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ON LINEARISED AND ELLIPTIC VERSIONS OF THE
KASHIWARA-VERGNE LIE ALGEBRA

ABSTRACT. The goal of this article is to define a linearized or depth-graded
version [ftv, and a closely related elliptic version frv.;;, of the Kashiwara-
Vergne Lie algebra frv originally constructed by Alekseev and Torossian as
the space of solutions to the linearized Kashiwara-Vergne problem. We show
how the elliptic Lie algebra frv.;; is related to earlier constructions of elliptic
versions grt.;; and 0s.;; of the Grothendieck-Teichmiiller Lie algebra grt and the
double shuffle Lie algebra s respectively. Based on the known relationships
between the three Lie algebra grt, 0s and frv, we discuss the corresponding
relationships between the linearized versions, and also between the elliptic
versions.

CONTENTS

Introduction
Statements of main results
Special types of derivations of lies
Definition of the Kashiwara-Vergne Lie algebra €t
The Grothendieck-Teichmiiller Lie algebra grt and the double shuffle
Lie algebra 0s
Results on the linearized Kashiwara-Vergne Lie algebra [Erv
The elliptic Grothendieck-Teichmiiller Lie algebra grt,; and the
elliptic double shuffle Lie algebra 0s¢;;
Results on the elliptic Kashiwara-Vergne Lie algebra rog;
Reformulation of the definition of £rv and definition of the linearized
Lie algebra [Erv
The first defining condition of £rv: specialness
The second defining condition of frv: divergence
The linearized Kashiwara-Vergne Lie algebra [£rp
Mould theory
Moulds and various operators
The map ma
Ari bracket
The special mould pal and Ecalle’s fundamental identity
Push-invariance and the first defining relation of [Ero
Circ-neutrality and the second defining relation of [t
The inclusion [s < frvo (Theorem 1.11)
The elliptic Kashiwara-Vergne Lie algebra frv.y;
Definition of the elliptic Kashiwara-Vergne Lie algebra trv.;

Date: January 11, 2026.

DD W W N

-

10
11

13
13
13
17
18
18
20
23
25
27
29
36
39
39



2 HIDEKAZU FURUSHO, NAO KOMIYAMA, ELISE RAPHAEL, AND LEILA SCHNEPS

4.1.1. Dari bracket 39
4.1.2. Lie algebra structure on trv.y; (Theorem 1.16) 42
4.2. The map tro — fro.; (Theorem 1.18) 44
4.2.1. Step 1: The twisted space Wiy 46
4.2.2. Step 2: The mould version ma(Wey) 48
4.2.3. Step 3: Construction of the map = 49
4.2.4. Step 4: Composing with A. 57
4.3. Relations with elliptic Grothendieck-Teichmiiller and double shuffle

Lie algebras (Theorem 1.20) 57
Appendix A. Proof of Lemma 4.24 59
References 66

0. INTRODUCTION

This article studies two Lie algebras closely related to the Kashiwara-Vergne Lie
algebra frv defined in [AT]: firstly, a depth-graded (or “linearized”) version [fro,
and secondly, an elliptic version £rv.;;. The results are motivated by the comparison
of trv with two other Lie algebras familiar from the theory of multiple zeta values:
the Grothendieck-Teichmiiller Lie algebra grt and the double shuffle Lie algebra
0s. Our definition of [rv is an analog of the definition of the depth-graded (or
linearized) double shuffle Lie algebra [s, whose structure has given rise to many
results and conjectures, in particular the famous Broadhurst-Kreimer conjecture.
Our definition of trv.y; is an analog of the definition of the elliptic double shuffle
Lie algebra sy (cf. [S3]), which itself is related on the one hand to ls and on
the other to the elliptic Grothendieck-Teichmiiller Lie algebra grt,;. We explore
all the relations between these different objects. The main observation is that the
spaces [Etv and €ro.y; are defined by identical sets of properties, only applied to a
different class of objects. This situation, which exactly parallels the case of 0s and
05¢1, reveals a close and surprising relationship between the depth-graded and the
elliptic versions of the Lie algebras 0s and trb, which remains invisible without the
use of mould theory as a basic tool.

Like grt and 0s, the Lie algebra trv is equipped with a depth filtration; we write
gr for the associated graded. We show that in analogy with the known injective
map gros — Is, there is an injective map gr ttv < [evo (Proposition 1.9). We
also show that there is an injective Lie algebra homomorphism [s < [trv (Theorem
1.11), and that the parts of these spaces of depths d = 1,2, 3 are isomorphic for
all weights n (Corollary 1.14), which yields the dimensions of the bigraded parts
of Itrv (and also grtrv) of depths 1,2,3 in all weights, since these dimensions are
well-known for [s.

Passing to the elliptic situation, we define the elliptic version rv.;; as a subspace
of derivations of the free Lie algebra on two generators, and prove that it is closed
under the Lie bracket of derivations (Theorem 1.16). We also define an injective
Lie algebra homomorphism fto < £rv.; (in Theorem 1.18) under the hypothetical
isomorphism (113) in analogy with the section map grt — grt,; ([E1l]) and the
mould-theoretic double shuffle map 95 — sy ([S3]). Finally, although we were not
able to prove the existence of an injection grt,;; — frv.;, we define a Lie subalgebra



grt,, C get,y; such that the following diagram commutes (Theorem 1.20)

(1) grtC 05C te
évttellC Dﬁe”C Et’jell

Here the inclusion grt < s is given in [F2] and 05 < frv is given in [S1] ! and see
§1.6 below for other details. The main technique used for the constructions in this
article is the mould theory developed by J. Ecalle, to which we review in §3.

Structure of the article. §1 presents the principal results of this work. In §2,
we reformulate the defining conditions of frv, which lead to the first definition of
[tvo and analyze the inclusion grfrv < [erv (Proposition 1.9). The next section,
§3, gives a brief introduction to mould theory and a translation of the defining
conditions of [rv into that language, and uses mould theory to prove s — [Etp
(Theorem 1.11). Finally, the Lie algebra structure on grt,; (Theorems 1.16), the
inclusion tro < €rvey; (Theorem 1.18) and the commutativity of the above diagram
(1) (Theorem 1.20) are given in the three subsections of §4. Appendix A furnishes
a long proof of Lemma 4.24, a requisite step in establishing Theorem 1.18.

Acknowledgements. This article combines a fount of knowledge gathered mainly
from work of J. Ecalle, B. Enriquez and A. Alekseev. We are grateful to all three
for numerous helpful and interesting conversations. H.F. has been supported by
JSPS KAKENHI Grants 24K00520 and 24K21510. N.K. has been supported by
grants JSPS KAKENHI JP23KJ1420.

1. STATEMENTS OF MAIN RESULTS

This section provides explicit statements of the main results concerning both the
linearized and elliptic versions of the Kashiwara-Vergne Lie algebra.

1.1. Special types of derivations of lie;. Let lies denote the degree completion
of the free Lie algebra over Q on non-commutative variables  and y. The Lie
algebra lies has a weight grading by the degree (=weight) of the polynomials, and
a depth grading by the y-degree (=depth) of the polynomials. We write (lies),, for
the graded part of weight n, (lieg)” for the graded part of depth r, and (liey)! for
the intersection, which is finite-dimensional.

All the Lie algebras we will study in this article (the well-known ones frv, grt
and 0s as well as the linearized [s, and the spaces [frv and €rv.;; that we introduce)
can be viewed either as Lie subalgebras of particular subalgebras of the derivations
of lies, equipped with the bracket of derivations, or as subspaces of lies equipped
with particular Lie brackets coming from the Lie bracket of derivations. Both ways
of considering our spaces are natural and useful, and we go back and forth between
them as convenient for our proofs.

Let der, denote the algebra of derivations on lies. It is a Lie algebra under the
Lie bracket given by the commutator of derivations. For a,b € liea, we write Dy ,

IThe latter inclusion was initially contingent on an assumption, the validity for the senary
relation (110) for ARI(Fser)ai/il, originally asserted in [Ec2] without a detailed proof (cf. [FK2]).
However, recent work in [EF2,Ka, S4] has unconditionally validated its validity.
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for the derivation defined by = + b and y — a. The bracket is explicitly given by

(2) [Db.a: Dy ar] = Dy 5
with
(3) b=Dyo(t) — Dy (b), = Dyala’) — Dy o (a).

o Let 0dery denote the Lie subalgebra of dety of derivations D = Dy, , that annihilate
the bracket [z, y] and such that neither D(z) nor D(y) have a linear term in z. The
map o0dety — lieg given by D +— D(z) is injective (see Corollary 4.9).

e Let toery denote the Lie subalgebra of devs of tangential derivations, which are
the derivations E, ; for elements a, b € lies such that a has no linear term in  and
b has no linear term in y, such that

Ea,b(l') = [x,a], Ea,b(y) = [y,b]
The Lie bracket is explicitly given by
(4) [Ea,b7 Ea’,b/] = E&j
where

(5) a= [a, a’} + Ea,b(a’) - Ea/,b/(a), l~) = [b, b/] + Ea,b(b/> — Ea’,b’(b)~

Let tOetéz) be the Lie subalgebra of tders consisting of tangential derivations
annihilating x, i.e. those of the form

dp = Epp.
The derivation dp is defined by its values on x and y

The Lie bracket on tbetgm) is given by [dy, dy] = dyp 1y, where {b,b'} is the Poisson
(or Thara) bracket given by

(7) {b, b/} = [b, b/] + db(b/) —dy (),
i.e. the second term of (5).
o Let 5Detgx) be the Lie subalgebra of tbetgm) consisting of derivations D € tdery
such that
D(z) =0, D(y) =y, b], D(z) =[]
with z = —z — y for some b, ¢ € lies.

e Similarly we define tbetéy) to be the Lie subalgebra of tders consisting of tangential

derivations annihilating y, i.e. those of the form Ej . The Lie bracket is given by
(8) [Eb,(), Eb’,O] = E{b,b’}",o with {b, b/}o = {bl, b}

This relation follows from the identities Ep ¢ + dp = ad(b) and (5), since we have
[b,0] + Epo(b') — Ey o(b) = [/, b] — dp(b') + dp (b) = {V', b}.

o Let 5aetéy) be the Lie subalgebra of taetéy) consisting of derivations D € tdety
such that D(z) = [z,a], D(y) = 0, D(z) = [z, ¢] for some a,c € lies.

o Let 5Detéz) denote the Lie subalgebra of toers consisting of derivations such that

Ea,b(z) = 7[‘%)&] - [yab] = 0.



‘We compute
[Eaps B v ](2) = Eop([7,0'] — Eor ([, 0])
= [[z,al,a'] + [z, Ea(a)] — [z, 0], a] — [z, Ear v (a)]
= [z, Eqp(a) — Eo y(a) + [a,a']]
and similarly
[Eabs Ear w)(y) = [Y5 Eap(V) — Ear pr (b) + [b,0']],
so the bracket of two derivations E, ; and E, p is given by Eq» v with

(9) a” = anb(a/) — Ealyb/ (a) + [CI,, a/], b” = Ea_’b(bl) — Ea/,b’(b) + [b7 b/]

We have the following diagram showing the connections between these subspaces:

(10) 00etoC———— Dety

~ toetry

) (z)

— 50et,

s0ety

Remark 1.1. The correspondence Dy, — E_,; induces a linear space isomor-
phism

(11) it 0Dty =3 sOeTS),

but this isomorphism is not compatible with the Lie algebra structures.

Let v be the automorphism defined by

(12) viz)=z=—z—y, vy)=yv.
Lemma 1.2. Conjugation by v induces an isomorphism of Lie algebras
(13) svers” 5 sverl”)

Eqp = dypy-

Proof. Recall that E, ;, € sbetgz) maps = +— [r,a] and y — [y, b], and d,) € sbetéz)

is the Thara derivation defined by z — 0, y — [y, v(b)].

Let us first show that d, ) is the conjugate of E,p by v, i.e. dyp) =voE,pov
(since v is an involution). It is enough to show they agree on z and y, so we compute
voE,pov(r)=voE,p(z) =0=dy,m(x)

and
voEupov(y) =voE.(y) =rv(lyb]) = [y, v(b)] = dye)(y)-
This shows that v o E,p o v is indeed equal to d,;). To show that d, ) lies in
sbet;w), we check that d,)(z) is a bracket of z with another element of liey:
dyy(2) =voEapov(z) =voEuy(x) =v([z,a]) = [z,v(a)].
The same argument goes the other way to show that conjugation by v maps an

element of 5Det§x) to an element of 5Det§2), which yields the isomorphism (13) as
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linear spaces. To see that it is also an isomorphism of Lie algebras, it suffices to
note that conjugation by v preserves the Lie bracket of derivations in dets, i.e.

vo[Di,Dslov=[voDjov,voDyov,

since v is an involution. Since the Lie brackets on 50et§z) and 5Detéw) are just

restrictions to those subspaces of the Lie bracket on the space of all derivations,
conjugation by v carries one to the other. O

1.2. Definition of the Kashiwara-Vergne Lie algebra #tv. The free associative
algebra Ass, = Q((z, y)) on non-commutative generators x,y (i.e. the ring of formal
power series in = and y) is the completion with respect to the degree of the universal
enveloping algebra of the free Lie algebra lie; on  and y.

Definition 1.3. (1). The trace linear space tra (cf. [AT]) is defined to be the
quotient of Assy by the equivalence relation given between words in z and y by
w ~ w' if w’ can be obtained from w by a cyclic permutation of the letters of the
word w, and extended linearly to polynomials. The natural projection is denoted

tr : Assy — tro.

For any polynomial f € Assy with constant term ¢, we can decompose f in two
ways as

(14) f=c+ for+ fyy=c+af*+yf?

for uniquely determined polynomials fz, fy, f*, f¥ in Asss.
(2). The divergence map is given by

toer, — ftro

div : u==FEq.p, — tr(azx+byy).

Definition 1.4. The Kashiwara-Vergne Lie algebra trvs is defined to be the sub-
space of 50 etgz) of derivations E, ; such that there exists a one-variable power series

h(z) € Q[z] of degree > 2 such that
(15) div(Eq) = tr(h(z +y) — h(z) — h(y)).

This definition comes from [AT], where it was shown that froy is actually a
Lie subalgebra of 5Detéz). This Lie algebra inherits a weight-grading from that of
lieg, for which E,; is of weight n if b (and thus also a) is a Lie polynomial of
homogeneous degree n. In particular, the weight 1 part of £rvs is spanned by the
single element u = E, ;, and the weight 2 part is zero. In this article, we do not
consider the weight 1 part of frvy. For convenience, we set tto = @, >3(frdy),,

where (frvs),, denotes the weight graded part of tros of weight n. We have
troy = (brvy), & tro = Q[E, ;] & tro.

Because the other Lie algebras in the literature that are most often compared with
the Kashiwara-Vergne Lie algebra have no weight 1 or weight 2 parts, it makes most
sense to compare them with trv. Thus it is v that we study for the remainder of
this article.

The Lie algebra frv also inherits a depth filtration from the depth grading on
lieg, for which E,; is of depth r if r is the smallest number of y’s occurring in
any monomial of b. We write grfrv for the completed associated graded for this
depth filtration, so that gr trv is a Lie algebra that is bigraded for the weight and
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the depth; we write gr] €rv for the part of weight n and depth r. Essentially, an
element of gr trv is a derivation Ej ; € sbetgz) where a, b are the lowest-depth parts
(i.e. the parts of lowest y-degree) of elements a,b € lies such that E,; € trv. If b is

of homogeneous y-degree r, then a is of homogeneous y-degree r + 1.
Example 1.5. The smallest element of £t is in weight 3 and is given by E, ; with
a= Hxvy]vy]v b= [*T7 [x,y]]

Since @ = a and b = b, this is also equal to E;; € grtev. The next smallest element
of trv is in weight 5, and the depth-graded part F ; is given by

a= [z [z [z, 9] = 2 @y, [z9]], b=z [z [z 2]

By application of mould theory, £rv is identified with the subspace ARI(Fer)aitsen/circconst
of moulds given in (112) via the isomorphism (38), (115) and (121).

1.3. The Grothendieck-Teichmiiller Lie algebra grt and the double shuflle
Lie algebra 0s. Recall that the Grothendieck-Teichmiiller Lie algebra grt is the
space of polynomials b € lies satisfying the famous pentagon relation, equipped with
the Poisson bracket (7). This algebra was first introduced by Y. Ihara in [I], with
three defining relations, as a particular derivation algebra of lies (via the association
b+ dp as in (6)); it was subsequently shown that the pentagonal relation implies
the other two in [F1].

Recall also that the double shuffle Lie algebra ds is the space of polynomials
b € liey satisfying a particular set of conditions on the coefficients called the stuffie
relations, studied in the first place by Racinet (cf. [R]), who gave a quite difficult
proof that 0s is also a Lie algebra under the Poisson bracket (7). This proof was
later somewhat streamlined in the appendix of [F2]. Another proof with a different
approach, identifying the space as a stabilizer was given in [EF1]. Putting together
basic elements from Ecalle’s mould theory, particularly with the identification of
05 with ARI(Fuer)arya (cf. [S2]), also yields a completely different and very simple
proof of this result ([SS]).

There is a commutative triangle of injective Lie algebra homomorphisms:

(16) e s

\

tro

The existence of the injection grt — 0s was proven in [F1]; it is given by b(z,y) —
b(x, —y). The existence of the injection grt — €rv was proven in [AT]; it is given by
b(x,y) — b(z,y) where z = —x — y. Finally, the existence of the injection from s
to trv which is given by b(x,y) — b(z, —y) was proven in [S1] under the assumption
of the senary relation and which was subsequently validated through independent
proofs in [S4] and [EF2] (see footnote 1). We add that these morphisms respect the
weight gradings and depth filtrations on all three spaces.

1.4. Results on the linearized Kashiwara-Vergne Lie algebra [ftv. For i >
1, set C; = ad(x)*~!(y) for i > 1, and let liec denote the degree completion of the
Lie algebra freely generated over Q by C4,Cs,.... By Lazard elimination, liec is
free on the C; and

(17) lieo ~ Q- z & liec.
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Thus, Lazard elimination shows that every polynomial b € lies having no linear
term in x can be written uniquely as a Lie polynomial in the C;.

Definition 1.6. Let the push-operator be defined on monomials in z,y by

(18) push(z®yxy .- yx®) = 2 yx®y - yax® L.

The push is considered to act trivially on constants and powers of ™, so we can
extend it to all of Assy by linearity. Any element b € Asss is said to be

e push-invariant if push(b) = b, and

o push-neutral if b” + push(b”) + - - - + push”(b") = 0 for all r > 1, where b" denotes
the depth r part of b. Finally, we say that b is

o circ-neutral if bY is push-neutral in depths r > 1 when writing b = ¢ + xb® + ybY
(ce Q).

Our [fry is constructed by the push operator.

Definition 1.7. The linearized Kashiwara-Vergne Lie algebra lErv is the space of
elements b € liec of degree > 3 such that

(i) b is push-invariant, and

(ii) b is circ-neutral.

Our first result is that [Eco forms a bigraded Lie algebra.

Proposition 1.8. The space lErv is bigraded by weight and depth, and forms a Lie
algebra under the Poisson bracket defined in (7).

It is proved in §3.6. We note that it is also proved in [FK1] Remark 2.18 and
Theorem 2.23 that the depth > 1-part of lkrv forms a Lie algebra.

In §2, we show how we derive the definition of [ftv via a reformulation of the
defining properties of £rv, in the sense that the defining properties of [tb are merely
truncations of the two reformulated defining properties of £tvo to their lowest-depth
parts. The reformulation suffices to prove the following result on [£tv, whose proof
is given in the end of §2.3.

Proposition 1.9. There is an injective Lie algebra morphism
gr tro — [fro.
We speculate that these two spaces are in fact isomorphic.

In using this type of definition for [frv, we are following the analogous situation
of the well-known double shuffle Lie algebra 0s and the associated linearized double
shuffle space 5. 2

Definition 1.10 ([Br]). The linearized double shuffle Lie algebra ls is the bigraded
linear space, actually shown to be bigraded Lie algebra under the bracket (7),
defined as the set of Lie polynomials f € lies of weight n > 3 such that the
polynomial f,y, rewritten in the variables y,, = "'y for n > 1, is an element of
the free Lie algebra on the y;. One also adds the extra assumption that if f is of
depth 1, then it is of odd weight.

2It is shown in [M] that it is also isomorphic to the linear dual of Goncharov’s dihedral Lie
coalgebra [G1].



The above additional assumption is not needed for [frv as it follows from the
push-invariance condition in the definition. By its very construction, there is an
injective Lie algebra homomorphism

(19) gros — s,

and it is speculated that these two spaces are isomorphic, but like for [Etv, this is
still an open question.

