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ABSTRACT

The goal of this article is to define a linearized or depth-graded version [£v,
and a closely related elliptic version frv;;, of the Kashiwara-Vergne Lie algebra
trv originally constructed by Alekseev and Torossian as the space of solutions to
the linearized Kashiwara-Vergne problem. We show how the elliptic Lie algebra
tro,y; is related to earlier constructions of elliptic versions grt,; and 0s.; of the
Grothendieck-Teichmiiller Lie algebra grt and the double shuffle Lie algebra ds
respectively. Based on the known relationships between the three Lie algebra grt, 0s
and frv, we discuss the corresponding relationships between the linearized versions,
and also between the elliptic versions.

1. INTRODUCTION

This article studies two Lie algebras closely related to the Kashiwara-Vergne Lie
algebra tro defined in [AT]: firstly, a depth-graded (or “linearized”) version (v, and
secondly, an elliptic version frv.;;. The results are motivated by the comparison of
trv with two other Lie algebras familiar from the theory of multiple zeta values:
the Grothendieck-Teichmiiller Lie algebra grt and the double shuffle Lie algebra
0s. Our definition of [fv is an analog of the definition of the depth-graded (or
linearized) double shuffle Lie algebra s, whose structure has given rise to many
results and conjectures, in particular the famous Broadhurst-Kreimer conjecture.
Our definition of trv.; is an analog of the definition of the elliptic double shuffle
Lie algebra 0s.y (cf. [S3]), which itself is related on the one hand to Is and on
the other to the elliptic Grothendieck-Teichmiiller Lie algebra grt.;. We explore
all the relations between these different objects. The main observation is that the
spaces [fv and frv.;; are defined by identical sets of properties, only applied to a
different class of objects. This situation, which exactly parallels the case of 0s and
0s¢;;, reveals a close and surprising relationship between the depth-graded and the
elliptic versions of the Lie algebras 0s and rv, which remains invisible without the
use of mould theory as a basic tool.

Like grt and 0s, the Lie algebra frv is equipped with a depth filtration; we write
gr for the associated graded. We show that in analogy with the known injective
map gr0s — [s, there is an injective map gr tro < [tv (Proposition 1.7). We also
show that there is an injective Lie morphism [s < [fv, and that the parts of these
spaces of depths d = 1,2,3 are isomorphic for all weights n (Theorem 1.8), which
yields the dimensions of the bigraded parts of [to (and also gr trv) of depths 1,2,3
in all weights, since these dimensions are well-known for [s.

Passing to the elliptic situation, we define the elliptic version tv.;; as a subspace
of derivations of the free Lie algebra on two generators, and prove that it is closed
under the Lie bracket of derivations (Theorem 1.12). We also define an injective
Lie morphism ro € > troe;  (in Theorem 1.14; see footnote 1 below for an
explanation of the dotted arrow) in analogy with the section map get < grt,; ((E1])
and the mould-theoretic double shuffle map ds — ds.;; ([S3]). Finally, although we
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were not able to prove the existence of an injection grt,;; < €rv.;;, we define a Lie
subalgebra grt,,; C grt,; such that the following diagram commutes®

grtc——— 05¢ > try

LN

grtC RERTE trogy

(see §1.3 below for more details and references for all these maps). The main
technique used for the constructions in this article is the mould theory developed
by J. Ecalle, to which we provide a brief introduction in §3, with complements in
84.

Acknowledgements. This article combines a fount of knowledge gathered mainly
from work of J. Ecalle, B. Enriquez and A. Alekseev. We are grateful to all three for
numerous helpful and interesting conversations. We also extend our warmest thanks
to the referees for their extremely detailed reading and many helpful remarks.

1.1. Special types of derivations of lie;. Let lies denote the degree completion
of the free Lie algebra over @Q on non-commutative variables  and y. The Lie
algebra lie; has a weight grading by the degree (=weight) of the polynomials, and
a depth grading by the y-degree (=depth) of the polynomials. We write (lieg),, for
the graded part of weight n, (lie)” for the graded part of depth r, and (liep)! for
the intersection, which is finite-dimensional.

All the Lie algebras we will study in this article (the well-known ones b, grt
and 0s as well as the linearized Is, and the spaces [fv and €rv.;; that we introduce)
can be viewed either as Lie subalgebras of particular subalgebras of the derivations
of lieg, equipped with the bracket of derivations, or as subspaces of lies equipped
with particular Lie brackets coming from the Lie bracket of derivations. Both ways
of considering our spaces are natural and useful, and we go back and forth between
them as convenient for our proofs.

Let der, denote the algebra of derivations on lies. It is a Lie algebra under the
Lie bracket given by the commutator of derivations. For a,b € liey, we write Dy ,
for the derivation defined by = — b and y — a. The bracket is explicitly given by

(1) [-Db,a7 Db’,a’] - Dgﬁ
with
(2) b= Dya(t) = Dy (b), @=Dyala’) = Dy ala).

o Let 0dery denote the Lie subalgebra of der, of derivations D = Dy, , that annihilate
the bracket [z, y] and such that neither D(z) nor D(y) have a linear term in z. The
map odets — lieg given by D — D(z) is injective (see Corollary 4.3).

IThe existence of the dotted morphisms in this diagram are shown in [S1] (for the horizontal
arrow) and §4.2 (for the vertical arrow). However, both of these definitions rely on a certain mould
theoretic property of the map, given explicitly in (86), which was stated by Ecalle in his basic
mould theory text [Ec] (see the precise reference in the footnote to (86)), but whose proof has
never been fully written down. Throughout this article, we use dotted maps to indicate that their
definition relies on this property, whereas solid arrows indicate that the definition of the map does
not rely on it.



e Let toery denote the Lie subalgebra of devs of tangential derivations, which are
the derivations E, ; for elements a, b € lies such that a has no linear term in  and
b has no linear term in y, such that

Eap(x) = [z,a], Eap(y) = [y, b].
The Lie bracket is explicitly given by
(3) (Bap: Bar ] = B
where
(4) a=la,d ]+ Eqp(a’) — Eg p(a), b=[bb]+ Eop(b') — Eu p (D).
e Let s0ery denote the Lie subalgebra of tders of special tangential derivations,
i.e. derivations such that E, ;(z +y) = [z,a] + [y,b] = 0.

e Let iders be the Lie subalgebra of tdery of Thara derivations, which are those that
annihilate z, i.e. those of the form dy, = Ey. The derivation dp is defined by its
values on = and y

(5) dy(z) =0, dp(y) = [y,b].
The Lie bracket on idety is given by [dy, div| = dpry, where {b,b'} is the Poisson
(or Thara) bracket given by

(6) {0,0} = [b,6] + dy (V') — dw (),
i.e. the second term of (4).
We have the following diagram showing the connections between these subspaces:

(7) 00etgC——— Dety

toery

50ety ——~ idety

The isomorphism between sdetrs and iders is given in Lemma 4.12.

1.2. Definition of the Kashiwara-Vergne Lie algebra trv. The free associative
algebra Assy; = Q((z, y)) on non-commutative generators x, y (i.e. the ring of formal
power series in z and y) is the completion with respect to the degree of the universal
enveloping algebra of the free Lie algebra lies on x and y.

Definition 1.1. The trace vector space tra (cf. [AT]) is defined to be the quotient
of Assy by the equivalence relation given between words in z and y by w ~ w’ if w’
can be obtained from w by a cyclic permutation of the letters of the word w, and
extended linearly to polynomials. The natural projection is denoted

tr : Assy — tro.

For any polynomial f € Assy with constant term ¢, we can decompose f in two
ways as

(8) f=cH+ for + fyy =cH+af* +yfY

for uniquely determined polynomials f,, fy, f*, f¥ in Asss.



Definition 1.2. The divergence map is given by

toer, — ftro

div : u==FEq.p, — tr(a,xz+byy).

Definition 1.3. The Kashiwara-Vergne Lie algebra rvs is defined to be the sub-
space of s0ery of derivations E, ; such that there exists a one-variable power series
h(z) € Q[z] of degree > 2 such that

(9) div(Eq) = tr(h(z +y) — h(z) — h(y)).

This definition comes from [AT], where it was shown that v, is actually a Lie
subalgebra of sdere. This Lie algebra inherits a weight-grading from that of lieq, for
which E, ; is of weight n if b (and thus also a) is a Lie polynomial of homogeneous
degree n. In particular, the weight 1 part of tvs is spanned by the single element
u = Fy ., and the weight 2 part is zero. In this article, we do not consider the
weight 1 part of vy, For convenience, we set ttv = @, >3(€rva),, where (frog),
denotes the weight graded part of frvs of weight n. We have

troy = (brvy)1 @ tro = Q[E, | & tro.

Because the other Lie algebras in the literature that are most often compared with
the Kashiwara-Vergne Lie algebra have no weight 1 or weight 2 parts, it makes most
sense to compare them with £rv. Thus it is frv that we study for the remainder of
this article.

The Lie algebra frv also inherits a depth filtration from the depth grading on
lieg, for which F, p is of depth r if r is the smallest number of y’s occurring in any
monomial of b. We write gr trv for the associated graded for this depth filtration,
so that grtrv is a Lie algebra that is bigraded for the weight and the depth; we
write gr] tro for the part of weight n and depth r. Essentially, an element of gr trv
is a derivation E; ; € sdera where a,b are the lowest-depth parts (i.e. the parts of
lowest y-degree) of elements a, b € lieg such that E,; € tvo. If b is of homogeneous
y-degree r, then a is of homogeneous y-degree r + 1.

Example. The smallest element of £tv is in weight 3 and is given by E, ; with

a = [[x,y],y}, b= [iﬂ, [mvyH

Since @ = a and b = b, this is also equal to E;; € grtro. The next smallest element
of £rv is in weight 5, and the depth-graded part F ; is given by

a = [ZIJ, [1‘, Hx’y]vym - 2[[56’ [x,y]], [1‘7y”’ b= [ZC, [1‘, [3:7 [.113, y]m

1.3. The Grothendieck-Teichmiiller and double shuffle Lie algebras. Re-
call that the Grothendieck-Teichmiiller Lie algebra grt is the space of polynomials
b € liey satisfying the famous pentagon relation, equipped with the Poisson bracket
(6). This algebra was first introduced by Y. Ihara in [I], with three defining rela-
tions, as a particular derivation algebra of lieg (via the association b +— dp as in (5));
H. Furusho subsequently showed that the pentagonal relation implies the other two
(cf. [F1]).

Recall also that the double shuffle Lie algebra 0s is the space of polynomials
b € lieg satisfying a particular set of conditions on the coefficients called the stuffle
relations, studied in the first place by Racinet (cf. [R]), who gave a quite difficult
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proof that 9s is also a Lie algebra under the Poisson bracket (6). This proof was later
somewhat streamlined by Furusho (cf. [F2], Appendix), and a recent preprint [EF]
gives another proof with a different approach, identifying the space as a stabilizer.
Putting together basic elements from Ecalle’s mould theory also yields a completely
different and very simple proof of this result ([SS]).

There is a commutative triangle of injective Lie morphisms?:

10 t— >
(10) g -2

£
tro
The existence of the injection grt — 0s was proven in [F1]; it is given by b(z,y) —
b(xz,—y). The existence of the injection grt — trv was proven in [AT]; it is given
by b(z,y) — b(z,y) where z = —z — y. Finally, the existence of the injection from
05 to Erv was proven in [S1] (using results from Ecalle’s mould theory including the
statement (86), cf. footnote 1), and is given, of course, by b(z,y) — b(z, —y). In
particular, these morphisms respect the weight gradings and depth filtrations on
all three spaces.

1.4. The linearized Kashiwara-Vergne Lie algebra: main results. For: > 1,
set C; = ad(z)*"!(y) for i > 1, and let licc denote the degree completion of the Lie

algebra freely generated over Q by Cp,Cs,.... By Lazard elimination, liec is free
on the C; and
(11) lieco ~ Q- z & liec.

Thus, Lazard elimination shows that every polynomial b € lies having no linear
term in x can be written uniquely as a Lie polynomial in the C;.

Definition 1.4. Let the push-operator be defined on monomials in x,y by

(12) push(z®yx®y .- yx®) = 2 yx®y - yax® L.

The push is considered to act trivially on constants and powers of ™, so we can
extend it to all of Assy by linearity. A polynomial b in z,y is said to be

e push-invariant if push(b) = b, and

o push-neutral if b” + push(b”) + - - - + push™(b") = 0 for all r > 1, where b" denotes
the depth r part of b. Finally, we say that b is

e circ-neutral if bY is push-neutral in depths r > 1.

Definition 1.5. The linearized Kashiwara-Vergne Lie algebra Ifv is the space of
elements b € liec of degree > 3 such that

(i) b is push-invariant, and

(ii) b is circ-neutral.

Our first result on [€v is that is a bigraded Lie algebra.

2The dotted morphism is as in footnote 1.
3A similar result is shown in [FK], Theorem 3.23. With [FK] Remark 2.18 one can see directly
that the depth > 1 part of [tv forms a Lie algebra.



Proposition 1.6. The space v is bigraded by weight and depth, and forms a Lie
algebra under the Poisson bracket defined in (6).

In §1.5 below, we define a larger space, the elliptic Kashiwara-Vergne Lie algebra
tro.y;, and show in Theorem 1.12 that it is a Lie algebra. Although it might be
possible (albeit laborious) to prove Proposition 1.6 directly, it turns out to follow
immediately from Theorem 1.12, due to the fact that there is a simple injection
of [ty into the larger space frv.y (see Proposition 1.13 following Theorem 1.12)
whose image is easily identifiable as the intersection of two Lie subalgebras. For
this reason, the proof of Proposition 1.6 can be found in Corollary 4.7 at the end
of §4.1, following the proof of Theorem 1.12.

In §2, we show how we derive the definition of [fv via a reformulation of the
defining properties of £rv, in the sense that the defining properties of [£v are merely
truncations of the two reformulated defining properties of tv to their lowest-depth
parts. The complete proof of the statement of Proposition 1.6 namely that (v is
a Lie algebra, is deferred for convenience to §4.1 (Corollary 4.7), which contains
all the necessary mould theory to spell out the proof. However, given the result of
Proposition 1.6, the reformulation of the defining properties of [v in §2 suffices to
prove the following result on [fv. The proof is given (modulo Proposition 1.6) in
§2.3.

Proposition 1.7. There is an injective Lie algebra morphism
gr teo — [fo.
We conjecture that these two spaces are in fact isomorphic.

In using this type of definition for [fv, we are following the analogous situation
of the well-known double shuffle Lie algebra 0s and the associated linearized dou-
ble shuffle space Is studied in many articles (cf. for example [Br]). The bigraded
linearized space Is is defined as the set of Lie polynomials f € lies of weight n > 3
such that the polynomial f,y, rewritten in the variables y; = 2" Ly forn >1,is an
element of the free Lie algebra on the y;. One also adds the extra assumption that
if f is of depth 1, then it is of odd weight, an assumption which is not needed for
[tv as it follows from the push-invariance condition in the definition. By its very
construction, there is an injective Lie algebra homomorphism

(13) gros — s,

and it is conjectured that these two spaces are isomorphic, but like for (v, this is
still an open question.

The injective Lie algebra morphism (10) from 0s to frv yields a corresponding
bigraded injective map:

(14) grosC..> grero

(for the meaning of the dotted arrow, see footnote 1). Our next result shows that
there is a Lie algebra map on the generalized spaces spaces Is and [v (without any
recourse to Ecalle’s theorem).

Theorem 1.8. There is a bigraded Lie algebra injection on linearized spaces

(15) s < [Ev.



For alln >3 and r = 1,2,3, the map is an isomorphism of the bigraded parts

s" =~ [ev”.

Remark. If the conjectures [s ~ grds and kv ~ grfrv hold, then the map in
Theorem 1.8 is the same as the map (14), which would thus no longer need to be
a dotted arrow. Without those conjectures, we can only say that the Lie injection
(15) should extend the dotted arrow (14), fitting into a commutative diagram

(16) gr0s G gr Bro

[sC— [bo.

We observe also that the existence of the injective Lie morphism (15) was extended
to the cyclotomic situation in [FK].

Theorem 1.8 will be proved in §3, using mould theory, to which we give a brief
and elementary introduction in that section, with more advanced elements of the
theory given in §4. Mould theory is also essential for all the proofs concerning the
elliptic Kashiwara-Vergne Lie algebra defined in the next subsection.

Adding a variety of known results in the depth 2 and depth 3 situations to this
result, we obtain the following corollary.

Corollary 1.9. The following spaces are isomorphic forn >3 and r =1,2,3:
griget =~ grios ~ grr o ~ [5) ~ [fo] .

In particular, all of these spaces are zero when r =1 or 3 and n is even, or when
r=2 andn is odd.

Proof. The dimensions of the spaces gr! gtt, gri0s and Is, in depths are known
to be equal to each other in depths » < 3 ([R], [G]). Indeed more is known than
merely the dimensions:

e the spaces grlgrt, grlds and [5,1I are all 0 when n is even and 1-dimensional
generated by ad(z)"~!(y) when n is odd;

the spaces gr2grt, gr20s and [ﬁi are all 0 when n is odd and spanned by the double
Poisson brackets {ad(z)?~1(y), ad(z)9~ (y)} for odd p,q < 3 with p + ¢ = n when
n is even;

e the spaces grigrt, gr3ds and [52 are all 0 when n even and spanned by the
triple brackets {ad(z)P~1(y), {ad(z)?"(y), ad(z)* " (y)}} with odd p,q,s > 3 and
p+ ¢+ s =n when n is odd.

