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INTRODUCTION

Since its birth in the 60’s following the work of Tate, the field of rigid analytic geometry has
undergone various mutations. In this text we present some of the latest one. This is not a course
in rigid geometry, the purpose is not to be extensive but rather to focus on the key points of
the theory that may be well known to the experts but not from everybody. Another purpose
of these notes is to “clean up” the theory and organize it in a coherent way with the optimal
hypothesis. There is a parti pris: adic spaces, other points of view on rigid geometry being some
kind of projection of the adic point of view. To motivate the reader we decided to fix a target: the
so-called Artin criterion for spatial diamonds, one of the key tools of the work [28] among many
others.

Those notes are derived from a course given by the author at the University of Tokyo in Fall
2022. The author would like to thank Takeshi Saito and Naoki Imai for giving him the opportunity
to give those lectures.






CHAPTER 1

SPECTRAL SPACES

1.1. Background: rigid geometry, 4 points of view

Historically there are 4 points of view on rigid analytic geometry that appeared since the 60’s:

1.

Tate ([52]): the underlying topological space is not a topological space but a site: the site
of admissible open subsets and of admissible open coverings. Some good references for this
point of view are [10], [30] and [9].

Raynaud ([46]): this is the point of view of formal Zariski-Riemann spaces, that is to say
of admissible formal schemes up to admissible formal blow-ups. The series of articles [11],
[12], [14] and [13] and the book [3] are good references.

Berkovich ([6]): The underlying topological space is (very often) locally compact (and
very often) locally contractible. By definition this is an overconvergent theory compared to
the preceding one: overconvergence, that is a property of coefficients i.e. sheaves, is forced
at the space level . The first two main references are [6] and [7]. This can be completed by

[24].

. Huber ([37]): The underlying topological space is a locally spectral space in the sense of

Hochster. The two articles [36] and [37] are the starting points. This can be completed by

[38].

The link between those theories is summarized in the following diagram

admissible topos = l&n ‘§|~

XX
projective limit of topos

Tate Raynaud

Zariski-Riemann space

sober space associated to the spatial admissible topos X ? 1(1111 |x‘
points=points of the topos formal model Tox
N——

spectral space

Berkovich Huber

greatest Hausdorff quotient
identify « and y if <y
Force overconergence at the space level
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Here for X a quasi-compact quasiseparated rigid analytic space a la Tate over a non-
Archimedean field K:

e Raynaud chooses an integral model X (a mx-adic formal scheme over Ok topologically of
finite type) such that X = X,, (generic fiber) and the admissible topos of X is the projective
limit of the topos of all admissible formal blow up X of X.

e The admissible topos X is spatial and the associated sober space is Huber’s spectral space.
Points are given by morphisms of topos Ens — X ie. the points of the admissible topos.

e Huber’s spectral space is the projective limit of the spectral spaces associated to all admis-
sible formal blow up.

e The Berkovich space is obtained by taking the quotient of Huber’s spectral space given by
identifying two point « and y is x is a specialization of y or y is a specialization of x i.e. we
identify any point z with its maximal generalization given by a rank 1 valuation (that is to
say with values in R).

Huber’s adic spaces are the most general objects we can consider, the theory is developed over
any base (i.e. without a fixed base). For example:
e The analytic adic spectrum of Zy[z1,...,z,] is a quasi-compact adic space that contains
as an open subset the usual rigid analytic open ball

a
and whose complementary 8@@ is a union of n (n — 1)-dimensional closed balls over
Fp(Th), - - Fp(T0)).
e Another example is the case of tubular neighborhoods. Let X be any Noetherian scheme
and Y C X be Zariski closed. The formal completion

f:X\/y

is a formal scheme that is a weak approximation to what is a tubular neighborhood of Y in X.
One can associate to this formal scheme a much more subtle notion of tubular neighborhood:
the adic space X% that contains the special fiber Y < X%? seen as a “discrete” adic space
associated to a scheme (something not very different from a scheme) and the generic fiber,
the punctured tubular neighborhood X%?\ Y that is an analytic (the opposite of discrete)
adic space,
Y e X xu\ Y.
~~ ———

discrete analytic
If K is a non-archimedean field, there is a functor X — X®? that is an equivalence
{quasi-separated K-rigid spaces} — {quasi-separated K-adic spaces locally of finite type}.

From this point of view the theory does not seem more powerful than Tate’s theory when we work in
a topologically of finite type framework over a non-archimedean field. Nevertheless, if f : X — Y is
a separated quasi-compact morphism of quasi-separated rigid spaces Huber constructs a canonical

“compactification”
ad J ad
X e XY
fad
fad,c

Yad
that does not exist in Tate’s world. The points of the boundary of this compactification
X;Lgi,m, \ X% are higher rank valuations that do not show up in Tate or Berkovich theory. For
example, the compactification of the closed ball B — Spa(K) is obtained by adding a rank
2 valuation in the boundary that is a specialization of the Gauss norm. This construction is
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essential in [38] to define Rf as R(f2%¢),0 in étale cohomology and is unavailable in Berkovich’s
theory ([7]) where the compactly supported étale cohomology of an affinoid space is not defined.

Sometimes we will want to take an integral model of an adic space or consider it’s Berkovich’s
spectrum as a locally compact topological space but at the end we will focus on adic spaces.

1.2. Spectral spaces: two equivalent definitions

To any complex analytic space one can associate a locally compact topological space after
forgetting the complex analytic structure i.e. the structure sheaf of holomorphic functions. For
smooth complex analytic spaces the associated topological space is a topological manifold.

For adic spaces, the associated topological space, after forgetting the structure sheaf of holo-
morphic functions, is a locally spectral space ([34], [50, Section 08YF]). Let us recall the following
definition.

Definition 1.2.1 (Hochster [34]). — A topological space X is spectral if
1. It is quasi-compact quasiseparated,
2. It is sober,

3. It has a base of quasi-compact open subsets.

Recall that in this definition:
e X quasiseparated means that the intersection of two quasi-compacts open subsets is quasi-
compact,
e sober means that any irreducible closed subset has a unique generic point, that is to say
— any irreducible closed subset has a generic point,

— X is (T0).
The existence of a generic point for Z closed irreducible means that ﬂ unz 0.
UCX open
UNZ#0

e The fact that X is (7°0) is equivalent to saying that the specialization relation < is an order:
r <y and y <z implies x = y.

Remark 1.2.2. — To any (Grothendieck) topos X one can associate a sober space X whose
points are exactly the set of points of X, the morphisms of topoi

Ens — X,

and whose open subsets are induced by the subojects of the final object of X i.e. if U is a subobject
of the final object of X we look at the points factorizing through X/U via X/U — X. There is a
natural morphism of topoi

X =X
When this is an equivalence we say that X is spatial. All of this only depends on the locale of
subobjects of the final object of X associated to X (see [40]). One of the starting points of Huber’s

work is the discovery that the admissible topos of a qcgs rigid space a la Tate is in fact spatial
([36, Proposition 4.5]).

Remark 1.2.3. — Any Noetherian (70) topological space, for example the topological space
associated to a Noetherian scheme, is spectral. Nevertheless, this is not the type of spaces that
we will ultimately focus on in this text.


https://stacks.math.columbia.edu/tag/08YF
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Remark 1.2.4. — The quasi-separatedness hypothesis is very important. In fact it is “difficult”
to fall naturally on quasicompact non-quasiseparated schemes, the first basic example being two
copies of Spec(k[z;]ien) glued along Spec(k[z;]ien) \V (2;)ien (it is “easier” to fall on quasicompact
non-quasiseparated algebraic spaces like G, /Z where k is a characteristic zero field). But for
adic spaces this can happen naturally. This is for example the case if you glue two closed balls
Bl along B} \ {0}, K a non-archimedean field.

Profinite topological spaces are a particular case of spectral spaces: those are exactly the
Hausdorff spectral spaces. They have a purely topological definition: those are the totally
disconnected compact topological cases. The definition as a projective limit of finite sets is a
combinatorial definition.

The same goes on more generally for spectral spaces.

Topological definition Combinatorial definition
Totally disconnected compact topological spaces Pro(finite sets)
Spectral topological spaces + qc maps Pro(finite ordered sets)

Here we use the equivalence between finite ordered sets and finite (7°0) topological spaces, the
order relation corresponding to the specialization relation on the topological space. The finite
(T0) spaces are exactly the finite spectral spaces. For example, the ordered set {s,n} with s <7
and s # 7 corresponds to the spectral space that is the spectrum of a rank 1 valuation ring. More
generally, the ordered set with n elements {1 < 2 < ... < n} corresponds to the spectrum of a
rank n valuation ring.

When we say that the definitions are equivalent this means that the projective limit functor
induces an equivalence of categories between the right hand side of the preceding table and the
left hand one: we are speaking of the pro-category of finite sets, resp. finite ordered sets. On
the left hand side we have to take quasi-compact morphisms of spaces as morphisms to obtain an
equivalence of categories.

Theorem 1.2.5 ([34, Proposition 10]). — There is an equivalence of categories

@ : Pro(finite ordered sets) — {spectral topological spaces + qc continuous maps}.

We will give a full proof of this theorem in Section 1.5 and write down an explicit inverse of
the functor h&l, see Theorem 1.2.5.

Ezample 1.2.6. — Set E, = {1,...,n}%¢ Un where {1,...,n}%5¢ is the discrete ordered set
(if # # y then x #? y and = £ y) with n elements and n > 1,7 > 2,--- ,n > n. For n < m we
define a morphism E,,, — E, by sending n ton, i € {1,...,m} toiif i <n and i — nif i > n.
This forms a projective system Fy <— Eg < -+ < E,, + ---.

Order the prime numbers pi,pa,.... Then Spec(Z) corresponds to m
ieE,ifi<n,p,—~nekF,ifi>nandn—n.

o1 FE,, by sending p; to
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AN

n
1.3. The constructible topology
1.3.1. Definition. — Recall the following definition.
Definition 1.3.1. — A constructible set in a spectral space X is an element of the Boolean

algebra generated by the quasi-compact open subsets.

The quasi-compact assumption is fundamental in the definition of a constructible set. One may
be used to work with spectral spaces associated to Noetherian schemes where all open subsets
are quasi-compact but when working with adic spaces the most basic objects like the closed ball
contains many natural non-quasicompact open subsets like open balls. Moreover, when working
with adic spaces, one has to forget at some point the intuition of the Zariski constructible subsets
of Noetherian schemes. Typically if Z is a constructible subset of the closed ball Bl as an adic
space over the non-archimedean field K, if 0 € Z then B}-(0,¢) C Z for some € > 0, see Example
1.3.12.

According to the following lemma, the constructible subsets are exactly the finite disjoint unions
of subsets of the form UNF where U is quasi-compact open and F closed with X \ F' quasi-compact.

Lemma 1.3.2. — For a set E and F C P(E) containing E and (), the Boolean algebra generated
by F, that is to say the smallest subset of P(E) containing F that is stable under complementary
and finite intersections, is the set of disjoint unions of sets of the form S\ T with S a finite
intersections of elements of F' and T a finite union of elements of F.

Proof. — The Boolean algebra generated by F' is the union of the Boolean algebras generated by
the finite subsets of F. We can thus suppose that F' is finite. The Boolean algebra generated
by F is seen as a sub-Fp-algebra of F¥. More precisely, this is A = Fa[ls]scr where 1g is the
characteristic function of S. Now, since for any a € A, a® = a, and A is of finite type over Fy, A
is an Artinian reduced ring with residue fields isomorphic to Fy at maximal ideals. We thus have,
if A =Hom(A,F,),

A FA
ar— (X(a))xeX

(this is a particular case of the so-called Stone representation theorem). Now, any set in the
Boolean algebra generated by F' corresponding to a function f: A — Fo is written as

I ﬂS\US

2
fz(XG)Al X(ls) X(ls) 0

In fact, this union is clearly disjoint and the element

Z H 1s. J[ +15)€A4

A SEF
f(X) 1X(1S) 1 x(1s)=0
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is such that for all x € A, x(a) = f(x)- O

Let us note that in fact the locally closed constructible subsets of X are exactly the subsets of
the form U \ V where U and V are quasi-compact open subsets of X, see Lemma 1.3.7.

Definition 1.3.3. — Let X be a spectral space. The topological space
XCO’I’LS

is the the set X equipped with the topology that has as a base the set of constructible sets.
Its closed subsets are the pro-constructible subsets and its open subsets are the ind-constructible
subsets.

For example:
1. Any closed subsets is pro-constructible.
2. For any = € X, the localization
Xo = {yeX|y=a}

:mU

Usz
qc open

is pro-constructible inside X.

3. For any = € X, {z} is pro-constructible in X since
{2} = X, n{a}.
4. If X is a finite (T0) space then X ons = Xdise.

The evident bijective map
Xcons — X

is continuous quasi-compact. Let us moreover remark that the correspondence X — X ;s is
functorial with respect to quasi-compact maps of spectral spaces. We will see in Proposition 1.3.8
that it has a definition as an adjoint functor.

Remark 1.3.4. — The geometry of constructible and pro-constructible subsets for quasi-
compact quasi-separated schemes goes back to Grothendieck, see [33, Section 1.9]. For example,
the compacity of the constructible topology for qc gs schemes is [33, Proposition 1.9.15]. Hochster
is the one who realized that this has nothing to do with schemes and brought out the notion of
spectral spaces.

1.3.2. Compacity of the constructible topology. — The first result that is used all the
time is the following.

Theorem 1.3.5 ([34, Theorem 1]). — The topological space Xcons is compact totally discon-
nected.
Proof. — If z,y € X are distinct, up to permuting = and y, there exists a quasi-compact open

subset U containing « and not y. Then U and X \ U are disjoint constructible subsets with z € U
and y € X \ U. We deduce that X.ons is Hausdorff.

Since a base of the topology of X ,,s is made of open and closed subsets, X ,ns is moreover
totally discontinuous.

It thus remains to prove that X..,s is quasi-compact. For this we use the following version of
Alexander’s subbase quasi-compacity criterion. Recall that for any set S a subset .# C Z(S) is

said to have the finite intersection property if for any A C . finite non-empty one has ﬂ E # 0.
EcA
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Let T be a topological space that has a subbase £ satisfying: for any F C % mazimal among the

subsets of B having the finite intersection property, one has ﬂ U#0. Then T is quasicompact.
UeF

We apply this to Xcons with 2 the set of open quasi-compact subsets of X and their comple-
mentarities. Let % be such a maximal subset. Let us note

F= () z

ZeF
closed

The quasi-compacity of X implies that the closed set F' is non-empty. Let us prove it is irreducible.
Suppose

F=FUF,
with F} and F closed strictly contained in F. The open subset X \ F} satisfies (X \ F1)NF, =0

and (X \ F1) N Fy # (). The same type of properties holds for X \ F». From this we deduce that,
up to shrinking X \ F; and X \ Fs, there exists U; and U, quasi-compact open subsets satisfying

UNF =0, UiNF,#0, UoNnF, =0, UyNFy #0.
Since Fo ¢ X \ Uy and F; ¢ X \ Us, one has
(1) X\U ¢ F, X\Us ¢ 7.

Moreover if Z1,...,Z, € # and Z},...,Z!, € F satisly

ZiN--NZ,NX\Uy=0and ZiN---NZ,NX\Uzs #£0
thenif W=21n---NZ,NZ{N...Z), one has
WAX\U, =0 and WA X\Us =0
and thus since F C X \U; U X \ Uy, WN F = (. Now, one has

WnF= (] (WnZ)

ZeF
closed

and thus since W is quasicompact as a closed subset of a quasicompact open subset of X, there
exists Z7,..., 2/, € F satisfying

ZiN---NZ,NZiN... 2, nzZ/n---nZ' =0.

This is impossible since .# has the finite intersection property. From this we deduce that % U
{X\ U} or #U{X \ Uy} has the finite intersection property. The equation (1) then contradicts
the maximality of .%. We thus deduce that F' is irreducible.

Let now £ € F be its generic point. For U € F open, UNF # () since {ZNU | Z € .F closed}
has the finite intersection property and U is quasicompact. One then has

te YUnF= ()2«

UeZz ZeF

open

and this is thus non-empty. O

Example 1.3.6. — The spectral space Spec(Z)cons is identified with the Alexandroff compacti-
fication N U {oo} of the discrete space N. The morphism N U {co} — Spec(Z) sends n € N to the
(n + 1)th prime number and oo to the generic point 7.
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For X spectral, the open/closed subsets of Xcons are the constructible subsets of X. Thus, as a
profinite set one has simply

Xcons = lim I

<—
X:Uiel Zi
finite constructible partition

where the indexing category is the one of finite sets I together with a surjective constructible
function X — I and the morphisms are commuting diagrams

Let us give a simple very first application of the preceding result.

Lemma 1.3.7. — The locally closed constructible subsets of X are the U N F where U is a
quasi-compact open subset and F is closed with quasi-compact complementary.

Proof. — Let Z be a locally closed constructible subset of X. Each point z of Z has a quasi-
compact open neighborhood U, such that U, N Z is closed in U,. Since Z is compact in X ops,
it is quasi-compact and we can thus find a quasi-compact open subset U of X containing Z such
that Z is closed in U. Since Z is constructible in X, it is constructible in U and thus V. =U \ Z
is quasi-compact since it is quasi-compact in Ugons. We then have Z = U \ V and the result is
proved. O

Finally, let us note the following categorical characterization of the constructible topology whose
proof is elementary.

Proposition 1.3.8. — The functor
(=) cons : {spectral spaces + qc maps} — {profinite spaces}

is a right adjoint to the inclusion of the category of profinite spaces in the category of spectral spaces
equipped with the quasi-compact maps. The natural map Xcons — X is one of the adjunction maps,
the other being the identification between X.ons and X for X profinite.

1.3.3. First applications of the compacity of the constructible topology. — Theorem
1.3.5 has plenty of applications that we use frequently. They are the basic tools we use when we
work with spectral spaces. Let’s cite some of them.

Corollary 1.3.9. — 1. Let f : X =Y be a gc (continuous) map of spectral spaces. For any
Z C X pro-constructible, f(Z) is pro-constructible. In particular, the image of f, f(X), is
pro-constructible.

2. For Z pro-constructible in X,
Z=J{=}
that is to say the specializations of elements of Z. In particular
Z closed <= Z stable under specialization.
In particular for f as in point (1), its image is closed iff it is stable under specialization.
3. If Z is pro-constructible inside X then Z (equipped with the induced topology) is spectral.
4. Any non-empty spectral space has a closed point.

5. Any non-empty spectral space has a maximal point.
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Proof. — Point (1) is evident. Let us note by the way that it gives a canonical factorization
XL rx)yoy
in the category of spectral spaces with qc maps as morphisms.

Let us verify point (2). If € X is not a specialization of an element of Z then X, N Z = {.
This means

(| Wnz)=0.

Uszx
qc open

But for such a U, U N Z is closed in the compact topological space Z,,s. We deduce that a finite
sub-intersection is empty and thus there exists such a U as before with U N Z = (). Thus z ¢ Z.

Point (3) is easily deduced from the compacity of Z in X .ops-

For point (4) we can use Zorn lemma. More precisely, if (x;);cr is a chain of elements of X in
the sense that for 7,5 € I, x; < x; or x; < x;, then

M T 0.
iel
In fact, this is an intersection of closed subsets of the compact topological space X s and thus if
this intersection where empty a finite sub-intersection would be empty. This is impossible because
of the chain condition. Such a chain is thus bounded below by an element of X.
For point (5) we gain use Zorn lemma. Let (x;);c; be a chain of elements of X. If

Nx. -

iel
then a finite sub-intersection is empty since for all i, X,, is a closed subset of X ons. This is
impossible because of the chain condition and thus (z;);cr is bounded above. O

Remark 1.3.10. — Points (1) and (2) give rise to the valuation criterion of properness. Point
(4) is the analog of the fact that any non-zero ring has a maximal ideal. Point (5) is the analog of
the fact that any non-zero ring has a minimal prime ideal.

Example 1.3.11. — For any z € X a spectral space, the localization of X at z, X, is pro-
constructible and thus spectral with a unique closed point x.

Ezxample 1.3.12. — 1. Let X be a spectral space, Z C X constructible and z € Z. If
X, C Z then there exists a neighborhood U of x contained in Z. In fact, (5, UN(X\Z) = 0
and using the compactness of (X \ Z)¢ons one concludes.

2. For example, any maximal point lying in Z constructible inside X spectral has a neighbor-
hood contained in Z.

3. For example, let X be a quasi-separated adic space of finite type over Spa(K) with K a
non-archimedean field, i.e. the adic space associated to a quasi-compact quasi-separated
Tate rigid space over K. Let Z C |X| be constructible. For any classical point x € X,
x € Z implies a neighborhood of  is contained in Z. Typically, if Z C [B%| is constructible,
then for any z € BY(K), x € Z = 3¢ > 0, B(z,¢) C Z.

1.4. Projective limits of spectral spaces

When dealing with spectral spaces projective limits of spectral spaces show up very often,
already in Theorem 1.2.5. But there is more to it when working with perfectoid spaces and
diamonds. In fact, one of the basic notions we will use is the so-called pro-étale topology on
perfectoid spaces. This involves projective limits of perfectoid spaces as the name suggests.
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1.4.1. Spectrality of the projective limit. — We will use the following elementary result all
the time.

Proposition 1.4.1. — If (X;)icr s a cofiltered projective system of spectral spaces with quasi-
compact transition maps then the topological space @iel X; is spectral.
Proof. — From Tychonoff theorem we deduce that

I1x:

iel
is quasi-compact quasi-separated and has a base of quasi-compact open subsets. It is moreover
clearly (TO0). Let now Z C [[,.; Xi be an irreducible closed subset. We have to prove that

ﬂ unz

U qc open
UNZ#D

i€l

is non-empty. But such a set U, U N Z is closed in the compact topological space (Hiel Xi)cons'
Since Z is irreducible, the family {U N Z | U qc open, U N Z # B} has the finite intersection
property. We conclude that Z has a generic point. Thus, we have proven that [[,.; X; is spectral.

For i,j € I with ¢ > j let us note p;; : X; — X the transition map. One has
lim X; = m(pij x Id) "' Ay,
@ i>j
where Ay, C X; x X is the diagonal. Since (p;; x Id) is quasi-compact, Lemma 1.4.2 implies

that I‘&ni X is pro-constructible in [[,.; X;. Applying point (3) of Corollary 1.3.9 we deduce that
@i X is spectral. O

Since a spectral space X is quasi-separated, A : X — X x X is a quasi-compact map of
spectral spaces and thus its image is pro-constructible according to point (1) of Corollary 1.3.9.
Nevertheless, we can verify this directly as we do in the following lemma.

Lemma 1.4.2. — For X a spectral space, the diagonal Ax C X x X is pro-constructible.
Proof. — One has since X is (70),
XxX\Ax= |J [(UxX\U)UX\UxU)]
U open qc

and this is thus ind-constructible. O

1.4.2. Some properties of the projective limit. — Let us start by giving a simple immediate
application of the adjunction property of Proposition 1.3.8.

Proposition 1.4.3. — For (X;)ier a cofiltered projective system of spectral spaces with quasi-
compact transition maps,
limXi,cons ;> (Lian)

el el cons

<

The following result is elementary and will be used all the time.

Proposition 1.4.4. — Let X = @ie] X, be a gc cofiltered limit of spectral spaces. One has

hﬁ)ﬁ{qc open subsets of X;} — {qc open subsets of X}

iel
@{constmctible subsets of X;} — {constructible subsets of X}.
iel
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Proof. — The surjectivity of the map is immediate from the quasi-compacity of X, resp. the
compacity of X.ons and the fact that the open/closed subsets of the constructible topology are
the construcible subsets of the original topology + Proposition 1.4.3.

Let us now prove the injectivity. Let us note p; : X — X; and for j > 4, pj; : X; — X;. Let
U,V C X be constructible subsets such that

p; (U) =p; (V).
Let us set for j > i, Z; = p;;(X;). The sequence (Z;);>; is a decreasing sequence of pro-
constructible subsets of X;. The formula p; ' (U) = pjfl(V) is equivalent to
(ZnU=(2nV.
Jj=i Jj=i
We thus have
Nj>iZ; N (U\V) =0, N> Z;n(V\U)=0.

Using the compacity of the constructible topology we deduce that some finite sub-intersections of
those two intersections are empty and thus, since (I, <) is cofiltered, there exists j > i such that

(U\V)ﬁZj:@7 (V\U)ﬁZj:[Z).

From this we deduce that

Py (U) =pj;' (V). O

Ezample 1.4.5. — Let Spec(4) = hm, Spec(A;) be a cofiltered limit of affine schemes. Any
quasi-compact open subset U of Spec(A) is a finite union of principal open subsets, U = UnesD(fa)
where the set of indices S is finite. Now for each a € S we can chose i, such that f, is the image
of some g, € A;,. We can then chose, since S is finite and I cofiltered, some j € I such that for
alla € S, j > i4. Let hy € A;j be the image of g, in A;. One then has: U is the reciprocal image
of the quasi-compact open subset UypesD(hqa) C Spec(4;).

1.5. The equivalence between spectral spaces and pro-finite (T0) spaces

We can now state and prove the full form of Theorem 1.2.5.

Theorem 1.5.1. — The projective limit functor induces an equivalence of categories
@ : Pro(finite ordered sets) — {spectral topological spaces + qc continuous maps}.
An inverse sends a spectral space X to the pro-finite (T0) space

: A
Algx Im(X — {s,n}")
where
o Tx is the ordered set of finite subsets of the set of quasi-compact maps X — {s,n} i.e. the
ordered set of finite subsets of the set of quasicompact open subsets of X,
e the map X — {s,n}* sends z to (f(z))sea-
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Proof. — Proposition 1.4.1 implies that the functor Lin takes values in the category of spectral
spaces. Let now X be a spectral space. There is a diagram

Xcons # |: 1&1 Im(X — {5,77}14)} +> @ Im(Xcons — ({San}A)disc)

AcTx cons ATy N
{0,134
bije\c[ive bijective
f . A
X ——— l&n Im (X — {s,n}").
AeTx

According to Proposition 1.4.3 h is an homeomorphism. The set Zx is identified with a subset of
the set of finite subsets of the set of continuous quasi-compact maps X ons — {0, 1} that separates
the point of X o,s. According to Theorem 1.3.5 X opns is profinite and thus h o g and thus g
are homeomorphisms (see Lemma 1.5.2). We deduce that the quasi-compact continuous map f
is bijective. Now, if U is a quasi-compact open subset of X, and xy : X — {s,n} is defined by
xg'(n) = U, then f(U) is the reciprocal image of ) € Im (X — {s, n}{XU}) in the factor A = {xv }.
It is thus open and we deduce that f is a homeomorphism.

The full faithfulness of the functor @1 is easy and left to the reader. O

Lemma 1.5.2. — Let P be a profinite set and T a subset of the set of finite subsets of the set
of continuous quasi-compact maps from P to {0,1}. Suppose A, B € T implies AUB € T and for
x,y € P there exists A €T and f € A such that f(z) # f(y). Then,
P = lim Im (P — {0,1}")
AeT

is an homeomorphism.
Proof. — The proof is left to the reader. O

Remark 1.5.3. — Let X = @11 X; with X; a finite (TO) space. As a particular case of Propo-
sitions 1.4.3 and 1.4.4 we have the following dictionary between the topological and combinatorial
description of spectral spaces:

1. There is an identification
Xeons = l-&nXi,diso
i
2. There is a bijection

hﬂ{open subsets of X;} — {qc open subsets of X }.
iel
3. There is a bijection

li_n)l{subsets of X;} — {constructible subsets of X}.
iel

1.6. Connected components

Let X be a spectral space and write X = yﬂliel X; with the X; finite (T0) spaces and the limit
is cofiltered.

The basic results about connected components of spectral spaces are the following (see for
example [39, Lemma 2.4.1]).

Proposition 1.6.1. — 1. Every connected component of X is the intersection of the
open/closed subsets containing it.
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2. The set mo(X) equipped with the quotient topology is profinite and mo(X) — lim, 7o (X3)
as a profinite set.
3. The surjection
X — 7T0(X)
identifies the functor X — mo(X) as a left adjoint to the inclusion
{Hausdorff spectral spaces} = {profinite spaces} — {spectral spaces}.
Proof. — The result is easily deduced from Theorem 1.5.1 once one has verified that if (X;);er

is a cofiltered projective system of connected finite (T0) spaces then X = @ie s X, is connected.

But open/closed subsets of X are quasi-compact and thus li_r)nie I{open/ closed subsets of X;} —
{open/closed subsets of X}. From this we deduce that X is connected. O

Example 1.6.2. — If R is a ring, writing R = ligRi, a filtered colimit of Noetherian rings, one
iel
has
Spec(R) = lim Spec(R;)

and thus

mo(Spec(R)) = %wo(Spec(Ri))

finite set
as a profinite set. The Boolean algebra of open/closed subset of the profinite set mo(Spec(R)) is
then identified with the one of idempotents of R.

1.7. Quotients of spectral spaces

Taking quotient of spectral spaces is a natural operation when dealing with diamonds that are
pro-étale quotients of perfectoid spaces.

Proposition 1.7.1 ([47, Lemma 2.9, Lemma 2.10]). — Let X be a spectral space and R C X x X
be a pro-constructible equivalence relation such that both maps R —X X are generalizing.

1. If the topological space X/R has a basis of open subsets whose preimages in X are quasi-
compact then X/R is spectral and the map X — X/R is quasicompact generalizing.

2. If both maps R —= X are open then X/R is spectral and X — X/R is quasicompact
open.

Proof. — Let us verify point (1). It is clear that X/R is quasicompact and that each point has a
basis of neighborhoods made of quasicompact retrocompact open subsets. Let us verify it is (7°0).
Let z1,22 € X having distinct images in X/R. Let us note s,t: R — X for the two maps defining
the equivalence relation, and

Zy = s(t7Y(x1)), Za = s(t™ (x2))

the orbits of  and y under R. We thus have Z; N Zs = (). Since R is pro-constructible inside
X X X, s,t: Reons — Xcons are continuous maps of compact topological spaces. Since {z1} and
{z3} are pro-constructible we deduce that Z; and Z5 are pro-constructible subsets of X. For
i = 1,2, since Z; is pro-constructible, its closure Z; is the set of its specializations. Since t is
generalizing we have

F1(Z) =t (Z).
We deduce that

Z;

s(t™1(Z2)
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and thus Z; is stable under R. Now, if
ZyNZy =10

then U = X\ Z, is an open subset stable under R whose image in X /R is an open subset containing
z1 and not z». The same goes on if Z; N Z, = @, the image in X/R of X \71 is an open subset
containing x, but not x1. We are thus reduced to proving that the situation

ZiNZy=0and Z1NZy =0
is impossible. For this consider the pro-constructible subset
Z1 U Zsy

of X. Being pro-constructible it is a spectral space and thus contains a maximal point (Corollary
1.3.9). Up to permuting x1 and =2 and replacing x; by this maximal point we can suppose that z;
is maximal in Z; U Zy. Since Z; is the orbit of one point and Z, is stable under R, the condition
71N Zy # () implies that Z; C Z,. This implies that z; is a specialization of an element of Z5 and
thus z1 € Z3 by maximality of ;. This is impossible and we conclude that X/R is (70).

Let now Z C X/R be an irreducible closed subset. To prove it has a generic point we have to
prove that

(| UNnz#0.

UCX/R open
UNZ#D

Let m: X — X/R be the projection. One has to verify that
m N U) N7~ Y(Z) # 0.

UCX/R open
UNZ#D

This is immediately deduced from the fact that m=(Z)cons is compact and the fact that the
preceding intersection has the finite intersection property since Z is irreducible.

We have thus proven that X/R is spectral. The fact that X — X/R is quasicompact generalizing
is easy and left to the reader.

Point (2) is deduced from point (1) and the fact that for U a quasicompact open subset of X,
its orbit s(¢t~1(U)) is quasicompact open. O

Example 1.7.2. — Let G be a profinite group acting continuously on a spectral space X in the
sense that the map

GxX—X

is continuous. Let U be a quasicompact open subset of X. By continuity of the action for any point
x of U there exists an open subgroup H of G and a neighborhood V of x such that H.V C U. Using
the quasicompacity of U we deduce the existence of an open subgroup H of G such that H.U = U.
From this we deduce that G.U is a finite union of translates of U and is thus quasicompact open.
We deduce from this that the continuous map

Gx X —XxX
(9,7) — (9., 2)

is quasicompact and thus its image R is pro-constructible. Both projections from R to X are
clearly open since the map (g, x) — g.z is open. Applying Proposition 1.7.1 we deduce that

X/G

is a spectral space.
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1.8. Constructible sheaves

If X = l'glie s X; is a qc cofiltered limit of spectral spaces, then

lim {qc open subsets of X;} — {qc open subsets of X}.
iel

Since quasi-compact open subsets form a base of the topology we deduce an equivalence of topos

X 5 lim X;.

1€

i3

~

We can then apply [2, Exp.VI Sec.8] to deduce that for any sheaf of abelian groups .# on X with
associated .%; on X;, i € I, one has
(2) lim RD(X,, ;) < RL(X, 7).

iel
Example 1.8.1. — Let f: X — Y be a qc map of spectral spaces, .# a sheaf of abelian groups
on X and y € Y. Note X, = X xy Y,. One has

X, = lm f7YU).
U>sy
open qc

From this we deduce that
(Rf*fgz)y = RF(Xyagz\Xy)-

The following proposition is easy.

Proposition 1.8.2. — 1. When the X;, © € I, are finite, via pullback to X, there is an
equivalence of categories

hg)/(vz = {constructible sheaves on X}
iel

where a constructible sheaf is a sheaf that is constant along a locally closed constructible
stratification.

2. There is an equivalence of categories
limy : Ind(constructible sheaves on X) — X

that identifies the category of sheaves on X as the ind-category of constructible sheaves.

3. The constructible sheaves of abelian groups with finite type stalks are the compact objects of
the category of sheaves of abelian groups on X and this last category is compactly generated.

4. The category of constructible sheaves of abelian groups on X is the smallest sub-abelian
category of sheaves of abelian groups on X stable under extension an containing the sheaves
NZ for j the inclusion of a locally closed constructible subsets and M.

1.9. Totally disconnected spectral spaces

Totally disconnected perfectoid spaces are an essential notion in the theory of diamonds. We
will often use the slogan “pro-étale locally, any perfectoid space is totally disconnected”. Here we
first introduce the notion for spectral spaces.
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1.9.1. Generalities. — Let X be a spectral space. We say that an open covering
X =Ju
iel
of X splits if
H U, —- X
iel

has a section. This means that we can find a collection of open subsets (V;);er with V; C U; and

X:Hw

iel

Theorem 1.9.1 (F. [47, Lemma 7.2]). — For X a spectral space the following are equivalent:
1. FEach connected component of X has a unique closed point.
2. Each open covering of X splits.
3. For any topological space Y and any surjective continuous map f :Y — X that is a local
isomorphism on'Y , f has a section.
4. For any sheaf of sets F on X, F(X) # 0.
5. For any sheaf of groups 4 on X, H'(X,9) = {x}.
6. For any sheaf of abelian group # on X and any i > 0, H'(X,.#) = 0 i.e. any sheaf of
abelian groups is acyclic.
Proof. — Let us verify the equivalence between points (2) and (6). Suppose point (2) is verified
and let % be a sheaf of abelian groups on X. Point (2) implies immediately the vanishing of the
Chech cohomology of X,
Vi>0, H(X,.Z)=0.

