Special loci in moduli spaces of curves
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Abstract

Let S be a topological surface of genus g with n marked points, and let ¢ be a finite-
order element of the mapping class group of S. We study the special locus associated to
¢ in the moduli space M(.S) of Riemann surfaces of topological type (g, n); this is the set
of points in M(S) corresponding to Riemann surfaces admitting ¢ as an automorphism.
Another definition of the special locus is that it is the image on M(S) of the points in
the Teichmiiller space 7(5) fixed by ¢ under the natural action of the mapping class
group on 7 (S). We completely describe all special loci in the moduli spaces of small type
(0,4), (0,5), (1,1) and (1,2), and also of the general genus zero spaces (0,n), including
determining their fields of moduli. Then, based on results of Harvey et. al., we show how
the (normalization of the) special locus of ¢ in M(S) provides a finite covering of the
moduli space of the topological quotient S/p, and give conditions on ¢ for this covering
to be as close as possible to an isomorphism. Finally, we translate these results in terms
of the mapping class groups and show that when the conditions on ¢ are satisfied, we
obtain a homomorphism between mapping class groups which has geometric and arithmetic
significance, and that in genus zero, these two conditions are always satisfied. We end with

two explicit examples of such homomorphisms, one in genus zero and one in genus one.
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1. Introduction

§1.1. Overview

Let M, ,, denote the moduli space of Riemann surfaces of genus g with n ordered
marked points. By permuting the marked points on the Riemann surfaces, the permutation
group S, acts naturally on this space; the moduli space M, ) = M, /S, classifies the
Riemann surfaces of genus g with n unordered marked points. It is sometimes useful to
consider ‘partially ordered’” moduli spaces, i.e. quotients of M, ,, by subgroups of S,,.

The main goal of this article is to study special loci on moduli spaces. Topologically,
the moduli spaces of curves are orbifolds; in fact, the moduli space M ,, (resp. Mg [,)) is
a quotient of a contractible space of complex dimension 3g — 3 + n, the Teichmiiller space
7y.n, by the action of a discrete group called the mapping class group 'y, (resp. T'g (n)).
If S denotes a topological surface of genus g with n marked points, then I ,, (resp. I'g )
is exactly the group of orientation-preserving diffeomorphisms fixing (resp. permuting)
the marked points of S, up to those isotopic to the identity. The mapping class groups
act properly discontinuously on the Teichmiiller space, but not always freely; some points
of Teichmiiller space have isotropy groups of finite order inside the mapping class group,
and conversely, every finite-order subgroup of the mapping class group fixes some point on
Teichmiiller space. The quotient of a simply connected space by a group acting in this way
is called a topological orbifold, and the groups themselves are called orbifold fundamental
groups (cf. [HN] for an introduction to these groups). The images in moduli space of the
points with non-trivial isotropy in Teichmiiller space are called special orbifold points. If
is an element of finite order in the mapping class group, then we consider the set of points
in Teichmiiller space fixed by ¢; the image of this set in the quotient moduli space is called
the special locus of p. This article is essentially devoted to studying these special loci, and
the morphisms between moduli spaces and the corresponding homomorphisms between
their fundamental groups which can be deduced from them. The main observations are as
follows.

Harvey showed that in a suitable quotient of M, ,,, the normalization of the special
locus of a finite-order element ¢ in I'y [, naturally gives a finite covering of the moduli
space of the topological quotient of S by the action of a finite-order diffeomorphism lifting
the diffeomorphism class ¢ (cf. §4.1). We give two conditions on ¢ which ensure that
the special locus of ¢ is actually isomorphic to the moduli space of S/ up to a trivial
orbifold structure. We then translate these results in terms of fundamental groups and
show that when the two corresponding conditions are satisfied, we obtain interesting special
homomorphisms between mapping class groups. We also show that when S is of genus 0,
these two conditions are always fulfilled.



§1.2. Outline of the article

The outline of the paper is as follows. In §2, we recall the basic facts about Teichmiiller
space and moduli spaces of curves (cf. [M] for a beautiful introduction) and mapping
class groups. We recall that the mapping class group of type (g,n) has three different
descriptions, namely as the group of diffeomorphisms of a topological surface S of type
(g,n) up to isotopy, the orbifold fundamental group of the moduli space of type (g,n)
(§2.1) and the group of special outer automorphisms of 71 (.S) (§2.2). Then we concentrate
on the genus zero moduli spaces and mapping class groups, and give several propositions
showing how to pass explicitly between these three descriptions (§2.3).

The following section, §3, is devoted to explicitly examining the details of the structure
of the genus zero ordered and unordered moduli spaces. Working over the complex num-
bers (i.e. topologically rather than algebraically), we review well-known features such as
their mapping class groups, their stable compactifications, their topological tangential base
points, their orbifold structures, paths given by standard Dehn twists, their fundamental
groups, the points of special automorphism group on the ordered moduli space, and the
special loci on the unordered spaces. We first consider the one-dimensional spaces (0,4)
(83.1) and (1,1) (§3.2), then the two-dimensional spaces (0,5) (§3.3) and (1, 2) (§3.4). Fi-
nally, in §3.5, we give an explicit description of the special loci in genus zero moduli spaces
with any number of marked points and determine their fields of definition.

In §4, we continue to investigate special loci in moduli spaces associated to finite
cyclic subgroups (p) in the mapping class groups. In §4.1, we compare a special locus
in the moduli space of a topological surface S of type (g,n) to the moduli space of the
topological quotient S/¢, showing (based on a theorem due to Harvey et. al.) that the
normalization of the first provides a finite covering of the second. We give two conditions
on ¢ which ensure that this finite covering is actually an isomorphism, up to a trivial
orbifold structure due to the automorphism associated to ¢ at every point of the special
locus. In §4.2, we translate the finite covering into a homomorphism of the associated
fundamental groups, and translate the two conditions on ¢ into splitting and surjectivity
conditions on this homomorphism. When these two conditions are fulfilled, we show that
we obtain new and interesting special homomorphisms between mapping class groups,
which have geometric and arithmetic significance. In §4.3, we prove that the two conditions
are satisfied whenever ¢ is a finite-order element of a genus zero mapping class group I'g [,
This means that all special loci in genus zero moduli space corresponding to cyclic subgroups
of the mapping class groups are themselves moduli spaces. The last two sections are devoted
to two examples of the splitting and surjectivity conditions and explicit determination of
the corresponding special homomorphisms.



§1.3. Connections with Galois theory

In this section, we give a very brief sketch of the connection between the special loci
in moduli space and the associated special homomorphisms between mapping class groups,
and the wider world of Galois and Grothendieck-Teichmiiller theory. Although we do not
return to this topic within the paper, it should provide an understanding of the motivation
behind the results.

The arithmetic significance of homomorphisms between mapping class groups coming
from topological manipulations leading to geometric morphisms between the moduli spaces
is the following. The moduli spaces themselves are defined over Q. Let S and T be
topological surfaces and let M(S) and M(T") denote their associated moduli spaces (with
or without allowing permutation of the marked points). If we have a geometric morphism
f: M(S) — M(T) which is defined over Q, then up to inner automorphisms, the following
diagram commutes for all o € Gal(Q/Q):

71(M(S)) —L> R (M(T)) (1.3.1)

e
T (M(S)) ——= T (M(T)),

where the 71 are the algebraic (profinite) fundamental groups of the moduli spaces, which
are equipped with a canonical outer Gal(Q/Q)-action.

Let the tower T consist of the groups 71 (M(S)) for all topological types S, equipped
with homomorphisms f, coming from geometric morphisms f between the moduli spaces
which are defined over (). We can define the special outer automorphism group of T to
be the collection of tuples (¢s)s where ¢g is a special outer automorphism of 73 (M(5)),
i.e. an outer automorphism preserving conjugacy classes of inertia generators, and such
that the tuple makes all diagrams (1.3.1) commute for every f, in the tower. It is then
clear that Gal(Q/Q) injects into the automorphism group of 7', and it is an open question
(due to Grothendieck) whether this automorphism group, of which various versions have
been explicitly computed, according to the precise collection of homomorphisms f, which
are included in the tower, and which is generically known as the Grothendieck-Teichmiiller
group, may actually be equal to Gal(Q/Q). The more Q-homomorphisms are included in
the tower 7, the closer the corresponding automorphism group (Grothendieck-Teichmiiller
group) will be to Gal(Q/Q). Until now, the Teichmiiller tower has been equipped with ho-
momorphisms coming from morphisms between moduli spaces coming from erasing marked
points on the topological surfaces, and including subsurfaces into surfaces by cutting along
simple closed loops. As a natural sequel to the present article, the author hopes to com-
pute the new Grothendieck-Teichmiiller group associated to the tower equipped with the

special homomorphisms as well as these.



2. Moduli spaces of curves

§2.1. Teichmiiller space and the mapping class group

Let S be a topological surface of genus g equipped with n ordered marked points
Z1,..., T, (wesay that S is of type (g,n)). A Riemann surface X of genus g with n ordered
marked points y1,...,y, is said to be marked if we choose a diffeomorphism ® : § — X
such that ®(x;) = y; for 1 <1i < n. Two marked Riemann surfaces X (with marked points
Y1,---,Yn and marking ®) and X’ (with marked points y1,...,y,, and marking ®’) are
said to be isomorphic if there exists an isomorphism « : X — X'’ of Riemann surfaces with
a(y;) =y, for 1 <i < n, and a diffeomorphism h : S — S with h(x;) = z; for 1 <1i < mn,
which is isotopic to the identity, such that the following diagram commutes:

s—2.x (2.1.1)

hl l

§—"= X,
The Teichmiiller space 1, , is the set of isomorphism classes of marked Riemann surfaces
of type (g,n). It is well-known that the Teichmiiller space forms a contractible complex
analytic space of dimension 3g — 3 + n.

Let S be a topological surface of type (g,n) as above, and set

where Diff " ([S]) denotes the group of orientation-preserving diffeomorphisms of S which
permute the marked points, and DiffO(S ) is the group of those which are isotopic to the
identity. The group I'y [,,; is known as the full mapping class group. We also define the
pure mapping class group, or pure subgroup of the full mapping class group, by setting

T, = Diff 7(S)/Diff’(S),

where Diff T (S) is the subgroup of Diff*([S]) consisting of diffeomorphisms which fix each
marked point.

The mapping class group Iy [,) acts on the Teichmiiller space 7 ,,. Let us show how.
To begin with, if ¢ € T'y 1), let 1)’ denote a lifting of ¢ to a diffeomorphism of S. Then
1" maps the marked Riemann surface (®,X) to (® o ¢’ X). Now we show explicitly
that elements of I'y [, act on isomorphism classes of marked Riemann surfaces. First,
we show that if (¢, X) and (®’, X’) are isomorphic marked Riemann surfaces and 1’ is a
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diffeomorphism of S, then the images (®v¢’, X) and (®'¢)’, X’) are isomorphic. To see this,
let o be as in (2.1.1). Then the diagram

5 S X
SR
S . S

commutes, i.e.

commutes, and '~ "hi)’ is isotopic to the identity since the diffeomorphisms isotopic to
the identity form a normal subgroup of the group of diffeomorphisms. Next, we show
that two equivalent diffeomorphisms of S take a marked Riemann surface (®, X) to two
isomorphic marked Riemann surfaces. Let h be a diffeomorphism of S which is isotopic to
the identity; then (® o ¢)’, X) is isomorphic to (® o1’ o h, X), since we have

Doy’
—_—

S
hll
Po'oh
g W’

_

><1<—i><:

This shows that the mapping class group (equivalence classes of diffeomorphisms of 5)
acts on the Teichmiiller space 7, ,, (isomorphism classes of marked Riemann surfaces).

It is well-known that this action of Ty ,,; on 7 ,, is properly discontinuous. This means

g:[n
that for any compact subset K of 7, ,, there are at most finitely many elements v in the
mapping class group such that v(K)NK # (). Note that this fact implies that the stabilizer
in the mapping class group of any point € 7, is a finite group, since if K is a small
compact neighborhood of z, then v(K) N K # ) for every v in the stabilizer of x.

The unordered moduli space M ) is realized as the quotient of the Teichmiiller space
7y.n by the action of the mapping class group I'y j,,;. This is tantamount to forgetting the
markmg7 so the points of M, [, correspond to isomorphism classes of Riemann surfaces
of genus g with n unordered marked points. Similarly, the ordered moduli space M, ,,

is the quotient of 7, , by the pure subgroup I'y , of T’ and its points correspond to

g:[n]>
isomorphism classes of Riemann surfaces of genus g with n ordered marked points. Because
the Teichmiiller space is topologically just a ball, and the moduli space is the quotient of

Teichmiiller space by the proper discontinuous action of a discrete group, the moduli spaces
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are topological orbifolds (if the group acted freely, as is actually the case for the pure genus
zero groups I'g ,,, or whenever n is sufficiently large with respect to g, they would be simply
ordinary topological manifolds). When an orbifold arises in this manner, as a quotient of
a simply-connected topological space by a discrete group acting properly discontinuously,
it is called a good orbifold, and the discrete group is called the orbifold fundamental group.
Thus we have

Ly =m0 (M, 1) and Ty, = 7™M, ,,). (2.1.2)

The key to studying such orbifolds is the study of the (finite) isotropy subgroups of the
fundamental group, i.e. the subgroups which fix points of the simply connected space.

In the case of the moduli space, these isotropy subgroups have a particular geometric
meaning. Namely, the isotropy subgroup of a point of moduli space (i.e. an isomorphism
class of Riemann surfaces) inside the mapping class group is exactly the automorphism
group of the Riemann surface associated to the point. The main focus of this article is
the set of elements ¢ of finite order inside the mapping class groups (particularly in genus
zero), and the corresponding special loci, i.e. the set of points on the moduli space having
an automorphism which, topologically, corresponds to .

It is easy to give an explicit description of the genus zero moduli spaces. Indeed, an
isomorphism class of spheres with n ordered marked points is an orbit of n-tuples of points
up to the action of PSLy(C). This means that we can choose a unique representative of
each class with the first three points fixed at three given values, usually taken to be 0,
1 and oo. Thus, points of the ordered moduli space My ,, are in bijection with n-tuples
(0,1,00, x4, ...,x,) where the z; are distinct from 0, 1, co and each other, which gives

Mo~ (P' = {0,1,00})" > — A (2.1.3)
where A denotes the multidiagonal of points with x; = x;. The unordered moduli space
is the quotient of this space by the action of 5,,.

§2.2. A second definition of the mapping class group

As before, let S be a topological surface of type (g,n), and consider its fundamental
group given by generators and relations as

g
Tgm = m1(S) = (a1,b1, ..., ag, bg,c1,. .. cn | [ (i bi)er - cn = 1). (2.2.1)

i=1
Here, the loops ¢, ..., c, correspond to loops around each of the ordered marked points

of S, and they are the generators of the inertia subgroups in 1 (.5).

8



For an element ¢ € m1(5), let (c¢) denote the conjugacy class of ¢. Recall that outer
automorphisms act on conjugacy classes. Define the group of “inertia-preserving” outer
automorphisms Out™([7, »]) to be the group

Out™([mg,n]) = {¢p € Out(my,,) | Jo € S, such that ¢({c;)) = (co@)) for 1 <i<n}.

The notation with square brackets [ ] indicates that the inertia subgroups can be permuted,

mimicking the notation I'y [,,; when the marked points can be permuted. We have a natural

g:[n
homomorphism

Out™([mg,n]) — Sn
rllj — 0-7

and we let Out®(m,,,) be the kernel of this homomorphism; thus it is the group of pure
automorphisms 1), i.e. automorphisms such that ¥ ({c;)) = (¢;) for 1 <i < n.

This definition affords a new, and very useful, definition of the mapping class group,

as attested in the following well-known theorem.

Theorem 2.2.1. Let S be a topological surface of type (g,n). Then
Out™([my,n]) 2Ty and Out™(my,) ~ Ty .