The injective Lie algebra morphism (16) from 0s to frv yields a corresponding
bigraded injective map:

(20) gr s ——— gr tro

Our next result shows that there is a Lie algebra map on the generalized spaces
spaces [s and [trv (without any recourse to Ecalle’s theorem).

Theorem 1.11. There is a bigraded Lie algebra injection on linearized spaces
(21) [s — [tro.
For alln >3 and r =1,2,3, the map is an isomorphism of the bigraded parts
ls; ~ [fro] .

Via the isomorphisms
(22) ma : Is = ARI(Fer)al/al
given in Lemma 3.44 and

ma : lEro = ARI(Fscr)al4push/cireneut
constructed in (78), the proof of the theorem reduces to establishing an inclusion
ARI(Fser)at/at = ARI(Fser)at+push/circneut

as formalized in Theorem 3.45.

Remark 1.12. If the isomorphisms s ~ grds and [ftv ~ gr€rv hold, then the
map in Theorem 1.11 is the same as the map (20). Without those speculations, we
can only say that the Lie algebra injection (21) should extend the map (20), fitting
into a commutative diagram

(23) gr 05— grtro

[sC—— (o,

Remark 1.13. We note that in [FK1], the Lie algebra [tro(T") is constructed for
any finite abelian group I', thereby extending the definition of [Erp In particular,
when T is trivial this construction coincides with [rv for depths greater than 1
(cf. [FK1, Remark 2.18]). Moreover, Propositions 1.8 and 1.9 and Theorem 1.11
for (tro(I) were established in [FK1].

Adding a variety of known results in the depth 2 and depth 3 situations to this
result, we obtain the following corollary.
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Corollary 1.14. The following spaces are isomorphic for n >3 and r =1,2,3:
griget =~ gryos ~ gry o ~ [s) ~ [fro; .

In particular, all of these spaces are zero when r =1 or 3 and n is even, or when
r =2 andn is odd.

Proof. The dimensions of the spaces gr} grt, gr;,0s and Is;, in depths are known to
be equal to each other in depths r < 3 ([R], [G2]). Indeed more is known than
merely the dimensions:

e the spaces grlgrt, grlos and [5,1L are all 0 when n is even and 1-dimensional
generated by ad(z)"~*(y) when n is odd;

the spaces gr2grt, gr2ds and [5721 are all 0 when n is odd and spanned by the double
Poisson brackets {ad(z)?~1(y), ad(x)?~*(y)} for odd p,q < 3 with p + ¢ = n when
n is even;

e the spaces grigrt, gr3ds and [ﬁi are all 0 when n even and spanned by the
triple brackets {ad(z)?~1(y), {ad(z)9"(y), ad(x)*~1(y)}} with odd p,q,s > 3 and
P+ g+ s =n when n is odd.

(Note that the proof for » = 3 and odd n is much more difficult than the proof
for r = 2, and was discovered by Goncharov [G2]; as for the case r > 4, the
analogous result is known to be false.) By Theorem 1.11, we see that [fvo] ~ [s
for = 1,2,3 Finally, since it is known that grt injects into fro (cf. [AT]), we
have a corresponding injection gr] grt < gr; £rv, so by Proposition 1.9, shows that
grrteo is sandwiched between gr” get and lErv],, which are equal for » = 1,2, 3. This
concludes the proof. O

We speculate that lEev] ~ [s] for all n,r, and calculations up to about n = 15
bear this speculation out, but we were not able to prove the isomorphism for any
other cases, not even the special case n # r mod 2, where it is well-known that
griget = grios = Is; = 0 (cf. [IKZ], [Br] for classical proofs, or [S2] for the
exposition of Ecalle’s mould-theoretic proof).

1.5. The elliptic Grothendieck-Teichmiiller Lie algebra grt,; and the el-
liptic double shuffle Lie algebra 0s.;. In two independent articles, H. T'suno-
gai [Ts] and B. Enriquez [E1] defined a Lie algebra that Enriquez calls the elliptic
Grothendieck- Teichmiiller Lie algebra grt,;;, based on the idea that just as Ihara
had defined grt as the algebra of derivations on lies (identified with the braid Lie
algebra on four strands) that extend to a particular type of derivation on the braid
Lie algebra on five strands, grt,; is the Lie algebra of derivations on lies (now iden-
tified with the genus one braid Lie algebra on two strands) that extend to a very
particular type of derivation of the genus one braid Lie algebra on three strands.
The construction of grt,;; shows that it is a Lie subalgebra of oders, and that there
is a canonical surjection

(24) s:get,; — grt.

Let t.; denote the kernel. Enriquez [E1] showed that there also exists a Lie algebra
morphism

(25) v gt — gty
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that is a section of (24), i.e. such that yos = id on grt. Thus, there is a semi-direct
product isomorphism
(26) gty = e xy(grt).

While an elliptic version 0s; of the double shuffle Lie algebra ds was constructed
in [S3] using mould theory as A(ARI, ﬁ* GJ) (cf. Definition 4.12), which induces an
inclusion

(27) [5 < 05y

by definition and (22) and it is shown there that like grt,;;, 9s.y; is a Lie subalgebra
of odery, and that there is an injective Lie algebra homomorphism

(28) 108 — 05y
that makes the diagram
(29) grtC 0s
| |
grtey 0501
00¢ety .
commutative.

1.6. Results on the elliptic Kashiwara-Vergne Lie algebra ttv.;. Our def-
inition of elliptic Kashiwara-Vergne Lie algebra is based on that of the linearized
Lie algebra [frv, differing only from Definition 1.7 by the denominator appearing in
(30), which makes it impossible to express it directly in terms of Lie elements like
Definition 1.7.

Definition 1.15. The elliptic Kashiwara-Vergne linear space €rv.y; is spanned by
the elements b € liec such that when writing the depth r part B"(uq,...,u,) of
ma(b) € ARI(Fser) (see (45)) and setting

1

30 B (u1,...,u,) = B (uy,. .., u),
(30) [, o) 1= e S B )

we have

(i) BT is push-invariant for r > 1; i.e.
(31) M (ug,uny ooy tp—1) = M (U1, ..., ur)
holds for M" = B” where ug = —uy — -+ — u,, and

(ii) swap(By)" (cf. Definition 3.3) is circ-neutral up to addition of a constant
C" € Q for r > 1; that is,
(32) MT(’Ul, s 7’07") +MT(U27' < 7UT7U1) +oee +MT(U7’7U17' < 71)7“—1) =0
holds for M" = swap(B,)" + C".

Its mould theoretical reformulation is given as A(ARI(Frau)5) +push*cimneut) in

Definition 4.6. The first main result on ftv.;; is of course that it is a bigraded Lie

algebra, but this comes from an injective map from frv.;; into odevs rather than

into sderl™ as for .
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Theorem 1.16. (i) The space troyy is bigraded for the weight and the depth.

(ii) For each b € trv,y, there exists a unique polynomial a € liec, called the partner
of b, such that Dy o € 00et,.

(i1i) The image of the injective linear map b — Dy, is a Lie subalgebra of odevy;
in other words vy is a Lie algebra under the Lie bracket

(33) (b,b") = Dy o (V') — Dy o/ (b)
coming from the bracket of derivations as in (2) and (3).

This theorem is proven in §4.1.

The following is an analogue of the map (27) which will be key to the comparison
between [frv and €rv.y;, and to the proof that [Erv is a Lie algebra.

Proposition 1.17. There is an injective linear map

[Ero — tro;
b(x,y) = [z, b(x, [z,y])].
In fact, this linear map is actually a Lie algebra homomorphism.

This claim is proven in §4.1 as Corollary 4.14.

Our second main result on frv,;; is an analog of the existence of v and 4 in the
diagram (29).

Theorem 1.18. Assume the isomorphism in (113). Then we obtain an injective
Lie algebra morphism
tro — froy

This theorem will be proven in §4.2.

Based on the known injective Lie algebra homomorphisms getc——s 05— £t
evoked in §1.3 above, we believe that there are corresponding injective Lie algebra
homomorphisms between the elliptic versions of these Lie algebras. However, we
were not able to prove that grt,; as defined in [E1] injects into 0sey or trve;. To
circumvent this difficulty, we define a Lie subalgebra the” C grt,;, conjecturally
isomorphic to grt,;;, as follows.

Definition 1.19. For n > 0, let do,, € 00ety denote the derivation of lies defined
by

San(2) = ad(2)*"(y), G2n([z,y]) = 0.
Let b be the Lie subalgebra of odety generated by the doy,.

Enriquez showed in [E1] that da,, € te; for n > 0, so b is a Lie subalgebra of ..
Let B denote the Lie ideal generated by b C t.; under the semi-direct action of
~(grt) on tey of (26). We set

(34) grt,; = Bxy(grt).

Our third main result on rv.; relates all these maps via a commutative diagram.
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Theorem 1.20. We have the following commutative diagram of injective Lie al-
gebra homomorphisms:

(35) gric 05C 144
é\{telc\\asflc Ett)ell
00ets.

The theorem will be proven in §4.3.

2. REFORMULATION OF THE DEFINITION OF ftv AND DEFINITION OF THE
LINEARIZED LIE ALGEBRA [Erv

In this section, we give a convenient reformulation of the defining conditions
of £rv given in Definition 1.4, which leads to a simple definition of the linearized
version [frv that passes easily into the language of moulds which will be essential
for our subsequent proofs in §3 and §4.

2.1. The first defining condition of ftv: specialness. The first of the two
defining conditions of frv is that v lies in sbetéz)7 i.e. elements of frv are special
tangential derivations having the form E,;, with E,,(z) = [z,a], Euu(y) = [y, ]
and [z, a] + [y, b] = 0.

The following equivalent formulations of the property of specialness as properties
of the polynomial b were given in [S1].

Proposition 2.1 ([S1, Theorem 2.1]). Let b € liec be homogeneous with degree
n > 1; write

b=byx+ byy = ab” + yb¥.
Then the following are equivalent:

(i) There exists a unique element a € liec such that [z, a] + [y,b] = 0;
(#) b is push-invariant;
(iii) by = bY.

Proof. The claim when n > 3 can be proven as follows: The equivalent between (i)
and (ii) is given in [S1, Theorem 2.1], where it is also shown that (ii) is equivalent
to the antipalindrome for b,. By [S1, (2.1)], we see that it is equivalent to (iii). The
case for n = 1,2 can be proved by a direct computation. ([l

Thanks to this proposition, we can now reformulate the first defining condition
of v as follows: the pair of polynomials a, b € liec satisfies [z, a] + [y, b] = 0 if and
only if b is push-invariant and « is its partner.

2.2. The second defining condition of trv: divergence. We now consider the
second defining condition of frv, the divergence condition. Because £rv is weight-
graded, we may restrict attention to derivations F, ; of homogeneous weight n, i.e.
such that a and b are Lie polynomials of homogeneous degree n > 3. The second
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defining condition (15) then simplifies to the existence of a constant ¢ € Q such
that

tr(za, + yby) = c tr((x +y)" — 2" —y") in tro.

Let us reformulate this as a condition only on b, just as we did for the first
defining condition. Since a € lies, its trace is zero and thus tr(za,) = tr(a,z) =
—tr(ayy) = —tr(yay), so

tr(zaz + yby) = tr(yby — yay).
Since E,p € soer(®), we have [z, a] = [b,y]. Expanding this in terms of the decom-
positions of a and b, we obtain
Tazx + xayy — xa"x — ya¥r = by + yb¥y — ybyox — ybyy,

from which we deduce that a, = b* and a¥ = b,. Thus

tr(yby — yay) = tr(yb, — yb*) = tr(y(by — bw))

From Proposition 2.1, we have b, = 0¥, so now, using the circularity of the trace,
the divergence condition can be reformulated as

tr((0Y —b")y) =ctr((x+y)" — 2" +y").

We use this to express it as a condition directly on bY — b* as follows, using the
push-operator defined in (18).

Definition 2.2. A polynomial b € Asss of homogeneous weight n > 1 is said to
be push-constant for the value ¢ € Q if b does not contain the monomial y™ and for
each 0 < r < n, writing b" for the depth r part of b, we have

-
Zpushi(br) =c Zw
=0 w
where the sum in the right-hand factor is over all monomials of weight n and depth
r (for push, see (18)). Equivalently, b is push-constant for the value c¢ if it does not
contain y™ and for all monomials w # ™ with depth r and weight n, we have

> () =c

vEPush(w)

where (blv) denotes the coefficient of the monomial v in b, and Push(w) is the
list (with possible repetitions) [w,push(w),...,push”(w)]. The monomial z" is
said to be push-constant for its own coefficient. If b is push-constant for the value
¢ = (bla™), then we say that b is strictly push-constant. If ¢ = 0, then b is said to
be push-neutral (cf. Definition 1.6).

Example 2.3. The simplest example of a push-constant polynomial is obtained by
separating the full set of words of given degree n and depth d into push-orbits, taking
one representative w from each push-orbit, and summing over the lists Push(w).
For example when n =5 and d = 2, the full list of words is given by the 10 words

{2y, 2Pyay, 2y x, zyx’y, wyzyz, vy z?, yaly, yoiyr, yrya®, P2t}
the push-orbits are given by

{2?y?, y2?y, y?2?}, {2Pyzy, yolyz, xy?a®}, {2y, yoya®, zya’y}, {zyzya},
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the Push-lists are the same as the orbits except in the case of xyzyxr where the
Push(zyzyx) = [zyzyz, vyryz, zyxyx] three times, and the polynomial b is thus
given by

b= :cByQ —|—nyxy+o:2y2x+:zry3:2y+3xyxyx —|—xy2z2 +yx3y +yo:2yx +yxy;1:2 +y2:v3,

which is push-constant for the value ¢ = 3. Note that since (b|z®) = 0, this
polynomial is not strictly push-constant.

Interesting strictly push-constant polynomials can be obtained from elements
1 € grt by writing ¢ = x¢¥® 4+ yy¥ and taking b = Y. In this way we obtain
for example the degree 4 polynomial b which is strictly push-constant for the value
c= (blz?) = 1

9 1 11 9
b=zt + 323y — §m2ya: - §x2y2 + ?xyxz + 2zxyry + §xy2x + daxy® — 2ya®
1

11
— iyzjy — ?ya:ya: — 6yxy2 + 2y2a:2 + 4y2xy — y?’a:.

The following proposition shows that the divergence condition comes down to

requiring that bY — b* be push-constant.

Proposition 2.4 ([S1]). Let b € Asss be a push-invariant Lie polynomial of ho-
mogeneous degree n. Then b satisfies the divergence condition

tr((bY = b%)y) = ¢ tr((x +y)t—a" - y”)

if and only if bY — b® is push-constant for the value nc. Furthermore, if this is the
case then

1
36 = —(b]z" " y).
(36) c=(b]a"y)
The following proof originates from the arguments given in [S1, Section 3].

Proof. Let w be a monomial of degree n and depth r» > 1, and let C, denote the list
of words obtained from w by cyclically permuting the letters, so that C,, contains
exactly n words (with possible repetitions). Let C¥ denote the list obtained from
C\ by removing all words ending in z, so that C¥ contains exactly r words. Write
CY = [u1y,-..,ury]. Then we have the equality of lists

[, ..., uy] = Push(uy).

Let ¢,, = tr(w), i.e. ¢, is the equivalence class of w, which is the set of the words
in the list Cy,, without repetitions: thus C,, is nothing other than n/|c,| copies of
cw- The divergence condition

tr((0Y — b")y) = ctr((z+y)" — ™ —y")

translates as the following family of conditions for one word in each equivalence
class ¢,,:

(37) > (0 = byl v) = clewl,

where each side is the coefficient of the class ¢, in the trace, i.e. the sum of the
coeflicients of the words in ¢, in the original polynomial.
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If r > 1, we can choose a word uy € C,, that starts in y. Then from (37), the
divergence condition on b implies that

¢= |w| 2 (@ =5ylv)

VECy
== Z v )y |v)
UGCU,
== Z v )y |v)
UECy
1 /
== > (=)
n
u’ € Push(u)

This is exactly the definition of Y — b* being push-constant for the value nc.
If r = 1, then w is of depth 1, |¢,,| = n and 2" 1y is the only word in ¢,, ending
in y. Thus (37) comes down to

((by -y | x”_ly) = nc.

But since b is a Lie polynomial, we have (b|z") = (b*|z"~1) = 0, so using b¥ = b,
(by Proposition 2.1), we also have

(O =6y |a""ty) = (B = b7 [2"7") = (B]a" ")

= (byla" ™) = (byylz""1y) = (02" ),

which proves that nc = (b|z"~1y) as desired. Note that this condition means that
if b has no depth 1 part, then ¥ — b” is push-neutral. (I

We now have a new way of expressing trv, which is much easier to translate into
the mould language.

Definition 2.5 (cf. [S1, Theorem 1.2]). Let Vi, be the completion of the linear
space spanned by polynomials b € lieg of homogeneous degree n > 3 such that

(i) b is push-invariant, and
(ii) bY — b® is push-constant for the value (b|z"1y),
equipped with the Lie bracket
{60} = [0,0'] + Eap (V') — Ear 1 ()
where a and @’ are the (unique) partners of b and b’ respectively.

Indeed, since Propositions 2.1 and 2.4 show that

teo 5 Vi
(38) E,p — b

is an isomorphism of linear spaces (shown in [S1, Theorem 1.2]) and frv is known

to be a Lie subalgebra of 5Det(z) the bracket on Vi, is inherited directly from this
and makes Vi, into a Lie algebra (cf. [S1, Theorem 1.2]).
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2.3. The linearized Kashiwara-Vergne Lie algebra [frv. Using the above iso-
morphism of v with the linear space Vi, given by E,, +— b, let us now consider
the depth-graded versions of the defining conditions of Vi, i.e. determine what
these conditions say about the lowest-depth parts of elements b € Viy,. The push-
invariance is a depth-graded condition, so it restricts to the statement that the
lowest depth part of b is still push-invariant; in particular, by Proposition 2.1 it
admits of a unique partner a € liec such that [z,a] + [y,b] = 0, i.e. such that the
associated derivation E,j lies in sbetéz).

In the second condition, if b is of degree n and depth ~ = 1 and b' denotes the
lowest-depth part of b, then (b*)Y = 2"~ !, so the push-constance condition on b is
empty since (b1)Y = (blz"~ty)z"~ L. If r > 1, however, then (b|z" 1y) = 0 and so
the push-constance condition on b¥ — b” is actually push-neutrality, which implies
the push-neutrality of (b")¥ alone, since (b)Y is the only part of the expression
b¥Y — b® of minimal depth r — 1.

These observations lead directly to the definition of the linearized version [€rv
of the Kashiwara-Vergne Lie algebra given in Definition 1.7 above, and that by
definition it is bigraded by weight and depth. The statement of Proposition 1.8,
that [frv is a Lie algebra under the bracket coming from the bracket of derivations

in sders”, namely

(39) {b, b/} = [b, b/] + Ea,b(b/) — Ea/7b/(b),

will be proved at the end of §4.1. Up to this fact, the proof of Proposition 1.9 now
follows trivially from the equivalences above.

Proof of Proposition 1.9 assuming Proposition 1.8.> The defining properties
of the associated graded grfrv are properties satisfied by the the lowest-depth
parts of elements of ttv. We identify frv with Vi, and use the version of its
defining properties expressed in Definition 2.5. Since both the properties of being
a Lie element and being push-invariant respect the depth, the same properties are
satisfied by elements of gr trv. For the divergence, the argument in the paragraph
preceding this proof shows that it implies no condition on the lowest-depth part
if the depth is 1, and it implies the push-neutrality of the lowest-depth part if
the depth is > 1. We do not know if this property along with being Lie and push-
invariant, which together define [frp, are all that is implied on the lowest-depth part
of an element of rv by its defining properties, but we certainly know that they all
hold for the lowest-depth part, and therefore we obtain the desired inclusion of
linear spaces

gr tro — [fro.

We now show that this inclusion is a Lie algebra homomorphism. The space gr(trv)
is equipped with the Lie bracket inherited from the Lie bracket on frv, which is
itself inherited from sdet(®) since €rv is a Lie subalgebra of sdet(*); this is the
bracket given explicitly in (39). Now suppose that B, B’ € trv (more precisely,
the derivations E4 p and E4/ g/ are in fro, where A and A’ denote the uniquely
determined partners of B and B’ such that E4 p(z) = Ea/,p/(2) =0). Let b,V be
the lowest-depth part of B and B’, of depths r and s respectively, and let a and o
denote the lowest-depth parts of A and A’, which are also the partners of b and ',
in the sense that E, ;(z) = Eq 1 (2) = 0. Since E, p(x) = [z, a] and E, 4(y) = [y, b],

3Proposition 1.8 will be proven in Proposition 3.42.
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this means that [z, a] + [y,b] = 0, so a must be of depth r 4+ 1, and ¢’ must be of
depth s + 1.