Since H'(X,.7) —» H'(X,.Z) we deduce that H'(X,.Z#) = 0. This being true for all .Z, using a
standard “décalage cohomologique” method by induction on ¢ starting with ¢ = 1, we deduce that
Vi>0, H(X,Z)=0.

In the other direction, suppose point (6) is verified. Let X = U,U, be an open covering of X.

Note j, : Uy = X the inclusion. There is an epimorphism

Pinz —z

By hypothesis, the global section functor I'(X; —) is exact and we deduce that
Prx, juz) — I(X,2)

is surjective. We deduce that one can write
(3) 1= fa
[e3%

as locally constant functions from X to Z where supp(f,) C U,. Since X is quasicompact and
fa locally constant, V, = supp(f.) C U, is open and closed. The Equation (3) then shows
that X = J, Vo. There is factorization [[, Vo — [[,Us — X. Since X is quasi-compact we
can suppose that our coverings are finite. Since any finite covering of a topological space by
open/closed subsets splits we deduce that (U, ), splits and we deduce that point (2) is verified.
We have thus proven (1) < (6).

Let .% be a sheaf of abelian groups on X. Note
m: X — mo(X).
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Since 7 (X) is profinite any covering of 7y(X) splits and thus, as we just saw, any sheaf on my(X)
is acyclic. We thus have for ¢ > 0,

(4) HY(X,.Z) = Hno(X), R'7,.F).
Moreover, for ¢ € mo(X) one has

7 (c) = Jim =~ HU).
U>c
open/closed

We deduce from this that
(5) (Rm.F)e = RE (7~ (c), F),
see Equation (2) in Section 1.8.

Suppose X is connected. Then the equivalence between points (1) and (2) is immediate. In
fact, if X has two distinct closed point x; and x5 then the covering X = X \ {z1} U X \ {22}
can not split since X is connected. Reciprocally, if X has a unique closed point x then X = X,
since for any y € X, @ has a closed point (see Corollary 1.3.9). Thus, if X = U,;U; is an open
covering, as soon as z € U; for some index i, X = U; and thus the covering splits.

Let now X be any spectral space. If point (2) is verified for X then it is verified if we replace
X by any closed subspace of X. Since any connected component of X is closed, from the case of
a connected space established before, we deduce that point (1) is verified. Reciprocally, suppose
point (1) is verified. Let .# be a sheaf of abelian groups on X. Using Equation (5), the case of
a connected space treated before and (2) = (6), we deduce that R'm,.# = 0 for i > 0. Equation
(4) then implies that H*(X,.#) = 0 for i > 0. Using (6) = (2) we deduce that (1) is verified. We
thus have proven (1) < (6).

We have established (1) < (2) < (6). The equivalence (3) < (4) is obtained using the “espace
étalé” of a sheaf of sets. The implication (4) = (5) is deduced from the fact that H'(X,%¥) classifies
@-torsors and those are trivial iff they have a section. The implication (5) = (6) is obtained using
“décalage cohomologique”. Finally, (2) = (3) is deduced from the fact that for suchamap ¥V — X
as in point (3), there exists an open covering (U;); of X such that [[,U; =Y — X. O

Definition 1.9.2. — The spectral spaces satisfying the equivalent conditions of theorem 1.9.1
are called totally disconnected.

Those spaces will play a key role in the theory of diamonds where we will use the slogan
“pro-étale locally any perfectoid spaces is totally disconnected” very often.

Example 1.9.3. — For X spectral and x € X, X, is connected and totally disconnected!

1.9.2. The particular case of analytic spectral spaces. — Let us begin with a definition.
This is motivated by the nature of spectral spaces associated to analytic adic spaces. Here we
enter a world that is very different from the one of Noetherian schemes. It happens a Noetherian
topological space is analytic, for example this is the case for the topological space of a dimension
1 Noetherian scheme or the spectrum of a finite height valuation ring, but this is not the case in
general.

Definition 1.9.4. — A spectral space X is analytic if for any x € X, the ordered set X, is a
chain i.e. is a totally ordered set for the specialization relation.

The following property is particular to analytic spectral spaces since it is already false for
general finite (T0) spaces.

Proposition 1.9.5. — Let X be an analytic totally disconnected spectral space. Then any pro-
constructible subset of X is totally disconnected.
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Proof. — Let Z C X be pro-constructible. Let C be a connected component of Z. Let D be the
connected component of X containing C. Since D has a unique closed points, (D, <) is a chain.
Thus, (C, <) is a chain and thus has a unique closed point. O

Using this simple result we obtain the more surprising one that follows. We put it to illustrate
the difference between Noetherian schemes and analytic adic spaces that will show up later.

Proposition 1.9.6. — Let j : Z — X be the inclusion of a pro-constructible set inside an
analytic spectral space, for example the inclusion of a quasi-compact open subset. Then for any
sheaf of abelian groups F on Z and i > 0,

R'j,.7 =0.
Proof. — Let © € X. According to Example 1.8.1 one has (R'j,.%), = H (X, N Z,#). The

spectral space X, is analytic totally disconnected and thus according to Proposition 1.9.5, X, NZ
is totally disconnected. The result follows. O

Typically, if j is the inclusion of a quasi-compact open subset of X an analytic spectral space
then R'j,.# = 0 for i > 0. For non-analytic spectral spaces this is evidently false. Typically, if k
is a field and j : A2 \ {(0,0)} < A then R'j,O # 0.

1.9.3. w-local spaces. —

1.9.3.1. Pro-étale maps. — Start with X a spectral space. We fix a base % of the topology of
X that is

e stable under finite intersections,

e made of quasi-compact open subsets,

e such that if U € & any open/closed subset of U is in %.

Let us start with a definition that will take on its full meaning in the context of perfectoid
spaces and their pro-étale topology.

Definition 1.9.7. — 1. A map of spectral spaces Y — X is Z-étale if it is isomorphic to a
map [[;.; U; — X with I finite and for each i,U; € 4.

2. A morphism Y — X of spectral spaces is %-pro-étale if it is isomorphic to a cofiltered limit
of Z-étale spaces over X.

A morphism
Lie; Ui — 11

X
with I and J finite, U;, V; € 4, is given by a decomposition U; = []
Ui; C V;. From this we deduce the following lemma.

Lemma 1.9.8. — 1. Iff:Y = X is B-étale then f~1B = {f~Y(U) | U € B} is a base of
the topology of Y satisfying analogous assumptions to the one satisfied by .

JEJ

jed U;; for each i € I where

2. If we have a diagram
y — 4y

N

with f and f o g %B-étales then g is ffl.@—etale and is in particular quasi-compact.

8. The category of B-étale spaces over X is cofiltered:
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e the equalizer of a pair of maps between PB-étale spaces over X is B-étale over X,
e ForY — X andY' — X that are $B-étale, Y xx Y' — X is B-étale.

Example 1.9.9. — For any z € X, X, — X is B-pro-étale for any choice of £.

Proposition 1.9.10. — The projective limit functor induces an equivalence of categories
@ : Pro (%’-étale spaces over X) — {B-pro-étale spaces over X + qc maps}.

Proof. — The essential surjectivity is the definition of Z-pro-étale spaces over X. For the full
faithfulness it suffices to prove that
HomX(l'lei, 7Z) = lingomX(Yi, Z)
iel il
but this is easily deduced from Proposition 1.4.4. O

Remark 1.9.11. — Suppose X = |Spec(R)| for a ring R. Let us choose for % the base of
principal open subsets {D(f)}ser. Then, if f: Y — X is Z-pro-étale, Y inherits automatically
a canonical structure of an affine scheme as a cofiltered limit of affine schemes.

1.9.3.2. w-localization. — We now want to construct f : X’ — X such that
1. X' is spectral totally disconnected,

2. f is qc surjective Z-pro-étale.

If we can do this we will say that “pro-étale locally, X is totally disconnected’.

One functorial way to do this is to introduce the category of w-local spectral spaces ([8]).
In fact, if we want to functorially associate to X a totally disconnected spectral space X’ with
a morphism X’ — X, the simplest way is to find a subcategory C of the category of totally
disconnected spectral spaces such that the inclusion C < {spectral spaces} has a right adjoint.
But

1. if we take for C the category of profinite spaces this is too small and X ,,s — X is not
pro-étale in general,

2. if we take for C the full sub-category of totally disconnected spectral spaces there is no such
adjoint.

The category of w-local spectral spaces is a nice category in between the two preceding one that
works well (but this is a not a full sub-category).

Definition 1.9.12 ([8]). — We say that X is w-local if it is totally disconnected and the set of
closed points X. of X is closed. The category of w-local spectral spaces has objects the w-local
spectral spaces and morphisms the qc maps f : X — Y such that f(X.) CY..

Ezxample 1.9.13. — For X spectral and z € X, X, is w-local with only one closed point.

For X w-local the bijection mx, : X. — mo(X) is in fact an homeomorphism and thus the
surjection 7 : X — mp(X) has a continuous section. It it not satisfied in general for a totally
disconnected spectral space.

Example 1.9.14. — Consider the profinite set {% | n>1}. We add a point 7 and set X =
{£ | n>1}U{n} where
e a basis of neighborhoods of % is given by the set with one element that is {%, n},

e a basis of neighborhoods of 0 is {1 | n > N} U {n} when N > 1 varies,
e a basis of neighborhoods of nis {2 | n > N} U{n} when N > 1 varies.
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Then X is spectral totally disconnected with mo(X) = {1 | n > 1} as a profinite set. But this is
not w-local.

Proposition 1.9.15. — The natural functor from the category of w-local spectral spaces to the
one of spectral spaces has a right adjoint X — X" Moreover, X! — X is B-pro-étale.
Proof. — The construction of the adjoint is easy. In fact, seeing the category of spectral spaces
as the pro-category of finite (7°0) spaces, it suffices to define X! for X finite (by right adjunction,
the w-localization functor has to commute with projective limits). But then one verifies that
xXwh = ]_[ X,
reX

works for X a finite (70) space. The key point here is that if Y is w-local and f: Y — X is qc
with X finite (7°0) then fjy, : Y. — X is a qc map from a profinite space to a finite (7°0) space,
thus a locally constant map. This implies f factorizes through [, . v Xa.

The fact that X®! — X is pro-étale is more complicated. We refer to [47, Lemma 7.13] for
this. -

Finally let us note that via the descriptions of the functors X +— X s and X — X wl on
Pro(finite (T0) spaces), we have
To(X™) = Xeons-
We thus have two qc maps
To(X"!) = Xeons

<O
M
2

ap” X

le

Next proposition is left to the reader.

Proposition 1.9.16. — The map X®! — X ons x X identifies X! with {(z,y) € Xeons XX | x <
y} equipped with the induced product topology.

Thus, X™ is the set of generalizations

A= () U

UDA
neighborhood

of the diagonal A = {(z,2) | * € X} C Xeons X X.

1.9.4. Another construction. — The morphism X*! — X is not as nice as we would want
for applications to perfectoid spaces: this is not open in general. For applications to perfectoid
spaces we need another construction that provides an open pro-étale morphism X’ — X with X’
totally disconnected.

Ezample 1.9.17. — The map Spec(Z,)"! — Spec(Z) is not open. In fact, let 7 : Spec(Z)*! —
mo(Spec(Z)) cons = Alexandrov compactification of Spm(Z)4;s. where the point at infinity is n (see
Example 1.3.6). Then for a prime number p, {p} is open in Spm(Z)gis. and 7=(p) is the open
subset {(p <p),(p <n)}. Its image in Spec(Z) is {p,n} that is not open.

Remark 1.9.18. — The reason why X®' — X is not open in general is the following. In the
limit X*! = lim X; — X with X; — X %-étale and thus open, the transition maps X; — X; for
i > j are not surjective and X! — X; is not surjective in general although X*! — X is surjective.
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Proposition 1.9.19. — There exists an open %B-pro-étale map X' — X with X' totally discon-
nected.

Proof. — We are going to define a sequence

—>Xn Pn . P2 X1 P1 X():X

where p,, is #,_1 = (p1o-+-0p,_1) 1 PB-pro-étale. Suppose X, is defined. Let E be the ordered
set of finite subsets of the finite subsets of 4,, that form a cover of X,,. Define

Xppr=  lm [ Uxx,--xx, [TV

VEE UeV, UevV;
V={Vi,...Vi} '

Now set X' = @n> 0 X,,. Since all morphisms in the transition maps in our projective limits are
open surjective, X’ — X is open. Any finite cover of X’ by quasi-compact open subsets comes by
pullback from such a cover of X, for some n > 0. Any such cover of X, is refined by a finite cover
consisting of elements of %,,. Let W C £, be such a finite subset that makes a cover of X,,. As
soon as W € V = {Vi,...,V;}, there is a section

IHv

vew

Xn

/\ XnJrl
IIv
Uew
X,.

and there is thus a section

N

Our cover W thus splits after pullback to X, 1. It thus splits after pullback to X’. Our original
cover of X' is thus refined by a cover that splits and it thus splits. O

1.10. The Berkovich spectrum

In this section we dig further into the structure of the spectral topological spaces we will be
interested in at the end: the analytic one, see Definition 1.9.4. They happen to have a nice
compact (Hausdorff) quotient that corresponds to the Berkovich spectrum X? = M(A) when one
considers the spectral space X = Spa(4, A") with A a Tate ring. But nevertheless, this quotient
exists and is well behaved for more general analytic spectral spaces than the preceding adic spaces,
for example for spatial diamonds.
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1.10.1. Compactness and adjunction. — Let us give the very general definition of the
Berkovich quotient of a spectral space.

Definition 1.10.1. — For X spectral define X to be the quotient of X by the equivalence
relation generated by the order relation that is the specialization. We equip it with the quotient
topology.

The open subsets of X B are thus in bijection with the the open subsets of X stable under
specialization (the so-called partially proper, resp. overconvergent, resp. wide open, subsets in
Huber’s terminology, resp. classical rigid geometry terminology, resp. Coleman’s terminology).

We now make the following assumption: X is analytic, see Definition 1.9.4. One has in fact the
following elementary result that simplifies the description of the quotient X 2.

max

Lemma 1.10.2. — If X is analytic then any x € X has a unique mazimal generalization, x

Proof. — The uniqueness is immediate from the chain property. Now, if N>, X, = 0, since for
all y > =z, X, is closed in the compact topological space (Xz)cons, @ finite sub-intersection is
empty. This is impossible using the chain property. One deduces that N>, X, = {z™**} for ™"
maximal. O

Now, the equivalence relation defining the quotient X? of X is simply
€T ~ y xmam — ymaz
Thus, as a set, X? is identified with the set of maximal points of X.

Lemma 1.10.3. — Let X be an analytic spectral space and Z a pro-constructible subset. Let
Z9°™ be the set of generalizations of the elements of Z. Then, Z9°" is pro-constructible and the
open subset

X \ Zgen
is stable under specialization.
Proof. — The set Z9°™ is the intersection of all open subsets containing Z. But now, since Z is
quasi-compact,
o= (U
Uoz
qc open

and it is thus pro-constructible. The closed set Z9¢™ is thus the set of specializations of the
elements of Z9¢" (Corollary 1.3.9). Now, if z € X \ Z9¢" and z > y. If y € Z9°" there exists
w € X and z € Z such that w > y and w > z. Since X, is a chain we have either z > w or w > z.
If £ > w then z > z and thus £ € Z9°" which is impossible. If w > z then = € Z9e" which is
impossible. We thus have y ¢ Z9¢". O

Proposition 1.10.4. — If X is analytic, XP is a compact (Hausdorff) space.

Proof. — We just have to prove that X7 is Hausdorff. Let 2 # y be two maximal points of X.
We have, {x} N {y} = 0. We can thus find U and V two quasi-compact open subsets satisfying

{eycv, Un{y}=0, gy cv, vn{z} =0.
Let us now consider
U'=X\ ((X \ U)gen UV).
According to Lemma 1.10.3 applied to Z = X \ U and Z = V, this is an open subset of X stable
under specializations and contained in U. One has x ¢ V since V is the set of specializations of the

elements of V, x ¢ V and z is maximal. The relation x € (X \ U)9¢™ implies z is a specialization
of an element of (X \U)9" which implies z € (X \U)%" by maximality of z. But this last relation
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implies there exists y € X \ U such that > y which is impossible since {z} € U. We thus have
proven that x € U’. In the same way, if

Vi =X\ ((X\ V) uD),
this is an open neighborhood of y stable under specializations. We now have U' NV = () and
V' C V. We deduce that U' NV’ = (). O
If Y is an Hausdorff topological space we have the adjunction formula
Hom(X,Y) = Hom(X?,Y)
and if X is analytic X B is then the biggest Hausdorff quotient of X.

1.10.2. Overconvergent sheaves and their cohomology. —

1.10.2.1. Overconvergent sheaves. — Suppose X is analytic. Let 8 : X — XB be the quotient
map to the Berkovich spectrum.

Definition 1.10.5. — A sheaf % on X is overconvergent if for all z,y € X satisfying x > v,
7, 2 7,
The basic properties of overconvergent sheaves are the following.
Proposition 1.10.6. — Let F be a sheaf of sets on X. The following are equivalent:
1. F is overconvergent,
2. for any mazimal point x of X, f‘m is constant,
3. for any quasi-compact open subset U of X, if i : U — X,
rU,i*#) = I(U,.%),
4. for any quasi-compact open subset U of X,
lig rVv,Z) = T(U,%)
uccv
where U CC V means U C V.
Proof. — (2) & (1) Is deduced from the equality for any z in X, (9|W>w = %, and the fact

that for a sheaf 4 on {zmaz} if i : {a™m®} — {zmar} then ¥ is constant iff ¥ — i,i*9.
(2) & (3) Let U be open qc and set j : U < U. There is a morphism

i"F — §. T = j. P
For x € U ie. 2™ c U, if ¥ = Z|x, then the induced morphism on the stalk at z is identified
with
X, ¥ —I(X,NU¥9).
The equivalence between (2) and (2) is easily deduced.
(3) & (4) Since X is analytic, U is stable under generalizations. One thus has
U= @ v
uccv
in the category of spectral spaces with V' qc open. From this we deduce that
L(U.%) = lm L(V,7),
vccv
see Equation (2) in Section 1.8. The result is immediately deduced. O

The following is then easy.
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Proposition 1.10.7. — The functor B* is fully faithful and identifies the category of sheaves on
X B with the category of overconvergent sheaves on X .

1.10.2.2. Cohomology. — Next proposition says that the cohomology of overconvergent sheaves
is the same as the cohomology of sheaves on the Berkovich space.

Proposition 1.10.8. — If F is an overconvergent sheaf of abelian groups on the analytic spectral
space X then

RI(X,.Z7) = RI'XP, 3,.7).

Proof. — We have to prove that R'8,.# = 0 for i > 0. Let = be a maximal point of X. If U is
an open neighborhood of {z} then U \ (X \ U)%", where the upperscript “gen” means we take
the set of generalizations, is an overconvergent open neighborhood of x contained in U (Lemma
1.10.3). We deduce that {z} has a basis of open overconvergent neighborhoods. We thus have

where i : {z} < X. Since .7 is overconvergent the sheaf i*.% is constant. Now, if M is any
abelian group the sheaf M on {z} is flabby in the topological sense. More precisely, for any non-
empty open subset V of {x}, T({z}, M) = T'(V, M) = M. It is thus acyclic and we deduce the
result. O

In practice, when one considers adic spaces and their cohomology, a lot of sheaves we consider
are overconvergent. Last proposition says that in this case, a priori, we do not care about the adic
space and we should only focus on the Berkovich spaces. This is in fact false for two reasons:

e The category of sheaves of abelian groups on a quasi-compact quasi-separated analytic adic
spaces is compactly generated with some explicit compact generators, see Proposition 1.8.2.
This is & priori not the case for a compact topological space like X B.

e Compactly supported cohomology, already for an affinoid space, needs the introduction of
Huber’s canonical compactifications, see Section 2.12, where non-overconvergent sheaves
show up (the extension by zero 5%, where j is the inclusion inside the canonical compact-
ification, is not overconvergent).

1.11. En résumé

Let X be a spectral space. It gives rise to a diagram
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totally disconnected profinite
. —
wl closed points wl
X o (X ) = Xcons
X’ - X , X5
pro-étale, open quotient map ~—
totally disconnected quotient map compact if X analytic

quotient map

7T0(X)
——

profinite






CHAPTER 2

ADIC SPACES

2.1. Huber rings

Huber introduced the most general “reasonable” definition for a topological ring to be a “ring of
non-Archimedean holomorphic functions”. This contains the “classical case” of Banach algebras
over a non-archimedean field and the one of adic rings for a finitely generated ideal that are
the topological rings used by Grothendieck in his theory of formal schemes. Given the recent
developments of the theory it is essential to work in a context where our topological rings may
look like Banach algebras but may not contain a field. Typically, in the work [28] the authors
consider an object Spa(Z,)°® that interpolates between F,-perfectoid spaces and Q,-perfectoid
spaces. This allows them to reduce some statements for the so-called Byg-affine Grassmanian
over Q, to a more “classical one” over [F, using a degeneracy from p # 0 to p = 0. In this
degeneracy process some connected perfectoid Z,-algebras that do not contain a field appear.

2.1.1. Generalities ([36, Section 1],[37]). — Recall the following terminology for a non-
archimedean topological ring A (here by non-archimedean we mean that Z.14 is bounded in

A):

1. A subset S of A is called bounded if for any neighborhood U of 0 in A there exists a
neighborhood V of 0 in A such that V.S C U.

2. We note A° the subring of A of power bounded elements in A with its ideal A°° of topo-
logically nilpotent elements. Let us note that A° is integrally closed in A and v/ A°° = A°°.
We note A = A°/A°°, a reduced ring.

Huber’s definition is the following.

Definition 2.1.1. — A Huber ring or an f-adic ring, is a topological ring A that admits an open
bounded subring Ay whose topology is the I-adic topology for an ideal I of finite type. Morphisms
between Huber rings are continuous morphisms.

Thus, to define a Huber ring we need:
e aring A,
e a subring Ag C A
e a finite type ideal I = (f1,..., fn) C Ay,
e coherence condition: such that for alla € A and 1 <i < n, fika € Ag for k> 0.
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Remark 2.1.2. — The coherence condition is equivalent to the existence of a factorization (that
is unique if it exists)
Spec(A)
3 ‘schematically
dominant
Spec(Ao) \ V(I) <openr Spec(Ao)

which gives some kind of feeling that Spec(A) sits in between Spec(Ag) and “its generic fiber”
Spec(Ap) \ V(I). See Remark 2.6.4 for a follow up on this.

Remark 2.1.3. — Since we will use it all the time, one of the many reasons why we use adic
topologies associated to finitely generated ideals is the following. Let R be a ring and I an ideal
of R. Note R = @1]00 R/I* its I-adic completion where the topology of R is the projective limit
topology with R/I* discrete for k > 0. If I is finitely generated then the topology of R is the
R.I-adic one. This is false in general when [ is not finitely generated. This is for example false
for the polynomial ring A[X;];cs, where A is any ring, J is infinite and the ideal I is (X;),e.

The following lemma tells us that this is a good well behaved definition.

Lemma 2.1.4. — For a Huber ring A the topology of any open bounded subring of A is the
I-adic one for a finitely generated ideal I.

Proof. — Let Ay be a bounded open subring whose topology is the I-adic one for a finitely
generated ideal I of Ag. Let A; be an open bounded subring. Since A; is open we can find
n > 1 such that I™ C A;. Since A; is bounded we can find m > n such that A; 1™ C I. Let
J = AI™ C Ay, an ideal of finite type in A;. One then has for £ > 1,

Ik c gk c 1k
From this we deduce that the topology on A; is the J-adic topology. O

The preceding lemma leads to the following definition.

Definition 2.1.5. — A ring of definition of a Huber ring is an open bounded subring. An ideal
of definition of a ring of definition is a finitely generated ideal whose associated adic topology is
the topology of the ring of definition.

Since we will use it all the time let us note the following.

Remark 2.1.6. — e Any ring of definition of A is contained in A°.
e A morphism f : A — B between two Huber rings is continuous iff one can find two rings
of definition A9 C A and By C B such that f(Ag) C By and fja, : Ao — By is continuous.
The later is equivalent to saying that if Ay has the I-adic topology and By the J-adic one
then f(I™) C J for n>> 0.

Example 2.1.7. — 1. Any discrete ring is a Huber ring.

2. If A is a ring equipped with the I-adic topology for a finitely generated ideal I then A is a
Huber ring and A itself is a ring of definition.

3. Let A be any ring and f € A. Equip A/(f°-torsion) with the f-adic topology. Then, any
subring of A[%] containing the image of A is a Huber ring with ring of definition the image
of A.

4. If K is a complete non-Archimedean field and A is an affinoid algebra in the sense of Tate,
that is to say topologically finitely generated, then A is a Huber ring. If K(X;,...,X,) — A
is a surjection then the image of Ok (X7,...,X,) is a ring of definition.
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5. If A is a Huber ring and a is an ideal of A then A/a with the quotient topology is a Huber
ring. If Ag is a ring of definition of A then Ag/Ap N a is a ring of definition of A/a.

6. If A is a Huber ring and n > 1, the topological ring A[X7, ..., X,], where a basis of neigh-
borhoods of 0 is given by {U[X7, ..., X,]}v with U going through the set of neighborhood
of 0 in A, is a Huber ring. If Ap is a ring of definition of A then Ag[Xq,...,X,] is a ring of
definition of A[Xj,...,X,]. This Huber rings represents the functor on A-Huber rings

B~ (B°)".

7. More generally, if A is a Huber ring, I is a set and a is an ideal of A[X;];cr, the Huber ring

A[X;]icr/a represents the functor on A-Huber rings

B {(bi)icr | bi € B°, Vf € a, f(bi)ier = 0}.

We will distinguish two classes of Huber rings that are the one we will work with later.
Definition 2.1.8. — A Huber ring A is called
1. Tate if there exists a topologically nilpotent unit in A, an element of w € A°° N A*. Those
topologically nilpotent units are called pseudo-uniformizers.

2. Uniform if A° is bounded (and is thus a ring of definition since A°° C A° is open).
Let us note the following that clarifies the structure of Tate rings.

Lemma 2.1.9. — If A is Tate, Ay is a ring of definition and w a pseudo-uniformizer then
A= Ap[=]

1

w

and one can choose w such that w € Ag, in which case the topology on Ag is the w-adic topology.
Proof. — Let I be a finite type ideal of Ag such that the topology of Ay is the I-adic one. Since
w is topologically nilpotent and I is open, up to replacing w by a positive power we can assume
w € I. For any f € I, since f is topologically nilpotent, f*w ™' € Ay for n > 0. Since I is finitely
generated we deduce that for n > 0, I"" C Agw. For such an n, we thus have

I"Cc Ayw C I.

1
w

The topology of Ay is thus the w-adic one. The equality A = Ag[=] is immediately deduced from
the topological nilpotentcy of w. O

Tate rings are a generalization of Banach algebras (although they may not contain a field). In
fact, if A is a Tate ring, fix Ay, w € Ap as before and 5 €]0, 1[. Define
A — R,
by the formula
lla|| = inf{8" | n € Z and a € w™ Ay }.
It is easily verified that
w ' ¢ Ao A0} #0 & |lwl| = 8 & |[w] # 0.
Then, ||.|| is a non-Archimedean ring semi-norm:

o llz+yll < sup{|z], Iy},
o llzyll < llzll-Iyl,
o |1l = 1if A/{0} #£0.

This semi-norm defines the topology of A. In fact we have just proven the following characteriza-

tion of Tate rings.

Proposition 2.1.10. — A topological ring A such that A/@ # 0 is a Tate ring if and only if
there exists w € A°° N A* and ||.| : A = Ry a ring semi-norm defining its topology satisfying
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o ||l=|l €]0,1,
e Vac Aandk € Z, |@Fa| = ||=|*|al.
Example 2.1.11. — 1. In point (3) of Example 2.1.7, A[%] is a Tate ring. If moreover the

image of A in A[%} is integrally closed in A[%] then

and thus A[%] is uniform.

2. In point (4) of Example 2.1.7, A is a Tate ring. Moreover, A is reduced if and only if it is
uniform.

2.1.2. Complete Huber rings. — We will mostly be interested in the case of complete Huber
rings. Here by complete we will always mean separated and complete i.e. if Ay is a ring of
definition of A whose topology is the I-adic one then
A= Lin AT

n>0

For a Huber ring A, with the preceding notations, set
A = lim A/
(—
n>0

equipped with the projective limit topology where yﬂm 0 A/I™ is discrete.

Lemma 2.1.12. — 1. The topological ring A does not depend on the choice of a ring of
definition Ag and the ideal I; in fact
A= L AU
U

where U goes through the set of neighborhoods of 0 in A that are additive subgroups.
2. Aisa complete Huber ring and the functor
A A
is a left adjoint to the inclusion
{complete Huber rings} — { Huber rings}.
3. If Ag is a ring of definition of A, ;1\0 is a ring of definition of//l\ and there is an isomorphism
Ay @4, A= A
4. We have A° = A° qnd A = A%,
Proof. — Point (1) is clear. For point/\(2) we use the fact that if R is a ring and J a finite type
ideal of R then its J-adic completion R is a R.J-adic ring and R/J — R/RJ.

Let us verify point (3). Fix Ag a ring of definition and I an ideal of definition. There is a
canonical morphism Ay — A that induces

I ;1\0 R4, A — A.
Let a = (an)n>0 € A with an € A and apy1 — ay, € I™ for n > 0. Then,
a = (a, — ag)nz0 € Ao

and
a=fla®l+1®ap).

This proves the surjectivity of f.
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Consider now
x:ZaiQ@bi € ker f.

We can choose ! > 0 such that for all 4, b;I' C Ay. Write a; = ai.lAAO + B; with a; € Ap and
Bi € Iljﬁls. Since f(z) =0,
z = Z a;b; € Ao.
We then have
x:z.1®1+25¢®b,~.

Now, write 8; = u;y; with u; € I' and ¥ € ;1?). We have
D Bi@bi=> (wv)@bi=Y vi®@ubi = (uib;)yi ® 1.
At the end we obtain

xr = (Z Ozibi) ®1+ Z(Uibi)-'W ® 1.

But
Z(aibi + (uzbz)%) S AO

2
is sent to 0 via the injection ;15 < A and we conclude.
Point (4) is left to the reader. O

In the preceding lemma, point (3) tells us that the computation of the completion of a Huber
ring is reduced to the computation of a “usual” adic completion with respect to an ideal and a
scalar extension.

Ezxample 2.1.13. — With the notations of example 2.1.7:

1. The completion of A[X1,...,X,] is g(Xl, ..., X,), the subring of g[[Xl, ..., Xp] of power

. (65} Ay
Series 3.~ (a1 anyenn GaX1 ... X{m such that aq ‘a@m 0

2. The completion of A/a is Zl/ﬁ where @ is the closure of the image of a in A.

2.1.3. Uniform Tate rings and the spectral norm after Berkovich. — Let A be a Tate
ring and fix a pseudo-uniformizer w in A. We will always suppose that A/{0} # 0. Next propo-
sition is an upgrade of Proposition 2.1.10.

Proposition 2.1.14. — The Tate ring A is uniform if and only its topology is defined by a
non-Archimedean ring semi-norm ||.| : A — Ry satisfying ||a™|| = ||a||™ for a € A and n € N. If
this is the case then A° ={a € A | ||a|]| <1} and A°° ={a € A | |la|]| < 1}.

Proof. — Only one direction is non-evident. Suppose A is Tate uniform. Fix a pseudo-uniformizer
w and B €]0,1[. For a € A set

la|| = inf{8~" | @Na € A°}.

This is a non-Archimedean ring semi-norm defining the topology of A and satisfying ||”a| =
B*|la|| for all k € Z and a € A. Now set

m_[|a" ||/

lalle = i
n—+oo

(the limit exists since the sequence (||a™||)n>1 is submultiplicative). For any a € A one has

lalloo < [lall-
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Now for a given a € A\ {0}, choose N such that w™Na € A° and w™~'a ¢ A°. Since @™ la ¢ A°,
there exists an infinite number of integers n such that ||(w¥~!a)?|| > 1 that is to say [|a"| >
B*(1=N) From this we deduce ||lalloe > B'~N. We have ||la|| = =N, Thus, B.||al| < ||lalle < |al|
and the power multiplicative norm ||.||s defines the topology of A. O

In fact we have a uniqueness statement once we fix some simple constraints.

Proposition 2.1.15. — Let A be a uniform Tate ring. Fiz w a pseudo-uniformizer and 8 €]0,1[.
Then there exists a unique power multiplicative ring semi-norm defining the topology of A satisfying

el =8, lle=H] =8~

Proof. — We already saw the existence in the proof of Proposition 2.1.14. Let ||.|| : A — R4 be
a semi-norm satisfying the assumptions of the statement. From the inequalities ||wwal| < || ||.||al]
and ||al| < ||w™!||.||al| for a € A, we deduce that for any a € A one has ||wa| = ||=||||a|| and thus

for any k € Z and a € A,
k k
I*all = 8¥]al. -
Let ||.]|” be another semi-norm satisfying the assumptions of the statement. For a € A\ {0}, if
a € whA°\ wht1A° then
ﬂkJrl < ”aH < 61@ and ﬂk+1 < ”aH/ < Bk
From this we deduce that for any a € A one has
Bllal” < llall < 87 [lall".

Replacing a by o™ for all n and taking 1/n-nth roots we obtain

B lall" < flall < 87" la]l"

Taking the limit when n — +o0o0 we obtain ||a|| = ||a||’. O

This unique semi-norm is unique for a good reason: it has a description as a spectral norm in

the following sense. Let
M(A) ={].| : A — Ry continuous multiplicative semi-norms satisfying |w| = 5}
as in [6, Chapter 1]. With the notations of sections 2.3 and 1.10 one has M(A) = |Spa(A4, A°)|E
and this is a compact topological space, see Sections 1.10 and 2.8 for more details. Any a € A
defines a continuous function
M(A) — Ry
x — Ja(z)].

Theorem 2.1.16 (Berkovich [6, Theorem 1.3.1]). — Let A be a uniform Tate ring and w a

pseudo-uniformizer. For the unique power multiplicative ring semi-norm ||.|| defining the topology
of A and satisfying ||@|| = 8 and ||| = 71, we have

Va € A, Jla|]|= sup |a(z)].
zEM(A)

Proof. — If @ € M(A), the continuity hypothesis together with the formulas |(w¥a)(z)| =
B¥la(x)| and ||ww®al| = B¥||a|| for k € Z implies that there exists C' > 0 such that
la(z)| < Clla(x)]].
Using the power-multiplicativity of |.|| we deduce that we can take C' = 1. We thus have the
inequality sup,eq(a) la(@)] < lal|.
Let a € A and chose

p> sup |a(z)l].
zEM(A)
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We can suppose that A is complete. Let
— mn 3 -n _
A(pT) = { ZanT | an € A, nglfw lanlp™™ = 0}.
n>0
For f =3 soanT™ € A(pT) we put

If1l = sup [lan|lp~"
n>0

This is a non-archimedean ring norm. Equipped with this, A(pT) is a complete Tate ring. It is
moreover power-multiplicative. In fact, if

f=YaT" € A(pT),
n>0
let
no =inf{n >0 | flan|p~" = [If]}-
One can write
f=apnT™ +g+T""h
where [|g|| < ||f|| and [|[T™ T h|| < | f||. Then for £ > 1 one has

k _ k kng kno+1
f - a"OT + \ u + T v
I=1I<IlfII* =<l FI[ phmo+1

One deduces that || f*|| = | f||*.
Let now z € M(A(pT)). One has

T (z)| = |a()[.|T(z)] = la(z)]p™" < 1.
power-mmult, o1 A(ST)

We thus have

(1 = aT)(@)] # 0.
From this we deduce that

1—aT € A(pT)™,
see Proposition 2.3.9 and Remark 2.3.10. Since A(pT) C A[T],

(1—al)™' =) a"T"
n>0

and we thus have

. n —-_n __
Jm fla"[lp™" = 0.