This is a classical result (cf. [Mac]), so we do not give the complete proof here. Let
us simply indicate the general wherefore of it, by giving an explicit description of the
homomorphism

L n) = Out™ ([mg,n])-

It is easy to see that an element ¢ € I'y ,, can be lifted to a diffeomorphism ¢’ which fixes
the base point of 7, , on S — {z1,...,x,}, and which thus induces an automorphism of
mgn simply by acting on S. If 9" is another lifting of ¢ also fixing the base point, then
Y -’ is isotopic to the identity and fixes the base point of Tg.n, SO it acts by an inner
automorphism on 7, ,,. Thus one obtains a well-defined map from Iy, ,, to Out(my ,,), whose
image actually lies in Out™([m,,,]) since each ¢; can be represented by a loop ¢ around
x; which consists of a path 7; from the base point nearly to x;, followed by a tiny circle
around z; and then ~, 1. a diffeomorphism necessarily maps this loop ¢ to a conjugate of
a power of ¢;. It is straightforward to check that we obtain a group homomorphism.



§2.3. Genus zero mapping class groups

In this section, we consider a certain generating system for the mapping class groups
[y n) and 'y, by elements known as Dehn twists. Then we consider the case g = 0 and

show how the Dehn twists allow us to make the isomorphisms
FO,[n] ~ ﬂ?rbifOId(Mo’[n]) and Loy >~ Out*(ﬂ'o’n)

explicit, and to show that the genus zero mapping class groups are closely related to the
Artin braid groups. Recall that for n > 2, the Artin braid group B,, is generated by n — 1
generators denoted o1, ...,0,_1 subject to the relations

0i0i4+10; = 0i410i0i41

and

0i05 = 0404 if ‘2—j|22

Set yy =21 =1,and for 2 <i<m,sety; =0;_1---01-01---0;_1 and z; = (01 ...04_1)".
It is known that the center of the group B, is cyclic, generated by z,. For 1 <i < j < n,
we write x;; = 01 - -O’Z'_|_1O'i0'z-_+11 . -Jj__ll; in particular x; ;41 = 02-2 for 1 <i < n. These
elements generate the subgroup of pure braids, i.e. braids each of whose strands ends up

in the same position it started from.

Definition. Let S be a topological surface of type (g,n) and let v be a simple closed loop
on S passing through either zero or two marked points. We define a certain diffeomorphism
of § associated to the loop 7, in the following way. First, cut out a neighborhood of ~ in
S; the neighborhood of a simple closed curve has the form of a cylinder with the curve
itself as a sort of “belt”. Parametrize the cylinder by parameters (y, ) with y € [—1,1]
and 6 € [0,27), in such a way that y = 0 corresponds to the simple closed loop =, such
that if the loop passes through two marked points, they lie at (0,0) and (0,7). Then,
define the Dehn twist diffeomorphism on this cylinder by (y, 0) — (y, 0+ m(y+ 1)) This
diffeomorphism acts like the identity on the boundaries of the cylinder, and we extend it
to the whole of S by the identity.

Figure 2.1. A Dehn twist
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All of the following propositions are standard results (cf. [B]).

Proposition 2.3.1. (Dehn) The pure mapping class groups Iy, are generated by Dehn
twists along simple closed loops passing through 0 marked points, and the full mapping
class groups are generated by Dehn twists along simple closed loops passing through 0 or 2
marked points.

Proposition 2.3.2. Let S be a sphere with marked points x1,...,x, with n > 5, which
can be considered (topologically) as lying on a line. For1 <i <n-—1, let o; € 'y [, denote
the Dehn twist along the simple closed loop ~; passing through the neighboring points x;
and zi11. Then Tg ) is generated by o1, ...,0n-1.

X X ). QEEEEEETEERRET X

Figure 2.2. The loops v1 and ~s.

Proposition 2.3.3. Let n > 5, and recall from (2.1.3) that
Mo~ (P' = {0,1,00})" > — A,
each point of My, being given by a unique representative of the form
(ml =0,20 =1,23 = 00,%yq,...,Tp).

Fiz a base point X = (0,1,00,x4,...,2,) such that x4 < x5 < ... < x, < 0 are ordered
real numbers. The Dehn twists o; based at X correspond to paths (not loops) on Mg,
since they permute the marked points; these paths become loops on Mg (). On Mo p, these
paths can be explicitly parametrized by

g5 — <$1, . '7:1:1'—17fi(t)ag’i-l-l(t)umi-l-Q? . -7$n>7

with t € [0, 1], where (because x3 = 00) we have

$¢—$i+1emt+xi+9€i+1 i 423
2 ; 2
fi(t) = 1—i(11_t) i=2
—t
ra—i(— ) i=3
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and

+ 5 1# 3,4
1=t )
gip1(t) = ¢ 1+ ; ) i=3
ot )
Taq + 2(1 — t) 1 =4
Proposition 2.3.4. Let c1,...,c, with ¢1...c, = 1 be standard generators of my , as

in (2.2.1). The isomorphism 'y ,,) ~ Out™([mo,,]) of theorem 2.2.1 of my . associates the
Jollowing automorphism of mo , to the Dehn twist o; € Ug ) for 1 <i<n—1:

1 . ..
Ci 7 Ciy1, Ciyl = C;1CiCiy1, Cjr>c; for j#ii+ 1.

Finally, the following proposition relates the genus zero mapping class group Iy [,,) with
the generators o1, ...,0,_1 to the Artin braid group B,,.

Proposition 2.3.5. The genus zero mapping class group g [, (resp. the pure subgroup
Lo, ) is isomorphic to the quotient of the Artin braid group B, (resp. the pure Artin braid
group K, ) by the relations z, =1 and y,, = 1, where z, and y,, are as at the beginning of

this section.

3. Geometry and special loci of small moduli spaces

In this section, we turn our attention to the explicit example of moduli spaces in
dimension 1 and 2, as well as the higher-dimensional genus zero moduli spaces. For these
spaces, we review the notions of mapping class groups, stable compactifications, topo-
logical tangential base points, orbifold structures, paths given by standard Dehn twists,
fundamental groups, and most importantly, their points of special automorphism groups
and the special loci they form.

In order to give a simple topological description of the stable compactification of the
ordered moduli space M, ,, introduced by Deligne and Mumford, we need to introduce
pants decompositions of a topological surface S of type (g,n). It is known that the maximal
number of disjoint simple closed loops which can be placed on S is 3g — 3 + n; such a
collection cuts S into 2g — 2 + n disjoint pairs of pants, i.e. spheres with three holes or
punctures. A pants decomposition is an equivalence class of such unions of circles modulo

the action of the pure mapping class group I'y ,, of S.
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Figure 3.1. A pants decomposition of S of type (3,2).

These pants decompositions define the underlying topological surfaces of degenerate
stable curves, which are those curves of type S for which one or more of the loops of some
pants decomposition are pinched to a point. Such curves can be equipped with analytic
structure, but they do not belong to the moduli space M, ,,. Adding all of them to M, ,,
forms the stable (or Deligne-Mumford) compactification Mg,n. In particular, the points of
mazximal degeneration in Mg,n are those where all loops of some pants decomposition are
pinched to points; the analytic structure which can be put on such a degenerate curve is
unique (as it is just a union of thrice-punctured Riemann spheres), so that there is exactly
one such point in Mg,n for each pants decomposition. The divisor at infinity D7, is the
difference My ,, — Mg .

This procedure gives a natural stratification of the compactification ﬂg,n. Each stra-
tum is given by specifying (i) a pants decomposition and (ii) which of its loops are pinched
to zero. The open stratum is M, ,,, where no loops are pinched to zero. Pinching loops
cuts S into a union of smaller surfaces |J Sy ./, and the corresponding stratum in M, ,
is isomorphic to the product of the corresponding M /. If a maximal number of loops,
i,e. 3g — 3 + n loops forming a pants decomposition, are pinched to zero, we obtain a
point of the dimension 0 stratum of M, ,,, which is the union of the points of mazimal

degeneration.

Roughly — and purely topologically — speaking, tangential base points are simply con-
nected regions of My, in the neighborhood of the divisor at infinity DgF,. The most
frequently considered tangential base points are in the neighborhood of points of maximal
degeneration. One takes a neighborhood of a point x of maximal degeneration in the com-
pactified moduli space and then considers the intersection of this neighborhood with the
uncompactified moduli space M, ,,. This intersection forms a topological region in M, ,
which can be cut into simply connected pieces; these are the topological tangential base
points. It is extremely important to note, however, that the most interesting characteristic
of these base points which are “infinitely close to infinity” is that they have a natural
algebraic structure for which they can be considered as points in the modular varieties
which are “defined over Q” [N1,N2]. Thus the absolute Galois group has a canonical outer
action on the algebraic fundamental groups of moduli space based at these tangential base
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points.

Before proceeding to the examination of the genus zero moduli spaces, we recall some
important facts about orbifolds and their fundamental groups. For our purposes, it is
enough to consider a complex orbifold M obtained by quotienting a simply connected
space by a group G acting properly discontinuously. Then G is by definition the orbifold
fundamental group of M.

The delicate fact about an orbifold fundamental group like G is that it can be identified
with a group of loops on the orbifold only if the chosen base point is not an orbifold point,
1.e. has no isotropy in the fundamental group. If the base point is an orbifold point, then
there will be non-trivial elements of G which will give trivial paths on M; these are in
some sense automorphisms of the special points, i.e. as paths they remain “at the point”
but they “do something to the point”, so they are not trivial.

§3.1. Genus zero, four marked points

§3.1.1. The ordered moduli space M 4

The mapping class group I'g 4. This group is free on two generators, namely the twists
o7 and o3 along loops surrounding the first and second, resp. second and third marked

points. It has no torsion.

The stable compactification of Mg 4. Let us list the stable curves of type (0,4).
For this, we consider the possible pants decompositions on the topological sphere Sy 4 with
four marked points. Such pants decompositions consist of a single loop (up to the action of
Lo,4), so there are only three possibilities depending on whether this loop separates the first
and second points from the the third and fourth, or the first and third from the second
and fourth, or the first and fourth from the second and third. They are schematically
represented by graphs

2 3 3 2 4 2

<, <, <

1 4 1 4 1 3

If S is now a Riemann sphere with marked points (0, 1, 00, A), let v denote a geodesic
simple closed loop on S separating the four points 0, 1, co and A into two packets of two.
Then A is paired with one of 0, 1 or co. Modifying the analytic structure of S by pinching
the v to a point (i.e. decreasing its length) means that A eventually becomes identified
with the point it is paired with. Thus, the three points of maximal degeneration (and
the only degenerate points) correspond to the three degenerate spheres (0, A, 1, 00) with
A€ {0,1,00}.
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The stable compactification Mg 4 consists of M 4 together with the divisor at infinity,
so here it comes down to simply adding the three points 0, 1 and oo to Mg, ~ P! —
{0,1, 00}, i.e. Mg 4 is isomorphic to P!.

Topological tangential base points on M 4. The neighborhood of each of the three
points of maximal degeneration in MOA is homeomorphic to a disk, and its intersection
with My 4 to a pointed disk (i.e. a disk with a point removed). It is necessary to take two
separate pieces of each disk in order to obtain simply connected regions which can serve as
base points for fundamental groups. A useful convention for doing so is to consider only
the intersection of the real locus of each disk with My 4; one naturally obtains six small
segments of the real line on P!C — {0, 1,00} neighboring 0, 1 and co. They are usually
denoted 07, ﬂi, 0?)0, O?O, E, oﬁ; we write §074 for the set of the six.

Orbifold structure. By (2.1.3), the moduli space My 4 of Riemann spheres with four
marked points is isomorphic to P* —{0, 1, 00}. The pure mapping class group I'g 4 acts not
only properly and discontinuously but also freely on the Teichmiiller space 7 4, so Mg 4
is just an ordinary topological manifold. This holds for all the genus zero ordered moduli
spaces.

Dehn twists on Sj 4. Consider a topological sphere S with four ordered marked points
xr1,X2,T3, x4, Wwhich we can consider as lying in a row. Recall that since the Dehn twists
01, 09 and o3 permute these marked points, they correspond to paths on the ordered
moduli space M 4 (starting at some chosen base point), which descend to loops on the
unordered space Mg 4. In §3.1.2, we will discuss how to represent these paths on Mg 4.
In the present section, we restrict ourselves to the loops on Mj 4 corresponding to the two
generators o} and o3 of the pure mapping class group I'g 4, which is free, and as we saw
above, acts freely on the upper half-plane.

These elements are Dehn twists along the loops a7 and as shown in the following
figure.

4
1 %
Figure 3.2. The Dehn twists 0% and 03, generators of g 4.

Let us show how to parametrize loops on the moduli space
M0,4 ~ Pl - {07 17 00}7

much as in proposition 2.3.3, except that we work with the o2 instead of the o; (working
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with the o; themselves when n = 4 is more delicate, which is why it is not included in
proposition 2.3.3; see §3.1.2 for details.)

Let us fix 000 for our choice of base point; it is represented on Mg 4 by a simply-
connected region of points of the form (0,1, co, ) with x € (—oo0, —A) for some very large
positive number A. The Dehn twist 02 can be parametrized as a movement of marked

points by
1 - 11 - 1
(_56271'115 + 5’ 56271'115 + 5,00,.@)
for ¢ € [0,1], which by the transformation e~2™%(z 4+ £ — 1) we bring to the standard
form

. 1. .. 1
0 1 —2mit - 2mit )
< ,1,00,€ (:c+2e 2)

Thus, on the moduli space M 4 parametrized by the fourth component, we have the loop
o2 in Figure 3.3 below, starting at the base point co0. Similarly, 2 can be parametrized
by
L(2t—-1)2 -1 _ 2t — 1
07 1 -  ar 1) 1 Tar 1N\9 1 ) )7
( () +Z((2t—1)2—1)$

which can be transformed to

(01,007 T ) “ilet),y
e i) 1 — (B ’

which describes the loop o3 of Figure 3.3.

01

Figure 3.5. The Dehn twists o3 and 03 as paths on Mg 4.

Fundamental group. The fundamental group of My 4 is isomorphic to I'g 4, which is a
free group on two generators o7 and o3, which acts freely on the Teichmiiller space 7 4.
The fundamental group m1 (Mg 4; o@) is generated by the two loops shown in Figure 3.3.
If we do a similar computation, using the base point 01 and a standard form (0,x,1,00)
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for representatives of the points of My 4, we find the more standard identification shown
in the following figure.

2
s > .

o
%
=\]
1

Figure 3.4. The generators of 7r1(/\/l0’4,07).

Points with special automorphism group. A special feature of Riemann surfaces
with ordered marked points is that it can happen that a permutation of the points can be
realized as an automorphism of the surface, for instance the rotation of a sphere having n
marked points on its equator through an angle of 27 /n. Such points are not orbifold points
on the ordered moduli space, but they are preimages of orbifold points on the unordered
moduli space, since they have less than n! preimages under the action of S,. Let us
determine all such points in Mg 4. To begin with, we see that the Klein 4-subgroup of Sy
fixes each and every point of My 4. Indeed, if (0,1, 00,2) is a point, then the action of
say (12)(34) on it takes it to (1,0, z, 00), and then the transformation by the isomorphism
z + (zz—x)/(z — x) brings it back to (0,1, 00, x), so it is the same point on moduli space,
and this also holds for (13)(24) and (14)(23). Thus, every point of M 4 has automorphism
group at least isomorphic to the Klein 4-group; this is the generic automorphism group.
Five points of Mg 4 ~ P! — {0,1, 00} have special automorphism groups. The first three
are those given by representatives (7,0,1,00) with 7 € {1/2,2, -1}, which apart from
being fixed by the Klein 4-group are also fixed by the permutations (23), (34) and (24)
respectively, forming three different dihedral groups of order 8. These automorphism
groups can be identified with the automorphism group of the octahedron, by identifying
the octahedron with the sphere with four marked points around the equator and a north
and a south pole; the automorphism group is generated by a rotation of order 4 around
the north-south axis and a north-south flip of order 2. The two remaining points with
special automorphism group are the points (7,0, 1, 00) with 7 = exp(+27i/6), which are
each fixed by the permutation group ((123)) as well as the Klein 4-group, forming a group
of order 12 isomorphic to the alternating group A4, realized as the automorphism group of
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the tetrahedron, by identifying the tetrahedron with the sphere with three marked points
around the equator and one at the north pole.

Special loci. Special loci are orbifold points, and there are none on My 4, which has no
orbifold structure. As remarked above, the points of special automorphism group given
above determine where the special loci will lie on the unordered moduli space My 4)-

§3.1.2. The unordered moduli space M

The mapping class group I'q 4. This group is generated by Dehn twists o; fori = 1,2, 3,
subject to the relations 010901 = 090102, 050309 = 030903, 0103 = 0307, 03020%0203 =1
and (010203)* = 1. These relations imply the following:

o = o2
(0’10’2)3 =1

(0’10’20’1)2 =1.