(Note that the proof for » = 3 and odd n is much more difficult than the proof for
r = 2, and was discovered by Goncharov [G]; as for the case r > 4, the analogous
result is known to be false.) By Theorem 1.8, we see that ltv, ~ [s] for r =1,2,3
Finally, since it is known that grt injects into €rv (cf. [AT]), we have a corresponding
injection gr] grt < gr) €rv, so by Proposition 1.7, shows that gr; v is sandwiched
between gr}grt and [Bv) , which are equal for » = 1,2,3. This concludes the proof.
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We conjecture that ltv] ~ [s] for all n,r, and calculations up to about n = 15
bear this conjecture out, but we were not able to prove the isomorphism for any
other cases, not even the special case n # r mod 2, where it is well-known that
griget = grios = Is; = 0 (cf. [IKZ], [Br] for classical proofs, or [S2] for the
exposition of Ecalle’s mould-theoretic proof).

Let us end this subsection by giving the mould-language reformulation of the
definition of [£p, which will allow us to connect it directly to the definition of the
elliptic Kashiwara-Vergne Lie algebra defined in the next subsection, which cannot
be defined directly in terms of elements of lies. The mould definition of [£b clearly
echoes the definition in terms of Lie elements given above; the equivalence is shown
in detail in §3.

Definition 1.10. Mould-reformulated ltv.
To express the elements of [kv as moulds, we use the following notation. Let b € liec
and for each r > 0, write the depth v part of b as

(17) b= kg Ca, -+ C,,

where the sum runs over tuples a = (ay,...,a,), a; > 1,. Let B =0 and for each
r>1, let B"(uy,...,u,) be defined by

(18) B"(uq, ..., uy) :Zkgu'fl_1~~uﬁ"*1.

for commutative variables u,...,u,. The family B = (B;);>0 is known as the

mould associated to b; we write B = ma(b) (the “mould map” ma will be introduced
in more detail in Lemma 3.3).

We use this definition to reformulate the definition of [fv in terms of moulds.
Let b € ltv and let B = ma(b). Set

(19) B"(v1,...,v;) = B"(Vp,0p_1 — Vpy ..., 01 — 2)

for commutative variables vy,...,v,. We define the following properties on B
resp. B:

(i) B" is push-invariant for r > 1, i.e.

(20) B(ug,u1y ... ,up_1) = B(ug, ..., uy)

where ug = —uqy — -+ — u,, and

(i) B is circ-neutral for v > 1, i.e.
(21) B"(vi,...,v.) + B"(va,...,v,v1) + -+ B"(vp,v1,...,0._1) = 0.

We prove in §2 that these two conditions on B = ma(b) are equivalent to the
defining conditions of specialness and the divergence condition on b.

1.5. The elliptic Kashiwara-Vergne Lie algebra. The last section of this ar-
ticle is devoted to the study of the elliptic Kashiwara-Vergne Lie algebra. The
definition of this algebra is based on that of the linearized Lie algebra [tv, differ-
ing only from Definition 5’ by the denominator appearing in (22), which makes it
impossible to express it directly in terms of Lie elements like Definition 1.5.



Definition 1.11. The elliptic Kashiwara- Vergne vector space vy is spanned by
the elements b € liec such that writing the depth r part " as in (17) and the
associated polynomial B” as in (18), and setting

T ]' T
(22) Bl (u1,...,u,) = e —i—---—i—uT)B (w1, ..., uy)
and
Bl = Bl (U, Up—1 — Upy .. ., U1 — V3),
we have

(i) B} is push-invariant as in (20) for r > 1;

(ii) BT is circ-neutral as in (21) for r > 1.

The first main result on €rv.; is of course that it is a bigraded Lie algebra, but
this comes from an injective map from £rv.; into oders rather than into sdets as
for [tv.

Theorem 1.12. (i) The space troyy is bigraded for the weight and the depth.

(ii) For each b € tev,y, there exists a unique polynomial a € liee, called the partner
of b, such that Dy, € 0det,.

(i11) The image of the injective linear map b — Dy, is a Lie subalgebra of odevs;
in other words vy is a Lie algebra under the Lie bracket

(23) (b,b") = Dy o(b') — Dy o (b)

coming from the bracket of derivations as in (1) and (2).

This theorem is proven in §4.1 (Theorem 4.4); it necessitates the introduction of
some more complicated definitions and results from mould theory than those used
in §3.

The following result is key to the comparison of [fv and £rv.;, and to the proof
that [€v is a Lie algebra.

Proposition 1.13. There is an injective linear map
[tv — tro,y
(24) b(x,y) = [z, b(z, [z,y])].

Equivalently, the map can be defined on the family B" of polynomials in commuta-
tive variables such that B = (B;),>0 = ma(b) (cf. (18)) by

B (uq, ..y up) = ug o up(ug oo+ u) BT (ug, - ).
In fact, this linear map is actually a Lie morphism.

Sketch of Proof. The first statement, concerning the existence of the linear map,
follows from the definitions. Indeed, by Definition 1.11, ftv.;; is isomorphic to the
space spanned by the polynomials in the commutative variables u; that become
push-invariant and circ-neutral (possibly after adding a constant) after division by
uy -+ Up(ug +- - - +u-). On the other hand, [fv is isomorphic to space of polynomials
that are themselves push-invariant and circ-neutral. Thus, multiplying by the factor
up -+ up(up + -+ + u,) maps [bo precisely to the subspace of frv.); consisting of
polynomials that are divisible by u - - u,(u1 4+ -+ + u,.), and so we have a linear
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map from [fv to frv,;. The fact that the map is a Lie morphism is proven in
Corollary 4.8. ([

In two independent articles, H. Tsunogai [Ts] and B. Enriquez [E1] defined a Lie
algebra that Enriquez calls the elliptic Grothendieck-Teichmiiller Lie algebra grt,;;,
based on the idea that just as Thara had defined grt as the algebra of derivations
on lieg (identified with the braid Lie algebra on four strands) that extend to a
particular type of derivation on the braid Lie algebra on five strands, grt,;; is the
Lie algebra of derivations on lies (now identified with the genus one braid Lie algebra
on two strands) that extend to a very particular type of derivation of the genus one
braid Lie algebra on three strands. The construction of grt,;; shows that it is a Lie
subalgebra of 0dety, and that there is a canonical surjection

(25) s:grt, — gt

Let ey denote the kernel. Enriquez [E1] showed that there also exists a Lie algebra
morphism

(26) v get — grty

that is a section of (25), i.e. such that yos = id on grt. Thus, there is a semi-direct
product isomorphism

(27) grt,; =~ vep Xy (grt).

An elliptic version 0s;; of the double shuffle Lie algebra ds was constructed
in [S3] using mould theory, and it is shown there that like grt.;;, 0s.y is a Lie
subalgebra of 0dets, and that there is an injective Lie morphism 74 : 9s — 0s.;; that
makes the diagram

(28) gric 0s
’Yi l:y
gttell 056”
00¢ety
commute.

Our second main result on £rv.; is an analog of the existence of v and 7.
Theorem 1.14. There is an injective Lie algebra morphism

’ﬁl cfro € > Lrog;.

Based on the known injective Lie morphisms getc——s 05C.— > frv evoked in
§1.3 above, we believe that there are corresponding injective Lie morphisms between
the elliptic versions of these Lie algebras. However, we were not able to prove that
grt,,; as defined in [E1] injects into 0s.y or frvey. To circumvent this difficulty, we
define a Lie subalgebra évtte” C grt,y;, conjecturally isomorphic to grt,;, as follows.

Definition 1.15. For n > 0, let d,, € 00ets denote the derivation of lies defined
by
52n($) = ad(x)Qn(y)v 52n([x7y]) = O
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Let b be the Lie subalgebra of oders generated by the gy, .

Enriquez showed in [E1] that da,, € tey for n > 0, so b is a Lie subalgebra of ty;.
Let 9B denote the normalization of b C t.; under the semi-direct action of y(grt)
on tey of (27). We set

(29) gt = Bxy(grt).
Our third main result on £rv.; relates all these maps via a commutative diagram.

Theorem 1.16. We have the following commutative diagram of injective Lie mor-

phisms*:

(30) grte——— d5¢ >ty
— Y
QtfelC\DﬁfllC troey
00¢ets.

1.6. Outline of the article. In §2, we reformulate the defining conditions of frv,
which lead to the first definition of Ifv and the proof of Proposition 1.7. The
next section, §3, gives a brief introduction to mould theory and a translation of
the defining conditions of [£v into that language, and uses mould theory to prove
Theorem 1.8. Finally, the proofs of Theorems 1.12, Theorem 1.14 and Theorem
1.16 are given in the three subsections of §4.

2. REFORMULATION OF THE DEFINITION OF ftv AND DEFINITION OF THE
LINEARIZED LIE ALGEBRA [Ep

In this section, we give a convenient reformulation of the defining conditions of
tro, which leads to a simple definition of the linearized version [£b that passes easily
into the language of moulds which will be essential for our subsequent proofs in
§63,4.

2.1. The first defining condition of frv: specialness. The first of the two
defining conditions of £rv is that fro lies in sdety, i.e. elements of £rv are special
tangential derivations having the form E,;, with E,,(z) = [z,a], Eus(y) = [y, ]
and [x,a] + [y,b] = 0.

The following equivalent formulations of the property of specialness as properties
of the polynomial b were given in [S1].

Proposition 2.1. [Schneps, [S1]] Let n > 3 and let b € lieq; write b = byx +byy =
xb” 4+ yb¥. Then the following are equivalent:

(1) There exists a unique element a € liec such that [z,a] + [y,b] = 0;
(ii) b is push-invariant;
(iii) b, = bY.

4The dotted morphisms are as in footnote 1.
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Thanks to this proposition, we can now reformulate the first defining condition
of trv as follows: the pair of polynomials a, b € liec satisfies [z, a] + [y, b] = 0 if and
only if b is push-invariant and « is its partner.

2.2. The second defining condition of trv: divergence. We now consider the
second defining condition of frv, the divergence condition. Because £rv is weight-
graded, we may restrict attention to derivations F, ; of homogeneous weight n, i.e.
such that a and b are Lie polynomials of homogeneous degree n > 3. The second
defining condition (9) then simplifies to the existence of a constant ¢ such that

tr(za, + yby) = c tr((z +y)" — 2" —y") in tro.

Let us reformulate this as a condition only on b, just as we did for the first
defining condition. Since a € liey, its trace is zero and thus tr(za,) = tr(a,z) =
—tr(ayy) = —tr(yay), so

tr(za, + yby) = tr(ydb, — yay).
Since E,; € sder, we have [z,a] = [b,y]. Expanding this in terms of the decompo-
sitions of a and b, we obtain
Tazx + xayy — xa"x —ya¥r = by + yb’y — ybex — ybyy,

from which we deduce that a, = b* and a¥ = b,. Thus

tr(yby — ya,) = tr(yb, — yb®) = tr(y(b, — b*)).
From Proposition 2.1, we have b, = b, so now, using the circularity of the trace,
the divergence condition can be reformulated as

tr((6Y — b")y) =ctr((z+y)" — 2" +y").

We use this to express it as a condition directly on bY — b” as follows, using the
push-operator defined in (12).

Definition 2.2. A polynomial b € Asss of homogeneous weight n > 1 is said to
be push-constant for the value c if b does not contain the monomial y™ and for each
1 < r < n, writing 0" for the depth r part of b, we have
T

Zpushi(br) =c Zw

=0 w
where the sum in the right-hand factor is over all monomials of weight n and depth
r. Equivalently, b is push-constant if it does not contain y™ and for all monomials

w # x™, we have
> (Gl =c
vEPush(w)

where (b|v) denotes the coefficient of the monomial v in b, and Push(w) is the list
(with possible repetitions) [w, push(w),...,push”(w)]. If ¢ = 0, then b is said to
be push-neutral. If b is a scalar multiple of 2", then b is push-neutral by default.

Example. The simplest example of a push-constant polynomial is the sum of all
monomials of a given depth, for example

b = z%zlya® + zyzya® + 2Pyaxtyx® + 2%yxCya® + 2Pyxya’ + 2Cyxlya’.
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More interesting push-constant polynomials can be obtained from elements v € grt
by taking the projection of ¢ onto the words ending in y and writing this as by. In
this way we obtain for example:

11 9 1 1
b=2z%% — ?a?yxy + ixy%c — §yx2y + 2yxyxr — §y2x2.

The following proposition shows that the divergence condition comes down to
requiring that bY — b be push-constant.

Proposition 2.3. ([S1]) Let b be a push-invariant Lie polynomial of homogeneous
degree n. Then b satisfies the divergence condition
tr((bY —0%)y) = c tr((z +y)" —a" —y")

if and only if bY — b® is push-constant for the value nc. Furthermore, if this is the
case then

(31) c=(bla"y)

Proof. Let w be a monomial of degree n and depth r > 1, and let C,, denote
the list of words obtained from w by cyclically permuting the letters, so that C,
contains exactly n words (with possible repetitions). Let C¥ denote the list obtained
from C,, by removing all words ending in x, so that C¥ contains exactly r words.
Write CY = [u1y, ..., ury]. Then we have the equality of lists

[, ..., uy] = Push(uy).

Let ¢, = tr(w), i.e. ¢, is the equivalence class of w, which is the set of the words
in the list Cy,, without repetitions: thus C,, is nothing other than n/|c,| copies of
cw. The divergence condition

tr((0Y —b")y) =c tr((z +y)" — 2" —y")

translates as the following family of conditions for one word in each equivalence
class ¢, :
(32) D (00 =)y |v) = cleal,
VECy

where each side is the coefficient of the class ¢, in the trace, i.e. the sum of the
coefficients of the words in ¢, in the original polynomial.

If » > 1, we can choose a word uy € C,, that starts in y. Then from (32), the
divergence condition on b implies that

o= 1 (@ = lv)

VECy

> (" =67y v)

veCy,

> (@ ="y )

veCy

> =) ).

u’' € Push(u)

Si= 3= 3

This is exactly the definition of Y — b* being push-constant for the value nc.
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If r = 1, then w is of depth 1, |c,| = n and 2"~ !y is the only word in ¢, ending
in y. Thus (32) comes down to

((by -y | x"_ly) = nc.

But since b is a Lie polynomial, we have (b|z") = (b*|z"~!) = 0, so using b¥ = b,
(by Proposition 2.1), we also have

(O =6y |a""ty) = (B = b7 [2"7") = (B]a"71)

= (byl2z"™) = (byylz""y) = (bla" "),
which proves that nc = (b|z" " 'y) as desired. Note that this condition means that
if b has no depth 1 part, then ¥ — b* is push-neutral. O

We now have a new way of expressing £rv, which is much easier to translate into
the mould language.

Definition 2.4. Let Vi, be the completion of the vector space spanned by poly-
nomials b € liec of homogeneous degree n > 3 such that

(i) b is push-invariant, and

n—1

(ii) bY — b is push-constant for the value (b|2" 1y),

equipped with the Lie bracket
{b,0'} = [b,0'] + Eap (V') — Egr 1 (D)

where a and a’ are the (unique) partners of b and b respectively.

Indeed, since Propositions 2.1 and 2.3 show that

o S5 Vi
(33) Eup — b

is an isomorphism of vector spaces and £rv is known to be a Lie subalgebra of s0ets,
the bracket on Vi, is inherited directly from this and makes Vi, into a Lie algebra.

2.3. The linearized Kashiwara-Vergne Lie algebra [£v. Using the above iso-
morphism of £rv with the vector space Vi, given by E, , — b, let us now consider
the depth-graded versions of the defining conditions of Vi, i.e. determine what
these conditions say about the lowest-depth parts of elements b € Viy,. The push-
invariance is a depth-graded condition, so it restricts to the statement that the
lowest depth part of b is still push-invariant; in particular, by Proposition 2.1 it
admits of a unique partner a € liec such that [z, a] + [y, b] = 0, i.e. such that the
associated derivation E, ; lies in sdets.

In the second condition, if b is of degree n and depth r = 1 and b' denotes the
lowest-depth part of b, then (b')¥ = 2", so the push-constance condition on b! is
empty since (b1)Y = (bla""ly)z"~t. If r > 1, however, then (b|z" 1y) = 0 and so
the push-constance condition on b¥ — b* is actually push-neutrality, which implies
the push-neutrality of (b")Y alone, since (b")? is the only part of the expression
bY — b* of minimal depth r — 1. These observations lead directly to the definition of
the linearized version v of the Kashiwara-Vergne Lie algebra given in Definition 1.5
above, and that by definition it is bigraded by weight and depth. The statement of
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Proposition 1.6, that [fv is a Lie algebra under the bracket coming from the bracket
of derivations in s0ety, namely

{b,0'} = [b,b'] 4+ Eqp (V') — Ear p (D),

will be proved at the end of §4.1. Up to this fact, the proof of Proposition 1.7 now
follows trivially from the equivalences above.

Proof of Proposition 1.7 assuming Proposition 1.6. The defining properties of
the associated graded gr trv are properties satisfied by the the lowest-depth parts
of elements of trv. We identify rv with Vi, and use the version of its defining
properties expressed in Definition 2.4. Since both the properties of being a Lie ele-
ment and being push-invariant respect the depth, the same properties are satisfied
by elements of gr ttv. For the divergence, the argument in the paragraph preceding
this proof shows that it implies no condition on the lowest-depth part if the depth
is 1, and it implies the push-neutrality of the lowest-depth part if the depth is > 1.
We do not know if this property along with being Lie and push-invariant, which
together define [£v, are all that is implied on the lowest-depth part of an element
of £rv by its defining properties, but we certainly know that they all hold for the
lowest-depth part, and therefore we obtain the desired inclusion of vector spaces

gr tro — [Ep.

Furthermore, this inclusion is a Lie morphism as both spaces are equipped with the
same Lie bracket, coming from soets. [l

Remark. No examples of elements of [fv that are not truncations to lowest depth
of elements of frv are known. It would be interesting to try to prove the equality
of kv with gr trv by starting with a polynomial [fv of depth » > 1 and finding a
way to construct a depth by depth lifting to an element of frv.