Now, the lowest depth part of [E4 g, Ear p/] necessarily arises from restricting
the bracket to the lowest-depth parts of A, B, A’, B, i.e. from the expression

(40) [ba b/] + Ea,b(b/) - Ea’,b’ (b)

The term [b,'] is of homogeneous depth r + s. However, the term E, ;(b'), is
obtained by replacing each of the s y’s of each monomial ¥ by [y, b], giving terms
of depth s + r, and each x of ¥’ by [z,a], giving terms of depth s + r + 1 since
a is of depth r + 1. Similarly, E, ;/(b) contains both terms of depth s + r, from
replacing each y in b by [y, V'], and terms of depth s+ r + 1, from replacing each x
in b by [z,a’]. Thus, to get the lowest depth part of (40), we must ignore the terms
coming from replacing z in b’ by [z, a] and replacing  in b by [z,a’]. This comes
down to applying the derivation dj to b’ (the Thara derivation mapping z — 0 and
y — [y,b]), and similarly applying dy to b. So the lowest-depth part of (40) is
actually given by

(41) [b,b'] + dy (V) — dur (b),

which is precisely the bracket on sdet(®), and corresponds in mould terms to the ari
bracket. Since [tv is a Lie algebra equipped with this bracket by Proposition 1.8,
this shows that the linear map gr(ftv) — [rv is actually an injective Lie algebra
morphism. O

Remark 2.6. No examples of elements of [frv that are not truncations to lowest
depth of elements of trv are known. It would be interesting to try to prove the
equality of [trv with gr frv by starting with a polynomial [ftv of depth r > 1 and
finding a way to construct a depth by depth lifting to an element of frv.

3. MOULD THEORY

In this section, we recall the language of Ecalle’s moulds theory and reformulate
the defining conditions of [frv in this language. We end the section with the proof
of Theorem 1.11 and its corollary in terms of moulds. We hope that this section
and the next one, which explores the elliptic version of trv, will illustrate the way
in which moulds are powerful tools in this context.

3.1. Moulds and various operators. We recall the definitions of moulds and
various operators which are employed in this article.

Let F = Up,»0Fm denote a family of functions (see [FHK] for a precise defini-
tion). In this article, unless otherwise specified, all statements are formulated for a
general family of functions F. However, for practical purposes, it suffices to keep
the following specific cases in mind:

L4 ]:pol = Um}O]:pol,m with ]:pol,m = Q[uh cee 7um]7
L4 ]:rat = Um}O]:ramm with ]:ramm = Q(ula v 7um)7
o Feer = u7n20]:ser,'m with ]:ser,m = Q[[Ula ce 7umH7
® Frau = Um>0Fraum With Fraum = Q((u1, ..., %)) which is the quotient

field of Fger,m.-

The notion of moulds was introduced by J. Ecalle in [Ecl]. However this article
adopts the formulation in [S1].
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Definition 3.1. A mould valued in a family of function F = U,>¢F; is a collection
A= (AT(ul, ... ’uT))r>0 where each component A" (uq,us, ..., u,) belongs to F,.
The set M(F) of all moulds valued in F forms a Q-linear space under component-
wise addition and scalar multiplication. We denote by ARI(F) the linear subspace
consisting of all moulds with A = 0 € 7. We say that a mould A is concentrated
in depth r if A® =0 for all s # r, and we let ARI(F)" C ARI(F) be the subspace
of moulds concentrated in depth . Thus ARI(F) =[], ARI(F)".

For later use, we list several operations on M (F) below:

Definition 3.2 ([Ec2, (2.4)—(2.11)]). For any mould M = (M™(uy,...,Un))m in

M(F), the following Q-linear operators are defined componentwise *:
pari(M)(u1, ..., um) = (=1)"M(ut, ..., un),
mantar(M)™(u1, ..., Upm) = (=) M™ (U, . .. ,u1),
push(M)™(ug, ... Um) = M (—u1 — -+ — Uy Uty -« oy Un—1)s
cire(M)™(u1, ..., Um) = M™ (U, U1y - oy Un—1),
neg(M)™(u1, .. tm) = M™(—u1, ..., —Um),
teru(M)™ (w1, ..y Upm) = M™ (U1, ..., Up)
+ i {Mm_l(ul, e U2y U1 U) — M™ (g, ,um,g,um,l)} .

For convenience, we also introduce M(F) (resp. ARI(F)), which is a copy
of M(F) (resp. ARI(F)). However, to distinguish between these two, we use the
parameters v1, va, . . . instead of uy, ug, ... in M(F) and ARI(F). We now introduce
Ecalle’s important swap operator on moulds.

Definition 3.3. The operator swap : M(F) — M(F) is defined by
swap(B)(vi,...,vp) = B(vp,Up_1 — Up, ..., 01 — U2)

for B € M(F). The inverse operator mapping M (F) to M(F) (which we also
denote by swap, as the context is clear according to whether swap is acting on a
mould in M(F) or one in M(F)) is given by

swap(C)(uy, ..., up) = Clug + -+ tUp,ug + -+ F Up_1,...,U1)
for C € M(F). Thus it makes sense to write swap o swap = id.

We also need to consider an important symmetry on moulds, based on the shuffle
operator on tuples of commutative variables, which is defined by

Sh((u1, ‘e ,ui)(ui+1, “e ,ur)) = {(uaa(l), “e ,ugﬂ(r)) |O' S S:‘},

where S¢ is the subset of permutations o € S, such that o(1) < --- < o(i) and
o(i+1) < - <ao(r).

Definition 3.4. A mould A € ARI(F) is alternal if in each depth r > 2 we have
r
r = <i < |=].
Z A"(w)=0 for 1_@_[2}

WESh((w, st ) (Wit 1,500, Ur))

4n [Ec2], the operation circ is denoted by pus. However, to avoid confusion with push, we
adopt the notation circ throughout this paper.
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By convention, the alternality condition is void in depth 1, i.e. all depth 1 moulds
are considered to be alternal.

Example 3.5. In depth 4, there are two alternality conditions, given by
A(ula Uz, U3, U4) + A(U‘Qa Ui, us, ’LL4) + A(U’Qa us, u1, ’LL4) + A(“‘Qa us, U4, ul) =0
A(ur, ug, us, ug) + A(us, uy, ug, us) + A(us, ug, ur, uz) + A(ur, us, ug, ug)

+ A(u17u37u4;u2) + A<u37u17u45u2) =0

Definition 3.6. (1). We write ARI(F)4 for the linear subspace of ARI(F) con-
sisting of alternal moulds.
(2). Let ARI(F)qai/a denote the linear space of moulds that are alternal and

have alternal swap and following Ecalle’s notation [Ec2], let ARI(F)gi/a denote
the linear subspace of ARI(F)4i/q of moulds that are even in depth 1.

(3). Let ARI(F)aixar denote the linear space of moulds that are alternal and
whose swap are alternal up to addition of constant-valued moulds. Following [S2],
we denote by ARI(F)gi+a the linear subspace of ARI(F)qixq moulds that are even
functions in depth 1. °

Example 3.7. An example of a mould in ARI,j.q; is the mould where A is the
concentrated {ujuouz(u; + ug + u3)} ~tA(u1, uz, uz) in depth 3 with
3 L5y 3 1oy 1 3

1 1 1 1
A(uq, ug,us) = fiuiqu + FU1Us — JULU + iu%ug + FULUs — uau3 — Ju2u;

2 Lo o 1 2
—Eulugu;g + éuluzug — Eulugug,.
It is easy to check that A=!(A) is alternal, but its swap is not alternal unless one
adds on the constant %

3.2. The map ma. Let Assy be the degree-completed free associative algebra on
x,y. It forms a (topological) noncommutative co-commutative Hopf algebra whose
coproduct is given by A(z) = z®1+1®z and A(y) = y®1+1Ry. Let e : Assas — Q
be the map taking the coefficient of z. Define

(42) Assg = {w € Assy | (e®id) o A(w) = 0}.

Lemma 3.8. (i). The subspace Assg constitutes a Hopf subalgebra of Asss.

(ii). Let Assc = Q((C)) = Q((C4,Cy,...)) be the degree-completion of the free
non-commutative polynomial algebra on variables C; = adfc_l(y) fori>1, for the
degree given by degC; = i. Then we have a natural identification of Hopf algebras:

(43) Assl ~ Assc.

(iii). The algebra Asss admits the following decomposition as completed tensor
products:
Assy = Q[[z]]&Ass),

Proof. The above claims follow from [FHK, Lemma 46] and [FHK, Proposition
47). O

5We use the notation ART P,/ p, for the linear space of moulds having property P and whose
swaps have property P». We also use a slightly more general notation ARIp, ,p, to denote the
space of moulds having property P; and whose swap has property P» up to adding on a constant-
valued mould.
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Remark 3.9. We consider Cy, .. 4,_,.q, € Assy defined by
C - { adm(cal,m,arfl,ar*l) (a’T > 2)7
QAlyeeeyQpr—1,07p Cal,...,llrfl . y (ar = 1)7

for r > 1 and ay,...,a, > 1. By definition, the set {C,
1} U {1} forms a linear basis of Assc.

|T217a17"'aa’r2

1yeesyQr

From now on, we regard Assc as a Hopf subalgebra of Assy. Let
(44) liec = lieg N Assc

where we regard Assc as a subspace of Ass, under the identification (43). By [FHK,
Proposition 47], it is identified with the depth > 1-part of lies. This identification
induces the decomposition (17) and through which we establish that this is free
generated by C; with ¢ > 1 by Lazard elimination (cf. [Bb]).

Lemma 3.10. (i). Forr,n > 1, let Assg’") denote the (finite-dimensional) sub-
space of Assc spanned by elements corresponding to monomials Cg, - -+ Cq, with
ai + --- + a, = n under the identification (43), and let M(Fuer)™™ denote the
subspace of M(Fser) ¢ consisting of polynomial moulds of degree n —r concentrated
in depth r. The map

Ass™ 5 M(Faer) ™™

— —1 r—1
Cay -+ Cap V> (=1)"Tuf* ™" -

(45) ma :

is a linear space isomorphism.
(ii). Let [ie((;’n) = liez N Assg’n). For each r > 1, the map ma restricts to a
(finite-dimensional) linear space isomorphism

ma : Giel™ = ARI(Fer)7™.

al
with ARI(fser)fz?n) = ARI (Fuer)ar N M(Fuer) ™).
The above maps yield the following isomorphisms of linear spaces
ma :Assc — M(Faer)s
ma :liec = ARI(Fuer)al-

Example 3.11. The mould ma(Cs) = ma([z, [z, y]]) is the mould concentrated in

depth 1 given by w?. Similarly, ma(CoC; — C1C2) = ma([[z,y],y]) is the mould

concentrated in depth 2 given by (—1)3"2(ulu) — uful) = us — uy.

Lemma 3.12. Denote mi := swap o ma. Then the map mi : Assc — M(Fyer) is

bijective, and its restriction (a1,...,a. > 1 witha; +---+a, =n)

Assg’n) — M(Fuer) ™™

_1\n—r,a1—1,a2—1 a.—1
Ca’lxaQ:"'7a'r' '_>< 1) Uy V.21 V1

(46) mi

is a linear isomorphism.

Proof. We prove (46) by induction on r > 1. When r = 1, the claim is obvious.
Assume that we have (46) for r < m, that is, we have

ma(Cayaz,eooa, (UL -y s) = Frs (1)U ™ (g +up) ™7 (ug ooy

6We may choose instead M(Fpol)-
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for r < m and s > 0. When r = m + 1, by Leibnitz rule, we have

am41—1
a 1 — 1 X L
Carrtmtmer = D (m*. )aduc@,...,am)ad;mﬂ =i(y)

- (2
=0

a1l g 1
2 : m—+1 —
< ) )Calv“-vam—l»G'M-%—i C‘lm+1_i'

=0

Applying the map ma to both sides, we get

ma(Cal,...,am,am_'_l)(Ul, . 7“5)
a7n+1—1 a 1
+1 =
= Z ( m ; )ma(0a17~..1am17am+i) X ma(cam+1—i)(ul7 ceey Us)
1=0
Amp1—1 a 1
= (5m+1,s Z ( er; )ma(cal,“.,am1,am+i)(u1, . 7'u,m) . ma(cam+17i)(um+1)
=0

am41—1 a 1
= §m+1,s Z ( m+% )(1)a1+~~.+am+zmu¢f1—1 (Ul 4. +um_1)am7171
=0 L
: (u1 +---+ um)a”"+i71 . (,1)am+17i71u¢71nnj:117171

_ 6m+1,s<_1)a1+m+am+l_(m+1)u(11171(Ul 4 u2)a2—1 . (Ul N um)am—l

am+171

Z a 1 — 1 a1 —i—1

. < i >(u1 o )
(3

=0

= 5m+175(_1)a1+~~+am+1—(m+1)u1111—1(ul Fug)®2 e (ug A Uy
Applying the map swap to both sides, we have

Mi(Cay,....amamsr)(V1s -+ 05 V)

= swap o ma(Cay,....ap,ami1) (V15 Vs)

_ a1+ +amie1—(m+1), a1—1, as—1 am41—1
- 5m+1,s(_1) ! +1=( )Urnl+1 Umz .. "Ulm .

So we obtain (46) for » = m + 1. Hence, we finish the proof. O

Definition 3.13. Let 8 denote the backwards writing operator on words in z,y,
meaning that S(m) is obtained from a word m by writing it from right to left. The
operator B extends to polynomials by linearity.

Remark 3.14. By (43), the map ma in (45) can be regarded as
ma(b)(uy,...,u.) = Z koul* (ur +u2)® -+ (ug 4 -+ - + up)®

a=(0,a1,...,ar)

forr>0and b e Ass% with

b= Z Z kox®yx® - .. yaor.

r>0a=(aop,...,ar)

So by Definition 3.3, we have

swap(ma(b))(vy,...,v.) = Z kquitog? - v,

a=(0.a1,..,07)
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3.3. Ari bracket. We explain the Lie bracket ari on ARI(F) and explain how it
is related with the bracket {.,.} of (7).

We begin by introducing the standard mould multiplication that Ecalle denotes
mau.

Definition 3.15. Let F be a family of functions. For moulds A, B in M(F), we
define the multiplication

mu(A, B)(uy,...,ur) = ZA(ul, coo i) B(wig, o, up).
i=0

By mu, M(F) forms a Q-algebra. The associated Lie bracket lu in ARI(F) is
defined by

lu(A, B) = mu(A, B) — mu(B, A).
We write ARI(F);,, for ARI(F) viewed as a Lie algebra for the lu-bracket.

The identical formulas yield a multiplication and Lie algebra (also called mu and
lu) on ARI(F).

Remark 3.16. If f and g are power series in Assc and A = ma(f), B = ma(g)
in M(Fser), then mu is a mould translation of the usual non-commutative multi-
plication, and lu the usual Lie bracket:

mu(A, B) = ma(fg), lu(A, B) =ma([f,g]).
In order to define Ecalle’s ari-bracket, we first introduce three derivations of

ARI(F);,, associated to a given mould A € ARI(F). It is non-trivial to prove that
these operators are actually derivations (cf. [S2, Prop. 2.2.1]).

Definition 3.17 ([Ec2, §2.2]). Let F be a family of functions. Let B € ARI(F).
Then the derivation amit(B) of ARI(F);, is given by

(amit(B)-A)(ul,...,u,n) = Z A(ul,...,ui,ui+1—|—~--+uj+1,uj+2,...,ur)B(ui_,_l,...,uj),
0<i<g<r

and the derivation anit(B) is given by

(anit(B)-A)(ur, ..., u,) = Z Alur, -ty Ui A, Uiy, - te) B(Uig, - ).
0<i<j<r

We also have corresponding derivations amit(B) and anit(B) of ARI(F)y, for
B € ARI(F), given by the formulas

(amit(B)-A)(vl,...,vr) = Z A(vl,...,vi,vj+1,...,UT)B(U¢+1—vj+1,...,vj—vj_,_l),
0<i<g<r

(am't(B)-A) (v1,...,0p) = Z A(vi, .., 05,0541, -, 0r) B(Up1 —0s, .., 0;—0;).
0<i<j<r

Finally, Ecalle defines the derivation arit(B) on ARI(F);, by
arit(B) = amit(B) — anit(B),

and the ari-bracket on ARI(F) by

(47) ari(A, B) = arit(B) - A — arit(A) - B+ lu(A, B),

as well as the derivation arit on ARI(F);, and the bracket ari on ARI(F) by the
same formulas with overlines.
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Proposition 3.18. Let F be a family of functions. Then we have the following:
(1). The linear space ARI(F) forms a Lie algebra under the ari-bracket (47).
(2). The linear subspace ARI(F)q forms a Lie subalgebra of ARI(F).

(3). The linear subspace ARI(F)q1/a1 forms a Lie subalgebra of ARI(F).
(4). The linear subspace ARI(F)aisai forms a Lie subalgebra of ARI(F).

Proof. The proof of claim (1) is given in [S2], although the proof of the key formula
(2.2.10) looks unprovided therein. A complete proof, together with an extended
version of the claim, is given in [FK1, Proposition 1.14]. The claim (2) (resp. (3)) is
first proven in [SS, Appendix A] (resp. [S2, Theorem 2.5.6]), while its generalization
is systematically developed in [FK1, Proposition 1.15 (resp. Proposition 1.24)]. The
claim (4) can be deduced from the claim (3). O

Remark 3.19. The definitions of amit, anit, arit and ari are generalizations to
all moulds of familiar derivations of Assc. Indeed, if f,g € Assc and A = ma(f),
B = ma(g) in M(Fger), then

amit(B) - A= ma(Dlg(f))
where D; is defined by « — 0, y — gy,
anit(B) - A = ma(D;(f))
where Dy is defined by z — 0, y — yg, and thus
arit(B) - A = ma(—dy(f)
where dg is the Ihara derivation z — 0, y — [y, g] (see (6)), and

(48) ari(A, B) = ma([f, 9] + ds(9) — dy(f)) = ma({f.g})-

corresponds to the Thara or Poisson Lie bracket (7) on liec. (See [S2], Corollary
3.3.4).

Lemma 3.20. The map b— —Ey o induces a Lie algebra isomorphism
(49) iy : (lee, {,}) = e
Proof. Bijectivity is clear. By (8), we have
[=Ev0, —Ev 0] = —Epy,0
which shows that i, is a Lie algebra homomorphism. ([

Denote Assc,>1 to be the subspace of Assc which is the depth > 1-part of
Assc, that is,
Assgc = Q1o ASSC7 >1-
Note that the space Assc, >1 is generated by {Cy, ---Cq,. | ¥ > 1,a41,...,a, > 1}.

Lemma 3.21. The map ma induces the Lie algebra isomorphism:
ma :(Assc, >1,{,}) = (ARI(Feer), ari),
ma :(lieg, {, }) = (ARI(Fser)al, a11).
Proof. This follows from the above arguments and Lemma 3.10. O

Definition 3.22. Let F be a family of functions. We denote by GARI(F) the set
of all moulds A in M(F) with constant term 1, that is, A° = 1 € F. Similarly, we
introduce GARI(F) which is a copy of GARI(F).
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To introduce an operator ganit, we prepare the following notations: Set v =
(v1,...,v,), and let Wy, denote the set of decompositions dy of v into chunks

(50) dv = a1b1 e asbs

for s > 1, where with the possible exception of by, the a; and b; are non-empty.

Thus for instance, when r = 2 there are two decompositions in W, namely a; =

(v1,v2) and a;by = (v1)(v2), and when r = 3 there are four decompositions, three

for s = 1: a; = (v1,v2,v3), a1b; = (v1,v2)(v3), a;by = (v1)(v2,v3), and one for

s=2: a1b132 = (’Ul)(’Ug)(Ug).

Definition 3.23 ([Ec2, §2.2]). For any mould @ € GARI(F), we define an opera-

tion ganit(Q) given by

(51)  (ganit(Q) - P)(v) = > Q(b1)---Q(|bs) P(ay ---ay),
ajbi--rasbseW,,

where if b; is the chunk (vg, vgi1,...,Vk41), then we use the notation
(52) Lbl = (’Uk — Vk—1yVk+1 — Vk—1y++ .3 V4] — ’Uk_l).

We note that in [Ko, Theorem 3.7] it is shown that ganit(Q) is an automorphism
of the Lie algebra ARI(F)i,.

