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§0. Necessary background

Hopf algebra of framed mixed Tate motives

Recall that ftv = Lie[ss, s5,...], so that Ufr is the polynomial ring
Q[ss, 85, - - .| with coproduct given by A(s;) = s;,@1+1®s;. Let F' = Uft",
so F' is equal to Q|f3, f5,...] as a vector space, but its ring generators are
monomials, and it is equipped with the shuffle product and the deconcate-
nation coproduct

A(w) = Z u® .

As before, we write Ay;rp for the graded Hopf algebra of framed
mixed Tate motives (isomorphic to the Hopf algebra of affine functions of
U over Q; equipped with the shuffle product). We have the non-canonical
Hopf algebra duality isomorphism

Avrm ~ F'. (0.1)

Define a slightly larger Hopf algebra by adding in a formal variable f5 that
commutes with Ay (it plays a special role analogous to the role of ((2)).
We define slightly larger Hopf algebras

Hyrrmr = Anrrar ®o Q| f2]
F =F ®qQ[fa].

The coproducts A on Ay and F' extend to coactions

A Hyrm — Avrym @ Hyurwm 0.2)

ANF—-FF .
by setting A(f2) = 1® f2. In analogy with (0.1), we also have non-canonical
isomorphisms

Hyrm =~ F. (0.3)

Recall that dim F,, = d,, where the d,, are defined by dy =1, dy = 0,
do = 1 and d,, = d,_2 + d,_3, or equivalently by the generating series
1/(1—t2 —3).



Hopf algebra of motivic multizeta values

Let A C Aprp be the Hopf algebra generated by the framed mixed
Tate motives called motivic multizeta values; recall that we have two nota-
tions for these:

Cm<k17"'akr) = Im(€0;€17'°'7€n;6n+1)7
for 0 < n but n # 2, where

(e1,...,€n) = (1,0,...,0,...,1,0,...,0,1,0,...,0)
S—— —_— =

kr-—1 ko—1 ki—1

The motivic multizeta values satisfy some known properties, of which we
specifically list a some that will be used later on:

(1) I (ep;€1) = 1 and I (eg; €1;€2) = 0 for all eg, €1, €2 € {0,1};
(2) I™(eo; €1y €n;€nt1) = 0if €g = €,41 and n > 1;

(3) I (05 €1,...,€5;1) = (=1)"I™(1;€n,...,€1;0);

(4) I"™(05€1, ... €n;€nt1) = I™(0;1 — €y, ...y 1 —€1;1);

(5) the shuffle product formula

I'™(z5€1, . ey I™ (256041, €53Y) =
Zlm(x;a((el,...,er), (€r+17---7€s));y)7

where the sum is over the shuffle permutations o of of €1,..., €y, i.e. per-
mutation such that o(e1) < --- < o(e,) and o(€41) < -+ < o(es).

The reason we have avoided the case n = 2 is that Goncharov-Manin’s
definition of motivic multizetas yields 0 when n = 2. To deal combinatori-
ally with the zeta value for n = 2, we add a formal symbol to A which com-
mutes with all of A,and unhesitatingly denote it by ("™ (2) = I™(0;1,0;1).
By (1)-(4), this also formally defines the symbols I"*(a; b, ¢; d) for a,b, c,d €
{0,1}. We set

H = A®q Q¢ (2)].



Then we have a surjective period map H — real multizeta values map-
ping

Cm<k17'° '7kr) = Im(€0;€17- "7€n;€n+l) - C(kla"'akr) € R?

recall that this real multizeta value is given by the period integral

C(kl, .. '7kr) — (_1)7“/ dtq dty,

0<t; < <tp<l1 1 —€ ln — €n

Notation: recall that F' ~ (Ufr)*, so ft* = F'/(F's0)?.
o Write £ = A>0/(A>0)2;
e let ™ denote the surjection A~g — L.

e Write ¢, = 7(¢{"™(n)) € L.

Remark. Any choice of isomorphism A7y — F' induces an isomorphism
Hyrvm — F, and thus an inclusion

H—F

due to the inclusion H C Hysrpr- The goal of the game is to calculate the
dimensions of the graded parts H,, to prove that they are equal to those of
F.

Brown’s strategy is to calculate the dimensions of H?3 where H?3 is
the subspace of H generated by (™ (kq,...,k,) having only 2’s and 3’s as
arguments, and shows that this already has dimension equal to that of F.

For this, it’s sufficient to show linear independence of the ("™ (2, ..., 3, ...)
since there is exactly the right number of them: indeed, the number d,, of
these multizetas in weight n is given by d,, = d,_2 + d,,_3, and we have
do =1, d; =0 and dy = 1 as for the dimensions of F.



§1. Statement of Brown’s main theorem and corollaries
Hoffman’s famous conjecture on real multizetas states that

Conjecture: The real multiple zeta values ((k1,..., k) with k; € {2,3}
are all linearly independent and those with ki + --- 4+ k. = n generate Z,,
which is thus d,,-dimensional.

Francis Brown gave the proof of this result in the case of motivic mul-
tizeta values.

Brown’s Dimension Theorem. For all n > 0, we have
dim'H,, = d,,

and a basis for H, is given by (" (k1,...,k,) where ky + -+ k, = n and
k; € {2,3}.

Set ' = Q(fs, f5,...) and F = F' ®@q Q[f2] as before.

