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Abstract

In the first part of this article, we compute the rigid dualizing complex of a
quantum enveloping algebra. We consider the generic case and the case of
a specialization at a non root of unity. This answers a question of Yekutieli
([Y4]). In [C1] and [C2], we generalized D-module theory to Lie algebroids.
Using these results, we compute explicitly the rigid dualizing complex of
the algebra of differential operators defined by an affine Lie algebroid. This
generalizes results of Yekutieli [Y4].

1 Introduction

Grothendieck duality involves dualizing complexes which were introduced
in [Ha]. The extension of the definition of dualizing complexes to the non
commutative setting is due to Yekutieli ([Y1]). Let k£ be a field and let A
be a noetherian associative unital k-algebra. Denote by AP the opposite
algebra and put A° = A®; A°P. Let D?(A) be the bounded derived category
of complexes of left A-modules with finitely generated cohomologies. A
dualizing complex over A is roughly speaking a complex of bimodules R €
D’(A¢) such that the functors RHom 4 (—, R) and RHom ge» (—, R) induce a
duality between DS’C (A) and DS’C (A°P). Dualizing complexes are not unique.
To rigidify the definition, Van den Bergh introduced the notion of rigid
dualizing complex. A dualizing complex is rigid if there is an isomorphism

R~ RHom(A,R® R)



in D(A®). A rigid dualizing complex, if it exists, is unique up to isomor-
phism.

In the first part of this article, we compute the rigid dualizing complex of
the quantum enveloping algebra of a complex finite dimensional semi-simple
Lie algebra for ¢ generic and also in the case of a specialization at a complex
number satisfying suitable conditions. This answers a question of Yekutieli
([Y4]). Let g be a finite dimensional semi-simple Lie algebra over C and
A its Cartan matrix. Let (dy,...,d,) be relatively prime entries such that
(dia; ;) is symmetric and positive definite. Put

Cy={ecC® |4 #1 Vie[l,n]}

Denote by U,(g) the quantum enveloping algebra for ¢ generic and U, (g) its
specialization at € € C*.

Theorem Let € € Cy4. The rigid dualizing complex of Uy(g) and Uc(g)
are Uy(g)[dimg| and Uc(g)[dimg] respectively.

The theorem is a consequence of the following proposition which is in-
teresting by itself.

Proposition We have the following isomorphism of right U,(g)-modules.

Ext&q(g) (C(q);Uq(g)) =0 if i# dimg
Ext® (€(g), Uy(s)) = C(q)

q

Replacing C(q) by C, a similar result holds for Uc(g) if € € Cq.

To prove the proposition, we use a filtration on Uy (g) and U,(g) such that
the graded algebras are g-commutative algebras ([deC-K]). As corollaries
of this proposition, we obtain duality properties (already known for Lie
algebras) in the quantum group setting.

In the second part of this article, we compute the rigid dualizing complex
defined by a Lie Rinehart algebra over a smooth integral domain. Our com-
putation uses the generalization of D-module theory to Lie algebroids that
we developed in previous articles ([C1], [C2]) . Let G be an integral domain
which is a smooth commutative algebra of dimension n. Let Lg be a Lie
Rinehart algebra ([R]) over G which is a projective G-module of constant
rank dr, and let D(L¢) be the algebra of generalized differential operators
defined by Lg. We know from previous work that A%c (L%) and wg (the



G-module of differential form of maximal degree) are right D(L¢)-modules
so that Homg (AdLG (L*G),wG) is a left D(Lg)-module.

Theorem The rigid dualizing complex of D(Lq) is

D(La)gHome (A%6 (L), we) [dig + 1)

If Lg is the module of vector fields over G, then D(L¢) is the ring of
differential operators over GG, Dg. From our theorem, we deduce that the
rigid dualizing complex of D¢ is Dg[2n|. If G is a point, L is nothing
but a finite dimensional Lie algebra g. As a particular case of our theorem,
we get that the rigid dualizing complex of the enveloping algebra U(g) is
U(g) ® A%™m3(g)[dimg]. These two particular cases were already treated in
[Y4].

Notation :

If k£ is the base field, we write ® for ®;. If A is a k-algebra, we put
A= A® AP,

Given a commutative totally ordered semi-group S, an S filtration of
an algebra A is a collection of subspaces (A®) ¢ such that J,cg A% = A,
As C A% if s < ¢ and A% - A5 C ASTS'. The associated graded algebra is

GrA =@ (AS/ > AS') :

s'<s

Let (H,i,pu,A,S,e) be a Hopf algebra. One defines the adjoint rep-
resentation from H with values in EndH by ad(z)u = ZaiuS (bi) where
i

Ax) = Z a; ® b;. Recall the following well known result ([D1] p. 387).
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Lemma 1.1 Let (H,i,pu, A, S €) be a Hopf algebra and V' an H-module.
a) The map

O:HV — H®V

n
ARV — Za; ®a;v with Afa) = Za; ®a;

i=1 i=1
1s an isomorphism between H ® V endowed with the H module structure
given by left multiplication and H @V endowed with the H-module structure



given by the coproduct. One checks that ©71 is given by :
n / 1"
0 M a®v) = Zai ® S(a; )v.
i=1

b) The map

V:VeH — VH

n n

v®a — Zva; ®a; with A(a) = Za; ®a;
i=1 i=1

is an isomorphism between V& H endowed with the right H-module structure

given by right multiplication and V ® H endowed with the right H-module
structure given by the coproduct. One checks that W1 is given by :

\Ilfl(v ®a) = ZvS(a;) ® a;/.
i=1

For homological algebra and sheaves, we will use the same notation as
in [K-S].

