26,08,/2022

African Institute for Mathematical Sciences (AIMS), M'Bour, Senegal
CIMPA Research School on cryptography, theoretical
and computational aspects of number theory.
https://indico.math.cnrs.fr/event/5731/

Elementary Approach to Elliptic Curves

Michel Waldschmidt

Professeur Emérite, Sorbonne Université,
Institut de Mathématiques de Jussieu, Paris
http://www.imj-prg.fr/~michel.waldschmidt/
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Periods

Group of periods of a meromorphic function f : C — P;(C) :

Per(f) ={A e C [ fz+A) = f(2)}.

If f is a non constant meromorphic function on C, the group
of periods of f is a discrete subgroup of C.

Theorem. The discrete subgroups of C are

e {0} (rank0),

o Z\ with A\ # 0 (rank 1),

® Z\i + Z\y with (A1, \2) a basis of C over R (rank 2).
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Exponential and trigonometric functions

Z z_' = cosh(z) + sinh(z),
= n

2k 2k+1
- sl
sinh(z) =)

k>0

e = cos(z) + isin(z),
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Exponential, sinus, cosinus

exp(z)
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The six trigonometric functions

Yy

cotd (A o N
cosb
AN\ |tan0
0
X
secO E 2
x=1
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Cotangente

For 0 < |z| <,

Ccos 2
cotz =

sin z
d log si
= — inz
dz &
_ i (_1)n22n32n z2n—1
(2n)!
:zfl_lz_izs 2 5

3° 7457 T 0a5”

1 1 1
=-+ +—).
z Z—Nnm nm

Bernoulli numbers :
1
Byo=1, By =—3, By =
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Isomorphisms of topological groups

Line

Circle

Cylinder

R ~ R} ~ R*/{£1}.

R/Z ~ U
U U
@/Z =~ Utors

C/2miZ ~ C*.
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Linear algebraic groups
GL,, G,, G,,, Circle C : 2% +y* = 1.

GL,(K) ={M € Mat,«,(K) | det(M) # 0}.

Gn(K) = K* = GL,(K).

Guo(K) = {(é ‘f) | ac K} C GLy(K).

C(K) = {(x _y> | 2,y € K} C GLy(K).

Yy T
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Periodic functions : g—expansion

If f is a periodic meromorphic function with period \ # 0,
there exists a function f meromorphic on C* such that

f(e) = F(e)

and conversely.
f = foqwith q(z) = e>#/* q: 2 q= e

»eC—L-P,(C)

a
ST

qgeC”
g—expansion (Fourier) :

}<Q) = Zanqn~
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Periods : Maxime Kontsevich and Don Zagier

Maxime Kontsevich Don Zagier

A period is a complex number with real and imaginary parts
given by absolutely convergent integrals of rational fractions
with rational coefficients on domains of R" defined by

(in)equalities involving polynomials with rational coefficients

Periods, Mathematics unlimited—2001 and beyond, Springer
2001, 771-808.
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The numbers 271 and 7 are periods

d
27Ti:/ il
|z]=1 #
™= // dxdy
r2+y2<1
_/1 da
B 1 \/1—1’2
_/°° dx
o 12

B /1 da
B 0 1+$2

1+ 22

22 /1 (1 — 2%)dx
0
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Primitive or reduced pair of periods

Fundamental pair of periods of an elliptic curve : basis (A1, \2)
of the lattice of periods.

Primitive or reduced pair of periods : (A1, \y) with |\{]
minimal among |A|, A € A\ {0} and |\z] minimal among |}|,
A€ A\ R) and Imi—f > 0.

Theorem. A primitive pair is fundamental.
Examples :
(i, —1) is a pair of primitive periods for the lattice Z + Zi,

(1,2 +1) is a fundamental pair of periods for the same lattice
but is not a primitive pair of periods.
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Criterion for a fundamental pair to be primitive

Theorem. A fundamental pair of periods (A1, \2) is primitive
if and only if T = X\y/ )\ satisfies

7| >1, Im7 >0, -—

Reference : Chandrasekharan, Chapter |I.
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Fundamental domain for the modular group

Given any non constant
elliptic function f, there exists
a pair of fundamental periods
(A1, Ag) such that 7 = Ay /g
satisfies Im7 > 0, |7| > 1,
—% < Ret < %,

with Re7 < 0 if |[7| = 1.

-1 —1;2
This is a primitive pair of fundamental periods.

If (A, \3) is an other fundamental pair with 7% = A\ /A
satisfying these conditions, then 7% = 7.
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The modular group SLy(7Z)

The subgroup SLy(Z) of GL2(Z) of matrices of determinant
+1 is generated by the two elements

0 —1 1 1
s=(1 ) =0 )

with the relations
S2% =

|
©”
~
%
Il
~

a b ar +b -1
() r=Trs so=T TO)=r+

The subgroup {7, S} is the isotropy group of i, while
{I,ST,(ST)?} is the isotropy group of o = ¢*™/3 and
{I,TS,(TS)?} is the isotropy group of —1/p = e™/3.
Reference : J-P. Serre A course in arithmetic.
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Jacobi, Dirichlet’s box principle

Karl Jacobi Lejeune-Dirichlet
1804-1851 1805 - 1859

Exercise.
Let x1, 29, z3 be three complex numbers which are linearly
independent over Q. Then there exists a constant ¢ > 0 such

that for N > 1,

min{|az1 + agrs + azrs| ;
c

(a17a27a3) € Z3 \ {(0,0, O)}a max{|a1|, |CL2|7 |CL3|} S N} S N

https://mathshistory.st-andrews.ac.uk/Biographies/Jacobi/
https://mathshistory.st-andrews.ac.uk/Biographies/Dirichlet/
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Lattice in C = discrete subgroup of rank 2

Let G be a discrete subgroup of rank 2 in C. Then there exists
a basis (x1,15) of C over R such that G = Zx1 + Zxs.

Proof.
By assumption there exists a basis (e, e2) of C over R such
that Z€1 + Z€2 C G.
Let
P = {t161 +t262 ‘ —1 S tl,tg S ].}

Then PN G is a finite set which generates GG as a Z module
and G C Qe; + Qes.

