Approximating Galois orbits of dessins

David Harbater* and Leila Schneps**

§0. Introduction

Let Ggp = Gal(Q/Q). In this paper we study Belyi’s action of Gg on
71 (P! —{0,1,00}) on the level of finite covers . We show that this action
can be made effective in terms of the natural outer action on 71, and that
this outer action can itself be approximated so as to obtain information
about Galois orbits and fields of moduli of covers and dessins. We begin
with some background and motivation, and then describe the structure of
the paper.

0.1. Background and motivation. In the theory of branched covers
of curves, the action of the arithmetic Galois group on the geometric Ga-
lois group is both important and mysterious, and provides a link between
number theory and topology. This link arises from the fact that topological
covering spaces over a punctured Riemann sphere can be defined as covers
of algebraic curves, and that the covers are even arithmetic if the branch
locus consists of points defined over Q. Namely, as Grothendieck showed
[G], such a cover can be defined over Q (and hence over some number field),
and the same is true for G-Galois covers. If we fix an algebraic branch locus,
then we may first ask how the absolute Galois group Gg = Gal(Q/Q) acts
on the set of such covers, and secondly ask what the field of moduli of such
a cover is. In the G-Galois case, if G has trivial center (and in certain other
cases), the cover is defined over its field of moduli, so the latter question is
equivalent to asking for the minimum field of definition K. That in turn
has applications to the Inverse Galois Problem, via Hilbert’s Irreducibility
Theorem — for then G is a Galois group over K (t) and hence over K.
These questions can be made more explicit by rephrasing the situation
in terms of group theory. Let P;,..., P. € IE% be r distinct points, and let

Py € Pt —{Py,..., P} be a base point. Then we may choose a homotopy
basis of counterclockwise loops 7; at Py around P; such that [[~v; ~ 1. To
give a (G-Galois cover branched at points Pi,..., P, is then equivalent to
giving its branch cycle description, i.e. an r-tuple of generators (g1, . . ., g,) of
G such that [] g; = 1, determined up to uniform conjugacy (corresponding
to the choice of base point on the cover over Py). The first question above
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then becomes the problem of determining how Gg acts on the set of such
equivalence classes of r-tuples (e.g. by giving a formula for the action of
o € Gg on the set of branch cycle descriptions). Solving this would then
answer the second question as well, since the field of moduli of a cover would
be the fixed field of the stabilizer of the branch cycle description. We would
thus like to have a “formula” for the field of moduli in terms of the branch
cycles g;. (The non-Galois case can be interpreted similarly, in terms of
r-tuples of elements in an appropriate 5,,, but for simplicity we focus on
the Galois case here.)

Using his “branch cycle argument,” Fried (cf. [F1]) showed a branch cycle
condition that gives a weak form of the desired formula for the action of Gg.
Namely, if each P; is defined over K C Q, and if o € G, then the branch
cycle description (gi,...,g.) of Y7 — P! satisfies the relation g, ~ gzx(a).
(Here x is the cyclotomic character and ~ denotes conjugacy in G). More
generally, if the branch locus is defined over K C Q (but the individual P;’s
are not necessarily defined over K), then g5 ~ glx(a) if o(P;) = Pj.

Later, Belyi [B] considered the case of r = 3, where we may take P; = 0,
P, =1, P; = co. By considering the special case now known as “rigid-
ity” (and treated independently, about the same time, by Matzat [M] and
Thompson [T]), he showed that for certain triples the branch cycle condi-
tion g, ~ gf(a) determines the field of moduli — and thus many simple
groups can be realized as Galois groups over Q" (or even over Q, in some
cases). Also, he showed that for a given o € Gg, there is a unique f, € 1/7\2’
(the commutator subgroup) such that o takes each triple (g1, ¢2,93) to an
expression of the form (gi‘(o), f;lg%‘(a)fg,g??f(g)) (for some g3 ~ g3). This
provides a lifting of the natural map Ggp — Out(ﬁg) to a homomorphism
Gg — Aut(F,). Moreover he showed a converse to Grothendieck’s theorem,
viz. that for every curve Y defined over Q there is a covering map ¥ — P!
that is branched only over {0, 1,00} — and hence Gg acts faithfully on the
set of étale covers of Pt — {0, 1,00}.

In the Esquisse d’un Programme, motivated in part by Belyi, Grothendieck
suggested studying Gg as a group of outer automorphisms of P! —{0, 1, c0}.
More generally, he suggested viewing G as a group of outer automorphisms
of the groups K(g,n) = m1(Myn), where M, is the moduli space of
curves of genus g with r ordered marked points, and then trying to un-
derstand the outer action on K(g,n) in terms of the one on K(0,4) = Fj
(where Mg 4 = P! — {0,1,00}). In particular, he suggested that the action
on the full “Teichmiiller tower” of K (g,n)’s can be understood in terms of
IA((O,4), IA((l, 1), I?(O,5), and [?(1,2) (where the actions on the first two
would provide the generators of the tower and the second two the relations).
In addition, he showed how covers of P* — {0,1,00} can be classified not
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only by equivalence classes of triples, but also by “dessins d’enfants”, which
encode the same information graphically.

Since the action of an element o € Gg is given by A, = x(o) € Z* and
fo € F2 (as in [B]), the above involves characterizing the pairs (A, f) €
7* x F2 that arise from elements of Gg, and characterizing the actions of
elements o € Gg on the tower of K(g, n)’s in terms of A\, and f,. Such
characterizations would give an explicit description of Gg as a subgroup of
the outer automorphism group of K (g,n), and in particular of K (0,4) = ﬁ2’

Some progress was made on the first point by the discovery of three neces-
sary conditions for a pair (), f) € 7* x Fy to come from Gq. These properties
come from work of Drinfel’d (cf. [D]), where he defined the Grothendieck-
Teichmiiller group GT as a certain subgroup of Aut(F,) (constructed in
terms of “quasi-triangular quasi-Hopf algebras”) that contains the image
of Gg under the Belyi lifting. Later, Ihara reinterpreted the inclusion of
Gg in GT in terms of Mo 4 and M 5, braid groups, and “pro-loops” (cf.
[I1], [I2]). The elements of GT are automorphisms corresponding to pairs
(N f) € Z* x 1/7\2’ satisfying a certain 2-cocycle condition (I), a 3-cocycle
condition (II), and a 5-cocycle condition (III) (see the survey on GT in this
volume for details). The group GT can be identified with the automorphism
group of a tower of profinite Artin braid groups En; cf. [LS].

On the second point, Nakamura recently showed explicitly for g > 1 and
n = 0 or 1, how the action of any o € GQ on K(g, n) can be expressed
in terms of the action on K(0,4). For K(0,4) = Fy = (z,y,2 | ayz = 1),
Belyi’s action can be written more explicitly as

o:x— x)‘, Y (y’\)f(a:’y), Z = (Z/\)f(x’z)xima (*)
Where)\—)\ X(o) € Z*, f = fo € Fj, m = (A\—1)/2 € Z, and
uw’ = v uw for u,v € F,. In [N, Appendix|, Nakamura described an

analogue of Belyi’s lifting that provides an action of Gg on the group K (0,5)
(which is generated by elements x; ;11 for i modulo 5) by

. A T12,T A Ta5,T
0. T12 /> Xqg, L23 (q; 3)f( 12 23) Tgq — (1734)f( 45 34)7

A A ) )
Tys — T)s, Ty — (I51)f(x45 z51) f (w12 :r23), (**)

where A, f are as above. In his contribution to this volume, he discovered a
similar formula for the action of Gg on K(g,0) and K(g, 1), with g > 0.

0.2. Structure of the paper. In the present paper, we continue the
examination of Gg and GT as groups of outer automorphisms of the funda-
mental groups K (0,n) of the moduli spaces My ,,, and the related problem
of finding a “formula” for the action of o € Gig on covers — i.e. finding f,
in terms of o, at least on finite levels. We break this problem into two parts.
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In §1 we treat the first half of this problem, viz. showing that the Belyi
lifting Ggp — Aut(ﬁg) can be made “effective” in terms of the natural map
Go — Out(F). That is, for every normal subgroup N C Fg of finite index,
we show that there is a finite index normal subgroup N C Fg such that
the Belyi lifting modulo N can be computed in terms of the outer action
of Gp modulo N. Moreover we show how N can be found explicitly in
terms of N, and interpret this in terms of computing the action of Gg on
covers of P! — {0,1,00}. In §2 we prove analogous results for K(0,5). A
basic ingredient is the definition (in 1.1) of a certain group OF of symmetric
outer automorphisms of K (0,n).

