Contents

1 Sums of two squares
1.1  Prime numbers which are sums of two squares . . . . . . . .. ... ... ... ...
1.2 Positive integers which are sums of two squares . . . . . . . .. ... ... .....

Updated:

An introduction to the theory of finite fields
Michel Waldschmadt

http://wuw.imj-prg.fr/~michel.waldschmidt//pdf/FiniteFields.pdf

Finite projective planes

Background: Arithmetic

3.1
3.2
3.3
3.4

Cyclic groups
Residue classes modulo n
The ring Z[X]|
Mobius inversion formula

The theory of finite fields

4.1
4.2
4.3

4.4
4.5

Gauss fields
Trace and Norm
Cyclotomic polynomials
4.3.1 Cyclotomic polynomials over C[X]
4.3.2  Cyclotomic Polynomials over a finite field
Decomposition of cyclotomic polynomials over a finite field

Infinite Galois theory . . . . . . . . . . . . .

Error correcting codes

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9

5.10 Minimum distance of a code

Some historical dates
Hamming distance
Codes
First examples
Cyclic codes
Detection, correction and minimal distance
Hamming codes

Generator matrix and check matrix . . . . . . . . . ...

Further examples
5.9.1 The binary Golay [23,12] code
5.9.2  The ternary Golay [11, 6] code
5.9.3 BCH (Bose-Chaudhuri-Hocquenghem) codes
5.9.4 Reed-Solomon code

Further exercises

Solutions of some Exercises

22/12/2023


http://www.imj-prg.fr/~michel.waldschmidt//pdf/FiniteFields.pdf

1 Sums of two squares

Every odd positive integer which is sum of two squares is congruent to 1 modulo 4: this follows from the
fact that a square is congruent to 0 or 1 modulo 4, hence a sum of two squares is congruent to 0, 1 or 2,
but not 3, modulo 4. The converse is not true: 21 is congruent to 1 modulo 4 but is not a sum of two
squares.

1.1 Prime numbers which are sums of two squares

In this introductory section we will use the following fact related with finite fields:

Let p be a finite field and F, = Z/pZ the field with p elements. Then
—1 is a sum of two squares in F,, if and only if p is congruent to 1
modulo 4.

In the course we will see several proofs of this fact. Omne of them rests on the properties of the
multiplicative group F,: that —1 is a sum of two squares in I, means that this group, the order of which
is p — 1, contains an element of order 4. If there is an element of order 4, then 4 divides the order of the
group, which means that p is congruent to 1 modulo 4. For the converse, we may invoke the fact that
the multiplicative group I’ is cyclic of order p — 1 (Proposition 19), hence if 4 divides the order of the
group then it contains an element of order 4.

Another proof involves the quadratic reciprocity law (Exercise 62): condition (i) means that the

-1
Legendre symbol <> has the value 1; it also has the value (—1)®~1/2 (Exercise 13).
p

Theorem 1 (Fermat). A prime number p is sum of two squares if and only either p = 2 or p is congruent
to 1 modulo 4.

There are many proofs of Theorem 1 — see for instance [Li], [Wiki] — including a one sentence proof
by D. Zagier [Z].

It remains to show that a prime number which is congruent to 1 modulo 4 is a sum of two squares.
We start with an auxiliary result:

Lemma 2. Let p be an odd prime number. The following conditions are equivalent.
(1) p is congruent to 1 modulo 4.

(ii) There ewists t is Z such that t* is congruent to —1 modulo p.

(ii7) The prime number p is decomposed in the quadratic extension Q(i)/Q.

Proof of Lemma 2. The equivalence (i) <= (ii) rests on the preliminary remark. The equivalence with
(ii7) rests on classical algebraic number theory (for instance [S] §5.4-5.6): if t € Z satisfies —1 = ¢2
(mod p), then the principal ideal pZ[i] splits as a product of the two ideals p and p of Z[i] generated by
(t+14) and (¢t — ©) respectively.:

(p) = pp.

We now complete the proof of Theorem 1.



Proof of Theorem 1. Here again there are several proofs. For the first one, we use Dirichlet’s box principle.
Assume condition (i) of Lemma 2 is satisfied. Let ¢ € Z satisfy t> = —1 mod p. Consider the set of
(z,y) € Z x Z satisfying 0 < @,y < \/p. This set has (|/p] + 1)? elements. Since p is not a square, we

have
lWVpl <vp < [vp] +1,

hence (|/p] + 1)®> > p. Therefore the number of elements (z,y) in this set is > p. It follows that
there exist («’,y’) and (2”,y”) in this set with (z/,y") # (2”,y"”) and 2’ — ty' = 2" — ty” mod p. Set
r=a" —a" et y=19y —1vy". Wehave x =ty mod p, hence

=2 -t =(x—ty)(x+ty) =0 mod p.

We also have
0 <z +y* < 2p.
Since p is the only multiple of p in the interval [1,2p — 1], we deduce 2% + y? = p.
Another proof [S] uses the decomposition of the ideal (p) generated by p in the quadratic field Q(7)
as the product of two conjugate principal prime ideals p = (z + iy) and p = (= — iy), and to take the
norm of one of the factors. O

1.2 Positive integers which are sums of two squares

Corollary 3. A positive integer n is sum of two squares if and only if, in the decomposition of n into
prime factors, each prime congruent to 3 modulo 4 occurs with an even exponent.

Denote by N, a positive integer, all prime factor of which are congruent to a modulo b. Then
Corollary 3 can be stated as follows: a positive integer is sum of two squares if and only if it can be
written 2“N1’4N3274.

Proof. A number of the form 2“N174N§74 is a sum of two squares. This follows from the fact that a
product of sums of two squares is again a sum of two squares, as shown by the identity

(a® + b)) (2* +y?) = (ax — by)? + (ay + bx)?
which expresses the fact that the norm from Q(4) overQ of a product
(a+bi)(x + yi) = (ax — by) + (ay + bx)i

is the product of the norms of a + bi and of z + yi. This is the special case d = —1 of Brahmagupta’s
identity which is valid for all d € Z:

(a* — db*)(2?* — dy?) = (ax — dby)? — d(ay + bx)?.

For the converse, we are going to show that if n is a positive integer of the form z2 4 42 and p an odd
prime number, if the exponent s = v,(n) of p in the decomposition of n into prime factors is odd, then
p=1 mod 4. Let d be the ged of z and y and let ¢ = v,(d) be the exponent of p in the decomposition
of d into prime factors. Write 2 = da, y = db with a and b relatively prime, so that n = d?>m with
m = a® + b%. The exponent vp(m) of p in the decomposition of m into prime factors is s — 2¢, and since
s is odd we have s — 2t > 1. Since a and b are relatively prime, one of them is not a multiple of p (as a
matter of fact, it is true also for the other since p divides a? + b?). Multiplying by its inverse modulo p,
we deduce that there exists ¢ in Z such that t* + 1 is a multiple of p. From Lemma 2 we deduce that p
is congruent to 1 modulo 4. O



Exercise 4. The quadratic form X2 4+ Y2 is the homogeneous version of the cyclotomic polynomial
¢4(t) = t2 + 1. There are only three cyclotomic polynomials of degree 2, ¢4(t), ¢3(t) = t> +t + 1 and
¢6(t) = p3(—t). The homogeneous version of ¢3(t) is the quadratic form X2 + XY + Y2

(a) Check that a positive integer congruent to 2 modulo 3 cannot be written as 22 + 2y +y? with integers
T, Y.

(b) Let p be a prime number, p # 3. Check that the following conditions are equivalent:

(1) p is congruent to 1 modulo 3.

(ii) There exists t in Z such that ¢? + ¢ + 1 is a multiple of p.

(#i7) The prime number p is decomposed in the quadratic field Q(5)/Q, where j is a primitive cubic root
of unity.

(c) Prove that a prime number p can be written as #? + xy +y? if and only if p congruent to 1 modulo 3.
(d) Prove that a positive integer n can be written n = 22 + zy + y? with integers x, y if and only if
n=3"Ny sN3 .
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2 Finite projective planes

Here we will use the fact that for a given positive integer ¢, a field with ¢ elements exists if and only if ¢
is a power of a prime number p.

The easy direction of this equivalence is that if a field F' with ¢ elements exists, then ¢ is a power of
a prime number p. First, we have ¢ > 2, since a ring (hence a field) has always at least two elements,
0 # 1. Let p be the characteristic of F'; then F'is a finite vector space over the prime field IF,, and if r is
the dimension then F' has p” elements.

Conversely, let ¢ be a power of a prime. We will prove that for any positive integer r there exists
a polynomial of degree r which is irreducible over [, (this follows from Theorem 55), hence the field
obtained by adjoining a root of this polynomial to F, has p” elements. One may also argue that the set
of roots of the polynomial X¢ — X in an algebraic closure of F, is a field with ¢ elements when ¢ is a
power of p (see Theorem 24).
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Let F, be a finite field with ¢ elements and n > 2 an integer. The projective space P, (F,) is the set of
lines (F, subspaces of dimension 1) of F2*!. Hence it is the quotient of FZ*!\ {0} under the equivalence
relation

(®0y -y xn) ~ (Yo, - ., Yn) < there exists A € F, \ {0} with (yo,...,yn) = (Azo, ..., A\xy).

There are ¢" ™' — 1 elements in F7 !\ {0}, each equivalence class contains ¢ — 1 elements, hence Py, (F,)

has
qn+1 -1

—— ="+ + g+ 1
qg—1
elements.
The projective space P, (F,) of dimension n is the disjoint union of the affine space Fy, with ¢"
elements, and the hyperplane at infinity P,,_1 (F,) with (¢" —1)/(¢ — 1) elements. In particular Po(F,),
the projective plane over Fy, has ¢® + ¢+ 1 elements. Each projective line of Po(F,) contains ¢+ 1 points;

through each point in Py(FF,) pass ¢ + 1 lines.

Definition. A finite projective plane is a nonempty set X (whose elements are called “points”), along
with a nonempty collection L of subsets of X (whose elements are called "lines”), such that:
e [or every two distinct points, there is exactly one line that contains both points.
e The intersection of any two distinct lines contains exactly one point.
o There exists a set of four points, no three of which belong to the same line.

The projective plane of order q has ¢°> + q + 1 points and ¢*> + q + 1 lines, each line contains ¢ + 1
points, each point belongs to ¢+ 1 lines.

The Fano plane is the projective plane of order 2, with 7 points, 7 lines, each line contains 3 points,
each point belongs to 3 lines.

If ¢ is a power of a prime, there exists a projective plane of order ¢: one example is Po(FF,), other
examples are known. One conjectures that conversely, if there exists a projective plane of order ¢, then
q is a power of a prime (see Exercise 105). A few partial results are known. Tarry [T] proved that there
is no finite projective plane of order 6, by showing that there is no example of two 6 X 6 orthogonal latin
squares (cf. [D-K]). Further, Bruck and Ryser [B-R] proved that for ¢ = 1 (mod 4) or ¢ = 2 (mod 4),
if there exists a projective plane of order ¢, then ¢ is the sum of two squares (one of which may be 0).
In 1989, Lam, Thiel and Swiercz [L-T-S| proved that there is no projective plane of order 10. The first
open case is ¢ = 12.

The card game dobble is related with the projective plane of order 7, with 72 +7 4+ 1 = 57 elements.

A good reference for the mutually orthogonal latin squares (MOL) and the latin square digraph (LSD)
is [D-K] which come from the incidence matriz.
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Fano Plane: Po(Fy)

(1:1:1) (0:1:0) (1:0:1){(1:0:0) (0:1:1)|(1:1:0) (0:0:1)

o+ 22=0 1 1 1 0 0 0 0
z1+22=0 1 0 0 1 1 0 0
xo+x1 =0 1 0 0 0 0 1 1
22 =0 0 1 0 1 0 1 0

z9 =0 0 1 0 0 1 0 1

x1 =0 0 0 1 1 0 0 1
To+x1+22=0 0 0 1 0 1 1 0

Incidence matrix — coordinates (zg : 1 : 2)

3 Background: Arithmetic

3.1 Cyclic groups

If G is a finite multiplicative group and x an element of GG, the order of z is the least positive integer n
such that ™ = 1. For x of order n and for m € Z, the condition ™ = 1 is equivalent to n divides m; in
other words, n is the positive generator of the ideal of Z which consists of the m such that z" = 1.

If 2 has order n, for k € Z the order of z* is n/ged(n, k).



The order of a finite group is the number of elements of this group. A cyclic group is a finite group
generated by one element. Two cyclic groups of the same order are isomorphic. For n > 2, an exemple
of a cyclic additive group of order n is the additive group Z/nZ of integers modulo n. An example of a
cyclic multiplicative group of order n is the group pu,, of complex numbers z which satisfy 2™ = 1, namely

{17 62i7r/n7 641'7r/n7 s 62(n71)i7r/n},

the roots of unity of order dividing n. The subgroups and quotients of a cyclic group are cyclic. For any
cyclic group of order n and for any divisor d of n, there is a unique subgroup of G of order d; if { is a
generator of the multiplicative cyclic group G of order n and if d divides n, then (/¢ has order d, hence,
is a generator of the unique subgroup of G of order d.

In a cyclic group, the order of which is a multiple of d, there are exactly d elements whose orders
are divisors of d and these are the elements of the subgroup of order d. In a cyclic group G of order a
multiple of d, the set of elements {z? | z € G} is the unique subgroup of G of index d.

The Cartesian product G; x Gy of two groups is cyclic if and only if G; and Gy are cyclic with
relatively prime orders.

The number of generators of a cyclic group of order n is ¢(n), where ¢ is Euler’s function (see § 3.2).

3.2 Residue classes modulo n

The subgroups of the additive group Z are nZ with n > 0. We denote by s,, : Z — Z/nZ the canonical
map, which is a morphism of groups with kernel nZ

Given positive integers a and b, there exists a morphism of groups ¢qp : Z/aZ — Z/bZ such that
©Pa,p © Sq = Sp if and only if aZ C bZ, which means if and only if b divides a. If ¢, exists, then ¢, 4 is
unique and surjective. Its kernel is bZ/aZ, the unique subgroup of Z/aZ of order a/b, which is cyclic and
isomorphic to Z/(a/b)Z.

The greatest common divisor gcd(a, b) of a and b is the positive generator of aZ+bZ, the least common
multiple lem(a,b) of @ and b is the positive generator of aZ N bZ.

Forn > 2, Z/nZ is aring and s,, is a morphism of rings. The order of the multiplicative group (Z/nZ)*
of the ring Z/nZ is the number ¢(n) of integers k in the interval 1 < k < n satisfying ged(n, k) = 1. The
map ¢ : Zso — Z, with ¢(1) = 1, is Euler’s function already mentioned in § 3.1. If ged(a,b) = d, then
a/d and b/d are relatively prime. Hence, the partition of the set of integers in 1 < k < n according to
the value of ged(k,n) yields:

Lemma 5. For any positive integer n,

n= Z(p(d).

d|n

(Compare with (44)).

Exercise 6.

(1) Let G be a finite group of order n and let k be a positive integer with ged(n, k) = 1. Prove that the
only solution z € G of the equation z* = 1 is 2 = 1.

(2) Let G be a cyclic group of order n and let k be a positive integer. Prove that the number of z € G
such that z* = 1 is ged(n, k).

(3) Let G be a finite group of order n. Prove that the following conditions are equivalent:

(7) G is cyclic



(ii) For each divisor d of n, the number of z € G such that 2% = 1 is < d.
(iii) For each divisor d of n, the number of x € G such that ¢ = 1 is d.

An arithmetic function is a map f : Zsg — Z. A multiplicative function is an arithmetic function
such that f(mn) = f(m)f(n) when m and n are relatively prime. For instance, Euler’s ¢ function is
multiplicative: this follows from the ring isomorphim between the ring product (Z/mZ) x (Z/nZ) and the
ring Z/mnZ when m and n are relatively prime (Chinese remainder Theorem). Also, ¢(p®) = p*~(p—1)
for p prime and a > 1. Hence, the value of ¢(n), for n written as a product of powers of distinct prime
numbers, is

e pi) = p T o = 1) pi T (o — 1),

When p is a prime number, a primitive root modulo p is a generator of the cyclic group (Z/pZ)*.
There are exactly ¢(p—1) of them in (Z/pZ)*. From the definition, it follows that an element g € (Z/pZ)*
is a primitive root modulo p if and only if

g(pfl)/q # 1 mod p

for all prime divisors q of p — 1.

If a and n are relatively prime integers, the order of a modulo n is the order of the class of a in the
multiplicative group (Z/nZ)*. In other terms, it is the smallest integer ¢ such that a’ is congruent to 1
modulo n.

Exercise 7. For n a positive integer, check that the multiplicative group (Z/nZ)* is cyclic if and only
if n is either 2, 4, p® or 2p®, with p an odd prime and s > 1.

Remark: For s > 2, (Z/2°Z)* is the product of a cyclic group of order 2 by a cyclic group of order
2572 hence, for s > 3 it is not cyclic.

3.3 The ring Z[X]

When F is a field, the ring F[X] of polynomials in one variable over F' is an Euclidean domain, hence,
a principal domain and, therefore, a factorial ring. The ring Z[X] is not an Euclidean ring: one cannot
divide X by 2 in Z[X] for instance. But if A and B are in Z[X] and B is monic, then both the quotient
Q@ and the remainder R of the Euclidean division in Q[X] of A by B

A=BQ+R

are in Z[X].

The ged of the coefficients of a non—zero polynomial f € Z[X] is called the content of f. We denote
it by ¢(f). A non—zero polynomial with content 1 is called primitive. Any non—zero polynomial in Z[X]
can be written in a unique way as f = ¢(f)g with g € Z[X] primitive.

For any non—zero polynomial f € Q[X], there is a unique positive rational number r such that rf
belongs to Z[X] and is primitive.

Lemma 8 (Gauss’s Lemma). For f and g non—zero polynomials in Z[X], we have

c(fg) = c(f)e(g)-



Proof. Tt suffices to check that the product of two primitive polynomials is primitive. More generally, let
p be a prime number and f, g two polynomials whose contents are not divisible by p. We check that the
content of fg is not divisible by p.

We use the surjective morphism of rings

U, : Z[X] = F,[X], (9)

which maps X to X and Z onto [F,, by reduction modulo p of the coefficients. Its kernel is the principal
ideal pZ[X] = (p) of Z[X] generated by p: it is the set of polynomials whose content is divisible by p.
The assumption is U, (f) # 0 and ¥,(g) # 0. Since p is prime, the ring I, [X] has no zero divisor, hence,
U,(fg) =¥, (f)¥,(g) # 0, which shows that fg is not in the kernel of ¥,,. O

The ring Z is an Euclidean domain, hence, a principal domain and, therefore, a factorial ring. It
follows that the ring Z[X] is factorial. The units of Z[X] are {+1, —1}. The irreducible elements in Z[X]
are
— the prime numbers {2,3,5,7,11,...},

— the irreducible polynomials in Q[X] with coefficients in Z and content 1
— and, of course, the product of one of these elements by —1.

From Gauss’s Lemma 8, one deduces that if f and g are two monic polynomials in Q[X] such that
fg € Z|X], then f and g are in Z[X].

A monic polynomial in Z[X] is a product, in a unique way, of irreducible monic polynomials in Z[X].

Exercise 10. Given two rings By, By, a subring A; of B, a subring As of Bs, a morphism of ring
fiAr— Ay,

B Bo

U U

A1 T) A2

elements x1,...,x, of B; and elements yi,...,y, of By, a necessary and sufficient condition for the
existence of a morphism F : Aj[z1,...,2,] — A2[y1,...,ys] such that F(a) = f(a) for a € A; and
F(xz;) = y; for 1 <14 < n is the following:

For any polynomial P € Aq[X1,...,X,] such that
P(xla"'axn) :07

the polynomial Q € As[X1,...,Xy], image of P by the extension of
fto A[Xq, ..., X,] = As[Xq, ..., X,], satisfies

Q(y17"'ayn) =0.

3.4 Mobius inversion formula

Let f be a map defined on the set of positive integers with values in an additive group. Define another
map g by

g(n) =" 7(a).

d|n



It is easy to check by induction that f is completely determined by g. Indeed, the formula for n = 1
produces f(1) = g(1) and for n > 2, once f(d) is known for all d | n with d # n, one obtains f(n) from
the formula

We wish to write this formula in a close form. If p is a prime, the formula becomes f(p) = g(p) — g(1).
Next, f(p?) = g(p?) — g(p). More generally, for p prime and m > 1,

fE™) =g9(®@™) — g™ ).

where p(1) = 1, p(p) = =1, p(p™) = 0 for m > 2. In order to extend this formula for writing f(n)
in terms of g(d) for d | n, one needs to extend the function p and it is easily seen by means of the
convolution product (see Exercise 11) that the right thing to do is to require that u be a multiplicative
function, namely that p(ab) = u(a)u(d) if @ and b are relatively prime.

The Mébius function p (see, for instance, [9] § 2.6) is the map from the positive integers to {0,1, —1}
defined by the properties pu(1) = 1, u(p) = —1 for p prime, pu(p™) = 0 for p prime and m > 2 and
wu(adb) = p(a)p(d) if a and b are relatively prime. Hence, p(a) = 0 if and only if a has a square factor,

while for a squarefree number a, which is a product of s distinct primes we have pu(a) = (—1)%:

p(p1---ps) = (=1)%

One of the many variants of the Mobius inversion formula states that, for f and g two maps defined on
the set of positive integers with values in an additive group, the two following properties are equivalent:
(i) For any integer n > 1,

g(n) =Y f(d).

d|n

(ii) For any integer n > 1,

f(n) = ul(n/d)g(d).

d|n

For instance, Lemma 5 is equivalent to

p(n) = Zu(n/d)d for all n > 1.
d]

An equivalent statement of the Mobius inversion formula is the following multiplicative version, which
deals with two maps f, g from the positive integers into an abelian multiplicative group. The two following
properties are equivalent:
(i) For any integer n > 1,

g(n) = [T r(@.

d|n

10



(ii) For any integer n > 1,

Hg n/d)

d|n

A third form of the Mobius inversion formula (which we will not use here) deals with two functions F'
and G from [1,400) to C. The two following properties are equivalent:

(i) For any real number x > 1,
x) = Z F(z/n).

n<lx

Z,u G(z/n).

n<zx

As an illustration, take F(z) = 1 and G(x) = [z] for all = € [1,+00). Then

S um)fa/n] = 1

n<x

(ii) For any real number x > 1,

Exercise 11. Let A be a (commutative, as always) ring and let R denote the set of arithmetic functions,
namely the set of applications from the positive integers into A. For f and ¢ in R, define the convolution

product
frgm)=>" fla)g

ab=m

(a) Check that R, with the usual addition and with this convolution product, becomes a commutative
ring.
Hint:

frgxh(m)= Y f(a

abe=m

Check that the unity is § € R defined by

5a) = {1 fora =1,

0 fora>1.

(b) Check that if f and g are multiplicative, then so is f x g.
(c) Define 1 € R by 1(x) = 1 for all z > 1. Check that g and 1 are inverse each other in R:

ux1l=39.

(d) Check that the formula
uxlxf=f forall feR

is equivalent to Mobius inversion formula.
(¢) Define j by j(n) = n and, for k > 0, oy (n) = 32, d*. Check

wxj =, jk*lzok.

11



4 The theory of finite fields
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4.1 Gauss fields

A field with finitely many elements is also called a Gauss Field. For instance, given a prime number p,
the quotient Z/pZ is a Gauss field. Given two fields F' and F’ with p elements, p prime, there is a unique
isomorphism F' — F’. Hence, we denote by F,, the unique field with p elements.

The characteristic of a finite field F' is a prime number p, hence, its prime field is F,,. Moreover, F' is
a finite vector space over Fp; if the dimension of this space is s, which means that F' is a finite extension
of F,, of degree [F :F,] = s, then F has p® elements. Therefore, the number of elements of a finite field
is always a power of a prime number p and this prime number is the characteristic of F'.

The multiplicative group F'* of a field with ¢ elements has order ¢ — 1, hence, z9~! = 1 for all z in
F* and 29 = ¢ for all z in F. Therefore, F* is the set of roots of the polynomial X7~ — 1, while F is
the set of roots of the polynomial X¢ — X:

xt-1= ] X-2), X'-Xx=][(x-2. (12)

xeFX zeF

Exercise 13. (a) Let F' be a finite field with ¢ elements. Denote by C the set of non—zero squares in F
which is the image of the endomorphism = — 22 of the multiplicative group F*:

C={2*| zeF*}.

Assume ¢ is even; check C = FX, hence X9°! — 1 =]
Assume ¢ is odd; check

eec(X —x).

X2 1 =J[(X-2) and X V241= J] (X-2)
zeC zEFX\C
(b) Let p be an odd prime. For a in F,, denote by (%) the Legendre symbol:
0 ifa=0
a
<) =41 if a is a non—zero square in F,

p . . .
—1 if a is not a square in F,,.

Check
xev2_1=  J[ xX-a

ek, (2)=1
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and
XP0/2 41 = I[I &-o.
acF,, (%):—1

(“) _ o -D/2.
p

Exercise 14. Let F, be a finite field. A polynomial f € F,[T] computes squares if « = f(a)? for each
a € Py which is a square.

(a) Assume ¢ is even. Show that the polynomial f(T') = T2 computes squares and that no polynomial
of degree < ¢/2 computes squares.

(b) Assume that ¢ is odd. Show that no polynomial of degree < (¢ 4+ 1)/4 computes squares.

(¢) Assume that ¢ = 3 mod 4. Show that the polynomial f(7) = T(@*t1/* computes squares.

(d) Assume that ¢ =1 mod 4. Show that there exists a polynomial of degree < (¢ —1)/2 that computes
squares.

Deduce that for a in IFp,

Exercise 15. Prove that in a finite field, any element is a sum of two squares.

Exercise 16. Let F be a finite field, ¢ the number of its elements, k a positive integer. Denote by Cy
the image of the endomorphism z +— ¥ of the multiplicative group F*:

Cp={2F | ze F*}.
How many elements are there in Cy?

Exercise 17. Find the irreducible polynomial of V2 + /3 over Z and prove that it is reducible modulo
p for all primes p.

Exercise 18. Prove that if F is a finite field with ¢ elements, then the polynomial X9 — X 4+ 1 has no
root in F'. Deduce that F' is not algebraically closed.

Proposition 19. Any finite subgroup G of the multiplicative group of a field K is cyclic. If n is the
order of G, then G is the set of roots of the polynomial X™ — 1 in K.

Proof. Let e be the exponent of G. By Lagrange’s theorem, e divides n. Any z in G is a root of the
polynomial X©—1. Since G has order n, we get n roots in the field K of this polynomial X¢—1 of degree
e < n. Hence e = n. We conclude by using the fact that there exists in G at least one element of order
e, hence, G is cyclic.

The last part of the statement is easy: any element z of G satisfies ™ = 1 by Lagrange’s theorem,
hence the polynomial X™ — 1, which has degree n, has n roots in K, namely the elements in GG. Since K
is a field, we deduce

X" —1= H(X—x),

zeG
which means that G is the set of roots of the polynomial X™ — 1 in K. O

Second proof of Proposition 19. The following alternative proof of Proposition 19 does not use the expo-
nent. Let K be a field and G a finite subgroup of K* of order n. For each d | n, the number of elements
r in K satisfying ¢ = 1 is at most d (the polynomial X¢ — 1 has at most d roots in K). The result now
follows from exercise 6 (3). O
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Recall that when F' = F,, a rational integer a is called a primitive root modulo p if a is not divisible

by p and if the class of @ modulo p is a generator of the cyclic group (Z/pZ)*. More generally, when F,
is a finite field with ¢ elements, a generator of the cyclic group F is called a primitive root or a primitive
element in ;. A nonzero element « in Fy is a primitive root in I, if and only if « is a primitive (¢ —1)th
root of unity. There are ¢(¢—1) primitive roots in F;. Programs giving primitive roots in F, are available
online!.
The discrete logarithm. Let G be a finite cyclic group of order n written multiplicatively and a a
generator. Any element of G' can be written x = a*, with an integer which is unique modulo n. This
integer (or its class in the additive cyclic group Z/nZ) is called the logarithm of x in basis a. We consider
only the case where G is the multiplicative group of the non zero elements of a finite field.