In particular, for n > 0, ||a™]lp~™ < 1 and thus
lall < p.
This being true for all p > sup,erq(a) la(z)], we deduce that

lall < sup a(z)]. O
M(A)

fAS

Remark 2.1.17. — The proof is similar to the one that says that for (A, ||.|]) a Banach C-
algebra, the spectral radius p(a) is given by lim,_, | ||a”||'/". In fact, if o(a) is the spectrum of
a then the resolvent C\ o(a) 3 z — (Id —za)~! is holomorphic on {z € C | |z| < p(a)~'} and its
power series expansion as an holomorphic function of z gives the result.
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2.2. Affinoid rings

2.2.1. Generalities. — The following definition may seem strange at first sight: where does this
A™ comes from? Why is it there? In classical rigid geometry we only consider one ring, Banach
algebra like A but there is no A™. The fact is that we implicitly choose AT = A° in classical Tate
rigid geometry. There are in fact deeper reasons, even when one looks at Spa(A, A°):

e The local structure around a point of an analytic adic space, even one like Spa(A4, A°), is
given by spectra of affinoid fields Spa(K, K+) where KT may be different from K°, see
Proposition 2.6.5 for example.

e Huber’s canonical compactifications, see Section 2.12, are an essential tool in étale cohomol-
ogy of adic spaces.

Definition 2.2.1. — An affinoid ring or a Huber pair is a couple (A, AT) where A is a Huber
ring and AT C A° is an open subring integrally closed in A. Moreover,

1. Such a subring A' of A is called a ring of integral element.
2. The affinoid ring (A, AT) is called Tate if A is a Tate ring.
3. It is called complete if A is complete.

4. A morphism (A, AT) — (B, B") of affinoid rings is a continuous morphism f : A — B
satisfying f(A') C B™.

Remark 2.2.2. — e Since A° is integrally closed in A it is equivalent to ask that A™ is
integrally closed in A°.
e Since AT is open integrally closed, A°° C AT and thus at the end

A C AT C A°.
e Once A is fixed the choice of AT a ring of integral elements is then equivalent to the choice
of an integrally closed subring of the reduced ring A := A°/A°°.
Let us now remark the following easy lemma.
Lemma 2.2.3. — Let (A, A") be an affinoid ring. The topological closure of the image of AT
in A is integrally closed in A.
This leads to the following evident definition.
Definition 2.2.4. — For (A, A") an affinoid ring we define its completion (ﬁ7 121\'*') where AT =

At is the closure of the image of AT in A.

Let us finally remark that if A is a Huber ring then the choice of a ring of integral element in
A is equivalent to the choice of a ring of integral elements in A via the equality

AO/Aoo _ A\O/A\oo'

2.3. The adic spectrum

2.3.1. Continuous valuations. —
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2.3.1.1. Valuations ([16, Chapitre 6]). — Recall some basic definitions and facts about valua-
tions. Let R be a ring and I' be an ordered abelian group. Here we mean that the order on I is
total (and thus T is torsion free) and compatible with the group law:

r<y=zc+z2z<y+z

We consider valuations v : R — I' U {co} i.e. applications that satisfy

e v(zy) = v(z) +v(y),

e v(1) =0, v(0) = 400,

o v(a+y) > inf{o(z), o(y)}.
We can always suppose that v(R)\ {oo} generates I'. The reciprocal image of +o00 is a prime ideal
of R, the support of v. To give oneself a valuation with support p is the same as to give oneself a
valuation on Frac(R/p). This is the same as the datum of a valuation subring V' C K = Frac(R/p).

Recall the following equivalent characterizations of such a V' C K:
e Vissuchthat Ve € KX,z € Vora~tcV.
e V is maximal for the following order relation on local rings inside K whose field of fractions
is K: (R,m) < (R,w')is RCR and W NR=m.
e For z,y € V there exists A € V such that x = Ay or y = A\z.
e V is a Bezout local ring.
For such a V the ordered group I is identified with the group of fractionnal ideals of V' with
the order relation given by the inclusion.

The prime ideals of V' form a chain. This is in bijection with the set of convexr subgroups of T’
(that form a chain too), to p C V one associates the convex subgroup

H=v(V\p)U—v(V\p)

The localization V,, is a valuation ring with associated ordered group I'/H. If v is the valuation
defined by V' we note v/H the corresponding valuation.

By definition, the rank of v is the height of V. We call this the rank of T" too: the length of the
chain of convex subgroups. One has the inequality

rk(I') < dimgI" ®z Q.

Moreover, let us remark that for an ideal I of V, I is a prime ideal if and only if /I = 1.
Ideals of V' correspond to subsets S of I'} satisfying x € S = Vy, y < z,y € §. If S corre-
sponds to I, the convex subgroup H associated to /T is such that H, = {y € T'|Vn > 1, ny ¢ S}.

Recall finally that T has rank 1 i.e. the only convex subgroups of T' are (0) and T if and only
if T is isomorphic to a subgroup of (R,+) as an ordered group. Thus, up to equivalence, rank 1
valuations are given by valuations v : R — R U {oco}. Phrased in another way, those are the same
as absolute values i.e. multiplicative semi-norms |.| : R — R.

Remark 2.3.1. — More generally, the rank of I' is < n if and only if there is an embedding of
T inside R™ equipped with the lexicographic order, see [18].

Example 2.3.2. — 1. Let v be a valuation on the ring R. Equip I';, xZ with the lexicographic
order. Then the formulas

RT] — T, xZ
Za ™ {infnGN{(U(an)an)}

"0 infpen{(v(ay,),—n)}
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define two valuations w; and we on R[T] of rank rk(v) + 1. The subgroup H = {0} x Z is
convex and wy/H = wy/H that is the so called Gauss valuation

Z a,T" — Tilrelg{v(an)}.

n>0

. Let T be an ordered abelian group and R a ring. The ring of Hahn series R((T")) is

R(T") ={ Z ayT7 | {7 | ay # 0} is well ordered }
yel

(here T is a formal symbol, we simply consider collections of elements in R" whose support
is well ordered). Then if we put

U(Z ayT7) = inf{y | ay # 0}

for such a non-zero element of R((T")), this defines a valuation

v: R(TY) — T U {+00}.

. Let (R,m) be a regular local ring of dimension n. Fix a regular sequence of parameters

m = (x1,...,2,). Note k = R/m. Equip Z" with the lexicographic order. Then
KX1 o X 5 gra(R)
via X; — z; modm2. There is a valuation
v k[ Xy, ., X, — Z" U {400}
defined by

v E ag TP T —
aeNn

{inf{a | 4o # 0} if 3o, aq #0

+o00 otherwise

For z € R non-zero let k € N be the integer such that € m*/m**! and note z € m* /m*+1.
Then if we set w(z) = v(Z) this defines a valuation

w: R —Z"U{+o0}.
The subgroup H = (0) x Z"~! of Z" is convex and
w/H:R—Z

is the discrete valuation associated to the regular Cartier divisor V(x;) C Spec(R). Those
are the type of valuations that show up in the theory of Okounkov bodies, see [15, Section
2].

2.3.1.2. Continuous valuations. — Let A be a Huber ring. Consider a valuation v : A — I'U{co}.
We say that v is continuous if for any v € ', {a € A | v(a) > 7} is open in A. If Ay is a ring of
definition of A whose topology is the (f1,..., f,)-adic one, set

v =inf{v(f1),...,v(fn)} € T U {+o0}.

Then, v is continuous if and only if

ny —» —+00
n—-+oo

in the sens that for any ' € I',ny >+ for n > 0.
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2.3.2. The adic spectrum. — Let us recall the following definition.
Definition 2.3.3. — Let (A, A") be a Huber pair.

1. The set Spa(A, AT) is the set of equivalence classes of continuous valuations x on A satisfying
|f(z)] <1forall feAt.

2. We equip it with the topology generated by the subsets

{z € Spa(A, A") | | f(2)] < |g(x)| # 0}
with f,g € A.

Those open subsets that define the topology are not the one we will use.
Definition 2.8.4. — A rational subset of X = Spa(A, AT) is an open subset of the form

x(Frdn) i (o e spala, A7) [ A@)] < l@)] £0..... fule)] < lo(o)] 20}

where f1,..., f, € A generate an open ideal of A and g € A.

Remark 2.3.5. — If A is Tate the only open ideal is A itself and thus

X(Prdn) i o e Spata 4 AW < ool )] < lo@)]).

Lemma 2.8.6. — A base of the topology of Spa(A, AT) is given by the rational open subsets.
Proof. — Let f,g € A be such that |f(z)|] < |g(x)] # 0. Let I be a finitely generated ideal
of a ring of definition defining its topology. Since I is finitely generated, using the continuity
of the valuation defined by z, there exists n > 1 such that for any h € I", |h(z)| < |g(z)|. If
I = (hy,..., hg) then z is contained in the rational subset Spa(A, Aﬂ(%f”‘f) O
All usual statements for rational subsets hold in this context:

e they are stable under finite intersections,

e a rational subset of a rational subset is a rational subset,

. X(%) = X(Jc{gi,f’/”) when the collection (f,...,f},¢’) is sufficiently near from

(fi,--+y fnrg) ([36, Lemma 3.10]).

One of the main results of Huber is the following.
Theorem 2.3.7 ([36], Theorem 2.13.1). — The topological space Spa(A, AT) is spectral.

We will give a proof of this theorem in Section 2.13 using Zariski-Riemann spaces “a la Raynaud”
that is different from Huber’s one and more geometric.

The proof by Huber is done in four steps:

1. First Huber proves ([36, Proposition 2.2]) that the valuation spectrum of any ring R,
Spv(R) = {valuations on R}/ ~ equipped with the topology generated by the subsets
{z | |f(z)| <lg(x)| # 0}, is spectral. This is an easy verification.

2. Then Huber defines for an ideal I of a ring R a subset Spv(R, I) C Spv(R) that is a retract
of Spv(R) and deduces Spv(R, I) is spectral ([36, Proposition 2.6]).
3. Suppose now that A is a Huber ring. Huber proves then ([36, Theorem 3.1]) that the set

of continuous valuations Cont(A) is a closed subset of Spv(A, AA°°).

4. The result is finally easily deduced since Spa(A, A™) = {z € Cont(A) |Vf € AT, |f(z)| <1}
is pro-constructible.
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Ezxzample 2.3.8. — Let K be a field equipped with a non-trivial valuation v that is microbial in
the sense that there exists 7 in the valuation group such that

ny — +o00.

n—-+oo

Let K+ C K be the valuation subring. Equip K with the valuation topology. Then (K, KT) is a
uniform Tate Huber ring. If w € K is such that

nv(w) - +00
n——+00

then w is a pseudo-uniformizer. One has K° is a rank 1 valuation ring obtained by localizing K+
at the prime ideal that corresponds to the convex subgroup H whose positive part is

{v|Vn>1, ny <v(w)}.

Moreover Spa(K, K1) is a chain (for the specialization order) identified with the open prime ideals
of K+ and homeomorphic to Spec(K+/K°°). The maximal point of this chain is Spa(K, K°), the
rank 1 valuation. The closed point is the valuation v.

Let us point that we will give proofs of point (1) and (2) and (4) in Section 2.13 of the next
proposition using Zariski-Riemann spaces that are different from Huber’s one. Point (3) is an easy
exercise.

Proposition 2.3.9 (|36, Proposition 3.3 (i), Proposition 3.6, Proposition 3.9], Corollary 2.13.5,
2.13.8 and 2.13.10)
1. We have At ={a € A | Vx € Spa(4, AT), |a(z)| < 1}.
2. We have Spa(A, AT) =0 iff A =0 that is to say {0} = A.
3. The morphism (A, AT) — (A, ﬁ"’) induces an homeomorphism Spa(A, A*) == Spa(A, A™1).
4. We have A* ={a € A | Vx € Spa(A, AT), |a(x)| # 0}.

Looking at point (3) of this proposition and the definition of Huber’s presheaf one can ask why
we did not start with a complete Huber pair? Outside of the fact that the theory works well like
that, one of the reasons is that one falls sometimes on non-complete Huber pairs naturally in the
theory (for example Henselian Huber pairs). For example if 2 € Spa(A, AT) and K = A/supp(x)
with its valuation ring K there is a morphism (K, K*) — (k(x), k(z)") where k(z) is the residue
field of the structure presheaf at z. This morphism is an isomorphism on completions and thus
Spa(k(z), k(z)*) — Spa(K, K™).

Remark 2.3.10. — When A is a Tate ring, points (2) and (3) of Proposition 2.3.9 can be proven
as in [6, Theorem 1.2.1, Corollary 1.2.4] using the Berkovich spectrum M(A) that is identified as
a set with the maximal points of Spa(A, A™1).

2.4. Affinoid fields

Before going further we need to fix some terminology.
Definition 2.4.1. — An affinoid ring (K, KT) is an affinoid field if K is a field, K™ is a valuation
ring for K and

1. (discrete case) the topology of K is the discrete topology

2. (analytic case) or

e there exists w € KT \ {0} such that nv(w) "y ~+oo where v is the valuation defined
n—-+0oo

by V and the condition means Vv, 3n > 0, nv(w) > 7,
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e and the topology of K is the one defined by the valuation i.e. K+ is a ring of definition
equipped with the w-adic topology.

In the analytic case (K, K™T) is a Tate ring. As explained in Example 2.3.8, if p = \/(w) €
Spec(K ) then K, = K° is a valuation ring of rank 1 whose valuation with values in R defines
the topology of K.

2.5. The presheaf of holomorphic functions
Let (A, A™) be a Huber pair. Let X = Spa(A, AT) as a spectral topological space.

Definition 2.5.1. — Let Ag be a ring of definition of A whose topology is the I-adic one. For
fi,--+, fn € A generating an open ideal in A and g € A we set

. A<1’7’f"> is the completion of the Huber ring A[%] with ring of definition Ao[%, ce f?]
equippe(gi with the IAO[%, cey %]—adic topology,
<f1’ SRR/l > is the integral closure of the topological closure of the image of
At[L, .g. L.

Let us remark that, in the preceding definition, the given ring is indeed a Huber ring . In fact,

chose k > 1 such that I* € Af,+---4+ Af,. This implies that for » > 1, I*".g7"A C A[ﬁ ...,%]

The coherence condition for A[%], Ao[%, ceey f?"] and IAO[%, . f"] given after Definition 2.1.1
is thus deduced from the one for A, Ag and I.

The couple

o () a( B

is a complete affinoid ring. We can rewrite this ring as

<f1,~g~vfn> :g<T1,...,Tn>/<T1gffl,---angffnﬂ

and A(%}Jr is the integral closure of the image of A+ (Ty, ..., T,).

Remark 2.5.2. — (Follow up to Remark 2.3.5) If A is Tate then

<f1,..g.,fn> :A\<T1""’T”>/(Tlg_fl""7Tng—fn).

Remark 2.5.3. — If R is a ring and I an ideal in R we can form the blow-up
Bj(R) = Proj(®r>0l") — Spec(R).
If I = (fa)aca this is a union
Br(R) = UyU,
where U, is the open subset where 7~ 1(f,) generates the exceptional Cartier divisor. One has

U, = Spec (R[fia])

with R[fia] C R[f%] is the sub-R-algebra generated by (f 2)gca. The preceding Huber rings
defining our rational localizations are thus obtained by completlon of those type of open subsets
in a blow-up. See Section 2.13 for more on this.

The following lemma is easy.
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Lemma 2.5.4. — 1. Given a complete Huber pair (B, BT), a morphism
+
(A<f17~-~>fn>’A<f1,---7fn> ) — (B, BY),
g g

is the same as a morphism u : (A, AT) — (B, B%) such that the image of
u* : Spa(B, B") — Spa(A4, AT)

1s contained in the rational subset

Spa(A, A*) (flg%f”)

2. The morphism

(4,40 — (4Rt gty
induces an homeomorphism

+ ~ DY
Spa(A<f17"'7fn>’A<f17"'7fn> )—)Spa(A,AJr)(fl’ afn)
g g g
Proof. — This is an application of points (1) and (4) of Proposition 2.3.9. In fact, let u : (4, A7) —
(B, BT) be such that the image of u* is contained in Spa(A, A1) (%) For all y € Spa(B, BY),

u(g)(y) = g(u*(y)) # 0 since u*(y) € Spa(A4, A*)(%) From this we deduce that
u(g) € B*.

The same type of computation shows that for i =1,...,n,

ulfi) ¢ g+
u(g)
The morphism v : (4, AT) — (B, B") thus extends to a morphism of Huber pairs
LR (3 VLA i -
(LR 2] AL BT

)

g g g
where A[%, ce f?”] " is the integral closure of AT [%, e %] in A[%, cee f?"} C A[%]. This
extends canonically to the completions and we deduce point (1) of the lemma. Point (2) is
deduced by looking at morphisms toward affinoid fields (K, K™). O

Let us note the following immediate corollary.
Corollary 2.5.5. — Any rational subset is quasi-compact.

From this we deduce that the complete Huber pair (6) depends only canonically on the rational
open subset Spa(A, A"‘)(%) and not on the choice of f1,..., f,,g. The following definition
thus makes sense.

Definition 2.5.6. — For X = Spa(A, AT) we define presheaves Ox and O} on rational open

subsets of X by the formulas

° F(X(flv‘(;:fn),ox) =A<f1"'g"f">,

o D(X(Bb2),0F) = A{ Ll

g9

The question wether or not Ox defines a sheaf will be discussed in section 2.9. Let us remark
nevertheless the following property.

Remark 2.5.7. — One has (Proposition 2.3.9)
OL(U) = {f € Ox(U) | Vz €U, |f(x)| <1}

and thus if Ox is a sheaf it is immediate that (’)} is a sheaf.
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2.6. Analytic points

2.6.1. Analytic points and their generalizations. — We will mainly be interested in the
so-called analytic adic spaces in this text.

Definition 2.6.1. — A point = € Spa(4, AT) is analytic if its support {f € A | |f(z)| =0} in
Spec(A) is not an open ideal. We note Spa(A4, A™), for the set of analytic points.

This forms an open subset of Spa(A, A™). In fact, if Ag is a ring of definition whose topology
is the I-adic one

Spa(A, AT), = Spa(A, AT)\ V(AI)
and this is thus Zariski open. If I = (f1,..., f,) one has
Spa(4, A1), = | J spa(A,Aﬂ(M).
i=1 i
which gives a natural expression of the open subset of analytic points as a finite union of rational
domains. Let us note this in a lemma.

Lemma 2.6.2. — The open subset of analytic points Spa(A, AT), is quasi-compact, a finite
union of rational subsets that are spectra of Tate affinoid rings.

Ezxzample 2.6.3. — 1. Let A be an [-adic ring with [ finitely generated. Then the open
subset of analytic points of Spa(A, A) is

Spa(A, A)a = Spa(A7 A) \ V(I)
which gives a meaning to the fact that Spa(A, A), is the “generic fiber” of the formal scheme

Spf(A).

2. For example, if k is a field and k[x1, ..., z,] is equipped with the (z1,...,x,)-adic topology
then

Spa(k[z1, ..., zn], k[z1,. .., 20])a = Spalk[zi,...,zn], k[z1, ... z2]) \ V21, ... zp)

B 1':lespa(k[[$17 a "x"]]’k[[xl’ s ’xn]])(xhxiz,xn)

= Uspa (k@) 22 kel (5 22)

n—1

By e

a union of n closed balls over the non-Archimedean fields k((x;)), 1 <i < n.

3. Consider Zy[z1,...,z,] equipped with the (p,x1,...,2z,)-adic topology and let X =
Spa(Zy[z1,. .., zu], Zp[x1, ..., 2n])e. One has

X = BY U Spa(Fyla, ...zl Fylo1, ..., 2n])a
~—~
{p#0} {p=0}

and one can think of the quasi-compact X as a “compactification” of the open ball B&p in
characteristic zero by adding n closed ball of characteristic p over Fy((x1)),...,Fp((2n)),
n

. n—1
OBy, = UlBle«mi»'
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Remark 2.6.4 (Follow up to Remark 2.1.2). — One has Spa(4, A"), = Spa(A™, A1), =
Spa(AT, AT)\ V(A'I) where I is an ideal of definition of a ring of definition contained in A™.

Let z be an analytic point of Spa(A, AT). We note I' the group of the valuation, K =
frac(A/supp(x)) and KT C K the valuation ring. Let Ay be a ring of definition of A equipped
with the I-adic topology, I = (f1,..., fn). The image of I in K+ generates a non-zero (since z is
analytic) ideal (), w € K. Since

nu(w(x)) WS +o0,

K = K*[1]. We equip K* with the w-adic topology and K = lim w~ " KT with the inductive
limit topology. Then, (K, K*) is a uniform Tate Huber pair and there is a morphism

(A, AT) = (K, K™).

The valuation ring K™ has a smallest open prime ideal q that corresponds to the convex subgroup
whose intersection with I'>g is

{y€e€Ts0 | ¥n>1, ny <wv(w)}.
One then has
Ke={zcK|IN>1Yn>1, v(z")>v(w )}

But now, for an element v € T, the inequality n(—y) < Nv(w) for all n > 1 is equivalent to
n(—y) < v(w) for all n > 1. From this we deduce that

o _ g+
K° = K;

is a rank 1 valuation ring. From this considerations we deduce the following result. We note
k(z) = K.

Proposition 2.6.5. — Let x be an analytic point of Spa(A, AT). The set of generalizations
of x is a chain that is identified with Spa(k(z),k(x)") where Spa(k(z), k(x)°) is the mazimal
generalization of x, k(x)° = Oy () is a rank 1 valuation ring.

Let us remark the following characterization of analytic points of Spa(4, A™).

Lemma 2.6.6. — A point © € Spa(A, AT) is analytic if and only if it has an open rational
neighborhood that is the spectrum of a Huber Tate ring.

Proof. — Let Ag be a ring of definition of A and I an ideal of Ay defining its topology. If x is
analytic then 3f € T such that |f(x)| # 0. Since I is of finite type, by continuity of the valuation
associated to z, there exists n > 1 such that I"™ = (g1,...,9x) and x € Spa(A4, Aﬂ(%) =
Spa (A(gl"f"g’“ ), A{Hpdt )T). One easily conclude. O

Finally let us note the following.
Proposition 2.6.7 ([36]). — One has Spa(A, AT), = 0 iff A/{0} is discrete.

We will give a proof of this in Section 2.13 that is different from Huber’s proof, see Corollary
2.13.7.
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2.6.2. Some remark about specializations in valuation spectra. — Let A be a ring and
Spv(A) be its valuation spectrum ([36], see point (1) after Theorem 2.3.7). We have seen one
tool to construct generalizations in Spv(A). Namely, for v € Spv(A), any convex subgroup of T',
defines a generalization

v/H>v

with I',)g = T',/H and the simple formula v,y (a) = v(a) modulo H. At the level of the
valuations rings this corresponds to a localization with respect to the prime ideal defined by the
convex subgroup.

There is another tool used by Huber to construct specializations this time. Let H be a convex
subgroup of I',,. Define

’U\H

by the formula wvg(a) = {U(a) .lf vla) € H . Let V be the valuation ring of v inside
+oo ifv(a) ¢ H

Frac(A/supp(v)). There is a biggest prime ideal p € Spec(V) such that A — V, ie. the

image of A in Frac(V') is contained in V},. This prime ideal corresponds to the convex subgroup

eIy of T, generated by {v(a) | a € A and v(a) < 0}. Then cI', C H < v|H is a valuation. If

this is the case then the support of v}z is changed, contrary to vz, and the valuation ring is V/p

with the valuation on A given by the composite A — V}, — Frac(V/p). Moreover one has
vg <.

Via the surjective map
Spv(4)

support

\

Spec(A)

the first construction produces a vertical specialization v, > v (vertical=in a fiber of the support
map). The second construction produces an horizontal specialization v > vy (horizontal=we
make a specialization in the base of the fibration supp : Spv(A) — Spec(A)).

Proposition 2.6.8 (Proposition 1.2.4,[39]). — Any specialization in Spv(A) is an horizontal
specialization of a vertical specialization.

In this text we focus on analytic adic spaces where as we saw all specializations are vertical.
We did not speak about the horizontal one. Nevertheless, they are essential to understand the
proofs of Theorem 2.3.7 or Proposition 2.3.9 given by Huber.

2.7. Properties of the local rings and the residue fields
2.7.1. Basic properties. — Let (A, AT) be a Huber pair and set X = Spa(4, A™).

Lemma 2.7.1. — For any x € X, the stalk Ox 5 of the structure presheaf at x is a local ring
with mazimal ideal

m, = h_r}n SUPPo , (1) (x).
Usx
U rat. domain
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Proof. — Let U C X be a rational domain containing z and g € Ox(U) such that |g(x)| # 0.
Let I be a finite type ideal of a ring of definition of Ox (U) defining its topology. Using the
continuity of the valuation defined by = one deduces that there exists £k > 1 such that for all
feTI® |f(@)] <lg(x)|. Now, if I¥ = (f1,..., f) one has x € U (f=222) with

iy <Or (01852

From this we deduce that Ox , \ m,; = (9)?3c and thus Ox ; is local with maximal ideal m,. O

Definition 2.7.2. — For x € X we note
1. k(z) = Frac(A/supp(z)) and x(x)* its valuation subring,

2. k(z) = Ox /m, is the residue field of the structure presheaf at z and k()" is its valuation
subring,

3. (K (@), K(@)*) = (), k() ),
where the Huber pair (k(z), x(z)™), resp. (k(z), k(x)T), is such that x(z)™, resp. k(x)™, is a ring
of definition of x(z), resp. k(z), equipped with the I.x(x)%-adic, resp. I.k(z)T-adic, topology
where I is an ideal defining the topology of a ring of definition of A contained in A™.

Those three affinoid rings are affinoid fields in the sense of Definition 2.4.1. There are two cases:
e If z is not analytic then (k(x), k(2)T) = (k(x), k(x)") = (K(x), K(x)T) are discrete affinoid
fields.
e If z is analytic then those are analytic affinoid fields and one verifies easily that

P

(rl@).r(0) ) = (k) k(@) ) = (K (@), K(2)*).

2.7.2. Henselian properties. — For any complex analytic space X, the local rings Ox ., = €
X, are Henselian rings with algebraically closed residue field. If X = X** where X is a C-scheme
locally of finite type, for any « € X = X(C) the local morphism Ox, — Ox, induces an
isomorphism 635m =0 x.z- Y — X is an étale covering of complex analytic spaces, using
that the local rings are Henselian with algebraically closed residue fields, the morphism Y — X
has a section over a topological covering i.e. a covering of | X|. Thus, the étale topos of X is the
same as the topos of | X].

For schemes the situation is the opposite: the local rings are arbitrary with arbitrary residue
fields.

For adic spaces the situation is intermediate between schemes and complex analytic spaces: the
local rings are Henselian but the residue fields are arbitrary. Thus, the obstruction to split étale
coverings comes from the residue fields.

Example 2.7.3. — Let Y — X be an étale covering of C,-rigid spaces “a la Tate”. If z is a
classical point of X, z € X(C,), then Y — X splits in a neighborhood of z. But the obstruction
to split the covering over an admissible covering of X comes from the residue fields of the adic
space X% that are not algebraically closed in general.

Let’s come to the basic structure results for local rings and residue fields of adic spaces.

Proposition 2.7.4. — For any x € X,
1. The local ring (Ox 4, my) is Henselian.

2. If x is analytic then (k(z)*, (w)) is Henselian.
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Proof. — Let P € Ox ,[T] be a unitary polynomial and o« € Ox , satisfying |P(a)(z)| = 0 and
|P'(a)(z)| # 0. Then one can find a rational subset U containing = such that P is the image of
Q € Ox(U)[T] and « the image of 3 € Ox(U) such that

Q(B) 0o

o(m € Ox(U)™.
Newton’s method then shows that @ has a root in Ox (U) lifting a.

Let = be analytic. The morphism O},z — k(x)t is surjective. In fact let U be a rational
domain containing x and f € Ox(U) satisfying |f(z)| < 1. Then, if V = U(%)7 x €V and
fiv € Ox(V)*. Thus, (k(z)*,(w)) is a quotient of the filtered colimit of Henselian couples (see
Lemma 2.7.5)

iy (Ox(U)F, ().

Usz
rat. domain

It is thus Henselian. O

Lemma 2.7.5. — For (A, AT) a complete affinoid Tate ring, the couple (AT, (w)) is Henselian.
Proof. — Let Ag be a ring of definition of A contained in AT. Since AT C A°, for any finite
collection z1,...,z, € A*, Aglz1,...,2,] is again a ring of definition. Thus,

lim (Aofalees, () <= (A7, ()
S

and thus (AT, (w)) is Henselian as a filtered colimit of complete (and thus Henselian) couples. [

Corollary 2.7.6. — For any x € X there is are equivalence of categories

27113{ﬁm'te étale Ox (U)-algebrasy — {finite étale k(z)-algebras} — {finite étale K (x)-algebras}.
Usz

Proof. — This is simply an application of Elkik’s approximation ([25, II Theorem 5] for the
Noetherian case, [3, Theorem 1.16.23] for the general case). O

2.8. Overconvergent open subsets: the Berkovich spectrum

Let (A, AT) be a Tate ring with @ a pseudo-uniformizer. Thus, all points of X = Spa(4, A™)
are analytic. Our goal is to compute the compact topological space

xB
that is the Berkovich quotient of X, see Section 1.10. Since all points of X are analytic the

generalizations of a point form a chain and this is identified as a set with X™%* the set of
maximal points of X. Thus, if we fix 8 €]0,1], as a set

XB = xmer — {]|: A — Ry | continuous valuations s.t.|w| = 3}.

2.8.1. The closure of rational subsets. — Let us begin with a lemma.

Lemma 2.8.1. — Let f1,..., fn € A generate A and g € A. Then,

X<f1,~--,fn) _ mX(wfﬂ...,wfr’j).

k
g k>0 g
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Proof. — Since such a rational subset is constructible, its closure is the set of its specializations
(Corollary 1.3.9).

Let = be in the closure of our rational subset. Let h; € K(x) be the image of f; divided by the
image of g in K (z). There exists y > x such that h; € K(y)™ where we have K(z)°° C K(x)* C
K(y)* C K()°. Since w € K (z)°° this implies that for all k > 0, wh? € K(x)°° C K(z)*. This
proves that the left hand set is contained in the right hand one.

Let now x be such that, with the preceding notations, for all k& > 0, wh® € K(z)*. Thus,
for all k, whf € K(x)°. Since 2™ = Spa(K(z), K(x)°) is a rank one valuation this implies
h; € K(x)° and thus 2™ > x with ™% in the rational subset. This proves that the right hand
set is contained in the left hand one and finishes the proof. O

Ezample 2.8.2. — The interior of the closed subset {|z| < 1} C Spa(K (z), Ox(z)) = B is the
open ball U {|xk\ < =}
k>0
Corollary 2.8.3. — A basis of neighborhoods of X(%) 18 given by the rational subsets
'Wf1 vvvvv wf:
x(Beemlly b1,

Proof. — Let U be an open subset of X containing X(%) One has

;Qo ((X\U)mx(wff"g',;’wf’?)) - 0.

Using the compactness of (X \ U)cons we conclude that for k > 0,

(X\U)mX(W):(D. 0

2.8.2. The Berkovich topology. — The open subsets of the quotient X7 are in bijection with
the partially proper open subsets of X that is to say open subsets stable under specialization. We
call them the overconvergent open subsets.

Lemma 2.8.4. — For an open subset U of X the following are equivalent:
1. U is overconvergent,
2. if V. C U is quasi-compact open then V C U,

3. zfX(%) C U then there exists k > 0 such that X(M) cU.
Proof. — The equivalence between (1) and (2) is deduced from the fact that V quasi-compact, V'
is the set of specializations of V. The equivalence between (2) and (3) is deduced from Corollary

2.8.3. =

Remark 2.8.5. — From point (2) of the preceding lemma we deduce that the quasi-compact
overconvergent open subsets are the open and closed subsets of X.

Proposition 2.8.6. — The topology of X P is the one defined by Berkovich on X% = M(A),
that is to say the one generated by {x € X™* | |f(x)| < |g(z)|} for f,g € A.
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Proof. — Let f1,..., fn € A that generate A as an ideal. We have for x € X,

fla'-vfl
v ima:r max 3[>1, max X
i, |fi(z™92)] < |g(a™e®)| = 3> 1, 2™ e ( — )
L
— 3121,x€X(f1’ "’f)
wg

ok gl

kl kl
— IY>1, Vk>0, xeX(w)

= se U x(Hmd

m>0

Int<{y€X | Vi, \fi(y)\<\gi(y)\})

From this and Lemma 2.8.4 we conclude. O

2.8.3. Overconvergent sheaves. — Let .% be a sheaf on X. Recall that we say .% is overcon-
vergent if for z,y € X with z < y, %, — F,. From the preceding and Proposition 1.10.6 we
deduce the following are equivalent for .# a sheaf on X:

1. % is overconvergent,
2. .F comes via pullback of a sheaf on the Berkovich quotient X — X5,
3.ifUC Xisopenqcandi:U — X,
rU,i*7) — T(U, %),
4. if U C X is open qc then

iy T(V,7) 5 I(U, %)
uccv

(where by definition U CC V means U C V),
5. if f1,..., fn generate A as an ideal and g € A,

k k
(2 20E) ) (e (Bl )
k>0 g g

2.9. The sheaf property

2.9.1. General results. — Let us put the following definition. The category of rational open

subsets form a site and we can speak about sheaves on this site.
Definition 2.9.1. — We say the pair (A4, A1) is sheafy if
1. the preceding presheaf Ox on the rational open subsets of X = Spa(A, AT) is a shealf,

2. if U is a rational subset of X covered by a collection (V;); of rational subsets then the
morphism
—) H OX
is strict.

Since the rational subsets form a base of the topology stable under finite intersections this is
equivalent to the fact that Ox extends to a sheaf of topological rings on Spa(4, A1) ([1, Exposé
ITI-Théoréme 4.1]). More precisely, for any open subset U, let us define

Ox(U) = l&n OX (V)

VcUu
rational subset
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equipped with the projective limit topology. Then, the following are equivalent:
1. (A, AT) is shealfy,
2. Ox is a sheaf of topological rings on X.

Here by a sheaf of topological rings we mean that the correspondence U — Ox (U) is a functor
from open subsets of X to topological rings
e that is a sheaf of rings after forgetting the topological structure,
e such that if U = U,;¢;V; is an open cover then the morphism
Ox(U) — [[ox (V)
iel
is strict.

Here are some cases when this is known:

1. When A is Tate strongly Noetherian ([37]) in the sense that for all n > 1, /T(Xl, oo, Xp) s
Noetherian. This contains the case of classical rigid spaces a la Tate i.e. adic spaces locally
of finite type over Spa(K) with K a non-archimedean field.

When A has a Noetherian ring of definition ([37]).
A case more general than the two preceding one is treated in [54].
When A is perfectoid ([48]) and more generally sous-perfectoid.