It follows that there exists d > 0 such that (& is a subgroup of
the free abelian group Gy :=Zf1 + Zf4 with f; = e;/d.
There is a basis y1,ys of G over Z and there are two positive
integers a1, as such that a, divides as, Gy = Zy, + Zy- and
G = Zxy + Zxy with x; = a;y;. O
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Lattices in C

Recall : a lattice is a discrete subgroup of C of maximal rank 2.

The lattices are the subgroups Z\| + Z\y where A1, A5 is a
basis of C over R.

Examples : Z + Zi, Z + Ze*™/3.
Change of basis of a lattice : GLy(Z).
Z+7i=7Z(a+bi)+ Z(c+ di) when ad — bc = +1.

Condition Im 7 > 0 : det = +1, SLy(Z).
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Two main example of lattices

e Let K be an imaginary quadratic number field embedded in
C, R the ring of integers of K.
Any nonzero ideal 2l of R is a lattice in C.

elet 7€ C\R. Then Z + Z7 is a lattice in C.

19/120



Lattices

also

cmm, (222), [,2*,2]

rhombic lattice
centered rectangular lattice
isosceles triangular

pmm, *2222, [,2,65]

rectangular lattice

also centered rhombic lattice

right triangular

pam, (*442), [4,4]

e e e e e e e g

square lattice
right isosceles triangular

SN A

p2, 2222, [»2]*

parallelogrammic lattice
also oblique lattice
scalene triangular

pém, (632), [6,3]

hexagonal lattice
(equilateral triangular lattice)

p3m1, (333), [3°]]

equilateral triangular lattice
(hexagonal lattice)

https://en.wikipedia.org/wiki/Lattice_(group)
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Fundamental domain

A fundamental domain of C/A is a subset F of C such that
the canonical surjection C — C/A induces a bijective map
F — C/A (i.e. Fis a set of representatives of C modulo A).

Example : let (A1, A\2) be a basis of A as a Z—module. Then
the fundamental parallelogram

P={ti\ +tahy | 0< 1ty 8y <1}

is a fundamental domain of C/A.
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Torus

Let A be a lattice in C. The quotient "= C/A is a torus.

DA
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Magic square

7 8|61 8
7

61 861 8|61 8

753 %53\ %53
2 9 %2 9 %2 9 ¥4

2 9 %29

61 8|61 861 8
¥ 53|75 3% 53
2 9 %2 9 4|29 4

4

3 2SN 3 7

http://villemin.gerard.free.fr/Wwwgvmm/CarreMag/CMordre3.htm
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Magic square 5 X 5

5
4 10
3 9 15
2 8 14 20
1 7z 13 19 25
6 12 18 24
1 17 23
16 22
21

20 8 21|14 |2 || 5

24|12 | 5 |18 | 6 | 5
M| 4 |17 (10|23 |55

65 65 65 65 65 65 65

http://villemin.gerard.free.fr/Wwwgvmm/CarreMag/CaMagTdM.htm
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Magic square 9 x 9

47
57
67
77

6
16
26
36
37

http://villemin.gerard.free.fr/Wwwgvmm/CarreMag/aaaMaths/Diagonal .htm

58
68
78

"
17
27
28
38
48

69
79

18 2

19

39
49
59

80

10

30
40

60
70

11
21
31
41
51
61
71
81

22
32
42
52
62
72
73

23
33
43

63

64

74

13

45
46
56
66
76

15
25
35
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René Magritte : la trahison des images
(1928-1929)

Ceci et nas une Jufie.
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The toric section

https://arxiv.org/pdf/1708.00803

Intersection of a torus with a plane (worlds of math & physics)
https://www.lucamoroni.it/toric-sections/

¥ 3D
1 i

A CY Dv

Luca Moroni (2017)

x|
=

fig. 01 - The torus-Plane Intersection simulation with Geogebra

DA
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Cassini ovals

fig. 05 - Two different Cassini's ovals

DA
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Lemniscate

Toric'
0=0

ection in the intersecting plane

7
3D Graphics.
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Elliptic function : definition

Given a lattice A in C, an elliptic function with respect to A
is a meromorphic function f on C such that A C Per(f).

The only entire elliptic functions are the constants (Liouville).

The set of elliptic functions with respect to A is a field M(A).
This field is stable under derivation.

An elliptic function f : C — P;(C) with respect to A induces
a map on the torus 7' := C/A :

c—>1p>1(<c>
| -
T
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Elliptic functions : properties

Let A be a lattice in C, let f be a non constant elliptic
function with respect to A and let F be a fundamental
domain for C/A. Then

(1) e resalf) = 0.
(2) X ordu(f) = 0.
(3) Yoperordy(f)-w € A.

The order of a non constant elliptic function is the number of
poles (counting multiplicities) in a fundamental domain.

31/120



Theorem of Abel and Jacobi

Niels Henrik Abel Karl Jacobi
1802 - 1829 1804-1851

Let A be a lattice and F a fundamental domain of C/A. For
each w € F, let k,, be a rational integer such that

{we F | ky, # 0} is finite. There exists an elliptic function f
with respect to A satisfying ord,,(f) = k,, for all w € F if and

only if
ka:o and ka-weA.

weF weF
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Divisor of a non constant elliptic function

The divisor of a non constant elliptic function f: T — P;(C)

div(f) ==Y _ordy(f)[w] € EPZ

weT weT

(finite formal sum of points in 7" with integer coefficients).

If two non constant elliptic functions f, g with respect to A
have the same divisor, then f = cg for some constant ¢ € C*.
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Eisenstein series
For s € R, the series

> T
AeA\{0}
converges if and only if s > 2.

Lemma. The Eisenstein
series are

Ge(A) == Y A*

AEA\{0}

for ki > 2 an integer. Gotthold Eisenstein

Exercise. 1823 — 1852

e for k odd, Gi(A) = 0.
e for \ € C\ {0} and A = ZX\ + Zi\, Gg(A) = 0.
e for A € C\ {0} and A = Z\ + Zo\ with o = ®™/3, G4(A) = 0. ,, .,



Weierstrass g—function

AeA\{0}
Karl Weierstrass
) 1815 — 1897
/
p'(2) = Z 3
AEA (z =)
1 o
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The field M(A) of elliptic functions for A

The field C(py) is the field of even elliptic functions for the
lattice A.

More precisely, any non constant even elliptic function can be

written
e I (o(2) = p(w)™

weW
where ¢ € C*, W is a finite subset of C \ A and n,, € Z.