Let Fy be a finite field and « a primitive root in Fy, so that Fj = {1,a,02,...,0972}. Any v € Fy
can be written in a unique way as a™ for some 0 < m < ¢ — 2. This integer m, or the class of m modulo
q—1, is the discrete logarithm in F, of v with respect to « (also called the index of v or the multiplicative
order of v with respect to «). We denote it by Ind,~y:

Ind,(a")=n€Z/(qg—1)Z, o™ =4,
For a a primitive root in F, and v, 71,72 in F, we have
Indy (v172) = Indg(v1) + Indo(72) mod (¢ —1), Inda(y™') = —Indn(y) mod (¢ —1).
If o and 3 are primitive roots in [y, then

Indy(B8)Indg(a) =1 mod (¢ — 1).

Example 20 (The discrete logarithm in F,). The field Fy is a quadratic extension of Fy (see Ex-
ample 30). Let = be a root of the polynomial X2+ X +1 € Fy[X], so that Fy = Fy(z) and F} = {1,z,2?}.
The tables of exponentials in F are

n = 1 2
a”: a=zx x 22
a =2 2 oz

hence the tables of discrete logarithms in Fy are

v= a?
Ind,7y : a=cz 2
a = 22 1

N =R

Exercise 21. For each prime p < 13 and also for p = 31, list the values o € F; which are primitive
roots in IF),. Next, for each o and for n = 0,1,2,...,p — 2, compute a”. Deduce a table of the discrete
logarithm in IF), with respect to the primitive root a.

1One of them (in French) is
http://jean-paul.davalan.pagesperso-orange.fr/mots/comb/gfields/index.html

Computation on finite fields can be done also with Pari GP; see
http://wims.unice.fr/~wims/
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The theorem of the primitive element for finite fields is:

Proposition 22. Let F be a finite field and K a finite extension of F'. Then there exist a« € K such that
K =F(a).

Proof. Let ¢ = p°® be the number of elements in K, where p is the characteristic of F and K; the
multiplicative group K* is cyclic (Proposition 19); let @ be a generator. Then

K= {0, La,a?, ... ,ozq72} =TF,(),
and, therefore, K = F(«). O

Hence the field K is isomorphic to the quotient F,[X]/(P) where P € F,[X] is some irreducible
polynomial over F,, of degree s. We prove below (cf. Theorem 24) that K is isomorphic to the quotient
F,[X]/(P) where P € F,[X] is any irreducible polynomial over F,, of degree s.

Lemma 23. Let K be a field of characteristic p. For x and y in K, we have (x + y)P = aP + yP.

Proof. When p is a prime number and n an integer in the range 1 < n < p, the binomial coefficient

(5) = o

is divisible by p. O

We now prove that for any prime number p and any integer s > 1, there exists a finite field with p*
elements.

Theorem 24. Let p be a prime number and s a positive integer. Set ¢ = p°. Then there exists a field with
q elements. Two finite fields with the same number of elements are isomorphic. If Q) is an algebraically
closed field of characteristic p, then Q contains one and only one subfield with q elements.

Proof. Let F' be a splitting field over F,, of the polynomial X? — X. Since the derivative of X9 — X is
—1, there is no multiple root, hence X9 — X has ¢ distinct roots in F'. From Lemma 23 it follows that
the set of these roots is a field. Hence this set is F' and F' has ¢ elements.

If F’ is a field with g elements, then F”’ is the set of roots of the polynomial X% — X, hence, F” is the
splitting field of this polynomial over its prime field and, therefore, is isomorphic to F'.

If Q is an algebraically closed field of characteristic p, then the unique subfield of Q with ¢ elements
is the set of roots of the polynomial X9 — X. O

According to (12), if IF, is a finite field with ¢ elements and F' an extension of I, then for a € F, the
relation a? = a holds if and only if a € F,. We will use the following more general fact:

Lemma 25. Let F, be a finite field with q elements, F' an extension of F, and f € F[X] a polynomial
with coefficients in F'. Then f belongs to Fy[X] if and only if f(X7) = f(X)9.

Proof. Since ¢ is a power of the characteristic p of F', if we write
fX)=a+a X+ +a, X",
then, by Lemma 23,
FX)P =af +a]XP + - +ap X
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and by induction
fX)'=al +a]X?+ - +al X",
Therefore, f(X)? = f(X?) if and only if a] = a; for all i = 0,1,...,n. O

From Lemma 23, we deduce:

Proposition 26. Let F' be a field of characteristic p.
(a) The map
Frob,: F — F
z = zP

s an endomorphism of F.
(b) If F is finite, or if F is algebraically closed, then Frob, is surjective, hence is an automorphism of
the field F.

Remark. An example of a field of characteristic p for which the endomorphism Frob,, is not surjective is
the field F,,(X) of rational fractions in one variable over the prime field F,,.

Proof. Indeed, this map is a morphism of fields since, by Lemma 23, for x and y in F,
Frob,(z + y) = Frob,(z) + Frob,(y)

and
Frob,(zy) = Frob,(z)Frob,(y).

It is injective since it is a morphism of fields. If F' is finite, it is surjective because it is injective. If F' is
algebraically closed, any element in F' is a p—th power. O

This endomorphism of F' is called the Frobenius of F' over IF,,. It extends to an automorphism of the
algebraic closure of F'.
If s is a non—negative integer, we denote by Frob; or by Frob,s the iterated automorphism

Frobg =1, Frob,s = Frob,.-1 o Frob, (s >1),
so that, for z € F,
Frobg(x) =z, Frob,(z) = 2P, Frob,:(z) = o Frob,: (z) = 27" (s > 0).

If F has p® elements, then the automorphism Frob; = Frob,s of F'is the identity.

If F' is a finite field with g elements and K a finite extension of F', then Frob, is a F—automorphism
of K called the Frobenius of K over F.

Let F' be a finite field of characteristic p with ¢ = p" elements. According to Proposition 19, the
multiplicative group F'* of F' is cyclic of order ¢ — 1. Let « be a generator of F'*, that means an element
of order g — 1. For 1 < £ < r, we have 1 < pf —1 < p" — 1 = g — 1, hence, o~ # 1 and Frobf)(oz) # a.
Since Frob; is the identity on F', it follows that Frob, has order r in the group of automorphisms of F'.

Recall that a finite extension L/K is called a Galois extension if the group G of K—automorphisms
of L has order [L : K] and in this case the group G is the Galois group of the extension, denoted by
Gal(L/K). It follows that the extension F/F, is Galois, with Galois group Gal(F/F,) = Aut(F) the
cyclic group of order s generated by Frob,.

We extend this result to the more general case where the ground field F, is replaced by any finite
field.

Theorem 27. [Galois theory for finite fields/
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Let F be a finite field with q ele-
ments and K a finite extension of F
of degree s. Then the extension K/F is s/d <
Galois with Galois group Gal(K/F) =
Autp(K) the cyclic group generated
by the Frobenius Frob,. Define G =
Gal(K/F).

S8
—
b — 3= X
SN—
»

There is a bijection between
(i) the divisors d of s.
(it) the subfields E of K containing F
(#it) the subgroups H of G.
o If E is a subfield of K containing F, then the degree d = [K : E] of E over K divides s, the number of
elements in E is ¢, the extension K/F is Galois with Galois group the unique subgroup H of G of order
d, which is the subgroup generated by Frobga; furthermore, H is the subgroup of G which consists of the
elements o € G such that o(z) =z for allx € E.
o Conversely, if d divides s, then K has a unique subfield E with q elements, which is the fized field by
Froqu

E={ae€ K | Frobg(a) = a},

this field E contains F' and the Galois group of K over E is the unique subgroup H of G of order d.

Proof. Since G is cyclic generated by Frob,, there is a bijection between the divisors d of s and the
subgroups H of G: for d|s, the unique subgroup of G of order s/d (which means of index d) is the cyclic
subgroup generated by Frobgs. The fixed field of H, which is by definition the set of z in K satisfying
o(x) =z for all 0 € H, is the fixed field of Frob,a, hence it is the unique subfield of E with g% elements;
the degree of K over E is therefore d. If E is the subfield of K with ¢ elements, then the Galois group
of K/E is the cyclic group generated by Froba. O

Under the hypotheses of Theorem 27, the Galois group of E over F'is the quotient Gal(K/F)/Gal(K/E).

Exercise 28.
Let F be a field, m and n two positive integers.
(a) Let r be the remainder of the Euclidean division of n by m in Z. Prove that the remainder of the
Euclidean division of X™ —1 by X™ —1in F[X]is X" — 1.
(b) Check
ged(X™ —1,X™ —1) = xeedmn) _q,

(c) Let further a and b be two integers > 2. Prove that the following conditions are equivalent.
(i) n divides m.

(ii) In F[X], the polynomial X" — 1 divides X™ —

(iii) @™ — 1 divides a™ — 1.

(ii’) In F[ |, the polynomial X" — X divides X*" — X.

(i) »" — b divides b*" — b.

Let F' be a finite field with ¢™ elements and let n > 1. Then F' contains a subfield with n elements if
and only if n divides m. In this case, such a subfield is unique.
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Fix an algebraic closure F, of F,. For each s > 1, denote by F,: the unique subfield of Q with p?
elements. For n and m positive integers, we have the following equivalence:

Fyn C Fpm <= n divides m. (29)

If these conditions are satisfied, then Fpm /Fpn is cyclic, with Galois group of order m/n generated by
Frobpn.

Let F C R, be a finite field of characteristic p with ¢ elements and let « be an element in R). The
conjugates of x over F' are the roots in F,, of the irreducible polynomial of z over F and these are exactly
the images of = by the iterated Frobenius Frobg:, ¢ > 0.

Two fields with p® elements are isomorphic (cf. Theorem 24), but if s > 2, there is no unicity of such
an isomorphic, because the set of automorphisms of Fp: has more than one element (indeed, it has s
elements).

Remarks.
e The additive group (F,+) of a finite field F' with ¢ elements is cyclic if and only if ¢ is a prime number.

e The multiplicative group (F'*, x) of a finite field ' with ¢ elements is cyclic, hence, is isomorphic to the
additive group Z/(q — 1)Z.

e A finite field F' with ¢ elements is isomorphic to the ring Z/¢Z if and only if ¢ is a prime number (which
is equivalent to saying that Z/qZ has no zero divisor).

Example 30 (Simplest example of a finite field which is not a prime field). A field F' with
4 elements has two elements besides 0 and 1. These two elements play exactly the same role: the map
which permutes them and sends 0 to 0 and 1 to 1 is an automorphism of F": this automorphism is nothing
else than Frobs. Select one of these two elements, call it j. Then j is a generator of the multiplicative
group F*, which means that F* = {1,7,4%} and F = {0, 1, j, j2}.

Here are the addition and multiplication tables of this field F":

(F,L+) o 1 5 42 (F,x) [0 1 4 g
0 0 1 4 42 0 0 0 0 O
1 1 0 42 3 1 0o 1 45 42
J i 1 J 0 j Jj° 1
J? 2 j 1 0 j* 0 j2 1

There are 4 polynomials of degree 2 over Fa, three which split in Fy, namely X2, X2+ 1 = (X +1)? and
X%+ X = X(X +1) and just one which is irreducible, X2 4+ X + 1, the roots of which are the elements
of F other than 0 and 1.

Example 31 (The field F3). .

Denote by i and —i the two roots of X2 + 1; one of them is 2, the other is 3. We have F5 =
{0,1,—1,4, —i}. If we do not specify our choice, we cannot tell what is i + 1 for instance: it is —i if we
select i = 2 and it is —1 if we select ¢ = 3. Notice that there is no automorphism of F5 mapping i to —i.
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Exercise 32. Check the following isomorphisms and give a generator of the multiplicative group of
non—zero elements in the field.

(a) Fy = Fo[X]/(X%2+ X +1).

(b) Fg = Fo[X]/(X3 + X +1).

(c) Fig = Fo[X]/(X* + X +1).

(d) F16 =F2[X, Y]/ (Y2 +Y + 1, X2+ X +Y).

Exercise 33. (a) Give the list of all irreducible polynomials of degree < 5 over Fs.
(b) Give the list of all monic irreducible polynomials of degree < 2 over Fy.

Recall (Theorem 27) that any finite extension of a finite field is Galois. Hence, in a finite field F, any
irreducible polynomial is separable: finite fields are perfect.

Normal basis Theorem

Theorem 34 (Normal basis theorem). Given a finite extension L D K of finite fields, there exists an
element o in L* such that the conjugates of a over K form a basis of the vector space L over K.

With such a basis, the Frobenius map Frob,, where g is the number of elements in K, becomes a shift
operator on the coordinates.

The normal basis Theorem may be viewed as an additive analog of the cyclicity of the multiplicative
group of a finite field (cf. Exercise 38).
Remark. The normal basis Theorem holds in zero characteriztic: given any finite Galois extension L/K,
there exists o € L such that the conjugates of a give a basis of the K vector space L.

Proof of Theorem 34.

Let o be a generator of G. The elements of G are distinct characters of L*, namely homomorphisms
of multiplicative groups L* — L* and therefore they are linearly independent by Dedekind Theorem
(theorem of linear independence of characters). We now consider o as an endomorphism of the K—vector
space L: since 1,0,...,0% ! are linearly independent over K, with d = [L : K|, the minimal polynomial
of the endomorphism o is X¢ — 1, which is also the characteristic polynomial of this endomorphism. It
follows that there is a cyclic vector, which is an element « in L solution of our problem.

. 2 . . .
For such a basis a, a9, a? ,...,a? | an element v in L has coordinates ag,as,...,aq—1 with

2 d—1
vy =apa+aa? +aza? +---+ag_1a?

and the image of v under the Frobenius map Frob, is

q q 'S q? !
v = ag—1 + apa? + a1 + -+ ag_20 ,

the coordinates of which are aq_1,a9,a1,...,aq—2. Hence the Frobenius is a shift operator on the coor-
dinates. 0

Remark. For a € L, a necessary and sufficient condition for the conjugates of « to give a basis of L over
K is
-1
det(r O—(a))T,UEG # 0.
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Exercise 35.

(a) Let G be a group, N be a normal subgroup of finite index in G and H a subgroup of G. Show that
the index of HN N in H is finite and divides the index of N in G. Deduce that if H NN = {1}, then H
is finite and its order divides the index of N in G.

(b) Let L/K be a finite abelian extension and F1, E5 two subfields of L containing K. Assume that the
compositum of Fy and Es is L. Show that [L : Eq] divides [Es : K].

(c) Let F be a finite field, E an extension of F and «,  two elements in E which are algebraic over F of
degree respectively a and b. Assume a and b are relatively prime. Prove that [F(«a, 8) : F] = ab and that

F(a,8) = F(a+ pB).
One of the main results of the theory of finite fields is the following;:

Theorem 36. Let F' be a finite field with q elements, o an element in an algebraic closure of F'. There
exist integers £ > 1 such that o' = a. Denote by n the smallest:

n=min{¢ >1 | Frobg(a) = a}.

Then the field F(«) has q"™ elements, which means that the degree of a over F is n and the minimal

polynomial of a over F is
n—1

T[] (X - Frob(a ﬁ( —aqz). (37)

£=0

Proof. Since F is finite, the set of ad with ¢ > 0 is finite, hence there exists £1 > ¢5 such that adl = ad".
Recall that the Frobenius Frob, is an automorphism; we apply F]robq_e2 and get a?" = o with ¢ = by — L.

Define s = [F'(a) : F]. By Theorem 27, the extension F(«)/F is Galois with Galois group the cyclic
group of order s generated by Frob,. The conjugates of « over F' are the elements Frob;(a), 0<i<s—1.
Hence s = n. O

4.2 Trace and Norm

Let F be a finite field with g elements and let E be a finite extension of degree s of F'. For a € F, the
trace of a from E to F is the sum of the conjugates, while the norm of a from E to F' is the product
of the conjugates of o over F :

A Z Froby (a Z a', Ng/r(a H Frob! (a) = a7 ~1/(a=1),

For o € F', we have Trg/p(a) = sa and Ng,p(a) = o®.

The trace Trg/p is a F-linear map from £ onto F' (a linear form). The kernel is the set of roots
of the polynomial X + X%+ --- + X in E, it has at most ¢°~! elements, hence there exists v € F
such that Trg,p () # 0. It follows that this linear form is surjective, hence its kernel has ¢*~ ! elements.
Therefore for each § € F there are ¢°~! elements « in F such that Trg p(a) =46.

Let B € E, 8 # 0; there exists a such that af is not in the kernel of Trg /. Hence the linear form
a +— Trg/p(aB) is not 0. It follows that for By # (2 in E, the two linear forms a +— Trg/p(afB1) and
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a — Trg p(afs) are distinct. Hence the set of linear forms « +— Trpg/p(af) is the set of all linear forms
on E, which is the dual of E as an F—vector space. It is an F—vector space of dimension s.

A similar result holds for the norm: the map a +— Ng,p(c) is a homomorphism from the multiplicative
group E* to F*, its kernel has at most (¢" — 1)/(¢ — 1) elements and its image at most ¢ — 1 elements,
hence the kernel has (¢" — 1)/(q — 1) elements and the image ¢ — 1 elements: the norm is surjective, for
each 0 € [’ there are (¢" — 1)/(q — 1) elements o € E such that Ng,p(a) = 4.

Exercise 38. (Hilbert Theorem 90). This is the version, for finite fields, of a theorem on cyclic extensions
due to Kummer (1855), namely the 90th theorem of Hilbert’s Zahlbericht (1897).

Let F be a finite field with ¢ elements and E be a finite extension of F.

(a) Additive version.

Prove that for o € E, the condition Trg/p(a) = 0 is equivalent to the existence of f € E such that
a=p7-0.

(b) Multiplicative version.

Prove that for a € E*, the condition Ng,p(a) = 1 is equivalent to the existence of 3 € E* such that

o= p1/B.

Exercise 39. (Artin-Schreier extensions).
Let p be a prime number, r a positive integer and F, a finite field with ¢ = p" elements.
(a) Denote by u, and t, the maps F, — F, defined by

up(a) = af — a, tr(a):a+ap+~~~+apr_l

Check that u, and ¢, are Fp-linear endomorphisms of F,, that ker u, = F,,, im(u,) = kert, and im(¢,) =
F,,. In other terms the sequence

{0} —F, —F, > F, 5 F, — {0}

is exact.
(b) Check
[Ix+xP+ - +x" —a)=Xx" - X.
a€lF,
(c) Let Q be an algebraic closure of Fy, let v € Q and let r = [F,(7y) : F,]. Prove that
(i) If £-(y) = 0, then the polynomial X? — X — ~ splits completely in F-.
(ii) If t, () # 0, then the polynomial X? — X — v is irreducible over .
Ezample. For each a € F)', the polynomial X? — X — a is irreducible over F,,.

Exercise 40. (a) Let F be a finite field, F a finite extension of F and « a generator of the cyclic group
E*. Check that Ng/p(a) is a generator of the cyclic group .

(b) Deduce that the norm Np,r induces a surjective morphism from E* onto .

(c) Given extensions of finite fields K C F' C F, check Ng,x = Ng,p o Np/.

(d) For x € F, define

0 ifa=0
a
(*) =<1 if a is a non—zero square in F

—1 if a is not a square in F.
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Hence Legendre symbol (Exercise 13) is

5)-(5)
p IFp
for a € Z and a = a (mod p) € F,,. Check that if F' has ¢ elements with ¢ odd, then, for a € F,

(%>:am4vz

(&) - Ne/r(a)y.
E) F
Exercise 41. Let F, be a finite field of odd characteristic p with ¢ = p" elements.

(a) Check —1 is a square if and only if ¢ =1 mod 4.
(b) Assume p = —1 mod 4. Let i be a root of X2 + 1 in Fp2. For a and b in F,, check

Deduce, for a € E,

(a +1ib)P = a —ib.

(Automorphisms of F2).
(c) Let p be a Mersenne prime, p = 2¢ — 1 with ¢ prime. Check that for a and b in F,, a+ib is a generator
of the cyclic group ]F;2 if and only if a® + b? is a generator of the cyclic group Fy.

Exercise 42. (a) Let n > 1. Prove that any prime divisor of 2" + 1 is congruent to 1 modulo 2n.

(b) From (a) it follows that the prime divisors of the Fermat number Fy = 22°+1 are congruent to 1 modulo
64. Check that Fj is divisible by 641, without performing the division 4294 967297 = 641 - 6 700417 but
only using 641 =5 +2% =5.27 + 1.

4.3 Cyclotomic polynomials

Let n be a positive integer. A n—th root of unity in a field K is an element of K* which satifies ™ = 1.
This means that it is a torsion element of order dividing n.

A primitive n—th root of unity is an element of K* of order n: for k in Z, the equality z* = 1 holds
if and only if n divides k.

For each positive integer n, the n—th roots of unity in F form a finite subgroup of F,5 . having at
most n elements. The union of all these subgroups of Fys . is just the torsion group Fs . itself. This
group contains 1 and —1, but it could have just one element, like for Fy = Z/2Z or F5(X) for instance.
The torsion subgroup of R* is {1}, the torsion subgroup of C* is infinite.

Let K be a field of finite characteristic p and let n be a positive integer. Write n = p"m with » > 0
and ged(p, m) = 1. In K[X], we have

X" —1=(X"-1)".
If x € K satisfies ™ = 1, then ™ = 1. Therefore, the order of a finite subgroup of K* is prime to p.

It also follows that the study of X™ — 1 reduces to the study of X™ — 1 with m prime to p.

Let n be a positive integer and ) be an algebraically closed field of characteristic either 0 or a prime
number not dividing n. Then the number of primitive n-th roots of unity in 2 is ¢(n). These p(n)
elements are the generators of the unique cyclic subgroup C,, of order n of Q*, which is the group of n-th
roots of unity in Q:

Cp={zeQ | 2" =1}
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4.3.1 Cyclotomic polynomials over C[X]

The map C — C* defined by z — €2"™*/" is a morphism from the additive group C to the multiplicative
group C*; this morphism has kernel nZ. Hence, it factors to an injective morphism from the group C/nZ
to C*: we denote it also by z — €2™*/"  In particular €*7%/" makes sense for z € Z/nZ. The unique
subgroup of order n in C/nZ is Z/nZ, its image under z — ¢*7%/" is p,, C C*.

For n a positive integer, we define a polynomial ®,(X) € C[X] by

o, (X)= J[ (x—erm), (43)
ke(Z/nZ)*

This polynomial is called the cyclotomic polynomial of index n; it is monic and has degree p(n). Since

n—1
X" _ 1= H(X o 62i7rk/n)’
k=0

the partition of the set of roots of unity according to their order shows that

xXm—1= ][] ®ux). (44)
1<d<n
dln

The degree of X™ — 1 is n and the degree of ®4(X) is ¢(d), hence, Lemma 5 follows also from (44).

The name cyclotomy comes from the Greek and means divide the circle. The complex roots of X™—1
are the vertices of a regular polygon with n sides.

From (44), it follows that an equivalent definition of the polynomials ®1, ®,, ... in Z[X] is by induction
on n:

B(X) = X — 1, %(X)l_m- (45)
d

d|n

This is the most convenient way to compute the cyclotomic polynomials ®,, for small values of n.
Mobius inversion formula (see the second form in § 3.4 with G the multiplicative group Q(X)*) yields

P, (X) = H(Xd — nn/d)
d|n

Notice that for m > 3, the polynomial ®,, has real coefficients (in fact integer coefficients) and no real
root, hence its degree p(m) is even.

First examples. One has

=X+ X +1,

and more generally, for p prime

CXP -1

=XP 4 XP 24 X 41
~ 1 + +- 4+ X 4+

D, (X)
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The next cyclotomic polynomials are

X4 -1

(X)) =55

= X2 +1=0y(X?%),
X601 X +1
= =X? - X +1=o3(—X).
G-D(X+1)  X+1 +1=23(=X)
The next page is reproduced from
https://en.wikipedia.org/wiki/Cyclotomic_polynomial

P6(X) =
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Pi(x)=a—1

Pr(x)=2x+1

Oy(z)=a’+x+1

Dy(x)=2>+1
S(x)=at+23+22+x+1

g (x =22—z+1
Po(x)=a8+28+a2t+23+ 22+ +1
Dg(z) =2t +1

Dg(z) =25+ 22 +1

Do) =a2t—a2+22—z+1

P3(x :x12+x11+x10+$9+x8+x7+x6+x5+x4+x3+x2+x+1
Pp)=a—2+a*—aP+22—z+1
Ois(x)=a8—a"+2° -2t +22—z+1

<I>20x xT
Doy (z) = 212 R L i |
Pog(2) =20 — 2 + 2% — 2"+ 28 — P+t -+ -+ 1

+20 2 a8+ 2"+l 2t a2t 2t 41

=28 —2' 41

Doy(z) =x

Pos(z) =2 + 2" + 20 +2° + 1

Pog(z) =a'? =2t + 210 — 2% 42 — 2T b —aS 42t — P -2 41

Por(z) =™ +2° +1

Pog(x) =22 =20+ 2% —ab 42 — 22 +1

Bog() = 225 + 227 + 220 4 22 4 22 1 22 4 222 4 2?0 4 g0 4 19 g8 g 1T 4 p16 4 15y e

Ll 12 Il 10 0 8 L T L6 5 a8 2
Bag(z) =a® +2" —2® — a2t — 2P 4o+ 1.

It is known that if n has at most two odd prime divisors, then the coefficients of ®,, are 0, 1 or —1.
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The least integer that has three distinct odd prime divisors is 105. In the polynomial ®1g5, the coefficients
of 7 and z*' are —2:

Bros(x) = 238 £ 24T 4 216 _ 43 _ g42 gl A0 039 4 436 4 35 | 034 4 033 ) 482 4 31 28 %6

a0 T P M e 2 % 2 227 —ab P a4 L

Exercise 46.
(a) Let n > 2 be an integer. Denote by R the radical (maximal square free factor) of n, namely the
product of the prime factors of n. Check

$n(X) = Gr(X"/H). (47)
(b) Let p be a prime number and let m; a positive integer prime to p. Set m = pm;. Prove
P, (Xp) = (I)m(X)q)ml (X)

(c) Let p be a prime number and m a positive integer multiple of p. Write m = p"my with ged(p,m1) =1
and r > 1. Deduce from (a) and (b)

r—1

q)m1(Xpr) = @ (X) P, (XP ).
(d) For r > 0, p prime and m a multiple of p, check
Oy (X) = @ (XP) and p(p"m) = p’p(m).

Deduce

1

B (X)=XP ) xp ) L X7 = (X))

when p is a prime and r > 1 (also a consequence of (47)).

(e) Let n be a positive integer. Prove

p(n) if n is odd,
p(2n) =3 o
p(n) if n is even,
—@1(—X) ifn= 1,
Dop(X) =< @, (—X) if n is odd and > 3,
®,(X?)  if nis even.
Deduce, for £ > 1 and for m odd > 3,



(f) Check, for n > 1,
0 forn=1,
®,(1)=<p if n=p" with p prime and r > 1;
1 otherwise.
(g) Check, for n > 1,
—2 forn=1,
o,(-1)=41 if nis odd > 3;
®,, /(1) if n is even.

