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Abstract

In this paper, we introduce a discrete version of the nonlinear implicit Lax-Oleinik
operator as studied for instance in [21]. We consider the associated vanishing discount
problem with a non-degenerate condition and prove convergence of solutions as the discount
factor goes to 0. We also discuss the uniqueness of the discounted solution. This paper can
be thought as the discrete version of [5], and a generalization of [6] and [26, Chapter 3]. The
convergence result is a selection principle for fixed points of a family of nonlinear operators.
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Introduction

0.1 Brief history of the problem

The discounted approximation appeared for Hamilton-Jacobi equations in Lions Papanicolaou
and Varadhan’s celebrated preprint [17]. The goal is to solve® an equation on the torus of the

form
H(zx,du) =c, z€TV (0.1)
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where u : TV — R and ¢, € R are the unknown and the Hamiltonian H : TV x RY — R
satisfies some coercivity condition. The problem of the previous equation is that if it admits
solutions, they are not unique (the set of solutions is invariant by addition of constants). To deal
with this problem, the authors approximate the equation as follows: given A > 0, they solve the
discounted equation

Auy(z) + H(x,dyuy) =0,

and establish that the solution u, is unique, that the family (u,) A€(0,1) 18 equicontinuous, that
Auy, converges to a constant (—cp) as A — 07 and that (uy + ¢o/\) Ae(0,1) 18 bounded. Therefore,
taking a converging subsequence uy, + ¢o/\, — uo provides a solution w to (0.1).

The first convergence result for the whole family (ux + co/A)xe(0,1) Was established in [16]
for a particular case followed by [7] for a result in full generality under Tonelli type hypotheses
on H. A discrete version of this result was published in [6] around the same time. The necessity
of convexity of Hamiltonian in the convergence result is given by a counterexample in [28].

This convergence phenomenon was followed by many generalizations (see [10, 15] for non-
compact cases, see [13, 14, 18, 27] for second order cases, see [9, 11, 12] for weakly coupled
systems, and see [2] for mean field games). Amongst the ones that are of interest to us here,
let us cite also the papers the papers [3, 4, 22, 20] that prove similar results for equations of
the form G (z, Ay (x), dyur(x)) = 0 where G(x, u, p) verifies Tonelli type hypotheses in the
variables (x, p) and is increasing in u. This is the nonlinear version of the problem, the results
in [7] corresponding to the particular case G(x,u,p) = u + H(z,p). The degenerate aspect
was studied in [25] for Hamiltonians of the form G(z,u,p) = a(x)u + H(z,p) where « is a
continuous nonnegative function that verifies some non degeneracy condition but is allowed
to vanish on large portions of T (a discrete version of this results is presented in [26]). Both
those settings were merged in a nonlinear degenerate setting in [5] where general Hamiltonians
G(x,u,p) are considered, verifying Tonelli type hypotheses in the variables (z, p) and being
non-decreasing in u. The nondegeneracy hypothesis consists in prescribing that GG is increasing
in some regions. When the equation is not non-decreasing in u, the asymptotic behavior is not
clear yet. One can refer to [8, 23] for the approximation process when A — 07, and see [19] for
the asymptotic behavior of a particular non-monotone case.

0.2 The discretization

The philosophy of the discrete problem stems from Lax-Oleinik type formulas. In the
previously mentioned results, if uy solves G(z, Auy(x), dyux(z)) = 0 then the solution u,
verifies

Ve e TV, Vt >0, uy(z) = infuy(y(—t)) —I—/ La (v(s),ux(v(s)),4(s)) ds,

v —t

where L : TV x R x RY is a function related to G that is non-increasing in u, and the infimum
is taken amongst absolutely continuous curves 7 : T — R such that v(0) = x. The idea is then
to fix ¢ > 0 (small in spirit) and to consider an approximation of the integral by a function that
may depend on v(0) = z and ~y(—t) but also possibly on the values u, () and uy (y(—t)). When



Nonlinear and degenerate discounted approximation in discrete weak KAM theory 3

the approximation function depends linearly on u, (v(—t)), and does not depend on u,(z), the
whole discrete system then reduces to the case considered in [6] and [26, Chapter 3]. One can
refer to the example given in Section 3 below.

0.3 Setting and statement of results

One advantage of the discretization is that it is non longer necessary to have a differentiable
structure. We then work on (X, d) a compact metric space and consider a continuous function
that is C'! with respect to the last two variables*, / : X x X x R x R such that

(1) there is a constant x,, > 0 such that for all (x,y, u,v), 0 > 0,0(z,y, u,v) = —Ky,
=

(2) there is a constant , > 0 such that for all (x,y, u,v), 0 > 0. 0(x,y, u,v) = —Ky,

3 [x.x ((‘Lﬁ(z,:l:, 0,0)+0,4(z, z,0, 0))d,u(z, x) < 0 for all Mather measures p of £(+, -, 0, 0).

The notion of Mather measure will be detailed later in the paper. Let us already stress that
it may happen (quite often actually) that there is only one Mather measure. Therefore if this is
the case, this last nondegeneracy condition only requires that 9,/(z, z,0,0) or 9,¢(z, z,0,0) is
negative somewhere on the support of this Mather measure.

Let us denote ¢y € R the critical constant of the function /(-, -, 0,0) (its precise definition
is given later). Given this cost function (or discrete Lagrangian) we introduce an implicit Lax-
Oleinik operator:

Proposition 0.1. There is a Ao > 0 such that for 0 < X\ < A, if ¢ € C°(X,R) there is a unique
Typ € C°(X,R) such that for all x € X,

Typ(x) = min {(2) + £(2, 2, Ap(2), \Dp()) } + co-

The implicit Lax-Oleinik semigroup was studied in [21] in the continuous setting. It cor-
responds to the viscosity solutions of Hamilton-Jacobi equations depending on the unknown
function. It is also meaningful in the optimal control theory of systems with a non-holonomic
constraint, see [1]. Thus, our discrete semigroup here can be thought of as an approximation of
the cost function of a class of optimal control systems.

We then solve the discounted equation:

Theorem 1. For \ € (0, \g) the operator T\ has a fixed point uy. Moreover if we set S the set
of fixed points of T), then the family (S))xc(0,)) is made of equicontinuous and equibounded
functions.

Finally we prove the convergence of solutions of the discounted equations:

4Our results actually require less regularity.
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Theorem 2. The family (Sx)xc(0,5,) converges to a singleton as X — 0 in the sense that there
exists ug : X — R such that for any choice uy € Sy for A € (0, \g) the (uniform) convergence
uy — ug holds as A — 0.

In establishing those results we also prove two characterizations for the limit uy. We also
address the issue of uniqueness of fixed points u) € S under quite natural assumptions. Actually,
in the simplified setting presented above, we prove that S} is a singleton for A small enough.