Corollary 1. The subalgebra 'H of Harras is in fact equal to all of Hyrrar-
Thus, there exist (non-canonical) Hopf algebra isomorphisms:

b:HSF.



Corollary 2. The Deligne-Ihara Lie algebra DIy is isomorphic to ft ® Q.

Proof. By Brown’s theorem, nmj =~ fr, so it acts on the fundamental Lie
algebras of all mixed Tate motives, in particular Lie Ps, associated to the
motive My 5. Thus we have the commutative diagram:

DIQQpe——grtt® Qy ~ Der*Lie Ps @ Q.ll
fe®Qp ~ nm3 ® Qg €

But Brown’s theorem and Ihara’s theorem show that ftv ~ nmj — grt, and
thus the commutative diagram shows that fv — DI @ Qp — gtt ® Qy can’t
have any kernel, so ft ® Qp ~ grt ® Q. &



Proof of Brown’s Dimension Theorem.

Before giving the proof, let us explain its structure in three main steps.

Step 1 (§3). The multizeta values (" (2,...,2,3,2,...,2) with a single 3
play an important role: using a theorem of Zagier for real multizeta values,
Brown shows that

C"™(2,...,2,3,2,...,2) = Cgagp ¢""(2r +1)  mod products (1.1)
—— N —

a b

forr =a+4 b+ 1, for a rational constant cyazor given by

cespr = 2(=1) Kmﬁ 2) -2 <2b247: 1 N

He also shows the simple, technical but useful result that, setting

(2, ...,2) =1"(0;0,1,0,...,1,0;1),
N—— N———

T T

we have

———

T r a r—l—a

r—1
r(2,...,2) =I™(0;0,1,0,...,1,0;1) = =23 ¢™(2,...,2,3,2,...,2),
a=0

and concludes from this that

1 (2,...,2) =c12 ("(2r + 1) mod products,
——

T

for a rational constant ciar given by

r—1
Ci1o9r — —2 E Coagor—1—a.
a=0



Step 2 (§§2,4). Brown defines the derivation Ds,.y1 as the bigraded part
of biweight (2r + 1,n — 2r — 1) of Goncharov’s coproduct with the left-hand
factor projected down from A to L, i.e. mod products (this derivation is
actually used already in the proof of the result of step 1). He restricts this
map to the subspace H*3 of motivic multizetas generated by ("™ (w) where
w is a word in only the letters 2 and 3. He equips H?*3 with an increasing
level filtration F according to how many 3’s are in w, so that F*H?3 is
generated by (" (w) where w is a word in 2’s and 3’s with at most £ 3’s.
Then he shows that the map Do,y1 passes to a map

2,3 2,3
QTEHN — Lory1 ® grf—lHN—2r—1 (1.2)

He then shows the key fact that, letting (2,11 denote the image of
C"™(2r + 1) in L, the image in the left-hand factor lies in QCor11 C Loy11.

This is proved as follows: when subsequences are chosen from w which
leave a quotient factor having exactly level ¢ — 1, the subsequences can
only either be of level 1 exactly, or be of the form 001010---101, yield-
ing left-hand factors that are either (" (w') with w' a word of level 1, or
I'(0;01---010;1) which is exactly ({*(2,...,2). Then (1.1) shows that
both these left-hand factors are scalar multiples of (or11 € Lory1, and their
coefficients can be computed explicitly via Doyyq.

Finally, Brown defines the map

(2]

L Fq23 Fo9,2,3
One:gre Hy” — @ gre-1HNZor—1

r=1

by composing the maps in (1.2) with (2r41 — 1 and then summing them
over r: the image of ("™ (w) under Ony is thus a linear combination of
C"™(w') of weight < N and level exactly £ — 1 with coefficients which are
explicitly computable linear combinations of the numbers of the form cyagop
and c1ga.



Step 3 (§5). Let Wy, be the set of words containing £ 3’s and n 2’s, so
of weight N = 3¢ 4+ 2n. Then by definition, the (images in the associated
graded of the) ("™ (w) form a spanning set for ngH?\’,‘g.

Let W = HZ:O Wi—1,m. Then
o W, =|W| and

N—1
e the elements of W form a spanning set for @L:ﬁ ]grf_lH?\}?’_Qr_l.

Index the columns of a square matriz My , by w € Wy, and the rows
by w' € W; define the matriz by (MN ¢)w w = fww where the entries are
defined by

One(C™(w)) = > fuwl™@'), forall we Wy,

w' eW

with the fy,.0 coming directly from the explicit calculation of On ¢ using the
Doy11. They are all explicit linear combinations of the cqaszqr and ciar.

The key result is to prove that the matrix My, is invertible
(§6), using the explicit knowledge of the form of the matriz entries and of
the rational numbers coazor and ciaa.

This accomplished, Brown deduces the linear independence theorem at
once by induction. Indeed, for level 0 the multizeta values are linearly in-
dependent (as there is only one such value for even N, none for odd N ).
Suppose they are linearly independent for level £ —1, but that there is a non-
trivial linear combination in level £, inducing a non-trivial linear relation
L =01 ger?\}?’ between multizetas of level exactly £. Let V denote the
vector in the spanning set {(™(w)|lw € Wy} whose entries are the coef-
ficients of the linear combination L. Then because My, is invertible, the
vector W = My (V') is a non-zero vector, yielding a linear combination
Ly with non-zero coefficients of the spanning set {C™(w')|w’ € W}. But
the linear combination Ly is equal to 0 in g?“f?‘[]\’, since 1t 18 the image
under On¢ of a linear combination L = 0 in level £. This means that the
non-zero vector W gives a non-trivial linear relation between multizeta val-
ues of level £ — 1, contradicting the induction hypothesis, which concludes
the proof.