The second half of the problem, i.e. explicitly computing the outer action
of a given 0 € G, remains open. In §3 we obtain partial results in this
direction, which compute the GT-orbit of a dessin — thus approximating the
Go-orbit — and also yield information about the field of moduli of a dessin
(or corresponding cover). This is achieved by using the result (cf. [HS])
that GT' ~ OF, and by considering the image of OF in Out(K(0,5)/N) for
characteristic subgroups N C K (0,5) of finite index.

§1. The Belyi lifting and four-point moduli

Let F5 be the free group on two generators x and y, which is the topo-
logical fundamental group of P! — {0,1, 00} (based at some point), with =
and y being counterclockwise loops around 0 and 1 respectively. Let F be
its profinite completion, which we identify with the algebraic fundamental
group of P! —{0,1, 00} (with the same base point), and hence with IA((O, 4).
Let 132’ denote its commutator subgroup, and consider the Bely: subgroup
A C Aut(F,), defined (as in [B]) by

A={F ¢ Aut(Fy) | 3x € Z*, f € F} such that
F(z) =2 F(y) = [y, Flay) ~ (xy)*},

where ~ denotes conjugacy in B Giving F' € A determines the pair (A f)
uniquely, so A may also be regarded as a subset of Z* x F2, which is how
we consider it henceforth.

Since any o € G must take the full tower of finite covers (regarded as
the “pro-universal cover” of P! — {0, 1, c0}) to itself, there is a natural map
a:Gg — Out(ﬁg). Using that the centralizers of x and y are respectively
the pro-cyclic subgroups (x) and (y), Belyi deduced that o may be lifted to
a homomorphism 3 : Gg — A C Aut(ﬁg). The map 3, known as the Belyi
lifting, corresponds to a section of the fundamental exact sequence

1—>ﬁ2—>7rl(]P’(b—{O,1,oo}) — Gg —1
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obtained via a certain tangential base point for m; (cf. [IM]).

The goal of this section is to show that the Belyi lifting 3 : Gg — Aut(ﬁg)
is effective in terms of the natural map a : Gg — Out(ﬁg). We describe our
approach to this in 1.2 below; before that, we need to define some important
subgroups of the automorphism and outer automorphism groups of the pure
mapping class groups K (0,n) = 71 (Mo ). (For basic facts about K(0,n),
cf. section 1.1 of the survey on GT in this volume.)

1.1. Symmetric automorphisms of pure mapping class groups.
For each n, the symmetric group S,, acts on the moduli space My, by
permuting the order of the marked points. For n = 4, the automorphism
group of Mg 4 = P! —{0,1,00} is S3, and the map o@ .8, — Aut(Mo4) is
surjective with kernel equal to the even involutions in Sy (which form a Klein
four group). On the other hand, for n > 4, the map S,, — Aut(M,) is an
isomorphism. For all n, the map S,, — Aut(My ,,) induces a homomorphism
o™ .S, — Out(K(0,n)), which again is injective for n > 4 and has Klein
four kernel if n = 4. (In fact, by a version of Grothendieck’s anabelian
conjecture — see the article by Thara and Nakamura in this Volume — the
image of this homomorphism is exactly the subgroup of Out(K (0 n)) that
commutes with the natural outer action of Gg on K (0,n).)

For any group G, the outer automorphism group Out(G) acts on the set
of conjugacy classes [g] of elements of G, and we may make the following

Deﬁnitlon For all n > 4, let OF be the subgroup of outer automorphisms
Fe Out( (0,n)) such that

(i) for each i, j, we have F([z;;]) = [z ’\] for some \ € Z*;
(ii) F commutes with ¢(™(S,,) in Out(K (0 n)).

Note that for F' € O the value of A is independent of 4, j by the symmetry
condition (ii); so we may write A = /\(F) Let A7 denote the inverse image
of O under the natural map Aut(K(0,n)) — Out(K (0 n)), and write
MF) = \F)if F € A#* maps to F € OF. A key fact [HS, 1.2] is that the
image of the natural map Gg — Out(K(0,n)) is contained in OF.

In this section, we restrict attention to the case n = 4, identifying K (0,4)
with F2 via 12 = = and x93 = Ys & and viewing OF C Out(Fg) and A} C
Aut(Fg). Since  : Gg — Aut(Fg) lifts a : Gg — Out(Fg) and since
a(Gg) C OF, we have that 5(Gg) C Aj. Our explicit description below of
[ in terms of a will be based on the following result, which is essentially
well-known (cf. [IM]), but is explicitly proved in this form in [HS, 1.2].

Theorem 1. There is a unique section s of the natural homomorphism
A? — OF whose image lies in the Belyi subgroup A of Aut(Fy). This
section satisfies = sa: Gg — Aut(Fy).
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1.2. Explicit computation of the Belyi lifting. Our goal in §1 is to
compute 3 explicitly in terms of «, on the level of finite covers. That is, we
will show that for any normal subgroup N C F, of finite index, there is a
smaller such subgroup N — which we determine explicitly — such that the
reduction of 8 modulo N is determined by that of & modulo N.

Our approach to this is to use Theorem 1, and the section s of A — OF .
We show that s is effectively computable, in the sense that s(F) modulo N
is determined by F modulo N, where N depends only on N (and not on F).
The computation of § in terms of « then follows from the relation § = sa.

The rest of §1 is thus devoted to finding an N for each N, and describing
how to compute s(F) modulo N in terms of F modulo N — and hence 3
modulo N in terms of & modulo N. First, we need to define these reductions
of a and (3.

Let I' be the set of normal subgroups N of finite index in 1/7\2. For each
N €T, consider the quotient group Gy = ﬁg /N. Then giving the quotient
map Fy —» Gy is equivalent to giving a triple (a, b, c) of generators of G'x
such that abc = 1, corresponding (via Riemann’s Existence Theorem) to
a pointed G n-Galois cover X — IP’@ — {0,1,00}. The set of equivalence
classes of such triples (under uniform conjugacy) can be identified with the
set of isomorphism classes of G -Galois dessins, each corresponding to a
G n-Galois cover X — Py — {0,1, 00}

For N €T, the action of Gg on G n-Galois covers lifts to an action on the
set of triples {(a,b,c)|a,b,c generate G, abc = 1}, via the map (3 : 0 —
(Mo, fo) EAC 7 ><F2 Since a,b € G determine ¢ € Gy, we can view this
as an action on pairs of generators (a,b) € Gy. Note that this action factors
through (Z/nZ)* x G'y, where n is the exponent of G. Namely, o € Gg
takes a pair of generators (a,b) of G to (a*oV, fg_’]lvb’\ff’NfU,N), where A\, N
is the image of A\, in (Z/nZ)* and f, n is the image of f, in G'y,. We thus
obtain a reduction map Sy : Gg — Ay C _(Z/nZ)* x G’y of § (modulo N),
where Ay is the image of A under Z* x F} — (Z/nZ)* x Gy

Next, we define the reductions a of «, for each N € I'. For this, observe
that we may identify Aut(ﬁg) with the set of pairs of generators (z’,vy’)
of Fy, via F — (F(z),F(y)). Thus Out(F,) becomes identified with the
set of equivalence classes of such pairs (with respect to uniform conjugacy),
and OF is identified with a subset of this set of equivalence classes. For
each N € T', let Of /N be the quotient of this subset under translation by
N; this is a set whose elements are equivalence classes of (certain) pairs of
generators of G . The reduction ay : Gg — OF /N is then the composition
of a with the reduction map O] — OF /N.

In this section, as noted above, our goal is to find Gy in terms of an
appropriate o 5. This is only part of the larger problem of understanding the
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Belyi map completely by computing each By directly, thereby bridging the
gap from combinatorial group theory to arithmetic in Riemann’s Existence
Theorem. The other, more difficult part is to compute apn directly for any
given N. A weaker approach to that problem is the subject of §3.

