides with
the initial one so, indeed, we have a loop in SOp3q with base point the identity. All such loops may
be deformed into SOp2q (cf. remark 1.2.7), which implies that we may deform the initial isotopy
into a another isotopy between Ω and Ω1 that keeps all coupons parallel to the plane. Moreover,
since the fundamental group of SOp2q is generated by a 2π-rotation, we may relate Ω and Ω1 by a
composition of isotopies of the following two types: (i) isotopies keeping the bases of all coupons
horizontal and (ii) isotopies rotating a coupon in the plane by the angle of 2π.

Now suppose that D and D1 are two diagrams representing graphs connected by an isotopy of the
first type. In the regions where no coupon is present, diagrams are modified as in the case of tangle
diagrams, while in a neighbourhood of a coupon the only possible changes are to push a strand
of diagram under or over the coupon, as shown in Figure 19. Hence, isotopies of type (i) may be
presented as compositions of the following transformations:

1. ambient isotopies of the strip Rˆ r0, 1s constant at the boundary,
2. Reidemeister moves Ω0, Ω2 and Ω3,
3. pushing a strand of the diagram over or under a coupon.

Figure 19

Note that in Figure 19 we have represented only the case where the strand in question is oriented
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downwards. This is general enough, since the case where it is oriented upwards can be obtained
by combining ambient isotopies, Reidemeister moves and the case represented above. This can be
done as in Figure 20.

Figure 20

On the other hand, suppose that D and D1 are connected by an isotopy rotating a coupon by the
angle of 2π, as shown in the following diagram:

Figure 21

But we can push the strands incident to the top (bottom) face over (under) the coupon as follows:

Figure 22

As the picture suggests, he result of this movement is an elementary coupon with a full right-hand
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twist of the bunch of the top bands and a left-hand twist of the bunch of the bottom bands. All
in all, isotopies rotating a coupon may be presented at the level of diagrams as a composition of
isotopies keeping the bases horizontal and movements relating the following two graphs:

Figure 23

This discussion together with the arguments given for the case of tangle diagrams imply the following
result:

Lemma 1.2.6. Relations (R1)-(R8) together with the relations presented in Figure 20 and Figure
23 form a complete set of relations between the generators of the category RibV listed in lemma
1.2.3. �

Remark 1.2.7. In the previous description of isotopies of ribbon graphs, we claimed that any loop
in SOp3q with basepoint the identity may be deformed into a loop in SOp2q. Indeed, any element
of SOp3q is represented by a point of the ball Bπp0q “ tpx, y, zq P R3 : x2 ` y2 ` z2 “ π2u. The
direction of the vector pointing from the origin gives the axis of the rotation and the length of
this vector gives its angle. In particular, the identity map is represented by the origin. Moreover,
antipodal points gives raise to the same element of SOp3q so we have an homeomorphism

SOp3q – Bπp0q{„ – RP 3,

where „ is the equivalence relation whose classes are pairs of antipodal points. On the other hand,
SOp2q can be identified with the subset of SOp3q obtained by fixing one direction, i.e., SOp2q the
projection of one diameter on Bπp0q, and it is clear that every loop based at the origin can be
deformed into a loop contained in this diameter.

1.2.4 The Reshetikhin-Turaev functor. In the first subsection, we introduced the concept
of ribbon categories based on the elementary “blocks” that make up its structure: braiding, twist
and duality. On the other hand, all the work we have done so far in the second subsection has
resulted in a decomposition of the elements of the ribbon graph category through their presentation
by generators and relations. Let us now see how we can relate these two decompositions, through
the construction of a functor F : RibV Ñ V that matches the topology of ribbon graphs with the
algebraic properties of monoidal categories.

Theorem 1.2.8. Let V be a strict monoidal category with braiding c, twist θ, and compatible
duality p˚, b, dq. There exists a unique covariant functor F : RibV Ñ V preserving tensor product
and satisfying the following conditions:
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(i) F ppV,`1qq “ V and F ppV,´1qq “ V ˚;
(ii) for any objects V,W P V, we have

F
´

X`V,W

¯

“ cV,W , F pϕV q “ θV , F pYV q “ bV , F pXV q “ dV ;

(iii) for any elementary v-coloured ribbon graph Γ, F pΓq “ f , where f is the colour of the only
coupon of Γ.

We call the morphism F pΩq the operator invariant of Ω.

Proof. We start noting that, since F is a covariant functor, we have

F pÓV q “ idV , F pÒV q “ idV ˚ , F

ˆ

Ω
Ω1

˙

“ F pΩq ˝ F pΩ1q,

for any two composable v-coloured ribbon graphs Ω and Ω1. On the other hand, we recall that a
complete set of generators for RibV is given by the morphisms

Xν
V,W , Z

ν
V,W , ϕV , ϕ

1
V , YV , XV ,

where ν P t`1,´1u and V,W runs over the objects of V, together with elementary v-coloured
ribbon graphs. If a functor F as in the theorem exists, then its image over the generators is
uniquely determined by conditions (ii) and (iii), relations (R4), (R5) and (R7), and the fact that F
preserves the tensor product. This implies the uniqueness.

To prove the existence of F we have to show that any two words representing a given morphism
are sent to the same object by F , which is equivalent to prove that F preserves the relations from
lemma 1.2.6.

Applying F to both sides of (R1) we recover the Yang-Baxter equation for strict monoidal categories
that we introduced in paragraph 1.1.3. The images of (R2) and (R3) are nothing but the rigidity
axioms of duality (cf. definition 1.1.7) and that of (R6) follows from the naturality braiding. We
impose relations (R4), (R5) and (R7) to get the images of ϕ1V , X´V,W ,. Z`V,W and Z´V,W , for any
objects V,W of V.

In order to check relation (R8), let us express F pZ`V,W q and F pZ´V,W q in a more suitable way.
Consider the following commutative diagram:

V “ V b 1 V bW bW ˚ W b V bW ˚

V “ 1b V W bW ˚ b V W bW ˚ b V.

idV bbW

idV

cV,WbidW˚

cV,WbW˚ idWbcV,W˚

bWbidV

Commutativity of the left square follows from the naturality of the braiding and the fact that
cV,1 “ idV . Commutativity of the right square follows from the definition of braiding. Thus,

bW b idV “ pidW b cV,W˚q ˝ pcV,W b idW˚q ˝ pidV b bW q.

Multiplying the left-hand side of this equation by idW˚ and composing with dW b idW˚ b idV , we
have

pdW b idW˚ b idV q ˝ pidW˚ b bW b idV q

“ rpdW b idW˚q ˝ pidW˚ b bW qs b idV “ idW˚ b idV ,
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by the properties of the tensor product and the rigidity axioms of duality. Doing the same thing on
the right-hand side, we get

pdW b idW˚ b idV q ˝
“

idW˚ b pidW b cV,W˚q ˝ pcV,W b idW˚q ˝ pidV b bW q
‰

“ pdW b idW˚ b idV q ˝ pidW˚ b idW b cV,W˚q ˝ pidW˚ b cV,W b idW˚q ˝ pidW˚ b idV b bW q

“ cV,W˚ ˝ rpdW b idV b idV ˚q ˝ pidW˚ b cV,W b idW˚q ˝ pidW˚ b idV b bW qs.

A similar argument applied to the diagram

W ˚ b V bW V bW ˚ bW V b 1 “ V

W ˚ bW b V W ˚ bW b V 1b V “ V

idW˚bcV,W

cV,W˚bidW

cV,W˚bW

idV bdW

idV

dWbidV

shows that the expression in brackets in the last equation is c´1
V,W˚ . But the inverse of that bracket

is exactly the image by F of the right-hand side of (R8) with ν “ ´1, which coincides with F pZ´V,W q

by construction. All in all, we have that F pZ´V,W q “ cV,W˚ . Applying this to the reverse braiding,

we get F pZ`V,W q “ c´1
W˚,V .

We are now ready to check (R8). Let V be an object of V. We have to show that

θ2
V “ pdV b idV q ˝ pidV ˚ b cV,V q ˝ pc

´1
V ˚,V b idV q ˝ pbV b idV q

holds. Using the naturality of the twist and the fact that θ1 “ id1, we have

bV “ bV ˝ θ1 “ θVbV ˚ ˝ bV “ cV ˚,V ˝ cV,V ˚ ˝ pθV b θV ˚q ˝ bV .

The compatibility axiom of θ implies that pθbθV ˚q˝bV “ pθ
2
V b idV ˚q˝bV , so the preceding equality

reads
`

θ2
V b idV ˚

˘

˝ bV “ c´1
V,V ˚ ˝ c

´1
V ˚,V ˝ bV .

Multiplying the left-hand side from the right by idV and composing with idV b dV we have

pidVbdV q ˝
`

pθ2
V b idV ˚q ˝ bV

˘

b idV

“ pidV b dV q ˝ pθ
2
V b idV ˚ b idV q ˝ pbV b idV q

“ pidV ˝ θ
2
V q b pdV ˝ pidV ˚ b idV qq ˝ pbV b idV q

“ pθ2
V ˝ idV q b pid1 ˝ dV q ˝ pbV b idV q

“ θ2
V ˝ pidV b dV q ˝ pbV b idV q “ θ2

V .

Doing the same on the right-hand side and using the explicit computation of c´1
V,V ˚ that we found

in the previous paragraph, one gets the right-hand side of the relation (R8). Explicit computations
are omitted since they are quite tedious but similar to what we have just done.

Let’s now verify the relation in V obtained from the relation in Figure 19. First, note that we
may suppose that all the bands intersecting the coupon are directed downwards. Indeed, if one of
these bands is directed upwards we may replace its color by the corresponding dual and change the
direction of the core. We get like this a new ribbon graph whose image by F is the same as the
initial one, so it gives rise to the same relation in V.

Every crossing in Figure 19 corresponds to a ribbon generator Xν
V,W . We treat first the case ν “ 1.

Let f : U1 b ¨ ¨ ¨ b Un Ñ V1 b ¨ ¨ ¨ b Vm be the colour of the coupon and let W be the color of the
long band. Applying F to the ribbon graph results in the following equality:

pidV1 b ¨ ¨ ¨ b idVn´1 b cW,Vnq ˝ ¨ ¨ ¨ ˝ pcW,V1 b idV2 b ¨ ¨ ¨ b idVnq ˝ pidW b fq

“ pf b idW q ˝ pidU1 b ¨ ¨ ¨ b idUm´1 b cW,Umq ˝ ¨ ¨ ¨ ˝ pcW,U1 b idU2 b ¨ ¨ ¨ b idUmq.
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Now the axioms for the braiding in strict monoidal categories exactly say that the following two
v-coloured graphs correspond to the same morphism in V:

Figure 24

Applying it repeatedly to both sides of the relation in Figure 19, one finds that the corresponding
relation in V is equivalent to

cW,V1b¨¨¨bVn ˝ pidW b fq “ pf b idW q ˝ cW,U1b¨¨¨bUm ,

which holds by the naturality of c.

The case ν “ 1 is proven by the same argument applied to the reverse braiding.

Finally, we check the relation in V arising from Figure 23. Denote by rpV1, . . . , Vnq the full right-hand
twist appearing in that relation and let us prove by induction that

F prpV1, . . . , Vnqq “ θV1b¨¨¨bVn .

If n “ 1, then rpV1q “ ϕV1 and F prpV1qq “ F pϕV1q “ θV1 . Assume the result for n ě 2. Set
V “ V1 b ¨ ¨ ¨ b Vn´1 and W “ Vn and note that

rpV1, . . . , Vnq “ X`W,V ˝X
`
V,W ˝ prpV1, . . . , Vn´1qq b rpVnqq .

Applying F to this equality, we get

F prpV1, . . . , Vnqq “ cW,V ˝ cV,W ˝ pF prpV1, . . . , Vn´1qq b F prpVnqqq

“ cW,V ˝ cV,W ˝ pθV b θW q

“ θVbW “ θV1b¨¨¨bVn ,

where the second equality holds by the induction hypothesis and the third one by the axioms of the
twist. Applying the same argument to the left-hand twist lpU1, . . . , Umqq, we get that

F plpU1, . . . , Umqq “ θ´1
U1b¨¨¨bUm

.

Supposing as above that all the bands are directed downwards, the identity in V corresponding to
the relation in Figure 23 has the form

θV1b¨¨¨b¨Vn ˝ f ˝ θ
´1
U1b¨¨¨bUm

“ f.

This identity follows directly from the naturality of twist in V. �

Corollary 1.2.9. The functor F has the following properties:

F pX´V,W q “ c´1
W,V , F pY `V,W q “ c´1

W,V ˚ , F pY ´V,W q “ cV ˚,W q,

F pZ`V,W q “ c´1
W˚,V , F pZ

´
V,W “ cV,W˚ ,

F pT`V,W q “ cV ˚,W˚ , F pT´V,W q “ c´1
W˚,V ˚ , F pϕ

1
V q “ θ´1

V ,

where V,W are objects of V.
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Proof. Some cases have already been treated in the proof of the previous theorem. The rest are
similar. �

The functor Reshetikhin-Turaev functor may be regarded from several viewpoints. Firstly, it yields
to isotopy invariants of v-coloured ribbon graphs. By definition, the morphisms of RibV are isotopy
classes of ribbon graphs so two graphs Ω and Ω1 representing the same isotopy class will verify
F pΩq “ F pΩ1q. Secondly, it elucidates the important the role of ribbon categories in the construction
of isotopy invariants. Finally, it renders rigorous the graphical calculus in ribbon categories that we
explain below.

1.3 From topology to algebra: graphical calculus in ribbon categories

The formalism introduced in the previous section provides a very powerful tool for producing identi-
ties in ribbon categories. The idea should now be clear: we can represent each morphism in a strict
monoidal category V by the diagram of a ribbon graph which is in its preimage by F . Applying
transformations on such a diagram which do not alter the isotopy class of the corresponding graph,
and using F to descend back to the category V, we obtain a new algebraic expression which is
associated to the same isotopy class and which must therefore be equal to the initial expression. We
will apply this technique to prove some properties about the quantum trace and dimension, that
we will define later in this section.

1.3.1 Basic rules of graphical calculus. Let us develop this ideas further. Let V be a ribbon
category. We use the symbol

.
“ to indicate that two diagrams represent ribbon graphs produce the

same arrow in V. We can represent a morphism f : U Ñ V in V by the diagram

Figure 25

Using the composition in RibV , we get the following equivalent representations for the composition
of two morphisms f : U ÑW and g : W Ñ V in V

Figure 26

A morphism f : U1 b ¨ ¨ ¨ b Um Ñ V1 b ¨ ¨ ¨ b Vn is represented by
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Figure 27

and the tensor product of two morphisms f b g by

Figure 28

The identity arrow of V will be represented by a vertical arrow ÓV directed downwards. Using the
isotopy invariance, one gets

Figure 29

which is nothing but a graphical expression of the identity

f b g “ pf ˝ idq b pid ˝ gq “ pid ˝ fq b pg ˝ idq.

The braiding and each inverse are represented by

Figure 30

for each pair of objects U, V P V, so we obviously have
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Figure 31

and we can expressed pictorially the naturality of the braiding as

Figure 32

where f : U Ñ U 1 and g : V Ñ V 1 are morphisms in V. As for duality, the identity map of V
will represented by a vertical arrow ÒV pointing upwards and coloured by V . The duality maps are
given by

Figure 33 Figure 34

Finally, the rigidity axioms are represented by

Figure 35 Figure 36

The following result, that we prove using graphical calculus, allows us to identify canonically V and
V ˚˚:
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Corollary 1.3.1. For any object V of V, the object V ˚˚ is canonically isomorphic to V .