The field M(A) is C(pa, ¢y ), a quadratic extension of C(gp,).
A5 A
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Differential equation of gy

(@/A)Q = 4@)’\ — g2(M)pa — g3(A)
with

ga(A) = 60G4(A) and  gs(A) = 140Gs(A).

Consequence.

p//:6@2_@_
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Smooth cubic curves
We have
4X3 — g2 X — g3 = 4(X — &) (X — 2)(X — e3)
with
e1 =p(Ai/2), e =p(N/2), e3=p((A+ A\)/2).
Since ey, €9, e3 are pairwise distinct, the discriminant
A = g3 —27g5° = 16(e; — 62)2(61 — 63)2<62 — 63)2
does not vanish.
The curve y*t = 423 — goxt? — g3t® in Po(C) is smooth (no

singular point).
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Three real cubics

Y= ((z— 2)2—}-0.2)

ER) ={(z:y:1) € P2(R) | y*t =42’ — goat® — g5t°}.
Point at infinity : (0:1:0).
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Real cubics

The Eliptic Curve y?=x*+1 The Eliptic Curve y?=x"-x+1 ‘The Ellptic Curve y’=x’-2x+1
¥ ¥ ¥

3

3.

‘The Singular Eliptic Curve y?=x’~3x+2 The Singular Eliptic Curve y*=x’-0.48x+0.128 ‘The Singular Eliptic Curve y*=x*
¥ ¥ ¥y
3 3 3
2 2 2
1 1 1
- E] 0 R} E] 7 R

https://web.northeastern.edu/dummit/docs/numthy_7_elliptic_curves.pdf
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Non degenerate and degenerate elliptic curves

Figure 7.1. Non-Degenerate and Degenerate Elliptic Curves over R.

Henri Cohen. A course in computational algebraic number theory § 7.1.4 fig. 7-1.
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Weierstrass sigma function

Let A = Z\; + Z\, be a lattice in C. K. Weierstrass
The canonical product of Weierstrass associated with A is the

Weierstrass sigma function o, defined by
(2) = H (1 B 2) . o 22
oa(z) ==z v) Pyt o)

This function has a simple zero at each point of A.
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Hadamard canonical products /

For N=1{0,1,2,...} : Jacques Hadamard
1865 - 1963
e 7 ( B
_ 1 — _> z/n'
['(—2) 11;[1 n

For Z -

sin 7z 22

n>1
T()0(1—2) = —
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Weierstrass zeta function

The logarithmic derivative of the Weierstrass sigma function is
the Weierstrass zeta function

=280 3 (eded)

AeA\{0}

and the derivative of ( is —p. The minus sign is selected so
that

1
p(z) = — + a function analytic at 0.
z

The function ( is therefore quasi—periodic : for any A € A
there exists 7 = 7(\) such that

C(z+ ) =¢(z) +n.
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The Weierstrass sigma function
For A =7Z\ +Z), and )\ € A,

oa(z +A) = Xx(\)"VEN g, (2)

where

-1 a2,
X(A>_{1 if \/2 € A.

Proof of the Theorem of Abel and Jacobi.
Assume

ka:o and Zk;w-wzéeA.

weF weF

Consider
g

= (Z) o(z —w)kw
16)= =g L ote—wi
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Weierstrass @ function as a quotient of two entire

functions
Fora € C\ A,
ofa) = oz - a)cr(z—i—a)_
p(z) — p(a) o(a)20(2)?
Also
o(22)
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Periods of a Weierstrass elliptic function

A pair of fundamental periods (A, \2) is given by

i =1,2)

& dt
)\i = 2/ s (Z
e VA3 —got — g3

where

43 — got — g3 = 4(t —e1)(t —e2)(t — e3).
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Examples
Example 1 : g, =4, g3=0, 7 = 1728
A pair of fundamental periods of the elliptic curve
YAt = da® — dat®.

is given by

R L(1/4)?
'X], — u/(‘ t3 — t = Ei Eg( 17/117 ]7/22) = Eig;?f;;i;ﬂi = 22.(3i2:2()5377535311i2 oo

and
)\2 - Z)\l .
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Examples (continued)
Example 2 : go=0,93=4,7=0
A pair of fundamental periods of the elliptic curve

vt = 4 — 483,

<t 1 L(1/3)°
= =-B(1/6,1/2) = = 2.428650648 . . .
)\1 /1‘ 1 3 ( /67 / ) 24/37T

and
A2 = oA\

where o = e27/3,
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Weierstrass sigma function : an example
For A =7+ Zi :

2

o)== [ (1-%)ew <§+2Z_A2)

AeZi\{0}

oy (1/2) = 25426/ (1/4) 72 = 0.4749493799 . ..

For v € Q(¢), the number oz () is algebraic over

Q(m, €™, ['(1/4)).
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Legendre relation

The numbers 7(\) are the
quasi—periods of the elliptic
curve.

When (A1, \2) is a pair of
fundamental periods, we set
m =n(A\) and 72 = n(A2). this is not Adrien Marie
Legendre relation : (1752 — 1833)

but Louis Legendre

Aon — Aijg = 24,
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Legendre and Fourier

"L

Peter Duren, Changing Faces : The Mistaken Portrait of
Legendre.

Notices of American Mathematical Society, 56 (2009)
1440-1443.
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Examples

For the curve y*t = 423 — 4xt? the quasi—periods associated
to the previous fundamental periods are

o (2w .
/'71 - )\1 - 1—\(1/4)2’ 772 - ”717

while for the curve y?t = 42° — 4t they are

27 27/3 72

— - Y - 2 .
771 - \/g)\l 31/2r(1/3)3 772 Q 771
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Elliptic integrals and ellipses
An ellipse with radii @ and b has equation

1,2 y2
@]

and the length of its perimeter is
a?x?

b4 _ beQ

In the same way, the perimeter of a lemniscate
(2% +9%)° = 2a*(2* — y°)

is given by an elliptic integral

1
da / (1— 412 4y
0
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Intersection of two quadratic surfaces
A quartic equation
vi=aut + P+ cu’ +du+e
can be transformed into a generalized \Weierstrass equation
y2 + a1y + azy = 3+ a2x2 + a4x + ag.

Washington § 2.5.3 : quartic equations.

