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Abstract

The aim of these notes is to present a self contained account of discrete weak KAM
theory. Put aside the intrinsic elegance of this theory, it is also a toy model for
classical weak KAM theory, where many technical difficulties disappear, but where
central ideas and results persist. It can therefore serve as a good introduction to
(continuous) weak KAM theory. After a general exposition of the general abstract
theory, several examples are studied. The last section is devoted to the historical
problem of conservative twist maps of the annulus. At the end of the first three
Chapters, the relations between the results proved in the discrete setting and the
analogous theorems of classical weak KAM theory are discussed. Some key differ-
ences are also highlighted between the discrete and classical theory.
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Introduction

The present text initially emerged from lecture notes of a course given in Cortona
in 2015 at the INDAM meeting entitled The Hamilton–Jacobi Equation: At the
crossroads of PDE, dynamical systems & geometry. The goal of the lectures was to
give a complete and thorough introduction to weak KAM theory through the prism
of its discrete pendant. It culminated with the proof of convergence of the solutions
of the discounted equation, which was new at the time.

The pedagogical motivation is that discrete weak KAM theory is peculiarly ele-
mentary. Basic topology is the only prerequisite and the most advanced tools are the
Arzelà–Ascoli Theorem and weak compactness of probability measures on a com-
pact metric space. However, all important results of weak KAM theory find their
analogue in discrete weak KAM theory and the proofs being stripped of technicali-
ties reveal the key ideas more clearly. After studying this toy model, the interested
reader can then go on to learn more on the major theories, as Calculus of Vari-
ations, Viscosity solutions of Hamilton–Jacobi equations, and Tonelli Hamiltonian
Dynamical Systems. The latter are at the core of classical weak KAM theory.

We wish to start by explaining in which context weak KAM theory emerged in
the 90’s. Most notions described will be rigorously defined later in the body of the
text.

Weak KAM, a bridge between Aubry–Mather and Vis-
cosity solutions

Originally discovered by Albert Fathi in the 90’s [89, 88, 90, 91], weak KAM theory
was designed to understand the dynamical objects of Aubry–Mather Theory for
Tonelli Hamiltonian/Lagrangian systems through particular functions called critical
subsolutions and weak KAM solutions. As explained by Fathi, the term weak KAM
was chosen as KAM tori give rise to strong solutions of the Hamilton–Jacobi equation
while weak KAM solutions are weak solutions of the same equation. It turned out
that weak KAM solutions and subsolutions fall in the realm of Viscosity Solutions
and subsolutions of Hamilton–Jacobi equations, a theory founded by Crandall and
Lions [74].

Aubry–Mather theory

This theory originated in the study of conservative twist maps and Frenkel–Kontorova
models. The objective was to understand invariant sets and the structure of mini-
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mizing orbits of such systems. Another type of problem was to construct diffusion
orbits connecting invariant sets, or to understand obstructions for such orbits to ex-
ist. Aubry & Le Daeron [18] and Mather [138] understood that orbits and invariant
sets minimizing a certain energy verify similar properties as orbits of homeomor-
phisms of the circle. Hence they could apply Poincaré-Denjoy theory to classify and
understand such invariant sets according to their rotation number. They went on
to study the minimal average action of such minimizing orbits (a function only de-
pending on the rotation number), invariant minimal measures (that would become
Mather measures) and Mather gave several definitive answers to questions on the
existence of connecting orbits [140, 141, 139, 142, 144]. Amongst other important
contributions let us mention Bangert [21, 22].

Motivated by Moser, Mather developed a generalization of his theory to higher
dimensional settings by introducing Minimizing Measures for a Tonelli Lagrangian
defined on the tangent bundle of a compact manifold [143]. His next goal would
then be to use this tool to tackle Arnol’d diffusion of such systems, a phenomenon
highlighted by Arnol’d in his famous examples [17]. Let us present the philosophy.
In an integrable system, all orbits are bounded and periodic or quasi–periodic. If one
perturbs such a system, KAM theory implies that many quasi–periodic orbits persist.
However, Arnol’d constructed examples where for small perturbations, some orbits
have a huge drift in energy. He then conjectured that such a phenomenon should
be typical. Mather led the way proposing groundbreaking variational mechanisms
to construct generic diffusion ([145, 146, 147]). Since then, there has been a huge
literature trying to carry on Mather’s program for diffusion.

Viscosity Solutions

As already mentioned, viscosity solutions were introduced by Crandall and Lions.
They provide a simple, robust definition for weak solutions of first and second order
PDE’s. Strong existence and uniqueness results are obtained for wide classes of
equations, including Hamilton–Jacobi equations (stationary and evolutionary) mak-
ing the solutions worthwhile studying. Let us mention amongst many others the
founding works of Ishii, Crandall, Lions [115, 72, 121, 116]. The definition, that
makes use of test functions that are super–tangent or sub–tangent to the solution
is very geometric, and allows easily to obtain stability results for viscosity solu-
tions. References to learn more about basic (and more advanced) properties are
[131, 73, 24]. For example, viscosity solution theory is so flexible as to apply to non–
continuous functions. Stability allows to obtain very general convergence theorems
of approximation schemes [164, 25]. Other references making use of this idea, in
more weak KAM or variational contexts, are [51, 176, 160, 172].

Very soon in the development of the theory of Viscosity Solutions, Lions and
collaborators realized the important role of dynamical programming properties for
evolutionary equations and the links with Optimal Control theory that naturally
emerge. Indeed, the Value function in optimal control is almost systematically a
viscosity solution to some Hamilton–Jacobi equation [23]. This is fundamental in
weak KAM theory as the Lax–Oleinik semigroup rediscovered by Fathi turns out to
be the value function of an optimal control problem.

Another important problem that was solved early on by viscosity solution meth-
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ods is that of Homogenization of the Hamilton–Jacobi equation. Consider a contin-
uous, ZN–periodic in the first variable Hamiltonian H : RN ˆRN that is uniformly
coercive in the second variable. Fix a bounded and uniformly continuous initial
data u0 : RN Ñ R. Given ε ą 0, Lions, Papanicolaou and Varadhan consider the
evolutionary Hamilton–Jacobi equation

#

BtU `Hp
x
ε , BxUq “ 0,

Up0, ¨q “ u0,
(EHJε)

that admits a unique viscosity solution Uε : r0,`8q ˆ RN Ñ R. They prove that
as ε Ñ 0, the functions Uε converge locally uniformly to a function U0 that is
characterized as the unique solution to

#

BtU `HpBxUq “ 0,

Up0, ¨q “ u0,
(EHJ)

where H is called the effective Hamiltonian. It is defined as follows: for P P RN ,
HpP q is the only constant such that the cell problem Hpx, P `Bxuq “ HpP q admits
a ZN–periodic viscosity solution u : RN Ñ R. In Homogenization theory, the
state variable x P RN takes values in the universal cover of the flat torus TN . A
fundamental domain of the covering map is then the cell r0, 1qN in the sense that
the knowledge of a ZN–periodic function on RN is equivalent to its restriction to the
cell r0, 1qN . The name cell problem comes from the fact that the unknown function
is defined on a cell.

This effective Hamiltonian (in the case of convex Hamiltonians) coincides with
the minimal average action, Mather’s α function. The solutions to the cell problem
in our terminology will be weak KAM solutions. This problem was revisited by
Evans in [85] where he introduced the perturbed test function method. Much later,
it was studied under the light of symplectic topology by Viterbo and Montzner,
Vichery, Zapolsky [166, 152]. Amongst many other follow ups in the spirit of Lions
Papanicolaou and Varadhan, let us mention recent generalizations to other manifolds
[71, 163].

The bridge

As all good bridges, weak KAM theory quickly helped the development of both banks
it joins. From a dynamical point of view, Fathi’s first achievement was to construct
connecting orbits through conjugate pairs of weak KAM solutions [88, 90].

From the PDE side, he proved long time convergence of solutions to the evolu-
tionary Hamilon–Jacobi equation on compact manifolds [91], for autonomous Hamil-
tonians. Though partial results had been obtained by PDE means [154], the new
idea he imported from the dynamical world is that long minimizing trajectories tend
to accumulate on the support of minimizing Mather measures. This was followed by
many generalizations, for instance [77, 26, 117] where variational and PDE methods
allow to weaken regularity hypotheses that Dynamical methods require. In a sense,
this culminates in works (the first one being [53]) which use an idea of Evans [86]
where Mather measures are given a PDE definition and henceforth adapted to more
general settings. Other related results are :
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• for counterexamples in the non–autonomous setting [96, 27];

• for positive results in dimension 1 [32, 43].

Another question raised in the theory of Hamilton–Jacobi equations was that
of regularity of critical subsolutions. For Tonelli Hamiltonians, this was settled by
Fathi and Siconolfi in [99] where existence of C1 subsolutions is proved. Along the
way, the authors also gave a simple proof of Mañé’s characterizations of Mather
measures, as closed minimizing measures ([133, 134]). This is the point of view
used in this work. In [100] the same authors extended their results to Lipschitz
Hamiltonians. Finally, in [33], existence of C1,1 subsolutions is obtained by some
Lasry–Lions type approximation ([129, 36]). This could be expected as Fathi had
also proved that C1 solutions are automatically C1,1 ([92]).

The latest breakthrough of weak KAM theory in the PDE theory of Hamilton–
Jacobi equations is probably the proof of convergence of the solutions of the dis-
counted equations [75], following some special cases in [125]. The discounting
method was an approximation procedure used already in [132] to prove existence of
solutions to the cell problem. It has the advantage to approximate it by equations
verifying a strong comparison principle and having exactly one solution. The conver-
gence result of Davini, Fathi, Iturriaga and the author is that, as the perturbation
goes to 0, a particular weak KAM solution is selected when the Hamiltonian is con-
vex in the second variable. Prior conditions on selected limiting solutions had been
found by Gomes in [109]. The result strikes by its generality (little regularity is as-
sumed on the Hamiltonian, no strict convexity) and by the flexibility of its proof. It
was naturally followed by numerous generalizations and adaptations. Among them
let us mention:

• the discrete setting that is presented later in this text [75],

• adaptations to Neumann problems [1],

• non–compact settings [124],

• more abstract duality methods [122, 123],

• second order Hamilton–Jacobi equations [150],

• weakly coupled systems of Hamilton–Jacobi equations [82] using weak KAM
tools from [78] and [119, 120] for more general results,

• convergence from the negative direction [79],

• for more general nonlinear discount approximations [64, 171, 63, 65],

• for discounted approximations on networks instead of manifolds [157],

• for mean field games [61]

• more recently, with degenerate discounting approximations [177].
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Some limitations and counterexamples exist nevertheless when convexity is dropped
[180, 118] and last but not least, let us quote [13] for a more geometric perspective
on the convergence result.

Crossing back to the dynamical systems world, Patrick Bernard used weak KAM
solutions to push Mather’s ideas in [32, 34]. Probably the most definitive works on
Arnol’d diffusion to this day are [35, 42]. Those works mix on the one hand dynami-
cal strategies dating back to Arnol’d following chains of normally hyperbolic objects
having transverse intersections of stable and unstable manifolds, and on the other
hand analytical tools about regularity of weak KAM solutions and subsolutions.

In his founding works [133, 134], Mañé proved that a generic Hamiltonian (in
a sense he defined), has a unique Mather measure that is hence ergodic for the
Lagrangian flow. He then asked if this measure is generically concentrated on a
hyperbolic periodic orbit. This question is known as Mañé’s conjecture. It is still
open but important steps were made by Figalli and Rifford [103, 104] who managed
to bring together methods of optimal control and PDE with the dynamical system
theory of orbit closing lemma. They prove the conjecture in low regularity assuming
the existence of a smooth critical subsolution. Then with Contreras [70] they brought
in Arnaud’s theory of Green bundles [4] to prove that generically, the Aubry set is
hyperbolic if the underlying manifold has dimension 2. The idea is that in this
setting, if the Aubry set is not hyperbolic, then positive and negative Green bundles
coincide and weak KAM solutions gain some extra regularity allowing to use ideas
from the previous works.

Mather had also raised a similar question about obtaining a uniform bound on
the number of ergodic Mather measures when the cohomology varies, for generic
Hamiltonians. This was solved by Bernard and Contreras [41, 37]. More generally,
understanding the shape of the Aubry set is a challenging question that is still to be
understood. Progress on the quotiented Aubry set was obtained by Sorrentino and
Fathi, Figalli, Rifford in [162, 95] and for the actual Aubry set, by Arnaud [10].

Weak KAM, beyond Hamilton–Jacobi equations

It turns out that the philosophy of weak KAM theory and of Aubry–Mather theory
applies to a variety of other areas.

Optimal control theory

Weak KAM theory’s starting point is the fact that solutions to Hamilton–Jacobi
equations of the form (EHJε) (seen in the context of homogenization), on a manifold
M , when the Hamiltonian has some convexity properties, are given by an explicit
formula called Lax–Oleinik semigroup (for ε “ 1):

Upt, xq “ inf
γ:r´t,0sÑM
γp0q“x

u0

`

γp´tq
˘

`

ż 0

´t
L
`

γpsq, 9γpsq
˘

ds, (1)

where the infimum is taken amongst all absolutely continuous curves. This formula
(or its variations) is a convolution in the (min,+) semiring and is widely studied in
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Optimal Control theory. In this setting, U is called the value function. Excellent
introductory references on the subject are [60, 23, 68] and we already mentioned how
Fathi and others made groundbreaking progress by importing ideas from Optimal
Control (such as semiconcavity, regularity properties of minimizers...). Contribu-
tions in the other directions are also worth highlighting. Recently for instance, con-
jectures about propagation of singularities of solutions of Hamilton–Jacobi equations
were solved by the use of the positive Lax–Oleinik semigroup [56, 57]. Such results
find amazing consequences in Riemannian geometry when applied to singularities of
distance functions [58].

Contact type and systems of Hamilton–Jacobi equations

Generalizations of weak KAM theory concern more general types of equations. The
first family of generalizations we have in mind is that of contact type equations.
This means that the Hamiltonian function H : T ˚M ˆ RÑ R also depends on the
value upt, xq of the unknown function. The terminology comes from the equations
of characteristics that preserve a contact form (instead of the symplectic form for
classical Hamiltonian equations). In this context, solutions are given by an implicit
Lax–Oleinik semigroup and weak KAM arguments can therefore be used. This was
exploited in many recent works including [168, 170, 59, 179, 64, 169, 65].

In a maybe more surprising way, weak KAM ideas also apply to some weakly
coupled systems of Hamilton–Jacobi equations. This is more unexpected as weak
KAM makes strong use of the order structure of R that is less clearly adaptable for
systems where the values taken are in Rd for some d ą 1. The first evidence of such
a link was present in [54, 55] and further developed in [80, 149, 78, 161, 113].

Lorentzian geometry and Lyapunov functions

As can be observed already from the definition of the Lax–Oleinik semigroup (1)
weak KAM theory studies minimization problems, objects verifying a family of in-
equalities and minimizers of those inequalities. As a matter of fact, central objects
in weak KAM theory are critical subsolutions. They are functions u0 : M Ñ R for
which the associated function Upt, xq ´ αp0qt (where U is given by the Lax–Oleinik
semigroup (1) and αp0q is called the critical constant) is non–decreasing in t. Such
functions are also characterized by the following two properties:

• u0 is Lipschitz continuous,

• px,Dxu0q P H
´1p´8, αp0qs X txu ˆ T ˚xM for almost every x PM .

When H is convex in the second variable, the sets H´1p´8, αp0qs X txuˆT ˚xM are
convex for all x. Therefore a natural generalization is to replace the Hamiltonian
by a family of convex sets Cx P T

˚
xM that verify suitable regularity properties. The

question being to know if solutions exist, one studies differentiable inclusions of the
form

• u is Lipschitz continuous,

• Dxu P Cx for almost every x PM .
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In such settings, objects from Aubry–Mather theory such as the Aubry set appear as
obstructions to finding such functions that verify extra conditions (as smoothness or
replacing Cx by its interior). Moreover, when possible, weak KAM methods make it
possible to construct C1 solutions to such differentiable inclusions. This was noticed
by Fathi and Siconolfi [101] who applied this philosophy to Lorentzian geometry,
where the sets Cx are cones provided by a section of non positive 2–forms. This line
of research was since developed in [44, 45, 165].

Another fruitful extension of weak KAM ideas concerns Lyapunov functions and
is closer to our subject of discrete weak KAM theory. Indeed, given a continuous
transformation F of a metric space X, a Lyapunov function is f : X Ñ R that is
non–increasing (or when possible decreasing) on the orbits of F . That is f verifies
the family of inequalities

@x P X, f ˝ F pxq ď fpxq.

Clearly, no function can be decreasing on a periodic orbit. More generally any
reasonable notion of recurrence will provide an obstruction to the existence of strict
Lyapunov functions. Hence being able to construct optimal Lyapunov functions
is an important challenge related to fine dynamical properties. The study of this
problem, importing weak KAM ideas, was done in Pageault’s PhD that led to re-
covering earlier results of Conley, Akin, Auslander... in simpler and more precise
form. Results are to be found in [155, 97, 98] and were followed by further studies
[48, 47, 49].

Let us also mention links with ergodic optimization and the analogue of Mañé’s
conjecture that was recently solved by Contreras [69]. Other works related to weak
KAM theory are [105, 106].

Optimal Transportation

Let us describe the original Monge problem in optimal transportation [151]. The
goal is to move some material described by a probability measure µ on a space X into
a certain configuration described by another probability measure ν on a space Y ,
by means of a transport map T : X Ñ Y , knowing that the cost to move material
from x P X to y P Y is given by cpx, yq. The problem is therefore to minimize
ş

X c
`

x, T pxq
˘

dµpxq on maps T : X Ñ Y such that T˚µ “ ν. A difficulty is that this
problem might be ill posed. For example, if µ is a Dirac mass and ν is not, there is
no map T such that T˚µ “ ν. Moreover, even when such maps T exist, the set of
such maps does not verify good properties that allow to apply classical variational
methods.

Kantorovitch’s tour de force [126] is twofold. He starts by relaxing the Monge
problem in looking for transport plans. Those are probability measures γ on X ˆY
whose marginals are given by π1˚γ “ µ and π2˚γ “ ν. He then wants to minimize
ş

XˆY cpx, yq dγpx, yq amongst such plans. The set of plans is always nonempty (as
µbν is one such) and it is closed and convex when X and Y are compact for instance.
Hence existence of an optimal (minimizing) plan can easily be proved under mild
regularity hypotheses on c. The second aspect of his contribution is to provide a
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dual equivalent problem. The minimal cost of a transport plan is given by

sup

ˆ
ż

Y
ϕpyq dνpyq ´

ż

X
ψpxqdµpxq

˙

,

where the supremum is taken amongst pairs of continuous functions ϕ : Y Ñ R and
ψ : X Ñ R such that

@px, yq P X ˆ Y, ϕpyq ´ ψpxq ď cpx, yq.

It will become clear in the next section that the minimizing problem of transport
plans resembles that of minimizing Mather measures in Aubry–Mather theory. The
dual problem of finding optimal Monge–Kantorovitch pairs of functions is transpar-
ently similar to the notion of subsolutions in weak KAM theory, especially when
both spaces X and Y coincide. Finding a transport map T amounts to proving that
an optimal plan is concentrated on the graph of a function from X to Y . This is
analogous to Mather’s Graph Theorem stating that Mather measures are concen-
trated on a graph. This deep parallel was drawn and studied by Bernard and Buffoni
[40, 39, 38].

Discrete weak KAM theory, with an economical twist

The main idea of discrete weak KAM Theory is to directly discretize the Lax–Oleinik
semigroup, allowing the time to take integer values only (or integer multiples of a
given fixed value). This simple idea then allows to weaken hypotheses on the phase
space. More precisely, coming back to the definition of the Lax–Oleinik semigroup
(1) for t “ 1, setting

h1px, yq “ inf
γ:r´t,0sÑM
γp0q“x
γp1q“y

ż 1

0
L
`

γpsq, 9γpsq
˘

ds,

the operator can be rewritten Up1, xq “ inf
yPX

u0pyq`h1py, xq. To write such a formula,

very little structure is needed. Only an underlying space X that we will assume to
be metric and a function c : X ˆ X Ñ R that will play the role of h1. A first
theoretical study of such an operator was done in [40]. Further analogies and results
coming from classical weak KAM theory were the subject of the author’s PhD thesis
in which he also highlighted some fundamental differences.

Here is an economical interpretation of discrete weak KAM theory. Assume that
X is the (uncountable) metric space whose points are wine stores in France. Let
DRC : X Ñ R be the function that gives the price DRCpxq of a bottle of Domaine
de la Romanée Conti in the store x2. Let now c : X ˆ X Ñ R be the function
where cpx, yq is the price for a 24 hour delivery of a wine bottle from x to y. Then if

2Domaine de la Romanée Conti is maybe the best (as far as comparisons can be made between
œuvres d’art) and certainly most prestigious wine in the world and it is a dream of the author
to taste wines from this estate in his life. Unfortunately, in this randomly chosen example, the
function DRC is close to being `8 everywhere but at Vosne Romanée and accessible at x “ Vosne
Romanée (but with no available stock).
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Maxime lives at x, the least price he will have to pay to obtain a bottle of Romanée
Conti tomorrow is

T´DRCpxq “ inf
yPX

DRCpyq ` cpy, xq.

In this simple and simplistic model, by iterating the previous operator T´, one
obtains the best price to have a bottle if one is willing to wait a long time. Finally,
studying long optimal trajectories that a bottle will follow before reaching the patient
Maxime will provide important objects of weak KAM theory and Aubry–Mather
theory.

Organisation of the text

The first 3 Chapters are dedicated to presenting discrete weak KAM theory in a
general setting. Each of them ends with a section where related classical weak KAM
results are stated to give the reader an overview of the classical theory without
proofs. We believe that this back and forth between the discrete and the classical
weak KAM theories is original. For well chosen costs, it highlights in a new way
strong similarities and also key differences between the two versions of weak KAM
theory. Discrete weak KAM theory as presented in these Chapters was developed
by the author in [174, 173] (following earlier works as [40]) in a non compact setting.
Here we present the compact setting that is less technical, therefore easier for a first
encounter with weak KAM theory. Yet all key features and ideas of the classical
theory persist and are better highlighted. Further and more precise results written
hereafter were obtained with coauthors, references being provided in the text. Those
first Chapters should be accessible without any specialized background.

The First Chapter introduces the Lax–Oleinik semigroups (negative and posi-
tive). The discrete weak KAM Theorem is proved and the last part of the Chapter
is dedicated to constructing continuous strict subsolutions, which are a fundamental
tool in the theory. This allows to define the Aubry set. In the last section, a proof
of the weak KAM Theorem using the discrete one is given. Also, it is shown that
for a natural cost function, weak KAM solutions and discrete weak KAM solutions
coincide. The result is new to our knowledge. We also establish that for this cost,
the projected Aubry set is equal to the classical one.

The Second Chapter aims at showing results of a more dynamical nature about
the Aubry set. We introduce Peierls’ barrier and characterize points of the projected
Aubry set with it. Examples of points and chains of the Aubry set are given. Finally
the problem of regularity of subsolutions (or lack thereof) is addressed. In a first
part, in the general setting, we characterize the projected Aubry set as the set where
all subsolutions are continuous. Then by adding structure, we show existence of C1,1

subsolutions, thus obtaining results similar to Bernard’s classical ones. Finally we
provide Graph Theorems and by adding a twist condition (which replaces convexity)
we show how to define a partial dynamics on the Aubry set.

The Third Chapter is dedicated to Mather measures and to the crucial role
they play in proving convergence of the discounted solutions. We start by giving
two definitions of Mather measures and showing that they are equivalent. Then
we prove convergence of solutions to the discounted equations. It is pointed out
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that the limit weak KAM solution for the positive Lax–Oleinik semigroup is not
necessarily the conjugate of the limit weak KAM solution for the negative Lax–
Oleinik semigroup. We then study a degenerate discounted problem that is new in
this setting and prove convergence of the solutions.

The Fourth Chapter provides examples in dimension 1. Those examples come
from autonomous Hamiltonians and have the great merit that explicit computations
can be made. We also show that the weak KAM solutions selected by the discounted
approximation procedure may differ in the discrete setting and in the classical one.
Such examples are folklore to experts. However we do not know of any reference
where a detailed analysis is made under the scope of weak KAM theory. We be-
lieve that they are useful to have in mind in order to develop an intuition and test
conejctures.

The Fifth and last Chapter puts back in the context of discrete weak KAM
theory the foundational problem of conservative twist maps of the annulus. We
revisit results of Mather, Aubry, Bangert... from the perspective of weak KAM
solutions. In this unified setting we gather proofs of well known results that are
spread in various references. We hope this will make them more accessible. We also
give a precise description of what those weak KAM solutions look like in this setting
(results of Arnaud and the author). Finally we conclude with statements of results
or Arnaud and the author opening to the world of weakly integrable twist maps.
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Chapter 1

The discrete setting, weak
KAM solutions and subsolutions

The main idea of the discrete setting we focus on is to directly discretize the Lax–
Oleinik semigroup, allowing the time to take integer values only (or integer multiples
of a given fixed value). This simple idea then allows to weaken the assumptions on
the phase space. Most results and proofs of this Chapter are extracted as a particular
compact case of [174].

1.1 Discrete setting and the Lax–Oleinik semigroup

We focus our attention on the case where pX, dq is a compact metric space. The
analogue of the Lagrangian function is a cost function c : X ˆ X Ñ R which is
assumed to be continuous. One can then define the Lax–Oleinik semigroup acting
on the set of bounded functions BpX,Rq:

Definition 1.1.1. The Lax–Oleinik semigroup T´ : BpX,Rq Ñ BpX,Rq associates
to f : X Ñ R the function

T´f : x P X ÞÑ T´fpxq “ inf
yPX

fpyq ` cpy, xq.

Remark 1.1.2. The Lax–Oleinik semigroup is a convolution with kernel c in the
pmin,`q semiring. The inf plays the role of integration and the ` plays the role of
multiplication in a classical convolution.

In particular, if the set X is finite, the Lax–Oleinik semigroup reduces to a
product (in the pmin,`q semiring) with the matrix whose entries are given by c.

If f is a continuous function, then the infimum in the definition of T´fpxq is a
minimum by compactness of X.

We define the sup–norm } ¨ }8 on the space BpX,Rq by setting }f}8 “ sup
xPX

|fpxq|

for f P BpX,Rq. The normed vector space
`

BpX,Rq, } ¨ }8
˘

is a Banach space.
We start by listing first basic properties of T´:

Proposition 1.1.3.
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(i) The image of T´ consists of equicontinuous functions with uniformly bounded
amplitude. 1

(ii) The Lax–Oleinik semigroup commutes with addition of constant functions: if
k P R and f is a function, T´pf ` kq “ pT´fq ` k.

(iii) The Lax–Oleinik semigroup is order preserving: if f ď g then T´f ď T´g.

(iv) The Lax–Oleinik semigroup is 1–Lipschitz for the sup–norm } ¨ }8.

Proof. Let us consider a modulus of uniform continuity ω for c (X being compact).
This is a non–decreasing function ω : r0,`8q Ñ r0,`8q that is continuous at 0,
with ωp0q “ 0, such that

@px, y, x1, y1q P X4, |cpx, yq ´ cpx1, y1q| ď ω
`

dpx, x1q ` dpy, y1q
˘

.

Without loss of generality, by triangular inequality we may assume that ω is bounded
and that }ω}8 ď 2}c}8. Let f : X Ñ R be a bounded function and ε ą 0. Let
px, x1q P X2. By definition of the Lax–Oleinik semigroup, there exists a yε such that
T´fpx1q ě fpyεq ` cpyε, x

1q ´ ε. It follows that

T´fpxq ´ T´fpx1q ď fpyεq ` cpyε, xq ´ fpyεq ´ cpyε, x
1q ` ε ď ω

`

dpx, x1q
˘

` ε.

Letting ε Ñ 0 yields that T´fpxq ´ T´fpx1q ď ω
`

dpx, x1q
˘

. As x and x1 play
symmetrical roles we find that |T´fpxq´T´fpx1q| ď ω

`

dpx, x1q
˘

. This is piq as x, x1

are arbitrary.
Points piiq and piiiq are obvious from the definition of T´ and automatically

imply pivq. Indeed, if f and g are bounded functions, as f ´ }f ´ g}8 ď g ď
f ` }f ´ g}8 we obtain

T´f ´ }f ´ g}8 ď T´g ď T´f ` }f ´ g}8

which means that }T´f ´ T´g}8 ď }f ´ g}8.

Remark 1.1.4. The Lax–Oleinik semigroup can actually be defined on arbitrary
functions f : X Ñ R (not necessarily bounded) with the only modification that T´f
can take the value ´8. However, it can be easily checked that, as c is bounded,
this may only happen if f is unbounded from below. In this case, T´f is identically
´8. Otherwise, the conclusions of the previous proposition (1.1.3) still hold, with
the same proofs.

Now that those properties have been established, let us move on to the weak
KAM theorem.

1.2 The weak KAM Theorem and critical subsolutions

In this section, we will introduce and construct some of the most important objects
of weak KAM theory. The first ones are of course weak KAM solutions and are
given by the following theorem:

1By amplitude of a function f : X Ñ R we mean sup f ´ inf f .
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Theorem 1.2.1 (weak KAM). There exists a unique constant cr0s P R for which
the equation u “ T´u` cr0s admits solutions u : X Ñ R.

Remark 1.2.2. Such functions are then called weak KAM solutions. The constant
cr0s is called the critical value.

It is immediate from Proposition 1.1.3 and Remark 1.1.4 that weak KAM solu-
tions are automatically continuous.

We will give two proofs of the existence part of the weak KAM Theorem. The first
one is similar to the original proof of Fathi ([89, 93]). The second one is reminiscent
of the work of Lions, Papanicolaou and Varadhan ([132]) on homogenization, that
actually appeared prior to the work of Fathi.

The uniqueness of the constant cr0s will be established in a second step.

First Proof. Let us introduce E “ BpX,Rq{R1 the quotient of bounded functions
by constant functions. The set E is clearly a vector space. If f is a bounded
function, we will denote by f̄ its projection in E . There is an induced norm on E : if
f : X Ñ R is a continuous function, denoting f̄ P E its class in the quotient, we set
}f̄}0 “ mint}f`k}8, k P Ru. As T´ commutes with addition of constant functions,
it induces an operator T on E defined by T f̄ “ T´f which is independent of the the
representative f in the equivalence class f̄ . This new operator is also continuous.
Indeed, if f, g are two bounded functions, then for some suitably chosen constant
k P R,

}T f̄ ´ T ḡ}0 ď }T´f ´ T´g ` k}8 ď }f ´ g ` k}8 “ }f̄ ´ ḡ}0.

Moreover, it follows from the fact that T´ has values in equicontinuous functions
with uniformly bounded amplitude (see proposition 1.1.3) and from the Arzelà–
Ascoli theorem ([83, Theorem 6.4 page 267]) that T pEq is relatively compact. We
can therefore apply the Schauder–Tychonoff Theorem ([83, Theorems 2.2 and 3.2
pages 414-415]) which asserts that T has a fixed point. This exactly means that there
exists a bounded function u : X Ñ R and a constant C such that u “ T´u`C.

The use of the Schauder–Tychonoff Theorem at the end of this first proof, though
natural, is not really necessary. Indeed, fixed points of 1–Lipschitz maps can be
obtained by much simpler arguments, usually by perturbing the map, making it
contracting and then passing to the limit. This is the spirit of the second proof in
which we use an approximation called discounted procedure:

Second Proof. Let λ P p0, 1q and let us introduce the discounted operator T´λ which
acts on bounded functions as follows:

@f P BpX,Rq, @x P X, T´λ fpxq “ inf
yPX

λfpyq ` cpy, xq “ T´pλfqpxq.

Of course, the last formulation, together with the 1–Lipschitz nature of T´ imply
that T´λ is now λ–Lipschitz. Hence, by the Banach fixed point theorem ([83, Theo-
rem 7.2 page 305]), as BpX,Rq is a Banach space, T´λ admits a unique fixed point
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uλ which then verifies T´λ uλ “ uλ. By Proposition 1.1.3, the puλqλPp0,1q are equicon-
tinuous with uniformly bounded amplitude, as they all belong to the image of T´.
Moreover

@x P X, min
py,zqPXˆX

cpy, zq ď p1´ λquλpxq ď max
zPX

cpz, zq.

To prove the left inequality, fix λ and take x1 such that uλpx1q is minimal. One then
has for some y P X,

uλpx1q “ λuλpyq ` cpy, x1q ě λuλpx1q ` cpy, x1q.

The right inequality follows from the fact that by definition of T´λ we obviously have
uλpxq “ T´λ uλpxq ď λuλpxq ` cpx, xq.

Let us fix a point x0 P X and define ûλ “ uλ ´ uλpx0q for all λ P p0, 1q. The
previous remarks show that we can find a sequence λn Ñ 1 such that p1´λnquλnpx0q

converges to a constant C and pûλnqnPN uniformly converges to a function u, as
n Ñ `8. Note that in fact, as the functions uλ have bounded amplitude, one has
p1´ λnquλn Ñ C uniformly. It now follows that

@x P X, ûλnpxq “ uλnpxq ´ uλnpx0q

“ T´pλnuλnqpxq ´ uλnpx0q

“ T´pλnûλnqpxq ` pλn ´ 1quλnpx0q.

Letting nÑ `8, by continuity of T´, we conclude that u “ T´u´ C.

It remains to prove the uniqueness of the critical constant cr0s. This is a direct
consequence of the following proposition:

Proposition 1.2.3. Assume that u “ T´u` cr0s for some function u and constant
cr0s, then

@v P BpX,Rq, T´nv

n
ÝÑ
nÑ`8

´cr0s,

where T´n “ T´ ˝ ¨ ¨ ¨ ˝ T´ denotes the n-th iterate of the Lax–Oleinik semigroup,
and the convergence is uniform.

Proof. This result is a direct consequence of the non expansive character of the Lax–
Oleinik semigroup. Indeed, by induction, one obtains that for all integers n ą 0,
u “ T´nu` ncr0s. Hence, if v P BpX,Rq, then

}T´nu´ T´nv}8 “ }u´ ncr0s ´ T
´nv}8 ď }u´ v}8.

The result follows immediately as }ncr0s ` T´nv}8 ď }u´ v}8 ` }u}8.

Remark 1.2.4.

(i) In the previous Proposition, one derives that for all v P BpX,Rq the sequence
pT´nv ` ncr0sqnPN is uniformly bounded.
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(ii) It follows from the uniqueness of cr0s that in the second proof of the weak
KAM Theorem (1.2.1), the whole family p1´λquλ uniformly converges to cr0s
as λÑ 1.

(iii) If u : X Ñ R is a weak KAM solution, it satisfies the following fundamental
inequalities:

@px, yq P X ˆX, upyq ´ upxq ď cpx, yq ` cr0s.

This last Remark motivates the following definition:

Definition 1.2.5. Given C P R, a function v : X Ñ R will be termed C–subsolution
if

@px, yq P X ˆX, vpyq ´ vpxq ď cpx, yq ` C,

or equivalently, if v ď T´v ` C.
We will call cr0s–subsolutions critical subsolutions, or just subsolutions when

no confusion is possible. We will denote by SC the set of C–subsolutions, and by
S “ Scr0s the set of critical subsolutions.

Here are some first properties of subsolutions:

Proposition 1.2.6. Given C P R, the following hold:

(i) Any C–subsolution is bounded.

(ii) The set SC of C–subsolutions is closed (with respect to pointwise convergence),
convex and stable by the Lax–Oleinik semigroup: T´pSCq Ă SC .

Proof. The first point comes from the fact that if u P SC and x0 P X, for all y P X,

upx0q ´ cpy, x0q ´ C ď upyq ď upx0q ` cpx0, yq ` C,

hence }u}8 ď |upx0q| ` }c` C}8.
The fact that SC is closed and convex is immediate from the definition. Only

stability deserves an explanation. It follows from the fact that u P SC if and only if
u ď T´u ` C as can be checked by applying the definitions. Consequently, by the
properties of the Lax–Oleinik semigroup (1.1.3), if u ď T´u` C then

T´u ď T´pT´u` Cq “ T´pT´uq ` C,

which means T´u P SC .

We conclude this section by one last characterization of the critical constant cr0s:

Proposition 1.2.7. The following holds: cr0s “ mintC P R, SC ‰ ∅u.

Proof. As follows from the weak KAM Theorem, Scr0s ‰ ∅, so we just have to prove
that if for some constant C, SC ‰ ∅, then C ě cr0s. Let then u P SC for some
C P R. As in the last proof, we get by induction that for all positive integer n,
u ď T´nu ` nC. Therefore, dividing by n, we infer that u{n ´ C ď T´nu{n. But
the right hand side converges to ´cr0s by Proposition 1.2.3. Hence passing to the
limit we conclude that ´C ď ´cr0s.
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We illustrate once more our model with a random liquid example as in the
introductory section page 13. Here again, X is the space of wine stores in France
and c : X ˆX Ñ R provides the cost cpx, yq of bringing a bottle of wine from x to y
in a day. Let P : X Ñ R denote the price P pxq of a bottle of Petrus2 at a location
x. Let n P N, then if the author is at x P X, the best price he will pay to have a
bottle of Petrus in n days is T´nP pxq. Proposition 1.2.3 then states that whatever
the initial price P , for n Ñ `8 the amount T´nP pxq grows like ´ncr0s. In this
particular example, given the order of magnitude of P , the time n would have to be
very very large to compensate the initial price.

1.3 The positive Lax–Oleinik semigroup

In this section, we introduce the positive Lax–Oleinik semigroup and state its main
properties. As they are analogous to the properties of the (negative) Lax–Oleinik
semigroup, the proofs are omitted and left to the reader.

Definition 1.3.1. The positive Lax–Oleinik semigroup T` : BpX,Rq Ñ BpX,Rq
maps to f : X Ñ R the function

T`f : x P X ÞÑ T`fpxq “ sup
yPX

fpyq ´ cpx, yq.

Remark 1.3.2. From the definition, one checks that T`f “ ´
`

T´ĉ p´fq
˘

where T´ĉ
is the cost defined by ĉpx, yq “ cpy, xq. Hence the fact that T´ and T` share very
similar properties is not surprising.

Proposition 1.3.3.

(i) The image of T` consists of equicontinuous functions with uniformly bounded
amplitude.

(ii) The positive Lax–Oleinik semigroup, T`, commutes with addition of constant
functions.

(iii) The positive Lax–Oleinik semigroup is order preserving:

if f ď g then T`f ď T`g.

(iv) The positive Lax–Oleinik semigroup is 1–Lipschitz for the sup–norm } ¨ }8.

The positive semigroup also fulfills a weak KAM Theorem:

Theorem 1.3.4 (positive weak KAM). The critical constant cr0s is the unique real
value c P R for which the equation u “ T`u ´ c admits solutions u : X Ñ R.
Moreover the constant cr0s has the following caracterization:

@v P BpX,Rq, T`nv

n
ÝÑ
nÑ`8

cr0s,

where T`n “ T` ˝ ¨ ¨ ¨ ˝ T` denotes the n-th iterate of the positive Lax–Oleinik
semigroup, and the convergence is uniform.

2Petrus is a renowned and quite inaccessible wine from the Bordeaux region in France. More
precisely it is the leading estate of the appellation Pomerol. The royalties earned by a lifetimes’work
of the author would probably allow him to buy a quarter of a bottle of Petrus.
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Remark 1.3.5. Such functions are then called positive weak KAM solutions.
It is immediate from Proposition 1.3.3 that positive weak KAM solutions are

always continuous.

In the positive weak KAM theorem, the fact that the critical constant for T` is
the same as that of T´, that is cr0s, deserves some explanation. It is checked that
u : X Ñ R is a C–subsolution, for some C P R if and only if u ě T`u´ C. Hence,
as for the Lax–Oleinik semigroup, one has that T`pSCq Ă SC .

Now, the fact that both critical constants coincide follows from Proposition 1.2.7
which characterizes the critical constant only making use of the notion of subsolu-
tion, and not of either the positive, nor negative Lax–Oleinik semigroup. However,
its proof can be done equivalently using the negative or the positive Lax–Oleinik
semigroup.

We end this section with a curiosity on the composition of positive and negative
Lax–Oleinik semigroups:

Proposition 1.3.6. Let u P BpX,Rq, then T` ˝ T´u ď u and T´ ˝ T`u ě u.

Proof. Let us establish the first inequality. If x P X then

T` ˝ T´upxq “ sup
yPX

T´upyq ´ cpx, yq “ sup
yPX

inf
zPX

upzq ` cpz, yq ´ cpx, yq ď upxq,

where the last inequality is obtained by taking z “ x.

1.4 Strict subsolutions, Aubry sets

In this section, we will focus our study on critical subsolutions, hence the adjective
may be omitted from time to time, but is always implicit. Recall that the set S
is the set of critical subsolutions. The goal will be to construct a special kind of
subsolutions which are in some sense better than the others:

Theorem 1.4.1. There exists a subsolution u0 P S X C0pX,Rq such that, if the
equality u0pyq ´ u0pxq “ cpx, yq ` cr0s holds for some px, yq P X ˆX, then

@u P S, upyq ´ upxq “ cpx, yq ` cr0s. (1.1)

A subsolution verifying this last property (1.1) will be termed strict. The proof
of this Theorem will occupy the rest of this section. It will be divided in two main
parts. In a first one, we will construct the function u0 and prove that it verifies (1.1)
for all other continuous subsolutions.

Then a digression is devoted to studying the structure of the set where the
equality u0pyq ´ u0pxq “ cpx, yq ` cr0s takes place. This is the Aubry set, a central
object in weak KAM theory, and unsurprisingly in Aubry–Mather theory.

This being achieved, the proof of the Theorem ends rather easily.

Beginning of the Proof. The set pX, dq being metric and compact, the Banach space
`

C0pX,Rq, } ¨ }8
˘

is itself separable. Therefore, S X C0pX,Rq being a subset of
a separable space is also separable. Let pvnqnPN be a dense (with respect to the
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topology of uniform convergence) sequence in S X C0pX,Rq. Now, let us define
u0 “

ř

ně0
anvn where for n ą 0, we set an “ minp2´n, 2´n{}vn}8q and a0 “ 1´

ř

ną0
an.

The function u0 is defined by a series of continuous functions that converges
for the } ¨ }8–norm, hence it is continuous. It is an infinite convex combination
of critical subsolutions, therefore, by Proposition 1.1.3 it is a subsolution. We will
prove it verifies the property we seek for.

Let us consider now px, yq P X ˆX such that u0pyq ´ u0pxq “ cpx, yq ` cr0s. By
definition of subsolutions, we know that vnpyq´ vnpxq ď cpx, yq` cr0s, for all n ě 0.
Multiplying each of these inequalities by an and summing, we get

u0pyq ´ u0pxq “
`8
ÿ

n“0

an
`

vnpyq ´ vnpxq
˘

ď

`8
ÿ

n“0

anpcpx, yq ` cr0sq “ cpx, yq ` cr0s,

which is in fact an equality. Hence all the middle inequalities must be equalities,
and the an being all positive, we conclude that vnpyq ´ vnpxq “ cpx, yq ` cr0s for all
integer n. The sequence pvnqnPN being dense in SXC0pX,Rq we conclude eventually
that

@u P SXC0pX,Rq,
”

u0pyq´u0pxq “ cpx, yq`cr0s
ı

ùñ

”

upyq´upxq “ cpx, yq`cr0s
ı

.

The rest of the proof will consist in extending this property to non continuous
subsolutions.

Let us start by defining some useful sets:

Definition 1.4.2 (Aubry sets). Let u P S be a critical subsolution.

• The non–strict set of u is

NSu “ tpx, yq P X ˆX, upyq ´ upxq “ cpx, yq ` cr0su.

• The Aubry set of u is

rAu “
!

pxnqnPZ P X
Z, @n ă p, upxpq´upxnq “

p´1
ÿ

k“n

cpxk, xk`1q`pn´pqcr0s
)

.

• The Aubry set is rA “ rAu0 Ă XZ where u0 is the peculiar subsolution previ-
ously constructed.

• The 2–Aubry is pA “ NSu0 Ă X ˆX.

• Finally, the projected Aubry set is A “ π1p pAq Ă X where π1 : X ˆX Ñ X is
the projection on the first factor: px, yq ÞÑ x.

Remark 1.4.3.

(i) The beginning of the proof of Theorem 1.4.1 may be summed up in the equality
pA “

Ş

uPSXC0pX,Rq
NSu.
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(ii) If s : XZ Ñ XZ is the shift operator: pxnqnPZ ÞÑ pxn`1qnPZ then the sets
introduced above are invariant by this shift: rAu “ sp rAuq and rA “ sp rAq.

(iii) If u P S and pxnqnPZ P X
Z then one has for all k P Z, upxk`1q ´ upxkq ď

cpxk, xk`1q ` cr0s. Summing these inequalities, one gets

@n ă p, upxpq ´ upxnq ď

p´1
ÿ

k“n

cpxk, xk`1q ` pn´ pqcr0s.

Therefore if the previous inequality turns out to be an equality, it implies that
upxk`1q ´ upxkq “ cpxk, xk`1q ` cr0s for n ď k ă p.

(iv) Note that by taking n “ 0 and p “ 1 in the definition of rAu we find that
π0,1p rAuq Ă NSu where π0,1 : XZ Ñ X ˆ X is the projection: pxnqnPZ ÞÑ
px0, x1q.

Now let us study these Aubry sets. We start by basic topological properties:

Proposition 1.4.4. The 2–Aubry set pA is closed and non–empty.

Proof. Being closed comes from the identity pA “ F´1t0u where F px, yq “ u0pyq ´
u0pxq ´ cpx, yq ´ cr0s is continuous.