0.4 Organization of the paper

e In the first Section 1 we recall some needed facts on discrete weak KAM solutions
(corresponding to A = 0).

In the following Section 2 we introduce a general theory of implicit Lax-Oleinik operators.

Then in Section 3 we define and study solutions to the discounted equations.

Finally in Section 4 we prove the convergence as A — 0 of solutions to the discounted
equations.

The last section adresses the uniqueness issue.

1 Classical discrete weak KAM theory

We briefly recall classical results that will be used in the rest of the paper. References are,
amongst many others, [26, 24, 6]. Let (X, d) be a compact metric space and {y : X x X - Ra
continuous function sometimes called cost function. The discrete Lax-Oleinik semigroup is

Definition 1.1. The discrete Lax-Oleinik semigroup is the operator T : C°(X,R) — C°(X,R)
which to f : X — R associates

It can be checked that 7 is non decreasing, 1-Lipschitz for the sup-norm and commutes with
addition of constants. This allows to prove the discrete weak KAM theorem:

Theorem 3. There exists a unique constant cy such that there is a function v : X — R verifying
u = T()’u + ¢o.

The constant ¢ is called the critical constant of /y. A function wu verifying u = Tou + ¢ 18
called a weak KAM solution. Weak KAM solutions are not unique, for instance, if X € R then
u + K is also a weak KAM solution. Note also that the critical constant for the cost function
20:€0+C()i550:0.

By definition of Ty, a weak KAM solution u verifies u(y) — u(x) < fo(x,y) + ¢ for all
x,y € X. This motivates the definition
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Definition 1.2. A function v : X — R is called a subsolution if it verifies
V(z,y) € X x X, w(y) —v(x) < lo(z,y) + co
This is equivalent to Tyv + ¢o = v.

An easy but important fact is that

Proposition 1.1. The set of subsolutions is closed (under uniform convergence but also under
pointwise convergence) and it is convex.

An important tool we will use is that of Mather measure. In all the paper, all measures are
Borel measures even if not explicitly stated.

Definition 1.3. A Borel measure . on X x X is closed if its marginals coincide: 7y, it = oy 4,
where 7 (z,y) = z and my(x,y) = .

If v : X — R is a continuous subsolution, integrating the family of inequalities v(y) —v(x) <
lo(,y) + co against a closed probability measure 1, we discover that [ Xxx Co(z,y)dp(x,y) >
—cg. This leads to the notion of Mather measures (or equivalently of minimizing measures):

Definition 1.4. A Mather measure (or minimizing measure) /. is a probability measure on X x X
that is closed and verifies

lo(z,y)du(x,y) = —

XxX
We will denote by 901, the set of Mather measures.

Finally we will need an important function associated to ¢, called Peierls’ barrier. If n > 0,
let

V(r,y) € X x X, h,(z, min lo(xg, x
(z,9) n(T,y) = (50 ) 6X"+1Z o( Tk, Trg1)
TO=2,Tn=yY

Definition 1.5. Peierls’ barrier is the function h : X x X — R defined by

V(z,y) € X x X, h(x,y) =liminf h,(x,y) + nco.

n——+4o0o
Here are some key properties of Peierls’ barrier
Proposition 1.2. 1. The function h is finite valued and continuous on X x X.

2. Forall x € X, the function h(x,-) is a weak KAM solution and the function —h(-, ) is a
subsolution.

3. Ifv: X — Ris any subsolution, then

V(z,y) € X x X, wv(y) —v(z) < h(z,y).

A crucial set in weak KAM theory is the projected Aubry set:
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Definition 1.6. The projected Aubry setis A = {z € X, h(z,z) = 0}.
This set is proven to be non-empty.
We end this section with a comparison principle:

Proposition 1.3. Let u : X — R be a weak KAM solution and v : X — R be a subsolution.
Assume that ujy > vy then u = v on X.

2 Discrete version of implicit semigroup

Assume (X, d) is a compact metric space where d : X x X — R is the distance function. In
the paper, ¢ : X x X x R? — R is a continuous function. Hypotheses that will be needed are
the following

(Lu) foreach (z,z,v) € X x X xR, u + ¢(z,x,u,v) is r,-Lipschitz continuous and x, < 1.
(Lv) foreach (z,z,u) € X x X x R, v+~ ¢(z,x,u,v) is k,-Lipschitz continuous and x, < 1.

Proposition 2.1. Assume c verifies hypothesis (Lv). For each continuous function p : X — R,
there is a unique continuous function T'p : X — R satisfying

Ty(x) = min c(z, z,p(2), Tgo(x)).

zeX

The operator T : (C°(X,R), || - |lo) = (C°(X,R),|| - ||oo) is continuous and compact.
Moreover, if the family of functions x — c(z,x,u,v) is locally equi-Lipschitz continuous,

T (x) is Lipschitz continuous.

Proof. We first prove that T'(x) exists. For a continuous function f : X — R, define
Af () =mine(z, z,0(2), f(7)).

By the continuity of ¢ and f and compactness of X, we see that A is an operator from C°( X, R)
to itself. Indeed, A f is an infimum of equicontinuous functions. We are going to find a fixed
point of A. We take two continuous functions f and g on X. By compactness of X, let z be a
minimal point realizing the minimum in the definition of Ag(z), then we have

Af<$> - Ag(l‘) < C(Z,J],QO(Z),f([E)) - C(Z,:E,g&(Z),g(ZL‘)) < Kv”f - gHOO

Exchanging the role of f and g, we get that A is a contraction in (C°(X,R), || - ||oo), since
Ky < 1. By the Banach fixed point theorem, there is a unique fixed point of .A, which is T'¢(x).

Then we prove the operator 7' is compact. Let 7 > 0 and ¢ € C°(X, R) such that ||¢|| < 7.
Consider the sequence ( f,,),en With fo = 0 and

froa (o) = min (2,2, 9(2), fal2)).
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Since A is a contraction, the sequence f,, converges to T'¢ uniformly. We also have

loitloo < S Mt = fille < 3050 11l
=0 1=0

le(z, z,u,0)| =: Ro.

oo < 775

<
1—k Ky 2€X,2€X

ul<r

Define R := max{ Ry, }. Let w be a modulus of continuity of ¢ restricted to the compact set
X x X x [=R, R]*. For each 2,y € X, let z, be a minimal point in the definition of f;(y), we
have

fil@) = fiy) < elzy, 7, 0(2),0) — 2,9, (2), 0) < w(d(z,y)).

Exchanging x and y, we have
[fi(@) = fily)] < w(d(z,y)).

