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Abstract
Using extremal projectors, Zhelobenko solved extremal equations in a generic
Verma module of a complex semi-simple Lie algebra. We will solve similar
equations in the semi-classical case. Our proof will be geometric. In the
appendix, we give a factorization for the extremal projector of the Virasoro
algebra in the semi-classical case.

Résumé
En utilisant les projecteurs extrémaux, Zhelobenko a résolu des équations
extrémales dans le cas d'un module de Verma générique d’une algebre de
Lie semi-simple complexe. Nous résolvons des équations similaires dans le
cas semi-classique. Notre preuve sera géométrique. Dans I'appendice, nous
donnons une factorisation du projecteur extrémal pour ’algebre de Virasoro
dans le cas semi-classique.

1 Introduction

Let g be a complex semi-simple finite dimensional Lie algebra, h a Cartan
subalgebra of g and A the root system associated to §. We will write AT
(respectively A™) for the set of positive (respectively negative) roots of A

1
and put p = ) Z 7. We will denote by B = (a4, ..., q) the set of simple
yEAT



roots. Let g, be the root space associated to the root v. We put

n= ® gy, b=Hdn n_= @ g_,.
yEAT yEAT
Let R(h) be the field of rational functions on h*. One introduces the al-
gebra U'(g) = U(g) ® R(h). Let us consider the generic Verma module
5(b)
U/
V = U’((g)) . Zhelobenko ([Z1]) showed that V" = R(h)1, (where 1, =
g)n

1+ U'(g)n). The decomposition V' = n"V @& R(h)1, defines a projector p
onto R(h)1, called the extremal projector. Inspired by a work of Asherova,
Smirnov and Tolstoy ([A-S-T]), Zhelobenko ([Z1]) showed that p factorizes
into elementary projectors. Let (v1,...,7mn) be a normal ordering on the
positive roots. Introduce the following notations:

[e's) _1]<;
o S

k=0 k!foz,k e
foz,O = 17
it k>0, far = (ha+p(ha) +1). .. (ha + p(ha) + k)

(es being the root vector associated to the root § and hs the coroot). We
have p = p,, ...ps, ([Z1]). Let w = s1...5s; be a reduced decomposition of
w e W (with s, = sg,, B a simple root ). Put w; = s;1...s;. The roots
vi = wi—1(B;) (wp = 1) are pairwise distinct and

Ay,={ae A, Jwt(a) <0} ={y,...,7}

Put n, = @& g,. In [Z2], Zhelobenko gives an explicit description of V™.

CMGA'LU
We will establish similar results for the symmetric algebra (the so-called

semi-classical case).

Let us consider the analytic manifold (g/n)*. We will endow it with
the following coordinate system ((e,a)aeA+, (hai)ie[l,”). We will call Us the
open subset of (g/n)” defined by the equation hs # 0. We define ®; to be
the following rational map of Us:

YA € Us, ®5()\) = exp <6f;‘5&) 65> A



where the dot denotes natural action of n on (g/n)*. By composition, ®s
defines an algebra morphism of A(Uy) which we call 75. We put

Uy =U, N...0U,,.

We will denote by P(U,,) (respectively A(U,)) the set of regular functions
(respectively analytic functions) on U, and we will write P (U, )™ (respec-
tively A(U,)™) the set of invariant functions of P(U,,) (respectively A(U,,))
under the action of n,. We prove the following result:

Theorem The algebra morphism 7, = 7y, 0...0om,, does not depend on
the reduced expression of w. It establishes an isomorphism between

of  of
G = e~

and A(Uy,)™ . Moreover m, sends C, N P(Uy,) onto P(U,)™.

Cw = {f S A(Uw) |

Let N, be the connected simply connected group whose Lie algebra is
n,. The main ingredient of the proof will be the choice of a point in each
N-orbit lying in U, in accordance with the following proposition :

..,
point of the orbit Ny, - X whose coordinates e_,, ... e_,. vanish.

Proposition Let A be in U,. The point &, @, _ ... 0, (N) is the unique

In the appendix, we shall give a factorization for the extremal projector
of the Virasoro algebra in the semi-classical case. Note that the non commu-
tative case is still open. It is very different from the semi-simple case because
the Virasoro algebra does not admit any normal ordering.

Notations

Along all this article g will denote a complex semi-simple finite dimen-
sional Lie algebra and h, A, AL, A_nn_, B = (ay,...,q;) will be as above.
Denote by W the Weyl group associated to these choices and w its longest
element. Let v be an element of AT and let h., be the unique element of
g, 9] such that y(h,) = 2. If e, is in g,, then there exists a unique e_,
such that (h,,e,,e_,) is a sl(2)-triple. If a and § are two roots, we set
leases] = Capeatps With the convention that C, g is zero if o + f is not a
root.



The ordering (71, . . .,7m) on the positive roots is normal if any composite
root is located between its components. Thus for all positive roots v;, v;, vk,
the equality v, = ~;+y; implies ¢ < k < j or j < k < 4. There is a one to one
correspondence between normal orderings and reduced expression of w ([Z2]).
Let us recall it. Denote by s; the reflexion with respect to a simple root ;.
If W = s1...8,, then (61,51(52),...,81---8i-1(8i), .-, 81 Sm—1(Bm)) are
in normal ordering.