In other terms, for n > 3,

B (—1) = p if n=2p" with p a prime and r > 1;
" )1 ifnisodd or if n = 2m where m has at least two distinct prime divisors.

Theorem 48. For any positive integer n, the polynomial ®,(X) has its coefficients in Z. Moreover,
D, (X) is irreducible in Z[X].

Proof of the first part of Theorem 48. We check ®,,(X) € Z[X] by induction on n. The results holds for
n =1, since ®1(X) = X — 1. Assume P,,(X) € Z[X] for all m < n. From the induction hypothesis, it

follows that
h(X) =[] ®a(X)

d|n
d#n

is monic with coeflicients in Z. We divide X™ — 1 by h in Z[X]: let Q € Z[X] be the quotient and
R € Z[X] the remainder:

X" —1 = h(X)Q(X) + R(X).
We also have X" — 1 = h(X)®,(X) in C[X], as shown by (44). From the unicity of the quotient and
remainder in the Euclidean division in C[X], we deduce @ = ®,, and R = 0, hence, ®,, € Z[X]. O

We now show that ®,, is irreducible in Z[X]. Since it is monic, its content is 1. It remains to check
that it is irreducible in Q[X].

Here is a proof of the irreducibility of the cyclotomic polynomial in the special case where the index
is a prime number p. It rests on Eisenstein’s Criterion:

Proposition 49 (Eisenstein criterion). Let

C(X)=coX%4 - +cq € Z[X]
and let p be a prime number. Assume C to be product of two polynomials in Z[X] of positive degrees.
Assume also that p divides c; for 1 < i < d but that p does not divide cy. Then p? divides cg.

Proof. Let
AX)=aX"+--+a, and B(X)=bX"+ +bn

be two polynomials in Z[X] of degrees m and n such that C = AB. Hence, d = m + n, ¢y = agbo,

¢4 = apbp. We use the morphism (9) of reduction modulo p, namely ¥, : Z[X] — F,[X]. Write

A=V,(A), B=1Y,(B), C=1¥,(C),

AX)=aoX" + -+ dn, B(X)=bX™+--+bp,
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and R
C(X) :Eon—i—-”—i-éd.

By assumption ¢g # 0, ¢; = - = ¢q = 0, hence, C~'()~() = X% = A(X)B(X) with & = dobo # 0. Now
A and B have positive degrees n and m, hence, a,, = b,, = 0, which means that p divides a,, and b,,, and,
therefore, p? divides ¢q = apbm,. O

Proof of the irreducibility of ®, over Z in Theorem 48 for p prime. We set X —1 =Y, so that

(Y +1)p -1

(Y +1) =

=yr! 4 (?)sz ot <§)Y +peZY].

We observe that p divides all coefficients — but the leading one — of the monic polynomial ®,(Y + 1)
and that p? does not divide the constant term. We conclude by using Eisenstein’s Criterion Proposition
49. O

We now complete the proof of Theorem 48.

Proof of the irreducibility of ®,, over Z in Theorem 48 for all n. Let f € Z[X] be an irreducible factor
of ®,, with a positive leading coefficient and let g € Z[X] satisfy fg = ®,,. Our goal is to prove f = @,
and g = 1.

Since ®,, is monic, the same is true for f and g. Let ¢ be a root of f in C and let p be a prime number
which does not divide n. Since (? is a primitive n-th root of unity, it is a zero of ®,,.

The first and main step of the proof is to check that f(¢{?) = 0. If ¢? is not a root of f, then it is a
root of g. We assume ¢(¢?) = 0 and we will reach a contradiction.

Since f is irreducible, f is the minimal polynomial of ¢, hence, from ¢g(¢?) = 0, we infer that f(X)
divides g(XP). Write g(X?) = f(X)h(X) and consider the morphism ¥, of reduction modulo p already
introduced in (9). Denote by F, G, H the images of f, g, h. Recall that fg = ®,, in Z[X], hence,
F(X)G(X) divides X™ — 1 in F,[X]. The assumption that p does not divide n implies that X™ — 1 has
no square factor in F),[X].

Let P € Z[X] be an irreducible factor of F. From G(X?) = F(X)H(X), it follows that P(X) divides
G(XP). But G € F,[X], hence (see Lemma 25), G(X?) = G(X)P and, therefore, P divides G(X). Now
P? divides the product FG, which is a contradiction.

We have checked that for any root ¢ of f in C and any prime number p which does not divide n, the
number (? is again a root of f. By induction on the number of prime factors of m, it follows that for any
integer m with ged(m,n) = 1 the number "™ is a root of f. Now f vanishes at all the primitive n—th
roots of unity, hence, f = &, and g = 1. O

Let n be a positive integer. The cyclotomic field of level n over Q is
R, =Q({e*™/" | ke (Z/nZ)*}) C C.

This is the splitting field of ®,, over Q. If ¢ € C is any primitive n—th root of unity, then R,, = Q(¢) and
{1,¢,...,¢#M=11 is a basis of R,, as a Q-vector space.
For example we have

Ri=Ry=Q, R3=Rs=Q(j), Rsi=Q(i),

where j is a root of the polynomial X2 + X + 1. It is easy to check that for n > 1 we have ¢(n) = 1
if and only if n € {1,2}, p(n) = 2 if and only if n € {3,4,6} and ¢(n) is even and > 4 for n > 5 with
n # 6. That ¢(n), the degree of R, tends to infinity with n can be checked in an elementary way.
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Exercise 50. Check
n < 2.685p(n)'101

for allm > 1.

Proposition 51. There is a canonical isomorphism between Gal(R,,/Q) and the multiplicative group
(Z/nZ)*.

Proof. Let (,, be a primitive n-th root of unity and let u, be the group of n-th roots of unity, which is
the subgroup of C* generated by (,,. The map Z — u,, which maps m to (" is a group homomorphism
of kernel nZ. When c is a class modulo n, we denote by (¢ the image of ¢ under the isomorphism
ZInZ — jip.

For o € Gal(R,,/Q), define 0(0) € (Z/nZ)* by

a(Gn) = G\
Then 6 is well defined and is a group isomorphism from Gal(R,,/Q) onto (Z/nZ)*. O

Example 52. The element 7 in Gal(R,,/Q) such that 6(7) = —1 satisfies 7(¢,,) = ¢;;1. But (' is the
complex conjugate of (,, since |(,| = 1. Hence 7 is the (restriction to R, of the) complex conjugation.
Assume n > 3. The subfield of R,, fixed by the subgroup 6~1({1,—1}) of Gal(R, /Q) is the maximal
real subfield of R,,:
R =Q(¢+ ¢, ") = Q(cos(2r/n)) = R, NR

with [R, : R}] = 2.

4.3.2 Cyclotomic Polynomials over a finite field

Since ®,, has coefficients in Z, for any field K, we can view ®,(X) as an element in K[X]: in zero
characteristic, this is plain since K contains Q; in finite characteristic p, one considers the image of @,
under the morphism ¥, introduced in (9): we denote again this image by ®,,.

Proposition 53. Let K be a field and let n be a positive integer. Assume that K has characteristic
either 0 or else a prime number p prime to n. Then the polynomial ®,(X) is separable over K and its
roots in K are exactly the primitive n—th roots of unity which belong to K.

Proof. The derivative of the polynomial X” — 1 is nX"~!. In K, we have n # 0 since p does not divide

n, hence, X™ — 1 is separable over K. Since ®,(X) is a factor of X™ — 1, it is also separable over K.

The roots in K of X™ — 1 are precisely the n—th roots of unity contained in K. A n-th root of unity is

primitive if and only if it is not a root of ®; when d|n, d # n. From (45), this means that it is a root of

D,. O
Recall that when n = p"m with » > 0 and m > 1, in characteristic p we have

X" 1= (xm -1

Therefore, if p divides n, there is no primitive n—th root of unity in a field of characteristic p.
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Exercise 54.
The polynomials below are over a field of characteristic p.
(a) Prove that for » > 0 and m > 1 with p fm,

. 1 if =
By (X) = B (X)P0)  with  (p) = _ itr=0,
pr—pr~t ifr > 1.

(b) Deduce that if p divides m, then in characteristic p we have

D (X) = @, (X)P'.
According to (12), given ¢ = p", the unique subfield of F,, with ¢ elements is the set F, of roots of

X?— X in F,. Theset {X —x | x € F,} is the set of all monic degree 1 polynomials with coefficients
in Fy. Hence, (12) is the special case n =1 of the next statement.

Theorem 55. Let F be a finite field with q elements and let n be a positive integer. The polynomial
X9" — X s the product of all monic irreducible polynomials in F[X] whose degree divides n. In other

terms, for anyn > 1,
x"-x=1] II fx
dln fEE(d)

where E,(d) is the set all monic irreducible polynomials in F,[X] of degree d.

Proof. The derivative of X?° — X is —1, which has no root, hence, X" — X has no multiple factor in
characteristic p.

Let f € F,[X] be an irreducible factor of X9 — X, d its degree and v a root of f in F,,. The polynomial
X49" — X is a multiple of f, therefore, it vanishes at a, hence, a?" = «, which means a € Fgn. From the
field extensions

Fq C Fy(a) C Fyn,

we deduce that the degree of a over F, divides the degree of Fy» over Fy, that is d divides n.

Conversely, let f be an irreducible polynomial in F,[X] of degree d where d divides n. Let a be a
root of f in ED. The field Fy () has degree d over Fy, hence it has g% elements; since d divides n, it is a
subfield of Fyn, hence av € IFn satisfies a?" = o and, therefore, f divides X49" — X.

This shows that X" — X is a multiple of all irreducible polynomials of degree dividing n.

In the factorial ring IF,[X], the polynomial X 4" — X, having no multiple factor, is the product of the
monic irreducible polynomials which divide it. Theorem 55 follows. O

Denote by N,(d) the number of elements in E,;(d), that is the number of monic irreducible polynomials
of degree d in Fy[X]. Theorem 55 yields, for n > 1,

¢" =) dNy(d). (56)
dln
From Mobius inversion formula (§ 3.4), one deduces:

Ny(n) = % > uld)g"e.
dl
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For instance, when £ is a prime number,

Exercise 58. Let F' be a finite field with ¢ elements.

(a) Give the values of Ny(n) for 1 <n <6.
(b) Check, for n > 2,

q" q°
L <Ny < L.
on = Q(n) - n
(¢) More precisely, check, for n > 2,
n _ ,ln/2]+1 n _
q" —q < Ny < L4
n n

(d) Let F' be a finite field of characteristic p. Denote by F, the prime subfield of F'. Check that more

than half of the elements « in F' satisfy F' = Fp(«).
(e) Check that when p™ tends to infinity, the probability that a polynomial of degree n over F, be

irreducible in F,[X] tends to 1/n.

Remark. From (c) one deduces that the number N,(n) of monic irreducible polynomials of degree n over

F, satisfies
q" qn/2
Nq(n)_JFO(n)-

n
This Prime Polynomial Theorem is the analog for polynomials of the Prime Number Theorem which

asserts that the number 7(z) of primes p < z is asymptotically equal to

Todt T

L. — —_— ~
i) 5 logt loga’

while the Riemann Hypothesis is equivalent to the assertion that the remainder term m(xz) — Li(x) is
bounded above by z'/27°() This analogy takes into account the fact that z is the number of integers
< x while ¢" is the number of monic polynomials of degree n over [F,.

The abstract of the lecture by Will Sawin on The distribution of prime polynomials over finite fields
on October 29, 2020 at the Number Theory Web Seminar https://www.ntwebseminar.org/ starts with:
Many conjectures in number theory have analogues for polynomials in one variable over a finite field. In
recent works with Mark Shusterman, we proved analogues of two conjectures about prime numbers - the
twin primes conjecture and the conjecture that there are infinitely many primes of the form n? + 1. The
analogy is:

Number Theory Polynomials
Z e F,[T]
Z* = {1} — F [T]* =Fy
N — monic polynomials
prime numbers <— irreducible monic polynomials
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4.4 Decomposition of cyclotomic polynomials over a finite field

In all this section, we assume that n is not divisible by the characteristic p of F,.
We apply Theorem 36 to the cyclotomic polynomials.

Theorem 59. Let F, be a finite field with q elements and let n be a positive integer not divisible by
the characteristic of Fq. Then the cyclotomic polynomial ®,, splits in Fy[X] into a product of irreducible
factors, all of the same degree d, where d is the order of ¢ modulo n.

Recall (see § 3.2) that the order of ¢ modulo n is by definition the order of the class of ¢ in the
multiplicative group (Z/nZ)* (hence, it is defined if and only if n and g are relatively prime), it is the
smallest integer ¢ such that ¢° is congruent to 1 modulo n.

Proof. Let ¢ be a root of ®,, in a splitting field K of the polynomial ®,, over IF;. The order of ¢ in the
multiplicative group K is n. According to Theorem 36, the degree of ¢ over F, is the smallest integer

¢ > 1 such that C‘/ = (, that is Qqe_l = 1. Hence it is the smallest positive integer ¢ such that n divides
¢* — 1 and this is the order of the image of ¢ in the multiplicative group (Z/nZ)*. O

Since an element ¢ € F: has order n in the multiplicative group F: if and only if ¢ is a root of ®,,,
an equivalent statement to Theorem 59 is the following.

Corollary 60. If{ € ﬁpx has order n in the multiplicative group F;, then its degree d = [F4(C) : Fy] over
Fy is the order of ¢ modulo n.

The special case d = 1 of corollary 60 produces the next result:

Corollary 61. The polynomial ®,,(X) splits completely in Fq[X] (into a product of linear polynomials)
if and only if ¢ = 1 mod n.

This follows from Theorem 59, but it is also plain from Proposition 19 and the fact that the cyclic
group F of order ¢—1 contains a subgroup of order n if and only if n divides ¢ —1, which is the condition
q = 1 mod n.

Exercise 62. Let p and ¢ be two distinct odd primes with at least one of them congruent to 1 modulo
4. Assume that the polynomial X7 — 1 splits completely in the finite field F,. Show that the polynomial
X? — ¢ splits in F,,.

Hint. One may use the Legendre reciprocity law: for p and ¢ distinct odd primes,

(£) -

Remark. Class Field Theory elaborates on such results.
The special case d = ¢(n) of corollary 60 produces the next result:

Corollary 63. The following conditions are equivalent:
(i) The polynomial ®,,(X) is irreducible in F,[X].

(ii) The class of ¢ modulo n has order o(n).

(iii) ¢ is a generator of the group (Z/nZ)*.
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This can be true only when this multiplicative group is cyclic, which means (see Exercise 7) that n is
either
2,4, 0%, 20°

where £ is an odd prime and s > 1. Any cyclotomic polynomial ®,, with n > 2 not in this list is reducible
over any finite field (including the fields with characteristic p which divides n - see Exercise 54) while it
irreducible over Z.

Exercise 64. What are the degrees of the irreducible factors of the polynomials ®g(X) = X% + 1 and
P12(X) = X* — X2 + 1 over a finite field F,?

Corollary 65. Let q be a power of a prime, s a positive integer and n = q° — 1. Then q has order s
modulo n. Hence, ®,, splits in Fy[X] into irreducible factors, all of which have degree s.

Notice that the number of factors in this decomposition is ¢(¢* — 1)/s, hence it follows that s divides
e(q® —1).

Numerical examples B
Recall that we fix an algebraic closure I, of the prime field IF, and for ¢ a power of p we denote by
F, the unique subfield of F,, with ¢ elements. Of course, I, is also an algebraic closure of F,.

Example 66. The field F;, quadratic extension of Fy (see also Example 30). We consider the
quadratic extension F4/Fs. There is a unique irreducible polynomial of degree 2 over Fs, which is
®3 = X? + X 4 1. Denote by ¢ one of its roots in F4. The other root is (2 with (2 = ( 4+ 1 and

F4: = {07 17 C7 C2}

If we set 7 = (2, then the two roots of ®3 are 1 and n?, with n? =1 + 1 and

F4 = {O’ 17 777 772}'

There is no way to distinguish these two roots, they play the same role. It is the same situation as with
the two roots +i of X2 + 1 in C.

In F, there are two elements of trace 0 over Fy, namely 0 and 1, and two elements of trace 1, namely
¢ and (2. The three elements of F} have norm 1 over Fs.

Example 67. The field Fg, cubic extension of Fy. We consider the cubic extension Fg/Fo. There
are 6 elements in Fg which are not in Fsy, each of them has degree 3 over Fs, hence, there are two
irreducible polynomials of degree 3 in Fo[X]. Indeed, from (57), it follows that N3(3) = 2. The two
irreducible factors of ®; are the only irreducible polynomials of degree 3 over Fs:

X X=XX+DX*+X+1)(X*+X2+1).

The 6 = ¢(7) elements in Fg of degree 3 are the six roots of ®7, hence, they have order 7. If ¢ is any of
them, then

IFS = {Oa 1a C7 <27 C?’a C47 C57 Cﬁ}

Since [Fg : Fa] = 3, there are three automorphisms of Fg, namely the identity, Froby and Froby = Frob%.
If ¢ is a oot of Q1(X) = X3 + X + 1, then the two other roots are ¢? and ¢*, while the roots of
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Q2(X) = X3+ X2 + 1 are 3, ¢5 and ¢°. Notice that (6 = ¢! and Q2(X) = X3Q1(1/X). Set n = (L.
Then
Fs = {0, 1, 0, 0*, n*, 0, 0%, 1%}
and
Qi1(X) = (X =X = )X = ¢, QuX) = (X —n)(X —n*)(X — 7).
For transmission of data, it is not the same to work with ¢ or with n = (~!. For instance, the map
z +— =+ 1 is given by

C+1=C,C+1=¢,C+1=¢+1=C,C+1=¢4 F+1=¢2

and by
n+l=n" *+1=n’ P +1=0*n'+1=0 " +1=n n"+1=n"
In Fg there are four elements of trace 0 over 5, namely 0 and the three roots of X3 4+ X + 1, and four

elements of trace 1, namely 1 and the three roots of X* 4+ X2 + 1. The seven elements of Fg have norm
1 over Fs.

Exercise 68. List the values o € F§ which are primitive roots in Fs. Next, for each o and for n =
0,1,2,...,6, write the table of the discrete logarithm in Fg with respect to the primitive root «.

Example 69. The field Fy, quadratic extension of F3. We consider the quadratic extension Fg/Fs.
Over s,
XP-X=XX-DX+DX*+ DX+ X - 1)(X*-X-1).

In FJ, there are 4 = ¢(8) elements of order 8 (the four roots of ®s) which have degree 2 over F3. There
are two elements of order 4, which are the roots of ®4; they are also the squares of the elements of order
8 and they have degree 2 over F3, their square is —1. There is one element of order 2, namely —1 and
one of order 1, namely 1. From (57), it follows that N3(2) = 3: the three monic irreducible polynomials
of degree 2 over F3 are &, and the two irreducible factors of ®g.

Since [Fg : F3] = 2, there are two automorphisms of Fg, namely the identity and Frobs. Let ¢ be a
root of X? + X — 1 and let n = ¢~%. Then n = (", n® = ¢° and

X4 X —1= (X=X =¢), X?=X—1=(X —n)(X ).

We have
Fo=1{0, 1, ¢, ¢ ¢% ¢* ¢% ¢% ¢}
and also
Fy = {Oa 1, n, 7727 7737 774a 7757 776, 777}'
The element (* = n* = —1 is the element of order 2 and degree 1 and the two elements of order 4 (and
degree 2), roots of X2 + 1, are (2 = n°® and (5 = n%.
In Fg there are three elements of trace 0 over 3, namely 0 and the two roots of X2+ 1, three elements
of trace 1, namely 1 and the two roots of X2 — X — 1 and three elements of trace —1, namely —1 and the

two roots of X2+ X — 1. There are four elements of norm 1 over Fs, namely 1, —1 and the two roots of
X? 41 and four elements of norm —1, namely the roots of X? — X —1 and X2 + X — 1.

Exercise 70. List the values a@ € F§ which are primitive roots in Fg. Next, for each a and for n =
0,1,2,...,7, write the table of the discrete logarithm in Fg with respect to the primitive root «.
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Exercise 71. Check that 3 has order 5 modulo 11 and that
XU 1=X-DX° X+ X2 - X -1)(X°+X* - X3+ X2-1)

is the decomposition of X! — 1 into irreducible factors over Fs.
Remark. Compare with § 5.9.2.

Exercise 72. Check that 2 has order 11 modulo 23 and that X23 — 1 over I is the product of three
irreducible polynomials, namely X — 1,

X11+X10+X6+X5+X4+X2+1

and
XU+ X9+ X"+ X0+ X5+ X + 1.

Remark. Compare with § 5.9.1.

Example 73. Assume that ¢ is odd and consider the polynomial ®,(X) = X2+ 1. Corollary 61 implies:
e If ¢ =1 mod 4, then X2 + 1 has two roots in F,.
e If g = —1mod 4, then X2 + 1 is irreducible over F,.

Example 74. Assume again that ¢ is odd and consider the polynomial ®g(X) = X* + 1.
e If ¢ =1 mod 8, then X* + 1 has four roots in F,.

e Otherwise X* + 1 is a product of two irreducible polynomials of degree 2
in F,[X].

(see Exercise 64).
For instance, Example 69 gives over Fg

X' +1=(X?+X-1)(X2-X —1).
Using Example 73, one deduces that in the decomposition of X® — 1 over F,, there are

8 linear factors if ¢ = 1 mod 8,
4 linear factors and 2 quadratic factors if ¢ = 5 mod 8,
2 linear factors and 3 quadratic factors if ¢ = —1 mod 4.

Exercise 75. (a) Check that the polynomials X%+ 1 and X* — X2 + 1 are irreducible over Q but that
they are reducible over F), for all prime numbers p.
(b) Show that a polynomial in Z[X] which is irreducible modulo p for all p has degree 1.

Exercise 76. Let n be an odd positive integer of the form z* + y* with = and y in Z. Show that there
are two integers N and M such that n = NM?*, where N is the product of odd prime numbers congruent
to 1 modulo 8 and M is a product of odd prime numbers congruent to 3, 5 or 7 modulo 8.

Example 77. The group (Z/57)* is cyclic of order 4, there are ¢(4) = 2 generators which are the classes
of 2 and 3. Hence,
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e If ¢ =2 or 3mod 5, then ®; is irreducible in F,[X],
e If ¢ =1 mod 5, then ®5 has 4 roots in F,,

e If ¢ = —1 mod 5, then @5 splits as a product of two irreducible polynomials
of degree 2 in F [X].

Exercise 78. Let I, be a finite field with ¢ elements. What are the degrees of the irreducible factors of
the cyclotomic polynomial @15 over F;? For which values of g is ®;5 irreducible over ;7

Exercise 79. Let p be a prime number, 7 a positive integer, ¢ = p". Denote by Fg. a field with q>
elements.

. . o1 . X X . — .

2 q .

(a) Consider the homomorphism of multiplicative groups IFq — qu which maps z to 2971, What is
the kernel? What is the image?
(b) Show that there exists a € Fy2 such that a4~! is not in F,. Deduce that (o, a?) is a basis of the
[F,—vector space Fg2.

Decomposition of ®,, into irreducible factors over F,

As usual, we assume ged(n, ¢) = 1. Theorem 59 tells us that ®,, is product of irreducible polynomials
over IF, all of the same degree d. Denote by G the multiplicative group (Z/nZ)*. Then d is the order of
q in G. Let H be the subgroup of G generated by g¢:

H= {17qaq27 . '7qd_1}'

Let ¢ be any root of ®,, (in an algebraic closure of Fy, or if you prefer in the splitting field of ®,,(X) over
F,). Then the conjugates of ¢ over F, are its images under the iterated Frobenius Frob, which maps z
to 9. Hence, the minimal polynomial of ¢ over I, is

d—1 )
Py(X) =[x -¢") =[x =¢M.
1=0 heH

This is true for any root ¢ of ®,. Now fix one of them. Then the others are (" where ged(m,n) = 1.
The minimal polynomial of (™ is, therefore,

d—1

[Tex —¢m).

=0

This polynomial can be written

Pun(X)= [[ (X -¢"

hemH

where mH 1is the class of m modulo H in G:

mH ={mq" | 0<i<d—1}.

36



There are p(n)/d classes of G modulo H and the decomposition of ®,(X) into irreducible factors over
F, is
o,(X)= [ Pan(X).
mHeG/H

Factors of X" — 1 in F,[X]
Again we assume ged(n,q) = 1. We just studied the decomposition over F, of the cyclotomic polyno-
mials and X™ — 1 is the product of the ®4(X) for d dividing n. This gives all the information on the
decomposition of X™ — 1 in F,[X]. Proposition 80 below follows from these results, but is also easy to
prove directly.

Let ¢ be a primitive n-th root of unity in an extension F of F,. Recall that, given ¢, for j in Z, ¢/
depends only on the class of j modulo n. Hence, ¢ makes sense when i is an element of Z/nZ:

xr—1= ] x-¢".

i€Z/nZ

For each subset I of Z/nZ, define
Qi(x) =[x = ¢
icl
For I ranging over the 2" subsets of Z/nZ, we obtain all the monic divisors of X™ — 1 in F[X]. Lemma
25 implies that Q; belongs to F,[X] if and only if Q;(X?) = Q;(X)9.
Since ¢ and n are relatively prime, the multiplication by ¢, which we denote by [g], defines a permu-

tation of the cyclic group Z/nZ:

7 lq] 7,

z/nz. —9 5 zjnz
T — qz.

The condition Q;(X?) = Q(X)? is equivalent to saying that [¢](]) = I, which means that multiplication
by ¢ induces a permutation of the elements in I. We will say for brevity that a subset I of Z/nZ with
this property is stable under multiplication by q. Therefore:

Proposition 80. The map I — Qg is a bijective map between the subsets I of Z/nZ which are stable
under multiplication by q on the one hand and the monic divisors of X™ — 1 in F,[X] on the other hand.

An irreducible factor of X™ — 1 over [, is a factor @) such that no proper divisor of @) has coefficients
in [F,. Hence,

Corollary 81. Under this bijective map, the irreducible factors of X™ — 1 correspond to the minimal
nonempty subsets I of Z/nZ which are stable under multiplication by q.

This bijective map is not canonical: it depends on a choice of a primitive n—th root of unity (.
Here are some examples:

1. For I =0, Qy(X) =1.
2. For I = {0}, Qo(X) = X — 1.
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3. For I = Z/nZ, Qznz(X) = X" — 1.

4. For I = (Z/nZ)*, Qz/nz)x(X) = ®,(X). Recall that the order of
¢* is n/ged(n, k); hence ¢* is a generator of the multiplicative group
{1,¢,¢%,...,¢" 1} if and only if ged(n, k) = 1, meaning that k¥ modulo n
is a generator of the additive group Z/nZ, or equivalently that & modulo
n belongs to (Z/nZ)*.

5. For I = (Z/nZ)\{0}, Qr(X) = 1+ X+ X2+ -+ X" = (X"-1)/(X—-1).
6. If nis even (and ¢ odd, of course), then for I = {n/2}, Q,/2;(X) = X +1.

7. Let r be a divisor of n. There is a unique subgroup C, of order r in
the cyclic additive group Z/nZ. This subgroup is generated by the class
of n/r, it is the set of k € Z/nZ such that rk = 0, it is stable under
multiplication by any element prime to n. Then Q¢ (X) = X" — 1.

