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The goal of this article is to consider the role played by finite-order elements in the mapping class groups and
special loci on moduli spaces, within the framework of Grothendieck—Teichmiiller theory, and in particularly in
the genus zero case. Quotienting topological surfaces by finite-order automorphisms induces certain morphisms
between moduli spaces; we consider the corresponding special homomorphisms between mapping class groups.
In genus zero, these morphisms are always defined over , so that the canonical outer Galois action on profinite
genus zero mapping class groups respects the induced homomorphisms. For simplicity, we consider only the

subgroup GT' g of elements F' = (), f) € GT with A = 1 and conditions on the Kummer characters p2(F) =
p3(F) = 0. We define a subgroup G'S (1)’0 - GTé,O by considering only elements of GTé,O respecting these
homomorphisms on the first two levels in genus zero. Our main result states that the subgroup G.S é,o, which is
thus defined using only properties occurring in genus zero, possesses many remarkable geometric Galois-type

properties not visibly satisfied by GT itself, the most striking of which is that it is also an automorphism group
of the profinite mapping class groups in all genera.

© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Let S = S, , denote a topological surface of genus g with n ordered marked points, and let M(S) denote
the moduli space of Riemann surfaces of topological type S (this moduli space is often denoted M, ,,). The
permutation group &,, acts naturally on M (.S) by permuting the marked points on the Riemann surfaces; for any
subgroup G C &,,, we write M(S) = M(S)/G. Topologically, the spaces M (S) are orbifolds in general; in
fact M(.9) is a quotient of a simply connected space of complex dimension 3g — 3 + n, the Teichmiiller space
7T (S), by the action of a discrete group I'¢(.S), the mapping class group, which acts properly discontinuously but
not, in general, freely. The mapping class group is the group of orientation-preserving diffeomorphisms of Sy ,,
which permute the marked points only according to the permutations contained in the group GG, modulo those
diffeomorphisms which are isotopic to the identity. By the above, they can also be considered as the orbifold
fundamental groups of the moduli spaces. If G = {1}, we write M(S) = M13(S) and I'(S) = I';13(S).

When S = Sy ,, is a sphere equipped with n ordered marked points, the full mapping class groups I's, (S)
are particularly well understood, as they are quotients of the Artin braid groups B,,. The group B,, is generated
by elements o1, ..., 0,1 satisfying 0;0,410; = 0;410;0:4+1, and I'(Sp »,) is the quotient of B,, by the center
relation, (o1 ...0,-1)" = 1, and the sphere relation oy ...0p—1 - 0p_1...01 = 1. Set z;;41 = o2. We
write I'¢(S) for the profinite completion of T'¢:(.S), so that T'¢(.S) can be considered as the geometric orbifold
fundamental group of M (S). The moduli space M (S 4) is isomorphic to P! —{0, 1, o0}, so that its fundamental
group I'(Sp 4) is isomorphic to the free group on two generators F5.

The Grothendieck—Teichmiiller group GT was first defined by Drinfel’d in [2]. Let us recall the definition
here, with the modified version of relation (III) given by Thara—Matsumoto [11].
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Definition 1.1 Let GT be the group defined as follows:

GT = {()\,f) € Z* x F} | (A, f) defines an automorphism of F via z — 2, y — f~ 'y f "

and (), f) satisfies the three following relations :

@ fly,2)f(x,y) =1,
(A1) f(z,2)z™f(y,2)y" f(z,y)z™ = 1lwherem = (A—1)/2andzyz = 1, (1.2)

(II1)  f(x34, va5) f (251, T12) f (223, T34) f (%45, T51) f (712, 723) = 1 in f(50,5)}-

The multiplication law is given by composing the corresponding automorphisms of ﬁg.
This group has been much studied. Drinfel’d indicated in [2] that it contained the absolute Galois group Gg;

a complete and detailed proof was given by Thara in [9]. Drinfel’d also showed that GT acts on the genus zero
profinite groups I'(Sy ;,) via the formula

N o) = f(oFyi)o f(yis0?) (1.3)

where y; = 0;—1...01 - 01...0;—1. Nakamura ([13, Appendix]) (for n = 5) and Ihara and Matsumoto ([11])
in general showed that this action extends the Gg-action on these groups which occurs naturally by consider-
ing them as fundamental groups of moduli spaces and using a tangential base point to lift the canonical outer
automorphisms to actual automorphisms.

Over the last ten years, various refined versions of GT have been defined. These groups are subgroups of
GT (which are never actually known to be strict subgroups). They contain G, or at least some “typical large
subgroup” of G (see below), and they are defined on purpose in order to ensure the possession of various
geometric properties which are known for G, but not for GT. Such geometric properties, for example, are that
like those of G, the elements of the group should act as automorphisms on the profinite mapping class groups
in all genera, where they should preserve conjugacy classes of Dehn twists, and they should also respect various
homomorphisms between these groups which come from natural Q- morphisms between the moduli spaces.

These “new versions of GT" are defined by addmg relations to G GT of types similar to (I), (ID), (III) above. In
this article, we define (yet) another new subgroup of GT called GS'} 0,0» With two new relations coming from the
action of finite-order automorphisms of genus zero surfaces.

