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Abstract

We present a formal algebraic language to deal with quantum deformations of Lie-Rinehart
algebras — or Lie algebroids, in a geometrical setting. In particular, extending the ice-breaking
ideas introduced by Xu in [34], we provide suitable notions of “quantum groupoids”. For
these objects, we detail somewhat in depth the formalism of linear duality; this yields several
fundamental antiequivalences among (the categories of) the two basic kinds of “quantum
groupoids”. On the other hand, we develop a suitable version of a “quantum duality principle”
for quantum groupoids, which extends the one for quantum groups — dealing with Hopf
algebras — originally introduced by Drinfeld (cf. [9], §7) and later detailed in [13]. !
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1 Introduction

The classical theory of Lie groups, or alternatively algebraic groups, has a quantum counterpart
in the theory of “quantum groups”. This notion became of widespread interest after Drinfeld
landmarking contribution in 1986 (see [9]), which opened the way for a long, fruitful investigation.

In particular, Drinfeld set a rigorous definition: quantum groups are suitable topological Hopf
algebras which are formal deformations either of the algebra of functions on a formal group, or
of the universal enveloping algebras of a Lie algebra. In this context, the deformation provides
an additional structure on the classical object: namely, the formal group inherits a structure of
Poisson formal group, and the Lie algebra a structure of Lie bialgebra. Both objects can be thought
of as the infinitesimal counterpart of Poisson Lie groups (or of Poisson algebraic groups), whose
importance in Poisson geometry is clear. Drinfeld himself also sketched the way to introduce linear
duality among quantum groups, in a quite natural way. On the other hand, he also revealed a more
surprising feature of quantum groups, later named “quantum duality”. Namely, there exists an
equivalence of categories which turns every quantized enveloping algebra into a quantized formal
group, and viceversa; even more, in this equivalence one shifts from a quantization of a given Lie
bialgebra, say L, to one of the dual Lie bialgebra L*.

On the other hand, there exists another extension of Lie group theory which still moves within
the realm of “classical” (vs. “quantum”) Lie theory: this is the theory of Lie-Rinehart algebras
(sometimes also called “Lie algebroids”), developed by Rinehart, Huebschmann and others. A Lie-
Rinehart algebra (sometimes also called “Lie algebroid”) over a commutative ring A is a structure
(L,[ , ],w) between A-Lie algebras (this corresponds to the case where the anchor map w is
0) and the k-Lie algebra of derivations of A, namely Der(A). Global sections of Lie algebroids
provide examples of Lie-Rinehart algebras that come from geometry: if X is a manifold, then
(F(TX ),C>(X) ,id) is a Lie-Rinehart algebra whose enveloping algebra is the algebra of globally
defined differential operators. When X is a Poisson manifold, it is known (cf. [8] and [16]) that
Q!(X) is a Lie-Rinehart algebra, which is very used in Poisson geometry (see [11]).

The natural algebraic gadgets attached with a Lie-Rinehart algebra are its universal enveloping
algebra V(L) and its algebra of jets J(L) — direct generalizations of the universal enveloping
algebra of a Lie algebra and of the algebra of functions on a formal group.

As A is commutative, any Lie-Rinehart algebra L over A can also be seen as a right Lie-Rinehart
algebra: this leads to define the less studied right enveloping algebra of L, callit V"(L). If Lis a
Lie algebra, then V¢(L) and V"(L) coincide. In general, the algebra V(L) as is anti-isomorphic
to V(L) via the map Z: VL) — V"(L), (L 2)D — —D, (A 3)a — a . The existence
of two enveloping algebras V*(L) and V"(L) will induce a phenomenon that does not appear in
standard quantum group theory: namely, there will be two different notions of quantum enveloping
algebroids and quantum formal series algebroids, the left ones and the right ones.

All these algebraic objects attached to L — V*(L), V"(L), J"(L) and J*(L) — bear a richer
structure, namely of (topological) bialgebroid — a left for those with a superscript “¢”, a right
one for those with an “r”. The notion of left/right bialgebroid is in turn a generalization —
somewhat less rigid, and less symmetric — of that of Hopf algebra. It appears (in the left version,
cf. [32] and [25]) when one wants to replace the commutative ground ring k of a bialgebra by a



possibly noncommutative k—algebra A. Thus a left bialgebroid over a ground ring A is a sextuple
H = (H,A,sﬁt{A,e) where H is an algebra, the source map s : A — H is an algebra
morphism, the target map t' : A — H is an algebra anti-morphism, A is a coproduct (in a
suitable sense) and ¢ : H — A is the counit for that coproduct. It is well known that V¢(L) is
naturally endowed with a standard left bialgebroid structure.

If U is a k-Hopf algebra, its opposite-coopposite UgF,, is also a k-Hopf algebra. Instead,
this is not true anymore if U is a left bialgebroid. This remark leads to the concept of right
bialgebroid, that was introduced in [18]. Then one has that sextuple W = (W,A, sTLtT A, 8) is
a right bialgebroid if and only if W¢F, = (WOP,AOP7ST,tT,ACO"p78) is a left bialgebroid. If L

is a Lie Rinehart algebra, its right enveloping algebra V" (L) is endowed with a standard right
bialgebroid structure.

Any left bialgebroid U is naturally a left A-module and a right A—-module. Then one may
consider its left dual U, — i.e. its dual as a left A—module — as well as its right dual U* — i.e. its
dual as a right A-module. Then (under mild conditions) U* and U, can be endowed with a right
bialgebroid structure (see [18]). Similarly, a right bialgebroid W also has a left dual ., and a
right dual *W which can both be endowed with a left bialgebroid structure.

In particular, J"(L) := V¥(L)" is a right bialgebroid. It is well know that one recovers the
left bialgebroid V*(L) from J"(L) by taking the continuous left dual V¢(L) = ,J(L). Similarly,
JY(L) := ,V"(L) is a left bialgebroid, and the right bialgebroid V" (L) can be recovered from J¢(L)
by taking the continuous right dual V"(L) = J¢(L)".

When looking for quantizations of Lie-Rinehart algebras, one should consider formal deforma-
tions of either V*/"(L) or J"/*(L), among the corresponding objects, i.e. left or right (topological)
bialgebroids: loosely speaking, we shall call such objects “quantum groupoids”.

The first, ice-breaking step in this direction was made by Ping Xu in [34]: in that paper he
introduced a formal notion of quantization of V¢(L), called quantum universal enveloping algebroid
(LQUEAAd in short). Then he noticed that any such quantization endows the Lie-Rinehart algebra L
itself with an additional piece of structure which eventually makes it into a Lie-Rinehart bialgebra.
Indeed, this notion of Lie-Rinehart bialgebra turns out to be a direct extension of that of Lie
bialgebra, and can be studied in purely classical terms (i.e., without involving quantizations) much
like it occurs for the notion of Lie bialgebra. In particular, this is a self-dual notion, so that if L
is a Lie-Rinehart bialgebra then its dual space L* is a Lie-Rinehart bialgebra as well ([21]).

Still in [34], Xu provides also a construction which provides examples of LQUEAd’s, in the
following way. Let X be a Poisson manifold Dy := V* (F(TX )) . Let x be a star product which
quantizes the Poisson bracket { , } of X, defined by a “twist” F € (Dx ® Dx)[[h]]. The twist
(in the sense of [34]) of Dx|[[h]] — which is the trivial deformation of Dy — by F provides a new,
non-trivial LQUEAd, denoted by Dx|[[h]]”, with non trivial coproduct.

The purpose of the present paper is to move some further steps in the work of laying bases
for a quantum theory of Lie-Rinehart algebras; in other words, we provide our contribution to the
foundations of a theory of “quantum Lie algebroids” or, speaking globally, of “quantum groupoids”.

After recalling some basics of the theory of Lie-Rinehart algebras and bialgebras (Sec. 2), we
introduce also some basics of the theory of bialgebroids (Sec. 3): in particular, we dwell on the
relevant examples, i.e. universal enveloping algebras and jet spaces for Lie-Rinehart algebras.

Then we introduce “quantum groupoids” (Sec. 4). Besides the original notion of LQUEAd
given by Xu in [34] — yet with different conventions — we introduce its right counterpart (the
notion of right quantum universal enveloping algebra, in short RQUEAd): a topological right
bialgebroid which is a formal deformation of some V" (L). Similarly, we introduce quantizations
of jet spaces; a topological right bialgebroid which is a formal deformation of some J"(L) will
be called a right quantum formal series algebroid (RQFSAd in short); similarly, the left-handed
version of this notion gives rise to the definition of left quantum formal series algebroid (LQFSAd
in short). Altogether, this gives us four kinds of quantum groupoids; each one of these induces a
Lie-Rinehart bialgebra structures on the original Lie-Rinehart algebra one deals with, extending
what happens with LQUEAd’s (after [34]).

As a next step, we discuss linear duality for quantum groupoids (Sec. 5). Here the natural
language is that of linear duality for left and right bialgebroids, with some precisions. First, the
bialgebroids we deal with have infinite rank, so one has to consider topological duals, with respect



to suitably chosen topologies (which is harmless). Second, both left and right duals are available:
thus a priori taking duals causes a proliferation of objects. Nevertheless, there is still enough
symmetry to keep this phenomenon under control, so eventually we can bound ourselves to deal
with only a handful of duality functors.

In the end, our main result on the subject claims the following: our duality functors provide
(well-defined) anti-equivalences between the category of all LQUEAd’s and the category of all
RQFSAd’s (on a same, fixed ring Ay, ), and similarly also anti-equivalences between the category of
all RQUEAAd’s the category of all LQFSAd’s (on A, again). In addition, if one starts with a given
quantum groupoid, which induces a specific (Lie-Rinehart) bialgebra structure on the underlying
Lie-Rinehart algebra, then the dual quantization yields the same or the coopposite Lie-Rinehart
bialgebra structure — see Theorems 5.5 and 5.7 for further precisions. To be precise, let us denote
by LQUEAd 4, the category of all LQUEAD over A, (a quantization of the ground ring A), and by
RQFSAd,, the category of all RQFSAd over Ay, and so on. Then denote by a x the continuous
dual (with respect to a suitable topology), not to be confused with the full dual (denoted instead
by a *). Our main result on linear duality for quantum groupoids then reads as follows:

Theorem 1. (¢f. Theorems 5.5, 5.7 and 5.8 in Sec. 5)
Left and right duals yield pairs of well-defined contravariant functors

(LQUEAA) ,, — (RQFSAd), , Hj — H' (RQFSAd) , — (LQUEAd), , Kj — .Kj
(LQUEAd) , — (RQFSAd),, , Hj, +— Hj,, | (RQFSAd) , — (LQUEAd) , , K — "K,
(RQUEAd) , — (LQFSAd), , Hy — *Hj, , (LQFSAd), — (RQUEA), , K~ K,
(RQUEAd) , — (LQFSAd), , Hy — .Hy (LQFSAd), — (RQUEAd), , Kj — K

which are (pairwise) inverse to each other, hence yield pairs of antiequivalences of categories.
In addition, the Lie-Rinehart bialgebra structure induced by the dual of a given quantum
groupoid is the same or the coopposite one as that induced by the initial quantum groupoid.

Finally (Sec. 6), we develop a suitable “Quantum Duality Principle” for quantum groupoids.
Indeed, we introduce functors “a la Drinfeld”, denoted by ( ) and ()", which turns (L/R)QFSAd’s
into (L/R)QUEAd’s and viceversa, so to provide an equivalence between the category of all LQF-
SAd’s and that of all LQUEAd’s, and a similar equivalence between RQFSAd’s and RQUEAd’s. In
addition, if one starts with a quantization of some Lie-Rinehart bialgebra L , then the (appropriate)
Drinfeld functor gets out of it a quantization of the dual Lie-Rinehart bialgebra L*.

Let us be more precise. For the functor ( )V, Drinfeld’s original definition groups can be easily
extended to RQFSAd and LQFSAd. We get then the following generalization of Drinfeld’s result:

Theorem 2. (c¢f. Theorem 6.4 in Subsec. 6.1)

Let J"(L), € (RQFSAd) ,, , where L is a finite projective Lie-Rinehart algebra. Then J (L)) €
(RQUEAA) 4, , with semiclassical limit isomorphic to V'(L*), for which the structure of Lie-
Rinehart bialgebra induced on L* by the quantization J" (L), of V"(L*) is dual to that induced on
L by the quantization J"(L), of J"(L). Moreover, the definition of J"(L), — J"(L), extends to
morphisms in (RQFSAd) , so to give a (covariant) functor ()" : (RQFSAd) — (RQUEAJ) .

A similar result holds with the roles of “left” and “right” reversed all over the place.

On the other hand, the original definition by Drinfeld of the functor ()’ — in terms of the
coproduct — cannot be easily extended to the quantum groupoid case (because, in general, the
source and the target differ). For that, we instead define the functor ()" using linear duality. If
H, = V(L) is a LQUEAd, we define H) := .((H,*)") , 'Hy := *(((Hz):)") . Mimicking
Drinfeld’s construction, we also introduce an additional object d5(Hy). With a bit of work, we
prove that H, = 0,(Hp) ='Hy . If H, = V" (L), is a RQUEAd, we proceed in a similar way. In
the end, we extend Drinfeld’s result about ()" in the following form:

Theorem 3. (see Theorem 6.19 in Subsec. 6.2)
(a) Let VY(L), € (LQUEAA) 4, , where L is a finite projective Lie-Rinehart algebra. Then
'VHL), = VZ(L);L € (LQFSAQ) ,, , with semiclassical limit isomorphic to J*(L*), for which the

structure of Lie-Rinehart bialgebra induced on L* by the quantization VE(L),; of JY(L*) is dual to
that on L by the quantization V(L), of V*(L). Moreover, the definition of V*(L), — 'V¥L), =



VK(L),: extends to morphisms in (LQUEAA), so that we have a well defined (covariant) functor
'()=1()": (LQUEAd) — (LQFSAd) .

A similar result holds with the réles of “left” and “right” reversed all over the place.

As a final outcome, we find a “quantum duality principle” in the context of quantum groupoids
which is expressed by Theorems 2 and 3 above along with the following result:

Theorem 4. (c¢f. Theorem 6.22 in Subsec. 6.3)
The functors ()" : (RQFSAd) — (RQUEAd) and () ='(): (RQUEAd) — (RQFSAd)
are inverse to each other, hence they are equivalences of categories. Similarly for the functors

()¥ : (LQFSAd) — (LQUEAd) and () ='(): (LQUEAd) — (LQFSAd) .

It is worth remarking that one could work with “quantum groupoids” on one side only (left or
right, say). Then if we pick opposite sides for QUEAd’s and QFSAd’s — that is we take either
LQUEAd’s and RQFSAd’s, or RQUEAd’s and LQFSAd’s — then we still have a good theory
of linear duality, i.e. we have well-behaving antiequivalences given by the functors of (left/right)
linear duality. Indeed, the key point here is that linear duality “reverses the orientation” of our
quantum groupoids (and in general of bialgebroids), turning “left” into “right” and viceversa. On
the other hand, Drinfeld functors (in whatever reasonable sense one introduces them) for quantum
groupoids instead “do preserve the orientation”, so to define them one keeps quantum groupoids
“on the same side”. Thus, if we want to deal with “quantum groupoids” which have both a nice
theory of linear duality and a suitable quantum duality principle, then we must necessarily work
with four kinds of “quantum groupoids”, i.e. left and right QUEAd’s and left and right QFSAd’s.

At the end (Sec. 7) we present an example, just to illustrate some of our main results on a
single — and simple, yet significant enough — toy model.
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2 Lie-Rinehart algebras and bialgebras

Throughout this paper, k will be a field and A will be a unital, associative k—algebra; we assume
k to have characteristic zero (though for most definitions and constructions this is not necessary).
Moreover, for all objects defined in this section we assume in addition that A is also commutative.

2.1 Lie-Rinehart algebras

To begin with, we introduce the notion of (left) Lie-Rinehart algebra ( or “Lie algebroid”).

Definition 2.1. A (left) Lie-Rinehart algebra (see [30]) is a triple (A, L,w) where

(a) L is a k-Lie algebra,

(b) L is an A—module,

(¢) w is an A-linear morphism of Lie k—algebras from L to Der(A), called anchor (map),
such that the following compatibility relation holds:

VDD cL, VfeA, [D,fD'] = w(D)(f)D' + f[D,D']

In particular, if L is finitely generated projective as an A-module, then (A, L,w) will be called a
finite projective Lie-Rinehart algebra.

Notation: when there is no ambiguity, the Lie-Rinehart algebra (A, L,w) will be written L .



Examples 2.2.

(1) The simplest example of Lie-Rinehart algebras is obtained when the anchor map w is 0.
In this case, L is just an A-Lie algebra.

(2) (A, Der(A),id) is a Lie-Rinehart algebra.

(3) Let A be a Poisson algebra and D4 be the A-module of Kéahler differentials. Then D4 is
naturally endowed with a Lie-Rinehart algebra structure (see [16]).

(4) Crossed products: Let g be a k-Lie algebra and A be an associative commutative k—
algebra. Assume moreover that a k—Lie algebra morphism o : g — Der(A) is given. Consider
L =A®;g. Then L is a Lie-Rinehart algebra with respect to the Lie bracket and anchor map
defined as follows: for all X,Y € g and a,b € A,

wla@@X)(b) = ac(X)b) , [e®X,bY] = ac(X)D)RY —bo(Y)(a)®X + ab ®[X,Y]

This Lie-Rinehart algebra L is called the crossed product of A with g and is denoted A#g .

(5) If L is any A-module, we denote by L2 the trivial Lie algebroid, that is L itself endowed
with trivial Lie bracket and trivial anchor map.

(6) In the setup of differential geometry, natural examples of Lie-Rinehart algebras arise as
spaces of global sections of Lie algebroids (see here below for the definition).

Definition 2.3. Let P be a smooth (real) manifold. A Lie algebroid is a vector bundle L over
P together with a Lie algebra structure on the space T'(L) of smooth global sections of L and a
bundle map p: L — TP such that, for any f € C*°(P) and X,Y € T'(L), one has

(i) p(X.Y]) = [p(X),p(Y)] , (i) (X, fY] = FIX,Y] + p(X)(f)Y

2.4. Lie-Rinehart algebras from geometry. The first example of Lie-Rinehart algebras arising
in (differential) geometry is the following, basic one. Let £ be a Lie algebroid over the smooth
(real) manifold P: then the triple (C>(P),I'(£),w) is a Lie-Rinehart algebra, the anchor being
w:=T(p) and the ground field being k :=R.

The simplest example of Lie algebroid over P is given by L := TP, the tangent bundle of
P, with p := id,, : by the above, this implies that (C>°(P),I'(TP),T(id,,)) has a canonical
structure of Lie-Rinehart algebra.

Let us also say a word about the geometric counterpart of Example 2.2(3) ([8]). Let P be
a Poisson manifold: write { ,} for the Poisson bracket over A := C*(P), then II € /\?4 TP
for the corresponding Poisson bivector on P and I# : QL — TP for the map defined by
0#(w1) := (w1, ) . The vector bundle of differential forms of degree 1 on P, i.e. QL , is endowed
with a natural Lie algebroid structure. Indeed, the Lie bracket over I'(Q}) is the standard one
given by

[wi,wo] = Lipe,wz — Lrpw,wr — d(I(wr,ws))

where L, is the Lie derivative with respect to I#w; and d is the de Rham differential. On
the other hand, the anchor map is given by

o#:QL — TP, fdg— f{g,-}

2.5. Differentials for Lie-Rinehart algebras. If (A, L,w) is a Lie-Rinehart algebra, it is well
known that A , L, endowed with the exterior product and the generalized Schouten bracket, is a
Gerstenhaber algebra (cf. [22]). The generalized Schouten bracket is the unique extension of the
Lie bracket on L such that

VQeNTL, Qe NTTL, Q@] = (-1 [@,Q)]
VIENLL=A,VXeL, [X f] =wX)(/)
VAONS /\?:1 L, [Q,—] is a derivation of degree g of A, L = ®,>0 A4 L



Given a finite projective Lie-Rinehart algebra (A4, L,w), it is known that A, L* = &, A} L*

admits a differential dj, that makes it into a differential algebra. Here d, : A’y L* — A4 L*
is defined as follows: for all A € A’y L* and for all (X, Xo,...,X,11) € L™, one has

(AN (X1, - X)) = T ()™M w(X) (AKX, Xy X)) +
+ Y CDIN(XG X)L X X X X )

In the case where L =T X | the differential dj, coincides with the de Rham differential.

Lie-Rinehart algebra structures on L are in bijective correspondence with differential graded
A-algebra structures on A 4, L* ([33], lemma 2.2).

Remark 2.6. If L is not finite projective, then the differential dj, still exists but just as a map
from Homa( A"y L,A) to Homy( ZHL,A).

Definition 2.7. Let (A,L,w) be a (left) Lie-Rinehart algebra. The (left) universal enveloping
algebra of L is the k—algebra

VHL) = T,j(AEBL)/I

where T,j(AEB L) is the positive part of the the tensor k—algebra over A® L and I is the two sided
ideal in T, (A @ L) generated by the elements

a®b—ab , a®é—af E@n—ne&E—1[¢n] , E@a—a®&—w(é)(a)

forall a,be A, Enel.

Remark 2.8. Note that V*(L) is a filtered ring, its (increasing) filtration {VTf(L)}nGN being
defined as follows: V{ (L) := A, VY (L) := VL) + V(L) L forall n € N. In the following
we shall denote by Gr(V[ (L)) the graduate algebra associated with this filtration.

The following basic result is proved in [30]:

Theorem 2.9. Assume that L is projective as an A-module. Then Gr(V*(L)) = Sa(L) .
Moreover, the natural maps 14 : A — V(L) and vy : L — V*(L) are monomorphisms.

Remarks 2.10.

(a) Let S be a multiplicative system. We know (cf. [12]) that Ls = Ag ®4 L is naturally
endowed with a natural Lie-Rinehart algebra structure over Ag, extending that of L.

(b) The Lie-Rinehart algebras L = (L,A7 [, ],w) and L°P := (L,A7 =, 1 —w) are isomorphic
via the isomorphims F' defined by F(D):= —D forall D€ L and F(a):=a forall ac A .

Examples 2.11.

(1) If L is simply a Lie algebra over k&, then its universal enveloping algebra is just the usual
one of Lie algebra theory.

(2) Let X be a smooth manifold and set A =C°(X). Then the universal enveloping algebra
U (Der(A)) associated to the Lie-Rinehart algebra (A, Der(A),id) is the ring of global differential
operators on X .

2.12. From a finite projective Lie-Rinehart algebra to a free Lie-Rinehart algebra.
Most of the time, we will work with finite projective Lie-Rinehart algebras. This is a reasonable
hypothesis as Lie-Rinehart algebras coming from the geometry are finite projective. Several times
in this article, we will prove results for (finite) free Lie-Rinehart algebra and then extend them to
finite projective Lie-Rinehart algebras. We now explain the key step for this.



Let L be a finite projective Lie-Rinehart algebra. There exist a finite projective A—module
Q@ such that FF = L @ @ is a finite rank free A—module. We can endow F with the following
Lie-Rinehart algebra structure:

vVDeL, VEe€Q@, wp(D+ E) := wr(D)
v1)17l)26L7 VE17E2€Q7 [D1+E1,D2—|—E2} = [D17D2]

(in other words, the Lie-Rinehart structure of L is extended trivially to F = L & Q). Then
VHF) = VL) ®4 S(Q). We shall not make use of the Lie-Rinehart algebra F because, as Q is
not free, a quantization of V*(F) is not easy to construct from a quantization of V*(L).

The A-module Lo = LO®QOPLOQPLOQD - = FOFOF@®- - is a free A-module.
Set R=QOLOQDLOQ®--; then R is a free A-module such that Lo = L ® R is a free
A-module (cf. [15]). We endow Ly with the structure of a Lie-Rinehart algebra as follows:

vVDeL, VBER, wro (D + B) == wr(D)
VDl,DQEL, VBl,BQER, [D1—|—B1,D2+Bg] = [Dl,Dg]
(in other words, the Lie-Rinehart structure of L is extended trivially to Lo = L ® R).

Let {b1,...,b,} bean A-basisof F,and set T :=Nx{1,...,n}, Z:= @ kvy, Y := élkjbi.
teT i=

Then F = ‘e%lAbz- = A®,Y and R~ FOF® - = A, (YO Y® ) = A®p Z ; also,
Vi(Lg) = V(L)@ S(Z) .

Definition 2.13. Let an A-basis {b1,...,bn} of F be given. Then one can construct a basis
{vi}er of R and an A-basis {ei},. of Lg both indeved by T := N x {1,...,n}. For Lg such
a basis will be called a good basis. For later use, if i = (i1,i2) € T we set w(e;) := iy .

2.14. Right Lie-Rinehart algebras. For the sake of completeness, we have to mention that one
can also, in a symmetric way, consider the notion of right Lie-Rinehart algebra, as follows:

Definition 2.15. A right Lie-Rinehart algebra is a triple (A, L,w) where

(a) L is a k-Lie algebra,

(b) L is a right A—module,

(c) w is an A-linear morphism of Lie k—algebras from L to Der(A), called anchor (map),
such that the following compatibility relation holds:

VDD cL, VfcA, [D,D"- f] = D"-w(D)(f)+ [D,D'] - f

Remark 2.16. As A is commutative, a Lie-Rinehart algebra can be considered as a right Lie-
Rinehart algebra and viceversa. However, the enveloping algebra defined by the notion of right
Lie-Rinehart algebra is different from that defined by a Lie-Rinehart algebra.

Definition 2.17. Let (A, L,w) be a right Lie-Rinehart algebra. The (right) universal enveloping
algebra of L is the k—algebra

VI(L) = THAGL) /T

where T; (A @ L) is the positive part of the tensor k-algebra over A& L and I is the two sided
ideal in T, (A @ L) generated by the elements

a®b—ab , f®a—¢-a E@n-—nE—[&n] , E®a—a®—w(E)(a)

forall a,be A, Enel.



Remark 2.18. Just like V/(L), also V" (L) is a filtered ring, with increasing filtration {V;(L)}neN
being defined by V(L) := A, V(L) := V(L) + V(L) -L for all n € N. In the following
then Gr(VT(L)) will denote the graduate algebra associated with this filtration.

Next result clarifies the link between left and right enveloping algebras of a single Lie-Rinehart
algebra L. Hereafter, L°P denotes the “opposite” Lie-Rinehart algebra to L — cf. Remarks 2.10(b)
— while 2(°? denotes the opposite of any (associative) algebra 2.

