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Abstract. In this paper, X will denote a C° manifold. In a very famous paper,
Kontsevich [Ko] showed that the differential graded Lie algebra (DGLA) of polydiffer-
ential operators on X is formal. Calaque [Cl] extended this theorem to any Lie al-
gebroid. More precisely, given any Lie algebroid E over X, he defined the DGLA of
E-polydifferential operators, I'(X ,ED* ), and showed that it is formal. Denote by

poly
F(X,ET;OIY) the DGLA of E-polyvector fields. Considering M, a module over E, we de-

fine F(X,ET; M)) the F(X,ETgoly)—module of E-polyvector fields with values in M.
Similarly, we define the I'(X E D )-module of E-polydifferential operators with values

oly(

poly
in M, F(X,E D;Oly(M)). We show that there is a quasi-isomorphism of Lso-modules over
F(X,ET;oly) from F(X,ETgoly(M)) to F(X,ED;OIy(M)). Our result extends Calaque ’s

(and Kontsevich’s) result.

1. Introduction

In this paper, X will denote a C°°-manifold and Ox will denote the sheaf of
C*° functions. To X are associated two sheaves of differential graded Lie algebras
(DGLAs ) Ty, and Dy, . The first one, T}, is the sheaf of DGLAs of polyvector
fields on X with differential zero and Schouten bracket. The second one, Df ., is
the sheaf of DGLAs of polydifferential operators on X with Hochschild differential
and Gerstenhaber bracket. Kontsevich showed that there is a quasi-isomorphism
of Loc-algebras from I'(X, T}, ) to I'(X, D7 ), that is to say, that I'(X, Dy, )
is formal. The aim of this paper is to introduce a module in the Kontsevitch
formality theorem.

Let us now consider a D x-module M. Inspired by the expression of the Schouten
bracket, we endow T, (M) = T}, ®o0 M with a T, -module structure. Sim-

poly poly
ilarly, we can endow Dy, (M) = D} ®o, M with a D5, -module structure as

oly poly

follows: if P € Dgoly and @) € Dgo1y(M)v

P.gQ=PeQ—(~1)"QeP,
with
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Yao,...,ap+q € Ox,
p .
(P [} 62)(0,07 ey ap+q) = Z(—l)lqp(ao, Y ¢ 7 I Q(ai, ey G,H_q), . ,ap+q).
i=0
The formula makes sense because () is a differential operator with coefficients in
a Dx-module M. The expression () e P is defined in an analogous way. The
differential on D* | (M) is given by the action of the multiplication u, p-g —.

poly
Using Kontsevich’s formality theorem, one may see D*_, (M) as an Lo,-module

ol
over 17, and we will prove that it is formal. We Willpwyork in the more general
setting of Lie algebroids.

Let us now consider a Lie algebroid E. To E is associated a sheaf of FE-
differential operators, D(E) (|[R]). Lie algebroids generalize at the same time
the sheaf of vector fields on a manifold (in this case E = TX and D(E) = Dx)
and Lie algebras (in this case, D(E) is the enveloping algebra). Lie algebroids
have been extensively studied recently because many examples of Lie algebroids
arise from geometry (Poisson manifolds, group actions, foliations ...). To E, one
can associate the sheaf of DGLAs of E-polyvector fields ETgoly = @,;“;71 AL B
with zero differential and a Schouten-type Lie bracket [C1]. Calaque has given an
appropriate generalization of the notion of polydifferential operators. In [C1] he
defines the DGLA of E-polydifferential operators, I'(X ,ED;OW), and constructs

an L,-quasi-isomorphism from F(X,ETgoly) to I’(X,ED;OI},).

Let us now consider a D(E)-module M. We can perform the construction
described above and define the ET;oly—module ET;OIy(M ) (the sheaf of the E-
polyvectors with coefficients in M) and the D* | -module "D} | (M) (the sheaf
of E-polydifferential operators with coefficients in M). By Calaque’s result we
know that I'(X,” D*_, (M)) is an Ls-module over I'(X,®T* | ). The main result

poly poly
of the paper is the following theorem.

Theorem 10. There is a quasi-isomorphism of Lo,-modules over F(X,ETpoly)
from T(X,ETyoy (M) to T'(X,F Dpory(M)).

Our result extends Calaque’s formality theorem ([C1], take M = Ox) and
Kontsevich’s formality theorem ([Ko], take M = Ox and F =TX).

If X is a Poisson manifold, we know from Kontsevitch’s work [Ko] that there is
a star product on O = T'(Ox). Let M be a Dx-module and M = T'(X, M). Using
the star product, we can endow M|[h]] with an O][[h]] ® O[[h]]°P-module structure.
If 7 € T(A’TX) is the bivector defining the Poisson structure on O, hr defines
a Poisson structure on the algebra O[[h]]. As a corollary of our theorem, we get
an isomorphism from the Poisson cohomology of the Poisson algebra O[[h]] with
coefficients in M[[h]] and the differential Hochschild cohomology of O[[h]] with
coefficients in M [[h]].

Our proofs are analogous to that of [D1],[C1], [D2], [CDH]. We use Kontsevitch’s
formality theorem for R . and Fedosov-like globalization techniques.

Acknowledgements. T am grateful to D. Calaque, M. Duflo, B. Keller, P. Scha-
pira, and C. Torossian for helpful discussions. I thank D. Calaque and V. Dolgu-
shev for making comments on this paper.
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Notation. For a study of L, structures, we refer to [AMM], [D2], [D3], [HS], [LS].
Let k£ be a field of characteristic zero and let V' be a Z-graded k-vector space

V=v.
i€Z
If z is in V;, we set |x| = i. We will always assume that the gradation is bounded

below. Recall the definition of the graded symmetric algebra and the graded wedge
algebra:

_ V)
W)= ey Oy e oy
AV = W)

(z@y+ (-1)klvly @ z)

If 7 is in Z, we will denote by V[i] the graded vector space defined by V[i]* = Vitn,

Denote by S¢(V) the cofree cocommutative coalgebra without counity cofreely
cogenerated by V. As a vector space S¢(V) is ST(V). Its comultiplication is
given by

Alxy...xp) = Yoo )Pz eay.
IuJ=/[1,n]
/s

where €(1, J) is the number of inversions of odd elements when going from zyx;
to 1 ...x,. A coderivation @ on S¢(V) is determined by its Taylor coefficients
Q" : S"(V) — V (obtained by composing Q with the projection from S(V)
onto V).

An L., algebra is a couple (L, Q) where L is a graded vector space and @Q is
a degree 1 two-nilpotent coderivation of S¢(L[1]) = C(L). The coderivation Q is
determined by its Taylor coefficients (Q[”])n>1. Using an isomorphism between
S™(L[1]) and A™(L)[n], the Taylor coefficients may be seen as maps @[n] :AN'L —
L[2 — n]. A differential graded Lie algebra (L,d,[,]) (with differential d and Lie

bracket [, ]) gives rise to an L.-algebra determined by a[l] =d, @[2] =[,] and
@M =0 fori > 2.
Let L be a differential graded Lie algebra. We will say that it is a filtered DGLA

if it is equipped with a complete descending filtration, ... F'L C F°L = L such
that L = lim L/F™L. A Maurer Cartan element of L is an element x of F'L! such

that QUlz + 1QP(22) = 0.

Let (L1,Q1) and (La,Q2) be two Loo-algebras. An L,-morphism F' from
(L1,Q1) to (L2,Q2) is a morphism of coalgebras F' : C'(L1) — C(L2) compati-
ble with coderivations (this means that F o Q1 = Q20 F'). As F is a morphism of
coalgebras, it is determined by its Taylor coefficients (FI™ : S*(L1[1]) — La[1])n>1
or (F[n] : N"(L1) — L2[1 — n])p>1. The relation FoQ1 = Q20F boils down to
saying that F[" satisfy an infinite collection of equations.

Let (L1,Q1) and (L2, Q2) be two filtered DGLAs and let F' be an L ,-morphism
from (L1, Q1) to (L2, Q2) compatible with these filtrations. If z is a Maurer Cartan
element of Ly, then 3 -, Fl"l(z™)/n! is a Maurer Cartan element of Lo.
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Let L be an Ly.-algebra and M a graded vector space. We will consider the
C(L)-comodule S(L[1]) ® M with the coaction

a(zy...o, @v) = Z (- Dz @ (x5 @),
TuJ=1,n]
149
where €(1, J) is the number of inversions of odd elements when going from z;x ;
to 1 ...2Z,. An Lo-module is a couple (M, ¢) where ¢ is a degree 1 two-nilpotent
coderivation of the C'(L)-comodule S(L[1]) ® M. The coderivation ¢ is determined
by its Taylor coefficients ¢! : S™(L[1]) ® M — M][1] or E[n] AN (L)@ M —
M][1 —n]. The map ¢[% is a differential on M. A module M over a differential
graded Lie algebra (L,d, [, ]) is an Lo-module with Taylor coefficients 5[0] =d,
am(X@m) =X-m(XeL meM) anda[n] =0ifn>1

Let (Mi,¢1) and (Ma,¢2) be two Loo-modules. An L,-morphism V from
(My,¢1) to (Ma, ¢2) is a (degree 0) morphism of comodules from S(L[1]) ® M; to
S(L[1]) ® Mz such that Vo ¢1 = ¢ 0 V. Tt is determined by its Taylor coefficients
(VI §7(L[1]) @ My — Ma)nso or (V™ : A%(L) ® My — Ma[—n])ns0. The com-
patibility of V with coderivation is expressed by an infinite collection of equations
satisfied by V[,

In this text, DGLA (resp., DGAA) will stand for differential graded Lie algebra
(resp., differential graded associative algebra).