Technical restriction. For simplicity, we choose to work in this article over the extension K of Q generated
by all roots of unity and all roots of 2 and 3. In this way, the past and new relations added to GT that we
recall below will have much simpler forms. Let us explain exactly what is meant by this, before stating the main
theorems of this article.

We begin by recalling Ihara’s definition of Kummer characters (cf. [16])

Pn GT — 7*.

The quotient group Fj/F4 is acted on by the ring Z[[Z?(1)]]-module via conjugation, and in fact it is a free
Z[[iQ(l)]]-module of rank 1. Thus for F = (X, f) € GT, since f € F}, there exists a unique element of
Z[[2*(1)]] such that

f = AF(mvy) ’ [:r,y] mod ﬁQH

For every integer n > 2, we set

n—1

pulF) = = 3G~ VARG )

=0

where (,, is a primitive n-th root of unity. Then it is easy to see that restricted to elements (\,, f5) € GT
corresponding to o € G, these p,, (o) satisfy

o(¥n) = ¢t n.
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In this article, we consider only the subgroup é?(lw of GT consisting of elements F' = (A, f) € GT having

A = 1and pa(F) = p3(F) = 0, so that rather than G, 57’(1)’0 contains the “large subgroup” which is the
absolute Galois group G . This restriction is purely technical and serves to simplify all the formulae.
We now proceed to describe the main contents of the article.

Definition 1.2 Let é?(lm denote the subset of elements f € 57’(1)’0 satisfying the following two relations, of
which the first takes place in the group f65 (So,5) and the second in the group fgﬁ (So,6):

f(a;logag, ngoglafagagag)f(ofag, ngogog) )
*

= f(ws1,04w5105 ") f234, w23) f (212, w51) |
f(o102030405 o7 ! oto303) f (030505, 0102030405 o7 ") (%)

= f($12,3, $34)f($23, $12)f($23,4, $1,23)f($234,57 $1,234)f($45, 9523,4) »

where the element 01 € I's,(S50,6) is according to the notation
-1 -1
Opl = 01...0p-20p—10, _5...01 € Pgn (SO,n) R

and the braid x 4 g for two adjacent packets of strands A and B is the flat double crossing of the two packets.

Remarks 1.3 (1) The first main result of this article (see below and Theorem 3.1) explains that the relations
() and (xx) are just explicit expressions of the commutation of two commutative diagrams which arise from
natural morphisms between moduli spaces. In some ways, this more natural definition would be better as a direct
definition of GS (1)’0. However, we prefer not to use it as a definition because it takes large parts of Section 2 and
part of Section 3 to define the morphisms in the diagrams, whereas the relations can be given directly.

(2) An equivalent form of relation () is the conjugation form

UQf(U%U;%, 02) _ U,Qf($347$23)f($127$51) _ U,Qf($127$23)f($347$45) , (1.4)

where % = a~!xq; here, the first equality is obvious after substituting

f(ag, 02_10302) = f(ag, ngagag)f(ag, O’%)
for the middle term on the right-hand side of (x) by relation (II), and the second equality follows from the
pentagon relation (IIT).
(3) Relation () was originally written in the more complicated form

1

f(o2,0% U%agag)f(afag, o) = f(o%ag, Uglofag)f(ag, a;logag)f(af, Ugagag) . (1.5)

The discovery that this relation (conjugated by o3) is equivalent to the better form given above is due to H. Tsuno-
gai [20] (see details in the proof of Theorem 3.1, §3.1). He also observed that (x) is equivalent to the relation
(3.12) which plays a key role in the proof of Theorem 3.4 (see §3.2) and was originally introduced as an indepen-
dent relation. He furthermore generalized the expressions of these relations to the fully general situation over Q
rather than K ([21]).

In this article, we prove two results, whose precise statements are given as Theorems 3.1 and 3.4 of §3.
Necessary definitions and background are provided in §2. Essentially, the first result is as follows.

o The two defining relations (x) and (xx) of GS (1)70 come from requiring elements of GT(lw to respect the
two first non-trivial special homomorphisms between genus zero moduli spaces, i.e., homomorphisms coming
from automorphisms of genus zero curves. These two homomorphisms are given explicitly at the end of §2. As a
corollary, this characterization of relations (x) and (xx) shows that GS(l)_O is a group.

In order to state the second result, we need to have a closer look at some of the relations which have been
added, at different times, to the three original defining relations of G'I" in order to define subgroups of G'I" having
specific “geometric Galois properties”. We continue to restrict to G1' (1)70 in order to simplify the expressions of
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these relations. Note that this list is not exhaustive; there are variants of these reﬁlg)ns, and entire families of
other relations which have been added to GT (see in particular the definition of GT'A due to IThara [10]) which
are perhaps also consequences of genus zero geometry. We consider the five relations in the list below. For the
first relation (R), we recall that I'(S; 2) is isomorphic to the quotient of By = (o1, 02, 03) modulo its center,
which is generated by (o10203)%.

List of relations added to GT in the various papers [8], [14], and [15]:

(R)  f(es,o1)f(03,03) f(e2,e3)f(e1,e2) f(0,03) f(o3,€1) in [(S12), with e; = (0109)°.
€3 = (0'203)6, €9 = 0302010510:;1.