To prove the second relation, we just use the braid relations to show that
(0102)3(03020%0903) = (010903)* =1,

so (0102)2 = 1. Then, by the braid relations, we have (0102)® = 02090303, s0 07 =
-1 -2 -1 . 2 o 2 -1 _-—-2 -1 2 2
04 0y “05 . But the relation 0302070203 = 1 shows that 05 = 05 0] “05 *, so o7 = 03,

which gives the first relation. For the third, using only 10201 = 090102, we see that
(0’10’20’1)2 = (0’10’2)3 =1.

The torsion elements in I'g 4 are as follows. There is only one conjugacy class of
elements of order 4, namely the class of oy0903. There is only one conjugacy class of
elements of order 3, namely that of o102. There are two conjugacy classes of order 2,
namely that of (010203)? and that of oy0907. (Note that this contradicts the statement
of the Corollary on p. 508 of [HM]; their corollary is however valid for n > 5.)

The stable compactification of M 4. Degenerate stable curves with four unordered
marked points must correspond to the unique trivalent tree with four unnumbered tails, so
there is only one such point. Indeed, this corresponds to the fact that under the morphism
Moy ~P1—{0,1,00} — My (41 by quotienting by the action of Sy, the three points 0, 1, 0o
all pass to a single point on Mg 4.

Topological tangential base points on M, 4. The neighborhood of the missing point
is a disk, so dividing it into two simply connected regions, there are two tangential base
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points at the maximally degenerate point. Note that only one of these is the image of all
six tangential base points on My 4.

Orbifold structure. Let S be a sphere with four marked points x1, x3, 3 and x4. By
definition, the unordered moduli space My 4 is the quotient of the Teichmiiller space
70,4 by the action of the full mapping class group I'g 4}, which we recall (Figure 2.1) is
generated by Dehn twists o; for ¢ = 1, 2, 3 along loops passing through the marked points
x; and x;41 respectively. As in the previous section, we have an isomorphism

Lo, 4] = 7T1(M0,[4], O@)

However, there is a fundamental difference between the ordered moduli space Mg 4 and
the unordered space M [4) = My 4/S4, due to the orbifold structure of My (4 which arises
from the fact that I'g (4 does not act freely on 7g 4. Equivalently, since I'g 4 acts freely on
7o,4 and we have an exact sequence

1 —=To4—=To — Sy — 1,

the orbifold structure arises because Ss does not act freely on M 4.

We saw in the discussion of orbifold fundamental groups given just before §3.1.1 that
such a group can be identified with a group of loops if the base point is not an orbifold
point, i.e. has trivial isotropy. However, in the case of M 4], every point has a non-trivial
isotropy subgroup in I'g 4. Indeed, letting 041 = 03020105 103_ L Oby = 03 loy0s and

013 = 020102_1, the three elements
-1 =1 -1
a=o0105 , b=0130"y, and c= 0410,

all fix every point of 7y 4. Let us show that these elements are all of order 2, and commute
in Tg (4. For the first one, we use the fact that o7 = 03 in I'¢ 4, which we saw in the
paragraph on the mapping class group above. Then, it follows directly from writing their
expressions that the other two elements are of order two, since in fact b = o9a05 and
¢ = 030200, 103_ 1. Now we show that (a,b,c) is a Klein 4-subgroup of Iy 4. We first show
that ab = c. In fact, using only the braid relations, we check that

1 1 2 _—2

ab = 0103_1020103_ 02_1 = 0505203020103_102_103_ = 0103 "¢,

and this is equal to ¢ since 02 = 3. Thus, we have ab = ¢, so abab = 1 since c is of order

2,50 ab = b"ta"! = ba since a and b are of order 2, so a and b commute. This shows that
(a,b,c) is a Klein 4-subgroup.

Now we can give a complete description of the orbifold structure of M 4. Every point
of My (4] is an “orbifold point” in the sense that it has non-trivial isotropy in Iy 4. The
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special (non-generic) orbifold points are the images of the points with special automorphism
group given in My 4. The three points x = 1/2,2, —1 on M 4 with dihedral automorphism
group of order 8 pass to a single point on M 4, and the two points J,J on Mg 4 with
special automorphism group of order 12 (isomorphic to A4) pass to a single point on M 4.
Topologically, My 4] is a sphere with one missing point at infinity; its orbifold structure
is given by these two special points and the generic isotropy group Z/27Z x Z /27 at each
point.

This space is not dissimilar to the moduli space of elliptic curves, given as the quotient
of the Teichmiiller space 7; 1, which is again the Poincaré upper half-plane, by the action
of SLy(Z); it looks like a sphere with one missing point and two “special” points, and
there is a non-trivial isotropy group at every point, only it is just Z/27Z instead of Z /27 x
Z/2Z. Indeed, if M7 ; denotes the reduced orbifold of elliptic curves, we have an orbifold
isomorphism M1 ; ~ Mo 4/S3, both of these orbifolds having 71 isomorphic to PSLy(Z).

Dehn twists on S 4. By the discussion of the orbifold fundamental group given just
before §3.1.1, we see that since there is a non-trivial isotropy group at each point of Mg 4,
if we attempt to identify the generating elements o1, 02, 03 of I'g 4] with loops on the moduli
space My 4 (or paths on My 4) based at an arbitrary non-special point, we will not be
able to distinguish o7 from o3. Let us show this explicitly, working on M 4 (parametrized
by the single variable z), with the base point 500.

We first parametrize the twists o1, o2 and o3, shown in the following figure, directly
on the sphere, as in proposition 2.3.3.

(172)(1+d5 +i(d=h)

1/2)(1-Y

XJri(lt—t)
O3 3
0 1 0~ X

X—1 (1?

)

Figure 3.5. The Dehn twists o1, 09, 03
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We obtain

( . .
o] = (0, 1, oo,e_mt(m + %e’”t — %))

z | —i(2t7—2t+1)
Y to—t—(1—t)i 1—t—it

(1—t)z+it) (t—tz+(1—t)i
\0-3 = (0717007 ( itZ—i)-i((l—t)Z ))

g9 = 0,1,00

These three paths are shown in Figure 3.6 below, where it can be seen that o and o3 give
rise to homotopic paths.

Fundamental group. In Figure 3.6, we show the three Dehn twists o1, 03 and o3 as
paths on My 4, starting from the tangential base point 500. They are shown in bold lines;
o1 is the tiny half-circle from the base point 500 to the base point 5ol in the northern
hemisphere, o3 is indistinguishable from it (as we saw, o103 Lis “invisible” as a path), and
o9 is the large path from 50 to 10.

)

Figure 3.6. The paths o1, o2 and o3 on Mo 4.

The thin lines show the real axis, the line segment from 0 to j, and the curves which
are the six images of this line segment under the group of automorphisms of M4 =
P! — {0, 1, 00}, generated by 2z +— 1 — z and 2z +— 1/(1 — 2). These curves divide Mg 4 into
six regions, each of which is a fundamental domain for the action of Sy on Mg 4.

21



In order to represent o1 and o3 as loops on Mg 4], we first show, in Figures 3.7 and
3.8, the six paths o7 and o, starting from the six tangential base points, obtained as the
images of the o1 and o3 in Figure 3.6 under the automorphism group of My 4.

Figure 3.7. The siz paths o1 on Mg 4.

)

Figure 3.8. The six paths oo on My 4.

Now, to see the loops on M 4, we select one fundamental domain, and use only the
trace of the paths o1 and oy lying inside it. We find

0 172 1
Figure 3.9. The paths o1 and o2 in a fundamental domain.
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where o7 is represented with dashed curves. Now, we make M, 4 by identifying the two
edges of this domain coming out of the point j, and folding the real segment (0, 1) in half,
pinching at 1/2 and gluing it together. This reveals the orbifold structure of Mg 4 as a
sphere with one hold and two “pinched” orbifold points coming from j and 1/2, and the
paths o1 and o3 pass to the loops shown in the following figure.

Figure 3.10. The loops o1 and o2 on M |4

Finally, we note how much more natural it is to consider the finite order loops o109
and o10201 as generators of the fundamental group of M, 4); indeed, these loops, shown
in the following figure, are just the finite-order loops surrounding the two special orbifold
points.

Figure 3.11. The loops o1, 010201 and o201 on M 4.
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Special loci. The whole of M 4 is a special locus in the sense that every point is an
orbifold point of group Z/27Z x Z /27, this group being identified with the Klein 4-subgroup
of S;. Apart from these generic automorphism groups, as we saw, the points on Mg 4
having special automorphism group are the two points which are the images of the points
{1/2,2, -1} and {j,j} in My 4, and these two points have associated isotropy group Dy
and Ay respectively.

§3.2. Genus one, one marked point

As a topological space, the moduli space M ; of one-pointed tori (i.e. elliptic curves)

is homeomorphic to C. This is because it is realizable as the quotient of the Poincaré upper

half-plane ‘H by the action of SLy(Z) given by z — (az+b)/(cz+d) for (CCL 2) € SLy(Z).

A fundamental domain for this action has the familiar shape shown in figure 3.12 (with
j = exp(2mi/6)). As usual, the domain in this figure is rolled up with the two vertical
edges identified and the arc of the boundary circle from j2 to i identified with the arc from
1 to j. This makes the fundamental domain appear rather like a sock, with a toe at j and
a pointed heel at 7.

Figure 3.12. The moduli space M ;.

Mapping class group. The mapping class group I';; is isomorphic to the quotient
Diff(S; 1)/Diff?(S1 1), which in turn is isomorphic to PSLy(Z). It is generated by the two
Dehn twists a and b along the loops a and 3 in the figure below, which can be identified with

the matrices ((1) }) and <_11 (1)>, satisfying the relations aba = bab and (ab)® = 1.

Taking aba and ba as generators gives the familiar free generation of PSLy(Z) by an element
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of order 2 and one of order 3.

Figure 3.13. Generators of the mapping class group I'y 1.

However, there is an interesting subtlety involving the identification of M; ; with the
quotient of the Teichmiiller space 7; ; by the mapping class group. Namely, the Teichmiiller
space 71 1 is the Poincaré upper half-plane H, and we saw above that M ; is the quotient

of 711 by SL2(Z). Since (_ O) acts trivially on 77 1, the quotients 77 1 /SL2(Z) and

1

0 -1
71,1/PSL3(Z) are identical as topological spaces, but they are not identical as orbifolds.
The fundamental group of M, ; is actually isomorphic to SLy(Z), and the homomorphism

7Tl(/\/ly,n) — Dyn

which is usually an isomorphism has a kernel in this exceptional case.

The stable compactification of M; ;. It is obtained by adding the missing point to
M 1, so we have M; ;1 ~ P'C as topological spaces.

Topological tangential base points on M, ;. The intersection of the neighborhood
of the maximally degenerate point co on M; ; with the space Mj 1 is a pointed disk, so
as before there must be two tangential base points. We take the two half-segments A
and 1/2 + i)\ where A € (A,00) for some A >> 0, and we denote them by oo and o0)
respectively in analogy with the notation 01 (i.e. small segments from oco towards i and

from oo towards 7).

Orbifold structure. The space M, ; is the orbifold 7; ;/SL2(Z). Under the action
of SLy(Z), every point of 7;; is fixed by one element of SLy(Z), namely the element
-1 0
0 1
respectively. So the orbifold M; ; considered in this way has a non-trivial automorphism

) , and the two points ¢ and j are fixed by subgroups isomorphic to Z/47Z and Z/6Z

of order 2 at every point and two additional special points. The automorphism group of
each point is equal to the automorphism group of the isomorphism class of elliptic curves
associated to that point.

Since <_01 _2) fixes each point of H, there is a natural surjection

Ml,l ~ 7’171/SL2(Z> — ﬂyl/PSLQ(Z) ~ M07[4] (321)
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which consists in forgetting the automorphism of order 2 at each point.

Dehn twists on S; ;. Let us consider the tangential base point oo on My 1; it is the
preimage under (3.2.1) of the tangential base point on M 4) which is itself the image of
the six standard tangential base points on P! —{0,1,00} = Mg 4. We will determine the
paths on M ;, based at i@, corresponding to the Dehn twists a and b along the loops «
and [ of figure 3.13, and also the paths corresponding to aba and ba. To do this, since
(3.2.1) is a one-to-one map, it suffices to study the paths corresponding to o1, o2, 010201
and o901 on M 4. The first two of these are shown in figure 3.10 and the second two in
figure 3.11.

The fundamental group of M ;. Let us now consider a = é 1) and b = ( _11 (1)>

as generators of SLy(Z) rather than of PSLy(Z). The paths on M; ; corresponding to the

generators aba = (_01 é) and ba = (_11 (1)) of the fundamental group of M, ; look
the same as figure 3.11 since the only difference is the invisible orbifold structure at every

point:

—_—a N —

J
Figure 3.14. The fundamental group ﬂi’rbif‘)ld(/\/ll’l; z?é)

Note that running along the loop around j and then the loop around ¢ gives a loop
homotopic to the small ring around oo at the top, also that the loop around j is of order
6 and the loop around 7 is of order 4.

Special loci. The whole of M ; is the special orbifold locus of {£1} € SLy(Z). On top
of this, there are two isolated points which are the special loci of the finite-order elements
aba and ba respectively.
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63.3. Genus zero, five marked points

§3.3.1. The ordered moduli space Mg 5

The mapping class group I'g5. As we saw in proposition 2.3.5, the full mapping
class group TI'g 5] is the quotient of the Artin braid group Bs on 5 strands, generated by
01,09,03,04, by the two relations (04030201)° = 1 and o4030207090304 = 1. There are
two nice presentations for its pure subgroup I'g s, one as a semi-direct product of a free
group of rank 3 and a free group of rank two, and another which does not clearly reveal the
semi-direct product structure, but is more symmetric in terms of the 5 strands. The semi-
direct product presentation is given by F3xF5 where the normal F3 factor is generated by
T1 = Ti2, T3 = T23, T3 = Toa, T4 = ¥13 and x5 = x34, Where the z;; are the generators
defined earlier. Then I'g 5 = (x4, x5) X (21, T2, x3) =~ F3xFy, with the following relations:

(-1 -1
XT3 12713 = T23T12T 93

T3 T23T13 = T23L12X23L 9 T3
T3 T24T13 = $239012302_31301_21302433123023301_21902_31
$§41$125U34 = x12
$§41$235U34 = 5172358245823372_41372_31
L $§41$24$34 = $233024902_31-

For two elements a and b of a group, let (a,b) = aba='b~! denote their commutator.
Rewriting the above presentation in the five generators x1s, x23, 34, T45 and x5; and

llSiIlg the relations Tyg5 = T12213T23 and T51 = XL23T24T34 giVGSI

( ( ) =1
(w23, 745) = 1
(34, 251) =1
(245, 212) =1
(3751, 3723) 1
515623 T12T3y 33'23562515634375_111'451'1_21 =1.

Like all the pure genus zero mapping class groups, I'¢ 5 is torsion free.

The stable compactification of Mg 5. Let S denote a sphere with 5 marked points
x1, T2, 3, T4, T5. Combinatorially, the divisor at infinity of M 5 is obtained by adding
to My 5 all the points obtained by pinching one simple closed loop on S, given up to the
action of I 5, to a point (this gives the strata at infinity of codimension 1) and the points
obtained by simultaneously pinching two disjoint simple closed loops (given up to I'g5),
i.e. a pants decomposition, to points.

Every simple closed loop on S divides the set of marked points into two points and
three points (because a loop surrounding 0 or 1 point is homotopic to a point). Thus, giving
a simple closed loop on S up to the action of I'g 5 is equivalent to giving the two points
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2
of loops on S. Each loop corresponds to a stratum at infinity of complex codimension

x; and x; it separates from the others. This means that there are (5) = 10 such classes
1, so complex dimension 1, of My 5. Pinching a loop surrounding points z; and z; to a
point is like making z; and z; approach each other until they coalesce, so what we are
doing is adding to the moduli space of isomorphism classes of 5-tuples of distinct points
(21, T2, 3, x4, T5) the 10 new sets of points with x; =z for 1 <i < j <5.