We assume Einstein convention for the summation over repeated indices.

If F is a sheaf over X, then I'(F) denotes its global sections. If F and G are
two sheaves and if © : F — G is a morphism of sheaves, then ©(X) will denote
the morphism from I'(F) to I'(G) contained in ©.

2. Recollections

2.1. Lie algebroids: Definitions and first properties

Let X be a C*°-manifold and let Ox be the sheaf of C*° functions on X. Let O x
be the Ox-module of C*> vector fields on X.

Definition 1. A sheaf in R-Lie algebras over X, F, is a sheaf of R-vector spaces
such that for any open subset U, E(U) is equipped with the structure of a Lie
algebra and the restriction morphisms are Lie algebra homomorphisms.

A morphism between two sheaves of Lie algebras E and F' is an Rx-module
morphism which is a Lie algebra morphism on each open subset.

Definition 2. A Lie algebroid over X is a pair (F,w) where:

e F is alocally free Ox-module of finite constant rank, that is to say a vector
bundle over X;

e F is a sheaf of R-Lie algebras;

e w: F — Ox is an Ox-linear morphism of sheaves of R-Lie algebras such
that the following compatibility relation holds:

V(€ € E% VfeOx, [&f=w@()S+fIEC
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One calls w the anchor map. When there is no ambiguity, we will drop the
anchor map in the notation of the Lie algebroid.

For example, T X is a Lie algebroid over X and a finite-dimensional Lie algebra
is a Lie algebroid over a point. Other examples arise from Poisson manifolds,
foliations, Lie group actions (see [F] for example).

A Lie algebroid (E,w) gives rise to the sheaf of E-differential operators gener-
ated by Ox and E which is denoted by D(E).

Definition 3. D(FE) is the sheaf associated to the presheaf
U~ T (0x(U) © E(U))/Ju,

where Jy7 is the two-sided ideal generated by the relations

(1) fe
V(f,9) € Ox(U), V(&¢) € BE(U), 8; §<—<®£=[£,<L
(4) €@

f=F@&=w@(f)

If E =TX, D(E) is the sheaf of differential operators on X, Dx. If E is a
finite-dimensional Lie algebra g, D(FE) is U(g), the enveloping algebra of g.

D(FE) is also endowed with a coassociative Ox-linear coproduct A : D(E) —
D(E)®o, D(FE) defined as follows (see [X, Example 3.1]):

A1) =
Vue E, A(u) = ®1+1®u
V(P,Q) € D(E)*, A(PQ)=A(P)A(Q).
Let M be a D(E)-module. The cohomology of E with coefficients in M is

computed by the complex (Home, (A*E, M), ¥dy) where Fdy is given by V¢ €
Homoe, (N"E, M), Yug,...,u, € E,

n

Edpro(uo, .. un) = Z(q)iui AUty iy )

+Z DY A ([tgy 5]y U0y - v vy Wiy e vey Wy Uy
i<j

Recall that Ox has a natural left D(E)-module structure defined by:
VfeOx, YPeD(E), P-f=w(P)f).

If M = Ox, we set Zdyy = Pd and the complex above will be called the Lie
cohomology complex of E.
If M is a D(E)-module, a tensor with coefficients in M is a section of

M @ (®9E*) @ (QF).
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The notion of connections has been extended to Lie algebroids (see [F], for
example). Let B be an Ox-module. An E-connection on B is a linear operator

V:T'(B) — I'(¥*QY(B)) = I'(Home, (A\'E, B))
satisfying the following equation: for any f € I'(Ox) and any v € T'(B),
V(fv) =Td(f)o + fV(v).

If w is an element of E, the connection V defines a map V,, : B — B.
Assume now that B is a bundle. If (e1,...,eq) is a local basis of F and
(b1,...,by) is a local basis of B, one has

Ve, (bj) =T% by
The connection V is determined by its Christoffel symbol Ff’ -

Definition 4. The curvature R of a connection V with values in B is the section
R of the bundle E* @ E* ® B* ® B defined by: For any u,v in I'(E) and b in I'(B),

R(u,v)(b) = (Vo Vy — Vi 0 Vi = Vi) ().
The curvature tensor is locally determined by the (R; ])2 defined by
R(ei,e)br, = (Rij)ibi.
For a connection V on B = F, one can define the torsion tensor.

Definition 5. The torsion of V is a section of F ® E* ® E* defined by: For any
u,v in I'(E),

T(u,v) = Vy(v) — Vy(u) — [u, v].
Proposition 1. A torsion-free connection on E exists.

A proof of this proposition can be found in [C2].

Examples of D(E)-modules
Example 1. Flat connections provide examples of D(E)-modules.

Example 2. If F is a Lie algebroid with anchor map w, then Kerw is a left D(E)-
module for the following operations: for all f in Ox, for all £ in E, and for all o
in Kerw,

o= fo, goo':[g,g},
Example 3. If M and N are two left D(F)-modules, then (see [Bo] for the Dx-
module case and [Ch2]) M®pN and Homo, (M, N), endowed with the two
operations described below, are left D(E)-modules:
VmeM, VneN, Vae Ox, VEE€E,
a-(m®n)-a=a-maen,
§-(meon)=meant+tmef- n,

V¢ € Homo,(M,N), Vm € M,Va € Ox, V€ E,
(a-¢)(m) = ag(m),
(€ d)(m) =& p(m) — $(§ - m).
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Example 4. It is a well-known fact ([Bo], [Ka]) that the O x-module of differential
forms of maximal degree, Q4™ % is endowed with a right Dx-module structure.
We may extend this result [Chl] to AY(E*) where d is the rank of E. Indeed E
acts on A%(E*) by the adjoint action. The action of an element ¢ of E is called
the Lie derivative of ¢ and is denoted L¢. The Ox-module AY(E*), endowed with
the following operations:

Voe N

o -
o -

—

E*), VE€E, VfeOx,
ao,

= 7LE(O—)7

m

is a right D(E)-module.

Example 5. If M and N are two right D(E)-modules, then Homo, (M, N),
endowed with the two following operations:

V¢ € Homo, (M,N), Vm e M,Va € Ox, VEE E,
(a-¢)(m)=¢(m) - a,
(£ 9)(m) = —p(m) - § + p(m - §),

is aleft D(E)-module [Ch2]. This was already known for D-modules. In particular,
Homo,, (N (E*), Q4mX) s a left D(E)-module which is used in [ELW] to define
the modular class of E.

Example 6. If M is a right D(E)-module and N is a left D(E)-module, then
M®o N, endowed with the two following operations:

VYmeM, VneN, Vae Ox, VEEE,
(m®n)-a=mRa-n=m-a®n,
(men)-£=m-£@n—-—m®E-n,

is a right D(F)-module (see [Bo] for D-modules and [Ch2]. Given any D(FE)-
module which is locally free of rank one, the functor N +— ERQ¢, N establishes an
equivalence of categories between left and right D(E)-modules. Its inverse functor
is given by M — Homo, (€, M). This equivalence of categories is well-known for
D-modules [Bo], [Ka] and was generalized to Lie algebroids in [Ch2]. In the case
where X = R? and E = TR?, this equivalence of categories is particularly simple
because we may choose dz'A- - -Adx? as a basis of the Oga-module Q% . There exists
a unique anti-isomorphism of Dga, o, such that o(f) = f and o(9/0z") = —9/dx".
Any left Dre-module can be seen as a right Dga-module (and conversely) in the
following way:
VP € Dga, VmeM, m-P=oc(P)-m.

Example 7. Let Dbx be the sheaf of distributions over X. As Ox is a left Dx-
module, Dbx is a right Dx-module (by transposition).