3.4. The special mould pal and Ecalle’s fundamental identity. We are now
ready to introduce the fundamental identity of Ecalle in Remark 3.27, which is the
key to the proof of Theorem 1.18 given in §4.2.

Definition 3.24. Let constants ¢, € Q, r > 1, be defined by setting f(z) = 1—e~*
and expanding f.(z) = >, c,x" T where f.(x) is the infinitesimal generator of
f(x), defined by

d
J(@) = (eap(f.() 7)) -=.
Let
lopil € ARI(Flan)zm
be the mould defined by lopil(vi) = —i and for r > 2 by the simple expression
, vif -t
(53) lopil(vy, ..., v.) = ¢ Y FTAS oy Frap—— P
Set

pil = expo(lopil) € GARI(Frau)
where exp,; denotes the exponential map associated to the pre-Lie law prear:
given by
preari(A, B) = arit(B) - A+ mu(A,B)  on ARI(F),

and set
pal = swap(pil) € GARI (Fran)-

The mould lopil is easily seen to be both alternal and circ-neutral (see Definition
3.33 and Example 3.34). Tt is also known (although surprisingly difficult to show)
that the mould

lopal = logari(pal) € ARI(Fran)
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is alternal (cf. [Ec3, §4], or [S2, Chap. 4]). Thus the moulds pil and pal are both
exponentials of alternal moulds; this is called being symmetral. The inverses of pal
in GARI(FLau) and pil in GARI(FLau) are given by

invpal = expari(—lopal),  invpil = exp - (—lopil).

Remark 3.25. The key maps we will be using in our proof are the adjoint operators
associated to pal and pil, given by

(54) Adgari(pal) = exp(adari(lopal)),  Ade(pil) = exp(adg(lopil)),
where ady(P) - Q = ari(P, Q). The inverses of these adjoint actions are given by
(55)  Adgri(invpal) = ea:p(admi(—lopal)), Ad—(invpil) = exp(adf(—lopil)).

ari art
These adjoint actions produce remarkable transformations of certain mould prop-
erties into others, and form the heart of much of Ecalle’s theory of multizeta values.

To discuss the fundamental identity, we prepare the following two moulds.

Definition 3.26. Let pic € GARI(FLay) be the mould defined by
1

p'lC('U:[7 . 7UT) = ﬁ
Similarly let poc € GARI(Frau) be the mould defined by
-1

(56) poC(’Ul,-.-,U'P) = ’1)1(7)1 —’UQ)"'(’UTfl —’U»,‘).

Remark 3.27. Ecalle’s fundamental identity ” relates the two adjoint actions of
(54). Valid for all push-invariant moulds R, it is given by

(57) swap - Adgri(pal) - R = ganit(pic) - Ad=(pil) - swap(R).
Since it is shown
(58) ganit(pic)~! = ganit(poc)
as automorphisms of ARI(Fpay)1 in the proof of [B, Lemma 4.37], we can rewrite
the above identity (57) as
ganit(poc) - swap - Adgyri(pal) - R = Ad—(pil) - swap(R).
Letting N = Adgri(pal) - R, i.e. R = Adgi(invpal) - N, we further rewrite it in

terms of N as

(59) Ad—(invpil) - ganit(poc) - swap(N) = swap - Adgi(invpal) - N,

art

which is valid whenever R = Adg,;(invpal) - N is push-invariant. This identity will
be used later in the proof of Proposition 4.21.

"This identity, indicated in a personal communication by Ecalle, follows from the first funda-
mental identity given in (2.62) of [Ec2] (see also (2.8.4) of [S2]). The complete statement and
proof is given in [S2] Theorem 4.5.2; the proof relies among other things on a basic fact of mould
theory stated by Ecalle and used constantly in the mould literature, namely that the operator
ganit(pic) transforms alternal moulds in ARI(F) to alternil moulds. A full proof of this fact was
not written down until the recent article [Ko] by N. Komiyama, see Corollary 3.25.
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3.5. Push-invariance and the first defining relation of [ttv. We show how to
reformulate the first defining property of elements of [frv in terms of moulds.

Definition 3.28. A mould B € ARI(F) is said to be push-invariant if
push (B) = B.
We denote the subset of push-invariant moulds in ARI(F) by ARI(F)push.-

Proposition 3.29. Let F be a family of functions. The subspace ARI(F)push
forms a Lie subalgebra of ARI(F) under the ari-bracket.

Proof. A complete demonstration of this result, along with its generalization to
broader cases, is presented in [FK1, Proposition 1.28]. (]

Then the following proposition shows that this notion is precisely the translation
into mould terms of the property of push-invariance for a Lie polynomial given in
Definition 1.6 above.

Proposition 3.30. Define
Ass}gfszhl = {b € Assc,>1 | push(b) = b}.
Then the map ma induces an isomorphism of linear spaces

ma : Ass’gf‘; 5 ARI(Fuer)push-

Whence Assg“h forms a Lie algebra under the bracket {,} and we have a Lie
algebra isomorphism

ma : (AsstiZ, {}) 5 (AR (Fuer)push ari).-

Proof. By Lemma 3.21, it is enough to show that b € Assc, > is push-invariant if
and only if ma(b) is a push-invariant mould, i.e. push(ma(b)) = ma(b).

Let b € Assc,>1 with depth 1. We only prove the case b = C, 41 for a > 0.
Then we have

push(b) = kza:_o(—l)k (Z)push(w“_kyxk) = ki:_o(_l)k (Z) oFyzok

=0 U () )t =

k=0

So b is push-invariant if and only if a is even. When b = C,11, by (45), the
associated mould ma(b) is given as

_ (_1)au¢11 (T = 1)7
w={ (r#1)
so a is even if and only if ma(b) is push-invariant, that is, we obtain the claim for
depth 1.
Now, let b € Assc,>1 with depth » > 2, and put f = yb € Assc >1. The
associated moulds ma(f) and ma(b) are related by the formula
(60) ma(f)(uo,ur, - tr) = ma(Crb)(u, - . ) = ma(Cy)(uo)ma(b)(us, .., ur)

= ma(b)(uy, ..., u).

ma(b)(uy, ...
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We write
b= Z kg x®yx® - yzor,
a=(ag,...,ar)
then we have
f=ab= Z kgxoyzaoyxal coeyz®r,
a=(ao,...,ar)

By Remark 3.14, we get

(61) swap(ma(f))(vo,...,v,) = Z kogvovtt | - vl ogr.
a=(ao,...,a,)

Because we have

push(b) = Z kg % yz - yzir-t = Z Eay.....an a0 TOYz - - - yzor,
b = push(b) if and only if k, = k(a,.....a,,a0) fOr €ach a, this is equivalent to

(62)  swap(ma(f))(vo,...,v,) = Z kquovtt | - ofm T

ap, a1 . . ,0r—1, a,
k(aly-»-,ar,ao)vr Ur_1 Uy Yo

(]

kqulrvp® 01 2oy = swap(ma(f)) (vy, vo, . . ., vp—1)

[
(]

a=(ao,...,ar)
by (61). Using the definition of the swap, we rewrite (62) in terms of ma(f) as
(63)
ma(f)(vp, Vp—1 — V..., 09 — v1) = ma(f)(Vr—1,Vp—2 — Vp_1,...,00 — V1,V — V).
By making the change of variables

o= w0t U (0<k<r—1),
Tl uo 4 u (k=r),

in this equation, we obtain

(64) ma(f)(ug+ -+ up,—ug — -+ — Up, Uty ..., Up—1) = ma(f)(uo, U1, ..., Uy).
Finally, using relation (60), we write this in terms of ma(b) as

(65) ma(b)(—u1 — - — Up, U1, - -, Up—1) = ma(b)(ur, ..., up).

which is just the condition of mould push-invariance ma(b) in depth r. The last
claim follows from Lemma 3.21 and Proposition 3.29. (I

For a family F of functions, we define
ARI(F)aitpush := ARI(F)a N ARI(F)push,
which forms a Lie algebra under the ari-bracket by Propositions 3.18 and 3.29.
Corollary 3.31. The linear subspace
lieZ*" = AssP'Y, N liec

forms Lie subalgebra of liec (cf. (44)) under the bracket {,} and we have a Lie
algebra isomorphism

(66) ma : (62" {, 1) 5 (ARI(Fuer)attpush, ari).
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Proof. Since the bracket {,} is compatible with ari under the map ma by Lemma
3.21, the result follows from Proposition 3.30. (]

We also obtain the following corollary.

Corollary 3.32. The map i, in Lemma 3.20 induces Lie algebra inclusion

(67) iyt (BePM ) }) < e
Proof. This follows from Lemma 3.21 and Corollary 3.31. (]

3.6. Circ-neutrality and the second defining relation of [ttv. We show how
to reformulate the second defining property of elements of [frv in terms of moulds
and prove Proposition 1.8.

For B € ARI(F) with F = Fpo1 or Feer, there is a unique decomposition
{Bn}n>1 C TRI(}'pol) such that degB,,(v1,...,v.) =n—rfor 1 <r <nand

Actually, if B is represented by
B(vi,...,v.) = Z (B | ki,... kol ok
k

for r > 1, each mould B,, (n > 1) can be represented by

B(vi,...,v,) = S (Bl keoptof
ki+--+kr=n—r
k>0
for 1 <r <mn, and B,(v1,...,v.) =0 for r > n.

Definition 3.33. (1). A mould B € ARI(F) is said to be circ-neutral ® (cf. [Ec2,
(2.73)]) if for » > 1 we have

For circ, see Definition 3.2.

(2). Let B € ARI(F) with F = Fpo1 or Fuer, and consider the decomposition
{Bn}n>1 of B as above. The mould B is called circ-constant for the sequence
{cn}n>1 C Q if we have®

r—1

(68) circ'(Bp)(vi, ..., v.) = ¢y Z it o

i ai+--+a,=n—r
aiZO

Il
o

forn > 2 and for 1 <r <n. If ¢,, = 0 for any n > 2, we say that B is circ-neutral.

8This property is referred to as ”pus-neutral” in [FK1, Definition 1.26] (respectively, [Ec2,
(2.73)]) when it holds for all » > 1 (respectively, for all » > 1). The distinction between these
two definitions disappears when the depth-one component vanishes; for example, this is the case
under the push-invariant condition.

9When r = n, we note that
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Example 3.34. We put vy := vg_, for k > r. By (53), for r > 1, we have

r—1 r—1
Z circ' (lopil) (v1, . . ., v,) = Z lopil(Vigiy .-y Vrgi)
i=0 i=0
—1
S Vigs + 0+ Vrgy
=)
i—0 V140 (Vi — V244) (V14 — Urged ) Ui
~1
_ v+ Uy S Urgi — Urglg
> -
(v1 —v2) -+ (V1 — vp) (0 —v1) ico  Vl+iUrtd

Because vy414; = v144 for 0 <i <r —1, we get

r—1 ) ] r—1 1 1
Z Up4iq — Up414i _ Z ( _ ) —0,

=0 Vl+iUrt izo \UVl+i  Urig

so we obtain
r—1

Z circ'(lopil)(v1, ..., v,) = 0
i=0
for r > 1, that is, the mould lopil is circ-neutral.

The following is the corresponding definition in Asss-side.

Definition 3.35. (1). We define the Q-linear map circ : Asss — Assy by
(69) cire(x®yx®yx®? - yxt) = xyxtryx® - yxtt

for r > 0 and ag, ay,...,a, > 0. In particular, if ag = 0 so that we have a monomial
of the form yx® ---yx°, then the circ-operator cyclically permutes the “chunks”
yx®. It is obvious that this map is a bijection. By direct calculation, the above
map induces a linear isomorphism on Assc, >1.

(2). For b € Assc,>1, n > 1 and for 1 < r < n, let b, be the depth r and the
weight n part of b, and put b, ¢ := 22;21 b;. We say that the element b € Assc >1
is circ-constant for the sequence {c,}n>1 C Q, if the following three conditions hold
forallm >1:

(I). the polynomial b}, ; is push-constant for ¢, (cf. Definition 2.2),

D). (bly") = <.
Here we denote b, = xbj, o + yb%,o- If ¢, = 0 for n > 1, then we say that b is
circ-neutral.

Observe that if b € Assc,>1 and b" denotes the depth r-part of b for r > 1, then
b is circ-neutral if and only if

r—1
Z circ'(b") =0
i=0

for r > 1.
We note that the above definition of circ-neutrality agrees with the one appearing
in Definition 1.6.

Example 3.36. Let ¢ € grt be homogeneous of degree n with (¢¥|z" 1y) = 1.
We saw in Example 2.3 that writing b = ¢ = z¢® + yy¥Y, the polynomial ¥¥ is
push-constant for 1. We have (¢¥|2*) = 1, so the polynomial b’ = yt)¥ + %y” is
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strictly push-constant for 1. This polynomial b’ is given by b' = ybf, + +y" where

b, is the degree 4 push-constant polynomial ¥¥ given explicitly in Example 2.3.
For an example of a circ-constant mould for the sequence {d, 5}n>1 in homoge-

neous degree 5, we take B = swap(ma(z/))), which has the same coefficients as the

above polynomial y¥: it is given by

B(vy) = i
11 9

B(vy,v2) = —2v + ?vag — §v1v§ + 3u

11 1 9 1
B(U17027U3) = 2'1)% — ?'Ul'UQ — 57}% -+ 5'1}1'1}3 —+ 2'1)21)3 — iv:%
B(v1,v2,v3,v4) = —v1 + 4va — 6vs + vy

1
B('U17’U2,’U3,U4,U5) = g

The following result proves that the circ-constance of a homogeneous Lie poly-
nomial b and that of the associated mould ma(b) are related as above.

Lemma 3.37. The following diagram is commutative: *°

cire

(70)

ASSC7 >1 ASSQ >1
ARI(Fuer) —% ARI(Fuer).

Proof. Below we will show prove circ o mi(f) = mi o cire(f) for f € Assc, >1 with

= X

r>1a=(ag,a1,...,ar)

<f |Q> zaoyxalyxaz .. .yxaT.

In other word, we will prove
(71)
for r > 1.

When r = 1, three maps circ, swap and ma form identity maps, so we obtain
(71). Let r > 2. By Remark 3.14, we have

circomi(f)(vi,...,v.) =miocire(f)(vi,...,v)

(72) circomi(f)(vi,...,vp) = mi(f)(vr,v1,...,0r-1)
= Y (fla) vy ol e
a=(0,a1,..., ar)
On the other hand, we have
cre() =% S (fla) circa®ysTyate - yaor)
r21a=(ag,a1,...,a,)
=Y X (fla) atytyet oyt
r>1a=(ag,a1,...,a,)
:Z Z <f‘a0aa2a"'7a'7'7a'1> magyxalnyQ"'yxara

Q)

10See Lemma 3.12 for the definition of the map mi.
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so we get
<Ci’l”C(f) |Q> = <f|a07a27"'aa7"7a1>
for ag,ai,...,a, > 0. By Remark 3.14, we have

ST (eire(f) |a) vz, g el

92(07(117'"»“':”)

Z (f10,a9,...,am,a1) v¥ 0% - vg" tofr

a=(0,a1,...,ar)

- Z <f|Q> UgT’Ugl—l"'v;T72v(11r71.

mi o cire(f)(vy,...,v.) =

By comparing this and (72), we obtain (71) for r > 2. O

Proposition 3.38. Letb € Assc >1. The following three statements are equivalent:
(i). The mould B = mi(b) € ARI(Fser) is circ-constant for {c,}n>1 C Q.
(i1). The element b € Assc >1 satisfies

r—1
(73) oeird®y) = (D""ea | D Copariran
i=0 a1+~i+ar,»:n

a; >1

foralln > 2 and 1 < r < n. Here the element b], € Assc,>1 means the depth r
and the weight n part of b.
(iii). The element b € Assc >1 is circ-constant for {cy}n>1 C Q.

Proof. First, we prove the equivalence between (i) and (ii). Note that, by direct
calculation, we have

B (v1,...,vp) =mi (b)) (v1,...,0.)

for n > 1. We apply the map mi to both sides of (73). Then the left-hand side of
(73) is calculated as follows:

r—1 r—1
(74) Z mi o circ' (%) (v1, . . ., v,) = Z circ' (mi(bh)) (v1, - . ., vy)
i=0 i=0

Here, we used Lemma 3.37 in the first equality. On the other hand, the right-hand
side of (73) is calculated as follows:

(75)

- - — -1 .
= (=1)""en > YTt =y > vyt
ai1+-Far=n a1+-+ar=n—r
a;>1 a;>0
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Here, we used (46) in the first equality. By combining (74) and (75), we know that
(73) is equivalent to the following equation:

r—1
Zcirci(Bn)(vl,...,vT) =cp Z vt ot
=0 a1+-+ar=n—r

a,-20

This is nothing but the equation (68), that is, the mould B = mi(b) is circ-constant
for {c,}n>1. Hence, condition (4) is equivalent to condition (ii).

Next, we prove the equivalence between (iii) and (¢) (or (i7)). Firstly, we prove
the equivalence between (73) for r = n and (II) in Definition 3.35.(2). We calculate
both sides of (73) for r = n. Because b! = (b|y™)y™, the left-hand side of (73) is
calculated as follows:

n—1 n—1
D cird(bp) =Y (bly™y" =nlb |y
i=0 i=0
On the other hand, the right-hand side of (73) is calculated as follows:
(_1)nincn Z Oan,an,h...,al = Cncl,l,...,l = Cnyn-
al*‘v’""tain:n ‘n,_/

Comparing these coefficients, we get (b|y™) = <. This means condition (II) in
Definition 3.35.(2).

Secondly, we prove the equivalence between (73) for 1 < r < n and (I) in
Definition 3.35.(2). We calculate both sides of (73) for 1 < r < n. Because we have
br = x(br)* + y(bl)Y and cire(yf) = y - push(f) for f € Assc, the left hand side

of (73) is given below:

r—1 r—1 r—1
Z cz’rci(b;) = Z circ (x(bfl)"’”) + Z circ (y(bfl)”)
i=0 i=0 i=0

=y- z_:pushz((b;)y) + z_: circ' (z(b},)").

On the other hand, since the only term in C,, 4, , .4, that starts with y is
(—1)arttar—rygar—l.. . ypa1=1 the right-hand side of (73) is given as follows:

— (_1)n—'r'cn Z (_1)a1+~~~+ar—ryxa,‘—1 . yl’al_l 4+

ar+-tar=n
a1'21

=y-|cp Z xryxtrt e oyz® | + .
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Here ¢ is its terms which belong to x - Assy. By comparing the terms which start
with y, we get

r—1 r—1
Zpushi(( 0)Y)= Zpushi((b;)y) =cp Z M yz? - yxtr,
i=0 i=0 a1+~~~+a>r0=n—r

a;>

for 1 < r < n where we put b, := ZZ;QI bs. Because (b)Y = (b¥)"~! for b €
Assc,>1 and r > 1, we get

r—1
zpushi((bryl’o)rfl) =c, Z T8 yz®? - yaor,
1=0 a1+---+a,=n—r

a; 20
for 1 < r < n. By substituting r with » + 1, we obtain the following;:

r

Zpushi((bfho)r) =cp Z 2y .. yxtr
1=0 aot+tar=(n—1)—r
a; >0
for 0 <7 < n — 1. Since the weight of b},  is n — 1, this equation means that b},
is push-constant for ¢,. Hence, we obtain (I) in Definition 3.35.(2).
On the other hand, we assume (I) in Definition 3.35.(2), that is, we assume

r—1
(76) Zpushi((bz70)r—l) =c, Z xmyxaz . yxar’
=0 ai+--+ar-=n—r
for1<r<n. Byby,,€ Assg”g)l, there exists (b}, 5 | ar,...,a1) € Q such that
:z,O = Z < :L,o | Apy ooy “1>Ca7-+1,ar71+1,..‘,a1+1
ar+-fap=n—r
ar >0

for 1 <7 <n. We have (Cq, 41, ,0,41)Y = (—1)" Ta%yz® 1. yz* with a1 +
o4 a.=n-—r,s0 for 1 <r <n, weget

r—1 r—1
> _push'((0) 0)" 1) = D push’((b,0)")
=0 =0
r—1
=S pusht |30 W | (=) ety gt
i=0 a1+-+a,=n—r
akzo
r—1

- ST (b | @) (1) ettt

(]

ar+-+ar=n—r
akZO

r—1
(<—1>n-f S o e >) —

By comparing this with (76), we get
r—1

(77) (D)™ (bro | @rgis- oy a144) = o

=0
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for 1 <r <n. By using (46) and b}, = b;, for 1 <r < n, we have

r—1
> circ' o mi(by)(vy, ..., vr)
=0

r—1
_ . i T n—r,a1—1 as—1 ar—1
= E cire E (bno | ary.yar)(=1)""0f " 0g2 T

=0 ai+-+ar=n

CLkZl

r—1
_ n—r/Lr a1—1, ax—1 ar—1
= E (=1)""( 0 | @ryee @)UY VR

=0 a1+-+ar,=n

akZI

r—1
= 2. (Dbz,o | >> ot hge e

ar+---tar=n 1=0
ap>
-1 —1 —
=cp - E R VI Ve
ai+--tar=n
ap>1

Here, we used (77) in the last equality. This equation means (68) for 1 < r < n.
Since (68) has been shown to be equivalent to (73) in the proof of the equivalence
between (i) and (ii), the proof is now complete. O

Corollary 3.39. Let b € liec be of homogeneous weight n > 3. Then b is circ-
neutral if and only if mi(b) is a circ-neutral mould.