Let us examine each of these 10 sets. A single loop cuts Sp 5 into one sphere with
three marked points and a boundary component, and another with two marked points and
a boundary component. When the loop is pinched to zero, we obtain a sphere with four
marked points and a sphere with three marked points, so the corresponding stratum at
infinity is isomorphic to Mg 4 X My 3. Let us show this isomorphism explicitly. Consider
for example a pants decomposition whose degenerate loop encloses the points x; and
x5. The corresponding stratum of MM consists of isomorphism classes of spheres with
five marked points (x1,x2, 23,24, 21), and these isomorphism classes are enumerated by
the representatives of the form (\,0,1,00,\), where A ¢ {0,1,00} (otherwise one has a
maximally degenerate point). The set of partially degenerate spheres of type z1 = x5 is
thus isomorphic to P! — {0,1,0}, i.e. to Mg, so that the divisor at infinity of Mg s
actually contains ten copies of Mg 4. This completely describes the codimension one part
of the divisor at infinity of Mg 5.

Let us consider the codimension 2 part, corresponding to maximally degenerate points,
i.e. pants decompositions. A pants decomposition on S consists of two disjoint loops,
and each loop must contain two marked points, so a pants decomposition is uniquely
determined by specifying two disjoint pairs of marked points among the five. This makes
fifteen pants decompositions, corresponding to fifteen points of maximal degeneration. The
pants decomposition given by two loops one surrounding points x; and x; and the other
points x; and x; corresponds to the degenerate sphere with marked points 1, ..., x5 such
that z; = x; and 2 = x;. These fifteen points must also be added to My 5 to obtain
the stable compactification. They can be visualized as points where the stratum z; = z;
crosses z, = xy, with {i,7} N {k,l} = 0, so that in fact the stable compactification is
obtained by adding ten copies of P! to Mg 5. Note that by (2.1.3), we have

Mo,s = (P! = {0,1,00})> = (z =)
= (P1C)2— (x=0,z=1Lzr=00,y=0,y =1,y =00,z =y),

so that Mg 5 is naturally obtained from (P'C)? by removing seven lines, and the stable
compactification is obtained by adding ten lines to the result (it is, in fact, the blowup of
P! x P! at the three points where the diagonal meets y =0, y = 1, y = 00).

Topological tangential base points on Moﬁ. Let us only consider tangential base
points in the neighborhood of the fifteen maximally degenerate points of Mg 5. A detailed
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reference for the sketch given here is chapters 1 and 2 of [PS]. As for M 4, we will consider
the real locus of the neighborhood of each maximally degenerate point. This real locus
falls naturally into four simply connected regions, in the following way. Let us consider the
point of maximal degeneration given by the pants decomposition enclosing points z; and
x9 together and points x4 and x5 together, so corresponding to the isomorphism class of
the sphere with five marked points (x2, z2, x3, 24, 4). The representative in standard form
is given by (0,0, 1, 00, 00). Points of My 5 in the neighborhood of this point correspond to
isomorphism classes of spheres with five marked points (A, 0, 1, 0o, 1) where A is very near 0
and p is very near oo (we are looking in Mg 5 so we don’t consider the partially degenerate
points where A = 0 or u = c0). Now, the real locus of this neighborhood consists of the
points corresponding to spheres with A and u real, and these spheres can be classed into
four regions according to whether A < 0 or A > 0, u < 0o or p > oo (this second condition
is obviously to be interpreted as meaning that p is negative and |u| is large). Clearly these
four small regions are disjoint and simply connected. There are four such regions for each
of the fifteen maximally degenerate points, so we obtain a set §075 of sixty tangential base
points on M 5, each having an automorphism of order 2.

Orbifold structure. As for all the ordered genus zero moduli spaces, the pure mapping
class group I'yp 5 acts freely on the Teichmiiller space 7y 5, so that Mg s has no special
orbifold points but is simply a topological space, with topological fundamental group I'g 5.

Dehn twists on Sps5. Let x be a base point on Mjys. One can parametrize these
twists on Sp 5 and then as loops on the moduli space, just as in Figures 3.2-3.4. We do
only x19, starting from the tangential base point given topologically by the set of points
(0,€,1,1+4 €, 00) for real small positive values of e. The Dehn twist x5 is parametrized on
So,5, as after Figure 3.2, by

1 . 1 1 - 1
<—§€627mt + € 5662”” + € 1,1+e, oo),

which returns to standard form as

(O ee?mit 1+ %6 + %ee%’t )
00
) N ) ) . )
1+ %662”” — %e 1+ %6627”’t — %e

It is easily seen that A, starting at €, describes a small counterclockwise circle around 0,
whereas u describes a small path which is homotopic to the identity on P! — {0,1, cc0}.

The fundamental group of M, 5. Another way of visualizing the loop 12 above is that
it circles around the (missing) codimension 1 stratum A = 0 in My 5. It is actually more
revealing to describe the loops corresponding to the generators x; ;41 (with ¢ € Z/5Z) this
way. Each z; ;41 is a twist along a loop on Sy 5 surrounding the points z; and x;41. Assume
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that z is the same tangential base point as above. Consider the region on My 5 described
by points (x1, 2, x3, T4, T5) with x; real and x1 < r9 < 3 < x4 < x5 (in the obvious sense
of considering the real axis as a circle with +00 = —o00). This is a real, simply connected
region on My 5 containing the tangential base point . It is a pentagonal region in two
real dimensions, with five edges bounded by the real loci of the infinite strata x; = x;41 for
i € Z/5Z; the five vertices are the maximally degenerate points where the infinite strata
intersect. It is easy to describe the homotopy class of the loop on My 5 corresponding
to the Dehn twist x; ;41 € T'o5 ~ m (Mo s;2); it is given by composing a path v from z
nearly to the stratum x; = ;41 (which is present only in the compactification of My 5, of
course, but missing from the space itself) lying in the pentagon, with a small loop around

1

the (missing) stratum, and then with v~'. This is of course independent of the choice of

v since the pentagon is simply connected.

Points with special automorphism group. As in the case of Mg 4, although there
are no special orbifold points on My 5, nevertheless determining the points of special
automorphism group, i.e. those which are fixed by some permutation subgroup of S5, will
give the key to finding the orbifold points on the unordered moduli space M [5]-

A permutation 7 acts on a point of My 5, simply by permuting the marked points via

7(371,37273737374,375) = (567(1),567(2)7xr(3)7$r(4)7SUT(5))~

If the starting point is given in the form of a standard representation (with three compo-
nents fixed at 0, 1 and oo, then bringing the result of the permutation back to this form, we
obtain a rational expression for the action of 7. Let us determine this rational expression
for 7 = (12) and p2 = (12345):

P(00,1,00, ) = (0.2, 1,00, 1) ~ (-5, 0,1,00, 422

-\ 1—A

1 A—1
)\70717 ) = 0717 ) 7)‘ ~ _70717 N )
p(A.0,1, 00, ) = (0,1,00, 1, A) ~ (,0,1,00,5—)

As in the case of M 4, the points of special automorphism group are the points which
have non-trivial isotropy subgroup under the action of S;. There are two kinds of such
points, isolated ones and those lying on a stratum of real dimension 1. To compute them,
one computes the fixed points of each permutation in S5. For example, the fixed points of
p are given by (A, u) with

A= 1 and p = u,
p A—p
so 1 is a root of u3 — 2u + 1. One root is u = 1, but this is excluded in My 5, so the two

1++5 —1i\/5)
2 7 2 ‘

solutions are

(A p) = (
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Below, we give a table containing all points of special automorphism group on Mg s.
Obviously, all powers of a given permutation have the same fixed points, so that it is only
necessary to consider the cyclic subgroups of S5. Each product of two transpositions fixes
a stratum of complex codimension 1, whereas each 3-cycle, each 4-cycle and each 5-cycle
fixes a conjugate pair of points. We give the complete list of fifteen special loci, but only
compute the conjugate pairs for one representative of each type of cycle.

(A, ) fixed by
(—1® + 201, ) (12)(34))
(A, 2—)\2 +2)) ((25)(34))
(5. 1) ((14)(23))
(A 537) ((23)(45))
(12, 1) ((13)(24))
(A, A%) ((24)(35))
(u—1,p) ((13)(25))
(A A= 1) ((12)(35))
(A 25) ((14)(35))
(£, 1) ((13)(45))
(A 325 ((12)(45))
(5. 1) ((14)(25))
(A 27) ((15)(34))
(A, 1/A) ((15)(24))
(A 1-)) ((15)(23))
(L8, S8 (A8 S8y ((139))
(L5058, =18) (1545 =1os) ((12345))

(i, —1), (—i,1) ((1234))

Permutations having other cycle types than those which appear in this table have no
fixed points on My 5, corresponding to the fact that no Riemann surfaces of type (0,5)
have corresponding automorphisms.

Let us study the fifteen special loci of dimension 1. They are all identical, since
they are images of each other under the automorphism group Ss of My 5, so it suffices
to study only one, say the locus fixed by (15)(24), given by points in M 5 of the form
(0, A\, 1,1/X, 00).

For such a point to lie in My 5, the five components must be distinct, which means
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that we must have A ¢ {0,1,00,—1}. Thus the special locus of (15)(24) is a copy of
P! —4 points. We know that it has exactly fifteen images under Ss, so it must have a
global stabilizer of order 8, of which one element of order 2 is (15)(24), which actually
fixes the locus pointwise; this stabilizer is the dihedral group of order 8 generated by (15)
and (1254). The permutation (15) acts by A +— —X\ and (1254) acts by A — —1/X. The
corresponding special locus in the unordered moduli space M, 5, which is really a special
orbifold locus as opposed to the locus described here which is merely a locus of points
having isotropy group in Ss, is isomorphic to the quotient of P! — {0,1, 00, —1} by the
action of this dihedral group (see §3.3.2).

§3.3.2. The unordered moduli space MO’[5]

The mapping class group I 5. The group Iy [5) is generated by o1, 02, 03, 04 with the
usual braid relations ;0,410 = 0,410,041 and 0,0; = oj0; if |i — j| > 2, as well as the
center relation (01020304)° = 1 and the sphere relation 0403020090304 = 1.

There is only one conjugacy class each of elements of order 2, 3, 4 and 5 in [y 5.
Generators of these conjugacy classes are given by (o 0203)2, 0%0203, 010903 and 01090304

respectively.

The stable compactification of M 5. We saw that the divisor at infinity of the
ordered moduli space M 5 consisted of ten crossing copies of My 4, corresponding to the
ten ways of pinching a loop surrounding two marked points on S, i.e. the ten ways of
choosing two points among five. Thus, the natural action of S5 on the compactification
M 5 permutes these ten strata, and so the compactification of M, [5) is obtained by adding
a single stratum at infinity to Mg 5.

This stratum looks like the quotient of M 4 by the stabilizer of each stratum of M 5
in S;. Since there are ten strata, the stabilizer of each one is of order 12. The stratum
corresponding to the pair of points 7 and j is fixed pointwise by the transposition (ij), and
stabilized globally by the copy of S35 inside S5 given by all permutations fixing ¢ and j.
Thus the single stratum at infinity of MO,[S] is isomorphic to the quotient of MOA by a
group S3 x {£1} with S5 acting as usual and {1} acting trivially. The fifteen points of
maximal degeneration on M075, three of which lie on each of the ten codimension 1 strata,
are all mapped to a single point of maximal degeneration in MO,[5]~

Orbifold structure and special loci. The determination of the orbifold structure of
M, [5) was prepared by the determination of the points of special automorphism group in
M5, for the orbifold points of My [5) are exactly the images of these.

We saw that there were fifteen one-dimensional loci of points of special automorphism
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group in My 5, each of which is the set of fixed points of one of the fifteen products of two
transpositions in S5. They are permuted by the action of S5. Each one is globally stabilized
by a Dy subgroup of S5 and pointwise fixed by an element of order 2. To determine the
look of the corresponding one-dimensional special locus in My 5], it suffices to describe
the quotient of one of these loci by its automorphism group D,. We consider the locus
(0,\,1,1/X,00), which is equal to P* — {0,1,00,—1}, is pointwise fixed by {1, (15)(24)}
and globally stabilized by {1, (15),(24), (15)(24), (1254), (1452), (12)(54), (14)(25)}, where
(15) acts by A — —X\ and (1254) acts by A — —1/\. The orbifold quotient can be obtained
in two steps. First we quotient by the pointwise action of the subgroup {1, (15)(24)},
obtaining a space looking identical to P! —{0, 1, 00, —1}, but with a Z/27Z attached to each
point. Then, we quotient this space by the degree 4 map

1

N —

The result is a P! with 2 missing points, 1 and oo, and one special orbifold point —1,
which has only the two preimages i and —i. This orbifold is equipped with a Z/27Z at
each point and a Z/4Z at the special orbifold point. This point corresponds to the points
of special automorphism group Z/4Z in My s given by (0,14,1,—i,00) and (0, —i, 1,4, 00)
(automorphism group generated by (1254)).

Let us now consider the isolated orbifold points of Mg 5. We saw that they come
from 3-cycles, 4-cycles and 5-cycles in S5, each of which has one pair of fixed points. Let
us consider the pairs of fixed points of 4-cycles. Obviously all the pairs become identified
in My 5. But furthermore, we just saw that the pair corresponding to one particular
4-cycle, (1254), which is given in Mg 5 by (0,4,1, —i,00) and (0, —i,1,4,00) becomes a
single, orbifold point on the one-dimensional special locus in Mg 5).

Similarly, the pairs of fixed points of 3-cycles become identified in My 5], so that we
only need consider the image of the pair of fixed points of one 3-cycle, say the one given
in §3.3.1, fixed by (135), namely

R I SRV

2 ’ 2

—1—-v-3 ,  —1+4++/-3
1 , 00

0
( b 2 ) b 2

,00) and (0,

).

These two points become identified in M 5. Furthermore, as they lie on the locus
(0,A,1,1/X,00) in My 5, their image lies in the one-dimensional special locus in M ).

The same holds for the pairs of fixed points of the 5-cycles. We consider the pair given
in §3.3.1, fixed by (12345), namely

1+v5  —1+V5 1-v5  -1-V5
9 9 ) D) 700) and (07 D) 717 9 9

0 1,

These two points pass to a single point in M |5, which also lies on the special locus.
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63.4. Genus one, two marked points

The points of the moduli space M |3 are tori with two marked points determined up
to translation. Because they are determined only up to translation, we can take a unique
representative of each point of M 5] given by an elliptic curve £ equipped with two points
P and @ such that P+ @ = 0. Every such curve has an involution (written z — —z on the
fundamental parallelogram, or (x,y) — (x, —y) in terms of the points), which exchanges P
and Q. Thus we see that the ordered moduli space M 2 is pointwise the same as M (g,
but M, ) is equipped with an additional orbifold structure coming from the presence of

an involution fixing every point.

The mapping class groups I'1 2 and I'y 5. The pure mapping class group I'1 s is
generated by the Dehn twists o1, 09, o3 along the loops shown in figure 3.15 below.

Figure 3.15. Generators of I't 2

These twists satisfy the usual braid relations between the o;, as well as (010203)4 = 1.
Thus I'; 2 is isomorphic to the quotient of the Artin braid group B4 modulo its center. The
full mapping class group I'y 9] is generated by the pure mapping class group together with
a single diffeomorphism class exchanging the two marked points; it is convenient to take
this generator to be the rotation ¢ around the vertical axis in figure 3.15. This rotation is
of order 2 and it is obviously central since it commutes with all the o;. Furthermore we
have 'y o N (c) = {1} inside I'y [9) since no element of the pure mapping class group can
permute the marked points. So we find that

FL[Q] ~ FLQ X <C> ~ (B4/Z> X Z/QZ

The ordered moduli space M 2 can be identified with the quotient of Mg 5 by the
subgroup Sy C S5 permuting the first four marked points. Indeed, each point of the
quotient Mg 5/Sy is given by an unordered quadruple of distinct points and one additional
point; the quadruple determines an elliptic curve (by giving its unordered ramification
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points), and the fifth point can be identified with the z-coordinate of the point P — @
(which is independent of the choice of P and ) up to translation). In other words, a point
of M 5 represented by (0, 1, 00, A, i1) to the (isomorphism class of the) elliptic curve given
by the Weierstrass equation y? = x(x —1)(x — \), equipped with any pair of marked points
P and @ with p = z(P—Q). Obviously, changing the order of the four first points gives rise
to an isomorphic elliptic curve; permuting them and returning to standard form only has
the effect of replacing A by one of the six values 1/X, 1 =X, (A—1)/A, A/(A—1),1/(1 =),
giving an isomorphic elliptic curve.