Being non–empty is a consequence of the minimality of cr0s (Proposition 1.2.7).
Indeed, as u0 is a subsolution, the function F is non–positive. By compactness and
continuity, if pA “ F´1t0u were empty, there would be a small ε ą 0 such that
u0pyq ´ u0pxq ď cpx, yq ` cr0s ´ ε, for all px, yq P X ˆ X. But this means that
u0 P Scr0s´ε ‰ ∅ which contradicts Proposition 1.2.7.

The next proposition states that elements of the 2–Aubry set come in families,
meaning that the Aubry set is not empty:

Proposition 1.4.5. Let px, yq P pA, then there exists a sequence pxnqnPZ P rA such
that px, yq “ π0,1

`

pxnqnPZ
˘

. In particular, the Aubry set is itself closed (for the

product topology), not empty, and pA “ π0,1p rAq.

The proof will make use of the following two lemmas. The first one’s proof is a
direct application of the definitions and is omitted:

Lemma 1.4.6. Let n be a positive integer and f P BpX,Rq, then

@x P X, T´nfpxq “ inf
x´n,¨¨¨ ,x0“x

fpx´nq `
´1
ÿ

k“´n

cpxk, xk`1q,

@x P X, T`nfpxq “ sup
x“x0,¨¨¨ ,xn

fpxnq ´
n´1
ÿ

k“0

cpxk, xk`1q.

Lemma 1.4.7. Let u P S be a continuous subsolution and px, yq P pA. We have
T´nupxq “ upxq ´ ncr0s and T`nupyq “ upyq ` ncr0s for all positive integer n.
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Proof. As T´nu and T`nu are continuous subsolutions and px, yq P pA, we now know
that T´nupyq ´ T´nupxq “ T`nupyq ´ T`nupxq “ cpx, yq ` cr0s. It implies readily
that

T´pn`1qupyq ` cr0s ě T´nupyq “ T´nupxq ` cpx, yq ` cr0s ě T´pn`1qupyq ` cr0s,

the first inequality coming from the fact that T´nu P S the second from the definition
of T´. Hence all inequalities turn out to equalities and the sequence pT´nupyq `
ncr0sqnPN is constant.

The same holds for T´nupxq ` ncr0s “ T´nupyq ` ncr0s ´ cpx, yq ´ cr0s.
The proof of the rest of the lemma is established similarly.

Proof of Proposition 1.4.5. The sequences pxnq for n ď 0 and n ě 0 are constructed
separately. The first half will come from the negative Lax–Oleinik semigroup, the
second one, from the positive Lax–Oleinik semigroup.

As u0 and c are continuous and X is compact, any supremum (resp. infimum)
involving them is actually a maximum (resp. minimum). Therefore, for each positive
n, there exist chains xn´n, ¨ ¨ ¨ , x

n
0 “ x, xn1 “ y, ¨ ¨ ¨xnn`1 such that

T´nu0pxq “ u0px
n
´nq `

´1
ÿ

k“´n

cpxnk , x
n
k`1q ; T`nu0pyq “ u0px

n
n`1q ´

n
ÿ

k“1

cpxnk , x
n
k`1q.

By a diagonal argument, let pNnqně0 be an extracted sequence such that for
all k ě 0 the sequences pxNnk qněk and pxNn

´k qněk converge. We will denote by xk
and x´k the respective limits. Obviously, x0 “ x and x1 “ y. By definition of the
Lax–Oleinik semigroup and Lemma 1.4.7, for all k ď n,

u0pxq “ u0px
Nn
k q `

´1
ÿ

i“´k

cpxNni , xNni`1q ` kcr0s ;

u0pyq “ u0px
Nn
k`1q ´

k
ÿ

i“1

cpxNni , xNni`1q ´ kcr0s.

Letting nÑ `8, we obtain that

u0pxq “ u0pxkq`
´1
ÿ

i“´k

cpxi, xi`1q`kcr0s ; u0pyq “ u0pxk`1q´

k
ÿ

i“1

cpxi, xi`1q´kcr0s.

As in Remark 1.4.3, this implies that for all n P Z, u0pxn`1q´u0pxnq “ cpxn, xn`1q`

cr0s (the case n ă 0 is given by the left equalities and n ą 0 by the right equalities
above, n “ 0 is because px, yq P pA). Now, again as in Remark 1.4.3, by summing
those equalities, one obtains that

@n ă p, u0pxpq ´ u0pxnq “

p´1
ÿ

k“n

cpxk, xk`1q ` pn´ pqcr0s.

This exactly means that pxnqnPZ P rA.
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Remark 1.4.8. Let pxnqnPZ P rA and u be a subsolution. As for all n P Z,
pxn, xn`1q P pA, summing equalities upxn`1q ´ upxnq “ cpxn, xn`1q ` cr0s, one finds
that

@n ă p, upxpq ´ upxnq “

p´1
ÿ

k“n

cpxk, xk`1q ` pn´ pqcr0s.

In other terms, rA Ă rAu.

As the Aubry set is invariant by the shift, we get the immediate:

Corollary 1.4.9. The projected Aubry set can be obtained by either projection,
A “ π1p pAq “ π2p pAq, where π2 is the projection on the second factor.

Let us now complete the proof of the Theorem:

End of the Proof of Theorem 1.4.1. Let u P S be any subsolution. Let px, yq P pA
and let pxnqnPZ P rA such that π0,1

`

pxnqnPZ
˘

“ px, yq. We have the following chain
of inequalities, for all integer n P Z:

T´upxn`1q ď upxnq ` cpxn, xn`1q ď T´upxnq ` cpxn, xn`1q ` cr0s “ T´upxn`1q,

T`upxn´1q ě upxnq ´ cpxn´1, xnq ě T`upxnq ´ cpxn´1, xnq ´ cr0s “ T`upxn´1q.

In each line, the first inequality is by definition of the Lax–Oleinik semigroups, the
second holds because u P S and the last equality comes from the fact that, both
T´u and T`u being continuous subsolutions, the first part of the proof of Theorem
1.4.1 applies.

Hence all inequalities are equalities, and taking n “ 0, 1 it follows both equalities
upxq “ T´upxq ` cr0s and upyq “ T´upyq ` cr0s and eventually that

upyq ´ upxq “ T´upyq ´ T´upxq “ cpx, yq ` cr0s.

This ends the proof.

Let us conclude by a corollary of this proof:

Corollary 1.4.10. Let x P X. The following assertions are equivalent:

(i) x P A,

(ii) @u P S, upxq “ T´upxq ` cr0s,

(iii) @u P S, upxq “ T`upxq ´ cr0s,

(iv) for any u P S and n ą 0, upxq “ T´nupxq ` ncr0s “ T`nupxq ´ ncr0s.
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1.5 Relations to the classical theory

1.5.1 Classical setting and Lax-Oleinik semigroup

Classical weak KAM theory takes place originally in a smooth, connected and com-
pact manifold M . We will denote by TM the tangent bundle of M and denote
points in this set by px, vq P TM , where x PM and v P TxM is a vector tangent to
M at x. Similarly, T ˚M is the cotangent bundle of M , and a point of this cotangent
bundle will be written px, pq P T ˚M , where x PM and p P T ˚xM is a linear form on
TxM . For convenience, we will equip TM with a Riemannian metric and denote by
px, vq ÞÑ }v}x the associated norm. As M is compact, all Riemannian metrics are
equivalent and all results are independent of this choice. The induced distance on M
will be denoted by dp¨, ¨q.3 One considers a Tonelli Hamiltonian, that is a function
H : T ˚M Ñ R defined on the cotangent bundle of M verifying the following set of
conditions:

• H is C2,

• H is strictly convex in the momentum variable, meaning that for any px, pq P
T ˚M the Hessian BppHpx, pq is positive definite.

• H is superlinear, meaning that

@x PM, lim
}p}xÑ`8

Hpx, pq

}p}x
“ `8.

Note that in the superlinearity condition the limit is automatically uniform in x,
thanks to the convexity of H and to the compactness of M . Moreover, this condition
depends at first sight on the choice of the Riemannian metric on TM , the norm of
p P T ˚xM being the operator norm of p and denoted again }p}x to simplify notations.
However, M being compact, any two Riemannian metrics are equivalent, hence the
notion of superlinearity becomes independent of the initial choice.

Given this Hamiltonian, one studies two equations called Hamilton–Jacobi equa-
tions. The evolutionary Hamilton–Jacobi equation is:

#

Btu`Hpx, Bxuq “ 0,

up0, ¨q “ u0.
(EHJ)

Above, the unknown function is upt, xq : r0,`8q ˆM Ñ R and u0 : M Ñ R is a
given continuous function called initial condition.

The stationary Hamilton–Jacobi equation is

Hpx,Dxuq “ α, (SHJ)

where the unknown is u : M Ñ R and α P R is a given constant.

3A simple example to keep in mind is that of the flat torus M “ Tn “ Rn{Zn. In this case, both
TM and T˚M are isomorphic to Tn ˆ Rn. As a Riemannian metric, one may use the canonical
Euclidian scalar product on Rn to define a metric both on TTn and on T˚Tn.
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Strong (C1) solutions to those equations rarely exist. For instance, if u0 is
smooth, one can solve the evolutionary equation by using the method of character-
istics. However, shocks appear almost systematically in finite time and the solution
ceases to be smooth (results about this can be found in [93, 81]). Therefore a notion
of weak solutions is required and the one we retain is that of viscosity solution. We
provide it for the evolutionary equation even though it is not explicitly needed. It
is left to the reader to infer the analogous definition for the stationary equation. A
good introduction to the subject is [24]:

Definition 1.5.1.

• A continuous function u : r0,`8qˆM Ñ R is a viscosity subsolution to (EHJ)
if it verifies the initial condition and if for any C1 function φ : p0,`8qˆM Ñ

R, if u´ φ has a local maximum at pt0, x0q then

Btφpt0, x0q `H
`

x0, Bxφpt0, x0q
˘

ď 0.

• A continuous function u : r0,`8q ˆM Ñ R is a viscosity supersolution to
(EHJ) if it verifies the initial condition and if for any C1 function φ : p0,`8qˆ
M Ñ R, if u´ φ has a local minimum at pt0, x0q then

Btφpt0, x0q `H
`

x0, Bxφpt0, x0q
˘

ě 0.

• A continuous function u : r0,`8qˆM Ñ R is a viscosity solution to (EHJ) if
it is both a subsolution and a supersolution.

In the rest of the exposition, unless otherwise specified, any solution, subsolution
or supersolution will be implicitly understood in the viscosity sense and the adjective
will be omitted.

This notion is particularly adapted to our problem for several reasons. The
first one is that it is reasonable in the sense that if a solution u is differentiable at
pt0, x0q P p0,`8q ˆM then it solves the Hamilton–Jacobi equation at that point:

Btupt0, x0q `H
`

x0, Bxupt0, x0q
˘

“ 0.

As it can be proved that in our setting, solutions are locally Lipschitz, viscosity
solutions turn out to be almost everywhere solutions. However, beware that the
converse is not true. The following theorem makes viscosity solutions particularly
handy (see [24, 81]):

Theorem 1.5.2. Given a continuous function u0 : M Ñ R, there exists a unique
solution to (EHJ). This solution will be denoted px, tq ÞÑ S´ptqpu0qpxq.

For any fixed t ą 0, the operator S´ptq is acting on C0pM,Rq. Due to the
uniqueness of solutions and to the fact that H is autonomous, S´ is a semigroup,
meaning that S´pt ` sq “ S´ptq ˝ S´psq. It turns out it enjoys properties very
similar to the discrete Lax–Oleinik semigroup T´:

Proposition 1.5.3.
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1. For any t ą 0, there exists K ą 0 such that the set S´ptq
`

C0pM,Rq
˘

contains
only K–Lipschitz functions.

2. For any t ą 0, S´ptq commutes with addition of constants: S´ptqpf ` kq “
S´ptqpfq ` k, for all f P C0pM,Rq and k P R.

3. For any t ą 0, S´ptq is order preserving: if f ď g then S´ptqf ď S´ptqg.

4. For any t ą 0, S´ptq is 1–Lipschitz for the sup–norm.

At this stage, the similarities between discrete weak KAM theory and the Hamilton–
Jacobi equations are not clear. It comes from an explicit control–theoretic represen-
tation formula of the operators S´ptq. Let us define the Lagrangian as the convex
dual of the Hamiltonian:

Definition 1.5.4. The Lagrangian L : TM Ñ R is defined by

@px, vq P TM, Lpx, vq “ sup
pPT˚xM

ppvq ´Hpx, pq.

In this definition, the supremum is actually a maximum. The Lagrangian L is
termed Tonelli Lagrangian as it enjoys the same properties as H:

• L is C2,

• L is strictly convex in the speed variable, meaning that for any px, vq P TM
the Hessian BvvLpx, vq is positive definite.

• L is superlinear, meaning that

@x PM, lim
}v}xÑ`8

Lpx, vq

}v}x
“ `8.

Through the Lagrangian and Hamiltonian functions we can go from TM to T ˚M
thanks to the Fenchel transform L defined by

@px, vq P TM, Lpx, vq “
`

x, BvLpx, vq
˘

P T ˚M. (1.2)

This transformation is a C1 diffeomorphism under the Tonelli assumptions and its
inverse is given by

@px, pq P T ˚M, L´1px, pq “
`

x, BpHpx, pq
˘

P TM.

Moreover, H and L are also related by the formulas

H
`

x, BvLpx, vq
˘

“ BvLpx, vqpvq´Lpx, vq ; L
`

x, BpHpx, pq
˘

“ p
`

BpHpx, pq
˘

´Hpx, pq.

Theorem 1.5.5. Let u : M Ñ R be any continuous function. For any t ą 0 and
x PM the following holds:

S´ptqupxq “ inf
γ:r´t,0sÑM
γp0q“x

u
`

γp´tq
˘

`

ż 0

´t
L
`

γpsq, 9γpsq
˘

ds. (1.3)
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In this formula, called the Lax–Oleinik formula, the infimum is taken amongst
absolutely continuous curves. Tonelli theory asserts that the infimum is a mini-
mum and any such minimum turns out to be C2 and to verify the Euler–Lagrange

equation:
d

dt
BvLpγ, 9γq “ BxLpγ, 9γq (see [68]). This equation defines a complete flow

on TM denoted by ϕL. It is called the Euler–Lagrange flow. Its conjugate by the
Fenchel transform ϕH “ L ˝ϕL ˝L´1 is a flow on T ˚M called Hamiltonian flow. Its
trajectories solve Hamilton’s equations:

#

9x “ BpHpx, pq,

9p “ ´BxHpx, pq.
(1.4)

The infimum in (1.3) can be split in two by first choosing a starting point y for
the curves and then minimizing between y and x. More precisely, if we define the
action functional

@pt, y, xq P r0,`8q ˆM ˆM, htpy, xq “ inf
γ:r´t,0sÑM
γp0q“x
γp´tq“y

ż 0

´t
L
`

γpsq, 9γpsq
˘

ds, (1.5)

then the formula for solutions of (EHJ) becomes

S´ptqupxq “ inf
yPM

upyq ` htpy, xq,

which is exactly the discrete Lax–Oleinik semigroup with cost funtion c “ ht.

1.5.2 The weak KAM Theorem and critical subsolutions

Another important fact follows from the simple remark that a function u : M Ñ R
is solution to the stationary Hamilton–Jacobi equation (SHJ) with constant α if and
only if the function Upt, xq “ upxq ´ αt is solution to the evolutionary equation
(EHJ) with initial condition u0 “ u. Hence any such solution is characterized by
the property

@pt, xq P p0,`8q ˆM, upxq “ inf
γ:r´t,0sÑM
γp0q“x

u
`

γp´tq
˘

`

ż 0

´t

”

L
`

γpsq, 9γpsq
˘

` α
ı

ds

“ inf
yPM

upyq ` htpy, xq ` tα.

Note also that such solutions verify in particular that

@t ą 0, @γ : r´t, 0s ÑM, u
`

γp0q
˘

´u
`

γp´tq
˘

ď

ż 0

´t

”

L
`

γpsq, 9γpsq
˘

`α
ı

ds. (1.6)

In fact, verifying the above family of inequalities characterizes u to be a subsolution
of (SHJ).

With these facts in mind, it should not come as a surprise that the original weak
KAM Theorem of Fathi ([89]) is similar to the discrete weak KAM Theorem we
stated:
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Theorem 1.5.6. There exists a unique constant αp0q P R for which the stationary
equation (EHJ) admits a solution with right hand side equal to α “ αp0q.4

Proof. For fun’s sake, we provide yet another proof of this Theorem. We deduce it
from the discrete weak KAM theorem, although it is highly unnatural.

Uniqueness of αp0q follows from the uniqueness of the critical constant in the
discrete weak KAM theorem 1.2.1 as a classical weak KAM solution is also a discrete
weak KAM solution for the cost h1 and same critical constant.

The first (and central) part of the proof is to establish that for t ą 0 fixed, ht is
Lipschitz continuous (hence continuous). Note that the second point of Proposition
1.5.3 also follows from that assertion. We omit this technical (and central) aspect
and refer to [93].

We now apply the discrete weak KAM theorem 1.2.1 which states that for all
n P N, there exists a unique constant cn and a function un : M Ñ R such that
un “ S´p2´nqun ` cn. By using the semigroup property. One obtains that

un “
`

S´p2´nq
˘2n

un ` 2ncn “ S´p1qun ` 2ncn.

It follows by the uniqueness of c0 that for all n ě 0, cn “ 2´nc0. The same argument
yields that

@n ě 0, @t P 2´nN, un “ S´ptqun ` tc0. (1.7)

Up to adding constants to the functions un we may assume they all vanish at some
point of M which does not change their property of being weak KAM solutions for
S´p2´nq. Moreover, as all the un, n P N are in the image of S´p1q they form an
equi–Lipschitz family of functions. Hence by the Arzelà–Ascoli theorem, we may
find an extracted sequence kn such that puknqnPN converges uniformly to a function
v. By continuity of u ÞÑ S´ptqu we may pass to the limit (as m Ñ `8) in the
equalities

@m ě n, @t P 2´knN, ukm “ S´ptqukm ` tc0,

to obtain that v “ S´ptqv ` tc0 for any diadic number t. As diadic numbers are
dense in r0,`8q the theorem follows again by continuity of t ÞÑ S´ptqv.

We have used at the end of the proof the following result, of which we give a
quick proof for completeness:

Lemma 1.5.7. Let u : M Ñ R be a continuous function, then the function t ÞÑ
S´ptqu is uniformly continuous.

Proof. Using the semigroup property and non–expansiveness, one obtains that for
all 0 ď s ď t, }S´ptqu´ S´psqu}8 ď }S

´pt´ squ´ u}8. Therefore, it is enough to
prove continuity at 0. Moreover, again using the non–expansive character, one sees
by an approximation argument that it is enough to prove the result for u being a
Lipschitz function.

4The notation αp0q is borrowed from Mather’s α function. It is a function acting on the first
cohomology group of M . Given a closed 1–form c, one can perturb the stationary equation (SHJ) by
Hpx, cpxq`Dxuq “ α and prove a weak KAM theorem for this equation. The critical constant found
depends only on the cohomology class rcs and is αprcsq. Discrete analogues of this are discussed in
[173].
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Assume therefore that u is Lipschitz continuous with Lipschitz constant K ą 0.
As L is superlinear, there is a constant C ą 0 such that

@px, vq P TM, Lpx, vq ě K}v}x ´ C.

It follows that for any absolutely continuous γ : r´t, 0s ÑM ,

ż 0

´t
L
`

γpsq, 9γpsq
˘

ds ě

ż 0

´t
K} 9γpsq}γpsqds´ tC ě Kd

`

γp0q, γptq
˘

´ tC.

It follows that if γp0q “ x, recalling that u is K–Lipschitz,

ż 0

´t

”

L
`

γpsq, 9γpsq
˘

` α
ı

ds` u
`

γp´tq
˘

´ upxq ě

ě Kd
`

γp0q, γptq
˘

´ tC ´Kd
`

γp0q, γptq
˘

and taking an infimum on all curves, S´ptqupxq ´ upxq ě ´tC.
Finally, comparing with a constant curve in the definition of the Lax–Oleinik

semigroup one finds that

S´ptqupxq ď upxq `

ż 0

´t
Lpx, 0qds ď upxq ` tmax

yPM
Lpy, 0q.

Those two inequalities prove the lemma.

One may wonder if there is a relationship between discrete weak KAM solutions
and weak KAM solutions. It turns out that the answer is yes and it is closely related
to the autonomous aspect of our setting5.

Theorem 1.5.8. Let c “ h1 be the cost function. Then we have αp0q “ cr0s.
Moreover a function u is a discrete weak KAM solution for c if and only if it is a
weak KAM solution for H.

The proof heavily relies on Fathi’s Theorem [91]:

Theorem 1.5.9 (Fathi [91]). Let v : M Ñ R be a continuous function. Then
t ÞÑ S´ptqv`tαp0q uniformly converges to a weak KAM solution, for H, as tÑ `8.

Proof of Theorem 1.5.8. It is clear that if u is a weak KAM solution, then u “
S´p1qu` αp0q “ T´u` αp0q. It follows that αp0q “ cr0s because of the uniqueness
in Theorem 1.2.1. Moreover, any weak KAM solution is a discrete weak KAM
solution.

Let now v be a discrete weak KAM solution. It follows that v “ S´p1qv ` αp0q
and then that

@n P N, v “ S´pnqv ` nαp0q.

By Fathi’s theorem, there exists a weak KAM solution ṽ such that S´ptqv`tαp0q Ñ ṽ
as tÑ `8. It then follows that v “ ṽ is a weak KAM solution.

5The second part of the following Theorem becomes tautological when considering time–
dependent 1–periodic Hamiltonians as the definitions of weak KAM solutions then coincide.
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If α P R, denote by S 1α the set of subsolutions to (SHJ), or equivalently functions
verifying (1.6). Note that u P S 1α if and only if t ÞÑ S´ptqu ` tα is non–decreasing.
Finally, S 1 will denote the special set of critical subsolutions S 1αp0q. As will be seen

later, unlike what happens for weak KAM solutions, the set S 1α Ă Sα is much smaller
than its discrete analogue. The first point of the next proposition is a hint as to
why. We state without proof analogous results to Proposition 1.2.6:

Proposition 1.5.10. Let α P R, the following assertions hold:

(i) The family of α–subsolutions is equi–Lipschitz.

(ii) The set S 1α of α–subsolutions is closed (with respect to pointwise and uniform
convergence), convex and stable by the Lax–Oleinik semigroup: S´ptqpS 1αq Ă
S 1α for all t ě 0.

And here is the characterization of αp0q similar to Proposition 1.2.7:

Proposition 1.5.11. The following equality holds: αp0q “ mintα P R, S 1α ‰ ∅u.

We finish this section by discussing the continuous way of adapting the second
proof of the discrete weak KAM theorem. Indeed, if λ P p0, 1q, considering the
mapping u ÞÑ S´p1qpλuq does not make much sense from the PDE point of view.

The function uλ constructed in the second proof of Theorem 1.2.1 satisfies
T´pλuλq “ uλ. By setting vλ “ λuλ, the previous equation may be rewritten
as

vλ ´ T
´pvλq “ pλ´ 1quλ “ p1´ λ

´1qvλ.

We now follow the intuition that T´stands for the time 1 of an evolution semi-
group, hence vλ´T

´pvλq can be interpreted as a discrete derivative with respect to
time.

Going back to the Hamilton–Jacobi equation, and following the previous analysis,
we are looking for a function u : M Ñ R such that

d

dt
S´ptqu|t“0 “ ´`u,

where we applied the change of variable ` “ λ´1 ´ 1. Hence ` ą 0 is aimed to go to
0. Remembering that pt, xq ÞÑ S´ptqupxq solves the Hamilton–Jacobi equation, we
are actually looking for a function u solving

`upxq `Hpx,Dxuq “ 0, x PM (`HJ)

in the viscosity sense. The preceding equation is called the discounted equation
and ` is called the discount factor. It turns out this is precisely the method used
in [132] which is historically the first paper where weak KAM solutions appear.
In this foundational preprint, they prove the following results, for a wider class of
Hamiltonians (in particular, no convexity is required):

Theorem 1.5.12.

1. For all ` ą 0 there exists a unique function U` : M Ñ R which is a viscosity
solution of (`HJ).
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2. The family p`U`q`ą0 is equi-bounded.

3. The family pU`q`ą0 is equi-Lipschitz.

4. Given x0 P M and setting v` “ U` ´ U`px0q, it follows that the family pv`q`ą0

is relatively compact.

5. The family p`U`q`ą0 uniformly converges to the constant function ´αp0q6 as
` Ñ 0 and any limit function v0 of the family pv`q`ą0, as ` Ñ 0, is a solution
of (SHJ) with right hand side αp0q.

1.5.3 The positive Lax–Oleinik semigroup

As in our discrete setting, Fathi introduced the positive Lax–Oleinik semigroup as
follows:

Definition 1.5.13. Let u : M Ñ R be any continuous function, for any t ą 0 and
x PM we define:

S`ptqupxq “ sup
γ:r0,tsÑM
γp0q“x

u
`

γptq
˘

´

ż t

0
L
`

γpsq, 9γpsq
˘

ds “ sup
yPM

upyq ´ htpx, yq,

where the supremum is taken amongst absolutely continuous curves.

Once again, this semigroup has a natural PDE interpretation. Let us intro-
duce the Hamiltonian: qH : px, pq ÞÑ Hpx,´pq. One verifies that the associated
Lagrangian is given by

@px, vq P TM, qLpx, vq “ sup
pPT˚xM

ppvq´ qHpx, pq “ sup
pPT˚xM

pp´vq´Hpx, pq “ Lpx,´vq.

Therefore the positive semigroup is written as follows:

S`ptqupxq “ ´ inf
γ:r0,tsÑM
γp0q“x

´u
`

γptq
˘

`

ż t

0
L
`

γpsq, 9γpsq
˘

ds

“ ´

„

inf
γ̌:r´t,0sÑM
γ̌p0q“x

´u
`

γ̌ptq
˘

`

ż 0

´t

qL
`

γ̌psq, 9̌γpsq
˘

ds



“ ´qSptqp´uqpxq,

where qS denotes the Lax–Oleinik semigroup associated to qH. Hence the function
pt, xq ÞÑ ´S`ptqupxq solves an evolutionary Hamilton–Jacobi equation with Hamil-
tonian qH and initial data ´u.

As the Hamiltonian qH is also Tonelli, it is automatic that the positive semigroup
S` has the same properties as S´ stated in Proposition 1.5.3, that we do not recall
here. As for the discrete case, a positive weak KAM theorem follows:

6In the preprint, this constant is actually denoted by ´Hp0q and H is called the effective Hamil-
tonian.
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Theorem 1.5.14 (positive weak KAM). The critical constant αp0q is the only one
for which the equation u “ S`ptqu´tαp0q, for all t ą 0, admits solutions u : M Ñ R.
Moreover the constant αp0q has the following caracterization:

@v P BpM,Rq,
S`ptqv

t
ÝÑ
tÑ`8

αp0q,

and the convergence is uniform.

1.5.4 Strict subsolutions, Aubry sets

As is expected, given a constant α P R, a function u : M Ñ R is an α–subsolution
(u P S 1α) if

@t ą 0, @γ : r´t, 0s ÑM, u
`

γp0q
˘

´ u
`

γp´tq
˘

ď

ż 0

´t

”

L
`

γpsq, 9γpsq
˘

` α
ı

ds,

where γ ranges in the set of absolutely continuous curves. It can be established that
subsolutions are automatically Lipschitz hence differentiable almost everywhere.

The terminology comes from the fact that subsolutions are indeed viscosity sub-
solutions to the critical stationary Hamilton–Jacobi equation (SHJ). Whence the
following characterizations of subsolutions hold:

Proposition 1.5.15. Let u : M Ñ R and α P R be a constant. The following are
equivalent:

1. u P S 1α is an α–subsolution;

2. the family of functions
`

S´ptqu` tα
˘

tě0
is non–decreasing;

3. the family of functions
`

S`ptqu´ tα
˘

tě0
is non–increasing;

4. the function u verifies Hpx,Dxuq ď α in the viscosity sense;

5. the function u verifies Hpx,Dxuq ď α for almost every x PM (more precisely
at every x PM such that u is differentiable at x).

We now focus on the particular case of critical subsolutions. The idea is that,
because the constant αp0q is a threshold between a world with subsolutions and a
world without, there is no critical subsolution where the inequalityHpx,Dxuq ď αp0q
is everywhere strict. More precisely, the obstruction to having strict inequalities is
concentrated on a subset of M : the projected Aubry set. This set was introduced for
twist maps (that are a particular discrete setting) by Aubry, Le Daeron and Mather
[18, 138, 148]. For Hamiltonian systems, it was later on introduced by Mather ([143])
by dynamical systems means. The present interpretation, using critical subsolutions,
is due to Fathi ([93, 89, 88, 90]).

A fundamental result on subsolutions is due to Fathi and Siconolfi [99, 100] (for
C1 subsolutions) and was then improved by Bernard ([33]):
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Theorem 1.5.16. There exists a function u0 : M Ñ R that is C1,1 (C1 with
Lipschitz differential) and is a critical subsolution (u0 P S 1α0

). Moreover it verifies
the following fundamental property:

if for some x P M , Hpx,Dxu0q “ αp0q then if u P S 1αp0q is any other critical

subsolution, u is differentiable at x and Dxu “ Dxu0. Hence Hpx,Dxuq “ αp0q.

The function u0 above is a C1,1 strict subsolution. The set

A “ tx PM, Hpx,Dxu0q “ αp0qu,

is called the projected Aubry set. It is non–empty
`

otherwise u0 would be a sub-
solution for a constant less that αp0q

˘

. It is also compact. The Aubry set is
A˚ “ tpx,Dxu0q, x P Au Ă T ˚M . Of course, A˚ Ă H´1ptαp0quq. This is ac-
tually a deep fact. It implies a Theorem of Carneiro ([62]) which we come back to
later. It may seem at first glance that those sets depend on u0 but it is not the
case. Indeed, A is a set of points where all subsolutions u are differentiable7 and
Hpx,Dxuq “ αp0q. The Aubry set in TM is then naturally A1 “ L´1pA˚q.

As we saw in the discrete setting, points of the projected Aubry set come in
whole sequences, giving rise to the Aubry set (subset of XZ). Moreover, this Aubry
set is invariant by the shift on XZ. Similar phenomena arise in the classical setting,
the dynamical systems here being those of ϕL the Euler–Lagrange flow and ϕH the
Hamiltonian flow:

Theorem 1.5.17. The Aubry set A˚ is invariant by ϕH meaning that for all t P R,
ϕtHpA˚q “ A˚. Equivalently, the Aubry set A1 is invariant by ϕL meaning that for
all t P R, ϕtLpA1q “ A1.

It follows that if px, pq P A˚, u P S 1αp0q is a critical subsolution ant t P R, then
`

xptq, pptq
˘

“
`

xptq, Dxptqu
˘

where we set
`

xptq, pptq
˘

“ ϕtHpx, pq. In particular, we
stress that u is automatically differentiable at xptq for all t P R.

The curve
`

xptq, 9xptq
˘

tPR is a trajectory of the Euler–Lagrange flow. Moreover,
its projection on M calibrates u in the sense that

@s ă t, u
`

xptq
˘

´ u
`

xpsq
˘

“

ż t

s
L
`

xpσq, 9xpσq
˘

dσ ` pt´ sqαp0q.

In particular, recalling that u verifies (1.6), it follows that

@t ą 0, S´ptqupxq “ u
`

xp´tq
˘

`

ż 0

´t
L
`

xpσq, 9xpσq
˘

dσ ` tαp0q “ upxq ` tαp0q;

S`ptqupxq “ u
`

xptq
˘

´

ż t

0
L
`

xpσq, 9xpσq
˘

dσ ´ tαp0q “ upxq ´ tαp0q.

From this follows the analogue of Corollary 1.4.10:

Corollary 1.5.18. Let x PM . The following assertions are equivalent:

(i) x P A,

7This actually suffices to characterize the projected Aubry set as proven in [99].
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(ii) @u P S 1αp0q, @t ą 0, upxq “ S´ptqupxq ` tαp0q,

(iii) @u P S 1αp0q, @t ą 0, upxq “ S`ptqupxq ´ tαp0q.

We end this section with a new description of the relation between the Aubry
set for the Hamiltonian and the Aubry set for the time–1 action functional h1. For
the sake of clarity, we denote them respectively AH and Ah1 .

Theorem 1.5.19. The equality AH “ Ah1 holds.

Proof. Recall that if n ą 0, thanks to the choice of cost function, the Lax–Oleinik
semigroups are linked by the equalities T´n “ S´pnq and T`n “ S`pnq. Moreover,
we have seen that both critical constants for H and h1 coincide. It follows that
classical subsolutions are discrete subsolutions, S 1αp0q Ă Sαp0q (the inclusion being

very often strict). Indeed, u P S 1αp0q if and only if t ÞÑ S´ptqu ` tαp0q is non–

decreasing for t P r0,`8q while u P Sαp0q if and only if the sequence n ÞÑ S´pnqu`
nαp0q is non–decreasing for n ě 0.

Let now x P Ah1 and u P S 1αp0q. We deduce from the preceding discussion and

Corollary 1.4.10 that the sequence n ÞÑ S´pnqupxq ` nαp0q is constant. As the
familly t ÞÑ S´ptqu` tαp0q is non–decreasing, it has to be constant. This being true
for any classical subsolution, we deduce that x P AH by Corollary 1.5.18. We have
established that Ah1 Ă AH .

Let then x P AH and u P Sαp0q be a discrete subsolution. We set u´ “

lim
nÑ`8

S´pnqu ` nαp0q and u` “ lim
nÑ`8

S`pnqu ´ nαp0q that both exist (the se-

quences are monotonous). They are respectively a negative and positive weak KAM
solution and verify u` ď u ď u´. Finally, let us set v “ lim

tÑ`8
S´ptqu` ` tαp0q that

is a negative weak KAM solution. As classical and discrete weak KAM solutions
coincide, we know from Corollary 1.5.18 that u`pxq “ S´ptqu`pxq ` tαp0q for all
t ą 0, hence u`pxq “ vpxq.

We will prove that v “ u´. Let ε ą 0 and N ą 0 such that }S`pnqu´ nαp0q ´
u`} ă ε for all n ě N . By application of Proposition 1.3.6 and monotonicity of the
semigroups, one establishes that S´pnq ˝ S`pnqu ě u. By taking n ą N and using
the monotonicity of S´ again, it follows that

S´pnqu` ` nαp0q ě S´pnq ˝ S`pnqu´ ε ě u´ ε.

Then if m ą 0 we obtain that S´pn`mqu`` pn`mqαp0q ě S´pmqu`mαp0q ´ ε.
Finally letting mÑ `8 it follows that v ě u´ ´ ε, and as this is true for all ε ą 0
we obtain that v ě u´.

The reverse inequality is easier: as u` ď u´ then

@n ą 0, S´pnqu` ` nαp0q ď S´pnqu´ ` nαp0q “ u´,

and we conclude by letting nÑ `8.
Finally, it follows that u`pxq “ vpxq “ u´pxq and as for n ą 0,

u` ď u ď S´pnqu` nαp0q ď u´,

we also have upxq “ S´pnqupxq ` nαp0q “ u´pxq. Thus x P Ah1 and the proof is
complete.
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In the preceding proof the functions u´ and u` form what is called a conjugate
pair (see [88] for the classical definition and [40] for definitions in a discrete setting),
a notion that will reappear in this text (as in Remark 2.1.4).
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Chapter 2

More (dynamical)
characterizations of the Aubry
sets

So far, we have constructed several different Aubry sets and have started to study
the way they are related. Even though their initial definition stems from one par-
ticular subsolution, we already began to understand that, in the end, they entail
informations concerning all subsolutions. In fact they depend on the cost function c
only, and not on the particular subsolution u0. In this section we push further the
understanding of the meaning of those Aubry sets.

Most results of this Chapter are to be found in [174] by the author for the
most abstract and general part. When it comes to the more regular setting of costs
defined on a compact manifold first results are written in [173] by the author, then
generalized in [46] with Bernard.

2.1 The Peierls Barrier

The aim of this paragraph is to give a characterization of the Aubry set in terms
of action along long chains of points. This characterization builds on the following
notion:

Definition 2.1.1. If n ą 0 is a positive integer and px, yq P X ˆX, let

cnpx, yq “ inf

#

n´1
ÿ

i“0

cpxi, xi`1q, px0, x1, ¨ ¨ ¨ , xn´1, xnq P X
n`1, x0 “ x, xn “ y

+

.

The Peierls barrier is the function h : X ˆX Ñ X defined by

@px, yq P X ˆX, hpx, yq “ lim inf
nÑ`8

cnpx, yq ` ncr0s.

It follows from the previous Definition that if u P BpX,Rq is a bounded function,
then T´nupxq “ inf

yPX
upyq ` cnpy, xq.

The name Peierls barrier appears in Aubry and Le Daeron’s work [18] in the
context of Conservative Twist Maps of the Annulus (see the last Chapter of this
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text). It associates to each rotation number a real number that vanishes if and
only if there is an invariant circle with this rotation number (all those notions are
defined in the last Chapter). Hence it is a barrier to the existence of invariant circles.
Mather then introduced variations and studied properties of this barrier, still in the
context of Twist Maps in [137]. He went on to generalize the Peierls barrier to higher
dimensional Lagrangian settings in [145]. The Definition just presented is analogous
to what is done in the latter reference.

Let us start by giving some properties of this new object:

Proposition 2.1.2.

(i) h is well defined and continuous;

(ii) for all u P S and px, yq P X, upyq´upxq ď hpx, yq, in particular for all x P X,
hpx, xq ě 0;

(iii) for all x, y, z P X and integer n ą 0 the following inequalities hold:

hpx, yq ď hpx, zq ` cnpz, yq ` ncr0s;

hpx, yq ď cnpx, zq ` ncr0s ` hpz, yq;

hpx, yq ď hpx, zq ` hpz, yq; (2.1)

(iv) for all x P X, the function hx “ hpx, ¨q is a weak KAM solution and the
function hx “ ´hp¨, xq is a positive weak KAM solution.

Proof. Let ω denote a modulus of continuity for c: a non–decreasing function from
r0,`8q to itself that is continuous at 0, with ωp0q “ 0, such that

@px, y, x1, y1q P X4, |cpx, yq ´ cpx1, y1q| ď ω
`

dpx, x1q ` dpy, y1q
˘

.

Let x, x1, y, y1 be points, n an integer, and x “ x0, x1, ¨ ¨ ¨ , xn´1, xn “ y such that

cnpx, yq “
n´1
ř

i“0
cpxi, xi`1q (they exist by compactness of X and continuity of the

maps). Then one gets by definition that

cnpx
1, y1q ´ cnpx, yq

ď cpx1, x1q `

n´2
ÿ

i“1

cpxi, xi`1q ` cpxn´1, y
1q ´

n´1
ÿ

i“0

cpxi, xi`1q

ď ω
`

dpx, x1q ` dpy, y1q
˘

.

We get the same inequality for cnpx, yq ´ cnpx
1, y1q by the same argument, which

proves that the cn are equicontinuous. Moreover, one checks readily that cn`1px, yq “
T´ncpx, ¨qpyq. Therefore, combined with the first point of Remark 1.2.4, this implies
that the family on functions cn ` ncr0s is uniformly bounded. This proves (i).

We have already seen in Remark 1.4.3-(iii) that if u P S and x, y are points, then
for any integer n ą 0, upyq ´ upxq ď cnpx, yq ` ncr0s. Taking a liminf yields (ii).
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One has by definition that ifm,n are integers and x, y are points, then cn`mpx, yq “
inf
ZPX

cmpx, Zq ` cnpZ, yq. Hence if z is a third point, then

cn`mpx, yq ` pn`mqcr0s ď cmpx, zq `mcr0s ` cnpz, yq ` ncr0s.

Letting m Ñ `8 and taking liminf leads to the first inequality of (iii), n Ñ `8

and taking liminf to the second one, and both at the same time to the third.
Let x P X. The previous inequalities applied to n “ 1 show that the functions

hx and hx are subsolutions. Let us prove (iv) for hx, the rest being similar. Let
y P X and kn be an extraction such that hxpyq “ lim

nÑ`8
ckn`1px, yq ` pkn ` 1qcr0s.

For each n, there exists xn P X such that ckn`1px, yq ` pkn ` 1qcr0s “ cknpx, xnq `
cpxn, yq`pkn`1qcr0s and taking a further extraction, one may assume that xn Ñ x̃
for some x̃ P X. Taking the limit and by equicontinuity, one concludes that

hxpyq “ lim
nÑ`8

cknpx, xnq ` kncr0s ` cpxn, yq ` cr0s ě hpx, x̃q ` cpx̃, yq ` cr0s.

The function hx being a subsolution, the last inequality must be an equality and it
follows that hxpyq “ T´hxpyq ` cr0s which is what was to be proven.

We can actually strengthen (ii) in the previous Proposition as follows:

Proposition 2.1.3. Let u P S and m,n two non–negative integers, then

@px, yq P X ˆX, T´nupyq ´ T`mupxq ` pn`mqcr0s ď hpx, yq.

Proof. Let m,n be any non–negative integers and x “ x´m, ¨ ¨ ¨ , xn “ y be a chain
of points. Then by definition of the Lax–Oleinik semigroups, one gets

T´nupyq´T`mupxq ď
n´1
ÿ

i“0

cpxi, xi`1q`upx0q´upx0q`

´1
ÿ

i“´m

cpxi, xi`1q “

n´1
ÿ

i“´m

cpxi, xi`1q.

This being true for all chains of points it follows that

T´nupyq ´ T`mupxq ` pn`mqcr0s ď cn`mpx, yq ` pn`mqcr0s.

Note that the left hand side is now non–decreasing in both n and m (as u P S).
Therefore to show the statement, we only have to show that the limit when n,mÑ

`8 verifies the same inequality. Let nk,mk be two diverging increasing sequences
such that cnk`mkpx, yq ` pnk `mkqcr0s Ñ hpx, yq. Then one concludes that

T´nupyq ´ T`mupxq ` pn`mqcr0s ď

ď lim
kÑ`8

T´nkupyq ´ T`mkupxq ` pnk `mkqcr0s

ď lim
kÑ`8

cnk`mkpx, yq ` pnk `mkqcr0s “ hpx, yq,

which is the result.
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Remark 2.1.4. The previous proposition can actually be stated in a more optimal
way by introducing another notion. Given a subsolution u P S, as noted, the se-
quences T´nu` ncr0s and T`nu´ ncr0s converge respectively to functions u´ and
u` which are respectively a negative and a positive weak KAM solution. The result
then states that u´pyq´u`pxq ď hpx, yq. Such pairs are called conjugate pairs, they
coincide on A (Corollary 1.4.10) and this last point characterizes the pair pu´, u`q
(see proposition 2.2.5 in the next paragraph).

We are now ready to establish a characterization of the Aubry sets much easier
to handle:

Theorem 2.1.5. The following equalities hold:

A “ tx P X, hpx, xq “ 0u,

pA “ tpx, yq P X ˆX, cpx, yq ` cr0s ` hpy, xq “ 0u.

Beginning of the Proof. We will only prove two inclusions for now. The other ones
will arrive after an intermediate Proposition 2.1.6.

Let us call A1 Ă X, A2 Ă X ˆ X the sets appearing in the right hand side of
the statement. If u P S and hpx, xq “ 0, by the previous Proposition both sequences
pT´nupxq ` ncr0sqnPN and pT`nupxq ´ ncr0sqnPN are constantly equal to upxq. This
implies that x P A (see Corollary 1.4.10) and A1 Ă A.

Assume px, yq P A2. Then for any u P S, summing up the inequalities upyq ´
upxq ď cpx, yq`cr0s and upxq´upyq ď hpy, xq brings that 0 ď cpx, yq`cr0s`hpy, xq.
As this is an equality, both inequalities were equalities and px, yq P pA. So A2 Ă pA.

In order to obtain the reverse inclusions, we will use the following:

Proposition 2.1.6. Let x P X, then T`nhxpxq ´ ncr0s Ñ 0 as nÑ `8.

Proof. Recall T`nhxpxq ´ ncr0s is a decreasing sequence (hx P S). Moreover, as
hxpyq ´ T

`nhxpxq ` ncr0s ď hpx, yq, we see that T`nhxpxq ´ ncr0s ě 0 for all n ą 0
and the limit meets the same property.

For each n ą 0, let x “ xn0 , ¨ ¨ ¨ , x
n
n verify T`nhxpxq “ hxpx

n
nq ´

n´1
ř

i“0
cpxni , x

n
i`1q.

Up to extracting, assume xnknk Ñ y for some y, passing to the limit, by definition of
h we obtain that:

lim
kÑ`8

T`nkhxpxq ´ nkcr0s ď hxpyq ´ hpx, yq,

which proves the Proposition.

End of the Proof of Theorem 2.1.5. Let x P A, then T`nhxpxq ´ ncr0s is constant,
hence it is 0, so hpx, xq “ 0.

Let px, yq P pA, then hypyq ´ hypxq “ cpx, yq ` cr0s. But as y P A, hpy, yq “ 0
hence cpx, yq ` cr0s ` hpy, xq “ 0.

42



Theorem 2.1.5 gives a more concrete characterization of the Aubry set. Pairs
px, yq in the 2–Aubry set are starting pairs of arbitrarily long loops of points with
arbitrarily small cost (for the cost c` cr0s).

As a final byproduct of the preceding proofs we obtain:

Proposition 2.1.7. If px, yq P pA then cpx, yq ` cr0s “ hpx, yq.
More generally, if pxnqnPZ P rA, then

@m ă n,
n´1
ÿ

k“m

cpxk, xk`1q ` pn´mqcr0s “ hpxm, xnq.

