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k0 : finite field of characteristic p ą 0, k0 ãÑ k algebraic closure
X0 : smooth variety (“ separated, of finite type, geo. connected) over k0
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Y0
f0 // X0 // k0

Y
f
//

OO
˝

X //

OO
˝

k

OO
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Notation

k0 : finite field of characteristic p ą 0, k0 ãÑ k algebraic closure
X0 : smooth variety (“ separated, of finite type, geo. connected) over k0

L : infinite set of primes, p R L
U : set of non-principal ultrafilters on L

§ For l P LY tpu, Ql : algebraic closure of the completion of Q at l
§ For u P U : F :“

ś

`PL F` � Qu the corresponding ultraproduct

Tannakian Cebotarev density theorem (joint with A. Tamagawa) Arithmetic of Algebraic varieties - BICMR, Beijing University China September 2nd-6th, 2019



Notation

k0 : finite field of characteristic p ą 0, k0 ãÑ k algebraic closure
X0 : smooth variety (“ separated, of finite type, geo. connected) over k0

L : infinite set of primes, p R L
U : set of non-principal ultrafilters on L

Q “ Q`, ` P L, Qu, u P U , Qp, CpX0,Qq category of Q-coefficients over X0 i.e.

§ For Q “ Q` : Weil Q`-sheaf on X0

§ For Q “ Qu : almost u-tame sheaf on X0

§ For Q “ Qp : overconvergent Qp-F -isocrystals on X0
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X0 : smooth variety (“ separated, of finite type, geo. connected) over k0

L : infinite set of primes, p R L
U : set of non-principal ultrafilters on L

Q “ Q`, ` P L, Qu, u P U , Qp, CpX0,Qq category of Q-coefficients over X0 i.e.

§ For Q “ Q` : Weil Q`-sheaf on X0

§ For Q “ Qu : almost u-tame sheaf on X0

§ For Q “ Qp : overconvergent Qp-F -isocrystals on X0

CpX0,Q`q
» // RepcontQ`

pW pX0qq CpX0,Quq
� � //
� t

&&NN
NNN

NNN
NNN

NN
RepQu

pW pX0qq

Étale Q`-coeff.
» //

� ?

OO

RepcontQ`
pπ1pX0qq
� ?

OO

RepQu
pπ1pX0qq
� ?

OO

(W pX0q :“ π1pX0q ˆπ1pk0q ϕ
Z)
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Q “ Q`, ` P L, Qu, u P U , Qp, CpX0,Qq category of Q-coefficients over X0 i.e.

§ For Q “ Q` : Weil Q`-sheaf on X0

§ For Q “ Qu : almost u-tame sheaf on X0

§ For Q “ Qp : overconvergent Qp-F -isocrystals on X0

SSCpX0,Qq ãÑ CpX0,Qq full subcategory of semisimple Q-coefficients
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Notation

k0 : finite field of characteristic p ą 0, k0 ãÑ k algebraic closure
X0 : smooth variety (“ separated, of finite type, geo. connected) over k0

L : infinite set of primes, p R L
U : set of non-principal ultrafilters on L

Q “ Q`, ` P L, Qu, u P U , Qp, CpX0,Qq category of Q-coefficients over X0 i.e.

§ For Q “ Q` : Weil Q`-sheaf on X0

§ For Q “ Qu : almost u-tame sheaf on X0

§ For Q “ Qp : overconvergent Qp-F -isocrystals on X0

SSCpX0,Qq ãÑ CpX0,Qq full subcategory of semisimple Q-coefficients

CpX ,Qq geometric version
§ For Q “ Ql : Weil=étale Q`-sheaf on X

§ For Q “ Qu : almost u-tame sheaf on X

§ For Q “ Ql : overconvergent Qp-isocrystals on X0

` canonical functor CpX0,Qq Ñ CpX ,Qq, C0 Ñ C :“ C0|X
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Output of the ‘philosophy’ of motives
(Grothendieck, Serre, Tate, Deligne etc.)
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Output of the ‘philosophy’ of motives
(Grothendieck, Serre, Tate, Deligne etc.)

smooth varieties {k0

pf0 : Y0 Ñ X0q

Mot //

Cp´,Qq

��

semisimple neutral
Tannakian categories {Q

+ exact b-functors

pf ˚0 : MotpX0q Ñ MotpY0qq

CQ motivic Q-realizationqyneutral Tannakian categories {Q
+ exact b-functors

pf ˚0 : CpX0,Qq Ñ CpY0,Qqq
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Output of the ‘philosophy’ of motives
(Grothendieck, Serre, Tate, Deligne etc.)

