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Blichfeldt's Theorem

Theorem 1.

Let L be a lattice in R™ of determinant A and B a
measurable subset of R™. Assume ((B) > A. Then there
exist x # vy in B such that v —y € L.

Part II: August 3, 2016

e Convex sets and star bodies

e Minkowski's convex body Theorem

e Minkowski's theorems on linear forms
e Gauge functions

e Minkowsk's theorems on successive minima

Convex Bodies

A set B C R" is convex if, for x and y in B and for
0<0<1,0x+(1-0)yisin B.

A star subset of R™ is a subset B such that, for any z € B
and any 6 with 0 < 0 <1, fz is in B. Hence a convex subset
of R™ containing 0 is a star subset.

The characteristic function of a convex bounded subset of R"
is Riemann integrable.

If a convex subset B of R"™ is not contained in a hyperplane,
then its interior is not empty and is a convex open set.

A convex body is a nonempty bounded open convex subset of
R"™.

A subset B of R" is symmetric if z € B implies —x € B.
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Minkowski's convex body Theorem

Theorem 2.

Let L be a lattice in R™ of determinant A and let B be a
measurable subset of R™, convex and symmetric with respect
to the origin, of measure j(B), such that u(B) > 2"A. Then
Bn L #{0}.

Corollary 3.

With the notations of Corollary 2, if B is also compact in R",
then the weaker inequality (B) > 2" A suffices to reach the
conclusion.

Remark The example of L = Z™ with A = 1 and
B={(z1,...,3,) € R"; |z;] < 1} with measure
pu(B) = 2™ shows that Corollaries 2 and 3 are sharp.

Homogeneous simultaneous approximation

Corollary 6.

There exist x, x’', " # 0 in Z"™ such that

> |Li(z)] < /nlA].
=1
[T 1)) < nnljA].
=1

and .
D O ILi(@")]? < eal AP
i=1

with 4

n
“I(= +1)%".
T <2+ )

Cp =

Minkowski's Linear Form Theorem
Theorem 4 (Minkowski).

Let Ly,..., L, be homogeneous linear forms in n variables
with real coefficients and determinant A. Let ¢y, ..., c, be
positive numbers with

c1-on > A
Then there exists x = (x1,...,x,) € Z™ \ {0} such that

Corollary 5.
There exists x # 0 such that

max |L,(2)| < /JA]

1<i<n

Volume of the octahedron

> ILi(o)| < /nljA]

The volume of the octahedron |z1| + -+ + |z,| < 1in R™ is

1 1—x1 l—x1——2Tp—1 on
o [ dosde oy = 2
o Jo 0 n.

Hint: forn > 1,

1-t 1—x1 l—zp_1 1
0 0 0 n:
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Arithmetico-geometric inequality

n

[T 1Li@)) < nmnljA].

=1

For xy,...,x, in R,

i Tt AT

(:L'l.--xn n

Proof using the logarithmic function: convexity.

Proof by induction (Cauchy)

n=2 n=n-—1 n = 2n.

Volume of the unit sphere

for n even.

n=loyn4l (ntl |
R ) LS
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Volume of the unit sphere

D L") < el AP

i=1

The volume V,, of the unit sphere
{reR" | 2]+ - +22 <1}

in R is
7Tn/2

L1+ 3)
with I'(z + 1) = 2I'(z) and T'(1/2) = /7.

Minkowski's Linear Forms Theorem for Z".

Here is a consequence of Minkowski's Linear Forms Theorem
for the lattice Z".

Theorem 7.

Suppose that ¥;; (1 <1i,j < n) are real numbers with
determinant +1 . Suppose that Ay, ..., A, are positive
numbers with Ay --- A, = 1. Then there exists an integer
point x = (x1,...,x,) # 0 such that
and
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Simultaneous approximation Gauge function associated to a convex body

Let B be a convex body. Let OB be the boundary of B and
B = BU OB the closure of B.

Corollary 8. The gauge function associated to B is the map

Let¥;; (1<i<mn,1<j<m)bemn real numbers. Let f:R™ = [0,00) defined by f(0) =0 and, for x # 0,

Q > 1 be a real number. There exist rational integers

Q1s- s Gmy DLy - - -5 Pn With f(x) =inf{A >0 | = € AB}.