1.3. Construction of N. The basic ingredient in the explicit construction
of N is a construction of Serre, given in the first of his two letters published
in this volume. Namely, let G be a finite group, let u € G, and let r be
a positive integer. Following [S, Lemme 0], we consider the abelian group
R consisting of maps f : G — Z/rZ satisfying f(ug) = f(g) for all g € G.
Let e € R be the element corresponding to the characteristic function of
the subgroup (u) C G. Also, consider the action of G on R given by
f9(z) := f(xg), where g € G, f € R, x € G. With respect to this action we
form the semidirect product Rx G, and denote this group by 3,.(G, u). For
each g € G, let g* = eg € ¥,.(G,u). The following result slightly generalizes
[S, Lemme 0], which considers the case that r = 0 = p, a prime number.

Lemma 2. (cf. [S]) Let G be a finite group, let u € G, let r be a positive
integer, and let G* = ¥,.(G,u).

(a) Let o = ord(u) in G. Then lem(r,0) = ord(u*) in G*.

(b) If two powers of u* are conjugate in G* then they are equal.

(c) Under the quotient map G* — G, the image of the normalizer Norg« (u*)
is (u).

Proof. The proofs of (a) and (b) are straightforward computations. By part
(b), the normalizer Norgs(u*) is equal to the centralizer Zg«(u*). Since
(following [S]) the group law on G* shows that the image of Zg«(u*) under
G* — G is (u), part (c) follows. O

The two following lemmas are needed for the construction of N.

Lemma 3. Let G be a finite group with generators a,b. Let A = (a) and
B = (a), and let G be the subgroup of A x B x G generated by the two
elements @ := (a,1,a) and b := (1,b,b). Then

(a) The orders of a,b in G are respectively equal to the orders of a,b in G;
(b) The third projection map defines a surjection G — G taking a,b to a,b;
(c) If i,j € Z and @'V’ lies in the commutator subgroup G' of G, then
a'=bv =1.

Proof. Assertions (a) and (b) are immediate. Since the commutator sub-
group of A x B x G is 1 x 1 x G’, and since @'t = (a’, b, a*b?), the last
assertion then follows. O

We may combine these constructions as follows: Let a = w(z),b = n(y) €
G. Using G,a,b, define G,a,b as in Lemma 3 above. Thus we have a
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surjection G — G, taking @ — a and b — b. Choose any positive integer r
that is divisible by the exponent of G. By the construction in Lemma 2, we
obtain the group %,.(G, b) together with elements a*, b*. Again applying this
construction (but with the order of the two elements reversed) we obtain
the group %, (X,.(G,b),a*), together with elements a := a* , b= b**. Let
G be the subgroup generated by @,b. T hus we have a surJectlon 7K G— G
taking a, b to a,b respectively. Let 7 : F2 — G be the map taking x to a
and y to b, so that the composition 7 = NoTw: F2 —» G is the map taking
x to @ and y to b.

Thus for any finite group G and surjection 7 : 132 —» (G, we obtain in
this manner an explicit choice of finite groups G,G and a factorization

ﬁg z é—ﬁ» G — G of m. We then have:

Lemma 4. Let G be a finite group. and T : F2 — G a surjection. Consider

the groups G, G and factorization F2 5 G G — G of T as above. Write
m=mnomw. Then:

(a) The orders of #(z),7(y) € G are divisible by r and the exponent of G.
(b) If two powers of #(x) are conjugate in G then they are equal.

(¢) n(Noxg, (#(x))) = (7(2) and 51(Norg (7(y))) = (7(y))-

(d) If 7(x ) 7(y)? lies in the commutator subgroup G' of G for some i, j € Z,
then 7(x)" = 7(y)! =

Proof. Condition (a) is clear from Lemma 2(a) and the fact that exp(G)
divides exp(G) and hence r. Condition (b) follows from Lemma 2(b), and
condition (c) follows from Lemma 2(c) applied to each of the two uses of
that construction. Condition (d) is just Lemma 3(c). &

Definition of N. Given a normal subgroup N C ﬁg of finite index, with
T ﬁg — G = ﬁg /N the corresponding quotient map, we have defined
1/7\2 5 G — G (depending on a choice of positive integer r). Define the
subgroup N associated to N by

N =ker (F, — G) C N.

Let n, 7 be the exponents of G, G respectively. Write a = w(z), b = 7 (y),
a = #(x), and b = 7(y). As before we let OF /N be the reduction modulo N
of the pairs (2/,y’) € }’522 such that z — 2/, y — 3’ represents an element of
O%; and similarly for Of /N. For any ¢ € (Z/RZ)* and s|f let £, € (Z/sZ)*
denote the reduction of ¢ modulo s, and for any f € G let fx € G denote
its reduction modulo N (i.e. its image in G).

Lemma 5. In the above situation, let (¢, f), (k,g) € (Z/AZ)* x G', and

suppose that the pairs (at, f_lgef), (ak, g=tbkg) represent the same element
of Of /N. Then
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(a) £, =k, and hence £, = ky,;
(b) fn = gn-

Proof. Since a‘, @* are conjugate in G, Lemma 4(b) says that these two

elements are equal. Thus Lemma 4(a) yields part (a) of the proposition.
So there is an element h € G such that conjugation by h takes (@, f~1b*f)
to (at, g 'b*g). Thus h € Zz(a') = Zz(a), using that £ € (Z/AZ)*. Also,

ghf~1 € Norg (be) NorG<b) Let G — G be as in the construction above,

and write N = ker(F2 — @), @ =ay, b=by. By Lemma 4(c), we have

hy=a', gga'fy =(ghf Hy=V (*)

for some integers 4,j. Since f,g € G', we have that fy,95 € G'. So
a‘b=7 € @', and hence @’ = b7 = 1 by Lemma 4(d). Thus (*) yields
gnfy' =1. So fy = gy and thus fy = gn. %

1.4. The main result. Recall that the goal of this section is to make
the section s : Of — AN A] of Theorem 1 explicit. This is done in the
following theorem: for N € T' and N as above, it shows how to compute
s(F) modulo N in terms of F modulo N.

Theorem 6. Let N be a normal subgroup of F2 of finite index, and let n

be the exponent of G = F2/N Define Fy 5 G — G as in the construction
above, and let N =ker (F, — G). For F € OF, write F = s(F) = (\, f) €
ACZ*x FQ, and let Fy be the image of F in An C (Z/nZ)* x G'.
(a) Fy depends only on F g, the image of F in OF /N.
(b) Ezxplicitly, Fn is given in terms of F}\? as follows, where we write a =
m(x), b = 7(y), a = 7(x), b = 7(y): Let (&', be any element of the
equivalence class FN. Choose d,é € G and ¢ € 7 such that @ = d—'a‘d
and b’ = e 1b'é, and choose i, € Z such that éd—* = b a""mod G'. Then
Fn = (b, b 7ed™ta), where £, is the reduction of £ modulo n, and where
d,e are the images of d,é in G.
Proof. (a) Assume that F,E € Of have the same image in O /N. Let
F = s(F),E = s(E) € An A, and identify these lifts with the corre-
sponding pairs (Ap, fr), (A&, fE) € 7* x F’ By hypothesis, the images of
(277, fr 'y fr) and (222, fly?P fi) in G x G represent the same element
of ¥ /N. So by Lemma 5, A\r and A\g have the same image in (Z/nZ)*,
and fr and fg have the same image in G’. Thus F, E have the same image
in AN, i.e. FN = EN.

(b) We show that the construction described can be carried out, and that
the asserted equality holds regardless of choices made in the construction.

Let n be the exponent of G. Viewing F' € Aut(F,), we have that F(z) =
2 and F(y) = f~lyf, with f € F2. So each element of the equivalence class
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Fj is of the form (dkﬁ,f]\flll;’\ﬁfﬁ), where A\ € (Z/RZ)* is the reduction
of A € Z* modulo 7 and where fn € G’ is the reduction of f modulo N.
Thus (@,b') is uniformly conjugate to (a*?, fg[lb)‘ﬁ f5), and so the desired
d, &, 0 exist (though are not necessarily unique) Since @,b generate G, it
follows that the abelianization G* = G / G’ is generated by the images of
these elements; hence the desired i, j exist (but again are not unique). Thus
the pair (£,,b7ed™"a’) € (Z/nZ)* x G can be constructed. Moreover the
second entry lies in G/, because b=7éd~'a’ € G'. Tt remains to show that

this pair equals Fiy = (An, fn), and so is independent of the above choices.