10



§2. Brown’s essential tool: the D, operator

Goncharov’s coproduct. The Hopf algebra Aprrar is naturally equipped
with a coproduct A. Goncharov computed the explicit expression of this
coproduct restricted to the subalgebra A. On elements of A, it is given as
a sum over subsets S = {s1,...,8-} C{1,...,n}, where to each S we also
associate the set of “intervals”

[1:{17...,81—1}, [2:{81+1,...,82—1},...,Ir+1:{Sr+1,...,n},

it being understood that S = 0 and I; = () are possible. Writing Eg =
(€sys---,€s,.) when S ={s1,...,s.}, we have

AI™(0s€1,. .. e 1)) =Y (H Im(EIj)> ® I™(0; Eg; 1).
S J

We can break A up into a sum
A= Z Ar,n—ra
rn—r
where A, _y, is the sum over just the terms in which the right-hand factor

is of weight r —n (so (|S| = r — n for motivic multizetas).

Example. Applying the explicit formula for A directly to
¢"(2r+1)=1"(0;1,0,...,0;1),
——
2r

we find that almost all the terms have a factor of I™ that starts and ends

i 0, so vanishes. The only subsets S giving non-vanishing terms are S =

{1,0,...,0} with no intervals, and S = () with a single interval given by
——

2r
I ={1,0,...,0}. Thus ("™ (2r + 1) is primitive for A, i.e.
—_——
2r

A(C™(2r+1) =¢"2r+1)®14+1®™(2r + 1).

In particular, this implies that we can choose Hopf algebra isomorphisms ¢ :
Hyrm — F such that ¢(C™(2r +1)) = far41. These are called normalized
1somorphisms.

11



Definition. The most important tool in Brown’s proof is the operator D,
which is obtained by composing A, ,_, with the projection of the left-hand
factor from Aprrar to its quotient modulo constants and products.

When calculating on elements of A, this is A, ,—, composed with the
projection m : A — L on the left-hand factor. Here, because the projection
kills products, only subsets S with a single interval of length v remain in the

sum. So for every odd r > 3, we can write the action of the operator on all
of Has D, : H— LR H as

D, (I"™(eos €1, - - - €ni €nt1)) =

ZW(Im(Gp;GpH, e €t €ptrt1) )T (€01 €1, - - oy Epy Epgrgts - - EnS Engl)-
p=0
(2.1)
The operator D, is a derivation in the sense that
Dy (C1¢2) = (1 ® ¢1)Dr(C2) 4 (1 @ C2) Dr(C1)- (2.2)

Small lemma. If an element z € Hyrra lies in the kernel of Dy for each
odd s < r, then it is a rational multiple of (™ (2r + 1).

Example of computation with D, ;.

Let w = (2,...,2,3,2,...,2), and let 2r + 1 < wt({) = 2(a + b) + 3.
—_——— N —

a b
Then we have
Dori1(C™(2,...,2,3,2,...,2)) = 7( g,b) ®C™(2,...,2), (2.3)
a b a+b+1—r
where
Sr= > (¢M2,...,2,3,2,...,2) = ("(2,...,2,3,2,...,2))+
a<a,B<b N S—— N—— N——
at+pB+1=r o 8 Jé] o
(I =) —I(a > 7)) (2,...,2) (2.4)

12



Proof slide (for computation): skip if necessary.

To see this, we have to consider all possible subsequences of length 2r+1

of
(0;10...1010010. .. 10).

~N"~ ~N"

a b

There are four kinds of such subsequences: those in which the 100 isn’t
contained at all, those in which only part of the 100 appears, those with 100
on the right edge, so that the “; “ appears between the two zeros, and finally
those which contain 100 otherwise than on the right edge.

If they don’t intersect it, then they necessarily start and end in the
same symbol 1 or 0, so they give a zero factor on the left-hand side of the
tensor product. If they intersect part of it or contain it at the right end,
then either they start and end with the same symbol so don’t count, or they
are of one of the forms

(01---01 with the right-hand 1 being the first of 100

10---1010  with the right-hand 10 being the first 2 of 100

¢ 10---10100 with the right-hand 100 being the 3 of 100
01---01 with the left-hand 0 being the last of 100

L 001---01 with the left-hand 00 being the last 2 of 100.

Of these, the first, second and fourth have an even number of letters, so in
fact we have only to consider

10---10100 with the right-hand 100 being the 3 of 100
00101 ---01 with the left-hand 00 being the last 2 of 100.

These give the terms
¢"™(1;0---1010;0) = —¢™(0;0101---0;1) = (7*(2,...,2) fora<a
——

¢™(0;0101---0;1) = ¢7M(2,....,2) for B <b,
——
B

which gives the formula for & ;.

13



§3. Zagier’s theorem

We start this section with a technical lemma, then give the statement
of Zagier’s theorem identifying

as a rational multiple of (" (2a + 2b + 3) plus products with explicit coef-
ficients. Then we show how Brown lifts Zagier’s formula to the motivic
multizeta values.