Ay f(o103,03) = f(0F,0405104) f (12, T23) f (@34, T45) in s, (S05),
av) f(al,og) (O’% %) in F64(Soy4),
(NT1) f(a%,a ) (010201,02)f(0%,010201) in gg,
(NT2)  f(0%,03) = f(0201,03) f(0F,0201), also in Bs.

Geometric properties associated to these relations. The first of these relations was added to GT (1)70 in [8]
in order to pick out the elements of GT (1)70 which extend to automorphisms of the profinite mapping class groups
in all genera respecting point-erasing and subsurface-inclusion homomorphisms. Relations (III') and (IV) were
introduced in [14] (which actually gives their general forms, corresponding to the full group é?, as well as the
general form of (R)); in particular, relation (IV) actually implies (R). We show in §3 that relations (IIT") and
(IV) can be subsumed into just one relation, coming from respecting a single genus zero special homomorphism.
Finally, relations (NT1) and (NT2) (which are also introduced in their general forms in [15]) were introduced in
order to make sure that for all subgroups G C Gy, GT respects the two homomorphisms

f(50,4) — fG(So,4)

coming from the two natural morphisms
M(So,4) — Mg (So.4),

namely the quotient and the inclusion.
We can now state the main result of this article, given explicitly as Theorem 3.4.

e Elements of GS (1)’0 satisfy the above five relations.

Putting the two results together, we perceive that requiring elements of GT (1)’0 to satisfy the first two genus
zero special homomorphisms implies that several other geometric Galois properties are automatically satisfied.
In particular, the fact that by imposing conditions on elements of 57’(1)70 coming purely from the geometry in
genus zero we automatically obtain the passage to all genera is the most striking and unexpected result of this
article.

We are very grateful to H. Tsunogai for the helpful remarks, computations and simplifications specified above,
which much improved this article.

2 Special loci and special homomorphisms: definitions and genus zero case

It is well-known that for every subgroup G C &,,, the partially pure mapping class group group I'¢(S) acts
properly discontinuously on the Teichmiiller space 7 (.5), but not always freely (although the pure mapping class
groups I'(S) act freely when S is of genus zero). In general, however, some points of Teichmiiller space have
isotropy groups inside the mapping class groups. The following facts are well-known:

(1) the isotropy groups in the mapping class groups are always of finite order;

(2) every element of finite order in the mapping class group I'(.S) has at least one fixed point in 7 (.5);

(3) the isotropy group of a point in Teichmiiller space is equal to the group of automorphisms of the corre-
sponding Riemann surface.
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The quotient of a simply connected space by a group acting in this way is called a topological orbifold, and the
groups themselves are the orbifold fundamental groups of the quotient spaces (cf. [5] for an introduction to these
groups). Thus the mapping class group I'¢(.S) should be considered as the topological orbifold fundamental
group of the moduli space M (.S), which we simply denote by 1 (M (S)).

Definition 2.1 The images in moduli space of the points with non-trivial isotropy in Teichmiiller space are
called special orbifold points. If ¢ is an element of finite order in I'(S), then we consider the set of points in
7T (S) fixed by ¢; the image of this set in the quotient moduli space M (S) is called the special locus of ¢ and
denoted M (S, ¢). It depends only on the conjugacy class of the cyclic group generated by .

Much work has been devoted to studying and determining these special loci (cf. for example [3], [7] for a
geometric approach, [1] for a complete classification of the maximal special loci in the case g > 1, n = 0, or
[12] for more explicit descriptions).

Let us recall here the essential facts concerning special loci which we will use in this article; they come from
[7] and [18], and concern essentially the group theoretic aspect of the special loci, i.e., the way in which inclusions
of special loci into moduli spaces can be reflected in homomorphisms of the mapping class groups.

Theorem 2.2 ([7]) Let ¢ be a finite element of I's, (S). Then @ permutes the marked points of S. Let [¢)]
denote the associated permutation, and let G C &,, be the subgroup generated by the disjoint cycles of [¢].
Then in the moduli space M¢(S), the special locus of p is closely related to the moduli space M(T) of the
topological quotient T = S/p. More explicitly, if T (S, @) denotes the set of points in the Teichmiiller space
fixed by @, then T (S, p)/Normr s)(@) is isomorphic to the normalization Mvg(S, ©) of the special locus
M (S, ¢), and associating to the Riemann surface corresponding to a point of Mg(S, @) its quotient by the
action of the automorphism o yields a natural covering map of finite degree

Ma(S,¢) — M(T). 2.1
Corollary 2.3 (Well-known, cf. [18]) The morphism (2.1) corresponds to a group homomorphism

Normp, (s)(p) — I'(T) (2.2)

whose kernel is (p). Indeed, these two groups are the orbifold fundamental groups Ovag(S, v) and of M(T)
respectively. This group homomorphism can also be deduced directly from the fact that a diffeomorphism of S
passes to T if and only if it normalizes .