The intersection of two quadratic surfaces in three dimensional
space along with a point in the intersection is usually an
elliptic curve. Special case :

aw? +® =e, cu+dw? =T,

Washington § 2.5.4 : intersection of two quadratic surfaces
Example :
w402 =2, uw+4uwi=5
gives
y? =a® +22% — 5 — 6.
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Jacobi 12 elliptic functions

Elliptic curve as an intersection of two quadrics : the functions

sn and cn.

iR A

K

IR

S

sn sc sd ns ne nd ¢s cn ed ds dn de

C

Karl Jacobi
1804-1851

pn
bpq = —
qn

https://en.wikipedia.org/wiki/Jacobi_elliptic_functions
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ds‘

Jacobi Elliptic Functions

b= 141421
m=05

¢ =0.74089
u=0775

57/
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The divisor group Div(T') of a torus T’

Let A be a lattice, "= C/A. A divisor is a finite formal sum of
points in T with integer coefficients

Div(T) = P Z.

weT

The summation map X : Div(T') — T sends ) 1 ny[w] to
ZwGT NyyW.

The degree map Div(T') — Z sends ), —pnw[w] to Y- 7 1y
The kernel of the degree map is the subgroup Div’(T") of divisors
of degree 0.

The divisor map div : M(A)* — Div"(T) sends a non-zero elliptic
function to its associated divisor.

Theorem. The sequence of abelian groups

1— C* — MA)* B Divd(T) ST — 1

is exact. Reference : Washington §9.1.
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Weierstrass parametrization
Theorem. Let A be a lattice in C. The Weierstrass map

z — (p(2):¢'(2):1) 2 & A
A — (0:1:0) AeEA

induces a bijective map from the torus T := C/A to the
complex elliptic curve E, with projective Weierstrass equation

Ey: Y?Z =4X3 — go(MXZ? — g3(N) 2.

Corollary. The Weierstrass parametrization

expp : C — E)(C)
endows E(C) with a group structure isomorphic to C/A,
with zero element O := (0 :1:0). The inverse of (X : Y : Z)

is (X : =Y : Z). Three distinct points on FE(C) add to Og if
and only if they are collinear.
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Complex torsion

The torsion elements in F(C) are the images under (p: o' : 1)
of the Q—vector space QA spanned by A.

For N > 1,

{PeE(C) | NP=0g}~ %A/A ~ (Z/NZ)*.
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The group law on an elliptic curve
Je A Y
NS N S SN
Q

P+Q+R=0 P+Q+Q=0 P+Q+0=0 P+P+0=0
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y? =23+ 1

Rational points :
Py =P =(2,-3),
Py =2P = (0,-1),

https://fr.wikipedia.org/wiki/Courbe_elliptique
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Addition formula for the Weierstrass gp—function
For u,v,w € C, the condition u + v + w = 0 is equivalent to
p(u)  @'(u) 1
det | p(v) ¢'(v) 1 | =0.
p(w) ¢'(w) 1

This means that three points on E(C) add to O if and only
if they are on a straight line.

P(z1 + 22) = —p(21) — p(22) + L <

o'(21) — @/(22))2
9(21) — p(22) '
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Addition formula for the Welerstrass zeta function

Exercise. Addition formula for the Weierstrass zeta function.

1¢'(21) — ¢/ (22)
2 p(21) — p(22) ’
19"(2)

2 ¢/(2)

C(z1 + 22) = ((21) + ((22) +

((22) = 2¢(2) +
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Uniformization Theorem

Theorem. Let g5, g3 be two complex numbers such that
92> # 27gs>. Then there exists a lattice A in C such that
92(N) = g2, g3(A) = g3. Hence the smooth cubic curve

E:Y?7 =4X3 — g, X 7% — g3 7°

is the elliptic curve E\ attached to the torus C/A.
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Isogenies

Let Ay, Ay be two lattices in C, Ty = C/Ay, Ty = C/A, the
associated tori and v : T’y — T's a continuous map. Then
there is a continuous map ¢ : C — C such that the diagram

c %5 c
I 1
C/A % C/A,

commutes.

The map ¢ is unique up to an additive constant in A, and
satisfies ¢(Aq) C Ao.

If ¢ is analytic and ¥ (0) = 0, then ¥ is called an isogeny.
The set of isogenies is an additive group with neutral element
the zero isogeny.
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Isogenies

Let Ay, Ay be two lattices in C and let o € C satisfy
a7 C Asy. Then the map

wa : C/Al — C/AQ
zmodA; —— «z modAs

associated with the analytic map [a] : 2 — az :

c M ¢
{ {
C/A 2= C/A,

iS an isogeny.
Conversely, if 1» : C/A; — C/As is an isogeny, then there
exists a € C such that oAy C Ay and ¥ = 1,
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The group of isogenies

Consequence : Any isogeny C/Ay — C/A; is a group
homomorphism and Hom(C/A,, C/A,) is an additive group.

If ¢ = 1), is an isogeny associated with o € C* such that
aly C Ay, then the kernel of ¢ is Ay /oAy hence is finite. Its
number of elements (the index of awA; in Ay) is the degree of
the isogeny.

If ¢ is a non zero isogeny of degree n from C/A; to C/As,

then nAs is a subgroup of index n in «Ay, hence n/a maps A
to a subgroup of index n in A; and there exists an isogeny 1/3 of
degree n from C/A; to C/A,, the dual isogeny corresponding
to v ; the composites 1) o zﬁ and 1& o 1) are multiplication by n.
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Example of dual isogenies
E,:y*=234+22+x
By :Y?=X?—2X2—3X

o B — E,
2 1 — 2
(I‘,y) — (%7%)
é E, — E,
(5g) s Y2 —Y(3+a?)
vy AX2 8X?
do¢ =2

Reference : Silverman, Example 4.5 p.74.
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Isomorphism between elliptic curves

Two complex elliptic curves are called isomorphic if there is
an isogeny of degree 1 between them :

E1 :(C/Al, EQZC/AQ, AQZCYAl for someozE(CX.

The two tori C/A, C/aA are said to be homothetic.

