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Let (Fn)n≥0 be the Fibonacci sequence :

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 for n ≥ 2.

Let Φ = (1 +
√

5)/2 be the golden ratio (golden mean).
Recall (

0 1
1 1

)n

=

(
Fn−1 Fn

Fn Fn+1

)
for n ≥ 1.
(a) Deduce

Φn = Fn−1 + FnΦ.

(b) What is the value of Fn−1Fn+1 − F 2
n for n ≥ 1 ?

Solution.
Since (

0 1
1 1

)(
1
Φ

)
=

(
Φ
Φ2

)
,

one deduces by induction (
0 1
1 1

)n (
1
Φ

)
=

(
Φn

Φn+1

)
for n ≥ 0. Therefore (

Fn−1 Fn

Fn Fn+1

)(
1
Φ

)
=

(
Φn

Φn+1

)
,

hence the result.
(b) The determinant of (

0 1
1 1

)n

is (−1)n, while the determinant of(
Fn−1 Fn

Fn Fn+1

)
is Fn−1Fn+1 − F 2

n . Hence

Fn−1Fn+1 − F 2
n = (−1)n

for n ≥ 1.