3. RATIONAL AND POLYNOMIAL MOULDS

In this section, we introduce the language of moulds and reformulate the defining
conditions of [v in this language. We end the section with the proof of Theorem 1.8
and its corollary in terms of moulds. We hope that this section and the next one,
which explores the elliptic version of frv, will illustrate the way in which moulds
are powerful tools in this context.

3.1. Moulds and alternality. For the purposes of this article, we are concerned
only with rational function-valued moulds defined over the rationals. Ecalle defines
moulds with more general arguments and more general values, but in this article
we will use the term mould merely to denote a collection A = (A’”(ul, . ,ur))T>0
where each A" (uq,us, ..., u,) € Q(u1,...,u,), i.e. each A" is a rational function in
r commutative variables u1, ..., u, with coefficients in Q. The rational function A"
is the depth r part of the mould. When the context is clear we sometimes drop the
index and write A(uq,...,u,) instead of A" (uq,...,u,) for the depth r part. In
particular we have Ay = A(0) € Q.

Moulds are equipped with addition and multiplication by scalars componentwise;
thus they form a vector space. We write ARI for the subspace of (rational) moulds
A with A(D) = 0 (keeping in mind that this ARI is only a very small subspace of the
full space of moulds studied by Ecalle). For convenience, we also define the vector
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space ARI of moulds defined exactly like ARI except on a set of commutative
variables vy, vg, ..., i.e. B € ARI means B = (BT)T>O with B" € Q(v1,...,v,).

We say that a mould A is concentrated in depth r if A®> = 0 for all s # r, and
we let ARI"™ C ARI be the subspace of moulds concentrated in depth r. Thus
ARI = EBTZlARIT.

We now introduce Ecalle’s important swap operator on moulds®.

Definition 3.1. The swap operator maps ARI to ARI, and is defined by
swap(B)(vi,...,vp) = B(vp,Up_1 — Up, ..., 01 — U2)

for B € ARI. The inverse operator mapping ARI to ARI (which we also denote
by swap, as the context is clear according to whether swap is acting on a mould in
ARI or one in ARI) is given by

swap(C)(uy, ..., ur) = Clug + -+ Upyug + -+ Up_1,...,U1)

for C € ARI. Thus it makes sense to write swap o swap = id.

We also need to consider an important symmetry on moulds, based on the shuffie
operator on tuples of commutative variables, which is defined by

Sh((u1,...,ui)(ui+1,...,ur)) = {(ugfl(l),...,uafl(r)) |0‘ € S,,z‘},

where S! is the subset of permutations o € S, such that o(1) < -+ < o(i) and
oi+1)<---o(r).

Definition 3.2. A mould A € ARI is alternal if in each depth r» > 2 we have
Z A"(w) =0 for 1§z’§[%}.
weSh((w1,...,u; ) (Uig1,...,Ur))

By convention, the alternality condition is void in depth 1, i.e. all depth 1 moulds
are considered to be alternal.

Example. In depth 4, there are two alternality conditions, given by

A(ur, ug, us, ug) + A(ug, ur, us, us) + A(ug, us, ui, us) + A(uz, us, g, u1) =0
A(ur, ug, us, ug) + A(ug, ur, ug, ug) + A(us, ug, ui, ug) + A(ur, us, uz, ug)
+ A(U17U3,U4,U2) + A(u37u17u45u2) =0

We write ARI,; for the subspace of ARI consisting of alternal moulds.

3.2. Lie elements and alternal moulds. Alternality is important because al-
ternal polynomial moulds correspond to Lie polynomials in the sense given in the
following lemma, whose statements are well-known: the first one is a direct conse-
quence of Lazard elimination (cf. Bourbaki), and for complete elementary proofs of
all the statements, see [SST] or [S2].

We write ARIP° for the vector subspace of polynomial-valued moulds in ARI.

5For Ecalle’s original definitions of the mould operators swap, push and all the others used in
this article, see [Ec| (2.4)-(2.11) and (2.55). Another basic reference for these operators is [S2],
§2.4.
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Lemma 3.3. (i) The degree-completed free associative algebra Asss on x,y (for the
degree given by degx = degy = 1) can be decomposed as a direct sum

Q((z,y)) = Qz @ Q((C)),
where Assc = Q{(C)) = Q((C4,Cy,...)) is the degree-completion of the free non-
commutative polynomial algebra on variables C; = adi_l(y) fori > 1, for the degree
given by degC; = 1.

(i) For r,n > 1, let Assg’n) denote the (finite-dimensional) subspace of Assc
spanned by monomials Cy, - - - Cy, with a1 +---+a, =n, and let ARI(m):pol denote
the subspace of ARI consisting of polynomial moulds of degree n — r concentrated
in depth r. The map
Assi™ 5 ARIGmpol

alfl .

ma :
Caoy - Cq, — Ul

ar—1
r

_—
s a vector space isomorphism.
(#ii) For each r > 1, the map ma restricts to a (finite-dimensional) vector space
isomorphism
ma : iel"™ — ARIG™MPO

where [ieg’n) = liec N Assg’n).

Examples. The mould ma(C3) = ma([z,[z,y]]) is the mould concentrated in
depth 1 given by w?. Similarly, ma(CoC; — C1C2) = ma([[z,y],y]) is the mould

concentrated in depth 2 given by uiu — ufud = u; — us.

Definition 3.4. Let 8 denote the backwards writing operator on words in z,y,
meaning that S(m) is obtained from a word m by writing it from right to left. The
operator 8 extends to polynomials by linearity.

Let us give the translation of the restriction of the swap operator to polynomial-
valued moulds directly in terms of elements of Asss (cf. [R] or [S2]). Let f € Assg,,
and write f = zf* + yfY. Set g = B(yfY), where S is the backwards operator of
Definition 3.4. Thus all the monomials of g end in y. If we write g explicitly as

(34) g= >, kaz"y---yz'y,

Q:(ala-“var)
then (as shown in [S2], (3.2.6)), swap(ma(f)) is the mould concentrated in depth
r given by

(35) swap(ma(f))(vi,...,v;) = Z kg vt 087,

3.3. Push-invariance and the first defining relation of [£v. Let us define the
push-operator on moulds in ARI by

(push B)(u1,...,u;) = Bug,u1, ..., Up_1)
where ug = —u; —ug—- - -—u,. Amould B € ARI is push-invariant if push (B) = B
(in all depths).

The following proposition shows that this definition is precisely the translation
into mould terms of the property of push-invariance for a Lie polynomial given in
Definition 5 above.
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Proposition 3.5. Let b € liec. Then b is a push-invariant polynomial if and only
if ma(b) is a push-invariant mould.

Proof. If b = y, then ma(b) is concentrated in depth 1 with value ma(b)(u;) = 1,
so these are both clearly push-invariant.
Now let b € (lieg)" =t with n > r > 2. We write

b= Z kox*ty---yztr.

a=(a1,...,ar)

Let f = yb, so that b = fY. Recalling that y = (4, the associated moulds are
related by the formula

(36)  ma(f)(u,...,u,) = ma(C1b) = u¥ma(b)(ug, ..., u,) = ma(b)(ua, ..., u,).

Since b € (liec)n, we have 3(b) = (—1)""1b. Set

9=Bf") =Bb) = (—1)" by = (=1)"" Y ka2 y..yx®ry.

By (35), we have

swap(ma(f))(vi,...,v;) = (=1)** Z kg vit..vp.

Looking at

push(b)y = Z kg xaryxaly .. xa,,.,1y7
a

we see that push(b)y is obtained from by by cyclically permuting the groups x%iy.
Since b = push(b) if and only if k4, ..4,) = K(ay.a1,....a,_,) fOr each a, this is
equivalent to

(37) swap(ma(f))(vh ey Up) = swap(ma(f)) (Upy V1, e e vy Upq)e
Using the definition of the swap, we rewrite (37) in terms of ma(f) as
(38) ma(f)(vmvrfl —Upry..., U1 — UZ) = ma(f)(vrfluvr72 —Ur—1y.-+,Up — Ul)

We now make the change of variables v, = w1 + ... + Up, v — V1 = Uy, V] — Vg =
Up—_1y---,Up_9 — Up_1] = U2, Up_1 = w1 in this equation, obtaining

(39) ma(f)(ur + -+ up, —ug — -+ — Up, Uz, ..., Up—1) = ma(f)(u1,ug, ..., u).
Finally, using relation (36), we write this in terms of ma(b) as

(40) ma(b)(—ug — -+ — up,Ua, ..., Up_1) = ma(b)(ug, ..., u).

Making the variable change u; +— u;_1 changes this to

(41) ma(b)(—uy — - — Up—1, U1, -« - Up—2) = ma(b)(uy, ..., ur_1),

which is just the condition of mould push-invariance ma(b) in depth r — 1. ([l
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3.4. Circ-neutrality and the second defining relation of [fv. Let us now
show how to reformulate the second defining property of elements of [fv in terms
of moulds.

Definition 3.6. Let circ be the mould operator® defined on moulds in ART by
cire(B)(v1,...,v.) = B(va, ..., 0p,01).

A mould B € ARI is said to be circ-neutral if for » > 1 we have

r—1
Zcirci(B)(vl, ooy vp) =0,
=0
If B is a polynomial-valued mould of homogeneous degree n (i.e. the polynomial
B(vy,...,v,) is of homogeneous degree n — r for 1 < r < n), we say that B is
circ-constant if
r—1
Zcirci(B)(vl,...,vr) :c( Z vt vf}')
i=0 aiktarsnor

for all 1 < r < n, where B(v;) = co' . (If ¢ = 0, then a circ-constant mould is circ-
neutral.) Correspondingly, we also say that a polynomial b € Assc of homogeneous
degree n is circ-constant if, setting ¢ = (bla""1y), we have b = by + £y™ where b
is push-constant for the value ¢ (cf. Definition 2.2). A polynomial-valued mould
(resp. a polynomial in Ass¢) is said to be circ-constant if it is a sum of circ-constant
homogeneous moulds (resp. polynomials).

Example. Let 1) € grt be homogeneous of degree n. Then as we saw in the example
following Definition 8, the polynomial ¥¥ is push-constant, so ¥)Yy is circ-constant.
For example if n = 5, then y¥y is given by
11 9 11 9
Wy = oty = 2%y + atyay - Swyaty + 3yaly + 20°° — Sayay® + Saytey
1 1
—5ua’y? + yaywy — SyPety —ay' + dyzy’ - GyPey® + dytay

which is easily seen to be circ-constant.

For an example of a circ-constant mould, we take B = swap (ma(w)), which has
the same coefficients as ¥¥Yy: it is given by

B(vi) = v}
11 9
B(vi,v9) = =203 + 3'[)%’[)2 — ivlvg + 303
11 1 9 1
B(vy,v9,v3) = 2@% — ?1}11}2 — 51}% + 51)1’[)3 + 2uqv3 — 5@%
B(vy,v2,v3,v4) = —v1 + 4vg — 6u3 + 4vy.

The following result proves that the circ-constance of a polynomial b and that
of the associated mould ma(b) are always connected as in the example above. By
additivity, it suffices to prove the result for b a homogeneous polynomial of degree
n, so that the circ-constance of b is relative to just one constant ¢,, = ¢ = (bla" " 1y).

6This operator is denoted pus in [Ec]
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Proposition 3.7. Let b € Assc be of homogeneous weight n > 3. Then b is a
cire-constant polynomial if and only if swap(ma(b)) s a circ-constant mould, and
b is circ-neutral if and only if swap(ma(b)) is circ-neutral.

Proof. Let 8 be the backwards-writing operator on Assc (cf. Definition 3.4).
Write b = ab® + yb¥, and let g = B(yb¥) = B(0Y)y. For r > 1, let ¢g" denote the
depth r part of g. If we write the polynomial ¢" as

(42) g =B Ny = D kaa®y---ya®y,

a=(a,...,a,)

then we saw in (34) and (35) that
(43) swap(ma(b)) (v1,...,0.) = Z kg vt ---ver.

a=(a,...,a,)

Observe that a polynomial is push-constant if and only it is also push-constant
written backwards, so in particular, b¥ is push-constant if and only if 3(bY) is.
Suppose that b is circ-constant, i.e. that b¥ and thus (bY) are push-constant for
the value ¢ = (b|lz""'y). In view of (42), this means that >, ks = ¢ when o
runs through the cyclic permutations of a = (a4, ..., a,) for every tuple a, and this
in turns means precisely that the mould swap(ma(b)) is circ-constant. As for the
circ-neutrality equivalence, it follows from the circ-constance, since circ-neutrality
is nothing but circ-constance for the constant 0. (]

The notion of circ-constance will play a role later in §4.2. In this section we only
need circ-neutrality. Indeed, we showed that a polynomial b lies in [tv, i.e. b is a
Lie polynomial that is push-invariant and circ-neutral, if and only if the associated
mould ma(b) is alternal (by Lemma 3.3 (iii)), push-invariant (by Proposition 3.5)
and its swap is circ-neutral (by Proposition 3.7). In other words, we have shown
that ma gives a vector space isomorphism

(44) ma : leo 5 ARIP!

al+push/circneut’
where the right-hand space is the subspace of ARI of polynomial-valued moulds in

ARI that are alternal and push-neutral with circ-neutral swap. In fact this map is
an isomorphism

(45) (to” ~ ARI"_, N ARI""

al+push/circneut’

of each bigraded piece, where in general we write ARI; for the subspace of polynomial-
valued moulds of homogeneous degree d concentrated in depth r.
We will show at the end of §4.1 below (see Corollary 4.7) that ARI”®

al+push/circneut

is a Lie algebra under the ari-bracket, and thus by the compatibility (121) of the
ari-bracket with the Poisson bracket given below, we will then be able to conclude
that [fv is also a Lie algebra, proving Proposition 1.6 of this paper.

3.5. Proof of Theorem 1.8. Recall the statement of Theorem 1.8.

Theorem 1.8. There is a bigraded Lie algebra injection on linearized spaces

(46) Is — [to.

For alln >3 and r = 1,2,3, the map is an isomorphism of the bigraded parts
ls; ~ [ty .
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In order to prove this theorem, we first reformulate the statement in terms
of moulds and give its proof. Let ARI, . denote the space of moulds that are

alternal and have alternal swap, and following Ecalle’s notation, let ARI,;/q denote
the subspace of ARI,;/q of moulds that are even in depth 1. Directly from the
definition of Is, we see that the map ma gives an isomorphism

ma:ls 5 ARIY)

onto the space of polynomial-valued moulds in ARI, /4. Therefore, Theorem 1.8
can be stated very simply in terms of moulds as

ARIP?Y < ARIP®

al/al al+push/circneut’
We will actually prove the more general result without the polynomial hypothesis.
Theorem 3.8. There is an inclusion of mould subspaces
ARIyja1 C ARLyqpush/cireneut
Moreover in depths r < 3, we have

ARI" N ARy 0 = ARI" 0 ARLy s push jcirencut-

Proof. Tt is well-known that every alternal mould satisfies
Alur, oy up) = (1) Ay, )

(cf. [S2], Lemma 2.5.3) and that a mould that is al/al and even in depth 1 is also
push-invariant (cf. [S2], Lemma 2.5.5). Thus in particular ARIy e C ARIuiypush-
It remains only to show that a mould in ARIy /4 is necessarily circ-neutral. In
fact, since the circ-neutrality condition is void in depth 1, we will show that even a
mould in ARI,/q is circ-neutral; the condition of evenness in depth 1 is there to
ensure the push-invariance, but not needed for the circ-neutrality.

The first alternality relation on swap(A) is given by

swap(A)(u, ..., uq) + swap(A)(ug, uy,y ..., up) + -+ swap(A)(us, . .., up,u;) = 0.
Since swap(A) is push-invariant, this is equal to
push”swap(A)(uy, . .., u,) + push” ' swap(A)(ug, us, ..., up) + - -
+push swap(A)(uz, ..., upur) = 0.

But explicitly considering the action of the push operator on each term shows that

push'swap(A)(Us, . ..y Up—ig1,Ul, Up—i42s .- Up)
= swap(A) (Up—ig2, ., Up, U, U, . .o, Up_i41)
= circ" " swap(A)(ug, uz, . . ., uy)
where ug = —u; — - - - — u,, so this sum is equal to

r—1
Z circ' swap(A) (ug, ua, . .., u,) =0,
i=0

which proves that swap(A) is circ-neutral. This gives the inclusion.

Let us now prove the isomorphism in the cases » = 1,2,3. The case r = 1 is
trivial since the alternality conditions are void in depth 1. A polynomial-valued
mould concentrated in depth 1 is a scalar multiple of u¢, which is automatically in
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ARl /a1, and lies in ARI,/q if and only if d is even. Such a mould is automatically
alternal and the circ-neutral condition is void; it is push-invariant thanks to the
evenness of d. This shows that in depth 1, both spaces are generated by moulds u{
for even d, and are thus isomorphic.

Now consider the case r = 2. Let A € ARIfloipush/cimneut be concentrated in
depth 2. The circ-neutral property of the swap is explicitly given in depth 2 by
swap(A)(vy,v2) + swap(A)(va,v1) = 0. But this is also the alternality condition on
swap(A), so A € ARI4;q;- The isomorphism in depth 2 is thus trivial.

Finally, we consider the case r = 3. Let A € ARI?®! be concentrated

al+push/circneut

in depth 3, and let B = swap(A). Again, we only need to show that B is alternal,
which in depth 3 means that B must satisfy the single equation

(47) B(vy,vs,v3) + B(vs, v1,v3) + B(va, v3,v1) = 0.
The circ-neutrality condition on B is given by

(48) B(vy,vq,v3) + B(vs,v1,v2) + B(vg, vs,v1) = 0.