Let

(k... k) =1"(0;0,1,0,...,0,1,0,...,0,...,1,0,...,0;1).
N S/ / ——

Lemma 1. We have

qr2,....2)=-2 > ("(2+4ir,-,241,)
N—— )
r+1

14



Proof slide (for Lemma 1): skip if necessary

Proof. We can just directly prove the general formula

Gt (kiy . k) =

ki 4+ —1 kr+i, — 1, .. , ,
G VLA SR G EEE (S IS (I SRR A
. s (3] (79
i1t tip=k
This follows directly from the standard regularization formula due to Fu-

rusho (which we write from right to left to agree with Francis, so that con-
vergent words v start with y and end with x):

¢(xPoy®) Z Z 1)atb¢ ¢ (conv(z® - 2P Spya T y))

r=0 s=0

(where the - denotes the shuffle product). From this formula we deduce the
simpler one, dealing only with the x’s on the left (m, means projection onto
the words starting in y):

b

C(aboy®) = (=1)"C(my(a® - 2" Puy®)).

s=0

But this simpler version, which expresses ((w) for w starting in x in terms
of C(w") for words w" which start in y but are allowed to also end in y, has
a non-zero term only when b = s, so we get

((aPoy®) = (=1)°¢(my(a® - vy®)).

The coefficients in the formula in the statement give the exact number of
shuffles of x® with vy® that will actually give rise to the same word starting

in . %

15



Example slide (for Lemma 1): skip if necessary

Example 1: By lemma 1,

(2(2,1) = C(zzyzy)

Qi1 —1\ [ 1+4is—1 . .
> ( T )( T2 )<m<2+zl,1+w)
11 12

(41,i2)€{(0,2),(1,1),(2,0)}

(o) (3)eren+ (1) (1) e+ (3) (§) e

=¢"(2,3) +2¢"(3,2) +3¢™(4,1).

By Furusho (for formal zetas, a fortiori for motivic zetas)

C(zayzy) = ((my(2® - yay))
= C(Wy(Xnyy+XyXxy+nyXy+Xy:1:yX+yXXxy+yX:1;Xy
+ yXayX + yrX Xy + ya XyX + yryX X))
=((yXXoy + yXaeXy + yXoeyX + yz X Xy + yr XyX + yryX X)
= 3¢(4,1) 4+ 2¢(3,2) + C(2,3).

Example 2. We have

q(2,...,2) = C(m(ym)r) = —C(Wy(x YL y:z:))

r

=—2((3,2,...,2) —2((2,3,...,2) — - — 2((2,...,2,3). (3.1)

16



The following theorem was key to the proof of Brown’s result. The form
of the identity was discovered and proved directly by Brown in the motivic
case, using the proof given in his theorem below. Zagier was then able to
identify the actual coefficients in the real case using some analytic methods,
and Brown’s proof then shows that the same coefficients still work in the
motivic case.

Theorem. (Zagier) The real ¢ values satisfy the identity

C€(2,...,2,3,2,...,2) = Y a®P((25+1)¢(2....,2), (3.2)
N—— Hb,_/ p— f
where for 1 < s <r =2a+ 2b+ 3, we have
2s 2s
a,b s —2s
b —9(—1 ( )— 1—2 ( ) . .
Ys (=1) [ 2a42) Wap 11 (3.3)

Theorem. (Brown) The equality (3.2) holds for motivic multiple zeta val-
ues, namely we have

N——

a b r—S

¢"(2,...,2,3,2,...,2) = Y _alt(M(2s+ 1)¢M(2,...,2)
s=1

r—1
= a®P¢™m(2r +1) + Z a®PC™(2s + 1)¢C™(2,...,2),
s=1

(3.4).

Brown uses the notation osz’b = Cga39b.

17



First proof slide (for ((2,...,2,3,2,...,2)): skip if necessary

Proof. We will prove this by induction on the weight r. It is obvious for
r = 1, where the identity reduces to (" (3) = (™ (3). Assume now that it
holds for all elements of weight < r = 2a + 2b+ 3. The strategy is to apply
Dogiq for 1 < s <r to both sides of the (3.4) and compare the results.

Left-hand term. By (2.3), we have

Do (€™(2,++,2,3,2,...,2)) = 7(&5,) @ C"(2, .., 2), (3.5)

| ——
a b r—Ss

where &, , is of weight lower than 2a +2b+ 3. By (2.4), the elements & ,
are linear combinations of (™ ’s with only 2’s and one 8 in weight 2s + 1,
and of ({*(2,...,2). But by lemma 1 above, we see that ({*(2,...,2) is also
a linear combination of ¢ ’s with only 2’s and a single 3, so all of §; ,, is a
linear combination of such terms, and thus, by induction, §a.p has the form

(3.2). In particular, there exists a constant such that & , = BLb (25 +1)
modulo products, so (3.5) becomes

Dos1(¢™(2,...,2,3,2,...,2)) = B%Cos1 ® (™(2,...,2) (3.6)
—_— = ——

a b r—s
for 1 < s < r, where (2541 denotes the image of (" (n) in L, i.e. mod
products.

Right-hand term. We compute the image under Dogi1 of the right-hand
term of (3.4). Firstly, since the ("™ (2i + 1) are primitive for Goncharov’s
A, it follows from the definition of Dasy1 as part of A that
Durlcrai ) = { "G HDEIELOM o=
0 otherwise.
Then, using this and (2.2), we compute
S—— ——

r—1 r—1

+ (1 ®C"(2,..., 2))D25+1 (Cm(% + 1)))

{Cm(2s+1)®§m(2,...,2) ifs=1
= ——
0 otherwise.