8. Let m be a divisor of n and let F,, be the set of generators of Cp,: this
set has ¢(m) elements which are the elements of order m in the cyclic
additive group Z/nZ. This subset of Z/nZ is stable under multiplication
by any element prime to n. Then Qg _ is the cyclotomic polynomial &,
of degree ¢(m).

m

For instance the minimal nonempty subsets of Z/77Z which are stable under multiplication by 2 are
{0}, {1,2,4}, {3,5,6}. This is related with the fact that the decomposition of X” — 1 over Fy is

(X DX+ X +1)(X*+ X2 +1)

(cf Example 67).
For ¢ odd, the following 8 subsets of Z/4Z are stable under multiplication by g¢:

0, {0}, {0,1,2,3}, {1,3}, {1,2,3}, {2}, {0,2}, {0,1,3}.

The subsets {1} and {3} are stable under multiplication by ¢ if and only if ¢ =1 mod 4. For ¢ =1
mod 4 the polynomial X4 — 1 splits into linear factors over F, in which case all the 16 subsets of Z/4Z
are stable under multiplication by ¢, and the minimal nonempty ones are {0}, {1},{2},{3}. If ¢ =3
mod 4, the decomposition of X* — 1 into irreducible polynomials over F, is (X — 1)(X + 1)(X? + 1), in
which case the minimal nonempty subsets of Z/47Z stable under multiplication by ¢ are {0}, {2},{1, 3};
among the 16 subsets of Z/47Z, only 8 are stable under multiplication by ¢ .

Example 82. The field Fy4, quartic extension of Fy;. Take n = 15, ¢ = 2. The minimal nonempty
subsets of Z/15Z which are stable under multiplication by 2 modulo 15 are the classes of

{0}, {5,10}, {3,6,9,12}, {1,2,4,8}, {7,11,13,14}.
We recover the fact that in the decomposition

X1 1= 3(X)P3(X)P5(X)P15(X)

38



over o, the factor ®; is irreducible of degree 1, the factors ®3 and ®5 are irreducible of degree 2 and 4
respectively, while @15 splits into two factors of degree 4 (use the fact that 2 has order 2 modulo 3, order
4 modulo 5 and also order 4 modulo 15).

It is easy to find the two factors of @15 of degree 4 over Fy. There are four polynomials of degree 4
over [y without roots in Fy (the number of monomials with coefficient 1 should be odd, hence should be
3or5)and X*+ X2+ 1= ®3(X?) = &3(X)? is reducible; hence, there are three irreducible polynomials
of degree 4 over Fs:

X4 X341, XX 41, o5(X) =X+ X+ X2+ X +1.

Therefore, in Fo[X],
P5(X) = (X + X3+ )X+ X +1).
We check the result by computing ®15: we divide (X1°—1)/(X5—1) = X104+ X541 by ®3(X) = X2+ X+1
and get in Z[X]:
Pi5(X) = X34+ X"+ XP 4+ X1+ X3 - X +1.
Let € is a primitive 15-th root of unity (that is, a root of ®15). Then (!5 = 1 is the root of ®;, (° and
¢'0 are the roots of ®3 (these are the primitive cube roots of unity, they belong to Fg), while ¢3, (%, ¢?, ¢*?

are the roots of ®5 (these are the primitive 5-th roots of unity). One of the two irreducible factors of @15
has the roots ¢, (2,4, ¢8, the other has the roots ¢7, ¢!, ¢'3, (14, Also, we have

{¢7, ¢ ¢ Ay = {CTh R L TR

The splitting field over Fy of any of the three irreducible factors of degree 4 of X5 — 1 is the field Fyg
with 2% elements, but for one of them (namely ®5) the 4 roots have order 5 in FJ%, while for the two
others the roots have order 15.

Hence, we have checked that in Fjg, there are

e 1 element of order 1 and degree 1 over Fao, namely {1} C Fy,

e 2 elements of order 3 and degree 2 over Fy, namely {¢°, ¢'°} C Fy,

e 4 elements of order 5 and degree 4 over Fo, namely {¢3, ¢°, ¢°, (1%},
e 8 elements of order 15 and degree 4 over Fs.

Example 83. The field Fy7, cubic extension of Fj.
We have X26 — 1 = (X3 — 1)(X! 4+ 1) with

XB1=(X-1)®13(X), XP4+1=(X+1)Dy(X) and &o6(X) = ®13(—X).

Since 3 has order 3 modulo 13 and modulo 26 and since ®13 and ®95 have degree 12, over F3 the
polynomial ®44(X) is a product of four irreducible polynomials of degree 3, say ®o5 = f1fofsfs and
®135 = f5fefrfs, where fi1,(X)=—fi(—=X) (i =1,2,3,4). The roots of f1, f2, f3, f4 are the 12 = ¢©(26)
generators of the cyclic group FJ, = Cag, the roots of fs, fe, f7, fs are the 12 = (13) elements of order
13, each of which generates the unique cyclic subgroup of F3, of order 13.

We are going to exhibit the set {f1,..., fs} by looking at the degree 3 irreducible polynomials over
Fs.
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In order to get the decomposition of X'3 + 1, we write the table of discrete logarithms for Fy7. For
this we need a generator, which means to select one of the four factors of ®94. Let us take a root a of
X3 — X + 1. With this choice we have

ad=a—-1 at=a? -« a®=—-a?+a-1
aS=a?+a+1 a"=a?2—-a-1 o =—-a?-1
a=a+1 ol = a2 + o atl'=a24+a-1
a2=02-1 ol =—1 ot =—q

al® = —q? alb=—a+1 ol =—a2 4+«
a®=a%2—-—a+1 aP=—-a?—-a-1 a®=—-0a?+a+1
a?l=02+41 a2 =—a-1 a®=—-a’>—-a
ot =—a?2—a+1 a®P®=-a2+1 a? =1

Hence the roots of X2 — X +1 are a, a®> = o« — 1 and o = a + 1. We deduce that the roots
of the reciprocal polynomial X2 + X2 + 1l are a™! = a?® = -2 +1, a® = o = —a? — a and
a?=a'"=-a?+a.

We compute the irreducible polynomial of a” = a? — o — 1, which is also the irreducible polynomial
of e =a?+1landof a®® =all =a?2 +a+1, we find X3+ X? - X +1.

2

The irreducible polynomial of a® = —a? 4« — 1, which is also the irreducible polynomial of a'® = —a?
and of a*® = o' = —a? —a— 1 is the reciprocal polynomial of the previous one, namely X? — X2 4 X +1.
Therefore

XB41=X+D)X°-X+DX* - X+ DX+ X - X+ 1D)(X° - X*+ X +1).

The roots of X3 — X + 1 are a, o, o°.
The roots of X3 — X2 4+ 1 are o??, o?3, o!".
The roots of X% + X2 — X 4+ 1 are o7, o, o'’
The roots of X3 — X? + X + 1 are o'?, o’ o!5.
This gives the list of 12 generators of FJ.
The twelve elements of order 13 in F.; are the roots of (X3 —1)/(X — 1), where

XB1=(X-1)XP-X-DX*-X2-D(X3 X2 - X - )X+ X2+ X —1).

Ezercise: list the three roots of each of the four factors of (X3 —1)/(X — 1) over F3 (they are the 12
elements of order 13).
Hint: consider the change of variable x — —x using —1 = a!3.

Exercise 84. The field F,5, quadratic extension of F,.

Write Fy = Fa(j) with j root of X2 + X + 1.
(1) List the irreducible polynomials of degree 2 over Fy.
(2) Decompose the 6 irreducible polynomials of Fy of degree 4 into irreducible factors of degree 2 over
Fs.
(Explain why it should be so)
(3) Select a generator of F;; and an irreducible polynomial of degree 2 over F, of which « is a root in Fyg.
Write the discrete logarithm table of ]F1X6 with basis «. For each of the 15 elements o* with 0 < k < 14,
tell which one is the irreducible polynomial of o.
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Exercise 85. The field Fg4 is an extension of degree 6 of the prime field Fs.

(a) List the subfields of Fgy.

(b) Decompose X% — X into irreducible polynomials over Fo. Check the correspondence between the
minimal subsets of Z/63Z which are stable under multiplication by 2 and the irreducible factors of X3 —1
over [Fs.

(c) Which are the degrees of the elements a € Fgy with Trg,, /r,(a) = 07

Exercise 86. Let I, be a finite field with ¢ elements of characteristic p. Show that the following
conditions are equivalent.

(i) Any element o in F, such that F, = F, () is a generator of the cyclic group F.

(ii) The number g — 1 is a prime number.

4.5 Infinite Galois theory

Let p be a prime number. For each pair (n,m) of positive integers such that n divides m, there exists a
field homomorphism from Fy» into Fpm. Such a morphism is not unique if n < m: if we compose it with
the Frobenius over F,, we get another one. For each n|m, we choose one of them, say ¢y, ,, which allow
us to consider Fj,» as a subfield of IF,=.Then one checks that the union of the increasing family of fields
[F,n is an algebraic closure of IF,,.

Let ?p be an algebraic closure of F),. The extension Fp /F, is algebraic, infinite, normal and separable:
it is an infinite Galois extension. Its Galois group Gal(F,/F,) is the group of automorphisms of F,,. It is
the projective limit of the Galois groups of the finite extensions of I, contained in Fp JFp:

Gal(F,/F,) = lim Gal(L/F)).
[L:Fp]l<oo
This group Gal(F,/F,) is
Z:= lim Z/nZ.

n—oo

The projective limite is the set of (a,)n>1 in the Cartesian product [[,,~, Z/nZ which satisfy sy, (a,) =
a, for all pairs of positive integers (n, m) where m divides n, where

Snym 2 L/nZ — L/ mZ

lis the canonical surjective morphism.
We also have R
2:=1][z, with Z,= lim Z/p'Z.
p

T—00

See, for instance, [3] exercise 19 p. 635. and [4] Appendice p. 288.

5 Error correcting codes
From http://en.wikipedia.org/wiki/Coding_theory

Coding theory is an approach to various science disciplines — such
as information theory, electrical engineering, digital communication,
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mathematics, and computer science — which helps design efficient
and reliable data transmission methods so that redundancy can be
removed and errors corrected.

Channel encoding adds extra data bits to make the transmission of
data more robust to disturbances present on the transmission chan-
nel.

Error detection is the ability to detect the presence of errors caused by noise or other impairments during
transmission from the transmitter to the receiver.
Error correction is the additional ability to reconstruct the original, error—free data.

5.1 Some historical dates

Among important dates are the following
e 1949: Marcel Golay (specialist of radars): produced two remarkably efficient codes.

e 1950: Richard W. Hamming, Error detecting and error correcting codes, The Bell System Technical
Journal 26 (April 1950), N° 2, 147-160.

e 1955: Convolutional codes.

® 1959: Bose Chaudhuri Hocquenghem codes (BCH codes).

e 1960: Reed Solomon codes.

e 1963 John Leech uses Golay’s ideas for sphere packing in dimension 24 - classification of finite simple
groups

e 1971: no other perfect code than the two found by Golay.

e 1970: Goppa codes.

e 1981: Algebraic geometry codes.

5.2 Hamming distance

The Hamming distance on the set Fy is

d(z,y) =#{i;1<i<n, z; # yi}

for x = (z1,...,2,) and y = (y1,...,¥yn). It satisfies, as it should with the name distance (see, for
instance, [1], Prop. 10.D),
d(z,y) =0+=z=y

and )
d(y,z) = d(z,y)

for z and y in Fy, as well as the triangle inequality for z, y and z in Fy,
d(z, z) < d(z,y) +d(y, z).
We define the minimum distance d(C) of a code C C Fy by

d(C) = min{d(z,y) ; z,y €C, = # y}.
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The Hamming weight w(z) of an element of Fy is its Hamming distance with 0: for z = (z1,...,2,):
w(z) =#{i; 1 <i<n, x; #0}.

Hence, for z and y in Fy,
d(z,y) = w(z —y).

For ¢ a non—negative integer, the Hamming ball B(c,t) of center ¢ € [y and radius ¢ is the set of
elements of Fy having Hamming distance to ¢ at most ¢:

B(c,t) ={z € Fy ; d(z,c) < t}.

The number of elements in B(c,t) is 1 for t =0, it is 1 +n(qg — 1) for ¢ = 1, and more generally
n n .
#B(c,t) =1+ 1 g-1)+---+ ; (g—1) for ¢t > 0. (87)
As usual, (3) is defined as 0 when a < b. For t > n the formula (87) reduces to #B(c,n) = ¢".

5.3 Codes

A code of length n on a finite alphabet A with ¢ elements is a subset C of A™. A word is an element of
A" a codeword is an element of C. We speak of a g-ary code as a reference to the number of elements of
the alphabet; it is a binary code for ¢ = 2, a ternary code for ¢ = 3.

Here we will assume A is a finite field F, and C is a Fy—vector subspace of Fy. A linear code over a
finite field Fy of length n and dimension d is a F,—vector subspace of Fy of dimension d (such a code is
also called a [n, d]—code). Its rate is defined as d/n, the number n — d is the redundancy.

A subspace C of Fy of dimension d can be described by giving a basis e1,...,e4 of C over F, so that

C={mie1 + - +mgeq; (my,...,mq) EFZ}.

An alternative description of a subspace C of F of codimension n—d is by giving n—d linearly independent
linear forms Ly, ..., L,_q4 in n variables = (21,...,%,) with coefficients in F, such that

C=kerLiN---NkerL,_gq4.

The sender replaces his message (mq,...,mq) € Fg of length d by the longer message mie; +- - +mgeq €
C C Fy of length n. The receiver checks whether the message z = (21,...,2,) € Fy belongs to C
by computing the n — d—tuple L(z) = (Li(z),...,Lp—q(x)) € F?‘d. If there is no error during the
transmission, then z € C and Ly(z) = --- = L,_4(2z) = 0. On the opposite, if the receiver observes that
some L;(x) is non—zero, he knows that the received message has at least one error. The message with
was sent was an element ¢ of the code C, the message received z is not in C, the error is € = x — ¢. The
values of L(z) may enable him to correct the errors in case there are not too many of them. We give a
few examples.

For a linear code C, the minimum distance d(C) equals the minimal weight of a non—zero element in

C.
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5.4 First examples
Trivial codes of length n are C = {0} of dimension 0 and C = Iy of dimension n.

We now take ¢ = 2 (binary codes).

Example 88. Repetition [2,1] code detecting one error.
n=2,d=1, rate = 1/2.

C = {(0,0)7 (1,1)}, e = (]., 1), Lo(xo,.’tl) = T +.’E1.

Example 89. Repetition [3,1] code correcting one error.
n=3,d=1, rate =1/3.

€ =1{(0,0,0), (1,1,1)}, er = (1,1,1),

Li(z) = x1 + x3, La(z) = 2 + 3.

If the message which is received is correct, it is either (0,0,0) or (1,1, 1), and the two numbers L;(x) and
Lo(x) are 0 (in Fg). If there is exactly one mistake, then the message which is received is either one of

(0,0,1), (0,1,0), (1,0,0),
or else one of
(17170)7 (170’ 1)7 (0’1’1)'

In the first case the message which was sent was (0,0,0), in the second case it was (1,1,1).
A message with a single error is obtained by adding to a codeword one of the three possible errors

(1,0,0), (0,1,0), (0,0,1).

If the mistake was on x, which means that £ = ¢+ € with ¢ = (1,0,0) and ¢ € C a codeword, then
Li(z) =1 and La(z) = 0. If the mistake was on xs, then ¢ = (0,1,0) and L;(z) = 0 and La(z) = 1.
Finally if the mistake was on 3, then € = (0,0,1) and L1 (z) = La(z) = 1. Therefore, the three possible
values for the pair L(z) = (L1 (z), L2(x)) other than (0,0) correspond to the three possible positions for
a mistake. We will see that this is a perfect one error correcting code (see the definition after Theorem
101).

More generally, for n > 2 and d = 1 the repetition [n, 1] codeis the subspace generated by (1,1,...,1),
with only two elements. It is the intersection of the n — 1 hyperplanes which are the kernels of the linear
forms

$0+$1,$0+I2,...,I0+In_1

(for instance).

Example 90. Parity bit [3,2] code detecting one error.
n=3,d=2, rate = 2/3.

¢ ={(0,0,0),(0,1,1),(1,0,1),(1,1,0)} = {(m1,m2,m1 + my) ; (m1,ms) € F3} C F3,
€1 = (1703 1)7 €2 = (07 17 1)& L1($1,$2,l‘3) =T + T2 + T3.

This is the easiest example of the bit parity check.
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Example 91. A one error linear correcting [5,2] code using the parity bit idea.
n=2>5,d=2, rate = 2/5.

¢ ={(0,0,0,0,0),(0,1,0,1,1),(1,0,1,0,1),(1,1,1,1,0) }

= {(m17m27m17m27m1 +m2) ) (m17m2) S F%} C Fg7
€1 = (17()’ 17071>7 €2 = (07 1705 171)7

Li(z) = x1 + x3, Lo(z) = x2 + x4, L3(z) = 1 + x2 + s,

The possible values for the triple L(z) corresponding to a single error are displayed in the following table.

x T X9 T3 T4 Ty
L(z) | (1,0,1) | (0,1,1) | (1,0,0) | (0,1,0) | (0,0,1)

Therefore, when there is a single error, the value of L(z) enables one to correct the error.

One may observe that a single error will never produce the triple (1,1,0) nor (1,1,1) for L(z): there
are 8 elements z € F3 which cannot be received starting from a codeword and adding at most one mistake,
namely (21,72, 21 + 1,22 + 1,25), with (21,22, 75) € F3.

Example 92. A one error correcting [6,3] codeusing the parity bit idea.
n=06,d=3, rate = 1/2.

C= {(ml,mg,m37m2+m3,m1 +ms,m1 +ma) ; (M1, ma,m3) € F3 }

:{(07070707070)7 (07071707171)7 (071a0717071)u (0 1 ’ 711 )7
(17070a1,1>0)7 (17031a1,071)a (171307()’171)3 a , 707 )} C}ng

e1 = (1,0,0,0,1,1), es = (0,1,0,1,0,1), e5 = (0,0,1,1,1,0),
Li(z) =29+ 23+ x4, Lo(x) = 21 + 23 + 25, L3(z) = 21 + 22 + ws.

The possible values for the triple L(z) corresponding to a single error are displayed in the following table.

xT X1 T2 T3 T4 Ts5 Te
L(z) | (0,1,1) | (1,0,1) | (1,1,0) | (1,0,0) | (0,1,0) | (0,0,1)

Therefore, when there is a single error, the value of L(z) enables one to correct the error.
One may observe that a single error will never produce the triple (1,1,1) for L(z): there are 8 elements
z € F5 which cannot be received starting from a codeword and adding at most one mistake, namely:

(1,20, 23,20 + 23+ 1,21 + 23+ 1,21 + 20 + 1) with (21,29, 23) € Fa.

Example 93. Hamming [7,4] binary code correcting one error.
n =7, d =4, rate = 7/4, corrects one error.
C is the set of
(mo, mo + my,m1 + ma, mo + M2 + mg, , M1 +msz, ma, mz) € Fy
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where (mg, m1, ma, m3) ranges over F3. A basis of C is

and C is also the intersection of the hyperplanes defined as the kernels of the linear forms
Li(z) = 20+ @2 + 23 + x4, Lo(x) = 20 + 21 + 22 + x5, L3(z) = 21 + 22 + o3 + 6.

This corresponds to the next picture from
http://en.wikipedia.org/wiki/Hamming_code

Hamming [7,4] code

The possible values for the triple L(z) corresponding to a single error are displayed in the following
table.

Xz X9 T xTo I3 Ty Ts5 Tg

L(z) | (1,1,0) | (0,1,1) | (1,1,1) | (1,0,1) | (1,0,0) | (0,1,0) | (0,0,1)

This table gives a bijective map between the set {1,2,3,4,5,6,7} of indices of the unique wrong letter
in the word z which is received with a single mistake on the one hand, the set of values of the triple

L(z) = (Li(z), Lo (z), Ls(z)) € F3 \ {0}

on the second hand.
This is a perfect 1-error correcting code.
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Exercise 94. Let n € {1,2,3,4}. Among 2" playing cards, you select one without telling me which one
it is. I display some of them and I ask you whether the card you selected is one of them. You answer yes
or no.

1. How many questions should I ask in order to know which card you se-
lected?

2. Same problem, but now you are allowed to give me at most one wrong
answer, and I want to decide whether or not all you answers were right. If
you gave always the right answer, I want to know which card you selected.

3. Same problem, again you are allowed to give me at most one wrong answer,
but now, I want to know which card you selected, even if one of your
answers was wrong.

Exercise 95. Three people are in a room, each has a hat on his head, the colour of which is black or
white. Hat colours are chosen randomly. Everybody sees the colour of the hat of everyone else, but not
on one’s own. People do not communicate with each other. Everyone tries to guess (by writing on a piece
of paper) the colour of their hat. They may write: Black/White/Abstain.

The people in the room win together or lose together as a team. The team wins if at least one of
the three persons does not abstain, and everyone who did not abstain guessed the colour of their hat
correctly.

1. What could be the strategy of the team to get the highest probability of
winning? What is this probability?

2. Same questions with seven people.

5.5 Cyclic codes

A cyclic code C of length n over an alphabet with ¢ elements is a F;—vector subspace of Fy such that, for
any (ag,a,...,an,—1) € C, the element (a,_1,ag,a1,...,a,-2) also belongs to C.

The codes from Examples 88, 89 and 93 are cyclic, while the codes from Examples 90, 91 and 92 are
not cyclic.

We denote by T': Fy — Fy the linear map (right shift — T' for translation?)

T(ao,a1,--.,0pn-1) = (Gn-1,00,-- ., An—2);

In the group of automorphism of the F—vector space Fy, this element 7' satisfies 7" = I (the unit of
Aut(F7 /F;), namely the identity map). This is how the polynomial X™ — 1 comes into the picture.

Assume ged(n, ¢) = 1. A natural basis of the F,—space F,[X]/(X™ — 1) is given by the classes modulo
X™—10of1,X,...,X""!. This gives a F,~isomorphism

v Fy — F,[X]/(X™ —1)
(ag,a1,...,an_1) — ag+ar X+ +a, 1 X" L

Hence,
VoT(ag,a1,...,an 1) =X(ag+a X 4+ +a, 1 X" ') mod (X" —1),

2The translation into French of shift is translation.
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which is W o T'= XW. As a consequence, a subset C of [} is stable under the shift 7" if and only if ¥(C)
is stable under multiplication by X in F,[X]/(X™ —1).

A vector subspace T of F,[X]/(X™ — 1) is stable under multiplication by X if and only if 7 is an
ideal of the quotient ring F,[X]/(X™ — 1). Furthermore, there is a bijective map between the ideals of
F,[X]/(X™—1) and the ideals of F;[X] which contain X™ —1. Since the ring [F,[X] is principal, the ideals
containing X™ — 1 are the ideals (Q) generated by a divisor @ of X™ — 1. Given such an ideal, there is
a single generator () which is monic. If r is the degree of @, then the ideal of F,[X]/(X™ — 1) generated
by the class of @ modulo X™ — 1 is a F,—vector space of dimension d = n —r: a basis of (Q)/(X™ —1) is
Q,XQ,...,X%1Q. Also, the following sequence of F ~linear maps is exact:

o, @ R RX]

Xr-1) X" -1 (Q)

The dimensions of these three vector spaces are d, n and r respectively, with n = r + d, as it should.
Combining these results with Proposition 80, we deduce

— 0.

Proposition 96. Given a finite field F, and an integer n with ged(n,q) = 1, there are bijective maps
between the following subsets.

(i) The cyclic codes C of length n over Fy.

(i1) The ideals T of F [X]/(X™ —1).

(11i) The monic divisors @ of X™ —1 in F4[X].

(iv) The subsets I of Z/nZ which are stable under multiplication by q.

Under this correspondence, the dimension d of the code is the dimension of the Fy—vector space I, the
degree of Q is r =n —d, and the number of elements in I is .

The code C is the set of (ag,a1,...,a,-1) in IFZ such that ag + a1 X + -+ + a,_1 X" ! belongs to
Z. The ideal 7 is the ideal generated by the class of @ modulo X™ — 1. The correspondence given by
Proposition 80 between I and @) depends on a choice of a primitive n—th root of unity (.

Here are some examples:

1. For the empty subset I = () of Z/nZ, we have r = 0, d = n, Qy(X) = 1,
I=(1) =F,[X]/(X" = 1) and C is the full [n,n] code Fy.

2. For I ={0},wehaver=1,d=n—-1,Qy(X)=X-1,ZT=(X—-1),C
is the parity bit check [n,n — 1] codewhich is the hyperplane of equation
x1+-+z, =0in Fy.

3. For I = Z/nZ, we have r =n,d =0, Q;(X) =X"—1,Z = (0) and C is
the trivial code {0}.

4. For I = (Z/nZ)*, we have r = ¢(n) and Q;(X) = &, (X).
5. For I = (Z/nZ) \ {0}, we have r =n — 1, d = 1, Q is the divisor

X" -1
=1+X 44X
T X
of X" —1, T is the ideal ((X"—1)/(X —1)) of F,[X]/(X™—1) and C is the
repetition [n, 1] code {(a,a,...,a); a € F;} C Fy, generalising Examples
88 and 89.
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6. If n is even, for I = {n/2}, we have Q;(X) = X + 1, hence C is the
(n,n — 1) code which is the set of (ag,a1,...,a,-1) € C such that

ap—ar+as—- -+ ap_2—ap_1 =0.

7. For r a divisor of n and I = C,. the additive subgroup of Z/nZ of order r,
we have Q;(X) = X" — 1. The associated code C C Fy, is the intersection
of the r hyperplanes

(n/r)—1
(ag, a1, ... an—1) € Fy | Z ajrir =0 for j7=0,1,...,r—1
i=0

(see Exercise 98 (b)).

8. For m a divisor of n and I = E,,, the set of elements of order m in the
additive group Z/nZ, we have Q;(X) = ®,,(X) and r = ¢(m). The code
C C Iy is the set of (ag, a1, ...,a,-1) such that

ao + algjn/m + a2<2jn/m 4ot an71<(n—1)jn/m -0
for j =0,1,...,m — 1 with ged(j,m) = 1.

Example 97. Take n = 4 and, of course, ¢ odd. Here are some subsets I of Z/4Z which are stable under
multiplication by ¢, the associated polynomial ()7, the degree r of Q; and the dimension d = 4 — r of the
associated code C C Fg.

(1) (2) (3) (4) (5) 6,8)  (7)
= 0 {o}  {0,1,2,3} {1,3} {1,2,3} {2} {0,2}
Qr = 1 X-1 X*—1 X241 X34+X%24X+1 X4+1 X2-1
r= 0 1 4 2 3 1 2
d= 4 3 0 2 1 3 2

For I = {1,3} we have C = {(ao,a1,a0,a1) | (ao,a1) € F2}.
For I = {0,2} we have C = {(ao, a1, —ao, —a1) | (ao,a1) € F2}.

Exercise 98.

(a) For ¢ odd, write the code in Fj associated with the subset I = {0, 1,3} of Z/4Z.

(b) For ¢ prime to n and r a divisor of n, let C, be the cyclic subgroup of Z/nZ of order r. Write the
cyclic code in Iy associated with the subset I = C,. of Z/nZ as an intersection of 7 hyperplanes with
coefficients in .

(c) For ¢ prime to n and ¢ a prime divisor of n, let Ey be the set of elements of order ¢ in the additive
group Z/nZ. Write the cyclic code in [y associated with the subset I = FEy of Z/nZ as an intersection
of £ — 1 hyperplanes with coefficients in Fj,.