Definition 2.4 If the homomorphism (2.2) is surjective, we say that o has the surjectivity property. This
corresponds to the restriction of the morphism (2.1) to each connected component being one-to-one, i.e., a degree
1 covering. Indeed, it is not difficult to see (cf. [18]) that in general the image of (2.2) will always be of finite
index in T'(T'), and therefore it determines a finite cover of M(T'). If the homomorphism (2.2) is split, we say
that o has the splitting property, which corresponds to a certain triviality of the orbifold structure automatically
possessed by M (S, ) because of the automorphism ¢ at each point. When ¢ has both the surjectivity and the
splitting properties, we have non-canonical inverse homomorphisms

I'(T) — Normp,s)() CT's,(5), (2.3)

called special homomorphisms.
Let us now turn to the special case of genus zero. As it turns out, the special homomorphisms exist for every
 in genus zero. Let us recall the three main genus zero results from [18], which are are necessary to compute

the three fundamental examples at the end of this section, on which the definition in §3 of a new version of GT'
is based.

Fact 1. All finite-order elements of the genus zero mapping class groups T'¢(S) (for S a sphere with marked
points) are rotations which can be explicitly described.

Indeed, for n > 5, the fact that all finite-order elements are rotations follows from [7, Corollary p. 508]; this
result states thatin I'g, (S), (i) there are no elements of finite order strictly greater than n, (ii) there is exactly one
conjugacy class of elements of order n (resp. n — 1, resp. n — 2), (iii) every finite-order element is conjugate to a
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power of an element of order n, n — 1 or n — 2. It is easy to then display a rotation of I'g , (.S) of order n, (resp.
n — 1, resp. n — 2) as the rotation given by placing n (resp. n — 1, resp. n — 2) points on the equator and making
a2m/n, 2w /(n — 1) or 27 /(n — 2) rotation around a north-south axis as in the left-hand figure below (where 0,
1 or 2 of the points at the north and south poles may be marked, according to how many lie on the equator). By
the above, all other finite-order elements are conjugates of powers of these, so that a permutation of the marked
points associated a rotation is necessarily of the form c; . .. ¢, where the ¢; are disjoint cycles of length 5 with
7k =n,n — 1 orn — 2; we represent such a rotation as in the right-hand figure below.

Fact 2. Let o be a finite-order element of T's, (S) with S of genus 0 and n marked points, and let G C &,
be the subgroup generated by the disjoint cycles of the permutation associated to p. Then the special locus
Mg (S, @) in the genus zero moduli space Mc(S) can be explicitly described and is defined over Q.

This is a consequence of the following theorem from [18], where a more complete version is given, explicitly
describing special loci in genus zero in the ordered moduli space M (S) and the unordered space Mg, (S) as
well as the intermediate space M (.S) we consider here.

Theorem 2.5 ([18, Theorem 3.5.1(ii)]) Let S be a sphere with n numbered marked points, and let p be a
rotation as in Figure 1, with n = jk + 2 (i.e., we assume that the north and south poles, fixed points of the
rotation, are marked points of S). Up to replacing ¢ by a conjugate of p, which has the same special locus as ¢,
we may assume that the points of S are numbered so that the permutation associated to  is given by

o] = (1) (G+1)...25) ... (G(k=1)+1)...jk).

Let G C &, be the subgroup generated by the disjoint cycles ci, . .., ci of [¢]|. Let T be the orbifold quotient
S/, which has k marked points with ramification index 1 and 2 marked points with ramification index j. Then
the special locus of ¢ in the quotient space M(S)/G = Mqa(S) consists of |(Z/jZ)*| disjoint connected
components C; indexed by the primitive j-th roots of unity (. Each C¢ is isomorphic to

(P' —{0,1,00))" " = A ~ M(T),
and is thus defined over Q; however the embeddings M(T) — C¢ C Mq(S) are defined over Q(().

Fig.1 Rotation of order n, n — 1 or n — 2 and power of such a rotation

Fact 3. Every finite-order element of the genus zero mapping class groups gives rise to special homomor-
phisms, which can be explicitly computed.

For this we use the results from [18] summarized in the following theorem.

Theorem 2.6 ([18, Theorems 4.3.1 and 4.3.2, and Corollary]) When g = 0, i.e., when S is a sphere with
marked points, every finite-order element ¢ of T's, (S) possesses both the surjectivity and splitting properties,
and therefore there exist special homomorphisms

0NT) — Te,(9) (2.4)

associated to @ as in Definition 2.4.

The homomorphisms between mapping class groups in (2.4) are simply the homomorphisms of fundamental
groups associated to the morphisms of moduli spaces

M(T) — C¢ C Mg(S)
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of Theorem 2.5; the important point is that they can be computed explicitly. Details are given in [18, §5];
we restrict ourselves here to giving the two basic examples of special homomorphisms which will be used in
the subsequent sections to define a new version of GT. For each of the examples below, we proceed by first
determining a lifting of each generator of T'(T) to I's,, (.S), and then checking that (i) these liftings define a
homomorphism on I'(7T"), (ii) the liftings all normalise ¢. An informal indication of the procedure is shown in
the figures.

Example 2.7 S of type (0,5), T of type (0,4). The mapping class group I's (S) is generated by o1, o2,
o3 and o4 with the usual braid relations and the relations

04030205020304 = (01020304)° = 1.
The element ' we consider in this example is
/
Y = 01020103020104030207 .

Its associated permutation is (15)(24). Direct computation (manipulation with the braid relations) shows that
©'* = (04030201)° = 1. In fact, ¢’ corresponds to the 180° rotation around the axis shown in the figure below.