Proof. As the function hx is a critical subsolution we obtain that if px, yq P pA,
hxpyq ´ hxpxq “ cpx, yq ` cr0s. As hpx, xq “ 0 we get hpx, yq “ cpx, yq ` cr0s.

For the second equality, we sum the equalities hxmpxk`1q´hxmpxkq “ cpxk, xk`1q`

cr0s to obtain

hpxm, xnq “ hxmpxnq ´ hxmpxmq “
n´1
ÿ

k“m

cpxk, xk`1q ` pn´mqcr0s.

2.2 Examples of points in the Aubry sets

We will now be more specific about the type of points that belong to the Aubry set.
Most of them appear as limit points of minimizing chains. The following lemma is
most useful:

Lemma 2.2.1. Let u : X Ñ R be a weak KAM solution, then for all x P X there
exists an infinite sequence px´nqně0 with x0 “ x such that

@n P N, upxq “ upx´nq `
´1
ÿ

i“´n

cpxi, xi`1q ` ncr0s. (2.2)

We call such sequences, calibrating sequences for u.

Proof. It is an immediate consequence of successive applications of the fact that for
all x P X there is y P X such that upxq “ upyq ` cpy, xq ` cr0s.

Proposition 2.2.2. Let u : X Ñ R be a weak KAM solution and pxnqně0 a sequence
given by Lemma 2.2.1, then α

`

px´nqně0

˘

Ă A. If we set pξ´nq “
`

px´n´1, x´nq
˘

ně0

the sequence of pairs of successive points of px´nqně0, then α
`

pξ´nqně0

˘

Ă pA. Here
α denotes the α–limit sets, that is limits of converging subsequences x´nk with nk Ñ
`8.

Proof. Let y P α
`

px´nqně0

˘

. There exists an extraction nk Ñ `8 such that x´nk Ñ
y. Up to taking a further extraction if necessary, we may assume that nk`1 ´ nk Ñ
`8 is an increasing sequence as well.
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It follows from (2.2) that

@k P N, upx´nkq ´ upx´nk`1
q “

´nk´1
ÿ

i“´nk`1

cpxi, xi`1q ` pnk`1 ´ nkqcr0s. (2.3)

Passing to the limit and by continuity of the functions at stake imply that upyq ´
upyq “ 0 ě hpy, yq, hence hpy, yq “ 0.

The same proof holds for the second part of the proposition. Late us take an
extraction nk Ñ `8 such that ξ´nk converges to py, y1q and such that nk`1´ nk Ñ
`8 is an increasing sequence as well. Passing to the limit in (2.3), we get that
0 ě cpy, y1q ` cr0s ` hpy1, yq. This means py, y1q P pA.

Remark 2.2.3. The same results (with same proof) hold for ω–limit sets of analo-
gous sequences pxnqně0 for positive weak KAM solutions.

If u is a subsolution, the same results also hold for α and ω limit sets of elements
of rAu.

We may now state a fundamental property of the Aubry set:

Theorem 2.2.4. Let u and v be respectively a weak KAM solution and a subsolution
such that u|A ě v|A, then u ě v.

Let u and v be two weak KAM solutions such that u|A “ v|A, then u “ v. We
say A is a uniqueness set for the critical equation.

Proof. Let x0 P X and let px´nqně0 be a calibrating sequence for u
`

see (2.2)
˘

. It
then comes

@n P N, upx0q ´ upx´nq “
´1
ÿ

i“´n

cpxi, xi`1q ` ncr0s,

vpx0q ´ vpx´nq ď
´1
ÿ

i“´n

cpxi, xi`1q ` ncr0s.

Subtracting yields upx0q ´ vpx0q ě upx´nq ´ vpx´nq. As limiting points of the
sequence px´nqně0 are in the projected Aubry set A, taking a suitable converging
subsequence and passing to the limit brings upx0q´ vpx0q ě 0 since for u and v, the
same inequality holds on A. This proves the first result as x0 is arbitrary.

In the second case, by symmetry, the opposite inequality holds, and the result
follows as x0 was taken arbitrarily.

Actually, a reciprocal statement can be proven. Being a subsolution on the
Aubry set is the only obstruction to the existence of a weak KAM solution with
prescribed values on A.

Proposition 2.2.5. Let f : A Ñ R be a function such that fpyq ´ fpxq ď hpx, yq
for all x and y in A. Then there exists a weak KAM solution u such that u|A “ f .
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Proof. Let us check that the function u defined by upxq “ inf
yPA

fpyq`hpy, xq satisfies

the requirements. Let x P A. Then fpyq ` hpy, xq ě fpxq ´ hpy, xq ` hpy, xq by
hypothesis. So upxq “ fpxq, by taking y “ x in the definition of u. The fact that u
is a weak KAM solution is a consequence of the general fact that an infimum of weak
KAM solutions is a weak KAM solution applied to the family of functions fpyq`hy.
This fact is proved in the next lemma.

Lemma 2.2.6. Let puαqαPA be a family of subsolutions. Set u “ sup
αPA

uα and u “

inf
αPA

uα. Then given that those functions are well defined, the following assertions

hold:

(i) The functions u and u are subsolutions.

(ii) If all the uα are weak KAM solutions then u is a weak KAM solution.

Proof. By definition,

T´upxq “ inf
yPX

inf
αPA

uαpyq ` cpy, xq

“ inf
αPA

inf
yPX

uαpyq ` cpy, xq

“ inf
αPA

T´uαpxq ě inf
αPA

uαpxq ´ cr0s “ upxq ´ cr0s.

It was used that two infimums commute and that the uα are subsolutions. Hence
u P S. Moreover if all the uα are weak KAM solutions, then the inequality above
turns out to be an equality and u is a weak KAM solution.

In a similar manner,

T´upxq “ inf
yPX

sup
αPA

uαpyq ` cpy, xq

ě sup
αPA

inf
yPX

uαpyq ` cpy, xq

“ sup
αPA

T´uαpxq ď sup
αPA

uαpxq ´ cr0s “ upxq ´ cr0s.

2.3 Regularity of subsolutions

In our discrete setting, the Aubry set enjoys the additional feature to be a set where
all subsolutions present systematic regularity properties. Away from the Aubry set,
this is false; subsolutions may fail to be continuous as was shown in [174]:

Theorem 2.3.1. Let x P X be a non–isolated point. Then x P A if and only if all
subsolutions u P S are continuous at x.

Proof. If x P A then we have seen that T`u ´ cr0s ď u ď T´u ` cr0s and that
equalities hold at x. As the left and right terms of the inequalities are continuous,
then the famous Sandwich theorem implies that u is continuous at x.
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The hypothesis that x is not isolated is used in the reciprocal (were x isolated,
u could not be discontinuous at x). Assume now x R A. Let u0 be the continuous
subsolution constructed in Theorem 1.4.1. In particular, the inequality u ď T´u`
cr0s is now strict at x and both functions are continuous. It follows from the in–
between lemma (proved after) that any function v such that u0 ď v ď T´u0 ` cr0s
will be a subsolution. In particular, it can be constructed discontinuous at x, for
example, take u0 “ v everywhere, except at x and vpxq “ T´u0pxq ` cr0s.

Lemma 2.3.2. Let u be a subsolution and v : X Ñ R such that u ď v ď T´u`cr0s,
then v P S.

Proof. It follows from the monotonicity of the Lax–Oleinik semigroup:

u ď v ď T´u` cr0s ď T´v ` cr0s.

2.4 More regularity for subsolutions

Of course, if more precise regularity results on subsolutions are aimed for, some
structure has to be added. Until further notice, we will take as base space a compact
smooth manifold M and c will be a cost on M ˆM . Let us recall a fundamental
definition first:

Definition 2.4.1. (i) Let Ω Ă Rn be a convex open set. A function f : Ω Ñ R
is said to be K–semiconcave if the function x ÞÑ fpxq ´ K}x}2 is concave
(the norm used is the Euclidean one). A function is semiconcave1 if it is
K–semiconcave for some K P R.

(ii) A function f : Ω Ñ R is locally semiconcave if each x P Ω belongs to a
neighborhood Vx such that the restriction f|Vx is semiconcave.

(iii) A function f : M Ñ R is locally semiconcave if for all coordinate patch ϕ :
U Ă Rn Ñ M , the function f ˝ ϕ is locally semiconcave (n is assumed to be
the dimension of M).

Remark 2.4.2. The property of being locally semiconcave is invariant by C2 diffeo-
morphisms. Therefore, in the previous definition, it is enough that f ˝ ϕi be locally
semiconcave for ϕi : Ui ÑM where the ϕipUiq form any finite open cover of M . Of
course, this property is much easier to establish.

As concave functions can be characterized as functions whose graphs admit a
hyperplane tangent from above at every point, the following is implied:

Proposition 2.4.3. A function f : Ω Ñ R is K–semiconcave if and only if for all
x P Ω, there exists a linear form px P Rn˚ such that

@y P Ω, fpyq ď fpxq ` pxpy ´ xq `K}y ´ x}
2. (2.4)

1The notion we refer to here is sometimes called semiconcave with linear modulus. For more
details and proofs that are omitted here see [60]. Other good references are also the unavoidable
[93] and the appendix of [94].

46



The same holds true for locally semiconcave functions, but restricting to a neigh-
borhood of x only. For locally semiconcave functions on a manifold M , px P T

˚
xM

becomes an element of the cotangent fiber at x and the inequality is true in a chart.
We call superdifferential of a function f , assumed to be semiconcave (resp. locally

semiconcave), at x
`

denoted B`fpxq
˘

the set of px such that (2.4) holds (resp. in a
neighborhood of x or in a chart).

We state without proof:

Proposition 2.4.4. Let f : M Ñ R be locally semiconcave and x P R. Then B`fpxq
is not empty, closed and convex. Moreover, f is differentiable at x if and only if
B`fpxq is a singleton (which then contains only Dxf).

A very easy, though important, property of semiconcave functions is:

Proposition 2.4.5. If pfαqαPA is a family of K–semiconcave functions on U Ă Rn
then inf

αPA
fα is K–semiconcave as soon as it is well defined.

The proof follows bearly the analogous property of concave functions. Of course,
each notion defined previously has a semiconvex counterpart which is defined by re-
placing concave by convex and ´ signs by `. The opposite of a semiconcave function
is then semiconvex and vice versa. A semiconvex function f has a subdifferential at
each point denoted by B´fpxq. It coincides with ´B`p´fqpxq.

Motivated by the above, one defines sub–and superdifferentials for general func-
tions:

Definition 2.4.6. Let f : U Ñ R be a function defined on an open set of Rn the
superdifferential B`fpxq

`

resp. subdifferential B´fpxq
˘

of f at x P U is the set of
Dxϕ where ϕ : U Ñ R is differentiable at x and verifies that ϕ ě f (resp. ϕ ď f)
with equality at x.

Remark 2.4.7. In the previous definition, the functions ϕ can be taken equivalently
C1. Sub–and superdifferentials are convex and closed. Moreover, f is differentiable
at x if and only if they are both non–empty. In this case, B`fpxq “ B´fpxq “ tDxfu.
As a locally semiconcave function has non–empty superdifferentials, we infer that
if f is locally semiconcave, then f is differentiable at x if and only if B´fpxq is
non–empty.

Here is a not so obvious property that explains the nature of some results:

Proposition 2.4.8. A function f : M Ñ R is C1,1 (differentiable with Lipschitz
differential) if and only if it is both locally semiconcave and locally semiconvex.

Definition 2.4.9. A family of functions fα : M Ñ R for α P A is said equi–locally
semiconcave if M can be covered by finitely many open charts ϕipUiq, where Ui Ă Rn
and if there are constants Ki such that all fα ˝ ϕi are Ki–semiconcave.

Hypothesis: In the rest of this section, we assume that the families cpx, ¨q
and cp¨, xq for x PM are equi–locally semiconcave.

It can be checked (as M is compact) that a particular case of this is when the
function c is itself locally semiconcave on M ˆM .
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When they exist, B1cpx, yq and B2cpx, yq denote the partial derivatives of c at
px, yq with respect to the first and second variable.

Coming back to discrete weak KAM theory, a refined version of Proposition 1.1.3
(i) then becomes:

Proposition 2.4.10. Under the previous hypotheses, the image of T´ (resp. T`)
consists of equi–locally semiconcave (resp. equi–locally semiconvex) functions.

The proof is nothing but a direct application of Proposition 2.4.5. Note that the
result for T` involves semiconvexity because of the minus sign in its definition.

As consequences, let us derive some further regularizing properties of the Lax–
Oleinik semigroups:

Proposition 2.4.11. Let v : M Ñ R be a continuous function and x0 P M . Let
y0 PM verify that T´vpx0q “ vpy0q ` cpy0, x0q

`

resp. T`vpx0q “ vpy0q ´ cpx0, y0q
˘

.
Then

• B`2 cpy0, x0q Ă B
`T´vpx0q (resp. ´B`1 cpx0, y0q Ă B

´T`vpx0q)
2.

• In particular, if T´v (resp. T`v) is differentiable at x0 then B2cpy0, x0q

(resp. ´B`1 cpx0, y0q) exists and Dx0T
´v “ B2cpy0, x0q (resp. ´B`1 cpx0, y0q Ă

Dx0T
`v).

• If v is locally semiconcave (resp. semiconvex) then Dy0v “ ´B1cpy0, x0q (resp.
Dy0v “ B2cpx0, y0q) and all the previous quantities do exist.

Proof. We prove half of the results leaving the rest as an exercise.
The first point is a direct consequence of the inequality

@x PM, T´vpxq ď vpy0q ` cpy0, xq,

which is an equality for x “ x0.
The second point then stems from the proved inclusion B`2 cpy0, x0q Ă B

`T´vpx0q.
By hypothesis, the right hand side is a singleton and the left hand side is not empty,
hence they coincide and we get the result.

For the last part, note that the function ϕ : y ÞÑ vpyq ` cpy, x0q reaches its
minimum at y0. Hence 0 P B´ϕpy0q. But by hypothesis, ϕ is locally semiconcave
and it is easily verified that B`vpy0q ` B

`
1 cpy0, x0q Ă B`ϕpy0q. We infer that ϕ is

differentiable at y0 with Dy0ϕ “ 0 and that necessarily, B`vpy0q and B`1 cpy0, x0q are
singletons. Hence the result.

Remark 2.4.12. The following results were actually proven and used: if f : M Ñ R
and g : M Ñ R are locally semiconcave functions then

• f ` g is differentiable at some x PM if and only if both f and g are;

• if f`g reaches a local minimum at some x PM , then f and g are differentiable
at x.

2By B`2 cpy0, x0q we mean the superdifferential of the map x ÞÑ cpy0, xq at x0.
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We have now the necessary material to state a more precise version of Theorem
2.3.1:

Theorem 2.4.13. Let x P A. Then any subsolution u is differentiable at x. More-
over, Dxu does not depend on u.

Proof. We will use the same inequalities as in Theorem 2.3.1. Let u P S, then
T`u ´ cr0s ď u ď T´u ` cr0s. Moreover those inequalities are equalities at x P A.
This proves that both B´upxq ‰ ∅ (as T`u is locally semiconvex) and B`upxq ‰ ∅
(as T´u is locally semiconcave). Hence u is differentiable at x. Note that T´u
and T`u being subsolutions they are also differentiable at x and the first inequality
above implies that all differentials are equal at x: Dxu “ DxT

´u “ DxT
`u.

It remains to compute this differential. Let px1, xq P pA. We know that upzq ď
upx1q`cpx1, zq`cr0s for all z PM and equality holds at z “ x. As u is differentiable
at x, this implies that the function upx1q`cpx1, ¨q`cr0s has a subdifferential at x, as
it is locally semiconcave, it is differentiable and its differential is B2cpx

1, xq. Hence
we conclude that Dxu “ B2cpx

1, xq which happens to be independent on u P S.

Remark 2.4.14. A similar proof implies that if px, yq P pA and u P S then Dxu “
´B1cpx, yq. But this is not surprising, as x verifies cpx1, xq ` cpx, yq “ min

zPM
cpx1, zq `

cpz, yq.
Let us stress one more time that c admits partial derivatives on the 2–Aubry set,

as was actually established.

We now turn to improving Theorem 1.4.1:

Theorem 2.4.15. There exists a strict subsolution u1 which is C1,1.

The proof makes crucial use of Ilmanen’s lemma (see [114, 102, 36, 46]).

Theorem 2.4.16 (Ilmanen’s lemma). Given two functions f, g : M Ñ R such that
f is locally semiconvex, g is locally semiconcave and f ď g, there exists a function
h which is C1,1 such that f ď h ď g.

Moreover, if h0 is a continuous function such that f ď h0 ď g, then h can be
constructed arbitrarily close from h0.

Proof of Theorem 2.4.15. The proof splits into two steps. First we construct C1,1

subsolutions, then we explain how to make them strict.
Let us start with a subsolutions u. Then we have seen that g “ T´u is a locally

semiconcave subsolution, f “ T`g ´ cr0s is a locally semiconvex subsolution and
f ď g. By Ilmanen’s lemma, there exists a C1,1 function h such that f ď h ď g.
But the in between lemma 2.3.2, transposed to T`, tells us that h P S.

Now that we have a general procedure to construct subsolutions, let us see how
to make them strict. Let u0 be the continuous strict subsolution given by Theorem
1.4.1. Let us set ε : M ˆM Ñ R the function defined by εpx, yq “ cpx, yq ` cr0s ´
u0pyq ` u0pxq. This function is everywhere non–negative and verifies ε´1t0u “ pA
thanks to the strictness property enjoyed by u0. Let now ε1 be a C8 function such
that 0 ď ε1 ď ε and ε´1

1 t0u “ pA. Let us finally consider c̃ “ c ´ ε1. This new
cost still verifies that the marginal functions c̃px, ¨q and c̃p¨, yq are locally-uniformly
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semiconcave. Moreover, u0 is a cr0s–subsolution3 for c̃, indeed u0pyq ´ u0pxq “
cpx, yq ` cr0s ´ ε ď c̃px, yq ` cr0s. The first part of the proof provides a cr0s–
subsolution u1 for this cost c̃ (using the semigroups T´c̃ and T`c̃ associated to c̃)
which is C1,1. Let us verify it is strict for c: for px, yq PM ˆM , we compute

u1pyq ´ u1pxq ď c̃px, yq ` cr0s “ cpx, yq ´ ε1px, yq ` cr0s ď cpx, yq ` cr0s,

and this last inequality is strict whenever px, yq R pA. This completes the proof.

Remark 2.4.17. The previous Theorem can be made more precise. Using the fact
that T`T´u ď u ď T´u`cr0s and the last assertion of Ilmanen’s lemma, one proves
that if u is continuous, then it can be approximated by C1,1 strict subsolutions.

Finally, as a nontrivial convex combination of a subsolution with a strict sub-
solution is strict, one obtains that C1,1 strict subsolutions are dense in the set
S X C0pM,Rq.

Let us also stress that, as pointed out in [46], Ilmanen’s lemma (Theorem 2.4.16)
can be recovered from Theorem 2.4.15 by considering the cost cf,gpx, yq “ gpyq´fpxq.

2.5 Graph properties and dynamics on the Aubry set

Let us begin by mentioning a first general result under the hypotheses of the pre-
vious paragraph. A combination of Theorems 2.4.13 and 2.4.15 gives the following
proposition which has a flavor of Mather’s Graph Theorem:

Proposition 2.5.1. There exists a set A˚ Ă T ˚M whose projection is A and such
that if px, pq P A˚ then any u P S is differentiable at x and Dxu “ p. Moreover the
projection A˚ Ñ A is a bi–Lipschitz homeomorphism.

Indeed, A˚ is just the restriction of the graph of Du1 to A where u1 is given by
Theorem 2.4.15.

In order to define a dynamics on the Aubry set, one would now like, given a
point x0 P A, to be able to reconstruct the whole sequence pxnqnPZ. To this aim, we
impose an additional condition on the cost. It was studied in [173] and previously
introduced in the setting of Optimal Transportation in [94]:

Definition 2.5.2.

(i) The cost c has the left twist property if for any y, the map x ÞÑ B2cpx, yq is
injective on its domain of definition4.

(ii) The cost c has the right twist property if for any x, the map y ÞÑ B1cpx, yq is
injective on its domain of definition.

(iii) The cost c enjoys the twist condition if it verifies both the left and the right
twist properties.

3Even though it can be proven that cr0s is the critical constant for c̃, this fact is not useful in
this proof.

4The cost c being locally Lipschitz, this map is defined almost everywhere.
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(iv) We define the left Legendre transform L` : D` ĂMˆM Ñ T ˚M by L`px, yq “
`

y, B2cpx, yq
˘

and the right Legendre transform Lr : Dr ĂM ˆM Ñ T ˚M by
Lrpx, yq “

`

x,´B1cpx, yq
˘

, where D` and Dr are the sets of full measures on
which the definitions make sense.

Under this twist condition, one gets this second version of Mather’s Graph the-
orem:

Proposition 2.5.3. Let us assume that c verifies the twist condition. Then both
projections πi : pAÑ A are bijections.

Proof. We have seen in the proof of Theorem 2.4.13 and in the subsequent Re-
mark that if u P S and px´1, x0, x1q are successive points of a sequence pxnqnPZ
then p “ Dx0u “ B2cpx´1, x0q “ ´B1cpx0, x1q. It follows from the left twist con-
dition that L` is injective and that x´1 “ π1

`

L´1
` px0, pq

˘

is uniquely determined.
Similarly, it follows from the right twist condition that Lr is injective and that
x1 “ π2

`

L´1
r px0, pq

˘

is uniquely determined.

Remark 2.5.4. In Optimal Transportation, similar twist conditions are used to
prove existence of optimal transport maps for semiconcave costs. In the correspond-
ing cases, such Optimal transport maps have their graphs included in analogues of
the 2–Aubry set associated to Kantorovitch pairs. See the work of Fathi and Figalli
for example [94].

2.6 Relations to the classical theory

This section comes back to the classical setting of a Tonelli Lagrangian L defined
on the tangent bundle of a closed and compact smooth manifold M .

2.6.1 The classical Peierls Barrier

The Peierls barrier for Lagrangian systems was introduced by Mather in [145], in-
spired by the works of Aubry and Le Daeron for twist maps [18]:

Definition 2.6.1. The Peierls barrier is defined by

@px, yq PM, hLpx, yq “ lim inf
tÑ`8

htpx, yq ` tαp0q,

where ht is the minimal action functional previously introduced in (1.5).

It follows from Fathi’s theorem on the convergence of the Lax–Oleinik semigroup
[91], that in this autonomous setting, the liminf is actually a limit. Note that this
is not necessarily the case in a discrete setting, or a time periodic setting, as shown
in [96].

Proposition 2.6.2. (i) hL is well defined and continuous;

(ii) for any subsolution u P S 1 and px, yq PM , upyq´upxq ď hLpx, yq, in particular
for all x P X, hLpx, xq ě 0;
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(iii) for all px, y, zq PM3 and real number t ą 0 the following inequalities hold:

hLpx, yq ď hLpx, zq ` htpz, yq ` tαp0q;

hpx, yq ď htpx, zq ` tαp0q ` hLpz, yq;

hLpx, yq ď hLpx, zq ` hLpz, yq; (2.5)

(iv) for all x P X, the function hx “ hLpx, ¨q is a weak KAM solution and the
function hx “ ´hLp¨, xq is a positive weak KAM solution.

The proof is the same as that of Proposition 2.1.2. Actually the links between
the classical Peierls barrier and the discrete one is made even clearer by the next
Proposition:

Proposition 2.6.3. Let h be the Peierls barrier associated to the cost function h1.
Then h “ hL.

Proof. Once again, the proof heavily relies on the convergence of the Lax–Oleinik
semigroup for autonomous Tonelli Lagrangians. Indeed, let x P M , and define
v “ h1px, ¨q. Then it follows from the definitions that if t ą 1,

@y PM, htpx, yq “ Spt´ 1qvpyq.

Whence,

@y PM, hLpx, yq “ lim inf
tÑ`8

Spt´ 1qvpyq ` tαp0q “ lim
tÑ`8

Spt´ 1qvpyq ` tαp0q,

while

@y PM, hpx, yq “ lim inf
nÑ`8

Spn´ 1qvpyq ` nαp0q “ lim
nÑ`8

Spn´ 1qvpyq ` tαp0q,

and h “ hL.

Of course, the classical Peierls barrier allows to recover the Aubry sets, as in the
discrete case:

Theorem 2.6.4. The following equalities hold:

A “ tx PM, hLpx, xq “ 0u,

A˚ “ tpx, pq P T ˚M, x P A, p “ Dxhxu.

Note that the first equality of the previous Theorem is actually the original
definition of Mather in [145].
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2.6.2 Examples of points in the Aubry set

We start by reviewing links between weak KAM solutions and the Aubry set. Those
results can now be interpreted as consequences of the analogous results proven in
the discrete setting but they were historically obtained first by Albert Fathi.

Proposition 2.6.5. Let u be a weak KAM solution, then for all x PM , there exists
a C2 curve γx : p´8, 0s ÑM such that γxp0q “ x and

@t ą 0, upxq “ u
`

γxp´tq
˘

`

ż 0

´t
L
`

γxpsq, 9γxpsq
˘

ds` tαp0q.

Such curves are called calibrating for u.

Of course, a similar statement is also valid for positive weak KAM solutions.
Calibrating curves carry points of the Aubry set in their closure (α–limit set):

Proposition 2.6.6. Let u be a weak KAM solution, x P M and γx : p´8, 0s Ñ M
be a calibrating curve given by the previous proposition. If y P αpγxq then y P A.
Moreover, if py, vq P αpγx, 9γxq, then py, vq P A1.

Of course a similar statement holds for positive weak KAM solutions and we let
the reader infer it.

Conversely, knowing a subsolution or weak KAM solution on the Aubry set is
rich in consequences:

Theorem 2.6.7. Let u and v be respectively a weak KAM solution and a subsolution
such that u|A ě v|A. Then u ě v.

Let u and v be two weak KAM solutions such that u|A “ v|A. Then u “ v.

Note that thanks to the parallels made between discrete and classical theories,
this Theorem is weaker than Theorem 2.2.4, as there are more discrete subsolutions
than classical ones.

Finally, let us recall the converse to this Theorem:

Proposition 2.6.8. Let f : A Ñ R be a function such that fpyq ´ fpxq ď hpx, yq
for all x and y in A. Then there exists a weak KAM solution u such that u|A “ f .

2.6.3 Regularity and more regularity of subsolutions

We review here regularity properties of classical subsolutions and weak KAM so-
lutions. Most results were obtained by Fathi and Siconolfi in two founding papers
[99, 100]. The proofs are much more intricate than for the discrete theory. Note
that on a non–empty compact connected smooth manifold (of positive dimension!)
there is no isolated point.

Theorem 2.6.9. Let u : M Ñ R be a critical (classical) subsolution. Then u is
Lipschitz continuous on M .

Let x PM , then x P A if and only if all critical subsolutions u P S 1 are differen-
tiable at x.
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In section 2.4 were introduced further assumptions on the underlying space and
the cost function we work with. This originates in the following properties of the
action functional and Lax–Oleinik semigroup in the classical theory:

Theorem 2.6.10. For all t ą 0, the minimal action functional ht is semiconcave
on M ˆM .

Let u : M Ñ R be a bounded function, then for all t ą 0 the function S´ptqu is
semiconcave and S`ptqu is semiconvex.

Given that the Lagrangian is C2 and the functions ht and Lax–Oleinik semi-
groups are defined by using infimum and supremum, the preceding Theorem may
seem a posteriori natural (given results such as Proposition 2.4.5). Its consequences
are very powerful.

For instance let us come back to Theorem 1.5.16. In the first version, Fathi and
Siconolfi prove the existence of C1 subsolutions by carefully studying the regularity
of subsolutions on A and by a precise combination of smoothing and partitions
of unity on MzA. Patrick Bernard instead has a more global and decisive idea
establishing the following regularization result ([33]):

Theorem 2.6.11. Let u : M Ñ R be a bounded function and t ą 0. There exists
ε ą 0 such that for all t1 ă ε, S´pt1q ˝ S`ptqu is C1,1.

One should have in mind that a C1,1 function is one that is both semiconcave and
semiconvex (Proposition 2.4.8). So the idea behind the previous Theorem, and what
Bernard proves, is that the image of a semiconcave function by S` stays semiconcave
for small times. This is a general version of an older result known as Lasry–Lions
regularization ([129]).

Then it should not come as a surprise that in our proof of Theorem 2.4.15,
which is the discrete version of Bernard’s Theorem, we used a composition of both
operators T´ and T`.

2.6.4 Graph properties, twist condition and dynamics on the Aubry
set

Let us start by noticing that thanks to the previous analysis, the Aubry set A˚
introduced in the Lagrangian setting following Theorem 1.5.16 coincides with the
set A˚ introduced in Proposition 2.5.1 when applied to the cost function h1. This
explains the similar notation. Hence the conclusions of Proposition 2.5.1 also hold
in our Lagrangian setting as they also follow from Bernard’s Theorem 1.5.16. This
is the content of Mather’s Graph Theorem:

Proposition 2.6.12. The projections A˚ Ñ A and A1 Ñ A are bi–Lipschitz home-
omorphisms.

This Chapter ends by explaining why the cost h1 associated to a Tonelli La-
grangian satisfies the left and right twist conditions. This is presented in [173] and
more details are given in [93, 60].

Proposition 2.6.13. Let L : TM Ñ R be a Tonelli Lagrangian. Then the time–
1 minimal action functional h1 : M ˆ M Ñ R satisfies the left and right twist
conditions.
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Proof. Let px, yq PM ˆM . Let γ : r0, 1s ÑM verify that

h1px, yq “

ż 1

0
L
`

γpsq, 9γpsq
˘

ds,

with γp0q “ x and γp1q “ y. Such a curve exists by Tonelli’s Theorem. It is C2

as already observed and solves the Euler–Lagrange equation. By standard varia-
tional arguments, one shows that

`

´ BvL
`

x, 9γp0q
˘

, BvL
`

y, 9γp1q
˘˘

P B`h1px, yq. It
follows that if B1h1px, yq exists, then B1h1px, yq “ ´BvL

`

x, 9γp0q
˘

. Remember that
the Fenchel transform L defined by (1.2) is a diffeomorphism and observe that

`

x, BvL
`

x, 9γp0q
˘˘

“ L
`

x, 9γp0q
˘

“
`

x,´B1h1px, yq
˘

.

We deduce that the preceding equation uniquely determines 9γp0q and that the min-
imizing curve γ is unique with

`

γpsq, 9γpsq
˘

“ ϕsL
`

γp0q, 9γp0q
˘

for s P r0, 1s. Another
consequence is that, denoting by π : TM ÑM the canonical projection,

π ˝ ϕ1
L ˝ L´1

`

x,´B1h1px, yq
˘

“ π ˝ ϕ1
L

`

x, 9γp0q
˘

“ y.

Hence y ÞÑ ´B1h1px, yq is injective, and h1 has the right twist property. The proof
of the left twist property is exactly the same.

We may also interpret the left and right Legendre transforms introduced in
Definition 2.5.2. Indeed, if px, yq P Dr then if px, vq “ L´1 ˝Lrpx, yq, v is the initial
speed of the unique minimizing curve, going from x to y in time 1. This has the
following consequence relating different Aubry sets:

Proposition 2.6.14. The following equalities hold for the cost h1:

pA “
 `

x, π ˝ ϕ1
Lpx, vq

˘

, px, vq P A1
(

,

rA “
 

pπ ˝ ϕnLpx, vqqnPZ , px, vq P A1
(

.

Moreover, for all px, vq P A1, h1

`

x, π ˝ ϕ1
Lpx, vq

˘

“
ş1
0 L ˝ ϕ

s
Lpx, vqds.

Finally, let us mention a curious fact about h1. It can be established, using the
notions of reachable gradient, that B1h1px, yq exists if and only if there exists a unique
minimizing curve, in time 1, going from x to y (see [173]). Similarly, B2h1px, yq exists
if and only if there exists a unique minimizing curve, in time 1, going from x to y.
It is therefore obtained that for the particular cost h1, the equality D` “ Dr holds.
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Chapter 3

Minimizing Mather measures
and the discounted semigroups

In this part we go back to the more general setting of a continuous cost c on a
compact metric space X. Most results were presented and used by the authors and
Fathi, Iturriaga, Davini in [75] to study convergence of solutions of the discounted
equations. Earlier results and the introductions of Mather measures had appeared
in Bernard and Buffoni’s work [40].

The study of the positive counterpart to the discounted equations is new to our
knowledge, both in the discrete and in the continuous setting. So are the results
concerning degenerate discounted equations in the discrete setting.

3.1 Minimizing Mather measures

The cost c is a continuous function from XˆX to R and both canonical projections
from X ˆX to X are denoted π1 and π2.

3.1.1 An optimal transport like approach

Recall that if µ is a Borel measure on X ˆ X then π1˚µ and π2˚µ are measures
on X defined as follows: if A Ă X is a Borel set, then π1˚µpAq “ µpA ˆ Xq and
π2˚µpAq “ µpX ˆAq.

Definition 3.1.1. A Borel probability measure µ on X ˆX is said to be closed if
it has equal marginals: π1˚µ “ π2˚µ. We will denote by pP the set of closed Borel
probability measures on X ˆX.

The previous condition is equivalent to the following:

Proposition 3.1.2. A probability measure µ is closed if and only if for any contin-
uous function f : X Ñ R,

ş

XˆX

`

fpyq ´ fpxq
˘

dµpx, yq “ 0.

Proof. The proof is left as an exercise but follows these lines: if µ is closed, then
the property of the proposition holds for indicatrix functions of open or closed sets.
Hence it holds for simple functions (linear combination of indicatrix functions) and
by density, it holds for continuous functions.
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The converse is proved by approximating (from above and below) indicator func-
tions by continuous functions.

The set pP of closed probability measures is clearly convex, closed and compact
(for the weak ˚ topology).

Examples of closed measures can be constructed using Birkhoff averages. Indeed,

given px1, ¨ ¨ ¨ , xnq P X
n, the measure µ “ 1

n

n
ř

i“1
δpxi,xi`1q

1, with the convention that

xn`1 “ x1, is closed. Its marginals are

π1˚µ “
1

n

n
ÿ

i“1

δxi “
1

n

n
ÿ

i“1

δxi`1 “ π2˚µ.

Let us now introduce the concept of minimizing measure. It was first intro-
duced by Mather for twist maps in [141] and studied by Bernard and Buffoni in
[40] in a context similar to the present one, following their earlier works on optimal
transportation [39, 38].

Theorem 3.1.3. The following equality holds:

´cr0s “ min
µP pP

ż

XˆX
cpx, yqdµpx, yq.

There exists a closed measure realizing the minimum in the previous equality. More-
over, a closed measure realizes this minimum if and only if it is supported on the
2–Aubry set pA.

Proof. Let µ P pP and u0 a strict continuous subsolution given by Theorem 1.4.1.
Then one has

0 “

ż

XˆX

`

u0pyq ´ u0pxq
˘

dµpx, yq ď

ż

XˆX

`

cpx, yq ` cr0s
˘

dµpx, yq.

This proves that ´cr0s ď min
µP pP

ş

XˆX cpx, yqdµpx, yq. Moreover, as u0 is continuous,

one has equality for a measure µ if and only if u0pyq ´ u0pxq “ cpx, yq ` cr0s for
µ–almost–every px, yq that is if µ is supported on pA.

Let us now construct such a measure. We use Birkhoff averages. Let f : X Ñ R
be any continuous function, x P X and for all n P N, let xn´n, ¨ ¨ ¨ , x

n
0 “ x verify

that T´nfpxq “ fpxn´nq`
´1
ř

i“´n
cpxni , x

n
i`1q. Define µn “

1
n

´1
ř

i“´n
δpxni ,xni`1q

. Finally let

pnkqkPN be an extraction such that the pµnkqkPN converge to a measure µ. As the
µn are probability measures, so is µ.

Let us verify that µ is closed: this follows by passing to the limit in the inequality

@g P C0pX,Rq,
ˇ

ˇ

ˇ

ż

XˆX

`

gpyq ´ gpxq
¯

dµnpx, yq
ˇ

ˇ

“
1

n

ˇ

ˇ

ˇ

´1
ÿ

i“´n

gpxni`1q ´ gpx
n
i q

ˇ

ˇ

ˇ

“
1

n
|gpxn´nq ´ gpxq| ď

2

n
}g}8 Ñ 0.

1The notation δ stands for a Dirac mass.
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Let us verify µ is minimizing: recall that the family T´nf ` ncr0s is uniformly
bounded. Hence

ż

XˆX

`

cpx, yq ` cr0s
˘

dµnpx, yq “
1

n

`

T´nfpxn´nq ` ncr0s ´ fpxq
˘

Ñ 0.

This proves that
ş

XˆX cpx, yqdµ “ ´cr0s and concludes the proof.

Definition 3.1.4. We denote by pP0 the set of minimizing closed probability mea-
sures, that is, the set of closed probability measures µ P pP such that

ş

cpx, yqdµ “
´cr0s. Such a measure µ is termed a Mather measure.

We define the Mather set xM Ă X ˆX by

xM “
ď

µP pP0

supppµq,

where supp stands for the support of a measure. The projected Mather set is M “

π1pxMq “ π2pxMq.

Remark 3.1.5. The set pP0 is clearly itself compact and convex. Moreover by
Theorem 3.1.3 the Mather set is a subset of the 2–Aubry set: xM Ă pA.

Finally, the Mather set is by definition closed, but one can prove that there is
no need to take the closure in its definition. Indeed, there exists one minimizing
measure µ0 whose support is the whole of xM. To construct it, one considers a
sequence pµnqną0 dense in pP0 and one then verifies that µ0 “

ř

ną0

1
2nµn meets all the

requirements.

The proof of Theorem 3.1.3 sheds, once more, light on the general principle that
long minimizing chains cannot stay too far from the Aubry set (as already seen
in Proposition 2.2.2). This allows to give a stronger version of Theorem 2.2.4 and
Proposition 2.2.5:

Theorem 3.1.6.

1. Let u and v be respectively a weak KAM solution and a subsolution such that
u|M ě v|M. Then u ě v.

Let u and v be two weak KAM solutions such that u|M “ v|M. Then u “ v.

2. Conversely, let f : M Ñ R be a function such that fpyq ´ fpxq ď hpx, yq for
all x and y in M, where h is Peierl’s barrier. Then there exists a weak KAM
solution u such that u|M “ f .

Proof. 1. Let x0 P X and let px´nqně0 be a calibrating sequence for u. As
observed in the proof of Theorem 2.2.4, upx0q ´ vpx0q ě upx´nq ´ vpx´nq for
all n ą 0.

Limiting points of the sequence px´nqně0 are not necessarily in M. However,
we prove that there exists a suitable subsequence converging to a point inM,
allowing to conclude the proof as in Theorem 2.2.4. Assume by contradiction
the contrary. There exists an ε ą 0 such that dpx´n,Mq ě ε for all n P N. Let

58



F “ tx P X, dpx,Mq ě εu, that is a closed set. As in the proof of Proposition

3.1.3, define µn “
1
n

´1
ř

i“´n
δpxi,xi`1q

. Let finally pnkqkPN be an extraction such

that the sequence pµnkqkPN converges to a measure µ. By hypothesis all the
µn have their support included in F ˆ F , so the same holds for µ. But, as
proved in Proposition 3.1.3, µ P pP0 is a Mather measure, hence the support of
µ is included in xM, and this is absurd.

In the second case, by symmetry, the opposite inequality holds, and the result
follows as x0 was taken arbitrary.

2. This point is established exactly as 2.2.5, we do not reproduce its proof.

3.1.2 An ergodic point of view

Mather sets were introduced as subsets of X ˆX. As for Aubry sets, that hides the
underlying dynamics. As Aubry sets may be equivalently defined on XˆX or on XZ,
there are analogous measures defined on XZ. This is explained in [40, Paragraph
4.2]. Indeed, denoting s : pxnqnPZ ÞÑ pxn`1qnPZ the shift operator, given a Borel
probability measure µ̃ on XZ that is invariant by s, its push-forward pπ0,1q˚µ̃ by the
projection π0,1 : pxnqnPZ ÞÑ px0, x1q is a Borel probability measure on X ˆ X that
is closed in the sense of Definition 3.1.1 and such that

ş

XZ cpx0, x1qdµ̃
`

pxnqnPZ
˘

“
ş

XˆX cpx, yqdpπ0,1q˚µ̃.
Conversely, if µ is a Borel closed probability measure on X ˆ X, Bernard and

Buffoni construct, via a disintegration of µ with respect to the projection π2 : X ˆ

X Ñ X, a shift invariant measure µ̃ on XZ such that
ş

XZ cpx0, x1qdµ̃
`

pxnqnPZ
˘

“
ş

XˆX cpx, yqdµ. We therefore derive the following analogues of previous results,
either by using the correspondence of Bernard and Buffoni, or by reproducing the
proofs in this context. We leave the latter to the reader.

Definition 3.1.7. Denote rP be the set of shift invariant Borel probability measures
on XZ. This is the set of Borel probability measures µ̃ on XZ such that s˚µ̃ “ µ̃.

The following result holds:

Proposition 3.1.8. The critical constant is characterized by

inf
µ̃P rP

ż

XZ
cpx0, x1qdµ̃

`

pxnqnPZ
˘

“ min
µ̃P rP

ż

XZ
cpx0, x1qdµ̃

`

pxnqnPZ
˘

“ ´cr0s.

Moreover, an invariant measure µ̃ P rP is minimizing if and only if it is supported
on the Aubry set rA.

Definition 3.1.9. We define rP0 Ă rP to be the set of shift invariant Borel probability
measures µ̃0 on XZ such that

ż

XZ
cpx0, x1qdµ̃0

`

pxnqnPZ
˘

“ inf
µ̃P rP

ż

XZ
cpx0, x1qdµ̃

`

pxnqnPZ
˘

“ ´cr0s.
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Such measures are also called minimizing or Mather measures and the context makes
it clear whether a measure is defined on XZ or on X ˆX.

We define the Mather set ĂM Ă XZ by

ĂM “
ď

µ̃P rP0

supppµ̃q,

where supp stands for the support of a measure.

The set rP0 is convex and compact. Finally the initial discussion together with
Proposition 1.4.5 yield that:

Proposition 3.1.10. The following equalities hold: M “ π0pĂMq and xM “ π0,1pĂMq.

3.2 The discounted equation

This Chapter ends by returning to the roots, more precisely to the second proof
of the weak KAM Theorem 1.2.1. Recall that if λ P p0, 1q then uλ is the unique
function such that uλ “ T´λ uλ “ T´pλuλq. We now prove a result first obtained in
[75]:

Theorem 3.2.1. There exists a weak KAM solution u1 such that uλ `
cr0s
1´λ Ñ u1

where the convergence takes place as λÑ 1 and is uniform.

The proof is divided into several steps. It was already shown that as λ Ñ 1,
p1´ λquλ Ñ ´cr0s

`

Remark 1.2.4 (ii)
˘

. Actually one gets something more precise:

Proposition 3.2.2. The family uλ `
cr0s
1´λ is uniformly bounded as λÑ 1.

This will be a simple consequence of the following comparison principle:

Lemma 3.2.3. Let v1 be such that v1 ď T´λ v1 and let v2 verify v2 ě T´λ v2. Then
v1 ď uλ ď v2.

Proof. By induction, one has for all n P N that v1 ď T´nλ v1 and v2 ě T´nλ v2. Both
right hand side terms converge to uλ as nÑ `8 (recall T´λ is a contraction). The
results follow by passing to the limit.

Proof of Proposition 3.2.2. Let u be a weak KAM solution. Then adding and sub-
tracting big constants to u provides two weak KAM solutions u and u which are
positive and negative respectively and verify u ě λu and u ď λu . We then obtain
that

@λ P p0, 1q, u´ cr0s “ T´puq ě T´pλuq “ T´λ puq.

This can be rewritten u ´ cr0s
1´λ ě T´λ pu ´

cr0s
1´λq. In a same manner, u ´ cr0s

1´λ ď

T´λ pu ´
cr0s
1´λq. Apply the previous lemma to obtain that u ´ cr0s

1´λ ď uλ ď u ´ cr0s
1´λ

which implies the proposition.

As the functions uλ `
cr0s
1´λ are equicontinuous and equibounded, thanks to the

Arzelà–Ascoli Theorem, to prove the convergence it is enough to prove that all
converging subsequences have the same limit. We now establish constraints on such
limits:

60



Proposition 3.2.4. Let µ P pP0 be a Mather measure. Assume uλn `
cr0s

1´λn
Ñ u as

nÑ `8 for some extraction λn Ñ 1. Then
ş

X upxqdπ1˚µpxq ď 0.

Proof. Start from the inequalities uλpyq ´ λuλpxq ď cpx, yq for all pairs px, yq. Inte-
grating with respect to µ yields

ż

XˆX

`

uλpyq ´ λuλpxq
˘

dµpx, yq ď

ż

XˆX
cpx, yqdµpx, yq “ ´cr0s,

as µ is minimizing. But since µ is closed, both marginals are equals and the left
hand side is equal to p1´λq

ş

X uλpxqdπ1˚µpxq. Dividing by p1´λq one obtains that
ş

X

`

uλpxq `
cr0s
1´λ

˘

dπ1˚µpxq ď 0. The result now follows taking λ “ λn and passing
to the limit.

Note that as the functions uλ are equicontinuous, any accumulation point u as
in the previous Proposition is automatically continuous.

The next step is to identify a reasonable candidate for the limit. This is done in
the next Definition:

Definition 3.2.5. Let F Ă S X C0pX,Rq be the set of continuous subsolutions u
verifying the constraint

ş

X upxqdπ1˚µpxq ď 0 for all Mather measures µ P pP0.
We define u1 “ sup

uPF
u where the supremum is taken pointwise.