It is enough to show that B satisfies the equality

(49) B(vy,v9,v3) = B(vs, v, v1),

since applying this to the middle term of (48) immediately yields the alternality
property (47) in depth 3. So let us show how to prove (49).
We rewrite the push-invariance condition in the v;, which gives

(50) B(vy,v2,v3) = B(vy —v1,v3 — v1, —v1)
(51) = B(v3 — v2, —v2,v1 — V2)
(52) = B(—vs3,v1 — v3,v2 — v3).
Making the variable change exchanging v; and vs, this gives
(53) B(vz,va,v1) = B(vg — v3,v1 — v3, —v3)
(54) = B(vy — v, —v2,v3 — v2)
(55) = B(—v1,v3 — v1,02 — V7).

By (50), the term B(ve — v1,v3 — v1,—v1) is circ-neutral with respect to the
cyclic permutation of vy, vs, v3, so we have

(66) B(va—wvi,v3—v1,—v1) = —B(v3 —v2, 01 — V2, —v2) — B(v1 —v3, V2 — U3, —V3).

But the circ-neutrality of B also lets us cyclically permute the three arguments of
B, so we also have

—B(v3 — v9,v1 — V2, —v3) = B(—va,v3 — v9,v1 — v2) + B(v1 — v2, —v2, V3 — U2).
Using (50) and substituting this into the right-hand side of (56) yields
B(vy,v9,v3) = B(—vg,v3 — v, 1 — ¥3)
(57) + B(v1 — vg, —vg,v3 — v2) — B(v1 — v3,v9 — v3, —v3).
Now, exchanging v; and vy in (55) gives
B(vs,v1,v2) = B(—va,v3 — v2,v1 — v2),
and doing the same with (53) gives

B(vs,v1,v2) = B(v1 — v3,v2 — v3, —v3).
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Substituting these two expressions as well as (54) into the right-hand side of (57),
we obtain the desired equality (49). This concludes the proof of Theorem 1.8. [

Remark. We conjecture that the inclusion of Theorem 3.8 is an isomorphism. But
even the proof of the simple equality (49) is surprisingly complicated in depth 3, let
alone in higher depth. Computer calculation does lead to the general conjecture:

Conjecture. If A € ARl push/circnewt and B = swap(A), then for allr > 1, we
have

(58) B(vi,...,v.) = (=1)""'B(v,,...,v1).

The identity (58) would also yield the following useful partial result, which is the
mould analog for [£v of a result that is well-known for [s, namely that the bigraded
part [s;, = 0 when n # r mod 2.

Lemma 3.9. Fiz 1 < r < n. Let A € ARI'_. N ARIP and let

al+push/circneut

B = swap(A). Assume that B satisfies (58). Then if n —r is odd, A = 0.

Proof. Let mantar denote the operator on moulds in ARI (resp. ARI) defined
by
(59) mantar(A)(u, ..., u.) = (=) A, ... up)
(resp. the same expression with v; instead of w;). It is easy to check the following
identity of operators noted by Ecalle:

neg o push = mantar o swap o mantar o swap,

where
(60) neg(A)(uy,...,uy) = A(—uy, ..., —up).

Let A € ARl push/cireneut; then A is push-invariant, so applying the left-hand
operator to A gives neg(A). Assuming (58) for B = swap(A), i.e. assuming that
B = mantar(B), we see that applying the right-hand operator to A fixes A since
on the one hand swapo swap = id and on the other, mantar(A) = A for all alternal
moulds (cf. [S2], Lemma 2.5.3). Thus A must satisfy neg(A) = A, i.e. if A # 0 then
the degree d = n — r of A must be even. O

This implies the following result, which is the analogy for [fv of the similar
well-known result on [s.
Corollary 3.10. If the swaps of all elements of Anglo—f-push/ciTcneut are mantar-
invariant, then ARI; N ARIffj_push/cimnwt = 0 whenever d is odd, i.e. by (45),

ltv;, =0 when n # r mod 2

4. THE ELLIPTIC KASHIWARA-VERGNE LIE ALGEBRA

In this section we follow the procedure of [S3] for the double shuffle Lie alge-
bra to define a natural candidate for the elliptic Kashiwara-Vergne Lie algebra,
closely related to the linearized Kashiwara-Vergne Lie algebra, and give some of its
properties.

4.1. Definition of the elliptic Kashiwara-Vergne Lie algebra.
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4.1.1. The Kashiwara-Vergne Lie algebra. Let A be the mould operator given by
(61) A(A)(ug, .. yup) =ug - upe(ug + -+ up) A(ug, ..oy uy)

for r > 1, and let ARI® denote the space of rational-function moulds A such that
A(A) is a polynomial mould (i.e. the denominator of the rational function A is
“at worst” wuy - ur(ug + -+ uy)). We write ARIpA for the space of moulds in
ARI* N ARI,, where p may represent any (or no) properties on moulds in ARI;
we will consider properties p such as for example al, push, combinations of these
etc.

Recall that earlier we used the notation ARI, , for the space of moulds having
property a and whose swaps have property b; for example, ARI,;/q denotes the

space of alternal moulds with alternal swap. In this section, following Ecalle, we
introduce a slightly more general notation ARI,., to denote the space of moulds
having property a and whose swap has property b up to adding on a constant-valued
mould; thus, we write ARI,;.q for the space of alternal moulds whose swaps are
alternal up to adding on a constant-valued mould. An example of a mould in
ARI,jvq1 is the mould A71(A), where A is the polynomial mould concentrated in
depth 3 given by
Alu _ 1 Ly 1oy Loy 1 5 1,5 1 3
1,u2,U3) = ujuz + —ujus ujuy + -ujuz + S Uuy UsU3 U2U3

4 4 4 2 4 4 4
1 2 4 1 2 1 2
12U1’LL21L3 6u1u2u;z, 12U1U2U3.

It is easy to check that A=1(A) is alternal, but its swap is not alternal unless one
adds on the constant 1/3.

Definition 4.1. The mould-version elliptic Kashiwara-Vergne vector space is the
subspace of polynomial-valued moulds
A(ARIG ).

al+pushxcircneut

The elliptic Kashiwara-Vergne vector space is the subspace trv.;; C lieg such that
(62) ma(troey) = A(ARIS ).

al+pushxcircneut

The operator A trivially respects push-invariance of moulds, so the space trv.y

lies in the space [ie’é“‘gh of push-invariant elements of liec. We will now show that

the subspace Erv.; is actually a Lie subalgebra of [ie’é“sh7 which is itself a Lie algebra
thanks to the following lemma, of which a more explicit version (with a formula for

the partner) is proved in [S3] (Lemma 2.1.1).

Lemma 4.2. Let b € liec. Then b € [ie’(’;”h if and only if there erists a unique

element a € liec (the partner of b), such that if Dy 4 is the derivation of liea defined
by x — b, y — a, then Dy, annihilates [z, y].

By identifying [ie’é"Sh with the space of derivations that annihilate [z,y], this

lemma shows that [ieléwh is a Lie algebra under the bracket of derivations. We
state this as a corollary.
Corollary 4.3. The map b+— Dy, gives an isomorphism

(63) 9 : el — odery
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whose inverse is Dy q — Dy o(x) = b, and this becomes a Lie isomorphism when

[ie’é“Sh is equipped with the Lie bracket
(64) <b, b/> = [Db,m Db/ﬂ/](x) = Dbﬂ(b,) — Dbl,a/(b).

Thus we know that [ie%mh is a Lie algebra and it contains the elliptic Kashiwara-

Vergne space £tve; as a subspace. This leads to our first main result on frv.y;.

Theorem 4.4. The subspace trv,y C [ie%mh s a Lie subalgebra.

In order to prove this theorem, we will make essential use of mould theory, and in
particular, of the ari-bracket” defined by Ecalle that makes ARI into a Lie algebra
ARI, ;. The hairiest definitions and proofs have been relegated to Appendix 1,
in order to streamline the exposition of the next paragraph, which contains some
basic elements of mould theory that will lead to the proof of the theorem in 4.1.3.

4.1.2. A few facts about moulds. In this paragraph we give a few brief reminders
about some of the basic operators of mould theory and their connections with
the familiar situation of lieo; a very concise but self-contained exposition with full
definitions is given in Appendix 1, and a complete exposition with proofs can be
found in Chapters 2 and 3 of [S2]. In this section, we content ourselves with
giving a list of mould operators that generalize the some of the most frequently
considered operators on lies such as the usual and the Poisson bracket, Thara and
special derivations, and the bracket (, ) on [ieg"Sh. It is important to make the
following two observations: (i) all these operators given in mould-theoretic terms
can be applied to a much wider class of moulds than merely polynomial-valued
moulds, which permits a number of proofs of results on polynomial-valued moulds
(and thus polynomials in z,y) that are not accessible otherwise; (ii) there are some
very important mould operators that are not translations of anything that can be
phrased in the polynomial situation; this is where the real richness of mould theory
comes into play. We do not use any of these in this section, but some of them will
play a key role in the next subsection (see 4.2.4).

Recall from Lemma 3.3 (iii) that in fixed depth r and weight n, we have a linear
isomorphism of finite-dimensional vector spaces

ma : [ie((;’n) — ARI((J’H)’WI.

The precise definitions of all the Lie brackets and derivations below are given in
Appendix 1.

e There is a Lie bracket {u on ARI satisfying
ma([f, g]) = lu(ma(f), ma(g))

"The fact that ari really is a Lie bracket was stated by Ecalle and has been used constantly
in the mould literature. However, it appears that no complete proof of this fact was ever written
down (as is the case with many of Ecalle’s statements). The full detailed proof has finally been
given by Furusho and Komiyama, cf. [FK], Prop. 1.12. For the purposes of this article, in which
ari is applied only to the space ARIA of rational moulds with denominator at worst A, complete
proofs that ari restricted to ARI® is a Lie bracket were given in [E2], Prop. 4.2, and in [S3] (where
the result follows from the definition of the Dari-bracket given there as a bracket of derivations
on polynomial moulds, and then of the ari-bracket as the transport of the Dari-bracket by the
vector space isomorphism A).
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for f,g € liec. We write ARI}, for the Lie algebra ARI with this bracket.

o For each mould A € ARI, there is a derivation arit(A) of ARI;, that corresponds
to the Poisson or Thara derivation on liec in the sense that

arit(ma(f)) - ma(g) = —ma(dy(g)).

e There is a Lie bracket ari on ARI given by
ari(A, B) = lu(A, B) — arit(A) - B+ arit(B) - A
that corresponds to the Poisson or Thara bracket on liec in the sense that
(65) ari(ma(f),ma(g)) = ma({f.q})-
We write ARI,,; for the Lie algebra with this Lie bracket.

e There is a Lie bracket ari on ARI which satisfies the following relation with the
ari-bracket in the special case where A and B are both push-invariant moulds:

(66) ari(swap(A), swap(B)) = swap(ari(A, B)).

e There is a third Lie bracket on ARI, the Dari-bracket, which is obtained by
transfer by the A-operator given in (61), i.e. it is given by

(67) Dari(A, B) = A(ari(A‘l(A)7 A—l(B))).

This means that A gives an isomorphism of Lie algebras

(68) A: ARI,.; = ARIpari,

where ARIpg,-; denotes the Lie algebra given by the vector space ARI equipped
with the Dar: Lie bracket.

e For each mould A € ARI, there is an associated derivation Darit(A) of ARI,
that preserves ARIP°! if A is polynomial-valued and satisfies the following property:
the Dari-bracket of (67) can also be defined by

(69) Dari(A, B) = Darit(A) - B — Darit(B) - A.
The definition of the derivation Darit is given explicitly in Appendix 1, equation
(117).

We end this section by comparing the Dari-bracket to the bracket (, ) on [ieg”h
given in Corollary 4.3.

Proposition 4.5. The map

. push
ma : liefy™" — ARIpgr,

is a Lie algebra morphism, i.e. the Lie brackets ( , ) and Dari are compatible in
the sense that

ma((b,b")) = Dari(ma(b), ma(b')).

Proof. The key point is the following non-trivial result, which is one of the main
results of [BS]: if D; and Dy lie in odetq, then the map
(70) W : odety — ARI,;

D— ATl (ma(D(x))),
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is an injective Lie morphism, i.e.
A~ (ma([Dl,Dg](x))> = ari (A‘l(ma(Dl(x))),A_l(ma(Dg(x))))

(see Theorem 3.5 of [BS]). Applying A to both sides of this and using (67), this is
equivalent to

(71) ma([Dy, Ds)(z)) = Dari (ma(Dl (x)),ma(Dg(:U))),
which in turn means that

(72) ma : 00ety — ARIpari

is a Lie algebra morphism. We saw in Corollary 4.3 that we have a Lie isomor-
phism [ieg“h 5 odery when [ie’g”h is equipped with the Lie bracket (64), so by
composition, we have an injective Lie morphism

b+ Dyo s A (ma(Dyo(2))) S ma(b)

(where 9 is as in Corollary 4.3 and ¥ is as in (70)) is an injective Lie morphism

[ie'éwh — ARIpgyi, which proves the result. O

4.1.3. Proof that trvgy is a Lie algebra. This subsection is devoted to the proof of
Theorem 4.4, i.e. that the subspace £tv.;; C [ieg“s}l is closed under the bracket { , ).
From Proposition 4.5, ma gives an injective Lie algebra morphism

12" — ARIpari.

Thus it is equivalent to prove that the image of the subspace frv.y; C [ie%“Sh is

closed under the Dari-bracket. Since we saw above that
A~ ARIpgari — ARI,,,

it is equivalent to show that ARI%

al4+pushx*circneu

; is a Lie subalgebra of ARI,;.

Let b € liec be push-invariant and let Dy, , = 9(b) where O : [ie’é“h — oDety is

as in (63). It is shown® in [BS], Prop. B.1 that for all ¥’ € liec, we have
(73) ma(Dy (b)) = Darit(ma(b)) (ma(b")).

Thus when b € lie?s**" and B = ma(b), Darit(ma(b)) = Darit(B) is simply the
mould form of Dy ,. The derivation D, , extends to all of Q(z,y) and restricts to
Q(C) since by Lemma 4.2, both b(z,y) and a(z,y) lie in liec C Q(C). Since any
polynomial mould B’ is of the form B’ = ma(b') with ¥’ € Q(C), (73) shows that
Darit(B)-B" = ma(Dy,q(t')) € Q(C), so Darit(B) preserves ARIP'. Furthermore,
since it is the mould form of Dy ,, we have Darit(B)-ma([z,y]) = 0 and Darit(B)-
ma(y) = ma(a). If b, € liec and B = ma(b), B’ = ma(b'), then by (69) and (73),

8Note that the notation is slightly different there; we recover this statement by setting F' = b/,
U =0b, Dy = Dy, and taking care to note that the definition of Darity in that article is the
conjugation of the definition (124) used here by dar, i.e. it is (124) without the dar terms.
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we have
Dari(B, B') = Darit(B) - B — Darit(B') - B
=ma(Dyqo(b') — Dy o (b))
= ma([Dy,a, Dy o/]())
(74) = ma((b,b')).

We use Darit and Dari to prove the desired result in three steps as follows.

push .

Step 1. Since lie, ™" is the space of push-invariant Lie polynomials, we have

push pol
ma(lieg™") = AR, h

But we saw in Proposition 4.5 that lie?*" is a Lie algebra under (, ), so ARI??

al+push
is a Lie algebra under Dari.

Step 2. The space ARI4 al+push 18 & Lie algebra under ari. Indeed, the definition
of A shows that this operator does not change the properties of push-invariance or
alternality, i.e. A" (ARI iy push) = ARy push. Restricted to polynomial-valued

moulds, we have A~ (ARISlOJlrpush) ARIalﬂmsh

ARl to ARIpgy; by virtue of (68) and ARIpH_pmh is a Lie subalgebra of ARIpa.;
by Step 1, its image ARIS alpusn, under A~ ! is thus a Lie subalgebra of ARI,,;.

Since A is an isomorphism from

Step 3. We can now complete the proof of Theorem 4.4 by showing that the space
ARI% tpushwcireneut 15 @ Lie algebra under ari. For this, we need the following
lemma, whose proof is deferred to the end of Appendix 1.

Lemma 4.6. The space ARI cirenewt 0f circ-neutral moulds A € ARI forms a Lie
algebra under the ari-bracket.

Given this, it is an easy matter to conclude. Let A, B lie in ARI% al+pushscireneut’
and let us show that ari(A, B) lies in the same space. By Step 2, we know that
ari(A, B) € ARI4 al+pushs S0 we only need to show that swap(am'(A,B)) is *cire-
neutral. But we will show that in fact this mould is actually circ-neutral. To see
this, let Ag and By be the constant-valued moulds such that swap(A) + Ap and
swap(B) + By are circ-neutral. By Lemma 4.6, we have

ari(swap(A) + Ao, swap(B) + By) € AR cirencut-

Using the identity swap(ari(M, N)) = @(swap(M), swa,p(N)), valid whenever M
and N are push-invariant moulds (cf. [S], (2.5.6)), as well as the fact that constant-
valued moulds are both push and swap invariant, we have
ari(swap(A) + Ao, swap(B) + By) = ari(swap(A + Ag), swap(B + By))
= swap - ari(A + Ao, B+ By)
= swap - ari(A, B) + swap - ari(A, By) + swap - ari(Ag, B) + swap - ari(Ap, Bo)
= swap - ari(A, B)
since the definition of the ari-bracket shows that ari(C, M) = 0 whenever C is a

constant-valued mould. Thus swap - ari(A, B) is circ-neutral, which completes the
proof of Theorem 4.4. O
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The following easy corollary, which uses the result just shown (in Step 3 of the
proof of Theorem 4.4) that

ARIA

al+pushxcircneut

is a Lie algebra under the ari-bracket, provides the promised proof of Proposition
1.6 stating that [tv is a Lie algebra.