I <max{|q], ..., |lgn|} < Q' Hence z = f(z)z’ with 2/ € OB and
and 1 flz) <l<=2z€B
lnglzagz‘ﬁilq1+"‘+19iQO_pi’S@' f(r)=1+=2€0B

fx)<l<=zx€B
We will write f(z) = ||z|| 5.
13/33 14 /33

Characterization of gauge functions Minkowski's first convex body Theorems for Z"

A gauge function f : R™ — [0, 00) attached to a convex body

satisfies Let B be a symmetric convex body in R™. Define
f(z) >0 for z#0, f(0) =0, Al:o;réni% f(z).
ISV
fQz) =Af(x) for z€R, A>0,
flx+y) < flz)+ fy). Hence ), is the least real number such that (A, B) NZ" # {0}.

Theorem 9 (Minkowski).

Conversely, if f satisfies these conditions, then f is continuous _
For a symmetric convex body B of volume u(B), we have

and is the Gauge function associated to the convex body
B = < 1j.
fo | f@)<1) \n(B) < 2"

A convex body is symmetric if and only if its Gauge function

satisfies f(—xz) = f(x).
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Minkowski's first convex body Theorems for the Hermite's constant
Euclidean ball

Recall that for n > 2,

Denote by || - || the Euclidean norm and by V,, the volume of A = SUD Ai(L)?
the unit Euclidean ball in R™. o ()

Let L a lattice of determinant A. Define _ _
where L ranges over the set of lattices L in R™ of covolume

A; = min |z]]. v(L). and first minimum A;(L) with respect to the Euclidean
O#zeL ball in R™.

Theorem 10 (Minkowski). L. Lagrange proved v, = 2/+/3 (hexagonal lattice - Eisenstein
We have integers).

ATV, <27A
Hermite proved 7, < ’y;‘*l for n > 2.

17/33 18/33

Hermite's constant Minkowski's convex body Theorem and Hermite's

constant
The values of 7, is known for n < 8 and for n = 24:

Minkowski deduced from his convex body theorem the upper

d 2 3 4 5 6 7 8 24 b d
va 2/43 23 V2 85 (64/3)V6 64T 2 4 oun 2/m
Approximation 1.1547 12599 14142 15157 1.6654 18114 2 4 o < 4
n = Vn .
Using known estimates for
. i 7.‘.n/2
PuoNG Q. NGUYEN. Hermite's Constant and Lattice Vp=
Algorithms. Chapter 2 pp. 19-69 of The LLL Algorithm I(1+%)
Surv/ey anq Applications, Phopg Q. Ngyyen and Brigitte one deduces
Vallée, Editors. Ser. Information Security and Cryptography, <1+ n

Springer Verlag (2010).
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Successive minima

Let B be a symmetric convex body in R™. The successive
minima of B relative to a lattice A are the real numbers

M S A< <A,

such that, for r = 1,....n, A, is the least real number such
that A\, B contains at least r linearly independent elements of
A.

Examples with A =Z".
The rectangle in R? with center (0,0), length 4, width 1 has
A1 =1/2 and Ay = 2. Its volume is 4.

The closed disc in R? with center (0,0) and radius 1/2 has
Al = Ao = 1. lts volume is 72 /4.
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An example of Korkine and Zolotarev

Example of a lattice for which the successive minima of the
Euclidean ball do not give a basis: for n > 5,

1 1 cde,
Z%Z(i,“,i>:Zq+~+Z%+Z(Eiﬁ?i£><:RT

This corresponds to the lattice Z™ and the convex body
{(mh.”,xn)elR”|

$n 2 In 2 'SETL 2
(m+5) +ot (mar5) +(3) <1
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An example in dimension 4

Consider the sublattice L of Z™ which consists of
(21, T2, 3, x4) With 1 + 29 + 23 + x4 even. A basis is given
by the row vectors of the matrix

-1

— =
o = O O
—_— o O O

S O =

Hence the determinant of L is 2, the minima are all /2.
The row vectors of the matrix

1 -1 0 0
11 0 0
0o 0 1 -1
0 0 -1 1

are also shortest vectors but span a sublattice of index 2.
22/33

Bound for the index

Let K be a convex body and L a lattice in R™. Let wy,...,w,
be linearly independent elements in L such that

lwillk =X (i=1,...,n).