The maps Mo s — Mg s5/S4 =~ My o — Mys/Ss = M, [5) correspond to the sequence

of homomorphisms of fundamental groups
F0’5 — FLQ — F07[5].

The unordered moduli space M |9 is equal to the quotient of Mj 2 by the action of the
group (c), which fixes each point (acting as the involution of the corresponding elliptic

curve).

The stable compactification of M . There are two pants decompositions of the
topological surface S; 2 (shown in figure 3.15), one obtained by pinching two non-separating
loops to points and the other obtained by pinching a separating loop and a non-separating

loop. These correspond to the two possible genus 1 graphs with two tails, given by CX

and . We call these two pants decompositions P; and P»,. The two graphs
correspond to two different types of degeneration of an elliptic curve with two marked
points.

The group S5 acts on the stable compactification My 5, as does its subgroup Sy, and
the points of maximal degeneration of M 5 are mapped to points of maximal degeneration
of My 2 >~ My5/Ss. The 3 points of maximal degeneration of My 5 corresponding to a
numbering of the graph such that the distinguished (central) tail is numbered 5 are sent
to point of maximal degeneration corresponding to P;, since those are the graphs where
the four ramification points numbered 1 to 4 collide in two pairs. The 12 remaining graphs
(points of maximal degeneration on My 5) are all mapped to Ps.

The partially degenerate points are those for which one of the two loops in one of
the two pants decompositions is pinched to zero. For the two loops in P, this gives two
divisors of complex dimension 1. However, in the case of P;, pinching one or the other of
the two loops gives the same divisor, since an automorphism of the point brings one loop
to the other.

The loop of P, enclosing the two marked points cuts Sy 2 into an 57,1 and an S 3, so
the corresponding divisor is a copy of M 1. The other loop of P> cuts S; 2 into an Sp 4,
so the corresponding divisor is a copy of My 4. The loops of P; each cut S; 2 into an Sp 4,
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so there is another copy of My 4 in the divisor at infinity of M; 2. However, this second
copy is self-intersecting, as the point of maximal degeneration lies on it twice.

The stable compactification M o is obtained from the stable compactification Mg 5
by quotienting by the action of S4. The divisor at infinity is exactly the image of the
divisor at infinity of Mg 5.

Topological tangential base points on M; 5. In order to compute the tangential base
points of M o, it is necessary to understand the topological shape of the neighborhoods
of the two points of maximal degeneration, as the images of the neighborhoods of the
corresponding points in Mg 5. We begin with P.

Let P be a point of maximal degeneration of My 5 lying over P; say P joins the
pair of points 1 and 2 and the pair 4 and 5. Then P is fixed by the dihedral subgroup in
S5 generated by (12), (45) and (1425). To see what subgroup of Sy fixes P, we take the
intersection of this dihedral subgroup with S; and it consists only of the identity and the
transposition (12). This shows that the neighborhood of P, in Mj s is isomorphic to the
image of a neighborhood of P in M 5 quotiented by the action of the transposition. Now,
the neighborhood of P in M075 is the product of two disks (pointed disks if we exclude
P itself); each disk contains two real segments representing the tangential base points.
Retracting the pointed disks to their boundaries, their product is a torus, with four points
representing the four tangential base points. The action of the transposition is like z — 22
on the first disk (or circle) and the identity on the second, so it has an effect on the torus
as though one cut through it to make a cylinder, rolled the cylinder over on itself twice
and reglued to obtain a new torus. The four points have now been identified two by two
to give two points coming from the tangential base points of M 5, but it is necessary to
have four tangential base points on the torus to cut it into simply connected regions.

To summarize, the neighborhood of P, in M 5 is still a product of two pointed disks,
and therefore P; is flanked by four tangential base points. Two of them are images of the
48 tangential base points flanking the 12 points of maximal degeneration of Mg 5 lying
over P, which divide into two orbits of 24 points each under the action of S4. The other
two tangential base points do not come from M 5. This situation is analogous to the one
for M 1, where one tangential base point comes from the six tangential base points on
My 4 and another one is needed to cut the neighborhood of infinity into simply connected
regions.

Now let us consider the neighborhood of P;. It is more complicated, because if ()
denotes one of the three points of maximal degeneration of My 5 lying over Py, say the one
corresponding to the pants decomposition identifying the points 1 and 2 and the points 3
and 4, then @ is fixed by the dihedral group of order 8 generated by (12), (34) and (1324) in
S5, and in fact this subgroup also lies in Sy. Thus, the neighborhood of P; is isomorphic to
the neighborhood of () quotiented by this D4. The elements of the D4 act on the product
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of two pointed disks neighboring Q by z +— 22

on each of the disks and by exchanging
the two disks. Retracting onto the torus and performing the z +— 22 first sends the torus
again to a torus, but where all four tangential base points have been identified. Further
quotienting this torus by the order 2 element exchanging the two circles gives a Mobius
band. The retraction is quite misleading here since the Mobius band is not orientable,
but the neighborhood of P, is really the Mobius band times a small segment, which is
orientable. The fundamental group of this thickened band is the same as the one of the
band itself, namely Z, so it has to be cut into two simply connected pieces. One of these
pieces corresponds to the 12 tangential base points flanking the 3 maximally degenerate

points of Mo 5 lying over P;, which form a single orbit under the action of Sj.

Special loci. We saw above that the whole of the moduli space M ) is a special locus
for the canonical involution c. Let us consider the moduli space Mj o = 77 2/T"1 2. There
is only one special locus of dimension 1 in M 5, corresponding to the unique conjugacy
class of elements of order 2 in I'y 5, which is the conjugacy class of (c302071)%.

Theorem 3.4.1. The 1-dimensional special locus of M1 2 maps bijectively to the quotient
M of P* — {0,1,00} by the mapping identifying =z with 1/z, which is given by 1(z + %)

Proof. Let A € P —{0,1, 00}, let E be the elliptic curve of equation y? = z(z —1)(z — \),
and let P # ) be two distinct points on F. Let p be the x-coordinate of the point P — Q.
Note that u determines the unordered pair of points P, ) exactly up to translation. Indeed,
ifPP=P+Tand Q@ =Q+T then P —-Q =P—-Qsopu=z(P —Q)=xz(P—-Q).
Conversely, if z(P — Q) = z(P" — @’'), then either P — Q" = P — @, in which case we
have P/ — P = Q' — Q; setting T = P’ — P, we have P’ =T + P and Q' =T + Q, or else
P'— Q" =@ — P, in which case P —Q = Q' — P; setting T' = P’ — @, we have P =T +Q
and Q' =T + P. Note that p # oo ensures that P # Q.

The moduli space M 2 can be parametrized by couples (), u) with A € P —{0,1, 00}
and p € C, modulo an equivalence relation for which (A, ) and (X, p') are equivalent if
and only the equations y? = z(z — 1)(z — \) and y? = z(z — 1)(x — \') describe isomorphic
curves, and u corresponds to p/ under the isomorphism. This is explicitly given by the
following equivalence relation grouping the pairs (A, p) € (P! — {0,1,00} x C) into the
following groups of six:

o)~ (1= M1 =)~ (o 2y Ly

1—=X"1-2\ AT
1 L A A 1
~= 51D (55 ) D):

The special points in M 5 are given by the pairs (X,0), (A,1) and (A, A). They group into
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sextuplets of the form

There is an obvious isomorphism of this subset of sextuples to M given by associating to
a sextuplet the unordered pair of values {\,1/A} obtained by considering only the pair of
elements in the sextuplet whose p-component is equal to 0. &

Remark. It will be shown in §4.1 that when the special locus corresponding to a finite-
order element ¢ of a mapping class group is normal in the moduli space, then the funda-
mental group of the special locus is isomorphic to the normalizer of . In the present case,
we can take ¢ to be the order 2 element (030201)? of 'y 2, and its normalizer is given by

Normr, , (¢) = (o30205 ', 0301).

This group contains ¢ as a central element of order 2, and modulo ¢, it is isomorphic to
71 (M) = (12, 72) where 71 and 75 are standard generators of B3/Z, the Artin braid group
on three strands modulo its center.

In order to conclude the determination of the special loci in M o, it suffices to list the
elements of finite order in I'; 5 (since we have already considered the canonical involution
in T'y [)). But apart from the order 2 element (030201)? already studied, the only such
element (up to conjugacy) is the order 4 element o3o207. The corresponding special point
on M, 5 is the point on the special locus of (030201)2 described above with A-value equal

3 — x which has

to —1; this point corresponds to the elliptic curve of equation y? = x
automorphism group Z/47 generated by (z,y) — (—z,iy), equipped with marked points
(00, 00) (the origin) and (0,0). The fundamental parallelogram of this elliptic curve in the
upper half-plane H is the square (1,4), and the marked points are z = 0 and z = (1 +1)/2,

both fixed under the rotation of the square.

§3.5. Genus zero, n marked points

In this section, we limit ourselves to investigating the points of special automorphism
group and the special loci in the genus zero moduli spaces for arbitrary n. If S is a sphere
with n marked points, then a finite-order element of the mapping class group I'([S]) is the
class of a diffeomorphism which is simply a rotation around an axis:
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Figure 3.16. A finite-order diffeomorphism in genus zero.

The north and south poles may or may not be marked points, but they are always
the only branch points for ¢. The permutation associated to a rotation ¢ is always of the
form ¢y - - - ¢, where the ¢; are disjoint cycles of length j such that

jk =n —1 if one of the two poles is marked

{ jk=mn if the north and south poles are not marked
jk =mn —2 if both poles are marked points.

In the following theorem, we compute the points of special automorphism associated to
a permutation [p] which is a product of k disjoint cycles of length j only in the case
jk =mn—2 (i.e. when the two fixed points of ¢ are marked points), since in the other two
cases, the special locus in My, is just the image of the one we compute here in Mg 41
or Mg p+2, under the morphism given by erasing the extra marked points.

Theorem 3.5.1. Let S be a sphere with n marked numbered points, and let ¢ be the
rotation shown in figure 3.16, with n = jk+2 (i.e. the fixed points of ¢ are marked points
of S), so that

[o] = (1~--j)(j+1~-2j)---(j(k—1)+1~-jk).
Let G, C S, be the subgroup generated by the disjoint cycles c1, ..., c, of [¢]. Let T be the

orbifold quotient S/, which has k marked points with ramification index 1 and 2 marked
points with ramification indezx j.

(i) The set of fized points of [p] in the ordered moduli space M(S) consists of |(Z/iZ)*|
disjoint connected components given by

CC = <1’ C? RS Cj_lu at, CllC, ) ale_lu T, Ak—1, ak—lC; ) ak—le_lu 07 OO)’ (351)

where  runs through the primitive j-th roots of unity. Each component is isomorphic to
a copy of (P* —{0,1,¢(,...,¢7 71 0ok~ minus the j(k — 1) lines a; = a,C* for v # i,
0<s<j—1, and is thus defined over Q.

39



i1) The special locus of ¢ in the quotient space M(S)/G, = Mg_(S) also consists o
® @
Z/37)*| disjoint connected components Cs, the images of the C; in the quotient space.
¢ ¢
Each C¢ is isomorphic to

(P —{0,1,00 )"t — A >~ M(T) =~ Mg js2, (4.2.2)

and is thus defined over Q; however the embeddings M(T) — Cc C M(S)/G, are defined
over Q2.

(11i) In the unordered moduli space M([S]), the special locus of ¢ consists of a single
connected component C. It is isomorphic to the unordered moduli space Mg (T') which is
the quotient of M(T) by the group G of “admissible” permutations, i.e. permutations of
marked points of the same ramification index, and the space Mg(T) and the embedding
Mg(T) — C C M([S]) are defined over Q.

Proof. (i) Let a point on M(S) be given by its unique representative as a sphere with n
marked points (z1,...,x,) such that ;1 = 1, 2,1 = 0 and z,, = co. It is immediate that
the components C¢ of (3.5.1) are all disjoint on M|(S), since the points 0, 1, oo are marked.

To see that each point of each component is fixed by the action of the permutation
[¢], it suffices to notice that the permutation is realized by multiplication by (~*. To show
that these points are the only points fixed by [p] is a straightforward computation. Finally,
a point of C¢ uniquely determines a point (a1, ..., ax—1) € (P*)*~1, but conversely, a tuple
(a1,...,ax—1) gives rise to a point of M(S) via (3.5.1) if and only if the components of
(3.5.1) are all distinct, i.e. if and the a; fulfill all the inequality conditions of (i).

(ii) The fact that the |(Z/jZ)*| disjoint components remain disjoint in the quotient
space M(S)/G, follows immediately from the simple remark that each component C; is
stabilized (not pointwise fixed) by the whole of the group G, so that the components
C¢ = C¢ /G, remain disjoint. The action of G, on C¢ can be translated into an action on
to a copy of (P* —{0,1,¢,...,¢?71 c0})*~! minus the j(k — 2) lines a; = a,(* for r # i,
0 <s<j—1;fori>1,the (i+1)-th generator (i.e. the (i+1)-st disjoint cycle of [¢]) acts
via a; — a;¢ for 1 <i < k — 1. The quotient is thus isomorphic to (P! — {0,1,00})*~ 1,
parametrized by (by,...,bx_1) with b; = ag for each ¢, minus the diagonals b; = b;; this
space is isomorphic to Mg 12 ~ M(T'). However, each of the |[(Z/jZ)*| embeddings
fc: Mo gr2 — C¢ are defined over QP since ¢ must be specified.

(iii) Finally, all these components (as well as all those corresponding to other rotations
having the same cycle type as ¢) become identified in the unordered moduli space M([S]),
since for any i € (Z/jZ)*, the locus

Cgl - (1’ Ci? R Ci(j_1)7 ai, alCia R alCi(j_l)a k-1, ak—lciu T ak—lgi(j_1)7 0’ OO)
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differs from

i1 i1 i1
CC: (17(7"'7CJ 70J170J1C7"'7a1<] 7'"7ak—17ak—1<7"'7ak—1<] 70700>

only by a permutation.
The special locus C in the unordered moduli space M([S]) is isomorphic to C; modulo
its stabilizer in S,, = Sjr42. Therefore, to determine it, we need to determine its stabilizer.
We begin by determining the order of the stabilizer, which is the quotient of |S,| by
the number of different loci corresponding to groups (a) where o € S,, is a permutation of
the same cycle type as [g], i.e. k cycles of length j. So let us enumerate the groups («),

where « is a product of k j-cycles.

n
2

«a. Having fixed such a choice, let us count the ways of dividing the permutations of

To begin with, there are ( ) ways of choosing two indices fixed by such a permutation
the remaining jk components into groups (a). There are jk possible orderings of the
remaining indices; packaging them into j-cycles gives a redundant version of the set of
possible permutations « of the right form. But each of the k j-cycles can be written in
j different ways giving the same permutation (by cyclically permuting them, i.e. (12345)
is the same permutation as (23451)), and furthermore any permutation of the k disjoint
cycles amongst each other again gives the same permutation. Therefore there are jk/(k!j*)
possible permutations « of the right form, fixing two given indices. We actually want to
count the groups (), so we must divide by the number of powers of o which are also
products of k j-cycles; this is ¢(j) = [(Z/jZ)*|. Finally, we have found (3 ) - jk/(k!j*¢(5))
different groups («). Since the locus of fixed points of each such cyclic group has ¢(j)
connected components, and n = jk + 2, we find

(jk +2)!
2kl jk

connected components in the ordered moduli space M(.S) for all the different cv. The order

of the stabilizer of one component is thus equal to 2;j*k!, and the locus corresponding to

the disjoint cycle-type of « is isomorphic to the quotient of C¢ of (3.5.1) by its stabilizer.
We can now easily compute the stabilizer of C¢, one of the loci associated to

[l =@-)G+1---25) - (k= 1)j - jk).