If V' is a vector space, S(V) will be the symmetric algebra of V. Lastly,
if P is in S(V), S(V)p will be the localization of S(V) with respect to
{P™|n € N}.
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2 Extremal equations in (g/n)*

We consider (g/n)" as an analytic manifold. We endow it with the following
coordinate system ((e_o{)a€A+ : (hai)ie[w). If § is a positive root, we will
denote by Us the open subset of (g/n)* defined by the equation hs # 0. If U
is an open subset for the Zariski topology, we will write A(U) for the algebra
of analytic functions on U and P(U) for the algebra of regular functions on
U. We will define &5 to be the following rational map of Us

YA € Us, @5(\) = exp <6f;‘5&) 65> A

By composition, &5 defines an algebra morphism of A(Us) which we call 7.
We will denote by X the natural action of es on P(Us). Remark that X; is
a derivation. If f is in P(Us), we have
9] ek
() maf) = S (-1)s Xk
g

k=0

where e_s denotes the multiplication by e_s. The operator 75 is the commu-
tative analog of the Zhelobenko’s elementary projector.
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Let w = s1...s; be a reduced decomposition of w € W (with s, =
Sges Bk € B). Put w; = s1...s,. The roots 7, = w;_1(f;) (wo = 1) are
pairwise distinct and

Ay,={ae A, Jwt(a) <0} ={y,...,7}

An ordering in A, is called normal if it coincides with the initial segment
of some normal ordering in A" (that is compatible with one of the reduced

expression of w). Note that (1, ...,7;) is a normal ordering of A,,. Put
U= () Us.
€AY
We have

_ (5 _ (8
Pllu) = (S(g)“)hﬁ...m =9 (E)hﬂ...h—“ '

We will denote by N, the connected and simply connected group whose Lie
algebrais n, = @ g,. We will start by proving the following proposition.

QEA’LU
Proposition 2.1 Let A be in U,,. The point ®,, @, ... 0, ()) is the unique
point of the orbit Ny, -\ whose coordinates e_.,, ... ,e_,, vanish. In particular

CIDA,]. ®,ij1 ... ®,, does not depend on the normal ordering on A,,.

Proof of the proposition 2.1:

Complete (71, .. .,7;) into a normal ordering on the positive roots (v1, ..., Vm).
g/n is endowed with the basis (e_y,...,e_y., oy, ..., ha,). Let
(e’;ﬂ, Y AU P h(’;l) be the dual basis. We will often identify the
point aye* ~+ ...+ aye’ -+ bihy + ...+ bhy with its coordinates
(@yyy- -y, b1, ..., by). Let us see that there is a unique point in Ny,-A whose
coordinates e_,,...,e_, vanish. Assume that there are two such points f =
(0,...,0,ay,,1,--,0y,,b1,...,b) and f' = (0,...,O,a’%ﬂ,...,a%m,b’l,...,bg).
Then  there exist complex numbers (¢1,...,%;) such  that

exp(tiey, +...+tje,) - f = f'. One can show easily the following equalities

* P —
Cy "€y = 0717—71@6

€y, h

*
—M Yk

= _hial (h'Yl )e*

k
—Qy -’

From these equalities, one deduces easily that the term in e*_ of exp(tie,, +
cottiey ) (0,000, a0, Gy by, D) B8 =2 f(Ry, ). As f isin Uy, we

bt



get t; = 0. We reproduce the same reasoning to show that ts,%3,...,¢; are
zero. So that we have proved that the two points f and f’ coincide. It is not
difficult to deduce from the normal ordering property that ®,, sends the point

(Tyys -5 Ty Y1, - - -, Y1) tO @ point (zl ... 737/%-_170737/71-“7 e YL )
and that it sends the point (0,...,0,2,,...,2,,.,y1,...,%) to a point
0,...,0,20, .., @l yi,...,y). So that @, @, ... &, (A) is the unique
point of N, - A whose coordinates e_,,,...,e_,, vanish. This finishes the

proof of the proposition 2.1.

As a consequence of the previous proposition, we may write ®,, for the
operator &, &, ...®, . The algebra homomorphism defined by &, on
A(U,) will be denoted by m,. Using the proposition 2.1, we will give a

geometric proof of the following result.

Theorem 2.2 1) Ifn,, denotes the linear hull of (e_,)
M, A(Uy).
2) The operator m, is the projector onto A(Uy)™ with kernel 0, A(U,)
and its restriction to P(U,) is the projector onto P(Uy )™ with kerneln,P(U.,).
3) The operator m, establishes an isomorphism I1,, between

of _ _9f

ae*’h 86*%’

aen, s one has Kerm, =

Co ={f € A(Uw) | =0}

and A(Uy)™. Moreover 11, sends C,, N P(Uy) onto P(Uy)™. If f is in
A(U,)™, TIY(f) is the restriction of f to the subvariety of equations e_,, =
o=, =0.