Proof. By putting ¢, = 0 for n > 1 in Proposition 3.38, we obtain this claim. [J

The notion of circ-constance will play a role later in §4.2. The concept of circ-
neutrality also plays a fundamental role in mould theory.

Definition 3.40. Let F be a family of functions. We define !!
ARI(]:)push/circneut C ARI(]:)

as the linear subspace of ARI(F) consisting of moulds which are push-invariant
and whose swaps are circ-neutral.

An important property of ARI(F)cireneut is the compatibility with the ari-
bracket.

Proposition 3.41. The space ARI(F)cireneut 0f circ-neutral moulds in ARI forms
a Lie subalgebra of ARI(F) under the ari-bracket. Further, the space ARI(F) push/cireneut
forms a Lie subalgebra of ARI(F) under the ari-bracket.

Proof. A direct complete proof of this result, along with its generalization, is pre-
sented in [FK1, Proposition 1.30 and Theorem 1.32]. O

Proposition 3.42. Let F be a family of functions. We define
ARI(*F)alerush/circneut = ARI(]:)al N ARI(]:)push/circneut-

Then it forms a Lie algebra under the ari-bracket.

1n the case when F = Frat, it is ARI({e})push/pusnu in the notation of [FK1].
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Proof. 1t follows from Propositions 3.18 and 3.41. O

Proposition 3.43. The map ma gives a linear space isomorphism
ma: [Btb :> ARI(]:ser)alerush/ci'rcneuta

Proof. The first claim is because we showed that a polynomial b lies in [frp, i.e. bis a
Lie polynomial that is push-invariant and circ-neutral, if and only if the associated
mould ma(b) is alternal (by Lemma 3.10 (ii)), push-invariant (by Proposition 3.30)
and its swap is circ-neutral (by Proposition 3.38). The second claim follows from
Lemma 3.21 and Proposition 3.42. O

Proof of Proposition 1.8. By the above proposition with Lemma 3.21 and
Proposition 3.42, we see that [frv forms a Lie algebra under the bracket {,}. It is
immediate to see that it is bigraded by weight and depth. O

We note that there is a Lie algebra isomorphism
(78) ma: ([Etba {7 }) = (ARI(-/—:ser)al-l—push/circneut7 ari).

3.7. The inclusion [s < [tro (Theorem 1.11). In order to prove the theorem,
we first reformulate the statement in terms of moulds and give its proof.

Lemma 3.44. The map ma gives a Lie algebra isomorphism
ma : s = ARI(Fer)al/al-

For the left hand side, see Definition 1.10 and the right hand side, see Definition
3.6.

Proof. Tt has been demonstrated in [S2] that the result holds, and this claim has
been further extended in [FKI] O

Theorem 3.45. Let F be a family of functions. There is an inclusion of mould
subspaces

(79) ARI(I)Q/QI - ARI(]:)al+push/circneut-
Moreover in depths r < 3, the following holds for any family F
ARI(F)" N ARI(F)ajar = ARI(F)" 0V ARI(F)ai4push/cireneut -

Proof. The result that A € ARIyi/q(F) is push-invariant can be found in [S2,
Lemma 2.5.5]. and that swap(A) is circ-neutral can be found in [FK1, Proposition
3.12].

Let us now prove the isomorphism in the cases r = 1,2,3.: The case r = 1 is
trivial. Indeed, elements in depth one components of elements in both ARI(F)a; /a1
and ARI(F)qi4push/cirecneut Must satisfy only one condition: they must be even
functions.

Now consider the case r = 2. Let A € ARI(F)aitpush/cirecneut D€ concentrated
in depth 2. The circ-neutral property of the swap is explicitly given in depth 2 by
swap(A)(v1,v2) + swap(A)(va, v1) = 0. But this is also the alternality condition on
swap(A), so A € ARI(F)qi/qi- The isomorphism in depth 2 is thus trivial.
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Finally, we consider the case r = 3. Let A € ARI(F)ai4push/circneut b€ concen-
trated in depth 3, and let B = swap(A). Again, we only need to show that B is
alternal, which in depth 3 means that B must satisfy he single equation

(80) B(vy,v2,v3) + B(va,v1,v3) + B(va,v3,v1) = 0.
The circ-neutrality condition on B is given by
(81) B(Ul,vg,vg)+B(’U3,U1,U2)+B(’U2,U3,’U1):O.

It is enough to show that B satisfies the equality
(82) B(v1,v2,v3) = B(vs,v2,v1),

since applying this to the middle term of (81) immediately yields the alternality
property (80) in depth 3. So let us show how to prove (82).
We rewrite the push-invariance condition in the v;, which gives

(83) B(vi,v2,v3) = B(va — v1,v3 — v1, —v1)
(84) = B(v3 — vz, —v2,v1 — v2)
(85) = B(~vs3,v1 — v3,v2 — v3).
Making the variable change exchanging v; and wvs, this gives
(86) B(vs,va,v1) = B(va — v3,v1 — v3, —v3)
(87) = B(v1 — v2, —v2,v3 — v2)
(88) = B(~v1,v3 — v1,v2 — v1).

By (83), the term B(vy — v1,v3 — v1, —v1) is circ-neutral with respect to the
cyclic permutation of vy, vs, v3, so we have

(89) B(vg—wy,v3—v1,—v1) = —B(v3— 3,01 — v, —v2) — B(v] —v3,v2 —v3, —03).

But the circ-neutrality of B also lets us cyclically permute the three arguments of
B, so we also have

—B(v3 — v9,v1 — 2, —v2) = B(—v2,v3 — v2,v1 — va) + B(v1 — va, —vU2, U3 — v2).
Using (83) and substituting this into the right-hand side of (89) yields
B(vy,v9,v3) = B(—vg,v3 — vg,v1 — v3)
(90) + B(v1 — vg, —vg,v3 — v2) — B(v1 — v3,v9 — v3, —v3).
Now, exchanging v; and vy in (88) gives
B(vs,v1,v2) = B(—va,v3 — v2, 01 — v2),
and doing the same with (86) gives
B(vz,v1,v2) = B(vy — v3, vy — v3, —U3).

Substituting these two expressions as well as (87) into the right-hand side of (90),
we obtain the desired equality (82). This concludes the proof of Theorem 3.45. O

The result of Theorem 3.45 is related to the injective map
(91) 05y < Eroey

discussed in the introduction (cf. (1)).
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Corollary 3.46. Let F be a family of functions. The inclusion of Theorem 3.45
extends to an inclusion of spaces

ARI("T:)Q*M - ARI(]:)al-‘rpush*circneuh

where ARI(F)aixal 15 given in Definition 3.6 and ARI(F)ai+pushscireneut 1S the set
of moulds which are alternal and push-invariant and with swap being circ-neutral
up to addition of a constant-valued mould.

Proof. Let A € ARI(F)qivai- We know by Lemma 2.5.5 of [S2] that A is push-
invariant. Let B := swap(A) and let By be the constant mould such that B + By
is alternal. Then by Theorem 3.45, B + By is also circ-neutral, and therefore
by definition B = swap(A) is *circ-neutral, i.e. circ-neutral up to addition of a
constant-valued mould. (]

The above corollary will be used in the next section.

Proof of Theorem 1.11. By Theorem 3.45, there is an inclusion in terms of
moulds as
ARI(fser)gl/il C ARI(-Fser)al+push/circneut'

By (22) and (78), the theorem is proven. O

Remark 3.47. We speculate that the inclusions of Theorem 3.45 and Corollary
3.46 may extend to isomorphisms. But even the proof of the simple equality (82)
is surprisingly complicated in depth 3, let alone in higher depth. Computational
experiments suggest the following general pattern: If A € ARI(F)qi4push/cireneut
and B = swap(A), then B is mantar-invariant (cf. Definition 3.2), that is, for all
r > 0, we have

(92) B(vi,...,v.) = (=) 'B(vy,...,v1).

The mantar invariance (92) would also yield the following useful partial result,
which is the mould analog for [Erv of a result that is well-known for [s, namely that
the bigraded part s, = 0 when n # r mod 2.

Lemma 3.48. Fiz 1 <7 <n. Let A€ ARI(Fyer)™™ N ARI(Fer)al4push/circneut
and let B = swap(A). Assume that B satisfies (92). Then if n —r is odd, A = 0.

For ARI(]—'SM)(T’"), see Lemma 3.10.

Proof. We denote by mantar the operator on ARI(Fser), which is defined in the
same manner as on ARI, except that the variables v; are used instead of u; Then
it is easy to check the following identity of operators noted by Ecalle:

neg o push = mantar o swap o mantar o swap,

Let A € ARI(Fser)ai4push/cireneut; then A is push-invariant, so applying the left-
hand operator to A gives neg(A). Assuming (92) for B = swap(A), i.e. assuming
that B = mantar(B), we see that applying the right-hand operator to A fixes A
since on the one hand swap o swap = id and on the other, mantar(A) = A for all
alternal moulds (cf. [S2], Lemma 2.5.3). Thus A must satisfy neg(A) = A4, i.e. if
A # 0 then the degree d =n — r of A must be even. |

The following parity result, which is the analogy for [frv of the similar well-known
result on Is.



39

Corollary 3.49. If the swaps of all elements of ARI(Fser)ai+push/circneut GT€
mantar-invariant, then ARI(Fyer)™ N ARI(Fser)al+push/cireneut = 0 whenever

r—mn is odd, i.e.
ltro) =0 when n Z r mod 2
Proof. By Proposition 3.43, there is an isomorphism

[Ett’; =~ ARI(fser)(T7n) N ARI(fser)al+push/circneut7

of each bigraded piece. Thus our claim follows from Lemma 3.48. O
4. THE ELLIPTIC KASHIWARA-VERGNE LIE ALGEBRA ftv,;

In this section we follow the procedure of [S3] for the double shuffle Lie alge-
bra to define a natural candidate for the elliptic Kashiwara-Vergne Lie algebra,
closely related to the linearized Kashiwara-Vergne Lie algebra, and give some of its
properties (Theorem 1.16).

4.1. Definition of the elliptic Kashiwara-Vergne Lie algebra trv.;;. We first
introduce the Dari-bracket, a secondary Lie bracket structure on ARI(Fpay). We
then demonstrate that €rv.; is closed under this bracket, thereby establishing its
Lie algebraic structure.

4.1.1. Dari bracket.
Definition 4.1. Take F = Fi,... We define the linear map
A ARI(Frau) — ARI(Frau)
given by
(93) A(A) (ury . eyup) =ug - up(ug + 0o+ up)A(ug, - uy)
for r > 1. We define

(94) Dari(A, B) = A(m(A—l(A), A—l(B))).
This definition implies that A gives an isomorphism of Lie algebras
(95) JANE: ARI(]:Lau)ari :> ARI(]:Lau)Dari-
Here ARI(FLau)Dari is the Lie algebra ARI(F1,.,) equipped with Dari-bracket.

Remark 4.2. It is shown in [S3], Prop. 3.2.1 that we have a second definition for
the Dari-bracket, which is more complicated but sometimes very useful in certain
proofs. Let

dar : ARI(Fran) — ARI(Fraw)
denote the mould operator defined by

dar(A)(ug, ..., up) =ug - up Aug, ..., up).

We begin by introducing, for each A € ARI(F), an associated derivation Darit(A)
of ARI(F)y, by the following formula:

(96) Darit(A) = dar o (—am’t(A‘l(A)) + ad(A_l(A))) odar™t,
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where ad(A) - B = lu(A, B). Then Dari corresponds to the bracket of derivations,
in the sense that

(97) Dari(A, B) = Darit(A) - B — Darit(B) - A.

Definition 4.3. Let ARI(Fr,)? denote the space of moulds A such that A(A) (for
A, see (93)) is in ARI(Fser), i-e. the denominator of A is “at worst” uy - - - u,(u1 +

-+ 4u,.). We write ARI(]—'LM)% for the space of moulds in ARI(Fpau)*NARI(FLau)P,
where P may represent any (or no) properties on moulds in ARI(Fray); we will
consider properties P such as for example al, push, combinations of these etc.

Lemma 4.4. The space ARI(Frau)® forms a Lie algebra under the ari-bracket
(7).
Proof. Tt follows from [E2, Proposition 4.2]. O

Lemma 4.5. The space ARI(Fser) forms a Lie algebra under the Dari-bracket
(94).

Proof. Let A, B € ARI(Fye:). Then we have A~ (A), A~Y(B) € ARI(Frau)?. By
Lemma 4.4, ari(A~1(A), A=Y(B)) € ARI(Frau)?. Therefore A(ari(A~1(A),A"1(B))) €
ARI(Fyer). By (94), we get Dari(A, B) € ARI(Fser)- O

For convenience, when considering the Lie algebra structure on ARI(Fge,) with
respect to the Dari-bracket, we denote it by ARI(Fser) Daris

Definition 4.6. The mould-version elliptic Kashiwara-Vergne linear space is the
subspace of ARI(Fse) given by

A(ARI(Fran)5 ).

al+pushxcircneut

The elliptic Kashiwara-Vergne linear space ttv.;;(C liec) introduced in Definition
1.15 agrees with the above mould version under the map ma given in (45).

Lemma 4.7. The following equality holds:
(98) ma(troey) = A(ARN(Fran)i) ).

al+pushxcircneut

Proof. By Definition 1.15, b € liec is in Ervey if and only if B, = A~! o ma(b)
is in ARI(Frau)al+pushrcircneut- Our claim follows because we have ma(liec) =
ARI(Fuer)ar and A(ARI(Feer)at) = ARI (Fran)5)- O

The operator A trivially respects push-invariance of moulds, so the space trv.y
lies in the space lie?*" of push-invariant elements of liec (cf. Definition 1.6). We
will now show that the subspace vy is actually a Lie subalgebra of [ie‘éus}l, which
is itself a Lie algebra under a new Lie bracket in Corollary 4.9 below, of which a
more explicit version (with a formula for the partner) is proved in [S3] (Lemma

2.1.1).

Lemma 4.8. Let b € liec. Then b € [ie%“Sh if and only if there exists a unique

element a € liec (the partner of b), such that if Dy, is the derivation of lies defined
by x — b, y — a (as introduced in §1.1), then Dy, annihilates [z, y].

pus

By identifying lie, " with the space odety (see §1.1) of derivations that annihilate

[z,y], we see that [ieg”h is a Lie algebra under the bracket of derivations. We state

this as a corollary.
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Corollary 4.9. The map b— Dy, gives an isomorphism of linear spaces
(99) ip ¢ 2" 3 odery

whose inverse is Dy, , — Dy, o(x) = b, and this becomes a Lie algebra isomorphism
when [ie%“‘m is equipped with the Lie bracket

(100) <b, b,> = [Db,av Db/ya/](l') = Dbya(bl) — Db’,a’(b)o

We note that the above derivation (,) is different from the derivation {, } in (7).

We compare the Dari-bracket to the bracket (, ) on lie?"*".

Proposition 4.10. The isomorphism ma in (66) is also compatible with the Lie
brackets (-,-) and Dari in the sense that

(101) ma((b,b')) = Dari(ma(b), ma(b')).

Consequently ARI(Fger)ai+push forms a Lie algebra under Dari-bracket. Moreover,
we have a Lie algebra isomorphism

ma : (2", )) = (ARI(Fuer)attpush, Dari).

Proof. Since we know that the map ma in (66) is bijective, it is enough to prove
that it is a Lie algebra homomorphism (101). The key point is the following non-
trivial result, which is one of the main results of [BS]: if D; and Dy lie in odety,
then the map

(102) VU : o0ety — ARI(fLau)am
D~ A_l(ma(D(m))),

is an injective Lie algebra homomorphism, i.e.
AT? (ma([Dl, Dg](:t))) = ari (A_l (ma(Dy(z))), A (ma(Dg(x))))

(see Theorem 3.5 of [BS]). Applying A to both sides of this and using (94), this is
equivalent to

(103) ma([D1, Ds)(z)) = Dari (ma(Dl(m)),ma(Dg(x))).
By Lemma 4.5, we see that
(104) Ao WU :odevry = ARI(Fser)Dari

is a Lie algebra homomorphism. We saw in Corollary 4.9 that we have a Lie
isomorphism ¢, : ([ie%“Sh, (,)) = odery when [ie’g”h is equipped with the Lie bracket

(100), so by composition, we have an injective Lie algebra homomorphism
b3 Dyo > A (ma(Dyo(2))) & ma(b)

(where i, is as in Corollary 4.9 and ¥ is as in (102)) is an injective Lie algebra
homomorphism [ieg”h — ARI(Fser) Dari, which proves the result. O

It looks remarkable that [ie%USh (and whence ARI(Fger)ai+push) is encoded with
two Lie algebraic structures:
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Remark 4.11. (i). From Corollary 3.31 and Proposition 4.10, we deduce that
lie?*" forms a Lie algebra with respect to both the brackets {,} and (,) and
ARI(Fser)al+push inherits a Lie algebraic structure under both the ari and Dari-
brackets. Furthermore, there exist sequences of Lie algebra maps:

(ARI(Fser)al+push, art) S ( w’é“‘qh {,}D SN tbet(y)
(ARI(Faer)atpush, Dari) ™ (lie?" (| )) 2 oders.

(ii). By combining the Q-linear (but not Lie algebraic) isomorphism 4, , in (11),
we obtain another identification of Q-linear spaces
z)

push

iy lieg”" ~ s0er,

which is also obtained from Proposition 2.1. We note that the partner a in Propo-
sition 2.1 corresponds to —a in Lemma 4.8. Since one can show that

i.(b) ov = iy(b) + ad(—b)

where v is the involution defined in (12), it follows that the Lie bracket on 5Det( 2)

given by (4), which also induces a new Lie algebra structure lie{;" h, is nevertheless
related to the bracket { , }.

4.1.2. Lie algebra structure on €tvy (Theorem 1.16). The Lie algebra (liehs**", (,))
contains the elliptic Kashiwara-Vergne space ftv.;; as a linear subspace. This leads
to our first main theorem concerning £rv.; (Theorem 4.13), from which Theorem
1.16 is deduced. As a corollary (Corollary 4.14), we obtain the inclusion [Ero —
tro.;; which establishes Proposition 1.17.

Before stating them, let us recall here the similar definition from of the elliptic
double shuffle Lie algebra 0s.;; from [S3], whose construction was the inspiration
for the definition of the elliptic Kashiwara-Vergne Lie algebra.

Definition 4.12. The mould-version elliptic double shuffle Lie algebra was defined
in [S3] as the linear subspace

A(ARI(fLau)al*al) C ARI(fser).
The elliptic double shuffle Lie algebra is the subspace 0s.; C liec such that
ma(0se) = A(ARI(]-'Lau)al*al)

It was also shown in [S3] that

h
051 C [wpus 9

and that sy is closed under the Lie bracket (, ) of (100).

By Corollary 3.46, we know that ARI(Frau)aixal C ARI(FLau)ai+pushrcireneuts
so we obtain the inclusions

ARI(]:Lau)al*al C ARI(./—"Lau)

al+pushxcircneut

and thus
A(ARI(Fraw)ival) € A(ARI(Fraw)

al+push*czrcneut>
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In view of the above definitions of the elliptic double shuffle (in Definition 4.12)
and Kashiwara-Vergne Lie algebras (in Definitions 1.15 and 4.6), this gives us the
linear space inclusion

(105) 0S¢y — Eroyy - b—b

announced in the introduction (see (1)). We will show in the following theorem
that tro.y; is also a Lie algebra.