Fig.2 The finite-order diffeomorphism ¢’

The quotient 7" has 4 marked points coming from the 5 marked points of .S and the orbifold point at the south
pole.
Writing
m1(S) = (x1,22,23, 24,25 | T122T324925 = 1)
and
m(T) = <cl,02,03,04 | creacsey = 1,62 = 1>,
the inclusion of 71 (S) in 71 (T") corresponding to the cover S — T' = S/’ is given by
w(S) — m(T)
Ty — 016203cglcf1
9 — C] 6261_1
T3 — 3
T4 — C
X5 — C3.
Now, we know that T'(7T") is isomorphic to the pure braid group on three strands, which in fact is a free group on

two generators x and y, which can be taken to be the Dehn twists along the dotted and undotted loops shown in
the right-hand part of Figure 2, respectively. We can take two splittings of the type (2.4), given by

Fp : T(T) — T, (S)
T — 0903092, 2.5
y — oiof,

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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or
Fy : D(T) — T, (S)
T — 051, (2.6)

y — oiof.

The latter becomes a little simpler if we replace ¢’ by ¢ = (01020304)%@(01020304) 2. Then the splitting
F, = inn(01020304)% o F, is given by
F, : I(T) — Ts,(5)
T — 09, 2.7
y — oio}.
Example 2.8 S of type (0, 6), T of type (0,4). The element ¢ we consider in this example is

P = 0%0203040501020304.

It is of order 3, and its associated permutation is (135)(246). The diffeomorphism (up to isotopy) + is represented
by the 277 /3 rotation around the axis shown in the figure below.

Fig.3 The order three rotation

The orbifold T' now has two marked points and two branch points of ramification index 3. The group 71 (7T')
is now given by

m(T) = <Cl,62,63,64 | creacseq = c? = ci = 1>,

I'(T) is the same as in the previous example with the same generators x and y, and we have the splitting homo-
morphism

Fy : T(T) — Tee(9)

-1 _-1
T 0102030405 0] 2.8)

2 2 2
Yy /> 010305,

indicated by the loops in the figure, whose image is easily checked to normalize .

3 Properties of the group GS (1),0

3.1 Precise statement of the first main theorem

In this section, we explain in what sense the two defining relations (x) and (xx) of 6@670 (cf. §1) come from
special loci in the moduli spaces on the first two levels and their associated homomorphisms.
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Letting 7" denote the 4-punctured sphere, S the 5-punctured sphere and S’ the 6-punctured sphere, they come
from considering the finite-order elements ¢ € I's, (5) and ¢ € I'g,(S’) introduced in Examples 2.7 and 2.8 at
the end of §2, namely

{90 = (01020304)%01020103020104030201(01020304) ™2 with G, = ((23),(14)),

((135), (246)) ,

P = 0%0203040501020304 with Gy
and the corresponding morphisms
ne : M(T) — Mqg,(9) and ny : M(T) — Mq,(5),
with their associated homomorphisms
F, : T(T) — T'g,(S)CTls,(S) and Fy : I(T) — Iq,(S) C e (S)

given by (2.7) and (2.8).

Let A denote the standard tangential base point on M (T') described by the left-hand figure below, and let
B, and By, denote the tangential base points 7,,(A) on Mg, (S) and 7,(A) on Mg, (S") respectively. For
later convenience, we will also consider two other tangential base points on Mg, (S’); the standard tangential
base point A’ and the tangential base point B/, which reduces to B,, if the 3th point is erased (and 4, 5, 6 are
renumbered to 3, 4, 5). The point B[p is not tangential to a point of maximal degeneration, since it has a vertex of
valency 4; this means that it is a symmetry point of a 1-dimensional stratum at the infinite divisor.

y ,
A B A B(p B\V

2 3 2 3 2 34 2 3 4 ! 2
I Fﬁ A—‘% %’% 6\/>(\(3
1 1 6 1 5
1 4 5 ! ¢ 54

Fig. 4 Some useful tangential base points

¢

We recall (cf. [19, §6 of ] for details) that the diagrams in the figure above can be read as tangential base points
on the moduli space M(T") and M (S) by considering the trees to be inscribed in a circle which represents the
real line on P!, with their endpoints giving the marked points on P! which are tangentially close. Explicitly, a
topological description of these base points can be given by considering the regions on the corresponding moduli
spaces described by the spheres with marked points given as follows, as € varies in a small real positive segment
(Oa 60) :

(0,¢,1,00) for A,

(0,€,1 —€,1,00) for B,
(—e—€? —e+e2 6,1 —e,1+e—e21+e+e?) for A,
(—e,6,1,1/e,—1/e,—1) for B,
(—e, 6,1 —€,1+¢€,1/e,—1/€) for By.