The set F is not empty for it contains negative subsolutions (recall S or the
set of weak KAM solutions are invariant by addition of constants). Restricting to
continuous functions is not necessary (see [75] for the alternative approach of con-
sidering all subsolutions), but it simplifies some proofs. Elements of F are bounded
above as they must take at least a non–positive value. Hence u1 is well defined. The
idea of taking supremums of solutions or subsolutions in viscosity solutions theory
is rather standard, we will see here that it is very useful.

Of course, Proposition 3.2.4 has a trivial consequence: if u “ lim
nÑ`8

uλn `
cr0s

1´λn

for some sequence λn Ñ 1 then u P F and u ď u1.
In order to establish the full convergence, we have to prove the reverse inequality.

This will be done by constructing some appropriate Mather measures. First we give
a representation formula for uλ:

Lemma 3.2.6. For any λ P p0, 1q and x P X, we have

uλpxq “ min
pxnqnď0
x0“x

ÿ

nď0

λ´ncpxn´1, xnq.

Proof. As T´λ is a contraction on the set of continuous functions its fixed point is
the limit of the iterates starting with any initial function. Taking the 0 function,
one computes that if k ą 0,

T´kλ 0̄pxq “ min
x´k,¨¨¨ ,x0“x

0
ÿ

i“´k`1

λ´icpxi´1, xiq.

The result follows letting nÑ `8. The fact that all infimums are minimums comes
from the usual compactness arguments.
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Proposition 3.2.7. Let x P X and for all λ P p0, 1q let pxλnqnď0 such that xλ0 “ x
and uλpxq “

ř

nď0
λ´ncpxλn´1, x

λ
nq. Define the probability measure µλ by

@f P C0pX ˆX,Rq,
ż

XˆX
fpx, yqdµλpx, yq “ p1´ λq

ÿ

nď0

λ´nfpxλn´1, x
λ
nq.

Assume finally that for some subsequence λn Ñ 1 the sequence pµλnqnPN converges
to µ. Then the measure µ is a Mather measure.

Proof. The multiplicative term p1´λq ensures that the measures µλ are probability
measures. Hence so is µ. We therefore have to prove that µ is closed and minimizing.

The fact that µ is closed does not depend on the particular choice of the sequences
pxλnqnď0 and results from the following computation:

Let f : X Ñ R be a continuous function. Then
ˇ

ˇ

ˇ

ż

XˆX

`

fpyq ´ fpxq
˘

dµλpx, yq
ˇ

ˇ

ˇ
“ p1´ λq

ˇ

ˇ

ˇ

ÿ

nď0

λ´n
`

fpxλnq ´ fpx
λ
n´1q

˘

ˇ

ˇ

ˇ

“ p1´ λq
ˇ

ˇ

ˇ
fpxq `

ÿ

nď´1

pλ´n ´ λ´n´1qfpxλnq
ˇ

ˇ

ˇ

ď p1´ λq}f}8

´

1` p1´ λq
ÿ

nď´1

λ´n´1
¯

“ 2p1´ λq}f}8 Ñ 0.

On the contrary, the fact that µ is minimizing depends heavily on the use of the
definition of pxλnq:

p1´ λquλpxq “ p1´ λq
ÿ

nď0

λ´ncpxλn´1, x
λ
nq “

ż

XˆX
cpx, yqdµλpx, yq.

As λn Ñ 1, the left hand side goes to ´cr0s by Remark 1.2.4 (ii), and the right hand
side converges to

ş

XˆX cpx, yqdµpx, yq.

We now explain why those measures play a particular role:

Lemma 3.2.8. Let w P S be a continuous subsolution, then using the previous
notation,

@λ P p0, 1q, uλpxq ě wpxq ´

ż

X
wpzqdπ1˚µλpzq.

Proof. We start with the definition of uλ and then use that w is a subsolution as
follows:

uλpxq “
ÿ

nď0

λ´ncpxλn´1, x
λ
nq ě

ÿ

nď0

λ´n
`

wpxλnq ´ wpx
λ
n´1q

˘

“ wpxq ´
ÿ

nď0

pλ´n ´ λ´n`1qwpxλn´1q

“ wpxq ´ p1´ λq
ÿ

nď0

λ´nwpxλn´1q

“ wpxq ´

ż

X
wpzqdπ1˚µλpzq.
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At last, let us conclude:

Proof of Theorem 3.2.1. Let uλn Ñ u be a converging subsequence, we have already
seen that u ď u1 where u1 is given by Definition 3.2.5.

Let now x P X and for λ P p0, 1q, let pxλnqnď0 such that xλ0 “ x and uλpxq “
ř

nď0
λ´ncpxλn´1, x

λ
nq and define the probability measure µλ as in Proposition 3.2.7.

Extracting a further subsequence, assume that the µλn converge to a measure µ
which is then a Mather measure by Proposition 3.2.7. Let w P F , applying the
previous Lemma 3.2.8 we get uλpxq ě wpxq ´

ş

X wpzqdπ1˚µλpzq and along the sub-
sequence λn letting nÑ `8 yields (using w P F)

upxq ě wpxq ´

ż

X
wpzqdπ1˚µpzq ě wpxq.

Taking the supremum over w P F , we conclude that upxq ě u1pxq. Hence we
have established the convergence.

As a byproduct of the previous proof and of Proposition 3.2.4, we have estab-
lished that

Proposition 3.2.9. The limit of the discounted approximation verifies u1 P F .

We continue this paragraph by establishing an alternative formula for the limit
function u1.

Proposition 3.2.10. For all x P X, the following equality holds:

u1pxq “ min
µP pP0

ż

X
hpy, xqdπ1˚µpyq,

where u1 is the function of Theorem 3.2.1 and h the Peierls barrier.

Proof. We denote û the right hand side. We first claim that û is a subsolution.
Indeed, each function hy “ hpy, ¨q is a subsolution by Proposition 2.1.2. Hence, if m
is a Borel probablility measure on X, so is hm defined by hmpxq “

ş

X hpy, xqdmpyq
since S is closed and convex (see Proposition 1.2.6). Finally, as û is an infimum of
functions of this type, it is itself a subsolution by Lemma 2.2.6.

Next, we establish that u1 ď û. Let u P S be a continuous subsolution, we know
that upxq ´ upyq ď hpy, xq for all pairs px, yq (Proposition 2.1.2). Let µ P pP0 be a
Mather measure, integrating with respect to y the previous inequality yields

upxq ´

ż

X
upyqdπ1˚µpyq ď

ż

X
hpy, xqdπ1˚µpyq.

If u P F then we conclude that upxq ď
ş

X hpy, xqdπ1˚µpyq. This being valid for all

u P F and for all µ P pP0 we obtain the desired inequality u1 ď û.
We conclude by proving the reverse inequality. Let y P X, the function hy “

´hp¨, yq is a subsolution (by Proposition 2.1.2). Moreover, by definition of û, the
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function hy ` ûpyq P F . In particular, u1 ě hy ` ûpyq and evaluating at y we obtain
u1pyq ě ´hpy, yq ` ûpyq. If we specify moreover y P A to be in the projected Aubry
set then we have proved that (see Theorem 2.1.5):

@y P A, u1pyq ě ûpyq.

This is enough to conclude that u1 ě û everywhere, indeed, u1 is a weak KAM
solution and û P S hence Theorem 2.2.4 applies.

Remark 3.2.11. The limit of the family puλqλPp0,1q as λ Ñ 1 can be reformulated

in terms of Mather measures on XZ. Indeed, as marginals of such measures are the
same as those on X ˆX one finds that

F “
"

u P S X C0pX,Rq,@µ̃ P rP0,

ż

XZ
upx0qdµ̃

`

pxnqnPZ
˘

ď 0

*

.

And also, for all x P X, the following equality holds:

u1pxq “ min
µ̃P rP0

ż

X
hpx0, xqdµ̃

`

pxnqnPZ
˘

.

And finally, here is a mild property of u1:

Proposition 3.2.12. There exists a Mather measure µ0 P pP0 such that

ż

X
u1pxqdπ1˚µ0pxq “ 0.

Moreover, it can be imposed that µ0 is an extremal point of pP0.

Proof. By Proposition 3.2.4 the selected function verifies u1 P F meaning that
ş

X u1pxqdπ1˚µpxq ď 0 for all Mather measures µ P pP0. If the result were not true,

by compactness of pP0 there would be an ε ą 0 such that
ş

X u1pxqdπ1˚µpxq ď ´ε

for all Mather measures µ P pP0. Then the function u1 ` ε would also belong to F
contradicting the definition of u1 given in 3.2.5.

The second assertion is a direct consequence of Choquet’s Theorem ([156]). In-
deed, it states that if µ0 is a measure given by the first part of the Proposition,
then there exists a probability measure w on pP0, supported on the extremal points
of P0 such that µ0 “

ş

pP0
µdwpµq. Any measure µ1 in the support of w has to verify

ş

X u1pxqdπ1˚µ1pxq “ 0.

Remark 3.2.13. The previous Proposition holds as well when considering Mather
measures as measures on XZ thanks to the point of view of Bernard and Buffoni
(see Remark 3.1.2). In this case, denoting by rP0 the set of minimizing shift invariant
measures, extremal measures are the ergodic ones with respect to the action of the
shift.

Before turning to the positive counterpart of those results let us provide a sim-
plistic economical interpretation. As previously, X is the metric space of wine stores
in France, c : XˆX Ñ R the cost of a 24 hour delivery and R : X Ñ R provides the
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price Rpxq of a bottle of Château Rayas2 in the store x. The discount factor plays the
role of an interest rate, or of inflation depending on the point of view. If some money
m ą 0 is placed in the bank at a daily rate λ´1, then tomorrow it will be worth
λ´1m. Conversely, if one buys today a bottle of Château Rayas at the price Rpyq
but only pays it tomorrow, it is considered that the actualized price is λRpyq

`

as
this amount of money put in the bank today will buy the bottle tomorrow at price
Rpyq

˘

. Henceforth taking into account this effect of time, the actualized least price
to obtain a bottle of Château Rayas at x tomorrow is T´λ Rpxq “ inf

yPX
λRpyq`cpy, xq,

considering that the transportation will be paid tomorrow at tomorrow’s price.
In this context, the function uλ, fixed point of T´λ is called equilibrium state.

It is the only price function such that a buyer has not to worry about the time at
which he wishes to receive his bottle. It is also the asymptotic price of a bottle for
someone willing to wait a very very long time, when the interest rate is at λ.

3.3 Discount for the positive Lax–Oleinik semigroup

We here address the positive counterpart of the previous results and explore some
relations between the obtained limits. This is new to our knowledge.

Of course, all the constructions and results of the previous section hold for the
positive Lax–Oleinik semigroup. If λ P r0, 1q we denote by vλ the unique fixed point
of the operator T`λ : u ÞÑ T`pλuq that is a contraction. Similar arguments as in the
previous paragraph yield:

Theorem 3.3.1. There exists a positive weak KAM solution v1 such that vλ´
cr0s
1´λ Ñ

v1 where the convergence takes place as λÑ 1 and is uniform.

The functions vλ have the following explicit form:

Lemma 3.3.2. For any λ P p0, 1q and x P X, we have

vλpxq “ ´ min
pxnqně0
x0“x

ÿ

ně0

λncpxn, xn`1q.

The limit v1 has the following form:

Proposition 3.3.3. Let F` Ă S X C0pX,Rq be the set of continuous subsolutions
u verifying the constraint

ş

X upxqdπ1˚µpxq ě 0 for all Mather measures µ P pP0.
We have the formulas v1 “ inf

uPF`
u where the infimum is taken pointwise.

The function v1 verifies v1 P F`.
And finally for all x P X,

v1pxq “ max
µP pP0

ż

X
´hpx, yqdπ1˚µpyq.

2Château Rayas is definitively the best red wine, and arguably the best white wine, that the
author has had the privilege of tasting. They are both of the appellation Châteauneuf du Pape
which is the most prestigious of the meridional Rhône valley. Wines made by their owner, Emmanuel
Reynaud, have no equal.
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As for the negative Lax–Oleinik semigroup (Remark 3.2.11) the previous propo-
sition can be stated in terms of Mather measures on XZ, which we leave to the
reader.

We conclude by asking the following:

Question: what are the links between u1 and v1?

Unfortunately, the answer may seem disappointing, there is, in general no partic-
ular link. For example, except in very particular instances, they are not a conjugate
pair (as they do not have any reason to coincide on the Mather set M). They are
not even ordered even though the following inequalities hold on the projected Aubry
set:

Proposition 3.3.4. The functions u1 and v1 verify

@x P A, u1pxq ď v1pxq.

Proof. Let us argue by contradiction assuming that there exists x0 P A such that
v1px0q ă u1px0q. We set ε “ u1px0q ´ v1px0q ą 0. We will construct a Mather
measure µ0 such that

ş

X v1pzqdπ1˚µ0pzq ă 0. This will be our contradiction as
v1 P F` meaning that

ş

X v1pzqdπ1˚µ0pzq ě 0.

Let pxnqnPZ P rA be a sequence associated to x0. As u1 and v1 are critical
subsolutions, one infers (see Remark 1.4.8) that

@n ě 0, u1px0q ´ u1px´nq “
´1
ÿ

k“´n

cpxk, xk`1q ` ncr0s,

v1px0q ´ v1px´nq “
´1
ÿ

k“´n

cpxk, xk`1q ` ncr0s.

It follows that ε “ u1px´nq ´ v1px´nq for all n ě 0. By continuity, one finds that
u1 ´ v1 is constantly equal to ε on tx´n, n ě 0u.

Last, arguing as in the proof of Theorem 3.1.6, we construct a minimizing Mather
measure µ0 P pP0 such that the support of π1˚µ0 is included in tx´n, n ě 0u. We
conclude, using again that u1 P F , that

ż

X
v1pzqdπ1˚µ0pzq ď

ż

X

`

v1pzq ´ u1pzq
˘

dπ1˚µ0pzq “ ´ε.

The concluding general result here gives a condition for u1 and v1 to be a con-
jugate pair:

Proposition 3.3.5. The following assertions are equivalent:

1. The functions u1 and v1 form a conjugate pair,

2. u1|A “ v1|A,

3. u1 ě v1,
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4. for all Mather measures µ, the equality
ş

X u1pxqdπ1˚µpxq “ 0 holds,

5. for all Mather measures µ, the equality
ş

X v1pxqdπ1˚µpxq “ 0 holds,

6. there exists a critical subsolution v P S such that for all Mather measures µ,
the equality

ş

X vpxqdπ1˚µpxq “ 0 holds.

Proof. Assertion (1) being equivalent to (2) follows from the definition of a conjugate
pair as explained in Remark 2.1.4.

If (2) holds, then (3) holds as this inequality is always true for a conjugate pair.
Reciprocally, if (3) holds, then by Proposition 3.3.4, (2) is true.

Assertion (3) implies (4) and (5). It is an immediate consequence of the fact
that u1 P F and v1 P F`.

Then, (4) or (5) implies (6) is straightforward as negative or positive weak KAM
solutions are subsolutions.

Let us now establish (6) implies (2). Let v be the subsolution given by the
hypothesis and let us denote by v´ and v` the respective limits of T´nv`ncr0s and
T`nv´ncr0s as nÑ `8. As v´

|A “ v`
|A “ v|A we obtain respectively a negative and

positive weak KAM solution satisfying the hypothesis of (6). The idea of the proof
is that there can be at most one such negative weak KAM solution (and similarly,
at most one such positive weak KAM solution).

To this aim, let µ P pP0 so that
ż

X
v´pxqdπ1˚µpxq “

ż

X
v`pxqdπ1˚µpxq “

ż

X
vpxqdπ1˚µpxq “ 0.

As v´ P F , v´ ď u1 and as u1 P F it follows that

@µ P pP0, 0 “

ż

X
v´pxqdπ1˚µpxq ď

ż

X
u1pxqdπ1˚µpxq ď 0.

So u1 itself satisfies the hypothesis of (5). Moreover, combining the previous equal-
ities with v´ ď u1 implies that v´ and u1 coincide on the support of µ (as both
functions are continuous). This being true for all minimizing Mather measures
µ P pP0, we conclude that u1|M “ v´

|M, by Theorem 3.1.6, we deduce that u1 “ v´.

The same proof yields that v1 “ v`. Hence the pair pu1, v1q is a conjugate pair.

3.4 Degenerate discounted equations

As an original contribution, let us finish by a generalization of the discounted con-
vergence results. Instead of modifying the Lax–Oleinik semigroup to make it a
contraction, we perturb it so that it is still a 1–Lipschitz map. Yet conditions are
given in order to select again a weak KAM solution as the perturbation gets smaller.
In this generality, the results of this paragraph are new.

We consider a continuous function α : X Ñ R that verifies the following two
conditions:

(α1) the function α has values in r0, 1q,

(α2) for all minimizing Mather measure µ P pP0,
ş

X αpxqdπ1˚µpxq ą 0.
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This last property is obviously verified if α is positive on the projected Aubry
set A (this was the condition of [177]) or if α is positive on M. The problem to
be studied is understanding the behavior of functions uλ : X Ñ R, for λ P p0, 1q,
verifying

@x P X, uλpxq “ T´
`

p1´ λαquλ
˘

pxq ` cr0s,

as λÑ 0. The convergence result is stated later on in this section in Theorem 3.4.12.
Therefore, let us denote by Tλ the mapping v ÞÑ T´

`

p1 ´ λαquλ
˘

` cr0s. Just like
T´ (see Proposition 1.1.3), the operators Tλ are 1–Lipschitz and order preserving.

We start by easy properties in order to get acquainted with the operators:

Proposition 3.4.1. Let v : X Ñ R be a continuous function, then

@x P X, Dx´1 P X, Tλvpxq “
`

1´ λαpx´1q
˘

vpx´1q ` cpx´1, xq ` cr0s.

More generally, for all n ą 0, there is a chain px´n, ¨ ¨ ¨ , x0 “ xq such that

T´nλ vpxq “ β´nvpx´nq `
´1
ÿ

k“´n

βk`1

`

cpxk, xk`1q ` cr0s
˘

,

where βk “
´1
ś

j“k

`

1´ λαpxjq
˘

, for ´n ď k ď ´1 and β0 “ 1.

Proof. The first point is a direct consequence of compactness and continuity while
the second follows from a straightforward induction.

Beware that the notation βk is misleading as it depends on the chain pxk, ¨ ¨ ¨ , x0q.
We now address the issue of fixed points of Tλ.

Definition 3.4.2. We will say a function u : X Ñ R is a λ–discounted subsolution
if u ď Tλu or equivalently

@px, yq P X ˆX, upxq ´
`

1´ λαpyq
˘

upyq ď cpy, xq ` cr0s. (3.1)

A function v : X Ñ R is a λ–discounted solution if v “ Tλv.

By definition and successive applications of Proposition 3.4.1 one gets:

Proposition 3.4.3. Let u : X Ñ R be a λ–discounted subsolution, then for all
n ą 0 and all finite chains py´n, ¨ ¨ ¨ , y0 “ xq,

upy0q ď β´nupy´nq `
´1
ÿ

k“´n

βk`1

`

cpyk, yk`1q ` cr0s
˘

,

where βk “
´1
ś

j“k

`

1´ λαpyjq
˘

and β0 “ 1.

Let v : X Ñ R be a λ–discounted solution. Then for all x P X, there exists an
infinite chain pxkqkď0 such that x0 “ x and

@n ą 0, vpxq “ β´nvpx´nq `
´1
ÿ

k“´n

βk`1

`

cpxk, xk`1q ` cr0s
˘

,

where βk “
´1
ś

j“k

`

1´ λαpxjq
˘

and β0 “ 1.

68



The convention adopted here is that an empty product has value 1, so that in
the previous notation, the formula also holds for β0.

The next result is reminiscent of strong comparison principles in viscosity solu-
tions theory:

Theorem 3.4.4. Let λ P p0, 1q, u : X Ñ R be a λ–discounted subsolution and
v : X Ñ R be a λ–discounted solution. Then u ď v.

Proof. As u ď Tλu, it is enough to prove that Tλu ď v. Hence by Proposition 1.1.3,
one assumes that u is continuous, without loss of generality. Then consider a strict
subsolution u0 : X Ñ R given by Theorem 1.4.1. Moreover, up to subtracting a big
constant, we assume that u0 is negative. For ε P p0, 1q we define uε “ p1´εqu0`εu.
The function uε is a λ–discounted subsolution. As a matter of fact, if px, yq P XˆX,

uεpxq ´
`

1´ λαpyq
˘

uεpyq “

“ ε
`

upxq ´
`

1´ λαpyq
˘

upyq
˘

` p1´ εq
`

u0pxq ´
`

1´ λαpyq
˘

u0pyq
˘

ď ε
`

cpy, xq ` cr0s
˘

` p1´ εq
`

u0pxq ´ u0pyq
˘

ď cpy, xq ` cr0s, (3.2)

where it was used first that u0 is negative and then that it is a critical subsolution.
Let now x0 P X such that uεpx0q´vpx0q “ maxpuε´vq. We aim at proving that

uεpx0q´vpx0q ď 0. Let us argue by contradiction, assuming that uεpx0q´vpx0q ą 0.
Let pxkqkď0 be a chain given by Proposition 3.4.3 for v, pβkqkď0 the associated
sequence as defined in the same Proposition 3.4.3. It follows from both assertions
of Proposition 3.4.3 that for all k ă 0,

puε ´ vqpx0q “ uεpx0q ´ βkvpxkq ´
´1
ÿ

j“k

βj`1

`

cpxj , xj`1q ` cr0s
˘

ď βkuεpxkq `
´1
ÿ

j“k

βj`1

`

cpxj , xj`1q ` cr0s
˘

´ βkvpxkq ´
´1
ÿ

j“k

βj`1

`

cpxj , xj`1q ` cr0s
˘

“ βkpuε ´ vqpxkq ď puε ´ vqpxkq,

where the last inequality is obtained using the contradiction hypothesis and the
inequalities 0 ă βk ď 1. By definition of x0, it follows that all the preceding
inequalities are equalities. In particular, it comes that βk “ 1 for all k ă 0 which in
turn implies that αpxkq “ 0 for all k ď 0, by definition of βk. Moreover, tracing the
inequalities used, it follows that

@k ď 0, uεpx0q “ βkuεpxkq `
´1
ÿ

j“k

βj`1

`

cpxj , xj`1q ` cr0s
˘

.

Going back to (3.2) and using that, there as well, inequalities are indeed equalities,
it follows that u0pxkq ´ u0pxk`1q “ cpxk, xk`1q ` cr0s for all k ă 0. By definition of
u0 and thanks to its property of being strict, we conclude that pxk, xk`1q P pA for all
k ă 0.
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Let us now define, for n ą 0 the probability measure µn “
1
n

´1
ř

k“´n

δpxk,xk`1q
(that

is supported on pA). Let µ be an accumulation point of the sequence of probability
measures pµnqną0 for some subsequence pniqiě0. Arguing as in the proof of Theorem
3.1.3, we find that the measure µ is closed. As the 2-Aubry set is closed, the measure
µ is supported on pA. The last part of Theorem 3.1.3 implies that µ is a Mather
minimizing measure.

Finally, using that αpxkq “ 0 for all k ă 0 observe that

ż

X
αpxqdπ1˚µpxq “ lim

iÑ`8

ż

X
αpxqdπ1˚µnipxq “ lim

iÑ`8

1

ni

´1
ÿ

k“´ni

αpxkq “ 0,

thus contradicting Hypothesis (α2). Hence uεpx0q ´ vpx0q “ maxpuε ´ vq ď 0 and
uε ď v. As this holds for all ε P p0, 1q, letting εÑ 1 proves that u ď v.

The previous proof combines two main ideas. The first one is that subsolutions
can be approximated by strict subsolutions, thus forcing interesting phenomena to
take place on the Aubry set. This is made possible by the convex structure of our
minimization problems. The second idea is to construct illicit Mather measures
assuming that subsolutions or solutions do not verify suitable properties. This line
of reasoning will be used several times in what follows.

As λ–discounted solutions are obviously λ–discounted subsolutions, the previous
Proposition brings as a consequence that there can be at most one λ–discounted
solution. The next existence result shows there is exactly one:

Theorem 3.4.5. For all λ P p0, 1q there exists a unique λ–discounted solution.

Proof. Let u be a negative weak KAM solution and u be a positive weak KAM
solution. Applying the modified Lax–Oleinik semigroup yields

Tλpuq “ T´
`

p1´ λαqu
˘

q ` cr0s ě T´puq ` cr0s “ u.

A straightforward induction yields that the sequence
`

Tnλpuq
˘

ně0
is non–decreasing.

Similarly,

Tλpuq “ T´
`

p1´ λαqu
˘

q ` cr0s ď T´puq ` cr0s “ u.

A straightforward induction yields that the sequence
`

Tnλpuq
˘

ně0
is non–increasing.

Finally, as u ă u it follows that Tnλpuq ď Tnλpuq for all n ě 0. The sequence
`

Tnλpuq
˘

ně0
is bounded and non–decreasing, made of equi–continuous functions,

hence it converges (uniformly) towards a function uλ : X Ñ R, verifying u ď uλ ď u,
that is, by continuity of Tλ, a λ–discounted solution.

Definition 3.4.6. For all λ P p0, 1q, the unique λ–discounted solution is denoted by
uαλ .

As a byproduct of the previous proof, it was established:
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Corollary 3.4.7. The family puαλqλPp0,1q is uniformly bounded and consists of equi–
continuous functions.

The last part holds as the uαλ are in the image of T´ (Proposition 1.1.3). As the
family puαλqλPp0,1q is relatively compact, to prove that it converges when λÑ 0, it is
enough to prove there is a unique accumulation point.

The next proposition establishes the crucial property of such accumulation points,
similarly to Proposition 3.2.4:

Proposition 3.4.8. Let µ P pP0 be a Mather measure. Assume uαλn Ñ u as nÑ `8

for some extraction λn Ñ 0. Then
ş

X αpxqupxq dπ1˚µpxq ď 0.

Proof. Let us start from the family of inequalities given by (3.1), applied to the
functions uλ. Integrating against µ it is obtained that

0 “

ż

XˆX

“

cpy, xq ` cr0s
‰

dµpy, xq ě

ż

XˆX

“

uαλpxq ´
`

1´ λαpyq
˘

uαλpyq
‰

dµpy, xq.

As µ is closed and uλ continuous, dividing by λ, we gather that

@λ P p0, 1q,

ż

X
αpyquαλpyq dπ1˚µpyq ď 0.

Passing to the limit along the subsequence pλnqně0, yields the result.

Particular Mather measures can then be constructed starting from calibrating
chains given by Proposition 3.4.3. One first needs to establish a crucial property
they satisfy:

Proposition 3.4.9. There exists M ą 0 such that for all λ P p0, 1q and x0 P X, if
pxλkqkď0 is a sequence given by Proposition 3.4.3 applied to uαλ with xλ0 “ x0, then

λ
ÿ

kď0

´1
ź

j“k

`

1´ λαpxλj q
˘

ăM.

Proof. Let us argue by contradiction assuming the result does not hold. Then there
exist a sequence pλnqnPN P p0, 1q

N and points xn0 P X such that for each integer
n P N there exists a sequence pxnkqkď0 given by Proposition 3.4.3 associated to uαλn

and an integer Nn ą 0 such that λnCn “ λn
´1
ř

k“´Nn

βnk`1 Ñ `8, having adopted the

notation βnk “
´1
ś

j“k

`

1´ λnαpx
n
j q
˘

. This implies that Nn Ñ `8 as 0 ă βnk ď 1.

For all integer n P N, let us define the probability measure on X ˆX,

µn “ C´1
n

´1
ÿ

k“´Nn

βnk`1δpxnk ,x
n
k`1q

.

Up to an extraction, let us assume furthermore that the sequence µn converges to
a probability measure µ. We will prove that µ is a minimizing Mather measure
violating condition (α2).
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The measure µ is closed: let f : X Ñ R be a continuous function. We
compute, using an Abel transform:

ˇ

ˇ

ˇ

ż

XˆX

`

fpyq ´ fpxq
˘

dµnpx, yq
ˇ

ˇ

ˇ
“ C´1

n

ˇ

ˇ

ˇ

´1
ÿ

k“´Nn

βnk`1

`

fpxnk`1q ´ fpx
n
kq
˘

ˇ

ˇ

ˇ

“ C´1
n

ˇ

ˇ

ˇ

´1
ÿ

k“´Nn

pβnk ´ β
n
k`1qfpx

n
kq ´ β

n
´Nnfpx

n
´Nnq ` β0fpx

n
0 q

ˇ

ˇ

ˇ

ď C´1
n

”

´1
ÿ

k“´Nn

pβnk`1 ´ β
n
k q}f}8 ` 2}f}8

ı

ď 4C´1
n }f}8.

In the previous chain of inequalities it was used that the sequences pβnk qkď0 are non–
decreasing and take values in r0, 1s. As Cn Ñ `8, letting n Ñ `8, it is obtained
that

ż

XˆX

`

fpyq ´ fpxq
˘

dµpx, yq “ lim
nÑ`8

ż

XˆX

`

fpyq ´ fpxq
˘

dµnpx, yq “ 0.

Therefore µ is closed.
The measure µ is minimizing: we use the definition of µn and the property

of the sequences pxnkqkď0.

ˇ

ˇ

ˇ

ż

XˆX

`

cpx, yq ` cr0s
˘

dµnpx, yq
ˇ

ˇ

ˇ
“ C´1

n

ˇ

ˇ

ˇ

´1
ÿ

k“´Nn

βnk`1

`

cpxnk , x
n
k`1q ` cr0s

˘

ˇ

ˇ

ˇ

“ C´1
n

ˇ

ˇ

ˇ

`

uαλnpx
n
0 q ´ β

n
´Nnu

α
λnpx

n
´Nnq

˘

ˇ

ˇ

ˇ
ď 2C´1

n }uαλn}8.

Recalling that the family puλqλαPp0,1q is uniformly bounded (Corollary 3.4.7) letting
nÑ `8 it follows that

ş

XˆX cpx, yq dµpx, yq “ ´cr0s.
The measure µ satisfies

ş

α dµ “ 0: we use the inequality exppxq ě 1`x and
the definition of βnk to estimate

ż

XˆX
αpxq dµnpx, yq “ C´1

n

´1
ÿ

k“´Nn

βnk`1αpx
n
kq

ď C´1
n

´1
ÿ

k“´Nn

αpxnkq exp
´

´ λn

´1
ÿ

j“k`1

αpxnj q
¯

ď
expp}α}8q

Cn

´1
ÿ

k“´Nn

αpxnkq exp
´

´ λn

´1
ÿ

j“k

αpxnj q
¯

.

As the αnk are non–negative and the function x ÞÑ expp´xq is decreasing, the right
hand side can be estimated by comparing sum and integral to conclude that

ż

XˆX
αpxq dµnpx, yq ď

expp}α}8q

Cn

ż 8

0
expp´λnxq dx “

expp}α}8q

λnCn
.

As λnCn Ñ `8, it follows that
ş

XˆX αpxq dµpx, yq “ 0. Thus µ is a Mather
measure contradicting (α2) and the result is proved.
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As a Corollary, a refined representation formula comes up for the functions uαλ :

Corollary 3.4.10. Let λ P p0, 1q and x0 P X. If pxkqkď0 is given by Proposition
3.4.3 applied to uαλ, then

uαλpx0q “

´1
ÿ

k“´8

βk`1

`

cpxk, xk`1q ` cr0s
˘

,

with βk “
´1
ś

j“k

`

1´ λαpxjq
˘

and β0 “ 1.

Proof. By Proposition 3.4.9, the sum
ř

βk is convergent which implies that lim
kÑ´8

βk “

0. As the function uαλ is bounded, the result follows by simply letting n Ñ `8 in
the second part of Proposition 3.4.3.

Let us now enter the convergence part of this section. Motivated by Proposition
3.4.8 we give the following definition:

Definition 3.4.11. Let Fα be the set of continuous critical subsolutions u : X Ñ R
such that

ş

X αpxqupxq dπ1˚µpxq ď 0 for all Mather measure µ P pP0.

Let us first state the main Theorem. The careful reader will notice quite a
resemblance with Theorem 3.2.1 and Proposition 3.2.10:

Theorem 3.4.12. The family of functions puαλqp0,1q uniformly converges as λÑ 0.
Moreover, denoting by uα0 the limit, the two following formulas hold:

• for x0 P X, uα0 px0q “ max
uPFα

upx0q;

• for x0 P X,

uα0 px0q “ min
µP pP0

ş

X αpxqhpx, x0q dπ1˚µpxq
ş

X αpxq dπ1˚µpxq
,

where h : X ˆX Ñ R still denotes Peierls’ barrier given by Definition 2.1.1.

The proof of this Theorem is split into several Lemmas resembling what was
done for the standard discounted equation.

Definition 3.4.13. If λ P p0, 1q and x0 P X, we choose a sequence pxλkqkď0 given
by Proposition 3.4.3 applied to uαλ with x0 “ xλ0 . The probability measure µλx0 is
defined by:

µλx0 “ C´1
x0,λ

´1
ÿ

k“´8

βx0,λk`1 δpxλk ,x
λ
k`1q

,

where βx0,λk “
´1
ś

j“k

`

1´ λαpxλj q
˘

and Cx0,λ “
´1
ř

k“´8

βx0,λk`1 .

The sum defining Cx0,λ is indeed finite by Proposition 3.4.9.

Lemma 3.4.14. Let x0 P X and λn Ñ 0 be a sequence such that the family of
measures pµλnx0 qnPN converges to a probability measure µ. Then µ is a minimizing
Mather measure.
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Proof. We first prove that Cx0,λn Ñ `8. Indeed, for all n ą 0 and k ď 0, βx0,λnk ě

p1´ λn}α}8q
|k| thus implying that

Cx0,λn ě
`8
ÿ

j“0

p1´ λn}α}8q
j “

1

λn}α}8
ÝÑ
nÑ`8

`8.

By computations the reader should already be familiar with, from the proof of
Proposition 3.4.9, it is proven that µ is closed. Let f : X Ñ R be a continuous
function. We compute using an Abel transform:

ˇ

ˇ

ˇ

ż

XˆX

`

fpyq ´ fpxq
˘

dµλnx0 px, yq
ˇ

ˇ

ˇ
“ C´1

x0,λn

ˇ

ˇ

ˇ

´1
ÿ

k“´8

βx0,λnk`1

`

fpxλnk`1q ´ fpx
λn
k q

˘

ˇ

ˇ

ˇ

“ C´1
x0,λn

ˇ

ˇ

ˇ

´1
ÿ

k“´8

pβx0,λnk ´ βx0,λnk`1 qfpx
x0,λn
k q ` βx0,λn0 fpx0q

ˇ

ˇ

ˇ

ď C´1
x0,λn

”

´1
ÿ

k“´8

pβx0,λnk`1 ´ βx0,λnk q}f}8 ` }f}8

ı

ď 2C´1
x0,λn

}f}8.

As Cx0,λn Ñ `8 this proves that
ş

XˆX

`

fpyq ´ fpxq
˘

dµpx, yq “ 0.
And then it is established that µ is minimizing:

ˇ

ˇ

ˇ

ż

XˆX

`

cpx, yq ` cr0s
˘

dµλnx0 px, yq
ˇ

ˇ

ˇ
“

“ C´1
x0,λn

ˇ

ˇ

ˇ

´1
ÿ

k“´8

βx0,λnk`1

`

cpxλnk , xλnk`1q ` cr0s
˘

ˇ

ˇ

ˇ

“ C´1
x0,λn

ˇ

ˇuαλnpx0q
ˇ

ˇ ď C´1
x0,λn

}uαλn}8.

Corollary 3.4.10 was used for the last equality. Recalling that the family puαλqλPp0,1q
is uniformly bounded (Corollary 3.4.7), letting nÑ `8 it follows that

ż

XˆX
cpx, yq dµpx, yq “ ´cr0s,

thus concluding the proof.

The next lemma is similar to Lemma 3.2.8:

Lemma 3.4.15. Let x0 P X, λ P p0, 1q and w P S be a continuous subsolution, then

uαλpx0q ě wpx0q ´ λCx0,λ

ż

X
αpzqwpzq dπ1˚µ

λ
x0pzq.
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Proof. We use Corollary 3.4.10 and the fact that w is a critical subsolution:

uαλpx0q “

´1
ÿ

k“´8

βx0,λk`1

`

cpxλk , x
λ
k`1q ` cr0s

˘

ě

´1
ÿ

k“´8

βx0,λk`1

`

wpxλk`1q ´ wpx
λ
kq
˘

“

´1
ÿ

k“´8

pβx0,λk ´ βx0,λk`1 qwpx
x0,λ
k q ` βx0,λ0 wpx0q.

The last equality follows by an Abel transform. We now use the definition of βx0,λnk

to compute

βx0,λk ´ βx0,λk`1 “

´1
ź

j“k

`

1´ λαpxλj q
˘

´

´1
ź

j“k`1

`

1´ λαpxλj q
˘

“ ´λαpxλkq
´1
ź

j“k`1

`

1´ λαpxλj q
˘

“ ´λαpxλkqβ
x0,λ
k`1 .

Going back to the previous computation and remembering that βx0,λ0 “ 1 yields

uαλpx0q ě wpx0q ´ λ
´1
ÿ

k“´8

βx0,λk`1wpx
x0,λ
k qαpxλkq

“ wpx0q ´ λCx0,λ

ż

X
αpzqwpzq dπ1˚µ

λ
x0pzq.

The first part of Theorem 3.4.12 is now ready to be proven:

Proof of Theorem 3.4.12 first formula. Let λn Ñ 0 be a sequence such that puαλnqnPN
converges to a function v : X Ñ R. Henceforth the function v is a weak KAM
solution by continuity of the Lax–Oleinik operator. We have also defined for all
x P X, uα0 pxq “ max

uPFα
upxq. The aim here is to prove that v “ uα0 .

By Proposition 3.4.8, v P Fα and therefore v ď uα0 .
Let us now prove the reverse inequality. Let x0 P X. Up to a further extraction,

we assume that the sequence of probability measures pµλnx0 qnPN weakly converges to a
measure µ that is a minimizing Mather measure thanks to Lemma 3.4.14. If w P Fα,
by definition,

ş

X αpxqwpxq dπ1˚µpxq ď 0. Combining with Proposition 3.4.9 entails
that lim sup

nÑ`8
λnCx0,λn

ş

X αpzqwpzq dπ1˚µ
λn
x0 pzq ď 0. Plugging into the inequality of

Lemma 3.4.15 and letting nÑ `8 gives

vpx0q ě wpx0q ´ lim sup
nÑ`8

λnCx0,λn

ż

X
αpzqwpzq dπ1˚µ

λn
x0 pzq ě wpx0q.

As this holds for all w P Fα it comes that vpx0q ě uα0 px0q and being true for all
x0 P X, the first convergence formula is proven.
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This section ends by establishing the second representation formula for u0. To

this aim, we set ûα0 px0q “ min
µP pP0

ş

X αpxqhpx,x0qdπ1˚µpxq
ş

X αpxqdπ1˚µpxq
for all x0 P X, we will prove that

uα0 “ ûα0 . The proof follows closely that of Proposition 3.2.10:

Proof of Theorem 3.4.12 second formula. We first claim that ûα0 is a subsolution.
Indeed, each function hy “ hpy, ¨q is a subsolution by Proposition 2.1.2. Hence, if µ

is a probablility measure on X, so is hαµ defined by hαµpxq “
ş

X αpyqhpy,xqdµpyq
ş

X αpyqdµpyq
since S

is closed and convex (see Proposition 1.2.6). Last, as ûα0 is an infimum of functions
of this type, it is itself a subsolution by Lemma 2.2.6.

Next, we establish that uα0 ď ûα0 . Let u P S be a continuous subsolution, we
know that αpyq

`

upxq ´ upyq
˘

ď αpyqhpy, xq for all pairs px, yq (Proposition 2.1.2).

Let µ P pP0 be a Mather measure, integrating with respect to y the previous inequality
yields

ˆ
ż

X
αpyq dπ1˚µpyq

˙

upxq ´

ż

X
αpyqupyq dπ1˚µpyq ď

ż

X
αpyqhpy, xq dπ1˚µpyq.

If u P Fα it follows that
´

ş

X αpyq dπ1˚µpyq
¯

upxq ď
ş

X αpyqhpy, xq dπ1˚µpyq. This

being valid for all u P Fα and for all µ P pP0, the desired inequality uα0 ď ûα0 is
obtained.

We conclude by proving the reverse inequality. Let y P X, the function hy “
´hp¨, yq is a subsolution (by Proposition 2.1.2). Moreover, by definition of ûα0 , the
function hy ` ûα0 pyq P Fα. In particular, uα0 ě hy ´ ûα0 pyq and evaluating at y yields
uα0 pyq ě ´hpy, yq ` ûα0 pyq. If we specify, moreover, y P A to be in the projected
Aubry set, leads to the inequalities (see Theorem 2.1.5)

@y P A, uα0 pyq ě ûα0 pyq.

This is enough to conclude that uα0 ě ûα0 everywhere, indeed, uα0 is a weak KAM
solution and ûα0 P S hence Theorem 2.2.4 applies.

3.5 Comment on the discounted procedure

As already mentioned, the introduction of the functions uλ in the second proof of
the Weak KAM Theorem 1.2.1 is very natural. Indeed, let us recall a classical fixed
point Theorem:

Theorem 3.5.1. Let C be a compact convex subset of a Fréchet vector–space and
f : C Ñ C be a 1–Lipschitz map. Then f admits a fixed point.

This result is of course weaker than the Schauder-Tychonoff Theorem but a
simple proof goes as follows. Up to conjugating by a translation, assume that 0 P C.
Then for λ P p0, 1q, the function fλ : C Ñ C defined by fλpxq “ fpλxq is well defined
and a contraction of a complete metric space. It admits a unique fixed point xλ P C.
Consequently, by compactness of C one can consider a sequence λn Ñ 1 such that
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pxλnqnPN converges to a point x˚ P C. It is then immediate that x˚ is a fixed point
of f . Note that if 0 is a fixed point of f , then xλ “ 0 for all λ P p0, 1q.

A natural question is to figure out if in the previous procedure, the whole family
xλ always converges. If this were the case, our discounted Theorem 3.2.1 would be
less interesting. However, this is not the case as we now illustrate.

Our example is constructed in pR2, } ¨ }1q. More precisely, let us consider the
triangle defined by

T “

"

px, yq P R2, ´
1

2
ď y ď ´|x| `

1

2

*

.

If α P p0, 1q, we look for a map f that takes the following form:

fpx, yq “
´

x` εpyq, α
`

y `
1

2

˘

´
1

2

¯

,

where ε :
“

´ 1
2 ,

1
2

‰

Ñ R is a map to be determined such that εp´1
2q “ 0. In this

setting, the bottom edge of T is made of fixed points of f .
Simple verifications show that f : T Ñ T is well defined as soon as |εpyq| ď

p1´ αqpy ` 1
2q. Moreover, it is 1-Lipschitz if ε is p1´ αq-Lipschitz.

If those conditions are verified, an explicit computation shows that for λ P p0, 1q,
denoting by Xλ “ pxλ, yλq the unique fixed point of fλ,

pxλ, yλq “

ˆ

1

1´ λ
ε
´ λpα´ 1q

2p1´ αλq

¯

,
α´ 1

2p1´ αλq

˙

.

By setting gpλq “ λpα´1q
2p1´αλq , one computes that

g´1pµq “
2µ

α´ 1` 2αµ
.

Hence g is a bi–Lipschitz decreasing homeomorphism from r0, 1s to r´1{2, 0s.
Now, define h : RÑ R by hpxq “ p1´ xq sin

`

lnp|1´ x|q
˘

for x ‰ 1 that extends
by continuity with hp1q “ 0. As

@x ‰ 1, h1pxq “ ´ sin
`

lnp|1´ x|q
˘

´ cos
`

lnp|1´ x|q
˘

,

h is a Lipschitz function. It follows that for ε0 ą 0 small enough, the function
ε “ ε0h ˝ g

´1 is p1 ´ αq–Lipschitz on r´1
2 , 0s and verifies εp´1

2q “ 0. Extend it by
εpyq “ εp0q for y P r0, 1

2 s.
For the function f associated to the latter ε, we compute that

@λ P p0, 1q, Xλ “ pxλ, yλq “
´

ε0 sin
`

lnp1´ λq
˘

,
gpλq

λ

¯

.

Clearly Xλ diverges as λÑ 1. Let us also refer to [180] for other counterexamples
related to the discounted equations with non–convex Hamiltonians.

On the positive side, let us mention another convergence result. We state it in
finite dimensions and refer to [175]3 and references therein for further results. Let
us recall that a norm } ¨ } on Rn is called smooth if the function x ÞÑ }x} is C1 on
Rnzt0u or equivalently, if the function x ÞÑ }x}2 is C1 on Rn.

3Since writing [175], the author realized that the following result is actually a particular case of
previous Theorems of Reich ([158]). See also [107, 128] for many further developments.

77



Figure 3.1: The triangle T filled with
rainbow colours.

Figure 3.2: Its image by f for α “ 3
4 ,

ε0 “
1
10 .

Figure 3.3: In red, the curve of fixed
points pXλqλPp0,1q.

Figure 3.4: Same curve in vertical loga-
rithmic scale.

Theorem 3.5.2. Let }¨} be a smooth norm on Rn. Let C Ă Rn be a compact convex
set such that 0 P C. Finally, let f : C Ñ C be a 1–Lipschitz map. For all λ P p0, 1q
we denote by Xλ P C the unique point such that Xλ “ fpλXλq. Then the family
pXλqλPp0,1q converges as λÑ 1.

Smoothness here is used as the unit sphere has a unique tangent linear hyperplane
at each of its points. A good exercise is to prove the Theorem in the Euclidean case.
If the norm comes from a scalar product x¨, ¨y, and if }x} “ 1, this tangent hyperplane
is given by the linear form xx, ¨y. In this case, it can be established that as λ Ñ 0,
the points Xλ converge to the orthogonal projection of 0 on the set of fixed points
of f .