Proposition 2.19. Let L be a Lie-Rinehart algebra. Then the following holds:
(a) The algebras V" (L)°P and V(L°P) are equal.
(b) There exists an algebra isomorphism = : V(L) —= V" (L)’ given, for all a €A, D €L, by

aw— Z():=a, D~ Z(D):=-D.

2.2 Lie-Rinehart bialgebras
We are now ready to introduce the notion of Lie-Rinehart bialgebra (cf. [26], [21], [17]).

Definition 2.20. A Lie-Rinehart bialgebra is a pair (Ll,Lg) of finitely generated projective A—
modules in duality — that is, L1 = Ly and Lo =2 L{¥ — each of them being endowed with Lie-
Rinehart algebra structures such that the differential di on A L1 arising from the Lie-Rinehart
structure on Lo = L} is a derivation of the Schouten bracket on A\ ,L1. Equivalently, di is a
derivation of the Lie bracket of Ly, that is to say

4 (X, Y])) = [di(X),Y] + [X,di(Y)] VXY €L

In general, if L is a finitely generated projective A-module, then its linear dual L* (as an A-
module) is finitely generated projective as well: in this case, in the following we shall say that “L
is a Lie-Rinehart bialgebra” to mean that (L,L*) has a structure of Lie-Rinehart bialgebra, and
we shall denote the differential of A\ 4L mentioned above by dr- or dr .

Remarks 2.21.

(a) The conditions of the theorems are equivalent to those with the rdles of L; and Lo
interchanged (cf. [21]).

(b) It follows at once from the very definition that the differential 6z of L in a Lie-Rinehart
bialgebra (L, L*) is uniquely determined by its restriction to A and L — the degree 0 and degree
1 pieces of A,L .

(c) If (L,L*) is a Lie-Rinehart bialgebra, we can read off the explicit relation between the
Lie-Rinehart algebra structure of L* — that is, its anchor map wr~ and its Lie bracket [ , ],. —
and the differential 07, of L through the following formulas: if D*, E* € L*, X € L and a € A,

wr-(D*)(a) = (ér(a),D")
<X,[D*,E*}L*> + <5L(X), D*A E*> = wL*(D*)(<X,E*>) — wL*(E*)(<X,D*>)
where (, ) denote the natural pairing between L and L*. Indeed, one can use these formulas
either to deduce wr+ and [ , |;. from dr, or to deduce the latter from wr- and [ , ],.

(d) Lie-Rinehart bialgebras structures on a given (finitely generated projective) A-module L
correspond to strict differential Gerstenhaber algebra structures on A ,L (cf. [21], [33]).

(e) Let (L,L*) be a Lie-Rinchart bialgebra. Denote by d the differential on A ,L* arising
from the Lie-Rinehart structure on L and d, (= 1) the differential on A 4L coming from the
Lie-Rinehart structure on L*. The base A inherits a natural Poisson structure as follows:

{f,9} = (df ,d.g) V fgeA
(see [21], [33]); moreover, one has the identities [df,dg] = d{f,g} and d.{f,¢9} = —[d.f,d.g].



(f) Let (L,L*) be a Lie-Rinehart bialgebra. Then (L°?,L*), (L,(L*)°") and (L7, (L*)")
are Lie-Rinehart bialgebras as well. If we identify any Lie-Rinehart bialgebra, written as a pair,
with the left-hand of the pair, say L = (L7L*) , then we shall also write L°P = (LOP,L*) —
the Lie-Rinehart bialgebra “opposite” to L — Leoop = (L,(L*)Op) — the “coopposite” — and
Ler = (L°P,(L*)") — the “opposite-coopposite”.

coop —

Example 2.22. r—matrices for Lie-Rinehart bialgebras.

Let L be a Lie-Rinehart algebra, which is finitely generated projective as an A—module. An
r—matrix of L is, by definition, any section A € /\2A L such that [X, [A, A]] =0 forall X € L.

Any r—matrix of L defines a Lie-Rinehart bialgebra structure on it: the Lie bracket on L* is
given by

[6777] = ‘CA#ﬁn - LA#ng - d(A(§7n)) v 57"7 S
and the anchor is the composition p o A* : L* — Der(A) where A” : L* — L is defined
by A#(€)(n) = A(&,m) for all &, € L* . The differential dp- : AL — A% L is given
by dp- :=[-,A] . Any such Lie-Rinehart bialgebra is called coboundary Lie-Rinehart bialgebra,
in analogy to the Lie algebra case. In the special case where [A,A] = 0 we call it a triangular
Lie-Rinehart bialgebra. In the case where A reduces to k, i.e. L is just a Lie k—algebra, A is an
ordinary r—matrix in the sense of Lie (bi)algebra theory.

When L is the space of global sections of the tangent bundle TP on a smooth manifold P, with
the standard Lie algebroid structure, triangular Lie-Rinehart bialgebra structures on L correspond
to Poisson structure on P ; thus we recover the geometric counterpart of Example 2.2(3) — cf. Ex-
ample 2.2(6). More in general, the space of global sections of a Lie bialgebroid is a Lie-Rinehart
bialgebra (cf. [26]).

3 Left and right bialgebroids

Let again k be a field, and A a unital, associative k—algebra. We define A°¢ := A @ AP .

3.1 A-rings, A—corings

We begin this section introducing the notions of A-ring and A—coring, which are direct gener-
alizations of the notions of algebra and coalgebra over a commutative ring.

Definition 3.1. Let A be a k-algebra as above. An A-ring is a triple (H,mpg,t) where H is an
A¢—module, myg: H®aH — H and 1: A— H are A°—module morphisms such that

e  making the identifications H @4 A ~ H and A ®4 H ~ H, one has the identities
mpyo(t®idy) = myo (idy ® 1) =idy

It is well known (see [4]) that A-rings H correspond bijectively to k—algebra homomorphism
t: A — H . With this characterization, the A°~module structure on H can be expressed as
follows: a-h-b = v(a)he(b) forall a,bec A, he H.

The dual notion (of an A-ring) is the following notion of A—coring:

Definition 3.2. An A-coring is a triple (C, A, €) where C is an A°—module (with left action L
and right action Ra), A:C — C®4C and e¢: C — A are A°—module morphisms such that

e (A®ide)oA = (ideg ® A)o A
e Lpo(e®ido)oA = Rao(ide®e€)oA = ide
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3.3. A°~module structures and special products. Let A be as above, and consider now A€
as base k—algebra. An A°—ring H can be described by a k—algebra morphism ¢: A° — H . Let
us consider its restrictions

s =u(-®l,):A—H t=1(1,®,-):A— H

which we call respectively source and target maps. Thus an A°-ring H carries two A—module
structures and two A°’—module structures: for all a,a’ € A, h € H, we write

a>h<aa := s(a)t(a)h aw h4a:= ht(a)s(a)

As usual, the tensor product of H with itself (as an A-bimodule, i.e. an A°~module) is defined as

Ho®oH = H@kH/{(uqa)@@ugu@(aM/)}

a€A,u,u' €H
= H Ok H/{ (t(a’) ’LL) ® ’U/ —u® (S(a) u/) }aGA, w,u’'€H

Now we define H, i +H C Hy %DH as follows:

H, EDH = {ZluZ ®u, € H<,<§>>H‘ Yoilaw ) @ul=>u; ®a (v, €a) }
- {Ez“z ®u; € Hy %DH‘ > (wit(a)) ®a ) = Y u; ® (ujs(a)) , Yace A}
This H, EDH is called the left Takeuchi product of the A°—ring H with itself.

By construction, the Takeuchi product H, x . H has a natural structure of A°—module, induced
by that of Hy®.H . Even more, Hyx ,H is glso an A°-ring, via factorwise multiplication, with
unit element 111 ®1, and (g, x, B geﬁned by th,x,m(a®a):= s(a) ®t(a) . Note that this
instead is not the case for H, QE:H. :

In a similar way, we can consider a second type of “Takeuchi product”. In order to easily
distinguish it from the previous one, we shall now denote the base k—algebra by B instead of A.

Let B be a (unital, associative) k—algebra; let H be a B®-ring given by a k—algebra morphism
nr: B¢ — H , a source map s" :=7"(-®1) and a target map " :=7"(1® ) . We consider
now the right B¢~module structure on H given by h-(b®b):=h-n"(b®0b), for bbe B, he€ H.
Then the tensor product of H with itself (as a B—bimodule, i.e. a B¢—module) is defined as

B
H<®>H = H®kH/{(u<b)®u/_u®(b>u/)}b63 w,u'€H T

= H®y H/{(usr(b)) Qu —u® (ultr(b))}beB,u,u’eH
B B
Now we define HqXpH C Hq® yp H as follows:
B /! B !/ !/
HexypH := {Zﬂh@uz € H<®,H’ Yoilavu) ®@u; = Ziui@)(uida)} =

_ {Ziui®u§EH4<§>H‘ S (s7(b) u) @1t = S s @ (£ (b)) VbeB}

B
This Hq x » H is called the right Takeuchi product of the B®-ring H with itself.

3.2 Left bialgebroids

We introduce now the notion of left bialgebroid, as well as some related items (see [32], [25],
[34] and [23], Chapter 2, for a detailed history of this notion). We begin with the very definition:
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Definition 3.4. A left A-bialgebroid is a k—module H that carries simultaneously a structure of
an A®-ring (H, s*,t*) and of an A—coring (H, Ay, €) subject to the following compatibility relations:

(i) The A¢—module structure on the A-coring (H, Ay, €) is that of »Hy, namely (for all a,a €
A, heH) avh<a = s'(a)t'(a)h .

(ii) The coproduct map A is a unital k-algebra morphism taking values in H <y H .
A

(iii) The (left) counit map € has the following property: for a,a € A, u,u’ € H, one has

e(s(a)t'(@)u) = ae(u)a |, c(ur) = e(us’(e(w)) = e(ut'(e())) (1) =1

Remarks 3.5. A left bialgebroid has the following properties :

(a) As'(@) = @1 ,  Ate) = 18t (a)
(b) If Aq(u) = ugy @ ug), then
Ag(avu<a) = (abun)) @ (up <Qa) Ag(awuaa) = (uq) €4a) @ (a» up)
(c) (sl =a ,  et(@)=a
(d) H acts on its base algebra A on the left as follows (cf. [23]):

ua = e(us’(a)) = e(ut’(a)) VueH,acA

in fact, in the following we shall also use the notation w(a) := u.a (for all w € H, a € A). This
may be called the left anchor of the left bialgebroid H ([34]).

(e) tg(e(x)) ®1 = tz(e(x(l))) ® s’ (e(z)) = 1® se(e(x)) forall z € H.

(f) As a matter of notation, if (H, A, st A, e) is a left bialgebroid, we set H := Ker(e) .

Definition 3.6. Let 'H = (H,A,Sl,té,A,E) and H = (ﬂ,A,§Z7£€,A,€) be two left bialgebroids.
A morphism of left bialgebroids ® from H to H is a pair (f, F) where
(a) f:A— A is a morphism of algebras;
(b)) F:H— H isa morphism of algebras and of coalgebras — that is, we have
AOF:(F(X)F)OA, €oF =foe ;
(c) Fost =30of, Fot! =tfof .

We denote by (LBialg) the category of left bialgebroids, whose objects are left bialgebroids and
morphisms are defined as above. Inside it, (LBialg,) is the subcategory whose objects are all the left
bialgebroids over A, and whose morphisms are all the morphisms in (LBialg) of the form (id, F) .

N.B.: the notion of left bialgebroid generalizes that of Hopf algebra.

3.7. Twists of left bialgebroids. Let H be a left bialgebroid. Given § =), z;®y; € H .®, H
A
(with z;, y; € H), define sé:A—»H and té:A—»H by

sg(a) = 325 (wi(a) wi ) ts(a) = 3t (vi(a)) 2
Moreover, for any a,b € A set

axzb = sg(a)(b) = Ywi(a)y(b)
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Proposition 3.8. (c¢f. [34]) Assume that § € H(%)H satisfies the following conditions:

@) (Aeid)@) Fe = (doA)F) F25  inside HOHOH
(i4) m((e@id)(3) =1, , m((dedF) = 1,
where §12 = F®1, € H(%)H(%)H and §23 =1, ®F € H%H%H. Then one has

5- (té(a) ®L, -1, ® sé(a)) =0 inside H%H VacA

Moreover, if § satisfies (1) and (ii) above, then
(a) (A,xz) is an associative algebra, denoted Az, and a*xz1l = a = 1lxza forall a€ A;

(b) sé : Az — H is an algebra homomorphism and t% 1 Az — H is an algebra antihomo-
morphism.

Now let M be a module over H (as an algebra): then M has also a natural A°*—module structure.
If § is a twist of H, then M has also a natural Agfmodule structure. Consequently, if M7 and M,
are two H-modules, the tensor products M Qs Ms and M4 ® Mo are well defined.
A Ag

Corollary 3.9. (cf. [34]) Let My and My be two left H-modules. Then

§7 Mo @My — Mio@ My ma@ms = § - (m1 @ ma)
5
1s a well defined k-linear map.

We say that § is invertible if §# is a k-vector space isomorphism for any pair of left H—
modules M7 and Ms . In this case, in particular, we can take My = My = H so that we have an

isomorphism of k-vector spaces % :H Q H — H®H .

Definition 3.10. An element § € H® H s called a twistor (of H) if it satisfies equations (i)
A

and (#) in Proposition 3.8 and it is invertible.

Assume now that § is a twistor of H . Then we may define a new coproduct Az : H — H @ H
Ag

of H by the formula Agz(z) := (3#)_1 (A(z)-F) . The key result is then the following (see [34]):

Theorem 3.11. Let (H,A,se,te,m,A,e) be a left bialgebroid. Then (H,A,s‘}-,t‘}_—,m,Af,e) s a
left bialgebroid too.

3.12. Left bialgebroid structures on universal enveloping algebras V/(L). Given a Lie-
Rinehart algebra L, there is a standard left bialgebroid structure on V¢(L).

Source and target maps are equal and given by t4 : A — VY(L). Then the A° module
structure ,V¢(L)4 is given by abu<d := aawu . The coproduct Ay : V(L) — VZ(L)<1<§>V£(L)

and the counit map e: V*(L) — A are determined by
Agla) = a®l, AyX)=XR1+10X, efa) =a, €X)=0 Vace A, XelL

Remark that the anchor map w endows A with an obvious left V*(L)-module structure, given by
u.a = w(u)(a) for all u € V¥(L), a € A, that coincides with the anchor of the left bialgebroid
V(L) . More in general (see [23]), left V*(L)-module structures on A correspond to left bialgebroid
structures on V¢(L) over A. Indeed, one has é(u) =wu-1 for all u € V¥(L) and

Ayla) =a®1 | Ap(X) = X1+ 10X — &X) VacA, Xel
Finally, one can recover the anchor of L from the left bialgebroid structure of V¢(L) as follows:

wr(X)(a) = €y (X a) forall X eL,ac A
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Remark 3.13. Let (A, L) and (A’,L’) be two Lie-Rinehart algebras. Endow V*(L) and V¢(L')
with their standard left bialgebroid structure. A Lie-Rinehart algebra morphism from (A, L) to
(A’, L) as it was defined in [16] — see also “morphisms of Lie pseudo-algebras” as they are defined
in [14] — gives rise to a left bialgebroid morphism from V¢(L) to V*(L').

Our next theorem is a suitable version for left bialgebroids of the well-known Cartier-Milnor-
Moore theorem (for Hopf algebras). A similar result is given in [28], yet in this paper we do need
(later on) that kind of result exactly as stated here below.

Theorem 3.14. Assume that A is a unital commutative algebra over the field k .

(a) Let (U, A, s" t5 Ay €) be a left bialgebroid such that s* =t*. Set
PU) = {ueU|Au)=uel+lou}

(the set of “left primitive elements” of U ). Then the pair (A, P“(U)) is a Lie-Rinehart algebra.

(b) Assume in addition that s, is injective, P*(U) is projective as an A-module, and P*(U)
and s*(A) generate U as an algebra. Then U is isomorphic to V* (PZ(U)) as a left bialgebroid.

Proof. (a) On PY(U) we set the following A-module structure: a- D := s‘(a)D for all a € A,
D € PY(U). Moreover, if D,D’ € PY(U) then [D,D'] := D-D'—D'-D e P‘(U), by direct
check: this defines a Lie bracket on P*(U). Finally, we define w : PY(U) — Der(A) by

D (0220 (D st (b)) .

It is proved in [23] (Proposition 4.2.1) that (A4, P*(U),w) is a Lie-Rinehart algebra.

(b) By assumption, the natural algebra morphism from T (A o PYU )) to U is surjective
and it induces a surjective algebra morphism f : V¥(P*(U)) — U. As PY(U) and s*(A) generates
Ve (PZ(U)) as an algebra, this map is also a morphism of corings. By the same argument as in [27],

Lemma 5.3.3, we will show that f is also injective because f ‘ PU) is injective (which is obvious).

Consider the following (increasing) filtration {C"}neN of V* (PK(U)): Cy = A, Cp =

A+ PYU), ..., Coi= A+ PYU)+---+ (PYU))", ...; then one has A(Cp) = Cp®Cp_p,
=0
n—1 :
and if c€ C,, then A(c)=c®1+1®c+y for some yeZCp®C'n_p.
p=1

We will show that f|C is injective for all n € N, by the same arguments as in [27].

We know that f | o is injective by hypothesis. So now assume that f | o Is injective, for some
n >0, and choose z € Cp, 1. Onehas A(z) =z®1+1Qz+y with ye C, ® C, :  thus

A(f(@) = (fo H(A@) = fl@)@ f1)+ f(1) @ f(2) + (f & )

If x € Ker(f), then (f® f)(y) =0. But f® f is injective on C,, ® C,, (as C,, is projective) so
y=0. Then x € P*(U), and of course f is injective on P*(U): thus z =0 and f is injective. [J

Remarks 3.15. (a) We can improve a little the previous result as follows : Assume that A is
commutative and let (U, A, st th Ay, 8) be a left bialgebroid such that s* =t and s’ is injective.
Let Q C P*(U) be a left Lie-Rinehart subalgebra of P*(U) such that

[i] @ is a projective A—module; [ii] @ and A generate U as an algebra.
Then U is isomorphic to V¥(Q) as a left bialgebroid, and Q = P*(U).

(b) Under the conditions in Theorem 3.14(b), any left bialgebroid structure on V*(L) can be
seen as the standard left bialgebroid structure of some well chosen Lie-Rinehart algebra.
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3.3 Right bialgebroids

Just like for left bialgebroids, one can consider the notion of right bialgebroids. We shall now
introduce this theme, first considered in [18]. Hereafter B is a (unital, associative) k—algebra, and
we use notations as in § 3.1.

Definition 3.16. A right B-bialgebroid is a k—module H that carries simultaneously a structure of
a B¢-ring (H,s",t") and of a B—coring (H,A,., ) subject to the following compatibility relations:

(i) The B°~module structure on_the B-coring (H,s",t") is that of y»Hq, namely (for all
bbe B, he H,) b» h 4b:= hs"(b)t"(b) = hn(b®Vb) .

B
(i) The coproduct map A, is a unital k—algebra morphism taking values in H (X p H .

1i) The (right) counit map O has the following property: for all b be B, u,u € H, one has
(iit) g P g property : ;U ,

(us"(b)t" (b)) = bA(w)b ,  A(uv) = 9(s"(O(w) ) = A(t"(O(w)v) , 9Q1) =1

Remarks 3.17. A right bialgebroid has the following properties :

(a) A (s"(b) = 1®s"(b) A (t7(b) = t'(b) @1
() If Ap(u) = v @ u® then
AT(bDuQB) = (u(l)qi))@(bbu(z)) , Ar(bbudl;) = (bbu(l))®(u(2)45)

(c) a(s"(0) = b . O () =0

(d) H acts on its base algebra B on the right as follows:
b == 0(s"(b)u) = d(t"(b)u) VbeB,ueH

(e) s"(0(x)) @1 = s"(0(zq))) @7 (0(z(2))) = 1@t (d(x)) forall z€ H .
(f) As a matter of notation, if (H, A4,s",t",A,d) is a right bialgebroid, we set HT := Ker(9).

N.B.: in literature, right bialgebroids are also called xZ—bialgebras.

Definition 3.18. Let ‘H = (H,B,s’",tr,A,a) and H = (H,B,ér,fT,A,é) be two right bialge-
broids. A morphism of right bialgebroids ® from H to H is a pair (f, F) where
(a) f:B— B isa morphism of algebras;
(b)) F:H— H is a morphism of algebras and of coalgebras — that is, we have
AocF=(F®F)oA , doF=Ffod ;
(c) Fos" =38of, Fot" =1{"of .
We denote (RBialg) the category of right bialgebroids, whose objects are right bialgebroids and

morphisms are defined as above. Inside it, (RBialg,) is the subcategory whose objects are all the
right bialgebroids over A and whose morphisms are all those in (RBialg) of the form (id, F').

Remarks 3.19. (cf. [23])

The “opposite” of a left bialgebroid U = (U,A, st th Ay, e) is given, by definition, by U°P :=
(U"p7 At st Ay, e) . This can be shown to be a right bialgebroid whereas its “coopposite”, given
by Ucor = (U, AP, t¢, s*, A;” €) with A;°” thought of as a map

U—pU®awUg, urup) @uay if Alu) = un) @ uy)
is still a left bialgebroid. As a consequence, U2P —is a right bialgebroid.

coop
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3.20. Right bialgebroid structures on universal enveloping algebras V" (L). Given a Lie-
Rinehart algebra L, now considered as a right one, its right universal enveloping algebra V" (L)
bears a natural structure of right bialgebroid over A. In order to describe it, one can mimick
stepwise the construction of the canonical left bialgebroid structure in V¥(L). Alternatively, one
can proceed as follows. First, we have an algebra identification = : V7 (L) = V4L)” by
Proposition 2.19. As V*(L) is a left bialgebroid, its opposite V(L) is a right bialgebroid. Then
we pull-back — via the previous algebra isomorphism — this right bialgebroid structure onto
V"(L), so that V"(L) = V¥(L)” as right bialgebroids over A.

More explicitly, let us use notation (Vé (L), A, sp,te, Ay, e) for the given left bialgebroid struc-
ture on V¥(L), and similarly (V"(L), A s" T AL 8) for the right bialgebroid structure we have
to fix on V(L) ; moreover, let Z be the suitable algebra anti-isomorphism as in Proposition 2.19.
Then

s"i=EHoty , thi=Zos", Di=eo="t | A, = (E®E)oAoE"!

In another language, the A°—module structure , V7" (L)4 is given by a » u €4 @ := uvaa . The
coproduct A, : V(L) — V" (L) ®»V"(L) and the counit 0:V"(L) — A are determined by
A

Ar(a) = a®l, A(X)=X®14+18X, da) =a, IOX)=0 VacA, Xel

Note also that the right V" (L)-module structure on A determined by this structure is given by
w.a:= ((woE1)(u))(a) forall ue V'(L), ac A.
Finally, one can recover the anchor of L from the left bialgebroid structure of V(L) as follows:

wr(X)(a) = —0yru,(a X) forall XeL,acA

We also have an analog for right bialgebroids of Theorem 3.14:

Proposition 3.21. Assume that A is a unital commutative algebra over the field k.
(a) Let (W, A, s",t", A, ) be a right bialgebroid such that s" =1t". Set
PrW) = {weW|A(w)=wel+low}

(the set of “right primitive elements” of W ). Then the pair (A, P"(W)) is a right Lie-Rinehart
algebra for the following right action and anchor map

w.a = ws"(a) , w(D)(a) = —-8(s"(a)D) , VweW, VDeP (W), VaeA
(b) Assume in addition that s is injective, P"(W) is projective as an A-module, and P"(W)
and s"(A) generate W as an algebra. Then W is isomorphic to V" (P"(W)) as a right bialgebroid.

The proof of this theorem is a variation of the proof of Theorems 3.14.

Remark 3.22. We can improve a little the previous result as follows. Assume that A is commu-
tative and let (W, A s" T A, 6) be a right bialgebroid such that s” =" and s" is injective. Let
@ C P"(U) be a right Lie-Rinehart subalgebra of P"(U) such that

[i] @ is a projective A—module; [ii] @ and A generate W as an algebra.

Then W is isomorphic to V" (Q) as a right bialgebroid, and Q = P"(W).

3.4 Hopf algebroids

The following definition is due to B8hm-Szlachanyi ([5],[3], see [23] for a survey).

Definition 3.23. Let A and B be two k—algebras and H a k-module. A Hopf algebroid structure
on H consists of

(1) a left bialgebroid structure H® = (H, A, st A, 6) on H over A,
(2) a right bialgebroid structure H™ = (H7 B,s" t", A, 3) on H over B,
(8) a k-module map S:H — H ,
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and these structures are subject to the following compatibility axioms (V a,a’ €A, b0 €B, he H) :
(i) the underlying k—algebra structure on H in (1) and (2) are the same,

(i) stoeot" =t" , tloeos” =s", s odot: =t! | tTodost ="
(1) twisted coassociativity holds, that is to say

(A¢@idg) oA, = (idg @ Ay) oAy (A, ®idp) Ay = (idg @ Ag) o A,
(iv) S(t“(a) ht (b)) = s*(b) S(h)s'(a) , S(t"(a) ht"(b)) = s"(b) S(h) s"(a)
(v) myo (S®idy)oAy = s"00 my o (idy ® S) oA, = stoe

The map S : H — H is called the antipode of H .

Remarks 3.24.

(a) When using ¥-—notation, we shall adopt lower indices for the left coproduct A, and upper
ones for the right coproduct A, : in other words, for any h € H we shall write Ag(h) = h1)®@h2)

and A.(h) = R @ h(2) | In these terms, the twisted coassociativity is expressed, for h € H , by

1) 1) 2) _ ) (2) 1) (2) _ 0 (2) (2)
h 'y @ h (2)®h( ) =ha) ®hy @hy and by @by @b =D en ) © h o)

and similarly the identities in (v) read S(h(1)) h2) = s"(9(h)) and A S(h@)) = s'(e(h)) .

(b) The images of s* and t” , as well as those of s™ and t* , respectively, are coinciding subalgebras
instde H .

(c) It follows from definitions that p:= dos’: A? — B and v := 0ot : A — B°P
are isomorphisms of algebras. Moreover, one has p~' =¢e¢ot” : B — A and v =cos":
B? — A .

(c) If (H',H",S) is a Hopf algebroid, so is ((H")2,,, (H')%,.,S).

coop? coop’

Theorem 3.25. (cf. [3]) We keep the notation of the previous definition.
(a) The pair (S, €0 s,.) is a left bialgebroid homomorphism from H* to (Hr)zfop.
(b) The pair (5,3 o Sg) 1s a left bialgebroid homomorphism from (HT) P o HE.

coop

For alternative definitions of a Hopf algebroid, we refer the reader to [25] and [19].