Acknowledgments : I am grateful to M. Duflo, C. Kassel, M. van
den Bergh and M. Rosso for helpful discussions. I would like to thank A.
Yekutieli for making comments on an earlier version of this article.

2 Dualizing complexes
The next definition is due to Yekutieli [Y1].

Definition 2.0.1 Assume that A is a left and right noetherian ring. An
object R of D°(A®) is called a dualizing complex if it satisfies the following
conditions.

a) R has finite injective dimension over A and A°P.

b) The cohomology of R is given by bimodules which are finitely generated
on both sides.

¢) The natural morphisms ® : A — RHoma(R,R) and ® : A —
RHom aor (R, R) are isomorphisms in DP(A®).

Remarks : ([Y1] and [Y3])



1) A dualizing complex is only determined up to derived tensor product
with a tilting module ([Y3] theorem 4.5).

2) If A has finite injective dimension over A as a left and right A-module,
then A is a dualizing complex.

3) If R is a dualizing complex, then RHom 4 (—, R) defines a duality be-
tween the full subcategories of D?(A) and D?(Agp) consisting of complexes
with finitely generated cohomology.

The next definition is due to M. Van den Bergh [VdB1].

Definition 2.0.2 Let A be a left and right noetherian ring. A dualizing
complex R is rigid if

R~ RHomye (A, s R® R4)

in D(ModA®). The notation 4R and R4 mean that we take the RHom over
the left and the right A-structures of R respectively.

Remark :
The rigid dualizing complex, if it exists, is unique up to isomorphism.

3 Rigid dualizing complex for quantum enveloping
algebras

3.1 The algebras U,(g) and U.(g)

For basic results on quantum groups, we refer the reader to [C-P].
Let ¢ be an indeterminate and let A = C[g,¢~']. We will use the usual
notation :

—-n

[y =T €A
(n],! = [n], [n — 1], 1],
(%) =l Iy o=+ 1, /Ll Vi€

One knows that (?) isin A.

Let g be a finite dimensional semi-simple Lie algebra over C and A =
(aij) (i.7)€[1,m]2 its Cartan matrix. The matrix A is not always symmetric



but it is always symmetrizable ([K] chapter 4, proposition 4.9). This implies
that there exists a unique n-uple of integers with relatively prime entries
(dy,...,dy) such that (d;a; ;) is symmetric and positive definite. Put ¢; =
q*.
We set
Cy={ecC@ | % £1, Vie[l,n]}.

Following Jimbo, we consider the C(g)-algebra U,(g) defined by the gen-
erators E;, F;, K, K;l for i in [1,n] and the relations

(1) KK;'=K;'K;=1 KK;=K;K;

)

(2) KZE]KZ_l = q;li’jEj KZF]KZ_l = qi_ai’ij

K, — K;*
(3) EiFj — FiB; = b j———
) qi — 4;
4) > (-1 (1 S“W) E T TEES =0 if i # )
s=0 q;
1—a; j
& s 1-— am‘ 1-a; ;j—s s ep - .
6) > (-u (") F FiF =0 ifi#j
s=0 q;

U,(g), endowed with the comultiplication A, the antipode S and the counit
€ defined below is a Hopf algebra.

6) A(E)=E®1+K;®FE

(7) A(F)=F oK '+19F

(8) A(K;) = K; ® K;

9) S(E;)=-K;'E;

(11) S(K;) = K; "

(12) E(EZ) =0, E(FZ) =0, E(Kl) =1

U,(g) is called the quantum group associated to g with ¢ generic. Let P

be the free abelian group with basis (w;) i€1n]- Define the following element

n
o = Zamwi and put
i=1

Q=>Zo; and Q+=) Z,q;.
=1 i=1



n n
For g = Zkiai € Qlet ht(fB) = Zkl Denote by (,) the Z-valued symmet-
i=1 i=1
ric bilinear form on @ such that (o, ;) = d;a; ;. Let r; be the automorphism
of P defined by

ri(wj) = wj — 6505 Y(i,7) € [1,n].
Let W be the finite subgroup of GL(P) generated by 71,...,r,. We put
= (ay,...,a,) R=WII and R" = RNQ".

Then R is the root system corresponding to the Cartan matrix A, W is its
Weyl group, R is the set of positive roots.

Let U4(g) be the A-subalgebra of U,(g) generated by elements E;, F;, K, K;l,
K —K;!
(0 == =T

i — g

Note that relations (1),(2), (4), (5), (6), (7), (8), (9), (10), (11), (12)

together with relations

EiFj — FiE; = 6, 4K, 0]

(4 — q; )[Ki, 0] = Ky — K
A(K;,0) = [K;,0] @ K; + K7 @ [K;,0]
S([K5,0]) = —[K;, 0]

e([K;,0]) =0

define a Hopf algebra over A.
Given € in C*, we consider the specialization

Ue(g) = Ua(g)/(q — €)Ua(g)

One defines the operators T; (for i € [1,n]) over Uy(g) by

TE; = ad (=B, ") Ej i i #j
LB, = —FK;
0B = ad (~E) B
T,F; = —-K; 'E;
TK; = K;K; “’

The operators T; are also defined over U.(g).