More generally, if f € C°(X,R) is such that || f||« < R, and if w; is a modulus of continuity
of f, then for x,y € X,

Af(x) = Af(y) < ez, 2, 0(2), f(2)) = c(2,9,0(2,), f(y))
= c(zy 2, 0(2y), f(2)) = c(2y, 2, 90(2,), f(y)
+C(Zyv (%)7 (y))_c(zy?y7 (), f( )

< kowp(2,y) + w(z, y).

It follows, by exchanging the roles of x and y, that x,w + w is a modulus of continuity of Af.
Applying to the sequence (fn)n We obtain by induction that an has (1 thyt et /i”)w as

sois T'p. As ||Tgp||Oo < Ry and Ry only depends on r, this proves that 7" is compact by the
Arzela-Ascoli theorem. Next we prove that 7" is continuous. Let (¢,,),, be a sequence converging
to . By the previous point, the sequence (7'¢,,), is precompact. Let (k,),, be an extraction such
that (T'py,, ), uniformly converges to a function ¢). Then if z € X we can pass to the limit in the
relations

T, (x) = mine(z, z, ¢, (2), Tpr, ()

to obtain

$(x) = mine(z,, ol2), ¥(x)

zeX

and by uniqueness, ¥ = T'p. This proves that 7" is continuous.

Now we prove the Lipschitz continuity of 7' under the additional Lipschitz assumption of ¢
with respect to . Let k% be the Lipschitz constant of = +— ¢(z, x, u,v) for |u| and |v| bounded
by R > 0. Applying the previous method, we obtain that if f,, is x,-Lipschitz, then f, is
/{n“—Lipschitz with fin+1 = /iR + Kykp. Therefore, (f,,), is equi-Lipschitz continuous with
constan

. Then T’y is Lipschitz continuous. ]
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Now we assume

M) u +— ¢(z,z,u,v) is non-decreasing and v — ¢(z, z, u, v) is non-increasing.

Proposition 2.2. (Order preserving). If f < g, then T'f <'Tg.

Proof. We argue by contradiction. Assume there is € X such that 7' f(x) > T'g(z). Let 2, be
a point realizing the definition of T'g(x), then we have

Tf(z) < c(zg 2, f(29), Tf(2)) < (24,7, 9(2), Tg()) = Tg(x),

which leads to a contradiction. O]

To end this section, assume now that the three hypotheses (Lu), (Lv) and (M) are satisfied:

Proposition 2.3. (Non-expensiveness). For each f, g, we have | Tf —Tglloo < ||f — |loo-

Proof. We are going to prove T f(z) — || f — glloc — T'9(z) < 0 for each = € X. We argue by
contradiction. Assume there is x € X such that T'f(x) — || f — g|lcc — T'g(x) > 0. Let z, be a
point realizing the definition of 7'g(x). Then we have

Tf(x) = If = glloe — Ty(x)
< c(zgm, f(29), Tf(@)) = |f = glloo — (29, 7, 9(24), Tg())
< C(Zg,x,g(zg),Tf(l’)) - c(zg,x,g(zg),Tg(x)) <0,

which leads to a contradiction. For the last inequality, we use (Lu). Exchanging f and g, and
then the proof is complete. ]

3 Discounted solutions

Now we consider the discounted problem. Let £ : X x X x R? — R be continuous and
satisfy

(11) 4(z,z,u,v) is K,-Lipschitz in u and x,-Lipschitz in v.
(12) ¢(z,x,u,v) is non-increasing in v and v.
(13) 0,¢(z,x,0,0) and 9,4(z, x,0,0) exist, and

Jul + |v]

ul + ol
2

(2, z,0,u) — 0(z,2,0,0) — 0 l(z,2,0,0)u — D l(z,2,0,0)v| < 5

( )7

where 7) is a modulus of continuity.

14) [y, x (0ul(z,2,0,0)+0,(z,2,0,0))du(z, ) < 0 for all Mather measures 1 of £(-, -, 0,0).
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We assume the critical value of (z, 2) — {(z,x,0,0) equals zero.

Note that under hypothesis (14), both functions (z,z) +— 0,0(z,x,0,0) and (z,x)
0ul(z,2,0,0) are continuous as uniform limits of continuous functions.

Let Ao > 0 such that A\g max(k,, k,) < 1. For A\g > A > 0, u + £(z, z, Au, Av) satisfies the
basic assumptions (Lu), (Lv) and (M) for ¢(z, x, u, v) in Section 2. Define for ¢ € C°(X,R)

Thp(w) = min {p(2) + £(2, 7, \p(2), \The(w)) }-

This is well defined by Proposition 2.1.

Example: If /(z, x, u, v) is of the form (y(z, ) — a(2)u, where o : X — R is a non-negative
function, we have

Thp(x) = min {(1 = Aa(2))(2) + lo(z,2) } = To (1 = Aa)g) (),
which is the degenerate vanishing discount problem as treated in [26].

Proposition 3.1. For A\ < )\, the operator T\ admits at least one fixed point u).

Moreover, the family of all such fixed points (ux)xe(0,y) IS uniformly bounded and equi-
continuous.

Proof. Step 1. We first prove the existence of u) for A < \j. By the discrete weak KAM theorem,
1) has a fixed point u (recall the critical constant is 0). Since

To(u+k)=Tou+k=u+k, VkeR,

we can choose © > 0 with Tyu = u. We prove that T\u < u. Assume there is a point x € X
such that Thu(z) > u(x). Let z be a point realizing the minimum in the definition of Tyu(z), we
have

Thu(z) < u(z) + £(z,z, Mi(z), \Tha(z)) < a(z) + £(z,z,0,0) = Tyu(z) = u(z),
which leads to a contradiction. By Proposition 2.2, we have
u>Thau>ThoTu>....
Similarly, let u be a negative weak KAM solution, we have
u<Tu<TyoT\u<....
Since u < u, we have for all n > 0,

u<T{u<T{u<u.

SIf this is not the case, all our results apply to the function ¢ = ¢ — ¢ where ¢ is the critical constant of
(z,2) — €(2,2,0,0).
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Now we show that T'u is equi-continuous for all n > 1 and A < Ag. Let w be a modulus
of continuity of ¢ restricted to X x X x [—M, M]? where M > \gmax(]|u|so, ||1t]|o0)- By
symmetry of the roles of x and y, assume without loss of generality 7 u(z) > T u(y), let z be
a minimal point in the definition of T)(7}~'u)(y), then by (11) we have

TYu(z) — TYu(y)| = TYu(r) — Tiu(y)
< Oz, 2, T u(2), AT w()) — 0(z, 5, ATy 'u(2), ATy u(y)

< (2,2, NI (), AT u(y)) — 02,9, AT u(2), AT u(y))
< w(d(z,y)).