Example 8. Let us recall our definition of a Lie algebroid morphism [Ch2] which
coincides with that of Almeida and Kumpera [AK].
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Definition 6. Let (Fx,wx) (resp., (Fy,wy)) be a Lie algebroid over X (resp.,
Y). A morphism ® from (Ex,wx) to (Ey,wy) is a pair (f, F) such that:
e f: : X — Y is aC*-morphism.
o [: Ex — f*Ey = Ox®f_1oyf’1Ey such that the two following condi-
tions are satisfied:
(1) The diagram »
Ex —— f*Ey

wxl lf*wY
f

Ox — > [*Oy
commutes.
(2) Let & and n be two elements of E%. Put F(§) = Y1" a; ® & and
F(n) = 37L,b; @, then

F([gm) =Y wx (@) @n — > wx(m)(a:) @& + Y _aib; @ [, ).
j=1 i=1 0]
If ® = (f, F) is Lie algebroid morphism from (Ex,wx) to (Ey,wy) and M is
a D(Ey)-module, then OX®ffloYf_1M endowed with the two following opera-
tions:

V(a,b) € O%, VEE€ Ex, Yme f'M,
a-(b®m)=ab®m,

§-(b@m) :wx(f)(b)®m+zbai®&ma

(where F(&) = >",a; ®& with a; in Ox and & in f~'Ey) is a left D(Ex)-module
([Ch2)).

Morphisms of Lie algebroids generalize at the same time Lie algebra morphisms
and morphisms between C°°-manifolds. Examples of Lie algebroid morphisms
can be found in [Ch3]. The D(Ex) ® f~'D(Ey)°P-module Ox®-10, [ D(E)
generalizes the transfer module for D-modules (see [Bo], [Ka], [Ch2]).

2.2. The sheaves of DGLAs T, and Doy

The sheaf of DGLAs of polyvectorfields can be extended to the Lie algebroids
setting. The sheaf of DGLAs ETpoly of E-polyvector fields is defined as follows

([c):
oy = @ ooy = D NTE,

k>—1 k>—1
endowed with the zero differential and the Lie bracket [, ]s uniquely defined by
the following properties:

vfageoXa [fag]S:()a
V€GE7vf€OX7 [faf]S:w(E)(f)a
V&?U S E7 [5777}5 = [€7U]Ea

Eqk Eql E
Vu € Ty, v E€ "Thoy, wE "Tholy,

oly»
[u, v Awls = [u,v]s Aw+ (—=1)*FDy A [u, w]s.
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In [C1], Calaque extended the sheaf of DGLAs of polydifferential operators to the
Lie algebroid setting. Before recalling his construction, let us fix some notations.

Notation. Let My, My,..., M, be D(E)-modules. Denote by m;: D(E) —
End (M;) the maps defined by these actions. An element Py®Ro, -+ ®@oy Py of
D(E)®™*! defines a map

7o (P0)®. . @Tpg1(Prg1): Mo®ry - - @rx My — Mo®0x - .- @0 x My,
Mo®R - - OrMy, = T0(Fo)(M0) R0y - - - @0 Tn(Pr) (M)

In the sequel we will be in the following situation: My,..., M;—1, M;41,..., M,
are D(E) endowed with left multiplication. If P is in D(E), we will then write P
for left multiplication with P, which amounts to omitting ;. The D(FE)-module
M; will be Ox (with its natural D(E)-module structure) and we will write w (as
the anchor map) for the map from D(E) to End (Ox).

Calaque defines the sheaf of DGLAs ED;‘Oly of E-polydifferential operators as

follows:
poly @ EDpolya
k>—1
where Ep1 _ o
poly — M k41
Epk v =D(E)*°x if k>0

Before defining the Lie bracket over ¥D* we need to introduce the bilinear

poly?’
product of degree 0,

- EDx Epx _, Ep*

poly poly poly*

Let P (resp., Q) be an homogeneous element of £D*

|Q|), and let f (resp., g) be an element of ED;oly

5oty Of positive degree | P| (resp.,
= Ox. We have

1P| |
PeQ = Z 1‘@\ ld® ®A(|Q|)®ld®|P‘ 1)( ) (1®1®RQ®R1®‘P|_1)7

|P\ )
Pef= Z )1 ((d® @ w®id®PITH(P) - (19 @p forl1®IPI),
f.g:07
feP=0.

and P, € Epk:

The Lie bracket between P; € ED™ poly 1

poly
[Pl,Pg] = P1 [ ] P2 — (—1)k1k2P2 [ ] Pl.

The differential on #Dpo1y is 0 = [1® 1, —].
Calaque has proved the following theorem ([C1]) which generalizes Kontsevitch’s
result ([Ko]).

Theorem 2. There exists a quasi-isomorphism of Ls-algebras, Y, from T'(FT*

poly)
to T(ED? ,.). In other words, T'(¥D*

Soly Soly) 18 formal.
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3. Main results

Let E be a Lie algebroid over a manifold X and let D(E) be the sheaf of E-
differential operators. We will denote by M a left D(E)-module.

3.1. The ET;‘Oly-module ETsoly(M)
We introduce the complex ET;OIy(M ) of E-polyvector fields with values in M,
ETgoly(M) = @ ETp])foly(M) = @ /\k+1E & M
E>—1 kz—1

with differential zero. If m is in M, we will identify m with 1 ® m.

Proposition 3. FT*

oy (M) s endowed with a PT7, -module structure described

as follows: for allu =& N---N€ky1 € ETI’fOly, vef Téoly (with k,1 > 0), f € Ox,
mée M,
e fsm=0; . , N
o (G A A&yr)sm= (DTG A NG A AN @& M
o [rs(v@m)=[fv]s®@m;
e u-g(v®@m)=[u,v]g @m+ (—1)FEFDy Ay .gm.

When there is no ambiguity, we will drop the subscript S in the notation of the
action of P17 over T | (M).
Proof of the proposition. It is easy to check that the actions above are well defined.
Let a be in ETPfoly. We need to verify that the following relation holds:
u- (- (@a@m)) = ()Mo (u- (@ ©m)) = [u,0] - (a @ m).
A straightforward computation shows that it is enough to check this relation for
a = 1, which we will assume. We will need the two following lemmas.

Lemma 4. Ifa € ET;OIY, u € ETI’fOly, v E ETéoly (k,l > —1), one has

u-(wAa®@m)=[u,v] Aa®@m+ (~1)* Dy Ay (a@m).
Proof of the lemma. It is a straightforward computation. [

Lemma 5. Let a € ETgoly, meM,k1>0,uc ETI’fOly, v e ETéoly.
following relation

(uAv)-(a@m)=uA (v-(a®@m))+ (=1)*FDEDY A (4. (a @ m)).

One has the

Proof of the lemma. An easy computation shows that we may assume a = 1. The
proof of the lemma goes by induction over k. The case k = 0 is obvious so that we
assume k > 1. Set u =& A+ A&y and v/ =& A+ - Ay so that u =& Au'.
Using the induction hypothesis and the case k£ = 0, we get the following sequence
of equalities:

(unv)-m= (D" A @& -m+& A (W Av)-m)
= (=)D A @ 6 - m & AU A (v-m)
+ (= 1)FEYe Av A (U - m)
=uA(v-m)+ (=1)FEDEDY A (yom). O
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We will show the relation
w-(v-m)— (=) (u-m) = [u,v] -m

by induction on [.

First case: | = —1.
In this case, v is a function on X which will be denoted f. We proceed by
induction over k. The cases k = —1 or k = 0 are obvious so that we assume k > 1.

Weset u=8 A AN&y1and v =& A+ Aprr-
Using the two previous lemmas and the induction hypothesis, we get the fol-
lowing sequence of equalities:

(¢ /\(U'-m)+(—1)k "®&-m)

A -m)) = [fiu]@&-m
"a A ([fu']-m) =[] @& m
On the other hand,

[f’u]:[f7€1]u’l_€1/\[faul]7

hence,

[fau]m: [fagl]ul'mffl/\([fau,] 'm)i(il)k-i_l[faul]@fl -m

The case | = —1 follows.

Second case: | = 0.

In this case, v is an element of E which will be denoted 1. We proceed by
induction over k. The cases kK = —1 or k = 0 are obvious so that we assume k > 1.
Weset u =8 A---A&kyr1and v =& A+ Agyr.

Using the two previous lemmas, we get the following sequence of equalities:

w-(n-m) —=n-(u-m) =& A (n-m))+ (=) @& - (n-m)
—n- (&AW -m)+ (=) ®& -m)
=& A (W -m) + (=) @ [6,n] - m
— &AW -m) = (=), @& -m
On the other hand,
[u,n] = —[n, &) A’ — & A [, 0],

hence,

[u,n]-m = —[n, &) A (W m)— (=1 @[n, &]-m—(~1)*[n,v|@& -m—& Aln, u']-m
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Third case: 1 > 1

We proceed by induction. We set v =1 A+~ Angeq and v/ =09 A -+ A gy
Using the previous lemmas and the induction hypothesis, we get the following
sequences of equalities:

u-(v-m) — (=1)*v - (u-m)
=u-(mA @ -m)+ (=D @m-m) = (=1)p A (u-m))
— (=" A (- (- m))
= (=DM A (fu,m] -m) + (=1)Fn A [, 0] - m fu,m] A (- m)
+(=)[w, vl @ n1 - m

On the other hand,

[U,U] = [Uﬂh] A+ (71)167’1 A [uvvl]a

hence,

[u, o - m = fu,m] A (0 m) + (=1 D0 A (fu,m] - m) + (1) A ([u,0'] - m)
+ (=)', v'] @1 - m.