We will now recall a filtration defined on Ug(g) and Uc(g) by de Concini
and Procesi ([deC-P] proposition 1.7)



Fix a reduced expression wg = r;, 7, ... 7i, of the longest element of .
This gives an ordering of the positive roots.

B =y, Po=1i(,), ooy BN =Ti . Tiy_ (qiy)
One sets

Eﬁj = El ---Ej—l(Eis) and Fﬁj = El Ej—l(F)

g
For (ki,...,kn) € ZY and (Iy,...,In) € ZY and u € Uy(g)°, define
My g0 = ngvv . Fgqugl . Elﬁfjv

Define the height of this monomial by
N

M (M) = (ki + L) ht(B:).
i=1
Consider ZiNH as a semi-group totally ordered with the lexicographic order
< such that vy < ... < ugny1 where

i = (015, 0i2N+1)
is the standard basis of ZiN +1
being

Define the degree of the monomial My ;. as

d(Mk,l,u) — (kN, ij*la ey kl, lla ey lNa ht(Mk‘,l,u)) .

Given s € ZiNH, denote by X,U,(g) the linear span over C(gq) of the
monomials My, ; ,, such that d(My;,,) < s. Define X,Uc(g) C Uc(g) similarly.

Proposition 3.1.1 a) The (X5Uy(g)) ,cz2v+1 form a filtration of Uy(g) (sim-
ilarly Uc(g)).

b) The associated graded algebra GrUy(g) (respectively GrUc(g)) is an
associative algebra over C(q) (respectively C ) on generators E,, Fy(a €
Ry), K;, K; (i € [1,n]) subject to the following relations

KK; = K;K;
KK '=1
E.Fj3 = F3E,

KiE, = ¢ E,K;
KiF, = ¢~ (@) F,K;
E,Es =P EgE, if a>p
Fo,F5 =g FsF, if a>p

(respectively same relations with g = € provided that € € Cy).



Proof : see [deC - P] (proposition 1.7)

Corollary 3.1.2 Let g be a finite dimensional semi-simple complex Lie al-
gebra. Assume that € is in C4. Then Uy(g) and Uc(g) are noetherian algebras
of finite homological dimension.

This follows from the filtration above (see [B-G]).

U,(g) is a right (respectively left) module via right (respectively left)
multiplication. Using the antipode, one can transform right multiplication
into a left U,(g)-action on U,(g) denoted -g

Va,u € Uy(g), a-su=uS(a).

Thus U,(g) becomes a U,(g) ® Uy(g)-module. The antipode S provides an
isomorphism between the left modules (Uy(g),-s) and Uy(g) endowed with
left multiplication. More precisely, it exchanges the two left module struc-
tures. Introduce the functor Dy (4) from D?(Uq(g)) to D?(Uq(g)) defined
by :

VM*® € D*(U,(g))

Dy, (g)(M*) = RHomy,(g) (M*, Uy(g)) [—dimg].

One introduces similarly the functor Dy, gy from D?(Ug(g)) to D?(Ue(g)).
The canonical arrow M*® — D% (g)(M’) is an isomorphism for M*® = Uy(g).

Hence, by standard homologicalll algebra arguments, one proves that for any

M® in D?(Uq(g)), D?Jq(g)(M') = M?*. In other words, Dy, (g) is a duality

functor. Similarly, if € € Cq4, Dy, (4) is a duality functor.

3.2 Computation of Eutj; . (C(q),Uy(e)) and Exty, , (C,Uc(g))

Proposition 3.2.1 Let g be a complex finite dimensional semi-simple Lie
algebra. We have the following isomorphisms

Ewt&q(g) (C(q),Uq(g)) =0 for i+# dimg
Eat18 (C(g), Uy(a) = C(a)-

If we endow C(q) with the trivial representation and Eact?j;?;) (C(q),Uq(9))
with right multiplication, the last isomorphism is an isomorphism of right
Uq(g)-modules. If € is in Cgq, the same result holds replacing U,(g) by Uc(g)

and C(q) by C.



Proposition 3.2.1 is already known for Lie algebras ([C1] proposition
5.4.1).

Proof of proposition 8.2.1 :

We do the proof in the case of U,(g) and put U = U,(g). We endow
U,(g) with the filtration of proposition 3.1.1 and we put

GrU =¢C
B:C/<Eﬁ1,...,E5N,F517...,FﬁN > .

Considering B as a C ® B°P-bimodule, one has the following isomorphisms.

RHome (C(q),C) ~ RHomcg (B%{)(D(q),C)
RHomp (C(q), RHom¢ (B,C))

12

The canonical arrow
L
RHompg (C(q), B) %RHomc (B,C) — RHomp (C(q), RHom¢ (B,C))

is an isomorphism because C(q) is a finitely presented B-module. Hence, we
get the following isomorphism

RHom¢ (C(q),C) ~ RHomp (C(q), B) Q[L?RHomc (B,C).

But RHom¢ (B,C) is a complex concentrated in one degree namely the de-
gree 2N where it is a B-module of rank one (see proposition 5.0.7 of the
appendix) and RHomgp (C(q), B) is a one dimensional C(g)-module concen-
trated in degree m where it is B/ < Ky —1,...,K, —1 >. From this
computation, we deduce the following isomorphisms.