18



Second proof slide for ((2,...,2,3,2,...,2): skip if necessary

Indeed, Doy 1 (Cm(2, e 2)) = 0 automatically, because (" (2,...,2) =
—— ——

I'"(0;1010---10;1) and any odd-length subsequence of 01 ---01 must start
and end in the same symbol, so be equal to 0 by 1) of the definition of
motivic multizeta values (cf. §0).

Thus, we have now shown that the LHS and the RHS of (3.4) have equal
images under Dagyq for 1 < s < r. Thus by the remark after the lemma in
§2, the difference between them is a rational multiple of ("™ (2r +1). So we
have shown that an equation of the form (3.4) holds, with all coefficients a4
on the right-hand side except for s = r equal to those in Zagier’s theorem.
In other words, we have

r—1
¢"(2,0.,2,3,2,...,2) = ) alP(™(2s + 1)¢™(2, ..., 2) = BRNCT(2r + 1),
——— N p— ——
a b rT—S
(3.7)
so that projecting down to the real multizeta values, we have

r—1
¢(2,-.,2,3,2,...,2) = > al((2s + 1)¢(2,...,2) = B°¢(2r + 1), (3.8)
—_— = a—1 ——

a b r—s

and by (3.2), we have

r—1
¢(2,...,2,3,2,...,2) — Z a®PC(2s +1)¢(2,...,2) = a®b¢(2r +1). (3.9)
N—— N—— o N——

a b r—s

Comparing (3.8) and (3.9), since it is known that ((2r + 1) # 0 € R
(although not much else is known about ((2r +1)), we find that f° = a®?,
concluding the proof. %
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Notation. Following Brown, let us rewrite

¢"(2,..,2,3,2,...,2) = ) alP(M(2s+1)¢M(2, ..., 2)
—_— =

p- ——
a b - r—s
as
¢m(2,...,2,3,2,. Za“ bCM(254+1)C™(2, ..., 2) + Coagan (™ (2r + 1),
—— ;v_/ \_v_/
a b r—s

i.€. Coasoy 15 @ mew notation for a®®, withr = a+b-+1. By (3.3), we have

Caegr = 2(=1) [(251; 2) - (=27 <2b2—: 1)}

Since by lemma 1, (7%(2,...,2) is also a linear combination of ("™ (w) with
N—_——
w having many 2’s and a single 3, (3.4) shows that (7*(2,...,2) can also
——

be written in the form (3.4); we write

gl Zﬁs (25 4+ 1)C™(2,...,2) + c12-C™(2r + 1).
——

r r—s

Thanks to lemma 1, we have

0127“ — _2262a327‘—1—a. (310)

20



§4. Brown’s 2-3 subspace 1?3 C H and its filtration

Let H?3 denote the sub-Hopf algebra of H generated by (™ (k1, ..., k)
with k; € {2,3}. This subalgebra has a natural filtration

FYH?3 = ("™ (w) | deggw < £),

where w is a “word” in 2’s and 3’s. So F'H?*3 contains all (™ (w) with
words w having 1 < 7 < 0 8’s, i.e.

F€H2,3 C F€+1H2,3.

Let w denote the surjection w : A — L as usual, and (or11 = 7((™(2r+1))
as before.

Proposition.

(i) We have
D2T+1(F£H2’3) C £2r+1 XQ F£—1H2’37

i.e. the right-hand factor has strictly less than £ 3’s in it.
(ii) We have

97“5 Doyy1: 97“5 H>® — Lo 2] 97’5—1 >,

i.e. if the map in (i) is composed with quotienting the right-hand factor of
the RHS of (i) by F*=2H?3, then F*=YH?3 is in the kernel.

(11i) We have
gr{ Doyt grf H*® — Qo1 ®g gri_1 H*?,

i.e. the left-hand factor is nothing but a multiple of (op11.
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First proof slide (for Proposition): skip if necessary

Proof. From §2, we have the formula

D241 (Im(eo; €1y -y €n; €n+1)) —
n—2r—1
Z T (€p €pt1s- - > Eprartti Eprars2) )OI (€0 €1y -, €py Eprarta; - €niEnt1)
p=0

So for (i), we have only to see what happens when a consecutive subsequence
is removed from a sequence of 10°s and 100’s (coming from a sequence of 2’s
and 3’s). If the removed subsequence is of length 1, or starts and ends with
1 or starts and ends with 0, the corresponding term in (3.1) is 0 because
of the left-hand factor. If the removed subsequence starts with 1 and ends
with 0 or vice versa, then it is impossible to ever have a string of more
than two consecutive zeros in the quotient sequence (i.e. the remaining
part after removal of the subsequence), so the quotient sequence is still a
sequence of 10°s and 100’s (i.e. 2’s and 3’s). Furthermore, the only way to
take a subsequence out of a sequence of 10°s and 100’s without decreasing
the number of 100’s is to remove a subsequence of the form 1010...10 or
0101...01, but these must have even length and we are dealing with the case
of subsequences of length 2r + 1. This proves (i).
For (ii), consider the map ¥ given by composing

Dagpi1: FPH?3 — Lo @ F©IH?3
with
£2r—|—1 ®Q F£—1H2,3 _ £2T+1 ®Q F£—1H2,3/F€—2H2,3 — £2T+1 ®@97’5_1H2’3.
If x € FEEYHZ3 € FYH?3, then Dyri1(x) € Lor1 Ro FE2H23 by (i), so
x 18 1n the kernel of the composition of maps W, which thus factors through
the quotient F*H?3/F*~YH?3. Thus we have defined a map
grf Doyyq: grf?-ﬂ’?’ — Lor+1 Qg grf_l H?3,