Let Q = Zw; + -+ - + Zw,,. Then (L: Q) <nl.
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A basis almost given by the successive minima

Given a symmetric convex body K in R™ with gauge function
|| - |l and a lattice L with successive minima Ay, ..., \,, there
exists a basis (vy,...,v,) of L with

il < max{l, %} N G=1,.. .n)

25/33

Dual lattice

Denote by z - y the standard inner product in R™:
Ty =TiYr+ -+ Tpln-
Let L be a lattice in R™. The dual lattice of L is
L*={yeR" | v-yeZforall x € L}.
If Ly C Lo, then L5 C L7.
For L = AZ™, we have L* = (‘tA)~'Z".
Hence the dual lattice is a lattice with covolume satisfying
v(L)v(L*) = 1.

Example: the lattice Z" is selfdual.

27 /33

Minkowski's second convex body Theorem for Z"

Theorem 11 (Minkowski).

The successive minima A1, o, ..., \, of a symmetric convex
body B relative to 7" satisfy

on
n:

The cube |z;] < 1in R" has Ay =--- =\, = 1, its volume is
2™,

The octahedron |z1| + - -« + |2,| < 1in R™ has
Al =--- =\, =1, its volume is 2" /n!.

The lower bound for A; Ay - - - A\, is easy, the proof of the upper
bound is deep.

Duality in simultaneous Diophantine approximation

Let 04,...,0,, be real numbers.
The dual of the lattice in R™+!

A={0} x Z™ + Z(1,6,,...,0,,)
= {(q. 401 —p1, - @O — ) | (@1, pm) €27}
is the lattice
A =Z(1,0,...,0) + Z(61,1,0,...,0) + - + Z(6,n, 0, ...,0,1)
:{(ao+a191—|—---+am9m,a1,...,am) |

(ag,ay,...,am) € Zm+1}.
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Dual convex body

Let K be a symmetric convex body in R™. The dual (or polar)
convex body is

K={yeR" | z-y<l1forallze K}.

If K, C K,, then K3 C Kt
Examples:

e The Euclidean ball B : 2% +--- + 22 < 1 is selfdual.

e The dual of [—1,1]% in R? is the polytope |z| + |y| < 1.
e More generally, the dual of []}_,[—a;, a;] with a; > 0 is

{z eR" | ayz1 + -+ + apx, < 1}

The Gauge functions associated to a convex body and its dual

are related by
x-y

||| %+ = sup

w0 [lyllx

29/33

Transference

Let K be a convex body and L a lattice in R™. Denote by
A1, ..., A\, the successive minima of K relative to L, and by
Al ..., A; the successive minima of the dual convex body K*
relative to the dual lattice L*.Then

)\Z>\271+1 STL! (7;:1,...771).
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Transference

Let K be a convex body and L a lattice in R™. Denote by
A1, ..., A\, the successive minima of K relative to L, and by
AL, ..., \; the successive minima of the dual convex body K™
relative to the dual lattice L*. Then

1§A74)\:L*l+1 (izl,...7n).
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Duality in simultaneous Diophantine approximation

Let 64,...,60,, be real numbers. Let () > 1 be a real number.
The transference Theorem relates the minima Ay, ..., A\, 1 of
the convex body

{(xo,xl, ceyTm) €ER™ |zl £ Q™ max |x;] < Q_l}
1<i<m

with respect to the lattice

{(Q7 qel — D1, 7q9m - pm) | (Q7p17 s 7pm) € Zm+l}
and the minima A},..., Ay | of the convex body

{(.yo,yl,...,ym)eRm | vol < @™, max |yz-|sc2}

1<i<m
with respect to the lattice

{(ao+ a6y + -+ + ambm, a1, ..., an) | (a0,a1,...,an) € Z""}
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Further topics

The Grassmann algebra (exterior product)

Mahler’s Theory of compound sets

Parametric geometry of numbers
(WM. Schmidt, L. Summerer, D. Roy)
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