Exté(@(q),C) =0 for i# dimg
Bty (€(g).C) = C(g).

Endow C(g) with the obvious good filtration. Consider a resolution of

C(q) ([Bj] p45)
by free U-modules equipped with a filtration (FUF]')UEZ2N+1 such that
e GrFj are free C-modules

e d preserves the filtration

10



o ...GrTR, P Gt I Gt Ry — C(q) — 0 is a resolution of the

C-module C(q).
Put F;' = Homy (Fj,U). Endow F; with the following filtration

6 € T3F} & (T4F}) C Sy U

Put d*; = Homy (dj,U). The cohomology of the complex (Fy,d") com-
putes the Exzt], (C(q),U)’s. The cohomology of the associated graded com-
plex (GrF},Grd*) computes the Ext} (C(g),C)’s (see [Bj] p. 72). We filter
Ext}; (C(q),U) by

_ Kerd; NIL(F) +d*(F}_4)

B d*(Ejy) '

I Ext]; (C(q),U)

We know (see [Bj] p. 72 and the proof of proposition 2.1.7 of [C3] applied to
the complex (F},d*)) that the C-module Gr'” Ext], (C(g),U) is a subfactor
of the C-module Ext}, (C(g),C). It follows from the previous computation
that ,

Extéz (C(q),U) =0 for i# dimg

Exty;™? (C(q),U) = C(q) or 0.

As D}(C(q)) = C(q), one has Ewt?]img (C(q),U) = C(q). Note that as K;
acts by 1 on Ezt2™ (C(q),C) = C(q), it also acts by 1 on Ezt{i™® (C(q),U).
Hence, if we endow C(q) with the trivial representation and Ewt?]img (C(q),U)
with right multiplication, the last isomorphism is an isomorphism of right
U-modules.

Proposition 3.2.1 allows to prove Poincaré duality for quantum groups.

Corollary 3.2.2 Let g be a semi-simple Lie algebra of finite dimension.
Let M be an Uy(g)-module. €(q) can be considered as a left and as a right
U,(g)-module. For alli in IN, We have an isomorphism

Tor{"™ (C(g), M) = Bat}y | (C(g), M)
The same result holds for Uc(g) with € in Cy.

Proof of corollary 3.2.2 :
We prove the proposition for U,(g). The U,(g)-module C(g) admitting
a finite presentation, the canonical arrow

L
RHomy,4)(C(q), Uq(g))UQ? )M — RHomy,(4)(C(q), M)
q\9

11



is an isomorphism. The proposition follows from proposition 3.2.1.
Proposition 3.2.1 allows also to prove duality properties existing for Lie
algebras ([C1]) in the quantum groups context.

Corollary 3.2.3 Let M be a finite dimensional Uy(g)-module. Put M* =
Homgyg) (M, C(q)). Dy, g)(M) and M* are isomorphic as left Uy(g)-modules.
A similar result holds for Uc(g) if € is in Cy.

Proof of corollary 3.2.3 :
We have the following sequence of isomorphisms :
Let Lo be a free resolution of C(q).

RHomy,g) (M,Uq(g)) =~ Homy,(g) (Le @ M,Uq(g))
Homaq) (M, Homy,g) (Le, Uy(8)))

M* @ RHomy, (4) (€(q), Uy(a))
M*

12

R

Corollary 3.2.4 Let h and g be two finite dimensional semi-simple Lie
algebras. Denote by Uy(h) and Uy(g) the quantum groups contructed from
h and g for q generic. Let ¢ be an algebra morphism from Uy(h) to Uy(g).
Let M be a finite dimensional Uy(h)-module. Put M* = Homgg) (M, C(q)).
One has an isomorphism

L L . .
Dy, (g) (Uq(E)U@a’) M) ~ Uq(g)U@()h)M* [dimg — dimb].
q q

We have a similar result for Us(h) and Uc(g) the specialization of Uy(h) and
Uq(g) respectively at € in Cy.

Proof of corollary 3.2.4:
We have the following isomorphism in D°(U,(g))

L L ,
RHomy, ) (qu)U%)M,Uq(g)) = Uile), & Doy (M)l =dims)
q q
L
~ Uy(g) ® M*[—dimp]
Uq(h)

Corollary 3.2.5 Let b, t and g be three finite dimensional semi-simple Lie
algebras. Denote by Uy(h), Uy(t) and Uy(g) the quantum groups contructed
from B, t and g respectively for q generic. Let ¢ be an algebra morphism

12



from Uy() to Uy(g) and ¢ an algebra morphism from Uy(t) to U,(g). Let
M be a finite dimensional Uy(h)-module and let N be a finite dimensional
Uq(t)-module. Put M* = Homgg) (M, C(q)) and N* = Homgg) (N, C(q))-

For all n in Z, there is an isomorphism

Extn—l—dzmh U ( ) é M.U ( ) é N|~E tn-l—dimt U ( ) é N* U ( ) é M*
Uo(a) | Uals Uq(s = Bty ) | Valo Ha9 '
Ua(®) Ua(0) ‘ )

We have a similar result for U.(b), Uc(t) and Uc(g) the specialization of
Uq(h) and Uy(g) respectively at € in Cy () Cy.