It is generated by three natural subgroups; the first, of order k!, corresponding to permuting
the k disjoint cycles of [¢], the second, of order j* (which is actually just Gy), is generated
by the j cycles themselves, and the third, of order 2, is generated by the permutation

- { (1,7k)(2, 7k — 1) - ((jk/2), Gk + 2)/2) - (jk + 1, jk + 2) if jk is even
(1,7k)(2,7k—=1)--- ((jk — 1)/2, (Jk +1)/2) - (jk + 1,5k + 2) if jk is odd.
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This last permutation is easily seen to stabilize C¢ since applying it to the point corre-
sponding to (ay,...,ax_1) gives

j—1 j—1 j—1 j—1
(ak—ICJ 7"'7ak—17ak—2<J 7"'7ak—27"'7a1<J 7"'7a17<J 7"'7170070>7
and then applying the mapping z — ap_1¢(771/2 gives
(1, (, ceny Cj_l,cl, ey Clgj_l, N &) T, N ck_QCj_l,ck_l, e ,Ck_lgj_l)

with ¢, = ag—1/ax—m—1 (writing ap = 1), which also lies on Cg.
It remains only to compute the quotient of C; by this stabilizer, by determining the
action of the generators of the stabilizer on the a;. We already saw that

C¢/Gy =C¢ = (P —{0,1,00})" 1 = A,

parametrized by by,...,b,_1. To quotient by the rest of the stabilizer, we identify (P! —
{0,1,00})*~! — A with M(T) = Mo g2, by identifying the point (by,...,bgx_1) with the
orbifold sphere of topological type 7', having marked points (1, b1, ...,bx—1,0,00) where 0
and oo have associated ramification index j and 1, by, ..., br_1 have associated ramification
index 1. Then the permutations of the k& disjoint cycles of [p] act like permutations of
bg =1,b1,...,bx_1, i.e. we quotient by all possible permutations of the marked points of
T of ramification index equal to 1, and the permutation 7 acts like

(bo,bl, .. .,bk_l,0,00) ;> (bk_l,bk_g, .. .,bo,O0,0) = (1,bk_1/bk_2, .. .,bk_l/bo,0,00),

the last two tuples representing the same point in the moduli space M (T') via the transfor-
mation z — bg_1/z. Finally, then, we find that the special locus C € M([S]) is isomorphic
to M(T')/Sk x (Z/27Z), which is naturally the unordered moduli space M([T]) of the orb-
ifold 7', in which marked points of different ramification orders cannot be permuted. This
moduli space is defined over QQ, as is the isomorphism with C. &

Corollary. The isomorphisms of the special loci with moduli spaces in parts (ii) and (iii)
of theorem 3.5.1 hold for any finite-order element ¢ € T'([S]).

Proof. Any finite-order ¢ is the conjugate of a ¢ having a permutation of the type [p] of
theorem 3.5.1, which was fixed only for convenience. Obviously, for any other product of
k j-cycles, one needs to modify the expression (3.5.1); everything else in the proof passes
to the general case. O
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4. Special loci and special homomorphisms

When dealing with special loci in moduli space, the most natural question to ask is
What varieties can appear? The brief answer is that the special loci look very much like
moduli spaces themselves. In fact, the special locus of a finite-order element ¢ in moduli
space of a topological surface S of type (g, n) is closely related to the moduli space of the
quotient T' = S/p. Throughout this section, we consider only the case where all branch
points of the cover S — T are marked points of T', images of marked points on S, and we

investigate the nature of the special loci in the moduli space of S.

Recall from §2.1 that a “good” orbifold M is the quotient of a simply connected topo-
logical space 7 by a discrete group I' acting properly discontinuously but not necessarily
freely, and that all the moduli spaces of Riemann surfaces are such orbifolds. The locus of
special orbifold points on the orbifold M is the set of points in M which are the images of
points in 7 having non-trivial isotropy in I'. A special locus of points in M is any subset
of the locus of special orbifold points.

Definition/Notation. Let S be a topological surface of type (g,n), and let G C S, be a
subgroup. Let M (S) denote the ordered moduli space M, ,, (whose points are isomorphism
classes of Riemann surfaces of topological type ), and let M (S) denote the quotient of
the ordered moduli space M(S) by the permutation group G. Let I'(S) denote the pure
mapping class group Ty ,, (isomorphic to Diff*(S)/Diff’(S), cf. §2.1) and let T'([S]) denote

the full mapping class group I We also write I'¢(S) for the preimage of G under the

g,[n]
canonical surjection I'([S]) — S,,.
If ¢ is a finite-order element of the full mapping class group I'([S]), we let Ma(S, ¢)
denote the image in M(S) of the set of points in the Teichmiiller space 7(S) = Ty,
which are fixed by ¢ under the canonical action of I'([S]) on 7(S) (cf. §2.1). This locus is
called the special locus of ¢ in Mg(S) if and only if ¢ € I'¢(S), ensuring that the points
of the locus are special orbifold points of ¢. Otherwise, as we saw in §3, we simply call the
points of Mg(S, ¢) “points with special automorphism group”. Note that the special locus
M (S, @) depends only on [{(p)], the conjugacy class in T'¢(S) of the group generated by

®.

Every finite-order element ¢ of I'([S]) can be realized as an automorphism of some
Riemann surface X of topological type S. This result, long known as the Nielsen realization
problem, was finally proved by S. Kerckhoff ([K1], [K2]). It implies that the special locus
of ¢ consists of isomorphism classes of Riemann surfaces admitting automorphisms of
topological type ¢. The relation of the special locus M (.S, ) to the moduli space of the
quotient T = S/ arises from the natural map from the special locus to the moduli space
of T' given by associating to each point X of the special locus the quotient Riemann surface

43



X/p. This morphism makes the special locus into a finite cover of the moduli space of
T, in which the orbifold structure coming from the presence of the automorphism ¢ at
each point of the special locus may or may not be “trivial” in a certain sense (cf. §4.1).
When the cover is 1-to-1 and the orbifold structure is trivial, there is a bijection between
the special locus and the moduli space of T'. The goals of this section are to justify these
statements (§4.1), to determine these conditions explicitly in terms of fundamental groups
in the case where G = G, is the group generated by the disjoint cycles of ¢ and M(T)
is the ordered moduli space of T (§4.2), to show that in genus zero, the conditions are
fulfilled and therefore the bijection exists for all ¢ (§4.3), and to give examples (§§4.4, 4.5).

We consistently use the word special to refer to the finite-order diffeomorphisms or
automorphisms of Riemann surfaces, as in the terms curve with special automorphisms
and special locus associated to a finite-order diffeomorphism. Therefore, we use the term
special homomorphism between mapping class groups to denote the homomorphisms be-
tween mapping class groups we construct in §4.2, which exist whenever there is a bijection

between the special locus and the moduli space of T

84.1. Special loci in moduli space

In theorem 3.5.1 (ii), we saw that each component of the special locus of a finite-order
element ¢ € I'([S]) in the genus zero moduli space M., (.9) is itself isomorphic to the ordered
moduli space of T'= S/¢. In this section, we give the general picture underlying this fact.
This general picture is weaker than the genus zero case, in that in arbitrary genus, a special
locus of ¢ € T'([S]) is related to the moduli space M(T'), but not necessarily isomorphic to
it.

Let us begin by citing some important results of Gonzélez-Diez and Harvey (|GH]),
applied to the case where the finite group G C T'([S]) they consider is the cyclic group ().

Theorem 4.1.1. ([GH], [HM]) Let S be a topological surface of type (g,n), and let ¢ be
a finite-order element of T'([S]). Assume that the quotient T = S/p is of genus g’ with n’

marked points, including all the branch points.

(i) Denote by T (S, ) the subset of points of the Teichmiiller space T (S) = 1, fized by
. Then T (S, ) is isomorphic to Ty n =T (T).

(ii) The set of elements of I'([S]) globally preserving the subset T (S, ) in T(S) is exactly
the subgroup Normp((s))(¢)-

(11i) For every G C S, containing the permutation [p| associated to ¢, the quotient
Mea(S,¢) =T (S, p)/Normr,,(s)(p) is isomorphic to the normalisation of the special locus
MG(S7 30> - MG(‘S)

Let G, be the subgroup of S,, generated by the disjoint cycles of the permutation [¢].
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Let us write M (S) for the quotient space Mg, (5) = M(S)/Gy, and M (S, p) for the
whole of the special locus of ¢ in M (S). We also write I',(S) for the group I'g,, (5), the
preimage in I'([S]) of ([¢]) under the surjection I'([S]) — S,,.

There is a criterion (cf. [GH, Section 2]) to determine when the special locus M., (., ¢)
is normal.

(N) We have M@(S, ) # My (S, @) if and only if there exists a Riemann surface X of
topological type S whose automorphism group G contains ¢ and another element ¢’ of
I',(S), such that ¢ is a conjugate of ¢ inside I',(S) but not inside G.

We now introduce a proposition whose proof is the goal of §4.2 (cf. proposition 4.2.7).

Proposition 4.1.2. There is a canonical injective homomorphism

Normr(s)()/{¢) — T(T), (4.1.1)

whose 1mage is of finite index.
This leads to the main result of this section.

Proposition 4.1.3. The morphism
My (S,p) — M(T) (4.1.2)

defined by associating to a point of M, (S, @) (which is the isomorphism class of a Riemann
surface X admitting ¢ as an automorphism) the quotient X /o € M(T) is a covering map
of finite degree.

Proof. Let X be a point where M, (.5, ¢) is not normal, and suppose that X — Y € M(T)
under (4.1.2). We lift the morphism (4.1.2) to M(S, ) by sending all the points lying
above X to Y, and we show that the morphism

—~

M (S, ) — M(T) (4.1.3)

is a covering map of finite degree. For this, we use theorem 4.1.1 and proposition 4.1.2.
Firstly, since (p) fixes every point of 7 (S, ¢), the action of Normr_(s)(¢) factors through
the quotient group Normr_(g)(¢)/(¢), and there is a canonical one-to-one correspondence

T (S, ¢)/Normr_(s)(p) < T(S,¢)/(Normr, (s)()/(¢)) (4.1.4)

(the difference between the two spaces is hidden in the orbifold structure due to the action
of () fixing each point).
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Now, using theorem 4.1.1, (4.1.4) and proposition 4.1.2, we have a natural sequence

of morphisms

T(S,¢) = T(S,¢)/Normr,s)() =2 M(S, ) < T(S, ¢)/ (Normr,(s)(¢)/(¢))

~ T(T)/(Normy, (s) () /() — T(T)/D(T) ~ M(T). (4.15)

This shows that M (S, ¢) is a cover of M(T"), and the fact that it is of finite degree follows
from the fact that Normp_(gy()/(y) is of finite index in I'(T") (proposition 4.1.2). O

The goal of the next section, apart from proving proposition 4.1.2, is to give two
conditions on the fundamental groups which are equivalent to two conditions on the cov-
ering map (4.1.3), which taken together mean that (4.1.3) is “as close as possible to an
isomorphism”, given the difference in orbifold structure due to the group ().

84.2. Special homomorphisms between mapping class groups

In this section, we study the special homomorphisms between mapping class groups

coming from the special morphisms
M@(‘Sv 90) - M<T>7

or rather, from their liftings

introduced in the previous section.
By theorem 4.1.1, that the orbifold fundamental group of M (S, ¢) is Normr_(s)(¢),

so the morphism (4.1.3) gives rise to a homomorphism
Normr_(g)(¢) — I'(T).

The goal of this section is to study this morphism (using the identification of the mapping
class groups with outer automorphism groups of fundamental groups), in order to prove
that not only does it factor through Normr_(sy(¢)/(¢), but that the induced morphism

Normr, (s)(¢)/(¢) = I(T)

is an injective homomorphism with image of finite index. This is the final result of this
section (proposition 4.2.7) given as proposition 4.1.2 above. In order to prove it, we char-
acterize the normalizer of ¢ in I',(.S) as the set of inertia-preserving outer automorphisms
of m1(S) which extend to 71 (7" (cf. lemma 4.2.3), and work in that context.

Let S be a topological surface of type (g, n), and write I'([S]) = I'y [, for the mapping
class group of S permuting points and I'(S) =I'y ,, for the pure mapping class group. Let
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¢ be a finite-order element of I'([S]), and set T' = S/¢; we assume that all branch points
of this cover (and their preimages) are marked points. Let g’ denote the genus of T" and
n’ the number of marked points; the fundamental group of T is given by generators and
relations as

’

[[(@i.bi)er - en =1). (4.2.1)

=1

7T1<T> = <a1,bl,...,ag/,bg/,cl,...,cn/

Recall that the group of inertia-preserving automorphisms of m(T), Aut”([r1(T)]), is
defined to be the group of automorphisms

Aut™([m1(T)]) = {¥ € Aut(m(T)) | 3o € S,, such that ¥(c¢;) ~ ¢ for 1 <i <n'},

where ~ means “is conjugate to”. We saw (cf. Theorem 2.2.1) that

I([T]) = Out™([m1(T)]), (4.2.2)
the quotient of Aut®([m(7)]) by Inn(m (T)). As in §2.2, we have a natural surjective
homomorphism

Aut* ([ (T)]) — S,
Y=o,
which passes to Out™([7m1(T)]).
Because T' = S/, we have the exact sequence
1 — 7 (S) = m(T) — (p) — 1. (4.2.4)

The quotient () is an outer automorphism group of 71 (.S), which is naturally identified
with the subgroup () of T'([S]) = Out™([mr1(5)]), cf. the following lemma.

Lemma 4.2.1. The homomorphism

™ (T) — Aut([m1(S5)])

_ (4.2.5)
t— 1nn(t) |7r1(5)

is injective, and its image lies in Aut™([r1(9)]).

Proof. Let ¢ be a lifting of ¢ to 71 (T') in (4.2.4). If r is the order of ¢, then @" € 71(S),
so every element of 71 (7) can be written s@™ with s € 71(S) and 0 < m < r—1. Suppose
that s@™ maps to the identity in (4.2.5). If m = 0, then s = 1 because the restriction of
(4.2.5) to m1(S) is injective, since 71 (5) is center-free. If 1 < m < r —1, then the image of
s@™ under the induced homomorphism

m1(T) — Aut([m1(5)])/Ton(m(5))
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is equal to ¢™, which is non-trivial since 1 < m <r —1, so s¢" cannot lie in the kernel of
(4.2.5). To see that the image of (4.2.5) lies in Aut™([m1(S5)]), note that m (7') is generated
by m1(S) and ¢, and the image of 71 (S) certainly lies in Aut®([71(S)]). But so does the
image of ¢, since its reduction modulo 71(S) (identified with Inn(m(S))) is equal to ¢,
which is in T'([S]) = Out™([m1(S)]). &

Lemma 4.2.2. Let ¢ be an element of finite order in I'([S]) and T' = S/¢ as usual, so
m1(S) C m(T) as in (4.2.4). If an automorphism of m1(S) extends to an automorphism of
m1(T), then it extends uniquely.

Proof. Let r denote the order of ¢, and let ¥ be an automorphism of 71(S) extending
to m(T). Suppose that ¥ and ® are two extensions of ¢ to automorphisms of m(T),
and set Y = W o ®~! so that y is an automorphism of 7y (7) which restricts to the
trivial automorphism on the subgroup 71 (S). Let ¢ be a lifting of ¢ to 71(T"), so 71 (T)
is generated by 71(S) and ¢. Then x(¢) = s@™ for some s € 71(S5) and some m with
0<m <r—1. Forall s € m(S), we have ¢~ 15’ € 71(9) since 71 (S) is normal in 71 (T),
but by assumption, x fixes elements of 71(S), so

m_—1_/_ ~m

Gls'o=x(¢75'P) = x(@7 )X (@) = o7 T8 s
Thus, sp™~! commutes with s’ for all s’ € 71(S), so s¢™ ! lies in the kernel of the

homomorphism (4.2.5). Thus by lemma 4.2.1, s¢™ ' = 1,50 s = 1 and m — 1 = 0. This
means that x(@) = @, i.e. x is the identity on all of (7). &

Lemma 4.2.3. Let ¢ be a finite-order element of I'([S]). Then the group Normr (g} ()
is exactly the subgroup of elements ¥ of T'([S]) = Out™([m1(s)]) whose liftings to automor-
phisms 1) € Aut*([r1(9)]) extend to automorphisms of m (T).