Proof. Let Ω – pX
´
Vb ÒV ˚q ˝ pÓV bbV ˚q and Ω1 – pdV ˚ b idV q ˝ pÒV ˚ bY

´
V q be the v-coloured

ribbon graphs corresponding to the following diagrams:

Figure 37

Note that F pΩq P HomVpV, V
˚˚q and F pΩ1q P HomVpV

˚˚, V q. The following graphical argument
shows that F pΩ1q ˝ F pΩq “ idV :

Figure 38

The first and the last equalities come from the functoriality of F ; in the second one, we deform
the ribbon graph by isotopy; for the third one, we change the direction of the band between the
two coupons and recolour it by V ˚, and we delete the coupons coloured by the identity. A similar
argument shows that F pΩq ˝ F pΩ1q “ idV ˚ , so F pΩq is an isomorphism between V and V ˚˚. �

Using this identification and the definition of RibV and the functor F , we can write
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Figure 39

for every morphism f : U˚ Ñ V ˚.

1.3.2 More results on duality. We use the rules of graphical calculus that we have just
described to prove some more properties of duality that will be useful in latter sections. The
following result shows that duality is compatible with the tensor product:

Corollary 1.3.2. For any objects V,W of V, the objects W ˚ b V ˚ and pV bW q˚ are canonically
isomorphic.

Proof. It suffices to note that the operator invariants associated to the following v-coloured ribbon
graphs are mutually inverse:

Figure 40

�

If V is a strict monoidal category, then EndVp1q is a commutative monoid. Indeed, for any f, g P
EndVp1q,

f ˝ g “ pf b id1q ˝ pid1 b gq “ f b g “ pid1 b gq ˝ pf b id1q “ g ˝ f.

We then have:

Corollary 1.3.3. The morphisms bV : 1 Ñ 1˚ and dV : 1˚ Ñ 1 are mutually inverse isomorphisms.

Proof. By the previous corollary and the properties of the unit object, we have

1˚ “ 1˚ b 1 – 1˚ b 1˚˚ – p1˚ b 1q˚ “ 1˚˚ – 1.

On the other hand, by the axioms of duality,

pidV b dV q ˝ pbV b idV q “ idV ,

30



for every object V of V. In particular, taking V “ 1, we have d1 ˝ b1 “ id1. Finally, this equality
and the previous remark imply that, for any isomorphism g : 1 Ñ 1˚,

`

g´1 ˝ b1
˘

˝ pd1 ˝ gq “ pd1 ˝ gq ˝
`

g´1 ˝ b1
˘

“ d1 ˝ b1 “ d1.

Composing with g to the left and with g´1 to the right, we get b1 ˝ d1 “ id1˚ . �

Let f : U Ñ V be a morphism in a monoidal category with duality. The transpose f˚ : V ˚ Ñ U˚

is defined by
f˚ “ pdV b idU˚q ˝ pidV ˚ b f b idU˚q ˝ pidV ˚ b bU q.

It can be depicted as follows:

Figure 41

It follows from the definition that the transpose of an isomorphism is an isomorphism.

Proposition 1.3.4. If f : V Ñ W and g : U Ñ V are morphisms in a monoidal category with
duality, then we have pf ˝ gq˚ “ g˚ ˝ f˚ and pidV q

˚ “ idV ˚ for any object V .

Proof. Using the graphical calculus we have

Figure 42

Then,
pidV q

˚ ˝ f˚ “ pf ˝ idV q
˚ “ f˚

and
g˚ ˝ pidV q

˚ “ pidV ˝ gq
˚ “ g˚,

i.e., pidV q
˚ “ idV ˚ . �

1.3.3 Quantum trace and dimension By analogy with vector spaces, we now introduce the
concepts of trace and dimension in ribbon categories. Recall that if V is a finite dimensional vector
space with basis tviuiPI and if tviuiPI is the dual basis, the trace of an endomorphism f : V Ñ V is
given by

trpfq “
ÿ

i

vi pfpviqq “
ÿ

i

evV
`

vi b fpviq
˘

“
ÿ

i

evV ˝ pidV ˚ b fqpv
i b viq

“ evV ˝ pidV ˚ b fq

˜

ÿ

i

vi b vi

¸

“ evV ˝ pf b idV ˚q ˝ τV,V ˚ ˝ δV p1q,
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where we use the same notations as in paragraph 1.1.7 and we set τV,V ˚pv
i b viq “ vi b vi. This

motivates the following definition:

Definition 1.3.5. For any object V and any endomorphism f : V Ñ V in a ribbon category V, we
define the quantum trace of f as the element

trpfq “ dV ˝ cV,V ˚ ˝ ppθV ˝ fq b idV ˚q ˝ bV

of the monoid EndVp1q.

It follows directly from theorem 1.2.8 that the quantum trace is the operator inavariant of the ribbon
graphs represented in the following figure:

Figure 43

Note that if V “W1b¨ ¨ ¨bWn and f “ F pΩq, for some v-coloured ribbon graph Ω, we may replace
the band coloured by f in the previous diagram by a bunch of n bands coloured by W1, . . . ,Wn,
respectively, and the coupon coloured by f by the ribbon graph Ω. This substitutions do not change
the associated operator invariant, so we have

Figure 44

The ribbon graph on the right-hand side of the last equality is the v- coloured ribbon p0, 0q-graph
obtained by closing the free ends of Ω. In particular, taking Ω “ X`W,V ˝X

`
V,W , we get

Figure 45
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We collect the main properties of the trace in the following lemma:

Lemma 1.3.6. 1. For any morphisms f : V ÑW , g : W Ñ V , we have trpf ˝ gq “ trpg ˝ fq.
2. For any endomorphisms f, g of objects of V, we have trpf b gq “ trpfq ˝ trpgq.
3. For any morphism k : 1 Ñ 1, we have trpkq “ k.

Proof. By the isotopy invariance of F , we have

Figure 46

which proves the first assertion. The second one follows from the following argument:

Figure 47

Finally, we prove the last one algebraically. Indeed, for any k P EndVp1q, we have

trpkq “ d1 ˝ pk ˝ id1q ˝ b1

“ pid1 b d1q ˝ pk b id1 b id1˚q ˝ pid1 b b1q

“ k b pd1 ˝ pid1 b id1˚q ˝ b1q

“ k b d1 ˝ b1 “ k b id1 “ k,

where the first equality holds by the definition of trace and the fact that θ1 “ c1,V “ cV,1 “ id1,
the fourth is the result of corollary 1.3.3 and the rest are clear. �

Coming back to the case of vector spaces, the following equality holds for any finite dimensional
vector space V :

trpidV q “ dimpV q.

This generalizes now in a natural way to the case of ribbon categories.

Definition 1.3.7. The quantum dimension of an object V of a ribbon category V is the morphis

dimpV q “ trpidV q P EndVpV q.
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It follows straightforward from the discussion above that dimpV q is the operator invariant of the
following v-coloured ribbon graph

Figure 48

This graph is isotopic to the same graph with the opposite direction, which means that, for any
object V of V, we have

dimpV q “ dimpV ˚q.

The main properties of the dimension are collected in the following result, which is a direct corollary
of lemma 1.3.6:

Corollary 1.3.8. 1. Isomorphic objects have equal dimensions.
2. For any objects V,W , we have dimpV bW q “ dimpV q ˝ dimpV q.
3. dimp1q “ id1.

Proof. If g : V ÑW is an isomorphism, then we have

dimpV q “ trpidV q “ trpg´1 ˝ gq “ trpg ˝ g´1q “ trpidW q “ dimpW q.

The other two points are two particular cases of points 2 and 3 from lemma 1.3.6. �

2 The oriented skein category and its connection to Rep Uqpglnq

The formalism developed in the previous section highlights the existence of connections between
objects of a topological nature and algebraic objects with a given structure. The axiomatisation of
ribbon categories is largely motivated by the discovery of Hopf algebras, which are bialgebras with
additional structure that allows their category of representations to be endowed with a well-defined
tensor product. In particular, this category of representations is a linear category, in the sense
that each set of morphisms has a linear structure inherited from the structure of the underlying
algebra. Thus, giving a linear structure to the category of tangles previously described will allow
us to further study the connections of this category with the representations of an important class
of Hopf algebras, the quantum groups, defined from deformations in classical algebraic structures
defined by generators and relations.

2.1 Definition and first properties

2.1.1 The category of framed tangles. Let V0 be the trivial monoidal category generated by
just one object ˚ and one morphism id˚ : ˚ Ñ ˚. We define the category FOT of framed oriented
tangles to be the subcategory of RibV0 whose objects are finite strings on `– p˚,`q and ´– p˚,´q
and whose morphisms are isotopy classes of ribbon graphs containing no coupons.
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In order to simplify the exposition, we adapt to this particular case the notation that we used to
describe RibV . The tensor product in FOT is given by concatenation so we will usually omit the
sign b and just write objects as words in x`,´y, e.g., ``´`´ – ` b ` b ´ b ` b ´. We will
use bold type to refer to these words. If a,b P x`,´y, a ribbon graph representing a morphism
f : a Ñ b will be called an pa,bq-ribbon. Note that id` “Ó and id´ “Ò.

Lemma 1.2.6 gives a description of FOT in terms of generators and relations. We restate this result
omitting the colouring of morphisms, as there is only one possibility:

Lemma 2.1.1. The category FOT is generated by the objects `,´ and the morphisms

X`, X´, Z`, Z´, X, Y, ϕ, ϕ1,

subject to the relations

pÒ bX`q ˝ pX`b Óq ˝ pÓ bX`q “ pX`b Óq ˝ pÓ bX`q ˝ pX`b Óq, (R1)1

Ó“ pÓ bXq ˝ pYb Óq, (R2)1

Ò“ pXb Òq ˝ pÒ bYq, (R3)1

X´ “ pX`q´1, (R4)1

ϕ1 “ ϕ´1, (R5)1

Xν ˝ pÓ bϕq “ pϕb Óq ˝Xν , ν P t`1,´1u, (R6)1

Zν “
“

pXb Ó b Òq ˝ pÒ bX´νb Òq ˝ pÒ b Ó bYq
‰´1

, ν P t`1,´1u, (R7)1

ϕ2 “ pXb Óq ˝ pÒ bX`q ˝ pZ`b Óq ˝ pYb Óq. (R8)1

�

The category FOT may be endowed with the structure of a ribbon category in a natural way.
Indeed, to define the braiding ca,b : abb Ñ bb a, where a “ a1 ¨ ¨ ¨ak and b “ b1 ¨ ¨ ¨bl, we take a
bunch of k strands oriented as a1, . . . ,ak, respectively, and place it from above across a bunch of l
vertical strands oriented as a1, . . . ,al, respectively (see figure 49). The right dual of a “ a1 ¨ ¨ ¨ak is
a˚ – a˚k ¨ ¨ ¨a

˚
1 , where `˚ “ ´, with duality maps da : a˚b a Ñ 1 and ba : 1 Ñ ab a˚ defined as in

the second and the third diagrams in figure 49. Finally, the twist is represented by the last diagram
in the same figure. It is straightforward to check that this construction verify all the axioms in the
definition of ribbon category.

Figure 49: ca,b, da and ba.
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2.1.2 The oriented skein category OSpz, tq. Let k be a commutative ground ring and fix
parameters z, t P kˆ. The k-linearisation of FOT is the category whose objects are the same as
FOT and whose morphisms are k-linear combinations of morphisms in FOT .

Definition 2.1.2. The extended oriented skein category yOSpz, tq is the quotient of the k-linearisation
of FOT by the following two relations:

´ “ z , (S)

“ t (T)

This relations are called the Conway skein relation and the twist relation, respectively.

The relations in the above definition are local in ribbon graphs, i.e., two morphisms are equivalent
if one can be obtained from the other by substituting locally in the graph one side of the equalities
for the other and keeping the rest of the diagrams unchanged. Algebraically, they can be written as

X` ´X´ “ zpÓ b Óq, (S)

ϕ “ t Ó . (T)

Relation (R5)1 implies that ϕ is invertible of inverse ϕ1, so (T) is equivalent to

ϕ1 “ t´1 Ó . (T)1

We then have

Figure 50

This motivates the following definition:

Definition 2.1.3. The oriented skein category OSpz, tq is the quotient of the k-linearisation of
FOT by the relations (S), (T) and

“ “
t´ t´1

z
id∅. (D)

Note that (D) fixes the quantum dimension of the unique object ˚ P V0 of the underlying trivial
monoidal category. On the other hand, the ribbon structure of FOT induces a ribbon structure
on the oriented skein category OSpz, tq and using lemma 2.1.1 we can give the following efficient
monoidal representation:

Theorem 2.1.4. The oriented skein category OSpz, tq is isomorphic to the strict k-linear monoidal
category C generated by objects E and F and morphisms

S : E b E Ñ E b E, T : E b F Ñ F b E, C : 1 Ñ E b F, D : F b E Ñ 1,
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subject to the following relations:
S2 “ zS ` idE b idE ; (OS1)

pS b idEq ˝ pidE b Sq ˝ pS b idEq “ pidE b Sq ˝ pS b idEq ˝ pidE b Sq; (OS2)

pidE bDq ˝ pC b idEq “ idE ; (OS3)

pD b idF q ˝ pidF b Cq “ idF ; (OS4)

T´1 “ pD b idE b idF q ˝ pidF b S b idF q ˝ pidF b idE b Cq; (OS5)

tD ˝ T ˝ C “
t´ t´1

z
id1. (OS6)

Remark 2.1.5. The description of a k-linear monoidal category in terms of generators and relations
is analogous to the case of a monoidal category (cf. paragraph 1.1.2) with the particularity that
morphisms are now expressed as k-linear combinations of finite tensor products and compositions
of generators, and relations also involve k-linear combinations of morphisms.

We will now prove that an explicit k-linear monoidal functor giving an isomorphism between the
category C of the theorem and OSpz, tq is given by

E ÞÑ `, F ÞÑ ´, S ÞÑ , T ÞÑ , C ÞÑ , D ÞÑ .

If we denote this functor by Φ, we can describe it algebraically by

ΦpEq “ `, ΦpF q “ ´, ΦpSq “ X`, ΦpT q “ Z´, ΦpCq “ Y, ΦpDq “ X.

To check that Φ is well-defined we have to verify that the relations (OS1)-(OS6) hold in OSpz, tq.
Indeed, by the Conway skein relation, we have

pX`q2 “ X` ˝ pzpÓ b Óq `X´q “ zX`` Ó b Ó,

so (OS1) holds in OSpz, tq. Applying Φ to (OS2), (OS3), (OS4) and (OS5) we recover directly the
relations (R1)1, (R2)1, (R3)1 and (R7)1. Finally, we check (OS6) graphically:

Figure 51

The leftmost element is exactly Φ ptD ˝ T ˝ Cq. The first, the second and the last equalities follow
from the isotopy invariance of morphisms and the third one is the twist relation (T). Finally, the
rightmost element is dimp˚q, so we have the result by (D).

Proof of theorem 2.1.4. We construct an strict k-linear monoidal functor Ψ : OSpz, tq Ñ C which is
the inverse of Φ. Note that we already have a presentation of OSpz, tq by generators and relations:
this is given by the generators and relations of FOT (cf. lemma 2.1.1) together with the relations
(S), (T) and (D). Therefore, to define a k-linear monoidal functor Ψ : OSpz, tq Ñ C it suffices to
choose the images of these generators and take the unique strict k-linear monoidal extension to
OSpz, tq. The values of Ψ on objects are forced by those of Φ, so we have

Ψp`q “ E and Ψp´q “ F.
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By the same reason, there is only one possible choice for each of the generators X`, Z´, Y and X.
This is given by

Ψ
`

X`
˘

“ S, Ψ
`

Z´
˘

“ T, ΨpYq “ C and ΨpXq “ D.