Proof of corollary 3.2.5 :
We have the following sequence of isomorphisms

L L
Hompw,(g)) (Uq(g) Q‘? M,Uq(9) ® )

L
~ HomD(Uq(g)) DUq(g) <Uq <o) N) ,DUq ( )U(X()t) M) [n]>
q
L L
® ) ®

~ Hompw,(s)) | Us(8) M*[n + dimt — dzmb])

Uq(h) Uq(t)

Note that corollary 3.2.4 is used to get the last isomorphims. The corollary
follows.

Corollary 3.2.5 was proved for any Lie algebra in [C1]. Particular cases
of corollary 3.2.5 (for Lie algebras) can be found in [B-C], [C-S], [D2], [G].

3.3 Computation of the rigid dualizing complex of U,(g) and
U€<g)

Let g be a finite dimensional semi-simple complex Lie algebra. We identify
Us(g ® g) with Uy(g) ® Ug(g). It has a structure of Uy(g) ® Uy(g @ g)°-
module described as follows : for all «, 3,7,a,b in Uy(g)

a-(a®b)=(Aa)(a®D)
(@a©b)(B©7) =ab @by

We have the same structure on Uc(g).

Lemma 3.3.1 a) The Uy(g)? @ Uy(g)? -module C(q) ® U,(g & g) is iso-
Uq(s
morphic to Uy(g) endowed with the following U,(g)°? @U,4(g)°P-module struc-

ture

u- (@@ f) = S(ajup.

13



b) Uy(s @g)U@(@ )@(Q) ~ (Uy(9) ® Uq(g))UQ? )@(Q) has a Uq(g) © Uy(g)?-
q\8 q\g
module structure defined by

Va, B,u,v € Uy(g)
a- (uvel)-f=aue SPhel

and so is isomorphic to the Uy(g) ® Uy(g)?P-module Uy(g).
The same result holds for Uc(g) if € is in Cy.

Lemma 3.3.1 a) follows from lemma 1.1 a). Lemma 3.3.1 b) follows from
lemma 1.1 b).

Theorem 3.3.2 Let g be a complex finite dimensional semi-simple Lie al-
gebra. Assume that € is in C4. The rigid dualizing complex of Uy(g) and
Uc(g) are Uy(g)[dimg] and Uc(g)[dimg| respectively.

Proof of theorem 8.3.2 :

We prove the theorem for U,(g). We write U for Uy(g). As U has finite
homological dimension, U and U[dimg| are dualizing complexes. We have
the following sequence of isomorphisms in D*(U @ U°P)

RHomyguer (Uy U @ Uy) =~ RHomyorgyer (Uyeu, Uy @ Uy)
RHomyorguos <®(q)%<>(U ®U), Uy ® UU)
U U)%)RHomUop (C(q),U)
~ (U® U)%)@(q)[—dimg]
~ U[—dimg]
The first isomorphism follows from the identification of U and U°P through
S in the first summand of U ® U°? and U ® U respectively. U ® U is then

endowed with the right U ® U-module structure given by right multiplication
and with the U ® U°P-module structure defined by :

Ya, B,u,v € U
a-uevel) - f=au® S(Bvel.

The second isomorphism follows from lemma 3.3.1 a). The fourth iso-
morphism follows from proposition 3.2.1. The last isomorphism follows from
lemma 3.3.1 b).

Shifting our arrows by [2dimg], one gets that U[dimg] is the rigid dual-
izing complex of U. This finishes the proof of the theorem.

14



As in [Y4], using a result of Van den Bergh [VdB2], we get a corollary
of theorem 3.3.2 linking Hochschild cohomology and homology in a kind of
Poincaré duality. Let M be any U,(g)®-module. Denote by H? (Uy(g), M)
and H, (Uy(g), M) the Hochschild cohomology and homology respectively.
We adopt the same notation for U(g).

Corollary 3.3.3 a) There are Uy(g)°-module isomorphisms

Hdms (Uqg(9),Uq(9)°) = Uy(9)
H? (Uq(9),Uq(9)°) =0 if p # dimg

b) Let M be any Uy(g)®-module, we have an isomorphism
HP (Uq(g), M) = Hdimg—p (Uq(g)a M)
The same results hold for Uc(g) if € is in Cy.

a) is a direct consequence of the proof of corollary theorem 3.3.2. b) is a
corollary of [VdB 2] (theorem 1).

4 Rigid dualizing complex for the algebra of dif-
ferential operators defined by an affine Lie alge-
broid

4.1 Definitions

Let X be a complex smooth affine variety and let Ox be the sheaf of regular
functions on X. Let ©x be the Ox-module of regular vector fields on X.
We put Gy = Ox(X) and Lx = Lx(X).

Definition 4.1.1 A sheaf of Lie algebras , Lx, is a sheaf of C-vector spaces
such that for any open subset U, Lx(U) is equipped with a Lie bracket
compatible with the restriction morphisms.

A morphism between two sheaves of Lie algebras Lx and My is a Cx-
module morphism which is a Lie algebra morphism on each open subset.

Definition 4.1.2 A Lie algebroid over X is a pair (Lx,w) where

o Lx is a locally free Ox-module,
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o Lx is a sheaf of Lie algebras,

o w is a Ox-linear morphism of sheaves of Lie algebras from Lx to Ox
such that the following compatibility relation holds

V(E,Q) € L%, Vf€Ox, [§fC=w@f)C+ fIE -

One calls w the anchor map. When there is no ambiguity, we will drop the
anchor map in the notation of the Lie algebroid. Note that (Gx,Lx) is a
Lie-Rinehart algebra ([R]).