This proves (ii).
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Second proof slide (for Proposition): skip if necessary

Finally, for (iii), we consider the left-hand factors of elements of grf Da,1(F*H
Forw € F*H?3, the terms of Dayy1(w) that remain in the graded situation
are those where the right-hand factor contains exactly one 00 less than w,

i.e. exactly £ —1 00’s. This means that there are four possibilities for the
left-hand factor:

( I™(0;10...10010...10;1) = ¢™(2,...,2,3,2,...,2)
—_—— N

a b
I™(1;01...0100101...01;0) = —C™(2,...,2,3,2,...,2)
N—— SN——

I™(0;01...10;1) = ¢™(2,...,2)
——

I™(1;01...10;0) = —C™(2,...,2).
——

\ T

By lemma 1 of §3 and Brown’s lifting of Zagier’s theorem in §3, all of these
elements project down to a scalar multiple of (ar11 in L, which proves the
result. &
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Part (iii) of the proposition shows that restricted to H?\}S for a fized
positive weight N,

F . F 2,3 F 273
gre Doryr1 : gry Hyy” — QCrt1 @ gry Hy o, _1-

Define
F . Fq,23 F 2,3
gry dor41 2 gry H*® — gry_H

to be the composition of grf with Cory1 — 1, and consider the map on
Fq/2,3.
gry Hy":

[(N—1)/2] [(N—-1)/2]
Onvei= B grido gl Hy = B g Hy 50 (A1)
r=1 r=1

Remark. Let W, denote the set of words with £ 3’s and n 2’s, and set
N = 30+ 2n. Since the weight is a grading on motivic multiple zeta values,
any linear relation must take place in a given weight N. If there exists any
linear relation R = 0 between (" (w) for w of weight N having only 2’s and
3’s, then if £ is the maximal level of any term appearing in R, and P is
the linear combination of terms of R of level ¢, then P lies in Fe_lH?\}g.
The fact of working in the associated graded means that P = 0 is a linear
relation between the elements of Wy, (considered in gr{H?\}g’). Brown’s
main result is that the (" (w) with w € Wy, form not just a spanning set
but a basis for grl HJ2\’,3.

A spanning set for the right-hand space in (4.1) is given by ("™ (w') for
all words w' € W = ]_[leo Wie_1,m. Following Brown’s notation, we write
On ¢ for the map in (4.1).
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§5. Key strategy of Brown’s proof.

The first step is to show that in fact, we can write the image of (" (w)
under On ¢ for w € Wy, explicitly as a linear combination of ("™ (w') for
w' € W, using the tool D,..

Indeed, from the expression for Dao.iq (Cm(w)), we directly deduce the
expression for grf Dayi1 (Cm(w)) € QCar11 ® gm_lHi’?\, as in (i) of the
proposition in §4. Then, mapping Cory1 — 1 yields a linear combination of
C"™(w') for w' € W, and we add up these linear combinations for 1 < r <
[%] to obtain the image of (" (w) under On 4.

Let us write this explicitly as

One(C"(w)) = ) fuw™ (W) (5.1)

w’ level £—1
weight <N

Fundamental Remark. The f,, . are explicit (computable) linear com-
binations of the cyazqr and the cior+1. Indeed, in the expression

97¢ Dayi1 (C™(w)) € Qa1 ® gre—1 M, (5.2)

the right-hand factor is just a sum of distinct (™ (w') of level £ — 1, with
only 1’s as coefficients, so when (oryr1 — 1, we find that 8N,g(Cm(w)) is
equal to this sum multiplied by the coefficient of (2,11. But this coefficient
1s precisely the linear combination of ¢, corresponding to all the ways of
extracting a subsequence w’ of length 2r + 1 from w such that the quotient
sequence is of level exactly £ — 1. As we saw in the proof of (ii) of the
proposition in §4, only terms (7*(2,...,2) or ("™(2%32%) can come from such
——

subsequences, so the coefficient of Cory1 in (5.2) is a linear combination of
C12a and Cgazgv, and can be computed explicitly for any given N, L.

Fix a weight N = 30 4 2n, and let W, ,, denote the set of words w with
¢ 3’s andn 2’s. Let W denote the set of words with £ —1 3’s and m 2’s for
0<m<mn,ie W= H%:O Wi—1,m-

Easy Fact. We have
{4+n
Weal =W = (7"
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—Zn , with
columns indezed by w' € W and rows by w € Wy, given by (My ¢)w w =
fww, so that My ¢ acts on the (" (w) for w € Wy, as in (5.1).

Definition. Let My, denote the square matrix of size

Brown’s key result: The matrix My, is invertible for every N > 3,
¢ > 0.

Corollary: Brown’s Dimension Theorem The motivic multiple zeta
values (" (w) with w a word in only 2’s and 3’s are linearly independent.