We finally get the equi-continuity of 75'u. Then 75 u uniformly converges to a function .
We have

| Totin — Galloe < [|Tatn — T Ull0o + [ TX % — U0

< iy = Ty ulloo + [ TRu = Gafloc — 0.
Then u) is a fixed point of T, and u < 1) < u.

Step 2. We prove for A < )\, all such fixed points u, are uniformly bounded, more precisely,
u < uy < u.. We prove that uy < u, the lower bound of ) is similar. Assume there is o € X
such that

ux(xo) — u(xg) = max (ur(z) —a(x)) > 0.

Let (z_)ken be a sequence obtained inductively such that for all & > 0, z_;_; is a point

realizing the minimum in the definition of Tyu(z_g). It follows that for all &£ > 0, equatlity
w(r_g)—u(x_g—1) = l(x_g_1,2_4,0,0) holds. We first show that if X\ < Ao, we have uy(z_x) >
u(x_y) forall k > 0. Assume uy(x_1) < u(x_1). By (11) and (12), we have

ux(zo) —ur(x_q) < 6(95 1, To, Auy(z_1), )\u,\(xo))

< U(z_1, w0, Au(z_1), Mi(20))

O(z_1, mo, Ni(m_1), Mi(z0)) + Ay (T — uy)(z_1)
U(x_1,20,0,0) + Ay (@ — up)(x_1)

u(xo) — (1) + Aey (@ — uy)(z_1),

I/\ I/\

which implies that
(1 = Aky)(upy —a)(z—1) > ur(xo) — u(xo) > 0,

which leads to a contradiction as 0 < 1 — Ax,, < 1. Then uy(z_1) > u(z_y).

Note that by (12), we have

a(l’o) — ﬂ(x_l) =/

—

x—l)x(hovo)

> 6(13,1, Zo, /\Z_L(‘Tfl), )\’lj(&?o))
> 5(33—1, To, Aux(r_1), >\U,\($o))
>u

AMzo) —un(z-1),
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which implies uy(x_1) — w(z_1) > ux(zo) — u(zo). By the definition of xy, this must be an
equality, that is, uy(z_1) — a(x_1) = ur(zo) — @(zo). Moreover, as all previous inequalities are
equalities, we obtain that £(z_1, 2o, 0,0) = €(z_1, 2o, Au(z_1), Mi(z)).

By induction, the same proof then shows that

ur(z_g) —u(xr_y) = max (ur(z) —u(z)) >0, Vk>0,

and that ((z_j,_1,_y,0,0) = €(z_k_1, 2k, Aa(z_k_1), Au(2_y)) forall k > 0.
Define the probability measure on X x X, for N > 0,

-1
UN = Nt Z 5(%,%“)'

k=—N

By weak compactness of measures on X x X let /V,, — 400 be an extraction and x a probability
measure on X x X such that yy, — p, asn — +oo.

Let f € C°(X,R). Since

[ (5001 sy = FE =S r) 2l

the measure 1 is closed. We also have

/ (z,2,0,0)duy = ) —Nu(xN) — 0.
XxX

Thus, p is a Mather measure. Since uy, — p, for each (z,x) € supp(u), there is a sequence
(zn, Tn) € supp(un,) with (2,,x,) — (z,x). We have known that u,(z,) — u(z,) equals a
constant M/ > 0. Therefore, uy(z) —u(z) = M > 0. Similarly, we have uy(x) —u(xz) = M > 0.

By the same argument, from ¢(z,, x,,,0,0) = é(zn, Ty ANU(2), )\ﬂ(a:n)) we obtain /(z,z,0,0) =
((z, 2, \u(z), Au(z)).

Since uy > u > 0 on supp(u), by (12), we have
Uz, x,7,8) = K(z,:c,)\uk(z),)\u,\(x)),
for all (z,x) € supp(p) and r € [0, Auy(2)], s € [0, Auy(z)]. Then
Ounl(2,2,0,0) =0, V(z,x) € supp(p),
which contradicts (14).

Step 3. We finally prove the equi-continuity of uy. Let x,y € X. Assume without loss of
generality that uy(x) > ux(y), let z the a minimal point of u,(y), then by (11) we have

ur(z) — ux(y) < (2,2, Aun(2), Aua(2)) — £(2,y, Aur(2), Mua(y))
< E(z,x, Auy(2), )\u,\(y)) — f(z,y, Ay (2), )\u,\(y))
< w(d(z,y)).
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4 Vanishing discount convergence

Let A — 0, by Proposition 3.1, there is a sequence A\, — 0 such that v, uniformly converges.
Let u, be a limit function of the family (uy)xe(0,),)- The vanishing discount problem concerns
the uniqueness of wu,.

Notation: Let us define ¢, : X x X — R the function defined by (z, x) — ¢(z, z,0,0).
Let Sy be the set of subsolutions w of ¢, that satisfy

/ (0ub(z.2,0,0)w(z) + 0,L(2, 2,0, 0)w(x)) dpu(z,7) > 0, (@.1)
XxX

for all Mather measures j of /4. The set Sy is non-empty since negative weak KAM solutions
fullfill (4.1).

Theorem 4. Let A\ — 0, uy uniformly converges to

Uy 1= SuUp w,
wWESy

where the supremum is taken pointwise. The function uy is therefore a fixed point of T.

We also establish an alternative formula for the limit ug:

Theorem 5. The following holds for all x € X:

Jxox <8u€(z, y,0,0)h(z,x) + 0,¢(2,y,0,0)h(y, x))du(z, v)
up(z) = min :
HEMo fX><X Az, y)dp(z, y)
where 9N denotes the set of Mather measures of ,
A(Za y) = aug(z7 Y, Oa O) + avg(za Y, 07 0)7
and h(z, x) is Peierls’ barrier of (.

Remark 4.1. 1. When / satisfies that 9,((-, -, 0,0) is constant, the previous equality reduces
to

HEMo

wio) =iy ([ At R | At

2. Symmetrically, when ¢ satisfies that 9,/(-, -, 0,0) is constant, then

i) =min ([ A(W)dﬂ(w)’l JR )

1EMo

Proposition 4.1. For each Mather measure 1 of £y, we have

/X (0ul(z,2,0,0)us(2) 4+ 0l(z, x,0,0)u.(z))du(z,z) > 0.
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Proof. Let u be a Mather measure, Since T)u) = u,, recalling that f lodp = 0, we have
/ (ur (@) — ur(2))dia(z, 2)
XxX

< /X . U(z, 2, \uy(2), Aua(2))dp(z, z)

< / (f(z,x, 0,0) + A0 l(2z,2,0,0)uyr(2) + NOl(z, z,0, O)u,\(:zc))du(z, x) + Ae(N)
XxX
= / (A0 L(z,2,0,0)ux(z) + NDl(z, x,0,0)ur(z))du(z, z) + Ae(N),
XxX
where £(\) = ||ux]|oon(Al|2r |00 )- Since p is closed, we have

/XXX (ur(x) — ur(2))dp(z,z) = 0.