We have p.a(2) = a?pa(az) and

ga(aN) = a*gy(A) and  gs(aA) = a Ogy(A),
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The modular invariant j(A)

Let A be a lattice in C. Recall

and

g2(ah) = a™lga(A),  gs(ah) = a™"ga(A),

Hence A(aA) = a 2A(A).
Define

o g2(A)?
J(A) = 1728 AA)

Proposition. Two lattices are homothetic if and only if they
have the same j invariant.
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The modular function j(7)

For 71 and 7 in the upper half plane
H={reC | Im7 > 0}, the two lattices Z + Zm, and

7, + Zt5 are homothetic if and only if there exists (Z b) in

d
SLy(Z) such that
aty + b

c7'1+d.

Ty =

The elliptic modular invariant is defined for 7 in $ by

J(1)=jJ(Z + Zr).

Exercise. Check j(7) — oo for Im(7) — oo.

Consequence. j : 55 — C is surjective.
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j9)=C

Theorem. The elliptic modular invariant j induces a
bijective map SLy(Z)\$ — C.

Consequence : proof of the Uniformization Theorem.
According to the Uniformization Theorem, the j invariant
gives a bijective map between C and isomorphism classes of
elliptic curves.

For j ¢ {0,1728}, the j invariant of

27

2 3 H
= 42® — gz — th g=——?

is 7 (notice that A # 0 since g ¢ {0,27}).
The j invariants of 3> = 22 + 1 and y? = 2® + 2 are 0 and
1728 respectively.
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Classes of isomorphism of elliptic curves

For 7 and 7’ in §), the two elliptic curves E' = C/(Z + Zr)
and E' = C/(Z + Z7') are isomorphic as complex elliptic

curves if and only if there exists (i Z € SLy(Z) such that

, at+b
et +d

Remark. The two elliptic curves

P =42° —4x and y? =42 +4dx

are isomorphic over C, not over Q.
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g—expansions

Since j(7 + 1) = j(7), we can write j(7) = J(e*™7).

Set ¢ = e*™7. Then

1
J(q) = = + 744 + 196884q + 2149376042 + 864299970¢> + - - -
q

https://oeis.org/A000521

(60Gs) (20B)°

(7) = 172 =172
J(7) 78(6004)3—27(14OG6)2 28—
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g—expansions (continued)

Eisenstein series : Fay(q) is the Fourier expansion of
Gop(Z+7Z7)/(2¢(2k)) -

Plg) = Eal) =1 - 21 L
n=1

1—qn’

& n3qn
Qq) = Ea(q) =1+240 ) e
n=1

1 —
R(q) = Eq( )—1—50453 "
q) = Lelq) = 1—q
n=1
Lambert series - -
n naqn
dodtean) = T
q
n=1 n=1
oa(n) = d*
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Jacobi product and Ramanujan function

Karl Jacobi Srinivasa Ramanujan
1804-1851 1887 — 1920

Ag) = (2m) g JJ(1 = ¢")*.

Ramanujan function :

g[Ja-a)"=> r(n)g"

= q — 24¢% + 252¢° — 1472¢* + 4830¢° — - - -

S. Lang. Elliptic functions. Chap. 18, § 4

W. Kohnen. A Very Simple Proof of the q-Product Expansion of the A-Function,

The Ramanujan Journal, 10 (2005), pp. 71-73.
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Ramanujan function

(7(n))ns1 = (1, —24,252, —1472, 4830, —6048, —16744, 84480, . .. )

https://oeis.org/A000594

Ramanujan's Conjecture (1916), Deligne Theorem (1973) : for
P prime,

[7(p)] < 29"/,

Lehmer's Conjecture : for all n > 1, 7(n) # 0.
Checked for n < 816212624008487344127999
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Complex multiplication

Let £ = C/A be an elliptic curve with A = Z + Z. Then the
ring of endomorphisms of £ is

Z if [Q(7):Q] >

End(E) ={a € C | O‘ACA}:{Z+ZAT if [Q(r) : Q] =

where, in the second case, A is the leading coefficient in the
minimal equation A% + B1 + C = 0.

deg a := Card kera = N(«) = aa.

Proof : exercise.

Definition. In characteristic 0, E' has complex multiplication
if End(F) # Z.
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Chowla—Selberg Formula (1949, 1967)

SarvadamanChowla Atle Selberg

1907 — 1995 1917 - 2007
. [(1/4)%

. _ 4 _
(m,n)€Z*\{(0,0)}
and
s D(1/3)8
(m,n)€Z*\{(0,0)}

Formula of Chowla and Selberg (1966) : the periods of
elliptic curves with complex multiplication are products of
values of the Gamma function at rational points.
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Endomorphisms of an elliptic curve

Let A be a lattice and o € C* such that A C A. Then a is
either a rational integer or an imaginary quadratic number.
The function o, (az) is a rational function of p,(2) such that
the degree of the numerator is \* if & € Z and Norm(a) if a
is imaginary quadratic; the degree of the denominator is

A? — 1 and Norm(a) — 1 respectively.

Example. K = Q(v/—-2), a = V2, A =17+ Za,
2 3 ’5° 3
= 4x° — gr — = = 20
Y T gr—g, g 9. 72 J )
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Automorphisms of elliptic curves
The map (z,y) — (z, —y) defines an automorphism of order 2
of the elliptic curve E : y? = 423 — gox — g3.
The map
i]: E(C) — E(C)

(x7y) — (_x72y)
is an automorphism of order 4 of the elliptic curve
E:y=a2%—a:

Aut(E) = {£1, £[i]} = Z[i]*

The map
lo]: E(C) — E(C)
(r,y) — (ox,—y)
is an automorphism of order 6 of the elliptic curve
E:y?=a2%-1:

Aut(E) = {£1, +[o], +[0]*} = Z[o]*
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Complex multiplication and imaginary quadratic
number field
Let K be an imaginary quadratic number field, R its ring of
integer and CI(R) the ideal class group of R. Fix an

embedding of K in C. To each ideal of R is associated a
lattice A C C and an elliptic curve C/A, so that

End(C/A) ={aeC | aAC A} =R.
Up to isomorphism, C/A depends only on the class of A in
CI(R).

One deduces a one to one correspondence between ideal
classes in CI(R) and elliptic curves E with End(F) = R.

Reference : Silverman, Appendix C, §11 Complex multiplication.