On the other hand, the skein relation (S) forces

Ψ
`

X´
˘

“ Ψ
`

X`
˘

´ zΨpÓ b Óq “ S ´ z pidE b idEq ,

and the twist relations (S) and (S)1 yield to

Ψ pϕq “ t idE and Ψ
`

ϕ1
˘

“ t´1 idE .

It remains to define the value of Ψ pZ´q. In OSpz, tq we have

Figure 52

where the first equality is trivial, the second one is a consequence of the isotopy invariance of
morphisms, in the third one we apply the skein relation (S) and in the last one we use the twist
relation (T) twice. The rightmost term is Z´ ` zt2 pZ´ ˝ Y ˝ X ˝ Z´q, which forces

Ψ
`

Z`
˘

“ T ` zt2 pT ˝ C ˝D ˝ T q .

Let us verify that Ψ is well defined by checking that (R1)1-(R8)1 hold in C. First we note that (OS1)
implies

pS ´ zpidE b idEqq ˝ S “ S ˝ pS ´ zpidE b idEqq “ S2 ´ zS “ idE b idE ,

so (R4)1 holds. Applying Ψ to (R1)1, (R2)1 and (R3)1 we get (OS2), (OS3) and (OS4). (R5)1 is clear
by construction of Ψ and to check (R6)1 we just note that ΨpÓ bϕq “ t idE b idE “ Ψpϕb Óq, so

Ψ pXνq ˝ΨpÓ bϕq “ tΨ pXνq “ Ψpϕb Óq ˝Ψ pXνq .

For ν “ ´1, the relation (R7)1 is just the version in OSpz, tq of (OS5), so there is nothing to check.
Consider the case where ν “ 1. Applying Ψ to the expression in square brackets in (R7)1, we get

Ψ
`

pXb Ó b Òq ˝ pÒ bX´b Òq ˝ pÒ b Ó bYq
˘

“ pD b idE b idF q ˝ pidF b pS ´ zpidE b idEqq b idF q ˝ pidF b idE b Cq

“ pD b idE b idF q ˝ pidF b S b idF q ˝ pidF b idE b Cq

´ zpD b idE b idF q ˝ pidF b idE b idE b idF q ˝ pidF b idE b Cq

“ T´1 ´ zpD b Cq “ T´1 ´ zpid1 b Cq ˝ pD b id1q “ T´1 ´ zpC ˝Dq,
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where the first equality in the last line comes from (OS5) and the rest are clear. We have to prove
that this is the two-sided inverse of Ψ pZ`q “ T ` zt2pT ˝ C ˝D ˝ T q. Indeed,

`

T´1 ´zpC ˝Dqq ˝
`

T ` zt2pT ˝ C ˝D ˝ T q
˘

“ idE b idF ` zt
2pC ˝D ˝ T q ´ zpC ˝D ˝ T q ´ z2t2pC ˝D ˝ T ˝ C ˝D ˝ T q

“ idE b idF ` zt
2pC ˝D ˝ T q ´ zpC ˝D ˝ T q ´ zt2pC ˝D ˝ T q ` zpC ˝D ˝ T q

“ idE b idF ,

where the second equality is a consequence of (OS6) applied to the last term. The other computation
is analogous. We check now (R8)1. To do so, we claim that

pD b idEq ˝ pidF b Sq “ pidE bDq ˝
`

T´1 b idE
˘

. (‹)

Applying Ψ to the right-hand side of the equality one gets t2 idE . Doing the same to the left-hand
side and applying (‹) and (OS8), we have

pDbidEq ˝ pidF b Sq ˝
“`

T ` zt2pT ˝ C ˝D ˝ T q
˘

b idE
‰

˝ pC b idEq

“ pidE bDq ˝
`

T´1 b idE
˘

˝
“`

T ` zt2pT ˝ C ˝D ˝ T q
˘

b idE
‰

˝ pC b idEq

“ pidE bDq ˝
“`

C ` zt2pC ˝D ˝ T ˝ Cq
˘

b idE
‰

“ pidE bDq ˝
`

1` t
`

t´ t´1
˘˘

pC b idEq “ t2 idE .

The equality (‹) follows easily from (OS5) and the properties of the tensor product. Indeed,

pidE bDq ˝
`

T´1 b idE
˘

“ pidE bDq ˝ rppD b idEq ˝ pidF b Sqq b idF b idEs ˝ pidF b idE b C b idEq

“ rppD b idEq ˝ pidF b Sqq bDs ˝ pidF b idE b C b idEq

“ pD b idEq ˝ pidF b Sq ˝ pidF b idE b idE bDq ˝ pidF b idE b C b idEq

“ pD b idEq ˝ pidF b Sq.

Finally, (D) translates into (OS8) by Ψ.

To conclude, we have to prove that Ψ is the two-side inverse functor of Φ. By construction, Ψ˝Φ “
IdC and it is straightforward to verify that, in fact, Φ ˝Ψ “ IdOSpz,tq. �

2.2 Connection to Rep Uqpglnq

2.2.1 Definition of Uqpglnq and natural representations. Let k be a field of characteristic
0 and q P kˆ. Fix n P N and assume that q is not a root of unity. By definition, the algebra Uqpglnq
is generated by elements ei, fi, dj , d

´1
j , i “ 1, . . . , n´ 1, j “ 1, 2, . . . , n, subject to the relations

didj “ djdi, did
´1
i “ d´1

i di “ 1,

diejd
´1
i “ qδij´δi,j`1ej , difjd

´1
i “ q´δi,j`δi,j`1fj ,

eifj ´ fjei “ δij
did

´1
i`1 ´ d

´1
i di`1

q ´ q´1
,

eiej “ ejei, fifj “ fjfi, |i´ j| ď 2,

e2
i ei˘1 ´ pq ` q

´1qeiei˘1ei ` ei˘1e
2
i “ 0,

f2
i fi˘1 ´ pq ` q

´1qfifi˘1fi ` fi˘1f
2
i “ 0.

This algebra becomes a Hopf algebra (cf. appendix) with the comultiplication ∆ : Uqpglnq Ñ
Uqpglnq b Uqpglnq defined on generators by

∆peiq “ d´1
i di`1 b ei ` ei b 1, ∆pfiq “ 1b fi ` fi b did

´1
i`1, ∆pd˘1

i q “ d˘1
i b d˘1

i .
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The antipode S : Uqpglnq Ñ Uqpglnq is defined by

Speiq “ ´did
´1
i`1ei, Spfiq “ ´fid

´1
i di`1, Spdiq “ d´1

i ,

and the counit ε : Uqpglnq Ñ k is given by

εpeiq “ 0, εpfiq “ 0, εpdiq “ 1.

We define the natural representations V ` on basis tv`i : 1 ď i ď nu and V ´ on basis tv´i : 1 ď
i ď nu to be the Uqpglnq-modules determined by the following actions of the generators of Uqpglnq,
respectively:

eiv
`
j “ δi`1,jv

`
i , fiv

`
j “ δijv

`
i`1, div

`
j “ qδijv`j ,

eiv
´
j “ δi,jv

´
i`1, fiv

´
j “ δi`1,jv

´
i , div

´
j “ q´δijv´j .

Set Rep Uqpglnq for the category of finite-dimensional representations of Uqpglnq that are isomorphic
to finite direct sums of summands of the modules obtained by tensor products of V ` and V ´.

2.2.2 A connection between OSpz, tq and Rep Ugpglnq. Set z “ q ´ q´1. The category
Rep Uqpglnq admits the structure on a ribbon Ab-category (cf. appendix A.2), so theorem 1.2.8
ensures the existence of a non-trivial functor F : FOT Ñ Rep Uqpglnq. On the other hand, we
have seen that the oriented skein category OSpz, tq is also a ribbon Ab-category obtained from the
linearisation of FOT . The questions then arises as to the existence of a functor Γ : OSpz, tq Ñ
Rep Uqpglnq transporting the ribbon Ab-structure of OSpz, tq to Rep Uqpglnq. We construct such a
functor using theorem 2.1.4.

Let E,F, S, T, C,D be the set of generators from theorem 2.1.4. We will freely identify this genera-
tors with their images in OSpz, tq given by the functor Φ of the previous paragraph. Set Γp`q “ V `

and Γp´q “ V ´. The objects ` and ´ are dual in OSpz, tq, so let us identify V ´ with the dual of
V `. To do so, we have to fix a non-degenerate bilinear pairing

x¨, ¨y : V ` b V ´ Ñ k.

Recall from section A.2 that the action of Uqpglnq as a Hopf algebra in pV `q˚ is defined by

puϕqpv`q “ ϕpSpuqv`q

for any u P Uqpglnq, ϕ P pV
`q˚, v` P V `. Hence, in order to get a well-defined morphism

V ´
„
ÝÑ pV `q˚, v´ ÞÑ x¨, v´y

of Uqpglnq-modules, the pairing has to be compatible with the Uq-module structure of pV `q˚. Pre-
cisely, if we set ϕv´ : V ` Ñ k, v` ÞÑ ϕv´pv

`q– xv`, v´y, we must have

xSpuqv`, v´y “ ϕv´pSpuqv
`q “ puϕv´qpv

`q “ ϕuv´pv
`q “ xv`, uv´y,

for all u P Uqpglnq, v
` P V ` and v´ P V ´. There is a unique (up to scalars) non-degenerate bilinear

pairing x¨, ¨y satisfying this condition, given by xvi, vjy– p´1qiqiδij . The associated evaluation and
coevaluation maps are

ev : V ´ b V ` Ñ k,
v´i b v

`
j ÞÑ p´1qiqiδij ,

coev : k Ñ V ` b V ´,
1 ÞÑ

řn
j“1p´1qjq´jv`j b v

´
j .

Then, defining

Γ
´ ¯

“ ev and Γ
´ ¯

“ coev,

the relations (OS3) and (OS4) from theorem 2.1.4 are automatically satisfied.
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Next we choose a candidate for the image of S. This has to be an isomorphism which is a solution of
the Yang-Baxter equation (OS2) and satisfies (OS1). For our choice of z “ q´ q´1, this is satisfied
by the isomorphism R : V ` b V ` Ñ V ` b V ` given by

Rpv`i b v
`
j q–

$

&

%

v`j b v
`
i , if i ă j,

qv`j b v
`
i , if i “ j,

v`j b v
`
i ` pq ´ q

´1qv`i b v
`
j , if i ą j.

The value of ΓpT q can be obtained by applying Γ to (OS5). Using this, the expression of X´ and
Y´ in terms of the generators of FOT and the relations (T) and (OS6), one can check that the
images of X´ and Y´ by Γ are

ΓpX´q “ ev1 and ΓpY´q “ coev1,

where

ev1 : V ` b V ´ Ñ k,
v`i b v

´
j ÞÑ p´1qiqn`1´iδij ,

coev1 : k Ñ V ´ b V `,
1 ÞÑ

řn
j“1p´1qjqj´n´1v´j b v

`
j .

Equally, one verifies that dimension relation (D) imposes t “ qn. More details on this are given in
[1, section 3]. We have proved the following result:

Theorem 2.2.1. Let k be a field of characteristic zero and q P kˆ. Set z “ q ´ q´1 and t “ qn,
for n P N. There exists a k-linear monoidal functor Γ : OSpz, tq Ñ Rep Uqpglnq sending ` ÞÑ V `,
´ ÞÑ V ´ and

ÞÑ R, ÞÑ ev, ÞÑ coev, ÞÑ ev1, ÞÑ coev1.

�

2.2.3 Some consequences. We can use the last result to prove some properties of the oriented
skein category OSpz, tq. We consider here an arbitrary commutative ground ring k and z, t P kˆ.

Let a,b P x`,´y be objects of OSpz, tq such that x (resp. x1) letters of a and y (resp. y1) letters of
b are equal to ` (resp. ´). It is clear that the set HomOSpz,tqpa,bq is zero unless r – x`y1 “ x1`y,
so let us assume that this is the case. Our first aim is to prove that the k-module HomOSpz,tqpa,bq is
isomorphic to HomOSpz,tq p`

br,`brq. Intuitively, we will construct an isomorphism that stretches
all the strands pointing upwards and folds them by passing each of their ends through one side of
the graph. Formally, let b : `by Ñ b b `by

1

be the unique morphism that consists of y1 nested
rightwards cups on top of y vertical downwards strands. Let a : `bx

1

b a Ñ `bx the unique
morphism consisting of x1 nested leftwards cups on top of x vertical downwards strands. These
morphisms correspond to the top and bottom blocks in picture 53, respectively. Then, the linear
map

θ : HomOSpz,tqpa,bq Ñ HomOSpz,tqp`
br,`brq

f ÞÑ pÓbx
1

b bq ˝ pÓbx
1

b f b Óby
1

q ˝ pa b Óbx
1

q.

has an obvious two-sided inverse, obtained by stretching and folding in the opposite direction the
ends of the strands pointing downwards.
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Figure 53

Fix now r P N and let us study in more detail the set HomOSpz,tqp`
br,`brq. The generators of

these set are isotopy classes of ribbon diagrams whose strands go from Rˆt0uˆt1u to Rˆt0uˆt0u.
Take a representative of such a generator. If any of its strands is twisted, we may apply the relation
(T) to write it as a ribbon diagram containing no twists multiplied by a certain power of t. By
the isotopy invariance of morphisms, we can stretch all these strands so that we obtain a ribbon
diagram where the z coordinate of every strand is strictly decreasing. This is better explained by
the following picture:

Figure 54

Moreover, by recursively applying the skein relation (S) to every negative crossing, we can change
this morphism by a k-linear combination of morphisms of HomOSpz,tqp`

br,`brq whose crossings are
all positive. We can describe these morphisms using the symmetric group Sr in the following way:
to permutation π P Sr of t1, . . . , ru, we associate the ribbon diagram ξπ P HomOSpz,tqp`

br,`brq
with a vertical strictly descending strand going from pi, 0, 1q to pπpiq, 0, 0q, for each i P t1, ..., ru
in such a way that all crossings are positive. The previous discussion shows that, in fact, the set
tξπuπPSr provides a set of r! generators for HomOSpz,tqp`

br,`brq as a k-module. Recall that every
permutation can be written as a composition of transpositions so we would like to transport this
decomposition to HomOSpz,tqp`

br,`brq in order to get a more reduced set of generators of this
space as a k-algebra. Nevertheless, the relations defining Sr are too restrictive, since σ2 “ idSr , for
any transposition σ P Sr and this relation does not hold in HomOSpz,tqp`

br,`brq. Indeed, for such
a transposition, ξσ has the form Ó b ¨ ¨ ¨ b Ó bX`b Ó b ¨ ¨ ¨b Ó, so the relation (OS1) from theorem
2.1.4 implies that ξ2

σ “ zξσ` Óbr. For this condition to be verified we should rather work in a
suitable deformation of the group algebra krSrs. This is provided by the Iwahori-Hecke algebra.

Definition 2.2.2. The Iwahori-Hecke algebra Hrpk; zq is the unitary associative k-algebra with
r ´ 1 generators σ1, . . . , σr´1 subject to the relations

σiσj “ σjσi, |i´ j| ě 2,

σiσi`1σi “ σi`1σiσi`1, i “ 1, . . . , n´ 2,
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σ2
i “ zσi ` 1, i “ 1, . . . , n´ 1.

When the context is clear we will simply denote this algebra by Hr. It is a well-known fact that
it has rank r!, with basis twuwPSr defined by letting w be the word in generators σi arising from
a reduced expression for w. It is now clear from the discussion above that we have a surjective
morphism of algebras

ιr : Hr Ñ HomOSpz,tqp`
br,`brq

σi ÞÑ ξσi .

In fact, we have more than that:

Lemma 2.2.3. The map ι is an isomorphism of k-algebras.