By Lemma 5, it suffices to show that (N’\',f_ll;)‘“fﬁ) and (@, 57 1b9)
represent the same element of OF /N, where § = b~7éd—'a’. The first
of these pairs represents the element F g € OF /N, as does (@ N ) =
(ci_ldéd, é_li)gé). But the latter pair is uniformly conjugate, via d—'a‘,
to (af,a"'de~'b*éd—'a’) = (a’,§'b’g). So the two given pairs represent
the same element of OF /N (regardless of choices made above). &

As a consequence, we obtain the desired result that the Belyi lifting 3 :
Gg — Aut(F3) is determined, and can be constructed, at finite levels via
a: Gg — Out(Fy):

Corollary. Given N € T of exponent n, let N € T be as in the above
construction, and let n be the exponent of Gy = ﬁQ/N. Then for every
o € Gg, the image fn(0) € An C (Z/nZ)* x G'y is determined by oz (o) €
OZ/N, and is computed by applying the procedure of Theorem 6(b) to that
element.

Proof. This is an immediate consequence of Theorem 6, using the result
from Theorem 1 that 5 = sa. &

Theorem 6 can be reinterpreted as saying that the section s is uniformly
continuous. Namely, as above the Belyi group A C Aut(K (0, 4)) can be
regarded as a subset of 7% x F2 (though the group law on A — glven by
composition — is not the one induced by the usual group law on 7* % F2)
Given N € I', let n be the exponent of G = F2 /N, and consider the map
A — Ay induced by restricting the map Z* x ﬁé — (Z/nZ)* x G’ to A.
Consider the weakest topology on A such that these maps A — Ay (for
N € T') are continuous with respect to the discrete topology on Ay. In
fact, this is a uniform structure on A, with respect to the partial ordering
of normal subgroups under inclusion. Similarly, we obtain a topology, and
uniform structure, on OF, via its maps to the sets Of /N. Theorem 6(a)
can then be restated as:

Corollary. The section s : Of — A is uniformly continuous.
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Here the uniformity of the continuity corresponds to the fact that s(F)
modulo N is determined by F modulo N, where N is independent of F
(and depends only on N).

§2. Generalization of the Belyi lifting to five-point moduli

This section is an analogue of §1 for the moduli space Mg 5 and its fun-
damental group K (0,5) (the profinite pure mapping class group), which
replace Mo, = P! —{0,1,00} and K(0,4) = F, considered before. To
begin with, we have a natural map p : Gg — Out(A(0,5)), which will
play the role of the natural map a : Gg — Out(K(0,4)) used in §1. Fur-
thermore, Nakamura [N, Theorem A20] generalized the Belyi lifting 5 to a
lifting v : Gg — Aut(K(0,5)) of 1. The image of the lifting v is contained
in a certain group As C Aut(K(0,5)) which generalizes the Belyi group A
considered in §1. Specifically,

As = {F € Aut(K(0,5)) | IN€ Z*, f € Fy: F(z12) = 27y,
F(z23) = f(z12,723) ' 233 f (212, T23),
F(x34) = f(245,2310) ' 234 f (245, 34),

F(w45) = 235, F(xs51) ~ (251)*}.

(This is a slightly different expression than in [N, Appendix], due to minor
differences in choices made in the set-ups.) As in the case of My 4, an
clement of As determines the pair (A, f) € Z* x Fj. Furthermore the liftings
[ and v satisfy a certain agreeable compatibility relation: they associate the
same pair (A, f) to a given element of Gg. The groups Of and A were
defined in 1.1, and the images of p and v lie in OF and A¥ respectively.

The structure of this section is exactly parallel to that of §1. In Theorem 7
of 2.1, we give a result from [HS], analogous to Theorem 1 of 1.1, asserting
the existence of a section ss of the homomorphism A7 — OF such that
v = ssp. In 2.2 we use Theorem 7 to outline the precise nature of the
“explicit determination” of v in terms of u which is the goal of this section,
and in 2.3 we give a generalization of Serre’s construction to show that v
is effective in terms of p, leading to the main result (Theorem 10 and its
corollaries) given in 2.4.

2.1. Symmetric automorphisms of IA((O 5).

Let Of and A# be the subgroups of Out(K(0,5)) and Aut(K(0,5)) re-
spectively defined in 1.1. The following result generalizes to the case n =5
the statement of Theorem 1 which concerned the case n = 4. As above,
w: Go — Out(IA((O,S)) is the natural map, and v : Gg — Aut(IA((O,5)) is
Nakamura’s lifting of pu.
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Theorem 7. ([HS], 2.2) There is a unique section ss of the natural homo-
morphism AZ — OF whose image lies in the generalized Belyi subgroup As
of Aut( (0, 5)) This section satisfies v = s5p : Gg — Aut(K(0,5)).

We will also need the following result from [HS, 2.2].

Lemma 8. For each F € A%, let F be the image of F in OF and let
¢(F) be the equivalence class of (F(z12), F(xa3)) € K(0,5) x K(0,5) with
respect to the equivalence relation ~ of uniform conjugacy. Then & : OF —
IA((O, 5) X K( 5)/ ~ is a well-defined injection.

2.2. Explicit computation of the generallzed Belyi lifting. Here we
provide an analogue of our remarks in 1.2, with K (0,5) playing the role of
Fy = K(O 4). The goal of §2 is to show that Nakamura’s lifting v : Gg —
Aut(K (0,5)) is effective in terms of the natural map y : : Gg — Out(K K(0,5)).

That is, we show that for any normal subgroup M C K (0,5) of finite index,
there exists a smaller such subgroup M — which we give explicitly in terms
of M — such that the reduction of ¥ modulo M is determined by that of
modulo M. More generally, consider the map s5 : OF — AZ? as in Theorem
7. Thus s5 is the unique section of A7 — OF whose image lies in As,
and v = s5 o u. We show that the map sj5 is effective (thus implying the
effectivity of v in terms of u), and interpret this (in the second corollary to
Theorem 10) as showing that s is uniformly continuous.

Thus, parallel to §1, the goal of this section is to find an explicit M for
each M having the above property, and to describe how to compute s5(F)
modulo M in terms of F modulo M — and thus v modulo M in terms of
p modulo M. As before, we first need to define the reductions of y and v.

So let I's be the set of normal subgroups M of finite index in K (0,5), and
for M € T'5 consider the quotient group Gy = K (0,5)/M. For each o € Go,
the map v : Gg — As N AZ C Aut(K(0,5)) assigns an automorphism of
K (0,5) that is characterized by a unique pair (Ao, f,) € Z* x F}. (Here,
as before, we regard ﬁz as a subgroup of K (0,5) via the inclusion ¢ : x +—
Z12,Y — Z23.) As in §1, we identify elements F' € A5 with the associated
pairs (A, f). For M € I's with exponent m, let As s be the image of
As under the map Z* x F} — (Z/mZ)* x Hj, C (Z/mZ)* x G';, where
Hy; C Gy is the subgroup generated by the images of x15,x23. We then
obtain the reduction vy : Gg — As pr by composing v with this map.

Continuing as in 1.2, we define the reduction pp; of u for M € I's: For
each F € Of and any lift F' € AZ of F, consider the pair (F(z12), F(z23)) €
IA((O, 5) X [A((O, 5). This is well defined in terms of F up to uniform conjugacy
in K (0,5). Conversely, this equivalence class of pairs uniquely determines
F by Lemma 8. So we may identify OF with the set of equivalence classes of
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pairs arising in this manner. For each M € I's, let OF /M be the quotient of
this set under translation by M this is a set whose elements are equivalence
classes of (certain) pairs of elements of Gps. The reduction up : Go —
OF /M is then the composition of p with the reduction map OF — OF /M.

In 2.3 below we construct the desired M in terms of M, and we use this to
compute v, in terms of py; in 2.4. The related problem of understanding p
modulo M directly is considered in §3 below, in the weaker form of finding
information about the images of u and v modulo M.

2.3. Construction of M. We draw here on the construction used in 1.3,
which relied on an idea of Serre. There, for each normal subgroup N of
finite index in Fh = K(0,4), we let G = Gy be the quotient FQ/N We
then associated a certain subgroup N C N that is also normal in F2 of
finite index, and the corresponding quotient group G = F2 /N, satisfying
the properties of Lemma 2. Choosing a positive integer r that is divisible
by the exponent of G (and thus in particular by the exponent of G), w

then applied Serre’s construction twice and obtained a certain group G
corresponding to a normal subgroup N of finite index in Fg contained in .