3.26. Left Hopf algebroids. Left Hopf algebroids (called “x 4—Hopf algebras” in [31]) are a
generalization of the notion of Hopf algebra. Given a left bialgebroid U over A, define the so-
called (Hopf-)Galois map of U as ,Ug@ U, — Uy %DU , UR U Uy @up v, where

,U? Ug = U%U/Span({ (avu)@v—u® (vaa) |u,v€U, acA})
For bialgebras over fields, it is easily seen that [ is bijective if and only if U is a Hopf algebra,
with S~ (u®wv) = u(1) @ S(U(g)) v where S is the antipode of U . This motivates next definition:

Definition 3.27. A left A-bialgebroid U is called o left Hopf algebroid (or a x 4—Hopf algebroid)
if the map B considered above is a bijection. As a matter of notation we shall then adopt the
following (X-like) notation: uy ®u_ := B~ u®1) forall ueU.

N.B.: the following property then holds: (uv)Jr ® (uv)_ = upvy @ v_u_ for any u,v € U.

The notion of left Hopf algebroid was introduced in [31], under the name of x 4 —Hopf algebras;
here instead we adopt the conventions and terminology of [23], Ch. 2 (where a detailed history of
this notion can be found).

Example 3.28. If L is any Lie-Rinehart algebra, then its enveloping algebra V(L) , endowed with
its standard bialgebroid structure, is a left Hopf bialgebroid, whose map 37! is given on generators
by ar®a_=a®1 (VaeA), XX =X®1-10X (VXGL).

The link between Hopf algebroids and left Hopf algebroids is the following (cf. [23], §2.6.14):

Proposition 3.29. Every Hopf algebroid is a left Hopf algebroid.
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3.5 Duals of bialgebroids

We shall now consider left and right duals of (left and right) bialgebroids, and investigate
their main properties. To begin with, we introduce the notions of left dual and right dual of a left
bialgebroid; later on, we shall give the parallel definitions for right bialgebroids.

Definition 3.30.
(a) Let U be a left A-bialgebroid, with structure maps as before.

(a.1) The left dual of U is the space

= {0:U — Alp(u +u") = ¢(u) + ¢(u"), ¢(s°(a)u) = ad(u) } = Homa(sU,aA)
(a.2) The right dual of U is the space
U = {¢:U— Al +u") =)+ d(u"), ¢(t'(a)u) = ¢p(u)a} = Homa(Uq,An)

(b) Let W be a right A-bialgebroid, with structure maps as before.
(b.1) The left dual of W is the space

Wo= { Y W— A (v +w") = ) +p(w”), ¥(wit"(a)) = ay(w) } = Homa(pW, 4A)
(b.2) The right dual of W is the space

W= {¢ W — A ’ P +w") = p(w')+p(w”), w(w Sr(a)) = (w) a} = HOmA(W< 7AA)

3.31. Bialgebroid structures on dual spaces. Let U be a left A-bialgebroid as above.
We shall now introduce on its dual spaces U, and U* a structure of right A-bialgebroid; most of
the structure is well-defined in general, but for the coproduct we need an additional assumption,
namely U as an A-module (on the left, or the right, see below) has to be projective.

Product structure:  First we recall (see [18], and also [23] for a nice exposition) that U, and
U* can be equipped with a product, for which the counit map € is a two-sided unit. For any
¢, ¢ € U, and ¢,y € U* set

(66)w) = mu. (68 ¢)w) = ¢ (mus(id® (¢ 0)) (M) ) = ¢ (F(Blue) - u)
() () = mu- (0@ 0) (W) = ¥ (mo (s o) © id) (Ae(w)) = ¥( Cblucy) - uw)

for every uw € U, with Ag(u) = up) @ u) .

A-module structures: For the left dual space U, , the left dual source map s’ : A — U, and
the right dual target map ¢, : A — U, are defined as follows:

(si(a))(u) = e(tz(a) u) = e(u)a , (th(a))(u) = e(u tz(a)) VacA, uelU.
Then one has, in the usual way, two left and two right actions of A on U, , given by

(a>¢)(u) := (si(a)d)(u) = ¢(t(a)u) .  (d<a)(u ) = ( (a) ¢)(u) = 6(ut(a))
(a®» @) (u) = (¢ti(a)(u) = ¢(us’(a)) , (¢ wa)(u) = (¢5i(a))(u) = d(u)a

Similarly, for the right dual space U* the left dual source map s : A — U* and the right
dual target map ¢ty : A — U™ are defined as follows:

(si(a))(u) == e(us’(a)) , (ti(a))(u) == e(s’(a)u) = ae(u) Vace A, uelU.

Then one has, like before, two left and two right A—actions on U*, given by

(a>9)(u) = (s;(@)¥)(w) = Y(us'(a)) ,  (W<a)(u) = (t;(a)¥)(u) = ¢(s'(a) u)
(a»¥)(w) = (vti(a)(w) = av(w) , (¥ <4a)(u) = (Vs(a)(w) = ¥ (ut'(a))
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Coproduct structure: Now assume that .U as an A—module be projective, Then we shall now

endow the left dual U, with a coproduct A, which — together with the previously introduced
structures — makes it into a right bialgebroid.
Consider the injective map x : U, ® p U, — Hom(A’,)(D(U<® U ), AA) given by

60 ¢ = x(620)(uau — x(69¢) (o) = ¢ (us(6)))

Now, if U is finite projective (as an A-module) then the previous map is even an isomorphism.
If instead U is projective but not finite, one can endow U, (® U, with a suitable topology
(typically, the “weak” one), and denote by U, (® »U, the corresponding completion: then the
above map extends — by continuity, using the notion of basis for a projective module (cf. [2]) —
to an isomorphism from U, (® » U, to Hom(A’_)(D(U<® U ), AA) . This allows us to define a
coproduct A, on U, as the transpose of the multiplication on U , namely

A i Us — Hom ) (o(Ua®sU), 44) = U ®»Us
¢ = D) (ue U pun'))
This coproduct makes U, into an A—coring, with counit 7, : U, — A given by n0.(¢) := ¢(1) .

=

Similarly, if U4 as an A—module is projective. Then for its right dual U* a coproduct is defined
as follows. Consider the injective map ¥ : Uq® »U* — Hom(_ 4 ( Uq®,U), AA) given by

veu = dvey)(ved - Iwey)(ue) = vt W)

Again, if U is finite projective (as an A-module) then this map is an isomorphism. If instead U
is projective but not finite, one can endow U*(® »U* with a suitable topology (like the weak
one), and denote by U*® »U* the corresponding completion: then the above map extends —
by continuity — to an isomorphism ¥ from U@ pU* to Hom(_ 4 ( Uq®,U),, Aa ) . Thus we
can define a coproduct A, on U* as the transpose of the opposite multiplication on U , namely

A, : U — Hom_ 4)((Us®,U),, Ax) = U'®@pU*
9—1
b AW (usd e ()
This makes U* into an A—coring, which has counit 0, : U* — A given by 0.(¢) :=¢(1) .
Conclusion: If U is any left bialgebroid over A, projective as an A-module, then U, and U*
with the structures introduced above are both right bialgebroids over A : indeed, to be precise they
are topological bialgebroids, in that their coproduct take values in a (suitably) topological tensor

product, rather than in the “plain” one. Clearly, one can formalize all this by saying that they are
bialgebroids in a suitable tensor category; we leave this task to the interested reader.

Similarly, we consider the case of a right A-bialgebroid W, and we introduce canonical struc-
tures of left A—bialgebroids on its left and right dual spaces W and *W : indeed, everything is
strictly similar to what occurs in the previous case for U, so we skip details.

Notation: in the following, we shall also use the following, standard notation: if v is an element
of some (left or right) A—module, and ¢ is an element of the (left or right) dual of that module,
then we shall write (¢, v) := ¢(v) or (v, ¢):=¢(v).

Remarks 3.32.

(a) If U is a left bialgebroid which is projective of finite type as an A-module, then it is
isomorphic to *(U,) and to .(U*) — as a left bialgebroid. This follows from the following equalities:

(u, ¢psi(a)) = (u,¢)a which shows that U C *(U,)
(u, ¢ti(a)) = alu, ¢) which shows that U C (U™)

(b) If LU as an A-module is free, of finite type, with A-basis {e1, ..., e,}, then we define
et €U, by (ej,el)=0;;. Then {el,...,el} isan A-basis of (U.)q and {e1, ..., ey} is
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an A-basis of *(U,) . This shows that U = *(U,) whenever U is a finite free A-module. This

can be extended to the case where LU is only a finite type projective A—module (using the notion
of basis for a projective A-module, cf. [2]).

We introduce now the vocabulary of “pairings”, which provides us with another tool to deal
with linear duality among bialgebroids. The natural pattern is the familiar one of “pairings” or
“matchings” in Hopf algebra theory.

Definition 3.33. (a) Let (U, Sz,tg) and (VV, sr,tr) be two A°—modules. An A°-left pairing is a
k—bilinear map < , > U X W — A such that, for any w e U, w € W and a € A, one has

<u,a>w> = <u,s"(a)w> = <tg(a)u,w> = <u<1a,w>

w,waa) = (u,t"(@)w) = (utela),w) = (aPu,w)
_ (w0t (@) = (usia)w) = (udaw)
u,w<a> = <u,wsr(a)> = <u,w>a

<a>u,w> = <s€(a)u,w> = a<u7w>

Then there exist natural morphisms of A°—modules W — U, and U — *W . The pairing is
non degenerate if the left and right kernels of this pairing are trivial, that is to say

~

(
<u,a>w
(

<u,w>:0, YVweW = u=20
<u,w>:0, VuelU — w=20

In other words, the pairing is non degenerate if and only if the above maps W — U, and
U — *W (which are morphisms of A°—modules) are injective.

(b) Let (U, se,té) and (VV7 sT,tT) be two A®—modules. An A°—right pairing is a k—bilinear map
<, >:U><W—>A such that, for any w e U, w e W and a € A, one has

(u,waa) = (u,ty(a)w) = (s(a)u,w) = (adu,w)
(u,apw) = (u,s.(a)w) = (us’(a),w) = (uda,w)
(u,w<a) = (u,ws.(a)) = (ut‘(a),w) = (u<da,w)
<u,a>w> = <u,wt7~(a)> = a<u,w>
<u<a,w> = <té(a)u,w> = <u,w>a

Then there exist natural morphisms of A¢~modules W — U* and U — W . The pairing is
non degenerate if the left and right kernels of this pairing are trivial, that is to say

(u,w)=0, YweW = u=0
<u,w>:0, VuelU = w=0

In other words, the pairing is non degenerate if and only if the above maps W — U* and
U — W (which are morphisms of A°—modules) are injective.

Definition 3.34.

(a) Let (U, Se,tz,A,E) be a left A-bialgebroid and (W, sﬁtﬂA,n) be a right A-bialgebroid. A
bialgebroid left pairing is a non degenerate A°-left pairing < , > :UXx W — A such that, for
any u,u’ € U and any w,w’ € W, one has

(u s w) = {u, we (v ww))) = (use((v, wa))) s we)
(wyww') = (¢ ((uys w))uay, w') = (ugys se((ue, w))w')
(u,1) = €(u) (1, w) = n(w)

In other words, the natural maps W — U, and U — *W are (injective) morphisms of right
and left bialgebroids respectively.
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(b) Let (U7 sz,tl,A,e) be a left A-bialgebroid and (W, sr,tr,A,n) be a right A-bialgebroid. A
bialgebroid right pairing is a non degenerate A°—-right pairing < , > :UxW — A such that, for
any u,vw’ € U and any w,w’ € W, one has

(ur s w) = (ute((u' we))) s way ) = (s way s (o, we)))

(uywe') = (s ((uqy, w))uey, o) = (e, t((ugy, w))w')
<u,1>:e(u) , <1,w>:n(w)

In other words, the natural maps W — U* and U — W are (injective) morphisms of right
and left bialgebroids respectively.

Next result should come as no surprise:

Proposition 3.35.

(a) Let (U, Sg,tg) and (VV, sr,tr) be two A°-rings and < , > :UxW — A be a non degenerate
A€ -left pairing. If (U, Se, tg) is a left bialgebroid, then there is at most one right bialgebroid structure
on (W, sr,t”) such that < , > is a bialgebroid left pairing. Similarly, if (W, sr,t”) is a right
bialgebroid, then there is at most one left bialgebroid structure on (U7 Sz,tg) such that < , > s a
bialgebroid left pairing.

(b) Let (U, se,te) and (VV, sr,tr) be two A€-rings and < , > :UXW — A be a non degenerate
A€-right pairing. If (U, sZ,tZ) is a left bialgebroid, then there is at most one right bialgebroid
structure on (VV, sr,tr) such that < , > is a bialgebroid right pairing. Similarly, if (VV7 sr,tr) s a
right bialgebroid, then there is at most one left bialgebroid structure on (U, se,tz) such that < , >
s a bialgebroid right pairing.

Remark 3.36. Let U be a left bialgebroid. Then the left bialgebroids (U*)2%,, and (Ugk,,) are

coop

isomorphic: indeed, the right A°-pairings between U and U* and between , (U gg’op) and UZ%,, give
rise to the same formulas. Similarly, the left bialgebroids (U)o, and *(UZ,,) are isomorphic.

3.6 The jet space(s) of a Lie-Rinehart algebra

3.37. Bialgebroids of jets: the right version. Let (L, A) be a Lie-Rinehart algebra, projective
as an A-module. Consider its enveloping algebra V*(L) endowed with its trivial left bialgebroid
structure and define the right jet space of the Lie-Rinehart algebra L as

JT(L) = VHL)" = Hom(_ 4 (V*(L),,As)
From §3.31 we know that a multiplication in J"(L) can be given as follows:

(09" )(u) = d(un)) ¢ (uw) Voé,¢ €J°(L), ue VL), where A(u)=u) @ up)
In particular, this multiplication is commutative in J"(L), and the unit element of J"(L) is the
counit map of V¥(L). Moreover, the map 8 = 9,r, : J (L) — A, ¢+ 0(¢) := ¢p(1y(,), will
play the role of the counit map of J" (L) ; hereafter, we write J,r, := Ker(9,r,). Moreover, we

have a structure of A°—ring on J"(L), whose source and target maps are given — for all a € A
u € V(L) — by the formulas (s"(a))(u) :=e(us‘(a)), (t"(a))(u):=e(s"(a)u) = ae(u) .

In order to define a coproduct on J"(L) := V¥(L)" we implement the construction in §3.31
again. Indeed, consider the (increasing) filtration {V,;(L)} _ of V¥(L) introduced in Remark 2.8;
dually, define

J3(L) := Hom_ ay(Vi(L),,Aa) ,  Ji(L) := {¢ € Hom_ 4)(V*(L),,Axs) 6]y =0}
for all n € N, so that restriction yields natural monomorphisms p,, : JT(L)/J(Tn)(L) — Jr(L) ,
and {J{n)(L)} N sa decreasing filtration in J"(L).

ne
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By our overall assumptions, L is finite projective (as an A-module); it follows that every
VA(L) and JI(L) are finite projective too, and each monomorphism p,, as above is actually an
isomorphism. As V¥(L) = lim V;*(L), one has

n

J7(L) := Homu (VE(L),, Ax) = HomA(nmv,f( ), AA) = lim (HomA(V (L), AA)) = lim J7 (L)
i.e. J7(L) is the inverse limit of the J'(L)’s. The decreasing filtration {Jn )} . defines a
topology in J"(L), for which J"(L) itself is automatically complete, as J" (L) = lim Jr(L). It is

worth remarking that Ji, (L) = gl (VY n e N), so that {J(’“n) (L)} o 15 up to a shift —
nothing but the J,r,—adic filtration of J"(L) — see, e.g., [6], §4.2.5.
Similarly, we can consider in V*(L),® ,V*(L) the increasing filtration

{(V'@weviw), = TV we, i}
and dually define Hom?® = {z/) € Hom(_ 4 ((VE(L)4® V4(L)) AA> ‘ w‘ = 0}
Cay (=4) > @ (VE(L)a®p VE(L)),,
for all n € N: this yields a decreasing filtration {Hom%"A)} o inside (V*(L)® ,VZ(L))* =
) n

Hom(_ ) ((VK(L)QQ@ ,VZ(L))Q , AA) , and this filtration defines a topology in (V"(L)<1®,V€(L))*.
By construction, together with the finite projectivity assumption on L , one has

(Vi(L)aw VL) = (lm (VA(D)aw V(D)) =
_ @((Vf(L)q®,V€(L))n)* = lim (V(L)a® , V(L))" / Hom®",

so that (VK(L)Q(X) ,VZ(L))* is complete for that topology.
Now consider the injective map 9 : J'(L) (®,J"(L) = VZ(L):@),VZ(L)* — (VZ(L)<,®,V€(L))*

given (as in §3.31) by Y ®¢ — I(Yp @) (u @u = Iy (ueu) =y t‘](z//(u)))) .

Consider in J'(L) &, J'(L) the Jg-adic filtration, with Jg := J ) @J(L) +J(L) @ srz) =
Ker (0,71,®0,r,) , and the corresponding topology defined by it in J"(L) (® ,J" (L) ; then denote
by J"(L) (® ,J"(L) the Jg—adic completion of J"(L) (® ,J"(L). One has 19(~"+1) - Hom? "A)
for all n, directly by definitions, so that ¥ is continuous (for the topologies considered above), hence
it extends to a continuous monomorphism 0 : J"(L) (&, J"(L) — (VX(L),® ,V*(L))" . By the
finite projective assumption on L, one sees — through the Pomcare Birkhoff-Witt Theorem etc. —
that all the natural maps ¢, : (J"(L) (® , J"(L /””Jrl VHL) ,®, VYL /Hom

induced by ¥ (for each n € N) are all isomorphisms; as a direct consequence, the completion 19 :
J"(L) (& yJ"(L) — (VYD) @ ,VZ(L))* is an isomorphism as well. Therefore, we can complete
the procedure explained in §3.31 and define a coproduct A : J"(L) —— J"(L) (®, J"(L) on
Jr(L) == VYL)" as A:=9 1oV where V:J'(L):=V{L)" — (V{L),®, V(L))" is given
by Vi — V@) (u@u — ¢(u'u)) forall ¢ € J(L), u,u’ € VI(L). As an outcome, using
Y-notation to denote the coproduct of an element, we have (for all v € J"(L), u,u’ € V¥(L))

A) =) @@ € J'(L) (@, J"(L)  with ¥ (ut’ (P (u))) = d(uu’)
This A makes J(L) into a (topological) A—coring, with counit map 0 = 9,r, : J (L) — A given
as above by ¢ — 0(¢) := ¢(1,¢,,). All in all, this makes J'(L) into a right bialgebroid over A.

Finally, we stress the point that the natural pairing (given by evaluation) between the left
bialgebroid V*(L) and the right bialgebroid J"(L) := V'* (L)* is a bialgebroid right pairing, in the
sense of Definition 3.34.

As J"(L) is commutative, it is equal to J"(L)°? and can be considered as a left bialgebroid.
Now introduce the map S : J"(L) — J"(L) defined (with notation of §3.27) by

S(O)) = eyeqry (us o(u) Voe (L), YueViL)
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Theorem 3.38. (see [23], [6], [29]) Let L be a finite projective Lie-Rinehart algebra. Then
(JT(L) , JJT(L)°P S) is a Hopf algebroid, whose antipode S is involutive.

As a simple application of Theorem 3.25 we then find the following corollary:

Corollary 3.39. (ida,S) is a right bialgebroid isomorphism from J"(L) to J"(L)

coop *

3.40. Bialgebroids of jets: the left version. Let again L be a Lie-Rinehart algebra over A,
again projective as an A-module. Considering now L as a right A-module, we look at its right
enveloping algebra V" (L), endowed with its natural structure of right bialgebroid (cf. §3.20).

We define the left jet space of the Lie-Rinehart algebra L as the left dual space

JYL) == V(L) = Hom(_ 4)(V"(L),Ax)
Again from §3.31 we know that a multiplication in J*(L) is given by
(Vo) () = ¥(uw) ¥'(ue) Vo0 € J(L), we V(L) , with A(u)=unu) ®up)

hence in particular this multiplication is commutative in J*(L), and the unit element of J¢(L) is
the counit map of V"(L). Moreover, the map € = €, : JHL) — A, b e(¥) = (lyrw),
works as counit map of J*(L); in the sequel we write Jsew = Ker(e,e,).

Still from §3.31 we get a structure of A°-ring on J*(L), with source and target maps given by
(s(a))(w) :==9(au), (t'(a))(u):= O(u)a,—forall ac A, ue V"(L).

Finally, mimicking the analysis in §3.37 — realizing J¢(L) as an inverse limit, since V" (L) is
a direct limit — we can also endow J*(L) with a suitable coproduct (following the recipe given in
§3.31). Eventually, all this makes J¢(L) into a (topological) left bialgebroid.

At last, notice that the natural (evaluation) pairing between the right bialgebroid V(L) and
the left bialgebroid J*(L) := ,V"(L) is a bialgebroid right pairing, in the sense of Definition 3.34.

Remark 3.41. As JY(L) = J"(L°P)?% . the triple (J*(L),J‘(L)°P, S r(rer) is a Hopf algebroid

coop

and S (for) induces an isomorphism of left bialgebroids from J*(L) to J*(L)

coop *

3.42. Further jet spaces, and comparison. Besides the jet spaces J"(L) and J*(L), we can
consider also further possibilities.

First, we can consider the left dual "J(L) := V¥(L),
broid. Indeed, it is equal to (VK(L)*)COOP, Le. t0 J"(L) pep -
(given by evaluation) between the left bialgebroid V(L) and the right bialgebroid V*(L), is a bial-

gebroid left pairing, in the sense of Definition 3.34 — in contrast with the case of V*(L)" =: J"(L) .

Second, we can consider the left dual “J(L) := *V"(L) of V"(L), which again is a left bialge-
broid. Indeed, it is equal to (*V’"(L))Coop, i.e. to JYL) coop - Moreover, the natural pairing (given
by evaluation) between the right bialgebroid V(L) and the left bialgebroid *V"(L) is a bialgebroid
left pairing, in the sense of Definition 3.34 — in contrast with the case of V" (L) =: JY(L) .

One can also establish some relevant links among all these bialgebroids of jets.

We have already noticed that that J¢(L) = J"(L°P)? = J7(L°P) (cf. also Remark 3.36).

coop

of V(L) , which again is a right bialge-
Furthermore, the natural pairing

coop

Finally, note that all in all we considered four different types of “jet bialgebroids”, namely
VAL = J(L) V(L) = JYL) viL), = "J(L) , V(L) =: ‘J(L)

However, we saw above that V¢(L), = (VZ(L)*)COOP = J(L) pop = J"(L) (corollary 3.39)
and *V7(L) = (*VT(L))COOP = JYL >~ JYL) (remark 3.41) . Therefore, in the end,
jet bialgebroids of type J"(L) or J¢(L) are enough to consider all possible situations, for every

possible L.

)coop
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We introduce now suitable “topological duals” for jet bialgebroids J"(L) and J*(L):

Definition 3.43. Let K = J"(L) be a right jet bialgebroid, for some Lie-Rinehart algebra L . Set
I:={xeJ(L) ‘ (1,X) = 0} = Ker(9,7,) — which is a (two-sided) ideal in J"(L), as one

easily sees. Then we introduce the following subsets of *K and K :
*K = {ue*K|u(I")=0V n>0}

={u:K— Alu(N+X) =uX) +u(N), u(rs%(a) =u(N)a, u(I") =0V n>0}
K= {ue K|u(I")=0V n>0}

={u:K— A ’ u(N + X)) =u(N) +u(N'), u(Ati(a) = au(X), u(I") =0V n>0}
Similarly, if K := J*(L) is a left jet bialgebroid, and I := Ker (&,e(m) , we define

K*::{UEK*|U(I")=O \ n>>0} , K*::{UGK*|U(I"):O W n>>0}

It should be clear by the very definition that, in the first case, *K , resp. K , is nothing but
the subset of those functions in *K , resp. in , /K , which are continuous with respect to the I—adic
topology in *K , resp. in K , and the discrete topology in A. Similarly for K* and K, in the
second case. The key reason of interest for these objects lies in the following, well-known result:

Theorem 3.44. Let L be a Lie-Rinehart algebra which, as an A—module, is finite projective.

(a) Consider the right bialgebroid J"(L) := VX(L)". Then ,J"(L), as a left bialgebroid, is
isomorphic to V*(L) : more precisely, the canonical map V*(L) — *(VK(L)*) = ,J"(L) given
by evaluation is an isomorphism of left bialgebroids.

Similarly, replacing J" (L) := V(L) with the right bialgebroid V*(L)
isomorphism of left bialgebroids V(L) —>*(VZ(L)*) still given by evaluation.

(b) Consider the left bialgebroid J*(L) := ,V"(L) . Then J'(L)", as a right bialgebroid, is
isomorphic to V™(L) : more precisely, the canonical map V'™ (L) — (*VT(L))* = JYL)" given
by evaluation is an isomorphism of right bialgebroids.

Similarly, replacing J*(L) := V" (L) with the left bialgebroid “V" (L) one has a corresponding
isomorphism of right bialgebroids V" (L) —>(*VT(L))* still given by evaluation.

. one has a corresponding

Remark 3.45. As the antipode S;-(z) provides an isomorphism” between VL), and V* (L),
we have an isomorphism *((VE(L)*) =~ V¥(L) . Similarly, we have an analogous isomorphism

(Vm(L)), = V(L) .

Remark 3.46. Let L be a finite projective Lie-Rinehart algebra and @ be a (finite projective)
A-module such that L & @ = F' is a finite rank free A-module. We resume notation of §2.12: so
we take an A-basis {b1,...,b,} of F,and weset Y =kb1 ®--- D kb,, sothat F=AR,Y ;
moreover, Lo = L & (A®y Z) is a Lie-Rinehart algebra with Z =Y @Y @Y &--- . One
has S(Y)?® := S(Z) = S(Y)® S(Y)® --- (recall that elements of an infinite tensor product
of algebras are sum of tensor products with only finitely many factors different from 1). For
T e {Y,Z}, welet €:S(T) — k — the counit map of S(T) — be the unique k-algebra
morphism given by S(t) := 0 for t € T, and we set S(T)" := Ker(e).