Computing the action of an element (A = 1, f) of GT asan automorphism of the associated profinite mapping
class group with respect to each of the base points in Figure 4 is standard practice. We give these automorphism
actions explicitly below, denoting by fc the automorphism corresponding to the base point C'. For the definition
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of fB;;, recall that that g denotes the unique element in F, such that flz,y) = gy, z) " tg(z,y).
fa : T(T) — T(T)
z — flz,y)zfly, ), (3.1
Yy —1y;
fBg; : PGs(S) — PGs(S)
01 /—— 01,

oo — f(za5,234) f (€23, T12)02 f (212, 23) [ (T34, Ta5) (3.2)

g3 a3,

04 —— f($457$34)04f($34,$45);

S (S/) - FGG (Sl)

=
-

01 /—— 01,
oy — f(zo3,12)02f(x12, T23)
o3 — f(x34,212,3)03f (12,3, T34) ,

04 f(ff45,$123,4)04f($123,47$45)7

05 05 3

(3.3)

fB, + Teg(S') — Deg(S') is given by fp, = inn(f (245, ¥123,4)9(12,3, ¥3,45)) © far, (3:4)
fB, : L (S") — T'gq(S') is given by fp, = inn(f(x34,x12,3)) 0 far, (3.5)

where inn(a)(z) = atza.

Saying that (*) and (#*) come from the morphisms 7, and 7, explicitly means the following.

Theorem 3.1 Let f € 571(1)70. Then f satisfies relation (x) (resp. relation (xx)) of the definition ofég(lw if
and only if the left-hand (resp. right-hand) diagram below commutes:

~ F, ~ ~ Fy ~
INT) ——Ts,(9) NT) — T, ()
fa IBy fa fBy
o ol
P(T) - PGs (S)v P(T) - PG(‘) (Sl)

Proof. The proof of this theorem is a direct computation. The very first step is to prove that (x) is equivalent
to the form (1.5) given in §1. This observation is due to H. Tsunogai ([20]). One begins by substituting the
equality g(xs1,245) = f(02,,0405104) into the right-hand side of (x). Then, conjugating (x) by o3, we obtain

f(og, ngafagag)f(afag, 02) = f(ogl, 03040?104_103_1)f(0§, agogogl)f(af, ng)
= f(o81,05 0t02) f (03, 030505 ") f (0%, 031) (3.6)

— [(303, 05 30) (03,05 030) 0%, o)

Here, the second equality is obtained using the identity z5; = 07107107102020304 for the equality of the first
q y g y 4 03 09 07 q y

terms, and the third uses the identities

1

F(0303.07'0%02) = 03" f(020302,0%)00 = 07 (ot oo = f(oF1.07 olow)

for the equalities of the first and last terms.
With (1.5), the proof of the theorem is a direct computation using the two diagrams of the statement, the
definitions F,(z) = o2, Fy,(y) = 212234 (cf. (2.7)) and Fy(x) = 0102030403_101_1, Fy(y) = w12x34x56 (cf.
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(2.8)), and (3.1)—(3.5) above. We simply check directly that an element f of GT (1)70 belongs to GS (1)70 if and only
if the two diagrams commute, i.e., if and only if on the two generators = and y of f(T), we have

fB¢OF<p:F<pOfA and waOFw:FwOfA.

These two equalities are immediate on the generator y. Let us consider . If f satisfies (), or equivalently, (1.5),
we have

fB, 0 Fy(z) = fp,(02)
= f(xa5,734) f (223, T12) 02 f (712, T23) f (T34, 45)
= f(xs51,712) f (223, 34)02 f (734, ¥23) f (712, 51) by (D)
= oof (v51,05 'w1202) f (223, 05 ' 3402) f (234, T23) f (212, T51)
= oo f (v51,05 'w1202) f (234, 05 ' 23402) f (212, 751) by (ID) 3.7
= agf(og, Uglafogag)f(afag, 02) by (1.5)
= f(ag, U%O’%)O’Qf(d%dg, 02)
= Fp(f(a,y)zf(y,2))
= Fyo fa(x).
This proves that relation (x) implies the first equality, i.e., the commutation of the first diagram. Conversely, if

we assume that the first diagram commutes, then the same sequence of equalities shows that f satisfies (k).
Now assume that f satisfies («x) and consider the second diagram. We use a standard formula

fA/(01020304) = f($237$12)f($23,47$1,23)f($234,5, 551,234)01020304 .
Thus, since fp, = innf(x34,212,3) o fa by (3.5), we have

wa (01020304) = f(ff12,37$34)f($237$12)f($23,47$1,23)f($234,5, $1,234)01020304f($347$12,3)

(3.8)
= f($12,37 $34)f($237 $12)f($23,47 $1,23)f($234,5, 951,234)f($457 5523,4)01020304 .
Since fp,(01) = o1 and f(By)(03) = 03, this yields
fB,J, (010203040510f1) = f(ff12,37$34)f($237$12)f($23,47$1,23)f($234,5, $1,234) (3.9)
'f(ff45,3523,4)0102030403_101_1 '
So we obtain
wa ) Fw(]}) = wa <0'10'20'30'40'3_10'1_1)
= f($12,37 $34)f($23, $12)f($23,47 $1,23)f($234,57 $1,234)
< [ (245, T93,4) 0102030405 Loy by (3.9)
= f(0102030403_101_1, Ufagog)f(rj%azggl, 0102030403_101_1)
. 0102030403_101_1 by (¥x)

-1 _—-1 2 2 2 -1 -1 2 2 9 -1 -1
= f(0102030403 oy ,010305)0102030403 o] f(010305,0102030403 o] )

= Fw (f(x,y)xf(yvx))

= Fyo fa(z).
As above, the same sequence of equalities shows that if f is assumed to make the second diagram commute, then
f necessarily satisfies (xx), which concludes the proof of Theorem 3.1. O

Corollary 3.2 é?(lw is a group.
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Proof. By Theorem 3.1, @570 is the set of elements f € ﬁ(lw C GT which make the two diagrams of
Theorem 3.1 commute. For ¢ = 1, 2, consider the set

L = {f S 57’(1)70 | f makes the i-th diagram commute} .