Proof. In the course of the proof we will vary the ground ring k, so we will denote OSpz, tq by
OSpz, tqk. Consider first the case where k “ Z

“

z, z´1, t, t´1
‰

. For any n ě r, let Γ : OSpq ´
q´1, qnqQpqq Ñ Rep Uqpglnq be the functor from theorem 2.2.1. Let ω : OSpz, tqZrz,z´1,t,t´1s Ñ

OSpq´ q´1, qnqQpqq the obvious strict Z-linear monoidal functor sending z ÞÑ q´ q´1, t ÞÑ qn. Now
take a linear relation

ÿ

πPSr

λπpz, tqξπ “ 0,

with λπpz, tq P Z
“

z, z´1, t, t´1
‰

. Applying ω and Γ to the last expression, one gets

ÿ

πPSr

λπpq ´ q
´1, qnqΓpξπq “ 0.

It follows from theorem 2.2.1 and the definition of ξπ, that Γpξπq is a composition of morphisms of
the form idV ` b ¨ ¨ ¨ b idV ` bRb idV ` b ¨ ¨ ¨ b idV ` (see figure 55). Thus, an easy induction on the
length of an irreducible decomposition of π on the generators gives

Γpξπqpv1 b ¨ ¨ ¨ b vnq “ vπ´1p1q b vπ´1p2q b ¨ ¨ ¨ b vπ´1pnq.

Since n ě r, this elements are linearly independent in V `, which implies that λπpq ´ q´1, qnq “ 0
for all π P Gr and, since this is true for infinitely many values of n, we get that λπpz, tq “ 0.
Hence, tξπuπPSr is a basis of HomOSpz,tqZrz,z´1,t,t´1s

p`br,`brq, so this has rank r!. Then, ιr is an

isomorphism.

The general case where k is an arbitrary commutative ring and z̄, t̄ P kˆ follows from the following
observation. Viewing k as a Z

“

z, z´1, t, t´1
‰

-module so z and t act via z̄ and t̄, there is an obvious
strict k-linear monoidal functor

OSpz̄, t̄qk Ñ OSpz, tqZrz,z´1,t,t´1s bZrz,z´1,t,t´1s k

sending each generator ξπ to the same generator tensored by 1k. Since the set tξπ b 1kuπPSr is
linearly independent, so is tξπuπPSr in OSpz, tqk, which proves the result.

Figure 55
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Let a,b P x`,´y and r – x ` y1 “ x1 ` y as above. Using the isomorphism θ constructed at the
beginning of the paragraph, we have:

Theorem 2.2.4. The morphism space HomOSpz,tqpa,bq is a free k-module of rank r!. �

3 Chord diagrams and the Kontsevich’s theorem

In this section, we describe the category of string diagrams. This category admits an infinitesimal
symmetric category structure, so it can be deformed, using Drinfeld’s theory of associates which
we will discuss briefly, giving rise to a ribbon category whose structure is related to the category
of tangles. The origin of the string diagrams is to be found in the combinatorial description of the
finite degree invariants, or Vassiliev invariants, which we describe below.

3.1 Vassiliev invariants of links

3.1.1 Vassiliev invariants of unframed knots. Let us start by recalling that an oriented
knot is an oriented embedding of the circle S1 in R3, i.e., it is a three-dimensional copy of the circle
containing no self-intersections. If we allow self-intersections to occur in a finite number, we have
a weaker notion of knot, which we will refer to as singular knot. Precisely, a singular knot is an
immersion of an oriented copy of S1 in R3, where we impose all the self-intersections to be double
points with transversal branches and we assume that they are in finite number. There is a natural
notion of isotopy of singular knots, taking double points to double points. For a fixed field k, we
denote by K (resp. S) the vector space of k-linear combinations of isotopy classes of oriented knots
(resp. regular knots). Clearly, K Ă S.

We can describe singular oriented knots using planar diagrams. Double points will be represented
by

.

There are two ways to desingularise a double point, yielding two singular oriented knots with one
double point less. We will represent these two options by

K` “ and K´ “ .

Let us define D as the quotient of S by the ideal generated by the relations of the form

“ ´ , (V)

where the three knots involved are identical outside the neighbourhood represented in the diagram.
By recursively applying the relation (V) to every double point, we can associate an element of K to
each singular knot K P S. This extends by linearity to a map

S Ñ K

which induces a isomorphism
D „
ÝÑ K.

44



Hence, the vector space D is nothing but a different representation of D which allows us to talk
about knots with double points in K. In particular, if Km denotes the vector space generated by
isotopy classes of oriented knots with ą m points, we get a filtration

K Ą K0 Ą K1 Ą K2 Ą ¨ ¨ ¨ .

Note that applying (V) to a double point of a knot K P Km, we have a linear combination of two
knots in Km´1 so, indeed, Km is linearly generated by the isotopy classes of oriented knots with
exactly m` 1 double points.

Any invariant of oriented knots P of oriented knots taking values in k gives rise to a k-linear
map θ : K Ñ k and, the other way round, any such linear map induces an invariant of oriented
knots. These invariants are called Vassiliev invariants and it follows that they are in bijection with
HomkpK,kq. The set V of all Vassiliev invariants inherits an structure of k linear space from k.

Definition 3.1.1. A knot invariant θ is a Vassiliev invariant of degree m if the induced map
θ : KÑ k factors through Km, that is,

θ|Km “ 0.

We denote by Vm the vector space of all Vassiliev invariant of degree m.

If θ is a Vassiliev invariant of degree m, then it is also a Vassiliev invariant of degree n for each
n ą m, since Kn Ă Km. Hence, the filtration of K induces a filtration

V0 Ă V1 Ă V2 Ă ¨ ¨ ¨ Ă V.

The space V0 of Vassiliev invariants of degree 0 is easy to describe. If θ P V0, then its value is zero
for every knot containing a double point. In particular, applying θ to the Vassiliev relation (V), we
get θpK`q “ θpK´q, so changing a single crossing does not alter the value of θ. Since every knot can
be turned into the trivial knot by a finite sequence of crossing changes, it follows that a Vassiliev
invariant of degree 0 is a constant function on the set of knots. By exactly the same argument,
Vassiliev invariants are constant over the sets of knots with one single point that differs in a finite
number of crossing changes. However, all theses knots can be turned into

but the positive and the negative desingularisations of this knot are both isotopic, so (V) implies
that the value of the invariant on this knot is 0. All in all, every Vassiliev invariant of degree 1 is a
Vassiliev invariant of degree 0.

3.1.2 Emergence of chord diagrams. There is a natural way to extend any Vassiliev invariant
θ : K Ñ k to an invariant θ̄ : S Ñ k of singular knots: if K is such a knot, then we define θ̄pKq
to be the value of θ on the knot obtained by desingularising K using (V). It is clear that if θ has
degree m, then θ̄ is zero on the subspace Sm`1 of S spanned by the isotopy classes of singular knots
with exactly m ` 1 double points. Conversely, by a previous observation, the canonical projection
S Ñ D – K maps Sm`1 onto Km, so any map θ̄ : S Ñ V verifying θ|Sm`1

“ 0 factors through
K giving rise to a Vassiliev invariant θ : K Ñ V . To clarify the exposition, we will use a bar to
distinguish singular knots K̄ P S from knots K P K.
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If K̄` and K̄´ are two singular knots in Sm which differ by a single crossing change and isotopy,
then there exists a knot K̄ P Sm`1 whose projection in K̄ equals the projection of K̄` ´ K̄´, hence

0 “ θ̄pK̄q “ θ̄pK̄`q ´ θ̄pK̄´q,

for every Vassiliev invariant θ of degree m. Applying the same argument recursively, one shows
that, indeed, θ̄pK̄q “ θ̄pK̄q, for all K̄, K̄ 1 P Sm differing by a finite number of crossing changes.
Moreover, up to isotopy and a finite number of crossing changes, every singular knot is determined
by the cyclic order of its double points, so we have shown the following.

Proposition 3.1.2. Vassiliev invariants depend only upon the cyclic order of the singular points
of a singular knot. �

All the combinatorial information about double points can be encoded in a more convenient way as
diagram over the circle, that we construct in the following way. Let K : S1 Ñ R3 be a singular knot
with m double points. For any double point, consider the segment connecting its two preimages
and label arbitrarily the m segments obtained by the elements of a finite set of m elements, for
instance, t1, . . . ,mu. The diagram so obtained is called chord diagram of degree m and it is defined
up to orientation preserving diffeomorphism of the circle. Fixing a basepoint ‹ in S1 whose image
is not a double point, one can associate a finite sequence of labels to each chord diagram by going
across the circle from ‹, following the orientation and recording the labels of the preimages of the
double points in the order that we encounter them. For instance, the sequence corresponding to
the diagram in figure 56 is p1, 4, 2, 3, 4, 3, 1, 2q. If we choose a different basepoint, the corresponding
sequence is a circular permutation of the initial one, while a different labelling of the chords turns
into a relabelling of the element of the sequence. Since the combinatorics of chords diagrams do
not depend on these choices, we say that two diagrams are equivalent if, possibly after relabelling
the chords, they determine the same circular sequences.

Figure 56

If C denote the vector space of k-linear combinations of equivalence classes of chord diagrams and Cm
is the subspace generated by equivalence classes of chord diagrams of degree m, we have constructed
a map

φm : Sm Ñ Cm.

Pairwise identification of the extremal points of the chords of a diagram produces a (not uniquely
defined) singular knot whose associated chord diagram is the starting one, so φm is indeed surjective.
Moreover, the discussion above shows that, if θ is a Vassiliev invariant of degree m and K̄, K̄ 1 P Sm,
then φmpK̄q “ φmpK̄

1q implies θ̄pK̄q “ θ̄pK̄ 1q, i.e., the value of a degree m Vassiliev invariant of
a singular knot with exactly m singular points depends only on the chord diagram of the singular
knot. Thus, we can define a unique map ωθ : Cm Ñ k such that

Sm Cm

k

φm

θ̄
ωθ
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is a commutative diagram. We call ωθ the symbol of θ and it induces a linear map

αm : Vm Ñ C˚m “ HomkpCm, kq
θ ÞÑ ωθ.

One easily shows that kerpαmq “ Vm´1, so αm factors through Vm{Vm´1 yielding an injective
morphism

ᾱm : Vm{Vm´1 Ñ C˚m
rθs ÞÑ ωθ.

3.1.3 The Vassiliev-Kontsevich theorem. It turns out that every element ω in the image of
ᾱm satisfies the one-term relations (1T)

Figure 57

and the four-term relations (4T)

Figure 58

where the bold arcs represents regions where there are no ends of chords except for those that are
represented. There may be chords with ends on the dotted sections and these chords may intersect
the ones shown in the figures. A function on chord diagrams satisfying these two relations is called a
weight system and the Kontsevich’s theorem states that they are equivalent to Vassiliev invariants:

Theorem 3.1.3 (Kontsevich’s theorem). The map

ᾱm : Vm{Vm´1 ÑWm,

where Wm is the vector space of k-linear combinations of weight systems of degree m, is a vector
space isomorphism. �

We will prove a more general result in the following subsections. The importance of this theorem
stems for the fact that we have the following isomorphisms

Vm – Vm{Vm´1 ‘ Vm´1{Vm´2 ‘ ¨ ¨ ¨ ‘ V1{V0 ‘ V0

Wďm – Wm ‘ Wm´1 ‘ ¨ ¨ ¨ ‘ W1 ‘ W0

βm ᾱm ᾱm´1 ᾱ1 ᾱ0

which establish the equivalence of Vassiliev invariants and weight systems.
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3.2 The categories T of singular tangles and A of chord diagrams

We introduce in this subsection two categories that generalize the vector space of linear combinations
of isotopy classes of regular knots and the vector space of linear combinations of chord diagrams
that we mentioned in the previous subsection. These two categories admit a filtration giving rise to
a categorical version of the Kontsevich’s theorem that we prove in the last subsection.

3.2.1 The category of singular tangles. Recall from section 2 that we have a category FOT
whose objects are finite strings on ` and ´ and whose morphisms are framed oriented tangles. For
a given commutative ring k, denote by T pkq the k-linearisation of FOT . Following the ideas of the
previous subsection, we will extend this category by allowing intersections between different bands
of a given tangle.

Definition 3.2.1. A singular framed oriented tangle is defined in the same way as an ordinary
framed oriented tangle (cf. definition 1.2.1 and paragraph 1.2.3) excepts that we replace the word
“embedding” by “immersion”, the possible singularities being a finite number of double points
occurring in R2ˆp0, 1q and such that the framing of the two bands intersecting in any double point
is the same. There is an obvious notion of isotopy of singular framed oriented tangles, carrying
double points onto double points.

We are now ready to define a category T singpkq which will play the role of the vector space S of
singular knots discussed above.

Definition 3.2.2. The category T singpkq of singular framed tangles is the category defined by:

• Objects: words on ` and ´;
• Morphisms: k-linear combinations of singular framed oriented tangles (with the usual com-

patibility conditions for the direction of bands) modulo the skein relation

“ ´ . (V)

Note that T singpkq is just a different presentation of T pkq (both categories are isomorphic) and the
interest of introducing T singpkq comes from the fact that it allows to construct a filtration of T pkq
by identifying certain linear combinations of tangles with singular tangles, in the same way that
we did with K and S. Specifically, let Tmpkq be the category whose objects are the same as T pkq
(or T singpkq or T ) and whose set of morphisms HomTmps, s

1q, for given objects s, s1, is the quotient
of the k-module HomT singpkqps, s1q by the submodule generated by the singular tangles with ą m
points. Then, there is a canonical projection pm : Tm Ñ Tm´1 that is the identity on objects. It
gives rise to a projective system of categories

¨ ¨ ¨ Ñ Tmpkq Ñ Tmpkq Ñ ¨ ¨ ¨ Ñ T0pkq,

which is analogous to the filtration of K by the Km. We denote by T̂ pkq its projective limit. The
map that is the identity on objects and sends a singular tangle to its class in Tmpkq is a functor
T singpkq Ñ Tmpkq, which induces functors

T Ñ T singpkq Ñ T̂ pkq.

Finally, we note that the category of singular framed tangles has an structure of ribbon category,
induced by the ribbon structure of FOT .
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3.2.2 The category of chord diagrams. We now introduce the second of the categories
involved in the categorical generalisation of Kontsevich’s theorem: the category of chord diagrams.

A pk, lq-curve Γ is a compact oriented 1-manifold (i.e. a disjoint union of a finite number of oriented
intervals and circles) such that each connected component is equipped with an element of Z{2Z,
called the residue, and such that the boundary BΓ is decomposed as a disjoint union of two totally
ordered sets U and V verifying that cardpUq “ k and cardpV q “ l. The elements of U are called
inputs of Γ and the elements of V are the outputs. By a homeomorphism of pk, lq-curves, we mean
an orientation preserving homemorphism that respects the residue, the splitting of the boundary
into inputs and outputs and the order of U and V .

Let Γ be a pk, lq-curve. For each 1 ď i ď k, we set εi “ `1 if the interval containing the ith is
oriented towards this input and εi “ ´1 otherwise. On the other hand, for each 1 ď j ď l, we set
ηj “ ´1 if the interval containing the jth output is oriented towards it, and ηj “ `1 otherwise.
The sequence pε1, . . . , εkq is the source of Γ and pη1, . . . , ηlq is the output.

Definition 3.2.3. A chord diagram on a pk, lq-curve Γ is a finite (possibly empty) set of pairs
of points on ΓzBΓ, all points being distinct. By a homeomorphism of chord diagrams we mean a
homeomorphism of the underlying curves preserving the distinguished pairs of points.

In figures, we draw curves lying inside a horizontal strip, with the k inputs lying on the bottom
boundary line with the order increasing from left to right and the l outputs are represented on the
top line with the same order. We draw a dashed line called a chord between the two points of a
distinguished pair.