3.6 Relations to the classical theory

Here again, L is a Tonelli Lagrangian on TM the tangent bundle of a smooth
compact manifold M endowed with a Riemannian metric.

3.6.1 Minimizing Mather measures

The Mañé point of view: this first approach was actually introduced after Mather’s
original one by Mañé in [133, 134]. Mather then noticed that Mañé’s point of view
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could be reformulated in a more synthetic manner and the following results were
definitively written in the present form in [99].

Definition 3.6.1. A Borel probability measure µ1 on TM is termed closed if it has
finite first moment,

ş

TM }v}xdµ1px, vq ă `8 and if for all C1 functions f : M Ñ R,
ż

TM
Dxfpvqdµ

1px, vq “ 0.

We denote by P 1 the set of closed probability measures on TM .

The finite first moment condition is there so that the integral is absolutely
convergent. Examples of closed measures can be constructed of the form νγ “
1
T

şT
0 δ

`

γpsq, 9γpsq
˘ds where γ : r0, T s Ñ M is a C1 curve such that γp0q “ γpT q. In-

deed, if f : M Ñ R is C1, then
ż

TM
Dxfpvqdνγpx, vq “

ż T

0
Dγpsqf

`

9γpsq
˘

ds “ f
`

γpT q
˘

´ f
`

γp0q
˘

“ 0.

Mañé’s version of Mather measures and Mather’s critical value is then:

Theorem 3.6.2 (Mañé). The following equality holds:

´αp0q “ min
µ1PP 1

ż

TM
Lpx, vqdµ1px, vq.

Moreover, a closed measure realizes this minimum if and only if it is supported on
the Aubry set A1. Last, a minimizing measure is automatically invariant by the
Lagrangian flow ϕL.

This justifies the definition of the Mather set:

Definition 3.6.3. Let us denote by P 10 the set of minimizing closed probability
measures, that is, closed probability measures µ1 such that

ş

TM Lpx, vqdµ1 “ ´αp0q.
The measure µ1 is then said to be a Mather measure.

On T ˚M , we define the set P˚0 “ tL˚µ1, µ1 P P 10u.
Let us define the Mather set M1 Ă TM by

M1 “
ď

µ1PP 10

supppµ1q,

The projected Mather set is M “ πpM1q.
Finally the Mather set in T ˚M is

M˚ “ LpM1q “
ď

µ˚PP˚0

supppµ˚q.

It is apparent from these results that M1 Ă A1 Ă L´1
`

H´1ptαp0quq
˘

(this is
Carneiro’s Theorem [62]) and, as for the discrete case, and for the same reasons,
P 10 is convex and compact and there exists one Mather measure whose support is
the whole M1. Finally, Theorem 3.1.6, stating that M is a uniqueness set for weak
KAM solutions, holds. We do not rewrite it here.

The Mather point of view: it is more dynamical in nature, hence reminiscent of
the ergodic viewpoint of subsection 3.1.2. It also reflects Mather’s original definitions
as stated in [143] following his results on twist maps from [141].
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Definition 3.6.4. We denote P 1L be the set of Borel probability measures on TM
invariant by the Lagrangian flow ϕL.

The historical definition of Mather’s critical constant is contained in the next
result:

Proposition 3.6.5. The critical constant is characterized by

´αp0q “ min
µ1PP 1L

ż

TM
Lpx, vq dµ1px, vq.

Moreover, minimizing measures are automatically closed, hence µ1 is minimizing if
and only if µ1 P P 10.

From a dynamical point of view, Mather’s approach is obviously more natural.
However, the big drawback is that the condition of being flow invariant depends
on the Lagrangian and its flow, in contrast to the condition of being closed. This
is actually what motivated Mañé’s change of paradigm as he wanted to study how
Mather measures evolve under perturbations of a Lagrangian. It is also very useful
as it applies to less regular Lagrangians and Hamiltonians.

To end this paragraph, let us pursue our systematic approach of highlighting
relationships between objects coming from the classical setting and their analogues
coming from the discrete setting for the time–1 action functional h1. The main
result states that projected Mather sets coincide in both settings, justifying the
same notation:

Proposition 3.6.6. Denoting by ML the projected Mather set associated to L and
Mh1 the projected Mather set associated to its time–1 action functional, the equality
ML “Mh1 holds.

Proof. Given a point x P A, we will denote by vx P TxM the unique vector v such
that px, vq P A1 (Theorem 2.6.12) and by yx “ π ˝ ϕ1

Lpx, vxq the only point such

that px, yxq P pA (see Proposition 2.6.14). Then extend the vector–field x ÞÑ vx to
a Lipschitz vector–field on M for example by defining vx “ L´1pDxuq where u is a
C1,1 critical subsolution given by Bernard’s Theorem 1.5.16 or its discrete analogue
Theorem 2.4.15.

Let µ1 P P 10 be a classical Mather measure. We associate to it a probability
measure on M ˆM as follows. If f : M ˆM Ñ R is a continuous function, then

ż

MˆM
fpx, yqdµpx, yq “

ż

TM
f
`

x, π ˝ ϕ1
Lpx, vq

˘

dµ1px, vq. (3.3)

As µ1 has support included in A1, it follows that µ has support included in

 `

x, π ˝ ϕ1
Lpx, vq

˘

, px, vq P A1
(

“ pA.

Let g : M Ñ R be a continuous function, then

ż

MˆM

`

gpxq ´ gpyq
˘

dµpx, yq “

ż

TM

`

gpxq ´ g
`

π ˝ ϕ1
Lpx, vq

˘˘

dµ1px, vq “ 0,
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because µ1 is invariant by ϕ1
L which implies that

ş

TM g
`

πpx, vq
˘

dµ1 “ g
`

π˝ϕ1
Lpx, vq

˘

dµ1px, vq.
Hence µ is closed.

We then compute the action of µ, remembering Proposition 2.6.14:
ż

MˆM
h1px, yqdµpx, yq “

ż

TM
h1

`

x, π ˝ ϕ1
Lpx, vq

˘

dµ1px, vq

“

ż

A1
h1

`

x, π ˝ ϕ1
Lpx, vq

˘

dµ1px, vq

“

ż

A1
h1

`

x, π ˝ ϕ1
Lpx, vxq

˘

dπ˚µ
1pxq

“

ż

A1

ż 1

0
L
`

ϕsLpx, vxq
˘

ds dπ˚µ
1pxq

“

ż 1

0

ż

A1
L
`

ϕsLpx, vxq
˘

dπ˚µ
1pxq ds

“

ż 1

0

ż

A1
Lpx, vxqdπ˚µ

1pxqds

“ ´αp0q.

The use of the Fubini theorem is justified by the fact that r0, 1s and A1 are compact
and L is continuous. It follows that µ is minimizing hence a discrete Mather measure.
Finally, the definition of µ given by (3.3) shows that

supppµq “
 `

x, π ˝ ϕ1
Lpx, vxq

˘

, px, vxq P supppµ1q
(

.

It follows that π1

`

supppµq
˘

“ π
`

supppµ1q
˘

. That being true for all measures µ1 P P 10
allows to conclude that ML ĂMh1 .

Let now µ P pP0 be a minimizing discrete Mather measure on M ˆM . We define
a measure µ10 on TM as follows: if f : TM Ñ R is bounded and continuous,

ż

TM
fpx, vqdµ10px, vq “

ż

MˆM
fpx, vxqdµpx, yq.

The measure µ10 is not necessarily invariant by the whole Lagrangian flow, but it is
ϕ1
L–invariant. Indeed,

ż

TM
f ˝ ϕ1

Lpx, vq dµ10px, vq “

ż

MˆM
f ˝ ϕ1

Lpx, vxq dµpx, yq

“

ż

pA
f ˝ ϕ1

Lpx, vxq dµpx, yq

“

ż

pA
fpyx, vyxq dµpx, yq

“

ż

pA
fpy, vyq dµpx, yq

“

ż

MˆM
fpy, vyq dµpx, yq

“

ż

MˆM
fpx, vxqdµpx, yq

“

ż

TM
fpx, vq dµ10px, vq.
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In the previous computation the second equality follows from the fact that µ is
supported in pA, the third comes from Proposition 2.6.14, the fourth is a consequence
of Proposition 2.5.3. Finally the end stems from the fact that µ is closed, applied
to the function g : x ÞÑ fpx, vxq. It follows that the measure µ1 “

ş1
0pϕ

s
Lq˚µ

1
0ds is

ϕL–invariant.
Let us now prove that µ1 is a classical Mather measure.

ż

TM
Lpx, vq dµ1px, vq “

ż 1

0

ż

TM
Lpx, vq dpϕsLq˚µ

1
0px, vq ds

“

ż 1

0

ż

MˆM
L ˝ ϕsLpx, vxq dµpx, yq ds

“

ż

MˆM

ż 1

0
L ˝ ϕsLpx, vxq ds dµpx, yq

“

ż

pA

ż 1

0
L ˝ ϕsLpx, vxq ds dµpx, yq

“

ż

pA
h1px, yxqdµpx, yq

“

ż

MˆM
h1px, yq dµpx, yq “ ´αp0q.

Here, it was used that µ is supported in pA and that it is a discrete Mather measure.
Hence µ1 is minimizing as desired. Finally, it follows from its definition that

supppµ1q “ tϕsLpx, vxq, px, yxq P supppµq, s P r0, 1su.

In particular, π1

`

supppµq
˘

Ă π
`

supppµ1q
˘

. As this holds for all discrete Mather
measures, it comes that Mh1 ĂML.

This concludes the proof.

Remark 3.6.7. In the previous proof, the construction associating a discrete Mather
measure to a classical Mather measure, µ1 ÞÑ µ, is injective and the projected sup-
ports are the same.

In contrast, the reverse construction µ ÞÑ µ1 may not be injective. Due to the
necessity to apply the Lagrangian flow, the support increases and there is a loss
of information. In other words, there may be more discrete Mather measures than
classical ones; more precisely, the following inclusion holds:

tπ˚µ
1, µ1 P P 10u Ă tπ1˚µ, µ P pP0u,

but the inclusion may be strict.
For example, as we will see later for twist maps, on a totally periodic circle

which does not consist exclusively of fixed points, there is a unique classical Mather
measure. In the same time, there are infinitely many discrete Mather measures
obtained from averaging Dirac measures on periodic orbits.
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3.6.2 The classical discounted equation

Recall that for all ` ą 0 there exists a unique function U` : M Ñ R, given by
Theorem 1.5.12, that solves in the viscosity sense (`HJ) that is, such that `U`pxq `
Hpx,DxU`q “ 0. The main result on this topic is the convergence of those functions
as ` Ñ 0 proven originally in [76] (following partial results in [125]). The result is
actually obtained for Hamiltonians that are only assumed to be continuous, coercive
and convex:

Theorem 3.6.8. There exists a weak KAM solution U0 such that U` `
αp0q
` Ñ U0,

where the convergence takes place as `Ñ 0 and is uniform.

The next lemma, called strong comparison principle, is an analogue to Lemma
3.2.3 and gives some more informations on Theorem 1.5.12:

Lemma 3.6.9. Let ` ą 0 be a contstant, let v1 : M Ñ R (resp. v2 : M Ñ R) be a
viscosity subsolution (resp. supersolution) to (`HJ). Then v1 ď U` ď v2.

The solutions, as in Lemma 3.2.6, are expressed by an explicit formula:

Lemma 3.6.10. For any ` ą 0 and x PM ,

U`pxq “ min
γ:p´8,0sÑM

γp0q“x

ż 0

´8

e`sL
`

γpsq, 9γpsq
˘

ds,

where the minimum is taken amongst absolutely continuous curves and is reached
by a C2 curve.

The selected weak KAM solution is then identified as follows

Theorem 3.6.11. Let F 1 Ă S 1 be the set of classical subsolutions u verifying the
constraint

ş

M upxqdπ˚µ
1pxq ď 0 for all Mather measures µ1 P P 10.

The selected weak KAM solution is then U0 “ sup
uPF 1

u where the supremum is a

priori taken pointwise.
Moreover, the following alternative formula holds:

U0pxq “ min
µ1PP 10

ż

M
hpy, xqdπ˚µ

1pyq,

where h is again the Peierls barrier.

Let us continue with this Proposition:

Proposition 3.6.12. There exists a Mather measure µ10 P P 10 such that
ż

X
U0pxqdπ˚µ

1
0pxq “ 0.

Moreover, it can be imposed that µ10 is ergodic for the Lagrangian flow.

All those results’ proofs follow closely the proofs we gave for their discrete ana-
logue and are to be found in [76].

To conclude, as there are more measures in pP0 than in P 10 one finds that

Proposition 3.6.13. The following inequality holds: u1 ď U0.

However, we will provide later an example where this inequality is strict.
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3.6.3 Discount for the positive classical L.–O. semigroup

As is now customary, all results have a “positive” pendant by reversing time, mean-
ing, by considering the Hamiltonian qH. In this instance, for ` ą 0, define the
function V` such that ´V` is the only viscosity solution to the equation

`upxq ` qHpx,Dxuq “ 0, x PM. (`qHJ)

Theorem 3.6.14. There exists a positive weak KAM solution V0 such that V` ´
αp0q
` Ñ V0 where the convergence takes place as `Ñ 0 and is uniform.

The functions V` are given by the explicit formula:

Lemma 3.6.15. For any ` ą 0 and x PM ,

V`pxq “ ´ min
γ:r0,`8qÑM

γp0q“x

ż `8

0
e´`sL

`

γpsq, 9γpsq
˘

ds,

where the minimum is taken amongst absolutely continuous curves and is reached
by a C2 curve.

The limit V0 has the following form:

Proposition 3.6.16. Let F 1` Ă S 1 be the set of subsolutions u verifying the con-
straint

ş

M upxqdπ˚µpxq ě 0 for all Mather measures µ P P 10.
The limit V0 is expressed as V0 “ inf

uPF 1`
u where the infimum is a priori taken

pointwise. And finally for all x PM ,

V0pxq “ max
µPP 10

ż

M
´hpx, yqdπ˚µpyq.

As for the discrete case, relations do exist between U0 and V0 (the proofs are
similar hence omitted):

Proposition 3.6.17. The functions U0 and V0 verify the inequality U0|A ď V0|A.

As far as conditions for U0 and V0 to be a conjugate pair are concerned:

Proposition 3.6.18. The following assertions are equivalent:

1. The functions U0 and V0 form a conjugate pair,

2. U0|A “ V0|A,

3. U0 ě V0,

4. for all classical Mather measures µ1 P P 10, the equality
ş

M U0pxqdπ˚µ
1pxq “ 0

holds,

5. for all classical Mather measures µ1 P P 10, the equality
ş

M V0pxqdπ˚µ
1pxq “ 0

holds,

6. there exists a critical subsolution v P S 1 such that for all Mather measures µ1,
the equality

ş

M vpxqdπ˚µ
1pxq “ 0 holds.
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3.6.4 Some degenerate discounted Hamilton–Jacobi equations

The corresponding results are inspired by [177] using also methods and ideas intro-
duced in [65] where more general problems are studied. Those results hold as well
for less regular Hamiltonians.

In this time–continuous setting, one still considers a continuous function δ : M Ñ

R that takes non–negative values and satisfies the condition

@µ1 P P 10,
ż

M
δpxq dπ˚µ

1 ą 0.

The degenerate discounted Hamilton–Jacobi equation that here studied is

`δpxqupxq `Hpx,Dxuq “ αp0q, x PM. (`δHJ)

To be more precise the condition prescribed in [177] is that δ is positive on the
projected Aubry set. However, the more general case studied in [65] handles a wider
class of perturbations of the critical equation that can be non–linear in upxq. All
results stated below therefore follow from those two references.

The first existence result hereafter states that our problem is well posed and is,
to our knowledge original in this generality:

Theorem 3.6.19. For all ` ą 0 there exists a unique viscosity solution to (`δHJ)
denoted by U δ` .

The proof of existence uses the next lemma, which is a strong comparison prin-
ciple. It is also new with such conditions on δ. It is an analogue to Theorem 3.4.4:

Lemma 3.6.20. Let ` ą 0 be a constant, let v1 : M Ñ R be a viscosity subsolution to
(`δHJ) and v2 : M Ñ R be a viscosity supersolution to (`δHJ). Then v1 ď U` ď v2.

The convergence result in this case is:

Theorem 3.6.21. There exists a weak KAM solution U δ0 such that U δ` Ñ U δ0 where
the convergence takes place as `Ñ 0 and is uniform.

The solutions, as in Corollary 3.4.10, are expressed by an explicit formula:

Lemma 3.6.22. If t ą 0 and γ : r´t, 0s ÑM is an absolutely continuous curve, we
set Aγp´tq “ ´

ş0
´t δ ˝ γpsq ds.

For any ` ą 0 and x PM , if t ą 0 then

U δ` pxq “ min
γ:r´t,0sÑM
γp0q“x

!

exp
`

`Aγp´tq
˘

U δ`
`

γp´tq
˘

`

ż 0

´t
exp

`

`Aγpsq
˘“

L
`

γpsq, 9γpsq
˘

` αp0q
‰

ds
)

,

where the minimum is taken amongst absolutely continuous curves and is reached
by a Lipschitz curve.

Moreover, there exists a Lipschitz curve γ : p´8, 0s Ñ M such that γp0q “ x
and

U δ` pxq “

ż 0

´8

exp
`

`Aγpsq
˘“

L
`

γpsq, 9γpsq
˘

` αp0q
‰

ds.
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The selected weak KAM solution is then identified as follows:

Theorem 3.6.23. Let F 1δ Ă S 1 be the set of classical subsolutions u verifying the
constraint

ş

M δpxqupxqdπ˚µ
1pxq ď 0 for all Mather measures µ1 P P 10.

The selected weak KAM solution is then U δ0 “ sup
uPF 1δ

u where the supremum is

taken pointwise.
Moreover, the alternative formula holds:

U0pxq “ min
µ1PP 10

ş

M δpyqhpy, xq dπ˚µ
1pyq

ş

M δpyq dπ˚µ1pyq
,

where h is again the Peierls barrier.
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Chapter 4

A family of examples

We explore here explicit examples to show how the pair pu1, v1q may behave. Recall
that on the one hand u1 is the limit of the solutions to the discounted equations
puλqλPp0,1q as λÑ 1 for the negative Lax–Oleinik semigroup T´. On the other hand,
v1 is the limit of the solutions to the discounted equations pvλqλPp0,1q as λ Ñ 1 for
the positive Lax–Oleinik semigroup T`.

As the examples presented below come from Hamiltonian systems, some famil-
iarity with the classical theory could help the reader. The study of those examples is
familiar to specialists of weak KAM theory but we have not found it written in the
literature. We believe that the informations they entail is interesting and that they
provide counter–examples to natural questions. At the end of the Chapter, we also
address the question as to whether weak KAM solutions selected by the discounted
approximation procedure in the discrete and in the continuous setting coincide.

The setting will be the one dimensional torus T1 “ R{Z.

We consider a smooth potential V : T1 Ñ R that attains its maximum at
exactly two points 0 and X and such that V p0q “ V pXq “ 0.

Consider the Hamiltonian function H0px, pq “
1
2p

2 ` V pxq defined on T1 ˆ R.
The associated Lagrangian is then L0 : px, vq ÞÑ 1

2v
2´V pxq. The cost function used

is the time–1 action functional h0
1 associated to H0, as defined by (1.5). By Theorem

1.5.8, discrete and classical weak KAM solutions coincide and we will use this fact.
Again, some knowledge of classical Hamilton–Jacobi equations can be useful though
not necessary to read this Chapter. Moreover, as these examples fall in the scope
of Conservative Twist Maps of the annulus, the latter also illustrate results of the
following and last chapter of this essay.

Let us denote by f˘ : x ÞÑ ˘
a

´2V pxq. The level set H´1
0 pt0uq is the union of

the graphs of f` and f´. Those graphs touch at p0, 0q and pX, 0q.
A last assumption on H0 is the following:

α :“

şX
0 f`pxqdx

X
ă

ş1
X f

`pxqdx

1´X
:“ β. (4.1)
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4.1 The study of H0

Let X0
0 P r0, Xs and X0

1 P rX, 1s verify that

ż X0
0

0
f`pxqdx “

ż X

X0
0

f`pxqdx ;

ż X0
1

X
f`pxqdx “

ż 1

X0
1

f`pxqdx.

The function u0
1 defined by

u0
1pxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

şx
0 f

`psqds if 0 ď x ď X0
0 ;

şX0
0

0 f`psqds`
şx
X0

0
f´psqds if X0

0 ď x ď X;
şx
X f

`psqds if X ď x ď X0
1 ;

şX0
1

X f`psqds`
şx
X0

1
f´psqds if X0

1 ď x ď 1

verifies pu0
1q
1psq P H´1

0 pt0uq at every point where the derivative exists, that is for
s P T1ztX0

0 , X
0
1u. Moreover, it is semiconcave (as seen here by the fact that at X0

0

and X0
1 , the left derivative is bigger than the right derivative). This is enough in this

context to prove that u0
1 is a viscosity solution of the stationary Hamilton–Jacobi

equation H0

`

x, pu0
1q
1pxq

˘

“ 01.

(0,0) (1,0)
X0

0 X0
1X

H´1
0 pt0uq

Figure 4.1: The graph of the superdifferential B`u0
1 is drawn in red.

• It means that the critical constant is αp0q “ 0.

• The Aubry and Mather sets are included in the graph of pu0
1q
1 and all Hamilto-

nian trajectories either converge to the fixed point p0, 0q or to the fixed point

1Indeed, for a semiconcave function, the super condition property only has to be checked at
differentiability points. For more general results see [28, 29].
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pX, 0q. It can be easily concluded from this that A “M “ t0, Xu, that clas-
sical Mather measures are convex combinations of Dirac measures δp0,0q and
δpX,0q (on TT1), and that discrete Mather measures are convex combinations
of Dirac measures, δp0,0q and δpX,Xq (on T1 ˆ T1). Note that, in the present
context, this illustrates a classical Theorem of Carneiro for autonomous Hamil-
tonian systems, namely that Mather measures are supported on the critical
energy level ([62]).

• Finally, as u0
1p0q “ u0

1pXq “ 0, one deduces that the function u0
1 is indeed

the weak KAM solution selected by the discounted approximation (Theorem
3.2.1). By Proposition 3.3.5, in this case, by setting v0

1 the positive weak KAM
solution selected by the discounted procedure, the pair pu0

1, v
0
1q is a conjugate

pair. Here, one easily computes that v0
1 “ ´u

0
1.

4.2 Increasing the cohomology class: c P r0, αs

We now initiate a classical procedure in Aubry–Mather theory: changing cohomology
class. This is related to the topology of the underlying spaceX “ T1. This procedure
is more thoroughly detailed in the final Chapter on Conservative Twist maps of the
Annulus. In the Hamiltonian setting, this originates in the work of Mather [143]
who noticed that suitably correcting the Lagrangian (or the Hamiltonian) by a
closed 1–form does not modify the Lagrangian minimizers. The resulting objects
of Aubry–Mather theory then only depend on the cohomology class of the 1–form.
In the context of T1, the first cohomology group H1pT1,Rq is isomorphic to R and
if c P R, a representing 1–form is the constant form x P T1 ÞÑ c where here c is
identified to the linear form v P R ÞÑ cv.

Let c P r0, αs, we consider the Hamiltonian Hc : px, pq ÞÑ 1
2pp` cq

2 ` V pxq. The
associated Lagrangian is Lc : px, vq ÞÑ 1

2pv´cq
2´ 1

2c
2´V pxq. The flow associated to

Hc is conjugated (by a vertical translation) to that of H0. The cost function is hc1,
associated to the time–1 action functional of Hc. Let Xc

0 P r0, Xs and Xc
1 P rX, 1s

verify that

ż Xc
0

0
f`pxqdx´ cXc

0 “

ż X

Xc
0

f`pxqdx` cpX ´Xc
0q ;

ż Xc
1

X
f`pxqdx´ cpXc

1 ´Xq “

ż 1

Xc
1

f`pxqdx` cp1´Xc
1q.

The function uc1 defined by

uc1pxq “

$

’

’

’

’

&

’

’

’

’

%

şx
0 f

`psqds´ cx if 0 ď x ď Xc
0;

şXc
0

0 f`psqds`
şx
Xc

0
f´psqds´ cx if Xc

0 ď x ď X;
şx
X f

`psqds´ cx if X ď x ď Xc
1;

şXc
1

X f`psqds`
şx
Xc

1
f´psqds´ cx if Xc

1 ď x ď 1;

verifies puc1q
1psq P H´1

c pt0uq for s P T1ztXc
0, X

c
1u and is semiconcave. As previously,

this yields that uc1 is a viscosity solution of the stationary Hamilton–Jacobi equation
Hc

`

x, puc1q
1pxq

˘

“ 0.

90



(0,0) (1,0)
Xc

0 Xc
1

X

H´1
c pt0uq

Figure 4.2: The graph of the superdifferential B`uc1 is drawn in red.

• It means that the critical constant for the cost function hc1, denoted αpcq,
verifies αpcq “ 0.

• The Aubry and Mather sets are included in the graph of puc1q
1 and all Hamil-

tonian trajectories either converge to the fixed point p0,´cq or to the fixed
point pX,´cq. From there, it can be easily concluded that A “M “ t0, Xu
(here we drop the subscript c as the sets are independent of it), that classical
Mather measures are convex combinations of Dirac measures, δp0,0q and δpX,0q
(on TT1), and that discrete Mather measures are convex combinations of Dirac
measures δp0,0q and δpX,Xq (on T1 ˆ T1).

• Finally, as uc1p0q “ uc1pXq “ 0, it is deduced that the function uc1 is indeed
the weak KAM solution selected by the discounted approximation (Theorem
3.2.1).

• By Proposition 3.3.5, in this case again, by setting vc1 the positive weak KAM
solution selected by the discounted procedure, the pair puc1, v

c
1q is a conjugate

pair.

Here, one computes

vc1pxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

şx
0 f

´psqds´ cx if 0 ď x ď qXc
0;

ş

qXc
0

0 f´psqds`
şx
qXc
0
f`psqds´ cx if qXc

0 ď x ď X;
şx
X f

´psqds´ cx if X ď x ď qXc
1;

ş
qXc
1

X f´psqds`
şx
qXc
1
f`psqds´ cx if qXc

1 ď x ď 1,

where qXc
0 P r0, Xs and qXc

1 P rX, 1s verify
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ż

qXc
0

0
f´pxqdx´ c qXc

0 “

ż X

qXc
0

f´pxqdx` cpX ´ qXc
0q ;

ż

qXc
1

X
f´pxqdx´ cp qXc

1 ´Xq “

ż 1

qXc
1

f´pxqdx` cp1´ qXc
1q.

4.3 A change of regime: c P
`

α,

ż 1

0

f`pxqdx
˘

If c P
`

α,
ş1
0 f

`pxqdx
˘

. It happens that the critical constant is again 0 but it is not
anymore possible to construct a critical subsolution that vanishes both at 0 and at
X. Let Xc P rX, 1s verify that

ż Xc

0
f`pxqdx´ cXc “

ż 1

Xc

f`pxqdx` cp1´Xcq.

The function uc1 defined by

uc1pxq “

#

şx
0 f

`psqds´ cx if 0 ď x ď Xc;
şXc

0 f`psqds`
şx
Xc f

´psqds´ cx if Xc ď x ď 1.

verifies puc1q
1psq P H´1

c pt0uq for s P T1ztXcu and is semiconcave. As previously, this
yields that uc1 is a viscosity solution of the stationary Hamilton–Jacobi equation
Hc

`

x, puc1q
1pxq

˘

“ 0.

(0,0) (1,0)
Xc

X

H´1
c pt0uq

Figure 4.3: The graph of the superdifferential B`uc1 is drawn in red.
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• It means that the critical constant αpcq “ 0.

• Here again, it can be established that A “ M “ t0, Xu and that classical
Mather measures are convex combinations of the Dirac measures (on TT1)
that are δp0,0q and δpX,0q, and that discrete Mather measures are convex com-
binations of the Dirac measures (on T1ˆT1) that are δp0,0q and δpX,Xq. Finally,

uc1p0q “ 0 and uc1pXq “
şX
0 f`psqds´ cX ă 0.

• This function uc1 is indeed the weak KAM solution selected by the discounted
approximation (Theorem 3.2.1). Roughly speaking, as between 0 and X,
puc1q

1 “ f` ´ c, it is the fastest growing weak KAM solution.

• By Proposition 3.3.5, in this case, by setting vc1 the positive weak KAM solution
selected by the discounted procedure, the pair puc1, v

c
1q is NOT a conjugate pair.

Here, one computes by similar means that

vc1pxq “

$

’

&

’

%

şx
X f

`psqds´ cpx´Xq if 0 ď x ď X;
şx
X f

´psqds´ cpx´Xq if X ď x ď qXc;
ş

qXc

X f´psqds`
şx
qXc f

`psqds´ cpx´Xq if qXc ď x ď 1;

where qXc P rX, 1s verifies

ż 0

X
f`psqds` cX “

ż

qXc

X
f´psqds`

ż 1

qXc

f`psqds´ cp1´Xq.

Note that in this regime, for c close to
şX
0 f`pxqdx the functions uc1 and vc1 are

not ordered while, as will become clear next, for c close to
ş1
0 f

`pxqdx then uc1 ă vc1.

4.4 The limiting case: c0 “

ż 1

0

f`pxqdx

In this limit case, c0 “
ş1
0 f

`pxqdx, again the critical constant is 0 for example by
invoking the continuity of Mather’s α–function2 or because we exhibit a weak KAM
solution below.

Indeed the function uc01 defined by

@x P r0, 1s, uc01 pxq “

ż x

0
f`psqds´ c0x, (4.2)

verifies uc01 p0q “ uc01 p1q “ 0 whence to be identified with a function on T1. It
is C1 (even C1,1 in agreement with Fathi’s result [92]) and a classical solution of
Hc0

`

x, puc01 q
1pxq

˘

“ 0, hence a weak KAM solution.

• It means that the critical constant αpc0q “ 0. In this particular case, all
viscosity subsolutions are of the form uc01 `K, where K P R and it can even
be proved that all discrete subsolutions are of the same form.

2This result is a straightforward consequence of Proposition 5.3.7 in next Chapter.
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• The situation is then different from the previous cases as the projected Aubry
set is the whole torus Ac0 “ T1 and the classical Aubry set A˚c0 is the whole
graph of f` ´ c0.

• On the contrary, as the Hamiltonian dynamics on the critical level set remains
the same as in the previous examples, the invariant measures remain the same
and M “ t0, Xu.

• At last, uc01 p0q “ 0 and uc01 pXq “
şX
0 f`psqds ´ c0X ă 0. The function uc01

is indeed the weak KAM solution selected by the discounted approximation
(Theorem 3.2.1).

• Setting vc01 “ uc01 ´ uc01 pXq one obtains the weak KAM solution selected by
the positive discounted approximation. Here, uc01 ă vc01 and the pair is not
conjugated (in this case all negative weak KAM solutions are positive weak
KAM solutions hence conjugate pairs are trivial).

4.5 Positive rotation numbers: c ą

ż 1

0

f`pxqdx

Let us now discuss what happens for c ą
ş1
0 f

`pxqdx. Again the cost is hc1 associated
to Hc. The behavior of weak KAM solutions and minimal trajectories are those of
an area preserving twist diffeomorphism. It will be treated more thoroughly in the
next Chapter but some results are briefly used here.

For c ą
ş1
0 f

`pxqdx the situation is quite similar to the previous one. There exists
a unique subsolution up to constants and therefore, up to constants, there exists a
unique weak KAM solution, be it negative or positive. One such subsolution is
the following: recalling that V : T1 Ñ R is the potential used in the definition

of H0, if a ą 0, let us denote by f`a : x ÞÑ
b

2
`

a´ V pxq
˘

the function whose

graph is the upper part of the level set H´1
0 tau. There exists a unique ac such that

ş1
0 f

`
acpxqdx “ c. A subsolution for Hc (that is also a positive and negative weak

KAM solution) is then u : x ÞÑ
şx
0 f

`
acptqdt ´ cx. Therefore, the critical constant is

ac “ αpcq.
To each real number c P R, we associate a rotation number ρpcq P R. Its

projection to T1, written %pcq, has the property that
ş

T1ˆT1py ´ xqdµpx, yq “ %pcq

for all Mather measure µ P pP0. The function ρ : R Ñ R is continuous and non–
decreasing. It is not uniquely defined, but determined up to an integer. Here we
make the choice of setting ρp0q “ 0. All the previous cases treated correspond to a
vanishing rotation number. In our present case, the Aubry set in T ˚T1 is the graph
of the function f`αpcq: A

˚
c “

 `

x, f`αpcqpxq ´ c
˘

, x P T1
(

and the 2–Aubry set is

(thanks to Proposition 2.6.14)

pAc “
!´

x, π ˝ ϕ1
Hc

`

x, f`αpcqpxq ´ c
˘

¯

, x P T1
)

.
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Hence, the rotation number property can be rewritten

ż

T1ˆT1

py ´ xqdµpx, yq “

ż

T1ˆT1

`

π ˝ ϕ1
Hc

`

x, f`αpcqpxq ´ c
˘

´ x
˘

dµpx, yq

“

ż

T1

`

π ˝ ϕ1
Hc

`

x, f`αpcqpxq ´ c
˘

´ x
˘

dπ1˚µpx, yq “ %pcq,

and µ being closed yields that for all continuous function f : T1 Ñ R:

ż

T1ˆT1

`

fpyq´fpxq
˘

dµpx, yq “

ż

T1ˆT1

´

f
`

π˝ϕ1
Hcpx, f

`

αpcqpxq´cq
˘

´fpxq
¯

dµpx, yq

“

ż

T1

´

f
`

π ˝ ϕ1
Hcpx, f

`

αpcqpxq ´ cq
˘

´ fpxq
¯

dπ1˚µpx, yq “ 0.

This means that if we set ψc : x ÞÑ π ˝ϕ1
Hc

`

x, f`αpcqpxq´ c
˘

(also called projected dy-

namics) then ψc is a circle diffeomorphism of rotation number %pcq and the measure
π1˚µ is ψc–invariant.

We now focus on the case: ρpcq is irrational. In this case it is known from
Poincaré-Denjoy theory that ψc is conjugated to a rotation of angle ρpcq (because
ψc is C2) and that there exists a unique ψc–invariant measure. Hence necessarily,

π1˚µ “
1

Tc

ż Tc

0
δπ˝ϕsHc p0,f

`

αpcq
p0q´cqds,

where Tc is the smallest positive constant such that ϕTcHcp0, f
`

αpcqp0q´cq “ p0, f
`

αpcqp0q´

cq, as the latter is ψc–invariant3. Lifting things up to T1 ˆ T1, we find that

µ “
1

Tc

ż Tc

0
δ
pπ˝ϕsHc p0,f

`

αpcq
p0q´cq,π˝ϕs`1

Hc

`

0,f`
αpcq

p0q´cq
˘ds.

As a conclusion pP0 “ tµcu where µc is the previous measure and similarly, P˚0 “ tµ˚c u
where

µ˚c “
1

Tc

ż Tc

0
δϕsHc p0,f

`

αpcq
p0q´cqds.

Note that P˚0 is always a singleton for non 0 rotation numbers in this 1 dimensional
autonomous setting. However, for rational rotation numbers, in the discrete setting,
there are many Mather measures supported on the various periodic orbits.

4.5.1 Non–continuity of uc1 with respect to c

We now aim at studying the behavior of µc as cÑ c0:

Proposition 4.5.1. Assume that V 2p0qV 2pXq ‰ 0. Let pcnqną0 be a decreasing
sequence converging to c0 such that ρpcnq is irrational for all n ą 0, then

µcn ÝÑ
nÑ`8

`
a

´V 2p0q
˘´1

`
a

´V 2p0q
˘´1

`
`
a

´V 2pXq
˘´1 δp0,0q `

`
a

´V 2pXq
˘´1

`
a

´V 2p0q
˘´1

`
`
a

´V 2pXq
˘´1 δpX,Xq.

3It can be proven that ρpcq “ T´1
c .
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Proof. As the set of probability measures on X ˆX is compact, to prove the result
one just needs to prove that any converging subsequence of pµcnqną0 has the an-
nounced limit. Hence without loss of generality, let us assume that pµcnqną0 is a con-

verging sequence. We now prove it converges to

`?
´V 2p0q

˘´1

`?
´V 2p0q

˘´1
`

`?
´V 2pXq

˘´1 δp0,0q `

`?
´V 2pXq

˘´1

`?
´V 2p0q

˘´1
`

`?
´V 2pXq

˘´1 δpX,Xq.

We know from [143] for example, or Proposition 5.3.7 below, that the function
c ÞÑ αpcq is convex and continuous. Hence the limit of the sequence pµcnqną0 is a
Mather measure, therefore of the form β0δp0,0q ` βXδpX,Xq with 0 ď β0, βX ď 1 and
β0 ` βX “ 1.

With this information at hand, we will in fact only study the measures π1˚µcn and

prove they converge to

`?
´V 2p0q

˘´1

`?
´V 2p0q

˘´1
`

`?
´V 2pXq

˘´1 δ0`

`?
´V 2pXq

˘´1

`?
´V 2p0q

˘´1
`

`?
´V 2pXq

˘´1 δX .

Let γn : t ÞÑ π ˝ϕtHcn p0, f
`

αpcnq
p0q´cnq. By looking at the Hamiltonian equations

(1.4) and recalling that Hcn is constant on a Hamiltonian trajectory, one finds that

@t P R, 9γnptq “
b

2
`

αpcnq ´ V
`

γnptq
˘˘

. (4.3)

The coefficients β0 and βX are proportional to the relative amount of time that the
trajectory γn stays respectively in a neighborhood of 0 and X, as nÑ `8.

Until the end of this proof, let us no longer think of points on the circle T1 but
by lifting to R, but keeping the same notations. Hence the function V is now a
1-periodic function on R. Integrating (4.3), one computes that if x ă y, the time it
takes γn to go from x to y is

tx,y “

ż y

x

ds
b

2
`

αpcnq ´ V psq
˘

. (4.4)

In particular, Tcn “
ş1
0

ds?
2
`

αpcnq´V psq
˘ .

Let 0 ă ε ă maxt´V 2p0q,´V 2pXqu. Let us consider η ą 0 such that,

r|x| ă ηs ùñ

„ˇ

ˇ

ˇ

ˇ

V pxq ´ V 2p0q
x2

2

ˇ

ˇ

ˇ

ˇ

ă ε
x2

2



,

and

r|x´X| ă ηs ùñ

„ˇ

ˇ

ˇ

ˇ

V pxq ´ V 2pXq
px´Xq2

2

ˇ

ˇ

ˇ

ˇ

ă ε
px´Xq2

2



.
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We now split the integral defining Tcn into the 4 following pieces:

Tcn “

ż 1

0

ds
a

2 pαpcnq ´ V psqq

“

ż η

´η

ds
a

2 pαpcnq ´ V psqq
loooooooooooooomoooooooooooooon

1©

`

ż X`η

X´η

ds
a

2 pαpcnq ´ V psqq
looooooooooooooomooooooooooooooon

2©

`

ż X´η

η

ds
a

2 pαpcnq ´ V psqq
looooooooooooooomooooooooooooooon

3©

`

ż 1´η

X`η

ds
a

2 pαpcnq ´ V psqq
looooooooooooooomooooooooooooooon

4©

. (4.5)

Let M ą 0 be a constant independent of n such that | 3©| ` | 4©| ă M for all n ą 0.
Such an M exists as the denominators appearing in the integrals are uniformly
positive.

Let us now study and estimate 1©. From the definition of η the following in-
equalities are infered:

ż η

´η

ds
d

2

ˆ

αpcnq `
`

ε´ V 2p0q
˘s2

2

˙

loooooooooooooooooooooomoooooooooooooooooooooon

5©

ď

ż η

´η

ds
a

2 pαpcnq ´ V psqq

ď

ż η

´η

ds
d

2

ˆ

αpcnq `
`

´ V 2p0q ´ ε
˘s2

2

˙

loooooooooooooooooooooooomoooooooooooooooooooooooon

6©

. (4.6)
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Terms 5© and 6© can be integrated explicitly, let us deal with 5©.

ż η

´η

ds
d

2

ˆ

αpcnq `
`

ε´ V 2p0q
˘s2

2

˙

“

b

2αpcnq
ε´V 2p0q

a

2αpcnq

ż η

c

ε´V 2p0q
2αpcnq

´η

c

ε´V 2p0q
2αpcnq

dt
?

1` t2

“
1

a

ε´ V 2p0q

”

ln
´

a

1` t2 ` t
¯ıη

c

ε´V 2p0q
2αpcnq

´η

c

ε´V 2p0q
2αpcnq

“
1

a

ε´ V 2p0q
ln

»

—

—

—

—

—

–

d

`

ε´ V 2p0q
˘

η2

2αpcnq
` 1` η

d

ε´ V 2p0q

2αpcnq
d

`

ε´ V 2p0q
˘

η2

2αpcnq
` 1´ η

d

ε´ V 2p0q

2αpcnq

fi

ffi

ffi

ffi

ffi

ffi

fl

“
1

a

ε´ V 2p0q
ln

»

–

¨

˝

d

`

ε´ V 2p0q
˘

η2

2αpcnq
` 1` η

d

ε´ V 2p0q

2αpcnq

˛

‚

2fi

fl

“
1

a

ε´ V 2p0q

"

´ lnp2q ´ ln
`

αpcnq
˘

` ln

„

b

`

ε´ V 2p0q
˘

η2 ` 2αpcnq ` η
a

ε´ V 2p0q

*

„
nÑ`8

´ ln
`

αpcnq
˘

a

ε´ V 2p0q
.

The last relation uses the continuity of α and the consecutive limit: lim
nÑ`8

αpcnq “ 0.

The same computation for 6© yields

ż η

´η

ds
d

2

ˆ

αpcnq `
`

´ V 2p0q ´ ε
˘s2

2

˙

„
nÑ`8

´ ln
`

αpcnq
˘

a

´ε´ V 2p0q
.

As for 2© the same strategy is adopted:

ż X`η

X´η

ds
d

2

ˆ

αpcnq `
`

ε´ V 2pXq
˘s2

2

˙

loooooooooooooooooooooooomoooooooooooooooooooooooon

7©

ď

ż X`η

X´η

ds
a

2 pαpcnq ´ V psqq

ď

ż X`η

X´η

ds
d

2

ˆ

αpcnq `
`

´ V 2pXq ´ ε
˘s2

2

˙

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

8©

. (4.7)

98



Similar computations yield

ż X`η

X´η

ds
d

2

ˆ

αpcnq `
`

ε´ V 2pXq
˘s2

2

˙

„
nÑ`8

´ ln
`

αpcnq
˘

a

ε´ V 2pXq
,

and
ż X`η

X´η

ds
d

2

ˆ

αpcnq `
`

´ V 2pXq ´ ε
˘s2

2

˙

„
nÑ`8

´ ln
`

αpcnq
˘

a

´ε´ V 2pXq
.

Let now f : R Ñ R be a continuous 1–periodic function that is constant on
r´η, ηs and on rX ´ η,X ` ηs, with 0 ď min

`

fp0q, fpXq
˘

. We know that

ż

r0,1s
fpsqdπ1˚µcnpsq ÝÑnÑ`8

β0fp0q ` βXfpXq.

Gathering the previous computations we infer that

fp0q 1©` fpXq 2©´ }f}8M

Tcn
ď

ż

r0,1s
fpsqdπ1˚µcnpsq ď

fp0q 1©` fpXq 2©` }f}8M

Tcn
.

And letting nÑ `8 one discovers that

fp0q
a

ε´ V 2p0q
`

fpXq
a

ε´ V 2pXq
1

a

´ε´ V 2p0q
`

1
a

´ε´ V 2pXq

ď β0fp0q ` βXfpXq ď

fp0q
a

´ε´ V 2p0q
`

fpXq
a

´ε´ V 2pXq
1

a

ε´ V 2p0q
`

1
a

´ε´ V 2pXq

.

This being true for all ε ą 0 and all non–negative fp0q and fpXq, the lemma is
proved.

At last, we can deduce the following:

Proposition 4.5.2. Assume that H0 : px, pq ÞÑ 1
2p

2 ` V pxq is a Hamiltonian such
that V : T1 Ñ R is smooth, non–positive, and verifies V ´1t0u “ t0, Xu for some
X P T1zt0u. Assume moreover that V 2p0q ‰ V 2pXq are both negative and again

α :“

şX
0 f`pxqdx

X
ă

ş1
X f

`pxqdx

1´X
:“ β.

Then, using the previous notations, if pcnqną0 is a decreasing sequence converging to
c0 such that ρpcnq is irrational for all n ą 0, the family of functions pucn1 qną0 does
not converge to uc01 .
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Proof. Using that a limit of weak KAM solutions is a weak KAM solution and the
previous Proposition 4.5.1, one proves that pucn1 qną0 converges to the unique weak
KAM solution u, for Hc0 such that

`
a

´V 2p0q
˘´1

`
a

´V 2p0q
˘´1

`
`
a

´V 2pXq
˘´1up0q `

`
a

´V 2pXq
˘´1

`
a

´V 2p0q
˘´1

`
`
a

´V 2pXq
˘´1upXq “ 0.

Recall that at cohomology c0, there is a unique weak KAM solution, up to constants.
Moreover, the condition α ă β ensures that it is not possible to have up0q “ upXq “
0. Hence up0qupXq ă 0. On the contrary, as uc01 is given by the formula (4.2):

@x P r0, 1s, uc01 pxq “

ż x

0
f`psqds´ c0x,

we have uc01 p0qu
c0
1 pXq “ 0.