Using this, we consider the following analogous construction for normal
subgroups M of K (0,5) of finite index. First, recall that for each positive
n > 5 and each i modulo n, there is a surjection p; : K (0,n) — K(0,n—1)
that suppresses the generators x;; of K (0,n) for all j; in particular we
may consider py with n = 5. In the other direction, there is an inclusion
Lo }/7’\2 — I?(O, 5) given by x — x12, y — xo3. Thus ¢ is a section of
pa: K(0,5)—K(0,4) = Fy. Next, given M € I's, let G = Gy = K(0,5)/M
and let 7 : lA((O,5) —» G be the quotient map. Let H C G be the image
of = mou : E, — G; i.e. H is generated by the two elements a =
7(12) = ¢(z) and b = 7(xa3) = A(y). Let N be the kernel of Fo—H, so
that H = I} /N. The above construction first yields a certain finite group
H. Then, taking a positive integer r that is divisible by the exponents
of H and of G, we obtain a finite group H, together with a factorization
ﬁgﬁ»ﬁ—g»ﬂ—»Hofqﬁ. Let N = ker ¢ and N = ker ¢, where ¢ = 6 o ¢.
Thus H = ﬁg/]\? and H = F\2/N. Finally, let M = Mﬂpll(]v) and
M = M Np;Y(N), and let G = K(0,5)/M and G = K(0,5)/M.

Observe that the inclusion ¢ : Fy — K (0,5) compatibly lifts the inclusions
¢: H— G and €: H — G that correspond to the inclusions M C p; ' (N)
and M C p;'(N) of normal subgroups of K (0,5). Similarly, ¢ lifts the
natural inclusion € : H — G. Also, using the definitions of G, G, it is
casy to check that py : K (0, 5)—»K (0,4) descends compatibly to surjections
G:G — H, q: G — H such that ¢, € are sections of §, 7 respectively.

Thus given a normal subgroup M C K (0,5) of finite index, we have a
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quotient map 7 : K(0,5) — G = K(0,5)/M, a factorization K (0,5) —»
G — Gofrm (depending on a choice of positive integer r), and a finite
index subgroup M = ker® C M. We also have corresponding quotients
H = F,/N and H = F,/N. With notation as above, these yield an explicit
commutative diagram

K05 —s & -1 G > G
L €
S $ . g d
F,=K(0,4) —> H > H > H

and we identify the lower groups with their 1mages in the upper groups.
Under this identification, 7(x12), 7(z23) lie in H, since T12,Ta3 € K(O 5)
are the images of x,y € ﬁg. Let m, m be the exponents of G, G respectively.
Write a = m(212), b = m(x23), @ = 7(x12), and b = 7(xa3). As above
we have the sets OF /M and OF /M, which consist of certain equivalence
classes of pairs in G2 and G? respectively, under uniform conjugacy. For any
¢ € (Z/mZ)* and s|m, let £s € (Z/sZ)* denote the reduction of ¢ modulo
s, and for any f € G let fir € G denote its reduction modulo M (i.e. its
image in G). We then have the following analogue of Lemma 5 of 1.3:

Lemma 9. In the above situation, let (¢, f), (k,g) € (Z/MmZ)* x H', and
suppose that (&e,f_lf)ef) and (&k,g_lf)kg) represent the same element of
(95#/M. Then the pairs also represent the same element of (’)Zf/N. Moreover
(a) b, =k, and hence lp, = kp;

(b) frr =g

Proof. The elements a, b, f, g lie in the image of 7. = ép and hence in the
image of €. By hypothesis, there is an element h € G such that conjugation
by h takes (af, f~1b'f) to (at,g 'bFg) in G2. Applying G : G — H, and
using that € is a section of ¢, we deduce that conjugation by G(h) € HcG
takes (@', f~1b'f) to (a%, g~ 'b*g) in H?. Since these two pairs are uniformly
conjugate with respect to H (and not just with respect to G) it follows that
they represent the same element of @F /N (and not just of OF /M).

Thus the situation here is a special case of that of Lemma 5, so Lemma
5(a) implies that ¢, = k.. Thus ¢, = k,,, since m = exp(G) divides r
by assumption. This yields assertion (a) of the proposition. Also, Lemma
5(b) says that fy = gn. By the commutativity of the above diagram,
fv = €(fn) € G and similarly for g; this yields assertion (b). O

2.4. The main result. Using this, we obtain the following analogue of
Theorem 6, which makes explicit the section s5 : OF — A; N AZ C AZ
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of Theorem 7. Namely, for M € TI's and M as above, it computes s5(F)
modulo M in terms of F modulo M.

Theorem 10. Let M be a normal subgroup of I/(\'(O 5) ofﬁm'te index, and

let m be the exponent of G = K(0,5)/M. Define K (0, 5) % G — G as
in the construction above, and let M = ker (K(O 5) — G). For F € OF,
write F = s5(F) = (\, f) € A5 C 7* x Fz, and let Fyy be the image of F' in
As p C(Z/mZ)* x G'.
(a) Then Fyy depends only on F y, the image of F in OF /M.
(b) Explicitly, Fr is given in terms of FM as follows where we write a =
m(212), b = m(wes), @ = 7(x12), b = 7(x23): Let (@, V') be any element of
the equivalence class F ;. Choose d,é € H = (a,b) and £ € Z such that @' =
d-lad and b = é_lgeé, and choose i, j € 7. such that éd'=ba "mod H'.
Then Fyr = (b, b 7ed™a?), where £,, is the reduction of £ modulo m, and
where d, e are the images of d,é in G.

Proof. Theorem 10 follows from Lemma 9 exactly as Theorem 6 followed
from Lemma 5. %

Thus parallel to §1, we obtain the desired consequence that Nakamura’s
lifting v : Gg — Aut(K(0,5)) is determined, and can be constructed, at
finite levels via p: Gg — Out(K K (0,5)):

Corollary. Given M € T's of exponent m, let M € T's be as in the above
construction, and let m be the exponent of Gy = IA((O,5)/M. Then for
every o € Go, the image va(o) € As.pr C (Z/mZ)* x Gy, is determined
by py (o) € OF /M, and is computed by applying the procedure of Theorem
10(b) to that element.

Proof. This is an immediate consequence of Theorem 10, using the result
from Theorem 7 that v = s5 o . &

As in §1, we may put a topology and uniform structure on As via the
normal subgroups M € I's, and similarly on OF via the maps to the sets
OF /M. Parallel to the second corollary to Theorem 6, we then may restate
Theorem 10 as:

Corollary. The section s5 : OF — As is uniformly continuous.

§3. The éTo and GT-orbits of dessins

As discussed in the introduction, we would like to compute the action of
Gq on Galois dessins, thus relating the arithmetic of covers to their combi-
natorics. In the previous sections, we described how to compute canonical
actions of Gg on the fundamental groups of Mgy = P! —{0,1,00} and
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My 5 in terms of the natural outer actions. To complete the description we
would like to be able to describe the outer action of an element of Gg on
these fundamental groups K (0,4) and K(0,5). Unfortunately this seems
beyond reach at present, and here we content ourselves with somewhat less
— namely finding the @0— and GT-orbits of a dessin, which approximate
the Gg-orbit and yield information about the field of moduli of the corre-
sponding cover. We do so by using the relationship of ETO and GT to the
groups O7F considered above.

The ﬁo- and GT-orbits of a dessin will be found by an iterative process,
computing somewhat larger orbits under computable finite groups, which
converge to the true é?o— and GT-orbits after finitely many steps (and
thus, in the latter case, to the Gg-orbit, if GT turns out to be the same
as Gg). The key idea is that we can explicitly find subgroups of the outer
automorphism groups of finite quotients of K (0,n) that are defined by finite-
level properties analogous to the defining properties of O#. We explain the
procedure in 3.4 and 3.5, after giving an overview in 3.1 and some necessary
definitions and results in 3.2 and 3.3. Then, in 3.6, we use these orbits to
obtain information about the field of moduli of a Galois dessin.