MotpX0q bQ Q //

»
((PP

PPP
PPP

PPP
CpX0,Qq

SSCpX0,Qq
� ?

OO

Tannakian Cebotarev density theorem (joint with A. Tamagawa) Arithmetic of Algebraic varieties - BICMR, Beijing University China September 2nd-6th, 2019



Output of the ‘philosophy’ of motives
(Grothendieck, Serre, Tate, Deligne etc.)

MotpX0q bQ Q
CQpX0q //

»
((PP

PPP
PPP

PPP
»

��
»

wwnnn
nnn

nnn
nnn

»

ssggggg
ggggg

ggggg
ggggg

gg
CpX0,Qq

SSCpX0,Qpq SSCpX0,Quq SSCpX0,Q`q SSCpX0,Qq
� ?

OO

Tannakian Cebotarev density theorem (joint with A. Tamagawa) Arithmetic of Algebraic varieties - BICMR, Beijing University China September 2nd-6th, 2019



Output of the ‘philosophy’ of motives
(Grothendieck, Serre, Tate, Deligne etc.)

MotpX0q bQ Q
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»
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»
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ggggg

gg
CpX0,Qq

SSCpX0,Qpq SSCpX0,Quq SSCpX0,Q`q SSCpX0,Qq
� ?

OO

M PMotpX0q, kpx0q
x0
Ñ X0,

RepQpG pMqQq » xMy
b bQ Q

» //

x˚0
��

xCQpMqyb » RepQpG pCQpMqq

x˚0
��

RepQpG px
˚
0 MqQq » xx

˚
0 My

b bQ Q
»
// xx˚0 CQpMqyb » RepQpG px

˚
0 CQpMqq
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M PMotpX0q, kpx0q
x0
Ñ X0,

G pMqQ
» // G pCQpMqq

commutative
up to conjugacy

G px˚0 MqQ »
//

� ?

x˚0

OO

G px˚0 CQpMqq “ pϕZ
x0q

zar

� ?

x˚0

OO
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G pCQ`
pMqq : Zar. closure of

image of π1pX0q ñ MQ`
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x˚0

OO

G pCQ`
pMqq : Zar. closure of

image of π1pX0q ñ MQ`

S Ă |X0| of upper density ą 0 (resp. 1), `-adic Cebotarev density theorem
ñ the Zar. closure of the conjugacy classes of the ϕx0 , x0 P S is dense in at
least one connected component of (resp. is dense in) G pCQ`

pMqq
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Main result

k0 finite field, X0 smooth variety {k0, Q “ Q`, ` P L, Qu, u P U , Qp

C0 Q-coefficient (not necessarily semisimple) on X0

x0 P |X0|, ΦC0
x0 Ă G0pC0q : conj. class of ϕx0 (well-defined)

S Ă |X0|, ΦC0
S :“

ď

x0PS
ΦC0

x0

Thm. (C.-Tamagawa, 2019)

S Ă |X0| of upper density ą 0 (resp. 1) ñ ΦS
zar contains at least one

connected component of G pC0q (resp. ΦS
zar “ G pC0q)
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of étale Q`-coefficients

§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
C0 “ ‘iPIIpαi q

i,0 with Ii,0 irreducible with finite det., αi P Q
ˆ

p

C0 P x pCder
0 :“ ‘iPIIi,0q

looooooooomooooooooon

semisimple mono., pure of weight 0

‘pCcst
0 :“ ‘iPIQ

pαi q

p q
loooooooooomoooooooooon

geo. constant

y
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i,0 with Ii,0 irreducible with finite det., αi P Q
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looooooooomooooooooon

semisimple mono., pure of weight 0

‘pCcst
0 :“ ‘iPIQ

pαi q

p q
loooooooooomoooooooooon

geo. constant

y

May assume C0 “ Cder
0 ‘ Ccst

0 , G pC0q „ G pCder
0 q ˆ G pCcst

0 q
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connected component of G pC0q (resp. ΦS
zar “ G pC0q)

§ Main ingredient : theory of companions (Q Ñ Q`) to reduce to the case
of étale Q`-coefficients