Corollary 4.7. The subspace ARIP! is a Lie algebra under the ari-

al+push/circneut
bracket, and the space 8o is a Lie algebra under the Poisson bracket.

Proof. Clearly

A A
(75) ARIal+push/circneut - ARIal+push*circneut

is a Lie subalgebra, since the ari-bracket of moulds without constant correction
also has no constant correction. Since ARIP®' is a Lie subalgebra of ARI, the
intersection

(76) ARIpOl = ARIPOZ n ARI(%—Q—push/circneut - ARIA

al+push/circneut al+pushxcircneut

is also a Lie algebra, proving the first statement of the corollary. Thus, by (65),
the space

-1 ol
(ko = ma (Anglerush/circneut)
a Lie algebra under the Poisson bracket, which completes the proof. (I

Corollary 4.8. The linear map A gives a Lie algebra morphism

(77) A: ARIP! — A(ARIS ),

al4+push/circneut al+pushx*circneut

which induces a Lie algebra morphism
[t — frogy;.

Proof. For the first statement, composing the inclusion map in (76) with the
operator A, considered as an injective linear map on moulds gives an injective
linear map

ARI™ < A(ARI4 ).

al4+push/circneut l4+push*circneut

It is shown in Step 3 of the proof of Theorem 4.4 (in §4.1.3) that ARIS

al+pushxcircneut
is a Lie algebra under the ari-bracket, and in Corollary 4.7 that ARI” lo_f_pus h/cirencut
is a Lie subalgebra of it. A basic property of the linear map A is that it transforms
the ari-bracket into the Dari-bracket (cf. (67), or for more detail (122) in Appendix
1), so the space A(ARIZ), by shvcirencut) 18 @ Lie algebra under the Dari-bracket.
Thus the map in (77) is a Lie algebra morphism from a Lie subalgebra of ARI,,;
to a Lie subalgebra of ARIpgr;.

Finally, by (44) we have
ma(lko) = ARIP C ARI,.

al+push/circneut

and by (62) we have
ma(tro.y) = A(ARIS ) € ARIpayi,

l+pushxcircneut

so (77) translates directly under ma~! to a Lie morphism [tv — Ero,y;. O
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4.2. The map from trv — £ro.;. In this subsection we prove our next main result
on the elliptic Kashiwara-Vergne Lie algebra, which is analogous to known results
on the elliptic Grothendieck-Teichmiiller Lie algebra of [E1] and the elliptic double
shuffle Lie algebra of [S3]. The subsection 4.3 below is devoted to connections
between these three situations.

Theorem 4.9. There is an injective Lie algebra morphism®
(78) fro € > frogy

The proof constructs the morphism from £tv to €rv.; in four main steps as
follows.

Step 1. We first consider a twisted version of the Kashiwara-Vergne Lie algebra,
or rather of the associated polynomial space Vi, of Definition 2.4, via the map

(79) v Vero = Weeo
(80) [ =v(f),

where v is the automorphism of Ass, defined by

(81) viz)=z2=-r—vy, v(y)=y.

In paragraph 4.2.1, we prove that Wy, is a Lie algebra under the Poisson or Thara
bracket, and give a description of Wy, via two properties, the “twisted” versions
of the two defining properties of Vi, given in Definition 2.4.

Step 2. To describe this step we first need a definition.

Definition 4.10. (i) Let teru be the operator defined on moulds in ARI as follows:
teru(A) is equal to A in depths 0 and 1, and for depths r > 1, we have

(82) teru(A)(us, ... up) =

1
A(Ul, s 7u’r') + ?(A(ulv ceey Up—2, Up—1 + u'r) - A(U1, sy Up—2, u'r—l))~

(i) A mould A € ARI is said to satisfy the senary relation (c¢f. (3.64) in §3.5
of [Ec]) if

(83) teru(A) = push o mantar o teru o mantar(A),
and the twisted senary relation if pari(A) satisfies the senary relation, where
(84) pari(A)(uy, ..., ur) = (1) A(ug, ..., up).

(i1i) We define the mould subspace ARIfloj_tsen/cimcomt (resp. ARIP?!

l+tsen*circconst)

to be the subspace of alternal polynomial-valued moulds A € ARI such that swap(A)
is circ-constant (resp. up to adding a constant mould) and A satisfies the twisted
senary relation. Observe that if swap(A) € ARI is a polynomial-valued mould of
homogeneous degree n which is circ-constant up to addition of a constant-valued
mould, then the constant-valued mould is uniquely determined as being the mould
whose only non-zero value is the constant value ¢/n in depth n, where ¢ is given by

swap(A)(vy) = co? L.

9The dotted map again refers back to footnote 1.
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In paragraph 4.2.2, we study the mould space ma (W ). Thanks to the com-
patibility of the ari-bracket with the Poisson bracket (see (65), or for more detail
see Appendix 1 especially (121)), this space is a Lie subalgebra of ARI,,;. Just as
we reformulated the defining properties of [€v in mould terms in §3, proving that
ma(ltv) = ARI 5 loipmh Jeireneut? in Step 2 we will reformulate the defining properties
of Weep in mould terms and show that

(85) ma(WEtU) = ARIgloj—tsen*circconst‘

Step 3. For this part we need to introduce Ecalle’s mould pal and its inverse
invpal, which lie in the Lie group GARI associated to the Lie algebra ARI,,.;, and
study the inverse adjoint operators Ad,.;(pal) and Adg;(invpal) on ARI,.;. The
statement of the result by Ecalle discussed in footnote 1'° is that adjoint action of
the mould pal € GARI gives a Lie algebra morphism of ARI,,.; which restricts to
an isomorphism of Lie subalgebras

~

(86) Adgri(pal) : ARL g, -~ ARIop,

where ARI,,sp denotes the push-invariant moulds, and AR/, denotes the moulds
satisfying the senary relation (92).
Letting = denote the map

Adgri(invpal) o pari : ARIu; — ARIqr,

we show in Step 3, relying on the statement (86), that = gives an injective Lie
morphism
(87)

part

ARIP P ARIPY!

al+tsenxcircconst al+senxcircconst

¢ Adari(invpal) ARIA

al+push*circneut

of subalgebras of ARI,,;, where the dotted arrow indicates as usual that Ecalle’s
statement (86) has not been proved in the literature.

Step 4. The final step is to compose (87) with the Lie morphism A : ARI,.; —
ARIpgr;, obtaining an injective Lie morphism

ARI?! — A(ARIS ),

al+tsenxcircconst al+pushxcircneut

where the left-hand space is a subalgebra of ARI,,; and the right-hand one of
ARIpgri- Since the right-hand space is equal to ma(froy;), the desired injective
Lie morphism from £rv to frv.; is obtained by composing all the maps described

10This statement and the senary relation itself can be found in [Ec], (3.51)-(3.58), in the
situation of a general flexion unit. To give the dictionary between the notation for the general
case and the special case studied in this article: € denotes a general flexion unit and adari(es)
the corresponding adjoint action, while in our situation we take the flexion unit &(u1) = 1/u1
and the adjoint action is then adg.i(pal) (or adari(pal)). If a mould M is push-invariant, Ecalle
uses the term E-push-invariant to indicate the property of the mould adari(es) - M coming from
transporting the push-invariance of M; in other words, adari(es) - M is E-push-invariant if and
only if M is push-invariant. In (3.53)-(3.54), Ecalle gives the key statement that a mould is €-
push-invariant if and only if it satisfies the senary relation (3.58) for the flexion unit €. In our
situation this means that adg,;(pal) - M satisfies the senary relation (92) (corresponding to the
flexion unit €(u1) = 1/u1, and the notation teru := €-ter) if and only if M is push-invariant.
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above, as shown in the following diagram:
(88)
tro

by (33)

Ve

Weeo trogy

by (85) | ma malTby (62)

ARIS

al+pushxcircneut

ARIP

al+tsenxcircconst by (87>5

A A
— = A (ARIal+push*circneut)

4.2.1. Step 1: The twisted space Weyy.

Proposition 4.11. Let Wiy = v(Viww). Then Wy is a Lie algebra under the
Poisson bracket.

Proof. The key point is the following lemma on derivations.

Lemma 4.12. Conjugation by v induces an isomorphism of Lie algebras
(89) s0ety — idety
Ea,b — dl/(b)~

Proof. Recall that E,; € s0ety; maps  — [z,a] and y — [y,b], and d,, ;) € iders
is the Thara derivation defined by = — 0, y — [y, v(b)] (cf. §1.1).

Let us first show that d, ) is the conjugate of E,p by v, i.e. d,4) =voE,pov
(since v is an involution). It is enough to show they agree on x and y, so we compute
voEspov(z) =volE,;(2) =0=d,@w()

and

voE,yov(y) =voFE.u(y) =v(lyb]) = [y, v()] =dyw(y).
This shows that v o E, ; ov is indeed equal to d,, ). To show that d, ) lies in idery,
we check that d,)(z) is a bracket of z with another element of lie,:

dyy(2) =voEupov(z) =voEuy(x) = v([z,a]) = [2,v(a)].
The same argument goes the other way to show that conjugation by v maps an
element of idety to an element of sdete, which yields the isomorphism (89) as vector
spaces. To see that it is also an isomorphism of Lie algebras, it suffices to note that
conjugation by v preserves the Lie bracket of derivations in dets, i.e.

vo[Dy,Dsylov=[voDjov,voDyov],

since v is an involution. Since the Lie brackets on sdetrs and idery are just restrictions
to those subspaces of the Lie bracket on the space of all derivations, conjugation
by v carries one to the other. O

We use the lemma to complete the proof of Proposition 4.11. Write
v ={voEov|E € trv} C iders.
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By restricting the isomorphism (89) to the subspace ftv C sders, we obtain a
commutative diagram of isomorphisms of vector spaces

fro ——— Erv”

L

v
Vo —— Wi

where the left-hand vertical arrow is the isomorphism (33) mapping E, , — b, and
the right-hand vertical map sends an Ihara derivation dy to f. Equipping Wi
with the Lie bracket inherited from £rb” makes this into a commutative diagram of
Lie isomorphisms. But this bracket is nothing other than the Poisson bracket since
tro” C iders. O

We now give a characterization of Wy, by two defining properties which are the
twists by v of those defining Vi,,. Recall that 3 is the the backwards operator given
in Definition 3.4.

Proposition 4.13. The space Weyy is the space spanned by polynomials b € liec,
of homogeneous degree n > 3, such that

(i) b, — b, is anti-palindromic, i.e. B(b, — b;) = (=1)""1(b, — b,), and

(ii) b+ Sy™ is circ-constant, where ¢ = (blz"1y).

Proof. Let f = v(b), so that f € Vi,. Then the property that b, — b, is anti-
palindromic is precisely equivalent to the push-invariance of f (this is proved as the
equivalence of properties (iv) and (v) of Theorem 2.1 of [S1]). This proves (i).

For (ii), we note that since f € Vi, fY — f* is push-constant for the value
c=(flz"ty) = (=1)" " (b]a""1y). We have

b(x,y) = zb”(z,y) + yb?(z,y),

SO

f(z,y) = b(z,y) = 2b"(2,y) + yb¥(2,y) = —ab”(2,y) — yb*(2,y) + yb¥(z,9).
Thus since f(z,y) = xf*(x,y) + yfY(x,y), this gives
fm = _bx(27y) and fy = _bx('z?y) + by('zvy>7
SO
U =1 =v(zy) =v(b).

Thus to prove the result, it suffices to prove that the following statement: if g €
Assc is a polynomial of homogeneous degree n that is push-constant for (—1)"~!e,
then v(g) is circ-constant for ¢, since taking g = f¥ — f* then shows that v(g) = b¥
is circ-constant for c¢. The proof of this statement is straightforward using the
substitution z = —z — y (but see the proof of Lemma 3.5 in [S1] for details). To
complete the proof of (ii), we note that when f € Vi, is of even degree n we have
¢ = 0. In fact this follows from Corollary 1.9, which states that [v) = 0 when n
is even; this means that there are no elements in £rv of even weight n and depth 1,
so there are no such elements in Vi,. Since c is the coefficient of the depth 1 term

2" 1y, we have ¢ = 0 when n is even. This completes the proof of (ii). [
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4.2.2. Step 2: The mould version ma(Wee). The space ma(Weey) is closed under
the ari-bracket by (65), since W,y is closed under the Poisson bracket.

Let b € Wi and let B = ma(b). Then since b is a Lie polynomial, B is an
alternal polynomial mould. Let us give the mould reformulations of properties (i)
and (ii) of Proposition 4.13. The second property is easy since we already showed,
in Proposition 3.7, that a polynomial b is circ-constant if and only if swap(B) is
circ-constant.

Expressing the first property in terms of moulds is more complicated and calls
for an identity discovered by Ecalle. We need to use the mould operator mantar
defined in (59), as well as the mould operator pari defined by

The operator pari extends the operator y — —y on polynomials to all moulds,
and mantar extends the operator f +— (—1)""13(f).

Lemma 4.14. Let b € liec. Then the following are equivalent:
(1) by — by is anti-palindromic;
(2) if B =ma(b), then pari(B) satisfies the senary relation
(90) teru o pari(B) = push o mantar o teru o pari(B).

(Note that since b is a Lie element, B and pari(B) are alternal and thus mantar-
invariant, so we can drop the right-hand mantar from the senary relation (83).)

Proof. 1t suffices to prove the statement for an element b of homogeneous degree
n. The statement is a consequence of the following result, proved in Proposition
A.3 of the Appendix of [S1]. Let b € liec and let B = ma(b). Write b = b,z +b,y as
usual. Then for each depth r part (Ew—l—l;y)r of the polynomial 5m+5y (1<r<n-1),
the anti-palindromic property

(91) (Bz + Ev)r = (_1)n_15(6w + Eu)r

translates directly to the following relation on B:

(92) teru(B)(u1,...,u,) = push o mantar o teru(B)(u1, . .., uy).

Let us deduce the equivalence of (1) and (2) from that of (91) and (92). Let b
be defined by b(z,y) = b(z, —y). This implies that (b,)" = (=1)"(by)", (b,)" =
(=1)""(b,)", and B = pari(B). Thus b, — b, is anti-palindromic if and only if
by +b, is, i.e. if and only if (91) holds for b, which is the case if and only if (92) holds
for B, which is equivalent to (90) with B = pari(B). This proves the lemma. [

Corollary 4.15. We have the isomorphism of Lie algebras
~ l
ma : Wéw - ARI{flO—&-tsen*circconst C ARI‘”’i .

Proof. By Proposition 4.13, the space Wy, is the space of Lie polynomials
b satisfying (i) by — b, is antipalindromic and (ii) b + (¢/n)y™ is circ-constant,
where ¢ = (b|Jz""1y). By Lemma 4.14, property (i) is equivalent to the fact that
pari(B) satisfies the senary relation (83). By Proposition 3.7 the fact that b is circ-
constant is equivalent to swap(B) being circ-constant (and the remark at the end
of Definition 4.10 shows that the constant is necessarily unique and the same). But
by definition 4.10, ARI? ol is precisely the space of alternal polynomial

al+tsenxcircconst
moulds satisfying precisely these two mould properties. O
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4.2.3. Mould background: Exponential maps from ARI to GARI. The next stage
of our proof, the construction of a Lie algebra morphism

(93) ARIP! > ARIA

al+tsenxcircconst al+pushxcircneut?

is the most difficult, and requires some further definitions from mould theory. In
order to keep it simple, we will make use of the following general scheme.

Let g denote a vector space equipped with a grading in weights n > 1, equipped
with a pre-Lie law p(f, g) that respects the grading in the sense that if f is of weight
n and g of weight m then p(f,g) is of weight n 4+ m. Then g is also automatically
equipped with

e a Lie bracket [f, g] := p(f, 9) — p(9, f);

e an exponential map exp, mapping g into the set of group-like elements of the
completed universal enveloping algebra of the Lie algebra g, and its inverse map
logp;

e the group law * making G := exp,(g) into a group, given by

expy(f) * expy(g) = expp(chy(f. 9))-

e an adjoint action of G on the graded completion g of g defined for each element
H € G by letting h = log,(H) and setting

Ady(H) - f = exp(ad()) - F = Y ~ad(n)" - f €3,

n>0
where ad(h) - f = [h, f].

When g = ARI equipped with the grading by the depth, we have g = g. We have
seen that ARI can be equipped with various pre-Lie laws and Lie brackets. The
underlying set of the associated group will always be the set GARI of all moulds
with constant term 1, just as ARI is the space of all moulds with constant term 0.
(The same holds for ARI and GARI.)

Ecalle has studied a large family of different pre-Lie laws on ARI and ARI,
together with all their attendant structures as in the list above. The only ones we
need here are the pre-Lie laws

preari(A, B) = arit(B) - A+ mu(A,B) on ARI

preari(A, B) = arit(B) - A+ mu(A,B)  on ARI,
where arit (resp. arit) are the derivations of ARI}, (resp. ARI},) defined in Ap-
pendix 1. We will not use these pre-Lie laws in and of themselves, but in the next
paragraph we will be using their associated adjoint actions Adg,; and Ad—

ari”®

We end this paragraph by defining, for any mould Q € GARI, an automorphism
ganit(Q) of the Lie algebra ARI},''. Set v = (vy,...,v,), and let W, denote the

HThe explicit expression given below does not show immediately why ganit(Q) is an automor-

phism. However, this can be seen by using Ecalle’s explicit definition of the operator anit given
in Appendix 1: for every A € ARI, the operator antt(A) is a derivation of ARI}, (see Appendix
A.1 of [S2]). Then preani(A, B) = anit(B) - A — mu(A, B) is a pre-Lie law on ARI. Let exp—
be the associated exponential map. The explicit formula for ganit shows that we have

ganit(expani(A)) = exp(anit(A))
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set of decompositions d, of v into chunks
(94) dv = a1b1 s asbs
for s > 1, where with the possible exception of by, the a; and b; are non-empty.
Thus for instance, when r = 2 there are two decompositions in W,,, namely a; =
(v1,v2) and a;by = (v1)(ve2), and when r = 3 there are four decompositions, three
for s = 1: a3 = (v1,vg,v3), aib; = (v1,v2)(v3), a1by = (v1)(v2,v3), and one for
S :/22 alblag = (’Ul)(vg)(’vg).