Therefore, we have
/ (0ul(z,2,0,0)ur(2) + 0ul(2, 2, 0,0)ur(z))du(z,z) > —£(N).
XxX

Letting A — 0 along the sequence (\,,),, we then get the result. [

Remark 4.2. As observed in the proof of Proposition 3.1, since u) is a fixed point of T}, for
each z € X, there is a sequence (x,,) _nen With g = x, such that

Vn <0, ux(x,) =ux(T,1)+ E(wn,l,xn, Auy(x,-1), )\u,\(a:n)).
Here we note that the sequence (z,,)_,cn depends on = and .
Lemma 4.1. For —n € N, we define

[T, (1+X0u6(x;, 7i41,0,0)) 8, = 1
[T, (1 = Aul(xi-1,;,0,0)) C T 1= A0l(2_1,7,0,0)

Bn:

Since () _nen depends on x and A, the sequence ([3,,) _nen also depends on x and \. For each
integer N > 0, we have

0

u(z)= > B (e(a;nl,xn, 0,0) + MM)

n=—N+1

4.2)
+ (1 + A@uﬁ(x,]v, L_N+1, O, O))ﬁ,NJrl’LL)\(‘%,N),
where |0x(N\)| < Ae(N).

Proof. Since u,, is a fixed point of T}, we have

ux (@) = ux(w_1) + (z_y, 2, ur(z_1), Aup(2))
= U)\(l'_l) + é(l‘_l,[L’, 07 0) + aug(l'—l?aja Oa O))‘U')\(:E—l) + avé(x—lvl'7 07 0))\’&)\(1') + 9()()‘)’
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where |6p(\)| < Ae()\), which implies
1+ X0 l(x_1,2,0,0) 1
_ l(x_ O (A
20,y 2.0.0) A1+ —Aavf(x_l,:r,0,0)( (71,2, 0) + 6o (M)
= (1+ A0ul(x_1,,0,0)) Bour(z_1) + Bo(€(x_1,7,0) + Oy(N)).

uy(z) =

We also have
ur(r-1) = ur(r_2) + €($—2,$—1, Auy(r_g), /\U,\($—1)),

which implies

(1 + N0ul(z_1,2,0,0)) Bour(z_1)
= (1 + /\f)uﬁ(x_g, T_1q, O, 0))5_111,)\(1’_2) + 5_1 (E(x_g, Tr_1, 0, 0) + 6_1(/\)),

where |0_1(\)| < Ae()\). Letting this procedure go on, and adding all equalities up, we get
(4.2). [

Proposition 4.2. There is r > 0 such that for each \ € (0,r), there is K > 0, independent of
and x, such that \ Zkgo B < K.

Proof. We argue by contradiction. Assume there is a sequence (\,,)neny — 0 and (2, )peny € X N
and for all n, a minimal sequence (z}')_jen associated to uy, (x,,) and an integer IV,, > 0 such
that

A Z By — +oo.
k=—N,

Here (/3}')—ken is the sequence associated to (ac ) —ken as defined in Lemma 4.1, which depends
on z,, and \,,. As for £ fixed, 8 — 1 asn — +oo, we have NV,, — +o0.

Define the probability measure

—1

-1 n

Hp = Cn Z 6k+15(x2,x2+1)7
k:_Nn

where C), = 21;17 ~, B+ Up to an extraction, we assume fi,, — .

w is closed: Let f € C°(X,R), we have

Lo

Z 5k+1 (Tk41) f(f/@)‘

-1

> (B = Bra)f @) = B fa ) + By f ()
k=—Npn
-1

< c,:l( S (Bt — )l + 2HfHoo) < 40

k=—Nn

=C!
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where we use the fact 8 < ;. Since C,, — +o00, p is closed.

(v is minimizing: By definition we have

/ U(z,2,0,0)du, (2, x)
XxX

—1
) 6z+1£<xz,xzﬂ,070>'

h=—

u>\

o (@) Z Bt (A (1 + A0 l(2” y, 2 N1, 0, 0))5 N1 (z
<20 |ua, |loo + Anw(An) — 0.

Now using

1
+x:1—|—x+y§exp Ty <exp{z+y}, fory<O0,
-y -y -y

we get

-1
— | A (za) = =Ct Y B A e

XxX k:—Nn
—1 —1
<=Ct Y exp{An Y Alal al) A (), 2y y)
k=—N, 1=k+1

15

)

-1 -1
< —Ctexp{[[All} Y exp{n A, ) FA(, a7y

k=—N, i=k
400 A
<Ctew(laled [ eede = SEURE o,
0 )\ncn
which contradicts (14).

]

In the following, let (z,,) _nen and (5,)_nen be the sequences defined in Remark 4.2 and

Lemma 4.1 respectively, associated to the pair zo € X and \ € (0, 7).
Proposition 4.3. For each A € (0,7) and xo € X, we have

ux(t0) = _ Bul(n-1, 21, 0,0) + Q(N),

n<0
where

lim Q(X) — 0.

A—0

Proof. Since A ano Bn < K, we have _xn.1 — 0 and

Z Bl (A ‘ S Bue(N) < Ke(A) = 0.

—N+1 n<0

By (4.2) we get (4.3), where Q(\) := >~ B0, (N).

(4.3)
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Definition 4.1. We define the following probability measures on X x X

) ! Brt1
=C . |
“)\ A kgzl 1 - )\avg(mk,17mk’ 0’ 0) ( ks k+1)
and 6
A ! k41
=C N
125 A Z 1-— )\avﬁ(xk_l,xk,()’()) (Tp—1,2k)
k<-1
where

. Br+1
P N l(@h 1, 2%,0,0)°

k<—1

Note that as xy will be fixed in what follows, we only specify explicitly the dependance of
those measures in A but they also depend on z.

Since the functions (z, z) — 0,¢(z,z,0,0) and (z,z) — 0,¢(z,z,0,0) are bounded respec-
tively by «, and &, it is easily observed that C'y — 400 (each term of the sum converges to 1 as
A — 0). Moreover A\Cy < )‘Zkgo O < K.