When A is Tate stably uniform ([17]). This means that for all U C Spa(A, AT) a rational
open subset, the Huber ring Ox (U) is uniform. This contains the perfectoid case.

erk

6. In the “discrete case” case: if A is a ring equipped with the discrete topology then (A4, A1)
is sheafy for any A™.

Remark 2.9.2. — (Follow up to remark 2.5.2) When A is Tate stably uniform or Tate strongly
Noetherian one has the following simpler formula for holomorphic functions on a rational open
subset;: A(%) = A(Ty,....,T,)/(Tvg — f1,...,Tug — fn) ie. there is no need to take the
closure of the ideal defining the quotient, it is already closed.

Ezample 2.9.3 (Discrete case). — Let (A, AT) be an affinoid ring with A discrete. The
continuous map

supp : Spa(A4, AT) — Spec(A)
is open and surjective,

supp({z | |f(2)| < |g(z)| # 0}) = D(g).

Moreover for any rational subset U C Spa(A4, A), I'(U, Ogpaca,a)) = L(supp(U), Ogpec(a))- We
deduce that (A4, A1) is sheafy with

Ospa(a,a+) = sSupp ' Ospec(a)-

We will explain the strongly Noetherian and the stable uniform case in the following sections.

2.9.2. A general dévissage. — In this section we explain a general common strategy that
allows one to prove sheafiness for Tate Huber pairs. More precisely, we seek to prove the following
result.

Theorem 2.9.4. — Let C be a class of complete Tate Huber pairs that is stable under rational
localizations. Suppose that for all (A, AT) in C and f € A the sequence

0—A— A A — A(f,fH —0
is exact. Then any (A, A") in C is sheafy and Ogpaia,a+) is acyclic.

We will give a proof of this theorem in the following subsections.
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2.9.2.1. About the strictness condition. — We did not speak about the topology of our rings in
the preceding for the following reason. Let us first take a definition.

Definition 2.9.5. — Let A be a complete Tate ring. A Banach A-module is a complete topo-
logical A-module M such that there exists Ay a ring of definition of A equipped with a pseudo-
uniformizer @ € Ay such that M admits an open bounded sub-Ag-module whose topology is the
w-adic one.

The preceding definition is well behaved in the sense that for M a Banach A-module and Ay
any ring of definition of A equipped with w € Ag, there exists an open bounded sub-Ap-module
of M whose topology is the w-adic one. For such a sub-Ag-module My,

M = My[=]

1

w

since M is open. Moreover, since My is bounded the topology of M is the inductive limit topology
via the formula M = @Xw M.

We have the following elementary result.

Proposition 2.9.6. — Let A be a complete Tate ring.
1. Any closed sub-module of a Banach A-module is a Banach A-module.
2. If N is a closed sub-module of the Banach A-module M then M/N is a Banach A-module.

3. Banach open mapping theorem holds: any continuous surjective map of Banach A-modules
1S open.

Proposition 2.9.7. — Let A be a complete Tate ring and C*® a complex of Banach A-modules.
Suppose it is exact as a complex of A-modules. Then any boundary map in C® is strict.

Proof. — For any index i € Z, the continuous map of Banach A-modules 9° : C?/ ker 9° — ker 9**!
is bijective and thus an homeomorphism according to Banach open mapping theorem. O

Corollary 2.9.8. — Let (A, A1) be a complete Tate affinoid ring. Then (A, A1) is sheafy if and
only if U — Ox(U) is a sheaf of rings i.e. if Ox is a sheaf of rings it is automatically a sheaf of
topological rings.

We thus get rid of the strictness condition in the definition of a sheafy pair: it is automatic.
We can focus on the purely algebraic part of the result.

2.9.2.2. A general lemma: reduction to a sub-covering. — Let us begin by devising a general
strategy that allows us to replace coverings by finer coverings.

Lemma 2.9.9. — Let C be a class of complete Huber pairs that is stable under rational localiza-
tions. Suppose that for any (A, A%) € C and any finite rational cover U = (U;); of Spa(A, AT)
there exists a rational cover V = (V;); such that Vj, Ji, V; C U; and A — C*(V,0x) is a
resolution. Then any (A, AT) € C is sheafy.

Proof. — Let (A, AT) be in the category C. According to the hypothesis, for any rational open
subset U of Spa(A, A™), if

H*(U,0x) = lim H*(U,0x)
u
finite rational cover of U
then
(7) Ox(U) = H°(U,Ox)
and
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for i > 0. Equip the sets of rational subsets of Spa(A4,A™) with the Grothendieck topology
generated by the covers that are the finite rational covers. The sheaf associated to the presheaf
Ox on this site is obtained by applying the functor H° two times to Ox ([1, Exposé II-Théoréme
3.4]). Equation (7) thus shows that Ox is a sheaf on this site. Equation (8) then shows that Ox
is acyclic on any rational open subset (usual argument by induction on the cohomological degree
based on the Cech-cohomology spectral sequence E}? = HP (U, H4(Ox)) = HP*(U, Ox), see [1,
Exposé V-Proposition 4.3]). We can now apply the Cech spectral sequence for a fixed cover to
obtain that A — C*(U, Ox) is a resolution for any finite rational cover U of Spa(4, At). O

2.9.2.3. Refining a cover by a standard rational cover. — We now begin to specialize to the case
of Tate rings. The following lemma is a key tool.

Lemma 2.9.10. — Let (A, A") be a Tate affinoid ring. For any open cover (U,;)icr of X =
Spa(A, A1), there exists an integer n > 1 and f1,..., fn € A generating A as an ideal such that
forallk € {1,...,n} there exists i € I such that X(%) cU;.

Proof. — Using the quasi-compacity of Spa(A4, AT) and the fact that the rational subsets form a
base of the topology, we can suppose that I is finite and U; is a rational subset. Write
Ui = X(3)
where T; C A is finite generating A as an ideal. We can suppose, up to replacing T; by T; U {g;},
that
g: €T;.
Fix some i € I. Let @ be a pseudo-uniformizer of A. Choose N > 0 such that
@ (gij,) " € Ox (Un)*.

Up to replacing T; by w~NT; and g; by w " g; we can suppose that 1 € Tj.
We now set

s={I1f|fieT, 3l f;=g}
iel
Since 1 € T; for all s € I, g; € S for all 5. Since X = U,»eIX(%), for all x € X there exists 7 € T
such that |g;(x)| # 0. From this we deduce that the ideal generated by S is A. We have

xX=Jx&).

ses
Let now s = [[,.; fi € S with f; € T; for all i € I and f; = g;. One has

x($)c N {eex [T ff@] <ls@)} = x(%).
FET; i#£]

This proves the result. O
For fi,..., fn as before we call the cover (X(flfif”))KKn

generated by fi,..., fn. o

2.9.2.4. Intersection with a cover. — Let (A, AT) be a Huber pair and X = Spa(4, A™).

Lemma 2.9.11. — Let U = (U;); and V = (V;); be finite open covers of X by rational subsets
and let U xx V = (U; NV;); ;. Suppose that

1. A— C*(U,Ox) is a resolution,
2. For all iy, ... ip, Ox(Uy, N---NU;.) — C*({U;, N---NU;.} xx V,0x) is a resolution.
Then,

of X the standard rational cover

A— C*(U xx V,0x)

is a resolution.
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Proof. — This is deduced from the spectral sequence associated to a double complex. O

2.9.2.5. Proof of Theorem 2.9./. — We finally give the proof of Theorem 2.9.4. Let (A, A™) be
a complete Tate Huber pair. We note X = Spa(4, A*). For fi,..., f, € A we call the cover

£), X (L)) xx -+ xx (X (), X(4))

of Spa(A, A™) the Laurent cover associated to fi,..., fn € A.

(X(

Lemma 2.9.12. — Under the assumptions of Theorem 2.9.4, for any Laurent cover of
Spa(A, A1) the associated Cech complez is a resolution of A.

Proof. — This is proved by induction on n using Lemma 2.9.11. O

Lemma 2.9.13. — For any f1,...,fn € A generating A as an ideal, there exists a Laurent
cover V of Spa(A, A1) such that for any V € V the intersection of the rational cover generated by
fis-oy fn with V is a rational cover generated by units of Ox (V).

Proof — Let w be a pseudo-uniformizer. There exists N > 0 such that @’ € At f; +---+ AT f,.
From this we deduce that for all z € X, there exists i € {1,...,n} such that [N+l (2)| < |fi(z)].
Let now V be the Laurent cover associated to

wiNilfh cee ,wiNilfrw

For each element V' of V, the rational cover (V NU;)1<;<n of V is generated by units. In fact, if

V=X 0 Nx ()

with I C {1,...,n}, V % 0 implies I # () and moreover (VNU;)1<i<n is generated by the elements
(fi)ier that are in Ox (V)*. O

We will conclude the proof of Theorem 2.9.4 using the following result.

Lemma 2.9.14. — Any rational cover generated by units of A can be refined to a Laurent cover.
Proof. — 1In fact, the rational cover generated by fi,..., f, € A* is refined to the Laurent cover
associated to (fif;l)lgiqgn. -

Proof of Theorem 2.9.}. According to Lemmas 2.9.9 and 2.9.10 we are reduced to proving that
A — C*(U,Ox) is a resolution for U a standard rational cover. Using Lemmas 2.9.11, 2.9.12
and 2.9.13 we can suppose that our standard rational cover U is generated by units. According
to Lemma 2.9.14 there exists a Laurent cover V refining &/. We can apply Lemmas 2.9.11 and
2.9.12 to deduce that A — C*(U xx V,Ox) is a resolution. Moreover, for any Uy, ..., U, in U,
Lemma 2.9.12 shows that Ox(U;N---NU,) = C*({U1N---NU,} xx V, Ox) is a resolution. The
spectral sequence associated to a double complex then shows that C*(U, Ox) — C*(U xx V, Ox)
is a quasi-isomorphism. We conclude. O

2.9.3. An example: the strongly Noetherian case. — We are going to prove the following
theorem using Theorem 2.9.4.

Theorem 2.9.15 (|37, Theorem 2.5]). — If (A, A") is an affinoid Tate ring with A strongly
Noetherian then (A, A1) is sheafy and moreover if X = Spa(A, A*), H(X,0x) =0 fori > 0.

This result contains as a particular case the one of topologically of finite type affinoid algebras
over a non-archimedean field i.e. the case of “classical” Tate rigid spaces.
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2.9.3.1. Background on Noetherian Banach modules. — Let us recall the following. Here A is a
complete Tate ring.

Proposition 2.9.16. — Let M be a Banach-A-module. The following are equivalent:

1. M is a Noetherian A-module.

2. Any sub-module of M 1is closed.
Proof. — Suppose (1) is verified. Let N C M be a sub-module. Since N is of finite type, there
exists a surjection

f:A" = N
for some n > 0. Such a morphism is automatically continuous and we can apply Banach’s open
mapping theorem to deduce that W = f(AR) is a bounded open sub-Ag-module of N. Moreover,
W=(WAnNN)+oW
by density of N in N. We deduce that the Ag-module of finite type P = W/W N N satisfies
P=wP.

Since w € Rad(Ayp), Nakayama lemma implies that P = 0 and thus N = N.
Reciprocally, suppose (2) is verified. Let (M;);>0 be a growing chain of sub-A-modules and

note

M, = UizOMi-
Bair’s theorem implies that there exists ¢ > 0 such that the interior of M; in M, is non-empty.
This implies, using a translations argument, that M; is open in M., and thus M, = M;. O

Any finite type A-module M has a canonical topology: the quotient topology defined by a
surjective morphism A™ — M. One verifies immediately that this topology does not depend on
the choice of such a surjection. For this canonical topology, any morphism between finite type
A-modules is continuous.

Proposition 2.9.17. — Suppose A is Noetherian.
1. Any finite type A-module is a Banach A-module.

2. Any morphism between finite type A-modules is strict.

3. Any ideal of A is closed.

As a consequence of the preceding proposition, if A is a complete Tate strongly Noetherian ring
then for f1,..., f, € A generating A as an ideal and g € A,

A<%> = AT, ..., Tn) /(gTh — f1,- - 9T — fn)

and this ring is strongly Noetherian.

2.9.3.2. Flatness of A(X), A(f~1) and A(f). — Let A be a strongly Noetherian complete Tate
ring. For M a Banach A-module,

(9) M®AA<X>={;miXi | m; € M, i_l}gloomizO}.

From Proposition 2.9.17 we deduce the following Lemma.

Lemma 2.9.18. — If M is a finite type A-module then M ®4 A(X) = M@ A(X).
We can now prove our result.

Proposition 2.9.19. — For any f € A the following rings are flat over A:
A(X), AX)/(fX =1), AX)/(X = [).
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Proof. — Let
0— M —M-—M —0

be an exact sequence of finite type A-modules. Using Lemma 2.9.18 the sequence obtained by
applying — ®4 A(X) is en exact sequence
M'@4AX) — M@AA(X) — M"©AA(X) — 0.
But now, using the explicit description (9), one verifies immediately that in fact the sequence
0 — M'@®AA(X) — M@AA(X) — M"@©AA(X) — 0
is exact. We deduce from this that A(X) is flat over A.
For Pe {fX —1,X — f} and M a finite type A-module there is an exact sequence

M&AX) 22 M&AA(X) — M&A(A(X)/(P)) — 0.

ZmiXi

i>0
be in the kernel of the left hand map. We use the Equation (9). If P = fX —1 we get mo = 0 and
the induction relation fm; = m;y; for i > 0. We deduce from this that our element is zero. For
P=X—fweget fmo=0and fm;;; =m; for i > 0. Let N be the sub-module of M generated
by (m;)i>0. It is finitely generated, let’s say

Let

N =Amgo+ -+ Amg.
For any 7 > 0 we can write
d
Mitdy1 = Z apmy.
k=0
From this we deduce that
mi = T mipae = 0.

Our element in the kernel is thus zero.
Thus, for all M of finite type we have an exact sequence

0 — M&AX) 225 M&AA(X) — M&A(AX)/(P)) — 0.

From this we deduce that
Tor' (M, A(X)/(P)) = 0
for all such M and thus A(X)/(P) is A-flat. O

2.9.3.3. The sheaf property. — The complete Tate ring A is assumed to be strongly Noetherian.

Proposition 2.9.20. — For any f € A, the Cech complex
0— A— A(f) A(f Yy — A(f, 1) — 0.

1s exact.

Proof. — According to Proposition 2.9.19, the morphism A — A(f) x A(f~!) is flat. According
to Corollary 2.13.9, there is a diagram

Spa(4, AT)($) [1Spa(4, A*) (£) = Spec(A($)) [T Spec(A(£))

| l

Spa(A, AT) S Spec(A).
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We deduce that A — A(f) x A(f~!) is faithfully flat and thus injective. The exactness in the
middle and on the right are elementary computations. O

Using Theorem 2.9.4 we thus have proven Theorem 2.9.15.

2.9.4. Another example: the stably uniform case ([17]). — We are now going to prove
the following result using Theorem 2.9.4.

Theorem 2.9.21. — Let (A, AT) be a stably uniform affinoid Tate ring. Then (A, A1) is sheafy.

2.9.4.1. Laurent domains computations. — Let us begin by exploiting the spectral norm of The-
orem 2.1.16.

Lemma 2.9.22. — Let A be a uniform complete Tate ring. For any f € A, the morphisms

ATy 2L

ATy I am.

are strict injections. In particular, the ideals (fT — 1) and (T — f) of A(T) are closed and
A(f) = A(T)/(fT = 1), A{f~) = AT - f).

Proof. — Fix w a pseudo-uniformizer in A and let ||.|| be a power multiplicative norm defining
the topology of A and such that

lwal| = ||w]-la]l and =™ al| = |||~ |lall

Since A is uniform, A(T) is uniform. In fact, the Gauss norm on A(T") associated to ||.|| on A is
power multiplicative (see the proof of Theorem 2.1.16) and defines its topology. We can now use
the interpretation of the Gauss norm on A(T) as a spectral norm, see Theorem 2.1.16. We use
the projection map

M(A(T)) = M(A).
In fact, if K (x) is the completed residue field associated to x € M(A), for P € A(T) we have

P = sup sup [P (y)]
TEM(A) yeM(K (z)(T))

where P, is the image of P in K(z)(T). Now we use that the Gauss norm of K (x)(T) is multi-
plicative. We thus have for P € A(T)

I(fT=1)P|| = sup [sup{|f(z)],1}.]|P:] ]
(4)

z€
and thus
1P < I(fT = )P < sup{|lf[l, 1}l
The same formula holds for T' — f instead of f1"— 1 and this implies the result. O

Lemma 2.9.23. — Let (U;)ier be a finite rational cover of X = Spa(A, AT) with A a complete
stably uniform Tate ring. Then the application

A— Pox(y)
iel
is a strict embedding.
Proof. — Fix w and S €]0,1[ as in Theorem 2.1.16. For each 4, the topology of Ox (U;) is induced

by the supremum norm on M(Ox (U;)) = UP. The same goes on for A. The result is therefore
deduced from the covering M(A) = Spa(A4, AT)? = J,., UE. O
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Proposition 2.9.24. — Let A be a stably uniform complete Tate ring and f € A. The Cech
complex

0 —A— AX)/(fX-1)A)/(f-Y) - AX,)/(fX-1,f-Y)—0
associated to the Laurent cover {|f| < 1},{|f| > 1} is exact and all the maps are strict.

Proof. — Consider the exact sequence of Tate rings
0 — A AX]/(fX -1)@AY]/(f-Y) S AIX,Y]/(fX —1,f-Y) — 0.

According to Lemma 2.9.23 the map wu is strict. The map v is open for evident reasons and thus
strict. The associated sequence obtained by completion is thus exact. O

2.9.4.2. Sheafiness. — According to Theorem 2.9.4 we thus have proven Theorem 2.9.21. We
can go even further.

Proposition 2.9.25. — If A is a stably uniform complete Tate ring then for fi,...,fn € A
generating the unit ideal and g € A we have

A<fl’%f”> = A(Ty,.., T) /(g1 = fr, 9T — f).

Proof. — One can find Aq,...,\, € A° such that Z Aifi = w for a pseudo-uniformizer w. If U
i=1
is our rational subset we then have wngl € O(U)*. We then have

I T S )

From Lemma 2.9.22 we deduce that

A<Lg"f"> = AX. Yy, V) (@ X — 1LY —w LA X, . Y — @ L X).
There are two morphisms

A<T1,...,T,L>/(QT1 —fl,...,ng _fn)

Y:—T;

AX Yy, ) (o g X -1, —w LA X, Y, o LX)

that are clearly inverse to each other. O

2.10. Adic spaces
We refer to the beginning of Section 2.9.1 for the definition of a sheaf of topological rings.

Definition 2.10.1. — The category of adic spaces is the subcategory of the category of triplets
(X,O0x, (vz)zex) that are locally isomorphic to Spa(A, AT) with (4, A™) a sheafy Huber pair and
where

e X is a topological space,

e Ox a sheaf of topological rings such that Vo € X, Ox . is a local ring,

e v, is a valuation on the residue field k(z) of Ox 4,
with morphisms the morphisms of locally ringed spaces f : (X, Ox) — (Y, Oy) satisfying:

e for any open subset V of Y the morphism f*: Oy (V) — Ox(f~1(V)) is continuous,

e for any x € X the morphism k(f(x)) — k(x) is compatible with v, and v(,).
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We need to verify the following elementary result so that our definition is a good one. This is
the analog of the basic result in scheme theory that says that the functor Spec(—) from rings to
locally ringed spaces is fully faithful.

Lemma 2.10.2. — The functor (A, AT) — Spa(A, A") from sheafy Huber pairs to adic spaces
is fully faithful.

The underlying topological space of an adic space is locally spectral. We will mainly be
interested in analytic adic spaces.

Definition 2.10.3. — An adic space X is analytic if any point has a neighborhood of the form
Spa(A, A1) with (A, A™) a sheafy Tate Huber pair.

This definition is justified by the fact that one verifies immediately that, with the terminology
of section 2.6, a point of Spa(4, A1) is analytic if and only if it has a neighborhood of the form
Spa(A, A*) with A a Tate Huber ring. We thus have in particular the following.

Proposition 2.10.4. — For x € X an analytic adic space, the set of generalizations of x, X,
is a chain that is identified with Spa(K (z), K (z)T) where the topology on K (z) is the one deduced
from the maximal generalization Spa(K (x), K(x)°) of x, a rank 1 valuation.

2.11. Analytic adic spaces

Analytic adic spaces have other nice properties.

Lemma 2.11.1. — For (A, A") a Tate Huber ring, w € A a pseudo-uniformizer, and x €
Spa(A, A1) one has
O}7w/w = K(2)"/w.

Proof. — For f € K(x)* we can lift it to an element g € Ox(U) where U is an affinoid neigh-
borhood of . Now, let V.= U(¥). Then gy € O% (V). Its image in O}’m is sent to f. Thus,
(’);I — K(z)7 is surjective. Now, if f € wK ()" this means |g(z)| < |w(x)|. We can then shrink
Vito W =V(%). One has gjw € wO% (W) and we conclude for the injectivity. O

Thus, the w-adic completion of O},x is K(x)". From this we deduce the following.

Proposition 2.11.2. — For x € X an analytic adic space Spa(K (z), K(x)T) — @Uam U in

the category of adic spaces.

This sets analytic adic spaces apart from schemes. In fact, if X is a scheme then I'&HU% U =
Spec(Ox ), the spectrum of a local ring. Here what shows up is not any local ring but a valuation
ring. Let us give an application of this phenomenon that we will use all the time.

Proposition 2.11.3. — A morphism between analytic adic spaces is generalizing.

Proof. — Let f; X — Y be such a morphism with f(z) = y. This gives rise to a morphism
Spa(K(z), K(x)™) — Spa(K(y), K(y)*). Since K(y) is a valuation and K (z)* without torsion
as a K(y)T-module, Spec(K (z)*) — Spec(K (y)*) is flat and thus generalizing. O

Remark 2.11.4. — Thus, is f : X — Y is a morphism between qcgs analytic adic spaces then
Im(f) C |Y| is pro-constructible stable under generalizations. For example, if Y is a strongly
Noetherian adic space and X C Y Zariski closed then |X| C |Y] is closed stable under generaliza-
tions! We are in a very different situation from the scheme case.
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This is an important result because of the following.

Corollary 2.11.5. — Let f : X = Y be a qcgs surjective morphism between analytic adic spaces.
Then |f|: | X| = |Y| is a quotient map.
Proof. — Apply Lemma 2.11.6. O

This last corollary is one of the starting points of the v-topology on perfectoid spaces.

Lemma 2.11.6. — If f : X — Y is a surjective generalizing gc map between spectral spaces
then f is a quotient map i.e. the topology on'Y is the quotient topology on X by the equivalence
relation X Xy X C X x X.

Proof. — Let V C Y be a subset such that f~1(V) is open. One has Y\V = f(X\ f~1(V)) which
is thus pro-constructible. Moreover since V = f(f~1(V)) with f=1(V) open, V is stable under
generalizations. Thus, Y \ V is pro-constructible stable under generalizations and thus closed. [

2.12. Canonical compactifications

Let f : X = Spa(B,BT) — Spa(A, AT) = Y be a morphism of affinoid adic spaces where we
suppose that our Huber pairs are sheafy. Define a new Huber pair (C,CV) by setting C = B and
Ct = f(A*) + B°°. Set X/¥ = Spa(C,C™T). We then have a diagram

X <L x/Y

| /

Y
where the inclusion j is a pro-constructible immersion. In general this is not an open immersion
but it happens to be the case in a lot of “standard” situations. For example, if A and B are
topologically of finite type over the non-Archimedean field K and AT = A°, B* = BY (i.e. we
are working with affinoid adic spaces associated to “classical” affinoid Tate spaces). Then, if
fi,--., fn € B° generate the image of A - B, X = X/Y(%) and j is an open immersion.

The fact now is that X/Y — Y is proper and when the preceding immersion is open we have

thus constructed a canonical compactification of f by changing BT. In the classical case of
affinoid adic spaces associated to affinoid Tate rigid spaces this compactification does not exist in
the world of Tate, it exists only in the more general category of adic spaces. This is an occurence

where the power of considering rings of integral elements AT more general than the case AT = A°
shows up in the definition of an adic space.

Remark 2.12.1. — The reason why Spa(A, A°) is smaller than Spa(4, A1) is that in general, in
a totally ordered abelian group I', an element + is such that N.+ is bounded does not imply v > 0
unless I' has rank 1. For example, for I' = Z x Z with the lexicographic order, N.(0, —1) > (—1,0).

Ezample 2.12.2. — Take B} = Spa(K(T), Ok (T)) the classical 1-dimensional ball over K. It
represents the functor (R, RT) — R* on K-affinoid rings. Its canonical compactification B =
Spa(K(T),Ox + K°°(T)) represents the functor (R,R") — R°. This is in fact a “one point
compactification”,

By \ Bk = {z}
with z being the valuation with value group R x Z equipped with the lexicographic order given by

v(( Z anT™) (x)) = Tigfo{(v(an), —n)}.

n>0
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2.13. The Zariski-Riemann-Raynaud point of view

The point of view we develop here on adic spectra is the one due to Raynaud. For anyone who
really wants to understand well adic spaces, all points of view are important. This part is new
and original, not available in the literature.

2.13.1. The adic spectrum as a Zariski-Riemann space. — Suppose (A, AT) is Tate Huber
pair and let @ be a pseudo-uniformizer. Consider the diagram

X, X X,

Spec(AT /A°°) —— Spec(At) «+—— Spec(A).

Consider the topological space

lim X

X'—X
where the indexing category is the one of proper morphisms X’ — X that are isomorphisms
outside w i.e.
X, =X xx X, = X,

and X! := X’ xx X,. For such an X’ — X, its image is closed and contains the dense subset
X,,. We deduce that | X’| — | X| is surjective and thus | X/| — | X;| is surjective too. The indexing
category is cofiltered. In fact for X’ — X and X” — X as before, X’ x x X" is again in this
category. If moreover we have a diagram

X// _— X/

N
X

we can form
" " A
X"=X XX’XXX’,AX//XX7

the equalizer of our two morphisms, that is again in our indexing category. Let us finally remark
that, since we can replace X’ — X by the schematical closure of X,’] = X, inside X', the
subcategory of X’ — X such that X,’, is schematically dense in X’ is cofinal. This last category is
equivalent to a small category and the projective limit makes sense. This projective limit is then
a spectral space equipped with a surjective qc map to |X;|. We will always assume from now on
that X is schematically dense in X'.

We now define a map
Spa(A, AT) —  lim |X]|.
X/hix
Let x € Spa(A, AT). Tt is given by a valuation ring V' and a morphism f : Spec(V) — X such that
f*w € V\{0}. We have Frac(V) = V[f%] by continuity of the valuation x and after inverting w
the morphism f litts to a morphism Spec(Frac(V)) — X, = X < X'. We thus have a diagram

Spec(Frac(V)) —— X'

[ 7]

Spec(V) —— X.

The valuation criterion of properness gives a unique morphism Spec(V) — X’ as in the preceding
diagram. This induces a morphism |Spec(V/w)| — |X.|. The image of z is then defined to be
the image of the closed point of Spec(V/w). When X’ — X varies, this defines an element of the
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projective limit.

Theorem 2.13.1. — The preceding map is an homeomorphism

Spa(4,4") = lim |X]]
X/hix

and thus Spa(A, AT) is spectral.

Proof. — Let us begin with the injectivity. Let v and w be two distinct elements of Spa(A, A™).
There exists a,b € A such that v(a) > v(b) and w(a) < w(b). Let us choose n > 1 such that
v(w™) > w(a), which is possible since w(a) # +o0o. Let
XX

be the blow-up of the ideal (a,b,@w™). The morphism X — X is in our category, 3(17 = Xy
Let U C X,, be the open subset where (b, ") generates the exceptional divisor. The morphism
Spec(V) — X defined by v has its image in U. Thus, the image of the closed point of Spec(V)
lies in U N X. The image of the morphism Spec(WW) — X defined by w is not contained in U.

Since all points of Spec(W) are generalizations of its closed point, the image of the closed point
of Spec(W) lies in X \ U. This prove the injectivity statement.

For the surjectivity, let X be the ringed space

lim X'.
XX

Let = € X, and consider the local ring Ox ,. For I C Ox , a finite type ideal that contains a power
of @, we can find some X’ — X in our category of modifications, an affine open subset U C X’
such that  maps to an element of U, and a finite type ideal J C Ox/(U) that contains a power
of w that generates I when pulled back to Ox .. We can extend J to a finite type quasi-coherent
sheaf of ideals J C Ox- such that w”Ox:, C J when n > 0. Considering the blow up of J and
pulling back the situation to X we deduce that Ox , satisfies the hypothesis of Lemma 2.13.3.
Thus,

V =0zxz2/Nn>o (@"),

which is non-zero since x € X, is a valuation ring in which v(w™) . oo The morphism
n——+0o0

A* — V defines thus a point of Spa(A, AT). This proves that the map of the statement is
surjective.

We now have to check that this is an homemorphism. For this, consider the subcategory of the
indexing category of modifications of X in our projective limit formed by the admissible blow ups.
By definition, those are the blow ups X — X of a finite type ideal I of A" containing a power of
@. They have the following property: .

e If X - X and X — X are two admissible blow ups then X x X X — X is an admissible

blow up.
o If 7 C Oy is a finite type quasi-coherent sheaf of ideals with X — X an admissible blow up

then the blow up of j(v, X — X is such that the composite X — X — X is an admissible
blow up.
The preceding proof works as before to prove that

Spa(A, AT) — lim |X|
XX
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is bijective, where here is the indexing category is the one of admissible blow ups. The quasi-
compact continuous map of spectral spaces

lim [ X| — lim |X,]
Xiox Xoox

is thus bijective. This morphism is moreover specializing since if we have a diagram

X — X
AV
X

then the morphism X’ — X is proper. This is thus an homeomorphism.

Thus, it suffices to prove that

Spa(A4, A1) — l(in | X
X=X
is an homeomorphism. But the exceptional divisors of our blow ups are very ample. If X = X is
the admissible blow up of the ideal I C A" then a basis of the topology of X is the DT (f) where
f € I™. For f € I"™, the morphism Spec(V) — Spec(A™) factorizes through D¥(f) if and only
if the image of I™ in V is generated by f. This means exactly that for all g € I", v(g) > v(f),
which means that v is in the rational subset Spa(A, A*)(%) The result is easily deduced. O

Remark 2.13.2. — The proof gives in fact that the three projective limits lim ., | X’ where
the modification X’ — X is either taken proper, projective or an admissible blow up are homeo-
morphic. Nevertheless this can be proven directly “in finite level” without taking the projective
limit using [22, Corollaire 1.4] for the projective/Noetherian case and [20, Theorem 2.11] for the
general case that proves that in fact the category of admissible blow-ups is cofinal among the
preceding proper modifications.

Lemma 2.13.3 (see [29, Section 3]). — Let V be a local ring equipped with some element w
in its mazimal ideal satisfying: any finitely generated ideal of V' that contains a power of w is
principal generated by a regular element i.e. is a Cartier divisor. Then the separation of V' for
the w-adic topology, V/ Np>o (w™), if non-zero, is a valuation ring in which any non-zero finite
type ideal contains a power of w.

Proof. — The hypothesis implies that w is a regular element. Now for any a € V and n > 0, if
we write (a,@w") = («) with « regular, then we can find A, y, u,v € V such that

w" = pa.

We thus have o = (u) + vp)a. Since « is regular we deduce ul + v = 1. Since V is local this
implies either u, A € V* or v, u € V*. Thus, either (a,w") = (a) or (a,w™) = w™. From this we
deduce that if a ¢ N,>o(w"™) then there exists n > 1 such that @” € (a) and «a is regular. Thus,
any non-zero finitely generated ideal of V/ N,,>o (w™) is principal.

Now, if a,b ¢ Ny>o(w™), write @’ = Aa and @' = b for k,1 > 0 and \,u € V. If ab €
Np>o(@w™) then we can write ab = co®HH 1 with ¢ € V. Using the regularity of w, we deduce that
Apeww = 1, which is a contradiction. Thus, V/ N,>0 (w™) is an integral domain. O

Corollary 2.13.4. — For any Huber pair (A, AT), Spa(A, A1), and Spa(A, AT) are spectral
spaces.
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Proof. — Since one can write
Spa(A,A+)a = U?lei

where for all 4, j, U; and U;NU; are adic spectra of affinoid Tate rings, we deduce that Spa(4, A1),
is spectral. Now, one verifies that if X is a (T0) topological space that admits an open subset
U C X such that U and X \ U are spectral spaces, then X is a spectral space. One thus has to
verify that

Spa(A/AA°° (AJAA)T)
is spectral. We are thus reduced to proving that Spa(R, R™) is spectral for R discrete. Since

Spa(R, RT) is pro-constructible in Spv(R) = Spa(R,Z.1), it suffices to verify that Spv(R) is
spectral. This is [36, Proposition 2.2] whose proof is elementary. O

Corollary 2.13.5. — For (A, AT) a Huber pair, one has

At ={a € A|Vx € Spa(A, AT), |a(x)| < 1}.

Proof. — Let us first suppose that A is Tate. Let f : X’ — X be as in the proof of Theorem
2.13.1. Since f is proper of finite presentation f,Ox- is a quasicoherent O x-module of finite type.
Let us write f.Ox, = B with B a finite AT-algebra. Since f is an isomorphism outside the
schematically dense open set D(w), we have AT C B C A. Since A7 is integrally closed in A we
deduce that B = A™T.
Let
X= lim X !
X=X
as a ringed space. For x € |X| that corresponds to the valuation v, € Spa(A, AT), an element

1
w

a € A= Ox,[=] satisfies v, (a) > 0 if and only its image in
Ozx,2[L]/ Nnzo Ox z@"
is in
Ox,z/ Nu>o Ox zw™.
This is equivalent to saying that a € Ox,. Thus, an element a € A satisfies v,(a) > 0 if and
only if there exists some X’ — X and U C X’ whose pullback to X is a neighborhood of  such

that a|y, extends to an element of Ox/(U). Using the quasi-compacity of |X| we deduce that if a
satisfies

va € Spa(d, A%, Ja(@)] < 1

then there exists some X’ — X such that a € T'(X’,Ox-). This finishes the proof when A is a
Tate ring.
When the ring A is discrete the statement is immediately reduced to the fact that if R is a
normal integral domain then R is the intersection of the valuation rings of Frac(R) containing R.
Let now A be any Huber ring. Let Ag be a ring of definition contained in A' and I an ideal of
finite type of Ay defining its topology. Let X = Spec(A™) and

X = X

be the blow up of the ideal ATI. Let
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be the normalization of X inside the complementary of the exceptional Cartier divisor, that is to
say X \ V(ATI). There is a diagram

—~ o —
X+——— X
integral
proper open
finite presentation | ™ schematically dense

X X\ V(ATT) —L— Spec(A).

open

If a € A satisfies |a(z)] <1 for all € Spa(4, AT), then according to the Tate ring case treated
before,

frael(X,05).
But now, since o is integral o, O; is a filtered colimit of quasi-coherent O-algebras of finite type.
Since 7 is proper of finite presentation we deduce that (7‘(0)*(9§ is an integral quasi-coherent sheaf

of Ox-algebras. From this we deduce that f*a lies in the normalization of X inside X \ V(ATT).
This means concretely that there exists bq,...,b, € AT such that

f*(an+b1an—1+...+bn_1a+bn) =0.