4.5.2 A situation where uc1 ‰ U c
0

We come back to Proposition 3.6.13. More precisely, we answer by the negative the
natural question: does the discounted procedure select the same weak KAM solution
in the discrete setting and in the continuous setting?

We now focus our attention on the unique real number c 1
2
P R such that ρpc 1

2
q “

1
2 . Note that c 1

2
ą 0 and that A˚c 1

2

Ă H´1ptαpc 1
2
qu. It is actually the upper

connected component of this level set of H. Moreover, it can be characterized as
follows:

Proposition 4.5.3. Let ΦHc 1
2

: R2 Ñ R2 denote the lift of ϕHc 1
2

that fixes the point

p0,´c 1
2
q and P : R2 Ñ T1 ˆ R the canonical projection. Then

A˚c 1
2

“ P
´

 

px, pq P R2, Φ2
Hc 1

2

px, pq “ px` 1, pq
(

¯

.

Sketch of Proof. There are many possible ways to tackle this Proposition according
to the property of the system used. The proof is essentially given in [5, Proposition
15] and very much related to [3, Proposition 2] that proves a version of the result,
in arbitrary dimension, by using C0–integrability in a neighborhood of A˚c 1

2

. It can

also be deduced from the Implicit function Theorem, proving that the right hand
side of the above equality is a manifold.

Let us sketch a proof using a stronger integrability, reminiscent of the Arnol’d–
Liouville Theorem [84]. Let us call B the right hand side of the equality to prove.
A first step is that B is a (potentially partial) graph over T1. We distinguish three
cases remembering that Hamiltonian orbits are included in level sets of H.

• if Hpx, pq ă maxV “ 0 then the orbit tϕsHc 1
2

px, pq, s P Ru projects on an

interval strictly included in T1 hence px, pq R B.
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• if Hpx, pq ě maxV with p ď ´c 1
2
. Let px̃, pq P R2 such that P px̃, pq “ px, pq.

Then if we define for s P R, Φs
Hc 1

2

px̃, pq “ px̃s, psq, one computes that s ÞÑ x̃s

is non–increasing, hence px, pq R B.

• if Hpx, pq ě maxV with p ě ´c 1
2
, meaning that p ě

a

´2V pxq ´ c 1
2
. We fix

here x̃ P R and let p vary. Looking at the Hamiltonian equations and more
precisely computing the time tp such that Φ

tp
Hc 1

2

px̃, pq “ px̃ ` 1, p ` 1q with

equation (4.4), it can be seen that p ÞÑ tp is decreasing. Hence there is at most
one p such that tp “ 2.

Now recall that A˚c 1
2

“
 `

x, f`αpc 1
2
q
pxq ´ c 1

2

˘

, x P T1
(

. We denote by A the lift

of A˚c 1
2

to R2, that is invariant under ΦHc 1
2

. We define the map g : RÑ R by

@x P R, Φ1
Hc 1

2

`

x, f`αpc 1
2
q
pxq ´ c 1

2

˘

“
`

gpxq, f`αpc 1
2
q
˝ gpxq ´ c 1

2

˘

.

The function g is the lift of a circle diffeomorphism and its rotation number here is
ρpc 1

2
q “ 1

2 . It follows from Poincaré’s theory of rotation numbers that there exists a

real number x0 P R such that g2px0q “ x0 ` 1. Let now x P R be any real number.
There is a time t P R such that

`

x, f`αpc 1
2
q
pxq ´ c 1

2

˘

“ Φt
Hc 1

2

`

x0, f
`

αpc 1
2
q
px0q ´ c 1

2

˘

. It

follows that

Φ2
Hc 1

2

`

x, f`αpc 1
2
q
pxq ´ c 1

2

˘

“ Φ2 ˝ Φt
Hc 1

2

`

x0, f
`

αpc 1
2
q
px0q ´ c 1

2

˘

“ Φt ˝ Φ2
Hc 1

2

`

x0, f
`

αpc 1
2
q
px0q ´ c 1

2

˘

“ Φt ˝ Φ2
Hc 1

2

`

x0 ` 1, f`αpc 1
2
q
px0q ´ c 1

2

˘

“
`

x` 1, f`αpc 1
2
q
pxq ´ c 1

2

˘

.

Thus it has been proven that A Ă B and that the right hand side is a partial
graph while the left hand side is a full graph. Hence both terms are equal.

Let us define the map h : T1 Ñ R by

@x P T1, ϕ1
Hc 1

2

`

x, f`αpc 1
2
q
pxq ´ c 1

2

˘

“
`

hpxq, f`αpc 1
2
q
˝ hpxq ´ c 1

2

˘

.

The function h has g : R Ñ R as a lift. It follows from the previous result and

Theorem 3.1.3 that for all x P T1, the measure µx “
1
2

´

δ`x, hpxq
˘ ` δ`hpxq, x

˘

¯

is a

discrete Mather measure.

Lemma 4.5.4. Assume that u
c 1
2

1 “ U
c 1
2

0 , then for all x P T1, u
c 1
2

1 pxq “ ´u
c 1
2

1 ˝ gpxq.

Proof. From the definitions of u
c 1
2

1 and U
c 1
2

0 , and from the previous discussions result
that

@x P T1,

ż

T1

u
c 1
2

1 psqdπ1˚µxpsq “
1

2

´

u
c 1
2

1 pxq ` u
c 1
2

1 ˝ gpxq
¯

ď 0. (4.8)
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Moreover, using Proposition 3.6.12 and the fact that there is a single classical Mather
measure, we obtain that

ż

T1

u
c 1
2

1 pxqdπ˚µ
˚
c 1
2

pxq “ 0.

Recalling the definition of µ˚c 1
2

we find:

0 “

ż

T1

u
c 1
2

1 pxqdπ˚µ
˚
c 1
2

pxq “

ż 2

0
u
c 1
2

1

´

π ˝ ϕsHc 1
2

`

0, f`αpc 1
2
q
p0q ´ c 1

2

˘

¯

ds

“

ż 1

0

”

u
c 1
2

1

´

π ˝ ϕsHc 1
2

`

0, f`αpc 1
2
q
p0q ´ c 1

2

˘

¯

` u
c 1
2

1

´

π ˝ ϕs`1
Hc 1

2

`

0, f`αpc 1
2
q
p0q ´ c 1

2

˘

¯ı

ds

“

ż 1

0
2

ż

T1

u
c 1
2

1 pxqdπ1˚µπ˝ϕsHc 1
2

`

0, f`
αpc 1

2
q
p0q ´ c 1

2

˘pxqds ď 0.

It follows that all inequalities in (4.8) are equalities, hence the result.

It is deduced that under the hypotheses of the previous Lemma, u
c 1
2

1 pxq and

u
c 1
2

1 ˝ gpxq must have opposite signs for all x. An example in which it is not the case
is provided in [14, Appendix A.2.]. We give below a different simple situation where
this cannot happen:

Proposition 4.5.5. Let V : T1 Ñ R be a non–constant 1
2–periodic function. Then

for the associated Hamiltonian Hc 1
2

, it holds u
c 1
2

1 ‰ U
c 1
2

0 .

Proof. Indeed, in this case, both functions u
c 1
2

1 and U
c 1
2

0 are also 1
2–periodic (this

follows from the uniqueness of the solutions to the discounted equations that hence
must be 1

2–periodic). Consequently if they coincide, the previous lemma tells us
that they must be identically 0. This is clearly not the case.

4.6 Concluding example

Due to the simple structure of the Aubry set and of the set of minimizing measures
in all previous examples, one can check that uc1 and vc1 form a conjugate pair “up to
a constant”. More precisely, the modified pair

`

uc1´u
c
1p0q, v

c
1´v

c
1p0q

˘

is a conjugate
pair in all the previous examples. One may wonder if this is always the case.

As a matter of fact, the answer is again negative. We propose here a slightly (but
not too much) sophisticated example shedding light on this fact. The computations
are not carried on fully and left to the reader. We hope the previous examples give
enough insight to make what follows quite straightforward.

Once again we consider that H0 : px, pq ÞÑ 1
2p

2`V pxq is a Hamiltonian such that
V : T1 Ñ R is smooth, non–positive, and verifies V ´1t0u “ t0, X1, X2u for some
0 ă X1 ă X2 ă 1 P T1. Assume again that

şX1

0 f`pxqdx

X1
loooooomoooooon

“α

ă

şX2

X1
f`pxqdx

X2 ´X1
loooooomoooooon

“β

ă

ş1
X2
f`pxqdx

1´X2
loooooomoooooon

“γ

.
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If c P R we again denote by Hc : px, pq ÞÑ 1
2pp ` cq2 ` V pxq and respectively by uc1

and vc1 the negative and positive weak KAM solutions selected by the discounted
procedure for the time–1 minimal action functional associated to Hc. Reasoning as
in the previous sections, one checks that for α ă c ă minpβ, c0q, the function uc1
verifies uc1p0q “ uc1pX2q “ 0 and uc1pX1q ă 0 while the function vc1 verifies vc1pX1q “

vc1pX2q “ 0 and vc1p0q ą 0. Hence uc1 and vc1 are not conjugated “up to a constant”.
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Chapter 5

Twist maps

The results of discrete weak KAM theory will now be applied to the particular and
founding case of Exact Conservative Twist Maps of the annulus. Excellent surveys
on the subject are [12, 21, 148] and we refer to those references for classical results
that we leave without proof. The aim of this section is to present some of the results
of [14, 15, 16] obtained in collaboration with Marie–Claude Arnaud, shedding light
on the structure of weak KAM solutions and minimizing orbits for exact conservative
twist maps. Before giving the precise definition of an exact conservative twist map,
let us emphasize that the examples of the previous section are closely related to such
transformations. Indeed, for a Tonelli Hamiltonian on T ˚T1, the Hamiltonian flow
ϕsH is an exact conservative twist map for small times s ą 0. Hence the time 1 map
ϕ1
H is a composition of a finite number of conservative twist maps.

5.1 Definitions and variational structure

In the rest of this section T1 “ R{Z is the circle, the 2–dimensional annulus is
denoted by A “ T ˚T1 “ T1 ˆ R. The points of that annulus are denoted by
pθ, rq P A. Throughout this section we will often consider objects coming from A
lifted to R2, its universal cover, or from T1, lifted to R. When done so, a „ will
be added to the original name. For example if g : T1 Ñ R is any function then
g̃ : RÑ R is the lift of g.

When dealing with products, T1 ˆ T1, T1 ˆ R, or R ˆ R, the notations π1 and
π2 stand for the projections on the first and second variable.

5.1.1 Definition and Birkhoff’s theorem

Definition 5.1.1. An exact conservative twist map of the annulus (abbreviated
ECTM) is a C1–diffeomorphism f : AÑ A such that

1. f is isotopic to the identity map.

2. f is exact symplectic: by denoting fpθ, rq “
`

Θpθ, rq, Rpθ, rq
˘

the 1–form
RdΘ´ rdθ is exact.
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3. f twists verticals to the right: if f̃ “ prΘ, Rq : R2 Ñ R2 is a lift of f to the
universal cover of A then for all θ̃ P R, the map r ÞÑ rΘpθ̃, rq is an increasing
C1–diffeomorphism of R.

Remark 5.1.2.

1. The first property means that there is a continuous path of diffeomorphisms
of the annulus pfsqsPr0,1s such that f0 is the identity map and f1 “ f . In
other topological words, f preserves both ends of the annulus in the sense that
uniformly in θ, lim

rÑ`8
Rpθ, rq “ `8 and lim

rÑ´8
Rpθ, rq “ ´8.

2. The second point means that there is a function S : AÑ R, called generating
function, such that

dS “ RdΘ´ rdθ “ R
`BΘ

Bθ
dθ `

BΘ

Br
dr
˘

´ rdθ. (5.1)

The generating function is defined up to a constant.

Another way of formulating this is to say that if we denote by λ “ rdθ (the
1–form called Liouville form) then f˚λ´ λ is exact:

This has two major implications.

(i) (proved by using Stokes’ furmula) if C is a C1 essential circle, meaning an
injective C1 closed curve going around the cylinder, then the algebraic
area between C and fpCq is 0. This means that points are not globally
shifted up or down by f in the annulus and that it is worth looking for
invariant compact sets.

(ii) The second is that f preserves the canonical symplectic 2–form which is
here the Lebesgue area form. Indeed, as this symplectic form is dλ “
dr ^ dθ, one finds that

0 “ ddS “ dR^ dΘ´ dr ^ dθ “ f˚pdr ^ dθq ´ dr ^ dθ.

3. The last point implies that for θ̃0 P R and rΘ0 P R there is a unique r P R such
that rΘpθ̃0, rq “ rΘ0. It means that pθ̃, rq ÞÑ

`

θ̃, rΘpθ̃, rq
˘

is a C1–diffeomorphism

that plays the role of Legendre transform and pθ̃, rΘq will serve as coordinates
of R2. The latter powerful idea is behind all the variational structure of twist
maps.

The twist condition implies that

@pθ0, r0q P A,
BΘ

Br
pθ0, r0q ą 0. (5.2)

In fact, it is sometimes replaced by the stronger uniform condition that there
exists ε ą 0 such that BΘ

Br pθ0, r0q ą ε for all pθ0, r0q P A.

One can at this stage state an important dynamical property of ECTM on in-
variant curves (see [50]):
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Theorem 5.1.3 (Birkhoff). Let C Ă A be a continuous essential circle invariant
by f , i.e. a continuous embedding of T1 that is not homotopic to a point and such
that fpCq “ C. Then there exists a Lipschitz function g : T1 Ñ R such that C “
 `

θ, gpθq
˘

, θ P T1
(

is the graph of g.

This important Theorem uses all properties of the ECTM. Indeed in [130, Propo-
sition 5.13] are examples of non conservative twist maps leaving invariant essential
circles that are not graphs. It was generalized a few decades later to higher dimen-
sional settings by Arnaud [6].

5.1.2 The generating function, properties and consequences

Until the end of this section, we choose once and for all a generating function S :
AÑ R (see Remark 5.1.2), rS : R2 Ñ R is the lift of S and let us choose f̃ “ prΘ, Rq :
R2 Ñ R2 a lift of f . By the twist condition (Definition 5.1.1 point 3), the map
L : pθ̃, rq ÞÑ

`

θ̃, rΘpθ̃, rq
˘

is a C1–diffeomorphsim of R2 (see the links with Definition

2.5.2). In the sequel, pθ̃, rΘq are systematically used as coordinates, meaning that the
function rS ˝ L´1 is considered instead of rS. For readability issues, it is still written
rSpθ̃, rΘq.

The properties of f translate into the following features of S:

Proposition 5.1.4. The function S, through rS, verifies the following:

1. The function rS is C2 and periodic:

@pθ̃, rΘq P R2, rSpθ̃ ` 1, rΘ` 1q “ rSpθ̃, rΘq.

2. For all pθ̃, rΘ, r, Rq P R4,

f̃pθ̃, rq “ prΘ, Rq ðñ

$

’

’

&

’

’

%

r “ ´
B rS

Bθ̃
pθ̃, rΘq,

R “
B rS

BrΘ
pθ̃, rΘq.

(5.3)

3. The twist condition translates as follows:

• for θ̃ P R fixed, the map rΘ ÞÑ B rS
Bθ̃
pθ̃, rΘq is a decreasing C1–diffeomorphism

of R;

• for rΘ P R fixed, the map θ̃ ÞÑ B rS

BrΘ
pθ̃, rΘq is a decreasing C1–diffeomorphism

of R.

Let us comment on the previous proposition.

Remark 5.1.5.

1. It can actually be established that given a function rS satisfying the three points
of the previous proposition the associated function f̃ is a lift of an ECTM.

2. The second point of Proposition 5.1.4 can be directly read on equation (5.1).
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3. The two items of point 3 are equivalent. The first one results from the fact

that the map Θ ÞÑ ´B
rS
Bθ̃
pθ̃, rΘq is the inverse of the map r ÞÑ rΘpθ̃, rq.

The second one is an emanation of the fact that if f is an ECTM that twists
verticals to the right then f´1 is an ECTM that twists verticals to the left. A
direct consequence of any of these two facts is that

@pθ̃0, rΘ0q P R2,
B2

rS

Bθ̃BrΘ
pθ̃0, rΘ0q ă 0. (5.4)

Another important aftermath is that rS is superlinear, meaning that

lim
|θ̃´rΘ|Ñ`8

rSpθ̃, rΘq

|θ̃ ´ rΘ|
“ `8. (5.5)

It is proven in [140] (see also [141, 21]) that finite compositions of ECTM also
possess a similar generating function. Hence all variational results relying solely on
the generating function and its minimizers also apply to such finite compositions of
ECTM.

Let us now define the notion of minimizing chains and sequences.

Definition 5.1.6. 1. Let a ă b be two integers such that b´a ą 1 and pθ̃iqaďiďb P
Rb´a`1. The chain pθ̃iqaďiďb is termed minimizing if

b´1
ÿ

i“a

rSpθ̃i, θ̃i`1q “ min
txiPR, aďiďbu
xa“θ̃a,xb“θ̃b

b´1
ÿ

i“a

rSpxi, xi`1q.

2. An infinite sequence pθ̃iq´8ăiďb or pθ̃iqaďiă`8 or pθ̃iqiPZ is minimizing if all its
finite subchains are minimizing.

Note that if pθ̃iqaďiďb P Rb´a`1 is minimizing between θ̃a and θ̃b and if a ď a1 ă
b1 ´ 1 ă b1 ď b then the subchain pθ̃iqa1ďiďb1 P Rb1´a1`1 is minimizing between θ̃a1

and θ̃b1 which justifies the second definition.
The first order necessary condition for a chain to be minimizing translates as

follows: let pθ̃iqiPI be a minimizing chain or sequence and i0 P I not be an extremity
of I, then

B rS

BrΘ
pθ̃i0´1, θ̃i0q `

B rS

Bθ̃
pθ̃i0 , θ̃i0`1q “ 0. (5.6)

This, together with equation (5.3), yields the following proposition:

Proposition 5.1.7. Let pθ̃iqiPI be a minimizing chain or sequence and for all i P I,
let

ri “ ´
B rS

Bθ̃
pθ̃i, θ̃i`1q “

B rS

BrΘ
pθ̃i´1, θ̃iq,

(where only the well defined term is taken if i is an extremity of I). Then pθ̃i, riqiPI
is a piece of orbit of f̃ in the sense that for all i P I such that i ` 1 P I, then
f̃pθ̃i, riq “ pθ̃i`1, ri`1q.

In particular, a minimizing chain is uniquely determined by two consecutive
terms pθ̃i, θ̃i`1q.
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Let us then introduce the notion of crossing and its consequences:

Definition 5.1.8. Two chains pθ̃iqiPI and pθ̃1iqiPI are said to cross

• at some index i0 P I if θ̃i0 “ θ̃1i0 ;

• between two indices i0 P I and i0 ` 1 P I if pθ̃i0 ´ θ̃
1
i0
qpθ̃i0`1 ´ θ̃

1
i0`1q ă 0.

Remark 5.1.9. If pθ̃iqiPI and pθ̃1iqiPI are distinct minimizing chains that cross at
some index i0 P I that is an interior index, then the twist condition implies that

pθ̃i0´1 ´ θ̃
1
i0´1qpθ̃i0`1 ´ θ̃

1
i0`1q ă 0. (5.7)

Indeed, let ri0 “ ´
B rS
Bθ̃
pθ̃i0 , θ̃i0`1q and r1i0 “ ´

B rS
Bθ̃
pθ̃1i0 , θ̃

1
i0`1q. Necessarily ri0 ‰ r1i0 be-

cause otherwise pθ̃iqiPI and pθ̃1iqiPI are the projections of the same orbit of f̃ (Propo-
sition 5.1.7). Assume then for example that ri0 ą r1i0 . We deduce from the twist

condition that θ̃i0`1 ą θ̃1i0`1 and that θ̃i0´1 ă θ̃1i0´1.
Inequality (5.7) is often taken as the definition of crossing at i0.

One can then state Aubry & Le Daeron’s Fundamental Lemma:

Lemma 5.1.10. Let pθ̃, θ̃1, rΘ, rΘ1q P R4 such that pθ̃ ´ θ̃1qprΘ´ rΘ1q ă 0. Then

rSpθ̃, rΘq ` rSpθ̃1, rΘ1q ą rSpθ̃, rΘ1q ` rSpθ̃1, rΘq.

Proof. It follows from the chain of equalities (in which we use the notations rΘt “

trΘ1 ` p1´ tqrΘ and θ̃t “ tθ̃1 ` p1´ tqθ̃),

rSpθ̃, rΘ1q ´ rSpθ̃, rΘq ` rSpθ̃1, rΘq ´ rSpθ̃1, rΘ1q

“

ż 1

0

”

B rS

BrΘ
pθ̃, rΘtq ´

B rS

BrΘ
pθ̃1, rΘtq

ı

dt ¨ prΘ1 ´ rΘq

“

ż 1

0

ż 1

0

B2
rS

Bθ̃BrΘ
pθ̃s, rΘtqdsdt ¨ pθ̃ ´ θ̃

1qprΘ1 ´ rΘq ă 0.

The last inequality is a consequence of the crossing hypothesis and of (5.4).

We may now state Aubry’s Non–crossing Lemma:

Proposition 5.1.11. Let pθ̃iqiPI and pθ̃1iqiPI be two distinct minimizing chains. Then
one of the following holds

• pθ̃iqiPI and pθ̃1iqiPI don’t cross,

• pθ̃iqiPI and pθ̃1iqiPI cross exactly once,

• I “ ra, bs is a finite interval and pθ̃iqiPI and pθ̃1iqiPI cross exactly twice, at a
and b.

In the last case, both pθ̃iqiPI and pθ̃1iqiPI are maximal in the sense that neither one is
a strict subchain of a minimizing chain.
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Proof. To prove this proposition, let us assume that pθ̃iqiPI and pθ̃1iqiPI cross (at least)
twice and that one of those crossing is not an extremity of I. There are several cases
to deal with, we only cover two of them and let the other ones as an exercise as the
ideas are the same.

First case: there are α ă β such that pθ̃iqiPI and pθ̃1iqiPI cross between α and
α`1 and between β and β`1. Then define two chains pθ̂iqiPrα,β`1s and pθ̂1iqiPrα,β`1s

as follows:

θ̂i “

#

θ̃1i if i P rα` 1, βs

θ̃i if i P tα, β ` 1u;

θ̂1i “

#

θ̃i if i P rα` 1, βs

θ̃1i if i P tα, β ` 1u.

Note that pθ̃iqiPrα,β`1s and pθ̂iqiPrα,β`1s have same endpoints and so do pθ̃1iqiPrα,β`1s

and pθ̂1iqiPrα,β`1s hence

β
ÿ

i“α

rSpθ̃i, θ̃i`1q ď

β
ÿ

i“α

rSpθ̂i, θ̂i`1q; and

β
ÿ

i“α

rSpθ̃1i, θ̃
1
i`1q ď

β
ÿ

i“α

rSpθ̂1i, θ̂
1
i`1q.

Moreover

β
ÿ

i“α

rSpθ̃i, θ̃i`1q `

β
ÿ

i“α

rSpθ̃1i, θ̃
1
i`1q ´

β
ÿ

i“α

rSpθ̂i, θ̂i`1q ´

β
ÿ

i“α

rSpθ̂1i, θ̂
1
i`1q

“ rSpθ̃α, θ̃α`1q ` rSpθ̃β, θ̃β`1q ` rSpθ̃1α, θ̃
1
α`1q `

rSpθ̃1β, θ̃
1
β`1q

´ rSpθ̃α, θ̃
1
α`1q ´

rSpθ̃β, θ̃
1
β`1q ´

rSpθ̃1α, θ̃α`1q ´ rSpθ̃1β, θ̃β`1q ą 0; (5.8)

where the last inequality is obtained by two applications of Aubry’s Fundamental
Lemma 5.1.10. This contradicts either the fact that pθ̃iqiPrα,β`1s is minimizing or

that pθ̃1iqiPrα,β`1s is minimizing.

Second case: there are α ă β such that pθ̃iqiPI and pθ̃1iqiPI cross at α and at β
and such that α´ 1 P I.

Then define two chains pθ̂iqiPrα´1,βs and pθ̂1iqiPrα´1,βs as follows:

θ̂i “

#

θ̃1i if i P rα, βs

θ̃i if i P tα´ 1, αu;

θ̂1i “

#

θ̃i if i P rα, βs

θ̃1i if i P tα´ 1, αu.

We purposely insist on the fact that θ̂α “ θ̂1α “ θ̃α “ θ̃1α. Note that pθ̃iqiPrα´1,βs and

pθ̂iqiPrα´1,βs have same endpoints and so do pθ̃1iqiPrα´1,βs and pθ̂1iqiPrα´1,βs. Hence

β´1
ÿ

i“α´1

rSpθ̃i, θ̃i`1q ď

β´1
ÿ

i“α´1

rSpθ̂i, θ̂i`1q; and

β´1
ÿ

i“α´1

rSpθ̃1i, θ̃
1
i`1q ď

β´1
ÿ

i“α´1

rSpθ̂1i, θ̂
1
i`1q.
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Moreover the definitions of pθ̂iqiPrα´1,βs and pθ̂1iqiPrα´1,βs yield

β
ÿ

i“α

rSpθ̃i, θ̃i`1q `

β
ÿ

i“α

rSpθ̃1i, θ̃
1
i`1q ´

β
ÿ

i“α

rSpθ̂i, θ̂i`1q ´

β
ÿ

i“α

rSpθ̂1i, θ̂
1
i`1q “ 0.

It follows that both inequalities above are equalities and that pθ̃iqiPrα´1,βs and

pθ̂iqiPrα´1,βs are both minimizing. As they coincide for both indices α´1 and α, they

are equal (see Proposition 5.1.7). The same argument shows that pθ̃1iqiPrα´1,βs and

pθ̂1iqiPrα´1,βs are equal, and finally we have proved that pθ̃iqiPrα´1,βs and pθ̃1iqiPrα´1,βs

are equal. This in turn implies that pθ̃iqiPI “ pθ̃
1
iqiPI which is a contradiction.

The last assertion of the Proposition remains to be proven. The previous argu-
ment could be adapted here. Let us though propose another one. Assume by con-
tradiction that pθ̃iqiPra,bs and pθ̃1iqiPra´1,bs are minimizing and verify θ̃a “ θ̃1a, θ̃b “ θ̃1b
(the other cases are treated the same way). Then by the minimization hypothesis it
is inferred that

b´1
ÿ

i“a

rSpθ̃i, θ̃i`1q “

b´1
ÿ

i“a

rSpθ̃1i, θ̃
1
i`1q.

Moreover, note that the chain pθ̃1a´1, θ̃a, θ̃a`1q is not minimizing, otherwise there

would be equality θ̃a`1 “ θ̃1a`1 contradicting the beginning of the Proposition. It

follows there exists θ̂ P R such that

rSpθ̃1a´1, θ̂q `
rSpθ̂, θ̃a`1q ă rSpθ̃1a´1, θ̃aq `

rSpθ̃a, θ̃a`1q.

The chain pθ̂iqiPra´1,bs is then defined as follows:

θ̂i “

$

’

&

’

%

θ̃1a´1 if i “ a´ 1

θ̂ if i “ a

θ̃i if i P ra` 1, bs;

inducing that

b´1
ÿ

i“a´1

rSpθ̂i, θ̂i`1q “ rSpθ̃1a´1, θ̂q `
rSpθ̂, θ̃a`1q `

b´1
ÿ

i“a`1

rSpθ̃i, θ̃i`1q

ă rSpθ̃1a´1, θ̃aq `
rSpθ̃a, θ̃a`1q `

b´1
ÿ

i“a`1

rSpθ̃i, θ̃i`1q “

b´1
ÿ

i“a´1

rSpθ̃1i, θ̃
1
i`1q.

This contradicts the fact that pθ̃1iqiPra´1,bs is minimizing.

The previous non–crossing Proposition can be enforced.

Definition 5.1.12. When I is suitably infinite, one says that two chains pθ̃iqiPI and
pθ̃1iqiPI are respectively

• α–asymptotic if lim
iÑ´8

|θ̃i´ θ̃
1
i| “ 0; we then say pθ̃iqiPI and pθ̃1iqiPI cross at ´8;
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• ω–asymptotic if lim
iÑ`8

|θ̃i´ θ̃
1
i| “ 0; we then say pθ̃iqiPI and pθ̃1iqiPI cross at `8.

Using this terminology, we state without proof (see for instance [21, Lemma 3.9])
the following strengthening of Proposition 5.1.11:

Proposition 5.1.13. Let pθ̃iqiPI and pθ̃1iqiPI be two distinct minimizing chains. As-
sume furthermore that the sequence |θ̃i`1 ´ θ̃i| is bounded. Then pθ̃iqiPI and pθ̃1iqiPI
cross at most once, except possibly at both ends of I.

In the latter case, both chains are maximal minimizing chains.

Remark 5.1.14. A consequence of our forthcoming analysis will be that the hy-
pothesis concerning the boundedness of |θ̃i`1 ´ θ̃i| is in fact automatically verified.

This section ends with a fundamental property of minimizing sequences. It is
by no means a direct consequence of the previous stated facts. The proof is quite
tricky and we refer the interested reader to [21, Theorem 3.15] for details.

Theorem 5.1.15 (Aubry–Mather). Let pθ̃iqiPZ be a minimizing sequence. Then the
following hold:

1. For all pa, bq P Z2, pθ̃iqiPZ and pθ̃i´a ` bqiPZ do not cross.

2. There exists a homeomorphism g̃ : RÑ R verifying g̃px` 1q “ g̃pxq` 1 for all
x P R and such that1

@i P Z, g̃pθ̃iq “ θ̃i`1.

3. It follows then from Poincaré theory that there exists a real number ρ P R
called rotation number such that

@i P Z, |θ̃i ´ θ̃0 ´ iρ| ă 1.

In particular, lim
|i|Ñ`8

θ̃i
i
“ ρ.

5.2 Examples and Moser’s Theorem

5.2.1 Notions of integrability

Our first family of examples are called integrable ECTMs. They are of the following
form:

Example 5.2.1. Let ρ : R Ñ R be an increasing diffeomorphism. Then the map
fρ : pθ, rq ÞÑ pθ ` ρprq, rq is an ECTM.

Such maps have a particularly simple dynamics. Indeed, for all r P R if we denote
by Cr “ tpθ, rq, θ P T1u the canonical circle of height r, then Cr is invariant by fρ
and the dynamics of fρ restricted to Cr is a rotation of angle ρprq (mod 1). One
checks that fρ is the time 1 map of the Tonelli Hamiltonian flow of Hρ : pθ, rq ÞÑ %prq
where % is a primitive of ρ.

By extension, let us introduce several classes of ECTM exhibiting similar dy-
namical features.

1g is the lift of an orientation preserving circle homeomorphism.
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Definition 5.2.2. Let f : A Ñ A be an ECTM. We say f is integrable if there
exists a C1 area preserving diffeomorphism Φ : A Ñ A and ρ : R Ñ R such that
f “ Φ´1 ˝ f̃ρ ˝ Φ.

Remark 5.2.3. In the case of an integrable ECTM, the function ρ will automatically
be an increasing diffeomorphism. However, note that the previous definition can be
extended trivially to any area preserving transformation of the annulus.

In the previous definition, the transformation f is the time 1 map of the Hamil-
tonian flow2 of Hρ ˝ Φ.

The following notions are obtained by considering twist maps for which the annu-
lus A is foliated by invariant circles. Bare in mind that by Birkhoff’s Theorem 5.1.3,
such circles are automatically Lipschitz graphs. The integrable case corresponds to
a classical foliation. The next notions are obtained by weakening the regularity of
the invariant foliation. We therefore start by defining what are those non–regular
foliations.

Definition 5.2.4. A continuous foliation F “ tFc, c P Ru, (otherwise called lam-
ination) of A by graphs is defined through a continuous function η : pθ, cq ÞÑ ηcpθq
from A to R such that

• for all θ P R, the map c ÞÑ ηcpθq is a (increasing) homeomorphism of R,

• for all c P R,
ş

T1 ηcpθqdθ “ c.

For c P R the circle Fc “
 `

θ, ηcpθq
˘

, θ P T1
(

is the leaf of the continuous foliation
at cohomology c. It then follows that A is the disjoint union of the leaves of the
foliation.

Reciprocally, any such function η : pθ, cq ÞÑ ηcpθq from A to R defines a continu-
ous foliation of A by graphs.

Remark 5.2.5. The second point in the definition of η is a normalization condition.
It could be dropped to give an equivalent notion. However, it is so convenient we
prefer to include it directly in the definition.

For an intermediate regularity, arises naturally the notion of Lipschitz foliation:

Definition 5.2.6. A Lipschitz foliation F “ tFc, c P Ru of A by graphs is the data
of a continuous foliation with associated function η : pθ, cq ÞÑ ηcpθq from A to R such
that

DK ą 0,@pc1, c2q P R2,@θ P T1,
1

K
|c1 ´ c2| ď |ηc1pθq ´ ηc2pθq| ď K|c1 ´ c2|.

It is now at grasp to define weaker notions of integrability for twist maps:

Definition 5.2.7.

• An ECTM f of the annulus is C0–integrable if there exists a continuous foli-
ation, F “ tFc, c P Ru, of A by graphs, such that for all c P R, fpFcq “ Fc.

2This is a general fact and proves that the group of Hamiltonian diffeomorphisms is a normal
subgroup of the group of symplectomorphisms (see [19, Exercise 7 page 471]).
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• An ECTM f of the annulus is Lipschitz integrable if there exists a Lipschitz
foliation, F “ tFc, c P Ru, of A by graphs, such that for all c P R, fpFcq “ Fc.

Those various notions of integrability each have dynamical consequences on the
underlying ECTM. Such results are presented without proof in the last Section 5.7.
Research on those notions is quite frustrating though, starting from the fact that
it is still conjectural whether those three notions of integrability are different. For
instance, there are no known examples of ECTM that are C0–integrable but not
integrable (meaning that all the leaves are smooth).

On the bright side, it is proved in [14, 15] that continuous foliations by graphs
that are invariant by an ECTM must satisfy some particular properties. This is
used to exhibit foliations that cannot be invariant by an ECTM.

Theorem 5.2.8. Let F “ tFc, c P Ru be the foliation associated to the function
ηcpθq “ c ` εpcq cosp2πθq, where ε : R Ñ R is a non C1, Lipschitz, function with
Lipschitz constant less than p2πq´1. Then F is not invariant by any ECTM.

Though the full proof of this Theorem goes beyond the scope of the present text,
some explanations will be provided at the very end, in Section 5.7.

5.2.2 The standard family

According to Remark 5.1.5 it is very easy to construct twist maps with no particular
property. However, let us mention a historically very important family of examples.

Example 5.2.9. For all ε P R let us define the map Fε : AÑ A by

@pθ, rq P A, Fεpθ, rq “
´

θ ` r ´
ε

2π
sinp2πθq, r ´

ε

2π
sinp2πθq

¯

.

This family serves as a test for the state–of–the–art research on twist maps. On
certain aspects, the picture is not glorious. For instance, a conjecture of Sinai is that
Fε has positive metric entropy for all ε ‰ 0 (with respect to the Lebesgue measure)
even though nobody knows how to prove it even for a single parameter. More on
such questions is discussed in works of Berger and Berger, Turaev [31, 30]. A picture
of the dynamics for some arbitrary value of ε is presented in the introduction of [108]
and clearly shows that such a dynamics is very rich. On the one hand, for ε “ 0
the map F0 is the most basic example among integrable ECTMs. For ε small, KAM
theory applies and many invariant circles with diophantine rotation numbers persist
(see [111, 112] and references therein). On the other hand, a theorem of Mather
[139] states that for ε ą 4

3 , Fε has no invariant essential circle.
What happens to the circles when they disappear is a challenging question:

what is their regularity, the dynamics on them at the last parameter... After they
disappear Aubry–Mather theory provides an answer as to what they become.

5.2.3 General twist maps and a Theorem of Moser

Amongst other examples and open questions, the nature of possible invariant circles
of twist maps is still not well understood. In the recent [20], the authors construct
a C1 ECTM having an invariant circle that is not everywhere differentiable with a
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minimal (irrational) restricted dynamics on it3. This answers partially a question of
Arnaud [7] asking whether such C2 maps exist.

Concerning invariant essential circles on which the dynamics is irrational and not
minimal (that of a Denjoy counterexample) examples have been constructed in [111]
where a C1 invariant circle is constructed, and in [11] where a non–differentiable
invariant curve is constructed (thus answering a question of Mather). By Denjoy’s
Theorem, such an invariant circle cannot be C2.

Last, concerning the inverse problem, in [5] are provided examples of essential
circles that are graphs of Lipschitz maps but cannot be invariant by any ECTM.

Before turning back to weak KAM theory, let us mention an important Theorem
of Moser [153] stating that any regular ECTM can be represented by a Hamil-
tonian function. The drawback is that the latter is not autonomous (i.e. it is
time–dependent).

Theorem 5.2.10 (Moser). Let f : A Ñ A be an ECTM. There exists a C2 time–
dependent Hamiltonian H : Rˆ AÑ R such that

• for all t P R, Hpt, ¨, ¨q : AÑ R is a Tonelli Hamiltonian;

• for all pt, θ, rq P Rˆ A, then Hpt` 1, θ, rq “ Hpt, θ, rq;

• the ECTM f is the time 1 map ϕ1
0 of the Hamiltonian flow of H generated by

the equations
#

9θptq “ BrH
`

t, θptq, rptq
˘

,

9rptq “ ´BθH
`

t, θptq, rptq
˘

.
(5.9)

Note that in Moser’s original article, only the case of a C8 ECTM is treated.
However, it is stated in the paper that the proof adapts to less regular functions.
Moreover, it can be checked that Moser’s construction allows to interpolate between
Identity and f by twist maps using the family pϕt0qtPr0,1s. The generating functions

prStqtPp0,1s of those twist maps are given by the relations

ϕ̃t0pθ̃, rq “ p
rΘ, Rq ðñ rStpθ̃, rΘq “

ż t

0

rL
`

s, γ
pθ̃,rqpsq, 9γ

pθ̃,rqpsq
˘

,

where the Lagrangian function L : Rˆ AÑ R is defined as previously by

@pt, θ, vq P Rˆ A, Lpt, θ, vq “ sup
rPR

rv ´Hpt, θ, rq,

and the curve γ
pθ̃,rq is defined by

@s P R, γ
pθ̃,rqpsq “ π1 ˝ ϕ̃

s
0pθ̃, rq.

Here, the generating function is given by the Lagrangian (minimal) action.

3Recall that a homeomorphism of the circle having an irrational rotation number is either min-
imal (all orbits are dense) or not. In the first case, it is conjugated to the irrational rotation.
In the second case, it is only semi–conjugated to the irrational rotation as there are wandering
intervals. We then speak of a Denjoy counterexample. A Theorem of Denjoy states that Denjoy
counterexamples cannot be of class C2.

115



5.3 Weak KAM for twist maps

We now turn to the study of the Lax–Oleinik semigroup and weak KAM solutions for
an ECTM, f : AÑ R. As was already apparent in the previous Chapter dedicated
to examples, there is actually a one parameter family of semigroups, indexed by the
cohomology. The underlying metric space here is X “ T1 that is obviously compact.
We will precisely build a 1–parameter family of cost functions using that the first
cohomology group H1pT1,Rq is isomorphic to R. This appears in the early works
of Mather on twist maps that later led him to define the α function in a higher
dimensional Lagrangian setting ([143]). The latter idea was also adapted in [173] on
more general metric spaces.

As previously, S is a generating function of f , rS : R2 Ñ R is the lift of S and
we choose f̃ “ prΘ, Rq : R2 Ñ R2 a lift of f . The canonical projection is denoted by
π : RÑ T1.

Definition 5.3.1. Let c P R that we will refer to as a cohomology class. The cost
function Sc : T1 ˆ T1 Ñ R is defined by

@pθ,Θq P T1 ˆ T1, Scpθ,Θq “ inf
πpθ̃q“θ

πprΘq“Θ

rSpθ̃, rΘq ` cpθ̃ ´ rΘq.

Remark 5.3.2.

• In the previous definition, using the translation invariance of rS, it is also
possible to fix a θ̃ P r´1, 1s such that πpθ̃q “ θ and take the infimum solely on
rΘ.

• As rS is superlinear (5.5) it is easily seen that the previous infimum is actually
a minimum. Moreover, if as asserted, we restrict to θ̃ P r´1, 1s then there
exists K ą 0 (depending on c) such that the minimum on rΘ can be restricted
to rΘ P r´K,Ks.

• Given θ P T1 and θ̃ P R such that πpθ̃q “ θ, the derivative B2S
cpθ,Θq exists

if and only if there exists a unique rΘ0 realizing the minimum Scpθ,Θq “
rSpθ̃, rΘ0q ` cpθ̃ ´ rΘ0q. In such case, B2S

cpθ,Θq “ B2Spθ̃, rΘ0q ´ c.

• Similarly, given Θ P T1 and rΘ P R such that πprΘq “ Θ, the derivative
B1S

cpθ,Θq exists if and only if there exists a unique θ̃0 realizing the minimum
Scpθ,Θq “ rSpθ̃0, rΘq ` cpθ̃0 ´ rΘq. In such case, B1S

cpθ,Θq “ B1
rSpθ̃0, rΘq ` c.

• The previous points and the fact that f is a twist map yields that Sc verifies
the left and right twist conditions as defined in Definition 2.5.2 (see also [173,
Proposition 6.4]).

• From the previous points, the same strange regularity property observed for
costs coming from Tonelli Lagrangians (see discussion following Proposition
2.6.14) is brought to light: given pθ,Θq P T1ˆT1, the following are equivalent

– B1S
cpθ,Θq exists;

– B2S
cpθ,Θq exists.
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With those facts and bearing in mind that an infimum of a compact family of
C2 functions is semiconcave, it follows that

Proposition 5.3.3. The function Sc is locally semiconcave. More precisely, any of
its lifts to R2 is semiconcave.

In particular, if Sc admits any partial derivative at points pθ,Θq then Sc is
differentiable at pθ,Θq.

From the previous points and the semiconcavity of Sc (see the proof of Proposi-
tion 2.4.11 and the following Remark 2.4.12), it follows that:

Proposition 5.3.4. If pθkqkPI is a minimizing sequence or chain (with at least 3
points) for Sc then all the derivatives BiS

cpθk, θk`1q, i P t1, 2u and pk, k`1q P Iˆ I,
exist. If k0 P I and θ̃k0 is a lift of θk0 then there exists a unique (minimizing) chain
pθ̃kqkPI such that

@k ă k1,
k1´1
ÿ

`“k

Scpθ`, θ``1q “

k1´1
ÿ

`“k

rSpθ̃`, θ̃``1q ` cpθ̃k ´ θ̃k1q.

As is now customary, setting then

r` “ ´B1
rSpθ̃`, θ̃``1q “ B2

rSpθ̃`´1, θ̃`q “ c´ B1S
cpθ`, θ``1q “ c` B2S

cpθ`´1, θ`q,

then pθk, rkqkPI is a piece of orbit of f and pθ̃k, rkqkPI is a piece of orbit of f̃ .

We will now focus our attention on the negative Lax–Oleinik semigroups associ-
ated to Sc and gather results previously proven.

Definition 5.3.5. Given c P R, we define the operator T c which, to a bounded
function u : T1 Ñ R, associates the function

T cu : Θ P T1 ÞÑ inf
θPT1

upθq ` Scpθ,Θq.

Equivalently, recalling that two infimums commute, if ũ : RÑ R is the lift of u then
the lift of T cu is given by the relation

@rΘ P R, rT cũprΘq “ inf
θ̃PR

ũpθ̃q ` rSpθ̃, rΘq ` cpθ̃ ´ rΘq.

The weak KAM Theorem then states:

Theorem 5.3.6. For all c P R there exists a unique constant αpcq for which the
equation

u “ T cu` αpcq (5.10)

admits solutions uc : T1 Ñ R. Such a solution (or its lift ũc : RÑ R) will be called
a weak KAM solution at cohomology c.

The function α : RÑ R is called Mather’s α function.

Proposition 5.3.7. Mather’s α function is convex and superlinear.
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Proof. One easily reconstructs from the definition of Sc and Proposition 1.2.7 that
if c P R, then αpcq is the least constant a P R such that there exists a 1–periodic
function ṽ : RÑ R verifying

@pθ̃, θ̃1q P Rˆ R, ṽpθ̃1q ´ ṽpθ̃q ď rSpθ̃, θ̃1q ` cpθ̃ ´ θ̃1q ` a.

If now c1 and c2 are real numbers and ũ1 and ũ2 are lifts of weak KAM solutions
at the corresponding cohomology classes, if t P p0, 1q one infers that, setting ũt “
tũ1 ` p1´ tqũ2,

@pθ̃, θ̃1q P RˆR, ũtpθ̃
1q´ũtpθ̃q ď rSpθ̃, θ̃1q`ptc1`p1´tqc2qpθ̃´θ̃

1q`tαpc1q`p1´tqαpc2q.

It follows that αptc1`p1´ tqc2q ď tαpc1q` p1´ tqαpc2q and the convexity is proved.
For superlinearity, let k ą 0 be an integer. If c P R, let uc : T1 Ñ R be a weak

KAM solution at cohomology c. If ũc is its lift, by periodicity, we infer that

0 “ ũcpkq ´ ũcp0q ď rSp0, kq ´ ck ` αpcq,

0 “ ũcp´kq ´ ũcp0q ď rSp0,´kq ` ck ` αpcq.

From those inequalities, we infer that, setting Ck “ max
`

rSp0, kq, rSp0,´kq
˘

,

@c P R, αpcq ě k|c| ´ Ck,

from which it follows that lim
|c|Ñ`8

αpcq

|c|
“ `8.