A Lie algebroid (Lx,w) gives rise to a sheaf of generalized differential
operators. We will denote by D(Lx) the sheaf associated to the presheaf:

U T¢ (Ox(U) @ Lx(U)) [ Ju
where Jy7 is the two sided ideal generated by the relations

\v/(fa g) € OX(U)’ V(&,C) € ‘CX(UY)2

Nf®g=fg
2)f®&=f¢
3)@C-(®E=[£,(]
Y f—fRE=w(@)(f)

Definition 4.1.3 Let (Lx,wx) and (Ly,wy) be Lie algebroids over X and
Y respectively. A morphism ® from (Lx,wx) to (Ly,wy) is a pair (f, F)
such that

o f: X =Y isan algebraic map

o ' : Lx — f*Ly = Ox®f_1oyf_1£y 1s an Ox-module morphism
such that the two following conditions are satisfied:

1) The diagram
cx L prey
wx frwy
Ox T [*Oy
commutes (where T f is the differential of f).
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2) Ox® 10, (f~'D(Ly)) endowed with the two following operations
V(a,b) € 0%, V€ € Lx, Yv € f7ID(Ly)

a-(b@v)=ab®v
£ (0@v) =wey (§)(b) ®v+ 3 ba; @ &

(where F(§) = Zai ® & with a; in Ox and & in f~1Ly) is a left
D(Lx)-module.

Note that condition 2) is equivalent to the following more explicit con-

m
dition. Let ¢ and 7 be two elements of £%. Put F(§) = Zai ® & and

i=1

m
F(n) = ij ® n;, then
j=1

i7j

F([gn) = Y _wx(€)(bj) @n; — Y _wx(m)(a:) ® & + Y _aib; @ [&,15].
j=1 i=1

Our definition coincides with that of Almeida and Kumpera ([A-K]).

For examples of Lie algebroids and of Lie algebroid morphisms, see
[C1],[C2] and [C3].

Let (Lx,wx) and (Ly,wy) be Lie algebroids over the smooth algebraic
varieties X and Y respectively. Let p; and ps be the projections from X xY
over X and Y respectively. The Ox «y-module

Lxxy =Oxxy ® p'Lx®Oxxy & py'Ly
py 'Ox psy 'Oy

is endowed with a natural Lie algebroid structure over X x Y. The anchor
map of Lxxy is wxxy = Lxxy — Oxxy determined by

Y(f,9) € Ox x Oy, V(,() € Lx x Ly
wxxy (§)(f ®g) =wx(§)(f)g
wxxy (Q)(f ®@g) = fwy(¢)(g)-

On Lxxy, we put the Lie bracket extending that of Lx and Ly and satis-
fying the following relations [p; ' Lx, py ' Ly] = 0.
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Let (Lx,wx) be a Lie algebroid. In the following we will make use of the
diagonal embedding V., = (v,V) from (X,Lx) to (X x X,Lxxx). One

has
v: X — XxX

x — (x,7)
V: ﬁX — OX (024 Uﬁlﬁxxxﬁﬁx@ﬁx

v 1 O0xxx

D — D4+D

4.2 Left and right-modules

The following proposition is classical for D-modules and is easy to generalize
to Lie algebroids.

Proposition 4.2.1 a) If M (respectively N') is a right (respectively a left)

D(Lx)-module, then MC()@N endowed with the two following operations :
X

Va € Ox, Vm e M,Yn e N,VD € Lx
(m®n)-a=m®a-n=m-a®n
(m@n)-D=m-D@n—m®®D-n

is a right D(Lx)-module.
b) If M and M’ are two right D(Lx)-modules, then Homo, (M, M’)

endowed with the two following operations

Vo € Homo, (M, M), ¥Ym € M,Va € Ox,VD € Lx
(¢-a)(m)=¢(m)- a
(¢ D) (m) = ¢(m)-D —¢(m- D)

is a left D(Lx)-module.
The following theorem is now a consequence of the previous proposition.

Theorem 4.2.2 Let £ be right D(Lx)-module which is a locally free Ox-
module of rank one. The functor N'® — 55@ N® establishes an equivalence of

categories between complexes of left and complexes of right D(Lx)-modules.
Its inverse functor is given by M — Homp, (£, M).

It is a well known fact that Qx is endowed with a right Dx-module
structure (see [S1] p. 9, [Bo] p. 226).
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Consider
Key =Qx ®D(Lx)
Ox

It is endowed with a natural D(Lx)°? @ D(Lx)° -module (the first right
D(Lx)-module structure is given by right multiplication, the second one is
obtained from left multiplication by the theorem above) .

Let AV* be an element of D% , (D(Lx)), then we set

coh
Aﬁx (N.) = RHomD(EX)op (./\/’.,’CLX) [3:]

The natural arrow N — A, (A, (N*)) is an isomorphism. That is why

Ay, is called duality functor.