The case | > 1 follows. O

3.2. The ®D% . -module D (M)

Let M be a D(F)-module. Denote by m the map from D(FE) to End (M)
determined by the left D(E)-module structure on M. We will use the same nota-
tion as in Section 2.2. We will also use the map

T <®;XD(E))®OXM B0x <®2+1_iD(E)) - <®:;1D(E)) ®ox M,

X

Q1 RQiAMRIQi+1®  RQup1— Q1R+ ® Qgs1 @M.

Let us introduce the complex EDpoly(M ) of E-polydifferential operators with val-
ues in M as follows:

where

Ep-L (M) = M,

poly

Epk (M) = D(E)®9x o, M if k> 0.

poly
Let us define two maps denoted in the same way

. Ep* & Fp
"D

M)—¥D
—¥ED

M),
M).

POly( poly(

M) ® FD?

poly

POI}’( poly poly(
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If P and @ are homogeneous elements of ED; oly of nonnegative degree, respectively,
|P| and |Q|, f is an element of "D~} and m is in M, then

poly
|P| _ ) .
Pe(Qem)= Z(*l)”@'m@m [((1d®" ® AUQHY g ig®IPI=H)(P)
1=0
(1% 9r(Q ® m)@=1%IPI71)],
1P|

Pem= Z(_l)iﬁ [(id®i o1 id®‘P|_i)(P) . (1®i®Rm®R1®‘P|*i)},
i=0

fem=0,
fe@Qam) =0,
(Qem)eP=QeP®m,

meP =0,

me f=0.

Note that second, third, and fourth equations could be recovered from the first

one. The differential, 057, on ED;OIY(M) is given by: For all Q ® m in ED;oly(M),

o(Qem)=(1®1)e(@Qem)—(-1)UQam)e(1a1)
=0(Q)®@m,
where 1® 1 € EDéoly.

Theorem 6. “D*_ | (M) is endowed with an ¥D*

oly oty -module structure as follows:

VvPecEpr  v(Q®m)eED! (M),

poly? poly

P (Qem)=Pe(Qam)—(~1)"(Q@m)s P,

Proof of the theorem. Let P € EDgoly, Q € EDgoly, A€ ED;oly(M). Introduce
the following quantity:

AP,Q,\)=(PeQ)eX—Pe(Qe)).

The theorem follows from the lemma below.

Lemma 7. The following equality holds:
A(P,Q,A) = ()T A(P, A, Q).
This lemma is well-known in the case where E = TX and M = Ox (see, e.g., the

paper of Keller in [BCKT]). In the general case, it follows from a straightforward
but tedious computation. [
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3.3. The Hochschid—Kostant—Rosenberg theorem

Theorem 8. The map Uyyg from (PTj, (M),0) to (°Dp,.

by: for all vy,...,v, in E and all m in M,

(M), 0n) defined

UI{IV{(R(UO AN Aoy @ m) = | Z 6(0-)’00'(0) K& Uo’(n) ®m,

_1
(n+1)

0ESh+1

U%{R (m) =m,

i$ a quasi-isomorphism.

The first one to have proved such a statement in the affine case (for £ = TX
and M = Ox) seems to be J. Vey [V]. A proof for the tangent bundle of any
manifold (and M = Ox) can be found in [Ko]. This theorem is proved in [C1] for
any Lie algebroid and M = Ox.

Proof of the theorem. This theorem will be a consequence of the proof of Theorem
10 and of the following well-known result.

Lemma 9. T be a finite-dimensional R-vector space. Consider the complex N*T =
@D, cn NPT with zero differential and the complex @peN(®p S(E)) with the differ-
ential

n
0=1d"" @1+ (~1)P "1 @id® + (=177 (-1)1d* @ A®id®" ",
i=0

The R-linear map © from N*T to @peN ®" S(T) defined by: For all vy, ..., v,
m T,

1
Ouo A= Avp) = gy D, €(0)to(o) @+ © V)

oESpt1

s a quasi-isomorphism.

3.4. Main statement
We have seen that T'(”Df

know ([C1]) that there is a Loo-morphism from I‘(ET;oly) to I‘(ED;Oly
that T'(" Dy, (M)) is naturally endowed with the structure of an Lo.-module over

the DGLA T'(®T*

poly

(M)) is a module over the DGLA T'(”Dj 1 ). As we

), we deduce

). We can now state the main result of this paper.

Theorem 10. There is a quasi-isomorphism of L.,-modules over F(ETI;Oly
r(er:, (M)) to T'(¥D?

poly poly

) from
(M)) that induces Uiy in cohomology.

Our result extends Calaque’s result ([C1], take M = Ox) and Kontsevitch’s
result ([Ko], take M = Ox and F =TX).
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4. Proof
The proof is analogous to that of [D1], [C1], [D2], [CDH].

4.1. Fedosov resolutions

As before, E will denote a Lie algebroid and M will be a D(E)-module.
Following Fedosov [Fe] and Dolgushev [D1], Calaque introduced ([C1], see also

[CDH]), the locally free O x-modules W = S(E*), T* and D*. Let us recall their

definition.

eW=25 (E™) is the locally free Ox-module whose sections are functions that
are formal in the fiber. An element s of I'(U, W) can be locally written

oo

_E . 01 i

§ = Siv,.ay Y
=0

where y!, ... ,yd are coordinates in the fiber of E and s;, .. ; are coeflicients
of a symmetric covariant E-tensor.

o T* = WRe, N TLE is the graded locally free O x-module of formal fiberwise
polyvector fields on E with shifted degree. A homogeneous section of degree
k of T* can be locally written

o0
; 0 .0 0
JO5e 3Tk 01 11
11500 Oyio Oy’
1=0 Y Y
where vfffl’“ are components of an E-tensor symmetric covariant in the

indices 41, ..., 1, contravariant antisymmetric in the indices jo, ..., jk.

o D* = S§(E")®0, T*T(S(E)) is the graded locally free O x-module of formal
fiberwise E-polydifferential operators with shifted degree. An homogeneous
section of degree k of D* can be locally written

S Q055 i ié)‘aol ekl
. .

D P @)yt ey By O ® g

1=0

where the «;’s are multi-indices, the Pﬁ"”a’“ (x) are components of an E-
tensor with obvious symmetry.
We will need to introduce the Ox-modules D*(M) and T*(M).

e 7%(M) is the graded Ox-module of formal fiberwise polyvector fields on E

with values in M with shifted degree. A homogeneous section of degree k of
T*(M) can be locally written

oo
o 9 0
JOsee s dkp 81 0 U e —_—
;:O:”%,...,n A N AN

where miffl’“ are components of an E-tensor with values in M symmetric

covariant in the indices i1, ..., 1;, contravariant antisymmetric in the indices
JOy - k-
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e D*(M) is the graded Ox-modules of formal fiberwise E-polydifferential op-
erators with values in M (with shifted degree). A homogeneous section of
degree k of D*(M) can be locally written

i g Olk( ) i i ool ool
= ayao ayak

Q. O

where the a;’s are multi-indices, the p;° ;" (x) are coefficients of an -

tensor with values in M with obvious symmetry.

Remark 1. One has the obvious equality 7*(Ox) = 7* and D*(Ox) = D*.

Notation. Let R‘fiormal be the formal completion of R¢ at the origin. The ring of

functions on RY . is R[[y!,...,y?] and the Lie-Rinehart algebra of vector fields
is Der(R[[y!,...,y%]]). Denote by 1 (R and D¥_, (R¢ ) the DGLAs

formal) poly \"“formal
of polyvector fields and polydifferential operators on R¢ respectively. If t; €

oly

D’;é@l (R¢,...) and to € Dggl;l (R¢ ....1), one defines their cup-product ¢ Uty €
ki+ke—1/md .
Dpély ? (Rformal) by

vala e Ok 4k € R[[ylﬂ cee 7yd]]7

(tl ut?)(alv .- '7ak1+k2) - tl(ala cee aak1)t2(ak1+1a .- -7ak1+k2)

The cup-product endows D7) (R¢ ..1) with the structure of a DGAA.

Remark 2. The fiberwise product endows W with the structure of bundle of com-
mutative algebra. 7 is a differential Lie algebra with zero differential and Lie
bracket induced by the fiberwise Schouten bracket on Tpory(RE ). Similarly, the
fiberwise Schouten bracket allows us to endow 7*(M) with a 7 *-module structure.

We can make the same type of remark for D, D(M) and the Gerstenhaber bracket.

Let B be any of the Ox-modules introduced above. We will need to tensor B
by A*(E*). We set PQ(B) = A*(E*) @ B.