Figure 59: A chord diagram.

Consider now a chord diagram C and choose three points a, b, c P C such that none of them belongs
to any distinguished pair. Let a1, b1, c1 three points obtained by slightly pushing a, b, c following the
orientation of the corresponding strand. Then, we can construct four different chord diagrams from
C by adding two chords in the following way:

1. C1 is the diagram obtained by adding the pairs of distinguished points ta, bu and ta1, cu;
2. C2 is the diagram obtained by adding the pairs of distinguished points ta, cu and ta1, bu;
3. C3 is the diagram obtained by adding the pairs of distinguished points ta, bu and tb1, cu;
4. C4 is the diagram obtained by adding the pairs of distinguished points ta, b1u and tb, cu.

For example, one possibility for the chord diagram of the figure 59 is represented in the following
picture:
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Figure 60

Definition 3.2.4. The category Apkq of chords diagrams is defined by:

• Objects: words on ` and ´;
• Morphisms: k-linear combinations of homeomorphism classes of chord diagrams modulo the

four term relation
C1 ´ C2 ` C3 ´ C4 “ 0. (4T)

The identity morphism is represented by chordless diagrams consisting of intervals with residue zero
such that, for each interval, one boundary point is an input and the other is an output with the
same numbering. The composition C 1 ˝C of two morphisms C,C 1 is obtained by gluing C with C 1

along the (unique) order-preserving homemorphism of the set of inputs of D1 onto the set of outputs
of D. The residue r P Z{2Z of each connected component D of the composition is given by

r “
ÿ

i

rpαiq `
ÿ

j

rpβjq `
ÿ

iăi1

rpαi, αi1q `
ÿ

jăj1

rpβj , βj1q,

where αi (resp. βj) are the components of C (resp. C 1) contained in D, and rpαi, αi1q “ 0 if
αi and αi1 can be embedded in the horizontal strip, the order of their bottom and top endpoints
being preserved, without intersecting each other, and rpαi, αi1q “ 1 otherwise (see figure 61). Note
that this formula only involves sums and does not mix components coming from different chords
diagrams, so the composition is indeed associative. Also note that the composition of a digram with
m chords and a diagram with n chords is a diagram with m` n chords.
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Figure 61

We can construct a projective system for Apkq as we did for T pkq. To do so, let Ampkq be
the category obtained by factoring out the morphisms of Apkq by the k-submodule generated
by homemorphism classes of chord diagrams with ą m chords. There is a canonical projection
pm : Ampkq Ñ Am´1pkq that is the identity on objects. Thus, we have

¨ ¨ ¨ Ñ Ampkq Ñ Am´1pkq Ñ ¨ ¨ ¨ Ñ A0pkq.

The category Apkq has an obvious structure of strict braided monoidal category with duality. The
tensor product of two objects is just the concatenation. The tensor product of two diagrams D,D1 is
defined by the disjoint union in such a way that the inputs (resp. outputs) of D precede the inputs
(resp. outputs) of D1. This extends by k-linearity to a tensor product for arbitrary morphism in
Apkq. The unit object is the empty word. As for the duality, the dual of a sequence s “ pε1, . . . , εkq
is the sequence s˚ “ p´εk, . . . ,´ε1q. The duality maps b, d and the braiding σ are represented by
the same chordless diagrams as in FOT (see figure 49) with residues equal to zero. Moreover, σ is
a symmetry.

3.3 Infinitesimal symmetric categories.

We now study a property of some symmetric categories, namely the existence of an infinitesimal
braiding, allowing to define a ribbon structure on (a deformation of) them. To do so, we sketch some
ideas of the theory of associators developped by Drinfeld. We will see in the following subsection
that the category Apkq of chord diagrams described in the previous one is, indeed, an infinitesimal
symmetric category.

3.3.1 Infinitesimal braidings. Here, we fix a field k of characteristic 0 and we suppose that
all categories are k-linear. Recall that a symmetric braided category is a braided monoidal category
whose braiding c is a symmetry, i.e., cW,V ˝ cV,W “ idVbW , for all objects V,W .

Remark 3.3.1. The definition of infinitesimal braiding easy generalizes to the case of general
monoidal categories, not necessarily strict. Indeed, it is enough to introduce the associativity
isomorphisms and their inverses in the axioms in order to make them coherent.
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Definition 3.3.2. Let S be a strict symmetric k-linear monoidal category. An infinitesimal braiding
is a natural family of endomorphisms

t “ ttV,W : V bW Ñ V bW uV,W ,

such that
cV,W ˝ tV,W “ tW,V ˝ cV,W ,

tU,VbW “ tU,V b idW ` pcU,V b idW q
´1 ˝ pidV b tU,W q ˝ pcU,V b idW q,

for all objects U, V,W . We call an infinitesimal symmetric category a symmetric category together
with an infinitesimal braiding.

The interest of this definition lies in the fact that we can construct a strict ribbon category Srr~ssstr
out of an infinitesimal symmetric category S. We will use this strict ribbon category will be a source
of some interesting invariants via the theorem 1.2.8. Before giving this construction, we need the
concept of a Drinfeld associator.

3.3.2 Drinfeld associators. The notion of Hopf algebra that we introduced in paragraph A.2
is a particular case of a more general algebraic structure, the bialgebras. A bialgebra over a field k
is an algebra A equipped with two algebra morphisms ∆ : AÑ AbA and ε : AÑ k such that

p∆b idAq ˝∆ “ pidA b∆q ˝∆ and pεb idAq ˝∆ “ pidA b εq ˝∆ “ idA.

As we noticed in remark A.2.5, the tensor product of vector spaces induces a monoidal structure
in the category of representations of a bialgebra. Drinfeld noticed that, in fact, we do not need to
require the comultiplication to be coassociative.

Definition 3.3.3. Let A be an algebra equipped with a comultiplication ∆ : A Ñ A b A and a
counit ε : AÑ k. We say that A is a quasi-bialgebra if the tensor product of the category of vector
spaces induces a monoidal structure in the category ReppAq of A-modules.

Drinfield proved that this definition is equivalent to the existence of an invertible element Φ in
AbAbA and invertible elements l, r P A such that, for all a P A,

pidA b∆qp∆paqq “ Φ pp∆b idAqp∆paqqqΦ´1,

pεb idAqp∆paqq “ l´1al, pidA b εqp∆paqq “ r´1ar,

pidA b idA b∆qpΦqp∆b idA b idAqpΦq “ Φ234pidA b∆b idAqpΦqΦ123,

pidb εb idqpΦq “ r b l´1,

where Φ123 “ Φb 1A and Φ234 “ 1A b Φ. When Φ “ 1A b 1A b 1A and l “ r “ 1A we recover the
usual definition of a bialgebra.

The element Φ above is called an associator. The existence of such an element is not trivial. Using
differential equations introduced by Knizhnik and Zamolodchikov in the context of conformal field
theory, Drinfeld constructed explicitly an associator for the power series algebra of the enveloping
algebra Upgq of a semi-simple Lie algebra g. This construction is complicated, but we recover here
some of the notions introduced by Drinfeld that we will use in the sequel.

Definition 3.3.4. Let n ě 1 be a integer. The Drinfeld-Kohno algebra is the algebra Uptnq
generated by the symbols ti,j , for all i, j P t1, . . . , nu distinct, and subject to the relations

(DK1) tij “ tji;
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(DK2) rtij , tik ` tjks “ 0;
(DK3) rtij , tkls “ 0,

where i, j, k, l are distinct integers and rf, gs “ fg ´ gf .

Definition 3.3.5. A formal series ΦpA,Bq in two non-commuting variables A and B is called a
Drinfeld series if it is a solution of the following system of four equations:

$

’

’

&

’

’

%

Φp0, 0q “ 1,
Φpt12, t23 ` t24qΦpt13 ` t23, t34q “ Φpt23, t34qΦpt12 ` t13, t24 ` t34qΦpt12, t23q (in Upt4)q,
exp

`

1
2pt13 ` t23q

˘

“ Φpt13, t12q exp
`

1
2 t13

˘

Φpt13, t23q
´1 exp

`

1
2 t23

˘

Φpt12, t23q (in Upt3q),
exp

`

1
2pt13 ` t12q

˘

“ Φpt23, t13q
´1 exp

`

1
2 t13

˘

Φpt12, t13q exp
`

1
2 t23

˘

Φpt12, t23q
´1 (in Upt3q).

This is the original definition given by Drinfeld but Furusho proved later on that the two last
equation can be derived from the second one [3]. Using the holonomy of the Knizhnik-Zamolodchikov
conection, Drinfeld first constructs a particular associator ψKZ for k “ C and next he deduces the
existence of associators for any field of characteristic zero [2]. This associator has the form

ψKZpA,Bq “ 1`
1

24
rA,Bs ` infinite sum of iterated commutators in A,B of length ą2.

Drinfield also showed non constructively the existence of an associator with rational coefficients.

3.3.3 Formal integration of infinitesimal symmetric categories. Suppose that Q Ă k.
Let Φ be a Drinfield series. Given an infinitesimal symmetric category S with symmetry σ and
infinitesimal braiding t, we define Srr~ss to be the category whose objects are the same as S and
whose set of morphisms HomSrr~sspV,W q consists of formal series

ř

ně0 fn~n where f0, f1, f2, . . . are
morphisms from V to W in S. The composition in Srr~ss extends the composition in S and the
multiplication of formal series. The identity of V in Srr~ss is the constant formal series idV .

Theorem 3.3.6. There exists a unique structure of braided tensor category on Srr~ss such that
the tensor product on objects and the unit are the same as in S, the tensor product of morphisms
extends krr~ss-linearly the tensor product in S, the associativity isomorphism α is given by

αU,V,W “ ΦptU,V , tV,W q,

and the braiding c is given by

cV,W “ σV,W ˝ exp

ˆ

1

2
~tV,W

˙

“ exp

ˆ

1

2
~tW,V

˙

˝ σV,W .

Proof. The uniqueness is clear as the tensor product in Srr~ss is determined by the one in S. The
pentagon axiom for α and the hexagon axioms for c then follows from the equations defining a
Drinfeld series. �

In the case when the infinitesimal symmetric category S has a duality p˚, b0V , d
0
V q, we define the

Casimir operator to be the natural family of morphisms defined by

CV “ ´
`

idV b pd
0
V ˝ tV ˚,V q

˘

˝ pb0V b idV q.

Then, it follows from the definition of infinitesimal braiding that it satisfies the equation

tV,W “
1

2
pCVbW ´ CV b idW ´ idV b CW q .

Now recall from paragraph A.1.3 that every monoidal category is monoidal equivalent to a strict
monoidal category. Let Srr~ssstr the strict braided tensor category associated to Srr~ss following
the procedure of the aforementioned paragraph.
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Theorem 3.3.7. The strict braided tensor category Srr~ssstr is a ribbon category with twist given
by

θV “ exp

ˆ

1

2
~CV

˙

and with left duality defined as follows: for any object V the dual object V ˚ is the same as in the
category S; the structure maps bV and dV are defined by

bV “ b0V and dV “ d0
V ˝ pλ

´1
V ˚ b idV q

where λV ˚ is the automorphism of V ˚ defined by

λV ˚ “
`

d0
V b idV ˚

˘

˝ Φ
`

tV ˚,V , tV,V ˚
˘

˝
`

idV ˚ b b
0
V

˘

.

Proof. The axioms for the duality follow from a computation from the definition of Drinfeld operator.
The axioms for the twists are a consequence of the relation between the infinitesimal braiding and
the Casimir operator given above. �

3.4 The ribbon structure of Apkq and the Kontsevhich theorem

3.4.1 Infinitesimal braiding. We provide now Apkq with an infinitesimal braiding. For a
nonempty sequence s “ pε1, . . . , εnq and any pair pi, jq of distinct integers between 1 and n, denote
by T i,js the chord diagram obtained from the identity by adding a single chord between the ith and
jth intervals and let ti,js : sÑ s be the morphism in Apkq represented by εiεjT

i,j
s .

Figure 62

Lemma 3.4.1. For distinct integers i, j, k, l “ 1, . . . , r the following relations hold in Apkq:

ti,js “ tj,is ,
”

ti,js , t
k,l
s

ı

“ 0,
”

ti,js , t
i,k
s ` tj,ks

ı

“ 0,

where rf, gs “ f ˝ g ´ g ˝ f .

Proof. The first relation holds by definition. The second one follows from the fact that the chord
diagrams representing ti,js ˝ tk,ls and tk,ls ˝ ti,js are homeomorphic when i, j, k, l are distinct integers.
Finally, the third one follows directly from the four-term relation. �

We can use these morphisms to construct an infinitesimal braiding in the following way. For
nonempty sequences s, s1 P x`,´y, we define an endomorphism ts,s1 of sb s by

ts,s1 “
r
ÿ

i“1

r1
ÿ

j“1

ti,r`jss1 ,

where r and r1 are the lengths of s and s1. Set

ts,∅ “ t∅,s “ t∅,∅ “ 0.

This family of morphisms defines an infinitesimal braiding in Apkq (see [5] for the details), so we
have:
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Proposition 3.4.2. The category Apkq with the infinitesimal braiding pts,s1qs,s1 is a strict infinites-
imal category with duality. �

3.4.2 The prounipotent completion T pkq. Let C be an k-linear braided category and let I
be the ideal of C generated by the morphisms of the form

cW,V ˝ cV,W ´ idVbW ,

for all objects V,W . We call I the augmentation ideal of C. Given an integer m ě 0, we define
Im`1 as the ideal generated by morphisms of the form f1 ‹ ¨ ¨ ¨ ‹fn, where ‹ is either the composition
or the tensor product of morphisms and at least m ` 1 morphisms among the fi’s belong to I.
The categories C{Im`1, m “ 0, 1, 2, . . ., whose objects are the same as the objects of C and whose
morphisms are given by

HomC{Im`1pV,W q “ HomCpV,W q{I
m`1pV,W q,

where IpV,W q is the set of morphisms from V to W in Im`1, form a projective system. Its limit is
called the prounipotent completion of C.

Theorem 3.4.3. The category T̂ pkq is isomorphic to the prounipotent completion of T pkq.

Proof. It is enough to show that, for all m ě 0, we have Tmpkq – T pkq{Im`1, where I is the
augmentation ideal of T pkq.

We note that Tmpkq “ T singpkq{Dm, where Dm is the ideal of T singpkq generated by the singular
tangles with ą m double points. But, since every morphism in T singpkq is a linear combination of
morphisms in T , there exists an ideal D0

m in T pkq such that Tmpkq “ T pkq{D0
m. Hence, it suffices

to show that Im`1 “ D0
m.

By construction of T sing, D0
m is generated by morphisms whose algebraic expressions contain ą m

occurrences of cp`q,p`q ´ c
´1
p`q,p`q. But

cp`q,p`q ´ c
´1
p`q,p`q “ c´1

p`q,p`qpc
2
p`q,p`q ´ idp`q,p`qq,

which implies that D0
m Ă Im`1.

On the other hand, the axioms in the definition of braiding imply that Im`1 is additively generated
by morphisms in whose algebraic expressions the terms cs1,s ˝cs,s1´ idss1 appear more than m times,
where s and s1 are length-1 sequences of `,´. Each such term belong to D0

0, so D0
m Ă Im`1. �

3.4.3 The Kontsevich’s theorem. Suppose Q Ă k. Using the fact that Apkq is an infinitesimal
symmetric category, we can apply the results from the subsection 3.3 with a Drinfeld associator Φ to
get a k-linear strict ribbon category Apkqrr~ssstr whose objects are finite sequences of finite sequences
of ` and ´. We modify slightly this ribbon structure in the following way. For any object s in
Apkqrr~ssstr, consider the morphism id1ś s obtained from the identity by setting all residues equal
to 1 and let

γs “ id1ś s `
ÿ

ią0

0~i.