Proposition 4.4. For each subsolution w of £y and \ € (0, 1), we have

ux(z) > Bow(z)

+ )\CA/ 0 l(z,1,0,0)w(2)du) (2, )
XxX

+]C / 0,02, 2,0, 0Yw(x)di2 (2, ) + Q).
XxX

Proof. By (4.3) we have

uk(aj) > Zﬁn(w(:pn) - w(xn—l)) + Q(/\)

n<0
Brs1
= A s 0
507~U($) + k;1 1-— )\&,E(xk_l,xk,o, 0>8 (l’k Tht1 0 0)w<;€k)
5k+1
)\ Ug —1, , U, Q )\
A3 Ty Ak 0,000l + 20N

> Bow(x) + )\CA/ Oul(z,1,0,0)w(z)dpu)

XxX

+ )\C’)\/ Dl(z,2,0,0)w(x)du3(z, ) + QN).
XxX

]

Lemma 4.2. The limits of 113, and i3 coincide in the weak™ topology as A — 0. That is, if there
is a sequence N, — 0 such that ji} — pu, then ji5, — pu.
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Proof. Forall f € C°(X x X,R), we have

| e - )
XxX

Z 1— A@vﬁ(il:rll 1, 0,0) (f(xk, Tht1) — f(ﬂfk—hﬂfk))‘

k<-1
fo Br+1
1- A&;ﬁ(xiz,xil,O,O)f(x’l’xo) P Al (w1, 2, 0, 0)f<x’“x’““)

k<—2

_ -1
A

=Cy!

_ Z Brr1
1+ A8u€($k+17 Lk+2, 0, 0

k<-2
< O flloo
Z au€($k+1,$k+2,0,0) +av£(xk—laxk7070)

(1 = A0l(@p—1,2£,0,0)) (1 + AN0ul(Ts1, Ths2, 0,0

)f(fck, Tpi1)

+ ACy !

)) 5k+1f(9€k, 13k+1)

k<—2

— _1 Kyt Ky
< O3 oo + ACK T D B e

Y p<—1

Ky + K
<14+ 2—2K | Y fllse = 0.
< (1w e

Indeed, recall that C, — +ooas A — O. U]

Proposition 4.5. Any limit |1 ofduif as A, — 0 is a Mather measure of {(z,x,0,0).

Proof. We first prove that p is closed. Let f € C°( X, R), then
| @ - ).
XxX

. Br+1

= CA ! k;1 1— )\avg(«xk—lka; 0, 0) (f(%ﬂ) - f(l’k))
s Bo

=a 1 —X0ul(z_o,2_1,0, O)f(x)

_ O0ul(xp—2,-1,0,0) + 0ul(xk, X41,0,0)
+ 2Ot
A kgl Bk—H (1 - )\avf(l’k_g, Tk—1, O, 0)) (1 - /\é)vﬁ(xk_l, T, 0, 0)

Since —k, < O,l(2,2,0,0) < 0and —k, < 9, l(z,2,0,0) <0, we have

/X @) = JE)di ()
<M Flloo 1+ (it m)A D B)

k<0

< (14 (Ku + KU)K)C)Tlufnoo — 0.
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Then we prove p is minimizing. By (4.3) we have

/ 0z, 2,0,0) (1 — AdyLolz, 2))did (2, ) — CMun(o)
XxX

— C)\—l

Z (Bre1 — Be)l(xp—1, 2k, 0,0) — Bolo(x_1,2) — Q(/\)‘

k<-1

< C/\_l( \ Z 6u€0(xk,xk+1,0,0) +8U€<xk*17xk7070)

1-— )@J(:Uk_l, Tk, 0, O)
<MD (a4 £0)Bellolloo + [lfolloe + Ke(N))
k<0
< O (((Ku + ko) K 4+ 1)][6]|oe + Ke(X)) — 0.

Br+1lo(xk—1, TK)

k<-1

+ {40l 0o + KE()\))

Let A — 0, we get [, lo(z, )dpx(z, ) = 0. O

We now turn to the proof of the main theorem. Recall that S is the set of subsolutions w of
{y that satisfy

/X . (0ul(z,2,0,0)w(z) + 0,(z,z,0,0)w(z))du(z, x) > 0,

for all Mather measures y of /.

Proof of Theorem 4. We first show that v is well-define, that is, functions in Sy are uniformly
bounded from above. Assume there is w € Sy such that w > ¢ > 0, then by (4.1) we have

0< / (0u(z,2,0,0)w(z) + 0,0(z, z,0,0)w(z))du(z, )
XxX
< 5/ (8u€(z, x,0,0) + 0,0(z, z,0, O))d,u(z, x),
XxX

which contradicts (14). Therefore, for all w € S, there is xo € X such that w(xy) < 0. By the
equi-continuity of subsolutions of ¢, the result follows.

Recall that we consider a decreasing sequence \,, — 0 such that vy, — u, uniformly.
Since for all (z,2) € X x X,

ux(x) — un(2) < L(z, 2, Mur(z), ur(2)).

Let A — 0 we get
U (2) — us(x) < (2,2,0,0),

which means wu, is a subsolution of ¢;. By Proposition 4.1, u, € Sy, which implies u, < u.
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Let now xy € X and up to a further extraction, assume that the associated measures converge.

By Lemma 4.2 the limits are the same and lim g} = lim p3 = pis a Mather measure by
n—+oco 7" n—+oo

Proposition 4.5. For each w € &, by Proposition 4.4, we have

U, (z0) > nl_i)filoo Bow(xo)

+ limsup \,,C),, (/ 8u€(z,:17,0,0)w(z)duin +/
XxX

n—-+00 XxX

Opl(z,,0, O)w(x)duin)

= w(zo) + limsup \,,Cl, / (0ul(2,2,0,0) + 9,l(z,,0,0))w(z)dp
XxX

n—4o0o
Z w(ZL‘[)),
where we have used that w € Sy. Therefore, u,(x9) > sup,,es, w(%o) = uo(xo). We finally get
Uy = UQ.
Now we prove that u is a fixed point of 7. We have seen that uy = wu, is a subsolution.
Let 2o € X. Since X is compact, let z,, be a point realizing the minimum in uy, () and up to
extracting, assume zy,, —> Zx. By

uy, (T0) — ur, (2,) = €(2a,, To, Antin, (20,), Antin, (20)),

we get
uo (o) — up(24) = (24,20, 0,0).

Thus, uy is a fixed point of 7j. O

Remark 4.3. As a byproduct of the previous proof, we have also proven that uy € S;.

We finish this section by the alternative representation formula of .
Proof of Theorem 5. Define
Jox (00,5, 0,00h(2,2) + 0,0(2,,0,0)h(y, 2) ) dp(=, )

Uo(x) = min
O( ) HEMo fXXXA(Z,y)d,u(Z,y)

Y

where 91, denotes the set of Mather measures of /. Note first that for each u € 901, the
function

Jxox <8u€(z, y,0,0)h(z,x) + 0,4(2,y,0,0)h(y, x))du(z, )
Jxowx Mz y)du(z,y) ’

is a subsolution of /. Indeed each —h(z, -) is a subsolution (Proposition 1.2) hence the integral
is a barycenter of subsolutions (Proposition 1.1). Hence 4y is also a subsolution for ¢y as an
infimum of subsolutions.