83 /120



Fundamental theorem of complex multiplication

Heinrich Weber Karl Rudolf Fueter
1842 — 1913 1880 — 1950

Let A be a lattice associated with an ideal class of R.
Theorem (\Weber, Fueter). The number j(A) is an algebraic
integer of degree over Q (and over K ) the class number h of
K. The field K(j(A)) is the maximal unramified extension
(Hilbert class field) of K. A complete set of conjugates of
J(A) over K is given by j(Ay),...,7(Ay) when Ay, ... Ay, are
representatives of the h classes of ideals of 'R.
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Complex multiplication (continued)

If K has class number 1, then j is a rational integer.
Discriminants of quadratic fields with class number 1 :
d=-3,—4,-7,-8,—11,—-19, —43, —67, —163

j-invariants for orders of class number 1.
https://oeis.org/A032354

Discriminants for orders : https://oeis.org/A133675

—3,—4,-7,-8,—11,—12, —16, —19, —27, —28, —43, —67, —163

0,1728 = 123, —3375 = —15%,8000 = 20°, —32768 = —323,
54000 = 2 - 303, 287496 = 66>, —884736 = —96°>,

— 12288000 = —3 - 160%, 16581375 = 2552,

— 884736000 = —960%, —147197952000 = —5280°,

— 262537412640768000 = —640320°

Example : j((—1 ++/—163)/2) = —262537412640768000 = —640320°.

Reference :David Masser (2016).
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emV163
The decimal expansion of e™V163 starts with
262537412640768743.99999999999925007 . . .
and the continued fraction expansion starts with
[262537412640768743, 1, 1333462407511, 1,8,1...].

Recall, for ¢ = ™7,

1
3(7) = J(@) = o+ 44 + 196884 + 21493760¢° + - - -

Let 7 = (—1+ +/—163)/2 so that ¢ = *™7 = —e™163 Then

1 :
‘J(T) - = 744‘ = (j(r) +e™V103 _ 744| = 196884 - - -
q

while |g| < 11077, Hence the distance of €163 to the nearest
integer |j(7)| + 744 is less than 10712,

http://oeis.org/A060295 http://oeis.org/A058292
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A few special values of j

Examples. Here are a few selected values of j.

J((1+414V3)/2) = 0 = 1728 —3(24)*
(i) = 1728 = 12% = 1728 — 4(0)®
J((1+iV/7)/2) =—3375 = (—15)* = 1728 — 7(27)?
j(iv2) = 8000 = 20° = 1728 + 8(28)°
F((1+iv11)/2) =—32768 = (—32)* = 1728 — 11(56)2
3((1+iv/19)/2) = —884736 = (—96)° = 1728 — 19(216)?
3((1+iv/33)/2) = —884736000 = (—960) = 1728 — 43(4536)2
3((1+ iV/67)/2) =—147197952000 = (—5280)° = 1728 — 67(46872)?
F((1+ iV163)/2) = —262537412640768000 = (—640320)°
=1728 — 163(40133016)?
3(iv/3) = 54000 = 2(30)° = 1728 + 12(66)?
3(2i) = 287496 = (66)° = 1728 + 8(189)2
J((1+ 3iv/3)/2) =—12288000 = —3(160)° = 1728 — 3(2024)°
3(iVT) = 16581375 = (255)° = 1728 + 7(1539)2

O+ iVIBY2) = —191025 ; 85995v/5
2
1-VE [(15+21v5Y 273 +105v/5
e S P B 8 e A
2 2 2
3((1+ iv/23)/2) = —(8207506 + 10841256 + 616750)

=—(250%+ 550 +35)°
= 1728 — (3% — 4)(4066> + 5116 + 273)?,

where 8 is the real root of the cubic equation X>— X — 1= 0.

Henri Cohen. A course in computational algebraic number theory § 7.2.3 Examples.
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The group of rational points on an elliptic curve
Conjecture (Henri Poincaré, 1901) : finitely many points are
sufficient to deduce all rational points by the chord and
tangent method

%@\

Henri Poincaré Louis Mordell André Weil
1854 — 1912 1888 — 1972 1906 — 1998
Theorem (Mordell, 1922). If E is an elliptic curve over Q,
then the abelian group FE(Q) is finitely generated : there exists
a nonnegative integer r (the Mordell-Weil rank of the curve
over Q) such that

E(@) - E(Q)tors x 7"
and E(Q)os is a finite group.
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Mordell-Weil Theorem

If E' is an elliptic curve over a number field K, then the
abelian group E(K) is finitely generated.

E(K) = B(K)iors < Z'

with 7 > 0 while E(K ) is a finite group.
(André Weil, 1928 : generalization to abelian varieties).

The weak Mordell-Weil Theorem : If E' is an elliptic curve
over K, then for m > 2 the quotient E(K)/mE(K) is a finite
group.

References for the proof : Silverman, Chap. VIII
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Mordell's Conjecture, Faltings's Theorem

Mordell's Conjecture : 1922. Faltings's Theorem (1983).
The set of rational points on a number field of a curve of
genus > 2 is finite.

>
Jacques Hadamard Louis Mordell . .
E Gerd Faltings
1865 - 1963 1888 — 1972

Weil's thesis : 1928. Hadamard’'s comment.

Antoine Chambert-Loir. La conjecture de Mordell : origines, approches, généralisations. Séminaire Betty B.,
Septembre 2021 5e année, 2021-2022
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Torsion points on an elliptic curve over Q

Theorem (Nagell-Lutz). Suppose E is an elliptic curve over
Q with Weierstrass equation 1> = 23 — Ax — B where A and
B are integers and let D = 4A3 — 27B? be the discriminant of
E. If P = (z,y) Is a rational point of finite order, then x and
y are integers. Furthermore, either y = 0 or y° divides D.

Journal fiir die reine und angewandte

Mathematik. 177 (1937) : 238-247.
Sur I’équation y*~a* — Ax- B dans les corps p-adiques.
Par Mademoiselle Elisabeth Lutz & Strasbourg.
Théordme IIL. Soit y* = 2 — Az — B une cubigue de genre 1 d coefficients entiers
rationnels. Tout point P(z, y) & coordonnées rationnelles, et d'ordre fini dans le groupe

des points rationnels sur la cubique, est ¢ coordonnées entires, et tel que y® soit égal @ 0
ou d un digiseur de 4A® — 27B%

Elisabeth Lutz
Trygve Nagell 1914 - 2008
1895 — 1988

https://en.wikipedia.org/wiki/Trygve_Nagell
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Torsion points on an elliptic curve over Q

Theorem (Barry Mazur, 1977). If E is an elliptic curve over

Q, then E(Q)os Is isomorphic to one of the following 15
groups :

(i) Z/nZ, with 1 < n <10 or o
n=12,
(i) (Z,)27) x (7./2mZ) with
1<m<4.