The morphism γs commutes with all morphisms in Apkqrr~ssstr and γ2
s “ ids. Moreover,

γsbs1 “ γs b γs1 , γs˚ “ γ˚s ,
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so by composing by the twist, we get a new twist in Apkqrr~ssstr. We denote the resulting ribbon
category by Apkqrr~ssstrγ . By the universal property of the category of ribbon graphs, there exists a
functor Z : T Ñ Apkqrr~ssstrγ preserving the tensor product ans satisfying the following conditions:

Zpp`qq “ pp`qq, Zpp´qq “ pp´qq,

Z
`

cp`q,p`q
˘

“ σp`q,p`q ˝ exp

ˆ

1

2
~tp`q,p`q

˙

“ exp

ˆ

1

2
~tp`q,p`q

˙

˝ σp`q,p`q,

Z
`

bp`q
˘

“ bp`q,

Z
`

θp`q
˘

“ exp

ˆ

1

2
~Cp`q

˙

˝ γp`q “ γp`q ˝ exp

ˆ

1

2
~Cp`q

˙

,

where the morphisms appearing in the left-hand side of the equalities are the braiding, the duality
morphism and the twist in the category T ; σ is the braiding in Apkq and C is the Casimir operator
in Apkqrr~ssstrγ . We extend Z by k linearity and we consider the ideal of Apkqrr~ssstrγ consisting of
all morphisms

ř

mě0 fm~m such that f0 “ 0 and f1 is a linear combination of chord diagrams with
at least one cord.

Let I be the augmentation ideal of T pkq. We already noted in the proof of Theorem 3.4.3 that I is
generated by cp`q,p`q ´ c

´1
p`q,p`q. The image of this element by Z is

Z
´

cp`q,p`q ´ cp`q,p`q ´ c
´1
p`q,p`q

¯

“ σp`q,p`q ˝

„

exp

ˆ

1

2
~tp`q,p`q

˙

´ exp

ˆ

´
1

2
~tp`q,p`q

˙

” ~σp`q,p`q ˝ tp`q,p`q mod ~2.

Since σp`q,p`q ˝ tp`q,p`q has one chord, ZpIq Ă J and Z induces a diagram

T pkq{Im`1 Arr~ssstrγ {Jm`1

T pkq{Ip Apkqrr~ssstrγ {Jp

Zm

Zp´1

(‹‹)

which is commutative for all p ď m` 1. On the other hand, we have an inclusion

κ : Apkq Ñ Apkqrr~ssstrγ

which send each sequence pε1, . . . , εrq in Apkq to the sequence of 1-length sequences ppε1q, . . . , pεrqq
in Apkqrr~ssstrγ and such that

κ

˜

ÿ

i

λiDi

¸

“
ÿ

i

λiDi~npDiq,

where the Di s are chord diagrams and npDiq is the number of chords of Di. In particular, if D
is a diagram with more than k ą m chords, then κpDq “ D~k P Jm`1, so the functor κ induces a
functor

κm : Ampkq Ñ Apkqrr~ssstrγ {Jm`1,

which is injective in objects and morphisms, so we may identify Ampkq as a subcategory of the
quotient category Apkqrr~ssstrγ {Jm`1.

Lemma 3.4.4. For any integer m ě 0, the image of the functor Zm lies in the subcategory Ampkq
of Apkqrr~ssstrγ {Jm`1.
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Proof. This is clear for objects. For morphisms, note that Zm is defined on the reductions modulo
~m`1 of the morphisms bp`q, dp`q, Φp~ts,s1 b ids2 , ~ids b ts1,s2q, σp`q,p`q ˝ exp

`

1
2~tp`q,p`q

˘

and γp`q ˝

exp
`

1
2~Cp`q

˘

, which are all in the image of κm, since ts,s1 and Cp`q are sums of chord diagrams with
exactly one chord. �

Proposition 3.4.5. For any integer m ě 0, the functor Zm is an isomorphism from the category
T pkq{Im`1 to the subcategory Ampkq of Apkqrr~ssstrγ {Jm`1.

We will show that, in fact, this functor is an isomorphism. Before doing this, let us introduce some
terminology. If T is a framed singular tangle, by recursively applying the Vassiliev relation to every
double point, we get a nonsingular tangle T 1 which we represent by a planar diagram. Let C 1 Ă T 1

be any component of T 1, we define the residue of C 1 by counting the number of self-intersections of
C 1 and by taking the residue modulo 2, which does not depend on the choice of the diagram. By
definition, the residue of any component of C of T is the residue of the corresponding connected
component in any desingularization. On the other hand, generalizing the ideas that we explained
in the first subsection, we can associate a singular tangle T to each chord diagram D by embedding
it in R2 ˆ r0, 1s and by replacing each cord by a double point and a crossing, as in Figure 63, and
such that each component of T has the same residue as the corresponding component of D. We call
T a realization of D. If D has p chords, then any realization of D has p singular points.

Figure 63

Proposition 3.4.6. For any integer m ě 0, the functor Zm is an isomorphism from the category
T pkq{Im`1 to the subcategory Ampkq of Apkqrr~ssstrγ {Jm`1.

Proof. We have to show that Zm induces a bijection HomT pkq{Im`1ps, s1q Ñ HomAmpkqps, s
1q, for any

pair ps, s1q of objects of T . By (‹‹), we have the following diagram of k-modules

HomT pkq{Im`1ps, s1q HomAmpkqps, s
1q

HomT pkq{Ipps, s
1q HomAp´1pkqps, s

1q

Zm

Zp´1

where vertical arrows are clearly surjective, for all p ď m. Let T p be the kernel of the left vertical
morphism and Ap be the kernel of the right vertical one. We have filtrations

t0u “ Tm`1 Ă Tm Ă Tm´1 Ă ¨ ¨ ¨ Ă T 0 “ HomT pkq{Im`1ps, s1q

and
t0u “ Am`1 Ă Am Ă Am´1 Ă ¨ ¨ ¨ Ă A0 “ HomAmpkqps, s

1q

compatible with Zm. It is then enough to prove that Zm induces an isomorphism from T p{T p`1 to
Ap{Ap`1 for all p ď m.

Observe that Ap{Ap`1 is the submodule of Ap Ă HomAmpkqps, s
1q generated by all chord diagrams

with exactly p chords. By a previous observation, a realization of such a diagram has p points,
so it is an element of T p, whose class module T p`1 is independent of the realization. It induces
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a well-defined surjective k-linear map Y : Ap{Ap`1 Ñ T p{T p`1, which is a right inverse for Zm :
T p{T p`1 Ñ Ap{Ap`1 (see [5] for the details). Hence, Zm is an isomorphism. �

The Kontsevich’s theorem now follows directly:

Theorem 3.4.7. [Kontsevich] If Q Ă k, then for m “ 0, 1, 2, . . . , there is an isomorphism of
categories

Tmpkq – Ampkq

such that

TmpRq – Ampkq

Tm´1pkq – Am´1pkq

commutes for all m “ 0, 1, 2, . . .. �
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A Appendix

A.1 Monoidal categories

A.1.1 Definition and some examples. A monoidal category is a category V with the following
additional data:

(i) a covariant bifunctor b : V ˆ V Ñ V, called the tensor product ;
(ii) a natural family of isomorphisms

α “ tαU,V,W : pU b V q bW
„
ÝÑ U b pV bW q : U, V,W P Vu,

called the associativity isomorphisms;
(iii) a unit object 1 P V and natural isomorphisms

λ “ t1b V
„
ÝÑ V : V P Vu

and
ρ “ tV b 1

„
ÝÑ V : V P Vu,

called unit isomorphisms, satisfying the following properties:
(a) Pentagon axiom. For any V1, . . . , V4 P V, the following diagram is commutative:

ppV1 b V2q b V3q b V4

pV1 b pV2 b V3qq b V4 pV1 b V2q b pV3 b V4q

V1 b ppV2 b V3q b V4q V1 b pV2 b pV3 b V4qq

α1,2,3bid4 α12,3,4

α1,23,4 α1,2,34

id1bα2,3,4

(b) Triangle axiom. For any V,W P V, the following diagram is commutative:

pV1 b 1q b V2 V1 b p1b V2q

V1 b V2

ρbid

α

idbλ

Monoidal categories are ubiquitous, as the following examples suggest:

Example A.1.1. The category Set of sets is a monoidal category, where the tensor product is the
Cartesian product and the unit object is a one element set. This examples can be generalized by
taking the category of sets with some structure (groups, topological spaces...).

Example A.1.2. Any additive category is a monoidal category: b is given by the direct sum ‘

and, hence, the zero object is a unit object.

Example A.1.3. If R is a commutative unital ring, the categories R-Mod and R-mod of R-
modules and R-modules of finite type are monoidal categories. The tensor product is the tensor
product of modules over R and the ring R is the unit object. In particular, the category of (finite
dimensional) vector spaces is a monoidal category.

Example A.1.4. Let G be a group k be a field. The category RepkpGq of representations of G
over k is a monoidal category. If pV, ρV q and pW,ρW q are two representations of G, their tensor
product is the representation pV bW,ρV bρW q. The unit object is given by the trivial representation
pk, idkq. Similarly, if g is a Lie algebra over k, the category Repkpgq of its representations over k
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can be endowed with a structure of monoidal category. The tensor product of two representations
pV, ρV q and pW,ρW q is the representation pV bW,ρVbW q, where

ρVbW “ ρV b idW ` idV b ρW .

The unit object is a one dimensional representation with the zero action of g.

A.1.2 Monoidal functors and equivalences of monoidal categories. Let V,W be two
monoidal categories. A monoidal functor is a triple pF, φ, ϕq where F : V Ñ W is a functor,
φ : 1W

„
ÝÑ F p1Vq is an isomorphism and

ϕ “ tϕU,V : F pUq b F pV q Ñ F pU b V q : U, V P Vu

is a family of natural isomorphisms such that the diagrams

pF pUq b F pV qq b F pW q F pUq b pF pV q b F pW qq

F pU b V q b F pW q F pUq b F pV bW q

F ppU b V q bW q F pU b pV bW qq,

ϕU,V bidF pW q

αF pUq,F pV q,F pW q

idF pUqbϕV,W

ϕUbV,W ϕU,VbW

F pαU,V,W q

1b F pUq F pUq

F p1q b F pUq F p1b Uq

φbidF pUq

λF pUq

ϕ1,U

F pλU q and

F pUq b 1 F pUq

F pUq b F p1q F pU b 1q.

idF pUqbφ

ρF pUq

ϕU,1

F pρU q

commute for all objects U, V,W P V.

A natural monoidal transformation η : pF, φ, ϕq ñ pG,φ1, ϕ1q between monoidal functors is a natural
transformation η : F ñ G such that the following diagrams are commutative, for each pair of objects
U, V P V:

F p1q F pUq b F pV q F pU b V q

1 and

Gp1q GpUq bGpV q GpU b V q.

η1 ηUbηV

ϕU,V

ηUbV

φ

φ1
ϕ1U,V

Finally, a monoidal equivalence between monoidal categories is a monoidal functor F : V ÑW such
that there exist a monoidal functor G : W Ñ V and natural monoidal isomorphisms η : idW

„
ùñ FG

and ε : GF
„
ùñ idV .

Example A.1.5. A class of example of monoidal functors is given by forgetful functors, i.e., functors
from a certain category of sets with additional structure (such as groups, vector spaces, topological
spaces...) mapping each object to the underlying set and every morphism to the corresponding
set-theoretical one. Such functors have an obvious monoidal structure.
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A.1.3 Strictification of monoidal categories. Monoidal categories are much easier to ma-
nipulate in the particular case where the associativity and unit constraints are all identities. Recall
that a monoidal category V is strict if the associativity and unit isomorphisms are all identities of
the category, i.e., we have

pU b V q bW “ U b pV bW qq, 1b V “ V and V b 1 “ V,

for all U, V,W P V. In that case, the pentagon and the triangle axiom become trivial. We will see
that in practice one may always assume that monoidal categories are strict. Let us begin with one
example:

Example A.1.6. Let Veck the category whose objects are nonnegative integers and Hompm,nq “
Matmˆnpkq, with composition given by the product of matrices. We define the tensor product of
two objects m,n P N as m b n – mn and that of two morphisms f : m Ñ n, g : p Ñ q as the
Kronecker product fbg. This endows Veck with a structure of strict monoidal category. Moreover,
we have a natural inclusion Veck ãÑ Veck which assigns to each n P N the k-vector space kn and
to each matrix f : mÑ n the morphism km Ñ kn whose matrix in the canonical basis is precisely
f . This functor is clearly monoidal, fully faithful and essentially surjective, so it is an equivalence
of monoidal categories.

The situation of the previous example is in fact general: starting from a arbitrary monoidal category
V, we can always construct a strict monoidal category which is monoidal equivalent to V. This is
done as follows. Let SV be the class of all finite sequences S “ pV1, . . . , Vkq of objects of V. We call
the integer k the length of the sequence. By convention, the length of the empty sequence is 0. If
S “ pV1, . . . , Vkq and S1 “ pVk`1, . . . , Vk`nq are nonempty sequences of SV , we set

S ˚ S1 :“ pV1, . . . , Vk, Vk`1, . . . , Vk`nq.

We also agree that S ˚ ∅ “ S “ ∅ ˚ S, for every S P SV . To any sequence S P SV , we assign an
object F pSq of V defined inductively by

F p∅q “ 1, F ppV qq “ V, F pS ˚ pV qq “ F pSq b V.

We then define the category of finite sequences of V as the category Vstr whose objects are the
elements of SV and whose morphisms are given by

HomVstrpS, S
1q– HomVpF pSq, F pS

1qq,

where the identities and compositions are taken from V.

Proposition A.1.7. The categories Vstr and V are equivalent.

Proof. The map F previously defined extends to a functor F : Vstr Ñ V which is the identity on
morphisms, hence fully faithful. Moreover, V “ F ppV qq for every object V P V, which implies the
essential surjectivity of F . Thus, F is an equivalence of categories. �

A quasi-inverse of the functor F above is explicitly given by the functor G : V Ñ Vstr defined by
GpV q “ pV q on objects and by the identity on morphisms. Indeed, we have FG “ idV and we have
a natural isomorphism θ : GF ñ idVstr , where

θS :“ idF pSq : GF pSq Ñ S.

This is well-defined because

HomVstrpGF pSq, Sq “ HomVpFGF pSq, Sq “ HomVpF pSq, F pSqq.
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We now equip Vstr with the structure of a strict monoidal category. The tensor product of two
objects S and S1 is defined to be the concatenation S ˚ S1. In order to define the tensor product of
two morphisms, we first construct a natural isomorphism

ϕS,S1 : F pSq b F pS1q Ñ F pS ˚ S1q

for any pair objects S, S1 P Vstr. We do so by induction on the length of the sequence S1. First, we
set

ϕ∅,S – λF pSq and ϕS,∅ – ρF pSq.

Next,
ϕS,pV q – idF pSqbV : F pSq b V Ñ F pSq b V “ F pS ˚ pV qq.

Finally, if ϕS,S1 has been already constructed for some S, S1 P Vstr, ϕS,S1˚pV q is defined by the
following commutative diagram:

F pSq b F pS1 ˚ pV qq F pS ˚ pS1 ˚ pV qqq

F pSq b pF pS1q b V q F ppS ˚ S1q ˚ pV qq

pF pSq b F pS1qq b V F pS ˚ S1q b V.

ϕS,S1˚pV q

α´1
F pSq,F pS1q,V

ϕS,S1bidV

That is,
ϕS,S1˚pV q “ pϕS,S1 b idV q ˝ α

´1
F pSq,F pS1q,V .