Proof. Let r be the order of ¢ in I'([S]), and let ¢ be a lifting of ¢ to m(T) in (4.2.4);
we consider ¢ in Aut™([m1(5)]) via the inclusion
71 (T) = Inn(my(T)) C Aut*([r1(S)])

of lemma 4.2.1. Let v € Normp(g))(¢), so that Ypp~1 = o™ for some m. Let ¢ be an
arbitrary lifting of ¢ to Aut™([71(S5)]); then there exists s € m1(.S) such that

VoY = sg™, (4.2.6)
where s is identified with inn(s) in Aut*([ 1(9)])-
The action of the automorphism ’gb on 71(95) is recovered by conjugating the copy of

71(9) inside Aut*([x1(S)]), identified with Inn(71(S)), by ¥ inside Aut* ([ (S)]). Indeed,
for every s,s” € m1(5), we have

(¢ inn(s)~")(s") = (dinn(s)) (& (")) = P (5971 (s")s ™)
Y(s)s'd(s) ™ = inn(d(s))(s").
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Furthermore, (4.2.6) shows that the automorphism t of 71 (S) (given by conjugation by v
inside Aut™([m1(S5)])) preserves 71 (T") since 71(T") is generated by 71(S) and @, so that it
gives an automorphism of 71 (7). This proves one direction of the lemma.

Now, we take 1) € T'([S]) = Out*([r(S)]) such that any lifting ¢) of 1 to an automor-
phism of 71 (.5) extends to an automorphism of 71 (7") (note that if one lifting extends then
they all do since they differ by elements of Inn(my(5))). Then since 71 (7') is generated by
71(S) and a lifting @ of ¢ to w1 (T)), we must have )(p) = @) ~! = s¢™ for some m and
some s € m(S). Thus 1~ = @™ in T'([S]). Since conjugation by ¢ is an automorphism,
we find that m must be relatively prime to r, so ¢ normalizes ¢ in I'([S]). &

Definition. Let Aut®™([S/7T]) denote the subgroup of Aut®([m1(7)]) consisting of ele-
ments which preserve the subgroup 71(S) C m1(7T). This subgroup is of finite index in
Aut™(m1(T)), since m1(5) is of finite index in the finitely generated group 71 (7). Restric-
tion from 7 (7") to m1(S) gives a homomorphism

Aut™([S/T]) — Aut([m1(S)]).
Indeed, we easily see that this restriction actually gives a homomorphism
Aut™([S/T]) — Aut™([m1(S5)]), (4.2.7)

since because S is a topological cover of T, any loop surrounding a marked point on S
must be a conjugate of a power of a loop surrounding the corresponding marked point
of T, so the restriction of an element of Aut*([S/T]) must then send it to a conjugate of
another such loop.

Lemma 4.2.4. The homomorphism
Aut™ ([S/T]) — Aut™([r1(5)])

of (4.2.7) is injective.

Proof. If ¢y € Aut™([S/T]) lies in the kernel, then it is an element of Aut™([71(7)]) which
acts like the identity on the subgroup 71 (.5). Lemma 4.2.2 then shows that 1) is the identity
on m (7). ¢

Lemma 4.2.5. Aut*([S/T]) can be identified with the subgroup of Aut*([m1(S)]) of auto-
morphisms of w1 (S) which extend to m (T).

Proof. The previous lemma shows that we can consider Aut*([S/T]) as a subgroup of
Aut®([m1(S)]), and clearly every element of this subgroup is an automorphism of 1 (.5)
which extends to 71 (7). Therefore, we only need to show the converse, i.e. that if
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¢ € Aut™([m1(S)]) is an automorphism of 71(S) which extends to an automorphism of
71(T), then it lies in Aut™([S/T]). This means that we must show that if an element
¥ € Aut™([m1(S)]) extends to w1 (T) at all, then it extends to an inertia-preserving auto-
morphism of 71 (T), i.e. it gives an element of Aut™([m(7)]).

By lemma 4.2.2, if ¢ extends to an automorphism of 71(T"), then it does so uniquely.
Let ¥ be the unique extension of ¥ to 71 (T'); we need to show that it lies in Aut™([71(T)]).

Recall that we assume that all branch points of the cover S — T are marked points
on T, images of marked points of S. Let the n marked points of S be labeled (z1,...,x,)
and the n’ marked points of 7' be labeled (y1,...,yn’). Let c1,..., ¢, be loops around

Y1, - - -, Y forming part of a generating system of 1 (7") as in (4.2.1), and let ey, ..., e, be
analogous loops around z1,...,x, on S. We need to show that for every k € {1,...,n'},
U(cy) is a conjugate of ¢; for some [ € {1,...,n'}. Choose k, and choose an i € {1,...,n}

such that the marked point x; € S lies over yi. The restriction of ¥ to the subgroup
m1(9) is equal to ¢ € Aut™([m1(9)]), so we have ¥(e;) = aeja! for some j € {1,...,n}.
Let y; be the image in T of the marked point x; € S. Then the loop e; € m1(5), seen as
an element of 71(7T) via 71(S) C m1(T), is a conjugate of a power of ¢, say e; = bcib™ 1,
where 7 is the ramification index of y;. Similarly, the loop e; is a conjugate of a power of
cl, say ej = dcjd~! where s is the ramification index of y;. Thus

U(e;) = aeja™?

can be written as
U(bcpb™') = W(b)U(ct) ¥ (b) ! = adcjd ta™t,

SO

U(cp)" = (b)) tadcid a1 W(b).

Now, m1(T") is a free group on finitely many generators, with no torsion, and this means
that if x and y are such that " = y® in this group, then there exists an element z such
that = 2% and y = 2’ with ra = sb. Taking z = ¥(c;) and y = ¥(b) lade;d a1 ¥(b),
this shows that there exists z € m1(T") and integers a, b with ra = sb, such that

U(cy) =2 and V(b)) laded ta ' W(b) = 2°.

The right hand element is a simple loop around the point y; of T', and as (the conjugate

of) a fundamental generator of 1 (7T'), it cannot be a non-trivial power of any z, so b = 1.
Thus

U(cp) ~ .

50



Let ® be the inverse of ¥, and set w = ®(¢;). Then ®(c}') = w* ~ ¢, which means that
ci is the a-th power of a conjugate of w, so since again ¢ is a fundamental generator of
71(T), we must have a = 1 and ¥(cg) ~ ¢;. This shows that ¥ € Aut™([m(T)]). O

Lemma 4.2.6. Let T'= S/¢ for a finite-order element ¢ € I'([S]) as usual. Set

{A = Aut”([S/T1])/Inn(m1(S)) C I'([S])
B = Aut*([S/T))/Inn(m (T)) c T([T).

Then ¢ € A and (@) is the kernel of the natural surjection
g:A— B. (4.2.8)

Remark. Note that by lemmas 4.2.3 and 4.2.5, A = Normp((s))(¢)-

Proof. Let ¢ be a lifting of ¢ to 1 (T"). Then by lemmas 4.2.1 and 4.2.4, we have inclusions
m(T) C Aut™([S/T]) C Aut™([m1(9)]),

and ¢ € m(T), so ¢ € Aut™([S/T])/Inn(m(S)) = A C I'([S]). Now, let ¢ be in the kernel
of g, and let ¢ be a lifting of ¥ to Aut*([S/T]). Then since 1 is in the kernel of g, we must
have ¢) = inn(t) for some t € 71(T), and we can write ¢t = s¢™ for some 0 < m < r — 1
and some s € m1(9), i.e.

inn(t) = ¢ = inn(s¢™) in Inn(m (7)) C Awt™([S/T]) C Aut™([71(9)]). (4.2.9)
Therefore,
¢ =¢™ in A= Aut™([S/T])/Inn(m(5)) € Out™([m1(S5)]) = T([S]).

This shows that the kernel of g lies inside the group (¢) C A. To show that it is equal
to (), it suffices to check that ¢ itself lies in the kernel. But that is of course true, since
@ e m(T) C Aut™([S/T]), so we have

Aut*([S/T]) — A = Aut*([S/T])/Tnn(m1(S)) — B = Aut*([S/T])/Tnn(m(T))
% = @ > 1.

This proves the lemma. &
We introduce the following notation for the group B of lemma 4.2.6. Set
Lig/r = Aut”™([S/T])/Inn(7(T')) € Out™([m.(1)]) = I'([T]), (4.2.10)
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and
Us/r = Auwt*(S/T)/Inn(m (T)) = INFEYR (T) Cc I'(T). (4.2.11)

Proposition 4.2.7. Let G, be the subgroup of S, generated by the disjoint cycles of
the permutation [¢] associated to , and let T',(S) be the subgroup of I'([S]) which is the
preimage of G, under the surjection I'([S]) — S,,. We have the isomorphisms

Normy(s))(¢2)/(2) —= Dy € Out” ([ (T)]) = D((T)). (4.2.12)

Normr (s (¢)/ () == T's/p C Out*(m1(T)) = T(T). (4.2.13)

Furthermore, the subgroups Ui/ and I's/p are of finite index in T'([T]) and I'(T), respec-
tively.

Proof. By lemmas 4.2.3 and 4.2.5, the subgroup A C I'([S]) is equal to Normps))(¢),
and by lemma 4.2.6, since I'\g/7) is the subgroup B, we obtain an injective homomorphism

g:A/(p) — B

which is exactly (4.2.12). For the second statement, we first observe that the restriction
of the injection g to the subgroup Normr_(s)(y) produces an image which lies inside
['(s/1), but also inside I'(T’). Indeed, let 1 € Normr_(g)(®) and let i be a lifting of 4 to
Aut”([m1(S)]). Then the permutation associated to 1 (by its action on the loops around
marked points of S) lies in G, which means that v permutes only loops in 7 (S) around
points of § which map to a single point in 7. Thus the extension of 1 to an automorphism
of w1 (T) lies in Aut*(my(T)), so the image of ¢ in I'([T7]) lies in I'(T).

This shows that the image of Normr_(g)(¢) under (4.2.13) lies inside I's;7. But if ¢
is an element of I'g/r = Aut™(S/T)/Inn(m1 (7)) and @ is a lifting of ¢ to Aut™(S/T"), then
® extends to m1(7T'), so the image of ® in Aut™(S/T')/Inn(m1(S)) lies in Normp (s (¢).
Since its associated permutation as an inertia-preserving automorphism of 7' is trivial, its
associated permutation as an inertia-preserving automorphism of 71 (S) must lie in G, so
it in fact lies in Normr_(g)(¢), which proves (4.2.13).

For the last statement, we recall that Aut™([S/T]) is of finite index in Aut™([r1(T)])
since 71(S) is of finite index in 71(T") (cf. the definition of Aut™([S/T])), and Aut*(S/T)
is of finite index in Aut™ (7 (7). Thus Aut™([S/T])/Inn(71 (1)) = I'js/7) is of finite index
in Aut™([m1(T)])/Inn(m(T)) = T([T]) and Aut™(S/T)/Inn(m(T)) is of finite index in
Aut™ (71 (T))/Inn(mwy (T)) = T(T). This concludes the proof. O

Definition. (1) We say that a finite-order element ¢ € I'([S]) satisfies the surjectivity
condition if I'gp = I'(T'), i.e. every element of Aut™(m(T")) preserves the subgroup 71(.5),
in other words the homomorphism (4.2.13)

Normr, (s)(¢)/{) — T(T)
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is surjective. In geometric terms, this means that the covering map

M (S, ) = M(T)

of (4.1.3) is one-to-one, consisting only in forgetting the orbifold structure of Mv¢(5, ©)
due to the action of .

(2) We say that ¢ satisfies the splitting condition if the surjection

Normp¢(s)(gp) — Normp¢(s)(gp)/<g0) ~Tg/r

splits; in other words, if we have a semi-direct product

NOrva(S)<§D) ~ (p)xLg/p. (4.2.14)

Whenever we have T' = S/, where ¢ € T'([S]) satisfies both the surjectivity and the
splitting conditions, we have

(p)xT(T) ~ Normr_(g)(p) C T'([S]);

for each choice of splitting, we can thus define (non-canonical) special homomorphisms
(T) — T([9). (4.2.15)

In geometric terms, this means that //\/lv@(S, ¢) is as close to M(T) as possible, in the
following sense. The morphism (4.1.3) is given by the “forgetting the action of (¢)” map

T(T)/Normr,(s)(¢) — T(T)/(Normr_(sy(¢)/ ()

of (4.1.5). A point of the left-hand space can be represented by a pair (¢, h) where t is the
image of a point in 7(7") and h € Normr s5)(¢), whereas a point of the right-hand space
can be represented as (t, h) where h € Normr_(s)(p)/(p). With the splitting condition, the
action of (¢) can be defined on M(T'), which is the right-hand space, by ¢(t,h) = (t,¢-h),
where ¢ - h € (p)xNormr_(s)(¢)/(p) =~ Normr,_s)(¢)-

Taken together, the splitting and surjectivity conditions mean that (4.1.3) is as close
as possible to an isomorphism given the difference of orbifold structures. In §4.3 we will
show that when S is of genus zero, every finite-order element ¢ € I'([S]) satisfies both the
splitting and the surjectivity conditions.

§4.3. The case of genus zero
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In the case of the genus zero moduli spaces, the results of the previous section become
simpler and more explicit; not only are the splitting condition always satisfied (theorem
4.3.1) as well as the surjectivity condition (theorem 4.3.2), but the semi-direct product
(4.2.14) is always a direct product

Normr,(5)(¢) =~ (¢) x I'(T),

and an algorithm allows us to compute the splitting morphism T'(T) — T'([S]) explicitly
(proof of theorem 4.3.2), so that we actually obtain a method for computing normalizers
of finite-order elements in genus zero mapping class groups.

To begin with, we recall from §3.5 that if S is a sphere with n marked points, then a
finite-order element of the mapping class group I'([S]) is the class of a rotation around an
axis:

2 }
. L e"
e o
j+l ‘\\0~;;;.,_,—0/‘v’ 2j
j+2 -

(k=D)j+1
__ (k=Dj+2
. g .-

Figure 4.1. A finite-order diffeomorphism in genus zero.

In general, the north and south poles (fixed points of the rotation) may or may not be
marked points, but in this article we restrict ourselves to the case where all branch points
of T are marked, so we only consider the case where they are both marked. Thus, the
permutation associated to ¢ is always of the form ¢; - - - c;, where the ¢; are disjoint cycles
of length j such that jk =n — 2.

The splitting condition introduced in the previous section has the following strong
form in genus zero.

Theorem 4.3.1. Let S be a sphere with n marked points, and ¢ a finite-order diffeomor-
phism of S whose fized points are marked. Let T = S/, let [¢| denote the permutation
associated to ¢, and let G, C S, be the group generated by the disjoint cycles of [¢]. Let
H, C G, be generated by any choice of all but one of the disjoint cycles of [¢]| (H, = {id}
if @] is a single cycle). Then we have the direct product isomorphism

Normr (s)(¢) = Normr,, (s)(¢) x {(¢).
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Proof. Take a subgroup H, C G, as in the statement of the theorem, and consider the
two groups

Normr,, (s)(¢) C Normr,s)(¢).
We will show that
e the first group does not contain any non-trivial power of ;
e the second group is generated by the first group and the element ;
e the first group is normal in the second.

These three facts taken together imply that we have a semi-direct product

Normr_(s)(p) = Normpr(S)(go)x (o). (4.3.1)

But () is also normal inside Normr_(g)(¢), naturally! Now, let a lie in the normal

1 1 _

subgroup NormpHW(S)(go); then o™ ap =0 € NormpH@(S)(go). But we also have apa™" =

@™, since a normalises . Thus

so this element lies in the intersection of the two groups in (4.3.1), so it is equal to 1, and
we have a = b and m = —1. Thus a commutes with ¢, so all of Normr a1, s)(¢) commutes
with ¢; in fact this normaliser is a centraliser, and the semi-direct product (4.3.1) is a
direct product

Normr_(s)(¢) = Normr,, _(s)(¢) X (¢) (4.3.2)

as in the statement of the theorem. Note that this implies that in fact

Normr (s (p) = Centr_(s) (). (4.3.3)

It remains only to prove the three points above. To see that NormpHW(S)(go) does not
contain any power of ¢, it suffices to consider the permutations associated to elements of
this group; by definition they all lie in H,. Now, write [p] = ¢; ---¢; as a product of k
disjoint cycles ¢; each of length j, and assume that H, is generated by ci,...,cr—1. Let
{mq,...,mjr} C{1,...,n} be the set of numbers not fixed by the permutation [¢] € Sy,
i.e. those occurring in the cycles c¢q,...,cr. Then none of the m; are left fixed by any
non-trivial power of [p], since the lengths of all the cycles ¢; are equal; on the other hand
every element of H, fixes the numbers m; occurring in the cycle c;. This shows that no
non-trivial power of [¢] lies in H.,.