Barry Mazur

The order of E(Q)ors is < 16.
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Torsion points on an elliptic curve over a number
field

Merel (1996) : the torsion of
elliptic curves over number
fields is uniformly bounded.

Loic Merel

https://perso.imj-prg.fr/loic-merel/
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Rank of an elliptic curve over Q

The following curve has rank
> 28

€
Noam Elkies

y2 +azy+y= 2% — 22 — 200677624155755265850332082093385427509302303121789565022
+ 34481611795030556467032985690390720374855944359319180361266008296291939448732243429

Noam D. Elkies, Z*® in F(Q). May 3, 2006. Email to the
NMBRTHRY mailing list.
https://listserv.nodak.edu/cgi-bin/wa.exe?A0=NMBRTHRY
Zev Klagsbrun, Travis Sherman, James Weigandt

The Elkies Curve has Rank 28 Subject only to GRH (2016)
https://arxiv.org/abs/1606.07178
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Largest known exact value for the rank of an
elliptic curve over Q

The following curve has rank 20 (Elkies-Klagsbrun, 2020)

y2 +zy+y= 2% — 2?2 — 244537673336319601463803487168961769270757573821859853707x
+ 961710182053183034546222979258806817743270682028964434238957830989898438151121499931

Andrej Dujella home page
https://web.math.pmf.unizg.hr/~duje/tors/rankhist.html
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Heuristic

Jennifer Park, Bjorn Poonen, John Voight, Melanie Matchett
Wood

A heuristic for boundedness of ranks of elliptic curves
https://doi.org/10.48550/arXiv.1602.01431

[v3] Tue, 10 Jul 2018

We present a heuristic that suggests that ranks of elliptic
curves F over Q are bounded. In fact, it suggests that there
are only finitely many E of rank greater than 21. Our heuristic
is based on modeling the ranks and Shafarevich—Tate groups of
elliptic curves simultaneously, and relies on a theorem counting
alternating integer matrices of specified rank. We also discuss
analogues for elliptic curves over other global fields.

https://math.mit.edu/~poonen/papers/bounded-ranks.pdf
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=3 4 109858299531561
E(Q)=17/37 x Z°.
E(Q)iors = {05, P,2P}, P = (0,10481331)
Five points generating F(Q) modulo torsion :

(735532,630902573),
(49704,15252915),
(—4578,10476753),

(—15260,10310419),

(197379,88314450).

https://fr.wikipedia.org/wiki/Courbe_elliptique
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y2 — 3 — 36z

E(Q) = (Z/2Z x Z/2T) x L.

E(Q)tors - {OE; (07 0)7 (67 0)7 (767 O)}

E(Q) modulo torsion is generated by the point of infinite
order (12, 36).

https://fr.wikipedia.org/wiki/Courbe_elliptique
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Congruent numbers

A congruent number is a positive integer that is the area of a
right triangle with three rational number sides The sequence
of (integer) congruent numbers starts with

5,6,7,13,14, 15,20, 21, 22,23, 24, 28, 29, 30, 31, 34, 37, . ..

(sequence A003273 in The On-Line Encyclopedia of Integer
Sequences OEIS.)

A positive integer n is a congruent number if and only if the
elliptic curve y? = 2® — n’x has a rational point of infinite
order.

Assuming BSD, this is equivalent to its L-function having a
zero at s = 1.
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Criterion of J. Tunnell (1983).

Jerrold Bates Tunnell
1950 — 2022

For n > 0 odd squarefree, let R be the number of triples of
integers (,y, z) satisfying 22° + y* + 82° = n and S the
number of triples of integers satisfying 222 + y* + 322 = n.
If R # 2S5, then n is not congruent.

If R =285, if we assume weak BSD for the curve

y? = 2% — n’z, then n is congruent.

Example : for n = 5,6,7 mod 8 squarefree, R =S = 0.
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Integer points : Siegel Theorem (1929)

Let g, and g3 be two rational
integers with g,®> # g3*. Then
the set of (x,y) € Z* such
that y?> = 42 — gox — g3 Is .
finite. C.L. Siegel
1896 — 1981
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Integer points on curves : effective results

-

A.O. Gel'fond Alan Baker

(1906 — 1968) 1939 - 2018

e Thue equation F(x,y) =m

e Elliptic equation y? = 42° — gox — g3
e Mordell equation y* = 2% + k

e Hyperelliptic equation y* = f(z)

e Superelliptic equation y™ = f(x)
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Elliptic curves over finite fields
Equation of a projective plane cubic in any characteristic :

YT + a XYT + asYT? = X2 + o X2T + ay XT? + agT>.

Frobenius endomorphism ®, of E(F,) : ®,(z,y) = (29, y?).
Torsion points on E(IF,) : any rational point is torsion !

For N > 2 not divisible by the characteristic of IF;, the kernel
of the map

[N]

E(F,) E(F,)

P — NP

is isomorphic to (Z/NZ)*.
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The Hasse bound

’zé Let £ be an elliptic curve
3 over a finite field F,. Then

d
“ |CardE(F,) — (¢ + 1)| < 24/4.

Helmut Hasse
1898 — 1979

There exists an imaginary quadratic integer « satisfying
ad = q such that

CardE(Fym) =¢" +1—a™ —a™.
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Reduction of an elliptic curve over Q

Let E be an elliptic curve over Q given as a projective plane
cubic with equation

YT + ayn XYT + asYT? = X3 + o X2T + ay XT? + agT>.

where a; are integers. Let p be a prime number. The reduction
of £ modulo p has at most one singular point, which is either
a cusp or a node :
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Reduction modulo p

Cusp : a single tangent like 3% = 2°.

Node : two distinct tangents like y? + azy + bx? = 23 where
v+ ary + ba? = (y — ax)(y — o/x).
The polynomial y? + axy + bx? = 2*
e irreducible over I, if o € Fj2 \ [F,

e reducible over I, if a € [F),.

is

The elliptic curve E over Q has

e good reduction at p if the reduced curve modulo p is smooth,
e additive reduction at p if there is a singularity with a single
tangent,

e multiplicative or semi—stable reduction at p if there is a
singularity with two distinct tangents.
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Reduction modulo p

For y? = 23 — 27c,o — b4cg, the reduction if

e good if p does not divide the discriminant A,
e additive if p divides A and ¢y,

e multiplicative if p divides A but not c¢y.