X —

proof that vy < 4y Letz € X and 1 € 9. Integrating the inequalities ug(z) < ug(z)+h(z, x)
recalled in Proposition 1.2, we find that

() /X 0u(.0.0u(z.9) > /X 0u(2,5,0,0) (uo(2) + h(z,2))dpu(zy),  (4d)

XX
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wla) [ D6 0.00dutz ) 2 [ 0,80, 0.0) (o) + )z p). @5)

x X

Recall that uy € Sy so that

/X . (0ul(z,9,0,0)ug(2) + 9 l(2,y,0,0)uo(y))dp(z,y) > 0.

Therefore, summing (4.4) and (4.5) and using the previous inequality, we obtain
ug(aj)/ Az, y)du(z,y) > / (0u€(z,y, 0,0)h(z,x) + 0yl(z,y,0,0)h(y, x))d,u(z, ).
XxX XxX

Dividing by [, A(z,y)du(z,y) < 0and taking a minimum over p € M, yields the desired
up(z) < Go(x).

proof that u, > ,: We first show vy (-) := —h(-,y)+uo(y) € Sy forally € X. Let u € M.
We get

/X . (0ul(z,2,0,0)v,(2) + 0ul(2, 2, 0,0)v,(z))du(z, )
= —/X ; <h(z,y)8u€(z,x,0,0) + h(:l:,y)@ﬂ(z,x,(),()))du(z,az)
[ AGa)i)dntz.

= — /XXX (h(z,y)f)uﬁ(z,x,(),()) + h(x,y)avﬁ(z,x,(),0)>d/~0(27$)

Jenx <8u€(z, 2,0,0)h(z,y) + 0,0(z, 2,0, 0)h(x,y)>dﬁ(z,9:)
+ A(z, x)du(z, z) min —
/XXX (=it )p,ezmo Jxoxx Mz 2)dfi(z, )

It follows that v,, < u, and evaluating at y yields uo(y) > —h(y,y) + Go(y). Let y € 2, we have
h(y,y) = 0, and uo(y) > o(y). By comparison (Proposition 1.3), as u is a solution and 4 a

subsolution, we finally get ug > . O]

S Uniqueness of u)
Theorem 6. The fixed point uy of T is unique if \ is small and one of the following holds

(1) {(z,z,u,v) is concave in u and concave in v,
(2) Ouul(z,x,u,v) exist and are continuous for (u,v) near (0, 0).
Proof. We argue by contradiction. Let u) and v, be two fixed points. Assume

ux(zo) — va(xo) = max (ur(z) — va(z)) > 0.

> 0.
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Let (x_x)ren be a minimizing sequence associated to vy (z) as defined in Remark 4.2.
Step 1. We first show that if ) is small enough, we have wuy(x_j) > vy(x_y) for all & > 0.
Assume uy(x_1) < vy(z_1). By (1) and (12), we have

un(zo) — ua(w_1) < L(x_1, 2, Aux(2_1), Mu(20))
< 5(3571, To, Mux (1), AU,\(QJO))
< U(z_1, 20, Aa(z_1), \ox(20)) + Aku(vx — up)(z-1)
= un(z0) — va(z_1) + ARy (vx — up)(z-1),
which implies that

(1 — A&y (upn — vp) (1) > up(zo) — va(xo) > 0,

which leads to a contradiction. Then uy(z_1) > vy(z_1). We then go on to find, using (12), that

T_o, 2, Mun(T_2), Aup(z_1))
T_2,T_1, )\U,\(ﬂtz), )\U,\(l'q))

T_9,T_1, )\U)\(QT—Q)a )\'U)\(:B_l))

TN TN TN

therefore uy(x_o) — va(z_2) > ur(x_1) —va(z_1) > 0.

By induction, we have uy(z_x) > vy(z_x) for all k£ > 0.
Step 2. By Step 1 and (12), we have

U@ _py1) = OA(2_p) = (@, T_py1, A0A (), AOA (T _p41))
> (@ g, g1, Mun (@), Mup (@ _ges1) ) (5.1

> up(T_pq1) — ur(_p),

which implies
ur(x_g) —or(x_g) > -+ > un(xo) — valzo)-

By the definition of x, all inequalities above are equalities, that is,

un(® k) = va(2 ) = max (ur(z) —vaA(z)) >0, VE>0. (5.2)
BAS
Step 3. Define the probability measure

-1
pn =N Sapan)- (5.3)

k=—N

By compactness of measures, let (IV,,),, be an extraction such that py, — pas N — 4o00. Since

_ ‘f(l’o) —Nf(x—N)

2| fll
< 0
N =

/Xxx (f(2) - f(y))duzv‘
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the measure 4 is closed. We also have

/X Xﬁ(z,m, )‘UA(Z)7)‘UA($))dMN _ vA(Z0) —NU)\(IL’N) o

As all inequalities in (5.1) are equalities, it follows that

/X Xﬁ(z, z, A (2), A () dp = / 0(z, 2, M (2), Aup(z))dp = 0. (5.4)

XxX

Since py, — p, for each (z,2) € supp(u), there is a sequence (z,,x,) € supp(uy,) with
(zn, Zn) — (2,2). By Step 2, ux(2,) — va(2,) equals a positive constant M. Therefore, uy(z) —
ua(z) = M > 0. Similarly, we have uy(x) — v)(x) = M > 0. By (12), we have

Uz,x,1,8) = E(z,x, Auy(z), /\u,\(m)),
for all (z,x) € supp(u) and 7 € [Avy(2), Aur(2)], s € [Ava(2), Aup(z)].

Conclusion under hypothesis (1). By (5.2), the intervals [Avy(2), Auy(2)] and [Avy(z), Aduy(x)]
have no-empty interior, by the concavity we have

E(Z,x, Auy(2), )\u,\(x)) =max/l(z,z,1,8), Y(z,z)€ supp(u).
By (12), we have
Uz, m,7,8) = L(z,2, Mup(2), \ur (), Vr < dun(z), s < duy(z).

Let ug < 0 and up < minge x Auy(x), we have

/ 0z, x,ug, ug)dp = / 0(z, 2, Aux(z), Aup(z))dp = 0.
XxX

XxX

By (12) we also have

0 :/ f(z,x,uo,uo)du Z/ 6(27%070)0@
XxX XxX

Thus, p is a Mather measure of /(z, z,0,0). By (12) again we have
Uz, 7, s) = 0(z,x,up,up), V(z,2) € supp(u), Vr,s € [ug,0].
Since ug < 0, we have
Ounl(2,2,0,0) =0, V(z,x) € supp(u),
which contradicts (14).

Conclusion under hypothesis (2). Since the set of Mather measures is compact, there is € > 0
such that
Az, x)dp(z,x) < —2¢, Y € M.