Structures on £Q(B)

e EQ(W) is a bundle of graded commutative algebras with grading given by
exterior degree of F-forms.

e The Schouten bracket on 777,
Lie algebras over Q* (7). The grading is the sum of the exterior degree and
the degree of an E-polyvector. The fiberwise Schouten bracket also endows
EQ* (T (M)) with a structure of module over the graded Lie algebra £Q*(7).
These structures will be respectively denoted by [, |s and -s. By fiberwise

exterior product on Ty (R,..1), “Q%(7T) also carries a structure of sheaf

(R¢,....;) induces a structure of sheaf of graded

of graded commutative algebras and £Q*(7 (M)) becomes a module over the
sheaf of graded commutative algebras Q* (7). These structures will both be
denoted by a A. Thus £Q*(7 (M)) is a module over the sheaf of Gerstenhaber
algebras £Q(7).
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e Using the fiberwise Gerstenhaber bracket, we see that £Q*(D) is a sheaf of
differential graded Lie algebras and £Q(D(M)) is a module over the sheaf of
DGLAs £Q(D). These two structures will be denoted [ , ]¢ and -¢. The grad-
ing is the sum of the exterior degree and the degree of the E-polydifferential
operator. Cuproduct in the space D, (Rf . ) endows PQ(D) with the
structure of a sheaf of DGAAs and PQ(D(M)) with the structure of a mod-
ule over the sheaf of DGAAs £Q(D).

EQwW), EQ(T(M)), and EQ(D(M)) are equipped with a decreasing filtration

given by the order of the monomials in the fiber coordinates y°.

In the sequel, we will denote by &° the variable y* considered as an element
of AY(E*). Introduce the 2-nilpotent derivation ¢ : Q*(W) — EQ*T1(W) of the
sheaf of superalgebras ZQ* (W) defined by § = £'9/dy'. Using -s and g, & extends
to a 2-nilpotent differential of 7 (M) and D(M).

Proposition 11. Let B be any of the sheaves W, T (M), or D(M). Then
HZ'(*Q(B),6) = 0.

Furthermore, we have the following isomorphisms of sheaves of graded O x-mo-
dules:

H(PQ(W),d) = OX,
H°(PQ(T (M), 6) = "Tpory (M),
HO(PQ(D*(M)),6) = @' S(E)®o, M
This proposition is known for W and M = Ox. It is due to Dolgushev ([D1])

for E = TX and to Calaque ([C1]) for any Lie algebroid. Our proof is totally
analogous to that of Dolgushev.

Proof of the proposition. Let us consider the operator x : Q*(B) — EQ*~1(B)
defined by

o ! dt
Vo eQUTOD), wlo) =y 5er [ olatntOF. wlran =0
It satisfies the relation
0k + K0+ H=1id

where
YVue EQ*(B), H(u) = u|y7,:§7:0.

The proposition follows. [

Remark 3. We will keep using the operator « in our proofs. Note that s has the
two following properties:
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2
o k- =0;
e r increases the filtration in the variables y%’s by one.

Let V be a torsion-free connection on E. Let (e1,...,e,) be a local basis of
E. Denote by Fﬁ ; the Christoffel symbol of V with respect to this basis. As is
explained in previous works ([D1], [C1], [D2], [CDH]) such a connection allows us
to define a connection on W (still denoted V) as follows:

: .
V="%+T- with F:-grﬁjyﬂa—yk.

It also allows us to define a connection on 7 (M) and D(M) given by
Vo =ty +T-.
For example, if

0

oo
_ B ERRRP I S 7} L.
o= Zmih-n,iz Y Yy OyJo A A Oy

is a local section of 7 (M), one has

o0
Var(o) =Y Far(ml® o de )y -yt
=0

+§:mj0""’j’“F- (11 i 9 Ao A 9 )
it S WY g dyix "
1=0

A A 0
Oydo o Oyix

Since V is torsion-free, one has V6 + §V s = 0. The curvature tensor allows
us to define the following element of Q2(77°):

i 0
R = *%f &’ (Rij)i(x)yka—yl-
A computation shows V3, = R-: £Q*(B) — £Q*+2(B).

Theorem 12. Let B be any of the sheaves T (M) and D(M). There ezists a
section

00
A=A L
s=2

of the sheaf EQY(T°) such that the operator Dyr: K0*(B) —FQ*+1(B)
Dy =Vy =0+ A

is 2-nilpotent and is compatible with the DG-algebraic structures on FQ*(B).

The theorem was proved for B=W, 7, and D in [D1] for E = TX and in [C1]
for any algebroid. Our proof is inspired by that of [D1] (see also [C1]).
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Proof of the theorem. A computation shows that Dy, is two-nilpotent if the fol-
lowing condition holds:

R+VA—-65A+ 1A Als=0. (1)
The following equation
A= KR+ K(V(A) + 5[4, A]s) (2)

has a unique solution (computed by induction on the order in the fiber coordinates
y"’s). Tt is shown in [D1] that the solution of equation (2) satisfies (1). We won’t
reproduce the proof here.
If o is in PQ(T) and p is in £Q(T (M)), we have the relations

D(a A p) = D(a) A g+ (—1)a A D(p),

D(a-s 1) = D(a) s -+ (~1)/la -5 D),
where |a| denotes the degree of o in the graded Lie algebra Q(7). Similarly, if a
is in £Q(D) and p is in PQ(D(M)), we have the relations

D(aUp) = D(a) Up+ (—1)*Ha U D(w),

D(a-¢ ) = D(a) ¢ p+ (1) ¢ D(p),

where |a| denotes the degree of « in the graded Lie algebra Q(D). O
One can compute the cohomology of the Fedosov differential D.

Theorem 13. Let B be any of the sheaves EQW), EQ(T (M)), or EQ(D(M)).
Then
H?Y(B,D) = 0.

Furthermore, we have the following isomorphisms of sheaves of graded commutative
algebras

H(PQ(W), D) ~ Ox,

HY(EQ(T),D) ~ N E,
and the following isomorphism of sheaves of DGAAs (over R)

H°("Q(D), D) ~ @ S(E).
Using the identification above, HY(¥*Q(T (M)), D) and N*t'E®o, M are isomor-
phic as HO(FQ(T), D) ~ N**1E-modules. Furthermore, H*(FQ(D(M)), D) and
R S(E)®o, M are isomorphic as HO(EQ(D), D) ~ Q"' S(E)-modules.
This theorem is already known for M = Ox: see [DI1] for the case where

E =TX and [C1], [C2] for any Lie algebroid. The proof of the theorem is very

similar to the proof in the case where M = Ox. That is why we give only a sketch
of it and refer to [CDH] and [C2] for details.
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Proof of the theorem. The first assertion of the theorem follows from a spectral
sequence argument using the filtration on B given by the order on the 3%’s (see
[CDH, Theorem 2.4] for details).

Let u € BN Kerd. One can show (solving the equation by induction on the
order in the fiber coordinates y'’s) that there exists a unique \(u) € BN Ker D
such that

AMu) = u+ 6(VA(u) + A A(uw)).

Thus, we have defined a map A\ : Kerd N B — Ker D N B. One can show that A is
bijective and that A=! = H. The following relations (easy to establish) allows us
to finish the proof of the theorem:

o If o, B € EQ(W), then H(aB) = H(a)H(3).
o If a € BQ(T) and p € PQ(T(M)), then H(a A p) = H(a) A H(w).
o If a € PQ(D) and p € PQ(D(M)), then H(a U p) = H(a) UH(p). O

As D is compatible with the action -5 of Q*(7) over £Q*(7(M)) and hence
with the Schouten bracket on £Q*(7), H*(PQ(T), D) is a graded Lie algebra and
H*(FQ(T(M)), D) is a module over the graded Lie algebra H*(¥Q*(7), D). So, it
is natural to wonder whether the isomorphisms of the previous proposition respect
this structure.

Proposition 14. The map H: 7*NKer D — 7T* NKerd ~ ET;OIY 8 an isomor-
phism of graded Lie algebras.
The map H : T*(M) NKer D — T, (M) is an isomorphism of modules over

the graded Lie algebras T* N Ker D ~ ET;OIY

Proof of the proposition. The first assertion of the proposition is proved in [C1],
[C2]. Let us now prove the second assertion. Denote by 7 the map from D(E) to
End (M) defined by the action of D(E) on M.

Let m be an element of M and let v = Z?zl ui(z)e; € ETO

poly- Using the
definition of A, one finds easily:

d
A(m) =m+ > y'm(e;) - m mod|yl,
=1

d
0
= Zuza—yz mod |y|.
=1
Hence,
Au) - A(m) = Zum(ei) -m mod |y
i=1

and

HA(u) - A(m)) = u-m =H(A(u)) - H(A(m)).

The end of the proof follows from the definition of the action of ETpoly on ETpoly (M)
and the previous theorem. [J
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The morphism p/y,

Let us first recall the construction of p/ ([CDH]). 70 is the sheaf of Lie algebras
over the sheaf of algebras 7! = S(E*) and we have D° = D(7°). The morphism
of Lie algebras A = H~! : E — T° N Ker D induces a morphism of sheaves of

algebras p : D(E) — D° that takes values in Ker D N D°. We will denote by

the only morphism of sheaves of DGAAs from ED;‘Oly to D* defined by

Wlepo, =n, Wlox =X

Let uh, : ¥D*

pOly(M) — D*(M) the morphism defined by:

VPy,...,P, € D(E), Ym € M,
fir (m) = A(m),
i (Po @+ @ P, @m) = p(Po) @ -+ @ pu(Pn) @ ANm).