Beware. One needs to consider the minimal discriminant of the
curve. For p & {2,3}, the condition is p* does not divide ¢, or
p% does not divide cg. The invariant j is

and C43 — 062 = 1728A.
Given an elliptic curve E over QQ, the reduction of E at p is
good for all but finitely many p.
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Multiplicative reduction modulo p

Assume E has multiplicative reduction at p : there are two
distinct tangents at the singularity. The multiplicative
reduction at p of E'is

e split if the two tangents are defined over [F),

e non split otherwise (then the two tangents are defined over
Fp2).

Reference : M. Hindry, Arithmétique, Chap. V Courbes
elliptiques.
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Hasse L—function of the curve : local factors

If £ has good reduction at p, define a, = p + 1 — CardE(F))
and
Ly(E,s) = (1 —ayp*+p'2)""

If £ has split multiplicative reduction at p, define
Ly(E,s)=(1-p")7"

If £/ has non split multiplicative reduction at p, define
Ly(E,s) = (14+p7) "

If £ has additive reduction at p, define

Ly(E,s)=1.
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The conductor of the curve

Ngp = Hpn(E,p)
P

with

e n(FE,p) =0 for p a prime of good reduction,

e n(FE,p) =1 for p a prime with multiplicative reduction,
e n(E,p) =2+ 6, for p a prime with additive reduction.

5E,p = ( for p Z 5, 5E,2 S 8, 6E73 S 5
(Ogg's formula for p € {2, 3}).
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Hasse L—function of the curve

o0

L(E,s) = HLP(E,S) = Zann_s.

n=1

The Dirichlet series and the Euler product are absolutely
convergent for Re s > 3/2.

The function L(E, s) can be analytically continued to an
entire function which satisfies a functional equation

A(E,s) = £A(F,2 — s)

where
A(E,s) = N3*(2x)*T(s)L(E, s).

Parity conjecture : the sign of the functional equation
determines the parity of the order of the Mordell-\Weil group

E(Q).
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Birch & Swinnerton-Dyer Conjecture

i

Weak BSD Conjecture : the
order of vanishing at s = 1 of
L(E,s) is the rank of the
Mordell-Weil group E(Q).

Bryan J. Birch
Peter Swinnerton-Dyer (1927 - 2018)

BSD Conjecture : Let Py,..., P, be a basis of E(Q)
modulo torsion. Let §) be the real fundamental period of E :

Q—/ dx
E[®) 2Y a1z + a3

L(E, s)
s—1 (S — 1)T
with u € Q™ (explicit).

Then

= ufddet(< P;, P; >)
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Conjecture BSD - the state of the art

1976 :  John Coates, Andrew Wiles

1983 :  Benedict Gross, Don Zagier

1990 :  Victor Kolyvagin

2001 :  Christophe Breuil, Bryan Conrad,
Fred Diamond, Richard Taylor

2010 :  Manjul Bhargava, Arul Shankar

L(E,1) # 0 implies r =0
L(E,1)=0, L'(E,1) # 0 implies r = 1
mean value of the rank : 7/6.

Clay Institute Millenium prize problems 2000, US$ 1 million
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Contributions to BSD : trombinoscope

John Coates . . .
1945 - 2022 Andrew Wiles Benedict Gross Don Zagier

../ .. /Arti

Brian Conrad Fred Diamond

Richard Taylor Manjul Bhargava Arul Shankar
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Applications of elliptic curves to cryptography

L.C. Washington, Elliptic

../../Art lcleleche%%eétu@/w% {hsgeane . ipg
Cryptography

https:

//www.math.umd.edu/~1cw/

Lawrence C. Washington

Chap. 5 The discrete logarithm problem

Chap. 6 Elliptic Curve cryptography
Diffie-Hellman Key Exchange
Massey-Omura Encryption
ElGamal Public Key Encryption
ElGamal Digital Signatures
The Digital Signature Algorithm
The Elliptic Curve Integrated Encryption Scheme (ECIES)
A Public Key Scheme Based on Factoring
A Cryptosystem Based on the Weil Pairing
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Transcendence and elliptic functions

Siegel (1932) : elliptic analog of Lindemann's Theorem on the
transcendence of 7.

Schneider (1937) : elliptic analog of Hermite—Lindemann
Theorem. General transcendence results on values of elliptic
functions, on periods, on elliptic integrals of the first and
second kind.

Y

C.L. Siegel Th. Schneider
1896 — 1981 1911 - 1988
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Schneider — Lang Theorem (1949, 1966)

Theodor Schneider Serge Lang
1911 - 1988 1927 - 2005
Let f1,..., f.n be meromorphic functions on C. Assume f

and fo are algebraically independent and of finite order. Let K
be a number field. Assume f'; belongs to K[f1,..., fu] for
7 =1,...,m. Then the set

S={weC | wnotpoleof f;, fi(w)eKforj=1,...,m}

is finite.
http://www-history.mcs.st-andrews.ac.uk/history/Mathematicians/Schneider.html
http://www-history.mcs.st-andrews.ac.uk/history/Mathematicians/Lang.html
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Elliptic analog of Hermite—Lindemann Theorem

Let w € C, not pole of ©. Then one at least of the numbers
g2, g3, w, p(w) is transcendental.

Proof as a consequence of the Schneider—Lang Theorem.

Let K = Q(g2, w, p(w), ¢'(w)). The two functions f1(z) = z,
fa(2) = p(2) are algebraically independent, of finite order. Set
f3(2) = ¢/(2). From ¢'* = 40® — gy — g3 one deduces

fi=1 fo=1fs [f3= 6f2% — (92/2).
The set S contains
{lw | ¢ €Z, fw not pole of p}
which is infinite. Hence K is not a number field. [J
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Some consequences

If go and g3 are algebraic, then \; and A\ are transcendental.
If A =7 + Zr, then one at least of g,, g3 is transcendental.

Theorem (Schneider). If 7 and j(7) are algebraic, then T is
quadratic.

Reference :David Masser, Auxiliary Polynomials in Number Theory
(2016).
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