Informations obtained from Proposition 2.4.11, Proposition 5.1.7 and Remark
5.3.2 are gathered in the next Theorem (keeping in mind that a weak KAM solution
is locally semiconcave):

Theorem 5.3.8. Let c P R, uc : T1 Ñ R be a weak KAM solution at cohomology c
and ũc : RÑ R its lift.

1. For all θ0 P T1, there exists pθckqkď0 such that θ0 “ θc0 and

@k ă 0, ucpθ0q “ ucpθ
c
kq `

´1
ÿ

i“k

Scpθci , θ
c
i`1q ` |k|αpcq.

2. The previous sequence may not be unique but it is uniquely determined by
pθc´1, θ0q. Moreover, setting for k ď 0, rk “ c ` B2S

cpθck´1, θ
c
kq (that exists)

then pθck, rkqkď0 is a piece of orbit of f .

3. For all k ă 0, uc is derivable at θck and c`u1cpθ
c
kq “ rk. Moreover, r0 P B

`ucpθ0q

and uc is derivable at θ0 if and only if the sequence pθckqkď0 is unique.

4. It follows that f´1
´

Gpc` u1cq
¯

Ă Gpc ` u1cq where Gpc ` u1cq is the set of
`

θ, c`u1cpθq
˘

for θ P T1 such that u1cpθq exists.4 Moreover, if pθ0, r0q P Gpc` u1cq
and for k ď 0, pθk, rkq “ fkpθ0, r0q, then

@k ă 0, ucpθ0q “ ucpθkq `
´1
ÿ

i“k

Scpθi, θi`1q ` |k|αpcq.

4In the previous inclusion, the fact that we can take a closure on the left hand side is because a
limit of calibrating sequences for uc is still calibrating.
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5. Given a sequence pθckqkď0 as above and θ̃0 P R a lift of θ0, there exists a unique
pθ̃ckqkď0 that projects on pθckqkď0 and such that

@k ă 0, ũcpθ̃0q “ ũcpθ̃
c
kq `

´1
ÿ

i“k

rSpθ̃ci , θ̃
c
i`1q ` cpθ̃

c
k ´ θ̃

c
0q ` |k|αpcq.

6. With the previous notations for k ď 0, rk “ B2
rSpθ̃ck´1, θ̃

c
kq and pθ̃ck, rkqkď0 is a

piece of orbit of f̃ .

7. For all k ă 0, ũc is derivable at θ̃ck and c`ũ1cpθ̃
c
kq “ rk. Moreover, r0 P B

`ũcpθ̃0q

and ũc is derivable at θ̃0 if and only if the sequence pθ̃ckqkď0 is unique.

8. It follows that f̃´1
´

Gpc` ũ1cq
¯

Ă Gpc ` ũ1cq where Gpc ` ũ1cq is the set of
`

θ, c ` ũ1cpθq
˘

for θ̃ P R such that ũ1cpθ̃q exists. Finally, if pθ̃0, r0q P Gpc` ũ1cq
and for k ď 0, pθ̃k, rkq “ f̃kpθ0, r0q, then

@k ă 0, ũcpθ̃0q “ ũcpθ̃kq `
´1
ÿ

i“k

rSpθ̃i, θ̃i`1q ` cpθ̃k ´ θ̃0q ` |k|αpcq.

Remark 5.3.9. Being in dimension 1, concave functions have very strong derivabil-
ity properties that semiconcave functions inherit from. It follows that if v : T1 Ñ R
is a semiconcave function, then it admits at all θ P T1 a left derivative v1´pθq and a
right derivative v1`pθq that verify v1´pθq ě v1`pθq. Its superdifferential at θ is then
the segment B`vpθq “ rv1`pθq, v

1
´pθqs. Finally, using the previous notation, if c P R

then
Gpc` v1q “

ď

θPR
tθu ˆ tc` v1`pθq, c` v

1
´pθqu.

We introduce the notion of full pseudograph that is the graph of the superdif-
ferential of a semiconcave function and appears in various weak KAM related works
([34, 9]):

Definition 5.3.10. Let v : T1 Ñ R be a semiconcave function. Then its full
pseudograph is

PGpv1q “
ď

θPT1

tθu ˆ B`vpθq “
ď

θPT1

tθu ˆ rv1`pθq, v
1
´pθqs.

A related notation: for c P R,

PGpc` v1q “
ď

θPT1

tθu ˆ
`

c` B`vpθq
˘

“
ď

θPT1

tθu ˆ rc` v1`pθq, c` v
1
´pθqs.

We will use similar notations for semiconcave functions on R.

A beautiful theorem due to Marie-Claude Arnaud (using weak KAM methods)
yields:
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Proposition 5.3.11. Let v : T1 Ñ R be a semiconcave function. Then its full pseu-
dograph PGpv1q is a Lipschitz manifold. In the present case it is a Lipschitz essential
circle (meaning it separates the annulus in two unbounded connected components).

We are now ready to state a first result on the interplay between Lax–Oleinik
and the non–crossing lemma:

Lemma 5.3.12. Let v : T1 Ñ R be a continuous function, c P R and θ̃1 ă θ̃2 two
real numbers.

1. Assume that θ̃11 and θ̃12 verify for i P t1, 2u,

rT cṽpθ̃iq “ min
θ̃1PR

`

ṽpθ̃1q ` rSpθ̃1, θ̃iq ` cpθ̃
1 ´ θ̃iq

˘

“ ṽpθ̃1iq `
rSpθ̃1i, θ̃iq ` cpθ̃

1
i ´ θ̃iq.

Then θ̃11 ď θ̃12.

2. If moreover v is semiconcave, then θ̃11 ă θ̃12.

Proof. Let us argue by contradiction. Then by Proposition 5.1.10 the following
holds:

ṽpθ̃11q `
rSpθ̃11, θ̃1q ` cpθ̃

1
1 ´ θ̃1q ` ṽpθ̃

1
2q `

rSpθ̃12, θ̃2q ` cpθ̃
1
2 ´ θ̃2q ą

ą ṽpθ̃12q `
rSpθ̃12, θ̃1q ` cpθ̃

1
2 ´ θ̃1q ` ṽpθ̃

1
1q `

rSpθ̃11, θ̃2q ` cpθ̃
1
1 ´ θ̃2q.

We infer that at least one of the two inequalities

ṽpθ̃11q `
rSpθ̃11, θ̃1q ` cpθ̃

1
1 ´ θ̃1q ą ṽpθ̃12q `

rSpθ̃12, θ̃1q ` cpθ̃
1
2 ´ θ̃1q,

ṽpθ̃12q `
rSpθ̃12, θ̃2q ` cpθ̃

1
2 ´ θ̃2q ą ṽpθ̃11q `

rSpθ̃11, θ̃2q ` cpθ̃
1
1 ´ θ̃2q,

is valid that is a contradiction.
To prove the second item, we recall that thanks to Proposition 2.4.11, if ṽ is

semiconcave, then it is derivable both at θ̃11 and θ̃12 and π1 ˝ f̃
`

θ̃1i, c` ṽ
1pθ̃1iq

˘

“ θ̃i. As

θ̃1 ‰ θ̃2, necessarily θ̃11 ‰ θ̃12.

An interesting Corollary, reminiscent of Bernard’s Theorem 2.6.11 and that will
be needed later is:

Corollary 5.3.13. Let c P R and uc : T1 Ñ R be a weak KAM solution at cohomol-
ogy c. Then T c`uc is a C1 function (where T c` is the positive Lax–Oleinik semigroup
given by Definition 1.3.1, associated to Sc) and G

`

c`pT c`ucq
1
˘

“ f´1
`

PGpc`u1cq
˘

.

Proof. We start by proving that f´1
`

PGpc ` u1cq
˘

is the graph of a continuous
function. By Proposition 5.3.11, there exists a Lipschitz embedding γ : T1 Ñ A
such that γpT1q “ PGpc ` u1cq. Denote by γ̃ : R Ñ R ˆ R a lift of γ and set
γ̃ “ pγ̃1, γ̃2q the coordinates of γ̃. As u1c is semiconcave, up to reversing the time
parametrization of γ we may assume that γ̃1 is non–decreasing and it follows that
γ̃2 is decreasing on intervals where γ̃1 is constant. We now define for all t P R,
`

Γ1ptq,Γ2ptq
˘

“ f´1
`

γ̃1ptq, γ̃2ptq
˘

. Let us establish that Γ1 is increasing that will
imply our point.

Let t1 ă t2.
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• Assume for a start that γ̃1pt1q “ γ̃1pt2q. It follows that γ̃2pt1q ą γ̃2pt2q and by
the twist condition, we deduce that Γ1pt1q ă Γ1pt2q.

• For the remaining case, γ̃1pt1q ă γ̃1pt2q , define now T1 “ max
`

t ě t1, γ̃1pt1q “
γ̃1ptq

˘

and T2 “ min
`

t ď t2, γ̃1pt2q “ γ̃1ptq
˘

. It follows that t1 ď T1 ă T2 ď t2
and that

γ̃2pT1q “ c` u1c`
`

γ̃1pt1q
˘

, γ̃2pT2q “ c` u1c´
`

γ̃1pt2q
˘

. (5.11)

As γ̃1pt1q “ γ̃1pT1q and γ̃1pt2q “ γ̃1pT2q we obtain from the first case that
Γ1pt1q ď Γ1pT1q and Γ1pT2q ď Γ1pt2q.

Then by (5.11) and Theorem 5.3.8, we deduce that for i P t1, 2u,

rT cũc
`

γ̃1ptiq
˘

“ ũc
`

Γ1pTiq
˘

` rS
`

Γ1pTiq, γ̃1ptiq
˘

` c
`

Γ1pTiq ´ γ̃1ptiq
˘

.

By Lemma 5.3.12 we obtain that Γ1pT1q ă Γ1pT2q and finally

Γ1pt1q ď Γ1pT1q ă Γ1pT2q ď Γ1pt2q.

We now turn to the interpretation in terms of positive Lax–Oleinik semigroup.
To this end, we use the analogues for T c` of the results established for T c, without
proofs. Note that T c`uc is a semiconvex function. Let θ P T1 and Θ P T1 such
that T c`ucpθq “ ucpΘq ´ Scpθ,Θq. Then Sc is differentiable at pθ,Θq. By setting
R “ c` B2S

cpθ,Θq and r “ c´ B1S
cpθ,Θq,

• fpθ, rq “ pΘ, Rq,

• pΘ, Rq P PGpc` u1cq,

• r ´ c P B´T c`ucpθq.

As we have established that f´1
`

PGpc` u1cq
˘

is the graph of a continuous function,
there is a unique pΘ, Rq P PGpc ` u1cq such that π1 ˝ f

´1pΘ, Rq “ θ. It follows
that Θ

`

realizing equality in the definition of T c`ucpθq
˘

is unique and that T c`uc
is derivable at θ. As this holds for all θ and by semiconvexity, T c`uc is indeed C1.
Finally, as G

`

c` pT c`ucq
1
˘

Ă f´1
`

PGpc` u1cq
˘

and since both sets are graphs, they
are equal.

Definition 5.3.14. Given c P R we will denote by

• Ac Ă T1 the projected Aubry set,

• pAc Ă T1 ˆ T1 the 2-Aubry set,

• rAc Ă pT1qZ the Aubry set,

all three associated to the cost rSc.
We similarly denote by A˚c Ă A “ T1 ˆ R the set given by Proposition 2.5.1

associated to the cost rSc that is also refered to as Aubry set.
We will denote by Ac and A˚c the lifts of Ac and A˚c to respectively R and RˆR

that we will also refer to as projected Aubry set and Aubry set.
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As sequences in rAc are minimizing for Sc we may apply Proposition 5.3.4 to
obtain

Proposition 5.3.15. Let pθiqiPZ P rAc and θ̃0 P R a lift of θ0. Then there exists a
unique pθ̃iqiPZ P RZ such that

@k ă k1,
k1´1
ÿ

`“k

Scpθ`, θ``1q “

k1´1
ÿ

`“k

rSpθ̃`, θ̃``1q ` cpθ̃k ´ θ̃k1q.

More precisely, if k P Z, θ̃k “ π1 ˝ f̃
kpθ̃0, r0q where

r0 “ ´B1
rSpθ̃0, θ̃1q “ B2

rSpθ̃´1, θ̃0q “ c´ B1S
cpθ0, θ1q “ c` B2S

cpθ´1, θ0q.

Definition 5.3.16. We denote by rAc Ă RZ the set of sequences pθ̃iqiPZ P RZ given
by the previous proposition.

We denote by pAc Ă R2 the set of pairs pθ̃0, θ̃1q for pθ̃iqiPZ P rAc.

Remark 5.3.17.

• All canonical projections from respectively pAc, rAc and A˚c to Ac are bi–
Lipschitz homeomorphisms.

• All canonical projections from respectively pAc, rAc and A˚c to Ac are bi–Lipschitz
homeomorphisms.

• The sets Ac and A˚c are respectively invariant by horizontal translations θ̃ ÞÑ
θ̃ ` 1 and pθ̃, rq ÞÑ pθ̃ ` 1, rq.

• The set p0, cq ` A˚c “ tpθ, c ` rq, pθ, rq P A˚c u is invariant by f and the set
p0, cq ` A˚c “ tpθ̃, c` rq, pθ̃, rq P A

˚
c u by f̃ .

This last point is proved using that elements in the projected Aubry sets come
in minimizing sequences that calibrate weak KAM solutions. Hence it is possible to
apply Remark 5.3.2 and Theorem 5.3.8.

We derive the following consequence (that will be improved later in Corollary
5.6.4):

Corollary 5.3.18. Let c P R. There exists ρpcq P R such that for all uc : T1 Ñ R
weak KAM solution at cohomology c, if pθ̃kqkď0 P RZ´ calibrates ũc then

@k ď 0, |θ̃k ´ θ̃0 ´ kρpcq| ă 2.

Proof. Let pxkqkPZ P rAc that hence calibrates uc. Let x̃0 P R such that x̃0 ď

θ̃0 ă x̃0 ` 1. Finally let px̃kqkPZ be the only sequence that projects on pxkqkPZ and
calibrates ũc. Thanks to Theorem 5.1.15, there exists a real number number ρ that
is independent on uc such that

@i P Z, |x̃i ´ x̃0 ´ iρ| ă 1.

Moreover, by periodicity, the sequences px̃k ` 1qkPZ also calibrates ũc.
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If θ̃0 “ x̃0, then θ̃k “ x̃k for all k ď 0. Indeed recall that ũ1cpx̃0q exists and then
a calibrating sequence starting at x̃0 is unique (see Theorem 5.3.8).

In the remaining case, by applying Lemma 5.3.12 and a straightforward induc-
tion, one finds that

@k ď 0, x̃k ă θ̃k ă x̃k ` 1,

and the result follows.
As all sequences px1kqkPZ P

rAc calibrate uc, it follows that the initial ρ does not

depend on the initial choice of pxkqkPZ P rAc (by the previous argument). Finally,
as pxkqkPZ P rAc calibrates any other weak KAM solution at cohomology c, the real
number ρ does only depend on c, independently of the initially chosen weak KAM
solution.

5.4 Mather measures

Recall that pP is the set of closed measures on T1 ˆ T1 (Definition 3.1.1). Then if
c P R, Theorem 3.1.3 stipulates that

´αpcq “ min
µP pP

ż

T1ˆT1

Scpθ, θ
1q dµpθ, θ1q.

Moreover, minimizing Mather measures are those µ P pP whose support is included
in pAc. We will denote by pPc the set of such Mather measures at cohomology c. We
aim at obtaining analogous notions involving a cost that does not depend on c.

If θ P T1 and θ̃1 P R denote by θ ` θ̃1 “ πpθ̃ ` θ̃1q P T1 where θ̃ P R is any lift of
θ. Of course, θ ` θ̃1 does not depend on the choice of θ̃.

Definition 5.4.1.

• Let τ : AÑ T1 be defined by pθ, rq ÞÑ θ ` r.

• We say a Borel probability measure µ on A “ T1 ˆ R is closed if it has finite
first moment,

ş

A |r| dµpθ, rq ă `8 and if τ˚µ “ π1˚µ meaning that for any
continuous function g : T1 Ñ R,

ż

A
gpθ ` rq dµpθ, rq “

ż

A
gpθq dµpθ, rq.

The set of closed probability measures on A is denoted by P˚.

• Given a closed probability measure µ P P˚ we define its rotation number,
ρpµq “

ş

A r dµpθ, rq.

• We define S˚ : A Ñ R by S˚pθ, rq “ rSpθ̃, θ̃ ` rq where θ̃ P R is any lift of θ.
Of course, the result does not depend on the choice of θ̃ by Proposition 5.1.4.

Proposition 5.4.2. The following holds

´αpcq “ min
µ˚PP˚

ż

A

“

S˚pθ, rq ´ cr
‰

dµ˚pθ, rq. (5.12)

123



Moreover, a closed measure is minimizing if and only if it is supported on the set of
pairs pθ, δq P A such that θ P Ac and

δ “ π1 ˝ f̃
´

pπ1|A˚c
q´1pθ̃q ` p0, cq

¯

´ θ̃ “ π1 ˝ f̃pθ̃, c` rθq ´ θ̃,

where θ̃ P R is any lift of θ and rθ P R is the unique real number such that pθ̃, rθq P A
˚
c .

Proof. Let u : T1 Ñ R be a continuous subsolution for Sc that is strict outside of
pAc (Theorem 1.4.1), meaning that

@pθ, θ1q P T1 ˆ T1, upθ1q ´ upθq ď Scpθ, θ1q ` αpcq,

with strict inequality as soon as pθ, θ1q R pAc. By definition of Sc it follows that if ũ
is a lift of u,

@pθ̃, θ̃1q P Rˆ R, ũpθ̃1q ´ ũpθ̃q ď rSpθ̃, θ̃1q ` cpθ̃ ´ θ̃1q ` αpcq.

This can in turn be written as follows:

@pθ, δq P T1 ˆ R, upθ ` δq ´ upθq ď S˚pθ, δq ´ cδ ` αpcq.

Integrating the previous inequalities against a closed measure µ˚ P P˚ yields

0 “

ż

A
upθ ` δq dµ˚pθ, δq ´

ż

A
upθq dµ˚pθ, δq ď

ż

A

“

S˚pθ, δq ´ cδ ` αpcq
‰

dµ˚pθ, δq

and ´αpcq ď
ş

A
“

S˚pθ, δq ´ cδ
‰

dµ˚pθ, δq.
Moreover, equality holds if and only if µ˚ is supported on pairs pθ, δq such that

upθ ` δq ´ upθq “ S˚pθ, δq ´ cδ ` αpcq. As

upθ ` δq ´ upθq ď Scpθ, θ ` δq ` αpcq ď S˚pθ, δq ´ cδ ` αpcq,

we deduce that for such pθ, δq P supppµ˚q,

upθ ` δq ´ upθq “ Scpθ, θ ` δq ` αpcq.

In turn, we deduce that pθ, θ` δq P pAc, in particular Sc is differentiable at pθ, θ` δq.
Then

Scpθ, θ ` δq ` αpcq “ S˚pθ, δq ´ cδ ` αpcq “ rSpθ̃, θ̃ ` δq ´ cδ ` αpcq,

where θ̃ is a lift of θ. As weak KAM solutions are calibrated by points of the 2-Aubry
set and derivable on the Aubry set, Theorem 5.3.8 (see also Proposition 5.3.15) gives
that

θ̃ ` r “ π1 ˝ f̃pθ̃,´B1
rS
`

θ̃, θ̃ ` rq
˘

and
`

θ̃,´c´ B1
rSpθ̃, θ̃ ` rq

˘

“
`

θ̃,´B1S
cpθ, θ ` rq

˘

P A˚c .

With the notation of the current Proposition, this is rewritten rθ “ ´B1S
cpθ, θ` rq.

It remains to prove that such a closed measure realizing equality exists. To
that aim let us start from a minimizing Mather measure µ̂c such that ´αpcq “
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ş

T1ˆT1 S
cpθ, θ1q dµ̂cpθ, θ

1q, that is henceforth supported on pAc by Theorem 3.1.3. If

θ̃ P Ac and rΘ P Ac is the unique element such that pθ̃, rΘq P pAc, we denote Rpθ̃q “
rΘ ´ θ̃. By periodicity, it is immediate that Rpθ̃q only depends on θ “ πpθ̃q P Ac
hence we will also refer to it as Rpθq.

Recall that θ̃ ÞÑ rΘ is the biLipschitz homoeomorphism π2 ˝ pπ1|pAc
q´1 : Ac Ñ Ac,

as stated in Remark 5.3.17, hence θ ÞÑ Rpθq is Lipschitz.
We now define a Borel probability measure µ˚c on T1 ˆ R by setting, for any

continuous function G : T1 ˆ RÑ R,

ż

T1ˆR
Gpθ, rq dµ˚c pθ, rq “

ż

pAc
G
`

θ,Rpθq
˘

dµ̂cpθ, θ
1q. (5.13)

As the Rpθq are uniformly bounded, the measure µ˚c is compactly supported hence
ş

A |r| dµ˚c pθ, rq ă `8. Let us verify it is closed: let g : T1 Ñ R be a continuous
function, then

ż

T1ˆR

`

gpθ ` rq ´ gpθq
˘

dµ˚c pθ, rq

“

ż

pAc

`

g
`

θ `Rpθq
˘

´ gpθq
˘

dµ̂cpθ, θ
1q “

ż

pAc

`

gpθ1q ´ gpθq
˘

dµ̂cpθ, θ
1q

“

ż

T1ˆT1

`

gpθ1q ´ gpθq
˘

dµ̂cpθ, θ
1q “ 0,

where was used that if pθ, θ1q P pAc then θ1 “ θ ` Rpθq and that µ̂c P pP is closed.
Hence µ˚c P P˚ is a closed Borel probability measure on A.

To conclude, by definition, µ˚ is defined on pairs
`

θ,Rpθq
˘

where θ P Ac and

Rpθq “ π1 ˝ f̃
´

pπ1|A˚c
q´1pθ̃q ` p0, cq

¯

hence it verifies ´αpcq “
ş

A
“

S˚pθ, rq´cr
‰

dµ˚c pθ, rq by the first part of the proof.

Remark 5.4.3. • We will also call minimizing Mather measures (at cohomology
c) on A closed measures µ˚c verifying ´αpcq “

ş

A
“

S˚pθ, rq ´ cr
‰

dµ˚c pθ, rq.

• As seen in the previous proof, if µ̂c is a minimizing Mather measure on T1ˆT1

(hence supported on pAc) then there is a closed Mather measure µ˚c on A that
is naturally associated

`

see (5.13)
˘

.

• Reciprocally, if µ˚c is a closed Mather measure on A, then it is verified the same
way that µ̂c “

`

pπ
| pAcq

´1 ˝ π1

˘˚
µ˚c is a closed Mather measure on T1 ˆ T1.

• The two mappings µ̂c ÞÑ µ˚c and µ˚c ÞÑ µ̂c are inverses of one another.

We now relate two notions of rotation number, hence clarifying the terminology.

Proposition 5.4.4. Let c P R be a cohomology class and µ˚c be a minimizing Mather
measure on A. Then ρpµ˚c q “ ρpcq where the first rotation number is provided by
Definition 5.4.1 and the second by Corollary 5.3.18.
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Proof. By definition, ρpµ˚c q “
ş

A r dµ˚c pθ, rq. By Proposition 5.4.2 and using nota-
tions therein, ρpµ˚c q “

ş

AcˆRRpθq dµ˚c pθ, rq. As µ˚c is closed and supported on pairs

of the form
`

θ,Rpθq
˘

, we derive that

ρpµ˚c q “

ż

AcˆR
R
`

θ `Rpθq
˘

dµ˚c pθ, rq “

ż

AcˆR
R2pθq dµ˚c pθ, rq.

And by induction it follows that for all positive integer n ą 0,

ρpµ˚c q “

ż

AcˆR
Rnpθq dµ˚c pθ, rq “

ż

AcˆR

1

n

n´1
ÿ

k“0

Rkpθq dµ˚c pθ, rq, (5.14)

where Rn : Ac Ñ R verifies the induction relation Rn`1pθq “ Rn
`

θ ` Rpθq
˘

and
R1 “ R.

Let θ0 P Ac, θ̃0 a lift and pθ̃kqkPZ P rAc the associated sequence given by Definition
5.3.16 and pθkqkPZ P rAc the sequence of projections. For all k P Z it then holds that
Rpθ̃kq “ θ̃k`1 ´ θ̃k. One then readily verifies that Rnpθ0q “ Rnpθ̃0q “ θ̃n`1 ´ θ̃n

so that
n´1
ř

k“0

Rkpθ0q “ θ̃n ´ θ̃0. By Theorem 5.1.15 and Corollary 5.3.18 it is infered

that 1
n

n´1
ř

k“0

Rkpθq uniformly converges to ρpcq as nÑ `8. It is finally deduced from

(3.2.13) that ρpµ˚c q “ ρpcq as desired.

Remark 5.4.5. The idea behind the previous proof is that all the dynamics of f
restricted to the Aubry set A˚c can be translated by projecting to a dynamics on
Ac. This dynamics is then the restriction of a circle orientation preserving diffeo-
morphism (by generalizations of Theorem 5.1.15, see [21]). Then, the push forward
of any minimizing closed measures on T1 is invariant by this circle diffeomorphism.
Hence the result turns out to be an emanation of Birkhoff’s ergodic theorem with
this point of view.

Another fact that is apparent from the previous proofs is that if pθ, rq P A is
in the support of a minimizing measure µ˚c as above and if θ̃ P R is a lift of θ,
then there exists a unique minimizing sequence pθ̃kqkPZ P rAc such that θ̃0 “ θ̃ and
θ̃` r “ θ̃1. Moreover this sequence only depends on the measure µ˚c (meaning it can
be recovered without knowing c).

Now introducing Mather’s β function:

Definition 5.4.6. Mather’s β function is defined by

@ρ0 P R, βpρ0q “ ´ inf
µ˚PP˚
ρpµ˚q“ρ0

ż

A
S˚pθ, rq dµ˚pθ, rq “ sup

µ˚PP˚
ρpµ˚q“ρ0

´

ż

A
S˚pθ, rq dµ˚pθ, rq.

Note that for all ρ0 P R the set of closed measures on A with rotation number ρ0

is not empty. One may for instance consider the pull back on the circle T1ˆtρ0u of
the Lebesgue measure on the circle T1. Moreover, it is immediate that the rotation
number function ρ : P˚ Ñ R is linear. Arguing as in the first part of Proposition
5.3.7 immediately yields:
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Proposition 5.4.7. The function β takes values in RY t`8u and is convex.

Actually this can be improved by the following Theorem of Mather ([143]):

Theorem 5.4.8. The function β is finite–valued, convex and superlinear. Moreover,
α and β are convex dual one another meaning that

@ρ0 P R, βpρ0q “ max
cPR

ρ0c´ αpcq,

@c0 P R, αpc0q “ max
ρPR

ρc0 ´ βpρq.

Proof. We start from the measure characterization of α (given by (5.12) in Proposi-
tion 5.4.2) that we rewrite in separating measures according to their rotation number:

αpcq “ max
µ˚P pP˚

´

ż

A

“

S˚pθ, rq ´ cr
‰

dµ˚pθ, rq

“ max
%PR

sup
µ˚P pP˚
ρpµ˚q“%

c%´

ż

A
S˚pθ, rq dµ˚pθ, rq “ max

%PR
c%´ βp%q.

We recognize here the Fenchel dual of β: α “ β˚ (see [87, 159]). By basic properties
of the Fenchel dual, as β˚ is everywhere finite, it follows that β is superlinear.
Finally, as β is also convex, then β “ β˚˚ “ α˚ as was to be proved.

We deduce from properties of the Fenchel transform ([87, 159]), together with
Corollary 5.3.18 and Proposition 5.4.4:

Theorem 5.4.9. The following relations, given c0 and ρ0 real numbers, are equiv-
alent:

• c0 P B
´βpρ0q;

• βpρ0q ` αpc0q “ c0ρ0;

• ρ0 P B
´αpc0q;

• there exists a minimizing measure µ˚c0 P P
˚ at cohomology c0 with rotation

number ρ0,

• all minimizing measures µ˚c0 P P
˚ at cohomology c0 have rotation number ρ0,

• there exists a minimizing infinite chain, calibrating a weak KAM solution at
cohomology c0 that has rotation number ρ0,

• all minimizing infinite chains, calibrating a weak KAM solution at cohomology
c0 have rotation number ρ0.

As for all c0 P R, the subdifferential B´pc0q is a singleton, we deduce that the
function α is C1 and the function β is strictly convex. The function c ÞÑ ρpcq “ α1pcq
is continuous surjective and non–decreasing.

These last results were first published by Mather in [141] where he attributes
them to Aubry.
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5.5 Order properties of weak KAM solutions

Results in this section appeared in Arnaud–Zavidovique’s works [14, 16]. Some
similar statements also can be found in Zhang’s work [178] and related results in the
setting of the torus T2 in [66]. Interestingly, non variational versions of some among
these results date back to Katznelson and Ornstein [127].

Our first result is that weak KAM solutions and their full pseudographs (Defi-
nition 5.3.10) are vertically ordered with respect to the rotation number.

Proposition 5.5.1. Let c ă c1 be two cohomology classes such that ρpcq ă ρpc1q. Let
uc : T1 Ñ R be a weak KAM solution at cohomology c and uc1 : T1 Ñ R be a weak
KAM solution at cohomology c1. If θ P T1 and r, r1 are such that pθ, rq P PGpc` u1cq
and pθ, r1q P PGpc1 ` u1c1q, then r ă r1.

In particular, if uc and uc1 are derivable at θ then c`u1cpθq ă c1`u1c1pθq and the

function θ̃ ÞÑ pũc1 ´ ũcqpθ̃q ` pc
1 ´ cqθ̃ is increasing.

Proof. As uc and uc1 are semiconcave, it is enough to prove the following about right
and left derivatives: c1`u1c1`pθq ą c`u1c´pθq. Set r0 “ c`u1c´pθq and r10 “ c1`u1c1`pθq.

Let θ̃0 “ θ̃10 P R be a lift of θ. For integers n ă 0, we define pθ̃n, rnq “ f̃npθ̃0, r0q

and pθ̃1n, r
1
nq “ f̃npθ̃10, r

1
0q. By Theorem 5.3.8 the sequence pθ̃nqnď0 (resp. pθ̃1nqnď0)

calibrate ũc with cohomology c (resp. ũc1 with cohomology c1). Hence both sequences

are minimizing and by Corollary 5.3.18 verify lim
nÑ´8

θ̃n
n “ ρpcq and lim

nÑ´8

θ̃1n
n “ ρpc1q.

It follows, as ρpcq ‰ ρpc1q, that r0 ‰ r10.
We now argue by contradiction and assume that r10 ă r0. As f̃ twists verticals to

the right, f̃´1 twists verticals to the left implying that θ̃´1 ă θ̃1´1. As ρpc1q ą ρpcq it

follows that for large n ă 0, θ̃1n
n ą

θ̃n
n and then, for large n ă 0, θ1n ă θn. We deduce

that the sequences pθ̃nqnď0 and pθ̃1nqnď0 cross at least twice, once at 0 and then
once at some negative integer or between two consecutive ones. This contradicts
Proposition 5.1.11.

With a similar flavor, here is a result on the actions of Lax-Oleinik semigroups
(Definition 5.3.5):

Lemma 5.5.2. Let c1 ă c2 be two real numbers. Let v1, v2 : T1 Ñ R be continuous
functions.

If the function θ ÞÑ pṽ2 ´ ṽ1qpθ̃q ` pc2 ´ c1qθ̃ is non–decreasing, then so is the
function θ̃ ÞÑ p rT c2 ṽ2 ´ rT c1 ṽ1qpθ̃q ` pc2 ´ c1qθ̃.

Proof. Let θ̃ ă θ̃1 be two real numbers. By definition of the operators T ci and rT ci

there exist θ̃12 and θ̃1 such that

rT c2 ṽ2pθ̃
1q “ ṽ2pθ̃

1
2q `

rSpθ̃12, θ̃
1q ` c2pθ̃

1
2 ´ θ̃

1q,

rT c1 ṽ1pθ̃q “ ṽ1pθ̃1q ` rSpθ̃1, θ̃q ` c1pθ̃1 ´ θ̃q.

There are two cases to consider:
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• if θ̃12 ă θ̃1 we use Aubry & Le Daeron’s fundamental Lemma 5.1.10 to obtain

rT c2 ṽ2pθ̃
1q ` rT c1 ṽ1pθ̃q “ ṽ2pθ̃

1
2q `

rSpθ̃12, θ̃
1q ` c2pθ̃

1
2 ´ θ̃

1q

` ṽ1pθ̃1q ` rSpθ̃1, θ̃q ` c1pθ̃1 ´ θ̃q

ą ṽ2pθ̃
1
2q `

rSpθ̃12, θ̃q ` c2pθ̃
1
2 ´ θ̃

1q

` ṽ1pθ̃1q ` rSpθ̃1, θ̃
1q ` c1pθ̃1 ´ θ̃q

ě rT c2 ṽ2pθ̃q ` rT c1 ṽ1pθ̃
1q ` pc2 ´ c1qpθ̃ ´ θ̃

1q.

After rearranging the terms, this reads

rT c2 ṽ2pθ̃
1q ´ rT c1 ṽ1pθ̃

1q ` pc2 ´ c1qθ̃
1 ą rT c2 ṽ2pθ̃q ´ rT c1 ṽ1pθ̃q ` pc2 ´ c1qθ̃.

• if θ̃12 ě θ̃1 we use the hypothesis on θ̃ ÞÑ pṽ2 ´ ṽ1qpθ̃q ` pc2 ´ c1qθ̃ to show that
ṽ2pθ̃

1
2q ` ṽ1pθ̃1q ě ṽ2pθ̃1q ` ṽ1pθ̃

1
2q ` pc2 ´ c1qpθ̃1 ´ θ̃

1
2q and then

rT c2 ṽ2pθ̃
1q ` rT c1 ṽ1pθ̃q “ ṽ2pθ̃

1
2q `

rSpθ̃12, θ̃
1q ` c2pθ̃

1
2 ´ θ̃

1q

` ṽ1pθ̃1q ` rSpθ̃1, θ̃q ` c1pθ̃1 ´ θ̃q

ě ṽ2pθ̃1q ` rSpθ̃12, θ̃
1q ` c2pθ̃1 ´ θ̃

1q

` ṽ1pθ̃
1
2q `

rSpθ̃1, θ̃q ` c1pθ̃
1
2 ´ θ̃q

ě rT c2 ṽ2pθ̃q ` rT c1 ṽ1pθ̃
1q ` pc2 ´ c1qpθ̃ ´ θ̃

1q.

As before, this gives the result after rearranging terms.

We now state our main result of the section. The rest will be devoted to providing
elements of its proof. We chose to present the parts which best illustrate discrete
weak KAM theory and the first Chapters of this text.

Theorem 5.5.3. There exists a function u : T1 ˆ R Ñ R that is locally Lipschitz
and that verifies the following properties:

1. For all c P R, up0, cq “ 0.

2. For all c P R, the function uc “ up¨, cq : T1 Ñ R is a weak KAM solution at
cohomology c.

3. If c ă c1, the function θ̃ ÞÑ pũc1 ´ ũcqpθ̃q ` pc
1 ´ cqθ̃ is non–decreasing.

If u : T1 Ñ R is any continuous function verifying properties 1. and 2. above, then

a. The map c ÞÑ PGpc` u1cq is continuous for the Hausdorff topology.

b. The entire annulus is filled by pseudographs: A “
Ť

cPR
PGpc` u1cq.
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The whole proof of this Theorem is quite long and can be found in [14, 16]5. We
give the main steps and ideas bellow.

The first point in the Theorem, up0, cq “ 0, is a normalization condition and
is easily enforced as the set of weak KAM solutions (at any cohomology class) is
invariant by addition of constants.

Let us continue by noticing that a function verifying the first three points of the
Theorem is automatically locally Lipschitz. Indeed, weak KAM solutions are locally
uniformly in c equiLipschitz in θ (as the costs Sc are). Moreover, if c P R, then
ũcp1q “ ũcp0q “ 0. Then if θ P T1, 0 ď θ̃ ď 1 is a lift, and c ă c1,

0 “ pũc1 ´ ũcqp0q ` pc
1 ´ cq ˆ 0

ď pũc1 ´ ũcqpθ̃q ` pc
1 ´ cqθ̃

ď pũc1 ´ ũcqp1q ` pc
1 ´ cq ˆ 1 “ c1 ´ c.

The result follows from

c´ c1 ď ´θ̃pc1 ´ cq ď puc1 ´ ucqpθq ď p1´ θ̃qpc
1 ´ cq ď c1 ´ c.

Point a. follows from a more general fact, stated in the next Proposition. As we
did not find its proof in the literature we provide it. Note that it is valid in any
dimension N . In this setting, superdifferentials are linear forms on RN :

Proposition 5.5.4. Let N ą 0 be an integer, pvnqnPN a sequence of (real valued)
equi-semiconcave functions defined on TN . Assume that the sequence pvnqnPN uni-
formly converges to a function v : TN Ñ R (that is semiconcave). Then

`

PGpvnq
˘

nPN
converges to PGpvq for the Hausdorff distance.

Proof. By hypothesis there exists a constant K ą 0 such that all ṽn´K} ¨}
2 : RN Ñ

R are strictly concave (where } ¨ } denotes the Euclidean norm and ṽn the lift of vn
to RN ). It follows that ṽ ´ K} ¨ }2 : RN Ñ R is also concave and let us assume
it is strictly concave up to taking a slightly larger K. Let O Ă RN be a relatively
compact, convex, open set. We will show that, restricted to O,

`

PGpṽn|Oq
˘

nPN
converges to PGpu|Oq for the Hausdorff distance, which implies the result.

• Let X P O and let kn be an increasing sequence of integers and pxkn , pknq P Oˆ
RN such that pkn P B

`ṽknpxknq for all n P N and xkn Ñ X. Assume moreover
that pkn Ñ p as nÑ `8. We will prove that p P B`ṽpXq. By hypothesis, for
all n P N, 0 P B`wkn where wkn : x ÞÑ ṽknpxq´K}x´xkn}

2´ pknpxq is defined
on O. It follows that xkn is a (strict) maximum point of the (strictly) concave
function wkn :

@y P O, wknpyq ď wknpxknq.

As pwknqnPN uniformly converges to the function w : x ÞÑ ṽpxq ´K}x´X}2´
ppxq we can fix y P O and pass to the limit in the previous inequality to find
that wpyq ď wpXq. As this is true for all y P O, X is a maximum point of w
which proves, going back to ṽ that p P B`ṽpXq.

5In those references a result of Mather is used: the β function is derivable on RzQ. We will give
here a strategy of proof that avoids using this result that we will recover later.
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• Let now X P O and p P B`ṽpXq. We now define $ : x ÞÑ ṽpxq ´K}x´X}2 ´
ppxq that has a strict maximum at X. Let $n : x ÞÑ ṽnpxq´K}x´X}

2´ppxq
for all integer n, then $n converges to $ uniformly on O. Let ε ą 0 small
enough such that BpX, 2εq Ă O. Let η ą 0 such that if }x ´ X} “ ε then
$pxq ă $pXq ´ η. Let n0 such that for all n ą n0, }$n ´ $}8,O ă η{3. If
n ą n0 and x P O such that }x´X} “ ε it follows that

$npxq ă $pxq `
η

3
ă $pXq ´

2η

3
ă $npXq ´

η

3
.

It follows that $n admits a local (hence global) maximum in the ball BpX, εq
denoted xn and at which we infer that 0 P B`$npxnq.

Using this argument applied to a decreasing sequence εk Ñ 0 it is easy to
construct a sequence x1n that converges to X defined for n ą n1 large enough,
and such that 0 P B`$npx

1
nq for all integer n ą n1. Going back to the initial

functions, we conclude that

@n ą n1, p` 2Kpx1n ´Xq “ pn P B
`ṽnpx

1
nq.

Clearly, pn Ñ p.

The result follows from the two previous points.

We now give elements of the construction of a continuous choice of weak KAM
solutions with respect to the cohomology class:

Elements of Proof. The first fundamental step is:

Lemma 5.5.5. Let ρ0 P R, we denote by ra, bs “ rβ1´pρ0q, β
1
`pρ0qs “ ρ´1ptρ0uq (by

Theorem 5.4.9). Then there exists a unique weak KAM solution at cohomology a
(resp. b), denoted ua (resp. ub) such that uap0q “ 0 (resp. ubp0q “ 0).

Let pcnqnPN be a sequence converging to a (resp. converging to b). Let pvnqnPN be
a sequence of functions on T1 such that vn is a weak KAM solution at cohomology
cn for all n verifying vnp0q “ 0. Then the sequence pvnqnPN uniformly converges
towards ua (resp. ub).

Proof. We will prove the result for a, the rest being similar. Let us first consider an
increasing sequence pcnqnPN that converges to a. It follows from the hypothesis that
ρpcnq ă ρ0 for all n P N.

Let pvnqnPN be a sequence of functions on T1 such that vn is a weak KAM solution
at cohomology cn for all n verifying vnp0q “ 0. The functions vn are equiLipschitz
(by Proposition 1.1.3 and its proof, since the Scn are) hence by Ascoli’s Theorem,
the sequence pvnqnPN is relatively compact. As all limit points of pvnqnPN are weak
KAM solutions at cohomology a 6 that vanish at 0, it is enough to prove that there
is only one such function. To this end, let ua : T1 Ñ R be a weak KAM solution
at cohomology a such that uap0q “ 0. Let pknqnPN be an increasing sequence such
that pvknqnPN uniformly converges to a function w : T1 Ñ R that is hence a weak
KAM solution at cohomology a such that wp0q “ 0. Finally, let D Ă T1 be a full

6It can be verified with the use of Remark 5.3.2 that c ÞÑ Sc is continuous.
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measure set such that all pvnqnPN, ua, w are derivable on D and rD Ă R its lift. By
Proposition 5.5.1, for all n P N, s P D, cn ` v1npsq ă a ` u1apsq. By Proposition
5.5.4, for all s P D, w1psq “ lim

nÑ`8
v1knpsq hence a ` w1psq ď a ` u1apsq. Integrating,

it follows that

@x P r0, 1s, ũapxq “

ż

rDXr0,xs
ũ1apsq ds ě

ż

rDXr0,xs
w̃1psq ds “ w̃pxq.

For x “ 1, ũap1q “ w̃p1q “ 0. It implies that equality ũ1apsq “ w̃1psq holds for almost
every s P r0, 1s and then, integrating as above, that ũapxq “ w̃pxq for all x P r0, 1s.
We have thus proved that ua “ w and the uniqueness of ua follows.

If now pcnqnPN is any sequence converging to a and pvnqnPN is a sequence of
weak KAM solutions at cohomology cn for all n verifying vnp0q “ 0 then again, the
sequence pvnqnPN is relatively compact and as all its limit points are weak KAM
solutions at cohomology a vanishing at 0, by what has been proved, the sequence
pvnqnPN converges to ua.

Keeping the notations of the Lemma, a straightforward corollary of the preceding
Lemma and Proposition 5.5.1 is,

Corollary 5.5.6. Let c P R and vc : T1 Ñ R be a weak KAM solution at cohomology
c. Then

• t ÞÑ pũa ´ ṽcqptq ` pa´ cqt is

– non–increasing if c ą a,

– increasing if c ă a.

• t ÞÑ pũb ´ ṽcqptq ` pb´ cqt is

– non–decreasing if c ă b,

– decreasing if c ą b.

We denote by I “ tβ1´pρ0q, β
1
`pρ0q, ρ0 P Ru Ă R then the previous Lemma

tells that any choice of weak KAM solutions uc at cohomology c for c P R such that
ucp0q “ 0 for all c P R is automatically continuous on I. Note that I is closed as it
can alternatively be defined by I “ tβ1prq, r P R such that β1prq existsu.

The rest of the construction consists in focusing on its complement, RzI, that
is on intervals of the form

`

β1´pρ0q, β
1
`pρ0q

˘

“ pa, bq that are not empty (that is
where β is not derivable at ρ0

7). If this is the case, we use in a crucial way that
the Aubry set Ac does not depend on c P

`

β1´pρ0q, β
1
`pρ0q

˘

by a result of Massart
([135, Proposition 6]). We hence denote it A until the end of the construction. Let
us then interpolate linearly between ua and ub restricted to A and use Proposition
2.2.5 and Theorem 2.2.4. If t P p0, 1q let ct “ at` p1´ tqb and vt “ tua ` p1´ tqub.
As αpctq “ tαpaq ` p1 ´ tqαpbq by duality between α and β, it follows that for
all t P p0, 1q, vt is a critical subsolution for Sct . Hence by Proposition 2.2.5 and
Theorem 2.2.4 there exists a unique weak KAM solution at cohomology ct, that

7We will prove later that such ρ0 are necessarily rational.
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we note uct “ ut for short, such that ut|A “ vt|A. The continuity of t ÞÑ ut is a
consequence of uniqueness and Ascoli’s Theorem.

Finally, item 3 of the Theorem 5.5.3 follows from successive applications of
Lemma 5.5.2 and the alternative characterization: ut “ lim

nÑ`8
pT ctqnvt.

Again, point a. follows from Proposition 5.5.4. The last thing to prove in the
Theorem is b. It uses in a crucial way 2 dimensional topology and Jordan’s curve
Theorem. It is quite technical and we refer the interested reader to [14, 16].

5.6 Structure of infinite minimizing chains

We continue exploring the results of [14, 16] by studying infinite minimizing chains
(indexed by non–positive numbers) of the twist map f̃ : R2 Ñ R2. As we will see, all
such minimizing chains calibrate a weak KAM solution, hence fall within the scope of
the previous sections. The present results generalize classical Aubry-Mather theory
as the latter studies full orbits that are minimizing. After obtaining the results, the
authors discovered that many had already appeared in Bangert’s [22]. In the latter,
Bangert studies Busemann functions that are weak KAM solutions on the universal
cover R. We adopt the alternative approach to study and use weak KAM solutions
on T1, as previously defined. Consequently most proofs differ slightly from [22].