We deduce from this that a” +ba” ' +- - - +b,_1a+b, is killed by a power of I. Now, the case of
a discrete Huber ring treated before shows that the image of A in A/AT lies in the integral closure
of the image of AT in A/AI. There exists thus cy,..., ¢, € AT such that

a™+cia™ V-t epmor1a+ ey € Al
Thus, for k> 0,
(@ +ba™ 4 bp1a+by).(a™ @™+ ep1a )t = 0.

From this we deduce that a is integral over AT and thus a € A™T. O

2.13.2. The specialization map and applications. — Let (A4, AT) be a Tate ring and @ a
pseudo-uniformizer. To any point z € Spa(A, AT) there is associated a morphism Spec(V,) —
Spec(A™) where V, is a valuation ring. We note

sp(r) € Spec(A™ /)

the image of the closed point of Spec(V,,).

Proposition 2.13.6. — The specialization map sp : Spa(A, AT) — Spec(A™ /w) is a surjective
specializing quasi-compact continuous map between spectral spaces.

Proof. — For f € At with image f in At /w,
spH(D(f)) = {x € Spa(A, A™) | |f(z)] =1}

We deduce that sp is quasi-compact continuous.

The surjectivity is deduced from Theorem 2.13.1 since the transition maps in the projective
limit are surjective. Since the transition map in the projective limit are specializing we deduce
that sp is specializing. O

Corollary 2.13.7. — Let (A, A") be a Huber pair. Then, Spa(A, A1), = 0 if and only if A/{0}
is discrete.
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Proof. — By surjectivity of the specialization map, if A is Tate then Spa(A, AT) = ) if and only
if

Spec(A™ /w) = 0.
But this is equivalent to @ € (A1)*. Since AT C A° this implies w~! € A°. Now, if Ay is a ring

of definition of A, there exists N > 0 such that for alln >0, @w™" € wNAy. Taking n =N +1
we find that @ € Aj. Thus, A9 = A = {0}.

In general, if I = (f1,..., fn) is an ideal of a ring of definition Ay defining its topology, let
X X = Spec(Ap)

be the blow up of I. If R is aring and f € R a regular element, the f-adic completion of R is 0 if
and only if D(f) C Spec(R) is closed. Thus, if Spa(A, AT), = 0 then

X\ = V(D)

is closed in X according to the preceding Tate ring case. Since m is proper we deduce that
Spec(Ag) \ V(I) is closed in Spec(Ag). This is equivalent to saying that there exists an idempotent
a € Ay such that V(I) = V(e) or equivalently /I = \/(e). Thus, the topology of Ay is the e-adic
one. Since €2 = e, {0} = N,>1(e") = (e) is open and we deduce A/{0} is discrete. O

Corollary 2.13.8. — Let (A, AT) be a Huber pair. Then, Spa(A, AT) = 0 if and only if {0} = A.

Proof. — Suppose Spa(A, AT) = (). We can suppose A is separated. According to Corollary
2.13.7, A is discrete. If A # 0 we can choose a maximal ideal m of A. We can moreover choose
a valuation ring V of A/m containing AT /AT Nm. Then, (A, AT) — (4/m, V) defines a point in
Spa(A, A1). We thus deduce that A = 0. O

Let us point the following immediate corollary.

Corollary 2.18.9. — For (A, AT) a Huber pair, the image of the support map supp
Spa(A, A*) — Spec(A) is the set of closed prime ideals of A.

Corollary 2.13.10. — Let (A, AT) be a complete Huber pair and a € A. One has a € A* if
and only if for all x € Spa(A, AT), |a(z)| # 0.

Proof. — Let a € A satisfy |a(x)| # 0 for all z € Spa(A4, A1). Since A is complete, 1 + A°° C A%
that is thus open inside A. We deduce that any maximal ideal of A is closed. Let m be such a
maximal ideal. Let (A/m)* be the integral closure of the image of AT in A/m. Since A/m is
separated, according to Corollary 2.13.8, Spa(A4/m, (A/m)") # (). Using the map

Spa(A/m, (A/m)*) — Spa(A, AT)

one can thus find = € Spa(4, A™) such that supp(z) = m and thus a ¢ m since |a(z)| # 0. O

2.14. Other structure sheaves on the adic spectrum: Henselian rigid spaces

2.14.1. Henselization. —
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2.14.1.1. Background on Henselian pairs. — Let (A,I) be a pair where A is a ring and I an
ideal of A. We note X = Spec(A4) and Y = V(I) — X. Recall that we say that (A, ) is Henselian
if

I C Rad(A)
i.e. the only neighborhood of Y in X is X itself, and one of the following equivalent properties is
satisfied:

1. For any finite A-algebra B,
{open/closed subsets of Spec(B)} — {open/closed subsets of Spec(B/IB)}.

2. For any P € A[T] unitary and « € A/I satisfying P(z) = 0, P'(z) € (A/I)*, there exists
a € A such that a = z modulo I and P(a) = 0.

3. For any U — X étale with U affine, the map
{Sections of U — X} — {sections of UxxY — Y}
is surjective.

If (A, I) is Henselian then one has the following additional property: reduction modulo I induces
a bijection
{ﬁnite étale A-algebras} = {ﬁnite étale A/T -algebras}.

2.14.1.2. Zariski localization around a closed subset. — Let (A,I) be a pair as before. Before
looking at étale neighborhoods of Y in X let us look at the Zaiski neighborhoods. For this let
S =1+ I, a multiplicative subset of A. One has

S™'I c Rad(S™'A)

since for a,f € I, 1+ ﬁ = 1'{1}'f € (S71A)*. We deduce from this that the open subsets

D(f), f €S, form a basis of neighborhoods of ¥ in X. We have
ST'A = lmT(D(f), Ox)
fes

UDY
open

and Spec(S™1A) = ﬂ U =Y9°". We thus have
UoY

i*i710X = y710X

with . = 1+ I. For the next lemma we follow [51, Proposition B.1.4]. The statement is simple
but the proof is slightly more complicated than what we could expect.

Lemma 2.14.1. — We have I'(Y,i *Ox) = S 1A with S =1+ 1.

Proof. — Suppose we have a finite covering Y = U;D(g;) with ¢g; € A and g; is its reduction

modulo I. Let S; =1+ I[é] and S;; =1+ I[g%gj]. Suppose given elements z; € Si_lA[i] such
that z; and x; have the same image in SiglA[g%gj}.

For any index i, we can write x; under the form

_ Yi

%

T

with y; € A, a; € I and n; € N that we can chose as big as we want. We can thus find a collection
of elements (y;); of elements of A, (a;); of I and n € N such that for all ¢,

Y

g tai

Li
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1
9i9;

Suppose now that A is an integral domain. Since x; and z; have the same image in .5;; lA[ ]C

Frac(A), we have for all indices 4 and j,

(9i +ai)y; = (9] + a;)yi-

Now, since Y = U;D(g;), we can find a collection (\;); of elements of A such that
> Aiglel+1

Let us note

u:Z)\i(gf—i-ai) el+ 1

(2

and

£=) Ay A

We have for all j,
£(g7 + aj) = pyi-
We deduce that
pleesta

has image z; in S 1A[i] for all indices 7. This proves the result when A is an integral domain.

Now, for any A, the fact that x; and x; have the same image in SiglA[ﬁ] is translated into

J
the existence of an integer m and a collection of elements (b;;);; of A such that the following
relations

(9"95" + bij)(gi" + ai)y; = (97"95" + biz) (g} + a;)ys

are satisfied in A for all indices 7,j. We can now replace A by the sub-Z-algebra generated
by (9i)i, (bij)ij, (4i)is (ai); and I by its intersection with this sub-ring and suppose that A is
Noetherian. Now, since A is Noetherian, it has a finite filtration by ideals

(O)ZJTCJT71C"'CJ0:A

with Ji/Jk41 ~ A/pk, 0 < k < r — 1, where py is a prime ideal of A. The case when A is an
integral domain shows that if M is an A-module isomorphic to A/p. Then,

STIM =5 T(Y, i M).
Now, if we have an exact sequence of A-modules
0— M —M-—M"—0

this gives rise to a diagram with exact rows

oOo—sS'M — S M ——— ST —— 0

l | |

0 —— D(Y,i 'M') —— T(Y,i M) — T(Y,i"*M").

We deduce the result for (A/Jy)o<k<, by induction on k using the snake lemma. O
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2.14.1.3. Etale localization around a closed subset. —
Definition 2.14.2. — For (A, I) a couple we define

Al = Ly, i_loXét)7
the henselization of (A, I), where i : Y = V(I) < Spec(A) = X.
One has, by definition,
D(Y,7i10x,,) = lim O(U)
C

—1

where P*i~" means the reciprocal image as a presheaf on Yg and where C is the category of

—
UxxY — U

s <Jétale O 7Tl{étale

Y — X.

diagrams

étale

.Nea—q

Y

Let us rewrite this diagram as

Since U xx Y — Y is étale the section s is an open embedding. Thus, up to replacing U by an
open subscheme we can suppose that in our colimit we have an isomorphism

UXXYAY

We change the definition of the category C accordingly. Now, the section s is a closed immersion.
One has to be careful that, a priori, in the preceding U — X may not be separated in a neigh-
borhood of Y. Nevertheless, let us recall that we want to compute the sections on Y of the sheaf
associated to the presheaf P*p~ 1Oy, ,. We are thus allowed to Zariski localize on Y. For each point
y of Y we can choose an affine neighborhood U, of s(y) in U. There is then a diagram

]_[yey v, — U

)

Hyey 5_1(Uy) cover Y X

It is thus natural to add the following condition in the definition of C: U is affine. But now we
can replace U by
1&1 v
s(Y)ycvcu
where V' goes through the set of neighborhoods of s(Y) as in Section 2.14.1.2. We have reached
the following definition.

Definition 2.14.3 ([45, Definition 5-Chapter XI]). — A local-étale neighborhood of Y in X is a
morphism U — X with U of the form Spec(S~!B) where Spec(B) — X is étale, Spec(B)x x Y —
Y and S =1+ BI.

Thus, for U — X a local-étale neighborhood of Y in X, U — X is only pro-étale and not étale
in general. The advantage of the Zariski localization we did on U is the following.

Lemma 2.14.4. — The category of local-étale neighborhoods of Y in X is equivalent to a poset
i.e. there is at most one morphism between two objects (and it has a collection of objects that from
a set such that any object in the category is isomorphic to one of those objects).
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Proof. — Let U — X and U’ — X be two local-étale neighborhoods of Y. Suppose U =

m, o Wand U = lm, . W with V — X and V' — X affine ¢tale satisfying

VxxY =5 Yand V xxY =5 Y. Since V. — X and V' — X are morphisms of finite
presentation one has
Homx (U',U) = lim lim  Homy (W', W).
YCWCV YCW/CV!
Consider now two morphisms of X-schemes
f
w’ ? W

This corresponds to a morphism of étale schemes over X, W/ — W x x W. When restricted to
Y C W’ this factorizes through Ay, x that is open in W x x W since W — X is étale. We deduce
that up to shrinking W’ one has f = g and we deduce the result. O

We can now prove the main result of this section.
Proposition 2.14.5. — We have
N(Y,i'Ox,)=  lm O
U—X
local-étale nbd of Y
Proof. — Let Z be the presheaf on the principal open subsets of Yz, defined by
FV)=  Im  OW)
U—-W
local-étale nbd of V'
where W is any principal open subset of X such that W NY = V. One clearly has using some
finite presentation arguments,
Yyey, F,=0%,,
the usual henselization of the local ring Ox , that is equal to
(V*Z‘iloxéc)y
where v : Xg — X4, is the projection. There is in fact an evident natural morphism of presheaves
F — V*iiloxét.
If we can prove that % is a Zariski sheaf this will prove that % = 1,i~'Oyx,,. Using some finite

presentation arguments this is reduced to the case when the ring A is a finite type Z-algebra and
thus in particular excellent. Let us now remark that since A is Noetherian,

74 —~

F C OX/Y
as presheaves on Yyz,,.. This is in fact a consequence of Krull’s intersection theorem: if R is a
Noetherian ring, J an ideal of R, S = 1+ J, R the J-adic completion of R then S™'R C R.

We can now use [45, Corollaire 1-Section 3-Chapitre XI]. Let B = at (integral closure). Note
X = Spec(B) and Y = V(BNIA). Wenotei:Y < X and 7:Y — X. Let Y = U;D(g;) be
a finite cover of Y by principal open subsets where g; € A and g; is its reduction modulo I. Let
(z:)i € H'((D(3:))i, F) with z; € F(D(g;)). Since O)?/Y is a sheaf it gives rise to an element

z € A such that for all index i, z; = x in I'(D(gs), Of/y). Now we have if

A=)
where S; = 1+ (A[-] 9" NIA(L)),

1
9i gi
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This implies that
x e H(Y, W*ffl(’)y)

that is equal to #(Y) according to Lemma 2.14.1. O

2.14.2. Zariskian and Henselian structure sheaves. —

2.15. Etale morphisms of Noetherian analytic adic spaces

To explain the definition of an étale morphism of perfectoid spaces we need to explain first a
basic result by Huber about the structure of étale morphisms of Noeherian analytic adic spaces.

2.15.1. Definition. — Here we work in the framework of what we call Noetherian analytic adic
spaces. This means that we consider adic spaces that are locally the spectrum of a Tate strongly
Noetherian affinoid ring. This contains as a particular case the “classical” Tate quasi-separated
rigid spaces.

There are different equivalent definitions of étale morphisms of Noetherian analytic adic spaces.
For a morphism of schemes f : X — Y we have the following equivalent definitions of an étale
morphism:

1. f is flat locally of finite presentation and unramified in the sens that for all z € X,
® my(;)Oy f(z) = My C Ox o,
e the extension k(x)|k(f(x)) is finite degree separable.

2. f is flat locally of finite presentation, locally quasi-finite with reduced geometric fibers.
3. f is locally of finite presentation and formally étale.

4. If U = Spec(B) is an affine open subset of X satisfying f(U) C V = Spec(A) an affine open
subset of Y then, f*: A — B is such that

B~A[Xy,..., X/ (f1,-- s fn)
for some n > 1 and f1,..., fn € A[X1,..., X,] such that if

afi )
0X;/1<i,j<n

J:det( e A[X1,...,X0]

it satisfies
Jmod (fi,..., fn) € (AX1,-o o Xal /(f1 s f)) ™
According to Huber ([38, Section 1.7]), such a type of definition extends to the case of Noethe-

rian analytic adic spaces. More precisely, a morphism of Noetherian analytic adic spaces f : X — Y
is called locally of finite type if locally on X and Y it is of the form Spa(B, B*) — Spa(4, A™)
with

1. (A, A") and (B, BT) complete Tate strongly Noetherian affinoid rings

2. (B, BY) is topologically of finite type over (A, AT) in the sens that there exists a surjection

A(Xy,...,X,) — B
such that BT is the integral closure of the image of AT (X71,..., X,).

This is a well behaved definition according to the following result.
Proposition 2.15.1 ([35, Satz 3.8.15]). — Suppose (A, A1) and (B,B") are complete Tate
strongly Noetherian rings and f : Spa(B,BT) — Spa(A, AT) is locally of finite type. Then,
(B, B") is of topologically finite type over (A, AT) in the sense thal there exists a surjection
A(Xy,...,Xpn) — B such that BT is the integral closure of the image of AT(X1,..., X,).
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We then have the following result by Huber.

Proposition 2.15.2 ([38, Section 1.7]). — For a locally of finite type morphism f : X — Y
between Noetherian analytic adic spaces the following are equivalent:

1. f is locally quasi-finite in the sens that for all y € Y, the topological space f~*(y) is lo-
cally discrete on X and for all x € X the morphism of local rings Oy, ju) — Ox . is flat
unramified (i.e. M) Ox o = M, and k(x)|k(f(x)) is finite degree separable),

2. f is formally étale in the sens that for all (R, R™) a complete Tate strongly Noetherian
affinoid ring equipped with
e a square zero ideal I C R,
e a morphism Spa(R, Rt) = Y,
one has

X(R,RT) = X(R/I,(R/I)T).

3. If f(U) CV withU = Spa(B, BT) and V = Spa(A, A™), with A and B strongly Noetherian
complete Tate rings, one can write B = A(X1,..., XY/ (f1,---, fn) with BT the integral
closure of the image of AT (X1,...,X,) and such that the image of

Ofi )
0X;/1<ij<n

szet( € A(X1,..., Xn)

i B lies in B*.

2.15.2. Algebraization of étale morphisms a la Elkik. — The following result is a partic-
ular case of a deeper result by Elkik ([25, Théoréme 7] in the Noetherian case, see [3, Theorem
1.16.23] for some non-Noetherian case) that can be proven directly in an elementary manner as
Huber does in [38, Proposition 1.7.1 (iii)].

Proposition 2.15.3. — Let (A, A") and (B, B™) be strongly Noetherian complete affinoid Tate
rings. Let Spa(B, BT) — Spa(A, AT) be an étale morphism. There exists n > 1 and

fi,o s fn € A[XL, .., X))

such that
B ~ A<X1,,Xn>/(f1,,fn)
with BT the integral closure of the image of AT (X1,...,X,) and such that the image of

Ofi )
0X;/1<i,j<n

in A(X1,...,Xn)/(f1,- .., fn) is invertible.

J:det( € A[X1, ..., X,

2.15.3. A key result by Huber. — Zariski’s main theorem says that any quasi-finite separated
morphism of schemes f : X — Y with Y quasi-compact quasi-separated admits a factorization

qc open -
X

immersion

finite

Y

This is in particular the case if f is qc separated and étale. Nevertheless, when f is separated
étale one can not in general find such a factorization with X — Y finite étale. For example, let
f: X — Y be a dominant morphism of proper smooth algebraic curves over a field k. Suppose
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that f is generically étale i.e. k(X)|k(Y) is separable. Let U C X be the biggest open subset such
that fiy is étale. Then, fjy admits a factorization

open U finite étale f(U)

immersion

if and only if f=(f(U)) =U.

Nevertheless, recall that if (4, m) is an Henselian local ring and X — Spec(A4) is quasi-compact
étale then one can split

xX=UJ[Jv
with
U — Spec(A) \ {m}
and
g/ _finite étale Spec(A).

As a consequence, if f: X — Y is a quasi-compact étale morphism of schemes and y € Y, up
to replacing Y by an étale neighborhood of y, we can split X = X’'[[ X" with y ¢ f(X’) and
X" — Y is finite étale.

The local rings of analytic adic spaces are Henselian (Proposition 2.7.4) and one can go even
further for étale morphisms of analytic Noetherian adic spaces.

Proposition 2.15.4 ([38, Lemma 2.2.8]). — Let (A, AT) and (B, B™) be strongly Noetherian
complete affinoid Tate rings and

f:X =Spa(B,B") — Spa(4,AT) =Y

be an étale morphism. Any point of Y has a meighborhood V such that the étale morphism
f~YV) =V has a factorization

f_l(V) open immersion W

Stal
erare finite étale

\%
Proof. — We apply Proposition 2.15.3. With the notations of this proposition, let

B =A[Xy,....X,]/(f1,-, fn)
with Jacobian J € A[X7,...,X,] whose image in B = A(Xy,..., X,)/(f1,..., fn) is a unit. Let
S be the image of 1+ A°°[Xy, ..., X,] in B’. The image of J in S~!B’ is thus a unit. We deduce
that, up to replacing B’ by B” = B[] for some s € S, we can suppose that we have an étale
morphism of schemes
g : Spec(B”) — Spec(A)
that induces f : X — Y in the following sense. There is an analytification functor
(=) : {finite type schemes/ Spec(A)} — {locally of finite type adic spaces/ Spa(A, A*)}
that sends Ag .. ) to the adic affine space AS;:ZA,Aﬂ' Let t1...,t, € B"” be the image of
Ti,...,T,. One then has
ad
X = {z € Spec(B")™ | [t1(z)] < 1,...,|ta(z)| < 1} = Spa(A, AT) =Y.
Let y € Y. Since Oy, is an Henselian local ring, the étale morphism

Spec(B") Xspec(a) Spec(Oy,y) — Spec(Oy,y)
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splits as a disjoint union of a finite étale morphism and an étale morphism whose image is contained
in Spec(Oy ) \ {my}. Since g is of finite presentation we deduce that, up to replacing Spa(A, A™)
by a rational localization that is a neighborhood of y, we can suppose that g splits as a disjoint
union

9= g1 Ugs : Spec(BY)| | Spec(BY) — Spec(A)
with g1 : Spec(BY) — Spec(A) finite étale and

supp(y) & Tm(g2).
The set Im(go) is Zariski open in Spec(A4). We deduce that Im(g§?) C Y is Zariski open. It

contains the quasi-compact open subset V = g§%(X N Spec(B%)*?). Since V is quasi-compact
open in Y, V is its set of specializations. The specializations of a given point of Y have the same
support in Spec(A) and we deduce that y ¢ V. Up to replacing Y by a rational localization that is
a neighborhood of 7, we can thus suppose that Spec(B%)?@ N X = ). We thus have a factorization
of f as

open immersion finite étale

fiX Spec(By/)ad —finite étale -y, O

2.16. Vector bundles on analytic adic spaces






CHAPTER 3

PERFECTOID SPACES

3.1. Perfectoid rings

In this text we emphasize perfectoid rings over any base i.e. without a base. They do not
contain a field in general contrary to Scholze’s original article [48].

3.1.1. Generalities. — Let us start by giving the definition of a perfectoid ring.
Definition 3.1.1. — A perfectoid ring A is a complete Tate ring satisfying
1. A is uniform i.e. A° is bounded,

2. There exists a pseudo-uniformizer w satisfying w?|p and such that Frob : A°/w — A°/w?
is an isomorphism.

An affinoid perfectoid ring is an affinoid ring (A4, A*) such that A is perfectoid.

For A a perfectoid ring, since p € A°°, A is automatically a Z,-algebra that is p-adically
separated complete.

Example 3.1.2. — 1. Let K|Q, be an arithmetically profnite algebraic extension of Q,, for
example K|Q, Galois of infinite degree with Gal[K|Q,) a p-adic Lie group ([49]). Then,
the main result of Fontaine and Wintemberger ([53]) says that K is a perfectoid field. This
is for example the case for Q,((p=) or Q,(p'/P>).

2. If K is a complete algebraically closed non-Archimedean field then K is perfectoid.
3. Any characteristic p perfect complete non-Archimedean field like F,(7'1/77)).

4. If K is a perfectoid field then K(Xll/pm, e ,X;/POQ>, the completion for the Gauss norm of

the K-algebra UnZOK<X11/pn, e ,X;/poo>, is perfectoid.
5. More generally, if A is perfectoid and I a set let us consider
A e
that is A°<Xi1/pw>iej[%] where @ is a pseudo-uniformizer of A and A° <Xil/pw>i€1 is the
w-adic completion of A° [Xil/pw]iel = U A[Xil/pn]iel. This is a perfectoid ring with
n>0
AKX Yoy = AKX Ve

6. If A is a perfectoid ring and P is a profinite topological space then %' (P, A) is perfectoid
with € (P, A)° = € (P, A°).
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Remark 3.1.3. — Since we teased it to the reader, consider
A= T[TV XY [7]/(TX = p)

where Z,[T"/P"](X/?™) is the (T,p)-adic completion of U,>qZ,[T/?", X1/P"]. We will prove
later (Example 3.4.11) that this is a perfectoid ring that does not contain a field and whose adic
spectrum as a spectral topological space is connected, identified with the one of the adic closed
ball IB%Hl;p (1) (if one wants a non-connected example it suffices to consider K x Ky where K7, resp.
K, is a perfectoid field of characteristic p, resp. 0).

The following lemma says that we can in fact shorten the definition of a perfectoid ring and
that, hopefully, this does not depend on the choice of the pseudo-uniformizer.

Lemma 3.1.4. — 1. In Definition 3.1.1 the injectivity of Frob is automatic.
2. For A perfectoid, the Frobenius of A°/p is surjective.

3. For A perfectoid and w any pseudo-uniformizer satisfying w?|p, Frob : A°/w — A°/wP is
an isomorphism.

Proof. — Point (1) is deduced from the fact that A° is integrally closed in A.
For point (2), let @ be such that w?|p and Frob : A°/w — A°/w? is bijective. It suffices to
prove by induction that for all n > 1,

Frob: A°/(p,@") — A°/(p, w"")
is surjective. The case n =1 is immediate. Now if a € A° satisfies
a="b"+Ap+ pw?l"
with A\, u € A°, write p = ¢ + vwP. One obtains
a =0+ (cw™)? + \p + ve? D

which is congruent to (b + cw™)? modulo (p, wP™+D).
Point (3) is an immediate consequence of points (1) and (2). O

3.1.2. The characteristic p case. — In characteristic p, perfectoid rings are simple to describe.
What is remarkable in the next proposition is that the uniformity of our ring is automatic. This
is in fact deduced from Banach’s open mapping theorem.

Proposition 3.1.5. — A complete Tate Fp,-algebra is perfectoid if and only if it is a perfect ring.
Proof. — Let A be an F,-perfectoid algebra. We use point (2) of Lemma 3.1.4 to deduce that for
alln > 1,
Frob : A°/w" = A°/wP™.
By taking the projective limit when n > 1 varies we deduce that A° and thus A is perfect.
Reciprocally, let A be a perfect complete Tate Fp-algebra. Let Ay be a ring of definition of A
and w € Ap be a pseudo-uniformizer. The Frobenius

Frob: A = A
is a surjective map of ]F][,((wl/poo )-Banach spaces. By Banach’s open mapping theorem, ¥ 4y C
Af for some N > 0. Thus, A(l)/p - w_%AO. By induction we deduce that

k _N(L 4L L
A(l)/p cw Netet +P’°)A0.

From this we deduce that A(l)/ P oo, the perfection of Ag inside A, is bounded. We can thus suppose,
up to replacing Ay by its perfection, that Ag is perfect. Now, if a € A°, there exists an integer
n € Z such that for all k£ > 0, a?" € w™Ag and thus, since Ay is perfect, a € wr* Ag. This being
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true for all £k > 0, we deduce that a € w~'4y. Thus, A° C w4, and is thus bounded. We
deduce that A is uniform and it is immediate to conclude that A is perfectoid. O

Remark 3.1.6. — The proof gives more: it says that if Ay is a ring of definition of the perfectoid
Fp-algebra A, then the inclusion A(l)/ P~ C A°is in fact an almost equality

AT = A

almost

This allows us to construct plenty of affinoid perfectoid F,-algebras without having to verify
that it is uniform and to almost compute their ring of integral elements.

Example 3.1.7. — Let (A, A") be an affinoid perfectoid Fj-algebra. Let f1,...,f, € A that
generate A as an ideal and g € A. Then the ring A(fl"é"f”) is perfect since A(fl"'g"f"> =

A<u> It is thus perfectoid with

P
1/p" 1/p*
A<fhg%fn>+ almast ]€L>JOA+<W>'

Thus, any rational subset of Spa(A, A1) is affinoid perfectoid.

The following corollary will be used later to see that for any IFp-adic space X, one can define
]'glFmb X as a perfectoid space. This will give us plenty of examples of perfectoid spaces for free.

Corollary 3.1.8. — Let A be a Tate Fp,-algebra. Then the completion of its perfection lignFmb A,

lim Ap[L],
Frob

where w is a pseudo-uniformizer in the ring of definition Ay and the completion is the w-one, is
perfectoid.

3.2. Tilting

3.2.1. Any p-adic ring. — In the following, the word p-adic means p-adically separated com-
plete.

Definition 3.2.1. — For A a p-adic Z,-algebra we set
A= lim A
Z%P
as a set. For x € A°, o = (2(™),50, (2™D)P = 2V we set 2# = (9. We equip A* with a
multiplicative monoid structure by setting (zy)™) = 2(")y(),
The application x — 2! is multiplicative,

t— gyt

(zy) y
The following lemma is well known and essentially due to Fontaine.
Lemma 3.2.2. — The reduction modulo p induces a bijection

A" =5 lim A/pA.

An inverse sends (z,)n>0 to (limk_>+oo(x/,E)pk)n>o where for v € A/pA, T is any lift to A.

Proof. — Use the fact that for a,b € A, a = b modulo p* implies a? = bP modulo p*+1. O
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This gives A” the structure of a perfect FF,-algebra. The multiplication rule in this algebra is
simple, (a:y)(") = 2™y but the addition rule is more complicated, this is given by a renormal-
ization process:

k
(.’L‘ 4 y)(n) — kEI_iI_lOO (x(n+k) + y(n+k)>p )

which we write with the # notation as

k

(x+y)* = lim ((;cl/pk)ﬁ 4 (y1/pk)ti)1’

k——+oo

Ezample 3.2.3. — Let A = Z,(T"/?”), the p-adic completion of U,>Z,[T*/?"], one has A* =
F,[X'/?™] with X* = T. One then has

k
1+X)¥F= > lm (i >T“.
k—+oco pra
aEN[%]ﬂ[O,l]

k

We refer to [21] for a study of the p-adic numbers limy_, 4 (pia) € Ly,

3.2.2. Perfectoid rings. — Let us first verify that we can change the definition of the tilting
for a perfectoid ring.
Lemma 3.2.4. — For A a perfectoid ring and w a pseudo-uniformizer of A satisfying w|p,
reduction modulo w induces an isomorphism
AP = Jim A°p = Jim A°/w.
Frob Frob
Proof. — There is an exact sequence of projective systems of abelian groups
0 — (A°/w ' pA°) >0 — (A°/pA°) >0 — (A°/wWA®) >0 — 0
where the transitions maps are resp. w? 'Frob, Frob and Frob. The left hand projective system

is essentially 0 and thus

Jim A° [ ipA° =0

n>0
R'lim A°/w™'pA° = 0.
We deduce that
@Ao/pAo; LiLnAO/wAO. O
Frob Frob

Let us now verify that, up to an integral unit, any pseudo-uniformizer is a sharp.

Lemma 3.2.5. — For A a perfectoid ring, for any pseudo-uniformizer w there exists A € (A°)*
such that A = a¥ for some x € A%,

Proof. — Let us chose @ a pseudo-uniformizer satisfying w?|p. From the surjectivity of
Frob: A°/w? — A°/w®

and Lemma 3.2.4 we deduce that there exists z € A°? such that 2¥ = @ modulo w?. This implies
the result for w since then % €1+wPLA° C (A°)*.

Now for any pseudo-uniformizer w, let us chose @’ € A°” such that @’ is a pseudo-uniformizer.
Up to replacing @’ by @w'*/?" for n > 0, we can find k € N such that @w” = @' *w satisfies
w” € A° is a pseudo-uniformizer and (w”)P|p (this type of result is typically deduced from
Proposition 2.1.15). We deduce the assertion for o by application of the preceding case to @w”. O
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Remark 3.2.6. — In general, the question to say something non-trivial about the image of the
application (—)* : A> — A for A perfectoid is a difficult one, see Proposition 3.8.8 and Corollary
3.13.2 for example.

Proposition 3.2.7. — Let A be a perfectoid ring. Define A® = Y&lx'_)xp A with the multiplication
rule (a:y)(") =2y and equipped with the projective limit topology.
1. If w € A°? is such that w' is a pseudo-uniformizer of A then A = Ao’b[%] and the
ring structure on Ao’b[é] corresponds to the ring structure on A° defined by the formula
k
(z+ y)<n) = limp—s 4 oo (x(n+k) + y(n+k-))p )
2. A is an F,,-perfectoid algebra satisfying Ab° = A% and w € A® is a pseudo-uniformizer of
A° if and only if w! is a pseudo-uniformizer of A.
3. For w € A° a pseudo-uniformizer such that wi|p there is a canonical isomorphism
A Jm T A° Jt.
Proof. — Point (1) is easy. For point (2), if ||.|| : A — Ry is a power multiplicative norm defining
the topology of A then if we set ||z|| = ||=(?| for z € A°, |.| is a power multiplicative norm

defining the topology of A” which is thus a uniform Tate ring satisfying A”>° = A°".
For point (3), the projection  — z(?) from A°® to A°/p induces a surjective morphism

A — A°)(p,wt) = A° /.

The injectivity is deduced from the easy fact that if z € A° satisfies 27" € A°w’ then z € A°w!/P" 1
since A° is integrally closed in A. O

3.3. Integral perfectoid rings
There is a notion of integral perfectoid rings that is useful in proofs.
Proposition 3.3.1 (Integral perfectoid ring). — Let R be a ring and w € R. Suppose
1. @ is a non-zero divisor,
2. R is w-adically separated complete,
3. @wP|p and Frob : R/w — R/wP.
Then R[é} = ligxw R equipped with the inductive limit topology is a perfectoid ring such that R
is almost equal to R[X]°.
Proof. — By definition, R is a ring of definition of the Huber ring R[Z]. Let
ren]
with @ € R and k > 1. There exists N > 1 such that for all n > 0, (ﬁ)n € w VR that is to say
a” € w* N R. Replacing n by p™ we obtain for all n > 0,
a?" € " ~NR.
Thus, for n > 0,
a?" € wkUP" R,
The injectivity of
Frob: R/w — R/wP,
implies that for any z € R, (£)? € R = £ € R. From this we deduce by induction that

pi
Yz e R, Vi, j >0, (%) ER:%ER.
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We can apply this to deduce that
acw IR

since (=21 )?" € R. We have thus proven that

k-1
17e° 1
R|—| c= 'R
w
and it is thus bounded.
Now, as in Lemma 3.2.5, we can suppose, up to multiplying @ by a unit in R, that there exists
@’ € R’ such that (”)f = w. The preceding result is true if replace @ by (”'/?")# for all n.
We deduce that R is almost equal to R[Z]°.

Finally one has to check that the fact that
Frob : R[L]°/w — R[Z]° /@

1

@
is almost surjective implies it is surjective. We can suppose that we can write w = w”¥. Let
z € R[L]°. One has wz € R and thus there exists y € R such that wz = y? modulo w’R. We
deduce that z = 2P modulo wP~ 'R with 2 € R[%]O since 2P € R. We have thus proven that is
w' = (w"’pTA)tl then

Frob : R[%]O/w' — R[%]O/w’p

is surjective. The result is deduced from the independence of the choice of a pseudo-uniformizer
in the definition of a perfectoid ring, see point (3) of Lemma 3.1.4. O

Here is a typical example of an integral perfectoid ring.
Proposition 3.3.2. — Let (A, AT) be a Huber pair with A perfectoid. Then for any pseudo-
uniformizer w satisfying w®|p, Frob : AT /o == A*/wP and AT is an integral perfectoid ring.
Proof. — Let us begin with the injectivity. If x € AT satisfies 2P € ATwP it then satisfies
P € A°wP. This implies x = Ao with A € A°. But then, \’@w? € wP A" which implies \? € AT
and thus A € A" since A" is integrally closed.

For the surjectivity. For any z € A" one can write z = a? + Aw? with a, A € A°. This implies
aP € AT and thus a € AT. We deduce that

Frob: AT /w — AT /wPA°

is surjective. Using that the ring A°/A™ is perfect we conclude. O

3.4. Untilting

The tilting functor (—)b, due to Fontaine, has in fact an adjoint and the adjunction map is
Fontaine’s 8 map. This adjoint to tilting will allow us to untilt.

Proposition 3.4.1. — The functors

(=) . )
perfect Fp-algebras 7—— p-adically separated complete rings
(=)’

are adjoint, where W (=) is a left adjoint of (—)". The adjunction maps are given by
0:W(R) — R

Z[an]p" — Zaip”.

n>0 n>0
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and
R — W(R)

o= ()0

Thus, for R a perfect F,-algebra and = € R seen as W (R)",
z* = [z].