Note that p' = pg -

Proposition 15.

(a) w is an isomorphism of sheaves of algebras from D(E) to D’ N Ker D. It
s also a morphism of sheaves of bialgebroids.

(b) ' is an isomorphism of sheaves of DGLAs from ED;OIY
1s also an isomorphism of sheaves of DGAAs.

(c) why - ED;oly(M) — D*(M) NKerD is an isomorphism of modules over
the sheaf of DGLAs ED;oly ~ D*NKerD. It is also an isomorphism of

modules over the sheaf of DGAAs ED;OIY ~ D*NKerD.

to D*NKerD. It

Proof of the proposition. Parts (a) and (b) are shown in [CDH]. The proof of (c)
is analogous. Using the definition of 1 and py,, one can easily show the following:

VP e D(E), Yme M, iy (P-m)=u(P)- hy(m).

As, moreover, p is an isomorphism of bialgebroids ([CDH]), w4, is a morphism of
modules over the sheaf of DGLAs ED;oly ~ D*NKer D. p), is clearly a morphism
of modules over the sheaf of DGAAs ED;OIY ~ D* N Ker D. The fact that p), is

an isomorphism follows from (a) and Theorem 13. O

4.2. Kontsevitch’s result

Recall that R¢ is the formal completion of R? at the origin. The ring of

forma
functions on RE - is R[[y},...,y?] and the Lie-Rinehart algebra of vector fields
is Der(R[[y?, . ..,39]]). Denote by Tyoly (R¢ _.1) and D31y (R¢ _..1) the DGLAs of

polyvector fields and polydifferential operators on R?ormal respectively.

Theorem 16. There exists a quasi-isomorphism U of Loo-algebras from the DGLA
oty (Ribimal) to the DGLA Dy (RY,.0y) such that:

formal poly
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(1) The first structure map UM 4s the quasi-isomorphism Unkg.
(2) U is GL4(R)-equivariant.
(3) If n > 1, then for any vector fields vy,...,v, € Tgoly RE )

U["](vl,...,vn) =0.

(4) Ifn > 1, then for any vector field v linear in the coordinates y* and polyvec-
tor fields xa,...,xn € T*(RE

formal)’
U["](U,Xg,...,xn) =0.

Moreover, Kontsevitch gives an explicit expression for U™ ([Ko], see also [AMM]
or [BCKT] for a detailed exposition) which involves admissible graphs.

Definition 7. Let n and m be two integers. An admissible graph T of type (n,m)
is a labeled oriented graph satisfying the following properties. Let Vi be the set
of vertices of I and let Er be the set of edges of I':

(1) Vo ={1,...,n} U{L,...,m}. Elements of {1,...,n} are called first-type

vertices and elements of {1,...,m} second-type vertices.

(2) Every edge of I starts from a first-type vertex.

(3) There is no loop.

(4) Two edges can’t have the same source and the same target.

We will write Gy, for the set of admissible graphs with n first-type vertices
and m second-type vertices. Let I" be an element of G, ,,. We will denote by Er
the set of its edges. If 7 is in Er, then s(vy) will be its source and ¢(7) its target.
Let us introduce the following notation: If k is a vertex of first-type

(k,x) ={v € Er|s(y) =k} ={ef,....e;*}.

Similarly, the subset (x, k) of Er is defined for any vertex of I.

Let ai,...,a, be n polyvector fields such that for any j € [1,n], o; is an
s; polyvector field. We will associate to such ai,...,a, an m polydifferential
operator Br(aq,...,ay). Write

. B
oy = Z 'ttt 8i1 VARREIWAN aisj with 0, = 0—yk
11 ’L'é,J

IfI:Er—{1,...,d} is amap from Er to {1,...,d}, we set

Diwy= [[ 0o

e€(x,x)
I(el),....I(e;*
of = (R

Br(a; ® -+ ® a,) is the m-differential operator defined by: For any functions

fh"'afﬂ’“

k=n l=m
Br(ai @ @an)(fi,- s fm) = Y [IPiwak [[Pr e
=1

I:Er—{1,...,d} k=1
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If o1, ...,y are any graded elements of T},.1y, one has

U["](ozl,...,an): Z WFBF(Oq@-"@Oén),
reGn,m

where the sum is taken over the graph I' in G, y, such that Br(ag ® -+ ® o) is
defined and the relation m — 2 +2n = Z?zl s is satisfied. The coefficient W can
be different from zero ouly if |Ep| = 2n + m — 2. Let us now describe it.

Let ‘H be the Poincaré half-plane:

H ={z € C|Im(z) > 0}.
Introduce

Confym = {(P1,- -, P @1, -+, qm) € H" X R™ | pi # pj, @; # a5}

The group G = {z — az + b | (a,b) € RT™ x R} acts freely on Conf,, ,,,. The
quotient C,, ,,, = Conf,, ,,,/G is a manifold of dimension 2n +m — 2. As Conf,, ,
is naturally oriented and the action of G preserves this orientation, C, ,, inherits
a natural orientation. Cy, ,, has several connected components, we will use one of
them, C , defined by

n,m»
Crtm = {(pla"'apnaqi7"'7q77l) | q1 << qﬁl}
Ifi € {1,...,n}and j € {1,...,n}U{1,...,m} (with i # j), one defines a function

i : Crnm — R/27Z,

1 Zi — %
(Zk)ke[l,n]l_l[l,ﬁz] = %Argzj — Z_z

Let I' be an element of G, ,,,. We order Er with the lexicographic order and define

the closed form
wr = /\ ABs(4),t(v)-
YEET

WF Z/ wr.
C

+
n,m

One then puts

This integral is absolutely convergent as the integrand extends to a differential

+ s O, which is a manifold with corners of

form on a compactification of C+7
dimension 2n +m — 2 ([Ko], see also [AMM] and [BCKT]).

Lemma 17. Letn be a nonzero integer. For any polyvector fields 1, ..., Vn, one

has 5
U[n+1](a ia’ylw"a’Yn):O-
)
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Proof of the lemma. We will prove that for any I' in G;,41,, having a contribution
in UMY one has Wi = 0. For such a I, there is no edge going to the vertex 1
and there is exactly one edge starting from the vertex 1 and going to a vertex ig
which might be of first or second-type. We will denote by I'V the element of Gy, i,
obtained from I' by removing the vertex 1 and the edge going from 1 to ig.

First case: ig is of first-type

Using the action of G, we put p;, in . If jisin [1,n 4+ 1] — {io}, we will write
zj = a; + ib; for the affix of p; and if k is in [1,m], we will write t; for the
coordinate of g;. One has

1 ) —
wr = —dArg<Z, i) A wrv,
2T 1— 21
and wr- is a differential form of degree 2(n+1)+m —3 in the 2(n—1)+m variables
dag,dba, ..., da;,,dbiy, . ..,dap+1,dbnt1,dts, ..., dty,. Hence wrr = 0 and wr = 0.

Second case: ig is of second-type

We treat the case where ig # m. The case where ig = m is treated analogously.
Using the action of G, we put ¢;, in 0 and ¢;,+1 in 1. One has

1
wr = —dArg(z1) A wr,
™

and wr- is a differential form of degree 2(n+ 1) +m — 3 in the 2n +m — 2 variables
a2,b2, .. i1, bni1,G1s - > Qigs Qiot1s - - - » G- Hence wpr = 0 and wp = 0. O

4.3. Proof of the formality theorem

The proof will follow [C2]. Before starting the proof, let’s recall the following
well-known fact of sheaf theory: If C{ and C5 are complexes of c-soft sheaves and
if © is a quasi-isomorphism from C; to C3, then T'(©) is a quasi-isomorphism from
T(C5) to T(C3).

We will adopt the following notation:

A BT (M) — BQ(T (M) is the inverse of the map H.
M ED;oly(M) — EQ(D(M)) is the map py,.