5.6 Detection, correction and minimal distance

A transmission with at most t errors is a mapping f : C — [y such that for all ¢ € C,

d(f(c),c) <t.
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The error is €(c) = f(¢) — ¢. The message which is sent is ¢, a codeword, the message which is received
is f(c).

The first question is to detect if an error occurred, that means to detect whether €(c) is zero or not.
A code C can detect t errors if for all ¢ € C,

B(c,t) N C ={c}.

This means that for a transmission f : C — Fy with at most ¢ errors, f(c) € C if and only if e(c) = 0.
The receiver checks whether f(c) is in C or not (for instance, by using a check matrix H). If f(c) € C,
if the code is t—error detecting and if the transmission had at most t errors, then e(c) = 0: there was no
€error.
A code C of length n over F, can correct t errors (one also says that it is t—error correcting) if for all
z € Fy,
#B(z,t)NC < 1.

This means that any transmission f :C — Fy with at most ¢ errors is injective: for all y € f(C) there
is a single ¢ such that y = f(c). After receiving y = f(c), knowing that the transmission had at most ¢
errors, the receiver computes the unique ¢ for which d(y;c) < t. Then he knows that f(c) = y and he
also knows the error €(c) = f(c) — y. a

Lemma 99. A code C of length n over Fy can detect t errors if and only if d(C) > t+1. The code C can
correct t errors if and only if d(C) > 2t + 1.

Proof. The condition d(C) > t + 1 means that a word at Hamming distance at most ¢ from an element ¢
of C and distinct from ¢ does not belong to C. This is equivalent to saying that C can detect t errors.

For the second part of Lemma 99, assume first that d(C) > 2t + 1. Let z € [y and let ¢; and ¢, in C
satisfy d(z,¢;) <t and d(z,¢y) < t. Then by the triangle inequality

d(cy,ce) < 2t < d(C).

Therefore, ¢; = ¢s.

Conversely, assume d(C) < 2t: there is a non—zero element ¢ in C with w(c¢) < 2¢, hence, ¢ has at most 2¢
non—zero components. Split the set of indices of the non—zero components of ¢ into two disjoint subsets
I and I> having each at most ¢ elements. Next define z € Fj as the point having the same components
xz; as ¢ for ¢ € I; and 0 for ¢ not in I;. Then in the Hamming ball of center x and radius t there are at
least two points of C, namely 0 and ¢. Hence, C is not t—error correcting. O

Proposition 100. For a [n,d] code C, the minimum distance is bounded by
dC)<n+1—d.
Proof. The subspace
V={(x1,...,Znt1-4,0,...,0) 5 (X1,...,Tpt1-qd) € F;H—d}

of Fy has dimension n+1—d, the sum of this dimension with the dimension d of C exceeds the dimension
n of the ambient space Fy, hence, there is a non-zero element in the intersection. This is a non-zero
element of C with weight <n +1 —d. O
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A [n,d] code Cfor which d(C) = n+1—d is called MDS (Mazimal Distance Separable). Examples 88,
89 and 90 are MDS codes.

Hamming [7, 4] code (Example 93 and § 5.7) has minimum distance 3, hence, is not MDS.

From (87), we deduce Hamming’s bound on the error correcting capacity of a [n,d] code over Fy (see
[8] Theorem 3.3.1).

Theorem 101. For a [n,d] code C which is t—error correcting,

(Y (Do 2o

A t-error correcting code over Fy of length n is perfect if this upper bound is an equality, meaning
that [Fy is the disjoint union of the balls of radius ¢ around the codewords in C.

For a perfect 1-error correcting [n,d] code over F,, the union of the ¢¢ Hamming balls of radius 1
gives a packing of the set [y with ¢" elements, hence,

qd(l +n(g—1)) =q¢"

We set d = n — r, so that n = (¢" —1)/(q — 1). One easily checks that the order of ¢ modulo n is r.
According to Theorem 59, the polynomial ®,,(X), splits into irreducible factors of degree r. Each of these
factors gives a cyclic code which is Hamming g-ary [n, d] code of length n and dimension d.

For instance, take ¢ = 2. For r = 2 we have n = 3, d = 1 and this is the repetition [3,1] code
{(0,0,0) , (1,1,1)} of Example 89. For r = 3 we have n = 7, d = 4 which are the parameters of
Hamming [7, 4] code considered in Example 93 and § 5.7.

5.7 Hamming codes
From http://en.wikipedia.org/wiki/Hamming_code

In telecommunication, a Hamming code is a linear error-correcting
code named after its inventor, Richard Hamming. Hamming codes
can detect up to two simultaneous bit errors, and correct single-bit
errors; thus, reliable communication is possible when the Hamming
distance between the transmitted and received bit patterns is less than
or equal to one. By contrast, the simple parity code cannot correct
errors, and can only detect an odd number of errors.

Hamming worked at Bell Labs in the 1940s on the Bell Model V
computer, an electromechanical relay-based machine with cycle times
in seconds. Input was fed in on punch cards, which would invariably
have read errors. During weekdays, special code would find errors
and flash lights so the operators could correct the problem. During
after-hours periods and on weekends, when there were no operators,
the machine simply moved on to the next job.

Hamming worked on weekends, and grew increasingly frustrated with
having to restart his programs from scratch due to the unreliability
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of the card reader. Ouver the next few years he worked on the prob-
lem of error-correction, developing an increasingly powerful array of
algorithms. In 1950 he published what is now known as Hamming
Code, which remains in use in some applications today.

Let IF, be a finite field with ¢ elements and let r be a positive integer. Define

-1 2 r—1
=1 =l+q+¢ +--+q¢ .

n =

Therefore, g is prime to n and the class of ¢ in (Z/nZ)* has order r. The subset I = {1,q,¢%,...,¢" "'}
of Z/nZ is stable under multiplication by ¢. This defines a cyclic [n,d] code of length n and dimension
d=mn—r over F,.

Hamming [7,4] binary code.
We first develop the special case already considered in Example 93, where r = 3, ¢ = 2, hence, n =7
and d = 4. We have seen in Example 67 that the decomposition of ®; over Fy is

P7(X)=(XP+ X +1)(XP+ X% +1).

We choose Q(X) = 1+ X + X3. The vector of its coordinates in the basis 1, X, X2, X3, X4 X° X6 is
eo = (1,1,0,1,0,0,0) € F7. Next define e;, es and e3 by taking the coordinates in the same basis of XQ,
X2Q, X3Q:
QX)=1+X+X3 eo = (1,

XQX)=X+X2+X*% e =(0,1,1,0,1,0
X2Q(X)= X2+ X3+ X> ey =(0,0,1,1,0,1
X3Q(X) = X34+ X*+ X6 e3=(0,0,0,1,1,0,1) = Tes.
We have e; = Teq, ea = T2eg, e3 = T3¢y, T" = 1.

The components of ey, 1, ez, e3 in F5 are the rows of the following matrix

1101 0 0O
G20110100
001 1010
0001 101

The elements in the code C are the 16 elements
moeg + mie; + moes + mses

with (mg,m1,ma, m3) € F3. This subspace C of F5 has dimension 4, hence, it is an intersection of 3
hyperplanes. Let us recall how to find a basis of the F,—vector space of linear forms vanishing on a
subspace V of F™ given by a basis with d elements. We write the d X n matrix whose rows are the
coordinates of the given basis. We add one further row with the variables z1,...,x,. By elementary
columuns operations (replacing a column by its sum with a linear combination of the other columns, which
corresponds to the multiplication on the right by a regular n x n matrix), we get a matrix of the form

( I, 0o ... 0)
Yyr Y2 ... Yd Yd+1 .- Yn
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where I is the identity d X d matrix and yi,...,y, are linearly independent linear forms in x1,...,Z,.
Then the (n — d)-tuple y4yi1,-..,Yn is a basis of the space of linear forms vanishing on V. This can be
checked by reducing to the simple case of a hyperplane z,, = tyx1 + -+ + tp_12,—1 With d =n —1 and
the matrix
131
]nfl
tn—l
1 T2 ... Tp-1 ire

We perform this process with the matrix G above: therefore, we introduce

11 0 1 0 0 0
o 1. 1 0 1 0 O
o 0 1 1 0 1 O
0o 0 0 1 1 0 1

o I1 X2 T3 T4 Ts Te

Here is the last row of the successive matrices obtained by the triangulation process (we work over Fy)

xo 1 x2 xr3 T4 Z5 xe
0 1+ o T2 3 + xo T4 + 20 + 21 5 6
r0o T1+xo T2+xo+ 1 3 + xo T4 + 20 + 21 5 6
ro x1+xo Z2+xTo+2x1 x3+x1+ 22 T4 + xo + 21 x5 +xo + 1 + T2 6
ro x1+wxo x2+xo+x1 x3+T1+T2 T4tx0t+T2+T3 T5+ X0+ T+ T2 6

ro x1+xo Z2+xo+2x1 x3txT1+x2 Tatxot+T2+T3 Ts+xot+x1+T2 Tet+x1+2x2+ T3

Hence, we introduce the three linear forms

Lo(z) = xo + 22 + 23+ 74

Li(z) =20+ x1 + 22+ 25

L2(§)=1‘1+1‘2+JL‘3+CE6.
1 01 1.1 0 O

H=[11100 10 (102)
01 1 1 0 0 1

The 7 column vectors are all the non—zero elements in F3. The product G - 'H of G with the transpose
of H is the zero 4 x 3 matrix.

Hamming [n,n — r| code with n = (¢" —1)/(¢ — 1).

The same construction can be performed in the general case of Fy with n = (¢" —1)/(¢g — 1). Let Q
be an irreducible factor of ®,, over F,. Since g has order » modulo n, the degree of @ is . The Hamming
[n,d] code of length n and dimension d =mn —r over F, is the code C associated to @ by Proposition 96:
it is the set of x = (zo,...,7,-1) € Fy such that Q(X) divides zg + 21X +--- + Tp—1 X" in Fy[X].

Let ¢ be a root of @ (in a splitting field). Since @ divides ®,,, ¢ is a primitive n—th root of unity. The
code Cis the set of x = (zo,...,7n,—1) € Fy such that E?;Ol z;¢* = 0. We have

QX) =[x -¢)

el

where I = {1,q,¢% ...,¢"'}. The ideal Z of F,[X]/(X™ — 1) generated by the class of @ modulo X™ —1
is the F,~vector space of dimension d = n—r spanned by the classesmodulo X" —1 of Q, X@, ..., X?1Q.
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Since ¢ has degree r over F,, given (m,.,...,my_1) € IE‘Z, there is a unique (mg,...,m,_1) € [y, so
that
mo+miC+ - +mp 1 = —mp (T = —my i (ML

From Z;:Ol m;C* we deduce that ¢ = (mog,...,m,_1) € [y is a codeword. In other words, the projection
Fy — ]Fg on the last d coordinates induces a bijective map C — FZ.

Given z = (xg,...,Zp_1) € Fy, if the sum Z;:Ol x;¢" is nonzero and if ¢ € C satisfies d(z,c) < 1, then
the error e =2z —c=(0,...,0,€,0,...,0) € [y, has its nonzero component in position k with

n—1
et = il
=0

Since €,C* # €,¢" for k # h, if there is such a c, it is unique. Now there are ¢ elements in the code, each
Hamming ball of radius 1 in Fy contains 1+ n(q — 1) elements. We have ¢" — 1 = n(q — 1), the number
of elements in F? is ¢" = q%(n(q— 1) + 1), hence for each z € F}! there is a unique ¢ € C with d(z,¢) < 1:
the unit balls of radius 1 centred at the elements in the code give a partition of Fy' , which means that C
is a perfect 1-error correcting code.

The code C is the kernel of a linear map ¥y — [ which is given by r independent linear forms in n
variables Lg,..., L,_1.

Let H be the r x n matrix, the rows of which are the components of the linear forms Ly, ..., L,_1.
Any two rows of H are linearly independent over F,;. The columns of H define n elements of Fy, no
two of them lie on the same line. In Fy, there are ¢" — 1 non-—zero elements, each of them defines a line
(Fg—subspace of dimension 1) having ¢ — 1 non-zero elements and, therefore, there are n lines in Fy
which are the 1-dimensional subspaces spanned by the columns of H.

The tuple (Lo(z), ..., Lr—1(z)) takes ¢" different values when x ranges over Fy, with ¢" = 1+n(q—1);
the value (0,...,0) for this tuple corresponds to a code word, any of the other n(q — 1) values tells, for
an element x not in the code, the position ¢ of the error x — m and the value of the coordinate m; for m
the unique element in the code at Hamming distance 1 of x.

5.8 Generator matrix and check matrix

Among many others, a reference for this section is [8], Chapter 3.

Given a linear [n, d] code Cover F,, a generator matriz is a d X n matrix G with coefficients in F,, the
rows of which are the components of a basis of C. The code is the set of elements mG where m ranges
over F? (viewed as a 1 x d row vector). From the definition, it follows that G has rank d.

A check matrizis a (n—d) x n matrix H with coeflicients in [, the rows of which are the components
of a basis of the space of linear forms vanishing on C. The code C is the set of elements ¢ in Fj such that
H -'c =0, where  denotes the transposition, so that ‘c is a n x 1 column vector in F}. Therefore,

G-'H =0

where G is a d X n matrix of rank d and H a r X n matrix of rank r = n — d.

The code is said to be in systematic form if H = (A L«), where I, is the identity r x r matrix and A
is a r X d matrix.

Two codes are isomorphic if they have the same check matrix in suitable bases - for instance, the
two descriptions that we gave of the Hamming [7,4] code in Example 93 and § 5.7 are isomorphic.
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5.9 Further examples
5.9.1 The binary Golay [23,12] code

A perfect code with ¢ = 2, n = 23, d = 12 and minimal distance 7 (hence, it is 3—error correcting but
not MDS) has been constructed by Golay as follows.

We have 211 —1 = 23 x 89 = 2047, which is the smallest integer of the form M, = 2P —1 with p prime
but which is not itself a prime (primes of the form M, = 2P — 1 are called Mersenne primes). We take
the multiplicative subset I of (Z/23Z)* generated by 2, which is

I={1,2,3,4,6,8,9,12,13,16, 18}.

The decomposition of o3 over Fy has been given in Exercise 72.
There are 2!2 codewords, for each of them the Hamming ball of radius 3 has

23 23 23 23
(0)+(1>+<2>+(3) =1+23+ 253+ 1771 = 2048 = 2"

elements, these balls are disjoint and the total number of elements in their union is 2'121? = 223,

5.9.2 The ternary Golay [11,6] code

An other perfect code constructed by Golay has the parameters ¢ = 3, n = 11, d = 6 and minimal
distance 5 (it is 2—error correcting not MDS). We have 3° — 1 = 11 x 23. We take the multiplicative
subset I of (Z/11Z)* generated by 3, which is I = {1, 3,4,5,9}. The decomposition of ®;; over F3 has
been given in Exercise 71.

There are 3% codewords, for each of them the Hamming ball of radius 2 has

11 11 11
<O)+2<1)-+?<2)<_1+22+2mx_m3_35

elements, they are disjoint the total number of elements in F! is 363° = 311,

5.9.3 BCH (Bose—Chaudhuri-Hocquenghem) codes

Given a finite field F, and an integer 7, let n be a divisor of ¢" —1. Hence, the order of ¢ modulo n divides
r. Let ¢ € Fy be a primitive n-th root of unity and let 6 > 2 be an integer. Consider the morphism of
rings
FlX]/(X"=1) — Fo !
P — (P(Cj))gjga—l

The kernel is a cyclic g—ary code of length n and minimal distance §, the generating polynomial is the
lem of the minimal polynomials over F, of the elements ¢/, 1 < j < § — 1: the subset I of Z/nZ is the
smallest subset containing {1, ..., ¢} and stable under multiplication by q.
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5.9.4 Reed—Solomon code

The Reed—Solomon codes are special cases of BCH codes. Let ¢ = 2™, n =g —1 and let { be a primitive
n—th—th root of unity, that means a generator of F;*. For 1 <d < n the code associated with the subset
I={1,2,3,...,n—d} of Z/nZ and to the polynomial

n—d
[[Tx-¢)
i=1
has dimension d and minimal distance ¢ — d. This code is MDS; it is used in CD’s. This code is specially
efficient when errors occur often consecutively, since the words here have length m.
It is known that the only perfect codes are
o The trivial code with a single element 0.
o The full code Fy.
o A binary repetition code with odd length (see [8] Exercise 3.12).

e Forr > 2, the g-ary Hamming code of length n = (¢" —1)/(¢ — 1), dimen-
sion n — 1 and minimal distance 3.

e The ternary Golay code over Fs of length 11, dimension 6 and minimal
distance 5.

e The binary Golay code over Fy of length 23, dimension 12 and minimal
distance 7.

5.10 Minimum distance of a code

We state two results which are useful tools to compute the minimum distance of a code. For the first
one, see [1], Prop. 11C.

Proposition 103. Let C be a linear code over F, of length n with check matriz H and let s be a positive
integer. Then C has minimum distance > s+ 1 if and only if any s columns of H are linearly independent
over .

As a consequence, if any s columns of H are linearly independent over F,, and if further there exists
s+ 1 columns of H which are linearly dependent over F,, then d(C) = s+ 1. This enables one to check
that Hamming code has minimum distance 3. Indeed in the matrix (102) all rows are non-zero and
distinct (hence, any two rows are linearly independent over Fs), but there are sets of three rows which
are linearly dependent. If we add a row with 1’s, then for the new matrix any sum of an odd number of
rows is non—zero, hence, any three rows are linearly independent. This means that we extend the code
of Hamming of lenth 7 to a code of length 8 by adding a parity check bit.

1101 00 0 1 101 1 100
01101001 1110 0 1 O
G= 001 10101 = 01 11001
00011011 1111111
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This code has, therefore, minimum distance 4, it cannot correct more than one error, but it can detect
up to 3 errors.

Hamming extended [8,4] code

To any code C C Fy we can associate an extended code Cc IF'Z‘H by adding a parity bit:

C={(z1,...,2n41) €ECxFy; (z1,...,2,) €C, x1+---+xn+1=0}C]F3+1.

One can check d(C) < d(C) < d(C).
A variant is to take the even subcode
C'={(x1,...,zn) €Cs 21+ -+ x, =0} CF.
Then d(C) < d(C").

Proposition 104. Let C be a cyclic linear code of length n over F, associated with a subset I of Z/nZ
stable under multiplication by q. Assume that there exist i and s such that {i + 1,i+2,...,i+s} C I.
Then d(C) > s+ 1.

For instance, Hamming code is associated with the subset I = {1,2,4,...,2""1} of Z/nZ, with two
consecutive elements, hence, its distance is at least 3 (and here it is just 3).

6 Further exercises

Exercise 105. Latin squares
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Given n symbols z1, . . ., z,, a latin square of order n is a square n xn matrix with entries in {z1, ..., 2, }
such that each row contains each symbol exactly once, and each column contains each symbol exactly
once. Two latin squares of the same order (a;j)i<ij<n and (bi;)1<i j<n are orthogonal if the set of
couples (a;;,b;;) for 1 <i,j < n has n? elements: they are the n? elements (z,2x), 1 < h, k < n.

(a) Check that a set of mutually orthogonal latin squares of order n has at most n — 1 elements.
(b) Let F, be a finite field with ¢ elements. Write F, = {z¢,x1,...,24-1} with 20 = 0 and x; = 1. check
that for s=1,2,...,¢—1,

Ay = (s +a:j)0§i,j§q71, s=1,2,...,q—1

are ¢ — 1 mutually orthogonal latin squares of order q.

(c) Give an example of two mutually orthogonal latin squares of order 3 and an example of three mutually
orthogonal latin squares of order 4.

Remark. For each n > 3 with n # 6, there exists a pair of orthogonal latin squares of order n. However
it is not known whether there exists an integer n which is not a power of a prime for which there exist
n — 1 mutually orthogonal latin squares of order n.

Exercise 106. (a) Write the decomposition of the polynomial X'2 — 1 into irreducible factors over Z.
(b) Write the decomposition of the polynomial X'? — 1 into irreducible factors over the finite field Fs
with 5 elements.

(c) How many elements are there in the splitting field over F5 of the polynomial X2 — 1?

(d) Let p be a prime number and F, the finite field with p elements. What are the degrees of the
irreducible factors of X2 — 1 over F,?

Exercise 107. (a) What are the degrees of the irreducible factors of the cyclotomic polynomials ®5, ®7
and ®11 over Fy? Over F37

(b) Decompose the polynomial ®15 into irreducible factors over Fs.

() Is the polynomial X% + X + 1 irreducible over F4? over Fg?

(d) For each of the fields Fo, Fy4, Fg and Fyg, give the list of irreducible cyclotomic polynomials.

Exercise 108. Let F, the finite field with ¢ elements. Show that the number of squarefree monic
polynomials in F,[X] of degree n is

1 for n =0,
q forn=1,
n_gv ! forn>2.

Exercise 109. Check that over the field F3 with 3 elements, the cyclotomic polynomial ®7o8 splits into
a product of 48 irreducible factors, each of which has degree 6.

Exercise 110. Check that if « is any root of the polynomial X3 + X + 1 in characteristic 5, then 2« is
a primitive root of the cubic extension Fxs of F5.

Exercise 111. Let F, be a finite field with g elements of characteristic p.

(a) Let K be a field containing F, and let ¢ € K satisfy (97! = —1. Check ¢(* € F.

(b) How many irreducible factors are there in the decomposition of the polynomial X??~! — X over F,?
Which are their degrees?

Hint. Consider separately the case where p = 2 is even and the case where it is odd.
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Exercise 112. Given a finite field F' with ¢ elements, determine all integers n such that x — z” is an
automorphism of F.

Exercise 113. (a) Let p and ¢ be two prime numbers. Assume ¢ divides 27 — 1. Check ¢ =1 mod p.
(b) Let n be a positive integer and ¢ a prime number. Assume that ¢ divides 22" + 1. Check ¢ =
1 mod 27+,

Exercise 114. Let p be a prime number and f € Z[X] a polynomial. Check that the following conditions
are equivalent.

(i) For all a € Z, f(a) =0 mod p.
(ii) There exist two polynomials g and h in Z[X] such that

f(X) = (XP = X)g(X) + ph(X).

Exercise 115. Let p be a prime number Consider the endomorphism f of the multiplicative group
(Z)p*Z)* given by x — xP:
[ @/pr* — (Z2/p°L)"
x — zP

What are the image and kernel (and their number of elements)?

Exercise 116.

(a) Check that any element in GL,,(F,) has order < ¢ — 1. Give an example where the order does not
divide ¢" — 1.

(b) Show that for A € GL,,(F,), the following conditions are equivalent:

(i) A has order ¢"™ — 1

(ii) The subring Fy[A] of Mat,, «» (F,) generated by A is a field and A is a primitive element in this field.
(iii) The characteristic polynomial det(X I, — A) € F,[X] of A is a primitive polynomial (see the definition
in Exercise 118).

Exercise 117. Let m € Z, 1 < m < 12. Does there exist a domain A (commutative ring without zero
divisor) such that the group of units of A has m elements?

Exercise 118. Let F, be a finite field and f € F,[X] be a monic irreducible polynomial with f(X) # X.

(a) Show that the roots a of f in F, all have the same order in the multiplicative group F; . We denote
this order by p(f) and call it the period of f.

(b) For ¢ a positive integer, check that p(f) divides ¢ if and only if f(X) divides X* — 1.

(c) Check that if f has degree n, then p(f) divides ¢™ — 1. Deduce that g and p(f) are relatively prime.
(d) A monic irreducible polynomial f is primitive if its degree n and its period p(f) are related by
p(f) = ¢™ — 1. Explain the definition.

(e) Recall that X2 + X + 1 is the unique irreducible polynomials of degree 2 over Fo, that there are two
irreducible polynomials of degree 3 over Fa:

X34 X+1, X34+X241,
three irreducible polynomials of degree 4 over F:

X4+ X341, X*4X+4+1, X*+XP4+X24+X+1
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and three monic irreducible polynomials of degree 2 over Fj:
X241, X?24+X-1, X?2-X-1.

For each of these 9 polynomials compute the period. Which ones are primitive?
(f) Which are the irreducible polynomials over Fy of period 15? Of period 57

Exercise 119. Let ), be the prime field with p elements and let ¢ be a prime number. Show that if

a € I, is not an /~th power in F,, then zf — @ is irreducible over Fp.

Exercise 120. (Galois Theorem) Let p be a prime number and P a polynomial of F,,[X] of degree n > 1
such that P(0) # 0. The goal is to prove that there exist m < p™ such that P divides X™ — 1.

(a) Using Euclidean division, show that there exists k& with 1 < k < p” such that P divides X* — 1.

(b) Show that one may select k < p™.

(c) Find the integer m < 8 such that X3 + X + 1 divides X™ — 1 in Fo[X].

Exercise 121. Let u € F)\. Denote by m the order of u in F)5. Set k = (p —1)/m.

(a) Show that in the decomposition of the polynomial X?~! — v into irreducible polynomials over F,, all
factors have degree m

(b) Show that there are k elements vy, ..., vy in F) such that oF = .

(c) Write the the decomposition of the polynomial X?~! — v into irreducible polynomials over F,,.

Exercise 122. Decompose the polynomial XP*! — 1 into irreducible polynomials over Fp.

Exercise 123. How many (x,y) € F% are there satisfying
2y 493 =07

Exercise 124. For each of the following values of p (a prime number), r (a positive integer, ¢ = p") and
n a positive integer,

(1) Give the list of monic irreducible polynomials of degree n over the field F,

(2) Select a primitive root of unity of order ¢" — 1 in Fyn and write the table of discrete logarithms of
basis «

(3) For each of the polynomials listed in (1), give the list of its roots in Fyn

(4) If r # 1, decompose each polynomials of degree rn over F), into irreducible factors over F,,.

DN W N | o w| NS
WIN| N | R PR3
NN Wl w3

Exercise 125. Let [F, be a finite field with ¢ elements of characteristic # 5. How many cyclic codes are
there on F, of dimension 57 What are their dimensions?

60



Exercise 126. Let r be a positive integer. Denote by n, the least positive integer such that 2"~" > 14n.
(a) Show that for n < n, there is no l-error correcting code on Fan of dimension 7.

(b) For each of the values r = 0,1, 2, 3,4, give an example of a 1-error correcting code on Fan,. of dimension
7.

Exercise 127. What is the least positive integer n such that there exists a l—-error correcting code of
length n?

Exercise 128. Let f : F3 — F1 be the linear map
F(a,b) = (a,b,a + b,a — b)

and C be the image of f.

(a) What are the length and the dimension of the code C? How many elements are there in C? List them.
(b) What is the minimum distance d(C) of C? How many errors can the code C detect? How many errors
can the code C correct? Is it a MDS code?

(c) How many elements are there in a Hamming ball of F3 of radius 1?7 Write the list of elements in the
Hamming ball of F3 of radius 1 centred at (0,0,0,0).

(d) Check that for any element z in 3, there is a unique ¢ € C such that d(c, z) < 1.

What is ¢ when z = (1,0, —1,1)?

Exercise 129. Let F, be a finite field with ¢ elements. Assume ¢ = 3 mod 7. How many cyclic codes of
length 7 are there on IF,? For each of them describe the code: give its dimension, the number of elements,
a basis, a basis of the space of linear forms vanishing on it, its minimum distance, the number of errors
it can detect or correct and whether it is MDS or not.

Exercise 130. Let (P;);e; be a family of polynomials with coefficients in Z. Show that the following
properties are equivalent.

(a) The P; ’s have a common zero in C.

(b) There exists an infinite set of primes p such that the P; ’s have a common zero in F,,.

(¢c) For every prime p, except a finite number, there exists a field of characteristic p in which the P;’s
have a common zero.