Let’s dig further the structure of 6 for perfectoid rings.

Lemma 3.4.2. — For A a perfectoid ring, 0 : W(A*°) — A° is surjective.

Proof. — Since A° is p-adically complete it suffices to check that the reduction modulo p of 6
is surjective. But this is identified with the projection onto the first component @Frob A°/p —

A°/p.

We are now going to classify all possible kernels for 6. The following definition showed up in
[27] for perfectoid fields. This is inspired by the theory of Weierstrass factorization of power series;
we see Witt vectors as “holomorphic functions of the variable p” (see [27, Chapitre 1]).

Definition 3.4.3. — Let A be a characteristic p perfectoid ring. An element
&= Z[an]pn e W(A°)
n>0

is distinguished of degree 1 if ag € A°° and a; € (A4°)*. We note Z;(A) the set of degree 1
distinguished elements in W (A°).

Thus, the element ¢ is primitive of degree 1 if and only if £ mod W (A°°) is in pW (A)*. From
this we deduce that W (A°)* acts by multiplication on 2;(A). Moreover,
Z1(A)/W (A°)* — {Cartier divisors of Spec(W(A°))}.

Those are in fact a particular type of Cartier divisors on Spec(W(A®)) thanks to the following
lemma.
Lemma 3.4.4. — Any degree 1 distinguished element & € W (A°) is a non-zero divisor.

Proof. — Write £ =}, - lan]p”. Let @ be a pseudo-uniformizer such that ag € @wA®. The image
of £ in W(A°)/[w] is of the form pxunit. The result is deduced from the fact that W (A°)/[w]

has no p-torsion and W(A°) is [w]-adically separated without [w]-torsion. O
Remark 3.4.5. — The point of view of distinguished elements comes from [27] where the authors
use the terminology “primitive”. This point of view is the starting point of the work [23] in the

non-perfect prismatic case.
We will need the following result.

Lemma 3.4.6. — Let A be a characteristic p perfectoid ring, w € A a pseudo-uniformizer and
Ee (A

1. W(A®) is [w]-adically separated complete.

2. x&:W(A®) — W(A®) is strict with respect to the [w]-adic topology on W (A®).
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Proof. — The ([w], p)-adic topology on W(A°) is the weak topology of uniform convergence of
the Teichmiiller coefficients i.e.

(A% = W(4°)
(an)nzo D [anlp"™.
n>0

is an homeomorphism where the left hand side is equipped with the product topology and the
right hand one with the ([@], p)-adic one. We deduce from this observation that W (A°) is ([w], p)-
adically separated complete. It is thus [w]-adically separated complete (if a ring is I-adically
separated complete for an ideal I then it is J-adically separated complete for any sub-finite type
ideal J C I).

Let us now prove point (2). Write £ = >, - [a,]p™. Since ag € A°°, up to changing w we can
suppose that w|ag in A°. We then have & = p x unit modulo [w]. Since W (A°)/[w] is without
p-torsion, if for some f € W(A°), £f € ([ww]) then f € ([w]). From this we deduce by induction
that (§) N ([@"]) = ({[w"]) as ideals of W(A®). O

Lemma 3.4.7. — For A a perfectoid ring,
1. If € € W(A"°) is distinguished of degree 1 and satisfies 0(€) = 0 then ker 6 = (£).
2. The kernel of 0 is generated by a degree 1 distinguished element.

Proof. — Let us first construct a generator of ker §. Let w € A° be a pseudo-uniformizer satisfying
@*|p. Using the surjectivity of § one ¢”an write

p=0(a)w".
We deduce that
€ =p—a[w] € ker 6.
Let us prove this is a generator. If we equip W (A”°) with the [w]-adic topology, the inclusion
XE: W(A°) — W(A™°)

is strict (Lemma 3.4.6). Since W (A*°) is [w]-adically separated complete we deduce that (£) C
W (A"°) is a closed ideal for the [w]-adic topology. Thus,

W(Ar) €
is [oo]-adically separated complete. It thus suffices to prove that
0:W(A™°)/E — A°
is injective when reduced modulo [w]. But the reduction modulo [w] of this morphism is
A° Jor =5 A° oot

that is an isomorphism (Proposition 3.2.7).
Let now & € W(A*°) be another degree 1 distinguished element such that 6(¢') = 0. Write

¢ =z¢ with z = Z[zn}p" e W(A>).

n>0

One can find a pseudo-uniformizer @’ of A” such that ¢ and ¢ are pxunit in W (A*°)/[w’]. Since
W (A"°)/[w'] has no p-torsion, we deduce that 2 modulo [c] is a unit and thus z is a unit since
W(A>°) is [w']-adic. O

We can now state the main result.
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Theorem 3.4.8. — Let A be a characteristic p perfectoid ring. There is a bijection
D1 (A) /W (A°)* — {Untilts of A over Z,}

that sends (§) to W(AO)[ﬁ]/(f) where a ring of definition is the image of W(A®). An inverse
sends A* to the kernel of 6 : W(A°) — A¥°.

Proof. — Tt remains to prove that for £ of degree 1, W(A®)/¢ is integral perfectoid (see Section
3.3). Let w € A be a pseudo-uniformizer such that if £ = > - lan|p™ then @w?P|ag. We already
saw in the proof of Lemma 3.4.7 that W (A"°)/¢ is [w]—adicall} separated complete. Moreover,
([],€) = ([w],p) and ([w?],€) = ([w?],p). The result is easily deduced. O

Corollary 3.4.9. — The category of perfectoid rings is equivalent to the category of couples (A, I)
where A is a characteristic p perfectoid ring and I o Cartier divisor of Spec(W(A®)) generated by
a degree one distinguished element, I € 21(A)/W(A°)*.

Remark 3.4.10. — The subcategory of Q,-perfectoid rings corresponds to degree 1 distinguished
elements £ = Y - [an]p™ such that ag € A%, that is to say ag is a pseudo-uniformizer.

Ezxample 3.4.11. — We can now explain Remark 3.1.3. Let R = F,(UYP7)(Y¥/?™) an F,-
perfectoid algebra with w = U. There is an identification W (R°®) = Z,[T"/?” (X /™) since
this last ring is p-adic without p-torsion with reduction modulo p the perfect ring R°. Via this
identification, T' = [U] and X = [Y]. Let now { = [wX] —p € Z1(R). The resulting untilt of R
over Z, is the ring A of Remark 3.1.3. This perfectoid ring does not contain a field since if this
field where of characteristic p then A would be a perfectoid [F)-algebra and thus £ = 0 modulo p, if
this where of characteristic 0 then A would be a Qp-perfectoid algebra and thus £ modulo p would
be in R*. The identification of Spa(A, A°) with Spa(R, R°) as topological spaces is Proposition
3.7.2.

Remark 3.4.12. — With the fancy point of view of [47], the preceding example 3.4.11 proves the

’1((§?pw)) — Spa(Z,)® such that the reciprocal image of Spa(Q,)® —
1,1/p>

Spa(Zy)°® is the punctured perfectoid ball B]FP((TI/I,OO
is the origin {0}. From this we deduce that the v-sheaf Spa(Z,)° is spatial with topological space
{s,n} with s <n. If all perfectoid rings contained a field then | Spa(Z,)°| would be a discrete set
with two elements.

. . 1
existence of a morphism By

) \ {0} and the reciprocal image of Spa(F,)®

Corollary 3.4.13 (Tilting equivalence). — If A is a perfectoid ring, tilting induces an equiv-
alence between the category of perfectoid A-algebras and the category of perfectoid A’-algebras.

Finally, let us make a definition.

Definition 3.4.14. — A perfectoid algebra A is a perfectoid field if A is a field and A° is a rank
1 valuation ring.

The following is easy and left to the reader.

Proposition 3.4.15. — The tilting equivalence identifies perfectoid fields: A is a perfectoid field
if and only if A® is a perfectoid field.

Ezample 3.4.16. — Take K = F,(T*/?”)). The untilt over Q, corresponding to ¢ = [T] — p is
Qp(p'/?>). Let e = 1+ T. The one corresponding to £ =1+ [E%] +-- 4 [5%1} is Qp(Cpeo).

For the next example, recall ([10, Section 2.4.4]) that a complete non-archimedean field (K, |.|)
is spherically complete if any decreasing set of closed balls has non-empty intersection (if the radius
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of the balls goes to zero this is automatic by completeness). This is equivalent to saying that if
(an)nen is a decreasing sequence of ideals of Ok then
R! lima, = 0.
n>0
According to Kaplansky ([41]) this is equivalent to saying that (K, |.|) is maximally complete:
if (L,].]) is an extension of (K,[.|) with the same residue field and the same value group, i.e.
|L| = | K] inside R, then L = K.
Exzample 3.4.17 (Untilting spherically complete fields ([43]))
Let T be a non-trivial subgroup of (R, +). Let k be a characteristic p field. To this datum one
associates
E(T) = { Za,YT”’ | ay €k, {7]ay#0} is well ordered}.
yel
This is a spherically complete valued field with residue field £ and valuation group I'. If k is
perfect of characteristic p and I' is divisible by p this is a perfectoid field. When I' = Z[%] this is
the spherical closure of the perfectoid field k((7"/?”)). If moreover k is algebraically closed and
T" is divisible i.e. is a sub-Q-vector space of R, this is algebraically closed. For k perfect and T’
divisible by p one has
W (k[T]) = { Z ay X7 | ay € W(k), Yn {v | vp(ay) = n} is well ordered}
vely
where X7 = [T7]. Now, the untilt K|Q, corresponding to { = [T] — p is the maximally complete
value field extension of @, with residue field £ and valuation group I' described in [43]. Noting
p? = (T7)* one has
Ok = { Z lay]p" | ay € k, {7 | ay # 0} is well ordered}
yel'+

where [a,] = a¥. For example, when I' = Q and k = F,, this is the spherical completion of C,,.

3.5. Affinoid perfectoid rings

In this section we upgrade the preceding results for perfectoid rings to affinoid perfectoid rings
i.e. we replace A° by AT. Let us begin by an evident definition.

Definition 3.5.1. — An affinoid perfectoid ring is a Huber pair (A, AT) where A is a perfectoid
ring. It is called an affinoid perfectoid field if A is a field and A* a valuation subring.

Given a perfectoid ring A, the different possible AT are in bijection with the integrally closed
subrings of A = A°/A°°. Since A = A’, we deduce that the tilting equivalence extends to affinoid
perfectoid rings. Using Proposition 3.3.2 and the preceding results one deduces the following where
we replace A° by any AT and we have A>t = AP,

Theorem 3.5.2. — 1. Let (A, A™") be an affinoid perfectoid ring. The tilting functor induces
an equivalence between (A, AT)-affinoid perfectoid algebras and (A°, A>*)-affinoid perfectoid
algebras.

2. For (A, A") an Fy-affinoid perfectoid algebra let us note
D(A, AT) = { S lanp” € W(A) | ag € A°° and ay € (A+)X}.
n>0

Then the tilting equivalence equivalence induces an equivalence between
o iriples (A, AT, I) where (A, AT) is affinoid perfectoid of characteristic p and I C W (R™)
an ideal generated by an element of Z1(A, A") i.e. I € P1(A, AT)/W(AT)X,
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e the category of affinoid perfectoid algebras.

8. The equivalence puts in correspondence affinoid perfectoid fields.

Proof. — Tt essentially suffices to verify that 2, (A, AT)/W(AT)* — 2,(A, A°)/W (A°)*. This

is an easy exercise. O

3.6. The cotangent complex point of view

In this section we explain the cotangent complex proof of the tilting equivalence as originally
presented in [48].

3.6.1. Vanishing of the cotangent complex. — Let us begin with a lemma.
Lemma 3.6.1. — Let A be an Fj-algebra and B an A-algebra. Then, the morphism induced by
the Frobenius, Frob : (A — B) — (A — B), on the complex L, is homotopic to zero.

Proof. — According to Lemma A.2.13, Frob : (A — B) — (A — B) induces a morphism of

complexes P, /a4 — Po p/a that is homotopic to Frobp, The result is deduced since by

B/A"
applying Q, d(zP) = pxP~'dz when x € P, /4 and this is zero since P, g, is an A-module. [

Proposition 3.6.2. — For any morphism A — B of perfect F,-algebras, L4 =~ 0 in the derived
category of B-modules.

Proof. — By functoriality of the cotangent complex, the Frobenius of B induces a semi-linear
automorphism of Lp/4. But this automorphism is zero according to Lemma 3.6.1. O

Proposition 3.6.3. — For any morphism (A, AT) — (B, B%) of affinoid perfectoid algebras and
w a pseudo-uniformizer of A satisfying w|p,

L(p+/m)/at/e) =0
in D(B" /w).

Proof. — Suppose first that wP|p. The isomorphism

Bt jo by Bt /P

| |

At /@ frob, AT /@b
induces an isomorphism

L(B+/w)/(A* /) — LB+ jeor)/(A+ for)-

Since this isomorphism is homotopic to 0 we deduce that L g+ /wr)/(a+/wr) 18 acyclic.
For any w satisfying @|p, up to multiplying @ by a unit in A" one can suppose that it has a
p-root. This implies the result in general. O

3.6.2. The tilting equivalence via the cotangent complex. —
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3.7. Identification of the adic spectra as topological spaces

Let (A, A1) be affinoid perfectoid.

Proposition 3.7.1. — 1. For x € Spa(A, AT) and f € A®, the formula
()] = [ f*(x)|

defines an element x* € Spa(A”, A>T).

2. This induces a bijection
(=) : [ Spa(A, A*)| = | Spa(4®, A”7F)|.
Proof. — The only thing to verify in point (1) is that
|(f + 9)(«")| < sup{| f(2")], |g(«")]}.

This is deduced from the continuity of the valuation 2” that implies

(F+ o)) = i |(f7"F 4 g7 ) (@)

—+00

where here the limit is taken in the valuation group associated to x.

For point (2) we need to define an inverse. Let x € Spa(A4”, A>*). The field K =
Frac(A” /supp(z)) is perfect and its valuation subring K+ too. The completion (K,K+) is
an affinoid perfectoid field and there is a natural morphism (A4°, A>+) — (K, K*). Using the
tilting correspondence we deduce an affinoid perfectoid field (L, L™) together with a morphism
(A, AT) — (L, L") that gives the preceding by tilting. Let us note z* for the image of the closed
point of Spa(L, L") via Spa(L, L*) — Spa(A4, A*). One easily verifies that = — x* defines an
inverse to x + 2. O

Proposition 3.7.2. — The preceding bijection
| Spa(A, AT)| = | Spa(4”, A7)
is in fact an homeomorphism.
Proof. — Let fi,...,f, € A® generate A” as an ideal and g € A°. For each 2 € Spa(A4,A™),
there exists i € {1,...,n} such that |fi(z")| # 0 and thus |f*(z)| # 0. We deduce that f7,..., f1
do not vanish simultaneously on Spa(A, A™) and thus generate A as an ideal. Now one verifies
immediately that the pullback via our bijection of the rational subset Spa(A”, A"**)(%) is
(DSl
Spa(A, A7) (Hope).

Our map is thus continuous. It is moreover generalizing. In fact, for € Spa(A”, A>1), the
affinoid field (K (z), K (x)™) is perfectoid. The morphism

(A%, A7) — (K(2), K(x)")
untilts to a morphism

(A7 A+) — (K(.’Iﬁ)ﬁ’ K(x)ﬁﬁ_)

where (K (x)!, K(z)»*) is an affinoid perfectoid field. —The image of the closed point of
Spa(K (z)%, K(x)%7) is 2% € Spa(A, A*). Using the identifications

| Spa(4’, A)|, = [ Spa(K (2), K (2)*)| = | Spa(K (2)F, K (2)*7)]

we conclude. We can now apply Lemma 2.11.6 to conclude that our map is an homeomorphism. [J
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3.8. Sheafiness and acyclicity

We now come to one of the main results of perfectoid spaces that allows us to glue affinoid
perfectoid rings and work locally. This localization process is at the heart of the proof of the
purity theorem 3.11.1 by Scholze and was typically missing in the work of Faltings in relative
p-adic Hodge theory. It was missing in the work [26] too where in fact the constructed uniform
Tate rings are perfectoid.

Theorem 3.8.1. — Let (A, AT) be an affinoid perfectoid ring.
1. The pair (A, AT) is sheafy.
2. Any rational subset is affinoid perfectoid.
3. For X = Spa(A, AT) one has

e H(X,0x) =0 fori>0,
e H(X,0%) is almost zero fori > 0.

3.8.1. The characteristic p case. — Let us prove Theorem 3.8.1 when A is an [F)-perfectoid
algebra. For any U a rational subset of X = Spa(A, AT), (Ox(U), 0% (U)) is affinoid perfectoid
(see Example 3.1.7). Let us fix @ a pseudo-uniformizer of A. Now, we can write

AT =lim Af

where the colimit is filtered and (A;, A}) is an affinoid Tate F,((ww))-algebra such that A; is of
topological finite type over F,((w)). Since AT is perfect we can suppose that for any index 7, there
exists j > 4 such that A; — A; factorizes through Frob.

Let (Uy)o be a finite covering of Spa(A, AT) by rational subsets. There exists an index i
and a rational covering (Ui,,a)a of Spa(4;,, Af) whose pull back to Spa(A, AT) is (Ua)a (use
[36, Proposition 3.10]). We note (U; o) the pullback of this covering to X; = Spa(4;, A]") when
i > ig. We then have, using the universal property of rationally localized affinoid rings,

O;(Ua) = hﬂ O;_Q(Ui,a)

i>io

where the completion is the w-adic one. The same goes on for the U,, N--- N U,,, the finite
intersections of elements of our covering. Let C be the Cech complex of the sheaf O}i relative to
the covering (Ui o)a- We have H(C?) = A and HI(C?), ¢ > 0, is w™-torsion. We deduce that
limy, HO(CF) = lim, A and limy, H9(CY), q > 0, is almost zero i.e. killed by w!/P" for all n > 0.

Let D® be the Cech complex of the presheaf (9; with respect to the covering (Uy),. We have

D* = lig C7.

>0
From this we deduce the existence of exact sequences for ¢ > 0

0—s R lm [Hq—l( i C{)}/w" S HYD*) — i [Hq( Iy C;)}/w” 0.

The result is deduced from the fact that I'&an 0 and R! @nz 0 send projective systems of almost
zero modules to almost zero modules.
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3.8.2. Some integral perfectoid rings and applications. — Before proving Theorem 3.8.1
we need some preliminary result about untilted rational domains.

Proposition 3.8.2. — Let A be a perfectoid ring. Let f1,..., f, € A*° that generate an open
ideal and g € A>°. Then the w-adic completion of the sub-ring

N N
U A (gll/p")li T (gl/pk)ﬁ

k>0

1
of U A |:(gl/pk)ti:| is integral perfectoid.
k>0

Proof. — Let @ € A® be a pseudo-uniformizer satisfying (ww?)?|p (and thus we take the wt-adic
completion in the statement of the proposition). Let R be the ring in the statement. Since
f1,..., fn generate an open ideal, for k > 0, w € Ab’ofll/pk + 4 Ab’of}l/pk. Using the identifi-
cation A*°/wP " A°/(w?)P, we deduce that for k > 0, ( f/pk)ﬁ, cee (fi“’k)ﬁ generate an open
ideal and thus this is true for any & > 0. Thus, for £ > 0,

UL T
(VP )E (g e

limy A°[T3, ., Tl /(6" V4T = (A7 ()P = (117 ))
k>0

where the transition maps are given by T; — TP, 1 < i < n. The ring R is without wh-torsion,
and thus its w'-adic completion is without wi-torsion too. Moreover,

k k k k
R/ R = lim (A" [@)[Ty, ..., To) /(""" Ty = fI/7, ... g7 Ty — £/77)
k>0

where the transition maps are given by T; — T, 1 < i < n. This can be rewritten as
o 1/p=° oo 1 k k 1 k k k
(A @) LT g = 1 Tag = 1 ez

The same type of formula holds for the reduction of R modulo (z®)?. One easily deduces that
Frob : R/ — R/(w?)P. O

Corollary 3.8.3. — Let X = Spa(A, A1) with (A, AT) affinoid perfectoid.
1. For fi,..., fn € A" that generate the unit ideal and g € A®, the rational subset
c(fhnty
gt
is affinoid perfectoid.

2. Via the homeomorphism |Spa(A, A*)| == |Spa(A®, A>%)|, if U is a rational subset of
| Spa(A®, A»H)| and U* the corresponding one in | Spa(A, AT)| then

(a) Ut is affinoid perfectoid with tilting U,
(b) If @*|p there is an identification
o) Jw=O0UHT /ot
We will prove later that any rational domain is affinoid perfectoid but let us already note the
following corollary.
Corollary 3.8.4. — For (A, AT) affinoid perfectoid,
1. Spa(A, AT) has a base of its topology made of affinoid perfectoid subsets.
2. The completed residue fields (K (x), K(x)") for z € Spa(A, A1) are affinoid perfectoid fields.

3.8.3. Stable uniformity of affinoid perfectoid rings and applications. —
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3.8.3.1. A general result. —

Lemma 83.8.5. — Let (A, AT) be an affinoid Tate ring and let X = Spa(A, AT). Suppose that
is has a base B of rational subsets such that for each U € B, Ox(U) is uniform. Then (A, AT)
is stably uniform.

Proof. — This is immediately reduced to proving that (A, AT) is uniform. Let Ag be a ring of
definition of A and w € Ay a pseudo-uniformizer. Let (U;); be a finite rational cover of Spa(A, A™)
such that for all ¢, O(U;) is uniform. According to Lemma 2.9.10 one can find fi,...,f, € A
generating the unit ideal and such that the associated standard rational cover satisfies

vie{l,...,n}, 3, Spa(A,AJr)(fl’ — ’fn) c U,
fi
We can suppose that fi,..., f, € Ag. Consider now
7: X — X = Spec(Ap)

the blow up of the ideal (fi,..., f,). We note X, = Spec(A). There is a diagram

X
ﬂl\
X +— X, ={w #0}.

For each j € {1,...,n}, the morphism A° — A(%)O factorizes through O(U;)° for some
index 4. From this we deduce that there exists N > 0 such that for all j € {1,...,n}, A° —
w_NA()(ifl"J;Jj’f") and thus
A° waNAO{fl fni|
i
We thus have
A° cw VHY(X,0%).
Now, since X — Xis proper of finite presentation, H 0()? , O%) is a finite Ag-module and it is thus
bounded. We deduce the result. O

3.8.3.2. Applications. — We can now put together Corollary 3.8.4 and Lemma 3.8.5 to obtain
the following result.
Theorem 3.8.6. — For (A, AT) affinoid perfectoid and X = Spa(A, AT):

1. A is stably uniform and thus sheafy with Ox acyclic.

2. Fori >0, H(X,0%) is almost zero.

Proof. — Tt only remains to prove the second point. Via the homeomorphism |X| — |X”| this
is reduced to H'(X”,0%) = 0. But we have, as a sheaf on X°, OF /=f = 0%, /@ if @w|p. We
thus have for i > 0, H'(X, O3 /w*) is almost zero. Replacing @ by @!/?" for all n > 0 one easily
deduces that H'(X,0¥) is almost zero. O

3.8.4. Approximation of rational open subsets. — We have proven everything in Theorem
3.8.1 but point (2).

Proposition 3.8.7. — Let (A, AT) affinoid perfectoid. Then, for any rational open subset
U C Spa(A,At) there exists fi,...,fn € A° that generate A and g € A® such that U =

! f
Spa(A,AJr)(fl,:q%f").
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Proof. — Write U = Spa(AA"‘)(%) where Aa; + -+ + Aa, = A. Lets us chose a pseudo-

uniformizer w € A such that wb‘*U1 € O(U)*. Then,

ai,w).

U= (n] Spa(4, A7) (<

i=1
Since rational open subsets are stable under finite intersections, it is sufficient to prove the result for
a rational domain of the form Spa(A4, AT)(%Z). We now use Proposition 3.8.8. Up to multiplying
w by a unit we can suppose w = (wb)‘j for some w” € A”. Using the proposition we can chose
o € A” such that forall 2 € Spa(A, A1),

la(z) - o (2)| < sup{|a(z)], |w(z)[}
and thus
sup{|a()], |w()[} = sup{|a*(2)], |w(z)[}.
Now, if we chose 3 € A° such that for all z,
[b(x) — B*(2)| < sup{[b(x), []},
we find that

# byt
(TN L[k (@)
Spa(A, A )(T ) — Spa(A, A )(75ﬁ ) 0
For the proof of the next proposition we follow [42, Lemma 5.5] rather than [48, Corollary 6.7].

This approximation result is a key point in the theory.
Proposition 3.8.8. — For f € A° and @ a pseudo-uniformizer, there exists h € A>° such that
for all x € Spa(A, A™),
|f(x) = h¥(x)| < sup{|f(2)], |w()I}.
Proof. — We can suppose that w = w”* for some pseudo-uniformizer w” of A°. Let & € W(Abv‘*‘)
be a degree 1 distinguished element generating the kernel of 6 : W (A**) — A*. Up to multiplying
¢ by a unit of W (A”*) we can suppose
£ €p+ WA
with @ € A°°. Write f = 6(g) with
9= lorlp* € W(4PH).
k>0
For h = Zkzo[hk]Pk € W(A™), we note
h — [ho]

T(h) = o).
(h) o W)

Let us now define by induction the sequence (g;)i>o by setting

9 = g
giv1 = 9i —7(9:)&
Let n € N be such that wb|a” in A»*. Write for any i > 0,

9=y _lg:xlp*.

k>0
Let now 2 € Spa(A°, A1), Let
N =inf{ i >0 | |gio(z)| > |a(x)|"t } € NU {+o0}.
Let us prove by induction on ¢ that for 0 < i < N one has

lgi(zc)| < |a(z)|".
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The case ¢ = 0 is evident. Now if we suppose proven the inequality for ¢ < N we have

gi+1 € [gi0] + [a] Z[gi,kﬂ]pkW(Ab’Jr)
k>0

and thus
|9i41(26)] < Ja(z)["*!
which completes the induction.

|N+1

Suppose N < +o0. From the inequality |gn(zg)| < |a(x)|Y and |gno(z)| > |a(x) we get

VEk >0, |gn+16(2)] < |gn+10(@)]-
By induction on ¢ > N, starting with ¢ = N + 1, we find that the preceding inequality extends to
Vi > N, Vk >0, |g:x(z)| <lgi0(z)]-
Now we have
| (z%) — g o(a)] < sup |G ()] -p(2")[*.
If n < N this is strictly less than
la(z)]" " < |w(2)]
since w|a™. If n > N this is strictly less than
|gn.0(@)| = 1gh o(2*)].

We can thus take h = g, ¢ and this concludes the proof. O

Corollary 3.8.9. — For (A, A™) affinoid perfectoid, any rational subset of Spa(A, AT) is affinoid
perfectoid. The tilting correspondence induces a bijection between rational subsets of Spa(A, A1)
and rational subsets of Spa(A®, A>).

We have thus proven Theorem 3.8.1 in its entirety.

3.9. Perfectoid spaces

By definition a perfectoid space is an adic space that is locally isomorphic to the adic spectrum
of an affinoid perfectoid ring, the so-called affinoid perfectoid spaces. We now focus on giving
examples of perfectoid spaces and some constructions we can do with them that may not exist in
the category of Noetherian adic spaces.

3.9.1. The tilting equivalence. — We can now upgrade the tilting equivalence of Corollary
3.4.13 to spaces.
Proposition 3.9.1. — For X be a perfectoid space tilting induces an equivalence

(=)’ : Perfectoid spaces/ X — Perfectoid spaces/X".
3.9.2. The perfectoid space associated to an Fj,-adic analytic space. — Let us now
collect a natural consequence of the results of Section 3.1.2.

Proposition 3.9.2. — The inclusion of the category of Fp,-perfectoid spaces in the category of

Fp-adic analytic spaces has a right adjoint, X —— @FmbX,
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Proof. — This is an easy consequence of Corollary 3.1.8. More precisely, for (4, AT) an F,-affinoid
Tate sheafy ring,
li

ro

Spa(A, A™) = Spa(R, R")

E

&)
o

where RT =lim A% (w-adic completion) and Rt = RT[L1]. In fact, if Ag is a ring of definition
of A contained in A", for any x € AT, since x is power bounded there exists an integer N > 1
such that for all k¥ > 0, " € w N Ay. From this we deduce that @Frob Ay is almost equal to

) " i . .
hﬂwa AT and thus their w-adic completions are almost equal. O

3.9.3. Cofiltered limits of affinoid perfectoids. — The next operation on perfectoid spaces
does not exists in general in the category of Noetherian adic spaces. This will be a basic element
in the definition of the pro-étale topology on perfectoid spaces.

Proposition 3.9.3. — In the category of perfectoid spaces cofiltered limits of affinoid perfectoid
spaces exist and are affinoid perfectoid.

Proof. — Consider @ie ; Spa(Ai,A;r) a cofiltered limit of affinoid perfectoids. Fix ig € I and
w € A;, a pseudo-uniformizer. We still note w for its image in A; when 7 > 79. Then one verifies
that if

RT = hAiAj
(w-adic completion) then R is integral perfectoid and
@Spa(Ai,Aj) = Spa(RT[1],RT).
il

This proves the statement. O

Example 3.9.4. — Let X be a perfectoid space. Then for z € X,

Xm:@U

Usx
nbd of =

= Spa(K(z),K(z)")

that is perfectoid.

3.9.4. The example of profinite sets. — The possibility to include profinite sets in the theory
of perfectoid spaces allows us to speak about pro-étale torsors under a profinite group.

Lemma 3.9.5. — Let P be a profinite set. Note P for the functor on perfectoid spaces that
sends X to €(|X|,P). Then for any perfectoid space X, X x P is representable by a perfectoid
space.

Proof. — This is reduced to the affinoid perfectoid case. In this case, if X = Spa(4, A") and
P = l&nl P; with P; finite, then

XxP = lmXxP

= Y&nSpa ((K(Pi, A),%(Pi»fﬁ))

Spa (€(P, A),¢(P,A")).

This proves the result. O
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3.9.5. The example of perfect formal schemes. — Let us here give an example that again
relies on Proposition 3.1.5.

Proposition 3.9.6. — Let R be a perfect F,,-algebra that is I-adic with I an ideal of finite type.
Then, Spa(R, R), = Spa(R, R) \ V(I) is a perfectoid space.

3.9.6. Zariski closed subsets. — If X is a perfectoid space and Z C |X| is a subset we can
look at the functor on perfectoid spaces that sends Y to the set of morphisms Y — X such that
|Y| — Z. If this is representable by a perfectoid space we will say that Z is represented by a
perfectoid space.

Let X = Spa(A, AT) be affinoid perfectoid. Let I be an ideal of A.

Lemma 3.9.7. — The closed subset V(I) ={x € X |Vf eI, |f(z)| =0} C |X| is represented
by an affinoid perfectoid ring.

Proof. — Fix w a pseudo-uniformizer. We have
V() = Jim X 7*’61""’](‘“)
A 1
{f1,...fx }CI, finite subset
n>1
and is thus a cofiltered limit of affinoid perfectoids. O

The characteristic p case is simpler for the following reason. Suppose X = Spa(4, A™) is an
FF,-affinoid perfectoid space and I C A is an ideal. Then, if V(I) = Spa(R, R*) one has

R =lig A/I,
Frob

see Section 3.1.2. Let I*/?” be the perfection of I, an ideal of A. One has moreover, see Remark
3.1.6,

R° = Ac/AenIV/r™

almost
where the completion if the w-adic one. Thus, at the end AT — R™ is almost surjective. This is
still the case in general but the proof is more complicated, see Section 3.13.

3.9.7. Connected components. — If X is a qcgs perfectoid space then 7 : | X| — mo(X).
Then any connected component 7~ *(c), ¢ € m(X), is affinoid perfectoid. In fact,
() = lim 7 (1)
Usc
where U goes through the set of open/closed neighborhoods of ¢ in the profinite space mo(X). For
such a U, 7=1(U) is open/closed in X and thus this limit exists.

3.9.8. Fiber products. — One of the reasons perfectoid spaces are good objects is the next
proposition.

Proposition 3.9.8. — The category of perfectoid spaces has fiber products. Moreover fiber prod-
ucts commute with tilting and the fiber product of affinoid perfectoid spaces is affinoid perfectoid.

Proof. — Via the tilting equivalence of Proposition 3.9.1 it is enough to prove the existence of
X xy Z for X,Y, Z F-perfectoid spaces. Now, for IF,-perfectoid spaces the result is a consequence
of Proposition 3.1.5. O
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Remark 3.9.9. — Let Q;Y° be the completion of the cyclotomic extension of @Q,, a perfec-
toid field. The topological ring Q;yc(fg@p@gyc 18 not perfectoid. Nevertheless, the fiber product
Spa(Qg¥©) x Spa(Q5¥°) exists in the category of Q,-perfectoid spaces and is equal to

Spa(Qg°) x Gal(Qq°|Q,) = Spa (¢/(Gal(Q;°|Qy), @), €(Gal(Q;*|Qy). Z;¥°)

but this is not a fiber product in the category of adic spaces. One has to be careful in which
category one takes the fiber products.

Next result is more surprising but an essential tool in [28].

Proposition 3.9.10. — Let k be a characteristic p discrete perfect field. Let X and Y be k-
perfectoid spaces. Then the fiber product X Xgspak) Y ewists in the category of adic spaces and is
a perfectoid space.
Proof. — Suppose X = Spa(A4,A") and Y = Spa(B, B") are affinoid perfectoid. Consider
AT&, BT equipped with the (wy ® 1,1 ® wg)-adic topology. We can apply Proposition 3.9.6
to conclude that

X xx Y = Spa(A+®kB+,A+®kB+) \ V(wA ® wB)

is perfectoid. O

One has to be careful that in the preceding situation, the fiber product of affinoid perfectoid
spaces is not affinoid and not even quasi-compact anymore!

Ezxample 3.9.11. — One has
Spa (K(X'/77))) Xspagk) Spa(k(Y/?7) = Spa (K[X/?7 Y VP"]) \ V(XY).

3.10. Etale morphisms of perfectoid spaces
3.11. Purity

The purity theorem is inspired by the following evident result: let X be a perfect IF,-scheme
and Y — X be an étale morphism. Then Y is a perfect scheme.

Theorem 38.11.1. — For (A, A") affinoid perfectoid, a Huber pair (B, BY) and a morphism
(A, AT) — (B, B*") such that A — B is finite étale and BT is the integral closure of AT in B,
(B, B7) is affinoid perfectoid.

Proof. — The case of a perfectoid field is treated in [27]. Let X = Spa(A, AT). The characteristic
p-case is deduced from Proposition 3.1.5.