Ecalle’s explicit expression for ganit(Q) is given by

(95)  (ganit(@)-P)(v)= Y. Q(lb1)-+-Q(|bs) Plar-a),

ajbi--rasbseW,,

where if b; is the chunk (vg, vgy1,--.,Vk+1), then we use the notation

(96) b = (Vk — Vk—1, U1 — Vk—1, - - -, Ukl — Vk—1)-

4.2.4. Mould background: The special mould pal and Ecalle’s fundamental identity.
We are now ready to introduce the fundamental identity of Ecalle, which is the key
to the construction of the desired map (93).

Definition 4.16. Let constants ¢, € Q, r > 1, be defined by setting f(z) = 1—e~*
and expanding f.(z) = >, c,x" T where f.(x) is the infinitesimal generator of

f(z), defined by

7(@) = (ean(f (@) )) 2

Let lopil be the mould in ARI— defined by lopil(v;) = fi and for r > 2 by the
simple expression
. v+ -+ o,

vi(vr —v2) - (Upo1 — Up)Up
Set pil = exp;(lopil) where exp.; denotes the exponential map associated to
preari, and set pal = swap(pil).

(97) lopil(vy, ..., v.) =

The mould lopil is easily seen to be both alternal and circ-neutral. It is also
known (although surprisingly difficult to show) that the mould lopal = loga,i(pal)
is alternal (cf. [Ec2], or [S2], Chap. 4.). Thus the moulds pil and pal are both
exponentials of alternal moulds; this is called being symmetral. The inverses of pal
(in GARI) and pil (in GARI) are given by

invpal = expari(—lopal),  invpil = exp,(—lopil).

The key maps we will be using in our proof are the adjoint operators associated
to pal and pil, given by

(98) Adgri(pal) = exp(adari(lopal)), Ad—(pil) = eacp(adf(lopil))7

ari art

where ady.;(P) - Q = ari(P, Q). The inverses of these adjoint actions are given by
(99)  Adgyri(invpal) = exp(ada,i(—lopal)), Adg(invpil) = exp(adg(—lopil)).

ari art
for all A € ARI, so as the exponential of a derivation, it is an automorphism. A direct proof from
the definition can be found in [K], Thm. 3.7. Observe also that if ani denotes the Lie bracket on
ARI given by preani(A, B) — preani(B, A) and gani denotes the corresponding multiplication on
expani(ARI) given by the Campbell-Hausdorff formula, then ganit(A) o ganit(B) = 1 if and only
if gani(A, B) = 1.
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These adjoint actions produce remarkable transformations of certain mould prop-
erties into others, and form the heart of much of Ecalle’s theory of multizeta values.
Ecalle’s fundamental identity'? relates the two adjoint actions of (98). Valid for all
push-invariant moulds R, it is given by

(100) swap - Adgri(pal) - R = ganit(pic) - Ad(pil) - swap(R),
where pic € GARI is defined by pic(vy,...,v.) =1/v1 - v,

For our purposes, it is useful to give a slightly modified version of this identity.
Let poc € GARI be the mould defined by

(101) poc(v,...,vp) =

U1(U1 - U2) T (Ur—l - Ur).

Then it is shown in [B] that ganit(pic) and ganit(poc) are inverse automorphisms
of ARI}, (see [B], Lemmas 4.36 (esp. (4.15) and 4.37; see also the end of footnote
11). Thus, we can rewrite the above identity (100) as

(102) ganit(poc) - swap - Adgri(pal) - R = Ad_7(pil) - swap(R),

and letting N = Adgyi(pal) - R, i.e. R = Adg,i(invpal) - N, we rewrite it in terms
of N as

(103) Ad—(invpil) - ganit(poc) - swap(N) = swap - Adgr;(invpal) - N

art

this identity being valid whenever R = Ad,.;(invpal) - N is push-invariant.

4.2.5. Step 3: Construction of the map Z. In this section we finally arrive at the
main step of the construction of our map trv — frv.;;, namely the construction of
the map = given in the following proposition.

Proposition 4.17. The operator E = Adg;(invpal) o pari gives an injective Lie
morphism of Lie subalgebras of ARI,.;:
- 1

(104) = ARISIO-‘,-t&en*cucconét > ARIal+push*czrcneut

Proof. We have already shown that both spaces are Lie subalgebras of ARI,.;,
the first in Corollary 4.15 and the second in 4.1.3. Furthermore, since pari and
Adg,i(invpal) are both invertible and respect the ari-bracket, the proposed map is
indeed an injective map of Lie subalgebras. Thus it remains only to show that the

image of ARIg;itsen*cwcwnst under = really lies in ARIaHpush*mrmeut We will
show separately that if B € ARIffj_tsen*czmonét and A = Z(B), then

(i) A is push-invariant,
ii) A is alternal,

(
(iii) swap(A) is circ-neutral up to addition of a constant-valued mould,
(iv) A € ARIA.

12This identity, given in [Ec], is proved in [S2], Theorem 4.5.2; the proof relies among other
things on a basic fact of mould theory stated by Ecalle and used constantly in the mould literature,
namely that the operator ganit(pic) transforms alternal moulds in ARI to alternil moulds. A full
proof of this fact was not written down until the recent article [K] by N. Komiyama, see Corollary
3.25.
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Proof of (i). This statement follows directly on Ecalle’s senary property (86) men-
tioned in footnote 1. Using this, since B satisfies (90), B = pari(B) satisfies (92),

$0 Adgri(invpal)(B) = Z(B) = A is push-invariant.

Proof of (ii). The subspace of alternal moulds ARI,; is closed under ari (cf. [SS]),
S0 expari(ARI,;) forms a subgroup of GARI, 4y, which we denote by GARIg;,,
(the superscript as stands for symmetral). The pal is known to be symmetral
(cf. [Ec2], or in more detail [S2], Theorem 4.3.4). Thus, since GARIg,,, is a group,
the gari-inverse mould inwvpal is also symmetral. Therefore the adjoint action
Adgyi(invpal) on ARI restricts to an adjoint action on the Lie subalgebra ARI,;
of alternal moulds. If B is alternal, then pari(B) is alternal, and so A = Z(B) is

alternal. This completes the proof of (ii).

For the assertions (iii) and (iv), we will make use of Ecalle’s fundamental identity
in the version (103) given in 4.2.4, with N = pari(B) (recall that (103) is valid
whenever Ad,.;(invpal) - N is push-invariant, which is the case for pari(B) thanks
to (i) above). The key point is that the operators ganit(poc) and Ad——(pil) on the

left-hand side of (103) are better adapted to tracking the circ-neutrality and the
denominators than the right-hand operator Ad,;(invpal) considered directly.

Proof of (iii). Let b € Wy, and assume that b is of homogeneous degree n. Let
B = ma(b). Then by Corollary 4.15, swap(B) is circ-constant, and even circ-neutral
if n is even.

We need to show that swap - Adg,i(invpal) - pari(B) is *circ-neutral. To do this,
we use (103) with N = pari(B), and in fact show the result on the left-hand side,
which is equal to

Ad—{(invpil) - ganit(poc) - pari - swap(B)

art

(noting that pari commutes with swap). We prove that this mould is *circ-neutral
in three steps. First we show that the operator ganit(poc) - pari changes a circ-
constant mould into one that is circ-neutral (Proposition 4.18). Secondly, we show
that the operator Ad-—(invpil) preserves the property of circ-neutrality (Proposi-
tion 4.20). Finally, we show that if M is a mould that is not circ-constant but only
*cire-constant, and if My is the (unique) constant-valued mould such that M + M
is circ-constant, then

Ad—(invpil) - ganit(poc) - pari(M) + My

art
is circ-neutral. Using (103), this will show that swap - Adgri(invpal) - M is *circ-
neutral when Ad,,;(invpil) - M is push-invariant.

Proposition 4.18. Fizn > 3, and let M € ARI be a circ-constant polynomial-
valued mould of homogeneous degree n. Then ganit(poc) - pari(M) is circ-neutral.

Notation for the proof of Proposition 4.18.

Let v = (v1,...,v,), and let Wy, be the set of decompositions dy, of v into chunks
dy = a1by - --asbg as in (94). For any decomposition dy, we let its b-part be the
unordered set {bq,...,bs}, its a-part the unordered set {ai,...,as}, and we write
|a| for the number of letters in the a-part, i.e. |a] = |aj| + - + |as].

Let
W= ][ Woiw:
i
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where the ¢! (v) are the cyclic permutations of v = (v1,...,v,), and let WP denote
the subset of decompositions in W having identical b-part, so that we have

(105) w= [J] W~
b=(b1,...,bs)
Let w = (vi41,...,0r,01,...,0;) be any cyclic permutation of v = (v1,...,v;);

let dw = a1by---asbs be a decomposition of w, and let b = {by,...,bs} be its
b-part. We will list all the elements of WP, i.e. all decompositions of all cyclic
permutations of v having b-part equal to b. Let a = {ay,...,as} be the a-part of
dw. Then there exists a decomposition of a cyclic permutation of v having b-part
equal to b if and only if the cyclic permutation begins with a letter vy, € a; for such
a cyclic permutation, there is exactly one decomposition with b-part b, obtained
by cyclically shifting the pieces of the decomposition d,.

Example. Let w = (vs, v4, v5, vg, V7, V1, v2) and consider the decomposition
w = aibiazbaag = (v3,v4)(v5)(v6) (v7, v1)(v2).

Then b = {v1,v5,v7} and a = {v9,v3,v4,v6}. The only cyclic permutations of
v = (v1,...,v7) admitting the b-part {vy,vs,v7} are the ones starting with vy, € a,
and for each one, there is a unique decomposition determined by b:

(v2,v3,v4)(v5)(v6) (v7, V1)
(v3,v4)(v5) (v6) (v7, 1) (v2)
(v4)(vs)(ve)(v7, v1) (2, v3)
( (

Ve
v6)(”77 Ul) V2, V3, 1}4)(’1}5).

Let the ordered a-part of a decomposition dy, of a cyclic permutation w of v =
(v1,...,v,) be the word aj ---ag of the decomposition dy. Then by the above,
there are exactly |a| decompositions in WP, and their ordered a-parts are given by

(106) {O—|ja|(al"'as)‘j:Oa-~'7|a‘71}

i.e. the cyclic permutations of the letters of aj - - - ag.

Proof of Proposition 4.18. Let ¢ = (M(vy)|v]™"), and let N = pari(M), so that

N is a polynomial mould of fixed homogeneous degree n, with N(v;) = —cv}' ™!

Since M is circ-constant for ¢ (cf. Definition 3.6 for the definition), we have

(107) N(v1,...,0:) + -+ N(vp, 01,0, 0p21) = (=1)"¢ Z vt e,

e1+-der=n—r
e; >0

By the explicit formula (95), we have

(108) (ganit(poc) - N)(vy,...,v Zpoc |by)---poc(|bs)N(a; ---ay),
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so adding up over the cyclic permutations of v, we have
r—1

> (@@itlpoe) - N) (o4(v) = 3 poc(Lbu)- pocl(b)N e - -2.)

i=0
= Z Z poc(|by) - - -poc(|bs)N(ay - - as)
b={b1,....b;} WP
|la]—1
= Z poc(|by) -+ poc(| Z N(o a;))
b={b1,...,bs}
— _1)lal .. ey, Elal
(109) —¢ 3 (=1)Plpoc(|by) - poc(|by) > vil e,
b={b1,...,bs} erttepm=n—lal
;20

where the first equality is the definition of ganit(poc), the second equality follows
directly from (105), the third follows directly from (106), and the last equality
from (107) using the notation {ai,...,as} = {vi,,...,v;, } for the subset a of

{vi,...,v.}.

If ¢ =0, i.e. if M is a circ-neutral mould, the expression (109) is trivially equal
to zero in all depths r > 1, proving Proposition 4.18 in the case where M is circ-
neutral. In order to deal with the case where M is circ-constant for a value ¢ # 0,
we use a trick and subtract off a known mould that is also circ-constant for ¢. For
A cC{1,...,n}, let S7 denote the sum of all monomials of degree d in the letters
v;, 1 € A.

Lemma 4.19. Forn > 1 and any constant c, let T be the homogeneous polynomial
mould of degree n defined by

T vy, .o 0p) = ;S:[L&:r:.,r}

for 1 <r <mn. Then T is circ-constant and ganit(poc) - pari(T) is circ-neutral.

The proof of this lemma is surprisingly long and technical, so we have relegated
it to Appendix 2. Using the result, we can now finish the proof of Proposition 4.18.
Indeed we have M (vy) = T™(v1) = e, so the mould M — T is circ-neutral and
thus ganit(poc) - pari(M — T[) is also circ-neutral. But Lemma 4.19 shows that
ganit(poc) - pari(T2) is itself circ-neutral, so we have

Z circ' (ganit(poc) - pari(M)) = Z circ' (ganit(poc) - pari(T)) = 0

i=1 1=1

and thus ganit(poc) - pari(M) is also circ-neutral, completing the proof of Proposi-
tion 4.18. O

We now proceed to the second step, showing that the operator Ad—(invpil)

preserves circ-neutrality.

Proposition 4.20. If M € ARI is circ-neutral then Ad—
circ-neutral.

Proof. By (99), we have

(110) Adg(invpil) = exp(adg(—lopil)) = Z

am(

(invpil) - M is also

art

lopil)™.

art (

SV
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The definition of lopil in (97) shows that lopil is trivially circ-neutral. Thus, since
M is circ-neutral, ad_—(lopil) - M = ari(lopil, M) is also circ-neutral by Lemma

4.6, and successively so are all the terms ad_—(lopil)™(M). Thus Ad—(invpil) - M

art ari
is circ-neutral. O

Finally, we now assume that swap(B) is a *circ-constant polynomial-valued
mould in ARI of homogeneous degree n. Let By be the (unique) constant-valued
mould such that swap(B) + By is circ-constant. Then by Propositions 4.18 and
4.20, the mould

Ad(invpil) - ganit(poc) - pari(swap(B) + By)

art

is circ-neutral. This mould breaks up as the sum

Ad—(invpil) - ganit(poc) - pari(swap(B)) + Ad—(invpil) - ganit(poc) - pari(By),

ari art

but the operator Ad_(invpil)-ganit(poc) preserves constant-valued moulds (cf. [S2],

Lemma 4.6.2 for the proof). Thus
Ad(invpil) - ganit(poc) - pari(swap(B) + By) =

art

Ad—(inwpil) - ganit(poc) - pari(swap(B)) + By

art

is circ-neutral, or equivalently,

Ad—(invpil) - ganit(poc) - pari(swap(B))

art

is *circ-neutral. However, using the fact that pari trivially commutes with swap
and also the fact that by Proposition 4.17 (i) (relying on Ecalle’s assertion (?7))
Adgri(invpal) - pari(B) is push-invariant, we can apply (103) to find that

Ad(invpil) - ganit(poc) - swap(pari(B)) = swap - Aday;(invpal) - pari(B)

ari

= swap - E(B).
Thus swap - E(B) is *circ-neutral, which concludes the proof of (iii).

Proof of (iv). We will again use Ecalle’s assertion (86) and the equality (103);
this time we will study the left-hand side of (103) to to track the denominators
that appear in the right-hand side. By (103), if B is a polynomial-valued mould
satisfying the senary relation, and if A = Z(B) = Adgi(invpal) - pari(B), then A
lies in ARI? if and only if

(111) swap - Ad—(invpil) - ganit(poc) - swap(pari(B)) € ARIA.

ari

We will prove that this is the case, by studying the denominators that are pro-
duced, first by applying ganit(poc) to a polynomial-valued mould, and then by
applying Ad_—(invpil). The first result is that the denominators introduced by

applying ganit(poc) are at worst of the form (vy —va) -+ (vp—1 — ;).

Lemma 4.21. [ [B], Prop. 4.38] Let M € ART™. Then
swap - ganit(poc) - M € ARI®.

Proof. The explicit expression for ganit(Q) given in (95) shows that the only
denominators that can occur in ganit(poc) - M come from the factors

(112) poc(|by) - - - poc(| bs)
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for all decompositions dy = a;by -+ - asbg of v = (v1,...,v,) into chunks as in (94),
and
|bi = (Vk — Vk—1, VK41 — Vk—15 - -+ Ukl — Vk—1)

(for k > 1) as in (96). Since poc is defined as in (101), the only factors that can
appear in (112) are (v; — vj—1) where v; is a letter in one of b;, and these factors
appear in each term with multiplicity one. Since the sum ranges over all possible
decompositions, the only letter of v that never belongs to any b; is vy; all the other
factors (v; — v;—1) appear. Thus (v; — va)(va — v3) -+ (vp—1 — ¥p) IS & common
denominator for all the terms in the sum defining ganit(poc) - M. The swap of this
common denominator is equal to us - - - u,., so this term is a common denominator
for swap - ganit(poc) - M, which proves the lemma. |

Lemma 4.22. Let M, N € ARI.cirenewt be two moulds such that swap(M) and
swap(N) lie in ARI®. Then swap(ari(M,N)) also lies in ARI®.