Ezample with a family having a single element P. Show that for the polynomial P(X) = X2 — 5 there
are infinitely many p for which the congruence P(x) = 0 mod p has a solution « € Z and there are also
infinitely many p for which the congruence P(z) = 0 mod p has no solution z € Z.

Reference: Jean-Pierre Serre, How to use finite fields for problems concerning infinite fields,
http://arxiv.org/abs/0903.0517

Hint.
Let n be the number of variables.
(a) implies (b).  Assume (a). Show that there is a number field K in which the P;’s have a common

zero o € K". Using Chebotarev density Theorem, show that there exist infinitely many prime numbers
p totally split in K such that the reduction of o modulo a prime ideal above p in K is well defined and
produces a common zero of the P;’s in F;. Deduce (b).

(a) implies (c). Use the same argument but without the condition that p splits completely in K.
(b) or (c) implies (a). Assume that the P;’s have no common zero in C". Using Hilbert Nullstel-
lensatz, deduce that the ideal of Z[ X1, ..., X,] generated by the P;’s contains a nonzero integer m. For
F' a field of characteristic not dividing m, check that the P;’s have no common root in F™.

Remark. A special case (namely with a single polynomial P(X) = X2 — a) is quoted by Serre in his
Course in arithmetic, §4.4.
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7 Solutions of some Exercises

Solution to Exercise 4.
(a) For z and y in Z, the integer 2% + zy + y? is congruent to 0 or 1 modulo 3.
(b) The group F) is cyclic of order p — 1. Tt contains an element of order 3 if and only if p is congruent
to 1 modulo 3. Hence (i) < (ii).

The equivalence with (4i7) uses algebraic number theory — see for instance [S] §5.4.
(c) If p = 2® + xy + 32, then either p = 3 or p is congruent to 1 modulo 3.

For the converse, assume p is congruent to 1 modulo 3. Using (b), let t € Z satisfy t? —t +1 =0
mod p. From Dirichlet’s box principle it follows that there exist  and y in Z such that 0 < z < /p,
0<y<p (z,y) #(0,0) and z = ty mod p. From

—p<at—ay+y> <2

with 22 — 2y + 32 # 0 we deduce z? — xy + y? = p.
Another proof is to use the fact that the ring of integers Z[j] of the quadratic field Q(j) is principal.
A generator of the ideal p can be written z 4+ jy with x and y in Z. Hence

p=(z+yj)(z+yj?) =2 + 2y +y*

(d) The fact that a positive integer of the form 3°Ny 3 N3 5 can be written 2 + zy 4 y? follows from the
identity
(a® + ab+ b*) (2% + zy + v*) = u® 4+ uv + 02

with
u=ax—by, v=">bx+ (a—>b)y,

which expresses the fact that the norm from Q(j) to Q (where j2 + j + 1 = 0) of the product
(a+bj)(z +yj) = (ax = by) + (ay + bx — by)j

is the product of the norms of a + bj and = + yj.

For the converse, let n = 22 +zy+y? and let p be a prime number # 3. Let s = v,(n) be the exponent
of p in the prime decomposition of n. Assume that s is odd. We need to show p =1 mod 3.

Let d be the ged of  and y and let ¢ = v,(d) be the exponent of p in the prime decomposition of d.
Write z = da, y = db with a and b relatively prime, so that n = d?>m with m = a® + ab + b?. Since s is
odd, the number v,(m) = s — 2t is > 1. One at least of the two integers a, b is not multiple of p; it has
an inverse modulo p, and therefore there exists ¢ in Z such that ¢2 4+ ¢t 4+ 1 is congruent to 0 modulo p.
From (c) we deduce that p is congruent to 1 modulo 3. O

Solution to Exercise 6.

(1) Let a and b be two integers satisfying an + bk = 1. For € G, we have z" = 1. Hence z* = 1 implies
= (z")*(z*)’ = 1.

(2) If d divides n, G has a unique subgroup of order d and the elements = in this subgroup are the
solutions x € G of the equation 2% = 1.

In general, write an 4 bk = d. Since 2™ = 1 for any = € G, an element 2 € G satisfies 2* = 1 if and only
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if 2¢ = 1. Hence the number of such z is d.
(3)
(7) = (i14) From (2), we deduce that if G is a cyclic group of order n, then for each divisor d of n, the
number of z € G such that % = 1 is d. If  is a generator of the cyclic group G, these d elements are
¢n/d for j=0,1,...,d—1.
(#91) = (41) is obvious.
(#1) = (i) Assume that G is a finite group of order n such that, for each divisor d of n, the number of
x € G such that 2% =1 is < d.

By Lagrange’s Theorem, any element in G has an order d dividing n; the order yields a partition of
G. When d is a divisor of n, denote by N(d) the number of elements of G of order d. Hence

n=>Y_ N(d).
d|n

Let d | n. If N(d) > 1, then G has at least one cyclic subgroup H of order d, all the elements x in this
subgroup H satisfy 2% = 1, hence the hypothesis implies that there is a single cyclic subgroup of order
d. The elements in G of order d are the generators of H, therefore N(d) = ¢(d). Therefore for any d
dividing n, the number N(d) is either 0 or ¢(d). In any case N(d) < ¢(d). Using Lemma 5, we deduce

n= Y N(@) <3 pld) =n,

d|n d|n

which implies N (d) = ¢(d) for all d | n. In particular N(n) > 1, which means that G is cyclic. O

Solution to Exercise 7. (Following [9], § 10.2).
From the Chinese Remainder Theorem, it follows that for n = pi*---pér, the multiplicative group
(Z/nZ)* is isomorphic to the product of the multiplicative groups (Z/p$'Z)*, of orders p%~1(p; — 1).
If (Z/nZ)* is cyclic, then each of these factors is a cyclic group and their orders are pairwise relatively
prime. It follows that n is either a power of a prime (r = 1), or twice a power of an odd prime (r = 2,
p1 =2, e = 1). It remains to show that (Z/2Z)*, (Z/4Z)*, (Z/p°Z)* and (Z/2p"eZ)* are cyclic when
p is an odd prime and e > 1, and that (Z/2°Z)* is not cyclic if e > 3.

Clearly the groups (Z/2Z)* and (Z/4Z)*, of order 1 and 2 respectively, are cyclic.

For p an odd prime and for e > 1 the groups (Z/p°Z)* and (Z/2p°Z)* are isomorphic of order
o) =pHp—1).

For p an odd prime number, the fact that (Z/pZ)* is cyclic follows from Proposition 19. Assume now
e > 2. Let x € Z be a primitive root of unity modulo p. The class of x modulo p® has an order which is
a multiple of p — 1, hence (Z/p°Z)* contains a cyclic subgroup of order p — 1. From the congruences

(1 +p)pj =1+4+p’" mod p/T?

for  =0,1,...,e — 1, which are easy to check by induction, one deduces that the class of 1 + p modulo
p° has order p°~!. Hence (Z/p°Z)* contains also a cyclic subgroup of order p¢~!; it follows that it is
cyclic, as the direct product of two cyclic groups of relatively prime orders.

Finally we deal with (Z/2°Z)* for e > 3. In the group (Z/8Z)*, the 3 elements 3, 5, 7 have order
2, hence this group is isomorphic the (additive) Klein group (Z/2Z) x (Z/2Z) of order 4, which is not
cyclic. In general, for e > 3, using the congruences

52 = (1+4)% =1+2/%2 mod 2713
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for j =1,...,e — 2, we deduce that 5 has order 272 modulo 2¢ and that 52" is not congruent to —1
modulo 2¢. Tt follows that (Z/2°Z)* is the direct product of a cyclic group of order 2 and a cyclic group
of order 2°72, hence is not cyclic. O

Solution to Exercise 10.
Let ¢ be the morphism of algebras A;[Xy,...,X,] — As[y1,...,yn] which maps X; to y; and whose
restriction to A; is f. The kernel of ¢ is the set of polynomials P in A;[X,...,X,] such that the
polynomial @Q € As[X7,...,X,], image of P by the extension of f to A1[X1,...,Xn] = A2[X1,..., X4],
satisfies

Qy1,---,yn) = 0.

The kernel of the morphism ¢ : A;[X3,...,X,] — Ai[z1,...,2,], which maps X; to x; and whose
restriction to A; is the identity, is the set of polynomials P in A;[X7, ..., X,] such that P(z1,...,z,) = 0.
The result is that F' exists if and only if ker ) C ker ¢. O

Solution to Exercise 11.
See, for instance, [9] § 2.6. O

Solution to Exercise 13.
(a) The kernel of the endomorphism z +— 2= of the multiplicative group F* is {+1}. If ¢ is even,
that means in characteristic 2, we have —1 = +1, this endomorphism is an automorphism (namely the
Frobenius Frobs).

When ¢ is odd, the kernel is a subgroup with 2 elements of F'*, hence the image C, which is the set of
non—zero squares in F, has index 2 in F'*: there are (¢ — 1)/2 squares and (¢ — 1)/2 nonsquares in F*.
Each square is a root of X(@=1/2 — 1. therefore

X021 = T[(X - 2).
zeC

2

Since
[[ X —-a)=x7"—1= (X2 _1)(x=D/2 4 1),
acFXx

we deduce
x2pr= I x-a).

TEFX\C
(b) From (a) we deduce
xev2_1= J[ x-a
et (3)=1
and
XP0/2 41 = I &-o.

ack,, (3)=—1

(“) _  -1/2
p

It follows that for a in Fp,
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Solution to Exercise 14.
(a) In a finite field F, of characteristic 2, any element « satisfies a? = «, hence o = 3% with 8 = at/?,
Therefore any element is a square (in a unique way since 32 = 42 implies 8 = 7).
If a polynomial g € F,[T] of degree < g/2 satisfies g(a) = a2, then the polynomial g(T)? — T9/2 is non
zero, it has degree < g and vanishes on [F, hence has ¢ roots, which is not possible
(b) Assume ¢ is odd and let g € Fy[T] satisfies g(a) = o for each « in F, which is a square. There are
(¢ — 1)/2 non zero squares in F, and (q + 1)/2 squares (including 0). Hence the polynomial g(7)* — T
has (¢ + 1)/2 zeros in F,. Since T is not a square in F [T, this polynomial is not zero, hence its degree
is > (¢ + 1)/2. Therefore g has degree > (¢4 1)/4.
(c) Assume ¢ = 3 mod 4. Let f(T) = T(@tD/4 and let a be a square in F,, say a = % with 8 € F,.
From % = 8 we deduce

fa)? = lath)/2 = gatl — g2 — ¢

(d) For each a € F, which is a square, select 5, € F, such that a = B%. We claim that there exists a
polynomial f € Fy[T] of degree < (¢ — 1)/2 which satisfies the (¢ + 1)/2 conditions f(a) = B, for the
(¢ +1)/2 elements « € F, which are squares. Such a polynomial computes the squares.

Proof of the claim. More generally, given a field F', d + 1 distinct elements ag, a1, ...,aq in F and
d + 1 elements So, f1,..., 04 in F, there is a unique polynomial f € F[T] which satisfies f(c;) = §; for
t=0,...,d. Indeed, the linear map

Fo[T)<a Ft

H
/ > (f(ei))o<i<a

is injective, hence surjective.
Reference: [5] O

Solution to Exercise 15.
Since 0 is a square, any square is the sum of two squares.

If F is a finite field of characteristic 2, the Frobenius & — x2 is an automorphism of F, hence any
element is a square in a unique way.

Assume F is a finite field with odd characteristic and with g elements. Consider the partition F =
QU N where @ is the set of squares and N the set of non squares.

According to Exercise 13, the squares in F' are the roots of

X()((q—l)/2 —1) = x(a+D)/2 _ x

hence @ has (¢ + 1)/2 elements while N has (¢ — 1)/2 elements.

Let t € F. The set t — @ has (¢ + 1)/2 elements with (¢ 4+ 1)/2 > (¢ — 1)/2, therefore one at least
of these elements, say ¢t — z with z € @, is not in N — hence it is in (). Let y =t — z. We have written
t =z 4y as a sum of two squares. O

Solution to Exercise 16.
The kernel of the endomorphism z — z* of the cyclic multiplicative group F* is the set of k—th roots of
unity in F. According to Exercise 6 (i), the number of its elements is ged(k, ¢ — 1), hence the number
of elements in Cj, is
qg—1
ged(k,g—1)
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Solution to Exercise 17. The complex conjugates of v/2 + v/3 are +v/2 + /3. A simple computation
yields

(X —V2 - V3)(X — V2 +V3)(X +V2 - V3)(X +V2+V3)
=X*-10X%+1
=(X?-1)% -8x?
= (X?4+1)? —12X2
= (X?-5)?-24.

Notice also that this polynomial is g(X?) where g(Y) = Y2 — 10Y + 1 has discriminant 96 = 426 and

roots 5 + 2v/6. Indeed, V2 +v3 =15+ 2V6.

If 2 is a square in Fp,, then
X' —10X2 +1 = (X% - 2V2X - 1)(X% +2V2X - 1).
If 3 is a square in I, then
X*—10X2+1=(X*-2V3X +1)(X*+2V3X +1).
If neither 2 not 3 are squares in F,, then 6 is a square and

X1 —10X2 +1= (X%~ (5+2V6))(X* — (5 - 2V6)).

Solution to Exercise 18.
In a field F with g elements, any element x satisfies ¢ = x, hence 7 — z 4+ 1 # 0. This proves that F' is
not algebraically closed. O

Solution to Exercise 21. For each primitive root @ modulo p, we give the table of the exponentials in
basis «a, namely o™ for n = 0,1,...,p — 2. One can view the values of n modulo p — 1, while the values
of a™ are modulo p. It is plain to deduce the table of the logarithms with respect to the primitive root
a. We give explicitly this table only for p = 31 and o = 3.

l.p=2,a=1
2.p=3,a=1lora=2.

3. p=5,a=2o0ra=23.

n= 01 2 3
a” a=2 1 2 4 3
a=3 1 3 4 2
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4. p=T, a=3o0ra=>5.

n= 01 2 3 45
a” a=3 1 3 2 6 4 5
a=2>5 1 54 6 2 3
5. p=11
From 2% = 32 = —1 (mod 11) it follows that 2 is a primitive root modulo
11 (a generator of the cyclic group Fy9):
n= 012 3 4 5 6 7 8 9
2"= 1 2 4 8 5 10 9 7 3 6

We have ¢(10) = 4, (Z/10Z)* = {1,3,7,9}, the primitive roots modulo
11are2, 25 =8,27=7, 29 =6,

To get the table of exponentials 8™ we take the shift of the table for 2™ by
3:
5

n= 0
1 10

1 2 3 4 6 7 8 9
8" = 8 9 6 4 3 2 5 7

To get the table of exponentials 7" we reverse the order of the table for
8" (since 7 = 871):

n= 0 4 5 6
1 3 10 4

3
= 2

1 2 7 8 9

75 6 9 8

To get the table of exponentials 6™ we reverse the order of the table for
2" (since 6 = 271):

4 5
9 10

@2 S @)
o
= 00
N ©

6. p=13

We have ¢(12) = 4, the primitive roots modulo 13 are 2, 25 = 6, 27 = 11,
21l =7,

The table of 2" for n = 0,1,2,3,4,5,6,7,8,9, 10, 11 is

6 7 8 9 10 11

1 2 3
2 4 8 12 11 9 5 10 7

The table for 6™ is obtained by shifting by 5 the table for 2™:

6": 1,6,10,8,9,2, 12,7, 3,5, 4, 11.
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The table for 11" is the reverse of the table for 6™:
11" 1,11,4,5,3,7,12, 2,9, 8, 10, 6.
The table for 7™ is the reverse of the table for 2™:

™. 1,7,10,5,9, 11, 12, 6, 3, 8, 4, 2.

.p=31
Since ¢(30) = 8, there are 8 primitive roots modulo 31.

From 2° =1 (mod 31), it follows that 2 has order 5 in F3|, hence is not a
primitive root modulo 31.

A primitive root modulo 31 is 3. The table of 3" for n = 1,2,...,30 is
given by

n= 012 3 4 5 6 7 8 9

3= 1 3 9 27 19 26 16 17 20 29

n= 10 11 12 13 14 15 16 17 18 19
3"= 25 13 8 24 10 30 28 22 4 12

n= 20 21 22 23 24 25 26 27 28 29
3"= 5 15 14 11 2 6 18 23 7 21

The primitive roots modulo 31 are
3,37=17, 311 =13, 313 =24, 31" =22 39 =12, 3% =11, 3% =21.
One checks indeed that the numbers

3x21 =063, 17 x 11 =187, 13 x 12 = 156, 24 x 22 = 528

are congruent to 1 modulo 31.

The table for 17" is the shift by 7 of the table for 3™, the table for 13™ is
the shift by 4 of the table for 17", the table for 24™ is the shift by 2 of the
table for 13", and we get the other tables by reversing the order.

The table of the discrete logarithms with respect to 3 modulo 31 is the
following (the first row is 3" modulo 31, the second row is n modulo 30):

1 2 3 4 5 6 7 8 9 10
0 24 1 18 20 25 28 12 2 14

11 12 13 14 15 16 17 18 19 20
23 19 11 22 21 6 7 26 4 8

21 22 23 24 25 26 27 28 29 30
29 17 27 13 10 5 3 16 9 15
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Solution to Exercise 28.

(a) Let n = ms 4+ r with 0 < r < m be the Euclidean division of n by m in Z, with quotient s and

remainder r. From
X'—1=X"™-DX"+X"-1

we deduce that
X'—1=X"-1)S+X"-1

is the Euclidean division of X™ — 1 by X™ — 1 in Z[X], with quotient

Xms 1

WXT _ Xm(sfl)Jrr +Xm(sf2)+r 4. +Xm+r +Xr

S(X) =

and remainder X" — 1.
(b) For n = ms + r, we deduce from (a) that

ged(X" —1,X™ —1) = ged(X™ -1, X" —1).

The result follows by induction on max{n, m}.

(c) From (a) we deduce that the remainder of the Euclidean division of a™ — 1 by a™ — 1 is a” — 1, and

from (b) that the ged of a® — 1 and a™ — 1 is a? — 1 where d = ged(n, m). The result easily follows.

Solution to Exercise 32.

(a) (See Example 66).

(b) (See Example 67).

(c) (See Example 82).

(d) According to Example 82, we have

Fy =Fo[Y]/(Y24+Y + 1),
hence Fy = Fy(j) where j2 = j + 1. Over Fy = F5(j), the polynomial X2 + X + j is irreducible.

Solution to Exercise 33.
(a) Irreducible polynomials over Fo:
degree 1: X, X +1
degree 2: X2 + X + 1 (see see Example 66)
degree 3: X3+ X + 1 and X? + X2 + 1 (see Example 67)
degree 4: X*+ X +1, X4+ X3 + 1, &5 (see Example 82)
degree 5: there are six of them: write P(0) # 0, P(1) # 0 and omit

X2+ X+ D)X+ X+)=X"+X"+1 and (X’H+X+D)(XP+X>+1)=X"+X+1.

Remain:
X2+ aX*+0X3 4+ cX?+(a+b+c+ )X +1

with a,b, ¢ in Fy omitting (1,0,0) and (0,0, 0).

(b) Write Fy = {0,1,4,52}. The four irreducible polynomials of degree 1 over Fy are X, X — 1, X —

X — j2. For the 6 irreducible polynomials of degree 2 over Fy, see Exercise 84.
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Solution to Exercise 35.
a) Let s : G — G/N be the canonical surjective morphism of groups with kernel N. The restriction of s
to H has kernel H N N and image s(H) = (H + N)/N, hence

H+N _ H
-~ N T HNN

Since s(H) is a subgroup of G/N, its order, which is the index of H N N in H, divides the order of G/N,
which is the index of N in G.

If HN N = {1}, then the index of H N N in H is the order of H.

(b) We apply (a) with G the Galois group of the extension L/FE; N Es, which is a finite abelian group, H
the Galois group of L/E; and N the Galois group of L/Es. The order of H is [L : E;] while the index
of N in G is [Es : Ey N E3]. The conclusion follows from the remark that [Es : Fy N Es] divides [Fs : KJ:

s(H)

L
H/ \ N
E el E,
\ /
EyNE,
|
K

et B, = Fla+ B8)N F(a) and E, = F(a+ 8) N F(B). We apply (b) with L = F(«,8), K = F,

Fla+p)
F(oz, ) F(Oé,ﬂ)

/ \ / \
E, Fa+ B) Fla+B) B,
\ / \ /

F F

The first diagram shows that [F(«,5) : F(«a + 8)] divides [E, : F] = a, while the second diagram
shows that [F(«, ) : F(a + 8)] divides [E, : F] = b, hence [F(a,8) : F(a+ 8)] = 1 and therefore
F(a,B8) = F(a+ B). O

Solution to Exercise 38.

Let r =[E : F].

(a) If « = p9—B with 8 € E, then from Tr(39) = Tr(8) we deduce Trg/p(a) = Trg,p(B89)—Trg,p(8) = 0.
Conversely, assume Trg,p(a) = 0. Let 3 be a root of the polynomial X¢ — X — « in an extension of

E (the number of roots of this polynomial is ¢). Then o = 87 — 8 and

Trg/p(a) =a+al+ - +al
=(B7 =)+ (8 = B)* + -+ (87 = B)

1

=(8 = B) + (BT =B+ + (8 ) =57 — 5,
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hence ¢ = B, which means that £ is in E. , .
Here is another proof using the normal basis Theorem 34. Let v € E be such that v,79,77,...,77 s
a basis of F/ as an F—vector space. Any a € E can be written in a unique way

— q @ .. gt
a =apy+ary +ay’ +---+ap_1y )

with a; € F (0 < j < 7). We have Trg/p(a) = (ap +a1+---+a,—1)Trg,p(7). Since the trace is not the
zero map, we deduce Trg,p () # 0.

Assume TrE/p(a) = 0: hence a9 + a1 + -+ + a,_1 = 0. We are looking for an element § € E such
that o = 89 — 3; write

1

B — bO’Y + bl’yq + bZ,,Yq2 4ot br—l’)/qr_
with b; € F (0 < j <r). From

r—1

BT — B = (b1 —bo)y + (bo — b)Y + (b1 — b2)y? + -+ (byoa — by )7,
it follows that the equation o = 57 — 3 is equivalent to a linear system in by, by, ba, ..., b._1:
bo — b1 = aq, b1 — bg = az,.. .,br_g — br—l = Qp—1, b,«_l — bo = ag-.

Thanks to the assumption ag + a1 + -+ + a,_1 = 0, this system has ¢ solutions: given by € F', the
corresponding solution (bg, by, ba,...,b.—1) € F" is given by

bi:bo—al—az—"'—ai (i=1,2,...,7“—1).

(b) If & = B9~ with 8 € E*, then from 3¢ = 8 we deduce N, p(a) = a0 ~D/(a=1) = g"~1 = 1,
Conversely, assume Ng,p(a) = 1. Let  be a root of the polynomial X9 ! — o in an extension of F
(the number of roots is ¢ — 1). Then a = 9! and

Np/p(a) = old =D/a=D = ga'=1 _ 1,

hence 8¢ = 3 and therefore 8 € E.

Here is a variant of this proof. Assume a(? ~1/@=1) = 1. Let ¢ be a generator of the cyclic group E*.
Write a = ¢™, with 0 < m < ¢" — 1. Since  is of order ¢" — 1 and since ¢"(¢" ~D/(a=1) = 1 we deduce
that ¢" — 1 divides m(q" —1)/(q¢— 1), hence ¢— 1 divides m. Therefore the ¢ — 1 roots 8 of the polynomial
X! — o belong to E. O

Solution to Exercise 39.
(a) One readily checks that u, and ¢, are I, linear, that ker(u,) = F, and that im(¢,) C F,. The kernel
of ¢, has at most p"~! elements (namely the roots of the polynomial X + X? + ... + Xprfl), hence the
image of ¢, is Fp, and this polynomial has p"~! roots in F,.

If @ = u,(B) with 8 € F,, then

j j i—1
o =pr — e

for all j > 1 and therefore



from which one deduces im(u,) = ker(u,).
(b) The polynomial

[Tx+x7+ - +x7" —a)

a€lF,
has degree p", its derivative is 1 and its zeroes are the p" elements of IF,.
(c) Write ¢ = p” so that Fp(y) =T,.
(i) If t,.(y) = 0, then v € im(u,) and the polynomial X?” — X — v has a root « in F,. In this case the p
roots of X? — X — v, namely o + a, a € F),, are in F,.
(ii) Assume ¢,(y) # 0. Hence v ¢ im(u,) and the polynomial X? — X — + has no root in F,. Let o be a
root in €. For ¢ > 0 we have

4 £—1

a —a=g+F P

hence
al —a=a

with @ = Trg_/p, (7) € Fp. From a ¢ F, we deduce a? # a, hence a # 0. It follows that the p elements

o =a+ja (j=0,1,....,p—1)

are pairwise distinct, hence [Fy(c) : Fy] = p. O

Solution to Exercise 40.
Let ¢ be the number of elements in F' and n the degree of the extension E/F. Hence the field E has ¢"

elements. We have
NE/F(a) = o(@"—D/(=1)
If Ng/p(a) has order < ¢ — 1 in F'¥, then there exists an integer £ with 1 < ¢ < g — 1 such that

Ng/p(a)? =1, hence (9" ~D#(a=1) = 1. Since

(¢" =1t
q—1

it follows that « has order < ¢ — 1 in E*. O

0< <q" -1,

Solution to Exercise 41.
(a) See Example 73.
(b) This is a special case of Exercise 40. Indeed, The norm over F, of a +ib € F, (i) is

a® +b* = (a +ib)(a — ib) = (a + ib)P T,

hence if a + ib is a primitive root in F,2 then a? + b? is a primitive root in F,.
Conversely, assume that a? + b2 has order p — 1 in the multiplicative group F. If (a+1ib)™ = 1, then
(a —ib)™ =1 and (a?® + b*)™ = 1, therefore p — 1 divides m, which means that the order of a + ib is a
multiple of p — 1.
Also, we have
(a® + b2)(”*1)/2 = (a+ ib)(pfl)(zﬂrl)/? —_—

hence the order of a + ib does not divide (p* — 1)/2.
(c) Assume now that p is a Mersenne prime. Using the fact that p + 1 is a power of 2, we deduce that
the only multiple of p — 1 which divides p? — 1 but does not divide (p* — 1)/2 is p* — 1 itself. O

)
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Solution to Exercise 42.

(See also exercise 113).

(a) If & prime number p divides 2™ + 1, then p is odd and 2 has order n + 1 modulo p.

(b) We have 5* = —2* mod 641 and 5 = —2~7 mod 641, hence —2* = 272% mod 641. Therefore
232 = —1 mod 641. O

Solution to Exercise 46.
(a) Recall that Euler totient function ¢ is a multiplicative arithmetic function: ¢(ab) = ¢(a)p(b) when
ged(a,b) = 1. For n = pi* - - pl= where py,...,ps are distinct odd primes and r; > 1, we have

r1—1

o(n) =pi' H(pr— 1) ple T Hps — 1),
while for the radical R of n we have

R=pi-ps and @(R)=(p1—1)-(ps —1),

hence
Rp(n) = np(R).

If ¢ is a primitive root of unity of order n and if d divides n, then ¢("™/? is a primitive root of unity of
order d. If, further, dp(n) = np(d), then the polynomial ®4(X™/?) is monic, of degree (n) and vanishes
at the primitive n—th roots of unity; hence it is ®,,(X). This completes the proof of (a).