We set )\gx = Ap and )\?X = Ar. From Kontsevitch’s work (theorem 16,
we know that there exists a fiberwise quasi-isomorphism U of L..-algebras from
EQ(T) to FQ(D) whose Taylor coefficients will be denoted U™ : S™(FQ(T)[1]) —
EQ(D) (first we construct U on an open subset trivializing E and then glue the
Loo-morphisms). Using the explicit expression of U™ ([Ko], [AMM]), one sees
easily that U™ still make sense if we replace the last argument by an element of
EQ(T (M)). Thus we define VI . S*(FQ(T)[1]) @FQ(T (M)) —=FQ(D(M)) by

VY15 Yn GEQ(T)H]’ Vv EEQ(T(M))7
V["](’yl, e YY) = L{["H]('yl, e Yny V)
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Thus we get the following diagram:

(PQ(T),0,[, ]s) —— (BQ(D),d, [, o)
S lLoo—mod 'Gle-mod
(PQUT (M)),0,-5) —2= (PQ(D(M)), 0, ) -

Let V be an open subset on which E|y is trivial. The differential d (resp., Fdyy)
is defined on #Q(7)|y and £Q(D)|y (resp., PQ(T(M))|y and Q(D(M))|v). As
the quasi-isomorphisms of the previous diagram are fiberwise, we can add the
differentials “d and ¥d,;, in the previous quasi-isomorphism. We get a morphism
of L..-algebras

U: (EQ(T)|VaEd7 [ ) ]S) - (EQ(D)|VaEd+ aa [ ’ ]G)
and a morphism of L.,-modules over Q(7)|y,
Ve (PUT (M), dur,-s) — (D)), das + 0w, ).

We endow B =7 (M)|y or D(M)|y with the filtration

Fr(Pa(B)) = R’ (B).

k=p

A spectral sequence argument shows that ¢ and V are quasi-isomorphisms (see [C2]
and [CDH] for details). Thus, we have the following diagram where the horizontal
arrows are quasi-isomorphisms

(EQ(T”VaEda [ ) ]S) —4 (EQ(D)|VaEd + 0, [ ) ]G)

-lew—mod -Gle—mod
%
(PUT(M))v,"dw,-s) —= (PUD(M))|v,"dys + Owr,-c) -
On V, the Fedosov differential can be written Dy; = iy + B with

B = Zf Bijy....q, @)y - "yjpﬂ-
Y
p=0
We set D = Doy . The element B of £Q(70)|y is a Maurer Cartan element of the
(filtered) sheaf of DGLAs (PQ(7)|v,Fd,[ , ]s). This means that (EQ(T(M))|y,
Dy, -s) is obtained from (PQ(7(M))|yv,Bdys,-s) via the twisting procedure by
the Maurer Cartan element B ([D2]). We know that Zn>1u["l (B™)/n! is a
Maurer Cartan section of (*Q(D)|y,®d + 0,-g). But, due to property (3) of

U, Z@lu["] (B™)/n! = B. Twisting & and V by the Maurer Cartan element
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B (|D2]), we get the following diagram where the horizontal arrows are quasi-
isomorphism

5B

(EQUT)|v, D, [, ]s) ——— (PQD)|v, D + ., |c)

'lew—mod 'Gle—mod

(EQT(M))|v, Dar, -5) — > (FQUD(M)) v, Das + a1, ) -

7" and V° do not depend on the choice of the trivialization of E|y and hence
are well-defined morphisms of L.-algebras and L.,-modules, respectively. Indeed,
the only term in B that depends on the coordinates is I' = —fifﬁjyjﬁ/ayk and it

is linear in the fiber coordinates y° so that it does neither contribute to I P nor to
V" thanks to property (4) of U (see [D1], [C1],[D2], [CDH] for details). Hence u”
and VB are defined globally and we get the following diagram:

B

(PQ(T), D.[,]s) —— ("Q(D). D+ ,[,]c)

-leoo—mod 'Gle—mod

B

(PUT (M), Das,-5) —> ("UD(M)), Das + 0ar,-6) -
The following lemma shows that the map A (X) (and hence Ap (X)) is a quasi-

isomorphism from [I(¥Dpely (M), 0a] to [D(EQ(D(M))), Das + O]
Lemma 18. The natural inclusion

v: [D(D*(M)NXKer Dyy), 0z — [T(Q(D(M))), Dy + O]
s a quasi-isomorphism.
Proof of the lemma. Consider a decomposition of Ker (Dps + 9i) of the form

Y @ Im(Dps 4 0nr) = Ker (Dps + Opr).

One may construct a map V : Ker (Dys + 9dar) — D(Q(D(M))) such that:

(i) for any x in Ker (Dar +0um), © — (Dar +0um)(V(2)) € T(D(M) NKer Day).
(i) If © € Im(Dpr + Onr), V() is a preimage of x by Dy + 0.

It is enough to construct V(z) for z in Y. Write x = z, + -+ + x¢ with
z; € T(QYD(M))). The equality (Das+0ar)(x) = 0 implies Dy (z,) = 0 (because
Onr preserves the exterior degree). Then using the exactness of Dy, we construct
amap V, : Y — T(QS"=Y(D(M))) such that for any z in Y, z — (Dps + Opr) Vi (2)
has maximal exterior degree inferior or equal to r — 1. Going on like this, we
construct V.

We may now exhibit an inverse to H*(¢). With obvious notations, we have

H' ()" ([u]) = [0 — (Dar + )V (1)]-
This finishes the proof of the lemma. [
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As MM (X) is a quasi-isomorphism of L..-modules over I'(¥D? ), there exists

poly

a quasi-isomorphism of L..-modules over F(ED;OIY),

ap : [D(PUD(M))), Das + 0] — [L(PDjory (M), O]

poly

such that Hi(ajg[l]) = H (AM)~! (see [AMM] for the case of Lo, algebras). The
morphism Vy; = o o VB(X) o AM(X) is a quasi-isomorphism of L.-modules
over T(PT ) from T(PT%, (M)) to T(®Dz, (M)). One checks easily that V)
induces U}I{{(R in cohomology.

Inverting Ap into a quasi-isomorphism of L., algebras provides Calaque’s quasi-
isomorphism of L, algebras T from F(ETgoly) to F(ED;OIY) ([C2]). This finishes
the proof of the Theorem 10. [

4.4. Local expression of Vjs in the case of the tangent bundle of R¢

In this section we assume that X = R and E = TR?. We choose the connection
whose Christoffel symbols are 0. Thus, we have

()3

oz’ Oxt’

In this case A = 0 and D = dg — 4. If wis in FTy0y(M) or FDyoy(M), a
computation shows that

For example,

_ 9 0
)\ J1s--3Jp - .
r(y dxih 0xﬂp)
Z (yh)™ (y*)= 9 al 9 ad( Jured) 0 Ao A 0
o, ay! ag! ot Oz 7 dy dyr
) 0 0
= Ar(y?ti)

— AN A —.
Oy yIr
From Lemma 17, we see that VB =V. If a is in Oga, one has

0 da
é)yi)\(a) = )\(ami ).

Then it is easy to see that in this special case Volr takes its values in DpolyNKer D.
Br makes sense if we change the last argument by a polydifferential operator
with coefficients in M and it is not hard to see that

vilt= Y wrBr

reGn+i,m
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5. Applications

In this section we set O =T'(Ox). Let E be a Lie algebroid, M a D(E)-module
and M = I'(M). We denote by Vo the quasi-isomorphism of L.,-modules over
L(ET=, )[[A]] from T(ETx,, (M))[[R]] to T(ED? ., (M))[[R]] given by Theorem 10.

poly poly poly
Then Vo, = T is the L-quasi-isomorphism of DGLAs from F(ET;oly)[[h]] to

F(ED;OIy)[[h]] constructed by Calaque ([C1]). Let 7, be a Maurer Cartan element
of T'(*T,1,)[[h]]. This means that

T € T(PTpo,)[[R]] and [mp, mh]s = 0.
Then it is well-known that >, -, (1/n)YM (7, ..., ) is a Maurer Cartan element
of T(¥Dj 1 )[[h]] (see [AMM, p.63]). We set

1 n
Hh = 1®1+ZET[ ](’/Th,...,Trh).
n>1

As F(ET;OIY(M))[[h]] is a module over the DGLA F(ET;OIy)[[h]], the map

. Eqk
Th*S— : F( Tpoly

(M)[[A]] — DTS (M)A,

poly
Y= Thp sy,

is a differential over T'("T7, (M))[[h]] (see [D2, Prop. 3 of Sect. 2.3]). Similarly,

IT;, - — defines a differential on T'(?Df ;. (M))[[R]].
Proposition 19. The map

Vm)r s (O Ty (M) [[R]], 7 -5 =) — (D(PDpory (M)A Th -6 —),
Y= Zi'v/[d(wha' "77Th7y)a
p=0 P

18 a quasi-isomorphism.

Proof of the proposition. The proposition follows from proposition 3 of paragraph

2.3 of [D2] and the definition of the Loo-module structure of T'(?Df ;. (M)) over
F(ET;oly)' O

If E is a Lie algebroid equipped with an E-bivector 7 € T'(A’E) satisfying
[m, 7] = 0, it is called a Poisson Lie algebroid. If E = TX, we recover Poisson
manifolds. Then, one can construct a Lie algebroid structure on £* in the following
way. Let 7! be the bundle map from E* to E associated to 7 and w, = wo n! :
E* — TX. Define a Lie bracket on E* by

Vo,ne E*a [9777] - Lwﬁe(n) - Lwnn(e) - dﬂ'(@, 77),

where L denotes the Lie derivative. Then E*, endowed with the bracket above
and the anchor w., is a Lie algebroid ([KM], [MX]) and FE is a Lie bialgebroid.
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The differential of the Lie cohomology complex of E* is d., = [r,—] : T(A*E) —
D(AMIE).