Since B is a projective A-module of finite type, it defines a sheaf of Ox-algebras Z = B4 Ox.
Now, we use the equivalence of 2.7.6, the case of a perfectoid field, the characteristic p case and
the tilting equivalence to deduce that over a rational covering (U;); of X, B(U;) is a perfectoid
ring. According to Proposition 4.1.3, B is stably uniform and thus sheafy. Thus, Spa(B, BT) is a
perfectoid space that is affinoid. But the morphism Spa(B, B)” — Spa(A®, A>") is finite locally
free étale and thus Spa(B, Bt)” is affinoid perfectoid. Via the tilting equivalence we deduce that
(B, BT) is affinoid perfectoid. O

Corollary 3.11.2. — Let X be an Noetherian analytic adic space and X' — X be a morphism
with X' perfectoid. For any U — X étale one can define U xx X' as an étale perfectoid space
over X'. This defines a continuous morphism of sites

!
Xét — Xét.
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3.12. A criterion for a morphism to be an isomorphism
Proposition 3.12.1. — Let f : X — Y be a qc qs morphism of perfectoid spaces. The following
are equivalent:
1. f is an isomorphism.
2. For all affinoid perfectoid fields (K, K™T), the map X(K,KT) — Y(K,K™) is bijective.
3. For all algebraically closed affinoid perfectoid fields (K,K™), the map X(K,K*) —
Y (K, K1) is bijective.

Proof. — Tt is clear that (1) implies (2) and (3) and that (2) implies (3). Let us verify (2) = (1).
Let us first verify that |f| : | X| — |Y| is bijective. For this it is enough to verify that for all y € Y,
Xy =X xy Spa(K(y), K(y)") — Spa(K(y), K(y)")
is an isomorphism. By hypothesis this morphism has a section Spa(K (y),K(y)™) — X,. Let
z € X, be the image via this section of the closed point y of Spa(K(y), K(y)*). Consider now

the morphism Spa(K (z), K(z)*) < X,. The composite
Spa(K (), K(z)") = X, — Spa(K(y), K(y)")

has a section (the preceding section sends y to  and thus the generalizations of y to the gen-
eralizations of z). We deduce that K(y) = K(z) and since x — y, K(z)™ = K(y)*. We thus
have

Spa(K (z), K(z)*) — Spa(K (y), K (y)").
But now the morphism

Xy — Spa(K(y), K(y)")

induces a bijection for all affinoid fields (K, KT)

XU(K7 K+) ; Spa(K(y)7 K(y)+)(Ka KJr)
We deduce that for all (K, KT),

Spa(K (z), K(2) ") (K, K") — X, (K, K™).
But for such an affinoid field (K, K*) and an element of Spa(K(z), K (z)"), the image of the
morphism

Spa(K, K*) — Spa(K(z), K(2)*) — X,
is contained in the generalizations of x in X,. Since

U Im(u) = |X,|

(K,K™T)
w:Spa(K,KT)—=X,

we deduce that | X, | is the set of generalizations of x i.e.
Spa(K(z), K(2)T) = X,,.
We thus have a bijection |f| : | X| — |Y| satisfying: for all z € X,
(K (f(2)), K(f(2))") = (K(z), K(x)").
We can now apply Corollary 2.11.5 to deduce that |f] is an homeomorphism. Let us now replace
Y by an affinoid perfectoid open subset and fix w a pseudo-uniformizer of O(Y). According to
Lemma 2.11.1,
I OF =) — 0%/

is an isomorphism. We can now replace w by w” for all n to deduce that

F710% = lim £4(0F /=") < ln OF /=" = OF.
n>0 n>0
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This implies that f is an isomorphism and we have proven (2) = (1).
Point (3) is deduced from point (2) using the equality for any affinoid perfectoid field (K, KT),

— g+> Gal(K|K)

X(K,K*) = X(K7K O

3.13. André lemma and Zariski closed subsets
Lemma 3.13.1 (André). — Let (A, AT) be an affinoid perfectoid ring and f € A. There exists
a morphism (A, AT) — (B, BT) of affinoid perfectoid rings such that

1. The image of f in B is of the form g* for some g € B.

2. The morphism At /w — B /w is almost faithfully flat.
More precisely, we can take Spa(B, B*) = V(T — f) C Spa(A(TY/P™), AT(T/P™)).
Proof. — O

The following corollary is worth noting although we won’t use it.
Corollary 3.13.2. — For (A, A") an affinoid perfectoid ring there exists a morphism (A, AT) —
(B, BY) of affinoid perfectoid rings such that

1. A% /w — BT /w is almost faithfully flat.

2. For any f € B there exists g € B’ such that f = g*.
Proof. — For any finite subset S = {f1,..., fn} C A let

Spa(As, AE) = V(T1 = fi,..., T — fn) C Spa (A(TP7 . TYP™) AT /P TP,
We can now consider
Spa(A;, AT) = @Spa(AS, Ad).
This construction gives by induction a projectivessystem
Spa(A, A1) + Spa(A1, AT) « -+« Spa(4,, A) « Spa(Ayi1, A}, ) « -

One verifies easily that
Spa(B,Bt) = li
n

satisfies the expected properties. O

Spa(A,, Al)

e



CHAPTER 4

THE PRO-ETALE TOPOLOGY

4.1. Pro-étale perfectoid covers before Scholze

4.1.1. Colmez and Faltings remarks. — The construction of pro-étale perfectoid covers in
relative p-adic Hodge theory goes back to the work of numerous authors. Let us cite some con-
structions.

Proposition 4.1.1 (Colmez, [19, Section 4.4]). — Let A be a complete uniform Tate Q,-
algebra. There exists a filtered system of finite étale uniform A-algebras (A;)icr such that
lim A4,

is perfectoid.
Proof. — Consider the Fj-vector space
V=14+A4/1+ A°°)".

For S C V a finite dimension sub-vector space we note S for its reciprocal image inside 1 4+ A°°.
For such an S,

As = A@yg) (o) o) 215
Ifxy,...,2q € S induce a basis of S then
A[Xl,...,Xd]/(Xf 7I1,...,X§ 7Id) *N—> AS
and thus A — Ag is finite étale. According to Proposition 4.1.3, Ag is Tate uniform. We can then
look at
A; =1lim Ag
i
Let us note that Ay is uniform. In fact, if we fix w and § €]0, 1] then the transition maps in the
inductive limit li s Ag are isometric for the spectral norm associated to @ and (3, see Theorem
2.1.16 and thus the topology of A, is induced by a power multiplicative norm. We now reiterate
the operation to obtain a sequence
A=A4)— A — - — Ay — .

We note

—

A = A,

lg

3
vV

0

that is the completion of hﬂnz 0 A, for the spectral norm or, said in another way, @nz 0 A;’L[é]

where the completion is the w-adic one. We now have

L+ A2 /(1 + A)P = Timg 1+ A% /(1 + AP,
n>0
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But the transition maps in this inductive limit are zero and thus any element of 1 + A2 is a
p-power. Now, if w is a pseudo-uniformizer and z,, a p™-th root of 1 4+ w, for n > 0, xz,, — 1 is
a pseudo-uniformizer satisfying (z,, — 1)?|p. It is moreover immediate that for such a uniformizer
w, the Frobenius A% /w — A2 /wP is surjective. O

Remark 4.1.2. — The C-perfectoid rings A, C|Q, complete algebraically closed, for which any
element of 1+ A°° has a p-power are called sympathetic by Colmez. Those are exactly those for
which the logarithm log : 1 + A°° — A is surjective. Another characterization is that those are
exactly the one satisfying HZ (Spa(A, A°),Q,) = 0.

Proposition 4.1.3. — Let A be a uniform Tate ring and B a finite étale A-algebra. Then B is
a uniform Tate ring and B° is the integral closure of A° in B.

Proof. — Let R be the integral closure of A° in B. We can find a finite étale B-algebra B’ such
that A — B’ is Galois with Galois group G and B — B’ is Galois with Galois group H. One can
for example take

Spec(B') = Isomg, .. ) (Spec(A) x {1,...,n}, Spec(B))
if the rank of B is constant equal to n, G = &,, and H = &,,_;. For any =z € R,
Trpa(e)= Y 7(@)
[TleG/H

which is thus integral over A° and thus in A° since A° is integrally closed in A. We thus have
TYB/A(R) c A°.

Let M be a finite type sub-A°-module of B such that M[%] = B. Up to replacing M by w"M
with k£ > 0, we can suppose that M C R. Now, if

MY ={z € B|VYme M, Trg/a(xm) € A°},

we have
RcC M.
Now, if we fix a diagram of morphisms of A-modules
P
A =4 B

-1
B/A

with es = Id and ¢((A4°)¢) = M, we have M"Y C sV ((A°)%) where sV : A4 = (A%)* =, B L>
B. We deduce from this that R is contained in a finite type sub-A°-module of A. We have
B = R[%] and B with its canonical topology as a finite type A-module is a Tate ring with R as a
ring of definition. Now, if € B°, there exists N > 0 such that for all ¥ > 0, z¥ € w=VR. But
since R is contained in a finite type A°-module, @ N R is contained in a finite type A°-module

and thus A°[x] too. We deduce that x € R. O

Here is an example of uniform Tate algebras where one can construct some more explicit pro-
étale perfectoid covers.

Example 4.1.4. — Let K be a charasteristic zero non-Archimedean perfectoid field. Let X be a
K-adic space locally of finite type. Suppose X is smooth. Then, up to replacing X by an affinoid
cover we can find an étale morphism

X — T, = Spa(K(T2, ..., T, O (T, ..., TFY)
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that is an open rational subset inside a finite étale morphisme toward an open rational subset

of T,,. Let To® = @1» 0 T,, where the transition map between level £ and [ with [ < k is the

k—1
Kummer map ¢; — t! 1 <14 <n. This is the affinoid perfectoid space
+1/p> +1/p>®
T = Spa(K(TP™ . TEY, O (TEVP™ . TEY).
Then, using the purity theorem,

X sy, T = lim (X x
>

T,)

k
ns ttP

=
o

is a perfectoid space pro-étale over X.

In another situation Faltings used the following elementary result.

Proposition 4.1.5 (Faltings). — Let R be an integral normal p-torsion free noetherian Z,)-
algebra. Fix an algebraic closure K of K = Frac(R) and let L|K inside K be the union of all

’

K
finite degree extensions K' of K such that R[%] is an étale R[%]—algebm. This means that if
7 : Spec(K) — Spec(R[%]),

Gal(L|K) = m ( Spec(R[%] ), Z).
Let EAbe the integrale closurz of R in L. Then, theAp—adic completion ﬁ is integral perfectoid and

thus E[%] is perfectoid with E[%]O almost equal to R.

Proof. — Tt it clearly p-adic without p-torsion. One can take p/P, a p-root of p in the fixed

algebraic closure of Frac(R), as a pseudo-uniformizer. Since R is integrally closed in E[}%],
Frob : R/p'/? — R/p

is injective. For the surjectivity of the preceding Frobenius, let ¢ € R. Then the polynomial

PX)=X?+pX —a

satisfies (P(X), P'(X)) = R[%] [X]. Thus, R[X]/(P(X)) is a finite R-algebra that is étale outside
p and we can find z € R such that P(x) = 0. O

4.1.2. The universal cover of a p-divisible group. —
Proposition 4.1.6. — Let C|Q, be an algebraically closed complete non-archimedean field. Let
4 be a p-divisible formal group over Oc. Let ¢4, be its generic fiber as an adic space. Then,

lim &,
i
is perfectoid with tilting isomorphic to

lim %y X ko Spa(C”).
Frob

Let us explain the meaning of this result. Here ¢ is a formal Lie group,
¢ ~ Spf(O¢[x1,...,xq])
for some integer d, the dimension of our formal group. Then,
Gy ~ Iﬁ%dc,
the d-dimensional open ball as an adic space over Spa(C'). Multiplication by p,

X
—p>g
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is finite locally free of rank p" where h is by definition the height of . This is in fact an fppf
torosor under the finite locally free group scheme ¥[p| over Spec(O¢). In generic fiber,
9, ~Lsq,

is finite étale, a torsor under the finite étale group ¥[p,,.
The formal group %, is isomorphic to Spf(kc[z1,...,z4]) and

IJ:'&I:)%CC zSpf(kc[[x}/pw,...,x;/pw]])
ro

is a formal Q,-vector space. Now, in the statement we have in fact previously fixed a section of
the projection O¢ /p — k¢ so that kg < C°. Then,

lim %, X Spa(C’) ~ BE P,
Frob

a perfectoid open ball with a structure of Q,-vector space.

4.2. Definition and elementary properties
Recall that the category of affinoid perfectoid spaces admits cofiltered limits.

Definition 4.2.1. — Let f: X — Y be a morphism of perfectoid spaces.

1. f is affinoid pro-étale if X and Y are affinoid perfectoid and Y — X is a cofiltered limit of
étale affinoid perfectoid spaces over X.

2. f is pro-étale if locally on X and Y it is affinoid pro-étale.

Let us begin with some examples.

Ezample 4.2.2. — For X perfectoid and = € X, Spa(K(z), K(z)") = X, — X is pro-étale,
X, = @Uaz U with U going through the set of affinoid neighborhoods of z.

Ezxample 4.2.3. — If X = Spa(A4, A1) and [ is an ideal of A then V (I) < X is affinoid pro-étale:
any Zariski closed subset of X is affinoid pro-étale inside X !

Example 4.2.4. — If X is a perfectoid space and P a locally profinite set then X x P — X is
pro-étale. If P = I'&ni P; with P; finite and the limit is cofiltered then X x P = &inl(X x P;).

Exzample 4.2.5. — Let X be a qc gs perfectoid space and P — 7y(X) be a continuous map of
profinite spaces. Then, X x, (x) P — X is pro-étale. For example, if P = {c} where ¢ € m(X)

and P = {c} — mo(X) is the evident inclusion then one finds that any connected component of
X is pro-étale inside X. In general, mo(X X, (x) P) = P.

In particular, let us note that if Y — X is a morphism of qc gs perfectoid spaces, there is a
canonical factorization

iso. on

connected comp. pro-étale
%

Y X x mY) X.

o (X)

Definition 4.2.6. — A family (Y; f—> X)ier of pro-étale morphisms toward the perfectoid
space X is a pro-étale covering if for any quasi-compact open subset U of X there exists I’ C I
finite and for each i € I’ a quasi-compact open subset V; C Y; such that

U fi(Vi)="U.

iel’
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Example 4.2.7. — 1. For any perfectoid space X, the family of pro-étale morphisms

(SpeC(K(x), K(x)") — X)J:EX

is surjective but not a covering in general.
2. For a perfectoid field K, if Bkl/pm is the closed perfectoid ball over K, the pro-étale mor-
phism
1,1/p* 1,1/p>
{0y T B&""" \ {0} — B/"

is surjective but not a covering.

Although Point (1) of the preceding example is not a pro-étale cover, there is a way to “amal-
gamate” all Spa(K (z), K(z)1), z € X, in a pro-étale cover of X when X is affinoid perfectoid.
This is the following example.

Ezample 4.2.8. — 1f X = Spa(A, A") is affinoid perfectoid, w is a pseudo-uniformizer of A,
RT =[l,cx K(z)" and R = RT[L] then Spa(R, R*) — Spa(A, AT) is a pro-étale cover. In fact,
one has

Spa(R,R") = lim [Tvi — x.
|X|:]_L€I Z,; constructible partition ;€1
(Us)ier
U; nbd. of Z;

4.3. Affinoid pro-étale morphisms
Proposition 4.3.1. — Let X, = yLniE[ X; be a cofiltered limit of affinoid perfectoid spaces.
1. There is an equivalence

2— Mﬂ{ﬁnit@ étale/ X;} — {finite étale/ X}
iel

2. There is an equivalence

2— lig{qc qs étale / X;}Y —= {qc gs étale/ X}
iel

Proposition 4.3.2. — Let X be an affinoid perfectoid space. The functor
lim : Pro (affinoid perfectoid, étale/ X) — {affinoid pro-étale/ X}

is an equivalence of categories.

4.4. Totally disconnected perfectoid spaces

Definition 4.4.1. — A perfectoid space is totally disconnected if it is qc gs and |X| is totally
disconnected.

Thus, a perfectoid space is totally disconnected if and only if for each connected component C
of X there exists a closed point ¢ € X such that

C = Spa(K(c), K(c)") — X.
One can think of a totally disconnected perfectoid spaces as an “amalgamation” of Spa(K (c), K (c)™)
when ¢ varies in a profinite set, its set of connected components.

Lemma 4.4.2. — Any totally disconnected perfectoid space is affinoid perfectoid.

Proof. — Let X be totally disconnected. We can fix a finite open covering of X by affinoid
perfectoid spaces X = U;U;. It splits, X = [[, V; with V; C U,. Since V; is open/closed in U;
affinoid perfectoid, it is affinoid perfectoid. O
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The following result is inspired by the following remark. Let X be a qc gs perfectoid space. If
Y is a qc gs perfectoid space together with a morphism Y — X then the image of [Y| in |X| is a
pro-constructible generalizing subset. In general this subset does not have a structure of perfectoid
space. Nevertheless suppose X is totally disconnected perfectoid space with mo(X) finite. One
has

X= J[ spalK(e),K()").

ceX
closed point

Let Z C |X]| be a pro-constructible generalizing subset. For any ¢ € X a closed point one has
Spa(K(c), K(c)*) N Z is pro-constructible generalizing. It thus has a closed point z (see Corollary
1.3.9). Being stable under generalizations we deduce that

Spa(K(c), K(c)")NZ = X, = Spa(K (2), K(2)")
with K (2) = K(c). We thus have
Z NSpa(K(c), K(c)") = {z € Spa(K(c), K(c)") | Vf € K(c)", |f(2)| < 1}.
We have O(X) =], cjosed pt. K (¢) and we deduce that there exists a subset S C O(X) such that
Z={xeX|Vfes, |[fx) <1}

In particular this is an intersection of Laurent domains and it has a structure of a totally discon-
nected perfectoid space pro-étale inside X. In fact, this extends from the case when the set of
connected components is finite to any profinite set.

Theorem 4.4.3. — Let X be a totally disconnected perfectoid space and Z C |X| pro-
constructible generalizing. Then, Z is represented by a totally disconnected perfectoid space such
that the morphism Z — X is pro-étale.

Proof. — We prove that

Z=  lm  {zeX|VfeS |f@l <1}
SCO(X) finite
Zc{|fI<1 | feS}
Let € X\ Z. We are going to construct f € O(X) satisfying | f(z)] > 1 and for all z € Z, |f(2)| <
1. This will prove the theorem.

For this let C be the connected component of 2. One has C'= Spa(K (c), K(c)™) where c is the
unique closed point of C. Let us look at C'N Z. Suppose first it is empty. Then,

(N Unz=0,
UoC

where U is an open/closed neighborhood of C| and by compacity of the constructible topology
there exists such a U satisfying U N Z = (). The function f € O(X) whose value on U is ! and
1 on X\ U satisfies |f(z)| > 1 and Vz € Z, |f(2)] < 1.

Suppose now that C' N Z # ). Since Z is pro-constructible, C' N Z is pro-constructible in C' and
thus has a closed point z. Since Z is generalizing and C is a chain, we have

CNZ=Spa(K(c),K(z)")
with K (¢) = K(z). We thus have

cnz= () {yeCllflyl <1}
feK(z)*

Since x € C'\CNZ, there exists f € K(z)" such that |f(x)| > 1. The local ring Ox . is the colimit
of Ox (U) where U goes through the set of open/closed neighborhoods of C'. There thus exists U
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an open/closed neighborhood of C' and g € Ox(U) satisfying |g(z)| > 1 and for all y € C'N Z,
l9(y)] < 1. Let

V={yeUllglyl <1},
an open quasi-compact subset of U. One has

(l Un@n@W\Vv)=0.

ccu’'cu
U’open/closed

By compacity of the constructible topology we can thus suppose, up to shrinking U, that for all
ye ZnU, |g(y)| < 1. We can now define h € O(X) be setting hjy = g and h|x\y = 0. It satisfies
|h(z)| > 1 and for all y € Z, |h(y)| < 1. O

Thus, if f : Y — X is a morphism of qcgs perfectoid spaces with X totally disconnected,
there is a canonical factorization

surjective pro-étale
y 2 7 - :
~—~ immersion
aff. perf.
Proposition 4.4.4. — For any qc gs perfectoid space X, there exists a pro-€étale open surjective

morphism X — X with X a totally disconnected perfectoid space.

4.5. Strictly totally disconnected perfectoid spaces

Proposition 4.5.1. — For X a perfectoid space the following are equivalent:
1. X is strictly totally disconnected
2. X is totally disconnected and for any x € X, K(x) is algebraically closed.

Proof. — (1) = (2) The only thing to verify is that the residue fields are algebraically closed. We
use the equivalence of Corollary 2.7.6. Since X is totally disconnected, the residue field of x € X
is the same as the one of ¢, the unique closed point of the connected component C of x. Now,

2—  lim {étale finite/U} — {étale finite/K(c)}.

vccCc
open/closed

But now is V' — U with U open and closed containing C, V' — U extends to an étale cover
VIIX\U — X of X. This étale cover has a section and we deduce the result.

(2) = (1) Let Y — X be an étale cover. Using the quasi-compacity of X and the definition
of an étale morphism, it can be refined to a cover ]_[Z-el V; — X with [ finite and V; — U; étale
finite where U; C X is open. The topological cover [, ; U; — X splits and we can thus suppose
that Y — X is étale finite. We can now use the equivalence of Corollary 2.7.6 to deduce that any
point of X has a neighborhood U such that Y x x U — U splits. Thus, over a topological cover of
X the covering splits and we deduce the result by splitting this last topological cover. O

4.6. Quasi-pro-étale morphisms

4.6.1. Scholze’s Berkley example. — We will prove the following result explicitly. Let K be
a perfectoid field of characteristic different from 2.

Proposition 4.6.1. — Let B = Spa(K(T'/?™), O (T'/?™)) be the one dimensional closed per-
fectoid ball over K. Consider the Kummer morphism B — B defined by TvP" s T2/P" for all
k > 0. There exists an explicit pro-étale covering B — B such that the pullback of the Kummer
map via this pro-étale cover is pro-étale.
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Proof. — Fix an absolute value |.| on K defining its topology and a radius p €]0, 1[N|K|. We note
f:B—B

our Kummer map. It is étale finite outside the origin V(T'). For n > 1 let

n—1
v, =B (e, 0)
i=0
where if p = |@|, B(p") = {z € B | |T(x)| < |@(x)|"} is the closed ball with radius p" and
C(Pﬂrlapl) ={zeB||w(@)|* <|T(2)| < |w(2)['}
is the annulus with radii [p?*1, p!]. This forms a projective system of covers of B and we set

Uoo:hHmUnHIBﬂ

n>0

that is a pro-étale cover of B. Let

V, = B(p"?) (]_[c %)

and

There is then a cartesian diagram

Voo —— U,

| o |

Bﬁ]]i%.

We are going to prove that V,, — Uy is pro-étale. For this note

W, =B(p (Hc é)_

Define the following transitions morphisms

Qp41 - Wn—i—l — Wy

using the formulas:
o Qpiip(pntn) BT = B(p ) followed by the evident inclusion of B(p™) in W,
Clp™, p¥) =22 C(p™HL, p) < B(p") followed by the evident inclu-

n+1IC(p ,pz)
sion.

o i+1 4 is the evident inclusion of C(pi Ea pz)in W, if 0<i<n—1.
n+1[C(p 2 ,p2)

Define now

—

B

We =1

W,

S

0
There is an étale morphism of projective systems
Gn W, — U,
defined by:
® guB(pn) is the evident inclusion in U,
: C(p%,p%) il N C(p, ') followed by the evident inclusion inside U,,

Tnic( E o)
for0<i<n-—1.



4.6. QUASI-PRO-ETALE MORPHISMS 105

This defines a pro-étale morphism
g:We — Uy

Define now a morphism of projective systems
hyp Vi — W,

using the formulas:
® Mg B(p?) s B(p™) followed by the evident inclusion in W),

ir2 418 the evident inclusion in W, for 0 < i <n — 1.
n|C(p 2 ,p2)
The following diagram commutes for all n

V—>W

N

and we thus have a diagram

\A

We now say that ho, : Voo — Wy is an 1somorphlsm. For this we apply Proposition 3.12.1. In
fact, this is an evident isomorphism outside the origin of B since for any radius R €]0, 1[N| K|

Vn XB B(R) — Wn XB ]B(R)

is an isomorphism for n > 0. Moreover, computing the fibers at the origin using Proposition
2.11.2 we find

Voo x {0} = lim B(p"/?) = Spa(K, Ok)
and =
W xg {0} = @B(p") = Spa(K, Ok).
This is thus an isomorphism over the originn i? the ball B. We thus have a diagram
Woo
/ pro-étale
Voo — U
B —F B
and V., — Uy is pro-étale. O

4.6.2. Structure over a strictly totaly disconnected space. —
Theorem 4.6.2. — Let f : Y — X be a separated morphism of qcgs perfectoid spaces. Suppose

1. X s strictly totally disconnected,

2. The fibers of f at maximal points are profinite i.e. for any mazximal point x of X, x =
Spa(C, O¢), there exists a profinite set P, such that

Y xx Spa(C,O¢) ~ Spa(C,O¢) x Py.

Then, [ is affinoid pro-étale and Y is strictly totally disconnected.
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Proof. — We use the factorization

Y —X x m)— X.
7T()(X)

Using this we can suppose that m(Y) — m(X). Let Z = Im(|f|) C |X], a pro-constructible
generalizing subset that is represented by an affinoid perfectoid space pro-étale over X, see The-
orem 4.4.3. Let us note, by abuse of notation, this perfectoid space Z. We are going to prove
that Y — Z. For this, according to Proposition 3.12.1, we have to prove that for any affinoid
perfectoid field (K, KT) the map Y (K,K"™) — X (K, K™) is injective. The valuation criterion
of separatedness implies it is sufficient to prove that Y (K, K°) — X (K, K°) is injective. Up to
replacing X by a connected component C' and Y by Y X x C, we can suppose that X and thus Y
is connected. We have now, X = Spa(C,C™).

Let now y1,y2 € Y be two maximal points that have the same image © = Spa(C, O¢), the
unique maximal point of X, in X. We have y1,y2 € P, a profinite set. Suppose y; # y2. We can
thus find a decomposition f~1(x) = U; [[Us in open/closed subsets U; and U, of the profinite
set f_l(a:) such that y; € Uy and yo € Us. Since Uy and Us are closed in the pro-constructible
subset f~!(x) of Y, they are pro-constructible in Y. Let us look at U; and U, their closure in Y’
that are thus the set of their specializations. Since Y — X = Spa(C,C™) is separated, any point
of Y has a unique generalization in f~!(z). We deduce that Y = U [[ Uz which contradicts the
connectedness of Y. O

Definition 4.6.3. — A morphism Y — X of perfectoid spaces is quasi-pro-étale if there exists

a pro-étale cover X’ — X such that Y xx X’ — X’ is pro-étale.

Corollary 4.6.4. — For f 1Y — X a morphism of perfectoid spaces the following are equivalent:
1. f is quasi-pro-étale

2. There erists an open cover Y = UieV;, such that fly, : Vi — X has profinite geometric
fibers at all maximal points of the target.

3. For any strictly totally disconnected perfectoid space X' with a morphism X' — X, Y xx
X' — X' is pro-étale.

4.7. The structure pro-étale sheaf
Proposition 4.7.1. — The presheaf O : X — O(X) on the big pro-étale perfectoid site is a
sheaf.

Proof. — Let us fix a base affinoid perfectoid space X and w € O(X) a pseudo-uniformizer. One
has O = Ot[L] and OF = im _ OF/@w" as presheaves on affinoid perfectoid spaces/X. It thus
suffices to prove that OF /w is a_pro—étale sheaf. But if v : X106 — Xet then

O};proét/w = V_l(O;ét/w)‘
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THE v»-TOPOLOGY

5.1. Definition and basic properties
5.2. The v-sheaf O

Theorem 5.2.1. — The correspondence X — O(X) is a sheaf for the v-topology on perfectoid
spaces.

Proof. — Since for any perfectoid space X, O(X) C [],cx K(z) (use Theorem 2.1.16), this
is a separated presheaf. Let Y — X be a v-cover. We want to prove that O(X) surjects to
ker(O(Y) —= O(Y xx Y)) . Using the separatedness, we can suppose that X is affinoid per-
fectoid. Using the quasi-compacity assumption in the definition of a v-cover, one can suppose, up
to replacing Y by a finite disjoint union of affinoid perfectoid opensubsets of Y, that Y is affinoid
perfectoid too. Using the sheaf property for the pro-étale topology we can suppose, up to replacing
X by a totally disconnected pro-étale cover X > XofXandY by a totally disconnected pro-étale
cover of Y xx X , that Y and X are totally disconnected. The result is then a consequence of
Proposition 5.2.2. O

Proposition 5.2.2. — Let X = Spa(A, A1) be a totally disconnected perfectoid space and Y —
X with Y = Spa(B, BY) affinoid perfectoid. Then

1. BT /w is a flat AT /w-algebra.
2. If Y — X is surjective then BY /w is a faithfully flat AT /w-algebra.

Proof. — Let 7 : |X| — m(X) and note f : ¥ — X. Consider the sheaf of OF /w-algebras
(f0%)/w on |X|. We push it forward to mo(X) and look at

F = (f(0F) /)

as a sheaf of & := m,(O% /w)-algebras on the profinite set mo(X). For ¢ € mo(X), if € X is the
closed point of the connected component 7~ (c),

o= O% e
One has R'7, = 0 since X is totally disconnected and thus
F = ((nf).0y)/w.
We deduce that
F. = (1) 0F), [
Since ((wf)*(’);i)c has no w-torsion and (’);z is a valuation ring, %, is a flat «/,-module. Now, if

0—M —M-—M'—0
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is an exact sequence of I'(my(X), &7)-modules, it defines an exact sequence of &/-modules
0—Med —Med — M'©od — 0.

If we apply — ®. F to this sequence the obtained sequence
0—MeF —>MF —M0F —0

is exact since it is exact stalkwise thanks to the preceding flatness result. Taking global sections
we obtains that the sequence

0— M'@D(m(X),F) — MeT(n(X),F) — M@ (m(X),#) —0
is exact and thus I'(m(X),.#) = Bt /w is a flat I'(m(X), &) = AT /w-modules.

The faithful flatness result is obtained using the surjectivity of the specialization map, see
Proposition 2.13.6. O

5.3. Subcanonicity

5.4. A descent result



CHAPTER 6

DIAMONDS

6.1. Definition and first properties

In the the following we note Perfr, for the category of IF,-perfectoid spaces.
Definition 6.1.1. — A pro-étale sheaf X on Perfr, is a diamond if there exists a perfectoid
space X and an equivalence relation R C X x X represented by a perfectoid space such that

1. both morphisms R — X are pro-étale i.e. R is a pro-étale equivalence relation,

2. X ~ X/R as pro-¢tale sheaves.

6.2. Spa(Q,)°

We note Perfg, for the category of perfectoid spaces over Spa(Q,).
Definition 6.2.1. — We note Spa(Q,)° the functor on Perfy, defined by the formula
Spa(Q,)°(S) = {(S*,1) | S* € Perfq,, ¢: S = S*°}/ ~.

One of the first basic results is the following.

Proposition 6.2.2. — The functor Spa(Q,)° is a v-sheaf.

Proof. — We prove more generally that Spa(Z,)® is a v-sheaf. We have to prove that the functor
on [Fp-affinoid perfectoid rings

(A, A7) — 91 (A, AT) /W (AT)™
is a v-sheaf. We can rewrite this functor as
(A, A7) —  lim ([@]W(AT) +p) /1 + [w]W(AT).
wEACCNAX
where w < @’ if ww’'~! € AT. Now the result is an easy consequence of the following two facts:
o OF and thus (A, A%) = lim __ . p+[@]W(AT) is a v-sheaf.
e If (R, R") is an F,-perfectoid ring then
limp  H,(Spa(R, R"), 1+ [@]W(OF)) =0.
wEAPONAX
This last fact is an easy consequence of the almost vanishing of H!(Spa(R, R*), O*) using some
standard dévissages. O

Proposition 6.2.3. — The v-sheaf Spa(Q,)° is a diamond.
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Proof. — The tilting equivalence defines a morphism of v-sheaves
Spa(C)) — Spa(Q,)°.

This is an epimorphism of pro-étale sheaves. In fact, if X* is an untilt over Qp of X € Perff,,
for any K|Q, of finite degree contained in @p, according to the purity theorem (Theorem 3.11.1),
X*¥®q, K is perfectoid with X* ®g, K — X is étale finite. Over the pro-étale cover

(X*00,C,) = lim (X @, K)’ — X
K|Qp

there is a morphism to Spa((C';). We have thus proven the pro-étale surjectivity assertion.
It remains to compute the diagram

Spa((Cp)b X Spa(Q,)° Spa((Czb,) — Spa((Czb,).
This is equivalent to computing
Spa(C,) X Spa(Q,) Spa(C,) —= Spa(C,).

where the fiber product is taken in the category of functors on Perfg,. But as functors on Perfq,,

Spa(C,) = LiLnKlQp Spa(K) where as before K|Q, is finite degree. We then have

Spa(Cp) Xspa(g,) SPa(Cp) = lim Spa(Cy) Xspa(g,) SPa(K).
K|Q,

We deduce that
Spa(C,) X Spa(Qp) Spa(Cp) = Spa(C,) x Gal(@p|@p)

and thus our equivalence relation is pro-étale with

Spa(Qp)° = Spa(C})/Gal(Q,|Qp). =

The proof gives formulas like

$pa(Q,)° = Spa(C%)/Gal(T,/Qy)
= Spa (@) )/Z
—_—— —

Fp(T/P%)

b

where if € = ((pn)n>0 € Qp((p) then T'= e + 1. Here the action of Z; is given by the usual

formula,
=3 <Z> (T — 1)

X
foraEZp.

Remark 6.2.4. — The v-sheaf Spa(Z,)® is not a diamond. This still has the geometric structure
of a spatial v-sheaf and one can do some geometry with it. For example (???) one can prove that
Spa(Z,)® — * is f-cohomologically smooth for ¢ # p.

Proposition 6.2.5. — There is an equivalence of categories
Perfg, — Perfy, /Spa(Q,)°.
This induces an isomorphism of the v, resp. pro-étale, resp. étale, topoi

Perlq, > Perly, / Spa(Q)".
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6.3. The diamond associated to a Q,-adic space

6.3.1. Background on the Shilov boundary. — Let K be a complete non-archimedean field.
Let A be a K-affinoid algebra (by this we mean “a la Tate” in the sense that it is topologically of
finite type. Let

Av — AO/AOO
that is a reduced kx-algebra of finite type ([10, Corollary 3-Section 6.3.4]). Let ||.|loc : 4 = Ry
be the spectral norm. One has

A ={feAl|flle <1}

Let us look at the specialization map

sp : M(A) — Spec(A).
This is surjective (Proposition 2.13.6). Moreover, for each minimum prime ideal p of ﬁ,

sp (p) = {&}

is one point.

6.4. The main result
Theorem 6.4.1. — 1. Let X be a Spa(Q,)-adic space. The functor
X : Perfy, — Sets
S+ {(S* 1, f) | S* € Perfg,, 1: S =S¥, f:8" = X}/ ~
s represented by a diamond.

2. If K|Q, is a complete non-archimedean field, this defines a fully faithful functor

(=) : {locally of finite type normal adic spaces/ Spa(K)} — {diamonds}/ Spa(K)°.

Proof. — Everything is easily reduced to the case X = Spa(4,A") with (4, A") a complete
sheafy affinoid Tate ring. Let (B, BT) be the completion of (A4, A*) with respect to the spectral
norm associated to a choice of a pseudo-uniformizer and some number in |0, 1] as in Theorem
2.1.16. There is a morphism (A, A*) — (B, BT) inducing an isomorphism of functors on Perfg ,
Spa(B, BT)® = Spa(A, A*)°. We can thus suppose that A is uniform. We can then apply
Proposition 4.1.1 to deduce the existence of a filtered inductive system (A;, A;);e; of uniform
affinoid finite étale (A, A™)-algebras such that

(Aoo, AL) = lim(A;, A7)

~

ic
is perfectoid and for all indices i > j, | Spa(A;, A7) — | Spa(4;, Aj)| is surjective. Let
Xoo = Spa(Aae, AL) € Perfg, .
There is a morphism
(10) X — X°.