Proof. In Proposition A.1 of the Appendix of [BS], it is shown that if M and N
are alternal moulds in ARI such that swap(M) and swap(N) lie in ARI®, then
swap(ﬁ(M, N)) also lies in ARI®. In fact, it is shown in Proposition A.2 of that
appendix that alternal moulds M whose swap lies in ARI® satisfy the following
property: setting

M(vla”-vvr) = vl(vl _’UQ)"'(Urfl _'Ur)'Ur M(’Uh...,’l)r),

we have

(113) M(0,va,...,v,) = M(va,...,v,,0).
In fact, the proof that swap(m(M N )) lies in ARI® does not use the full alter-
nality of M and N, but only (113). Therefore, the same proof goes through when
M and N are *circ-neutral moulds such that swap(M) and swap(N) lie in ART®,
as long as we check that every *circ-neutral mould M such that swap(M) € ARI?
satisfies (113).

To check this, let M be such a mould; by additivity, we may assume that M is
concentrated in a single depth r > 1. This means that there is a constant C'y; such
that

M(’U17...,'UT)+M(UQ,-~-,UT’/U1)+"'+M(’U7‘7’U17"'7’U7‘—1) :CM?

which we can also write as

M(vy,...,vp) M(vg, ..., v, 01)

+
vi(vr —v2) o (Vpm1 = v )ve  v2(v2 —w3) e (Vem1 — ve) (U — v1)Uy

+

M(UT7U17 e 7’U’r‘71)
Up(Up —v1) -+ (Upm2 — Up1)Up 1
where the numerators are polynomials. If we multiply the entire equality by vy

and set v; = 0, only the first two terms do not vanish, and they yield precisely the
desired relation (113). O

4 =Cuy

Corollary 4.23. If P € ARI is a *circ-neutral mould such that swap(P) € ARI®,
then also

(114) swap - Ad—(invpil) - P € ARI®.
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Proof. The mould lopil is circ-neutral and swap-lopil € ARI® by (97). Therefore
by Lemma 4.22, we have swap - ari(lopil, P) € ARI®. In fact, applying Lemma
4.22 successively shows that swap - ad=—(lopil)"(P) € ARI® for all n > 1. Since

art

Ad—(inwvpil)- P is obtained by summing these terms by (110), we obtain (114). O

ari

We can now complete the proof of (iv) of Proposition 4.17. Recall that B €
ARIP A =Z(B). By Lemma 4.21 we have

I+ senwcircconst A
(115) swap - ganit(poc) - swap - pari(B) € ARI®.
Since swap and pari commute, the mould in (115) is equal to
(116) swap - ganit(poc) - pari - swap(B) € ARI®.

By Proposition 4.18, the mould P := ganit(poc) - pari-swap(B) is *circ-neutral. By
(116), swap(P) lies in ARI®. Therefore we can apply Corollary 4.23 to conclude
that

swap - Ad—(invpil) - P = swap - Ad—(inwvpil) - ganit(poc) - swap - pari(B) € ARI®.

art ari

Applying (103) with N = pari(B), we finally find that
Adg,i(invpal) - pari(B) = 2(B) € ARI®,
which completes the proof of (iv).

We have thus finished proving Proposition 4.17. Backtracking, this means we
have completed the details of Step 3 of the proof of Theorem 4.9. Step 4, the final
step in the proof, is very easy and was explained completely just before paragraph
4.2.1. Thus we have now completed the proof of Theorem 4.9, i.e. we have completed
the construction of the injective Lie algebra morphism ftv — fro.;. O

4.3. Relations with elliptic Grothendieck-Teichmiiller and double shuffle.
The final result in this paper is the proof of Theorem 1.16. In fact, this result is
simply a consequence of putting together the results of the previous sections with
known results. Indeed, the commutativity of the diagram

(117) grtC 0

évttelc\ 0S¢y

00¢ety

where Adg,;(invpal) : 08 — 0s¢y; is the right-hand vertical map is shown in [S3].

Let b = b(z,y) € 0s. By (10), the injective map 0s C> frvo sends b to the
derivation of Lie[z, y] given by y — l;(as, y) :=b(—x —y,—y) and [z,y] — 0 (which
determines the value of the derivation on x uniquely). If b(z,y) € s, then b(z, —y)
lies in Wiy and b(z, —y) lies in Viry, S0 this map unpacks to

Yy—=—y —
0s > Wiro —— Vo —> £ro,
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where the last map comes from (33). We can thus construct a commutative square

(118) 0s > Erp

|

05— troy

given in detail by

Yy—=—y
(119) 0s¢ > Weep =~ Brp
ma lma
pol pari pol
ARI@J*QC > ARIalthsen*circconst
Adgyri(invpal) Adgri(invpal)opari
\
ARIS, ————————— ARI%

alxal al+push*circneut

A lA

A(ARI%, ) —————— A(ARIS

alxal al+push*circneut)

ma~?! \Lma_l

08¢y C trog;.

The second line of this diagram is the direct mould translation of the top line, as
the left-hand space is exactly ma(ds), the right-hand space is ma(Wi) by (85),
and the map pari restricted to polynomials is nothing other than y — —y. The
proof of the vertical morphism

Adgyi(invpal) : ARI? — ARIS

alxi alxal

has two parts. The fact that Ad,,;(invpal) maps ARI,. to ARI4wq is one of
the fundamental results of Ecalle’s mould theory, and follows directly from Ecalle’s
fundamental identity (100) (see [S2], Theorem 4.6.1). The fact that restricted to
ARI Z’j ;1> the operator Adg,;(invpal) produces denominators at worst A was proved
in [B], Thm. 4.35.
The vertical morphism
Ada?“i (mvpal) © pari : ARIzzzaloJlrtsen*circconst > ARI{ﬁ+push*circneut

follows directly from Ecalle’s statement (86). (see footnote 1). Since pari is an
involution, this proves that the horizontal injection in the third line of the diagram
is simply an inclusion.

Finally, the last line of the diagram, which not rely on Ecalle’s senary statement,
comes from the definitions 0s.; = A(ARIZ, ;) (S3]) and tro.;; = A(AR[$+push*circneut)
by Definition 4.1.

This diagram shows that the diagram (117) above can be completed by the
diagram (118) to the commutative diagram of Theorem 1.16.
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5. APPENDIX 1: SOME FACTS ON MOULDS

In this appendix, we introduce some mould definitions used in some of our proofs,
and give the proof of Lemma 4.6.

Let ARI be the vector space of moulds with constant term 0. There are three
different Lie brackets that one can put on the space ARI. We begin by introducing
the standard mould multiplication that Ecalle denotes mu(A, B):

mu(A, B)(uy,...,u.) = ZA(ul, coy i) Bty oo ).
i=0

The associated Lie bracket lu is defined by lu(A, B) = mu(A, B) — mu(B, A). We
write ARI;, for ARI viewed as a Lie algebra for the [u-bracket. The identical
formulas yield a multiplication and Lie algebra (also called mu and lu) on ARI.
If f and g are power series in Assc and A = ma(f), B = ma(g), then mu is a
mould translation of the usual non-commutative multiplication, and [u the usual
Lie bracket:

mu(A, B) =mal(fg), lu(A, B)=ma([f g]).

In order to define Ecalle’s ari-bracket, we first introduce three derivations of
ARIy, associated to a given mould A € ARI. It is non-trivial to prove that these
operators are actually derivations (cf. [S2], Prop. 2.2.1).

Definition 5.1. [Ec] Let B € ARI. Then the derivation amit(B) of ARI}, is given

by

(amit(B)-A)(uy, ..., up) = > A(ur,.. ot i+, Ui, ) B, ),
0<i<j<r

and the derivation anit(B) is given by

(anit(B)~A) (Ugy .. up) = Z A(ur, oo i1, Uit Uy, Uit o Ue) B(Wigt, -, 1),
0<i<j<r

We also have corresponding derivations amit(B) and anit(B) of ARI,, for B €
ARI, given by the formulas

(amit(B)~A)(v1,...,vT) = Z A(vl,...,ui,vj_H,...,vT)B(vi+1—vj+17...,vj—vj+1),

0<i<j<r
(anit(B)-A) (v1, ..., v;) = Z A, 03,0541, o Un) B(Uig1 =4, -« 05— 0;).
0<i<j<r
Finally, Ecalle defines the derivation arit(B) on ARI, by
arit(B) = amit(B) — anit(B),
and the ari-bracket on ARI by
(120) ari(A, B) = arit(B) - A — arit(A) - B + lu(A, B),

as well as the derivation arit on ARI;, and the bracket ari on ARI by the same
formulas with overlines.

Remark. The definitions of amit, anit, arit and ari are generalizations to all
moulds of familiar derivations of Assc. Indeed, if f,g € Assc and A = ma(f),
B = ma(g), then

amit(B) - A = ma(Dé(f))
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where D}, is defined by z — 0, y — gy,
anit(B) - A = ma(D;(f))
where Dy is defined by z +— 0, y — yg, and thus
arit(B) - A = ma(—dg(f)
where d; is the Thara derivation z — 0, y — [y, g] (see (5)), and

(121) ari(A, B) = ma([f, 9] + df(9) — dg(f)) = ma({f,g}).

corresponds to the Thara or Poisson Lie bracket (6) on liec. (See [S2], Corollary
3.3.4).

We now pass to the Dari-bracket, which is the Lie bracket on ARI obtained by
transfer by the A-operator given in (61): it is given by
(122) Dari(A, B) = A(m(A—l(A), A—l(B))).
This means that A gives an isomorphism of Lie algebras
(123) A ARI . = ARIpay;.

It is shown in [S3], Prop. 3.2.1 that we have a second definition for the Dari-
bracket, which is more complicated but sometimes very useful in certain proofs. Let
dar denote the mould operator defined by dar(A)(u1, ..., u,) = uy - up A(ug, ..., uy).
We begin by introducing, for each A € ARI, an associated derivation Darit(A) of
ARIy, by the following formula:

(124) Darit(A) = dar o (—arit(A_l(A)) + ad(A_l(A))) odar™t,
where ad(A) - B = lu(A, B). Then Dari corresponds to the bracket of derivations,
in the sense that
(125) Dari(A, B) = Darit(A) - B — Darit(B) - A.
We are now armed to attack Lemma 4.6, whose statement we recall.

Lemma 4.6. The space ARI civeneut Of cire-neutral moulds A € ARI forms a Lie
algebra under the ari-bracket.

Proof. Let A, B € ARI ¢ireneut- We need to show that
ZE(A, B)(’Uz‘, ey Up, U1y ... ,’Ui_l) == O,
i=1

where the formula for the ari-bracket on ARI is given as in (120) by the expression
ari(A, B) = lu(A, B) + arit(B) - A — arit(A) - B
= lu(A, B) + amit(B) - A — anit(B) - A — amit(A) - B + anit(A) - B.
We will show that this expression is circ-neutral because in fact, each of the five
terms in the sum is individually circ-neutral. Let us start by showing this for the

first term, lu(A, B).
Let o denote the cyclic permutation of {1,...,r} defined by

o(i)=i+4+1 for 1<i<r—1, o(r)=1
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By additivity, since the circ-neutrality property is depth-by-depth, we may assume
that A is concentrated in depth s and B in depth ¢, with s < ¢, s+t = r. In this
simplifed situation, we have

(A, B)(v1,...,v.) = A(v1,...,0s)B(0sy1y.. o, 0p) — B(v1, ..., 0) A(Vps1, - -+, Up).
If s,t > 1, we have
r—1

ZZU(A, B)('Uo-i(l), e ,’Ugi(r))

=0

i
|
-

(A(Ugi(l), e ,UU’L(S))B(UUi(S_['_l)’ ce ,/Uo-i(r)) - B('Uo-i(l), ce ,Uo-i(t))A(UU'i(t+l), ce ,Uo.i(r))>

S -
I
- O

(A('Uo-i(l), e ,Uo-i(s))B(UUi(s+1), ces ,’Ugi(r)) - A('l)o-i+t(1)7 e ,v0i+t(s))B(UU7‘,+t(s+1), ce ,’Ugi-u(r)))

<
o

as the terms cancel out pairwise.
We now prove that the second term

s
(amzt(B)A) (Ul, ey UT) = Z A(Ul, ey Ui—1, Uity e e ;UT)B('Ui_Ui-‘rta ey Ui+t_1—vi+t)
i=1

is circ-neutral. Fix j € {1,..., s} and consider the term

A(Uh sy U1, Uj4ty - - - ,’UT)B(’UJ‘ — Uity Vjpt—1 — vj+t)-

Thus for each of the other terms

AUty Vi1, Vigety e ooy V) B0 — Uigty o ooy Viet—1 — Uigt)
in the sum, with i € {1,...,s}, there is exactly one cyclic permutation, namely
077", that maps this term to
AVgi=i(1)s -+ s Voi=i(i—1) Vai—i(itt)s - - s Voi=i(r) ) BV = Vjgts oo, Vjpe—1 — Vjge).
For fixed j € {1, ..., s}, the values of k = j—i mod s as i runs through {1,..., s} are
exactly {0,...,s—1}. Therefore, the coefficient of the term B(v;—v;1¢,. .., Vjti—1—

vj+¢) in the sum of the cyclic permutations of amit(B) - A is equal to

s—1
Z A(vdk(l)a <oy Uk (4—1) Ugk (idt)s - -+ 7”0’“(7‘))7
k=0

which is zero due to the circ-neutrality of A. Thus the coefficient of the term
B(vj —Vjtt,...,Vjtt—1 —Vj4¢) in the sum of the cyclic permutations of amit(B)- A
is zero, and this holds for 1 < j < s, so the entire sum is 0, i.e. amit(B) - A is
circ-neutral.

Example. s =3,t = 2,7 =5. We have
(W(B) . A) (v1, V2, V3, V4, U5) = A(vg,v5,v6)B(v1 — v4,v2 — Vg, V3 — Vg)
+ A(vy,v5,v6)B(vg — v5,v3 — U5, 04 — V)
(126) + A(vy,v2,v6)B(vs — V6, Vg — Vg, U5 — Ug).

For (amit(B)- A) to be circ-neutral, the sum of the images of this expression under
the five non-trivial powers of the six-cycle permutation o = (123456) must be zero.
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In particular, the coefficient of every factor of B that occurs in that sum must sum
to zero. Let us show this for the B-factor B(vy — vs,v3 — vs,v4 — v5) that arises
in the second term of (126). The terms in the complete sum containing this factor
can only come from o acting on the first term of (126), giving

A(vs, v6,v1)B(v2 — v5,v3 — v5,04 — v5)
and from ¢®° acting on the third term of (126), giving

A(ve,v1,v5)B(va — v5,v3 — V5, V4 — vs).
Therefore the coefficient of B(ve — vs, v3 — v5,v4 — v5) in the complete sum is equal
to

A(v1,vs5,v6) + A(vs, ve, v1) + A(vs, v1,v5)

which is equal to zero by the circ-neutrality of A. The same holds for every B-factor
that occurs in the sum; there will always be exactly three possible ways to obtain

it by a unique permutation acting on each of the three terms of (126), and the
coefficients will be a circ-sum of A’s that add up to zero.

To conclude the proof of the lemma, we need to prove that the term anit(B)- A
is also circ-neutral, but the proof is analogous to the case of amit. Finally, by
exchanging A and B, this also shows that amit(A) - B and anit(A) - B are circ-
neutral. This concludes the proof of the lemma. (I

6. APPENDIX 2: PROOF OF LEMMA 4.19

Let us recall the statement of the technical lemma 4.19. Recall that for A C
{vi,...,v.}, we let M 34 denote the set of all monomials of degree d in the letters
of A, and S(‘f the sum of all monomials in Mj‘. We will use the notation W, WP
etc. given between the statement of Proposition 4.18 and its proof.

Lemma 4.19. For n > 1 and any constant ¢ # 0, let T)* be the homogeneous
polynomial mould of degree n defined by

c
T (v1,...,0p) = - Siﬂilr’""”"}_
Then T™ is circ-constant and ganit(poc) - pari(T) is circ-neutral.

Proof. The mould T is trivially circ-constant for the value c. For the rest of
this proof we set ¢ = 1 and T™ = T7*; it suffices to multiply all identities in the
proof below by the constant ¢ to prove the general case.

Let N = pari(T™). In order to show that ganit(poc) - N is circ-neutral, we start
by recalling from the beginning of the proof of Proposition 4.18 that for each r > 1,
the cyclic sum

ganit(poc) - N(vi,...,v.) + -+ - + ganit(poc) - N(vp,v1,...,0p_1)
is equal to the expression (109)
(127) > (=D)®poc(|by)- - poc(|bs)Sa_ ),
b={b1,...,bs}

where the sum runs over the distinct b-parts that can occur when decomposing the
cyclic permutations ¢.(v) = (Vi41,...,0,01,...,v;) into chunks a;by ---asbs (in
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which only by can be empty). For each term of the sum, a denotes the subset of
{v1,...,v,.} which is the complement of the b-part {by,...,bs}.

To prove the Lemma, we will show that (127) is equal to zero for all » > 1, by
breaking up the sum into simpler parts that can be expressed explicitly.

For each 0 < i < r, let B; denote the set of all b-parts (occurring in the sum
in (127)) that contain v; but not v;y1,...,v,; in other words a given b-part b =
{b1,...,bs} lies in B; if and only if ¢ is the largest index such that v; occurs in b.