Proposition 4.2.3 If N is a right D(Lx)-module which is locally free of
finite rank as Ox-module, then

éﬁx (N) = Homox (N7 QX) (58) AdLX Lx [1‘ - dLX]
X

4.3 Direct image

Let (X,Lx) and (Y, Ly) be two Lie algebroids over two smooth algebraic

varieties X and Y respectively. Let ® = (f,F) be a Lie algebroid mor-

phism from (X, Lx) to (Y,Ly). Then Ox ® f~'D(Ly) hasa D(Lx)®
[0y

f7ID(Ly)°? module structure. It is called the transfer module of ® and is
denoted D, .1, . One can also define the following f~'D(Ly) ® D(Lx)°P-
module

’DLYHEX = A%x (EX) ® DEX*’EY @ f_lAdLY (‘CY)*
Ox 10y
Let AV®* be an object of D (D(Lx)). Set

D(N®) =Rfi (J\/" ®

£ D
Lx—L
D(Lx) X Y

If ® = (f,Tf), we recover the D-module construction (see [S1] for exam-
ple). Then Dg, 0, and De,. e, are denoted Dx_,y are denoted Dy. x
respectively and @, is denoted f,.

19



Theorem 4.3.1 Let X andY be two complex algebraic smooth manifolds of
dimension x and y respectively. Let (Lx,wx) and (Ly,wy) be Lie algebroids
over X andY respectively. Let ® = (f, F) be a Lie algebroid morphism from
(Lx,wx) to (Ly,wy). Let N'* be an element of D’ , (D(Lx)P) such that
f 1is proper on the support of N'®. Then there is a functorial isomorphism

from & Az, (N®) to Mg, @, (N®) in D (D(Ly)P).

Remarks :

1) The theorem 4.3.1 generalizes Schneiders’ thesis ([S2], [S3] and also [S-
S]) where the case of relative differential operators is treated. The algebraic
smooth case had been previously treated by Bernstein ([Be], [Bo], [Ho]) (in
the D-modules context ) for a proper morphism. Moreover Mebkhout had
treated the absolute case (i.e Y consists in one point, see corollary 4.3.6) in
[Mel], [Me2].

2) If Lx = Ly = {0}, we recover Verdier duality.

4.4 Rigid dualizing complex for the algebra of differential
operators defined by an affine Lie algebroid

By proposition 4.2.1, ugz, = Homoy (Adﬁx L3 ,QX) has a left module
structure. Hence D(Lx) ® pur, is a D(Lx) ® D(Lx)P-module.
Ox

Theorem 4.4.1 Let (X,Lx) be a Lie algebroid over a smooth affine va-
riety. Put x = dimX, dg, = rank(Lx), Gx = Ox(X), Lx = Lx(X),
wx = Qx(X), D(Lx) =D(Lx)(X). The rigid dualizing complezx of D(Lx)
18
Ry, = D(LX)C?Z) Homg (AdLX L},wx) [z +dr].
X

This theorem was proved in the case of enveloping algebras and D-
modules in [Y4].

Proof of theorem 4.4.1:
The proof of the theorem is analogous to the D-module case (see [Y4]). We
will make use of the two following lemmas.

Lemma 4.4.2 Let € be a right D(Lx) which is a locally free Ox-module.
There are two right D(Lx)-module structures on 55@ D(Lx). The first one
X
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1s given by right multiplication. The second one is obtained from left multi-
plication using proposition 4.2.1.a). There is an involution exchanging these
two structures.

The proof of lemma 4.4.2 can be found in [S-S] (lemma 2.3).

Lemma 4.4.3 D(EX)C(? pry s endowed with a D(Lx) @ D(Lx)P -module
X
structure defined by : for all P,Q € D(Lx), all D € Lx and all a € Ox,
Q- (Pop)=QPau

(Pop)-D=PD@u—P®RD-p
(PRp)-a=Pa®pu

W;Xé)g D(Lx) is endowed with a D(Lx)@D(Lx )P -module structure defined
X
by : for all P,Q € D(Lx), all D € Lx and all a € O,

a-(p@P)=ap®P =p®aP
D - (u@P)=D-p®@P+ux DP
(h®P)-Q=pePQ

There is an involution between the D(Lx)Q@D(Lx )°P-modules D(ﬁx)é)@ Ly
X
and icy, © D(Lx)
Ox

Proof of lemma 4.4.3:
Let 1 be a local basis of jiz,,. The morphism

D(Lx) @ pey — prx @ D(Lx)
OX OX
Poup — Po(p®l)

is well defined and provides an isomorphism between the D(Lx)®D(Lx )P-
module structures.

For short, we will write V for V., .
One sees that V), (Adﬁx L}) = <Adﬁx (E})(;@ D(LX)>.
X

Moreover, as Az, (Qx) = A%x (L3%)[x — dzy] (see [C1] theorem 3.2.1)
and Az, oV ~ VoA, (see [C1] theorem 4.3.1), we have an isomorphism
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of D(Lxxx)°P-modules

vy <Adﬁx (L%) ® D(LX)>

Ox

~ RHomp(£x x)or <v! <QX5® D(£X)> Axxx ® D(EXxX)> [z +dg]
X

Oxxx

Hence the isomorphism

A%ex (L) @ D(Lx)

Ox
~ RMOomp(zyyop(c o <D(LX), D(Lx)® <QX ® D(LX)>) &+ dr, ]
X

Using lemma 4.4.2, we get

pzl @ D(Lx) =

Ox

RHompz)ep(£x)or (D(ﬁx)m(z:x) D(Lx)® D(['X)D(llx)) [z +dcy].

Hence an isomorphism
)D(EX)@Qﬂﬁx =
Ox

RHompcy)en(£x)or (D(ﬁx), (D(ﬁx)(%ﬂﬁx) ® (/MX(%D(EX))) [z +dcy].