Then GS (1)’0 is just the intersection E; N E5. This intersection is a group simply because each E; is a group.

Indeed, suppose that f, g € GT'§ , lie in ;. Then, taking (F, A, B) to be (F,, A, B,) if i = 1 and (Fy, A, By)
if i = 2, we have

Fo((fg)a) = Fofaoga = fpoFoga = fgpogpoF = ((fg)p)oF,
so fg € E;, and
faoF = Fofg = Fofg' = fi'oF,
so the inverse of f in 57’(1)70 lies in F; if f does. This shows that F; and E5 are groups, so their intersection
6‘?(1)70 is a group. (|
Corollary 3.3 Let K be the fixed field of the subgroup of o € Gq such that x(c) = 1, p2(c) = ps(o) = 0.
Then G C GS(l)}O.

Proof. Weknow that Gg C 57’, so the biggest subgroup of G'g which could lie in GS (1)70 is exactly G g, but

this whole subgroup does indeed lie in 6‘?(1)70 since all Galois elements make the two diagrams in Theorem 3.1
commute. (]

3.2 The second main theorem

As explained in the introduction, the second main result of this article states that assuming the two conditions (x)
and (*x) yield many relations on elements of GT previously introduced in the literature.

Theorem 3.4 Elements of é?(lw satisfy the five relations (R), (II"), (IV), (NT1) and (NT2) introduced in §1.

Proof. Let T denote the 4-punctured sphere, S the 5-punctured sphere and S’ the 6-punctured sphere as
before. Let us begin with the relations (NT1) and (NT2). We show that (x*) implies (NT2) (which in turn then

implies relation (II) of GT 1), and then that (%) and (I) imply (NT1).

Derivation of (NT2) by pulling out the 2nd and 4th strands from (x). The relation (*x) is pure in the 2nd and
4th strands, so we can pull them out to obtain a relation in f64 (T'); renumbering 3 to 2, 5 to 3 and 6 to 4, and
using r34 = x12 and x14 = To3 in f(T), we obtain

f(alag,af)f(ag,alog) = f(x93,212) = f(O'S,O'2). (3.10)

Conjugating this relation by 01092071, which exchanges o; and o2, we obtain
f(0201,03) f (07, 0201) = f(ot,03), 3.11)

which is (NT2). Let us recall how (NT2) implies relation (II) of GT". Let w denote the order 3 inner automor-
phism of I'g,, (T") given by

w(X) = (0201)71X(0201) )

If we let X be the left-hand side of (3.11) and compute w? (X )w (X)X, we trivially obtain the identity. However,
if we let X be the right-hand side f (07, 03) of (3.11) and compute w?(X )w(X)X, we obtain

f(alagal_l,af)f(ag,alogofl)f(af,ag) .
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Thus this expression is equal to 1. This is exactly relation (II) of GT', since inside fg (1), setting z = o7 and

— 52 _ -1 _ 2 -1
y =05, wehave z = (vy)~ ' = 010507 .

Derivation of (NT1) from () with (1), (I) and (III). We begin by showing that (x) implies the relation

1 1

U%Uiagagag)f(afai, 020302)
1

f(ogagag, a;lag g

(3.12)

= f(a;lafag, oy tostay U%Ugagag)f(ai, Uglaglaiogag)f(of, 0510%02) .

This relation actually comes directly from the commutation of the diagram

F,

[(T) —>Te,(S)

fAl lfng
le ~

L(T) —>Te,(S)

analogous to the first diagram of Theorem 3.1, except with F, replaced by the homomorphism ﬁ{,/ : f(T) —
fg . (S) given in (2.5) of Example 2.7 in §2. It is not obvious that the commutation of this diagram actually
follows from the other one, i.e., that (*) implies (3.12). This key computation is due to Tsunogai ([20]). To prove
it, we rewrite (3.12) as follows, making use several times of the following standard trick: since f(z,y) lies in the
derived subgroup ﬁé of 132, for any v commuting with both o and 3 in a profinite group G, we have

fla,8) = fla,B7). (3.13)

For the left-hand side, we use the fact that (020302)*1051 commutes with both o20305 and with afaz,

and for the right-hand side the identity 051 = 0403020105 103_ 104_ 1 103_ 102_ Lo1090504 which leads to
oy tog oy lodoaosos = 05 02051, so that (3.12) becomes

20'4

-1 2 2 2 2 2 _—1 -1 2 2 2 -1 2 2 _—1
f<‘7517‘751 ‘71‘74‘751)f(0104a‘751) = f(UlUQUl 1051 ‘74051)f(04a01051‘71 )f(01a010201 ) :
Conjugating this by (o1020304)2, which advances all indices by 2 modulo 5, this gives
f(o2,05 030105) f(0703, 02) 3.14)
= f(O'gO'iO';l, Ugla%ag)f(of, Ugagagl)f(ag, Ugaiagl) .