XxX
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We first show that there is » > 0 and N, > 0 such that

-1
N7' DY AMwe wen) < =26, YA€ (0,r), YN > N,

k=—N
If not, we assume that there is a sequence A\, — 0 and N,, — +oc such that

-1

anl Z A(xk-’xk-Jrl) Z —2e.

k:_Nn

Extracting a subsequence if necessary, let 1), be the limit given by (5.3) and 1, — p. By (5.4),
1 1s a Mather measure. We then get a contradiction.

Since 0, ,¢ is continuous for (u, v) near (0, 0), for A small and N large, we have

-1

N~ Z [&ﬁ(m,xkﬂa)\UA(%)J\UA(%H)) +8v£(xkaxk+la>\u)\<xk)v)\UA(Ik+1>)i| < —€.

k=—N
Since all inequalities in (5.1) are equalities, we have
Oul (g, Tpop1, Mur (@), Aun(Tgs1)) = Oul(Tge, Thog1, Aun(@y), Aun(zp41)) =0,

which leads to a contradiction. O]

Acknowledgements

The authors are supported by ANR CoSyDy (ANR-CE40-0014).

References

[1] P. CANNARSA, W. CHENG, L. JIN, K. WANG, AND J. YAN, Herglotz’ variational
principle and Lax-Oleinik evolution, J. Math. Pures Appl., 141 (2020), pp. 99-136.

[2] P. CARDALIAGUET AND A. PORRETTA, Long time behavior of the master equation in
mean field game theory, Analysis & PDE, 12 (2019), pp. 1397-1453.

[3] Q. CHEN, Convergence of solutions of Hamilton—Jacobi equations depending nonlinearly
on the unknown function, Advances in Calculus of Variations, (2021).

[4] Q. CHEN, W. CHENG, H. IsHII, AND K. ZHAO, Vanishing contact structure problem and
convergence of the viscosity solutions, Comm. Partial Differential Equations, 44 (2019),
pp- 801-836.

[5S] Q. CHEN, A. FATHI, M. ZAVIDOVIQUE, AND J. ZHANG, Convergence of the solutions of
the nonlinear discounted Hamilton—Jacobi equation: The central role of Mather measures,
Journal de Mathématiques Pures et Appliquées, 181 (2024), pp. 22-57.



24 Panrui Ni, Maxime Zavidovique

[6] A. DAVINI, A. FATHI, R. ITURRIAGA, AND M. ZAVIDOVIQUE, Convergence of the
solutions of the discounted equation: the discrete case, Math. Z., 284 (2016), pp. 1021-
1034.

[7] ——, Convergence of the solutions of the discounted Hamilton-Jacobi equation, Invent.
Math., 206 (2016), pp. 29-55.

[8] A. DAVINI AND L. WANG, On the vanishing discount problem from the negative direction,
Discrete Contin. Dyn. Syst., 41 (2021), pp. 2377-2389.

[9] A. DAVINI AND M. ZAVIDOVIQUE, Convergence of the solutions of discounted Hamilton-
Jacobi systems, Advances in Calculus of Variations, 14 (2019), pp. 1-15.

[10] I. C. DOLCETTA AND A. DAVINI, On the vanishing discount approximation for compactly

supported perturbations of periodic Hamiltonians: the 1d case, Comm. Partial Differential
Equations, 48 (2023), p. 576-622.

[11] H. IsHII, The vanishing discount problem for monotone systems of Hamilton-Jacobi
equations. Part 1: linear coupling, Mathematics in Engineering, 3 (2021), pp. 1-21.

[12] H. IsHII AND L. JIN, The vanishing discount problem for monotone systems of Hamilton-
Jacobi equations. Part 2: nonlinear coupling, Calc. Var., 59 (2020), pp. 1-28.

[13] H. IsHII, H. MITAKE, AND H. TRAN, The vanishing discount problem and viscosity
Mather measures. Part 1: The problem on a torus, J. Math. Pures Appl., 108 (2017),
p. 125-149.

[14] ——, The vanishing discount problem and viscosity Mather measures. part 2: Boundary
value problems, J. Math. Pures Appl., 108 (2017), pp. 261-305.

[15] H. ISHII AND A. SICONOLFI, The vanishing discount problem for Hamilton-Jacobi equa-
tions in the Euclidean space, Comm. Partial Differential Equations, 45 (2020), pp. 525-560.

[16] R. ITURRIAGA AND H. SANCHEZ-MORGADO, Limit of the infinite horizon discounted
Hamilton-Jacobi equation, Discrete Contin. Dyn. Syst. Ser. B, 15 (2011), pp. 623-635.

[17] P.-L. L1ONS, G. PAPANICOLAOU, AND S. VARADHAN, Homogenization of Hamilton-
Jacobi equation. unpublished preprint, 1987.

[18] H. MITAKE AND H. TRAN, Selection problems for a discount degenerate viscous Hamilton-
Jacobi equation, Adv. Math., 306 (2017), pp. 684—703.

[19] P. N1, Multiple asymptotic behaviors of solutions in the generalized vanishing discount
problem, Proc. Amer. Math. Soc., 151 (2023), pp. 5239-5250.

[20] X. SU AND P. THIEULLEN, Convergence of discrete aubry—mather model in the continuous
limit, Nonlinearity, 31 (2018), p. 2126.



Nonlinear and degenerate discounted approximation in discrete weak KAM theory 25

[21] K. WANG, L. WANG, AND J. YAN, Variational principle for contact Hamiltonian systems
and its applications, J. Math. Pures Appl., 123 (2019), pp. 167-200.

[22] Y. WANG, J. YAN, AND J. ZHANG, Convergence of viscosity solutions of generalized
contact Hamilton-Jacobi equations, Arch. Rational Mech. Anal., 241 (2021), pp. 1-18.

[23] ——, On the negative limit of viscosity solutions for discounted Hamilton-Jacobi equations,
J. Dyn. Differ. Equ., (2022).

[24] M. ZAVIDOVIQUE, Strict sub-solutions and Marié potential in discrete weak KAM theory,
Comment. Math. Helv., 87 (2012), pp. 1-39.

[25] M. ZAVIDOVIQUE, Convergence of solutions for some degenerate discounted Hamil-
ton—Jacobi equations, Analysis & PDE, 15 (2022), pp. 1287 — 1311.

[26] ——, Discrete and Continuous Weak KAM Theory: an introduction through examples and
its applications to twist maps, 2023.

[27] J. ZHANG, Limit of solutions for semilinear Hamilton-Jacobi equations with degenerate
viscosity, Advances in Calculus of Variations, (2023).

[28] B. ZILIOTTO, Convergence of the solutions of the discounted Hamilton-Jacobi equation: A
counterexample, J. Math. Pures Appl., 128 (2019), pp. 330-338.