Examples for i = 0, 1,2. We have By = (), corresponding to all the decompositions
with empty b-parts, namely the trivial decompositions

Uﬁ(v) = (Vjg1y-e oy Up, U150 .., 05) = a1

for 0 < 5 < r —1. The set By contains only the single element b = (v;), and
corresponds to the decompositions

O'z(V) = (’Uj+1, ey Upy U1y . - ,’Uj) = (’Uj+1, e "Ur)(vl)('UQ’ e ,’U,L') = a1b132

for 1 < j <r—1 (in fact just a;b; for j = 1). The set By contains two different
b-parts, namely (v2) and (v1,v2). The b-part (v2) occurs in the decompositions

(’Ul, e ,’Ur) = (’Ul)(’Ug)(’U?,, e ,’Ur) = a1b1a2
(1)3, Ce 7UT701702) = (1}3,. . .,’UT,’Ul)(’Ug) = a1b1
(W, U, U1, U5—1) = (U, - o5 U, 1) (02) (03, ..., 05) = ajbrag for 4 < j <.

The b-part (v1,v2) occurs in the decompositions

{(1}3, e ,Ur)(vl,UQ) = a1b1

(vj, ..., 0r)(v1,v2)(vs,...,vj-1) =aibjay ford <j<r

Indeed, for 1 <i < r—1, the set B; is simply in bijection with the set of all subsets
B c{1,...,i—1}, by associating B to the b-part {v;|j € B} U{v;}); when i =r,
B, is in bijection with the set of all strict subsets of {1,...,r — 1}.

The b-part of each decomposition of each cyclic permutation o?(v) lies in a
unique B;. Therefore setting

(128) Ry =) (=1)™lpoc(|b1) - --poc(|bs)Si_ 4
beB;

for 0 <i < r, we can write the sum (127) as

r—1
(129) Z(W(poc)~N) (oh(v)) =Ry +---+R].
i=0
We have
(130) 6= N(ol(v)) = (=1)"Sp
=0

since N = pari(T™) and T™ is circ-constant. For RY, the only possible b-part is
(v1) and we have

_1\r—1
(131) Rg — &sz,...,v,.

v — Uy n—r+1
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For ¢ > 1, note that if b; = (vky1, Vk+2,...,v) (with indices k and [ considered
mod r from 1 to r, for example b; = (v,_1,v,,v1) withk =r—-2andl=1)is a
chunk of any decomposition

(132) ol(v) = ab; - ash,
of any cyclic permutation of v, then by the definition of poc, we have
poc(|bj) = poc(vi+1 — Vk, Vg2 — Uk, ..., U — Vk)
- 1
(Vk+1 — V) (V41 = Vgg2) - -+ (V=1 — v1)
1

T T\
Vm €bj (Um—l - Um)

again with indices m mod r with values from 1 to r. Thus, writing as usual a for
the a-part of a decomposition as in (132), (128) can be written

(_1)|a|527|a|

(133) R} = >

b/ C{v1,...,vi 1} ijeb(”j—l — ;)

for 1 <i <r —1, where b’ runs over all subsets of {v,...,v;_1} so b =b" U {v;}
runs over the elements of 5;, and for i = r we have
(~Dlelsa_,

(134) R = >

b'C{v1,...,vr_1} ijeb(vj—l - ’Uj)
We will use these explicit expressions to show that the sum
Ry+---+ R =0

for all » > 2. In order to prove this, we will give simple rational function expressions
for RY,..., R} in Claim 1 below, generalizing the simple expression

(135) RS — (71)TSZI,;"UT

for Ry from (130). These will allow us to show in Claim 2 that Rj + ---+ R]. =0,
thus completing the proof of Lemma 4.19.

Claim 1. (i) Fori=1, we have

-1 T‘—lSU27':'7UT
(136) RY = (S i
(vr — 1)

(ii) For 2 <i<r —1, we have

(_1)T_¢S{vi71,vi+1,..-,v7-71}

n—r—+1i

137 R = .
(137) (vr —v1)(v1 —v2) -+ (vie1 — v5)
(iii) For i = r, we have

n—1

(138) R, = (vr —v1)(vy — v;)_ (V2 = vp1)’

The proof of this claim is long and we have moved it to the end of the Appendix.
Our next claim uses Claim 1 to give a simple rational expression for the sum
Ry + -+ + R}. We first note the following trivial but useful identity. Recall the
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notation V,,, = {v1,...,vp} for 1 < m < r. Let A" C V,, let v; ¢ A, and let
A = A"U{v;}: then we have the useful identity

(139) Sé?—‘y’-l + ;54 = 5514+1-

Indeed, the first term is the sum of all monomials of degree d in the elements of
A’, and the second is the sum of all monomials in the letters of A containing v;, so
their sum forms the sum of all monomials of degree d in the letters of A.

Claim 2. For 0 <i <7 —1 we have

()8,

(vp —v1)(v1 —v2) -+ (Vim1 — ;)

(140) Ry+---+R =

Proof. We prove the result by induction on i. The base case i = 0 is given by
(130). Now let 1 <4 <r — 1 and assume (140) up to ¢ — 1. Then by the induction
hypothesis and Claim 1, we have

o+ + R =(Ry+---+R]_|)+R]

(_I)T—i-i-lSZi:rlJvr';l”{*l (_l)r—zS’:)Lz:TlJyrU;+l yeeyUr—1

(’Ur - ”Ul)(vl - ’U2) ce (%’—2 - ”Ui—l) (Ur - Ul)(?)l - UQ) te (Ui—l - Ui)

n—r+1

_1\r—i+1 ) Vie1yeeyVr—1 0 QUi—1seeUr—1  QUi—1,Vif1,-ee) Vr—1
(-1) (vl—lSn—7'+i—1 0iS, = 0 S )

(vp —v1)(v1 — v2) -+ (Vi1 — v3)

By (139), the second term and third terms in the numerator sum to —S,"~'5 """~
so the numerator becomes (—1)"~*! (vi_lS”"’l"”’UT’l - S“’"l"”’vT”) which again

n—r+i—1 n—r+i
by (139) sums to (—1)"~* (S::irﬁ‘l) Thus we have
(_Dr—isvz‘:-ﬁ{ra
RT++R:: n—r—+i 7
0 (Ur—Ul)(Ul —UQ)"'(’Ui—l —Ui)
which proves Claim 2. O

End of the proof of Lemma 4.19. It suffices to note that by (140) wheni =r—1
we have

~1

T r U1

(141) Ry+---+ R, =

(Ur - ’01)(’01 - ’02;'7' : (Ur—2 - ’Ur—l) .

But this is precisely the negative of the expression for R. given in Claim 1 (iii).
Thus we have R} + - -- + Rl = 0. By (129) this means that

r—1
(142) Z(gam’t(poc) -N)(ok(v)) =0,
i=0
i.e. ganit(poc) - N is circ-neutral, completing the proof of Lemma 4.19. O

It remains only to give the proof of Claim 1.
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Proof of Claim 1. (i) When ¢ = 1 we have By = {v1}, so here there is only
one term in the sum (133) corresponding to b’ = 0, b = {v1}, a = {vg,..., v},
|a] = r — 1, so that (133) for ¢ = 1 comes down to (136).

(ii) Let Vi = {v1,..., o} for 1 < m < r. Fix a value of ¢ with 2 < ¢ < r — 1.
Recall that R} was defined in (133) as the sum
(1)l s

—lal
(143) R = .
b,gzv‘jfl Ioen(vi-1 —vj)

where b = b’ U {v;} and a is the complement of b in V.
Multiplying Rl by the common denominator (v, —v1) - (v;—1 — v;) and setting
vg = v, as usual, we rewrite (143) as

%

(144) H(vj,l — ;)R = Z (—1)lal H (Vi1 = ;)85 _|al-

Jj=1 b'CVi_y v;€Vi—1\b’
To conclude the proof, we need one more claim.

Claim 3. For each pair i,k with1 < i <r and1 < k <1i—1, define the polynomial
Qj, by

Bk VA(B'Ufor, o1 }Ufwi,00 )
> (G 1( II (Ujl_vj)>5n—r+|B’|j-k+lvk Rt

V1,V EB'CVi_q v; €V \(B'U{v1,..., vk })
Then Q% = Q% = --- = Q!_, and they are all equal to the right-hand side of (144).

Claim 3 allows us to compute the right-hand side of (144) by taking the sum
Q:_,, which is reduced to the single term corresponding to B’ = () and B = {v;},
s0 is just (—1)"HS T Thus by (144) we find that

[T — )Ry = ()i,
j=1
which proves part (ii) of Claim 1 as stated in (137).

Proof of Claim 3. We first show that the right-hand side of (144) is equal to Q,
and subsequently that Q) = Q5 =--- = Q5.

For the first statement, we begin by breaking the right-hand side of (144) into
v1 € b’ and v; € b’, which gives

K2

[[wicr—vri =" > R [ (1 —v)S5

Jj=1 v1EL/'CV; v;€Vi_1\b’
§ : a a
+ (71)| ! H (Uj—l 7’Uj)Sn—\a\’
v1gb/CV;_1 v;€Vi_1\b’

where b = b’ U {v;} and a =V, \ b as usual. Next we write b’ = b” U{v;} in the
upper sum, simply rename b’ to b’ in the lower sum, and use the fact that

Vo \ (b” U{v1,v;}) in the upper sum
Vi \ (" U {v;:}) in the lower sum

a:Vr\b:{
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to rewrite this as

r—|b"|— Ve \ (b U{v1,v;
= Z (-1 P H (vj—1 _Uj)Sn—)(HbL/J"{HIQ &
v1¢b” CV; v;€Vi_1\(b"U{v1})
r—|b’”|— Vi b"’U v;
+ Y I, ) 11 (i1 — ) Sy Pt ),
v1gb"CV;_y v; €Viea\(b”"U{v1})

This allows us to gather the terms in a single sum:

= > =y II (vj—1 —v;) X

v1¢b"CV;_q vj€Vi—i\(b”"U{v1})
Ve\(b" U{v1,v:}) VA (b Uf{w;})
(S”l—r-i-b"-l‘lQ = (U = v) 8, L e )

Setting A" = V. \ (b”U{v1,v;}) and A = A’U{v;}, the right-hand factor expands
as the sum of three terms
A A A
Snf’rqu”H»Q - vrSn7T+‘b//‘+1 + ,UlS’nf?“Hb”H»l‘

By applying (139) with v; = vy, this then simplifies as

A A
Sn7r+\b”\+2 - UTSnfrJr\b”\Jrl'
Then applying (139) a second time with v; = v,, this simplifies to

SA/ _ SVT\(bIIU{vi7UT})
n—r+|b"[+2 T Mn—r4|b”|+2 )

Thus we finally obtain the following expression for the right-hand side of (144):
r—|b"’ V\(b” U{v;, v,
= Z (-1) Ib"l H (vj—1—v5) Sn—\r(+|b“{\+2 V.
v1gb"CViy v;€Vie1\(b""Ufv1})

From the definition of Qi given in the statement of Claim 3, this is precisely equal
to Q1, so as claimed, we have
i

[[wi-1 —vi)R; = Q1.

j=1
We can now proceed to the proof that Qf = Q% = --- = Q!_; by induction. Fix
1 <k <i—1 and assume that Q% = --- = Q%. We will show by the same method

that Q¢ = Q};H. We break the expl_ression for Q% into the terms with vy, € B’
and those with viy1 ¢ B’, writing Q. as

r—|B’ _ Vi \(B'U{v1,...,vx—1 }U{v;,v,
D (T ) (R ) B e

V1, v @B/ CV; v; €Vi_ i \(B'U{v1,...,ux})
vg+1€B/
_\r—|B'|+k-1 o Vi\(B'U{v1,...,0 -1 }U{wi, 0. })
+ E (=1) (vj—1—v;) Sn77'+\B’|+k+1 :
V1, V1 €B/ CVi g v; €Vic 1 \(B'U{v1,...,ux})

Next we write B” := B’ \ {vg41} in the first line, and simply replace the notation
B’ by B” in the second line, obtaining

- |B" | +k—2 V, \(B”U{'Ul,...,'Uk,l}u{karl,v',U )
§ (=1)" B ( H (Ujfl—vj)>5n:r+|3”|+k+2 o
V1, V41 €8 CVig v €Vi— 1 \(B"U{v1,...,v541})
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r—|B" — V \(B"U{v1,...,up_ ViU
+ Z (—1)r PR 1(’Uk—?]k+1)( H (vj_1—vj))Sn_\T(+|B5J,ﬁ+k+1 k-1fO{uierh),

V1, V41 B CVio v €Vi1\(B"U{v1,...,vk41})
Now we gather the terms as before, writing this as

S yriEe( I1 (v-1—05)) %

V1, V41 E€BCVia v;€Vi_1\(B"U{v1,...,ux41})

Svr'\(B”U{'Ul7~~~avk—1}u{vk+1aviﬂ)r})) N (U —w )Svr\(B”U{vl7~~~;Uk—l}u{vi:vr})
n—r+|B" |+k+2 k k+1)9n —rt | B | +k+1 :

We will now use (139) twice as above to simplify the right-hand factor. First we
take A" = V. \ (B"U{wv1,...,v5-1}U{vg41,vi,0,}) and A = A" U{vg41}, and write
the factor as

’

A A
Sn—r+|B”|+k+2 - ”kSn—r+|B“\+k+1 + vk+1sn—r+|B”|+k+1'

Applying (139), this simplifies to

A A
S| B[ 4k+2 ~ VS r | B |4kt 1

Next, since vy € B” we see that vy € A, so by applying (139) again we see that
this simplifies to

SA\{Uk} _ SVr (B"U{vr,.. ,Uk}U{UMM})
n—r+|B"”|+k+2 — “n—r+|B"|+k+2

Thus we rewrite Qi as
_|1B"” +k VT\(BHU{’U geeey U, }U{Uu'UT })
)Rl (RS | (R RSO a7 e
V1, V41 EBYCVig v; €Vim 1 \(B”U{v1,...,vk+11})
But according to the deﬁpition of the. polynomials Q%, this is exactly equal to Q% 41
This shows that Q] = Q4 = --- = @%_,, and completes the proof of Claim 3. (Il

It remains only to prove part (iii) of Claim 1.
(iii) In this final part we have to prove that
1

r

(145) (051 — v) Ry = o0},
j=1
Recall from (134) that R! is given by the formula
1)lal
o (—D)™IS3_ay

' b'gV,.,IHUij(U]—l vj)’

where b = b’ U {v,.}. Thus the common denominator of all the terms in the sum is
(vp —v1)(v1 —v2) -+ (Up—1 — v,), and we have

T
)R = _\r—|b’|-1 ) gV
(146) HUJ 1— )R] = E (-1) (vj—1 ”J)Sn—rﬂb'\ﬂ’
j=1 b/ CV, 1y v; €EVr_1\b/

Let us write ¢ = V;._1 \ b/, so this equality can be expressed as

T

(147) H(Uj—l — )Ry = Z |C‘ H vj—1 — ;)8 —lc|*

Jj=1 P#cCVy_y v;Ec
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For 1 <4 <7 —1and n > 1, define the sum 7" by

17 = Z (—1)ll H (vj—1 = ;)85 e

0#cCV; vj€c

where we set S§ = 1 and S5, = 0 if m < 0. By this definition, the term 7" ; is
equal to the right-hand side of (147). We will prove that

(148) T = (vi — oo

The equality (148) suffices to prove the desired result (145). Indeed, since T ; is
equal to the right-hand side of (147), the left-hand side of (147) is equal to the
right-hand side of (148) with i =r — 1, i.e.

T

[T 1 —v) Ry =Ty = (0,1 — v)o)

Jj=1

Canceling out the factor (v, — v,—1) from both sides yields the desired identity
(145).

It remains only to prove (148). We proceed by induction on i. When ¢ = 1, we
have ¢ = {v;} and for all n > 1, we have

TP = —(vp —v) Syt = (v — o)y

proving the base case.
Fix n > 1 and assume (148) holds for ¢ — 1. We break T into the sum over c
containing v; and ¢ not containing v;, as follows:

=Y (D] i =) S

0#£cCVi_, vj€c
+ ) ()i =) ] (w1 =) S5 e
cCV; 1 vjEC
c/=cU{v;}
=T+ (i —v) Y (D) ] w1 = v) it
cCVi1 vj€c
=T = (vimr —v)vP = (s =) > (=D ] (e - ;)8 e 1

0#cCVi_1 vj€C

where the last line comes from separating the sum over ¢ C V;_; into ¢ = ) (giving
the extra term (v;_1 —v;)v)"" ') and the sum over ¢ # (). Since ¢ does not contain
v;, We can write

C,V; C C 2 oc n—|c\—2 c TL—|C|—1
) Sh—jel—1 T ViSy_jej—2 T Vi S0 _jej—3 + -+ ST +v; :

n—lc|—1 — ©“n
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Using this, the above equality becomes

=Ty — (i —v)o] = (i —v) Y (=D ] (1 — )%

0#£cCV;_y v €c
2 n—lc|—2 n—|c|—1
(S:L—\c|—1 +,UiS;:7,—|c\—2 + v; SZ_|C‘_3+"'+’U,L- Sf—l—vl )
n—|c|—1
-1 k
=T — (i —v)of = (i =) Y (=D YT T (01 = )85 e vh
D#£cCV;_1 k=0 wvj€Ec

n—2
=T — (i —v)of = (i =) Y vf > (=D (i = )85 ek

k=0 P#cCV;_1 vj€EC
n—2

=Ty — (vic1 —v)vp ! = (Vi —vi) Y uF T
k=0

n—2
= (vi—1 — vr)v?_]l — (vi—1 — vi)uffl — (Vi1 — v;) Z vf(vi,l — ’UT)’U?:{C72 by induction
k=0
n—2
= (vj—1 — vr)U?:f — (vim1 — Uz')vln_l — (vic1 — v)(Vic1 — vy) Z vainflk_Q
k=0
= (vic1 — v = (v — vl T = (v — v (0] =P
= (v; — v, )P}
This proves (148) and thus completes the proof of Claim 1 (iii). O
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