(b) If ¢ is a primitive root of unity of order pmy, then (? is a primitive root of unity of order m;. Since
my and p are relatively prime, if ¢ is a primitive root of unity of order my, then (? is also a primitive
root of unity of order m;. Now the polynomial ®,,, (X?) has a simple zero at all primitive roots of unity
of order m and at all primitive roots of unity of order m; and has the same degree as ®,,(X)®,,, (X),
namely pp(m1) = @(m) + ¢(m1); hence these two polynomials are the same.

(c) Denote by R; the radical of my. The radical of m is pR;y. Using (a) and (b) we deduce

T

_— Pp, (XP /By B, (XP")
Pprim, (X) = Ppr, (XP ml/Rl) - R EXPT*lml/Rl) K3 I(XP"'*l).
1 mi

(d) follows from (c).
(e) If n is odd, the map ¢ — —( is a bijective map from the set of primitive n-th roots of unity to the set
of primitive 2n-th roots of unity. Hence ®5,(X) = ®,,(—X) for n odd > 3.

Assume now n is even. The relation @5, (X) = ®,,(X?) follows from (c) (and also from (a)). Notice
that the map ¢ + (2 from pg, to u, is a surjective homomorphism of kernel {£1}.
(f) We have ®;(1) = 0. Assume now n > 2. From

Xl xn24 .. .40 X141= H g (X)
d|n,d>2

I @) =n.

d|n,d>2

we deduce

The von Mangoldt function is defined for n > 1 as

A(n) logp if n = p" with p prime and r > 1;
n)=
0 otherwise.
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It satisfies, for n > 2,

Z A(d) = logmn,

dn,d>2

H M =,

d|n,d>2

which means

Since ®,(1) =p = eAMP) when p is prime, it follows by induction that
D,(1) = ™

for all n > 2.
(g) We have ®1(—1) = —2, $5(—1) = 0. Assume now n > 3.
Assume first that n is odd. Using the formula

Xt—1=x-1) [] ®ux),
d|n,d>3
we deduce by induction ®,(—1) = 1.

Assume n is even, say n = 2"m where r > 1 while m is odd. Then ®,(X) = ®g,, (X2 )

D, (1) = Doy (1) = AP = A/,
Solution to Exercise 50. Write the decomposition of n into prime factors

— ay Qg
n_pl ...pk .

We have
) m
n pn—1 pp—1
Set
4 log 4
log5’
so that 5
pip—zl Sigpf‘ for i>3
Thus
@ <3(ps- i) < 2.341(p1 - i) < 234107,
so that N ,
n < (3.341p(n)) " < 2.6850(n)-16!
for all n > 1.

Remark. It is known that for any € > 0, there exists an integer ng > 0 such that, for n > ng,
n < (€7 + €)p(n) loglog p(n)

where v is Euler’s constant. Equivalently,
n
S (e )
wln) = (e 2 loglogn

for sufficiently large n.
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Solution to Exercise 54.
(a) Assume p does not divide m. We prove the relation in characteristic p:

Py (X) = ©p (X) 707

by induction on p"m. We have
XPm_1=(X"-1)P. (131)

Writing a divisor of p"m as p*d with d dividing m and 0 < k < r, using the induction hypothesis and

the equality
i
> o) =p",
k=0

we see that the left hand side of (131) is

H P4(X) = H H‘I)pkd(X)

d|pmm k=0d|m

= By (X) (H D,k (X)) I T2
k=0

d|m,d#m k=0

= & (X) (H q)m(X)w(p’“)> H H(q)d(X))w(p’")
k=0 d|m,d#m k=0
= By (X) (X)) [ (@a(X))?
d|m,d#m

r

while the right hand side of (131) is

[T @a(x))™".

dlm

This completes the proof of (a)
(b) If m = myp”® with & > 1 and ged(my,p) = 1, then

hence

Solution to Exercise 58.
(a) From (56) it follows that the number Na(n) of irreducible polynomials of degree n over Fy satisfies

(6]



the following relations.

2! = Ny(1), hence Ny(1)=2.

22 =4 = Ny(1) +2No(2), hence Ny(2) = 1.

23 =8 = Ny(1) + 3N2(3), hence No(3)=2.

24 =16 = No(1) +2N3(2) + 4No(4), hence Ny(4) = 3.

25 =32 = Ny(1) + 5N2(5), hence Ny(5) = 6.

26 = 64 = Ny(1) + 2N2(2) + 3No(3) + 6N (6), hence No(6) = 9.

(b) and (c¢) The upper bound

for n > 1 can be checked as follows. On the one hand, each irreducible polynomial of degree n over I,
has n roots in Fgn. On the other hand, since n > 1, the number of elements in F;» having degree n over
F, is < ¢" — g; each of these elements has n conjugates over ;. Therefore the number of roots in Fgn
of the irreducible polynomials of degree n over F, is < ¢ — ¢. It follows that the number of irreducible
polynomials of degree n over F, is < (¢" — ¢)/n.

On the other hand from (56) we deduce

ln/20+1 _ 1
n q n
q" —nNy(n) = E dN,(d) < E ¢ < E ¢ = — 1 < g/,

d|n,d<n d|n,d<n 0<k<n/2

Hence nj2l 41
q"—q"
Ng(n) > T
(See also [9], Theorem 19.10).
(d) As soon as

q" > 4q"?,

more than half of the elements « in Fy satisfy F, = Fp,(a).
(e) There are ¢" monic polynomials of degree n in F,[X]. Since

N,
lim e\ a()

qn—>OO qn

=1

b

the number Ny (n) of monic irreducible polynomials of degree n in F,[X] is asymptotically ¢"/n. O

Solution to Exercise 62.

From Corollary 61 it follows that the polynomial X? — 1 = (X — 1)®,(X) splits completely in the finite
field F,, if and only if p is congruent to 1 modulo ¢, in which case p is a square modulo g. Using the
Legendre reciprocity law and the assumption that at least one of p, ¢, is congruent to 1 modulo 4, we
deduce that g is a square modulo p, hence that X? — ¢ splits in F,,. O
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Solution to Exercise 64.
(a) Over a field of characteristic 2, ®g(X) = X% + 1 = (X + 1)* splits into linear factors.

Let F, be a finite field of odd characteristic. Over F,, the cyclotomic polynomial ®g splits into
irreducible factors, all of the same degree d, which is the order of ¢ modulo 8. The number ¢? — 1 =
(g —1)(¢g+ 1) is a multiple of 8 (each of ¢ — 1 and ¢ + 1 is even, one of them is divisible by 4). Hence
¢> =1 mod 8, which proves that the order d of ¢ mod 8 is 1 or 2.

Notice that d =1 if and only if ¢ =1 mod 8. Indeed, F; contains a subgroup of order 8 if and only
8 divides ¢ — 1. Hence d = 2 for ¢ congruent to 3, 5 or 7 modulo 8.

For ¢ = p" with p an odd prime, over IF, the polynomial ®g splits into 4 linear factors if either p =1
mod 8 or r is even, and into 2 irreducible quadratic factor if p is congruent to 3, 5 or 7 modulo 8 and r
is odd.

(b) Over Fy we have ®15(X) = (X2 + X +1)2, the square of an irreducible quadratic polynomial. Hence
over For the polynomial ®15 splits into 4 linear factors if r is even, into 2 irreducible quadratic factor if
r is odd.

Over F3 we have ®15(X) = (X2 + 1)2. Hence over F3- the polynomial ®5 splits into 4 linear factors
if r is even, into 2 irreducible quadratic factor if r is odd.

For p > 5, the product (¢ — 1)(¢ + 1) is divisible by 12. Since 5,7,11 have order 2 modulo 12, the
polynomial ®;5 splits into 4 linear factors in F, when ¢ = 1 mod 12 and is a product of 2 irreducible
quadratic factors otherwise. O

Solution to Exercise 68.
The field Fg is a cubic extension of Fy (see Example 67). Let ¢ be a root of the polynomial X3+ X +1 €
F,[X], so that Fg = Fy(¢) and

Fs = {a+ b+ cC? | (a,b,c) € F3}.
The group FJ is cyclic of order 7, there are 6 generators (primitive roots in Fg), namely
{CECHEI+GI+1+C+
The table of exponentials in F§ with respect to ¢ is

n= 01 2 3 4 5 6
= 1 ¢ ¢% 14C C+C% 14¢+¢% 142

and this gives the table of discrete logarithms with respect to ¢, since n = Ind¢(¢™). In the same way we
deduce the following table for Ind¢n~y:

v = 1 ¢ ¢ 1+4C¢ 14¢ (+¢ 1+¢+¢
n=1 0 1 2 3 6 4 5
n =2 0 4 1 5 3 2 6
n=3 0 5 3 1 2 6 4
n=4 0 2 4 6 5 1 3
n=>5 0 3 6 2 4 5 1
n==~6 0 6 5 4 1 3 2

Given m € {1,2,3,4,5,6} and v € F§ with v # 1, there is a unique n modulo 7 such that Indeny = m,
i.e. such that (" = ~. O
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Solution to Exercise 70.
The field Fy is a quadratic extension of F3 (see Example 69). Since ¢(8) = 4, there are 4 primitive roots
in Fy. Let i € Fg be a root of X2 + 1 and let ( =1 + 14, so that

<:1+Z7 CQZ_ia Cszl_ia <4:_17 C5:_1_i7 C6:i7 <7:_1+Z

The roots in Fg of the polynomial X2 + X — 1 € F3[X] are ¢ and ¢3. Let n = —1 +14, so that n = (7 and
n® = (5 = —1 —i. The roots in Fy of the polynomial X? — X — 1 € F3[X] are n and n3. The 4 primitive
roots in Fg are ¢, ¢3, n, n°.

The table of discrete logarithms in Fg is the following

y= 1 -1 i —i 14+i —14+i 1—i —1-34
Indy= 0 4 6 2 1 7 3 5
Indsy= 0 4 2 6 3 5 1 7
Indy= 0 4 2 6 7 1 5 3
Indpy= 0 4 6 2 5 3 7 1

Solution to Exercise 71.
From
3P =243 =22x11+1

we deduce that the class of 3 has order 5 modulo 11. Hence ®;1, which has degree ¢(11) = 10, splits into
two irreducible polynomials of degree 5 over Fg:

P11 (X) = f(X)g(X)
where

fX)=X"+X*—-X34+X%2-1 and ¢g(X)=Xf(1/X)=X"-X*+X?-X -1

Solution to Exercise 72.
The group (Z/237)* is cyclic of order 22, the elements have order 1, 2, 11 or 22. Clearly 2 is not of order
1 nor 2. Compute 2'' modulo 23:

20 =64= -5 (mod23), 2°=-40 (mod23), 2" =12 (mod 23),

hence 2! =1 (mod 23) and 2 has order 11 modulo 23. It follows that ®53, which has degree ((23) = 22,
is the product of two polynomials of degree 11 over Fs. O

Solution to Exercise 75.

(Compare with 64).

(a) The polynomial ®g(X) = X*+1 has no root in Q and is not the product of two degree 2 polynomials.
Hence it is irreducible over Q.
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We have seen in Exercise 64 that over Fy, X% +1 = (X + 1)* splits into linear factors, while over
F, with p an odd prime, ®g splits into 4 linear factors if p = 1 mod 8 and into 2 quadratic factors if
p=3,57 mod 8. Hence X*+ 1 is always reducible over F,,.

The same for ®15(X) = X* — X2 4+ 1.
(b) If a polynomial of degree > 1 were irreducible modulo p for each p, then its values at the integers
would be only 41, which is not possible. O

Solution to Exercise 76.
Let p be a prime divisor of n = 2* + y*. If p* does not divide n, then p does not divide zy, hence in F,
there is an element t such that t* = —1. This ¢ has order 8 in IF), hence 8 divides p — 1. O

Solution to Exercise 78.
The group (Z/15Z)* is a product Cy x Cy of a cyclic group of order 2 by a cyclic group of order 4, hence
there are 4 elements of order 4 (namely the classes of 2, 7, 8, 13) and 3 elements of order 2 (namely the
classes of 4, 11 and 14).

Since the group (Z/15Z)* is not cyclic, ®15 is always reducible over F,,.

If ged(15, ¢) = 1, then ®15 decomposes over Fy into a product of
e 8 factors of degree 1 if ¢ =1 (mod 15),
e 4 factors of degree 2 if ¢ =4, 11, 14 (mod 15),
e 2 factors of degree 4 if g =2, 7, 8, 13 (mod 15).

In characteristic 3, ®15(X) = ®5(X)?. Recall Example 77. Since 3 has order 4 modulo 5, if ¢ = 3",
then over IFy, the polynomial ®5
e splits into 4 linear factors if r =0 (mod 4) (hence ®15 splits completely),
e splits into 2 factors of degree 2 if r =2 (mod 4) (hence ®y5 splits into 4 quadratic factors),
e is irreducible if » = 1 or 3 (mod 4) (hence ®;; splits into 2 factors of degree 4).

In characteristic 5, ®15(X) = ®3(X)*. Assume ¢ = 5". If r is odd, then over F,, the polynomial ®3
is irreducible and @15 splits into 4 quadratic factors, while if 7 is even, then over F,, the polynomial ®3
splits into two linear factors and ®;5 splits completely into 8 linear factors. O

Solution to Exercise 79.

a) The kernel of the homomorphism of multiplicative groups f : F%, — F%, which maps x to 97! is
q q

F, it has ¢ — 1 elements; the image of f is the set of roots of X%+t! — 1, it has g + 1 elements.

(b) Since the image of f has ¢+ 1 elements, there exists v € F,2 in the image of f, say v := a?~!, which

is not in F,. The two elements 1 and a?~! are lineary independent over F,, which means (since o # 0)

that (o, a?) are linearly independent over F,. O

Solution to Exercise 84.
Write Fy = {0,1, 7,52} with j2+ j + 1 = 0. There 16 elements in Fy¢, two of degree 1 over Fy (the
elements of Fy), two of degree 2 (the elements of Fy \ F3) and 12 of degree 4 (the elements of F14 \ Fy).
In the cyclic group Fij of order 15 there are ¢(15) = 6 elements of order 15, ¢(5) = 4 elements of order
5 (namely the roots of ®5), 2 elements of order 3, namely j and ;2.

The 12 elements of Fy5 of degree 4 over Fy have degree 2 over F4. Among them, there are 8 elements
of order 15 and 4 elements of order 5 in the group Fys. The 4 elements of order 5 are the roots of @5
which is irreducible over Fy and which splits into 2 quadratic factors over F4. The 6 irreducible quadratic
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polynomials of F4[X] come in pairs of conjugate polynomials over Fy (notice that Frobs permutes j and
)
X?4iX+1, X?+42+1
X+ X+j, X*+X+j%
X2 +iX +35, X*4+572X+ 5%
Notice that
(A+jB)(A+j°B) = A> + AB + B?,

hence

(X2 X+ D)X+ 24+ D) =X+ X3+ X2+ X +1 = &5(X),
(XPH+ X+ DX+ X+ =X+ X +1,
(X2 +iX + )X +°X +75) =X+ X° + 1.

These products are the three irreducible polynomials of degree 4 over F.

Let o be a root of X2 + X + j. The other is o?.

Taking the conjugate over Fy, we deduce that the roots of X2 + X + j2 are a? and a®. The roots
of X2 4 52X + j2 are o~ ! and a~*. Again, taking the conjugate over Fy, we deduce that the roots of
X?+jX +jarea 2 and o

The 4 elements of order 5 are «

We have

3 al? (they are conjugate) and a®,a® (they are conjugate).

azza—i—j, a3:a+j+ja, a6:ja,

hence o and a'? are the roots of X2 + j2X + 1, while a®, a” are the roots of X2 4 j X + 1. O

Solution to Exercise 85.

(a) The divisors of 6 are 1, 2, 3 and 6, Hence Fqs has four subfields, Fo, Foz = Fy, Fgs = Fg and Fgy = Fas.
(b) Since 63 = 32 - 7, the divisors of 63 are 1,3,7,9,21 and 63, and the decomposition of X% — X into
irreducible polynomials over 7Z is

X0 — X = XB(X)D3(X)P7(X)Po(X) Doy (X)Pgs3(X).

The degrees are respectively 1,1,2,6,6,12,36, the total of which is 64. Over Fy, there is one irreducible
polynomial of degree 2, there are two irreducible polynomials of degree 3 and nine of order 6 (cf Exercise
58).

The zeroes of X* — X = X®;(X)®3(X) are the elements of Fy, the polynomial ®3 is irreducible of
degree 2 over Fs.

The zeroes of X8 — X = X®;(X)®7(X) are the elements of Fg, the polynomial ®; splits over Fy into
a product of two polynomials of degree 3:

X+ X4+ X'+ X3+ X2+ X +1=(XP+ X2+ 1)(XP+ X +1).

There are 54 zeroes of ®g(X)Pa1 (X)Pe3(X) in Fgy, each has degree 6 over Fa, hence is a primitive element
of Fgq over Fy. Therefore this polynomial splits into 9 irreducible polynomials over Fy, each of degree 6.
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The roots of ®g are the 6 primitive roots of order 9, the roots of ®5; are the 12 primitive roots of order
21, the roots of ®g3 are the 36 primitive roots of order 63, namely the generators of the cyclic group Fgs.
Finally X% — X has
- two factors of degree 1, namely X and X + 1;
- one factors of degree 2, namely X2 + X + 1 which is ®s;
- two factors of degree 3, namely X3 + X2 + 1 and X2 + X + 1, which are the two factors of ®7;
- nine factors of degree 6, one of which is ®¢(X) = X°®+ X3 + 1, two of which are the two factors of @1,
and the six others are the factors of ®g3.
The nonempty minimal subsets of Z/63Z which are stable under multiplication by 2 are

{0}
{21,42}
{9,18, 36}
{27, 45,54}

and 9 subsets having 6 elements each.
(c) Altogether in Fgy there are 32 elements of trace 0 and 32 elements of trace 1. Since [Feyq : Fg] = 2 is
even, the 8 elements a € Fg, have Trgy, /r, () = 0. The two elements in F4 not in Fy have trace 1. Hence
in Fgyq \ (Fs U Fy) there are 32 — 8 = 24 elements of trace 0 and 32 — 2 = 30 elements of trace 1.

The roots of X% 4+ X3 + 1 have trace 0. Among the 12 roots of ®5;, six have trace 0 and six have
trace 1. Two of the six factors of ®g3 have trace 0 and four have trace 1. O

Solution to Exercise 86.
Write ¢ = p". If ¢ — 1 is a prime number, then ¢ — 1 is a Mersenne prime, the characteristic p is 2 and r
is prime. Since [F, : Fy] = r is prime, any element in F, \ F5 is a generator of the extension F,/F5. Since
F is a cyclic group of prime order, any element in I, \ F5 is a generator of the cyclic group Fy.
Conversely, assume that any element « in Fy such that F; = Fj,(a) is a generator of the cyclic group
[Fx. Since ¢(p — 1) < p, we have r > 2. The number of generators of the cyclic group F is ¢(NN) with
N = g — 1. Using the notation and the results of Exercise 58, we deduce that the number of elements
in F, of degree r over F, is 7N (r) and satisfies N, (r) > N/2. By assumption 7N,(r) = ¢(N), hence
©(N) > N/2. Therefore N is odd and consequently the characteristic p is 2.
If N =2" — 1 is not prime, then

@(N)< N - |VN].

Indeed, N has a prime factor < v/N, hence there are at least [v/N | integers in [1, N] which are not prime
to N.
On the other hand, according to Exercise 58, the number of elements in For of degree r over Fy is
rNy(r) and satisfies
rNy(r) > 2" —2-27/2,

Recall the assumption 7Na(r) = ©(N). We do not yet deduce the desired contradiction, but we can
improve one at least of these inequalities.
If r is odd, the solution of Exercise 58 provides a refinement of this last inequality, namely

rNo(r) > 2" —2-2"/3,
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If r is even, r = 2k, then N = (2% — 1)(2* + 1) has at least one prime divisor < v/2% + 1 (notice that for
k > 3 one at least of the two numbers 2¥ — 1, 28 + 1 is composite). In this case

©(N) < N — |VN +1].
These estimates are sufficient to complete the proof. O

Solution to Exercise 94.

1. Given 2" card, label them starting from 0 to 2" — 1; write the labels in
binary form. Ask n questions, for the k—th one, display the cards having
a label with 1 for the k—th binary digit. The sequence of yes and no gives
you the binary expansion of the answer, with the digit 1 for yes and 0 for
no.

2. In order to detect a wrong answer, ask one more question using the parity
bit. The number of questions is n + 1.

3. In order to correct a wrong answer, use an error correcting code.
e For n =1 and 2 cards, ask 3 questions using the repetition code (display
the same card 3 times). The corresponding error correcting code is the
repetition [3,1] code (Example 89).
e For n = 2 and 4 cards, ask 5 questions: repeat twice the two questions
which give the solution when there is no wrong answer, and for the last
one use the parity bit. The corresponding error correcting code is the [5, 2]
code of Example 91.
e For n = 3 and 8 cards, ask 6 questions: questions 1,2,3 are the ones which
give the solution when there is no wrong answer, the next 3 questions are
the parity bits between questions (1 and 2), (2 and 3), (1 and 3). The
corresponding error correcting code is the [6, 3] code of Example 92.
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First question Second question Third question

‘, rs; Rar | '., i ’., X

e For n = 4 and 16 cards, ask 7 questions only using Hamming [7, 4] code
(Example 93).

The optimality is proved by counting the number of Hamming balls of radius 1 and the number of
points in each such ball. O

Solution to Exercise 95.

1. The idea is to use the repetition [3,1] code (Example 89).

With three people, one solution is that the team bets that the three colours
are not the same. When they see twice the same colour on the heads of
the two other people, they bet that their own hat is not of that colour. If
they see two different colours, they abstain.

There are 8 possible distributions of the colours, two of them where the
hats have all the same colours (white-white-white or black—black—black);
in this case they all bet the wrong colour and the team looses. In the
remaining 6 cases, the team wins. Hence the probability of winning is
3/4 = 75%.

This is the best probability for this game, but there are other equivalent
strategies: they select two distributions of colours which have no common
element, like white—black—white and black—white—black, and they bet that
these two distributions do not correspond to the correct answer.
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2. With seven people, use the Hamming [7, 4] code in place of the repetition
[3,1] code. Replace the two colours by 0 and 1, so that the distribution
of colours corresponds to an element in F}. The team bets that the dis-
tribution of colours is not an element of the Hamming code. When one
member of the team sees the 6 other colours, he or she looks at the two
possible elements in F5 which correspond to the distribution of hats. If
one of them lies in the Hamming code, he or she writes the colour cor-
responding to the other element. Otherwise, the two possible answers
correspond to elements which lie in two different Hamming balls of radius
1, this person does not know which is the center of the Hamming ball con-
taining the right solution and in this case he or she abstains. The team
looses in 16 cases, there are 27 = 128 possible distributions, so he wins in
27 — 2% =128 — 16 = 112 cases, the probability of winning is 7/8 = 87.5%,
and this is optimal.

The optimality is proved by counting the number of Hamming balls of radius 1 and the number of
points in each such ball. O

Solution to Exercise 98.

(a) For n = 4 and ¢ odd, the polynomial Q; associated with the subset I = {0,1,3} of Z/4Z is (X —
1)(X?+1)= X3 - X? + X — 1, the dimension of the codeis 1. This code is the line F,(1,—1,1, —1).
(b) For r a divisor of n, say n = mr,and I = C, the additive subgroup of Z/nZ of order r, we have
Qr(X) = X" — 1. Since the roots of Q; are (¥ for k =0,1,...,r — 1, the associated code C C [y is the
set of (ag,ai,...,a,—1) such that

ao+ a1l £ o 4 ay (VR =0 for k=0,1,...,r— 1.

Since ("™ = 1, these equations can be written

r—1 /m-—1 .
Z(Za]‘+i7~><]km:0 for k=0,1,...,r—1.

=0 \ i=0

Since the determinant (Cj km) does not vanish, these equations are equivalent to

0<j,k<r—1

m—1

> ajpip=0 for j=01,...r—1
1=0

(c) Let m = n/¢. The set Ey of elements of order ¢ in the additive group Z/nZ has ¢(¢) = £ —1 elements.
The associated code has dimension n — ¢ 4 1, it is the intersection of the ¢ — 1 hyperplanes

m—1 m—1 m—1
Qi = E A14ig = " = E A1+
i=0 i=0 i=0
in IFZ O
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Solution to Exercise 105.

(a) Let Ay, Aa,..., A; be t mutually orthogonal latin squares of order n. Without loss of generality we
may assume that the symbols are 1,2,... n and that the first row of each A; is 1,2,...,n. Let x; the
first element in the second row of A;. Since 1 is already in the first column and A; is orthogonal, no x;
can be 1. Since A; and A; are mutually orthogonal and have the same first row, we also have x; # x;
for i # j. Hence t <n — 1.

(b) For s =1,2,...,¢—1and 0 <4, j;,j2 < ¢— 1, the conditions

TiTs + X5 = TiTs + Ty,

imply z;, = z},, hence j1 = jo.
For s=1,2,...,g—1and 0 < i1,i2,57 < q— 1, since x4 # 0, the conditions

TiyTs +Tj = i, Ts + T

imply x;, = z;,, hence i; = i2. Hence A; is a latin square.
For 1 < s1,80 <g—1and 0 <'4y,i2,71,J2 < g — 1 with (i1,71) # (i2, j2), the conditions

Ty Tsy + 25, = 24,5, + 5, and x;,T,, +T5 = Ti,Ts, + T,
imply s1 = so.

(¢) Taking ¢ = 3 and replacing the symbols {zg, z1, 22} respectively with {1,2,3}, one deduces the
following couple of mutually orthogonal latin squares of order 3:

1 2 3 1
A=[2 3 1], B= , sothat (A, 5)=[(23) (3,1) (1,2)
3 1 2

Taking ¢ = 4 and replacing the symbols {zg, x1, 22,23} respectively with {1,2,3,4}, one deduces the
following 3 mutually orthogonal latin squares of order 4:

(1,1,1) (2,2,2) (3,3,3) (4,4,4)

1 @2,3,4) (1,43) (4,1,2) (3,2,1)

(A BC) =578y (aa4) (L21) (21.2)
(4,2.2) (3.1,1) (2,4.4) (1.3,3)

Solution to Exercise 106.
(a) The divisors of 12 are 1,2, 3,4,6 and 12, hence,

X2 1 = &y (X) Do (X) B3 (X) Py (X) D6 (X)P12(X)

with
P X)=X -1, P(X)=X+1, O3(X)=X?+X+1,
Dy(X) = Do(XH) = X241, P6(X)=D3(—X)=X? - X +1,

and
Py = Dg(X?) = X - X2 4+ 1.
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(b) According to Theorem 59, the polynomial ®,(X) splits in the finite field with ¢ elements into a
product of irreducible polynomials, all of the same degree d, where d is the order of ¢ modulo n. We have

5=1mod1l, 5=1mod2, 5=1mod4,

5Z21mod3, 5% 1mod6, 5#1mod12,
52=1mod3, 5°=1mod6, 5%=1mod 12,

which means that 5 has order 1 modulo 1, 2 and 4, order 2 modulo 3, 6 and 12. Therefore, in F5[X], the
polynomial ®4(X) is product of two linear polynomials:

X2 41=(X+2)(X+3) inFs5[X],
O3(X), Dg(X) are irreducible and ®15(X) is product of two irreducible quadratic factors:
Xt X241 =(X24+2X —1)(X?+3X - 1).

Hence, in F5[X], the polynomial X'? — 1 is a product of six linear polynomials and three irreducible
quadratic polynomials.

(c) Let K be the splitting field over F5 of X2 — 1. The root of any of the three irreducible quadratic
factors in F5 of X2 — 1 generates over F5 the unique quadratic extension of F5 contained in K. Hence,
[K : F5] =2 and K has 25 elements.