For any n, denote by Ji  (Lq) = VZ(LQ);’TL the subset of V¢(Lg)" whose elements are
all the A € V¥(Lg)" such that )\|w(L)(X)S(Y)@m®S(Z)Jr = 0 and set J}"(LQ)~E VE(LQ); =
Unen /7. (L) - Then one can describe J%, (Lg) as J ,(Lq) = J"(L) RSYHNER1ID1I® -,
where §(Y*) denotes the completion of S(Y*) with respect to the weak topology; so we have also

JH(LQ) = YpenIinLa) = Laen /(L)@S(Y)® @101 -
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This J}(Lq) is a sub-bialgebroid of J"(Lg) : indeed, its right bialgebroid structure is described by

tA— Ji(Lg), ar s.(a)®]1, tr: A— Ji(Lg), artr(a)®1
A(d)@s) = (6) ®51)) @ (2 @512)) i Asrry(9) = by @ B2y, Als) = 51) ® 52
(P ®s) = (p)e(s) (p®s) (¢ @s) = ¢pd @ss

forall ac A, ¢,¢' € J'(L), 5,5 € n SY*)®" ®181® -+ (neN).

Finally, denote by */.J;(Lq) the subset of *J(Lg) consisting of all § € *J(Lq) such that
L)&S(v-)En & s(ze)t = 0 . It is easy to check that *f J;(LQ) is
a left sub-bialgebroid of *J’“(LQ) 1somorph1c to V¥(Lg) .

4 Quantum groupoids

In this section we introduce quantum groupoids — i.e. topological bialgebroids which are
formal deformations of those attached to Lie-Rinehart algebras. Then we show that taking suitable
“(linear) duals” we get an antiequivalence among the categories of objects of these two types.

4.1. The h—adic topology. If V is any k[[h]]-module, it is endowed with the following decreasing
filtration: V D AV D A2V D --- D A"V D A"tV D ... D . Then V is also endowed with the
h—adic topology, which is the unique one for which V is a topological k[[h]]-module in which
{hmV}m N is a basis of neighborhoods of 0. Indeed, V is then a pseudo-metric space, as the
h—adic topology is the one induced by the following pseudo-metric:

d(z,y) == |z —y| =2 with m:=sup{seN|(z—-y)eh’V} Va,yeV

The topological space V' is Hausdorff if and only if the pseudo-metric d is a metric: in turn, this
occurs if and only if (), .yh™V = {0} , which means that each point in V' forms a closed subset.

4.1 Quantum groupoids

In this subsection we introduce the notion of “quantum groupoids”: these are special “quantum
bialgebroids”, namely (topological) bialgebroids which are formal deformations of those of type
VYL), V"(L), J'(L) or J*(L). We begin with the ones associated with the first two cases:

Definition 4.2. A left quantum universal enveloping algebroid (=LQUFEAd) is a topological left
bialgebroid (Hh JAp st omp, Ay Eh) over a topological k[[h]]—-algebra Ay, such that:

(i) Hy, is isomorphic to VE(L)[[h]] as a topological k[[h]]-module, with identity Lye(ry, and Ap,
is isomorphic to A[[h]] as a topological k[[h]]-module, with identity 14, where V*(L) is the left
bialgebroid associated wz’th some Lie-Rinehart A—algebra L, as in §3.12;

(ii) Hyp/hH, = V(L /hVZ )[R]] s isomorphic to V(L) as a left A-bialgebroid via
the isomorphism Ah/hAh % h]]/ hA[[h]] = A induced from the isomorphism Ay = A[[h]]
mentioned in (i);

(iii) denote by Hpy, 4 ® s Hy the completion of Hp 4 ® s Hp, with respect to the h—adic topology,

and define the (h- adzcally completed) Takeuchi product as
th;% s Hpy = { 27’&@@”; € Hh<§ |>Hh’ Zi(ab 'LLZ)®U; :Ziui® (U; 40,)}
h h
= { Do U @u € H;N? > Hp ’ > (uith(a)) @ uf =3, u; ® (uf sfl(a))}
h

then the coproduct Ay, of Hy, takes values in Hp o & o Hy, .
Ap
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In this setting, we shall say that H), is a quantization, or a quantum deformation, of V(L) ;
we shall resume it in short using notation V*(L), := Hy, .

In a similar, parallel way, we define the notion of right quantum universal enveloping algebroid
(=RQUEAAd) as well, just replacing “left” with “right” and V*(L) with V" (L), cf. §3.20.

We define morphisms among left, resp. right, quantum universal enveloping algebroids like in
Definitions 3.6 and 8.18; moreover, we use notation (LQUEAd), resp. RQUEAJ, to denote the
category of all left, resp. right, quantum universal enveloping algebroids. If Ay is a fized ground
k[[h]]-algebra, then we write (LQUEA),, , resp. (RQUEAd),, , to denote the subcategory —
in (LQUEAJ), resp. (RQUEAd) — whose objects are all the left, resp. right, quantum universal
enveloping algebroids over Ay, , and whose morphisms are selected as in Definitions 3.6 and 3.18.

Remarks 4.3.
(a) Uis a LQUEA if and only if UZ},, is a RQUEAd.

(b) U is a LQUEAA if and only if U°? is a RQUEAJ.

(c) If (VE(L),L,Ah,SfL (b ,mh,Ah,eh) is any LQUEAJ, then Aj; is a deformation of the
algebra A: then, as usual, one can define a Poisson structure on the base algebra A as follows:

0 g —g =0 f
N
where f' € A, and ¢’ € A, are such that f' mod h A, = f and ¢ mod h Ay, = g. The same
observations makes sense if one has to do with a RQUEAd V"(L), .

(d) The definitions given so far make sense for any Lie-Rinehart algebra L. However, from
now on we shall assume in addition that L, as an A-module, is finitely generated projective.

mod h Ay, V f,ge A

The following theorem is proved in [34] (Theorem 5.16) :

Theorem 4.4. Let (VE(L)h JAp sttt my Ay eh) be a LQUEAd. Define

tl AN /
5(a) = M mod hV(L), VaeA
5(X) = All(x),, - All(x) e V41 ® V4L) VXel
Ap(X) =X ©1-10X’ .
with — AN(X) = n(X) h® ® mod h (VZ(L)}L E? VZ(L)h>
h

and  AW(X), ) = Vg XXy i ANX) = 3 X @ Xpy)

where X' € VX(L),, is any lift of X (i.e. X' mod hV¥(L), = X ) and a' € Ay, is any lift of a.

Then §(a) € L and 6(X) € /\iL; this gives to L the structure of a Lie-Rinehart bialgebra.
Moreover, the Poisson structure on A induced by this Lie-Rinehart bialgebra (cf. Remarks 2.21(c))
coincides with the one obtained as the classical limit of the base x—algebra Ay, (cf. Remarks 4.3(c)).

Remark 4.5. In the above statement, we took formulas opposite to those in [34]: indeed, this
allows us to deduce the very last claim.

Example 4.6. (cf. [34]) Let P be a smooth manifold, D the algebra of global differential operators
on P and A:=C>(P). Let D[[h]] be the trivial deformation of D . Let

F =1@1+hBy+---€(D®aD)[[h] = D[[h)] & a D[]

be a formal series of bidifferential operators. It is easy to see that F is a twistor — cf. Definition
3.10 — iff the multiplication on A[[h]] defined by

fxng = F(f,9) v f,9 € A[[h]]
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is associative with identity being the constant function 1, i. e. iff %; is a star product on P. The
twisted bialgebroid structure on Dy := D[[h]] can be easily described: Aj = A[[h]] has the star
product defined above, 32 : Ay, — Dy, and tfl : Ap, — Dy, are given by

si(f)g=Frg,  th(Hg= g f V fgeA
The coproduct Ay, : D — Dh®AhDh is Ap(x):= f#_l(A(:c) -.7:) for all z € Dy, .
In Section 7 later on we shall explicitly provide a specific example of this kind.

Theorem 4.4 has a natural counterpart for RQUEAAd’s as follows:

Theorem 4.7. Let (VT(L)h VAR sy th ma, Ay, Eh) be a RQUEAd. Define

d(a) = 52(@)—;152@@) mod h V" (L), VaeA

§(X) = All(x),, - All(x) e v7(1) @ V(L) Vv Xel
A(X)-X'@1-1@X'
h
and  AMN(X)y, =Yg Xgm@ Xy if  AN(X) = Y Xp e Xy

with — AN(X) = mod h (V’"(L)h§ VT(L)h)

where X' € V'(L), is any lift of X (i.e. X' mod hV"(L), = X ) and o' € Ay, is any lift of a.

Then 6(a) € L and §(X) € /\ZL; this gives to L the structure of a Lie-Rinehart bialgebra.
Moreover, the induced Poisson structure of this Lie bialgebroid on the base algebra A coincides
with the opposite to the one obtained as the classical limit of the base x—algebra Ay, (cf. Remarks

4-3(¢)).

Remark 4.8. The previous result can be proved duplicating that of Theorem 4.4 in [34]. Other-
wise, one can deduce Theorem 4.7 from Theorem 4.4 applied to V¥(L), := V"(L),*, which is a
LQUEAd — cf. Remarks 4.3(b). In particular, the Lie-Rinehart bialgebra structure induced on L
by the RQUEAd V" (L),, is opposite to that induced by the LQUEAd V*(L), := V"(L)*.

We introduce now the second pair of “quantum bialgebroids” we shall deal with, namely quan-
tizations of jet bialgebroids:

Definition 4.9. A right quantum formal series algebroid (=RQFSAd) is a topological right bial-
gebroid (Kh JAR syt me, Ay, 8h) over a topological k[[h]]-algebra Ay, such that:

(i) Ky, is isomorphic to J"(L)[[h]] as a topological k[[h]]-module, with identity 1,1y, and Ay,
is isomorphic to A[[h]] as a topological k[[h]]-module, with identity 14, where J"(L) is the right
bialgebroid of jets associated with some finite projective Lie-Rinehart A—algebra L as in Subs. 3.6;

(ii) Kp/hKy is isomorphic to J"(L) as a right A-bialgebroid via the isomorphism
Ap/h A, = A[[R]]/ R A[[R]] = A induced from the isomorphism Aj, = A[[R]] mentioned in (i);

(iii) letting I = {1 € Ky |0(¢)) € h A} — which is easily seen to be a two-sided ideal in
Ky — we have that Ky, is complete in the I —adic topology.

(iv) let Iff’ = (Ih ®a, Kn+ Kp, ®a, Ih) , denote by Kh4§> » K1, the If?fadic completion of

h

K, <® » Ky ; also, define the (I,?fadically completed) Takeuchi product as
Ap
Kh4§ » K = { YU Qul € Kh4§> ,Kh‘ Ylavw)@ul =3 u; ® (ugqa)}
h h
= {Ciwou ek ® v K| X, (s(@u) 0 = Y, w @ ((au]) }
h

Then the coproduct Ay, of K, takes values in Kj, ¢ X p» K, .
h

)
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In this setting, we shall say that K} is a quantization, or a quantum deformation, of J"(L) ;
we shall resume it in short using notation J"(L), := K}, .

In a similar, parallel way, we define the notion of left formal series algebroid (=LQFSAd) as
well, just replacing “left” with “right” and J"(L) with J*(L) .

We define morphisms among right, resp. left, quantum formal series algebroids like in Defini-
tions 3.18 and 3.6; moreover, we use notation (RQFSAd), resp. LQFSAd, to denote the category
of all right, resp. left, quantum formal series algebroids. If Ay is a fized ground (topological)
k[[h]]-algebra, then we write (RQFSAA) 4, , resp. (LQFSAd),, , to denote the subcategory — in
(RQFSAd), resp. (LQFSAd) — whose objects are all the right, resp. left, quantum formal series
algebroids over Ay, , and whose morphisms are selected as in Definitions 3.18 and 3.6.

Remarks 4.10.

(a) From the analysis in §3.42 we can argue that one could define a RQFSAd also as a defor-
mation of the right bialgebroid V* (L), , and a LQFSAd as a deformation of the left bialgebroid
*VT(L). On the other hand, the very conclusion of §3.42 itself also tells us that it is enough to
consider the notions of RQFSAd and LQFSAd introduced in Definition 4.9 above.

(b) K, is a LQFSAJ if and only if (Kh"p)coop is a RQFSAd. Similarly, K}, is a LQFSAJ if and
only if K,” is a RQFSAd.

4.11. Liftings in a (R/L)QFSAd. Let L be a Lie-Rinehart algebra which is finite projective
(as an A-module). Set J,~(,, := Ker (9,~(,)) , a two-sided ideal — the “augmentation ideal” — in
J(L): then Jyr) /32, = L* as A-modules, by definitions. For any ® € L*, we shall call lift
of ® in J"(L) any ¢ € J,r, such that ¢ mod J7., = ® via the above isomorphism.

Now let Kj = J"(L), be a RQFSAd, namely a deformation of J"(L). For any ® € L* as
above, we shall call lift of ® in J"(L), any ¢’ € J"(L), such that ¢’ mod hJ"(L), is a lift of
® in J"(L). In short, this amounts to saying that ® = (¢’ mod hJ"(L),) mod J%

Also, if a € A we call lift of a in Ay, any o’ € A, such that o’ mod h Ay, = a .

Changing “right” into “left”, similar remarks and terminology apply for defining “lifts” of
elements of J¢(L) in some associated LQFSAd, say J(L),

() *

Next result introduces semiclassical structures induced on a Lie-Rinehart algebra L by quanti-
zations of the form J"(L) or J*(L). Indeed, this is the dual counterpart of Theorem 4.4.

Theorem 4.12. Let J"(L), be a RQFSAd, namely a deformation of J"(L) as above. Then L
inherits from this quantization a structure of Lie-Rinehart bialgebra, namely the unique one such
that the Lie bracket and the anchor map of L* are given (notation as above) by

oY -y

[®,T] : mod hJT(L)h> mod 33%)

w(®)(a) = (‘W(a/) ;T(a/) " nod hJ?"(L)h> mod J,rp) = ( r(@) ¢I) mod hAy,

for all @,V € L* and a € A, where ¢’ and ¢ are liftings in J"(L), of ® and ¥ respectively, a
is a lifting in Ap of a € A, and finally r( ) stands for either s};( ) or tr( ) .

Proof. First of all, it is easy to see that the maps [ , | and w as given in the statement are
well-defined indeed, i.e. they do not depend on the choice of liftings, nor of the choice of either
of s (a’) or ty(a’) as playing the role of r(a’). Moreover, by construction we have [®,¥] €
Jry /32, = L*. Also, again by construction we have w(®)(a) € J"(L)/J,,; now the latter
space identifies with e(J"(L)) = A, thus w(®)(a) € A via these identifications, so that w(®) is
a k—linear endomorphism of A .

Now, the definition of both [ , | and w is made via a commutator in J"(L),, . As the commutator
— in any associative k—algebra — is a k—bilinear Lie bracket and satisfies the Leibniz identity
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(involving the associative product), one can easily argue at once from definitions that L* with the
given bracket and anchor map is indeed a Lie-Rinehart algebra (over A).

What is more demanding is to prove that with this structure the pair (L , L*) of Lie-Rinehart
A-algebras fulfills all constraints to be a Lie-Rinehart bialgebra. Indeed, we shall not provide a
direct proof for that: instead, we have recourse to a duality argument, using the notions and results
of Subsec. 5.1 later on. Indeed, there we shall see that ,J" (L), is a LQUEAd, hence by Theorem
4.4 we know that (L , L*) is a Lie-Rinehart bialgebra. O

The analog of Theorem 4.12 for LQFSAd’s (with essentially the same proof) is the following:

Theorem 4.13. Let JE(L)h be a LQFSAd, namely a deformation of J*(L). Then L inherits from
this quantization a structure of Lie-Rinehart bialgebra, namely the unique one for which the Lie
bracket and the anchor map of L* are given (notation as above) by

@, 0] = <W mod hﬂ(L)h> mod 3%,

W(®)(a) = ( ¢'r(a’) ;r(a)¢ mod hJZ(L)h) mod Jyrs,

forall ®,V € L* and a € A, where ¢’ and ¢’ are liftings in J*(L), of ® and ¥ respectively, a'
is a lifting in A, of a € A, and finally v(a') stands for either s}, (a’) or t} (') .

Remark 4.14. The result above can be proved like its analogue for RQFSAd’s, i.e. Theorem
4.12. Otherwise, one can get the former from the latter applied to J7(L), := J*(L),” , which is a
RQFSAd — cf. Remarks 4.10(¢). In particular, the Lie-Rinehart bialgebra structure induced on L

by the LQFSAd JE(L)h is opposite-coopposite to that induced by the RQFSAd J" (L), := JZ(L),fp .

4.2 Extending quantizations: from the finite projective to the free case

Let L be a Lie-Rinehart algebra over A which is finite projective as an A-module. With the
procedure presented in §2.12, we can find a projective A-module @ (a complement of L in a finite
free A-module) and use it to build a new Lie-Rinehart algebra Lg := L & (Q PLPQOLD--- ) ,

which as an A-module is free. Then we fix an A-basis {by,...,b,} of F and set Y := é kb;, so
i=1
F=A®iY. Set T:=Nx{l,...,n}, Z:= @ kv, R=AxsY®Y® ---) = A®;Z. One has
teT
also V¥(Lg) = VY(L)® S(Z),and S(Z)=S(Y)®S(Y)®:-- (recall that elements of an infinite
tensor product are sum of tensor products with only finitely many elements unequal to 1).

From the basis {b1,...,b,} of F' we may construct a good basis {e;};., of Lg (repeating the
basis {b1,b2,... ,b,}.

4.15. Extending QUEAd’s. Let L be a finite projective Lie-Rinehart algebra, for which we
consider for it all the objects and constructions mentioned just above.

Let V¥(L), € (LQUEAd),, be a (left) quantization of the left bialgebroid V*(L) . Consider

~

VZ(L)h,Y ;= h-adic completion of V¥(L), @, S(Y) @, S(Y) @t S(Y)® --- =: V¥L), & S(Z)

In order to describe it, for d € T™ we set e := [Lier etd(t) and @ (d) := max {@(e;) |gl(t) #0}
(cf. Definition 2.13);

Proposition 4.16. Any element of VZ(L)h y can be written in a unique way as

t'(ag) e = lim t(ay) e with lim
deT(m ( i) o QEEN) ( i) \d]-+ ()t ‘

ld|+w(d)<n

|a¢H =0 (notation of §4.1)
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Proof. Tt is obvious that any element of the given form belongs to V(L),y . Conversely, let u €
V(L)py . Write u=wug +huy + -+ h™u, + --- with u; € V(Lg) for all i. Now, for all i € N,
each u; can be written as u; = ) e t'(uf") e where all but a finite number of the u*’s are

zero. Set uy 1= Y, h'ug", so that u = Z ug €% . Let us show that lim ||uaH =0. Pick

||+ (a)—+oo
ng € N; if we choose A > max{ | o | +w(@)|3i < ng : uF # 0}, then for | a | +w(a) > A we
have ||ug|| < 27N, O

Now, there exists a unique left bialgebroid structure on V*(L) ny given as follows:

ty Ay —VLD)ny, a—tia)®1, sy A — Vi LD)ny, ar sa)®1
Avewy,y (@®s) = (aq) @s0)) @ (a@) O s@) i Anla) = aq) @ag) , Asz)(s) = 50) ©s2)
en(a®s) := ep(a)e(s), (a@s)(d ®@s') :=ad ®@ss

where the right-hand side factor map e above is just the standard counit map € : S(Z) — k of
the Hopf k—algebra S(Z), uniquely determined by €(z) = 0 for every z € Z. It is easy to see that

(a) VZ(L)h,Y is a quantization of the left bialgebroid V*(Lg);
(b) my = jdV’Z(L)h,y@kE : VZ(L)hy = VYL),®, S(Z) — VL), is an epimorphism of left
bialgebroids.

An entirely similar construction is possible if we consider any RQUEAd V" (L), instead of the
LQUEAd V*(L),

4.17. Extending QFSAd’s. Let L be a finite projective Lie-Rinehart algebra, and adopt again
notations as before. Recall also that in Remark 3.46 we have introduced J§(Lg) := ViLg)™ .

Let J"(L), € (RQFSAd),, be a quantization of J"(L). Keeping notation as in §4.15, consider
J"(L)},y = h-adic completion of > J" (L), @k S’(Y*)@" ®1l®leol---

where JT(L)hQNQS(Y*)én ®1®1®...1s the ((S(Y*)®n)+® 11®1- --)fadic completion of
J(L), @ S(Y*)*" ©1®1®1---. There exists a unique right bialgebroid structure on J" (L)}, y
described as follows:

trA— J Ly, a—t(a)1, sy Ay — J (L)py, ar— s(a)®1
Aa®s) = (aq) ©@s0) @ (ap) ©sz)) i Ay, (0) = a@) @a@), Als) = 50) @ 503)
Oh(a®s) = Op(a)e*(s) , (a®s)(d ®@s') = ad @ss

Then one easily sees that
(a) J"(L),y is a quantization of the right bialgebroid J§(Lq);
(b) 7 :=idsr(r), @k € : J"(L)h’y — J"(L), is an epimorphism of right bialgebroids.

An entirely similar construction is possible if J"(L), is replaced with a LQFSAd J*(L), .

Remark: Let V¥(L), € (LQUEAd) 4, be a quantization of V¥(L). We have seen in §4.15 that
VHL),y = VL), @ S(Z) is a LQUEAd which quantizes V*(Lg). If n € N, let S(Z)" :=
Ker (e : S(Z) — k) be the kernel of the counit of S(Z), and let V¢(L Ihy "5 be the subspace of
VHL), y given by VE(L), 4" = { A€ VL), | M(VH(L), @ ST¥)*" o S( )¥) =0} . Then
set

VZ(L);Q, := h-adic completion of ZneNVK(L)}K}"
Then V(L ) 'y is a right subbialgebroid of V4L )h y » which is isomorphic to the right bialgebroid
(V4L), ) Note also that V¥(L), 3’," is isomorphic to V4(L), @, S(Y*)*" @4 1@, 1 @5 1---.

In a similar way, one can define also the right bialgebroid (VZ(L) I y). : this is a right sub-

*

7
bialgebroid of (V*(L),, ), isomorphic to the right bialgebroid ((V*(L),),), -
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Parallel “right-handed versions” of the previous constructions and results also make sense if
one starts with some V" (L), € (RQUEAd),, instead of Vi), € (LQUEAA) 4, : in a nutshell,
one still finds that “extension commutes with dualization”. Details are left to the reader.

5 Linear duality for quantum groupoids

In this section we explore the relationship among quantum groupoids ruled by linear dual-
ity (i.e., by taking left or right duals). We shall see that the “(left/right) full dual” and the
“(left /right) continuous dual” altogether provide category antiequivalences between (LQUEAJ) ,,
and (RQFSAd),, and between (RQUEAd) ,, and (LQFSAd),,

Essentially, we implement the construction of “dual bialgebroids” presented in Subsection 3.5,
but still we need to make sure that several technical aspects do turn round.

5.1 Linear duality for quantum QUEAd’s

We begin with the construction of duals for (L/R)QUEAD’s. In this case, we consider “full
duals” (versus topological ones, cf. Subsection 5.2 later on. Before giving the main result, we need
a couple of auxiliary, technical lemmas.

Lemma 5.1. Let V¥(L), € (LQUEAd) 4, and u € VH(L), . For any r € N, there ezists t, € N
such that N
(a)  Ab(u) = 0+ hy £ h20+ -+ hTLE,_y £ BT S, (e V%L)f“)

(b) forevery i=0,...,7—1, the element 0; € VZ(L)ftT contains at least r terms equal to 1.
Proof. Let us expand u as u = ug+hus +h?ug+---+h"u,+---. Then there exists ¢j € N such

that A% (ug) contains at least r terms equal to 1. We lift At (ug) to some element §) € VE(L)f o
containing at least r terms equal to 1. Then Afo(u) = 69 +hd + h269 + -+ h" 60 +--- for

suitable elements &9, ..., 8% € V¢(L )®t° .

Now we can find ¢} € N such that (1dt/071 ® A1) (6?) contains at least r terms equal to 1. We
lift (id ' ® A%)(39) and (id '@ Af)(80) to clements &3, 6% € V(L)Y which both
contain at least 7 terms equal to 1. Thus we find Afotfi(u) = 68 +h ol +h26L +-- +h7 6L +
for suitable 63, ..., 0! € V(L )®t°+t1

Iterating finitely many times, we complete the proof. [

Notation 5.2. Before next lemma, we need some more notation. Given V*(L), € (LQUEAd) 4, »
consider Kj, := V¥(L), and its subset If, := {x €K ‘ <1Ve(L)h,x> €EhAL}.

Remark 5.3. As V/(L), is a left bialgebroid, by §3.31 we know that its right dual Kj, := V¢(L),
has a canonical structure of A°-ring; then, with respect to this structure, one easily sees that I,
is a two-sided ideal of K}, . Moreover A(I},) C Ik, ® Kj, + Kj, ® Ik, . Indeed, given any ¢ € Ik, ,
we write A(¢) = ¢(1) @ ¢2y — a formal series (in X-notation) — convergent in the Ir, —adic
topology of K. Writing ¢(1) and ¢(2) as

by = ¢4+ 5" (On(d)) » with 65 = éa) = 5" (9n (b)) € Ik,

b = 0+t (o)) . with ¢l == by —t"(0n(92)) € Ik,
we can expand A(¢) = d(1) ® ¢(a)
Al9) = ¢y @by = o ® by + 5" (On(d)) @ 05, + 5" (On(ew)) @1 (9 (o))
¢(1) ®¢(2) +s" (ah((l5(1))) ®¢ +s (5h( )) ®1 € (IKh, éAhKh + Kp éAhIKh, +hs"(Ap) @Ahl)

where we took into account the identity s” (8h (a:(l))) QR t" (8h (ac(z))) = s" (8h(m)) ® 1, due to
Remarks 3.17(e), and the fact that O (z) € h Ay, since ¢ € Ik, by assumption.
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Lemma 5.4. Given VY(L), € (LQUEAd) 4, and Kj := VE(L), , consider the two-sided ideal
Ik, = {X c Kj, | <1V5(L)h,x> € hAh} of Ky, as well as its powers I, (n € N). Then, for

every u € VY(L)y, and every r € N, there exists t, € N such that <u,[}{h> € h"Ay .
The same property holds if one considers the left dual Ky := (VX(L),), of VY(L), .

Proof. We make use of the previous lemma. Indeed, the latter ensures that there exists t, € N
such that
Al"(u) = 6o+ hdy +h*0s+---+h"" 15,1 + A0,

for some elements dg, ..., 0, € VZ(L)ftr such that dg, ..., d._1 contain at least r terms equal
to 1. From this fact and the properties of the natural pairing < , > between VZ(L)h and its right

dual K} := VZ(L); it is easy to see that <¢, u> € h" Ay, for all ¢ € I;gh , whence the claim. [

We are now ready for our first important result about linear duality of “quantum groupoids”.
In a nutshell, it claims that the left and the right dual of a left, resp. right, quantum universal
enveloping algebroid are both right, resp. left, quantum formal series algebroids.