§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
§ For Ccst

0 Mordell-Lang for tori [Laurent, 80]
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k0 finite field, X0 smooth variety {k0, Q “ Q`, ` P L, Qu, u P U , Qp

C0 Q-coefficient (not necessarily semisimple) on X0

x0 P |X0|, ΦC0
x0 Ă G0pC0q : conj. class of ϕx0 (well-defined)

S Ă |X0|, ΦC0
S :“

ď

x0PS
ΦC0

x0

Thm. (C.-Tamagawa, 2019)

S Ă |X0| of upper density ą 0 (resp. 1) ñ ΦS
zar contains at least one

connected component of G pC0q (resp. ΦS
zar “ G pC0q)

§ Main ingredient : theory of companions (Q Ñ Q`) to reduce to the case
of étale Q`-coefficients

§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
§ For Ccst

0 Mordell-Lang for tori [Laurent, 80]
§ For Cder

0 “ ‘iPIIi,0 equidistribution [Deligne, Weil II] relying on Weil II
[Kedlaya 06, Abe-Caro 13]

This uses crucially the weight 0 assumption
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§ For Cder

0 “ ‘iPIIi,0 equidistribution [Deligne, Weil II] relying on Weil II
[Kedlaya 06, Abe-Caro 13]

This uses crucially the weight 0 assumption

§ Mixed situation very technical but ’formal’ (complex-analytic /
group-theoretic arguments)
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§ Main ingredient : theory of companions (Q Ñ Q`) to reduce to the case
of étale Q`-coefficients

§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
‘Purity part’ of Deligne’s companion conjecture :

Ii,0 irreducible with finite det. ñ pure of weight 0
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zar “ G pC0q)

§ Main ingredient : theory of companions (Q Ñ Q`) to reduce to the case
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§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
‘Purity part’ of Deligne’s companion conjecture :

Ii,0 irreducible with finite det. ñ pure of weight 0
ð Langlands’ corresp. + R-P conj. if X0 is a curve
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§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
‘Purity part’ of Deligne’s companion conjecture :

Ii,0 irreducible with finite det. ñ pure of weight 0
ð Langlands’ corresp. + R-P conj. if X0 is a curve
` (Delicate) Bertini argument if dimpX0q ě 2 is a curve
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S Ă |X0| of upper density ą 0 (resp. 1) ñ ΦS
zar contains at least one

connected component of G pC0q (resp. ΦS
zar “ G pC0q)

§ Main ingredient : theory of companions (Q Ñ Q`) to reduce to the case
of étale Q`-coefficients

§ For Q “ Qp, C0 semisimple, X0 curve : Hartl-Pàl (arXiv :1811.07084)
‘Purity part’ of Deligne’s companion conjecture :

Ii,0 irreducible with finite det. ñ pure of weight 0
ð Langlands’ corresp. + R-P conj. if X0 is a curve
` (Delicate) Bertini argument if dimpX0q ě 2 is a curve

For Q “ Qp current proofs use the full strength of theory of companions
(Qp Ñ Q`)
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Deligne’s companion conjecture

§ X0 curve ð Langlands’ correspondance for GLr + Ramanujan-Peterson
conjecture [L.Lafforgue, 02] (Cuspidal automorphic rep. substitute for
motives ; motives appear in the cohomology of Shutkas)

§ For higer dimensional X0, reduce to the case of curves by geometric
methods (no motives...)
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Deligne’s companion conjecture

k0 finite field, X0 smooth variety {k0, Q,Q 1 “ Q`, ` P L, Qu, u P U , Qp,
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
2 `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff.
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
2 `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff.
3 Semisimple Q-coeff. admit semisimple étale Q`-companions provided ` " 0
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
2 `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff.
3 Semisimple Q-coeff. admit semisimple étale Q`-companions provided ` " 0
4 G Ă GLr ,Q reductive, Φ Ă G union of conj. classes

χ : GLr ,Q Ñ Pr ,Q :“ Gm,Q ˆ Ar´1
Q

g Ñ detpId ´ Tgq

Then ΦZar Ą G ˝g if and only if χpΦqzar Ą χpG ˝gq
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
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3 Semisimple Q-coeff. admit semisimple étale Q`-companions provided ` " 0
4 G Ă GLr ,Q reductive, Φ Ă G union of conj. classes