3.1. Approximation of the Galois orbit of a dessin. Given a dessin
D, it is unknown how to find its Gg-orbit effectively, since this involves
understanding the connection between the combinatorics of a dessin (or of
a branch cycle description) and the arithmetic of a cover. But some Gg-
orbits can be separated, using known invariants such as the geometric Galois
group and valency list of the dessin (as well as less obvious invariants, e.g.
via obstructed components of modular towers [F2]). In the special case of
rigidity, it is possible to understand the Gg-orbit and the field of moduli. In
general, though, the known invariants give only approrimative orbits which
contain the Galois orbit but may be quite crude.

However, even approximations are useful for the inverse Galois problem.
For instance the order of an approximative orbit is greater or equal to the
order of the true Galois orbit, and so gives an upper bound on the degree
of the field of moduli of the dessin. Moreover, if the approximative orbit
turns out to consist only of D, then this is also true of the Galois orbit,
so D has field of moduli Q — and its geometric Galois group G is thus a
Galois group over Q, under mild hypotheses on G [CH, 2.8(c)]. This view-
point provides our motivation for finding approximative orbits of dessins.
In keeping with the approach of the preceding sections, we use the fact that
Gg is contained in the larger groups OF C Out(lA{(O,n)) [HS, 1.2]. By
finding the orbits under these larger groups, we thus obtain approximate
Gq-orbits. This approach takes advantage of the fact that the action of OF
on dessins is known, and extends that of the subgroup Gg (though what is
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not known explicitly is the precise injection Gg — OF). In addition, this
approach reflects the conjecture that the Grothendieck-Teichmiiller group
GT is isomorphic to G, together with the following theorem:

Theorem 11. [HS, 1.3, 2.3] GTo ~ Of and GT ~ Of.

Thus if the conjecture on GT is correct, then by finding the OF-orbit of a
dessm we are actually ﬁndlng the Gg-orbit. (For deﬁmtlons and background
on GT and the larger group GTO, see the survey on GT in this volume. )

3.2. Automorphism groups on finite levels. Before computing ap-
proximations, let us define some important groups of outer automorphisms
of the pure profinite mapping class groups K (0,n).

Let O,, = Out (IA( (O,n)) be the group of outer automorphisms. As in
1.1, there is a natural outer .S,-action on K (0,m), i.e. a homomorphism
o™ .8 — O,. In terms of this, we defined the groups O in 1.1.

If N is any characteristic subgroup of finite index of K (0,n), then auto-
morphisms of K (0,n) preserve N and thus pass to the quotient K (0,n)/N.
The same is true for outer automorphisms, giving rise to a natural homo-
morphism

P Oy —>Out( (0,n)/N).

Similarly, for characteristic subgroups M C N of finite index in K (0,n), we
have a homomorphism

YyN Out( (0, n)/M) —>Out( (0, n)/N)

We then define the mod N reductions of the groups O,, and OF:
® Onn =9 (0n), OF y =¥ (0F).

Let 0'5\7) denote the composition of homomorphisms 9% o o™ for n > 4.
As sketched above, we will define the approximations O,,(N) and OF(N)
of the finite groups O, ny and Ojj‘f’ N as groups of outer automorphisms of
K (0,n)/N having properties analogous to those of O,, and Of. (We indicate
“approximations” by putting N in parentheses, whereas the actual images
are indicated by an N in the subscript.) Namely, writing (z;;)n for the
image of z;; in K(0,n)/N and e for the exponent of K(0,n)/N, we define

. 0.(N > — Out(K(0,n)/N),
¢ O4(N) = {F € O,(N) | ()3 € (Z/eZ)" : (i, ) F([(xij)n]) = [(ij)];
(ii) F commutes with 01(\7)(5’”) in O,,(N)}.

It is immediate from the definitions that O, ny C O, (N); it is also easily
seen that OF v C O (N) since elements of O} \ inherit properties (i)
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and (ii) from the analogous properties in OF. The main point is that the
approximative groups O, (N) and O7(N) can be computed (unlike O,, y
and Ojj‘f’ ~)- Moreover these two groups serve as good approximations since
(as we will show in 3.3) the two above containments become equalities in
the limit, with respect to the inverse systems given by the maps ¢}, y.

3.3. Inverse systems and inverse limits. In this section we prove some
results on inverse limits of the automorphism groups defined in 3.2.

Lemma 12. Let G be any finitely generated group, and let G denote the
profinite completion of G, i.e. the inverse limit of the quotients of G by all
the normal subgroups of finite index. Then the inverse limit of the quotients
of G by all the characteristic subgroups of finite index is also isomorphic to
é, i.e. the characteristic subgroups of G form a cofinal system.

Proof. It suffices to show that every normal subgroup N of finite index in
G contains a characteristic subgroup N of finite index. In particular we
can let N be the intersection of all the normal subgroups N* of G such
that G/N* ~ G/N. There are only finitely many of these; indeed, they are
the kernels of the homomorphisms of GG into a finite group, and since G is
finitely generated there are only finitely many such homomorphisms. &

Corollary. For all n > 4, we have
h‘wm K(0,n)/N = K(0,n)

as N runs over the characteristic subgroups of finite index of IA((O, n).

Proof. By the lemma, we know that since the discrete pure mapping class
group K (0,n) is finitely generated, it is the inverse limit of the finite quo-
tients K (0,n)/N for characteristic subgroups N of K(0,n). But the char-
acteristic subgroups of finite index of K(0,n) are in bijection with those of
K (0,n), so the finite quotients of K(0,n) and of IA((O, n) by corresponding
subgroups are in one-to-one correspondence. O

If N is any characteristic subgroup of finite index in K (0,n), then along
with the homomorphism 7%, of 3.2, there are natural homomorphisms

U K(0,n) — K(0,n)/N
U7 Aut(K(0,n)) — Aut(K(0,n)/N).

Similarly, if M C N are characteristic subgroups of finite index of K (0,n),
then along with ¢}, y of 3.2 we have natural homomorphisms:

v K(0,n)/M — K(0,n)/N
D Aut(K(0,n) /M) — Aut(K(0,n)/N).
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The diagram

Aut(B(0,n)/M) 2% Aut(R(0,n)/N)

Out (K (0,n)/M) 2% Out (K (0,n)/N)
commutes, and for all z € K(0,n)/M and ® € Aut( (0,n)/M), we have

Vi N (@) (Wl n (7)) = Wy (P(2)) (%)

Theorem 13. (a) For all n > 4, the groups O, n form an inverse system
as N runs over the characteristic subgroups of finite index of K(0,n), and
so do the groups On,(N). Moreover, we have

lim O, v = lim O,(N) = O,.
— , —
N N

(b) For all n > 4, the groups Ojff’N form an inverse system as N runs
over the characteristic subgroups of K(0,n), and so do the groups OF(N).
Moreover, we have

lim 07 \; = lim OF(N) = OF.
— ; —
N N

Proof. (a) The groups O, (N) form an inverse system under the maps ¥}, y
since these maps are well-defined. Moreover, whenever M C N, we have
R = W 0 Wirs 50 Oy = B3(On) = (W31 0 V3 (On) = ¥y (Ora)
by the definition of the ¥, .; so the Oy n also form an inverse system under
the maps ¢}, . Next we define homomorphisms from O,, to im0, nx and
to limO,,(NV); then we will define homomorphisms in the other direction
and show that they are mutual inverses, so isomorphisms. Let ¢ € O,,. For
N a finite-index characteristic subgroup, ¢ = ¥ (¢) is in O, ny C O, (N);
so ¢ — (¢n)N is a group homomorphism from O, to each of the two
inverse limits. Conversely, consider an element (¢x)yn in either inverse
limit, where the ¢n’s are compatible elements of O, n (resp. On(NV)).
Then (¢n)n gives an outer automorphism ¢ of K=K (0,n), defined by
o((an)n) = (QSN(aN))N, here we use the identification in the corollary to
Lemma 12. (This ¢ really is an outer automorphism since it is trivial on the
identity, respects relations in K and is invertible — all consequences of the
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analogous behavior on the finite levels.) This map (¢x)n — ¢ is inverse to
the previous map ¢ — (¢n)n, so both are isomorphisms. (The difference
between the inverse systems of Op, y and of O,,(IV) is that the 9}, y restrict
to surjections on the ¥}, y, but not necessarily for the O, (N).)