Theorem 5.5.

(a) If V¥(L), € (LQUEAA) 4, , then VE(L);,VZ(L)}L* € (RQFSAd),, , with semiclassical
limits (cf. §3.42)

VAL, /hV‘Z(L): >~ VL) = J(L)  and Vf(L)h*/th(L)h* ~ VL), = J(L)

Therefore VE(L), and V'(L), , are quantization of J"(L).

Moreover, the structure of Lie-Rinehart algebra induced on L* by the quantization Ve(L); of
J"(L) — according to Theorem 4.12 — is the same as that induced by the quantization V*(L), of
V(L) — according to Theorem 4.4; therefore, the structure of Lie-Rinehart bialgebra induced on
L is the same in either case.

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization
VHL), , of VHL), = J"(L) is opposite to that induced by the quantization V*(L), of V*(L).
Thus the structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each
other: VE(L), provides a quantization of the Lie-Rinehart bialgebra L, while V(L), , provides a
quantization of the coopposite Lie-Rinehart bialgebra L oo, — cf. Remarks 2.21(e).

(b) If V'(L), € (RQUEAd),, , then V" (L), , *V"(L), € (LQFSAd),, , with semiclassical
limits (cf. §3.42)

(L), /h*VT(L)h ~ V'(L):=JYL)  and *Vr(L), /h *Vr(L), = *V'(L)=JYL)

Therefore V" (L), and *V"(L), are quantizations of J*(L) = .V"(L) .

Moreover, the structures of Lie-Rinehart algebra induced on L* by the quantization V" (L), of
JYL) — according to Theorem 4.13 — is the same as that induced by the quantization V" (L), of
V™(L) — according to Theorem 4.7.

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization
*V"(L), of *V"(L) = JYL) is opposite to that induced by the quantization V" (L), of V"(L).
Thus the structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each
other: Ve(L)h provides a quantization of the Lie-Rinehart bialgebra L, while *V" (L), provides a
quantization of the coopposite Lie-Rinehart bialgebra L oo, — cf. Remarks 2.21(e).

Proof. (a) We shall start by proving that if V¢(L), € (LQUEAA) 4, , then VL), € (RQFSAd) 4, -

As we saw in §5.2, the right dual K}, := VZ(L);: of V¢(L), has a canonical structure of A®ring.
Moreover, it is endowed with a map 3y, : VK(L);; — Ay (X — <1V2(L)h,x>) , which has all the
properties of a “counit” in a right bialgebroid and defines the two-sided ideal Ig, := 0; ! (h Ah) .
What we still have to prove is that

o Kj:= VZ(L);: is complete for the Ik, —adic topology;
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e there exists a suitable coproduct Ay, : Kj, := V¥(L), — Kj, @4, Ki, = VY(L), @a,V4(L), ,
which makes Kj, := V(L) ;: into a topological right bialgebroid;

. Kh/h K, = VYL /h VL), is isomorphic to VX(L)" as topological right bialgebroid.

We begin by looking for an isomorphism V*(L / hVYL), = VYL)" . For this, we distin-
guish two cases, the free one and the general one.

— Free case: L is a free A—module, of finite type.
In this case, let us fix an A-basis {€1,...,€,} of the A—module L ; then we lift each €; to some
e; € V¥(L), . Then any element of V¢(L), can be written as the h-adic limit of elements of the

form }Z,. ayenn ti(Cay,.a,) €' - €qr in which almost all cq,,....q,’s are zero.

For a given A € VZ(L)*, set Qa,....qn = )\(El‘“ ~--ET‘L’“) € A for all a := (ay,...,a,) € N™.
We lift each @, ... 4, to some oy, .. 4, € Ap, with the assumption that if @4, . 4, =0 then we
choose ag,,....q, = 0. Now we set

an,

ai 3 -
A (Z(al,‘..,an)EN” tl(cal,...,a“) €1 "€y ) T Z(ahm,an)EN" Car,..yan Qay,..yan

This defines a map A from the right A,-submodule of V¢(L), spanned by all the monomials
et - -efm to Ap: as the h—adic completion of this submodule is nothing but VZ(L)h7 this map
uniquely extends (by continuity) to a map A : V(L ) — Ah . By construction, we have
AeVYL), ,and A is a hftmg of A, that is A mod hV¥(L), = A . This guarantees that the

canonical map V(L / hVHL), — VYL )* , which is obviously injective, is also surjective.

— General case: L is a projective A—-module, of finite type.

As in §2.12; we introduce a projective A—module @ such that L & Q = F' is a finite free A—
module. Fix an A-basis {b1,...,b,} of F', and set Y =kb; ®kby-- - ®Dkb,,sothat F = A®,Y .
The basis {b1,...,b,} also defines a good basis {€;};cr._nyxq1,. 0y Of Lq -

Now let A € V(L)" . We extend A to some X € V(Lg)" by setting X|V(L)®S(Z)+ :=0. Now
we can adapt the arguments of the free case to construct a lifting A’ € V(L)py * of X . Then

A=N € V(L), is a lifting of X as required.

v,
Thus one sees again that the canonical map V*(L / hVE(L v (L)* is a bijection.

On V(L) h* we have already considered an algebraic structure of “A°-ring with counit”: the
same structure then is inherited by its quotient V*(L) ,;k / hV*(L) ; . On the other hand, V¥(L)"
is a right blalgebrmd hence in particular it is an “A°-ring with counit” as well. The canonical
bijection V*(L / hVE(L . V4L )>k above is clearly compatible with this additional structure.
In particular, this implies that Ker (0y) mod h Kj, = Ker (Ove(r)) = Jver)y -

Now consider Ik, = (‘3;1 (h Ah) , which can be written as Ig, = Ker(0p) + h K}, . As we
know that V(L) is Jye(ry+—adically complete (cf. §3.37), from Ker(9,) mod h Kj, = Jyer)-
and Ix, = Ker(0p) + h K}, we can easily argue that K, := Vf(L)};k is I,—adically complete.

Now we look for a suitable coproduct. To this end, we shall show that the natural “coproduct”
given by the recipe in §3.31 does the job. The problem is to prove the existence of an isomorphism
from V¢(L), «®p V(L), — the completion of V(L), @V*(L), with respect to the (Ix, K+
Ky ®IKh)fadic topology — to Hom(_ 4, ((VE(L)h <,®,V€(L)h)<] , Ap ) . More precisely, there ex-
ists (cf. §3.31) a natural map x from V¢(L), @V*(L), to Hom(_ 4,)((V*(L), <1®,VZ(L);I)<1 JAR)
we now show that this x actually extends to a (continuous) map — which we still denote by y —

*

from VE(L), «@» VH(L), to Hom( a,)((VY(L), «®V (L)n),, An) -

To begin with, fix u € V¥(L), . For every r € N, there exists ¢, € N such that Al (u) expands
as Al"(u) =g+ hdy +h?6a + -+ h" 6, asin Lemma 5.1: in particular, every d; € VZ(L)ftT
with 0 < ¢ < r — 1 contains at least r terms equal to 1. As the canonical evaluation pairing

between V¢(L), and K} := V!(L), is a bialgebroid right pairing — in the sense of Definition
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3.34 — the formulas for such pairings imply at once (by induction) that <u, I }(h > C h" A, for
all ¢ > t,.. By the same arguments, given v, w € VZ(L)h we see that, for every r € N, one has

(vow,If, @I ) C WA,  forall ¢ +t">0 (4.1)

Now let A € V¥(L), «®» V/(L), . Then A is the limit of a sequence (An)yeny — with A, €
VE(L);<®, VE(L); for all n — for the (I, ® Kj 4+ Kj, ® Ik, )—adic topology; in particular, for
each t € N one has

(A —Aw) € (I, @ Kn+Kn@lg,) = Y IE @I  forall n',n" >0 (42
t 4t =t

By (4.1) and (4.2) together we get that for all » € N one has
(X(An’) — X(Anu))(v ®w) = X(An' — Anu)(v ®w) = <U Qw, Ay — Ay > C h"A,

for all n’ 4 n” > 0; in other words, {x(A,)(v@w)} _ is a Cauchy sequence for the h-adic
topology in Ay ; as the latter is h—adically complete (and separated), there exists a unique, well-
defined limit lim x(A,)(v®@w) € A, . In the end, we can set x(A)(v@w) = lim x(A,)(v@w);

this defines a (continuous) map extending the original one, namely

X 0 VAL), <@ VA(L), — Hom(_ a,)((V/(L), «®» V(L)1) An) (4.3)
To complete our argument, we need a few more steps. To ease the notation, we shall write
Xy = X/hX for every k[[h]]-module X .
First, with the same arguments used to prove that Hom(_ a,)(V*(L),, , An) ’h = VE(L); .
=0 =0
has a canonical bijection with Hom(_ 4)(V*(L),A) =: VY(L)" we can also prove that
Hom(— 4, (V! (L)y <@ V(D)) s An)| = Hom( ) (Vi(L) 2 VA(L), A) (4.4)
Similarly, the same arguments once more can be adapted to prove that
VEUL), «®» vé(L);‘ =~ Vi) oViL)" (= J"(L)&J"(L), cf §3.37) (4.5)

h=0

Finally, by construction the reduction modulo A of the map x in (4.3), call it ¥, is nothing but
the map _ N . . .
9 J(L) (@,J7(L) = VHL) @, V(L) — (VHL),®, V(L))
considered in §3.37. Therefore — since Hom(_ 4)(V/(L)®@V*(L), A) =: (VX(L),® >V5(L))* , and
taking into account the isomorphisms in (4.4-5) — as Y = 9 is a k-linear isomorphism we can
deduce that x is an isomorphism as well.
The outcome now is that Kj := VZ(L),L* endowed with the previously constructed structure
— including the coproduct map given by the recipe in §3.31 — is a topological right bialgebroid,

complete with respect to the I, —adic topology. In addition, the bijection V*(L) ; / hVE(L) h* —
VY(L)" found above by construction happens to be a right bialgebroid isomorphism.

Our next task is the following. Denote by (L* O, 7, w’) and (L* O, 7, w”) the structures of
Lie-Rinehart bialgebras induced on L* respectively by Theorem 4.12 — for J"(L) := Ve(L); —
and by Theorem 4.4 — applied to V*(L), . We must prove that o’ =w” and [, ] =], ]". To

this end, recall that, by Remarks 2.21(b), w” and [ , | are uniquely determined by the conditions
W(@)(a) = (dr(a),®) , (O,[@,¥]") =" (®)((0,9) — "(¥)((0,®) - (I(O), 22 V)

(forall @, e L*, © € L, a € A), where dz(a) and dz(a) are defined by the formula for J in
Theorem 4.4. Therefore, it is enough for us to prove that (for all @, W e L*, © €L, a€ A)

W' (®)(a) = (0r(a), @), (O,[®,¥]) = "(®)(O, V) —w"(¥)(O, ) —(6(0), V) (4.6)
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In order to prove (4.6), we choose liftings ¢',¢' € J"(L), = VYL )h , with the additional
condition that ¢',¢" € J,r,, = Ker (8JT(L)h) (such a Choice is always possible), a lifting 6 €
VL), of © and a lifting a’ € Aj, of a. Now direct computation gives

@@ = (7 () ~ () ¢)) mod hI(L), ) mod Ty =

_ ( (b/ t’r(a/) ;tr(a/) ¢/ mod 3J”.(L)h> mOd hAh =
_ 8J(L)h<¢/tr(a/) ;tr(a’) @' > mod hAj, — <1’ ¢’ tr(a') ;tr(a’) ¢’ > mod h A —
a/<17¢/>_<1,tr(a/)¢/> modhAh: <17¢/>a/_<1,tr(al)¢/> mOdhAh:
h h
0f .1 AN (.1 ’ Lla") = st(a’
- A D) g, <t()h()¢> mod h Ay = (6y(a), ®)

where ( , ) denotes the natural evaluation pairing between V*(L), and its right dual V(L) N
we exploited the fact that this pairing is a right bialgebroid pairing (cf. Definitions 3.33 and 3.34)
and the fact that <1V£(L)h , d)’) =: 0yr (1), (¢') = 0 because ¢ € J,r, = Ker (QJT(L)h) by
assumption. Thus the first identity in (4.6) is verified.

As to the second identity, we write A(0) = 0(1)®0(2) as A(0) = 0@1+120+h Z[o] 011 @02 , 50
that (Z[e] 0j1) ®0j2)) mod hVE(L), % VL), =: Al(©) — notation of Definition 4.4. Then

by direct computation we find
(0, @) = <9, W> mod hA, = b7 ((8,¢'v') ~ (0, 0'¢')) mod hA, =
= 27 ((8e), ({0 0 D) W) = () te({By w7 ) &) mod h Ay
= W7 (1, (0, 0)) ') + (0. 6 ((1.6/) V') + ¥y O (0.6 ) ') -
— (L0 ((0,0)) ') = (0,6 ((1.0)¢') = g ( Oz (O ¥/)) ¢')) mod A,
= b (L6 (0. 0) v') = (1. 1,((0.0))¢')) mod hdy +
+ Z[e](< 01> tr((Opy» 0" ) ") = (Opy» 6 ((Opy» 0" )) ¢>’>) mod h A, =
= h((s°((0.9)) ¥) = ({00 »,v)mth+
+Z[9]( (s"((Op). ¢ )) Oy, ') — (s ((Op 9[2] ¢ ) mod h A, =
= (7 (500~ ((0,0)) 0 ) — <¢«mw» t(6.0/)). ¢')) mod by +
+Z[e](< (O ")) O ') — (t((Opyy ¢ >) O, & >) mod h A, —
:(<“““W”—“«’W”,w>_<8«’W”—“““W”,a>)thm+

S

I I
+Z[e](<9[21’¢'><9[11,¢’> - <9[217¢’><9[11»¢'>) mod h Ay =

= —(0:((0.2)), ¥) + (6:((0,¥)), @) + (Al(©) —al(®),, , e0 V) =
= W(®)(6.7)) - " (V)(0,2)) - (36), 20 V)

where we exploited the properties of a right bialgebroid pairing — in particular the identity

(t'(a), x') = (1, x')a — the fact that (1,¢') =08,r ), (¢') =0, (1,¢') = J (L)h(dﬂ) =0,
the fact that s‘(k) = t*(x) mod hV¥(L), and the fact (already proved) that w” = w’. This
proves the second identity in (4.6).

Finally, we have to deal with V*(L),, , . Acting much like for V*(L), , one proves that V*(L), |
is indeed a topological right bialgebroid, whose specialization modulo h is just V*(L), = J*(L),
hence we can claim that V*(L), , € (RQFSAd) 4, is a quantization of JYL).
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As to the last part of claim (a), concerning the two Lie-Rinehart algebra structures induced on
L* , we can again proceed like for V(L) ; : the difference in the outcome — a minus sign — now
is due to the fact that the natural pairing (given by evaluation) among the left bialgebroid V*(L),
and the right bialgebroid V*(L), , is a left bialgebroid pairing (cf. Definitions 3.33 and 3.34) —
whereas in the case of V(L), and V¥(L), it is a right bialgebroid pairing.

In detail, direct computation (adopting similar notation as above) gives

(P)(a) = ((h_1(¢’ sr(a’) — s.(a’) ¢')) mod hJ"(L)h) mod J,,, =
= aJ(L)h((b/ Sr(a/) _Sr(a/) (;5/ ) mod h A, = <1V£(L)h, le Sr(a/) - 57"(@/) QSI > mod h A, =

h h
= n7 (1, ¢y = (¢() @) mod h Ay = BT (a(1,6") ~ (#'(a), &)
:h4«#wm¢w—<ﬂw,d»Imdmn=<8%w2#W)W>lmM“h:
_ _<t€(a')—hs€(a/)7¢,> mod h A, = —<5L(a)7¢)>

which proves that w’ = —w”, and also

<@, [<I>,\IJ]’> - <9, W> mod h A, = h~1 (<o,¢’w’>f<0,qp’¢’>) mod h Aj, =
(8005 5 (829D = (B 5e((B ) ) mod b Ay =

= h71(<9’5r(<1v¢/>)¢/>+<175r(<9 "NV A+ B (O s ((Op 56" )) ¥ ) —
(0, s ((1,0))¢") — (1. s:((0,9))¢") = h ¥ <9[1175r(<9[2]7¢'>)¢’>) mod h Ay, =

= 1 (Lo ((8.0)) ) = (1o ((8.07)) ¢')) mod hdy +
+ 2 ( Oy, se((Op,¢" ) ¥') — <9[1175r(<9[2],1//>)¢'>) mod h A, =
= 0 (((0.0) ) = (F(0.0)) . o)) mod by +

+ S0 ((F((Oe16")) 0y 0 ) = (1 (<9[ 9[11 ¢')) mod h Ay =
= (W (H(0,01) =5 ((0.01)) 0 ) = hTH(H((0,0)) — ' ¢')) mod h Ay, +
+ i (¢ (B 9)) 1M—<WWMW»ﬁm¢»mMM%=

(DRI ;,¢> (¢ «7w»;#«mw»’d>>thM+

+ S0 (O ') (O ¥ = Oy, ¥ ) (B, 0')) mod b Ay, =
= (0((0.2)), ¥) - (6((0.¥)), @) + (Al @21—A[1](®) eIV =
= —(W@(O,¥) - (W) (e,2) - (540), eeV))

which proves that [ , "= —[, 1", q.e.d.

(b) The proof given for claim (a) clearly adapts to claim (b) as well, by the same arguments.
Otherwise, one can deduce claim (b) directly from claim (@) using general isomorphisms such as
L(Ug) = (U, and *(US,) = (U.) = (see Remark 3.36) as follows.

coop coop coop coop
First of all, (V"(L),) Zfop is obviously a quantization of V" (L )Coop = V¥(L°P) . Second, the

structure of Lie bialgebra defined by (V (L)h)Op and by (LV"(L),) v = ((VT(L)h)Op )* is

coop coop coop

Ler . Hence the structure of Lie bialgebra defined by V7(L), and ,(V"(L),) is L.

coop *

Similarly, the structure of Lie bialgebra defined by (V7(L),)?" and by (*(V"(L),))" =

coop coop

((VT (L) h) Z:op) are respectively L%~ and (L"p ) = L°P . Thus the structure of Lie bialgebra

coop coop

defined by V"(L), and by *(V"(L),) are L and Lcooz, respectively. O
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5.2 Linear duality for quantum QFSAd’s

Much like for their classical counterparts, the duals for QFSAD’s have to be meant in topological
sense. Indeed, we introduce now a suitable definition of “continuous” dual of a (R/L)QFSAd:

Definition 5.6. Let K € (RQFSAd), . Let I, := { A€ K, |0h(\) € hdy } .

We denote by K}, the k[[h]]-submodule of K} of all (left Ap—linear) maps from Ky to Ap,
which are continuous for the I —adic topology on K and the h—adic topology on Ay, .

We denote by *Kj, the k[[h]]-submodule of * K}, of all (right Ap~linear) maps from K, to Ap,
which are continuous for the I —adic topology on Ky and the h—adic topology on Ay, .

In a similar way, we define also “continuous dual” objects K, , (Q Kh*) and K (Q K}:‘)
for every K € (LQFSAd),, .

It is time for our second result about linear duality of “quantum groupoids”. In short, it claims
that the left and the right continuous dual of a left, resp. right, quantum formal series algebroid
are both right, resp. left, quantum universal enveloping algebroids.

Theorem 5.7.

(a) If J"(L), € (RQFSAd),, , then J"(L),,*J"(L), € (LQUEAd),, , with semiclassical
limits (cf. Remark 3.45)

LJT(L), /h*JT(L)h >~ J(L) = V(L)  and *JT(L)h/h*JT(L)h > (L) = V(L)

Therefore ,J"(L), and *J"(L), are quantizations of V*(L) = ,J"(L) .

Moreover, the structure of Lie-Rinehart bialgebra induced on L by the quantization ,J" (L), of
VH(L) — according to Theorem 4.4 — is the same as that induced by the quantization J"(L), of
J"(L) — according to Theorem 4.12.

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization
*J'(L), of V* (L) is opposite to that induced by the quantization J"(L), of J"(L). Therefore, the
structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each other: in
short, J"(L), provides a quantization of the Lie-Rinehart bialgebra L, while *J"(L), provides a
quantization of the coopposite Lie-Rinehart bialgebra L oo, — cf. Remarks 2.21(e).

(b) If JY(L), € (LQFSAd) 4, , then JE(L)h*, JZ(L)h* € (RQUEAA) ,, , with semiclassical
limits (cf. Remark 3.45)

JUL), /hﬂ(L)h* ~ JYL)" = V'(L)  and Jf(L)h*/hﬂ(L)h* ~ JiL), = V' (L)

Therefore JE(L)h* and JZ(L),L* are quantization of V(L) = JY(L)".

Moreover, the structure of Lie-Rinehart bialgebra induced on L by the quantization JZ(L)h* of
V(L) — according to Theorem 4.7 — is the same as that induced by the quantization J*(L), of
JY(L) — according to Theorem 4.13.

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization
JZ(L)h* of V" (L) is opposite to that induced by the quantization J(L), of J*(L). Therefore, the
structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each other: in
short, JY(L),, provides a quantization of the Lie-Rinehart bialgebra L, while JE(L)h* provides a
quantization of the coopposite Lie-Rinehart bialgebra L oo, — cf. Remarks 2.21(e).

Proof. (a) To simplify notation, we write K} := J"(L), . We begin with the case of , K}, , moving
through several steps.

The main point in the proof is the following. By definition, , K} is contained in ,Kj : by the
recipe in §3.5, the latter is “almost” a left bialgebroid over Aj , as it has a natural structure of
Af-ring with “counit”, and also a “candidate” as coproduct. Then the natural pairing among . K},
and K}, (given by evaluation), hereafter denoted ( , ), is an A7-right pairing (cf. Definition 3.33),
and also a bialgebroid right pairing (cf. Definition 3.34) — as far as this makes sense. Basing on
this, we shall presently show that this structure on ,Kj — which makes it an Af-ring and even
“almost a left AS—bialgebroid”, actually does restrict to . K} , making it into a left A7—bialgebroid.
Also, the evaluation will then provide a natural bialgebroid right pairing between , K and K}, .
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Along the way, we shall prove also that , KJ, has semiclassical limit V*(L), and finally that the
Lie-Rinehart bialgebra structure on L induced by it is the same as that induced by Kj, := J"(L),, .

(1) First we prove that the source and target maps of K} (as given in §3.5) actually map
into K}, , that is s‘(A,) C K, and t(Ay) € K} . We shall prove it by showing that, for any
a € Ay, , one has <s£(a) , I;ZL> C h™Ay,, <t£(a), Ih"> C h"™Ay, , for all n € N.

For t¢ | if ¢ € I, , then <t£(a), q5> = <1,¢>a € hA, =h'A, ; thus <t£(a), Ih1> C h'Ay, .

Now assume by induction that <t£ (a), I,;”> Ch™Ay. Let v € I)™ and x € I, ; then

(ti(a),vx) = (L,ox)a = (st((1,%))1,x)a

thus by the induction hypothesis and the case m =1 we see that <t£ (a) ,¢X> € hmttA, .
As to st if ¢ € I, , then we have

(sta), 0) = (1, tr(a)p) € (1, ¢t,(a)) + hAy = a(1,¢) + hA, = hA,

because t,(a)¢ — ¢ t.(a) € hKy, and (1,¢) € hA,.
Now assume by induction that <s£(a), I}:"> C h™Ay . Let ¢ € I} and x € Iy, ; then

(si(a),vx) = (Litp(a)x) = (sL((1te(a)¥)) 1, x) = (si((si(a),¥)) 1, x)
thus by the induction hypothesis and the case m =1 we argue that (s%(a),1 x) € h™ A, .

(2) Let us show that if w,w’ € K}, then ww' € K . Given n € N, let p,q € N be such
that (w,I) € h"A), and (W', I} ) € h"A),. Now take n € IPT9. Then the identity

(wo'sn) = (WL (W 02))) s 1)) = (W nay s (W @)

taking into account that A(IZ'HJ) c > Iy ®,, I} because A(ly) € Ky, ®u I+ 1n®, Kn,
r+s=p+q ' ' ’

proves that <ww’, I,I;+q> € h™ Ay, . Thus K}, is a subring of ,Kj, — even an Af—subring, by (1).

(3) Let us show that , K}, is topologically free. First we prove that it is complete for the h—adic
topology. Indeed, as K}, is topologically free (for its own h-adic topology), so is Homyp) (Kp , An)
as well. Now let (\,),cy be a Cauchy sequence of elements in , K}, ; then this sequence converges
to a unique limit A € Homy ) (K , An) . Then it is easy to see that A\ € Homa, (Kp , Ap) .

Now we show that A € K}, . Given n € N, there exists n; € N such that A,, — A takes values
in h"Ap, . As A, € K}, there exists ny € N such that <)\n1 ,I;ZQ> € h"™A;, . But then we have
<)\,I,7:2> € h™ Ay, and so we conclude that \ € LK, .

Finally, as . K}, is complete for the h—adic topology and without torsion, it is topologically free.

(4) Now we show that *Kh/h*Kh =, (Kn/hKp) = . J(L) = VX(L) .

Let A € 4K}, , so that A as a map from K} (with the I;—adic topology) to A (with the h—adic
topology) is continuous. Then A induces (modulo h) a map A :J"(L) — A which is 0 on J"
for n > 0, where J := Ker (&,T(L)) . We claim that the kernel of the map y : A — X is h, Kj:
indeed, it is obvious that h,Kj, C Ker(x) , and the inverse inclusion follows from the fact that
Ay, is topologically free. Therefore we have an injective map 'y : *Kh/h*Kh — (Kh/ hKh) =
«J"(L) = V¥L) induced by x (modulo k), and we are left to show that ¥ is surjective too.

We distinguish two cases:

Finite free case: Assume that L as an A-module is free of finite type. Let {€;,...,€,} be an
A-basis of L. Then {&*:=e" . - e |g = (a1,..., ay) € N"} is a basis of V(L), by the
Poincaré-Birkhoff-Witt theorem. Define &; € K := J"(L) by (&;,ef*---ea") = H?Zl 0oy 5, -

Let & € K, be a lifting of £; such that 9;,(¢;) = 0. We denote (ordered) monomials in the £;’s
or in the &;’s by gg =& &0 and £ = £7" - &y respectively. Note that % € I,lf‘ , where
la| =37 a;. Let A€ (Kn/hKy) =.J"(L)=V*L) be given: we write g := (A, §g> €A,
and note that all but finitely many of the @,’s are zero. Let a, € Aj, be any lifting of a, (for all
a € N, with the condition that whenever a, = 0 we take also a, = 0. Now we define A € K,
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by setting <A,§g> =aq . As " = Y h*&*t,.(Ay), itis easy to check that if n € N then

lat|+s>m

<A,I,;"> C h™Ay for m > 0. Hence A € K}, and by construction ¥ (A mod h*Kh) = A, so
that the map  is onto, q.e.d.