Proof. The motivic multiple zeta values are weight-graded, so any non-
trivial linear relation would yield a non-trivial relation in a given weight N,
.e. in sz\}?’. In weight N, there is at most one word of level 0. Assume
the theorem holds for level £ — 1, and suppose that there exists a linear
combination R of (™ (w) with w € Wy, 3 4+ 2n = N, such that R =0 in
H?\}3. Let P denote the linear combination of terms of R of level exactly
. Then P = 0 holds as a linear relation in ngH?\}B. But then, if Vp s
the vector corresponding to P, the entries of the vector W = My +(Vp) give
coefficients — which are not all zero since My 4 1s invertible — of a thus non-
trivial linear combination of the (™ (w") which must be equal to zero, since
the image of Vp under My ¢ corresponds to the image of P under Oy . But
this contradicts the induction hypothesis. %
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§6. Proof of the key invertibility result.

To conclude, we need to show the result that for all N and £, My, s
invertible. Recall from §3 that for words of the form w = 127 or w = 2432}
withr =a+ b+ 1, we have

("™ (w) = ¢y ((2r +1) mod products,

where, setting

ro 2r . =27 2r
O‘a’b_<2a+2> (1-2 )<2b+1>’

we have
r 2r . _ 9—=2r 2r . __0a99b _
o 2(—-1) <2a—|—2> (1-2 )(2b+1> ifw=232", r=a+b+1
_2 Zg;é Cza32r—1—a wa — 12T.

The strategy is as follows. We noted already that the entries of Mp ;

are all linear combinations of the c,,. Let M]J\c, ¢, be the matriz written in the
same way, except that the c,, are replaced bg; indeterminates Cy,. Giving
a particular order to the rows and columns of My, Brown shows that
M]{,E 1s upper triangular modulo the subspace I generated by the Ciar and
by the differences Cy, — Cyg for w in 2’s and 3’s. He then uses the two
following lemmas to prove that the 2-adic valuation of the determinant of the
projection Cy, +— ¢y of M]J\c,g modulo I is non-zero. Thus the determinant
of Mn e is non-zero. The ir’nportance of the 2-adic valuation is that the c,,
all have at most powers of 2 in the denominator.

Lemma 1. Let w = 2%32%, and set w = 2°32%. Then
i) cw — Cp € 27;

i1) va(c39a+v) < va(cy) < 0.
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Proof. Setr=a+b+ 1. For i), we have

2r o 2r
(2a+2)_(1_2 )<2b+1>
2r _op 2r
a <2b+2> =277 <2a-|—1>
2r B 2r
2a + 2 2b+2
where the second equality holds because
2r B 2r _ 2r
2+1) \2r—2a—1) \2b+1)°

But (*) shows that ¢, — cg 1S an even integer.
For ii), we have

. [ 2r —2 2r
Uz(Czagzb)—’Ug 2<2CL—|—2)_2(1_2 )<2b+1>]

[ 2r 2r 1 2r
_”2_2<2a+2>_2(26+1)+22r—1(2b+1>}
1 2r
21\ 2641

2r
—1—27‘—|—U2<<2b+1>>.

2r o 2r 2r — 1
20+1)  20+1 2b ’

Cw — Cp = 2(—1)"

(%)

= 2(-1)

Writing

we obtain

v (Cgaggs) = 1—2r+1a(2r)+ 1o ( 2’“2; L )) = 22+ vy (r) + v ( 22; L )).
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Recalling that r = a+b+ 1, we have (2r —1) —2b = 2a+ 2 so this valuation
1S equal to

2r —1
2—27‘—1—1}2(7’)—1—02((2&_‘_2)),

which is clearly minimized when a = 0, proving the first inequality in ii). For
the second, we note that vo(r) <r —1, so if we show that U2(<27“ —1 >) <

2b
r — 1, we obtain the desired

2r —1
2b

o )((27’2;1).

<2r—1>_(2r—1)---(2r—2b)
20 o 26(2b—1)---1

2—27"+v2(r)+v2(( >)§2—2r—|—r—1—|—r—1:0. (%)

Let us show that

Writing

we see that the number obtained by dropping the odd terms in the numerator
and denominator and factoring out a 2 from each even term has the same
2-adic valuation:

2°(r —1)---(r —b) (r—l)---(r—b).

20.b(b—1)---1 bb—1)---1
This number is equal to r ; 1 , which divides (r —1)!. But for the p-adic
valuation of n! we have the formula
n—.S,
vp(n!) = 1

where S, = €g+---+es, n=€g+ep+---+ep°. Forp=2andn=r—1,
this gives vo((r—1)1) =r—1-S,_1 <r—1, since S,—_1 > 0. To summarize,

(7 P =uw((7y ) Swle -y <ot
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proving the second inequality (*). &

Lemma 2. For a prime p, suppose that A is a square n X n matriz with
entries €;; € Q such that

i) vp(€ij) > 1 for alli < j;
i) vp(€;;) = min; (vy(e;5)) <0 for all i.

Then A is invertible.

Proof. (From Brown’s remark 7.2) By i), the elements of A below the
diagonal are all divisible by p, but by ii), the p-adic valuation of the diagonal
elements are all < 0, and this valuation is less than or equal to that of any
of the elements in the corresponding column. Let €; = vp(e;;) for 1 < j <mn,
and let A’ be the matriz defined by multiplying each column of A by p~<ii,
This ensures that every element of A’ is a p-adic integer, those under the
diagonal are all divisible by p, and those on the diagonal are all p-units.
Thus the determinant of A’ mod p is non-zero, so the determinant of A’ is
non-zero, so the determinant of A is non-zero. %

We now put the reverse lexicographic order for 3 < 2 on the set Wy,
indexing the columns of My with 3( 4+2n = N, and also on the set W in-
dexing the rows. This means that we put the words in lexicographic order for
3 < 2, and then reverse that order. For example, for { =2, n =2 and N =
10, we have the lexicographical ordering 3322,3232,3223,2332,2323,2233
and so the reverse lex, corresponding to the order of the columns of My ¢, s
2233,2323,2332,3223,5232,3522. The set W = [ _  Wy_1,, contains the
words {3,32,322,23,232,223} in lex order, so the rows of My ¢ are indexed
by these words in the reverse order 2253,232,23,322,32,3. We order the rows
and columns of M]J\C,’E in the same way.