Using this natural isomorphism, we define the tensor product of two morphisms as follows. Let
f : S Ñ T and g : S1 Ñ T 1 be two morphisms in Vstr. By definition of the category of finite
sequences, f P HomVpF pSq, F pT qq and g P HomVpF pS

1q, F pT 1qq. We then define f ˚g P HomVstrpS ˚
S1, T ˚ T 1q “ HomVpF pS ˚ S

1q, F pT ˚ T 1qq by the following commutative square:

F pS ˚ S1q F pSq b F pS1q

F pT ˚ T 1q F pT q b F pT 1q

ϕ´1
S,S1

f˚g fbg

ϕT,T 1

It is now straightforward to prove that Vstr is a strict monoidal category:

Proposition A.1.8. Equipped with ˚, the category of finite sequences Vstr is a strict monoidal
category. The unit element is the empty sequence.

Proof. By construction of ˚,

idS ˚ idS1 “ ϕS,S1 ˝ pidS b idS1q ˝ ϕ
´1
S,S1 “ idS˚S1 ,

for every S, S1 P Vstr. Similarly, for f : S Ñ T , g : T Ñ R, f 1 : S1 Ñ T 1 and g1 : T 1 Ñ R1, we have

pf ˝ gq ˚ pf 1 ˝ g1q “ ϕR,R1 ˝ rpf ˝ gq b pf
1 ˝ g1qs ˝ ϕ´1

S,S1

“ ϕR,R1 ˝ pf b f
1q ˝ pg1 b g1q ˝ ϕ´1

S,S1

“

”

ϕR,R1 ˝ pf b f
1q ˝ ϕ´1

T,T 1

ı

˝

”

ϕT,T 1 ˝ pg
1 b g1q ˝ ϕ´1

S,S1

ı

“ pf ˚ f 1q ˝ pg ˚ g1q,

which shows that ˚ is a functor. This functor is strictly associative by construction. �
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We finish our discussion about strict monoidal categories showing that Vstr is, indeed, monoidal
equivalent to V. We firs prove two technical lemmas.

Lemma A.1.9. Let V be an arbitrary monoidal category. The triangles

p1b V q bW 1b pV bW q

V bW

α1,V,W

λV bidw
λVbW

and

pV bW q b 1 V b pW b 1q

V bW

αV,W,1

ρVbW
idV bρW

commute for any pair of objects V,W P V.

Proof. Consider the diagram

pU b p1b V qq bW

pU b 1q b V q bW pU b p1b V qq bW

pU b V q bW

U b pV bW q

pU b 1q b pV bW q U b pp1b V q bW q

U b p1b pV bW qq ,

αbidW

α

pρUbidV qbidW

α

pidUbλV qbidW

α

ρUbidVbW

α

idUbα

idUbpλV bidW q

idUbλVbW

where we dropped the subscripts of α to simplify the notation. The outer hexagon is commutative
by the pentagon axiom, the two middle squares by naturality of α, and the top square and the lower
left triangle by the triangle axiom. As a consequence, the lower right triangle is also commutative.
Setting U “ 1, we get

id1 b pλV b idW q “ id1 b pλVbW ˝ αq.

Applying the naturality of the unit isomorphisms to both sides of this equality, we have

λV b idW “ λVbW ˝ α,

which shows the commutativity of the first triangle in the statement of lemma. A similar proof
shows the commutativity of the second one. �

Lemma A.1.10. If S, S1, S2 are objects on Vstr, we have

ϕS,S1˚S2 ˝ pidS b ϕS1,S2q ˝ αF pSq,F pS1q,F pS2q “ ϕS˚S1,S2 ˝ pϕS,S1 b idS2q.

Proof. We prove the lemma by induction on the length of S2. If S “ ∅, we have

ϕS,S1 ˝ pidS b ϕS1,∅q ˝ αF pSq,F pS1q,1

“ ϕS,S1 ˝ pidS b ρF pS1qq ˝ αF pSq,F pS1q,1

“ ϕS,S1 ˝ ρF pSqbF pS1q

“ ρF pS˚S1q ˝ pϕS,S1 b id1q

“ ϕS˚S1,∅ ˝ pϕS,S1 b 1q.
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The first and third equality are by definition, the second one by the previous lemma, and the third
one by naturality of ρ.

Let V be an object of V and let us prove that the equality of the lemma for S, S1, S2 implies the
equality for S, S1, S2 ˚ pV q. Indeed,

ϕS,S1˚S2˚pV q ˝ pidS b ϕS1,S2˚pV qq ˝ αF pSq,F pS1q,F pS2˚pV qq

“pϕS,S1˚S2 b idV q ˝ α
´1
F pSq,F pS1˚S2q,V ˝ pidS b ϕS1,S2 b idV q

˝ pidb α´1
F pS1q,F pS2q,V q ˝ αF pSq,F pS1q,F pS2qbV

“pϕS,S1˚S2 b idV q ˝ pidS b ϕS1,S2 b idV q ˝ α
´1
F pSq,F pS1qbF pS2q,V

˝ pidS b α
´1
F pS1q,F pS2q,V q ˝ αF pSq,F pS1q,F pS2qbV

“pϕS,S1˚S2 b idV q ˝ pidS b ϕS1,S2 b idV q

˝ pαF pSq,F pS1q,F pS2q b idV qα
´1
F pSqbF pS1q,F pS2q,V

“pϕS˚S1,S2 b idV q ˝ α
´1
F pS˚S1q,F pS2q,V ˝ pϕS,S1 b idS2 b idV q

“ϕS˚S2,S2˚pV q ˝ pϕS,S1 b idS2˚pV qq.

The first and last equalities follows from the definition of ϕ, the second and fifth ones from the
naturality of the associativity isomorphism, the third one by the pentagon axiom, and the fourth
one by induction hypothesis. �

Theorem A.1.11. The categories V and Vstr are monoidal equivalent.

Proof. We have already proven that V and Vstr are equivalent and we have shown an explicit
equivalence of categories F . We claim that pF, id1, ϕq is a monoidal functor from Vstr to V. Indeed,
the preceding lemma is a reformulation of the first condition in the definition of monoidal functor,
while the other two follow from the definition of ϕS,∅ and ϕ∅,S . A direct but tedious computation
shows that pG, id1, idq is also a monoidal functor. Finally, the natural isomorphism θ defined above
is a natural tensor isomorphism. �

Remark A.1.12. In the proof given in this subsection, we need to abandon the original category V
in order to construct a new different category Vstr which is strict. If V is, for example, the category
of vector spaces, Vstr is an strict category which is monidal equivalent to V but contains no vector
space. In the particular case of categories of sets with additional structure, it is possible to make
an alternative construction keeping the original category but redefining the tensor product, namely
replacing the product of two objects by an isomorphic copy, which turns the initial category into a
strict monoidal category. Details of this construction can be found in [7].

A.1.4 MacLane’s coherence theorem In a monodial category, one can form n-fold products
of any finite sequence of objects V1, . . . , Vn. Such a product can be obtained by adding parenthesis to
the expression V1b¨ ¨ ¨bVn in a consistent way. For n “ 3, the associativity axiom allows to identify
the objects pV1 b V2q b V3 and V1 b pV2 b V3q up to a canonical isomorphism. For n ě 3, one may
use a chain of associativity isomorphism in order to identify up to isomorphism two parenthesized
products of X1, . . . , Xn, n ě 3, but one problem arises: this identification is not canonical in the
sense there exist everal combinations of the associativity isomorphism giving rise to some a priori
different isomorphisms between two given objects. This is solved for n “ 4 by the pentagon axiom,
which states that the two possible identifications are the same. It holds true in the general case, as
the following theorem states.

Theorem A.1.13 (MacLane’s Coherence Theorem). Let V be a monoidal category and V1 . . . , Vn P
V. Let P1, P2 be two parenthesized products of V1, . . . , Vn (in this order) with arbitrary insertions
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of unit objects 1. Let f, g : P1 Ñ P2 be two isomorphisms obtained by composing associativity and
unit isomorphism and their inverses possibly tensored with identity morphisms. Then f “ g.

Proof. Let pF, φ, ϕq : V Ñ V 1 be a monoidal equivalence between V and a strict monoidal category V 1.
Let PF1, PF2 the parenthesizations of F pV1q, . . . , F pVnq corresponding to P1 and P2, respectively.
Since Vstr is strict, we have For instance, if P1 “ pV1 b V2q b pV3 b pV4 b V5qq, then PF1 “

pFV1bFV2q b pFV3b pFV4bFV5qq. Using monoidality, we will construct natural morphism ν1, ν2

such that the diagrams

F pP1q F pP2q

PF1 PF2

F pfq

ν1 ν2

id

and

F pP1q F pP2q

PF1 PF2

F pgq

ν1 ν2

id

are commutative. Hence, F pfq “ F pgq and, by faithfulness of F , f “ g.

We construct ν1 inductively (the construction of ν2 is identical). Write P1 “ S b T , where S is
a parenthesization of V1 b ¨ ¨ ¨ b Vi and T is a parenthesization of Vi`1 b ¨ ¨ ¨ b Vn with arbitrary
intersections of unit objects, for some 0 ď i ď n (if i “ 0, S is by convention a product of unit
objects and the same holds for T if i “ n). If S, T ‰ 1, then we have a morphism

ϕ´1
S,T : F pS b T q “ F pP1q Ñ PF1 “ F pSq b F pT q

and we construct inductively νS : F pSq Ñ SF and νT : F pT q Ñ TF . We then set ν1 – pν1bν2q˝ϕ
´1
S,T .

On the other hand, if P1 “ 1b T , we take ν1 – pφb νT q ˝ ϕ
´1
1,T , and similarly when T “ 1.

Once we have defined ν1 and ν2 it remains to show that the diagrams above are commutative. We
check it by induction for F pfq. Remember that f is a composition of associativity morphisms,
unit morphisms and tensor of those with identity maps. Suppose that the outermost map in that
composition is an associativity isomorphism, i.e., f “ α˝f0, for some f0 (we dropped the subscripts
of α for simplicity). We then have a commutative diagram

FP1 F ppS b T q bQq F pS b pT bQqq

F pS b T q b F pQq F pSq b F pT bQq

pF pSq b F pT qq b F pQq F pSq b pF pT q b F pQqq

PF1 pSF b Tf q bQF SF b pTF bQF q,

ν1

F pf0q F pαq

ϕ´1 ϕ´1

ϕ´1bid idbϕ´1

pνSbνT qbνZ

α

νSbpνTbνQq

f 10 α

where the left square commute by induction hypothesis, the top right one by definition of monoidal
functor and the bottom right one by naturality of α. The cases where the outermost map is an unit
isomorphism or a tensor product are similar. �

MacLane’s coherence theorem justifies the following alternative definition of monoidal category
which is usually found in some references:

Definition A.1.14. A monoidal category is a category V endowed with

(i) a bifunctor b : V ˆ V Ñ V;
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(ii) a natural isomorphism

α “ tαUVW : pU b V q bW Ñ U b pV bW q : U, V,W P Vu;

(iii) a unit object 1 P V and natural isomorphism

λ “ t1b V
„
ÝÑ V : V P Vu

and
ρ “ tV b 1

„
ÝÑ V : V P Vu;

satisfying the following commutativity axiom: if P1 and P2 are two parenthesizations of V1b¨ ¨ ¨bVn
with arbitrary insertions of copies of the unit object, then all the isomorphisms ψ : P1 Ñ P2 obtained
from α, λ, ρ and the identities by composition and tensoring are equal.

A.1.5 Braided monoidal categories. A braided monoidal category is a pair consisting of a
monoidal category V and a natural family of isomorphisms

c “ tcV,W : V bW
„
ÝÑW b V : V,W P Vu,

called braiding, such that the diagrams

U b pV bW q pV bW q b U

pU b V q bW V b pW b Uq

pV b Uq bW V b pU bW q

cU,VbW

αV,W,UαU,V,W

cU,V bidW

αV,U,W

idV bcU,W

and

pU b V q bW W b pU b V q

U b pV bW q pW b Uq b V

U b pW b V q pU bW q b V

cUbV,W

α´1
W,U,Vα´1

U,V,W

idUbcV,W

α´1
U,W,V

cU,WbidV

commutes for all objects U, V,W P V. A braided monoidal category is symmetric if

cW,V ˝ cV,W “ idVbW ,

for all objects V,W P V.

Let pV, cq be a braided monoidal category. We define the reverse braiding on V by

c̄V,W – c´1
W,V .

Proposition A.1.15. The reverse braiding is a braiding.
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Proof. The braiding axioms for c, applied to W,U, V , read

αU,V,W ˝ cW,UbV ˝ αW,U,V “ pidU b cW,V q ˝ αU,W,V ˝ pcW,U b idV q,

α´1
V,W,U ˝ cWbU,V ˝ α

´1
W,U,V “ pcW,V b idU q ˝ α

´1
W,V,U ˝ pidW b cU,V q.

Taking inverses in both sides of the last equality and applying the definition of reverse braiding, we
get the braiding axioms for c1. �

The following proposition exhibits the relationship between the brading and the unit isomorphisms
in a braided monoidal category:

Proposition A.1.16. For any object V of a braided tensor category with unit 1, we have

λV ˝ cV,1 “ ρV , ρV ˝ c1,V “ λV and c1,V “ c´1
V.1.

Proof. Consider the diagram

pV b 1q bW V b p1bW q p1bW q b V

V bW W b V 1b pW b V q

p1b V q bW 1b pV bW q 1b pW b V q

cbidW

ρV bidW

α

idV bλW

c

λWbidV
α

c

id

λV bidW

α

λVbW

id1bc

λWbV

where we dropped the subscripts of α and c to simplify the notation. The outside heptagon is
commutative by definition of the braiding, the top square by the naturality of c, the bottom square
by the naturality of λ, the upper left triangle by the triangle axiom and the lower left and right
triangles by lemma A.1.9. Thus, the right triangle commutes, i.e.,

ρV b idW “ pλV ˝ cV,1q b idW .

Taking W “ 1 and applying the naturality of ρ, we get

ρV “ λV ˝ cV,1,

which is the first equality to be proved. Replacing c by its inverse and using the second axiom of the
definition of braiding, one can the second one in a similar way. Finally, the last one is a combination
of the other two. �

One of the main properties of a braided tensor category is given by the following theorem:

Theorem A.1.17. Let U, V,W be objects in a braided tensor category. Then, we have the following
commutative diagram:
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pU b V q bW

pV b Uq bW U b pV bW q

V b pU bW q U b pW b V q

V b pW b Uq pU bW q b V

pV bW q b U pW b Uq b V

pW b V q b U W b pU b V q

W b pV b Uq

cU,V bidW

αU,V,W

αV,U,W idUbcV,W

idV bcU,W α´1
U,W,V

α´1
V,W,U

cU,WbidV

cV,WbidU αW,U,V

αW,V,U

idWbcU,V

Proof. The previous dodecaedron can be obtained by gluing together the following diagrams:

pV b Uq bW

V b pU bW q

V b pW b Uq

pV bW q b U

pW b V q b U

W b pV b Uq,

αV,U,W

cVbU,W

idV bcU,W

α´1
V,W,U

cV,WbidU

αW,V,U

pU b V q bW

U b pV bW q

U b pW b V q

pU bW q b V

pW b Uq b V

W b pU b V q

αU,V,W

cUbV,W

idUbcV,W

α´1
U,W,V

cU,WbidV

αW,U,V

and

pV b Uq bW pU b V q bW

W b pV b Uq W b pU b V q

cVbU,W

cU,V bidW

cUbV,W

idWbcU,V

.

The first two diagrams are commutative by the definition of braiding and the last one by naturality
of c. �

The relation stated in the previous theorem is known as Yang-Baxter equation.