General case: By our overall assumption, L as an A-module is projective of finite type. Then
we resume the setup and notation of in §2.12: there exists a finitely generated projective A-—
module @ such that L & Q = F is a finite free A—module, and we consider the free A—module
Lg:= LEB(A@kZ) with Z:=Y®Y®Y®---. From an A-basis {b;,..., b,} of Y we get a “good
basis” of elements &; indexed by T :=N x {1,...,n}, le. Lg = 69 ke, . Fixing on T any total

order, the PBW theorem yields { &% :=[[,cr e |a = (at),er € T )} is an A-basis of V¥(Lg) .
Let 5 be the element of Jf(LQ) deﬁnedby <§ e >71 if a=( O‘t*‘stj)teT’ <§j,:“>*0
otherwise. If A[[{Xt}teTHf = U AlXi,...,X,]], thenonehas Ji(Lg) = H{gt}feT]]
i1 <<

Now consider the quantization Khy of J§(Lg) — cf. §4.17. Recall (cf. §4.17) that

Kpy := h-adic completion of ) Kh@)kS’(Y*)é" RIRIRL---

where K}, ®p S(Y*)®" ®1®1--- is the ((S(Y*)®n)+® 1®1--- )fadic completion of K} ®j
S(Y)®" ®1®1---. By construction, every £, belongs to some K®,S(Y*)®" @41 @5 1®y ---
(n; € N). Let & be any lifting of £; in Kh@)kS’(Y*)@"i@kl@kl@k- -+ such that (8h®es(z*))(§i) =
0. Given a € Ay, we denote again by a the element t"(a) € t"(A4y) C Kj, . Let also 0: A — A
be a section of the natural projection map from Aj, to A, let Jpy = Ker(0y) = 0;1 ({0}) and
Iy =0," (h Ap) : taking into account that ¢"(A) = A°P and t"(A) = A;7, one has

Ky = { ZneN hnpg (é) ‘ Py € H{Xt}tETHf Aop} = { ZnEN h" Py, (ﬁ) ’ P, [[{Xt}teT]]f AZP}

Iny = (b {&}er) ) Iny = Dper & Kny
where round braces stand for “two-sided ideal generated by”, and H{Xt}teT]] f A, respectively
H{Xt}teTHf Ay , denotes the ring of formal power series with coefficients on the right chosen in
A, respectively in Ay, , each one involving only finitely many indeterminates X .
Now, Lg as an A-module is free but not finite; however, JJC(LQ) and its quantization Kp y
have enough “finiteness” behavior as to let the arguments for the finite free case apply again. In

other words, the analysis we carried on for the finite free case can be applied again in the present,
general context working with Kj y . Indeed, let us remark that

~ - = N\F
Ity := h—adic completion of ( NS LeSYH eI + YKL ® (S(Y*)®’“n) R1®- )
neN k k k n€N+ k k k

while on the other hand V*(Lg) = V(L) @ (VY(L) @k S(2) ) . Now let K := J"(L) and
- =+
NELK . As Ji(Lg) =K ® X, cn, K®y (S(Y*)®™) @k 1@y -, we can extend A to an element

w e *J]C(LQ) by setting ,u|Z 0 and ,u|K := X\ . By the arguments

neN+K‘§~§k (SO @r1® =
used in the finite free case, p can be lifted to an element M € , Ky ; then A = M|Kh €Ky is
a lift of A . So that the (injective) map X : . Kp/h. K, — (Kn/hKy) = J"(L) = V(L) is
surjective, g.e.d.

(5) Let us now show that A(*Kh) C Ky @)A,L*Kh for the “coproduct map” A given by the
transpose map of the multiplication in Kj, .

Let A € .Kj . We know that modulo h one has A(A) € K ®,,K . Now write A(A) =

SSAD @ A® (a finite sum) with XD, A2 € K , and let AV and A® in K, be liftings of A()
and \?) | i.e. AS) = A1 and Af) = \?: then A(A,) — ZAS) ® Af) € h(.Kp ®Ah*Kh) , SO
that A1 (A(AR) =2 AV Af)) € Ky, ®, Ky . In addition, whenever p+ ¢ >0 one has also
(A(A) =X Agll) ® A;LQ) JIP® Iq> € h? Ay, ; therefore we find that

) - S AV eAY) e K®,.K

We can carry on this argument and eventually show that A(Ay) € . Kj ® A}*K n o, q.e.d.
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(6) Altogether, the steps (1)-(5) above prove that K}, is a LQUEAd (over A} ), whose semi-
classical limit K} /h K}, is exactly isomorphic (as a left bialgebroid over A ) to V¥(L). Now we
show that the structure of Lie-Rinehart bialgebra induced on L by the quantization , K}, of V(L)
is the same as that induced by the quantization K} of J"(L). To this end, let [ , ], w’, be the Lie
bracket and the anchor map on L* induced by K}, and [ , ], w”, those induced by Kj, .

We proceed like in the proof of Theorem 5.5. Our goal is to prove that w’ = w” and [ , | =
[, ]”; thus recall that (cf. Remarks 2.21(b)) w’ and [ , |" are uniquely determined by

S (®)(a) = (3(a), @) . (O,[8,9)') = J(@)((0,1)) - /(1)((0,8)) — (540).® V)

(forall @, € L*, © € L, a € A), where §r(a) and 07(©) are defined by the formula for § in
Theorem 4.4. Thus it is enough to prove that (forall @, W € L* © € L, ac€ A)

wW'(@)(a) =(0r(a), @), (6,[®,¥]") = o (2)(6, V) (V) (6, @) — (3,(0) , 2&T)  (4.7)

To prove (4.7), choose liftings ¢',¢' € J"(L), =: K, with the additional condition that
¢, € Iy, = Ker(9ymry,) (this is always possible), a lifting § € V(L) := J"(L), of ©
and a lifting a’ € A of a. Now direct computation gives

L a’ 7SZ a’
W'(@)(a) = (difa),®) = <t*()h*()7¢>/> mod h Ay, =
h71<t£(a') —sﬁ(a') , ¢’> mod h A, = ifl<17 qﬁ’sr(a') —sr(a’) ¢’> mod h A, =

<1, ¢/Sr(al) ;Sr(a/) ¢, > mod hA}L _

= ( o (a/) ZST (a’) v mod hKh> mod J,ry = W'(®)(a)

where we exploited the fact that the involved pairing a right bialgebroid pairing (cf. Definitions
3.33 and 3.34). Thus the first identity in (4.7) is verified.

As to the rest, we write A(f) = 01) ® 03y as A(f) =01+ 1® 60+ hb;) @0y, so that
(011 ® Opz)) mod hVe(L)hQXDVZ(L)h =: Al(O), as in Definition 4.4. Moreover, let us set

¢ :=¢" mod hJ"(L),, ¢ :=1" mod hJ"(L), , which are lifts of ® and ¥ in J"(L), and actually
belong to J,,. Then direct computation gives

<@,[<1>,x1/]”> = (0, {s,v}) = <9w> mod h Ay,

Now, in the proof of Theorem 5.5 — namely, to prove the second part of (4.6) — we saw that

<07 d)/w/ _ ¢/¢/

- > mod hA, — W/(8)(0,%) — o' (B)(0.8)) — (5,0), bo V)

so that the second identity in (4.7) is proved.

At last, let now cope with the case of *Kj . Clearly, we can proceed much like for , K} : one
proves that *Kj; = *J"(L), is a topological left bialgebroid, whose specialization modulo h is
*JT(L) = V(L) , hence we can claim that *J"(L), € (LQUEAd) ,, is a quantization of V*(L).

A difference arises about the last part of claim (a), concerning the two Lie-Rinehart algebra
structures induced on L*: indeed, the difference in the outcome — a minus sign — is due to the
fact that the natural pairing (given by evaluation) among the left bialgebroid *J"(L), and the
right bialgebroid J"(L), is now a left bialgebroid pairing (cf. Definitions 3.33 and 3.34) — while
for ,J"(L), and J"(L), it is a right one. Explicit computations are (again) much like those in the
proof of Theorem 5.5 (for the very last part of claim (a)), just as it occurs for K} = ,J"(L), .

(b) The arguments used to prove claim (a) clearly adapt to claim (b) as well. Otherwise, one
can deduce (b) directly from claim (a) using general isomorphisms such as ,(UZ%, ) = (U*)%,,

and *(U%, ) = (U,.)sr = — see Remark 3.36. O

coop coop
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5.3 Functoriality of linear duality for quantum groupoids

The results in Sections 5.1 and 5.2 about the duality constructions for quantum bialgebroids
can be improved. Indeed, they can be cast in the following, functorial version (cf. Definition 4.2
and 4.9 for notation), which is the main outcome of this section:

Theorem 5.8. Left and right duals yield pairs of well-defined contravariant functors

(LQUEAQ) ,, — (RQFSAd), , H, — H' (RQFSAd) ,, — (LQUEAd), , K~ K,
(LQUEAA) ,, — (RQFSAd), , Hy — Hy,, , (RQFSAd) ,, — (LQUEAd), , K — K,
(RQUEAd) , — (LQFSAd), , Hy — *Hj, , (LQFSAd), — (RQUEA), , Ky~ Kj,

(RQUEAd), — (LQFSAd), , Hy— .Hy (LQFSAd) ,, — (RQUEAd) , , Kj — K

h
which are (pairwise) inverse to each other, hence yield pairs of antiequivalences of categories.
Proof. Tt is clearly enough to present the proof for just one pair of functors, say those in first line.

Let H, = VY(L), € (LQUEAd) 4, . For any A € H; and any 1 € Hy, let ev,(A) := A(n),
and consider the map Hj, — (H,’) given by 1 ev,; note that a priori this map takes values
in . (H;), but Lemma 5.4 actually proves that every ev, belongs to .(H*).

We claim that this map is an isomorphism in (LQUEAJ) a, - Indeed, by construction this
is a morphisms of left bialgebroids; moreover, it is even an isomorphism, because both Hj and

«(H,?) are topologically free k[[h]]-modules, and the reduction modulo h of Hj, — .(H;) is
an isomorphism. Indeed, to prove the latter claim, note that the specialization of H; modulo h is

just Hh/h Hy, = VZ(L)h/h V4L), = V'(L), by assumption, and that of ,(H,") is nothing but

*(H,j)/h L(Hp) = *(H,j/hH,j) o *<V£(L),f/hVZ(L);> ~ (V(L)"), by Theorem 5.7 and
Theorem 5.5. In addition, the specialization modulo h of the given map is nothing but

Hy [hHy = V(1) (VDY) = () [hu(H) T ey
directly by construction, and this is known to be an isomorphism — see Theorem 3.44(a).

Let K, =J"(L), € (RQFSAd)Ah . We prove now that Kj = (*Kh)* . As K} is a LQUEAA,
it follows that (*Kh)* is a RQFSAd. Like above, there is a natural morphism K; — (*Kh)* —
in (RQFSAd),, — given by o — (evy : A — A(0)) . Like before, since K}, and (*Kh)* are two
topologically free k[[h]]-modules, in order to show that this map is an isomorphism it is enough to
show that it is an isomorphism modulo A .

By assumption we have Kj, / hK, = J'(L); then Theorem 5.7 implies also that K} is a
quantization of V¥(L), i.e. its semiclassical limit is V*(L) itself. Now we have K,/hK), =
J7(L) and (,K)" / h( )" = <*Kh / h*Kh) ~ V(L) = J'(L) because we know — by the

assumptions and Theorem 5.7 — that , K}, is a quantization of V¥(L). We conclude like before.

Finally, both recipes Hj, — H, and Kj — K}, are clearly (contravariantly) functorial. [

6 Drinfeld functors and quantum duality

In this section we present the main new contribution in this paper, namely the definition of
Drinfeld functors and the equivalences — instead of antiequivalences! — of categories established
via them among (left or right) QUEAd’s and QFSAd’s.

6.1 The Drinfeld functor ()"
Let K, € (RQFSAd), . Weset Ky :=k((h)) ® Kj,and I, := 9, ' (h Ay), I := Ker(dy),
E[[h]]
where 0y, is the counit map of K;,. If A € K;, , onehas A = X\ —s" (ah()\)) + 5" (8h(/\)) with
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A — s’"(@h(/\)) € Jn; thus one has Ij, = J, + h K}, . Define K, :=s"(Ap)+ Y, h™ "I, which
neNL

is a k[[h]]-submodule of K ; then note that we have also K, = s"(Ap) + > h7"s"(An)J} .
neNL

Definition 6.1. Given Kp := k((h)) E%}]Kh’ let I, = agl(hAh) and Jp, := Ker(0y), with
K[k
Iy, =3n + h Ky . Then we define
K = s"(Ap)+ > b "I} = s"(An)+ Y h7"s"(An) 31

neNL neNL
K}/ := h-adic completion of the k[[h]]-module K

Moreover, in an entirely similar way we define K, for any K, € (LQFSAd)Ah .

Remarks 6.2.

(a) Note that Jj is not an (A, Ap)-subbimodule of K}, , in general. Indeed, if a € A;, and
¥ € Jn, it is clear (from the properties of the counit of a right bialgebroid) that 1 s,(a), ¥ t,.(a)
in Jp, ; but we cannot prove in general that s,.(a) and t,.(a) belong to J,. On the other hand,
one has that I instead is definitely an (Ap , Ap)-subbimodule. For this reason, it is better to
(define and) describe K} and K,/ using I}, than using Jj, .

(b) Let K be a LQFSAd, respectively a RQFSAd. Then (K,)?" is a RQFSAd, respectively

coop

a LQFSAd. It easily follows from definitions that ((Kp)o> )v = (k)"

coop coop *

6.3. Description of K}’ . Directly from its very definition, we can find out a description of K,/ .
This is very neat in the case when the Lie-Rinehart algebra L — such that K} is a quantization
of JU(L) or J*(L) — is of finite free type (as an A-module), and can be reduced somehow to that
case when L instead is just of finite projective type. Thus we distinguish these two cases.

(a) Finite free case: Let us assume that L (as an A—module, of finite type) is free. Then

we can explicitly describe K/, as follows. Fix an A-basis {€1,...,€,} of L, and let & be the
element of Hom(V*(L), A) = VH(L)" = J"(L) defined (using standard multiindex notation) by
(&,e%) = (&,e"Ef) = 0ay.0°Oas1** Oan0 Va=(a,...,a,) €N?

Let & be an element of K}, lifting & and such that 9;,(&;) =0. If a € Ay, , we shall write again a
to denote the element t"(a) € K}, . We have the following descriptions

Kn = {Ygenn & &l ag | ag € AP, Vd e N"} = A[[Xq,..., X, ]|[h]]
I, = (h7§17"'7fn) ’ 3h:Z?:1fiKh

where the first line item is a (right) A;”-module of formal power series (convergent in the I;-adic
topology) and the last isomorphism is one of topological k—modules, while round braces in second
line stand once again for “two-sided ideal generated by”. By this and the very definition it follows
that, writing & := h~'&;, one has (the last isomorphism being one of topological k-modules)

K}\L/ — { ZQEN"*lh’bD Vlbl .. .g’rl;n GJQ aQ c A;)Lp s Vb } =~ A[le N ’X”:I [[h]]
where the sum denotes formal series which are convergent in the h—adic topology, and then also

3 = A7, = Y0 & Ky = right ideal of K generated by the &’s

(b) Finite projective case: ~ Assume now that L (as an A-module) is just finite projective
(as usual in this work). Like in Subsection 4.2, we fix a finite projective A—module @ such that
L& Q = F is a finite free A-module, we write FF = A®; Y where Y is the k—span of an A-basis
of F', and we construct the (infinite dimensional) Lie-Rinehart algebra Lo = L @ (A @, Z)
with Z =Y ®Y ®Y @&---. Then, for J'(L), := K}, we can introduce the right bialgebroid
Kpy == J"(L),y asin §4.17: namely (with notation as in §4.17), we recall that

Kpy = h-adic completion of Y _y Kh<§>kS(Y*)®" RLIRXIRL---
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(S(Y*)®n)+ being the kernel of the natural counit map of S(Y*)®" and Kh@QkS(Y*)én ®1---
the ((S¥*)®) ®1®1-)-adic completion of Kj, @ S(¥*)*" @1@1---
Furthermore, let 0j, be the counit of Kp y, and Iy := 6,:1 (h Ah) . Then we have also

+
Iy := h-adic completion of (Z Ih®S(Y*)®T®1® ey Kh®(S(Y )®8) ®1®~--)
reN seN

Basing upon these remarks, we can define K,’y and describe it as above: namely, one has

~ +.5 ~
K}y = h-adic completion of Y3 > A" Jr@k((SY")®™) ) ©1@1®@--- = K @, 5(Z2*)

n,mr+4+s=n

where Z*f =Y* Y *pY* D .....
Let now {e:};cr._nyx1,.. 3 be a good basis of the A-module Lq . From the proof of Theorem
5.7 (step (4) for the general case) we can select elements & € Kp y (t € T) such that

Kny = { Soenh"Pal{&},er) | Po € [{(Xiher]], AP } 2 A[[{Xehier]]IIR]
Iny = (h,{&}er) , Iny = Dierét Kny

where [[{Xt}tET]] s A denotes the ring of formal power series with coefficients on the right chosen

in A;, involving only finitely many indeterminates X;. One can then easily find, letting & := h~'¢,
for all t € T, that

Ky = {Soan" Pal{&}er) | P € € ea A7 ¥ e N} = A[{X}, ][]

where the sum denotes formal series convergent in the h—adic topology, and [{Xt}teT] AJP denotes
the ring of polynomials with coefficients on the right chosen in A;” . We find also

~V

Jny = '3y = > ter & K}y = right ideal of K}y generated by the s &

It is time for the main result of this subsection. In short, it claims that the construction
Kj — K, starting from a quantization of L — of type J"/*(L) — provides a quantization of the
dual Lie-Rinehart bialgebra L* — of type V"/¢(L*) ; moreover, this construction is functorial.

Theorem 6.4.

(a) Let J"(L), € (RQFSAd),, , where L is a Lie-Rinehart algebra which, as an A-module, is
projective of finite type. Then:

— (a.1) J7(L), € (RQUEAA) 4, , with semiclassical limit J"(L /h JH(L)) = V().

Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantzzatzon J"(L )i:/ of
VT(L*) — as in Theorem 4.7 — is dual to that induced on L by the quantization J"(L), of J"(L)
— as in Theorem 4.12;

— (a.2) the definition of J"(L), — JT( ), extends to morphisms in (RQFSAJ) , so that we
have a well defined (covariant) functor ()" : (RQFSAd) — (RQUEAJ) .

(b) Let JL), € (LQFSAd) 4, , where L is a Lie-Rinehart algebra which, as an A-module, is
projective of finite type. Then:
Y

— (b.1) JYL), € (LQUEAA),, , with semiclassical limit J*(L /hJZ ~ VLY.

of
(L)

T <

Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization J*(L)
VA(L*) — as in Theorem 4.4 — is dual to that induced on L by the quantization J*(L), of J
— as in Theorem 4.18;

— (b.2) the definition of J*(L), — JZ(L),\L/ extends to morphisms in (LQFSAd), so that we
have a well defined (covariant) functor ()" : (LQFSAd) — (LQUEAJ) .

Y
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Proof. (a) To ease notation, let us write Kj := J"(L),, .
By definition, K is the unital k[[h]]-subalgebra of (K),, := k((h)) @k Kn generated by
h=1I, and s"(Ay): thus it is automatically a unital k[[h]]-algebra. It follows that K}’ is a unital

k[[h]]-algebra too, complete in the h—adic topology. Moreover, I}, is an (Aj, Aj)-subbimodule of
K}, : this implies at once that K, and K,/ are (Aj, Ap)-bimodules too. As (Kh)F is torsionless,

so are K, and its completion K}’ ; also, K/ is separated and complete, so it is topologically free.

Let us now see that the coproduct in K} induces a coproduct — in a suitable, h—adical sense —
for K}/ as well. Given any ¢ € I, we write A(¢) = ¢(1) ® ¢(2) — a formal series (in X-notation)
— convergent in the Iy—adic topology of K} . Writing ¢y and ¢y as

day = zﬁ) + 5" (On(d1))) , with ¢zrf) = ¢y — 5" (On(d))) € In € In

b = Q%t) +t"(0n(2))) » with ¢Z§t) = Py — " (On(d2))) € In C In
we have seen that
A(p) = (bzrf) R 2y +s" (3h ((25(1))) ®¢zr2t) +ST(3h(I)) ®1 € (Ih @AhKh-l-Kh @Ah[h—kh s"(Ap) @Ah 1)
All this implies

Ah'9) € (W' ®a,Kn + Kp®a,h ™ I + s(Ay) ®4,1) C K ®4,K)
In addition, we must observe the following. Every ¢ € I), expands as an Ip—adically convergent
series ¢ =}, oy, ¥n With ¢, € I} for all n € Ny ; but then ¢, € I = R™(h~1I,)" for every n
and so h~1¢ expands as a series h™1¢ = ZneN+ R (h=11;,)" which is convergent in the h-adic
topology of K}/ . As a byproduct of this analysis, we can apply the same argument to A(h*1¢)
and thus realize that it is actually a well defined element of K’ ® 4, K}/, the h—adic completion
of K}/ ®a, K;/. Finally, it is clear that in fact A(h’1¢>) even belongs to the Takeuchi product
inside K} ®4, K, , as the parallel property is true for A(¢) inside K}, @a, Kp .

As K* is generated — as an algebra — by h™'I}, and s"(Ay), and K’ is its h-adic completion,

we finally conclude that the coproduct of K}, does provide a well defined coproduct for K’ , making
it into a (topological) right bialgebroid over A, .

Moreover, by construction K,/ is isomorphic (as a k[[h]]-module) to (K)'/hK)!)[[h]] .
What we are left to prove — for claim (a.1) — is that K, := KX/h K}/ be isomorphic to
V7(L') for some Lie-Rinehart bialgebra, and that such L' — with its structure of (Lie-Rinehart)

bialgebra induced by this very quantization — is isomorphic to L* with its structure of Lie-Rinehart
bialgebra dual to that induced on L by the quantization Kj := J"(L), we started from.

We follow the strategy in [13] and [10]. By the analysis we did so far we know that K}’ is a
deformation of the right bialgebroid K}/ / h K}’ : then we shall apply Proposition 3.21 (and the
remarks following it) to show that the latter is indeed of the form V"(L’), with L' = L*. For
computations hereafter we fix some notation: Jj, := Ker(9y,), K := Kh/h K}, and J := Ker(0)
for 9 := Ok . Also, from Theorem 5.7 (a) we consider V(L) := .K), = .J"(L), € (LQUEAd) ,
so that J"(L), = VY(L);.

We proceed in several steps.

— o Forall a € Aj,, we have s,(a) =t,(a) mod h K,/ .

Indeed, one has (s"(a) —t"(a)) € I € I = hh™'I;, C hK)/ , whence the claim.

— o For every a € A, the map m A — K,\{/h K}’ induced modulo h by t" is injective.

In fact, let @ € Ker (¢), and let a € Aj, be a lifting of @ in A, . Then for all v € V¥(L),
we have (e, s'(a)u) mod h = (t"(a),u) mod h = (t"(a),u) = a < e,u >= 0 . This implies
ac€hAp,soa=0.

~— e The set P"(K)') of (right) primitive elements of K/ := K,\{/h K,/ — cf. Proposition
3.21 — has a natural structure of right Lie-Rinehart algebra, induced by specialization from K’ .
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Indeed, this is entirely standard. Both the Lie bracket [ , ] and the anchor map w are recovered
as semiclassical limits of commutators from the multiplicative structure and source/target structure
of the “quantum right bialgebroid” K,’. Namely, for any =,y € PT(KTX) and a € A, choose any
lifts 2/,y" € K} and o’ € Aj, of them: then defining

ax = 2's"(a’) mod hK;' |, [v,y] == 2’y —y'2’ mod h K}/
w(z)(a) = Op(z's"(a') — s"(a’)2’) mod h A

it is a routine matter to check that Pr(Ki){) is made into a Lie-Rinehart algebra over A.

—e Set J) :==h7'Jy (C K)) and 3/ :=3) mod hK) ;then J) isa Lie-Rinehart subalgebra
of PT(Ki,Y) .
Indeed, let ¢ € J;,, and set ¢V := h~'¢ € J). Then acting as in the first part of the proof
(with notation introduced therein) we get

A(p) = b)) @) = (¢1) =5 (On(bw)) +5"(On(¢1)))) @ (b2 —t" (On(b(2))) +1" (On () =
= 5" (0n(¢1))) @1 (On(o()) + ¢ @7 (On(d2))) + 5" (On (D)) ® &) + 035 @ 65 =

= On(o) @1+ d’zﬁs) @t (0n(d2)) + 5" (On(0a))) ® (J%t) + ¢(+f) ® fb(?) =
=001 +10¢+¢[50d5 € 01 +10¢ + In®a,dn

thanks to the assumption ¢ € J;, (and to several identities holding true in any right bialgebroid).
As Jn =hh7'3, =h3J) C hK) , weend up with A(¢Y) = ¢V ®1+1®¢Y + h (K)/ ®AhK}\L/) ,
so that @Y := ¢" mod h K/ is primitive in K’ . This proves that JY C P"(K)/) .

Finally, i is a Lie-Rinehart subalgebra of P’“(W) if and only if it is a (right) A-submodule,
closed for the Lie bracket. Now, by definition J is a right ideal in K}, and this implies — by
construction — that ﬁ is a (right) A-submodule. As to the Lie bracket, if x,y € ﬁ we have
by definition [z,y] := 2’y —y' 2’ mod h K}/ for any choice of liftings z’,y' € K} of z and y.
On the other hand, we can clearly choose 2’,y’ € J), so that 2/ = h™'x, v/ = h™!n, for some
X,N € Jpn; then we have

oy —y'e = hP(xn—nx) € WA NhEL) = h?h3, = B3 = Y
since J, is a right ideal and Kh/h K, = J7(L) is commutative. It follows that [z,y] € ﬁ, q.e.d.