(b) The (’)i y form an inverse system under the restriction to the sub-
groups O} v C Oy, n of the homomorphisms 973, y for the same reason as
the O, v in (a). To show that ({OF(N)}, {WI}JN}) also forms an inverse
system, we check that ¥} y (OF(M)) C Of(N). Let ¢ € Of (M), so ¢ has
the properties (i) and (ii) in the definition of the groups O (M); we need
to check that ¢f, ~(¢) has the corresponding two properties.

Let ¢ € Of(M). Let us show that ¢, r(¢) has property (i), viz. that it
sends the conjugacy class of (z;;)n to that of (z;;)3 for each pair 4, j. Since
¢ has property (i) (for M), there is a lifting ® of ¢ in Aut(K(0,n)/M) such
that ®(z;;) = o 1:1:>‘ L for some ay; € K(0,n)/M. By (**) with this ®,

i (@) (i) ) = i v (@) (Phr n (i) ar)) = Uy v (B((35) 1))

=Vl ( 1(%])?/10%3) = RL/I,N(aij)_l(xij)?\V\IJ?X/[,N(aij)-

But 97, x(®) is a lifting of ¥, \(¢) to Aut(K(0,n)/N) by the diagram
(*), and the existence of a lifting sending each (x;;)n to a conjugate of

(z45)% shows that Yir v (@) has property (i). Property (ii), i.e. that ¢,

commutes with O'(Mn)(Sn), follows immediately since ¥j; o 05\7;) = cr]((;).

Let us show that the inverse limits of the two systems O}  and O (N)
are both isomorphic to OF. For any ¢ € OF, setting opn = Y} (¢), the
element (¢n)n belongs to both imO}; \ and limO%(N). Conversely, let
(¢n) lie in imOF - (vesp. imOF% (N)). We showed in the proof of (a) that
(¢n)n determines an element ¢ of O,,, so we only need to show that ¢ has
properties (i) and (ii) of the definition of O. But these two properties hold
if they hold on every finite level, which proves the result. (Again here, as in
(a), the inverse system of the Ojf’ N consists of surjective homomorphisms
whereas this is not necessarily true for the O (N).) &

Corollary. The groups 6’?0 and GT are profinite groups.

Proof. We know by Theorem 11 that GTy = OF and GT = OFf. By the
preceding theorem OF is the inverse limit of the finite groups OF (N) or
Oi ~n as N runs through the characteristic subgroups of K (0,4), and OF
is the inverse limit of the groups OF (M) or (’); u @ M runs through the

characteristic subgroups of K (0,5). O

3.4. Approximation of the GTo-orblt of a dessin. ‘We explain here our
approach to the approximation and computation of the GTO and GT-orbits
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of a dessin D; for simplicity we assume that D is Galois. The somewhat
easier case of 5’?0 and K (0,4) is actually carried out here, while that of GT
and K(0,5) is treated in 3.5. As before we identify Fy = (z,y, z|zyz = 1)
with IA((O, 4) via the isomorphism z — x12, y — Ta3.

For any finite group G with two generators, the G-Galois dessins D are in
bijection with normal subgroups N C K (0,4) together with isomorphisms
K(0,4)/N = G (determined up to an inner automorphism). They are also
in bijection with uniform conjugacy classes of triples (a, b, ¢) of generators of
G such that abc = 1; viz. the branch cycle description of the corresponding
G-Galois cover, where a = zn, b = yy, and ¢ = zy. Since abc = 1, we
may classify G-Galois dessins simply by the pair (zyx,yn). Now there is
a natural action of Of on the set of G-Galois dessins, which by Theorem
1 extends the action of Gg on this set. Also, given D, N,G as above, if
NcK (0,4) is any finite index characteristic subgroup contained in N, the
action of OF on the orbit of D factors through the finite group O: N

and thus the é?o—orbit of D is the same as the OZ N—orbit (and is equal to

the set OF /N of §1). Unfortunately, it is unclear how to find exactly which
elements of the finite group Out(G) lie in Of 0 since the definition of Of X

involves the infinite group GT¢ =~ OF.
So instead, we take an indirect approach, using the fact that we can find

the elements of the (possibly) larger finite group OF (N) ¢ Out(Q), along
with the fact that the Ojf y-action extends to an Of (N)-action. Namely,

for F € OF (N ), we define D+ to be the G-Galois dessin corresponding
to the equivalence class of the pair ((F(zy))n, (F(yy))n) in G?, where
F € Aut(K(0,4)/N) is a lifting of F. (The equivalence class of the pair is
independent of the choice of lifting F'.) We call the orbit of D under (’)j‘f(]\uf )
the N—approximative é?’o—orbz't of D.

We can thus explicitly compute the N -approximative ﬁo—orbit of any
G-Galois dessin D, where G = K(0,4)/N:

(1) Let N be any characteristic subgroup of finite index in K (0,4) that is
contained in N — e.g. the N in the proof of Lemma 12.

(2) Compute the finite group OF (N) from the definition.
(3) For each element F of OF (N), compute (F(zz))n, (Flyz))n) € G2

By taking smaller and smaller choices of N , we can compute the actual
GTy-orbit of D in finitely many steps. Namely, by Lemma 12, there is a
cofinal sequence of finite index characteristic subgroups Ny C N; C --- of

K (0,4) inside any given normal subgroup N of finite index. In this situation
we have the following corollary of Theorem 13:
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Corollary. Let D be a G-Galois dessin, corresponding to a normal subgroup
N C [?(0,4) of finite index. Let {N;} be a cofinal sequence of finite index
characteristic subgroups of I/(\'(O, 4) contained in N. Then for all i >> 0, the
N;-approximative @o—orbit of D s equal to the é?o—orbit of D.

Proof. By Theorem 13(b) together with Theorem 11, the inverse limit
of the groups OF (N;) is isomorphic to Of ~ GTy. Thus the descending
intersection of the finite groups 1/)?\,1_7 No (O#(N,-)) is equal to @bjl\,o (0F) =
Of N, € OF(No). By finiteness, there exists an integer I > 0 such that
YN, N, (OF(N:)) = OF y, € OF(No) for all i > I. Since the actions of
OF (N;) and of OF factor through OF (Ny), the result follows. O

Thus this procedure computes the ﬁo—orbit of a Galois dessin D, after
finitely many steps. Since Gg C GT C é?o, the é?o-orbit of D contains
the Gg-orbit — but an even better approximation to the Gg-orbit would be
obtained by computing the GT-orbit. That analogous construction is the
subject of 3.5.

3.5. Approximation of the GT-orbit of a dessin. By using an analogue
of the procedure of 3.4 with I?(O,5) replacing IA((O,4), we can find the
GT-orbit of a dessin D — thus separating more Gg-orbits and obtaining
finer information about the field of moduli of the corresponding cover of
P! —{0,1,00}. As in 3.4 we rely on Theorem 11, to identify GT with
K(0,5). As before, we identify K(0,4) with a subgroup of K(0,5) via
the injection ¢ : x12 +— 12, Ta3 — x23. Recall that ¢ is a section of the
surjection py : I/(\'(O, 5) —» IA((O, 4) ~ (x19,x23), and yields a decomposition
K(0,5) ~ (214, To4, T34) X (T12, Ta3).

So let D be a G-Galois dessin and let N be the corresponding normal
subgroup in K(0,4) ~ F,. Thus G ~ K(0,4)/N ~ K(0,5)/M, where
M = pZI(N) ~ (214, T24,x34) X N. By Theorem 7, there is a natural action
of OF on the set of G-Galois dessins. So the OF -orbit of D contains the Gg-
orbit, and is in turn contained in the OF -orbit (by the compatibility of the
OF- and OF-actions [HS, 2.2]). If M C OF is any finite index characteristic
subgroup contained in M, the action of OF factors through the finite group
O; y — and so the GT-orbit of D is the same as the (’);’i yorbit (and is
equal to the set OF /M of §2). As in 3.4, though, it is unclear how to find
exactly which elements of the finite group Out(G) lie in (’): e

Thus, as with é?’o, we take an indirect approach to finding the ﬁ—orbit,
by using that we can find the elements of the (possibly) larger finite group
O% (M) C Out(G), along with the fact that the O?M—action extends to an
O# (M)-action. Namely, for F € O¥(M), if F € Aut(K(0,5)/M) is any
lifting of F, then we define D+ to be the G-Galois dessin corresponding to
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the uniform conjugacy class of the pair ((F((:z:lg)M)) e (F((.’EQg)M))M> €

(K(0,5) /M)? ~ (K (O 4)/N)? ~ G?. This equivalence class is well-defined,
since conjugacy in K (0,5)/M maps to conjugacy in G = K(O 5)/M. We
call the orbit of D under O (M) the M -approzimative GT-orbit of D.