It is easily deduced from the fact that O is a v-sheaf on Perfg,, see Theorem 5.2.1, that the functor
S+ X (S) is a v-sheaf on Perfg,. Proposition 6.2.2 coupled with the preceding fact implies that
X¢ is a v-sheaf on Perfp . Let us prove that the morphism (10) is an epimorphism of pro-étale
sheaves. O
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6.5. Diamonds as v-sheaves

Recall the following result by Gabber ([50, Proposition 0APL]): every algebraic space is an fpqc
sheaf. This result has the following analog.

Theorem 6.5.1. — Diamonds are v-sheaves.

6.6. Subdiamonds

The following result says that a lot of objects are diamonds.

Proposition 6.6.1. — LetY be a diamond and X CY a sub-v-sheaf. Then X is a diamond.

Proof. — Let Y be a perfectoid space and R C Y xY be a pro-étale equivalence relation such
that
Y~Y/R

as pro-étale sheaves. O
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APPENDIX A

THE COTANGENT COMPLEX AND DEFORMATION THEORY

A.1. Background on homotopical algebra

A.1.1. Simplicial objects. —

A.1.1.1. Definition and basic properties. — Simplicial sets have been introduced, mainly under
the influence of Daniel Kan ([5]), as a combinatorial model for the homotopy type of topological
spaces.

We note A for the category of finite ordered sets. For n > 0 we note
[n]={0<1<---<n}€ObA.
Let C be a category. By definition a simplicial object X in C is a functor
X AP — C.

For such an X and n > 0 we note
Xn

for the value of the functor on [n]. When C is the category of sets we call X, the set of n-simplices.

Definition A.1.1. — Let n > 1. For 0 < ¢ < n the inclusion [n — 1] — [n] obtained by “missing
1’ gives rise to what we call a face morphism

\dm X, — X, 1 \

For 0 <i < n — 1, the surjection [n] — [n — 1] obtained by “identifying ¢ and ¢ + 1”7 gives rise to
a degeneracy morphism

‘Sn—l,i X1 — X, ‘

We send to Remark A.1.6 for the terminology face and degeneracy morphism. Those satisfy
the relations

1. did; =dj_1d; ifi<j

2. disj =sj1d; ifi <j

3. dis;=Idifi=jori=j+1
4. disj = sjd;—1 ifi>j+1

5. 5355 = sj418; if © < 7.

Reciprocally, a collection of objects (X, )n>0 together with the face and degeneracy morphisms
satisfying the preceding relations defines a simplicial object. We note

sC
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for the category of simplicial objects in C.

do

Example A.1.2. — The truncated object X; <so— X, is defined by the relations dysg =
d1

Id = doSo.

Example A.1.3. — The functor S that sends a finite ordered set E to the topological space
{(Ae)ecE € Rf | > . Ae =1} is a simplicial topological space with S, the standard simplex. The
face maps are projections to faces of the simplex and the degeneracy maps are inclusions of the
faces.

Example A.1.4. — Let X be a topological space. We can compose the preceding functor
A — Top with the functor €(—, X) of continuous functions toward X. We obtain the singular set

Sing(X) € s Sets

whose n-simplices, Sing,X, are continuous maps from the standard simplex {(to,...,tn) €
R? | >, ti =1} to X. This defines a functor

Top —> s Sets.

A.1.1.2. Reconstructing a simplicial set from its simplices. — We are going to see that one can
reconstruct a simplicial set as a gluing of its n-simplices when n varies in a canonical way.

Definition A.1.5. — For any integer n > 0 define
A, € sSets
as Hom(—, [n]).

Yoneda lemma shows that for any simplicial set X,

‘Hom(An, X)=X, \

Forn>1and 0 <7 <n —1 there is a morphism
On—1, * An — Anfl

that corresponds to the projection [n] — [n — 1] identifying ¢ and ¢ + 1. The degeneracy map
Sp—1,i : Xn—1 — X, is then given by

(11) Sn—1,4 = szl,i

that is to say it sends the n — I-simplex A,,_; — X to

On—1,i
A~ AL X

projection
There is a morphism for 0 < i < n,
6n,i : An—l — An
that corresponds to the injection [n — 1] — [n] missing ¢. One then has

(12) dn,i = 5;;,1‘

that is to say it sends the n-simplex A,, — X to

Apy O A, 5 X,

inclusion of the i-th face
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Remark A.1.6. — Equations (11) and (12) show that, in the case of simplicial sets, one can
interpret the face and degeneracy maps as “real” face and degeneracy maps after interpreting X,
as a set of “n-simplices”. The strength of the simplicial objects approach is that one can use the
intuition of algebraic topology and simplicial sets in a more general context of simplicial objects
in any category where this interpretation does not exist but the intuition remains.

Let .#x be the category whose objects are couples (F,x) where F € ObA and z € X(F), and
Hom((E,z), (E',2")) ={f : E = E'| f*a’ = x}.
This is equivalent to the category of couples (n,z) where n € N, z € X,, and
Hom((n, 2), (n',2')) = {f : [n] — [] | f*a' = ).

We note A,, — X for an object of this last category. Its morphisms are thus commutative diagrams

| 2

e
A,

via the identification Hom(A,,, A,,) = Hom([n], [m]). There is a functor

F ..y — sSets
(E,x) — Hom(—, E)

and a morphism of functors, where X is the constant functor with values X,

F=X
F(E,z) — x.

This induces an isomorphism of simplicial sets
ligl F= X
Ix

We note this as

lim A, — X
Atx

This gives a meaning to the fact that X is obtained by gluing
JIEN
Xn

when n varies using the face and degeneracy maps, like a CW complex together with its cell
decomposition. More precisely, X is the quotient of

IRIEN

n>0 X,
by the equivalence relation in the category of simplicial sets generated by
(x,0n,i(a)) ~ (dn,i(z),a) for z € X,, and a € A,,_4

and

(,0n,i(a)) ~ (sni(x),a) for x € X,, and a € Ap4q.
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A.1.1.3. Geometric realization of a simplicial set. — There is a geometric realization functor

|—| : s Sets — Top

A,—X

where |A,,| is the usual simplex in Riﬂ. This is a left adjoint functor to the singular set functor

‘Hom(|X\,T) = Hom(X, Sing(T)) ‘

Example A.1.7. — 1. The degeneracy map
|on—1il + [An] — [An_1]
of Equation (12) is given by, for (Xo,...,A,) € R’} satisfying > 1 (A = 1,
Moy s An) — Aoy e s N1, A X1, Aig2y - - o5 An).

2. The face map
‘57171'

AL — |Ay]
of Equation (11) is given by
(>\07 SERE) )\n—l) — (A07 R Ai—la 07 >\ia SERE) )\n—l)'

The topological space | X| is naturally a CW complex. More precisely, let
X:leeg =X, \ U?:_o1 hn(sn—l,i)

be the set of “non-degenerate” simplices. There is a quotient map

[TIT1Ad — Ix1.

n>0 Xy,

() = tm ([T T80 — IX1)-

n<k Xn

For k£ > 0 let

This is the k-skeleton of | X| and

X[\ [ Xleor = [ 1Ax]

deg
x ndeg
k

where
k
Agl = {(No,..., M) €RE | DN =1}
i=0
A.1.1.4. Augmented simplicial objects. —

A.1.2. Homotopies. —

A.1.2.1. Two equivalent formulations. — Let X and Y be simplicial objects in a category C. Let
f,g: X —Y

be two morphisms in sC.

Definition A.1.8. — An homotopy between f and g is the data of morphisms (A, i)n>00<i<n:
where hy,; 1 X;, — Y41, satisfying

e doho = fn

® dni1hn = gn
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hj_1d; if i < j
o dihj =< dih; 1 ifi=j
hidi_y ifi > j+1
. b, = {hjsil if i > j
hjyi1s,if i <j

This definition is justified by the following results whose proof are elementary computation (as
usual in homotopical algebra, a lot of notions come from natural notions issued from simplicial
sets and classical algebraic topology, see Remark A.1.6).

Proposition A.1.9 ([4, Proposition 3.1]). — For h = (hyi)o<i<n an homotopy between f and
g define (1y,i)o<i<nt+1 Where r, ; : X, =Y, is defined by the formula
Tn,o0 = fna Tnon+1 = Gny, Tng = dn+1,i hn,i Zf 1<e<n.
The correspondence h — r induces a bijection between homotopies between f and g and collections
of maps ry,; 1 X5, = Yy, 0 <@ <n+1 satisfying
® Tno = fn; Tnn+1 = gn
Tno1i-1dn; ifi <j
N dmi ij _ n—1,7—1 n,'z f ‘ J
Tr—1,;dn,i if i > ]
Trdl,j4+1 Sni f 0 < J
® SpiTn,j = e .
Trtl,j Sng if 12 J.

The inverse to this bijection if given by the formula

Rni = Trti,i Sni-

The preceding proposition allows us to recast the definition of an homotopy in its classical
framework of algebraic topology.

Lemma A.1.10. — Suppose that C is the category of Sets. Then, an homotopy between f and
g is the same as a morphism

h:X x Al —Y
such that the following diagram
f

X ——=

XxA] ————Y

w

g9

commutes.

A.1.2.2. The Kan extension property. —

A.1.3. Homotopy groups. —

A.1.3.1. Connected components. — Let X be a simplicial set. Consider the relation on X
generated by the relation

x~y<= 3z Xy, di(z) =z and do(z) = .

One has x ~ z and we still denote ~ for the equivalence relation generated by the preceding. We
then define

mo(X) = Xo/ ~ = coeq ( X1 =¢ Xo ).
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A.1.3.2. Homotopy groups. — Let n > 1. Define the simplicial set

6An = U (;n,i(An—l) C An

0<i<n
One has
(0AD)m = {f : [m] — [n] | f is not surjective}.
Its geometric realization is
OA,| = {(/\0,...,/\”) eRY | Y A =land3i, A = o}.
i=0

Let X be a simplicial set and fix a base point € Xy. For any n, the unique map [n] — [0] defines
a map Xo — X, that is a composite of degeneracy maps. The sphere

S™ = A, /A,

is pointed too since (S™)g has only one element. Let us note 0 this point. Let us now look at the
morphisms of pointed simplicial sets

Hom((S",0), (X, 2)).
This is identified with

{y € X, | dn,O(y) == dn,n(y) = xn—l}

where z,_1 € X,_1 is obtained from x via [n — 1] — [0]. We define a relation ~ on
Hom((S™,0), (X, x)) in the following way. For two morphisms

f9:(8",0) — (X, z)
we say that f ~ g if there exists a morphism

h:S"x A — X

such that
f
St —— " x A ——— X
w
g
and

hoxa, = .
A.1.4. The Dold-Kan correspondence. —
A.1.5. Simplicial rings. —
A.1.6. Bisimplicial sets and the Eilenberg-Zilber theorem. —

A.1.7. The Hurewicz theorem. —
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A.2. Adjoint functors, comonads and the Bar construction

A.2.1. Construction of the simplicial object. — Let C é D be a couple of adjoint
functors where F' is left adjoint to G. Let ¢
u:FoG@ — Idp

v:lde = GoF

be the natural transformations associated with the adjunction. Let us note
T=FoG

and

n:T == Idp
w:T Bg 2,

The triple (T, 7, 1) is what is called a comonad, the comonad property being the relations

Tpop = plop:T=—T3
Tnop = nlTopu=Idp:T=T.
Remark A.2.1. — If we have a diagram of functors between categories
J
A
i

with u a natural transformation, we note
Lul : LJI = LKI
the natural transformation defined by the following rule: for X € Cq,
(Lul)x = L(urx)) : L(J(I(X))) — L(K(I(X))).

Starting from such a comononad we can construct a functor
D — {augmented simplicial objects in D}

via the following rule. Let X be an object of D. For n > 0 set

X, =T""(X)
with the face and degeneracy maps
dni = TnT" 70X, — X,
Spi = TpT™ ™ X, — Xy
This is augmented toward X via
Xo 5 X.
The simplicial identities are deduced from the comonad relations. In low degree this is the following
diagram
Tzn
— Tp— n__,
T3(X) — 17— T?(X) —n—— T(X) —— X.
— T — T
T2 !
n

This is the so-called Bar construction.
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A.2.2. Contractibility and acyclicity. — One then has the following result: the augmented
simplicial object

G(X.) — G(X)
is contractible (see [4] for the different notions of contractible simplicial objects). In fact, the
augmented simplicial complex G(X,) — G(X) comes with an extra map

tn : G(Xp) — G(Xp+1)
(where we note X_1 = X and t_; : G(X) — G(Xy)) defined by the formula
G(X,) - GFG(X,) = G(Xpni1).

Let G(X)cons be now the constant simplicial object with value G(X) and face/degeneracy maps
given by the identity. There are then two maps of simplicial objects

G(Xa) T G(X)eons

where G(X,) = G(X)cons 18 given by the augmentation and the other one by

typ—10---0t_1

G(X) G(X,).

In fact, one verifies immediately that for n > —1,

d ot, =1d
(13) n+1,0 n
dn+1,i oty =1tp,_10 dn,i,1 for0<i<n+1
which implies in particular that the preceding map is a morphism of simplicial objects. Recall
now the following definition.
Definition A.2.2. — Let f,g : X — Y be two maps of simplicial objects in a category. An
homotopy between f and g is the data of maps (hn i)o<i<n, Where hy, ; : X, — Y, 11, satisfying
e doho = fu
L4 dn+1 hn = 0gn
hjfldi ifi < i
[ ] dih‘] = dihifl le :j
hjdi_l ifi>j5+1
hisi—qifi > j
[ ] Sihj = Cht J
hj+18i if 4 S j
For simplicial objects in the category of sets or in an abelian category this is the same as a
morphism X x A; — Y giving f via the inclusion X x {0} < X x A; and g¢ via the inclusion
X x {1} — X x A;. This is in fact deduced from the following proposition whose proof is a simple
computation.

Proposition A.2.3 ([4, Proposition 3.1]). — For h = (hyi)o<i<n an homotopy between f and
g define (1p,i)o<i<nt+1 where ry; : X,y — Y, is defined by the formula
Tn,o = fna Tnn+1 = Gn, Tng = dnJrl,i hn,i Zf 1<e<n.
The correspondence h — r induces a bijection between homotopies between f and g and collections
of maps ry,; : X, = Yy, 0 <@ <n+1 satisfying
L Tn,o = fn; Tnn+1 = gn
Tn1,j—10n; if1 <J
L4 dn,i Tn,j = . .
Tr—1,;dn,i if i > ]
Trdl,j+1 Sn 1 < J
® SpiTn,j =

7“”+1)j Sn,i Zf’L Z ]
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The inverse to this bijection if given by the formula

hn,i = Tn+4+1,i Sn,i-

If the ambient category is abelian such an homotopy induces an homotopy of the associated
morphisms between the (unnormalized) chain complexes:

hi=3 (1)t X — Yo
i=0

satisfies
hO+0h=f—g
where 8,, = >~ (—1)'d,; is the usual boundary map.

Remark A.2.4. — One has to be careful that in general the relation “f is homotpic to ¢” is
not an equivalence relation. This is the case if Y is a Kan simplicial set but not in general.

Remark A.2.5. — Both definitions of an homotopy, via h or r, are useful. The point of view
of h as a collection of morphisms X,, — Y,,+1 gives rise to the homotopy of the associated chain
complexes if the category is abelian. The point of view of r as a collection of morphisms X,, — Y,
is typically useful for the proof of Lemma A.2.13.

One then has the following result.

Proposition A.2.6. — One has aob=1d and bo a ~ Id (homotopic to the identity).
Proof. — The equality aob = Id is immediate. Define now for 0 < i < n, h,; : G(X,) = G(Xpn41)
as the composite

dn,o

G(Xp) 20 G(Xpy) Tty oo i) I (X i) Tt G(X)

that is to say
hni=tpoty 10 0ty j0dn 4100 0dn_100dnpo.

One verifies using Equation (13) that this satisfies the axioms of Definition A.2.2 of an homotopy
between the identity and b o a. O

As a particular case, if C is an abelian category then the chain complex associated with G(X,)
is homotopy equivalent to the zero complex. For n > 0, if

On = zn:(—nidm» (G(X,) — G(Xno1)
=0

one has, using Equation (13),
an+1tn + tn—lan =1d.

This allows us to construct plenty of canonical resolutions when the functor G is conservative.
This is summarized in the following proposition.

F
Proposition A.2.7 (Bar resolution). — Let C 7—— D be a couple of adjoint functors where
G
F is left adjoint to G. Let T = FG : D — D.

1. There is a functor

D — {augmented toward Idp simplicial objects in D}
X — [T"TN(X)—>X].
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2. The composite of this functor with G is an homotopy equivalence
G(T* (X)) — G(X)cons

where G(X)cons @5 the constant simplicial object with value G(X).

Sometimes we use the same formalism as before but in the opposite categories. In this case the
preceding structures are called monads. Let us give some examples.

Ezxample A.2.8. — If X is a topos and f : U — e is a covering of the final object of X
the couple of adjoint functors (f*, f.) defines for any # an abelian group in X an augmented
cosimplicial complex .# — %, with .%,, = (f.f*)""1.%. After applying f* to this augmented
cosimplical abelian groups in X it becomes contractible. Since f is a cover this implies that the
chain complex associated to .# — .Z, is a resolution of .%. This gives rise to the Cech cohomology
spectral sequence associated to the cover U — e.

Ezxample A.2.9. — Using the notations of the preceding example, the couple of adjoint functors
(fi, f*) gives rise to a resolution (fif*)*T1.#% — .#. When X is the topos associated to a topological
space and U is associated to an open cover of this topological space, this gives rise to the compactly
supported Cech cohomology spectral sequence.

Example A.2.10. — If X is a topological space and f : [ .yx{z} — X then the couple of
adjoint functors (f*, f.) gives rise to the Godement resolution.

Ezample A.2.11. — If A — B is a morphism of rings the couple of adjoint functors (B ® 4
—, Resp/a) gives rise for any A-module M to an augmented cosimplicial A-module M —
B®(+tD) @, M. If A — B is faithfully flat this becomes contractible after applying B ®4 —
and is thus acyclic as a chain complex. This is the standard Cech resolution of M associated to
the fpqc cover Spec(B) — Spec(A).

Example A.2.12. — With the notations of the preceding example, for any B-module M there
is an augmented simplicial B-module B®(**1) @, M — M. Since the associated restriction of
scalars functor from B to A is conservative, this is a resolution. For example, for M = B, this is
the usual Bar resolution

.-Bo,B®sB-2+Bw,B -2 B
with 9(b; ® by ® b3) = b1by ® bg — by ® babs and 9(b; ® by) = bybe that gives rise to the standard
resolution in group cohomology when we take A =7 — Z[G] = B.

We will need the following lemma later.

Lemma A.2.13. — Let f : Idp = Idp be an endomorphism of the identity functor. Then the
two maps

T*H(X) —— X
sren] [ lf
T*H(X) —— X
are homotopic maps of simplicial complexes.

Proof. — The fact that those are morphisms of simplicial objects is easy. We use the definition
of an homotopy of Proposition A.2.3. It suffices in fact to set

Tn,i _ TZf Tn+1—i

to obtain the result. O
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A.3. The cotangent complex

A.3.1. General construction. — Let A be a ring. We consider the two adjoint functors

forget
A-algebras %’ Sets

where for a set X, A[X] is the symmetric algebra on the free A-module AX) which is a polynomial
algebra. We then have a canonical polynomial resolution for any A-algebra B,

= A[A[A[B]H —— A[A[B]] %; A[B] —— B
where for by,...,b, € B distinct and P € A[Xy,...,X,,] one has
do([P([ra])]) = P(lbal,.. [ba])

dl([P([bl],...,[bn])D = [P(bi,...,bn)]
and the degeneracy map sg : A[B] — A[A[B]] is given by
So([b]): [[b]]

This is a simplicial A-algebra Pp, 4, satisfying:
e for each n > 0, P/, is a polynomial A-algebra on a set X,
e one has mo(Pp/a,.) = B and m;(Pp/a,.) = 0 for i > 0 by applying point (2) of Proposition
A.2.7 that says that the augmented simplicial set Pp,4 4 — B is contractible,
e for each n and 0 < i < n, the degeneracy morphism s,, ; satisfies s, ;(X,) C X, 41.

Definition A.3.1. — The cotangent complex L, 4 of A — B is the chain complex of B-modules
associated to the simplicial B-module

Ql

Ppjae/A®@Psja B.

We will often see it as an object of D(B), the derived category of B-modules, but nevertheless
let us remark it is well defined canonically as a complex. It is concentrated in < 0 degrees. The
natural augmentation Lp/4 — 9113 /A induces an isomorphism

HO(Lp/a) = Qp/a-

A.3.2. Definition as a derived functor. — Let us begin with a definition.
Definition A.3.2. — Let %, be a simplicial A-algebra augmented toward the A-algebra B
HBe — B.

We say that A, is a polynomial resolution of B is

mn(%Be) =0 for n > 0,

m0(%s) — B,

for all n > 0, %, is a polynomial A-algebra on a X,, C %, i.e. A[X,] == %,,
the degeneracy maps sy ; : Bn — Bnt1, 0 < i < n, satisty s,(Xpn) C Xpnt1,

Typically, Pp/s.e — B is a polynomial resolution of B. We now have the following deep result
by Quillen.

Theorem A.3.3 (Quillen [44, Chapter II-Section 4], [31, Theorem 4.17])
The category of simplicial A-algebras has the structure of a model category in the sense of
Quillen where a morphism [ : Be — Co is

~

1. a weak equivalence if for alln >0, m,(HBe) — T (Ca),

2. a fibration if the induced map Be — 7o(Bs) Xro (%) Co s surjective.
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Moreover, if B4 — B is a polynomial resolution then %Be — B is a cofibration.

We can now see the cotangent complex as derived functor i.e. a Kan extension. In fact, we
have

lim Qg /4 ®z, B—>Lp/ € D(B)
Be—B

where %, — B goes through the set of resolutions of B by simplicial A-algebras and where
the colimit is essentially constant. Here by a resolution we mean 7;(%,) = 0 if ¢ > 0 and
70(%Be) — B. The limit becomes constant as soon as %, — B is a polynomial resolution, in
which case

Qz./a @z, B—>Lp/a € D(B).

A.4. Basic properties of the cotangent complex

A.4.1. The fundamental triangle. — For A — B — C morphisms of rings we obtain the
usual exact sequence of C-modules

Qp/4 ©8C — Q4 — Qg — 0.

We are going to see that this extends to a long exact sequence and even an exact triangle in D(C').

Proposition A.4.1. — For A — B — C morphisms of rings there is an exact triangle in the
triangulated category D(C')

Lp/a ®% Leoja

—

Le/m

Proof. — Consider the polynomial resolution
Be = PB/A,- — B.

Via the projection to B and the morphism B — C|, there is a morphism of simplicial rings %, — C
where C is seen as a constant simplicial ring. Consider now the bi-simplicial ring

PC/.%.,r
Let us form its diagonal
Cg. = APC/:@.,.'
It is augmented toward C' and this is again a polynomial resolution of C' thanks to [32, Proposi-
tion 1.9-Chapter IV] (since we work with simplical abelian groups, one can use alternatively the
generalized Eilenberg-Zilber theorem, [32, Theorem 2.5-Chapter IV]). We now have a diagram of
simplicial rings
Be —— Co

A——s B ——C

where %, is a polynomial resolution of B as an A-algebra and for each n, %, is a polynomial

PBp-algebra. From this we deduce an exact sequence of simplicial @,-modules

0— Qg /4 Oz, Co — Uig, 4 — Vg5, — 0.
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In fact, for each n the morphisms A — %,, — €, are of the form A — A[X;|;c;r — A[X;,Ylicr jes
for some sets I and J. The exactness of the preceding sequence is thus immediate. We can now
apply — ®<«, C to obtain an exact sequence of simplicial C-modules

0 — Q'lgg./A ®@. C — Q}K./A ®<§. C — Qgg./gg. ®<g, C — 0
We now have
Vg, /4 ©2.C = Qg 40z, BpC
~ LB/A @HE C.
We have moreover, since %, is a polynomial resolution of C' as an A-algebra,
Q}K./A ®¢, C =~ ]LC/A~
Moreover, there is an isomorphism of €, ® 5, B-modules
)z, ©2. B — U0, 5/8

induced by the morphism of pairs (#e — €,) — (B — 6, @4, B) (the fact that this induces the
announced isomorphism after applying Q! is deduced from writing explicitly %, as a polynomial
algebra over %,,). Now,

%.@(@.B—)C

is a polynomial resolution of C' as a B-algebra. We thus have
g, )z, ©C = (%, 3, @2, B) ®6.94,5 C

— Q}&@gg,B/B ®%y0s,B C
~ LC/B- D

A.4.2. Computation via smooth resolutions. — Let %4, — B be a simplicial A-algebra
resolution such that for all n > 0, %, is a smooth A-algebra.

A.5. Infinitesimal extensions of algebras

A.5.1. The Picard groupoid of infinitesimal extensions of an algebra. — Let A — B
be a morphism of rings. Recall the following ([33, Section 18.4]). If E — B is a surjection of rings
with square zero kernel I then I is an E/I = B-module. For a given B-module M we can now
look at the extensions of commutative A-algebras of A by M, that is to say exact sequences of
A-modules

0O—M-—F—B—0

where F is an A-algebra, £ — B is a surjection of A-algebras with square zero kernel the ideal M
as a B-module. A morphism between two such extensions is given by a commutative diagram

- Lf\
-

E

0 — M B——0
where f is a morphism of A-algebras. The corresponding category
Exalg , (B, M)
is a groupoid. The group of automorphisms of any object in this groupoid is identified with

Ders (B, M) = Hompg(LLg/a, M).
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To any derivation D € Der 4 (B, M) one associated the automorphism Id +D of the extension E.
Let us note
Exalg 4 (B, M) = mg (ExalgA(B, M))

the set of automorphism classes of such extensions. The groupoid Exalg A(B, M) is functorial in
B and M. If f : B — B is a morphism of A-algebras the pull back via this morphism induces a
functor

fr :ExialgA(B,M) —>EX7a1gA(B’,M)
where the pullback by f is defined by the diagram
0 M E B’
| Lol
0 M E B

0

iie. B/ = FE xg B’'. For u: M — M’ a morphism of B-modules, it induces a functor
u, : Exalg , (B, M) — Exalg , (B, M’)
where the pushforward by u is defined

0 B 0

M E
Lo ||
M’ E' B 0

0

ie. E' = E[[,,M'. Both operations commute: there is a natural isomorphism of functors
ffu. — u.f*. We now use the language of Picard groupoids ([1, Exposé XVIII-Section 1.4]).
The preceding two fonctorialities defines a (strictly commutative) Picard groupoid structure on
Exalg , (B, M)
+
Exalg , (B, M) x Exalg , (B, M) — Exalg (B, M)
via the following rule
E+& =8A"(ExE)
where

o if £ is the extension 0 - M — E — B — 0 and &' is the extension 0 - M — E' — B — 0,
& x & is the extension

0—MxM-—ExE — BxB-—0,

e ¥ : M x M — M is the morphism (my, mg) — my + ma,
e A: B — B x B is the diagonal morphism b+ (b, b).

This is moreover equipped with a “B-linear structure”. This means that for A € B, there is a
multiplication by A functor

m : Exalg , (B, M) — Exalg , (B, M)

that is simply the pushforward via M A ML Tt s equipped with compatibilities: natural
isomorphisms
Cxp-Myomy L> my,
and
ay :m)y o+ L)—i—o(m)\ xm)\).
All those natural transformations satisfy some evident compatibility relations (that are left to the
reader) that equip Exalg A(B, M) with what we call a B-linear Picard groupoid structure.
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A.5.2. Expression in terms of the cotangent complex. — Now, there is a correspondence
M~ — MY — gp(M~' — M?)
that associated to a length 2 complex of B-modules a B-linear Picard groupoid. The objects of
gp(M~1 -2 MO) are M° and
Hom(m,m') = {n € M~ | m' = d(n) +m}.
The composition rule Hom(m, m’) x Hom(m/,m") — Hom(m,m') is given by the addition law of
M~!. The B-linear groupoid structure is simply given by the B-module structure of M?.

This correspondence gp(—)
e transforms morphisms of complexes into B-linear functors,
e sends homotopies between morphisms of complexes to B-linear natural transformations of
B-linear functors,
e is such that a morphism of complexes induces an equivalence if and only if it is a quasi-

isomorphism.
Proposition A.5.1. — There is an equivalence of B-linear Picard groupoids
gp(t<itRHomp(Lp 4, M)[1]) — Exalg , (B, M).
Proof. — Consider the surjection

m: A[B]— B
and note [ its kernel. This defines a length 2-complex of B-modules
= V(g4 ©arp B
where for z € I, §(z mod I?) = dz ® 1. Let us define a B-linear functor
gp(Homp (Y 5,4 ©@aip) B, M) — Homp(I/I?, M)) — Exalg , (B, M).
For this let us look at the extension
(14) 0 — I/I* — A[B]/I? — B — 0.
Pushforward of this extension via a morphism I/I? — M defines a map
Ob (gp(Homp (Y54 @ap) B, M) — Homp(I/I?,M))) — Ob (Exalg , (B, M)).
This map extends to a functor in the following way. The Equation (14) fits into a bigger diagram

0 /12 A[B]/I> — B —— 0

|

Qypy/a ®arp B

where for x € A[B], f(z mod I?) = dz® 1. If ¢ is the upper extension of B by I/I?, f induces an
isomorphism of extensions of B by Qz[B]/A ®a[B) B,
0 = d.e

where 0 is the trivial extension, de dual numbers B[I/I?]. Now, if u : I/I? — M and v :
9114[ B4 ©A[B] B — M, we have a canonically defined isomorphism

0 — v.0.6 — (v0).e.
Thus, for u : I/I?> — M, there is an isomorphism

UsE — UsE + 0 — Upe + V.06 — (u + v6).€.
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This defines our functor
gp(Homp (Y 5,4 ©@ap) B, M) — Homp(I/I?, M)) — Exalg , (B, M).

For the essential surjectivity, given an extension of B by M, «, the choice of a set-theoretical
section of £ — B defines a morphism g as in the following diagram

A[B]
.V lﬁ
E B
Now, g|; defines a B-linear morphism u = (g); mod I%) : I/I*> — M. One verifies immediately
that ¢ modulo I? defines an isomorphism.

0 M 0.

UrE — Q.
For the full faithfulness we have to verify the two following points:
1. ker (HomB(Q}L‘[B]/A ®arp) B, M) — Homp(I/I?, M)) — Aut(0),
2. use ~ 0 if and only if u factorizes through 4.
Point (1) is an immediate consequence of the usual exact sequence
I/1? 25 QL g @ am) B — Q0 — 0.

For point (2), this is simply that in the diagram

0 1/12 A[B]/12 —— B——0
‘ //3/?
K
M

there exists an A-derivation A[B]/I?> — M making the diagram commute if and only if there exists
a B-linear map making the following diagram commute

)
I/IQ4>Q}4[B]/A®A[B]B QlB/A 0

It remains to prove that
[Homp (/4 ©ai5) B, M) — Homp(1/1%, M)] ~ <1 RHomp(Lp/4, M)

in D(B). For this let us look at the truncated simplicial augmented A-algebra
o
PP — P —"— B.
01
Since it is a resolution, Im(dy — 01) = I. The B-linear morphism

Q})l/A ®P1 B—>QIPO/A ®POB

sends dz ® 1 to ddpz @ 1 — dd1x ® 1 = d(Jp — 01)(x) ® 1. Moreover, z > (Jy — d1)(z) mod I? is
an A-derivation from P; to I/I?; this is a consequence of the formula

Vo,y € P, 0o(2)(90(y) — 01(y)) + 01(y)(0o(x) — O1(x)) = do(wy) — O1(wy).
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From this we deduce a morphism of complexes

—2 2] -1
]LB/A ]LB/A L%/A

| | H

$
0 — I1/I? —— Qi‘[B]/A ®a[B] B-
In fact, one verifies by an explicit computation that the composite ]L;? a ]L;} a1/ 2 is zero.
We thus have a surjective B-linear morphism
v H_,;;}A/Ima — I/T%.

This is in fact an isomorphism. We are going to construct an explicit inverse y. For this let = € 1.
Write © = 9p(y) — 01 (y) with y € P, and set

wr)=dy®1eL™'/Ima.

This is well defined since if x = 9y(y’) — d1(y’) then y — 3y’ € kerd and thus y — ¢’ = 9z with
z € Py (where here 0 = 0y — 01 + 02 is the usual boundary map from P, to P;). We thus have
dy®1—dy ®1 € Imd. Let s : Py — P be the degeneracy morphism. Recall that we have
dos = Id and 915 = Id. Let now x € Py, y € I and write y = 9(z) with z € P;. We have

w(zy) = d(s(x)z) ® 1 mod Imd.
But now,
d(s(x)z) =s(x)dz®@ 1+ zd( s(z) )®1
~—

cker 9
and thus €Im 0

=dz @ m(z) mod Ima.
We thus have a factorization as a B-linear morphism
w:I/I* — L7'/Imo.
It is immediate that p and v are inverse to each other. At the end we have constructed a quasi-
isomorphism
m>_1Lpa — [I/17 R Qapy/a ©ars) B =
Corollary A.5.2. — There is a canonical isomorphism of B-modules for any B-module M,

Extp(Lp/a, M) — Exalg 4 (B, M).

A.6. Deformation theory

We now have all the tools to do some deformation theory.

Theorem A.6.1. — Let A — B be a morphism of rings. Let A" — A be a surjection with square
zero kernel I. Suppose given a B-module N and a morphism of A-modules I — N. Consider the
category of couples (B’ u)

0 N B’ B 0
0 I Al A 0

where B’ is a ring, B’ — B is a surjection with square zero kernel N and u is a morphism of
rings.

1. This category is a groupoid.

2. There is an obstruction in ExtQB (Lp/a, N) so that this groupoid is non-empty.
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8. If this is non-empty then its isomorphism classes, the wy of this groupoid, is a torsor under
Extp(Lp/a,N).

4. The automorphism group of any object is identified with EXt%(]LB/A, N).

Proof. — We only verify point (3), the other assertions being more elementary. The extension &,
0—1— A" — A — 0, has its isomorphism class that is an element

le] € Exty(Layz, 1)
The pushforward v.e of € by v : I — N has an isomorphism class that is
v.[e] € Exth (Layz, N).
Our groupoid is non-empty if and only if
v.[e] € Im (Extp(Lp/z, N) — Exty(La/z,N) ).

We now use the exact triangle

Lasz ®45 B Lp/z

BN

Lp/a
to deduce that the obstruction we are looking for is
A(v«[e])
where
Exth(Lp/z, N) — Exth(Lasz @5 B, N) -2 Ext%(Lg,a, V).
This prove point (3). O

Corollary A.6.2. — If A’ — A is a surjection with square zero kernel I and B is a flat A-algebra
there is an obstruction in

Exty(Lp/a,I ®4 B)
to lift B to a flat A’-algebra.
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