— o We will now show that JY NhK) = Jn+3/3In = hJ) +h (3}{)2 )

Indeed, the second identity in the claim is a trivial consequence of Jx = h™ 13, . As to the
first one, as Kj, = J"(L),, , we distinguish two cases: either L is free (as an A-module), or not.

If L is free, then the identity J) (R K} = Jn +J) In is an easy, direct consequence of the
description of J) given in §6.3 here above in the free case — i.e. part (a).

If instead L is not free, then we proceed as follows. First consider K}, y and Jj.y , and construct
from them K}y and Jy y . In this case, the description of Jj - given in §6.3, part (), implies again
easily the identity SZ’Y N hK,\L/)Y = Jny +3X)Y Jny - Now consider the map 7 : Ky — K}, ,
introduced in §4.17(b), for J"(L);, := Kj and J"(L),y := Kp,y : this is a an epimorphism of
right bialgebroids, thus in particular WY(C(hy) = 35 - Then it follows at once that 7 canonically
induces another epimorphism of right bialgebroids #: K}y — K/ such that #(3) ) = J) .
But then, using 7 and 7 and the identity J)y () hK,\L/’Y = Jny +3X’Y Jn,y we easily deduce
the identity 3y N h K} = Jn+3J) In we were looking for.

— o There exists an A-linear isomorphism 1) : 3%/(h C(X +h (J}L/)Q) = @ — hence hereafter
we shall identify 3y and 3y / (A3} + 1 (3})?) via v and 4.

Indeed, the natural projection map K, —» K,/ := K)/hK) , whose kernel is h K}/, yields

by restriction a similar map J)y — ﬁ = SX/(SZ Nh K)L/) whose kernel is (J,VL Nh K,\L/) . By the

previous step, we have J) (h K} = h3) +h (SX)2 , whence we get an A-linear isomorphism.
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=7 mod J2.
Indeed, there exists a natural projection map o g, — / 3h =3 — d/d =: L* , whose
kernel is (hJn +37) . Then o' : JY :=h7'J, — J/IJ%> = L* (hly — o' (b7 ly) = 0" (y))

is a well defined k-linear map, whose kernel is (‘jh + h~ ‘jh) = (h C(X + h( h) ) . Therefore o’

— o There exists an A-linear isomorphism o : \% = X/( 3%)2> = 3/32 = L*
where J = J;r(r) := Ker (0,1,) , given by h~ly o(h1y):
In

canonically induces a k-linear isomorphism o : ﬁ = 3%/(h I +h (3}{)2> < 3/32 =: L*

given by h~ly— o(h~ly) :=0”(y) ; also, it is straightforward to check that this is A-linear too.
— e We have K, € (RQUEAJ) 4, » namely KY = vr (L') for the Lie-Rinehart A-algebra

L' :=3J) (with the Lie-Rinehart structure mentioned above).
Indeed, what we proved so far show that L' := Th is a Lie-Rinehart subalgebra of PT(FX) ,

which together with A generates Ki,\l’ (as an algebra) and is finite projective as an A-module (since
it is isomorphic, as an A-module, to L*, see above). Therefore, all conditions in Remark 3.22 are
fulfilled, so it applies and gives K = V"(L') for L' :==3J) = P"(K}/).

— e There exists on the Lie-Rinehart algebra L’ a unique structure of Lie-Rinehart bialgebra,
canonically induced from the quantization K}' of V" (L’ ) .

In fact, this is just a direct consequence of Theorem 4.7.

— o The A-linear isomorphism o : ﬂ =) GX/(h 3 +h (3%)2> = 3/32 =: L* is actually an
isomorphism of Lie-Rinehart bialgebras over A.

In order to prove this, we must show that o preserves the Lie bracket, the anchor map and the
differential § (cf. Definition 2.20) on either side.
For the Lie bracket, let =,y € J) : given x,n € Jj, such that = = h='x, y = h~'n, we have

[z,y] = h 2(xn—nx) mod hK) = h™2h{ mod hK) = h'¢ mod hK)

for some ¢ € J;,. But then also ¢ := ¢ mod h K, =: {y,ﬁ} — where @ := «a mod h Kj, for all
a € K, — by Theorem 4.12. Now the Poisson bracket of Kh/h K, restricted to J, pushes down to
the Lie bracket of 3}1/3;3 =: L*; thus setting X :=% mod J2, Y :=7 mod J? (G 3/32 =: L*),
we have [X,Y] = {X,ﬁ} mod J2 = Z . Now, by construction we have X = o(z), Y = o(y),
and the previous analysis eventually gives also o([x,y]) =7 =[X,Y]= [a(x), J(y)] , q.e.d.

For the anchor map, let =z € ﬁ, X € Jn, X € 3/32 = L* as above, and take a € A and
a’ € Ay such that o’ mod h Ay, = a . Then direct computations give

w(z)(a) = I (h 'xs"(a) —s"(a/)h'x) mod hA), =

= 8<h_1(X s"(a’) — s"(a') x) mod hKh) = w(X)(a)
which means w(z) = w(X) = w(o(x)) , that is o preserves the anchor, q.e.d.
Finally, in order to compare the two differentials on ﬁ and L* , respectively denoted ¢’ and 8",

recall that in any Lie-Rinehart bialgebra (E , .A) — in the present case (L*, A) — the differential
O, is related with the Lie bracket and the anchor map by the identities

(£,0c(a)) = we-(N)(a), (f@p,6c(x)) = wes(f) (m,z) — we-(m) (£, 2) — ([f,m],.,z) (5.1)
forall ze £, f,me L*, a € A — see Remarks 2.21(b). We apply this to (C,A) = (L* A).
For the differential on A, we must prove that ¢ (8'(a)) = 6”(a) for all a € A, which amounts to
show that <f, a(é'(a))> = <f, 6"(a)> forall a € A and all f € L. For this comparison, recall that
VL), :=.J"(L), € (LQUEAJ) 4, is a quantization of VY(L), by Theorem 5.7 (a); moreover, the
natural pairing between V¢(L), and J"(L), (given by evaluation) is a right bialgebroid pairing.
Now choose a lifting @’ € A, of a € A and a lifting f' € V¥(L), of f € L: more precisely, we
choose f' € Ker (6V2<L)h) . Then direct computation gives

<f,a(5’(a))> = h~<f’,§’(a)> mod h Ay, = h.<f,7sr(a’);t’"(a')> mod h A, =

= (f,s"(a)—t"(a')) mod hA, = (f's'(a)—s"(a’)f,1) mod hA, =
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(fs'(a) = t(a@) £, 1) mod hay = ((fs"(), 1) = (t'(a) S/, 1)) mod hd, =
= ((fs' (@), 1) = (' 1)) mod hAy = (f's'(a'), 1) mod hd) =
= evz(mh(f'sz(a')) mod h Ay, = e€pe (fa) = wr(f)(a) = <f, 5”(a)>
(cf. §3.12 for the last but one identity). This proves that o (¢’(a)) = 6"(a) for all a € A.

For the differential on L*, consider z := xV = h~ly € 37 with x € Jp; then we have
o(z) ;=X mod J% =: X € J/J? = L*. Our goal is to prove that (¢ ®c)(8'(z)) =" (o(z)) .

Write A(x) = xa1) @ x2) as A(x) =x®@1+1Qx+ 2[9] X[1) ® X2 ; then we have A(xV) =
XY®1+1®xY +h Z[e] XE/1] ® XE/Q] — where XE;] = lflx{i] , for i € {1,2} — so that §'(z) :=
— 2[9] $[1]®$[Q]+Z[9] T @z with ) = XTVl] for i € {1,2}. In all this, xV := h~1x is a lifting
of x € L' in V'(L'), := J"(L), , and  is a lifting of X := o(x) in J7(L), ; in addition, we can
assume that Jx(x) = 0. We adopt similar remarks, and notation, for x; , x[; and X := o ()
with i € {1,2}. Now for f,m € L and liftings f',m’ € VZ(L)h of them, direct calculation yields

(fem, 8" (o)) = (fom, §"(X)) = «L(f)((m, X)) —wi(m)((f, X)) = ([fm]}, X) =
= ey (H(m, X)) = epeqy (m(f, X)) — (fm-—mf, X ) =
() 1) = (e () L) — () ) mod Ay —
= (£ x)) 1) = (- ((0) 1) -
—<f"te(<f”X(2)>)’X(1)>+<m"tl(<f',><<2>>)’><<1>>) mod h Ay =
= (4 x0) 1) = (- (F00) 1) = (- (1) )+
+ (m (1) x) = (O x)) 1)+ (m(x0) 0 1) -
— (A (X)) oxg) + (- (o)) X)) mod hAy =
= (T ) xa) = (S tl( " X)) xm) ) mod hAy =
= (s ((Fxe) ) = (s xs™ ((m/oxgar)) ) mod Ay, =
(' xat™ (CFx) ) = (£ xmt” ((m'ox))) ) mod by =
= (' xu) (8 x@) = (Foxm) (' xg) ) mod hdy =
= (m,o(zm)) (fo(ep)) - (£, o(en)) (m,o(ep)) =
- (tem, o) al@),, -Aw)) = (fom, @endW))

Here above we used the fact that sr(<f/, X[2]>) — t”((m/, X[2]>) belongs to Jn, so that we have

X (8" (" xiz) =7 (f' xq21))) € 35 and (m x (5" (7 x12))) =7 (F", X12))))) = 0 mod h Ay
Thus (f®@m, §"(o(z))) = (f@m, (6®0)(8'(z))) for f,m e L, so §"(c(x)) = (c®0)(d(x)) .

In the end, all the above eventually completes the proof of claim (a.1).

As to claim (a.2), let (K, Ay, sk, tk, A, 0k, ) and (Fh,Bh,sn tr,A,dp,) be two RQF-
SAd’s, and let (f,¢): K; — I}, be a morphism between them in (RQFSAd). The very definition
of morphism in (RQFSAd) imply at once that qS(sKh(Ah)) C s, (Br) — because ¢osy, = sp, of
— and ¢(Ig,) C I, — because dp,0 ¢ = dk, — hence also ¢(h™Ig,) C h=' Iy, for the nat-
ural, k((h))-linear extension of ¢ : Kj — I, to ¢* : (Ki)pr — (I'h)p . By construction, this
implies that ¢* defines by restriction a morphism ¢* : K, — I}* , and this in turn extends by
h—adic continuity to a well defined morphism ¢Y : KY — I in the category (RQUEAJ).

(b) A direct proof of claim (b) can be given mimicking stepwise the proof of claim (a). Other-
wuse, it can be deduced from claim (a) (and, clearly, the roles of the two results in this deduction
can be reversed) as follows.
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If I, :== J*(L), € (LQFSAd) ,, , then (Fh)wop (RQFSAd) 4, ; thus by claim (a) we have that
((Fh)gfop)v € (RQUEAd),, . Now, by construction ((Fh)gfop)v = (FhV)Zfop , hence we deduce

that I},” € (LQUEAd),, . All other aspects of the claim also follow from this argument. O

6.2 The Drinfeld functor(s) () =1 )

We introduce now a second type of Drinfeld functor, denoted H — H’. Just like for the functor
H — HY | this also is inspired by the similar notion introduced for “quantum” Hopf algebras (see
[13]); nevertheless, in this case we must be more careful, as we shall presently explain.

Let Hj, be a left (or a right) bialgebroid. If st = t§ =: (% then we can define H’' as in the
“classical” framework of quantum Hopf algebra deformations. Let us recall it.

First recall some notation. For any non empty ordered subset F = {iy,...,ix} C {1,...,n}
with i; < --+ < iy, define the morphism jp : H®¥ — H®" by

Jela1 ® - ®ag) :=b1 ® - @b, withb; :=1if i ¢ F and b,

Tm

= a,, for 1 <m <k.

For each n € N, define the “iterated coproducts” A" : H —s H®" by A" := LhOE Al :=idy ,
A" = (A® dgn 2)) AL for all n > 2. Then set

AE = ]EOA‘E‘ s A@ = AO 5 and 5E = ZE’QE(_I)H_‘E/‘AE/ s 5@ = Lioe

By the inclusion-exclusion principle, the inverse formula Ag = > 5 - dw holds. As usual, we
introduce the notation &g := dp, 05, := d(1,... n)- Then, we define B

= {a€H|d(a) eh"H" VneN} C H

We have also the formula 6, = (idy — s 0 €)*" 0 A", where (idy — s’0¢)®" is the projection
of H®™ onto J®™ defined by the decomposition H = J @ sp(A), with J := Ker(¢) as usual.

If s* and t¢ do not coincide, then jg is not well-defined, nor is jz o A™. The projection of H®"
onto J®” is not defined either, because the (Ah ® Azp )7m0dule Jn does not have a complement in
H,, . Therefore, as s* and t* do not necessarily coincide, we adopt the following definition:

Definition 6.5. As above, we use notation (Hyp)p = k((h)) Qxqny Hp -
(a) If Hy € (LQUEAd),, , we define

H]; = {ﬂE(Hh)F|<T],(Hh*)X>€Ah} R /Hh: {T}E HhF|< Hh)) >€Ah}
(b) If Hp € (RQUEAd),, , we define

Hy = {neHp)p|(n,("H)* )€ A} , Hy = {neHn)p|(n,({Hn) ) e An}

Proposition 6.6. Let Hy € (LQUEAd),, . Then

(a) H) C Hy, 'H, C Hp
Hy = *((H}L*)X) = *((Hh*)v) ) 'H), = ( X) ( )
H = {/\:H;:H Ah|)\(u+u’):>\( )+ M), (ut’"(a)) fa)\( ), /\(I}};) C h"™ A, Vn}

'Hy, = {\: Hpo— Ap | Mu+u) = Mu) + A1), Mus"(a)) = Mu)a, A(IF ) Ch"A, Vn}
(b) The analogous results hold if Hy, € (RQUEAd),, .
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Proof. We reproduce the proof of [13]. Consider H) in case Hj, € (LQUEAd),, and set Kj :=
H,*: we prove that H/ = (K, ) = .((H,")™), the rest being entirely similar (left to the reader).

It is clear that H, C . (Khx) =, ((Hh*)x) , by definition. For the converse inclusion, consider
fe *(K;) it is determined by f|K As f( *”I”) C A, one has f(I;f) C h™Ay : therefore
feK, = *(H}j‘) = Hj, . In addition, f( ) C Ay, yields f e H) , g.e.d.

Finally, it is clear that ,(K,*) = .(K,’ ) because every linear functional on K,’ restricts to
a similar functional on K, and, conversely every linear functional on K, uniquely extends (by
h—adic continuity) to a similar functional on K, .

All the above proves all aspects of the statement concerning H ; by similar arguments, one
also proves those about 'Hj, as well. O

Remark 6.7. If H), € (LQUEAd),, , then ((Hp)o® )/ = (’H) . This follows from the

coop coop
following three remarks:

— if U is any left bialgebroid, then (U,)%2, = *(UZE ) as left bialgebroids;

coop — coop
— if W is any right bialgebroid, then (*W)mop > (ng’op) as right bialgebroids;

— the functor ()" commutes with the functor ()22

coop *
Similarly, one has '((Hp) b ) = (H})o .

coop coop *

identities ((H3)%, ) = ('Hy)?" —and '((Hp) ) = (H})"

coop coop coop coop

Finally, in the same way one finds also the parallel
for every Hj € (RQUEAd) ,,

6.8. Explicit description of 'Hj . For a given Hj € (LQUEAd)Ah , we shall now provide an
explicit description of 'Hy, .

Write Hp = Jn @ se(Ap), and let 75 be the projection of Hp, onto Jp: note that this is not a
morphism of (Ah QA7 )fmodules. We need the following lemma, whose proof is left to the reader:

Lemma 6.9. For any u € Hy, and a € Ay, one has y(s*(a)u) = s*(a) 75 (u) .
If in addition t*(a)—s‘(a) = hj for some j € Jp, then ms(t*(a)u) = s*(a) ms(u)+hms(ju) .

The operator 7" is not defined on Hj, ®4, Hp @4, -+ Qa, Hp. If 1 ® -+~ ®@u, € Hy, ®a,
Hp®a, - ®a, Hp, then ms(u1) ®- ®7r5(un) depends on the way of writing of u; ®---Qu, . We
will say that the component of > u; ®---®u, in Jh is defined up to h””®” ifYu® - -Qu, =
Y ®--Quy, implies > ws(u1) @ - @ ms(up) — > 7s(v1) @+ ® WS(Un) € h"IP".

Lemma 6.10. Let u € Hp, and n € Ny . If the component of A™(u) in Jh" is defined up to

h"”®" and belongs to h"”®" then the component of A" Y (u) is defined up to h""‘l‘?f(nﬂ) —

hence it makes sense to say that it belongs to h”+13®(n+1) .

Proof. If the component of A™(u) in J7™ is in A"JZ", then A"(u) can be written as
A"(u) = Y h"¢p1®---® ¢, + other terms

where all the ¢;’s are in J;, and “other terms” stands for a sum of homogeneous tensors containing
(as tensor factors) elements of sy(Ay) which do not occur in the computation of the component of
A" (u) in Pt Assume that A™F!(u) can be written, for some a € A, as

A w) = S A 1@ @t (a)xi @ Xig1 @ -+ @ Xng1 + other terms

or
A" = SR @0 ® se(a) Xit1 @+ ® Xn+1 + other terms

and let us compute pQn D) (A"(u)) in both cases.

In the second case, 75" (A" (u)) can be written as

aCD(AM (W) = T A" m(a) ® - @ me(xi) @ se(a) To(Xir1) © -+ @ T (Xnt)
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In the first case, if we write t‘(a) —s’(a) = hj (with j € J5,) and use the previous lemma, we get

rd (AT (W) = Tt ma) © - @ 1(0) m(xi) @ ms(Xir1) ® - @ T (Xna1) +
+ZhnWs(X1)®"'®7Ts(X¢—1)®h(*j7fs(Xz‘)+7Ts(in))®7Ts(Xi+1)"'®7Ts(Xn+1)

Taking the difference between the two computations we find
" Ts(x1) ® -+ @ ms(Xiz1) ® h ( —jms(xi) + 7 (j Xz)) ® Ts(Xig1) @ Ts(Xn+1)

which does belong to A" H13®(+D) - qe.d. O

Notation: If the component of A”(u) in J©" is defined up to h"J®™ , we shall write it as 67 (u) .
Then the condition §7(u) € h"J®™ perfectly makes sense. Hereafter we shall write 6" (u) € h"J®"
to mean that 67 (u) is well defined — i.e., the component of A™(u) in J®" is well defined — up to
h"3®" and it belongs to h"J®™.

For the rest of the discussion, we introduce also the following notation:

53(Hh) = {U € Hy, | 5?(’&) S hng;&?n Vne N+}

We need again a couple of technical results:

Proposition 6.11. Let u € §;(Hy). Then A(u) can be written as
Alu) = u®@1 + JJu) @ upy, with “/(1) € 0s(Hp) and u’(2) ehn

Proof. First case: L is a finite free as an A—module.

Let {El , €y ,En} be a basis of the A—module L: we lift each € to an element e; € H,
such that e(e;) =0. Let u € §°(Hp). We write A(u) as

Aw) = w' @1+ 3 cnn o Ya ® €* With | ua ||= 0.

lim
lee|=+o0
for suitable ', uq € Hy, . The relation my, ((s‘o€) ®id) (A(u)) = u gives v’ = u . Thus we have

Alw) = u®1 + 3, cnm fo) Ua @ €*

The relation my, ((s* o €) ® id)(A(u)) = u yields the identity

deN"\{g} st (e(ug)) et = y—st (e(u))

As u € 6,(Hy) , one has u — s(e(u)) € hJy, which implies that s‘(e(uq)) € hHj ; hence

s'(e(ua)) = 5i(e(ua)) =0 € Hh/hHh . As 37 is injective, we get €(uq ) = 0, that is to say
E(ug) eEhAy.
If n > 1, one has
() = Fpern 07 () @ € R

which implies 077! (ug ) € A" J®"=1 and uy € 6,(Hp) . Let g = ms(ua ) = ua — s°(€(uq)) . For

all n > 1, one has §"(ty ) = 6"(us ) € K" T1 3" . In particular for n = 1 we get U, = hw, for
some wq € 65(Hp) . The element uq can be written as uq = h (wa+ s (h ™ e(ua))) € hés(Hp) .

Second case: L is finite projective as an A—module.

Like in Subsection 4.2, we fix a finite projective A—module @ such that L & @Q = F is a finite
free A—module. We fix an A-basis B :={e1,...,e,} of F': then we call Y the k—span of B, so
that we can write F' = A ®;, Y . Moreover, we construct the (infinite dimensional) Lie-Rinehart
algebra Lo = L®(A®,Z), with Z =Y @Y ®Y &- -, which has a good basis {eitier—nx(1,..n}
defined by B. Like in §4.15, we can define Hy, y and d5(Hp,y). Now given u € 65(Hy,y), we can
write A(u) as follows:

Alu) = u®l + deTﬂ\’)\{g} Uy ® % with lim ||ug || =0

la|+w(a)—+oo
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Then the same reasoning as above shows that the proposition is true for Hj y in the role of Hy, .
Recall (cf. §4.15) that Hyy = Hy @ (Hy ®x S(2)") where H, & S(Z)" is the h-adic com-

pletion of Hj ®y S(Z)+ ,with Z=Y @Y @Y @---; the natural projection m : Hyy —» Hj, is

then a morpism of left bialgebroids. Moreover, if Jj y is the kernel of the counit of Hj, y , we have

Jny =30 ® (Hp ®: S(Z)") . Now it is easy to see that, if v € §5(Hp,y), then my (v) € 5;(Hy).
Now let u € d,(H},). By the result for Hp, y , we know that A(u) can be written as

Alu) = u®l + Zul(l) ®u’(2) with “/(1) € 05s(Hp,y) and u’(2) € hny
As 7y (u) = u, applying 7y, ® my to the previous identity we get
Auw) = u®l+ ZWY(“I(U) ® 7TY(U/(Q))

with ﬂ'y(u’(l)) € my (6s(Hp,y)) = 0s(Hp) and 7y (u2)) € Ay (Jny)) =hJn, qed. O

Lemma 6.12. s‘(Ay) - 0,(Hy) C 6:(Hy) and t*(Ay) - 6s(Hy) C 6s(Hp) -

Proof. Let u € 6,(Hy) and a € Ay, . The properties s‘(a)u € §5(Hy,) follows from the following
properties: 7 (s*(a)u) = s°(a) 7s(u) and A" (s*(a)) = s*(a) ®1®---®1 . Let us now show that
67 (t(a)u) € " J®" for all n € N. Write t‘(a) — s*(a) = hj with j € Jj.

For n =1, by Lemma 6.9 we have ,(t/(a)u) = s*(a) ms(u) + hms(ju) € hJ.

For n > 1, let us show that 07 (t‘(a)) € h" J®™ . Set A(u) = u®1 + Uy @ uy with ufy) €
0s(Hpn) , tfy) € hJp (cf. Proposition 6.11). Then A(t(a)u) = uet'(a) + u’(1)®te(a) Uy, hence
§r(t(a)u) = 627 Hw) @ s (t(a)) + (5?_1(1/(1)) @ ms(t*(a) u’(z)) , thus 67 (t(a)u) € A" 3®" . O

We are now ready for the first key result of this subsection:

Theorem 6.13. With assumptions and notation as above, we have
/ _ n n ~Qn —_.
H;, = {uEHh|5S(u)€h Jy, VTLENJF} =: 55(Hh)

Proof. To begin with, we show that §,(H}) C 'Hy, . To this end, we prove that for any u € §,(H)
we have <u , I(’}Ih) > C h" Ay for all n € N; | using induction on n .
Take n=1. As u € 6,(H), note that §*(u) € hJ, implies u=hj+ s*(e(u)) with j € Jj.
Then one has
<U,IH,L*> = h<.77IHh*> =+ 6(U)<1,IHh*> S hAh
Now assume n > 1. For our u € 05(H), set A(u) = u® 1+ ujy) @ gy with uyy € 6,(Hy) and
UEQ) € hJy as in Proposition 6.11. Let a € I,’}h* be of the form o = ay ax with oy € Iy, and

Qg € I}}}_l : then, as the pairing ( , ) between Hj, and Hj, is a left bialgebroid pairing, we have

<u,a1a2> = <tz(<u’(2),a1>)u’(1),oz2> +<te(<1,a1>)u,a2> € h" Ay

by the induction hypothesis and the case n =1 (also using the two previous lemmas).

Conversely, let us now show that 'Hy C §4(Hp). To this end, we prove (by induction on n)
that for any u € 'Hj, one has 67 (u) € h"J3" for all n € N,

For n=1. As u € 'H), we have (u,Ip, ) C hAj ;on the other hand, 6(u)=u—s’(e(u))
by definition. Then we have (6%(u),A\) € h Ay, if A € Iy, because

(u— sl(e(u)) A = (u,\) — <s£(e(u)) A = (u,A) —e(u) (1,A) = (u,X) —e(u) O(A) € hA,

On the other hand, clearly &!(u) =u — s*(e(u)) € Jn, hence 6}(u) € JyNhH, = hJ .

Let now n > 1, and assume by induction that 67~ '(u/) € h»~13®(=1 for all «' € 'Hj,. For
our u € "Hy, , write A(u) = u(1) ® ug) with ugy and upy € 'H. As A™(u) = A"’l(u(l)) ®u(),
we deduce that 07(u) = 677 (ug)) ® 0% (uz)) € A"I®™ by the induction hypothesis and the
case n = 1. 0
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6.14. Explicit description of H, . We shall now give an explicit description of Hy : this will
be entirely similar to that for 'Hj, , thus we shall only outline the main steps, without dwelling into
details — which can be easily filled in by the reader.

Write Hp = Jn @ te(Ap), and let m; be the projection of Hy, onto Jp : once again, this is not a
morphism of (A, ® A}¥)-modules. The operator 72" is not defined on Hy®4, Hy®4, -+ @4, Hp,
indeed, if u1®---@u, € Hp®4, Hy®a4, - -®a, H, then m(ui)®- - -@m(uy) depends on the way
of writing u1®- - -®u,, . We say that the component of > u1®- - -Qu,, in 3%" is defined up to h"j%”
if Y@ Qu, =Y 11® @, yields Y m(u1)@- - @my(uy) =Y. m(v1)®- - -@m(v,) € hIE™ .

The following lemma is the parallel of Lemma 6.10, with similar proof. Note that the statement
is formally the same, but actually the “componentes” to which one refers in the two claims are

defined with respect to different projectors — namely 7" or 7" — in the two cases.