Theorem 4.13. The linear space trvyy forms a Lie algebra under the Lie bracket
(', ) in (100). And the following is a sequence of Lie algebra inclusions:

085 C Erogy C [ieléuSh.

Proof. In view of the fact that 0s.; is known to be a Lie subalgebra of the Lie
algebra ([ie%u‘gh, (', )), it remains only to show that the subspace v, C [ieléwh is

closed under the bracket ( , ).
Step 1. By Proposition 4.10, the map ma gives an injective Lie algebra morphism
(e (,)) = ARI(Fuer) Dari-

Thus proving that trv.y; is closed under (,) is equivalent to proving that its image
A (ARI (fLau)A ) under the map ma is closed under the Dari-bracket.

al+pushxcircneut
Since we saw above that

A_l : ARI(]:Lau)Dari — ARI(‘FLau)ari

is a Lie algebra homomorphism it is equivalent to show that ARI(Fpay)
is a Lie subalgebra of ARI(Frau)ari-

Step 2. The space ARI(Fpan)5 tpush 18 a Lie algebra under ari. Indeed, the defini-
tion of A shows that this operator does not change the properties of push-invariance
or alternality, i.e. AN (ARI(Fraw)al+push) = ARI(FLan)ai+push- Restricted to
Feer-valued moulds, we have A7 (AR (Fuer)al4push) = ARI(fLau)ﬁ+push. Since
A is an isomorphism from ARI(Frau)ari t0 ARI(FLau)pari by virtue of (95) and
ARI(Fser)al+push is a Lie subalgebra of ARI(Fgser)pari by Proposition 4.10, its
image ARI(fLau)aAl+push under A1 is thus a Lie subalgebra of ARI(FLau)ari-

A

al+pushxcircneut

Step 3. We now complete the proof of Theorem 4.13 by showing that the space
ARI(fLau)aAl+push*circneut is a Lie algebra under ari.

Let A, B lie in ARI(}"LM)flwmh*eirmwt, and let us show that ari(A, B) lies
in the same space. By Step 2, we know that ari(A, B) € ARI(fLau)aAHpush, s0

we only need to show that swap(ari(A, B)) is *circ-neutral'®>. But we will show

that in fact this mould is actually circ-neutral. To see this, let Ag and By be the
constant-valued moulds such that swap(A)+ Ay and swap(B)+ By are circ-neutral.
Since A + Ay and B + By are push-invariant, by Proposition 3.41, we have

w(swap(A) + Ag, swap(B) + BO) € ARI(FLau)circneut-
Using the identity
swap(ari(M, N)) = ari(swap(M), swap(N)),

12\e recall that *circ-neutral means circ-neutral up to addition of a constant mould, (see
footnote®).
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valid whenever M and N are push-invariant moulds (cf. [S], (2.5.6)), as well as the
fact that constant-valued moulds are both push and swap invariant, we have

%(swap(A) + Ao, swap(B) + Bo) = @(swap(A + Ap), swap(B + Bo))
= swap - ari(A + Ao, B+ By)
= swap - ari(A, B) + swap - ari(A, Bo) + swap - ari(Ag, B) + swap - ari(Ao, Bo)
= swap - ari(A, B)

since the definition of the ari-bracket shows that ari(C,M) = 0 whenever C

is a constant-valued mould. So swap - ari(A, B) is circ-neutral, which follows
ari(A, B) € ARI(Fran)5 The proof of Theorem 4.13 is completed.

al+pushxcircneut*
O

Proof of Theorem 1.16. The claim (i) is immediate, since the conditions of
push-invariance and circ-neutrality up to addition of constants are both homoge-
neous.

The claims (ii) and (iii) follow directly from Corollary 4.9 and Theorem 4.13. O

Corollary 4.14. The linear map A defined in (93) gives a Lie algebra morphism
(106)
A . (ARI(]:ser)al+push/circneut7ari) — (A(ARI(]:Lau)A )a DG,’I“’L'),

al+pushxcircneut

which induces a Lie algebra morphism

(teeo, {, }) — (beoey, (, )
(107) b(z,y) = [z, b(z, [z,y])].
Proof. For the first statement, composing the inclusion map
(108)  ARI(Feer)at4pushycirencut = ARI(Fuer) N ARI(FLau) a1+ push cirencut
C ARI(Fran)3

al+pushxcircneut
with the operator A, considered as an injective linear map on moulds gives an
injective linear map

A ARI(]:ser)al+push/circneut — A(ARI(]:Lau)ﬁlerush*circneut)'
It is shown in Step 3 of the proof of Theorem 4.13 that ARI(Fpau)5) St

al+pushx*circneu
a Lie algebra under the ari-bracket, and in Proposition 3.42 that ARI (pfser)aHpus h/cireneut
is a Lie subalgebra of it. A basic property of the linear map A is that it transforms
the ari-bracket into the Dari-bracket (cf. (94)), so the space A(ARI (Frau) sl 4 pushecirencut)
is a Lie algebra under the Dari-bracket. Thus the map in (106) is a Lie algebra mor-
phism from a Lie subalgebra of ARI(Fyer)ari to a Lie subalgebra of ARI(FLau) Dari-

Finally, by (78) we have
ma([EtU) = ARI(Fscr)al+push/circneut C ARI(fscr)ari
and by (98) we have
ma’(étnell) = A(ARI(]:Lau)aAH-push*circneut) c ARI(‘FSGT)DGTi7

so (106) translates directly under ma~! to a Lie algebra homomorphism [t —
tro.;;. The presentation (107) follows from (93) and (45). O

Whence Proposition 1.17 is proved. ([
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4.2. The map trv — tro,; (Theorem 1.18). In this subsection we prove our
next main result on the elliptic Kashiwara-Vergne Lie algebra, which is analogous
to known results on the elliptic Grothendieck-Teichmiiller Lie algebra of [E1] and
the elliptic double shuffle Lie algebra of [S3]. §4.3 below is devoted to connections
between these three situations.

To state the assumption of our result, we prepare some definitions on moulds.

Definition 4.15. (i) Let
teru: ARI(F) — ARI(F)

be the operator defined for A € ARI(F) as follows: teru(A) is equal to A in depths
0 and 1, and for depths r > 1, we have

(109) teru(A)(ui,...,u,) =

1
A(u17 o au’r‘) + ui (A(uh cey U2, Up—1 + U7-) - A(u17 ce 7u7'—27u7'—1))'
(ii) A mould A € ARI(F) is said to satisfy the senary relation (cf. (3.64) in §3.5
of [Ec2]) if
(110) teru(A) = push o mantar o teru o mantar(A),
and the twisted senary relation if
(111) teru o pari(B) = push o mantar o teru o pari(B).
(for pari see Definition 3.2), that means that pari(A) satisfies the senary relation.
(iii) We define the mould subspace
(112) ARI(f)al+tsen/circconst (resp‘ ARI(-F)al+tsen*circconst)

to be the subspace of moulds A € ARI(F) such that swap(A) is circ-constant (see
Definition 3.33) (resp. up to adding a constant mould) and A satisfies the twisted
senary relation (111).

Remark 4.16. Observe that if swap(A) € ARI(F) for F = Fye or Frol is a
polynomial of homogeneous degree n which is circ-constant up to addition of a
constant-valued mould, then the constant-valued mould is uniquely determined as
being the mould whose only non-zero value is the constant value = in depth n,
where c¢ is given by

swap(A)(vi) = cv L

Theorem 1.18. Assume '3 that the adjoint action Adg,i(pal) : ARI(Frau)a —
ARI(Frau)a of the mould pal € GARI(Frau) (¢f- Definition 3.24) restricts to a
bijection between

(113) Adarz’ (pal) : ARI(]:Lau)push NH ARI(]:Lau)senv

where ARI(FLau)push denotes the set of push-invariant moulds (31), and ARI(FLau)sen
denotes the set of moulds satisfying the senary relation (110). Then there exists an
injective Lie algebra morphism

(114) tro — trogy;.

The proof constructs the morphism from fro to frv.; in four main steps as
follows.

13T his assertion is announced to hold in [Ka.
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Step 1. We first consider a twisted version of the Kashiwara-Vergne Lie algebra,
or rather of the associated polynomial space Vi, of Definition 2.5, via the map

(].].5) v Vi 5 Wero
[ =v(f),

where v is the automorphism of Asss defined by (12). In paragraph 4.2.1, we prove
that W,y is a Lie algebra under the Poisson or Thara bracket, and give a description
of Wy via two properties, the “twisted” versions of the two defining properties of
Veeo given in Definition 2.5.

Step 2. In paragraph 4.2.2, we study the mould space ma(Wgw). Thanks to the
compatibility of the ari-bracket with the Poisson bracket (see (48)), this space is
a Lie subalgebra of ARI(Fgser)ari- Just as we reformulated the defining properties
of [rv in mould terms in §3, proving that ma(lkro) = ARI(Feer)ai4push/circneut, il
(78), we will reformulate the defining properties of Wi, in mould terms and show
that

(116) ma (Wétb) = ARI(fscr)althsen*circconst~

Step 3. In paragraph 4.2.3, we consider the map
= := Adgri(invpal) o pari : ARI(Frau)ari = ARI(FLau)ari,
and we show that it gives an injective Lie algebra homomorphism

(117)
ari dgri(invpal)
ARI(]:ber)al-i—tsen*czrcconst L> ARI(]:ser)al+sen*circconst% ARI(]:Lau)

al+pushxcircneut
of subalgebras of ARI(Fser)ari-

Step 4. The final step in the paragraph 4.2.4 is to compose (117) with the Lie al-
gebra homomorphism A : ARI(Frau)ari = ARI(FLau) Dari, Obtaining an injective
Lie algebra homomorphism

ARI( ser)al+taen*czrcco7Lst — A(ARI(FLmu)

where the left-hand space is a subalgebra of ARI(Fger)ar: and the right-hand one
of ARI(Fser)pari- Since the right-hand space is equal to ma(tro.y;), the desired
injective Lie algebra homomorphism from £rv to £rv.;; is obtained by composing all
the maps described above, as shown in the following diagram:

al+pushxcir cneut)

(118) fro
by (38)
Vewo Eroey
by (115) | v malTby (98)
WEtU A(ARI(fLaU)al-i—pu.sh*cl'r‘cneut)
by (116) | ma AT
ARI(fser)al+tsen*circconst by (117) ARI(]:LELU)al—i—push*czrcneut
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4.2.1. Step 1: The twisted space Weyy.

Proposition 4.17. Let
Weeo = V(Vierw)
(for View, see Definition 2.5). Then Wy, is a Lie algebra under the Poisson bracket
{, }in (7).
Proof. We use Lemma 1.2 to complete the proof of Proposition 4.17. Write

tro” = {voEov|E € tro} C sverl”.
By restricting the isomorphism (13) to the subspace trv C 5Detgz), we obtain a
commutative diagram of isomorphisms of linear spaces

tro ——— frv”

L

v
‘/Etb > Wh‘n

where the left-hand vertical arrow is the isomorphism (38) mapping E, j — b, and
the right-hand vertical map sends an Ihara derivation dy to f. Equipping Wi
with the Lie bracket inherited from €rv” makes this into a commutative diagram of
Lie isomorphisms. But this bracket is nothing other than the Poisson bracket { , }

in (7) since trv” C sbetgm). O
We now give a characterization of Wy, by two defining properties which are the

twists by v defined in (12) of those defining Vi,,. Recall that 3 is the the backwards
operator given in Definition 3.13.

Proposition 4.18. The space Wey, is the space spanned by polynomials b € liec,
of homogeneous degree n > 3, such that

(i) by — by is anti-palindromic, i.e. B(b, — b,) = (=1)""(b, — b,), and
(i) b+<y™ with ¢ = (b|la™1y) is circ-constant for {cx }es1 with ¢, = Ok - (b]z" " 1y).

Proof. Let b € Weyy. Put f = v(b), so we have f € Viyp. Then the property that
by — by is anti-palindromic is precisely equivalent to the push-invariance of f (this
is proved as the equivalence of properties (iv) and (v) of Theorem 2.1 of [S1]). This
proves (i).

For (ii), we note that since f € Vi, fY — f% is push-constant for the value
c=(flz""ty) = (=1)""1(b]2"'y). We have

b(x,y) = zb"(z,y) + yb¥(z,y),

SO

f(a,y) = b(z,y) = 2b"(2,y) + yb¥(z,y) = —ab”(z,y) — yb" (2, y) + yb*(z,y).
Thus since f(z,y) = xf*(x,y) + yfY(z,y), this gives

[r==b"(zy) and f¥=-b"(z,y) +b(z,y),
SO
V=1 =0(zy) = v(bY).

Thus to prove the result, it suffices to prove that the following statement: if g €
Assc is a polynomial of homogeneous degree n that is push-constant for (—1)"" !¢,
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then v(g) is circ-constant for ¢, since taking g = f¥ — f* then shows that v(g) = bY
is circ-constant for c¢. The proof of this statement is straightforward using the
substitution z = —x — y (but see the proof of Lemma 3.3 in [S1] for details). To
complete the proof of (ii), we note that when f € Vi, is of even degree n we have
¢ = 0. In fact this follows from Corollary 1.14, which states that levo} = 0 when n
is even; this means that there are no elements in £rv of even weight n and depth 1,
so there are no such elements in V. Since c¢ is the coefficient of the depth 1 term

2"y, we have ¢ = 0 when n is even. This completes the proof of (ii). O

4.2.2. Step 2: The mould version ma(Weyy). The space ma(Wey) is closed under
the ari-bracket by (48), since Wy, is closed under the Poisson bracket by Propo-
sition 4.17.

Let b € Wy and let B = ma(b). Then since b is a Lie polynomial, B is an
alternal polynomial mould. Let us give the mould reformulations of properties (i)
and (ii) of Proposition 4.18. The second property is easy since we already showed,
in Proposition 3.38, that a polynomial b is circ-constant if and only if swap(B) is
circ-constant.

Expressing the first property in terms of moulds is more complicated and calls
for an identity discovered by Ecalle. We need to use the mould operators mantar
and pari in Definition 3.2.

The operator par: extends the operator y — —y on polynomials to all moulds,
and mantar extends the operator f — (—1)""13(f).

Lemma 4.19. Let b € lieg. Assume degb > 2. Then the following are equivalent:
(1) by — by is anti-palindromic;
(i) if B =ma(b), then B satisfies the twisted senary relation (111).

(Note that since b is a Lie element, B and pari(B) are alternal and thus mantar-
invariant, so we can drop the right-hand mantar from the senary relation (110).)

Proof. Tt suffices to prove the statement for an element b of homogeneous degree n.
The statement is a consequence of the following result, proved in Proposition A.3 of
the Appendix of [S1] (see also [FK2, Lemma 4.2]). Let b € liec and let B = ma(b)
with n > 2. Write b = byz + I;yy as usual. Then for each depth r part (Ez + l;y)T of
the polynomial b, + b, (1 <7 <n — 1), the anti-palindromic property

(119) (?)z + Ey)T = <_1)n_15(l~7w + Bu)r

translates directly to the following relation on B:

(120) teru(B)(u, ..., u,) = push o mantar o teru(B)(uq, ..., uy).
Let us deduce the equivalence of the claims (i) and (ii) from that of (119) and

(120). Let b be defined by b(z,y) = b(z, —y). This implies that (by)" = (=1)"(bs)",
(b,)" = (=1)"~%(b,)", and B = pari(B). Thus b, — b, is anti-palindromic if and
only if By + by is, i.e. if and only if (119) holds for b, which is the case if and only if
(120) holds for B, which is equivalent to (111) for B. This proves the lemma. O

Corollary 4.20. We have the isomorphism of Lie algebras
(121) ma : Wetn ;> ARI(]:ser)al+tsen*circconst C ARI(fser)ari .
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Proof. By Proposition 4.18, the space Wy, is the space of Lie polynomials b satisfy-
ing (i) by — b, is antipalindromic and (ii) b+ £y™ for ¢ = (blz"'y) is circ-constant
for {ck}r>1 with ¢x = g - (b|z"'y). By Lemma 4.19, property (i) is equiva-
lent to the fact that pari(B) satisfies the senary relation (110). By Proposition
3.38 the fact that b is circ-constant is equivalent to swap(B) being circ-constant
(and Remark 4.16 shows that the constant is necessarily unique and the same).
But by Definition 4.15, ARI(Fser)alttsenxcircconst 18 precisely the space of alternal
polynomial moulds satisfying precisely these two mould properties. O

4.2.3. Step 3: Construction of the map Z. In this section we finally arrive at the
main step of the construction of our map frv — frv.;;, namely the construction of
the map = given in the following proposition.

Proposition 4.21. The operator E = Adg;(invpal) o pari gives an injective Lie
algebra homomorphism of Lie subalgebras of ARI(Frau)ari:

(122) =: ARI(]:ser)al-‘rtsen*circconst — ARI(fLau)aAl+push*circneut'

Proof. We have already shown that both spaces are Lie subalgebras of ARI(Fi,au)aris
the first in Corollary 4.20 and the second in §4.1.2. Furthermore, since pari and
Adgri(invpal) are both invertible and respect the ari-bracket, the proposed map
is a Lie algebra map invertible on its image, and therefore injective. Thus it re-
mains only to show that the image of ARI(Fser)aittsenscircconst under = really
lies in the target space ARI(Fprau)5 We will show separately that if

al+pushxcircneut*

B e ARI(fser)althsen*circconst and A = E(B), then
(i) A is push-invariant,
(ii) A is alternal,

(ili) swap(A) is *circ-neutral (i.e. circ-neutral up to addition of a constant-valued
mould),

(iv) A € ARI(Fran)®.

Proof of (i): A is push-invariant. This statement follows directly on Ecalle’s senary
property (110). Indeed, since B satisfies (111), B := pari(B) satisfies (120), so

(113) implies that Adg.;(invpal)(B) = E(B) = A is push-invariant. O

Proof of (ii): A is alternal. The subspace of alternal moulds ARI(FLau)a is closed
under ari (cf. [SS]), so expgri(ARI(Frau)at) forms a subgroup of GARI(Frau)gari,
which we denote by GARI(Frau)ys,; (the superscript as stands for symmetral).
The mould pal is known to be symmetral (cf. [Ec3], or in more detail [S2], Theorem
4.3.4). Thus, since GARI(}"LM)ZZM is a group, the gari-inverse mould invpal is
also symmetral. Therefore the adjoint action Ad,.;(invpal) on ARI(Fpay) restricts
to an adjoint action on the Lie subalgebra ARI(F1,au)a of alternal moulds. If B is
alternal, then pari(B) is alternal, and so A = Z(B) is alternal. This completes the

proof of (ii). O

For the assertions (iii) and (iv), we will make use of Ecalle’s fundamental identity
in the version (59) given in §3.4, with N = pari(B) (recall that (59) is valid
whenever Ad,,;(invpal) - N is push-invariant, which is the case for pari(B) thanks
to (i) above). The key point is that the operators ganit(poc) and Ad—(invpil) on

art
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the left-hand side of (59) are better adapted to tracking the circ-neutrality and the
denominators than the right-hand operator Adg,;(invpal) considered directly.

Proof of (iii): swap(A) is xcirc-neutral. Let b € Wy, and assume that b is of ho-
mogeneous degree n. Let B = ma(b). Then by Corollary 4.20, swap(B) is circ-
constant, and even circ-neutral if n is even.

We need to show that swap - E(B) = swap - Adgri(invpal) - pari(B) is *circ-
neutral. To do this, we use (59) with N = pari(B), and in fact show the result on
the left-hand side, which is equal to

Ad—(invpil) - ganit(poc) - pari - swap(B)

art

(noting that pari commutes with swap). We prove that this mould is *circ-neutral
in three steps:

e First we show that the operator ganit(poc) - pari changes a circ-constant
mould into one that is circ-neutral (Proposition 4.22).

e Secondly, we show that the operator Ad_;(inuvpil) preserves the property
of circ-neutrality (Proposition 4.25).

e Finally, we show that if M is a mould that is not circ-constant but only
«circ-constant, and if My is the (unique) constant-valued mould such that
M + My is circ-constant, then Ad_—(invpil) - ganit(poc) - pari(M) + My is

circ-neutral, which says that Ad—(invpil) - ganit(poc) - pari(M) is xcirc-

ari

neutral (a paragraph after Proposition 4.25).

Proposition 4.22. Fizn > 1, and let M € ARI(Fpo1) be a circ-constant (cf. Def-
inition 3.33) polynomial-valued mould of homogeneous degree n. Then ganit(poc) -
pari(M) is circ-neutral.