For the second point, let g € Normr_(g)(¢). If its associated permutation [g] lies
in Hy, then by definition g € Normr, (s)(¢). If [g] is not in Hy, then since it is in
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Gy, there exists an integer m such that [g][¢]™ € H,, and since g¢™ normalises ¢, we
see that gp™ € NormpHW(S)(go). This proves the second point. For the third point,
it suffices to check that conjugation by ¢ preserves the subgroup NormpH@(S)(go). Let
h € Normpr(S)(cp); we need to show that ¢ = php™! € NormFHv(S)(cp). But g certainly
normalises ¢, and its permutation is equal to the permutation of h since [¢] commutes
with [h] (the group G, is abelian). This completes the proof of theorem 4.3.1. Q

Next, we show that the surjectivity condition always holds in genus zero.

Theorem 4.3.2. Let S be a topological sphere with n marked points, and @ a finite-order
diffeomorphism of S whose fixed points are marked. Let T = S/p. Then the homomorphism

Normr,_s)(¢)/{#) — I(T),

which is injective by proposition 4.2.7, is also surjective.

Proof. We present a rather charming method for giving an explicit lift of each of the
generators of I'(T") to Normp_(g)(¢) C I'([S]). These lifts do not necessarily correspond
to a splitting homomorphism, i.e. the lifts do not necessarily satisfy the same relations as
the generators of I'(T"), but we are only proving surjectivity here, so it is enough to show
that each generator has a lift.

We saw (figure 4.1) that ¢ must be a rotation of permutation ¢; - - - ¢, where each
¢; is a cycle of length j, and jk = n — 2. Then T has k + 2 marked points, so I'(T) is
generated by all but one of the x;; such that 1 <+¢ < j < k4 1. It is even more convenient
to use the following system of generators. Set y1; = o1 -- -020%02 ---0j_1; then via the

relation

Y15 = X15%25 - Tj-1,5;

we see that all but one of the elements y;; for 1 < j < k 4 1, together with the x;; for
2<i<j<k+1, also form a system of generators for I'(T").
Now, S is a sphere with ordered numbered points, so [¢] is a fixed permutation in S,,.

Since we are working up to conjugation, we may assume that

which is more convenient than the numbering of figure 4.1 for giving a visual representation
of the braids. We number the marked points on 7" by taking the image of the fixed points
of ¢ to be 1 and k+2, and the image of the marked point numbered ¢ on S to be numbered
i+ 1 on T. Then the generator z;; of I'(T) for 2 < i < j < k+1 is represented by a braid,
and by a motion of the points, as follows.
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Figure 4.2. The generator x;; of I'(T).

Each of these generators is lifted to a motion of points on S simply by j copies of x;;,
as follows,

Figure 4.3. Lifting the generator x;; to I'([S]).

The element y;; € I'(T") is shown by the motion of points in the right-hand part of
figure 4.4, and lifts to that of the left-hand side.

Figure 4.4. Lifting the generator y1; to I'([S]).

Having separately lifted each of the y;; and the z;;, we now make a final remark. In
themselves, these liftings do not generate a copy of I'(T") inside I'([S]). However, we know
that it is enough to take all but one of these generators to generate I'(T"). We claim that if
we throw out any one of the y;; with 2 < j < k4-1, then the lifts of the remaining generators
as above do generate a copy of I'(T') inside of I'([S]), and the k different copies obtained
in this way are distinct. Indeed, it is easy to check directly that the lifting obtained by
throwing out y,; is exactly the subgroup Normp 1, ( 5)(¢) where H,, is generated by all of
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the cycles c¢; except for ¢;. This proof thus provides an explicit set of generators for the
group Normr_(g)(¢), namely the generators constructed above for any NormpH@(S)(go),
together with ¢ itself. &

The following corollary is an immediate consequence of theorems 4.3.1 and 4.3.2.

Corollary. Let S be a sphere with n marked points, and ¢ a finite-order diffeomorphism
of S, and set T = S/p. Then

Normr (s)(¢)/{¢) = Normr,,_(s)(¢) =~ T(T),
and for each of the k possible choices of H, C G, we obtain a special homomorphism

I(T) — T([S)]).

84.4. An example in genus zero

S of type (0,6), T" of type (0,4).
The mapping class group I'([S]) =~ [y ] is generated by o1, 02, 03, 04 and o5 with
the usual braid relations and the relations
050403020502030405 = (0102030405)° = 1. (4.4.1)
The element ¢ we consider in this example is
p = 010201030201040302071.

Its associated permutation is (15)(24). Direct computation (manipulation with the braid
relations) shows that ¢? = (04030201)°, and this element is equal to 1 in Ty g, s0 ¢ is of
order 2. In fact, ¢ is the class of the 180° rotation ® around the axis shown in the figure
below.
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Figure 4.5. The finite-order diffeomorphism ® lifting ¢

The quotient T of S by ® has 4 marked points coming from the 6 marked points of
S; the north and south poles are fixed points of the rotation ®, so they have ramification
index equal to 2.

Let us compute the groups Aut™([m1(T)]), Aut™([S/T1), I'is/1), and their pure versions.

Write

T (T) = (c1, ¢, c3,¢4 | c1e2c304 = 1),

where ¢; is a loop around the i-th marked point of 7. The group Aut*([z(1)]) of T is
generated by Inn(7 (7)) and by elements 71, 75 and 73, acting via

Cit+1 lfj =1
Ti(e)) = cacicin ifj=i+1 (4.4.2)
c;j otherwise.

Now, let us realize 71(S) as a subgroup of 71(T"), and compute Aut*([S/T]). Writing
m1(S) = (x1, T2, T3, T4, T5 | T1T2T3T4T5 = 1),
then m1(S) can be included in 71 (7") via

T = C1C2C3C2_1C1_1

Tg = C1C2C;
2

T4 = Co
I = C3.

(To realize the cover ® : S — T geometrically, one can take for example the Riemann
surface P!C with ordered marked points 2, 1,0, —1, —2, oo; the loops x1, x9, 3, x4 and x5
go around the first five points in order, based at the base point . Then ® corresponds to
the quotient of this Riemann surface by z + 22, and the quotient is the projective line
P'C with marked points 4, 1, 0 and oo, surrounded by loops c;, ca, c3, ¢4 based at —1.)
Now, in order to have a chance of restricting to 71 (.5), i.e. of belonging to Aut™([S/T1]),
an element of Aut™([m1(T)]) cannot permute marked points of T' having different ramifi-
cation indices under . Therefore, the primary candidate for the subgroup Aut*([S/T1])
is the subgroup of all elements of Aut™([m1(7")]) whose permutations lie in the subgroup
((14),(23)) C S4. This group is generated by a lifting of each of the two transposi-
tions, together with the whole of the pure subgroup Aut®(w1(7T)). A lift of the transpo-
sition (23) is given by 7o, and a lift of (14) is given by the element 714 = 7372717'2_17'3_1,
whereas Aut*(m(T)) is generated by Inn(r; (7)) and by the six elements 77, 27775 ',
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T3ToTETy 'y Y, T2, 131313 ', T2. Therefore, the preimage of ((14),(23)) is generated in

Aut™ ([ (T)]) by

2 2_—1 —-1_-—1 2 _—1 2
T1, 7'2’7'17'2 N ’7'3’7'2’7’1’7’2 ’7'3 , T2, 7'3’7'27'3 N ’7'3.

We can drop 7o727, ! from this set of generators, and since by the braid relation, we have
37473 | = T, ' 72Ty, we can also drop this element. Furthermore, 72 = 72 in Aut* (7, (7)),
so we are left with three generators

2 —-1_—1
T, T2, ’7'3’7'2’7’1’7’2 ’7'3 .

Explicit computation shows that each of these three generators restricts to m1(S) as an
element of Aut®([m(S)]). Indeed, we have

( L1 — T ( L1 — T2
To F— T4 To .7132_1{171{172
T3 — .362156333'4 T3 — I3
m Ty — w;lwglng;},m 229 24— 25
I5 — Iy T — :U5_1:U4:U5
\ T6 — Tg, \ T6 — T6,
( 33'1 — ,fCl
o — T9
-1 -1 I3 — Tg
T3T2T1Ty T3 T4 (513'1:62:63)33'4(33'1562563)_1
Ty — (SIZ’l.CEQ.CEg)SUg)(SUlZEQZEg)_l
\ L5 — (SIZ’l.CEQ.CEg)SE'g(SUlZEQZEg)_l
This shows that s/ = (12, 72, T37om175 '75 (. Since furthermore we have I'(T) =

(12, 73), we see that Ls/r = I(T), so ¢ satisfies the surjectivity condition of §4.2; this
condition was of course guaranteed anyway in genus zero by theorem 4.3.2.

Let 01, ..., 05 be generators of Aut™([m(.5)]), acting on the x; exactly as 7; acts on ¢;
in (4.4.2). Then it is easy to see that 77 acts on 7 (S) like go0303, and 7 acts like o104,
so 73 acts like o303,

Furthermore, since I'(T)) is a free group on the generators 7# and 72, we obtain a
special homomorphism

I(T") — I([S5])
T2 = 0903079 (4.4.3)

2 2 2
7_2 — 0'10-4.

This is an explicit version of the splitting condition (2) of §4.2, guaranteed in genus zero
by theorem 4.3.1.
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Let us now explain the meaning of these computations in geometric terms, i.e. by
determining the points of special automorphism corresponding to ¢ in M(S), and the
special locus of ¢ in the quotient moduli space M (S), and relating the image of the
splitting map (4.4.3) to the normalizer Normr_(gs)(¢).

The permutation [¢] = (15)(24), and to find the set of points of special automorphism
corresponding to ¢, it is enough to parametrize the set of points fixed by (15)(24). Let us
use the unique representative of the form (1, a,0, b, ¢, 00) for each point of M(S) = M.
This is odd-looking but ensures that 0 and oo correspond to the third and sixth marked
points, i.e. the north and south poles of S which are the fixed points under ¢ (see figure
4.5). Applying (15)(24) gives (¢, b,0,a, 1, 00) which is equivalent to (1,b/¢,0,a/c,1/c,00)
via z +— z/c. The point (1,a,0,b,c,o0) is a point of special automorphism corresponding
to ¢ if and only if it is fixed under the action of (15)(24), i.e. if c = —1 and a = —b, so
the set of special points is given by all points of the form

(1,a,0,—a,—1,00). (4.4.4)

This special locus has no orbifold structure since M(.S) does not, and it is normal. It is
easily seen to be a copy of P! with four points removed, namely those corresponding to
the values a = 0, 1, co.

Let us now consider the special locus M (S, ¢) inside the quotient moduli space
M (S); it is the image of the locus (4.4.4) in the quotient space M(S)/G, where G, =
((15),(24)). The permutation (15)(24) fixes each point, whereas (15) and (24) both act
via a — —a; thus the points a = 0 and a = oo are fixed under the action of G, and the
points @ = 1 and a = —1 are exchanged. There are no other fixed points under G,. Thus,
the special locus we are interested in, M (S, ¢), is a P! with three points removed and a
trivial orbifold structure with group Z/27 at each point. This is the geometric structure
which is reflected by the fundamental groups since

T (M (S, p)) = Normp¢(5)(gp) = (090309, 0503, ) ~ (@) X (020302, 0307) ~ 7./27 x F;.

The Fy ~ I'(T) factor in this direct product is the image of the splitting homomorphism
(4.4.3).

§4.5. An example in genus one

S of type (1,2), T of type (1,1).

Here we quotient a torus S with 2 marked points by the diffeomorphism ¢ which is
the 180 rotation around the axis passing vertically through the hole. The quotient T is a
torus with one marked point and no branch points.
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~_| 7

Figure 4.6. A diffeomorphism of type (1,2)
The fundamental group 71 (7") has the well-known presentation

{a,b,c| (a,b)c = 1),

1

where (a,b) denotes the commutator bab~'a™!. The fundamental group m;(S) has the

presentation
(a' b c1,e0 | (a',0)crea = 1).
This group can be realized as a subgroup of 71(7") via the embedding
m1(8) — mi(T)
a —a
b/ — b2
Ci — ¢C
co — beb L.
The group Aut™(m (7)) is generated by Inn(m (7)) and by twists 71 and 7 along the loops
a and ( in figure 3.13. In the mapping class group I'(T"), these twists satisfy the relations
T1TaT) = ToT172 and (7172)% = 1, and in fact I'(T) is isomorphic to PSLy(Z).
Explicitly, the twists 7y and 19 act on 71 (7T') via
mi(a) =a, 7(b)=0ba"t, Ti(c)=c
and
To(a) =ab, T2(b) =0, T(c)=c.
Since T has only one marked point, we have Aut™([r1(T")]) = Aut™ (71 (7)) and Aut™([S/T1])
= Aut*(S/T). Let us show that the subgroup Aut*(S/T) is given by (71, 73).
We first show that 7 lies in Aut®(S/T), by computing its restriction to 71 (S); we find
that



so 11 preserves the subgroup 71(S). We next show that 73 lies in Aut*(S/T) by computing
its restriction:

72(a') = 73(a) = ab® = a'b/
V) = r307) = 1P = ¥

(a) =T3(c) =c=0a

72(co) = 12(beb™ ) = beb™! = ¢,

so again 74 preserves 1 (S), so it lies in Aut*(S/T). Now, the subgroup (71, 73) is of index

2 in I(T) = (11, 72), so if the subgroup Aut*(S/T) was strictly greater than (r,73), it
would be all of I'(T"). But this is not the case, since for instance 7o ¢ Aut®(S/T); indeed,
To(a) = ab and ab & m(S) (otherwise b € m1(S) and 71(S) = m1(T") which is absurd).
Therefore we have shown that

Aut*(S/T) = (r1, 72).

Thus, the surjectivity condition does not hold for this .

For the purposes of studying the surjectivity and splitting conditions, we should con-
sider not the mapping class group Diff*([S])/Diff’(S) but the orbifold fundamental group
of the moduli space M([S]). These two groups coincide in general, but in this particular
case they differ, as we saw in §3.2. The fundamental group 71 (M([S]) is generated by 7
and 7o subject to the braid relation and to the relation (r173)% = 1; it is isomorphic to
SL2(Z). The above arguments go through and the surjectivity condition naturally still does
not hold, however the splitting condition holds. Indeed, 7 lifts to the element o703 of T'([.S])
and 73 lifts to 09. The only relation satisfied by 71 and 73 is (ri737173) = (1172)® = 1.
So we need to check that (o10302010302)? = 1 in I'([S]), but this is of course true since
010304 is of order four in T'([S]) (conjugate by o1 to o30207).

Let us give the geometric description of the situation. As we saw in §3.4, each point
of the moduli space M(S) of tori with two marked points can be representated uniquely
by such a parallelogram, marked with two marked points whose sum is equal to the origin.
In other words, a point of M(S) is determined by a pair (7, z) of parameters, with 7 in
the fundamental domain of the action of SLy(Z) on H (cf. figure 3.12) defining the elliptic
curve, and z a complex number # 0 in the fundamental parallelogram determined by 1
and 7; the marked points are taken to be z and —z (both considered modulo the period
lattice, i.e. in the fundamental parallelogram). The action of ¢ on the parallelogram is
given by z — z+ 7/2. Thus the quotient of the torus by this map identifies the lower and
upper half of the parallelogram as in the following figure.
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T 1+t

T/2 1+1/2

Figure 4.7. Action of ¢ on a parallelogram

The points of the moduli space M(.S) which are preserved by the diffeomorphism ¢,
given by z — z + 7/2, are those such that the two marked points are exchanged by this
diffeomorphism, namely z+47/2 = —z modulo the lattice (1, 7). This shows that the special
locus of ¢ is not the whole moduli space, so it is the special locus of §3.4, which as we saw
there is isomorphic to the quotient of P! — {0, 1,00} by 3(z* + % ). This corresponds to
the isomorphism

T (M(S,9)) = (11,73).
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