Set
Rex = D(Ex)ga prx | +dey].
X

Using lemma 4.4.3, we get easily the following isomorphism in D® (D(Lx)) :
Rey ~ RHomps e (D(Lx), Rex @ Rey) -

Applying the exact functor “global section”, we get :
Rpy ~ RHompp, e (D(Lx),RLy ® RLy) -

Analogs of corollaries 3.2.2, 3.2.3, 3.2.4 and 3.2.5 are already known for
Lie algebroids (see [C1], [C2]). As in [Y4], theorem 4.4.1 implies a kind of
Poincare duality between Hochschild cohomology and homology.
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Corollary 4.4.4 Let D(Lx) be as in theorem 4.4.1.
a) We have the following isomorphisms of D(Lx)¢-modules:
H* ox (D(Lx), D(Lx)%) = Homay (wx, A%x L) © D(Ly)
. X
H'(D(Lx),D(Lx)¢) =0 if i £z +dp,.

b) For any D(Lx)¢-module M, one has an isomorphism
H (D(Lx), M) ~ Hyrgy (D(LX), Homy (wx, A5 1) @ M)
X

a) follows from the proof of theorem 4.4.1. b) is a direct application of
[VdB2| (theorem 1).

5 Appendix

In this appendix, we review results about g-commutative algebras and their

Koszul complexes. The reference for this appendix is [W] where the Koszul

complex is constructed in a more general situation. We assume that k is a

field of characteristic zero. Let () = (inj)(i,j)e[l,nP be an n x n-matrix such
n

that ¢;; = 1 and ¢;jq;, = 1. Let V = @ ke;. Following [W], we define the
i=1

following graded algebras

_ W)

<eé®ej— g e Qe >
T(V}

B <eRej+ g6 Qe >

One sees easily

Ag(V)* = Ag(V?).

Lemma 5.0.5 Let Q = (QiJ)(ij)e[l p be an n x n-matriz such that g;; =1

and g; jqj; = 1. Put
Q1 B
@= < ¢ Q2>
where Q1 and Qo are matrices of order ny and ng respectively (with n =
ni+ng). Put Vi =kei @ ... & key, and Vo = kep, 41 @ ... ® ke,. So(V)
has a natural left Sq,(V1)-module structure and one has the following iso-
morphisms of left graded Sg,(V1)-modules

SQ(V) = Sq, (W) ® SQ2(V2)-
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The same assertion holds for Ag(V').
Theorem 5.0.6 k is a Sg(V')-module as follows : for all p in k,

YAeEk, A-pu=Au
YoeV, v-u=0

The complex
Kg = (So(V) @ Ay(V),d)

where the differential d, : So(V) ® AH(V) — So(V) ® Aerl(V) is defined
by:

r k-1
dy(m®ej, N...Nej,) = z:(—l)’lCJrl (H%ﬂk) me;, ®ej Ao N N Ne;,
i=1 h=1

is a resolution of the trivial Sq(V')-module k.

The theorem is due to Wambst ([W]) who proved it in a much more general
situation. For the simplified form we are interested in, one can adjust easily
the classical proof ([H-S] p 243). The resolution K¢, is called the Koszul
resolution of k.

Proposition 5.0.7 One has

a) Exth(V) (k,Sq(V)) =0 ifi#mn

b) Bt o) (k. So(V)) = Ay (V*)

Proposition 5.0.7 b) was already proved in [Y2] (corollary 1.2.2).

Proof of proposition 5.0.7 :
We need to study the complex Cq(V) = Homg, (v (Ké, SQ(V)). Denote

by (A1,...,A,) the dual basis of (ey,...,e,).
A computation shows that Cg(V) is isomorphic to the complex

(Atg(V*) @ Sq(V),4) with the differential

Ay At AN, ® P) = Z(—l)rqilj cei Qi Nig N NN NN @ e P
j=1
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We show the proposition by induction on n. For n = 1, the cohomology of
the complex Cg(V) is easy to compute and the proposition follows. Assume

now that n > 1. Put o R
e=(% 1)

where Q" is a (n—1) x (n — 1)-matrix. Set V' = key @ ...® ke, 1. Consider
the morphismes of complexes

a: ColV) & So(V)i-1] = Co(V)

and
G CQ(V) — CQ/(V/) & SQ(V)
defined by

For {i1,...,it} C[1,n —1],

aMig Aee o AXy, @PYRP =X, Ao AXi, AN, @ P'P
For {i1,...,it} C [1,n —1],

BAG A AN, QP)=Ay Ao AN, 1) QP
Iftned{i,....,it}, BAGA...AN, @ P)=0.

We have the following exact sequence of complexes

0= Co(V) ® SoV)[-11%Co(V) L co(V) © So(V)—o.
ol )SQ/(V,) oM)[-1]=Co(V) = Co/( )SQ/(V/) (V)

We get a long exact sequence of cohomology. It is then easy to see that
Exth(V) (k,Sq(V)) = 0if i # n,n — 1. Moreover, we have the follow-
ing exact sequence where p., denotes left multiplication by e, and v, =
(_1)n_1QLn ---fdn—1n

0— H" 1 (Co(V)) =k ® So(V) ™Ik ® So(V)— H"(Co(V))— 0.
@ Sqor (V') @ Sqr (V") @ @

The proposition follows.
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