When n = 1, the homogeneous weight n = 1 means that M is concentrated
in depth 1 where it has constant value M (v1) = ¢. Thus the condition of being
circ-constant is automatically satisfied. Direct computation shows that

—c
v1 —v2)(ve —v3) - (Vo1 —vp)
Summing the images of this mould under powers of the circ-operator and putting
them over the common denominator (v, — v1)(vy — v2) -+ (v.—1 — v,-) shows that
this mould is circ-neutral. For the remainder of the proof, we assume that n > 1.

ganit(poc) - pari(M)(vy, ..., v.) = (

Notation for the proof of Proposition 4.22. Let v = (vy,...,v,), and let Wy, be
the set of decompositions dy of v into chunks d, = a;b; ---asbs as in (50). We
always denote consecutive chunks b, in the form of tuples (v, vgt1, ..., Vgt1), but
they can also be considered simply as subsets of {vy,...,v,}.

For any decomposition d,, we let its b-part be the subset b; U --- U by of
{v1,...,v,} and its a-part be the subset a; U--- U ay; the a-part is equal to the

complement of the b-part in {vy,...,v,.}. We write |a| for the number of letters in
the a-part, i.e. |a] = |ai| + -+ |ag|.
Set
(123) W = H Wa;{(v)a
1<i<r
where the o’ (v) are the cyclic permutations of v = (v1,...,v,). For a fixed subset

b C {vi,...,v,.}, let WP denote the subset of decompositions in W having b-part
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equal to b; thus we have

(124) w- [ w"
bg{’”hm’vr}
Let w = (Vj41,-.-,0r,01,...,0;) be any cyclic permutation of v = (v1,...,v.);

let dw = ajb; - -agbg be a decomposition of w, and let b = by U --- U bg be its
b-part. We will list all the elements of WP, i.e. all decompositions of all cyclic
permutations of v having b-part equal to b. Let a =a; U--- U ag be the a-part of
dw- Then there exists a decomposition of a cyclic permutation of v having b-part
equal to b if and only if the cyclic permutation begins with a letter vy € a; for such
a cyclic permutation, there is exactly one decomposition with b-part b, obtained
by cyclically shifting the pieces of the decomposition d,.

Example 4.23. Let w = (vs, v, 5, g, U7, V1, v2) and consider the decomposition
w = ajbiazbsag = (vs,v4)(vs)(ve)(vr, v1)(v2).

Then b = {v1,v5,v7} and a = {ve,v3,v4,v6}. The only cyclic permutations of
v = (v1,...,v7) admitting the b-part {vy,vs,v7} are the ones starting with vy, € a,
and for each one, there is a unique decomposition determined by b:

(v2,v3,v4)(v5)(v6)(v7, 1)
(v3,v4)(vs)(ve) (v7,v1)(v2)
(v4)(v5)(v6) (v7, 1) (v2, v3)
( (

6
v6) (v7,v1) (2, V3, v4) (V5).
The set WP consists of these four decompositions.

Let the ordered a-part of a decomposition dy, of a cyclic permutation w of v =
(v1,...,v,) be the word a; ---ag of the decomposition dy. Then by the above,
there are exactly |a| decompositions in WP, and their ordered a-parts are given by

(125) {ofy(a1---a5)[j=0,...,|a] — 1}

i.e. the cyclic permutations of the letters of ay - - - ag.

Proof of Proposition 4.22. Let ¢ = (M(v1)|v}™"), and let N = pari(M) (where
pari is defined in Definition 3.2), so that N is a polynomial mould of fixed ho-
mogeneous degree n, with N(v;) = —cv}~'. Since M is circ-constant for ¢, we
have

(126) N(vi,...,v.) + -+ N(vp,v1,..,vp-1) = (=1)"¢ Z vt vl

e1+-Fer=n—r
e; >0

By the explicit formula (51), we have

(127) (ganit(poc) - N)(vy, ... Zpoc (|b1) - poc(|bs)N(ay - - - ay),

where we recall that the sum over Wy, is the sum over all decompositions d, =
a;b; - -asbs of v.=(v1,...,v,) as in (50). Now, summing over the set W which
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is the union of such decompositions not only for v but also for all the cyclic per-
mutations of v (cf. (123)), we have

r—1
>_(ganit(poc) - N)(op(v)) = > poc([br) - poc([bs)N(as - -a;)
1=0 a;b;--rasb,eW
= Z Z poc(|by) - --poc(|bs)N(ay - - - as)
bC{v1,...,vr} aib;---a;b, e WP
la]—1
= Z poc(|by) - - - poc(| bs) Z N(J‘Ja‘ (a;---a,))
bC{vi,...,v.} j=0
b=b,U---Ub,
(128) =c Z (—=1)2lpoc(|by) - - - poc(| bs) Z Ve ...U;:|7
bC{vi,...,vr} e+ te|q =n—lal
b=DbU---Ubg e;j >0
where the disjoint consecutive chunks bq,..., b, in the sum run over the possible

b-parts of decompositions as in (50). Here, the first equality is the definition of
ganit(poc), the second equality follows directly from (124), the third follows directly
from (125), and the last equality from (126) using the notation a; U---Ua, =
{viys ... vi, ) for the subset a of {vy,..., v, }.

If ¢ =0, i.e. if M is a circ-neutral mould, the expression (128) is trivially equal
to zero in all depths r» > 1, proving Proposition 4.22 in the case where M is circ-
neutral. In order to deal with the case where M is circ-constant for a value ¢ # 0,
we use a trick and subtract off a known mould that is also circ-constant for c.

For A C {1,...,n}, let 5214 denote the sum of all monomials of degree d in the
letters v;, i € A. In particular, if d = 0 we set Sf =1 and if d < 0 we set S(‘i“ =0.

Lemma 4.24. Forn > 1 and any constant c, let T} be the homogeneous polynomial
mould of degree n (cf. Definition 3.33) defined by T*(0)) =0 and

-

Tcn(vl7'--7’l)r):;s"£1 ,,,,, r}

for r > 1; in particular we have T (v1,...,v,) = % and T (v1,...,v,) = 0 when
r >n. Then T is circ-constant and ganit(poc) - pari(T2) is circ-neutral.

The proof of this lemma is surprisingly long and technical, so we have relegated
it to Appendix A. Using the result, we can now finish the proof of Proposition 4.22.
Indeed we have M (vy) = T™(v1) = cv} ™!, so the mould M — T is circ-neutral and
thus ganit(poc) - pari(M — T™) is also circ-neutral. But Lemma 4.24 shows that
ganit(poc) - pari(T2) is itself circ-neutral, so we have

T T

Z circ' (ganit(poc) - pari(M)) = Z circ' (ganit(poc) - pari(T))) =0

i=1 i=1

and thus ganit(poc) - pari(M) is also circ-neutral, completing the proof of Proposi-
tion 4.22. (]

We now proceed to the second step, showing that the operator Ad,(invpil)
preserves circ-neutrality.
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Proposition 4.25. If M € ARI(Frau) is circ-neutral then Ad——(invpil) - M is
also circ-neutral.

Proof. By (55), we have

(129) Ad(invpil) = exp(adg(—lopil)) = Z (=1" (adf(lopil))n.

ari ari n ari
n>0

The definition of lopil in (53) shows that lop:l is trivially circ-neutral. Thus, since M
is circ-neutral (as explained in Example 3.34), ad—(lopil)-M = ari(lopil, M) is also

circ-neutral by Proposition 3.41, and successively so are all the terms ad——(lopil)™ (M).

ari

Thus Ad—(invpil) - M is circ-neutral. O

ari

Proof of (i) (continued): Finally, we now assume that B € ARI(Fser)al+tsenscircconst-

In particular, swap(B) is a xcirc-constant polynomial-valued mould in ARI(Fyer)
of homogeneous degree n. Let By be the (unique) constant-valued mould such that
swap(B) + By is circ-constant. Then by Propositions 4.22 and 4.25, the mould

Ad(invpil) - ganit(poc) - pari(swap(B) + By)

art

is circ-neutral. This mould breaks up as the sum

Ad——(invpil) - ganit(poc) - pari(swap(B)) + Ad_(invpil) - ganit(poc) - pari(By),

ari art

but the operator Ad—(invpil)-ganit(poc) preserves constant-valued moulds (cf. [S2],

ari

Lemma 4.6.2 for the proof). Thus the mould
Ad(invpil) - ganit(poc) - pari(swap(B) + By) =

art

Ad—(invpil) - ganit(poc) - pari(swap(B)) + By

art

is circ-neutral, or equivalently,

Ad—(invpil) - ganit(poc) - pari(swap(B))

art
is xcirc-neutral. However, using the fact that pari trivially commutes with swap and
also the fact that by Proposition 4.21 (which we recall relies on Ecalle’s assertion
(113)) Adgri(invpal) - pari(B) is push-invariant, we can apply (59) to find that

Ad(invpil) - ganit(poc) - swap(pari(B)) = swap - Aday;(invpal) - pari(B)

= swap - E(B).

Thus swap - E(B) is *circ-neutral, which concludes the proof of (iii). O

Proof of (iv): A € ARI(Fran)?. For any mould A € ARI(Fpay), let us use the

notation
A(A) (v, ..., v0) = v1(v) —v2) -+ (V1 — v)vp A(v1, .., 0r),
so that we have
(130) swap(A(A)) = A(swap(A)).
We write ARI(Fpau) for the subspace of moulds M € ARI(Fyay) such that A(M)

is polynomial. By (130), we see that M € ARI(Fpau)> means that swap(M) €
ARI(Fran)?.

We will again use Ecalle’s assertion (113) and the equality (59); this time we
will study the left-hand side of (59) to track the denominators that appear in the



54 HIDEKAZU FURUSHO, NAO KOMIYAMA, ELISE RAPHAEL, AND LEILA SCHNEPS

right-hand side. By (59), if B is a polynomial-valued mould satisfying the twisted
senary relation, and if A = E(B) = Ad,,;(invpal) - pari(B) is push-invariant, then
A lies in ARI(Fpau)® if and only if

(131) Ad—(invpil) - ganit(poc) - swap - pari(B) € ARI(]-'Lau)Z.

art

The identity (59) applies in the situation where B € ARI 4t tsenscircconst(Fser)
and A = Z(B), since we proved in (i) that A is indeed push-invariant. We will prove
that A € ARI(Frau)® by studying the denominators that arise in (131), produced
first by applying ganit(poc) and then by applying Ad_;(invpil). Let us first show

that the denominators introduced by applying ganit(poc) to a polynomial-valued
mould are at worst of the form (vy —va) -+ (vp—1 — V).

Lemma 4.26 ([B, Proposition 4.38]). Let M € ARI(Fye). Then
ganit(poc) - M € ARI(]:LM)Z

and in fact (v —va) - (vr—1 — V) 18 a common denominator for all terms arising
in (ganit(poc) - M) (v1,...,v,) for all M.

Proof. The explicit expression for ganit(Q) given in (51) shows that the only
denominators that can occur in ganit(poc) - M come from the factors

(132) poc(|by) -~ poc(|bs)
for all decompositions dy = a;b; ---asby of v = (v1,...,v,) into chunks as in (50),
and

|bi = (Vk — Vk—1,Vk41 — Vk—1,-+, Vkil — Vk—1)

(for £ > 1) as in (52). Since poc is defined as in (56), the only factors that can
appear in (132) are (v; — v;—1) where v; is a letter in one of b;, and these factors
appear in each term with multiplicity one. Since the sum ranges over all possible
decompositions, the only letter of v that never belongs to any b; is vy; all the other
factors (v; — v;—1) appear. Thus (v3 — v9)(vy — v3) - (v.—1 — v,) is & common
denominator for all the terms in the sum defining ganit(poc) - M, which proves the
lemma. O

Lemma 4.27. Let M,N € ARI (Fraw)2,eneus be two moulds. Then ari(M, N)
also lies in ARI(Fpan)>.

Proof. We begin by showing that if M € ARI(Frau)2i enew: then for all r > 1,
A(M) satisfies the identity

(133) A(M)(0,vg,...,v.) = A(M)(va,. .., v, 0).

In fixed depth r > 1, the *circ-neutrality of M means that there exists a constant
¢, such that M(vy,...,v,.) + ¢, is circ-neutral, i.e.

(134)  M(v1,...,0p) + M(vay...,vp,01) + -+ M(vp, 01, ..., 0p—1) + 7 = 0.
Writing
A(M)(vy,...,v,)

Ul(Ul - ’02) ce (Ur—l - Ur)Ur

M(vi,...,v0) =
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allows us to rewrite (134) in terms of A(M), as
Z(M)(Ulv'--avr) Z(M)(U%"'vvhvl)

vi(vr —v2) - (Vp—1 — VR )Ur  V2(v2 —w3) - (U — V1)UL

A(M)(vr, 01, 0p—1)

Up(Up —v1) - (Upm2 — Up1)Up—1

(135) +-F +7re. = 0.

Ouly the first two terms of this sum have a pole at v; = 0, so multiplying (135) by
v1 and then setting v; = 0 leaves only the first two terms, which become

A(M)(0,vs,...,v,) A(M)(va, . ..,v,,0)

(136) —v2(v2 —v3) -+ (Vp—1 — )0y va(vg —v3) -+ (vr)

=0.

Since the two terms in (136) have the same denominator with opposite signs, this
is equivalent to the desired identity (133).

We can now proceed to the proof of Lemma 4.27. By additivity, it is enough to
consider the case where M and N are moulds concentrated in depths » > 1 and
s > 1 respectively.

In §4.7 of [S2] (proof of Theorem 4.7.1, see also §4.3.4 of Baumard’s thesis or
Prop. 5.1 of [BS]) the explicit expressions for Z(W(M) . N), Z(W(N) . M) and
Z(lu(M, N)) are calculated, so as to examine the poles of each term. It is shown
there that

(i) A(arit(M) - N) has potential poles (linear factors in the denominator) only at
Vi — Vigr1 (1 <i<s—1)and v; — vy, (1 <i<s), and at v,41 =0 and vs = 0;
(ii) The residues at the poles v; = v; 4,41 are equal to zero with only the hypothesis
M,N € ARI(Fran)™;

(iii) The residues at the poles v; = v; 4, are equal to zero thanks to (133);

iv) A(arit(M) - N) does have simple poles at v,41 = 0 and vs = 0, with residues

(
(

137) Z(N)(O, Up425 - -+ avr-&-s)Z(M)(vla s 7U7’) at vp41 =0
and
(138) A(N)(v1,. 5051, 00 A(M)(vs11, -+, Vrps)  at vg = 0.

The symmetric statements hold for Z(arit(]\f )M ), which thus has simple poles
only at v, = 0 and vs41 = 0 with residues

(139) A(M)(0,v512, -+, Uy ) A(N)(v1, ..., v5) at vgp1 =0
and
(140) A(M)(vi,. ., 001,00 A(N)(Vys1,s -, Vpps)  at v, = 0.

Since we have

(141)  A(ari(M,N)) = A(arit(N) - M) — A(arit(M) - N) + A(lu(M, N)),

we can show that ari(M,N) € ARI(Fra.)® by showing that A(ari(M,N)) is
polynomial, i.e. that it has no poles, by showing firstly that Z(lu(M7 N)) has no
poles outside of v, =0, vs =0, v,41 =0, vs41 = 0, and secondly that the residues
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at these poles cancel out exactly with those of A(arit(N)-M — arit(M) - N). We
write out A(lu(M, N)) explicitly as

Z(lu(M, N))(vl, ey Upts)
= V1 ('Ul - UQ) e (U7'+s—1 - U7'+s)vr+s
. (M(Ul7 o s U )N (Vps1y oo Upns) — N(v1,y o0 0s) M (041, - - ,UH_S))

Vp — Upt]— _
= FUAM) (v1, . 00) AN) (Vrg1s - Urgs)
VrUr41

= BB UR(N) (01, - 0) A (M) (Vg g1, - -5 Upps).
Usvs+1
This shows that the only poles are at v, = 0, vy = 0, v,41 = 0, vsy1 = O.
Multiplying by v,41 and setting v,11 = 0, we find that the residue at v,4; = 0
comes from the first line only and is equal to (137) which is the residue at v,1 = 0in
A(arit(M)-N). Thus these poles cancel out in (141). Similarly, the pole at v, =0
has residue equal to (138), the pole at vs4+1 = 0 has residue equal to the negative
of (139), and the pole at v, = 0 has residue equal to the negative of (140). So all
these poles cancel out in (141), and we conclude that A(ari(M,N)) € ARI(Feer),

i.e. ari(M,N) € ARI(Frau)?, as desired. O

Corollary 4.28. If P € ARI(FLau) i a circ-neutral mould lying in ARI(]:Lau)Z,
then we also have

(142) Adgr(inwpil) - P € ART(Fian)™.

ari

Proof. The mould lopil € ARI(Fau) given in (53) is circ-neutral (as explained in
Example 3.34) and by its defining equation (53), lopil lies in TRI(}'LM)K. There-
fore by Lemma 4.27, we have ari(lopil, P) € ARI(FLau)>. Furthermore, by Propo-
sition 3.41, ari(lopil, P) is also circ-neutral. Then, applying Lemma 4.27 succes-
sively shows that ad_-(lopil)”(P) is a circ-neutral mould lying in ARI(Fran)® for
all n > 1. Since Ad—(invpil) - P is obtained by summing these terms by (129), we

art

obtain (142). O

Proof of (iv) (continued): We can now complete the proof of (iv) of Proposition
4.21. Recall that B € ARI(Fser)al+tsenscircconst and A = Z(B). We may assume
that B is homogeneous of fixed degree n > 3. Then there exists a constant mould
By such that swap(B + By) is circ-constant. By Lemma 4.26, we have

(143) ganit(poc) - swap - pari(B + By) € ARI(]—'Lau)K.
Since swap and pari commute, the mould in (143) is equal to
(144) ganit(poc) - pari - swap(B + By) € ARI(]—'Lau)K.

By Proposition 4.22, this mould is circ-neutral, and by (144) it lies in ARI(FLau)>.
Therefore we can apply Corollary 4.28 with P = ganit(poc) - swap - pari(B + By)
to conclude that

Ad—(invpil) - ganit(poc) - swap - pari(B + Bo) € ARI(Fran)™

art

Observe that this mould is equal to
Ad—(inwvpil) - ganit(poc) - swap - pari(B)(u1, ..., u,) + (—1)"Bo(u1, ..., uy)

ari
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since pari-swap(Bo)(u1, - .., un) = (—=1)"Bo(uq, . .., u,) and Ad,,.; (invpil)-ganit(poc)
preserves constant moulds (cf. [S2], Lemma 4.6.2) which follows from ganit(pic)~! =
ganit(poc) in (58). Thus

Ad—(invpil) - ganit(poc) - swap - pari(B) € ARI(]-'Lau)Z.

art

Swapping this mould and applying (59) with N = pari(B), we finally find that
Adg,i(invpal) - pari(B) = 2(B) € ARI(Frau)®,

which completes the proof of (iv), and therefore the proof of Proposition 4.21, and
thus Step 3 of the proof of Theorem 1.18.

4.2.4. Step 4: Composing with A. The final step in the proof is very easy; it consists
simply of composing the injective map (122)

- A
= ARI(]:ser)al+tsen*circconst — ARI(]:LB-U)alerush*circneut

with the injective map A to finally obtain a map

AoZ: ARI(]:ser)al+tsen*circconst — A(ARI(fLau)A )

al+push*circneut

As explained just before paragraph 4.2.1, since by definition the left-hand space is
the image of the space W, under the mould map ma, where Wy, is isomorphic
to €rv, and the right-hand space is just the image of £rv.; under the mould map
ma (see diagram (98)), we thus obtain an injective map

tro — frogy

as shown by the sequence of vertical maps in the right-hand side of the diagram
(147) below. This completes the proof of Theorem 1.18. O

4.3. Relations with elliptic Grothendieck-Teichmiiller and double shuffie
Lie algebras (Theorem 1.20). The final result in this paper is the proof of
Theorem 1.20. In fact, this result is simply a consequence of putting together the
results of the previous sections with known results. Indeed, the commutativity of
the diagram

(145) grtc 0

évttelc\ 0S¢y

00¢ety

where Adg,;(invpal) : 08 — Vs, is the right-hand vertical map is shown in [S3].

Let b = b(x,y) € 0s. By (10), the injective map ds < frv sends b to the
derivation of Lie[z, y] given by y — B(m, y) :=b(—z —y,—y) and [z,y] — 0 (which
determines the value of the derivation on x uniquely). If b(z,y) € s, then b(z, —y)
lies in Wiy and b(z, —y) lies in Viey, so this map unpacks to

y—=—y —
05 Wero s Veco tro,
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where the last map comes from (38). We can thus construct a commutative square

(146)

05 —— frv

.

05, froy
given in detail by

Yy——y

(147) 05C

Wétn

ma

pari

ARI(Feer)atsil©

Adgri (invpal)

ARI(Fran) g ————— ARI(Frau)5

~ frp

ma

ARI(fser ) al+tsenx*circconst

Adgri(invpal)opari

+pushxcircneut
A A
A A
A(ARI(]:LaU>ail*a7l): A(ARI(]:LaU)al-i—push*circneut)
ma "t ma "t
05¢C trog;.