We saw at the beginning of the proof of Theorem 3.1 that conjugating () by o3 yields the equivalent relation

f(ag, J{lofagag)f(afag, 02) = f(m51, aglofog)f(og, agogagl)f(xlg,xm) . (3.15)

So in order to prove that (x) implies (3.12), it suffices to show that the right-hand sides of (3.15) and (3.14) are
equal. Conjugating them both by o3 and using the equality o5 105 10%0203 = 04251 021, this means we must
show the equality

f(xsh04555104_1)f(0§7U%)f($127$51) = f(Uia04555104_1)f(0%;Ug)f(ffg,gz) .

Rewriting this as
floazsior ! was) f (51, 0uws100 ") = f212, 223) (@34, 2a5) f (251, T12) f (223, T34)

we see by a simple application of relation (II) that the left-hand side is equal to f(x51,245), and therefore that
the entire equality holds by (III). We have thus shown that () implies (3.12).
Now, relation (3.12) is pure in the 5th strand; pulling it out and using the identity o = o3 in ['(T') yields

f(agagog,og)f(ag,agogag) = f(a;lafag,J%)f(a%,og_lofag) = f(og,og) (3.16)
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in f(SOA), the second equality being a simple consequence of relation (II) and 0% = o2.

Conjugating this relation by 010901030207 inside f64 (T), which exchanges o1 and o3 and fixes o9, it be-
comes

f(03,03) = f(o10201,03) f(0},010201) , (3.17)

which is exactly (NT1). Note that since there is a unique g such that

f(02,02) = g(o2.0%) g(0?,03),
we find that
g(01,03) = f(of,010201). (3.18)

Derivation of a new relation from (x) using (), (I) and (II1). For this, we use the conjugation form of (x)
given in (1.4), namely

f(U%U?Q,a o2) _ f(x12,23) f (234, T45)
0% = 0

inTs, (S0,5). Thus, we have
f(0%03,02) = af(x12,223)f (w34, 245) (3.19)

for some a € f65 (So,5) commuting with o5.

In order to compute «, we need to use the fact that f also satisfies relation (IIT) of G'T". Using this relation,
there is a standard trick which works as follows. Let 7 be the order 2 automorphism of I's, (So,5) given by
n(o1) = o3, 1(02) = 02, N(03) = 01, M(04) = 051 = 04030201051051011, and 7(051) = o4. Then (3.19)
yields

1= f(ag,alag) (0103,02)
= U(f(a g ,U)) f(0103702)
= n(af(z12,z34) f (234, $45))71 ~af(zi2,223) f (734, Ta5)
(

= f(ws1,212) f (223, 230)0() "t f (212, T23) f (%34, Ta5) -

(3.20)

By the pentagon relation (III) satisfied by f, we find that
n(e) e = f(xs,ws1).
Then we know that there is a unique solution for «, namely
a = g(x45,251) = g(a4, 031) = f(ai, 0405104)
by (3.14) above. Therefore (3.19) can be rewritten precisely as

f(U%U:%,Uz) = 9(9545,$51)f($127$23)f($347$45)

(3.21)
= f($457 0405104)f($127$23)f($34, $45) .

Let us show now that this striking relation implies both (IV) and (IIT').
Derivation of (III") and (IV) from (x) via (3.17). We just saw that (*) implies (3.21). Now, since (3.21) is
pure in the 5th strand, we can pull that out; then, using 0% = O'%, ie., x34 = r12inT's,(S0.4), we find

f(ot,02) = fla12,203) = f(0}.03),
which is relation (IV).
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For relation (III'), we note that Equation (3.21) is similar but not equivalent to (IIT"), since the left-hand sides
differ, (IIT") being given by

f(0103,0§) = f($45,0405104)f($12,$23)f($347$45)~

However, note that 02 +— o103 and 0y — 09 gives a group homomorphism from the subgroup (0%, 73)
of By (in which (IV) actually takes place) to the subgroup (o103, 02) of I'g, (So 5). Therefore, applying this
homomorphism to (IV), we find that

f(U%U:%aUQ) = f(01037<7§) )

so that as (3.21) implies (IV), it also implies (IIT').

Derivation of (R) from (). We just saw that (*) implies (IV), so to conclude the proof of Theorem 3.4, it
suffices to recall that in fact (IV) (together with (I), (II) and (III)) implies (R). Indeed, we first rewrite (R) as

f((0203)6,Ul)f(0§7Ug)f(03020102_103_1, (0203)6)

-f((alag)G, 03020102_103_1)30(0%, Ug)f(ag, (0102)6) =1.

Applying relation (IV) to the Ist, 3rd, 4th and 6th factors yields

f(ﬂ?517 $12)f($237 $34)f($14, $51)f($45, $14)f($127 $23)f($34, 3745) .

Applying (II) to the middle two terms yields

f($517 $12)f($237 $34)f($45, $51)f($12, $23)f(37347 $45) )

which is just the pentagon, so is equal to 1. This concludes the proof of Theorem 3.4. o
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