As in 3.4, we can thus explicitly compute the M -approximative GT-orbit
of any G-Galois dessin D, where G = K(0,4)/N:

(1) Let M be any characteristic subgroup of finite index in K (0,5) that is
contained in M = pzl(N) — e.g. choose M as in the proof of Lemma 12.

(2') Compute the finite group OF (M) from the definition.
(3") Compute <(F((w12)M))M ) (F((CL‘Qg)M))M> € G? for each F € OF (M).

Again as in 3.4, by taking smaller and smaller choices of M, we can com-
pute the actual GT-orbit of D in finitely many steps. Namely, again by
Lemma 12, there is a cofinal sequence of finite index characteristic sub-
groups Mo C My C -+ of K(0,5) inside M = p; }(N) for any given normal
subgroup N C K (0 4) of finite index. We then obtain the following GT-
version of the corollary in 3.4, whose proof is essentially the same as before:

Corollary Let D be a G-Galois dessin, corresponding to a normal subgroup
N C K(O 4) of finite index. Let {M;} be a cofinal sequence of finite index
characteristic subgroups of K(O 5) contained in M = p; *(N). Then for all
i >> 0, the M;-approximative GT-orbit of D 1is equal to the GT-orbit of D.

This procedure thus computes the GT-orbit of a Galois dessin D after
finitely many steps, and so approximates (and conjecturally equals) the Gg-
orbit of D. This complements the construction of §2 (just as that of 3.4
complements the construction of §1). Unlike the constructions in sections 1
and 2, though, the procedure here (and in 3.4) is not effective, because we
do not know how to determine a priori how large ¢ should be, or even when
we have reached the goal! To be better able to exploit this construction, we
would thus like to be able to solve the following

Problem. Given a normal subgroup N C ﬁg of finite index, corresponding
to a G-Galois dessin D (where G = F,/N), find a characteristic subgroup
McCK (0,5) of finite index such that the M-approximative GT-orbit of D
is equal to the GT-orbit of D.

Still, successive steps of the above refining procedure either improve the
approximation or leave it unchanged, and thus (even without solving this
problem) they provide increasingly better information about the field of
moduli of D — which can be used as in 3.6 below.
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3.6. Stabilizers and fields of moduli. The above approach may be used
to obtain explicit information about the field of moduli K of a G-Galois
dessin D (i.e. of the corresponding G-Galois cover X — P! —{0,1,00}).
For example, the degree [K : Q] is equal to the order of the Gig-orbit of D
(or of X), since that order is the index of the stabilizer G(S of D in Gp,
and hence is the degree of the fixed field of GQ — i.e. the degree of the

field of moduli. Slnce the GT-orbit contains the Gg-orbit, and since any
M-approximative GT-orbit of D contains the GT- orbit, we obtain

Proposition 14. Let K be the field of moduli of a G-Galois dessin D,
where G = K(0,4)/N. Then [K : Q] is bounded above by the order of the

M -approximative G'T'-orbit of D, for any finite index characteristic subgroup
M c M =p; (N) of K(0,5).

The approximative é?—actions, i.e. the actions of the OF (M )’s on dessins,
also provide computable information about the Galois group of the field of
moduli K of a G-Galois dessin D. Below, we write 937 : OF —» O? y for

the restriction of the map ¥3; : O5 — Oy ;7 (cf. 3.2 and Theorem 13). Also,
if a group I acts on a set of G-Galois dessins, we denote the stabilizer of D
in I by I'”, and the intersection of the conjugates of I'” ¢ T by CP(T").

Proposition 15. (a) With notation as above, let K be the Galois closure
of K. Then Gal(K/Q) is a subquotient of each OF (M)/CP(OF (M)).

(b) If OF(M)P is normal in OF (M), then K/Q is Galois, and Gal(K/Q)
is a subgroup of OF (M)/OF (M)P

Proof. Since CP(OF (M)) is normal in OF (M) and contained in OF (M)?,
we have that C]\% = CP(OF(M)) N C’)# 47 is normal in O#M and contained

((9# )P. So C’D C C’D((’)# )s and (9# /CD C OF(M)/CP(OF (M)).
Since the action of GT' ~ OF on the orbit of D factors through (9# via "¢
(cf. 3.4), we have that ()3%)~ HCP) c CP(OF) and OF /(Y3 ) (C’A%) =
o7 /! CA%. Since the action of Gg on dessins factors through p : Gg — OF,
(W )" CR) € CP(Go) and Go/(vyf 1)1 (CH) € OF /(i) HCR).
Combining the above equalities and inclusions, we have that Gal(K/Q) =
Go/CP(Gg) is a quotient of G/ (37 1)~ (01?4)’ which in turn is a subgroup
of OF (M)/CP(OF(M)). This proves (a).

For (b), observe that GoP is the inverse image of OF (M)P under the
composition Gg — GT = OF — Of . — OF (M), since the action of Gg
on the orbit of D factors through these maps. Since OF (M)P is normal in
OF (M), it follows that G§ is normal in Gg, so that K is Galois over Q.



Approximating Galois Orbits 229

It also follows that OF (M)P = gD(ogﬁ(M)). Thus (37 ) ~H(CE), which
is the inverse image of CP (0% (M)) under the above composition, is equal

to G§. So Gal(KV/Q) equals (fb?v#u)_l(cé\%), Whinh was observed to be a
subgroup of OF (11)/CP(OF (M) = OF (M) /OF (i1)P. o

It is also possible to use the actions of the OF (M)’s in order to find
cyclotomic number fields that contain the field of moduli of a given G-Galois
dessin (and thus, when G has trivial center, over which the corresponding
G-Galois cover is defined [CH, 2.8(c)]). For m € Z, let O#(M),, C OF (M)
be the subgroup of elements for which we may take A = 1(modm) in (i) of
the definition of O (M) (in 3.2).

Proposition 16. (a) If some OF (M)q stabilizes a G-Galois dessin D, then
the corresponding G-Galois cover is defined over Q2.

(b) If m > 0 and some OF (M),, stabilizes a G-Galois dessin D, then the
field of moduli of the corresponding G-Galois cover is contained in Q((p).

Proof Under Gg — OF (M), Gge» maps to OF (M 1)y and Go(c,,) maps to
O#(M),, for m > 0. So Q* and Q((,,) contain the respective fields of
moduli. This proves (b), and (a) then follows by [CH, 2.8(a)]. &

In particular, taking m = 1, we conclude that if some OF (M) stabilizes
a G-Galois dessin D, then the field of moduli of D is equal to Q.

Note that one may obtain stronger conclusions from the above results not
only by shrinking M, but also by replacing O?(M ) by a smaller subgroup

O2(M) that is known to contain OF _ : - Because of Theorem 7, the defini-

tion of As, and the fact that the automorphism 6 € Aut(K (0,5)) defined
by 0(x;it1) = T5—i6—i descends to an automorphism 6 of K(0,5)/M, we

may in particular take Og (M ) to consist of the elements F € OF _ sair ©

Out(K (0 5)/M) having a lifting F € Aut(K ( ,5)/M) for which there
is an f € ((w12);, (w23) ) with F((212)y) = (.11312)?\‘;[; F((w23)7) =
M (wa3) ), f; ((1?34)1\“4) = 0(f) M (3a)},0(f); and F((245)y;) = (x5))-
(One could shrink Og(M) further by also using F((251),7), via the expres-
sion (**) in 0.1 and the analogous result for OF in [HS, 2.2].)

The above raises several questions: For a given characteristic subgroup
M c M = p;}(N), to what extent does O2(M) yield better information
about the field of moduli and the Galois orbit than just using OF (M)? As
M shrinks, how fast does the information glven by OF (M) improve? To
what extent does the mformatlon given by OF (M) go beyond that given by
OF(N), where N = py(M) C K(0,4)? And to what extent do computations
using the above give information beyond that obtainable by rigidity?
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