The second line of this diagram is the direct mould translation of the top line, as
the left-hand space is exactly ma(9s), the right-hand space is ma(Wey) by (116),
and the map pare restricted to Lie series is nothing other than y +— —y. The proof
of the vertical morphism

A

alxal

Adyri(invpal) : ARI(Fser)airit = ARI(Frau)

has two parts: the fact that Ady,,;(invpal) maps ARI(Fran)aixii t0 ARI(FLau)alxal
is one of the fundamental results of Ecalle’s mould theory, and follows directly from
Ecalle’s fundamental identity (57) (see [S2], Theorem 4.6.1), while the fact that
restricted to ARI(Feer)airi, the operator Ad,,;(invpal) produces denominators at
worst A was proved in [B], Thm. 4.35. The vertical morphism
Adari ('anpal) o pari : ARI(]:ser)al-‘rtsen*circconst — 1£1P€I(~F’Lauu)A

al+push*circneut

follows directly from our assumption (113). Since pari is an involution, the square
formed by the second and third lines of the diagram commutes, where the hori-
zontal inclusion of the third line comes from Corollary 3.46. The fourth horizontal
inclusion is obtained simply by applying A to the third line. Finally, the last line
of the diagram comes from the definitions ma(dscy) = A(ARI(Frau)5..) ([S3])

al*al
and ma(€evey) = A(ARI(Fran)5) ) by Definition 4.6.

al+pushxcircneut

This diagram shows that the diagram (145) above can be completed by the
diagram (146) to the commutative diagram of Theorem 1.20. O
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APPENDIX A. PROOF OF LEMMA 4.24

Let us recall the statement of the technical lemma 4.24. Recall that for A C
{v1,...,v,.}, we let M' denote the set of all monomials of degree d in the letters of
A, and 5;14 the sum of all monomials in M j‘. Recall from the notation given between
the statement of Proposition 4.22 and its proof that for any cyclic permutation
permutation (vg, ..., vq,v1,...,0;_1) of (v1,...,v,) and any decomposition of it as
a;b; - -asb; for some s > 1 (where none of these subsets is allowed to be empty
except for possibly by), we write b = by U--- U b, and call this the b-part of the
decomposition. Recall also the notation W, WP etc. given just after the statement
of Proposition 4.22. We will also use the following further notation: for each
0 < i <r,let B; denote the set of all b-parts (occurring in the sum in (149)) that
contain v; but not v;41,...,v,; in other words, a given b-part b = b, U---Uby lies
in B; if and only if 7 is the largest index such that v; occurs in b.

The following are examples for i = 0,1, 2.

Example A.1. We have By = {0}, since a b-part that contains no v; can only be
the empty set; empty b-parts arise in the trivial decompositions

Ug(V) = (Uj+1,. ey Upy U1, .. .,’Uj) = ai

for 0 < 5 < r —1. The set By contains only the single element b = (v;), and
corresponds to the decompositions

0I(V) = (Ug1se e 0V y07) = (Wi, 0)(01) (03, 07) = arbrag

for 1 < j <r—1 (in fact just a;b; for j = 1). The set By contains two different
b-parts, namely (v2) and (v1,v2). The b-part (v2) occurs in the decompositions

(’Ul, e ,UT) = (’Ul)(’Ug)(’Ug, e 7’U7~) = alblag
(U37 s 71}7’71}177}2) = (U37' . av’rvvl)(UQ) = albl
(Vjgty -5 Ur UL, o, 05) = (Vjgt, - -5 Or,v1) (02)(V3, ..., 0;) =aibjay for 3<j <r—1.

The b-part (v1,v2) occurs in the decompositions

{(”3, ., vp)(v1,v2) = ajby

(vj,...,00)(v1,v2)(v3,...,vj-1) =aibray for4d <j<r

Indeed, for 1 < ¢ < r—1, the set B; is simply in bijection with the set of all subsets
B c {1,...,i— 1}, by associating B to the b-part {v;|j € B} U{v;}); when i = r,
B, is in bijection with the set of all strict subsets of {1,...,r — 1}.

Lemma 4.24. For n > 1 and any constant ¢ # 0, let T* be the homogeneous
polynomial mould of degree n defined by

c
T (vis-eyvr) = - Sr{qu_l;""“T}.
Then T? is circ-constant and ganit(poc) - pari(T7") is circ-neutral.

Proof. The mould T is trivially circ-constant for the value c¢. For the rest of
this proof we set ¢ = 1 and T" = T7"; it suffices to multiply all identities in the
proof below by the constant ¢ to prove the general case.

Let N = pari(T™). In order to show that ganit(poc)- N is circ-neutral, we start
by recalling from the beginning of the proof of Proposition 4.22 that for each r > 1,
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the cyclic sum

(148) ganit(poc) - N(v1,...,vy) + -+ 4+ ganit(poc) - N(vy,v1,...,Vr_1)
is equal to the expression (128)
(149) > (=Dllpoc(|by) - poc(|bs)Sa_ ),

bC{v1,...,v,.}

b=b;U---Ubg

where the sum runs over all the distinct b-parts that can arise from decomposing

the cyclic permutations o (v) = (Viy1,. ..,V V1,...,0;) into chunks a;by - - - asby
in which only b, can be empty (so in particular b = by U---Ub, cannot be the full
set {v1,...,v,}). For each term of the sum, a denotes the subset of {v1,...,v,}

which is the complement of the b-part by U--- U by.

To prove the Lemma, we will show that (149) is equal to zero for all » > 1 by
breaking up the sum into simpler parts that can be expressed explicitly. To do
this, we observe that every b-part corresponding to a decomposition of a cyclic
permutation o7(v) lies in a unique B;. Therefore if we set

(150) Ry =Y (=1)™lpoc(|b1) - - poc(|bs)Si_a
beB;

for 0 < i <r, we can write the sum (149) as

(151) Z (—1)|a|poc(Lb1)~-~poc(Lbs)5’2_|3| =R{+ -+ R;.
bg{vl""avr}
bZb,U---Ub,
‘We have
r—1 )
(152) Ry = (—1)" St = 3N (ol (v),
§=0

where the first equality comes from (150) and the second from the fact that N =
pari(T™) and T™ is circ-constant. For R, the only possible b-part is (v1) and we
have

r (_]-)T {va,...,v.}
(153) Rl = msnfﬂrl :

Let us now consider R} for i > 1. Consider any decomposition

(154) a1b1 s asbs
of any cyclic permutation of (v1,...,v,). For any non-empty chunk b; of this
decomposition, write b; = (Ukt1,Vk+2,...,v;), with indices k& and ! considered

mod 7 from 1 to r (for example b; = (v,—1,v,,v1) with k =7 —2 and [ = 1). Then
by the definition of poc (cf. (56)), we have
poc(|b;) = poc(Vi41 — Vg, Vg2 — Uk, - - ., U1 — Uk)
-1
(Vi1 — V) (Vg1 — Vgg2) -+ (Vi1 — vp)

=H( !

b
Um—1 — U
vmEb; m—1 m)
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again with indices m mod r with values from 1 to r. Thus, writing as usual a for
the a-part of a decomposition as in (154), (150) can be written

—1)lalga
(155) RZ: Z ( ]') Sn—|a|

b/g{U17~»-,U7‘,—1} ijeb(vj—l - v])

for 1 <i <r —1, where b’ runs over all subsets of {v1,...,v;_1} so b=b"U{v;}
runs over the elements of B;, and for i = r we have
(~Dlalsa_

(156) R — |
b’Q{vl,Z,v,‘l} [L,en(vi-1 — v))

We will use these explicit expressions in the proofs of the following two claims,
which will allow us to easily conclude the proof of Lemma 4.24. The proofs of the
claims are given farther below.

Claim 1. (i) Fori=1, we have

_1\)r—1 {va,...,vr}
(157) R{:( st

('Ur*vl)
(ii) For 2 <i <t —1, we have

(_1)7”—725{'01'717'Ui+17~~a'0r71}

n—r+i

(158) R =

C (v — o) (v —v2) - (Vim —vg)

(#ii) For i =r, we have

n—1

(159) R; = (0r —o1) (01 — UQ)_ (Vg — Uy_1)

Claim 2. For 0 <i <7 —1 we have

(_1)7"—15{111'7-;,_%71}
160 RT++R:: n—r+i .
(160) 0 (vp —v1)(v1 —wv2) - (Vi1 — ;)

Accepting these two claims, we observe that by (160) when i = r — 1, we have

n—1
—Ur_q

(161) Ry+--+R._, =

(vr —v1)(v1 —v2) - (Vr—2 = Vp_1)’

but this equal to —R]. by Claim 1 (iii). This shows that we have Rj+---+ RJ. = 0.
Thus the left-hand side of (151) is equal to zero. But this left-hand side is equal to
(149), which in turn is equal to (148), showing that ganit(poc) - N is circ-neutral.
This completes the proof of Lemma 4.24. |

It remains only to prove Claims 1 and 2. We begin by proving Claim 2 using
Claim 1, then give an elementary (but surprisingly complicated) proof of Claim 1.

Proof of Claim 2. We first note the following trivial but useful identity. Recall
the notation V,,, = {v1,...,vp} for 1 <m <r. Let A" C V,, let v; ¢ A’, and let
A= A"U{v;}: then we have the useful identity

(162) S+ 0S¢ = St
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Indeed, the first term is the sum of all monomials of degree d + 1 in the elements
of A’, and the second is the sum of all monomials of degree d + 1 in the letters of
A that contain v;, so their sum forms the sum of all monomials of degree d + 1 in
the letters of A.

We will prove Claim 2 by induction on . The base case i = 0 is given by (152).
Now let 1 < ¢ < r — 1 and assume (160) up to ¢ — 1. Then by the induction
hypothesis and Claim 1, we have

b+ R =(Ry+---+RI_)+ R’

(_1)r—i+1S{Uz‘flw-’vr—l} (_1)r—iS{vi—1,vi+1w-wvr—1}

n—r+i—1 n—r—+i
(vp —v1)(v1 —v2) -+ (Vice —Vi—1)  (vp —v1)(v1 —V2) - (Vic1 — V;)

n—r+i—1 n—r+i—1 n—r+1i

(_1)7-—i+1 (Uiils{v'iflwnvvr—l} _ vis{viq,...,vwl} . S{vifl’vi“’“"vwl})

(vr —v1)(v1 —v2) -+ (Vi1 — ;)

By (162), the second term and third terms in the numerator sum to —Siqf;i’i""vr’l},

so the numerator becomes (—1)"~*1 (vi,ls’iv_i;i’i';’f"’l} — Sfﬁ;_i’i“"v"’l}) which

again by (162) sums to (—1)T_i(S{v“""v”’l}). Thus we have

n—r+1i

() isi )
Rr+...+ R" =
0+ + 1 (’UT—Ul)(Ul _’[)2)-..(1}2,71 _Ui)7

which proves Claim 2. O

Finally, we proceed to the proof of Claim 1.

Proof of Claim 1. (i) When ¢ = 1 we have By = {v1}, so here there is only
one term in the sum (155) corresponding to b’ = 0, b = {v1}, a = {ve,..., v},
|a] = r — 1, so that (155) for ¢ = 1 comes down to (157).

(ii) Let Vi = {v1,..., o} for 1 < m < r. Fix a value of ¢ with 2 < ¢ < r — 1.
Recall that R} was given in (155) as the sum

(—1)|a|527‘a|
(163) R = |
b/gz‘/;_l Hvﬁb(”jﬂ — ;)

where b = b’ U {v;} and a is the complement of b in V.
Multiplying R} by the common denominator (v, —v1) - - - (v;—1 — v;) and setting
vg = v, as usual, we rewrite (163) as

(164) H(vj,l — ;)R] = Z (—1)‘3‘ H (vj—1 — vj)527|a|.

Jj=1 b'CVi_1 v €Vi—1\b’

To conclude the proof, we need one more claim.
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Claim 3. For each pair i,k with1 <i <r and1 <k < i—1, define the polynomial
Q. by
r—|B’|+k— Vi\(B'U{v1,...,vk—1 JU{v;, 0, })
Z (—1) ‘ |+ 1( H (’Uj—l_vj)> Sn—T+|B’\+k+1 k—1
V1,V EB'CVi_q v; €V \(B'U{v1,...,ux})
Let Qjy denote the right-hand side of (164). Then we have
Q=@ =@y == Q.
Proof of claim 3. Let us show that for 0 < k£ < i — 2 we have Q; = Q;H—l‘

We break the expression for Q% into the terms with vy1 € B’ and those with
Vg1 € B, writing Q}, as

_ 1) —|B[+k-1 H ) @V \B U or e YU v, })
Z (-1 (vj—1—vy) Sn—r+|B’|+k:+1
Vs vkeB'g/vi,l v; €V \(B'"U{v1,...,ux})
v 11€B
r—|B’|+k—1 ) ) V(B U{w1,.., 061 YU{vs,0.})
+ E (-1) ( H (v]—livj))5n7r+|3’\+k+l :
V1, V41 €B/CVig v €Vimi \(B'U{v1,...;uk})

We will use an analogous decomposition for Qf, breaking it up as

g

[Mwicr—vrr =" > 0 I (1 —v)Si 4

Jj=1 v1€B'CV; 1 v; €Vi—1\B’
E [A]| ) ) gA
+ (-1 (vj—1— vj)Sn—|A|a
v1gB'CV;_1 v;€Vi_1\B’

where B’ = b’ and A = a (to harmonize the notation with the Q%), and the vy
that occurs in the second line is equal to v, as in (164).

Now fix k € {0,...,i — 2}, and write B” := B’ \ {vg4+1} in the first line of the
decomposition of Q%, and simply replace the notation B’ by B” in the second line,
obtaining

r—|B"|+k , ) V(B U{v1,. 0 -1 JU{0k41,05,07})
E (=1 I | (vj—1—v;) Sn_r+|3~|+k+2
V1,V 41 EBCVig v; €Vi_1\(B"U{v1,...,vx41})

+ Yo ()T g — )

V:\(B"”U{v1,...,vi—1 }U{v;,v,})
< H (vj—1 — Uj)) Sn7r+|B”|+k:+1 o )
U_jG‘/;;_l\(B,,U{Ul ,,,,, ’L)k+1})

except when k = 0, where (using |4| = r—|B"”|—1), the S-factors are §VA\B U{v i}

n—r+|B"|+1
in the first line and SXT_\T(_E" Bg,ﬁiil} )

Now we gather the terms, writing this as

Q= Xy I1 (vj-1-v;)) %

V1., V41 €BCVilq v;€Vi1 \(B"”U{v1,...,vk41})

in the second.

SVT\(B”U{UI7'--;'Uk71}u{’“k+17”17“7‘})) — (vp —v )SVT\(BHU{’UI7"-7vk71}u{vi7ﬁu7‘})
n—r+|B" | +k+2 k k+1)2 0 —rq | B/ |4k41 )
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or in the case k = 0,

Qo= > (I )

B"CVi_1 v; €V \(B"U{v1})
Vi\(B"U{v1,v:})) V(B U{vi})
<Sn—r+|B”+12 - (’UT - Ul)Sn—r+\B“\+l > ’

We will now use (162) twice to simplify the right-hand factor. For 1 < k < i — 2,
we take A’ = V. \ (B" U{v1,...,v5-1} U{vgt1,v5,0,}) and A = A" U {vg41}, while
for k = 0 we take A’ = V,.\ (B”" U{v1,v;}) and A = A’U{v;}. We can then expand
the right-hand factor as
A’ A A
Sn—r+|B“\+k+2 - ”kSn—r+\B"|+k+1 + Uk+15n—r+|B”|+k+1

(recalling that when k = 0, vg = v,-). Applying (162), this simplifies to

A A
Sn7r+|B”|+k:+2 - Uk5n7r+\B”|+k+1-

Next, since vy, € B” we must have v, € A, so by applying (162) again we see that
this simplifies to

SA\{'uk} - SVT\(B”U{Ul,...,vk}U{vi,vr})
n—r+|B"”|+k+2 — “n—r+|B"|+k+2 '

Thus we can rewrite Q% as
_1\r—|B"|+k H o Vi\(B" U{v1,...,v JU{v;,0,})
E (-1) (vj—1—;) Sn7r+|B”|+k+2.
V1, Vk41 €8BSV v; €Vi 1 \(B”"U{v1,...,v5+1})

But according to the definition of the polynomials Qi for 1 < k < i — 1, this is
exactly equal to Q. Thus we find that Qf = Q} = --- = Q!_,, completing the
proof of Claim 3. O

It remains only to prove part (iii) of Claim 1.

(iii) In this final part we have to prove that

r—1

(165) [Tw—1 = o) Ry = o=t
j=1

Recall from (156) that R] is given by the formula

—1)lalga
' b/'CV,_1 H'Ujeb(vj71 - U])

where b = b’ U{v,}. Thus the common denominator of all the terms in the sum is
(v —v1)(v1 —v2) -+ (vp—1 — v,-), and we have
T

(166) [Jwj-1—vp)BRr= > (0Pt I (wj—1—vy) Sr‘L/T—_rl—i}\tl))’\—O—l'
j=1

b/ CV, 4 v €Vr_1\b/

Let us write ¢ = V;._1 \ b/, so this equality can be expressed as

T

(167) [Twicr—vpRr = > D] w1 = v)S5_ -

j=1 0#cCVr_1 vj€c
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For 1 <4 <7 —1and n > 1, define the sum 7" by

17 = Z (—1)ll H (vj—1 = ;)85 e

0#cCV; vj€c

where we set S§ = 1 and S5, = 0 if m < 0. By this definition, the term 7" ; is
equal to the right-hand side of (167). We will prove that

(168) T = (vi — oo

The equality (168) suffices to prove the desired result (165). Indeed, since T 4 is
equal to the right-hand side of (167), the left-hand side of (167) is equal to the
right-hand side of (168) with i =7 — 1, i.e.

T

[T 1 —v) Ry =Ty = (0,1 — w)0)

Jj=1

Canceling out the factor (v, — v,_1) from both sides yields the desired identity
(165).

It remains only to prove (168). We proceed by induction on i. When ¢ = 1, we
have ¢ = {v1} and for all n > 1, we have

Tf = —(vp —v) Syt = (v — o)y

proving the base case.
Fix n > 1 and assume (168) holds for ¢ — 1. We break T into the sum over c
containing v; and ¢ not containing v;, as follows:

=Y (D] Wi —v)SE

0#£cCVi_q vjEc
+ Z (=D (i — v3) H (vj—1 = vj) S5 _|e)
eCVi_1 v €C
c/=cU{v;}
=T + (vie1 — i) Z (=1)lel+t H (vj—1 — vj)SfLLi{lgliil
cCVio1 vj€Ec
=T = (i — ) = i =) Y (DI T (o — ) SEtt

0#cCVi_1 vj€C

where the last line comes from separating the sum over ¢ C V;_; into ¢ = §) (giving
the extra term (v;_1 —v;)v)"" ') and the sum over ¢ # (). Since ¢ does not contain
v;, We can write

Scu{vi} _ qc |—1+viS$L—|c\—2+U?S§—|c\—3+“'+U?_Ic‘_QSf+Uin_lcl_l-

n—|c|-1 — Mn—lc
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Using this, the above equality becomes

=T0 = (icr —v)vf = (i —vi) Y (=D ] (w1 = vj)x

P#cCV;_1 vjEC
c c 2 qc *|C c " le|—
(Sn7|c|71 + Sy _joj—2 TV Sn_je|—3 - U e )
n—|c|—
1 k
=T — (e —v)of = (Vi —v) Y )\l E H Vj—1 = V) S5 je|—1-kVi
@;ﬁcCVi 1 vjEC
n—1 _
=T — (vic1 —vi)v] (vie1 E oF g el H Vj—1 = V)5 je|—1—k-
k=0 ®¢cgvi,1 vj€c

If n—|c|]—1—k <0 then ng‘c‘flfk =0, so this is equal to

n—1 _ kpmn— k 1
T — (vim1 — v;)v] (vie1 — v;) E v T

i—

which then by induction is equal to

n—2
= (vim1 = o)V = (vim — o) = (vimy = 0i) Y v (viey — o )u
k=0
n—2
= (vie1 = v)oP ) = (vimy = v)vP T = (vimy = v (viey — vp) Y vl
k=0
= (vie1 = v )T = (vim1 = 00 T = (Vi = v) (01 = 0T
= (v; —vp)oP !
This proves (168) and thus completes the proof of Claim 1 (iii). O
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