Assume that we are in the case where F is a Poisson Lie algebroid with Poisson
bivector . Then, in the proposition above one may take m, = hm and Calaque
([C1]) shows that ITj, is a twistor for the standard Hopf algebroid U(T'(E))[[h]] (see

X])-

From now on we assume that £ = T'X and that 7 is a Poisson bracket on X.
Then the twistor ITj, defines a star product on O][h]] (see [X]) in the following way:
V(f,9) €O, Tn(f,9) = f*ng.

Set -
feng=rfg+> Bilf.g)h'
i=1
Proposition 20. M][[h]] can be endowed with an O[[h]]@O[[h]]°P-module structure
as follows: For all a in O and all m in M,

(o) (o)
a*m:a-m—I—ZhiBi(a,—)-m, m*a:a-m—i—ZhiBi(—,a)~m.

i=1 i=1

Proof of the proposition. The proof of the proposition is a straightforward verifi-
cation using the associativity of the star product. [

Applying the exact functor N — NJ[[h]], we get an injection

T(EDE, . (M))[[h]] — Homggy (O[[R]] %51, MI[A]]).

poly
The image of T(ZD%., (M))[[h]] in Homgpy(O[[h]]50m, M[[A]]) will be denoted

Homdiffg (O[[A] %141, MI[n])
Recall that the Hochschild cohomology of O[[h]] with values in the bimodule
MT[h)], HH*(O[[h]], M[[R]]), is the cohomology of the complex

(Homg gy (O[[R)) 5100, M{[R]])), B)

where, with obvious notations,

ﬁ()\)(al, ceey an+1) = Q7 * )\(ag, ceey an+1)
+ Z (=1)'A(@1, -+, @Q; % Qig1ye ey Qng1)
0<i<n+1
+ (=)™ Nay,...,an) * ani1.
Denote by HHr";g(O[[h]], MTJ[h]]) the cohomology of the complex
(Homdiffg g (O[], M{[R]), B).

(M)[[h]], 7h-s) computes the Lichnerowicz—Poisson co-
homology of the R[[h]]-Poisson algebra (defined by the bivector ;) O[[h]] with
coefficients in M[[h]], .

le’oisson (O[[h]]a M[[h]])

([Li],[Hu]). The complex (F(EDgoly(M))[[h]], 11, @) computes HH}: 4(O[[Rh]], M [[h]]).
We get the following corollary.
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Corollary 21. One has an isomorphism
Hpgisson (O[[h]], M [1]]) = H Hy,a (O[[R]], MI[R]).
The exterior product, which will be denoted by A, endows H*(T'("T}%,.), [7h, ])

with an associative supercommutative algebra structure. It also endows
H*(T (ET;OIy(M)),ﬂh~S) with a [H*(T (ET;oly) [7h, -]), A]-module structure.

To simplify the notation, from now on, we write II instead of II,. D[, is
endowed with an associative graded product, Uy, compatible with the differential
[IT, -] defined by

Viy € DD, Vi € T(DE2LY), Vay, ..., ak, 1k, €O,

(tl 5 t2)(a1a s aak1+k2) = tl(alv R ak1) *h tQ(alirla s aak1+k2)'
Thus, [H*(I'(Dpoly), [IL,]),Un] is an associative graded algebra. Notice that
t1 Uty is also defined if t; € T'(Df2 1 (M)). Thus, [H*(T'(Dpery (M)),TI-¢), Un]
is a [H*(I'(Dpoly), [I1, -]), Unr]-module.
If X =R? and E = TR?, Kontsevich has proved ([Ko], see [MT] for a detailed
proof) that the algebras [H*(I'(T},, ), [mh, ]), Al and [H*(I'(Dpery), [I1, -]), Un] are
isomorphic. We will extend this result to our case.

Remark 4. In [CFT], a star product * is constructed on any manifold X so that
the algebras [HO(I’(TSOIY), [7h,]), Al and [HO(T(Dpoly), [*, -]), Uni] are isomorphic.
Theorem 22. Assume that X =R¢ and E=TR?. The [H*(I' (Tory)s [mhs 1) Al =
[H*(T(Dpoly), [IL, -]), Un|-modules

[H*(T'(Tpory (M), mhes), Al and  [H*(T'(Dpoty (M), Il-c), Un]
are isomorphic.

Proof of Theorem 22. In this proof we keep the notations of the proof of the for-
mality theorem (Section 4.3). We could reproduce the proof of [MT] using the
explicit expression we found for V4 in Section 4.4. We will use the decomposition
Vu = A5t o Vo A and use the results of [MT]. Put

H ZU )\T 7Th )\T(Trh)).

n>1
Lemma 23. Let k1 and ko be in N. If 71 € I’(’];’zllyl), Ty € I’(’];]?lyl(/\/l)) and
m = k1 + ks, then one has

—_ — —/
Vi (o )(7'1 AT2) = Uy (o) (T1) Ui Ving () (T2)

_Z Z aall -¢ BAAT(T) ® -+ @ Ap(m) @ 71 @ 7o)

n>0 A€G7L+2 m—1

S ()8R BA () © - @ Ar() © (), m] © 72)

n>0 AEGWJrlm
_Z > ba(=D)""BTIBA (1) @ @ Ar(n) © 71 @ Ar(n) -5 T2)
n>0 A€G7L+1 m

where an and ba are real.
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Proof of Lemma 23. Lemma 23 is proved for M = Ox in [MT]. Actually, the
formula of Lemma 23 is slightly different from that of [MT]. To get it, one
has to reproduce the proof of [MT] and make play to the vertices n — 1 and
n the role played by the vertices 1 and 2. Hence Lemma 23 holds for 7 in

I‘(’];kjl;l)®oM. We will now prove that it is true for 75 in I‘(’];’Zﬁ;l(/\/l)) It

we apply it to (fi,...,fm) in R[[y,...,y?]]™, the relation of Lemma 23 can be

written Zn>0h"Fn = Zn>0hnGn where the F,’s and the G,’s are maps from
I‘(’];k(fl;l)®oM to M[[y',...,y%]. Let I be the ideal of O[[y',...,y%]] generated
by y',...,y% The F,’s and the G,,’s are continuous for the I-adic topology. This

is a consequence of the following two remarks.
o Let v1,...,7, be elements of I'(ZTpory) and let (g1,...,gm) be elements of
O[[y',...,y%)]. Let I be an admissible graph of type (p + 1,m). The map

(T} HeoM — M[y',....y7),

poly
M= BF(’Yla s 57;05/1)(91) cee agm)a
is continuous for the I-adic topology as it sends IV I‘(’];)k(fl; 1)®0M to
INPMly' -y )
e Let T’ be an admissible graph of type (p,2) and let g be an element of
O[ly',...,y%]. The map
Olly',- - yllwoM — Mlly*,....y"]l,
= Br(Ap(m), ..., A¢(m))(f, p),
is continuous for the I-adic topology as it sends INO[[y!,...,yY]|]®oM to
IN=PM([yt, ... y?).
This finishes the proof of the lemma 23. [
Now, we go back to the proof of Theorem 22.
Let t; be in D(T* -1)[[h]] N Ker[ry,] and let ¢y be in T(T*2 1 (M))[[R]] N

poly poly
Ker (7p,-5). We apply Lemma 23 to 71 = Az (t1) and 72 = M (t2). We get

Vir ey O (t) AN (E2)) = Uy Oz (11)) Ui Vi () M (£2))

:Z% Y aall-¢ Balr(m) @ - @ Ar(m) © Ar(t) © M(t2)).

n>0  AEGni2,m-1

Apply (A¥1)~1 and use the following facts:

° )\51 (ﬁ) =1II.
e With obvious notations, one has

)\D(O'l) U )\%4(0'2) = /\j[\,/l(al L 0’2).

o BAOP(T), .. Ar(m), Ap(t), M (8)) = MM (Ba(r, ..., w11, 12)).
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We get

(V) (ts At2) = Uy (t1) U (V)7 (t2)

hn
B SR B R

n>0 AE€Gni2,m-—1

The right-hand side is a coboundary for the Hochschild cohomology complex. This
finishes the proof of Theorem 22. [

Remark 5. Assume that X is the dual of a real Lie algebra endowed with its
Kirillov—Kostant—Souriau Poisson structure denoted by 7. Recall that if £ and n
are elements of g considered as linear forms on g*, then

m(&mn) = [&n].

If M = Ox, the isomorphism given by Theorem 22 has been studied. If ¢ = 0, it
gives Duflo’s isomorphism ([Du], [Ko]). By analyzing which graphs contributes to
(Voy )i = Y., Pevsner and Torossian [PT] have shown that Duflo’s isomorphism
extends to an isomorphism from Hp ;... (g, S(g)) to H*(g,U(g)).
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