Lemma 6.15. Let u € Hy, . If the component of A™(u) in J%” is defined up to h”ﬁ%" and belongs

to h"JP™, then the component of A"1(u) is defined up to h”“fj%("ﬂ) — hence it makes sense

to say that it belongs to h”“fj%(m_l) .

Notation: If the component of A" (u) in J7™ is defined up to h"J®" (in the above sense), we
shall write it as 6;*(u). Then the condition 6'(u) € h"J®" perfectly makes sense. Thus we shall
write 07 (u) € h"J®™ to mean that 6 (u) is well defined (i.e., the component of A™(u) in J®", in
the above sense, is well defined) up to h"J®" and it belongs to h"J®". Also, we set

6:(Hp) = {ue Hy| 6;'(u) € \"I3" Vne N}
Arguing like for 'Hj, , we can then prove the following, analogous characterization of H) :

Theorem 6.16. With assumptions and notation as above, we have
Hy = {u€Hy,|6}(u) € "IZ"VneNL} = 6,(Hy)

Remark 6.17. The study of 'H;, and H; we have done for LQUEAJ holds for RQUEAJ as well.
One can check it directly (via the same arguments) or, besides, deducing the results for RQUEAd’s
5 . . P op [
from those for LQUEAd’s in force of the general identities (H,:)Coop = ’((Hh)cfop) .
Thanks to the characterizations in Theorem 6.13 and Theorem 6.16 we can eventually prove
the following remarkable result:

Theorem 6.18. Let Hj, be a LQUEAd or a RQUEAd. Then H, = 'Hj, .

Proof. We begin with Hj being an LQUEAd. We show, that for any uw € §,(Hp) we have
87 (u) € h"J®™ for all n € N, by induction on n.
For n =1, one has

6i(u) = u—ti(e(u)) = u—se(e(w)) + se(e(w)) — to(e(w))

As s* —t* =0 mod h, one has s‘(e(u)) — t(e(u)) € h Aj, . Moreover, we have also €(s*(e(u)) —
t(e(u))) =0, so that s*(e(u)) —t*(e(u)) belongs to JpNh Ay =hJ,. Thus 6} (u) € hJn, q.e.d.

For n > 1, let us write A(u) =u® 1+ uzl) ® u(y) Wwith “/(1) € d5(Hp) and u’(Q) € hjn as
in Proposition 6.11. Then one has 67 (u) = 67 (u’(l)) ® 5} (u’(2)) , which is an element of h"J®™
thanks to the induction hypothesis.

By the above we have proved the inclusion &5(Hy) C 6,(Hp,); the reverse inclusion can be
shown in the same way, so to give §5(Hp) = 6;(Hy). By Theorem 6.13 — giving 'Hp, = 6;(Hp)
— and Theorem 6.16 — giving H; = d,(Hy) — this eventually implies H, = 'Hj, .

For H;, a RQUEAd, we can provide a direct proof by the same arguments used for a LQUEAJ;
otherwise, we can deduce the result for RQUEAd’s from that for LQUEAd’s, as follows.
If Hy, is a RQUEAd, then (Hp)? is a LQUEAd; then we have the chain of identities

coop

(Hp)ebop = "((Hn)onop) = ((Hn)gn ) = (H)? , whence 'Hj, = H; follows too. O

coop coop coop

52



We are now ready for the main result of this subsection. In short, it claims that the construction
Hy — 'Hy, = H}, starting from a quantization of L — of type V4/7(L) — provides a quantization of
the dual Lie-Rinehart bialgebra L* — of type J/ "(L*) ; moreover, this construction is functorial.

Theorem 6.19. (a) Let V¥(L), € (LQUEAA) 4, , where L is a Lie-Rinehart algebra which, as
an A—module, is projective of finite type. Then:

— (a.1) 'V¥L), = VZ(L),IL € (LQFSAd),, , with semiclassical limit VE(L),;/h VK(L),; =
JY(L*) . Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization
VK(L);L of JY(L*) is dual to that on L by the quantization V*(L), of V*(L);

— (a.2) the definition of V*(L), — 'VY(L), = VZ(L),/L extends to morphisms in (LQUEAJ),
s0 that we have a well defined (covariant) functor '( ) = ()" : (LQUEAd) — (LQFSAJ) .

(b) Let V'(L), € (RQUEAd),, , where L is a Lie-Rinehart algebra which, as an A-module,
1s projective of finite type. Then:

— (b.1) 'V"(L), = V"(L), € (RQFSAQ) ,, , with semiclassical limit V”(L),’l/h VT(L), =
JT(L*) . Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization
VT(L), of J"(L*) is dual to that on L by the quantization V" (L), of V" (L);

— (b.2) the definition of V"(L), + 'V"(L), = V"(L), extends to morphisms in (RQUEAJ),
s0 that we have a well defined (covariant) functor '( ) = ()’ : (RQUEAd) — (RQFSAd) .

Proof. (a) Given VY(L), € (LQUEAA) 4, , we know that J"(L), := VHL), € (RQFSAd) 4, ,
by Theorem 5.5(a); then V'(L*), := J"(L), € (RQUEAd) 4, is a quantization of V"(L*), by
Theorem 6.4. Now, there is a unique way to endow (Ve (L) h)/ with a left bialgebroid structure
such that the standard (non degenerate) pairing between (VZ(L)h)/ and ((VZ(L),L)*)V = J"(L),
is a bialgebroid left pairing: indeed, by Proposition 6.6 this pairing identifies (Ve (L) h)/ with the
left dual of ((V¥(L),)") = J7(L)), that is (VA(L)s)" = .(J"(L),) as right bialgebroids. Then

/

(VAD) = (7)) = (VL)) = JLY),

where JY(L*), = .(V"(L*),) € (LQFSAd),, is a quantization of JY(L*), by Theorem 5.5. In

all this, L* stands for the A—module dual to L endowed with the Lie-Rinehart bialgebra structure

dual to that defined on L by scratch and by the quantization V*(L) , — according to Theorem 4.4.
This completes the proof of (a.1).

(a.2) Let Hp = VZ(LA)h be a LQUEAd over A;, and I}, = VZ(LB)h a LQUEAd over By, ,
and let ¢ := (f,F) be a morphism of left bialgebroids among them. Set J,, := Ker(ey,) and
Jr, = Ker(er,). Then F(ﬁHh) C Jr, by the property e, o F = foey, of amorphism of
bialgebroids. Similarly, one has F®" o A% = A‘?}:‘ oF and Fo sfih = sfih ; from this, one easily
sees that 07 (F(u)) = F®"(67(u)) . From all this we get F(H)) C I}/, so the restriction of the
morphism (f, F') between Hj, and I, provides a morphism in (LQFSAd) between H, and I} .

(b) A direct proof for claim (b) can be given by the same arguments used for (a). Otherwise,
we can deduce (b) from (a) as follows.
If H, € (RQUEAd), then (Hj)% € (LQUEAd) and ((Hp)?% ) = (‘Hp)? , so that

coop coop coop

H) ="Hy, = (((Hn) )/) Zfop . From this we can easily deduce claim (b) from claim (a). O

coop

6.20. Description of VE(L);L when L is a (finite type) free A—module. Let L be a Lie-
Rinehart algebra which, as an A-module, is free of finite type. Let V¢(L) n € (LQUEAd),, bea

quantization of V¥(L). By the freeness of L, we can provide an explicit description of V*(L) }lw

much like that given in [13] for the similar case of quantum universal enveloping algebras.
First of all, consider Kj, := V¥(L), = J'(L), € (RQFSAd) 4, , which (cf. Theorem 5.5) is a

!

quantization of J"(L). From Proposition 6.6 we have V*(L), = .(K)/) .
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Let {€;},c(1, ny beabasis of the free A-module L. Then (by the Poincaré-Birkhoff-Witt the-
orem) the set of ordered monomials {Eg}

penn 18 an A-basis of V(L), where g2 :=ef" .-
Let & € Hom (VY(L),A) = SA(L*) be defined by (&;,€") = 0ay,0 " Oas1* Oan,0 -
Then the ordered monomials —,5 (with a! := aq! - a,!) is a pseudobasis — i.e., a basis in

topological sense — of the A—module J"(L) dual to the PBW basis {Eg}aeNn .

Now lift {ei}ie{l,mm} to a subset {ei}ie{l,i..,n} in VZ(L)h, such that €; = e¢; mod hVZ(L)h
and e(e;) = 0; similarly, lift {;}eqy  ,y to asubset {&}ey  ,y in J7(L), = K) such that
On(&) = 0. Then {e2} wenn 18 a topological basis of VA(L), and {4y €%} . is a topological
pseudo-basis of J"(L), = Kj,: indeed, these two (pseudo-)bases are dual to each other module h ,
ie. (ex,&8) =04 5+hAy.

Let {GQ}QGN" be the topological basis of V¥(L), dual to {1 fg}aeNn . By the duality modulo
h mentioned above, we see that the elements in this basis are of the form

0o = e* + E+°° h" Zg, Sp (c; ,Q,) e

SO {eg}aeN" is a lift of the PBW basis {EQ}QGNH
{p7lel g2} ., where |a] := 377, ), is a topological basis of the (topologically free) left Ah*
module K, = J"(L ) . But then, it is also clear that the dual pseudobasis of .(K,') = V(L )

to this basis is Al {9—}0461\1" . Therefore

of V¥(L). By construction, it is clear that

VL), = {X,t(aa)hl® 0, [ ay € Ay}
where the summation symbol denotes h—adically convergent series. A similar reasoning shows that

VL), = {Xa5(aa)h 0, | ag € Ay}

6.3 Quantum duality for quantum groupoids

We consider now the composition of two Drinfeld functors. We shall prove that the functors ()"
and ()’ =) are actually inverse to each other, so that they establish equivalences of categories
(RQFSAd) = (RQUEAd) and (LQFSAd) = (LQUEAJ) .

We begin with an auxiliary result (cf. [13], Lemma 3.3, for the well known case of QUEA’s):

Proposition 6.21. Let V"(L), be a quantization of V(L) and let a’' € (V’“(L)h)/. Let © €
V™(L), \hV"(L),, n € N, be such that ' = h"x, and set T :=z mod hV"(L), (€ V"(L)).
Then T € V7 (L), the n—th piece of the standard filtration (cf. Remark 2.18) of V"(L).

A similar, parallel result holds with V¢(L), and V*(L) replacing V" (L), and V" (L) respectively.

Proof. Set Kj, := (V"(L)s), and I := 0 (hAh) One has <h":z:,]£+1> C h"t1 A, , hence
<3:,I,?+1 > C h A;, which implies <a; I"Jrl > = 0. Therefore T € V(L), q.e.d. O
We are ready for the main result:
Theorem 6.22.
(a) If Ky € (RQFSAd), then (K\Y) =K, ="(K\) .
(b) If Ky € (LQFSAd), then (K,Y) =K, ="(K,’
(¢) If Hy € (LQUEAA), then (H}) = Hy = (Hy)" .
(d) If Hy, € (RQUEAA), then (H})' = Hy = (Hy) .
(e) The functors ()" : (RQFSAd) — (RQUEAd) and () ='(): (RQUEAd) — (RQFSAd)

are inverse to each other, hence they are equivalences of categories. Similarly for the functors

()¥ : (LQFSAd) — (LQUEAd) and () ='(): (LQUEAd) — (LQFSAd) .
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Proof. Clearly, claim (e) is just a consequence of the previous items in the statement. We begin by
focusing on claim (a): we assume that Kj, € (RQFSAd),, and we shall prove that (Khv)/ =Kp .

Let us show that K} C (K,;/)/.

Given A is in K}, consider its n-th iterated coproduct A™(A) = A1) ® --- ® Ay if we
write every >\(i) as )‘(i) = )‘/(i) + )\2’1) with /\Ei) = )‘(i) — S};(a(/\(z))) € Jn = Ker (61{,)) and
Xy = s1,(0(\@)) € s7,(Ap), then expanding again A™()) we can write it as a sum A™(\) =
DAy ® - @AY, inwhich AP € Jp or A7 € 53 (Ap) forevery i =1,...,n.

Now let ay,...,an € L (ky) = e*_([l(x) (h Ah) . As every a; belongs to *(K,\{) , it defines a map
from J, to h A, . Hence <a¢,)\j> € h A;, and one has <a1 Ce /\> € h™ Ay . Thus, for any
n € N, we have that A defines a map A, : h’”IZ’KX) — Ay . Clearly all these A,’s match
together to define an element A € ((*(Khv))v) = (K;Y)/ ; thus we end up with a natural map
K, — (K,Y), (A — A), which is clearly injective. This yields the inclusion K} C (K,Y)/ .

To prove the converse inclusion Kj, 2 (K))", we proceed like in [13].

Let ' € (KX)/ \ {0} be given. Then there exists = € K/ \ h K}/ such that 2’ = h"z. By
Theorem 6.4 we know that Ky /h Ky = V(L") . Setting 7 := & mod hKY € K /hK) =
vr (L*) , by construction and by Proposition 6.21 we know that = € V) (L*) . Using the PBW
Theorem for V" (L*) , and noting that every element of L* can be lifted to an element of J) , we
see that there exists z¢ € K} such that

= Egzoh_sjs with j, €J;, and d<n,

e =ux9+hxy or 2 =h" x0+h”+1m<1> for some x(y € K/ .

As K C (K,\l’)/, as we already showed, we get h"'z(y = h™"(x —x0) = o’ —h™ 1z € (K}\L’)/ :

If z(p) := h"+1x<1> is zero, then we are done. If not, we can repeat the argument with z(;) in
the role of () = . We write T(1) = hn+n1f£<<1>> with n; > 0 and T (1)) ¢ hK}\L/ . This will
provide us with an z; € K, and an x5, € K}/ such that x(q) = A" ™2y + A" T g o) with
Aty € K and h"titlp g € (K}L/)/ . Tterating this procedure, we will eventually find a
sequence {z} .y € K;* such that

o prtmitnetAnig c [, forall seN,
o o/ = 0 prtmtnatotnig o where the right-hand side converges to ' in K, .

As primitnetedneg oo pptmitnate e and Ky is complete with respect to the I —adic topology,
the series Y070 hntmitnattneg o does converge to x’ in Kj, . This completes the proof of (a).

The proof of (b) is analogous to the proof of (a), so we leave it to the reader.

To prove claim (¢), consider Hj, € (LQUEAd). We have K, := H; € (RQFSAd), and
;. =.((H;)") =.(K)') by Proposition 6.6(a). Now I, i= K, € (RQUEAd) by Theorem 6.4,

and then T, = ((.I%)" )" by Proposition 6.6(b), which implies , (T},) = *(((*F,L)V)*) = (1)
Altogether — also exploiting claim (a) — this gives

() = () = (1Y =1 (0) = () = ((K)) = Ko = () = Hi

This proves (c¢), and the proof of (d) is entirely similar. O
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7 An example

In this last section we apply the main construction of the paper — duality functors and
Drinfeld’s functors to a toy model, namely a simple (yet non trivial!) quantum groupoid.

We consider the two dimensional Lie k—algebra g = ke; @k es with non zero bracket [e1,es] =
e1. It is well known that g* is a Poisson manifold. We shall consider e; and ey as coordinates
on g*, denoting them by x; and x, respectively. The Poisson structure on g* is determined by
{1'171‘2} = [61,62] =e€1.

Let us introduce the Lie k[[h]]-algebra g, := k[[h]]e1r @ k[[h]]e2 with non zero bracket
le1,e2], == hey. The enveloping algebra Ay := U(gy) is a quantization of the Poisson algebra of
polynomial functions on g*, namely A = S(g).

For simplicity, we shall write D for the ring of polynomial differential operators on g*. It is
the enveloping algebra of the Lie-Rinehart algebra (S(g%Der(S(g)),id) . We endow it with the
standard left algebroid stucture and denote by D[[h]] the trivial deformation of this structure.

oo 1 n n
Proposition 7.1. Set 61 = a1 531 . Then F := nZ::o I ;LT (91 ® &22 — 322 ®91> 5 a
twist for D[[h]] .

Proof. 1t is a straightforward computation. O

We will now denote by Dy, the twist of D[[h]] by F. As an algebra, Dy is isomorphic to
(S(g) ® S(g*))[[h]] . The deformation of A = S(g) defined by F is Aj, = U(gs). The source map
s’ (an algebra morphism) is determined by

> 1 A" o 0
she(x1) = ,LZ::OHQTM pr she(z0) = @9 — hay s

The target t% (an algebra antimorphism) is determined by
VN
nl 2n

o o a HP1+82 o o HB1+82
e(:z:l x5 )Bz) = o' zJ —(axl)ﬁl(axg)ﬂz (1)

the(z1) = > om0 the(xa) = @2 + hay

81‘1

Let F be the element of D @y D[[h]] defined by

~ h 0 0 x 1 A" 0 0 "
F = exp (2 (01®6l‘2 — 8I2®01>) = ngoﬁ % (91 X Tl'g — 87372 ®91> S D@kp[[h]]

The element F is invertible in (D ®x D)[[R]] and one has

~ h 0 0
1 — =
F = exp( 5 (91® )7s )2 ®91>)

N P B BN
= S (he gy~ gneh) € @aD)b)

The element F~! defines an element

g = 20(71)71 % (91 ® 0%2 - 8%2 ® 91> € DI[h)) B a.. D[]
The map
F# . D[ ®a, D[] — D[A|®aD[[h] ,  h1®hg = F-(h1 @ hy)

is invertible and its inverse is

o~ ~

F#71: D[] @4 D[[A]] — D[[A] @, D[R], ha®ha = G- (h1 @ ha)
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We will compute (Dh)* and (Dh)* .

Computation of (Dh)* ¢ We shall use the isomorphism

o* o o¢ o
Dh)+« Hom(D, A)[[h]] , A _ Ay — ——
(Dr)» — Hom( i) - (83)‘1’ x4 ~ < ox§ O} >>
Let de; and des be the elements of (Dh)* such that
o° ab o¢ 817
d —— —— ) = 0140 , des, —— —— ) = 0pa 0
< €1, 833‘11 (“)xg> 1,a 90,b < €2 81“11 8x§> 0,a 91,6

Let e; and ez be the elements of (Dh)* such that

o% 8b H¢ 81)
—— —— ) = 210040 , , —— —— ) = X200.40
<€1, 856‘1‘ 3x§> X1 00,a 00,b <€2 (‘3:5‘11 8xg> T2 00,a 00,b

A computation shows that

0 if a>2 or b>2
611 8b 1 if a=1 and b=1
dey -pdez, — h .
ox§ 1% -5 if a=1 and =0
0 if a=0 and b=1

Similarly
0 if a>2 or b>2
a ab 1 if a=1 and b=1
d€2 ‘h d61 , ii — h .
Ox§ 0% 5> if a=1 and b=0
0 if a=0 and b=1
Hence deq -, dea — deg -, de; = —hdey . Set déi := h~'de; . This equality can be written as

dvel ‘h JEQ — Jez ‘h Jel = —Ciel

A straightforward computation shows that

o° ab 0 if (av b) 7é (17 O)a (Oa O)
<d€1‘h6278aab> = o if a=1 and b=0
1 Ot 0 if a=0 and b=0
A direct computation proves that
o0¢ 8b 0 if (avb) 7é (170)7 (070)
<62'h€176¢18b> = zo if a=1 and b=0
10ty hazy if a=0 and b=0

Let us compute (es -, deq)(1) as an example: we find

es-nder(l) = (ea®dey)(1®1) = del(tl}:(eg)) = del(tef-(eg)—sé}-(eg)) = de; (hxlﬁil

Hence dey - €3 —es-de; = —hey . This equality can be written as
dél *h €2 — €9 - dél = —€1

Similarly, the following equalities can be established:

e1-ea—ex-per = hep dei -ne1 = e1-pde;
dey -p ez = ex-pdes deg-p e —er-pdex = e
r r .
si(e;) = e th(e;) = e; + hde;
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From the properties of the coproduct, one deduces
Ale)) = 1®e; ,  Alei+hde;) = (e;+hde;)®1

hence .

A(hdel) = ¢®1+hde; 1 —-1Re;
= sr(ei)®1+hdéi®1—l®ei
= 1®t.(e;) +hde; @1 —1®e¢;
= hde;®1+1® hde;

which gives A(de;) = de; ® 1+ 1® de; . The coproduct on ((Dh)*)v is now determined. Let us
precise its counit: it is given by

d(de;) =0 d(ei) = e

Remark 7.2. Let us introduce the Lie algebra g, such that g; = g = kde; ® kdey (as a

k—vector space) and [ , ], := —[, |, . Then g; acts on g, = k[[h]le1 @ k[[h]]e2 by derivations, via
7 e1— 0 - ex — 0
g — Der(gn), del'_){ eg— —ep deZH{ el — eq

We may perform the semi direct product g; x g, and ((Dh)*)v is isomorphic to U(gy X gr) as an
algebra but not as a bialgebroid.

Let us now compute 'Dj, . We proceed in several steps.

e Let us show that h 9 c'Dy, .
8.1‘2

We shall show that <h ai, de? de§2> =0 if (a1,a2) # (0,1) . We have three cases to
T2

consider: 5
First case: az =0. In this case it is obvious that <8 , de‘1“> =0.
L2

Second case: as = 1. In this case we have
6 a1 _ 0 if ajy 7é 0
<ax2’del d€2> - {1 if a3 =0

> that might bring a non zero

0
81‘2
, def* de%2> are those of the form

Third case: as > 1. In this case the summands in Ar (

contribution in the computation of <

Z2
0 ay+al (71)(1/2’ he2—1 . ’ "
O CO g e Vith e tai=ar -]
22
but .
T 0% o gerrey GV AT
a/2+a/2/:a2_1 (8132)0,2 1 a/2|a/2/| 20.2—1 =

0
hence in the end we find again <h Dy de$t de%2> =0, qed.

e Let us show that h

0
8.%‘1
We start by computing <91 , def* de%2> .

€ 'Dy, . We will show that <h % , def? deg"‘> € hota 4, .
1

First case: az =0. It is easy to check that
O (der)n )y = 4 or ool
1, %= o 0 otherwise
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9]
) that might bring a non zero
8.732

contribution in the computation of <91 , def* deg"’> are those of the form

Second case case: ag > 1. The summands in Afr <

0% ajtay+1 (1) h%2

— 240 with ay,+al =a
(Ox)a2 ! ajlalfl 202 2 T dy = a2

but

"
Z 60'2 ® ea/2+a'2'+1 (_1)(12 h&2 — 0
ah+al=as (8x2)a2 1 CLIQ' a’2" 2a2

hence in the end we get <01 , (dep)™ (d@g)a2> =0.

In conclusion, we find

(o0, e sy = {0 8 o) = (1.0

0 otherwise

0
Let us now compute < , deft deg? ) . Again we have several cases to consider.
1

First case: ag =0. It is easy to check that

0 a _ 1 if a1=1
<8m1 » (dex) 1> N { 0 otherwise
Second case: ao > 1. In this case one has
0 oo am h"
_ a a _ l a a
0 = <91, (d€1> ! (d€2) 2> = <S]:(.T1) 871'1 — ngl 91 W W 5 (del) ! (dez) 2>

(den)” (dex)” )

n=1

0 B N A (R
L e

+<01 (aaz I ey (deg)a2>

(9:172)‘12 202 gq! ’
n

o
(3x2)”

If we choose n € [1,as — 1], the unique summands in Az (91 > that brings a non zero

an
contribution in the computation of <91 W , (dep)™ (deg)“2> are those of the form
2
0 as—n+1 hozmn (_1)02

with cit+ceca=azx—n

T 20

2a2—n Cl! 62!

But since

Z 9 ® gaz—n-‘rl h2=" (_1>62 = 0
citca=az—n ((9.1‘2)0‘2 ! 202—n 1l eql

(12—1 13 n
Hence Z <91 _on (deq)* (deg)“2> =0.

n=1 (Oz2)™ 27 nl’

0™
W , (deq)™ (deg)a2> is zero if a; # 1. Hence, in any case,

, (dep)™ (dez)a2> € hataz—lyg,

Finally, remark that <91

o2 h

we have <91 7(5:02)“2 Daz !

0
92, R (del)‘“ (deg)a2> S ha1+a2_1Ah .

In conclusion, we find that in all cases one has <

Now denote by {na,b}(a b)

€Nz

. . . [de$ deéb
the topological basis of D}, dual to the basis —= .
al bl (a,b)EN2

We know that
"Dy = {Z(a,b)@w s (cra,p) 10 p ’ Gap € An }
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a b
9 P mod h'D;, , we have

(6.131)0‘ (81‘2)[’

As hotbp,, = hott

I - l . o ab
Dn = { 2X(apene Sg(@ap) (021)* (Dxg)b

Qqp € Ah }

Computation of (D;)": We shall compute (Dy,)*, using the isomorphism

o* ot o* o
Di)* Hom(D, A)[[h A _— Ay, —— ——
(Dr)" — Hom(D, A){[A]] , ~ (83:‘11 o} H< T Ox§ O >>
Let de; and des be the elements of (Dh)* such that
o* b o o
d ———— ) = 0146 , deg, —— —— ) = 00,401
< €1, 83:‘11 5‘:Ug> 1,a 90,b < €2 81:‘11 axg> 0,a 91,b

Similarly, let e; and ey be the elements of (Dy,)" such that

o 9P o* Qb
<€17> = 2100,a00 <62,> = %2 00,a00,b

a b a b
0x{ Oz} dx{ Ox;

Now set de; := h~'de; for i =1,2. Then the following equalities can be established:

€1 €2 — €2 p €1 = —h61 s del ‘h d€2 — d€2 ‘h d61 = del
dei-p ez —ep-dey = e dei-per = €1 -pder
dez -p ez = eg-pdey des -per—e1pdes = —eq
Moreover, source and target are si(x;) = e; + hde;, t:(x;) = e; . From the properties of the

coproduct, one has also
Ale;)) = ;@1 Alde;) = de; @1+ 1® de;
Finally, the counit of ((Dy,)*)" is given by
3(déi) =0 , 8(ei) = e

Remark 7.3. Let us introduce the Lie algebra gs; such that gn1 = g = k[[h]] de; @ k[[h]] dea

(as a k—vector space) and [, ], :=—[, ], . Then g acts on gp,1 by derivations, via
M e;— 0 M eg — 0
g — Der(gn,1) , dey — { ex > ep dez = { el — —eq

Now we may perform the semi direct product g gp ;1 ; then ((Dh)*)v is isomorphic to U(gX gn.1)
as an algebra but not as a bialgebroid.

A right bialgebroid isomorphism ((Dh)*)v = ((Dh)*)v . From the above analysis, one
sees that there exists a unique isomorphism of right bialgebroids ¢ : ((Dh)*)v — ((Dn)")"
determined by § § }

o(e;) = e; + hde; B(de;) = —de;
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