We start by a consequence of Theorem 5.5.3 that is a generalization of Corollary
5.3.18.

Proposition 5.6.1. Let pθ̃kqkď0 P RZ´ be a minimizing chain. Then there exists
ρ P R such that

@k ď 0, |θ̃k ´ θ̃0 ´ kρ| ă 2.

Proof. We denote as usual for all k ď 0, rk “ B2
rSpθ̃k´1, θ̃kq in such a way that

pθ̃k, rkqkď0 is a piece of orbit of f̃ . By Theorem 5.5.3 there exists c P R and a weak
KAM solution at cohomology c, uc : T1 Ñ R such that pθ̃0, r0q P PGpc ` ũ1cq. The
result is proved with ρ “ ρpcq. Let r˘0 “ c ` ũ1c˘pθ̃0q (so that r`0 ď r´0 ). Finally,

for k ě 0, we set pθ̃˘k , r
˘
k q “ f̃kpθ̃0, r

˘
0 q. It follows from Theorem 5.3.8, and the

following Remark 5.3.9, that both chains pθ̃`k qkď0 and pθ̃´k qkď0 calibrate ũc hence
are minimizing.

If r0 coincides with either r`0 or r´0 then the result is a particular case of Corollary
5.3.18. We now assume otherwise which translates to r`0 ă r0 ă r´0 . As the chains
pθ̃kqkď0 and pθ̃`k qkď0 (resp. pθ̃kqkď0 and pθ̃´k qkď0) cross at k “ 0, they cannot cross

anywhere else. We deduce from the twist hypothesis that θ̃´´1 ă θ̃´1 ă θ̃`´1. Hence

we conclude from the non–crossing that θ̃´k ă θ̃k ă θ̃`k for all k ă 0. Finally, from
Corollary 5.3.18 we conclude

@k ă 0, kρpcq ´ 2 ă θ̃´k ´ θ̃0 ă θ̃k ´ θ̃0 ă θ̃`k ´ θ̃0 ă kρpcq ` 2.

Remark 5.6.2. Note that the previous proposition clearly implies that the hypoth-
esis in Proposition 5.1.13, that |θ̃i`1 ´ θ̃i| is bounded, is automatically verified by
any minimizing chain, hence can be dropped.
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We anticipate on the two next sections by stating a result that will be proved
later in the text:

Theorem 5.6.3. Let pθ̃kqkď0 P RZ´ be a minimizing chain. Then there exists a
cohomology class c P R and a weak KAM solution uc : T1 Ñ R at cohomology c such
that pθ̃kqkď0 calibrates ũc.

As a consequence, we already state an improvement of Proposition 5.6.1. The
proof of the next result uses ideas from Aubry–Mather theory ([21]) that play a
central role in the study of minimizing chains with rational rotation numbers.

Corollary 5.6.4. Let pθ̃kqkď0 P RZ´ be a minimizing chain. Then there exists ρ P R
such that

• for all pairs of integers pp, qq with q ă 0 such that p{q ă ρ, then θ̃q ´ θ̃0 ă p,

• for all pairs of integers pp, qq with q ă 0 such that p{q ą ρ, then θ̃q ´ θ̃0 ą p.

In particular,
@k ď 0, |θ̃k ´ θ̃0 ´ kρ| ă 1.

Proof. Of course, ρ is the same as the one given by Proposition 5.6.1 and is also ρpcq
where c is given by the previous Theorem.

Let us prove the first point, the second is similar. By contradiction, assume the
existence of an integer p and q ă 0 such that θ̃q ´ θ̃0 ě p ą qρ. By the previous
Theorem 5.6.3, there exists c P R and uc : T1 Ñ R such that pθ̃kqkď0 calibrates ũc.

• We first exclude the equality θ̃q “ θ̃0 ` p. Indeed, ũc is derivable at θ̃q by
Theorem 5.3.8. Hence assuming by contradiction that θ̃q “ θ̃0 ` p, by period-
icity, ũc is also derivable at θ̃0 with ũ1cpθ̃0q “ ũ1cpθ̃qq. With the usual notations,
rk “ c` ũ1cpθ̃kq, recalling that pθ̃k, rkqkď0 is a piece of orbit of f̃ , it follows that

@k ď 0, θ̃k`q “ θ̃k ` p.

By induction, we deduce that θ̃nq “ θ̃0 ` np for all n ą 0 and finally, dividing
by nq and letting nÑ `8 we conclude that ρ “ p

q . This contradicts the right
inequality p ą qρ.

• We are left with the hypothesis that θ̃q´ θ̃0 ą p ą qρ. By periodicity, the chain
pθ̃q`k´pqkď0 also calibrates ũc. By Lemma 5.3.12 we deduce that θ̃k`q´p ą θ̃k
for all k ď 0. By induction we readily obtain that for all k ď 0, the sequence
pθ̃k`nq ´ npqně0 is increasing. Applying for k “ 0 and dividing by nq ă 0

yields
θ̃nq
nq

´
p

q
ă

θ̃0

nq
. Finally, letting n Ñ `8 entails ρ ď

p

q
that is again a

contradiction.

To prove the final statement, let us argue by contradiction and assume that there
exists q ă 0 such that |θ̃q ´ θ̃0 ´ qρ| ě 1. Then one of the following holds:

Dp P Z, θ̃q ´ θ̃0 ď p ă qρ,

Dp P Z, θ̃q ´ θ̃0 ě p ą qρ,

both impossible by what was proved above.
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We now turn to making Proposition 5.1.13 more precise.

Proposition 5.6.5. Let c P R be a cohomology class. Let pθ̃iqiď0 and pθ̃ci qiď0 be two
minimizing chains such that

• θ̃0 “ θ̃c0,

• pθ̃iqiď0 and pθ̃ci qiď0 are α-asymptotic,

• there exists a weak KAM solution uc : T1 Ñ R at cohomology c, such that
pθ̃ci qiď0 calibrates ũc.

Then pθ̃iqiď0 also calibrates ũc.

Proof. We argue by contradiction assuming that there exist n0 ă 0 and ε ą 0 such
that

ũcpθ̃0q ă ũcpθ̃n0q `

´1
ÿ

i“n0

rSpθ̃i, θ̃i`1q ` cpθ̃n0 ´ θ̃0q ` |n0|αpcq ´ ε.

As for n ă n0,

ũcpθ̃n0q ď ũcpθ̃nq `
n0´1
ÿ

i“n

rSpθ̃i, θ̃i`1q ` cpθ̃n ´ θ̃n0q ` |n0 ´ n|αpcq,

by summing the two previous inequalities, we deduce that

@n ď n0, ũcpθ̃0q ă ũcpθ̃nq `
´1
ÿ

i“n

rSpθ̃i, θ̃i`1q ` cpθ̃n ´ θ̃0q ` |n|αpcq ´ ε.

By uniform continuity of rS on compact sets and Remark 5.6.2 there exists n1 ă n0

such that
@i ă n1, |rSpθ̃i, θ̃i`1q ´ rSpθ̃ci , θ̃i`1q| ă

ε

3
,

and |ũcpθ̃nq ´ ũcpθ̃
c
nq ` cpθ̃n ´ θ̃

c
nq| ă ε{3. It follows that for n ă n1,

rSpθ̃n, θ̃
c
n`1q `

´1
ÿ

i“n0

rSpθ̃ci , θ̃
c
i`1q ď

´1
ÿ

i“n

rSpθ̃ci , θ̃
c
i`1q `

ε

3

“ ũcpθ̃
c
0q ´ ũcpθ̃

c
nq ` cpθ̃

c
0 ´ θ̃

c
nq ´ |n|αpcq `

ε

3

ď ũcpθ̃0q ´ ũcpθ̃nq ` cpθ̃0 ´ θ̃nq ´ |n|αpcq `
2ε

3

ď

´1
ÿ

i“n

rSpθ̃i, θ̃i`1q ´
ε

3
.

This contradicts the fact that pθ̃iqiPrn,0s is minimizing.

We are now ready to show strong results on infinite minimizing chains accord-
ing to their rotation number. As we will see, the nature of those results depends
strongly on its rationality. The next two sections, are devoted to recalling facts
about homeomorphisms of the circle and about Aubry sets of twist maps. Many
of those results are enunciated and proved in [21] as well as in many surveys about
Poincaré and Denjoy theories ([167]).
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5.6.1 Irrational rotation number

We assume in this paragraph that ρ0 P RzQ. Let c0 P R such that ρpc0q “ ρ0, which
exists thanks to Theorems 5.4.8 and 5.4.9. We recall without proof ([167]):

Theorem 5.6.6. Let g̃ : R Ñ R be the lift of an orientation preserving circle
homeomorphism g : T1 Ñ T1 of rotation number ρ0 P RzQ. Then there exists a
(unique up to an integer) non–decreasing ϕ̃Ñ RÑ R such that

@x P R, ϕ̃px` 1q “ ϕ̃pxq ` 1,

that semi–conjugates g̃ to the translation by ρ0:

@x P R, ϕ̃ ˝ g̃pxq “ ϕpxq ` ρ0.

There is then an alternative:

1. Either ϕ̃ is increasing in which case g̃ is conjugated to an irrational rotation
and all its orbits are recurrent.

2. Either ϕ̃ is not increasing, in which case the set of recurrent orbits g is a Cantor
set denoted by K Ă T1 that lifts to rK Ă R. If pã, b̃q is a connected component
of RzrK and pa, bq P T1 its projection, the images gkpa, bq are mutually disjoint
as k P Z. In particular,

ÿ

kPZ

`

g̃kpb̃q ´ g̃kpãq
˘

ď 1.

In all cases there is a unique g–invariant probability measure that has full support in
the first case and support K in the second case. Finally, if x0 P T1 then the α–limit
set of the orbit of x0 is T1 in the first case and K in the second one.

We then recall related results on twist maps, the proof of which are omitted, but
can be found in [21, 148, 141] and a glimpse of which appears in Remark 5.4.5:

Theorem 5.6.7. Let µ˚ρ0 be a Mather minimizing measure verifying (5.12) for c0.
Then by Theorem 5.4.9, µ˚ρ0 is minimizing for all c P ρ´1ptρ0uq. In particular its
support verifies

@c P ρ´1ptρ0uq, π1

`

supppµ˚ρ0q
˘

Ă Ac.

Let θρ00 P supppµ˚ρ0q and let θ̃ρ00 P R a lift and pθ̃ρ0k qkPZ P
rAc0 the associated minimiz-

ing sequence. As seen in the proof of Proposition 5.4.4 this sequence only depends
on µ˚ρ0 hence pθ̃ρ0k qkPZ P

rAc for all c P ρ´1ptρ0uq.
Let g̃ : R Ñ R the associated map given by Theorem 5.1.15 and g : T1 Ñ T1 its

projection8. Then π1˚µ
˚
ρ0 is g–invariant. In particular π1

`

supppµ˚ρ0q
˘

is either T1

or the g–invariant Cantor set K. Moreover, g̃ only depends on µ˚ρ0.

The main result of this section is then

8The results of Mather proven in [21] actually show that the maps g̃ and g can be chosen only
depending on ρ0 and that the measure µ˚ρ0 is unique.
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Theorem 5.6.8. Let pθ̃kqkď0 be a minimizing chain of rotation number ρ0 P RzQ.
Let uc0 : T1 Ñ R be a weak KAM solution at cohomology c0 P ρ

´1ptρ0uq. Then
pθ̃kqkď0 calibrates ũc0.

Proof. As always, rk “ B2
rSpθ̃k´1, θ̃kq. Arguing as in the proof of Proposition 5.6.1,

there exists c P R and uc : T1 Ñ R a weak KAM solution at cohomology c such that
pθ̃0, r0q P PGpc` ũ1cq and ρ0 “ ρpcq. We adopt the same notations as in Proposition
5.6.1 setting r˘0 “ c`ũ1c˘pθ̃0q (so that r`0 ď r´0 ) and for k ď 0, pθ̃˘k , r

˘
k q “ f̃kpθ̃0, r

˘
0 q.

Finally, let y´0 P π
´1 ˝ π1

`

supppµ˚ρ0q
˘

Ă R (resp. y`0 ) be the biggest element of

π´1˝π1

`

supppµ˚ρ0q
˘

such that y´0 ď θ̃0

`

resp. smallest element of π´1˝π1

`

supppµ˚ρ0q
˘

such that y`0 ě θ̃0

˘

. Let then py´k qkPZ P
rAc and py`k qkPZ P

rAc the associated minimiz-
ing sequences that calibrate ũc (by Theorem 5.6.7). As in the proof of Proposition
5.6.1, for all k ď 0,

y´k ď θ̃´k ď θ̃k ď θ̃`k ď y`k .

By Theorem 5.6.7, y´k ´ y`k Ñ 0 as k Ñ ´8 hence all the present sequences are
α–asymptotic.

Let now pθ̃c0k qkď0 be a calibrating chain for ũc0 with θ̃c00 “ θ̃0 (that exists thanks
to Theorem 5.3.8). As py˘k qkPZ both calibrate ũc0 the same reasoning as above yields

that pθ̃c0k qkď0 and py˘k qkPZ are all α–asymptotic. Finally, Proposition 5.6.5 applies

and pθ̃kqkď0 does indeed calibrate ũc0 .

As a Corollary, we obtain uniqueness of weak KAM solutions up to constants
with irrational rotation number, and a Theorem due to Mather ([142]) and Bangert
([22]). A different proof also can be found in [32].

Corollary 5.6.9. If ρ0 P RzQ then ρ´1ptρ0uq “ tc0u is a singleton, meaning that β
is derivable at ρ0. Moreover, if u : T1 Ñ R and v : T1 Ñ R are weak KAM solutions
at cohomology c0 then u´ v is constant.

Proof. We will prove both statements at once. Let tc0, c1u P ρ´1ptρ0uq and let
u0 : T1 Ñ R be a weak KAM solution at cohomology c0 and u1 : T1 Ñ R be a weak
KAM solution at cohomology c1. Let D Ă T1 be the set of points where both u0

and u1 are derivable. It is of full Lebesgue measure as its complement is countable.
Let θ0 P D and θ̃0 a lift. By Theorem 5.3.8, there exist unique chains pθ̃ikqkď0 for
i P t0, 1u calibrating respectively ũ0 and ũ1 and such that θ̃i0 “ θ̃0 for i P t0, 1u.

Moreover, ci ` u
1
ipθ0q “ B2

rSpθ̃i´1, θ̃
i
0q. Applying twice Theorem 5.6.8 we discover

that pθ̃0
kqkď0 calibrates ũ1 and pθ̃1

kqkď0 calibrates ũ0. Hence by uniqueness, pθ̃0
kqkď0 “

pθ̃1
kqkď0 and c0 ` u

1
0pθ0q “ c1 ` u

1
1pθ0q.

Integrating on T1 it follows that

c0 “

ż

T1

`

c0 ` u
1
0psq

˘

ds “

ż

T1

`

c1 ` u
1
1psq

˘

ds “ c1.

As a conclusion, since u0 and u1 are Lipschitz with almost everywhere equal deriva-
tives, u1 ´ u0 is a constant function.

As there exists a weak KAM solution uc0 associated to the irrational rotation
number ρ0, we know that for every θ̃0 P R there exists a minimizing chain pθ̃kqkď0
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starting at θ̃0 with rotation number ρ0 (one calibrating uc0). This next and last
corollary on the contrary states that there are not too many such minimizing chains:

Corollary 5.6.10. Let ρ0 P RzQ. For all θ̃ P R there exists at most one minimizing
chain pθ̃kqkď0 with rotation number ρ0 such that pθ̃0, r0q P f̃pVθ̃q where pθ̃k, rkqkď0 is

the backward f̃–orbit associated to pθ̃kqkď0 and Vθ̃ “ tpθ̃, rq, r P Ru Ă R ˆ R is the

vertical above θ̃.

Proof. Using the notations of the Corollary, it was just established that, for such a
minimizing chain, pθ̃0, r0q P PGpc0 ` ũ

1
c0q where ρ´1ptρ0uq “ tc0u and PGpc0 ` ũ

1
c0q

is the unique pseudograph associated to c0.
By Corollary 5.3.13, f´1

`

PGpc0 ` ũ1c0q
˘

is a graph, meaning that f̃´1
`

PGpc0 `

ũ1c0q
˘

X Vθ̃ is a singleton and consequently, so is PGpc0 ` ũ1c0q X f̃pVθ̃q. The result
follows.

5.6.2 Rational rotation number

We assume in this paragraph that ρ0 “
p
q is rational, written in irreducible form

with q ă 0. We denote by ra, bs “ ρ´1ptρ0uq. Let us first recall some classical results
from Aubry–Mather theory ([21]):

Theorem 5.6.11. Let µ˚ρ0 be a Mather minimizing measure verifying (5.12) for
some c0 P ra, bs. Then by Theorem 5.4.9, µ˚ρ0 is minimizing for all c P ρ´1ptρ0uq. In
particular its support verifies

@c P ρ´1ptρ0uq, π1

`

supppµ˚ρ0q
˘

Ă Ac.

Let θρ00 P supppµ˚ρ0q and let θ̃ρ00 P R a lift and pθ̃ρ0k qkPZ P
rAc0 the associated

minimizing sequence. As seen in the proof of Proposition 5.4.4 this sequence only
depends on µ˚ρ0 hence pθ̃ρ0k qkPZ P

rAc for all c P ρ´1ptρ0uq.
It verifies

@k P Z, θ̃ρ0k`q “ θ̃ρ0k ` p, (5.15)

and hence projects to a q–periodic sequence on T1.
Reciprocally, if a minimizing sequence pθ̃kqkPZ P RZ satisfies (5.15), then it is in

any Aubry set rAc for c P ra, bs and the measure

µ˚ “
1

q

q´1
ÿ

k“0

δ
pθk,θ̃k`1´θ̃kq

,

verifies that µ˚ is minimizing (satisfies (5.12)) for all c P ra, bs.

A notion that stems from the previous Theorem is:

Definition 5.6.12. A sequence pθ̃kqkPZ P RZ that verifies

@k P Z, θ̃k`q “ θ̃k ` p,

is said to be of type pp, qq.
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It follows from the previous Theorem that it makes sense to denote the projected
Mather set Mρ0 as Mc does not depend on the choice of c P ρ´1ptρ0uq. And Mρ0

denotes its lift to R as well.
We recall that by Lemma 5.5.5, there exists a unique weak KAM solution at

cohomology a (resp. b) that vanishes at 0 P T1, and that we denote ua : T1 Ñ R
(resp. ub : T1 Ñ R). The main result of this section can be stated as follows:

Theorem 5.6.13. Let pθ̃kqkď0 be a minimizing chain with rotation number ρ0 “
p
q .

Assume that pθ̃kqkď0 is not of type pp, qq. Then θ̃0 ‰ θ̃q ´ p and one of the following
assertions holds:

1. θ̃0 ă θ̃q ´ p and pθ̃kqkď0 calibrates ũa,

2. θ̃0 ą θ̃q ´ p and pθ̃kqkď0 calibrates ũb.

The proof of this Theorem will be done in several steps and provides more precise
details about the behavior of minimizing chains and their links with weak KAM
solutions.

We start by the following non–crossing lemma for minimizing chains with rota-
tion number ρ0 “

p
q . It is reminiscent of Corollary 5.6.4:

Proposition 5.6.14. Let pθ̃kqkď0 be a minimizing chain with rotation number ρ0 “
p
q . Assume that pθ̃kqkď0 is not of type pp, qq. Then the minimizing chains pθ̃kqkď0

and pθ̃k`q ´ pqkď0 do not cross.
Moreover,

• if θ̃0 ă θ̃q ´ p then pθ̃kqkď0 calibrates ũa,

• if θ̃0 ą θ̃q ´ p then pθ̃kqkď0 calibrates ũb.

Proof. As pθ̃kqkď0 and pθ̃k`q ´ pqkď0 cross at most once, there exists n0 ď 0 such
that one of the following holds

@k ă n0, θ̃k ă θ̃k`q ´ p,

@k ă n0, θ̃k ą θ̃k`q ´ p.

Let us deal with the first case, the second being similar. By induction, it follows
that for all k ă n0, the sequence pθ̃k`mq ´mpqmě0 is increasing.

Let us introduce some notations. Once more, for all k ď 0, we set rk “
B2

rSpθ̃k´1, θ̃kq in such a way that pθ̃k, rkqkď0 is a piece of orbit of f̃ . Let c P R
such that pθ̃0, r0q P PGpc ` ũ1cq for some weak KAM solution uc : T1 Ñ R at co-
homology c. Then as in Proposition 5.6.1, ρpcq “ p

q and c P ra, bs. Moreover,

θ̃0 R Mρ0 . Indeed, if it were the case, as ũc is derivable on Mρ0 , we would have
pθ̃k, rkqkď0 “

`

f̃kpθ̃0, ũ
1
cpθ̃0q ` cq

˘

kď0
that is of type pp, qq by Theorem 5.6.11.

It is then denoted y´0 “ maxty PMρ0 , y ă θ̃0u and y`0 “ minty PMρ0 , y ą θ̃0}.
Finally, let py´k qkPZ and py`k qkPZ the associated minimizing sequences, that are of
type pp, qq. By Theorem 5.6.11 the sequences py˘k qkPZ calibrate ũc. First note that
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y´0 ă θ̃0 ă y`0 because Mρ0 is closed. Moreover, arguing as in Proposition 5.6.1
yields that

@k ď 0, y´k ă θ̃k ă y`k .

As

@m ě 0, y´k “ y´k`mq ´mp ă θ̃k`mq ´mp ă y`k`mq ´mp “ y`k , (5.16)

we deduce that for all k P Z, the sequence pθ̃k`mq´mpqmě´k{q is bounded, increasing
for m large enough, hence it converges to some yk. Moreover, the sequence pykqkPZ
is minimizing as a limit of minimizing chains and verifies

@k P Z, yk`q ´ p “ lim
mÑ`8

θ̃k`mq`q ´mp´ p “ lim
mÑ`8

θ̃k`pm`1qq ´ pm` 1qp “ yk.

It follows from Theorem 5.6.11 that yk P Mρ0 and that pykqkPZ calibrates ũc. By
(5.16), θ̃k ă yk ď y`k . If yk ă y`k it follows from Lemma 5.3.12 that θ̃0 ă y0 ă y`0
thus contradicting the definition of y`0 . From (5.16) comes that pθ̃kqkď0, pθ̃k`q´pqkď0

and py`k qkPZ are α–asymptotic. It is deduced from Proposition 5.1.11 that pθ̃kqkď0

and pθ̃k`q´pqkď0 cannot cross (as pθ̃k`q´pqkď0 is a strict subchain of a minimizing
chain).

To finish the proof, let pθ̃akqkď0 be the minimizing chain calibrating ũa, with θ̃a0 “

θ̃0 and B2
rSpθ̃a´1, θ̃

a
0q “ a ` ũ1a`pθ̃0q. As r0 ´ c P B`ũcpθ̃0q, it follows from Corollary

5.5.6 that r0 ě a` ũ1a`pθ̃0q. Either there is equality, in which case pθ̃akqkď0 “ pθ̃kqkď0

calibrates ũa, or the inequality is strict and the twist condition entails that θ̃a´1 ą

θ̃´1. As the two minimizing chains do not cross anymore, and using that py´k qkPZ
calibrates ũa, it follows that

@k ď 0, θ̃k ă θ̃ak ă y`k .

Hence pθ̃akqkď0 and pθ̃kqkď0 are α–asymptotic and by Proposition 5.6.5, pθ̃kqkď0 cal-
ibrates ũa.

A Corollary of this proof is:

Corollary 5.6.15. Let pθ̃kqkď0 be a minimizing chain with rotation number ρ0 “
p
q .

Assume that pθ̃kqkď0 is not of type pp, qq (Definition 5.6.12). Let py˘k qkPZ be the

closest orbits of Mρ0 such that y´k ă θ̃k ă y`k for k ď 0 as in the proof of Proposition
5.6.14. Then

• either θ̃0 ă θ̃q ´ p, pθ̃kqkď0 and py`k qkď0 are α–asymptotic,

• either θ̃0 ą θ̃q ´ p, pθ̃kqkď0 and py´k qkď0 are α–asymptotic.

As another consequence, we derive that minimizing chains with rotation num-
ber p{q are quite rare, same as was established for irrational rotation numbers in
Corollary 5.6.10:

Theorem 5.6.16. Let rΘ P R and V
rΘ
“ trΘu ˆ R Ă R ˆ R. Then there are at

most two minimizing half orbits of f̃ , pθ̃k, rkqkď0 such that pθ̃0, r0q P f̃pV
rΘ
q and any

corresponding minimizing chain pθ̃kqkď0 has rotation number ρ0 “
p
q .
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Proof. It was just settled in Proposition 5.6.14 that the chain pθ̃kqkď0 calibrates
ũa or ũb. Moreover, by Theorem 5.3.8, pθ̃0, r0q P PGpa ` ũ1aq Y PGpb ` ũ1bq. Fi-
nally, f̃´1pθ̃0, r0q P f̃´1

`

PGpa ` ũ1aq
˘

Y f̃´1
`

PGpb ` ũ1bq
˘

. By Corollary 5.3.13,

both f´1
`

PGpa` ũ1aq
˘

and f̃´1
`

PGpb` ũ1bq
˘

are graphs, hence f´1
`

PGpa` ũ1aq
˘

Y

f̃´1
`

PGpb ` ũ1bq
˘

and V
rΘ

intersect in 1 or 2 points. It follows that so do PGpa `
ũ1aq Y PGpb` ũ1bq and f̃pV

rΘ
q and the result follows.

Note that it is now fully established that all minimizing chains pθ̃kqkď0 calibrate
a weak KAM solution thanks to Theorem 5.6.8 and Proposition 5.6.14. We are
therefore allowed to use Corollary 5.6.4.

Follows an existence result of orbits displaying behaviors as in Corollary 5.6.15.
The proof is inspired by a similar result for bi–infinite minimizing orbits in [21].
It shows that on each vertical above points that are not in the projected Mather
set M p

q
there are at least two initial points of minimizing half orbits with rotation

number p{q:

Proposition 5.6.17. Assume that Mρ0 ‰ R. Let py´0 , y
`
0 q be a connected component

of RzMρ0, py˘k qkPZ be the associated minimizing orbits of type pp, qq. Then for all

θ̃0 P py
´
0 , y

`
0 q, there exists two minimizing chains pθ̃˘k qkď0 such that θ̃˘0 “ θ̃0 and

such that pθ̃`k qkď0 is α–asymptotic to py`k qkď0 (resp. pθ̃´k qkď0 is α–asymptotic to
py´k qkď0).

Proof. Let us prove the existence of pθ̃´k qkď0, the other being obtained by reversing
all inequalities.

Let pρnqną0 be a decreasing sequence converging to p{q. For all n ą 0, let pθ̃nk qkď0

be a minimizing chain of rotation number ρn such that θ̃nk “ θ̃0 (for example a chain
calibrating any weak KAM solution at a cohomology cn verifying ρpcnq “ ρn). By
Corollary 5.6.4,

@n ą 0, θ̃nq ă θ̃0 ` p.

By the same Corollary 5.6.4 or Proposition 5.6.1, for all k ď 0, fixed, the sequence
pθ̃nk qną0 is bounded. Up to a diagonal extraction, we may therefore assume that for
all k ď 0, the sequence pθ̃nk qną0 converges to some θ̃´k . Clearly, the chain pθ̃´k qkď0

is minimizing, as a limit of minimizing chains. Moreover, θ̃´0 “ θ̃0 and pθ̃´k qkď0

has rotation number p{q by passing to the limit in the inequalities provided by
Proposition 5.6.1. Finally, θ̃´q ď θ̃0 ` p. By Proposition 5.6.14, this cannot be an

equality, hence θ̃´q ă θ̃0 ` p and by Corollary 5.6.15, pθ̃´k qkď0 is α–asymptotic to

py´k qkď0.

As a consequence, we recover a result of Mather [142] and Bangert [22]:

Theorem 5.6.18. The following alternative holds:

1. the Mather set M p
q
“ R in which case there is an invariant graph C p

q
Ă A on

which the dynamics of f is q–periodic, there exists a unique weak KAM solution
(up to constants) associated to the rotation number p

q and the β function is

derivable at p
q ;
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2. the Mather set M p
q
‰ R and the β function is not derivable at p

q .

Proof. 1. If M p
q
“ R, we infer from Proposition 2.5.1 that if c P R verifies ρpcq “

p
q , and if uc is a weak KAM solution at cohomology c, then uc is derivable on

T1 (hence C1 and even C1,1 by Birkhoff’s Theorem 5.1.3) and c` u1c does not
depend on c, nor uc, but only on the orbits of type pp, qq, hence β is derivable
at p

q with c “ β1pp{qq and uc is unique up to constants.

2. Assume now that M p
q
‰ R. Let ra, bs “ ρ´1ptp{quq. Let ua be the unique weak

KAM solution at cohomology a that vanishes at 0 and ub be the unique weak
KAM solution at cohomology b that vanishes at 0. Let θ̃0 P RzM p

q
such that

both ũa and ũb are derivable at θ̃0 (that exists as RzM p
q

is a non–empty open

set and ũa and ũb are derivable except on a countable set). Let finally pθ̃˘k qkď0

be the sequences given by the previous Proposition 5.6.17. Then clearly, those
two sequences are different, hence θ̃`´1 ‰ θ̃´´1 (more precisely, θ̃´´1 ă θ̃`´1). It
follows from Proposition 5.6.14 and Theorem 5.3.8 that

a` ũ1apθ̃0q “ B2
rSpθ̃`´1, θ̃0q ‰ B2

rSpθ̃´´1, θ̃0q “ b` ũ1bpθ̃0q.

We deduce from Corollary 5.5.6 that θ̃ ÞÑ pũb ´ ũaqpθ̃q ` pb ´ aqθ̃ is non–
decreasing and non–constant. Finally, integrating inequality b ` ũ1bpθ̃q ě a `
ũ1apθ̃q, that holds almost–everywhere, between 0 and 1 and remembering that
it is not an equality almost–everywhere, yields b ą a. As ra, bs “ B´βpp{qq we
have proven the result.

The previous proof actually implies the more precise result:

Proposition 5.6.19. Assume M p
q
‰ T1, let ra, bs “ ρ´1ptp{quq. Let ua be the

unique weak KAM solution at cohomology a that vanishes at 0 and ub be the unique
weak KAM solution at cohomology b that vanishes at 0. Then for all θ P T1zM p

q

where both ua and ub are derivable,

a` u1apθq ă b` u1bpθq.

As a consequence we deduce:

Proposition 5.6.20. Assume that Mρ0 ‰ R. Let py´0 , y
`
0 q be a connected component

of RzMρ0, py˘k qkPZ be the associated minimizing orbits of type pp, qq. Then

1. all minimizing chains pθ̃akqkď0 calibrating ũa, with θ̃a0 P py
´
0 , y

`
0 q are α–asymptotic

to py`k qkď0,

2. all minimizing chains pθ̃bkqkď0 calibrating ũb, with θ̃b0 P py
´
0 , y

`
0 q are α–asymptotic

to py´k qkď0.

Proof. Let us prove the first point. Let pθ̃akqkď0 be calibrating ũa. If θ̃a0 is a point of
derivability of ũa, let pθ̃`k qkď0 be given by Proposition 5.6.17 that is α–asymptotic to
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py`k qkď0 and such that θ̃`0 “ θ̃a0 . By Proposition 5.6.14 and Corollary 5.6.15 pθ̃`k qkď0

calibrates ũa and as the latter is derivable at θ̃a0 , such a minimizing chain is unique.
Hence pθ̃`k qkď0 “ pθ̃

a
kqkď0 is indeed α–asymptotic to py`k qkď0.

Let us now assume θ̃a0 is not a point of derivability of ũa. Let prΘn
0 qně0 be an

increasing sequence converging to θ̃a0 and made of derivability points of ũa (that

is Lipschitz hence derivable almost everywhere). For all n, we denote by prΘn
kqkď0

the unique corresponding minimizing chain calibrating ũa. By the beginning of this
proof, for n fixed, prΘn

kqkď0 is α–asymptotic to py`k qkď0 and verifies rΘn
q ą

rΘn
0 ` p by

Corollary 5.6.15. Moreover, setting rnk “ a`ũ1ap
rΘn
kq, p

rΘn
k , r

n
k qkď0 is a piece of orbit of

f̃ by Theorem 5.3.8. It follows that as nÑ `8, prΘn
k , r

n
k qnď0 converges to pθ̃a´k , r´k q

such that pθ̃a´k , r´k qkď0 is a piece of orbit of f̃ , θ̃a´0 “ θ̃a0 and r´0 “ a ` u1a´pθ̃
a
0q.

Moreover, pθ̃a´k qkď0 calibrates ũa. By passing to the limit in the corresponding

inequalities for rΘn we gather θ̃a´q ě θ̃a´0 ` p and equality is excluded by Proposition

5.6.14, hence θ̃a´q ą θ̃a´0 ` p and pθ̃a´k qkď0 is α-asymptotic to py`k qkď0.

Coming back to the chain pθ̃akqkď0, setting ra0 “ B2
rSpθ̃a´1, θ̃

a
0q, as ra0´a P B

`ũapθ̃
a
0q

and by semiconcavity of ũa, it follows that ra0 ď r´0 . Then, by the twist condition,
θ̃a´1 ě θ̃a´´1 . Last, applying again that calibrating chains do not cross away from the

origin (Lemma 5.3.12) gives θ̃ak ě θ̃a´k for all k ě 0. We then apply to k “ q in order
to conclude that

θ̃aq ě θ̃a´q ą θ̃a´0 ` p “ θ̃a0 ` p.

The result now follows from Proposition 5.6.14.

The proof of Theorem 5.6.13 is now fully completed.
To clarify the picture the following result makes Proposition 5.6.19 more precise.

As a matter of fact, it implies that the full pseudographs PGpa`u1aq and PGpb`u1bq
only intersect on the Mather set.

Proposition 5.6.21. Assume that Mρ0 ‰ R. Let py´0 , y
`
0 q be a connected component

of RzMρ0. Then restricted to py´0 , y
`
0 q, PGpa` ũ1aq is strictly under PGpb` ũ1bq, in

the sense that if θ̃0 P py
´
0 , y

`
0 q and ra is such that pθ̃0, raq P PGpa ` ũ1aq and rb is

such that pθ̃0, rbq P PGpb` ũ1bq, then ra ă rb.

Proof. Let py˘k qkPZ be the minimizing orbits of rotation number ρ0 that are of type
pp, qq. Then as the sequence py`k ´ y

´
k qkPZ is positive valued and |q|–periodic, there

exists ε ą 0 such that y´k ´ y
`
k ą ε for all integer k P Z.

Let θ̃0 P py
´
0 , y

`
0 q and let us assume by contradiction that there exist two min-

imizing chains pθ̃akqkď0 and pθ̃bkqkď0 calibrating respectively ũa and ũb, such that

θ̃a0 “ θ̃b0 “ θ̃0 P py
´
0 , y

`
0 q and verifying ra0 ě rb0, where ra0 “ B2

rSpθ̃a´1, θ̃
a
0q and

rb0 “ B2
rSpθ̃b´1, θ̃

b
0q. First note that ra0 ‰ rb0 as otherwise both minimizing chains would

be equal and pθ̃akqkď0 is α–asymptotic to py`k qkď0 while pθ̃bkqkď0 is α–asymptotic to

py´k qkď0. As now ra0 ą rb0, it follows from the twist condition that θ̃a´1 ă θ̃b´1. But

for n ă 0 large enough in absolute value, |θ̃an ´ y`n | ă
ε
2 and |θ̃bn ´ y´n | ă

ε
2 thus

implying that θ̃an ą θ̃bn. Hence the two minimizing chains cross at 0 and somewhere
between ´1 and n, that is absurd.

The previous result applies in particular to the minimizing and calibrating chains
verifying ra0 “ a`ũ1a´pθ̃0q and rb0 “ b`ũ1b`pθ̃0q therefore proving the Proposition.
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Now that we have a pretty good idea of how are organized the extreme pseudo-
graphs PGpa` u1aq and PGpb` u1bq and their respective calibrating chains, the next
results help understanding the looks of more general weak KAM solutions at any
cohomology class c P pa, bq.

Proposition 5.6.22. Assume that Mρ0 ‰ R. Let py´0 , y
`
0 q be a connected component

of RzMρ0. Let c P pa, bq, vc : T1 Ñ R a weak KAM solution at cohomology c and
θ̃0 P py

´
0 , y

`
0 q a point of derivability of ṽc the lift of vc. Then one of the following

holds:

1. ũa is derivable at θ̃0 and a` ũ1apθ̃0q “ c` ṽ1cpθ̃0q;

2. ũb is derivable at θ̃0 and b` ũ1bpθ̃0q “ c` ṽ1cpθ̃0q.

Proof. Let pθ̃ckqkď0 be the unique minimizing chain calibrating ṽc such that θ̃c0 “ θ̃0.
By Theorem 5.6.13, either θ̃c0 ă θ̃cq ´ p and pθ̃ckqkď0 calibrates ũa, either θ̃c0 ą θ̃cq ´ p

and pθ̃ckqkď0 calibrates ũb.
Let us consider the first case and prove that ũa is derivable at θ̃0. Recall that as

ṽc is a semiconcave function that is derivable at θ̃0, then ṽ1c is continuous at θ̃0. Let
D Ă R be a set, the complement of which is countable, such that all functions ũa,
ũb and ṽc are derivable on D. By continuity of ṽ1c at θ̃0, there exists ε ą 0 such that
for all rΘ0 P N X pθ̃0 ´ ε, θ̃0 ` εq Ă py

´
0 , y

`
0 q,

π1 ˝ f̃
q
`

rΘ0, c` ṽ
1
cp
rΘ0q

˘

´ p ą rΘ0,

where we use that θ̃cq “ π1 ˝ f̃
q
`

θ̃0, c ` ṽ1cpθ̃0q
˘

. It follows that, setting rΘk “ π1 ˝

f̃k
`

rΘ0, c ` ṽ1cp
rΘ0q

˘

for all k ď 0, the chain prΘkqkď0 is the unique calibrating chain

for ṽc starting at rΘ0 and that it also calibrates ũa, again using Theorem 5.6.13. As,
by definition of D, such a calibrating chain is also unique for ũa we uncover that

a` ũ1ap
rΘ0q “ c` ṽ1cp

rΘ0q “ B2
rSprΘ´1, rΘ0q.

Applying the preceding equality to an increasing sequence prΘn
0 qně0 of points in

N Xpθ̃0´ ε, θ̃0` εq converging to θ̃0 gives a` ũ1a´pθ̃0q “ c` ũ1cpθ̃0q. Similarly, taking

a decreasing sequence prΘn
0 qně0 of points in N Xpθ̃0´ε, θ̃0`εq converging to θ̃0 gives

a` ũ1a`pθ̃0q “ c` ũ1cpθ̃0q. Those two equalities provide the desired result.

We deduce from Proposition 5.6.21, Proposition 5.6.22 and from semiconcavity,
that weak KAM solutions’ pseudographs can jump downward only once from PGpb`
ũ1bq to PGpa` ũ1aq on each connected component of RzMρ0 .

Theorem 5.6.23. Assume that Mρ0 ‰ R. Let py´0 , y
`
0 q be a connected component

of RzMρ0. Let c P pa, bq, vc : T1 Ñ R a weak KAM solution at cohomology c. Then

there exists rΘ P ry´0 , y
`
0 s such that

1. c` ṽ1cpθ̃q “ b` ũ1bpθ̃q for almost every θ̃ P py´0 ,
rΘq,

2. c` ṽ1cpθ̃q “ a` ũ1apθ̃q for almost every θ̃ P prΘ, y`0 q,

3. c` ṽ1c´p
rΘq “ b` ũ1b´p

rΘq,
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4. c` ṽ1c`p
rΘq “ a` ũ1a`p

rΘq.

In particular,

@θ̃ P py´0 ,
rΘq, ṽcpθ̃q “ ṽcpy

´
0 q `

ż θ̃

y´0

ũ1bpsq ds` pb´ cqpθ̃ ´ y´0 q;

@θ̃ P prΘ, y`0 q, ṽcpθ̃q “ ṽcpy
`
0 q `

ż θ̃

y`0

ũ1apsq ds` pa´ cqpθ̃ ´ y`0 q.

5.7 A glimpse into the world of weakly integrable twist
maps

We wish to give an account on some results originally published in [14, 15] by
Arnaud–Zavidovique. We will only state them as the proofs go far beyond the scope
of this memoir. The understanding of weakly integrable twist maps (Definition
5.2.7) is a frustrating task. Indeed, as was already pointed out, there is no known
example of C0–integrable twist map with a non C1 invariant circle. The notion
appears in various historic works (even if not explicitly defined). In the study of
the Hopf conjecture about Riemannian tori without conjugate points, before its
definitive answer by Burago and Ivanov in [52], it was proved by Heber ([110]) that
such geodesic flows are C0–integrable. This result was then generalized to exact
symplectic twist maps ([67]) and at last to more general flows of Tonelli Hamiltonians
([3] and also [8]) and twist maps in higher dimension ([2]). Finally, on more general
surfaces, let us mention the work [136].

The philosophy of our results is to show that weak forms of integrability have
strong dynamical implications and that further properties of the underlying foliations
can be obtained. The first result completely characterizes C0–integrable twist maps
in terms of the function u : T1 ˆ RÑ R provided by Theorem 5.5.3.

Theorem 5.7.1. There is equivalence between

1. the map f is C0–integrable,

2. the function u is C1.

Moreover in either case the function u is unique and

• for each c P R, the graph Gpc` u1cq is a leaf of the invariant foliation F ,

• the map hc : θ ÞÑ θ ` Bu
Bc pθ, cq is a semi–conjugation between the projected

dynamics gc : θ ÞÑ π1 ˝ f
`

θ, c` Bu
Bθ pθ, cq

˘

and the rotation Rρpcq : θ ÞÑ θ ` ρpcq
meaning that hc ˝ gc “ Rρpcq ˝ hc.

The striking fact in the previous Theorem is the regularity with respect to c. At
irrational rotation numbers, Poincaré–Denjoy theory gives that a semi–conjugation
to the corresponding rotation is unique and regularity at such cohomology classes
is not surprising. It is not the case at cohomology classes with a rational rotation
number and the proof actually gives that the function hc is Ck´1 if f is Ck. Moreover,
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previous works of Arnaud [5] yield that at such a cohomology class c, the invariant
circle is also Ck (that also follows from the Implicit Function Theorem) and the
restricted dynamics is completely periodic and conjugated to a rotation (cf. Theorem
5.6.18).

The main (hypothetical) feature of a C0–integrable twist map that would not be
integrable is the presence of invariant circles with irrational rotation number and a
restricted dynamics that is one of a Denjoy counterexample. This means that if c is
the corresponding cohomology class, the map hc is not a homeomorphism. This is
excluded in the case of Lipschitz–integrable twist maps (see Definition 5.2.6) by the
next Theorem.

Theorem 5.7.2. Assume that the Exact Conservative Twist Map is Lipschitz in-
tegrable. Then there exists an exact area preserving homeomorphism Φ of T1 ˆ R,
which is C1 in the variable θ, such that

@px, cq P T1 ˆ R, Φ ˝ f ˝ Φ´1px, cq “ px` ρpcq, cq.

Moreover, in this case, ρ : R Ñ R is a bi–Lipschitz homeomorphism, all the leaves
of the invariant foliation are C1 and the restricted dynamics on each leaf is C1–
conjugated to a rotation.

The function Φ is implicitly defined by the relation

Φ
´

θ, c`
Bu

Bθ
pθ, cq

¯

“

´

θ `
Bu

Bc
pθ, cq, c

¯

.

In the previous Theorem, the area preserving homeomorphism Φ maps the fo-
liation F invariant by f to the the standard foliation F0 consisting of the obvious
circles F0

c “ tpθ, cq, θ P T1u. A natural problem is therefore to find which foliations
by graphs are homeomorphic to the standard foliation by an exact area preserving
homeomorphism. On this matter, we provide the following characterization.

Theorem 5.7.3. Let F be a foliation of T1 ˆ R by graphs of functions θ ÞÑ ηcpθq
such that for c P R,

ş

T1 ηcpθq dθ “ c. Then F is homeomorphic to the standard
foliation F0 by an exact area preserving homeomorphism if and only if there exists
a C1 function u : T1 ˆ RÑ R such that

• up0, cq “ 0 for all c P R,

• ηcpθq “ c` Bu
Bθ pθ, cq for all pθ, cq P T1 ˆ R,

• for all c P R, the map θ ÞÑ θ ` Bu
Bc pθ, cq is a homeomorphism of T1.

Again, an area preserving homeomorphism Φ sending F to F0 is implicitly defined
by the relation

Φ
´

θ, c`
Bu

Bθ
pθ, cq

¯

“

´

θ `
Bu

Bc
pθ, cq, c

¯

.

As a conclusion, the previous Theorem allows to explain Theorem 5.2.8. In the
case of the foliation given by the functions ηcpθq “ c` εpcq cosp2πθq, for a function
ε : R Ñ R which is Lipschitz, non C1, with a small enough Lipschitz constant, the
foliation is Lipschitz in the sense of Definition 5.2.6. Moreover, were this foliation
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straightened by an exact area preserving homeomorphism the associated function u
would be given by

@pθ, cq P T1 ˆ R, upθ, cq “
εpcq

2π
sinp2πθq.

This last function is clearly not C1, thus violating the conclusion of Theorem 5.7.3.
We conclude that the foliation given by η cannot be invariant by an ECTM.
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