Proof of the theorem 2.2:
From the previous proposition, the inclusion #,A(U,) C Kerm, is clear.
Moreover, a standard reasoning shows that

AUy) = Cyp @0, A(Uy).

Then one sees easily that Kerm, NC, = {0}. So that we have n,A(U,) =
Kermy,,.

Let us now show that Imm,, = A(U,)™ and that m, is a projector. Let
a be in A,. For any f in A(U,) and any A in U,, we have

d

(ea 0 my) (f)(N) = at

f ((IJW . @vlexp(—tea))\)

[t=0 "



But for any t, ®,, ... %, exp(—tes)A is the unique point of N, - A whose
coordinates e_,,,...,e_,, vanish. So that e, o, = 0. We have thus proved
the inclusion I'mm,, C A(U,)™. Now it is clear that m, is a projector : check
that m,,om, = m, on coordinates using the formula (*). The reverse inclusion
A(U,)™ C Imm, will be a consequence of the following lemma.

Lemma 2.3 Let k be in [1,7] and let f be in A(Uy). If X, f = 0, then
T f=f.

Proof of the lemma 2.3 :

We first remark that (7, (e—y, ), .., Ty (€ )y €mps Ty €y )5 -+ Ty (€r),
hoys- -y he,) is a coordinate system in U,. Indeed, one may see by induc-
tion that for any ¢ < k — 1 (respectively ¢ > k + 1), e_,, may be ex-
pressed as a regular function of (7, (e_y,), ..., 7Ty (e—v,), Pays-- -, ha,) (TE-
spectively (4, (e—v,), ..., Ty (€—1.), Pays - - hay) ). We put (e1,. .., €my1) =
(Ww(e—vl)a o T (e )s €y Ty (6 ) -y T (€2 ) P - hOél)' In
these coordinates, we have X,, = h 0 . So that if X, f = 0, then f does

Vi 8—%
not depend on € and it becomes clear that there exists g such that f = 7., g.

As 7, is a projector, we have 7., f = 7, 7, g = 7, g, which finishes the proof
of the lemma.
It is clear from the proof that m, sends C, NP (U,) onto P(U,)™.

In particular g p(uy,) is the projector onto S(h),, ..4,,, with kernel n_P(Usg).
By analogy to Asherova, Tolstoy, Smirnov and Zhelobenko’s work, we will
call it the extremal projector.

The proposition 2.1 gives a geometric interpretation of the projector m,,.

3 Appendix: Extremal projector for the Vi-
rasoro algebra in the semi-classical case

In this section, we shall give a factorization of the Virasoro algebra extremal
projector in the semi-classical case. Note that the non commutative case is
still open. It is very different from the semi-simple case because the Virasoro
algebra does not admit any normal ordering. Recall that the Virasoro algebra
Vir is the infinite dimensional Lie algebra generated by {e; | ¢ € Z} U {c}



with commutation rules

o (7 =J)
[ei €5l = (7 =) iy + =5 Oijoc, e =0.

Vir admits the following triangular decomposition
Vir =Vir, & Virg® Vir_
where

Viry = ®Ce;, Virg=Ceq ® Cc, Vir_ = @ Ce;.
i>1

i<—1

We will also use the notation

Vir,+ = ®Ce; and Vir,_ = @ Ce,.

P>r 1 <—r

Vir, + and Vir, _ are Lie subalgebras of Vir.
Let R(V'iry) be the field of fractions of S(Virg). We introduce the algebra

S'(Vir) = S(Vir) (® )R(Viro) =S (Vir/Vir_).
S(Virg

There is a natural action of Vir_ on S" (Vir/Vir_). Through this action, for

Vir
any negative 4, e; defines a derivation X; of S’ (V ) Set
1

o SWir) \TT
"\ S(Vir)Vir_
The result and the proof of the following lemma is left to the reader.
Lemma 3.1
T,= @& R(Virg)eh . ey
k1,....,kr—1€EN
As a consequence of the lemma 3.1, we have the following decomposition

S"(Vir/Vir_) =T, ® Vir, .S (Vir/Vir_).

The proof of the next lemma is an easy computation.



%) -1 k
Lemma 3.2 For any ¢ > 1, the operator m; = Z (=1) kefXZ

k=0 k! (2@'60 + %)
is an algebra morphism and satisfies the relations

X ,om=0andmoe; =0

(where e; denotes multiplication by e; ).

It is not hard to see that the operator II, = H m; is well defined. Actually

i=r

[[mi(ed .. ef) = ] mi(ef...ef*) =0 (by the lemma 3.2).

r<i<k

Theorem 3.3 The operator 11, satisfies the relations

Vi>r, X_;olly =0, II,oe; =0.

Vi
It is the projector onto T, with kernel Vir, .S’ (V,ZT ) .
ir_

In particular, II; is the extremal projector.

Proof of the theorem 3.3
The relations of a) are easy to check and they prove that II,. is a projector.
To prove that the kernel of II, is Vir, , we proceed as in the semi-simple
case. The inclusion Imll, C T, is a consequence of a). To prove the reverse
inclusion, remark that if z is in 7}, then II,x = x, so that x is in ImlI,.
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