Proposition. Let Cior and Chazoe be indeterminates generating an R-
vector space, and let I be the subspace generated by the Cior and by the
differences Caagor — Covgoa. For w in the ordered set Wy, write V,, for
the vector (0,...,1,...,0) containing only zeros except for a 1 in the w-th

place; similar let V,, denote the vector (0,...,1,...,0) associated to u in the
ordered set W.

(1) M]J\DM(Vw) =Y w-w C,V, modulo I;

deggv=1
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(2) Modulo I, the matrix M]J:, ¢ 48 lower triangular, with only entries of
the form Cs9r—1 along the dzagonal (for r > 1), and every entry to the left
of a Csor—1 on the diagonal of the form Caazor with a+b+1 =1r.

Proof. Notice that if the formal indeterminates are replaced by the rational
numbers c,,, we have My (V) = On,e(¢"™(w)), but written as a particular
linear combination of the (™ (u) withu € W. We know how to calculate On
using the Dayy1; the image On. e (Cm(w)) is obtained by computing Doy
on the symbol I"™(0;...;1) corresponding to (" (w), projecting (ari1 — 1
and adding them together forr =1,..., [%]

Here, we have w € Wy ,,. Note that if a sequence of odd length contains
an even number of 00, it starts and ends in the same symbol. Thus, much
as in §5, a sequence of length 2r + 1 from the corresponding symbol yields

zero if the subsequence

(1) contains an even number (or no) 00, so starts and ends in the same
symbol;
(ii) contains > 2 00, so leaves a quotient sequence of level < { — 1.

The remaining sequences are those which contain exactly one 00, and
this can be placed as follows:

(74i) 00101010101 yielding 1™ (0;01010; 1)® quotient = Ciar(or11® quo-
tient

(iv) 10101010100 yielding I™(1;01010; 0)Rquotient = —Clor(or11® quo-
tient

(v) 01010010101 or 10101001010 yielding 1™ (0;101001010;1)® quo-
tient and —1"(0;101001010; 1)® quotient. If the selected sequence S is of
the first type, then either it is at the end of the sequence, or it is necessarily
followed in the full sequence by a 0, in which case the sequence S’ obtained
by dropping the initial O from S and adding the final zero is of the second
type. Conversely, is S is of the second type, then it is necessarily preceded
by a 0 and therefore one obtains a sequence S’ of the first type by including
this preliminary zero and dropping the last O of S.

Therefore, if the selected sequence is of the first type but not at the
end of the full sequence, it goes together in a pair which yields Coagzgr —
Cavgoa (example: the sequence 01010010101 gives 2322, and its partner
10100101010 ~ 1™(1;010010101;0) = —I™(0;101010010;1) corresponds
to 2232 ). If the selected sequence is of the second type, it also goes together
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i a pair so again yields Cyazor — Cobgga .

Finally, if the selected sequence is of the first type but is at the end
of the full sequence, we write w = uv where v corresponds to the selected
sequence and u is thus the quotient sequence, so it yields the term C,(™ (u).

Thus in total, modulo I, we have

where the length of v as a sequence of 0 and 1 is 2r + 1 and v contains
exactly one 3. This is equivalent to (1) of the statement.

To prove (2), let p : W — W, ,, denote the bijection given by p(u) =
u32"~1. Because this bijection is obviously order-preserving, the elements
(M]J\cw)u p(u) OT€ the diagonal elements of the matriz. Since by (1) we have

Mz(r,e(‘/w): Z Cy¢™(u) modulo I, (%)

uv=w
deggv=1

we see that (M]J\c, E)u o) = C, where v is of the form 32"~1. Now letu € W

and consider the row of M ]{,’E indexed by u; the entries are the quantities
Cy in (*) for each column corresponding to a w such that w = wv, i.e. if

w = u2%32%, then (MJJ\CT,E)uw = Chagor. Since u2%32° << u32"~1 where
a+b=1r—1, all these entries lie to the left of the diagonal. This proves
the result. &

Example. The matrix M ]{, 0

( 2233 2323 2332 3223 3232
23 (O3 — C33 — Cra2 Ca3 C32 U39 — Caz + C122
32 Ca3 — Ch22 Cs32
3 Ca23 — U322 C322 U232
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and modulo I:

( 2233 2323 2332 3223 3232 3322
223 (5
232 Cs
23 023 032
322 Cs3
3 C320  Caza 0322)

Theorem. The matriz My, is invertible.

Proof. Let u(Cy) = cw. We will show that the matric /L(M]{[’E) is in-
vertible. By the formula cior = —2) Coazor—1-a and by lemma 1 above,

pu(l) C 27Z. Since M]J\CM s lower triangular mod I, its image under p sat-
isfies (i) of lemma 2. Property (7i) of lemma 2 is true for My, by (ii) of
lemma 1. Thus by lemma 2, My is tnvertible. &
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