(d) Over Fo, the polynomial X2 + X + 1 is irreducible and
X2 1=(X3 1= (X -1D*X?+Xx+1)*

is the product of four linear polynomials and four irreducible quadratic polynomials.
Over F3, the polynomial X? + 1 is irreducible and

X2 1=(X* 1P = (X -1} X +1)3(X?+1)°

is the product of six linear polynomials and three irreducible quadratic polynomials.

Assume now p > 5. Since p does not divide 12, the polynomial X2 — 1 has no multiple factor. There
are always two degree 1 factors, namely ®;(X) = X — 1 and ®2(X) = X + 1. For each of the other
factors ®4(X) with d a divisor of 12 and d > 2 (hence, d = 3, 4, 6 or 12), if m is the order of p modulo
d, then ®g4 splits over I, into a product of polynomials, all of degree m. Since ¢(3) = ¢(4) = p(6) = 2
and ¢(12) =4, for d = 3,4 or 6 the polynomial ®; modulo p is either irreducible of degree 2 or product
of two linear factors, while ¢(12) is either product of two irreducible quadratic factors or product of four
linear factors?.

Here is the result: the first row gives the 4 possible classes of p modulo 12, the next rows deduces
the classes of p modulo 3, 4, 6 and the order of p modulo the divisors of 12, hence the degrees of the

3As a matter of fact, ®15 is irreducible over Q but reducible over F,, for all primes p - see
Exercise 64
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irreducible factors.

p modulo 12 1 5 -5 -1
p modulo 3 1 -1 1 -1
p modulo 4 1 1 -1 -1
p modulo 6 1 -1 1 -1
order of p modulo 12 1 2 2 2
order of p modulo 3 1 2 1 2
order of p modulo 4 1 1 2 2
order of p modulo 6 1 2 1 2

Since ®1, has degree 4 and ®3, ®4, ®g degree 2, it follows that X'? — 1 is product of
e twelve linear factors (it splits completely over F,,) if p = 1 mod 12,
e four linear factors and four irreducible quadratic factors if p = 5 mod 12,
e six linear factors and three irreducible quadratic factors if p = 7 mod 12,
e two linear factors and five irreducible quadratic factors if p = 11 mod 12. O

Solution to Exercise 107.
(a) The order of 2 and of 3 modulo 5 is 4 = ¢(5), hence the cyclotomic polynomial

Ps(X) =X+ X*+ X2+ X +1

is irreducible over Fy and over F3. (See Example 77).

The order of 2 modulo 7 is 3, hence ®; splits into a product of two irreducible polynomials of degree
3 over Fs.

The order of 3 modulo 7 is 6 = ¢(7), hence ®7 is irreducible over Fj.

The order of 2 modulo 11 is 10 = ¢(11), hence ®1; is irreducible over Fs.

The order of 3 modulo 11 is 5, hence @4 splits into a product of two irreducible polynomials of degree
5 over .
(b) The order of 2 modulo 15 is 4, the degree of ®15 is ¢(15) = 8, hence ®15 splits into a product of two
irreducible polynomials of degree 4 over Fa:

P5(X) = (X' + X3+ )X+ X +1).

(See Example 82).
(c) The polynomial X%+ X + 1 is irreducible over Fy, over Fy = {0, 1, 7,72} with 1+ j + 52 = 0 it splits
into two irreducible quadratic factors

X' X +1=(X?*+ X+ )X+ X + 7).

(See Exercise 84). Since [Fg : Fo] = 3 and ged(2,3) = 1, it follows that X* + X + 1 is irreducible over Fg.
(d) The polynomials ®1(X) = X — 1 and ®3(X) = X + 1 are irreducible over any field. The polynomial
®,4(X) = X? + 1 splits into (X + 1)? in characteristic 2.

Let ®,, be a cyclotomic polynomial which is irreducible over Fy where ¢ € {1, 2, 4, 8, 16}. Then
the class of ¢ modulo n is a generator of (Z/nZ)*, in particular this group is cyclic, hence (exercise 7)
n € {2,4,p%,p**} where p is an odd prime and s > 1. Since ®g,:(X) = ®,:(—X) (see Exercise 46), it
only remains to use the fact that for n = p® with p odd prime and s > 1,
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e O, is irreducible over Fs if and only if 2 is a generator of the cyclic group (Z/nZ)*,
e O, is irreducible over Fy if and only if 4 is a generator of the cyclic group (Z/nZ)*,
e &, is irreducible over Fg if and only if 8 is a generator of the cyclic group (Z/nZ)*,
e &, is irreducible over Fy¢ if and only if 16 is a generator of the cyclic group (Z/nZ)*.

The polynomial ®3(X) =1+ X + X?2 is irreducible over Fy and Fg, it splits into linear factors over
4 hence also over Fqg.

The polynomial ®; is irreducible over Fy hence over Fg (it has degree 4 prime to [Fg : Fo] = 3), it is
reducible over Fy (since 4 has order 2 modulo 5), hence also over Fyg.

The polynomial ®7 is reducible over Fy (since 2 has order 3 modulo 7), hence also over Fy, Fg and
]Flﬁ.

The polynomial ®4; is irreducible over Fs. ..

n=p%, p(n)=p*~t(p—1), (Z/p°*Z)* is a product of a cyclic group of order p*~! and a cyclic group of
order p—1. If ®,, is irreducible over Fy, then the class of 2 modulo p has order p— 1, hence 2?°~1/2 = —1

s—1

(mod p) which means that the Legendre symbol (%) is —1, which means p=3 or 5 (mod 8).

It follows that for p=1or —1 (mod 8), ®, is reducible in characteristic 2.

Let ¢ be a primitive p-th root of unity in characteristic 2.

If p=5 (mod 8), then p=1 (mod 4), ®, is reducible over Fy.

If p=3 (mod 8), then ®, is irreducible over Fy.

Over Fg, the condition is 3 divides (p — 1)/2, hence p =1 (mod 6).

Over Fyg, the condition is 4 divides (p — 1)/2, hence p = 1 (mod 8). Hence ®,, is always reducible
over [Fyg. O

Solution to Exercise 108.
Denote by N, (n) the number of squarefree monic polynomials in F,[X] of degree n. Clearly NV,(0) =1
and N, (1) = ¢.

Any monic polynomial in F,[X] of degree n can be written in a unique way A?B, where A is a monic
polynomial of degree, say, d, with 0 < d < n/2 and B is a monic squarefree polynomial of degree n — 2d.
This yields a partition of the set of monic polynomials of degree n, which implies

= Z ¢ N, (n — 2d)

0<d<n/2
q" 2N, (0) if n is even,

j— —_ 2 J— DRI
= Ny(n) +qgNg(n —2) + ¢ Ny(n —4) +--- + {q("l)/zJ\fq(l) if n is odd.

The formula NV (n) = ¢" — ¢"~ ! for n > 2 follows by induction on n (telescoping sum). O

Solution to Exercise 109.
Since 728 = 3% — 1, the order of 3 modulo 728 is 6. We also check

728 =23 .7-13 and therefore (728) = 2°-3? =48 -6.

Hence, over the field F3, the cyclotomic polynomial ®798 splits into a product of 48 irreducible factors,
each of which has degree 6. O
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Solution to Exercise 110.
The polynomial X3 + X + 1 is irreducible over F5. Let o be a root of this polynomial in F5s. One checks

a®=-a’+a+1, o"=a’-a-2, o’ =a’+1,

oMl =-1, (20 =-2, (20)%?=-1
It follows that 2a has order 124 = 5% — 1, hence is a generator of the cyclic group IF;J O

Solution to Exercise 111.
(a) If ¢ € K satisfies (971 = —1, then (¢ = —¢ and (¢?)? = (¢9)? = ¢2, hence (% € Fy.
(b) Assume first p = 2. Then

X271l X = X(X771 - 1)?

splits into 2¢ — 1 linear factors (degree 1) in F,.
Next assume ¢ is odd. According to (a), the polynomial X9~! 41 has no root in Fy, but it splits into
linear factors in Fy2. Hence we have

X2l X = X(X - 1)(x 1),

where X (X971 —1) is a product of ¢ linear factors in IF,, while X971 +1 is a product of (¢—1)/2 quadratic
factors in IFy. 0

Solution to Exercise 112. Let p be the characteristic of F' and ¢ = p” the number of elements of F.
Denote by o, the map = — z™ from F to F.

If n = p* (mod (¢ — 1)) for some £ with 0 < £ < r — 1, then for z € F* we have o, (z) = Frobﬁ(x),
hence o, = Frobf,, which is an automorphism of F.

Conversely, assume o, is an automorphism of F'. Hence o is an element of the Galois group of F over
F,, which means that there exist ¢ with 0 < ¢ < r — 1 such that ¢ = Frobf,. Let m be the class of n
modulo (¢ — 1): hence 0 < m < g — 2 and m — n is a multiple of ¢ — 1. Therefore o,, = o,,,, where o,
is the map x — z™ from F to F. From 2P" = 2™ for all z € F we deduce that the polynomial X7 — X
divides XP* — X™. However p’ < q and m < ¢, hence m = p".

Therefore the set of n such that o, is an automorphism of F' is the set of integers congruent to a
power of p modulo ¢ — 1. O

Solution to Exercise 113.

(a) Since ¢ divides 2P — 1, it follows that ¢ is odd and that the order of the class of 2 in (Z/qZ)* is p,
hence p divides ¢ — 1.

(b) Since ¢ divides 22" + 1, it follows that q is odd and that the order of the class of 2 in (Z/qZ)* is
27+1 hence 27t divides ¢ — 1.

(See also exercise 42). O
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Solution to Exercise 114.
Since a? = a mod p, if f(X) = (X? — X)g(X) + ph(X), then, for all a € Z, the number p divides f(a).
Conversely, assume that for any a € Z, the number p divides f(a). Divide the polynomial f by X? —X
in Z[X]:
F(X) = (X7 = X)g(X) + r(X),

with g and r in Z[X], and r either zero, or else of degree < p. Then r(a) = 0 mod p for all a € Z, hence,
the image of r in [F,,[X] is zero. This means that there exists h € Z[X] such that r = ph.
One can also argue as follows: when K is a field of characteristic p, we have

xXr-X=]]x-a),

acl,

hence, for F € K[X], the condition

(i) For all a € F,,, F(a) =0

is equivalent to

(ii)” There exists a polynomial G € F,[X] such that F'(X) = (X? — X)G(X).

The statement of the exercise is a reformulation of this equivalence (take K = F,, and F, G are the
reductions modulo p of f and g). O

Solution to Exercise 115.

We show that the kernel of f has p elements, which are the classes modulo p? of the integers = 1
(mod p?), while the image of f has p — 1 elements, which are the roots of X?~! — 1 in (Z/p3Z)*.

For p = 2, we have (Z/4Z)* = {1,—1}, the kernel of the homomorphism f : x ~ 22 of this group
is (Z/4Z)* and has two elements, the image of f is {1}, which is the set of roots of X — 1 and has one
elements,

Assume now that p is odd. Since p?Z C pZ, the canonical surjective homomorphism Z — Z/pZ
factors as Z — Z/p*7Z — 7] pZ:

7 — Z)pL

I T
7.)p*7

Let ¢ : (Z/p*Z)* — (Z/pZ)* be the restriction of ¢ to (Z/p*Z)*. Since (1 + pt)? = 1 (mod p?), any
x € ker ¢ satisfies 2P = 1 and there are p such elements, namely the classes modulo p? of

L,14+p,..., 1+ (p—1)p.

It follows that ker f has p elements; therefore, since (Z/p?Z)* has p(p — 1) elements, Imf has p — 1
elements. Further, any element y = zP in the image of f satisfies 4P~ = 1, hence Imf is the set of roots
of XP~1 —1. O

Solution to Exercise 116.

(a) Let f € Fy[X] be the minimal polynomial of A over F,. The degree of f is at most n. The subring
F,[A] of Maty,«n(F,) generated by A is F,[X]/(f). Let G be the subgroup of F,[A]* generated by the
class of A modulo f. The order of G divides the order of F,[A]*, and the order of F,[A]* is at most
q" — 1.
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Take for instance n = ¢ = 2. Over Fy, the 2 x 2 matrix <(1) (1)
2" —1=3.
(b) If A has order ¢"™ — 1, then (with the above notations) the group G = F,[A]* has ¢" — 1 elements,
hence F,[A] is a field with ¢™ elements and A is a generator of G. Hence (i) = (ii).

If F,[A] is a field with ¢™ elements and A is a primitive element in this field, then the characteristic
polynomial of A is a primitive polynomial. Hence (ii) = (4ii).

If the characteristic polynomial of A is a primitive polynomial, since it has degree n, it is the minimal
polynomial f of A; the class of X in F,[X]/(f) is a generator of the cyclic group F,[A]*, hence F,[A] is
a field with ¢™ elements and A has order ¢ — 1. Hence (iii) = (7). O

) has order 2 which does not divide

Solution to Exercise 117.
Notice first that if there is a domain A such that A* has order m, then the same is true for other domains
like A[X] - hence there is not unicity.

Also, if A* is a finite group, then it is cyclic (being a finite subgroup of the multiplicative group of
the quotient field of A).

The answer is yes for m = p” — 1, hence for m = 1,2,3,4,6,7,8, 10, by taking for A the field with p™
elements. Let us show that the answer is no for m = 5,9 and 11.

Assume A* has order m with m € {5,9,11}. Since m is odd, if follows that —1, which is a unit,
cannot have order 2; therefore —1 = 1, which means that A has characteristic 2.

The ring A contains the m—th roots of unity, hence contains Fo({) where ( is a primitive m—th root
of unity. The degree d of ( is the order of 2 modulo m, hence d = 4 for m =5, d = 6 for m = 9 and
d = 10 for m = 11. Now A* contains F5(¢)* which is a group having 2¢ > m elements. This is a
contradiction. O

Solution to Exercise 118.
(a) Two conjugate elements o and o(«) have the same order, since o™ = 1 if and only if o(a)™ = 1.
(b) Let « be a root of f. Since « has order p(f) in the multiplicative group Fq(co)* we have

p(fIf = of =1 = f(X)|X* -1

(c) The n conjugates of a root a of f over F, are its images under the iterated Frobenius x — 29, which
is the generator of the cyclic Galois group of F,(a)/F,. From a?" = o, we deduce that f divides the
polynomial X9 — X (see also Theorem 55). Since f(X) # X we deduce o # 0, hence, f divides the
polynomial X9"~' — 1. As we have seen in question (b), it implies that p(f) divides ¢" — 1. The fact
that the characteristic p does not divide p(f) is then obvious.

(d) An irreducible monic polynomial f € F,[X] is primitive if and only if any root a of f in F, is a
generator of the cyclic group Fy(a)*.

(e) Here is the answer:
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q|d f(X) p(f) | primitive
212 X2+ X +1 3 yes
213 X3+ X +1 7 yes
213 X3+ X?+1 7 yes
214 Xt 4+ X341 15 yes
214 XT X +1 15 yes
2[4 | X*+X3+X?+X+1]| 5 no
312 X2 +1 4 no
312 X2+ X-1 8 yes
3|2 X2 X -1 8 yes

(f) The two irreducible polynomials of period 15 over Fy are the two factors X%+ X3 +1 and X%+ X +1
of ®15. The only irreducible polynomial of period 5 over Fy is ®5(X) = X* + X3 + X2 4+ X + 1. O]

Solution to Exercise 119.
If =2 and p is odd, the assumption that a is not a square in F, implies that X? — a is irreducible over
Fp,.

If £ is odd and p = 2, then for any a € Fy the polynomial X* — a is reducible over Fs.

If p = ¢, since the Frobenius x + =P is an automorphism of F,,, any element in F, is a p-th power and
again the result is trivial.

Assume now that ¢ and p are distinct odd primes. Let ¢ be an element of order p — 1 in the
multiplicative group F,’. If £ does not divide p — 1, then ( is a {-th power (if m is the inverse of ¢ in the
group (Z/(p—1)Z)*, then ¢ = ¢ with v = (™); in this case any element in F,, is a {-th power. Therefore
we need to consider only the prime numbers ¢ which divide p — 1. In this case the /—th roots of unity
are in F,,. Let ( € IF, be a primitive ¢-th root of unity. Let v be a root of the polynomial X! — @ in an
extension of F), and let £ =IF,(v). Since a is not an ¢-th power in F,,, we have E # F,. Also,

{—1

X' —a=[(x-¢).

Jj=0

For 0 < j < /¢ —1, we have F,,(y) = F,(7¢?), hence all v¢/ have the same degree d > 2 over F,, hence
this degree divides ¢. Given that ¢ is prime, we deduce d = /. O

Solution to Exercise 120.
The division of (X + 1)*¥ by f(X) = X3 + X + 1 in F5[X] is given by

X+1=0f+X+1

(X+1)2=0f+X*+1
(X+1)P=f+X
(X+1)4:Xf+X2+X+1
(X+1)°=(X*+1)f+X*+ X
(X +1)°= (X3+X+1)f+X2
(X+1)"=(X*"+ X2+ X +1)f,
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hence the least integer & such that (X + 1)* is multiple of f is k = 7.
Let f € Fp[X] of degree n with f(0) # 0. For 1 < ¢ < p", write

X —1= f(X)Qu(X) + Ry

with R, of degree < n. There are p" polynomials of degree < n over F,. If the R, are all distinct, one
of them is 0; then f divides the corresponding X*¢ — 1. If two of the R, are the same, say Ry = Ry, with
1 </l <k<p", then XF — X* = (Xk=¢ — 1)X* divides f; since X does not divide f, we deduce that
X*=¢ 1 divides f while we have 1 <k — £ < p™ — 1.

The only case where this proof does not yield an exponent < p™ is when the only ¢ where R, is O
is p” (and all the other R, are pairwise distinct). But in this case X?" — 1 = (X — 1)?" divides f,
hence f(X) = (X — 1)", but since n < p"~! it follows that XP"" — 1 divides f. (So this case never
happens). O

Solution to Exercise 121.
(a) Let = be a root of XP~! — v in an extension of F,. Then

P =u"z

for all r > 0. Since u has order m in F)’, the least r such that 2P" =g is r = m. Since k = (p — 1)/m,
the orbit of x under the iterated of Frob, has m elements, hence (Theorem 36) x has degree m over F,,.
Since all roots of XP~! — u have the same degree m over F,, in the decomposition of the polynomial
XP~1 — y into irreducible polynomials over F,,, all factors have degree m.
(b) The multiplicative group H generated by w is the unique subgroup of IF)* of order m. The morphism
Fy — H
€T — x(pfl)/m

is surjective, its kernel has (p — 1)/m elements, say vy, ..., vy, which are the solutions in F) of vF = u.
(c) Since X™ — v; € F[X], we deduce that
k
XPl gy = H(Xm —v;)
i=1
is the decomposition of X?~! — u into irreducible factors over F,,. O

Solution to Exercise 122.
For p =2, we have X? — 1= (X —1)(X?+ X +1).

Assume that p is odd. We show that X?*! —1 is the product of (X —1)(X +1) by (p—1)/2 quadratic
polynomials X2 + aX + 1 where a ranges over the set of elements in F,, such that a® — 4 is not a square
modulo p.

Indeed, let z is a root of XP™' — 1 in an extension of F,. If z € F,, then 2? = z, which implies
xz = +1. Assume now z ¢ F,. From 2P = z~! we deduce aP’ =P = x, hence x is quadratic over I,
and its irreducible polynomial over F), is

(X —2)(X —2P)=X*+aX +1

with a = x4 2P and the discriminant a® —4 is not a square. Conversely, if z is a root of such a polynomial,
then its norm is P! = 1. O
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Solution to Exercise 123.
Let (z,y) € F2 satisfy 23y + 3> + 2 = 0. If x =0 the y = 0. If y = 0 then = 0. Assume (z,y) # (0,0).
Then x # 0 and y # 0. Write Fg = Fo(a) with a® = a + 1 (see Example 67). We can write

y=al, z=a%p
with 0 < j <6 and B € F§. We deduce
a3 10 4 a¥B =0,

Since of = 1, dividing by a7, we get
B +B+1=0,

hence 3 is a Galois conjugale to a.. Since a has three conjugate, we obtain 21 points in (Fg*)%. Counting
the point (0,0), we conclude that there are 22 solutions in F2.
Remark. The curve X3Y +Y3 + X =0 is an affine version of Klein quartic

XY +Y3Z2+ X273 =0.

O
Solution to Exercise 124.
Hint: use a software like Sage. See also the examples and exercise:
p | 7 | n | Reference
21112 30, 66
31112 69
51112
71112
21113 67
31113 83
212\ 2 84
31212
213|2
O

Solution to Exercise 125. (see Example 77).

If ¢ = 1 mod 5, the polynomial ®5(X) = X* + X3 + X2 + X + 1 splits completely in F, into a product
of 4 degree 1 polynomials, the polynomial X° — 1 is a product of 5 irreducible polynomials, therefore, it
has 2% = 32 divisors, 1 of degree 0 and 1 of degree 5, 5 of degree 1 and also 5 of degree 4, 10 of degree 2
and 10 of degree 3.

If ¢ = —1 mod 5, the polynomial @5 is a product of two irreducible degree 2 polynomials in F,[X], X°—1
is a product of 3 polynomials, hence, it has 23 = 8 monic divisors, 1 of degree 0 and 1 of degree 5, 1 of
degree 1 and also 1 of degree 4, 2 of degree 2 and 2 of degree 3.

If ¢ = 2 or 3mod 5, the polynomial ®5 is irreducible in F,[X], X° — 1 is a product of 2 polynomials,
hence, it has 22 = 4 monic divisors, they have degree 0, 1, 4 and 5.
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Number of cyclic codes of length 5 and of a given dimension over F,

dimension 0|11 2 3145
g=1mod5 1|/5]10110|5 |1
qg=—-1mod5 11112112 |1]1
g=2or3mod5 |1 |10 |0 |1]1

O

Solution to Exercise 126.
From Theorem 101 with » = 2 and ¢ = 1, one deduces that if there is a 1-error correcting code on Fy» of
dimension 7, then 1 +n(q — 1) < ¢"~". For ¢ = 2 this is n > n,..

For r = 1 we have n; = 3 and the corresponding code on Fas of dimension 1 is the repetition code of
Example 89.

For r = 2 we have ny = 5 and a binary l—error correcting code of length 5 and dimension 2 is the
code of Example 91.

For r = 3 we have ny = 6 and a binary l-error correcting code of length 6 and dimension 3 is the
code of Example 92.

For r = 4 we have ny = 7 and a binary l-error correcting code of length 7 and dimension 4 is
Hamming’s code of Example 93. O

Solution to Exercise 127.
From Theorem 101 with ¢ = 3, r = 2 and ¢ = 1, one deduces that if there is a 1-error correcting code on
F3» of dimension 2, then 1 + 2n < 3”72, hence, n > 4.

An example of a ternary 1-error correcting [4, 2] codeis given in Exercise 128. O

Solution to Exercise 128.
(a) This ternary code has length 4, dimension 2, the number of elements is 3% = 9, the elements are

( 703();0) (Ovlalv_]-) (07 1’ 171)
(1,0,1,1) (1,1,-1,0) (1,-1,0,-1)
(-1,0,-1,-1) (-1,1,0,1) (-1,-1,1,0)

(b) Any non—zero element in C has three non—zero coordinates, which means that the minimum weight of
a non—zero element in C is 3. Since the code is linear, its minimum distance is 3. Hence, it can detect two
errors and correct one error. The Hamming balls of radius 1 centred at the elements in C are pairwise
disjoint.

Recall that a MDS code is a linear code C of length n and dimension d for which d(C) =n+1 —d.
Here n =4, d = 2 and d(C) = 3, hence, this code C is MDS.
(¢) The elements at Hamming distance < 1 from (0, 0,0, 0) are the elements of weight < 1. There are 9
such elements, namely the center (0,0,0,0) plus 2 x 4 = 8 elements having three coordinates 0 and the
other one 1 or —1:

7070)7 (Oa_17070)7
0,1), (0,0,0,—1).

A Hamming ball B(z,1) of center z € F3 and radius 1 is nothing but the translate = + B(0,1) of the
Hamming ball B(0,1) by z, hence, the number of elements in B(z, 1) is also 9.
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(d) The 9 Hamming balls of radius 1 centred at the elements of C are pairwise disjoint, each of them
has 9 elements and the total number of elements in the space F3 is 81. Hence, these balls give a perfect
packing: each element in F3 belongs to one and only one Hamming ball centred at C and radius 1.

For instance, the unique element in the code at distance <1 from z = (1,0,—1,1) is (1,0, 1,1). O

Solution to Exercise 129.
The class of 3 in (Z/7Z)* is a generator of this cyclic group of order 6 = ¢(7):

(z)17)* ={3°=1, 3" =3,32=2,3=6, 31 =4, 3° =5}.
The condition ¢ = 3 mod 7 implies that ¢ has order 6 in (Z/7Z)*, hence, ®7 is irreducible in F,[X]. The
polynomial X7 — 1 = (X — 1)®; has exactly 4 monic divisors in F3[X], namely
Qo(X) =1, Qi(X)=X-1,
QX)) =07(X) =X+ X° + X+ X3+ X2+ X +1, Q3(X)=X"—1.

Hence, there are exactly 4 cyclic codes of length 7 over F,.

The code Cy associated to the factor Qo = 1 has dimension 7, it is the full code IFZ with ¢” elements.
A basis of Cy is any basis of IFZ, for instance, the canonical basis. The space of linear forms vanishing on
C has dimension 0 (a basis is the empty set). The minimum distance is 1. It cannot detect any error.
Since d(C) =1 =mn+ 1 —d, the code Cy is MDS.

The code C; associated to the factor Q1 = X — 1 has dimension 6, it is the hyperplane of equation
xo+ -+ z6 =0 in F,, it has ¢® elements. Let T : IFZ — IE‘Z denote the right shift

T((lo, ai,asz, as, a4, 0as, aﬁ) = (aﬁa aop, a1, a2, a3, a4, a5)'

A Dbasis (with 6 elements, as it should) of C; is

ey = (, -1, o, 0, 0, 0, 0),
€1 = T€0 = (O, 1, *1, 0, 07 O7 O),
€y = T260 = (0, 0, ]., —1, 0, O7 0),
es= T3e¢= (0, 0, 0, 1, =1, 0, 0),
es = Tleg= (0, O, 0, 0, 1, -1, 0),
€5 = T5eo = (0, 0, O, 0, 07 1, —1).

Notice that T%ey = (—1,0,0,0,0,0,1) and
eo + T€0 + T260 + TSGO + T4€0 + T560 + T660 =0.
This is related to
X7T—-1
X -1
The minimum distance of C; is 2, it is a MDS code. It can detect one error (it is a parity bit check) but

cannot correct any error.
The code C, associated to the factor Q2 has dimension 1 and ¢ elements:

I+ X+ X2+ X+ X X5 4 X0 =0y (X) =

C ={(a,a,a,a,a,a,a) ; a € F} C F.
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It is the repetition code of length 7, which is the line given by the equations

X, =Xo=X3=X,= X5 = Xg = X7

spanned by (1,1,1,1,1,1,1) in FZ, there are ¢ elements in the code. It has dimension 1, its minimum
distance is 7, hence, is MDS. It can detect 6 errors and correct 3 errors.
The code Cs associated to the factor Q3 is the trivial code of dimension 0, it contains only one element,
a basis is the empty set, a basis of the space of linear forms vanishing on Cs is xg, x1, 2, T3, T4, T5, L.

Its minimum distance is not defined, it is not considered as a MDS code.
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