Many examples of monoidal categories from A.1 admit a natural braiding:
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Example A.1.18. The categories Set, Veck, RepkpGq, Repkpgq and R´Mod admit a braiding
being the transposition of factors.

A monoidal functor pF, φ, ϕq between two monoidal categories V,W is braided if the following
diagram commutes

F pV q b F pW q F pW q b F pV q

F pV bW q F pW b V q

cW
F pV q,F pW q

ϕV,W ϕW,V

FpcVV,W q

for all V,W P V.

A.2 Hopf algebras and categories of representations

Hopf algebras are bialgebras endowed with additional structure that allows a ribbon category struc-
ture to be defined in their category of representations, providing a variety of examples on which to
apply the results and constructions of the previous sections.

A.2.1 Definition and some examples Let A be an algebra with unit 1A over a field k.
Assume that A is provided with multiplicative k-linear homomorphisms ∆ : A Ñ Ab2 – A bk A
and ε : A Ñ k, called the comultiplication and counit respectively, and a k-linear homomorphism
s : AÑ A, called the antipode. It is understood that ∆p1Aq “ 1A b 1A and that εp1Aq “ 1A.

Definition A.2.1. We say that pA,∆, ε, sq is a Hopf algebra if these homomorphisms satisfy, to-
gether with the algebra multiplication m : AbAÑ A, the following properties:

(H1) pidA b∆q ˝∆ “ p∆b idAq ˝∆;
(H2) m ˝ psb idAq ˝∆ “ m ˝ pidA b sq ˝∆ “ ε ¨ 1A;
(H3) pεb idAq ˝∆ “ pidA b εq ˝∆ “ idA.

In the first axiom, we identify Ab pAbAq “ pAbAq bA via pab bq b c “ ab pbb cq. In the third
one, we identify A “ Abk k “ kbk A via a “ ab 1 “ 1b a.

For every element a P A, ∆paq is a finite linear combination of pure tensors a “
ř

i a
1
i b a2i . We

formally rewrite this sum as
∆paq “

ÿ

paq

ap1q b ap2q.

This is known as Sweedler’s sigma notation.

It can be shown from the axioms that the antipode s is an antiautomorphism of both the algebra
and the coalgebra structure in A. Precisely, this means that

m ˝ psb sq “ s ˝m ˝ PA : Ab2 Ñ A,

and
PA ˝ psb sq ˝∆ “ ∆ ˝ s : AÑ Ab2,

where PA denotes the flip Ab2 Ñ Ab2, abb ÞÑ bba. It also follows from the axioms that sp1Aq “ 1A
and ε ˝ s “ ε : AÑ k.
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We can define a Hopf algebra structure in the linear dual A˚ – HomkpA, kq. The multiplication,
comultiplication and antipode in A˚ are dual to the comultiplication, multiplication and antipode
in A, respectively. The roles of the unit and counit in A˚ are played by the counit of A and the
homomorphism A˚ Ñ k, y ÞÑ yp1Aq.

Example A.2.2. 1. The group algebra krGs of a group G is a Hopf algebra. The homomorphisms
∆, ε, s are defined on the additive generators g P G by the formulas ∆pgq “ g b g, εpgq “ 1 and
spgq “ g´1.

2. Let G be a finite group. We define a Hopf algebra A as follows. As a k-module, A is generated
by the set tδgugPG, where δg is defined to be the map

δgphq

"

1, if h “ g,
0, otherwise.

The multiplication is induced by the multiplication on the ground field k. The comultiplication, the
antipode and the counit are defined by

∆pδgq “
ÿ

hPG

δh b δh´1g, spgq “ δg´1 , εpgq “

"

1, g “ eG,
0, otherwise,

,

where eG is the unit element of G. This Hopf algebra is dual to krGs.

3. The universal enveloping algebra of a Lie algebra g is a Hopf algebra, with ∆pgq “ gb 1` 1b g,
εpgq “ 0, and spgq “ ´g.

A.2.2 Category of representations. Let A be a Hopf algebra over a field k. By an A-module
of fine rank we mean a left A-module whose underlying k-vector space is finite dimensional.

Definition A.2.3. We define the category of representations of A, ReppAq, as the category whose
objects are A-modules of finite rank and whose morphisms are A-linear homomorphisms.

The axioms (H1) and (H3) allows to define an associative product in ReppAq which turns this
category into a monoidal category. For objects V,W of ReppAq, set V bW “ V bk W , where the
action of A is obtained from the obvious product action of Ab2 in V bkW via de comultiplication,
i.e., for a P A,

apv b wq “
ÿ

paq

ap1qv b ap2qw.

The field k also carries an structure of A-module, induced by the comultiplication, i.e., pa, kq ÞÑ
εpaqk. Axioms (H1) and (H3) imply that the canonical isomorphisms U b pV bW q – pU b V q b
W , V – k b A – A b k are A-linear, so the product is associative up to isomorphism in the
category ReppAq. Finally, the tensor product of two morphisms is the standard tensor product of
homomorphisms. With this definitions ReppAq is a monoidal category. Moreover, for any A-modules
V,W , HomReppAqpV,W q is an abelian additive group with the usual addition of homomorphisms,
and the composition and the tensor products of morphisms are bilinear, so ReppAq is in fact a
monoidal Ab-category, in the sense of the following definition:

Definition A.2.4. A category C is said to be an Ab-category if for any pair of objects V,W the
set HomCpV,W q is an additive abelian group and the composition of morphisms is bilinear. In the
case where C is a monoidal category, we will also require the tensor product to be bilinear.

Remark A.2.5. We did not use the axiom (H2) to construct the monoidal structure of ReppAq
so, indeed, it would be enough to consider a more general algebraic structure with no antipode in
order to get a monoidal category of representations. Nevertheless, we need the antipode to endow
ReppAq with the structure of a ribbon category.
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Using the antipode s, we can also provide ReppAq with a duality. For any object V of ReppAq, set
V ˚ “ HomkpV,kq, where the action of A is defined by the formula payqpxq “ ypspaqxq. The duality
homomorphism dV is just the evaluation pairing V ˚ b V Ñ k, py, xq ÞÑ ypxq. Set

bV “
#dV : k “ k˚ Ñ pV ˚ b V q˚ “ V ˚˚ b V ˚ “ V b V ˚,

where dV : ϕ ÞÑ ϕ ˝ dV is the transpose of dV and we use the standard identification V ˚˚ “ V .
We then have, for any k P k, bV pkq “ kbV p1q “ kδV , where δV is the coevaluation map. This map
expands as

δ “
ÿ

i

vi b v
i,

where tviui is an arbitrary basis of V and tviui is its dual basis.

Lemma A.2.6. The category ReppAq is a monoidal Ab-category with duality.

Proof. We have to show that dV and bV are A-linear and satisfy the compatibility axioms of duality.
Let tviui be a k-basis of V and let tviui be its dual basis. Then we have

pidV b dV q˝pbV b idvqpvjq “ pidV b dV qpδV b vjq

“ pidV b dV q

˜

ÿ

i

vi b v
i b vj

¸

“
ÿ

i

vi b v
ipvjq “ vi,

and, similarly,

pdV b idV ˚q˝pidV ˚ b bV qpv
jq “ pdV b idV ˚qpv

j b δV q

“ pdV b idV ˚q

˜

ÿ

i

vj b vi b v
i

¸

“
ÿ

i

vjpviq b vi “ vi,

for every j, which proves the compatibility of duality.

On the other hand, for any a P A and any i, j we have

dV

¨

˝

ÿ

paq

ap1qv
i b ap2qvjq

˛

‚“
ÿ

paq

ap1qv
i
`

ap2qvj
˘

“
ÿ

paq

vi
`

spap1qqap2qvj
˘

“ vi

¨

˝

ÿ

paq

spap1qqsp2qvj

˛

‚“ vi prm ˝ psb idAq ˝∆paqsvjq

“ vipεpaqvjq “ εpaqdV pv
i b vjq,

where the first equality follows from the linearity and the definition of dV , the second one from de
dual A-module structure, the third one is by Z-linearity of vi, the fourth one is an application of
(H2) and the rest are clear. This proves that dV is A-linear.

It remains to show that bV is too. For a P A, denote the homomorphism V Ñ V, x ÞÑ ax, by ρpaq.
Note that ρp1Aq “ idA. We have to show that aδV “ εpaqδV . We have

aδV “ ∆paqδV “
ÿ

paq

pap1q b 1Aqp1A b ap2qqδV “
ÿ

paq

pρpap1qq b idV ˚qpidV b
#ρpspap2qqqpδV q

“
ÿ

paq

pρpap1qq b idV ˚qpρpap2qq b idV ˚qpδV q “

¨

˝ρ

¨

˝

ÿ

paq

ap1qspap2qq

˛

‚b idV ˚

˛

‚pδV q,
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where the first, second and fourth equalities are given by algebra structure of Ab2 and the definition
of ρ; and the third one comes from the identity

pidV b f
˚qpδV q “ pf b idV ˚qpδV q,

which is easily proven choosing a basis. Finally, (H2) ensures that
ř

paq ap1qspap2qq “ εpaq1A. �

Remark A.2.7. The category ReppAq is monoidal, but not strict monoidal. However, we can apply
the constructions of paragraph A.1.3 to pass from ReppAq to an equivalent strict monoidal category.

A.2.3 Quasitriangular Hopf algebras and universal R-matrices. We formulate now nat-
ural conditions on a Hopf algebra which ensures the existence of a braiding in its representation
category.

Let pA,∆, ε, sq be a Hopf algebra over a field k. For a P A, set

∆1paq “ PAp∆paqq “
ÿ

paq

ap2q b ap1q,

where PA denotes the flip in Ab2. For any R “
ř

j αj b bj P A
b2, set

R12 “ Rb 1A “
ÿ

j

αj b βj b 1A R23 “ 1A bR “
ÿ

j

1A b αj b βj ,

and
R13 “ pidA b PAqpR12q “ pPA b idAqpR23q “

ÿ

j

αj b 1A b βj .

Note that R12, R13, R23 P A
b3.

Definition A.2.8. Let R P Ab2 be a invertible element. We say that pA,Rq is a quasitriangular
Hopf algebra if, for any a P A, the following conditions are satisfied:

(QH1) ∆1paq “ R∆paqR´1;
(QH2) pidA b∆qpRq “ R13R12;
(QH3) p∆b idAqpRq “ R13R23.

Note that on the right-hand sides of these formulas we use multiplications in Ab2 and Ab3 induced
by the one in A. The element R P Ab2 satisfying this conditions is called a universal R-matrix of
A.

Remark A.2.9. A direct computation using (QH1)-(QH3) shows that the universal R-matrix of a
Hopf algebra satisfies the so called Yang-Baxter equation (cf. definition ??)

R12R13R23 “ R23R13R12.

A solution of this equation is called an R-matrix.

Let pA,Rq be a quasitriangular Hopf algebra. For any objects V,W of ReppAq, we define an
isomorphism cV,W : V bW ÑW b V by

cV,W pv b wq “ PV,W pRpv b wqq “
ÿ

j

βjw b αjv,

where R “
ř

j αj b βj and PV,W : V bW ÑW b V is the flip vbw ÞÑ wb v. Its inverse is defined
by

c´1
V,W pw b vq “ R´1pv b wq.
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Lemma A.2.10. The family of isomorphisms c “ tcV,W : V bW Ñ W b V uV,W is a braiding in
ReppAq.

Proof. First we prove that cV,W is a morphism in ReppAq. Indeed, for a P A and v P V,w P W , we
have

cV,W papv b wqq “ PV,W pR∆paqpv b wqq

“ PV,W p∆
1paqRpv b wqq

“ ∆paqPV,W pRpv b wqq

“ a cV,W pv b wq,

where the firs equality is the definition of c, the second one comes from (QH1), the third one by the
definition of ∆1 and the last one by the definition of the A-module structure in V bW .

Let us verify that c satisfies the compatibility axioms of braidings, i.e.,

cU,VbW “ pidV b cU,W q ˝ pcU,V b idW q,

cUbV,W “ pcU,W b idV q ˝ pidU b cV,W q.

We check the first equality; the second one is proven in a similar way. For any α P U b V bW , we
have

pidV b cU,W q ˝ pcU,V b idW qpαq “ pidV b cU,W qpP12pR12αqq “ P23pR23pP12pR12αqqq,

where P12 and P23 are the flips ub vbw ÞÑ vb ubw and ubwb v, respectively. Denote by P1,23

the permutation homomorphism

U b V bW Ñ V bW b U,
ub v b w ÞÑ v b w b u.

The, setting α “ ub v b w, we have

P23pR23pP12pR12αqqq “ P23

˜

R23

˜

ÿ

j

βjv b αjub w

¸¸

“
ÿ

j,k

bjv b bkw b αkαju “ P1,23pR13R12αq.

On the other hand, it follows from the definition of cU,VbW , the action of A in V bW and (QH2)
that

cU,VbW pαq “ PU,VbW pRub v b wq “ PU,VbW

˜

ÿ

j

αjub bjpv b wq

¸

“
ÿ

j

∆pbjqpv b wq b αju “ P1,23 ppidA b∆qpRqαq “ P1,23pR13R12αq,

which proves the assertion. �

Remark A.2.11. In the other way round, it is easy to prove that the existence of a braiding in
ReppAq implies the existence of an invertible element R P Ab2 satisfying (QH1)-(QH3) and this
is not a trivial fact. There is a general method, due to Drinfeld, producing quasitriangular Hopf
algebras. This method is called the double construction and, starting from a Hopf algebra A over a
field, it produces the structure of a quasitriangular Hopf algebra in the vector space AbA˚. Further
details can be found in [6].
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A.2.4 Ribbon Hopf algebras. We formulate now natural conditions on a quasitriangular Hopf
algebra which ensure the existence of a twist in the representation category.

Definition A.2.12. A ribbon Hopf algebra is a triple pA,R, vq consisting of a quasitriangular Hopf
algebra pA,Rq and an invertible element v of the center of A such that

(RH1) ∆pvq “ PApRqRpv b vq;
(RH2) spvq “ v.

The element v is called the universal twist of A.

For an object V of ReppAq, we define the twist θV : V Ñ V to be the multiplication by v P A.

Lemma A.2.13. Let pA,R, vq a ribbon Hopf algebra. The family of homomorphisms tθV : V Ñ

V uV is a twist in the braided monoidal category ReppAq. This twist is compatible with duality.

Proof. Since v is a central element of A, θV is a homomorphism in ReppAq and, since v is invertible,
it is an isomorphism. For any A-modules U,W and for any ub w P U bW we have

cW,U ˝ cU,W pub wq “ PW,U pRPU,W pRpub wqq “
ÿ

j,k

αkβjub βkαjw “ PApRqRpub wq,

where R “
ř

j αj b βj as usual. Note that, by definition of the tensor product in ReppAq, θUbW is
the multiplication by ∆puq. Thus, (RH1) and the previous computation imply that

θUbW pub wq “ ∆pvqpub wq “ PApRqRpv b vqpub wq “ cW,U ˝ cU,W ˝ pθU b θW qpub wq,

which shows that θ is a twist in ReppAq.

It remains to prove that it is compatible with duality, i.e., pθV b idV ˚q ˝ bV “ pidV b θV ˚q ˝ bV . This
is equivalente to pv b v´1qδV “ δV . (RH2) implies that for any v P V , y P V ˚, we have pvyqpxq “
ypspvqxq “ ypvxq. Now, for any dual basis teiui and teiui, the basis tveiui and tei ˝ ρpv´1qui, where
ρpv´1q is the multiplication by v´1, are also dual, so

pv b v´1qδV “
ÿ

i

vei b v
´1ei “ δV ,

by the independence of δV on the choice of basis. �

We have proven the following theorem:

Theorem A.2.14. For any ribbon Hopf algebra, the category ReppAq is a ribbon Ab-category.
�
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