χ : GLr ,Q Ñ Pr ,Q :“ Gm,Q ˆ Ar´1
Q

g Ñ detpId ´ Tgq

Then ΦZar Ą G ˝g if and only if χpΦqzar Ą χpG ˝gq
5 C0 (semisimple) „ C0,` (semisimple, étale), G0 :“ G pC0q, G0,` :“ G pC0,`q

§ π0pG0q ÐÑ π0pG0,`q (‘canonical’)
§ For π0pG0q Q g ÐÑ g` P π0pG0,`q, χpG˝0 gq “ χpG˝0,`g`q
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6 The above extends to Q-coefficients which are ‘ of pure Q-coefficients
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§ π0pG0q ÐÑ π0pG0,`q (‘canonical’)
§ For π0pG0q Q g ÐÑ g` P π0pG0,`q, χpG˝0 gq “ χpG˝0,`g`q

6 The above extends to Q-coefficients which are ‘ of pure Q-coefficients
7 Using the weight filtration C0 “W1C0 Ľ ¨ ¨ ¨ ĽWrC0 ĽWr`1C0 “ 0,

C̃0 :“ ‘1ďiďrWiC0{Wi`1C0

RupG0q Ą G0 :“ G pC0q
p
� G̃0 :“ G pC̃0q, Φ Ă G0 union of conj. classes,

RupG0q X Φ “ H. Then Φzar Ą G ˝0 g ô ppΦqzar Ą G̃ ˝0 ppgq
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Architecture of the proof

1 non resp. part of Thm. ñ resp. part of Thm.
2 `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff.
3 Semisimple Q-coeff. admit semisimple étale Q`-companions provided ` " 0
4 G Ă GLr ,Q reductive, Φ Ă G union of conj. classes
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g Ñ detpId ´ Tgq

Then ΦZar Ą G ˝g if and only if χpΦqzar Ą χpG ˝gq
5 C0 (semisimple) „ C0,` (semisimple, étale), G0 :“ G pC0q, G0,` :“ G pC0,`q

§ π0pG0q ÐÑ π0pG0,`q (‘canonical’)
§ For π0pG0q Q g ÐÑ g` P π0pG0,`q, χpG˝0 gq “ χpG˝0,`g`q

6 The above extends to Q-coefficients which are ‘ of pure Q-coefficients
7 Using the weight filtration C0 “W1C0 Ľ ¨ ¨ ¨ ĽWrC0 ĽWr`1C0 “ 0,

C̃0 :“ ‘1ďiďrWiC0{Wi`1C0

RupG0q Ą G0 :“ G pC0q
p
� G̃0 :“ G pC̃0q, Φ Ă G0 union of conj. classes,

RupG0q X Φ “ H. Then Φzar Ą G ˝0 g ô ppΦqzar Ą G̃ ˝0 ppgq

Rem. Unipotent radical of Cartan of G0 has dimension ď 1 !
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.

Fact

For every x0 P |X0| there is a canonical diagram, commutative up to conjugacy
and whose right vertical arrow is continuous

W px0q //

��

π1pX0q

cont.
����

G px˚0 C0q // G0 // // π0pG0q
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.

Fact

For every x0 P |X0| there is a canonical diagram, commutative up to conjugacy
and whose right vertical arrow is continuous

W px0q //

��

π1pX0q

cont.
����

G px˚0 C0q // G0 // // π0pG0q

‘Proof’ Cf pX0,Qq
p1q
» C isotr pX0,Qq

p2q
» RepQplim

ÐÝ
π1pX0q{Uq (limit over all open

normal subgroups).
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.

Fact

For every x0 P |X0| there is a canonical diagram, commutative up to conjugacy
and whose right vertical arrow is continuous

W px0q //

��

π1pX0q

cont.
����

G px˚0 C0q // G0 // // π0pG0q

‘Proof’ Cf pX0,Qq
p1q
» C isotr pX0,Qq

p2q
» RepQplim

ÐÝ
π1pX0q{Uq (limit over all open

normal subgroups). (2) : étale descent,
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.

Fact

For every x0 P |X0| there is a canonical diagram, commutative up to conjugacy
and whose right vertical arrow is continuous

W px0q //

��

π1pX0q

cont.
����

G px˚0 C0q // G0 // // π0pG0q

‘Proof’ Cf pX0,Qq
p1q
» C isotr pX0,Qq

p2q
» RepQplim

ÐÝ
π1pX0q{Uq (limit over all open

normal subgroups). (2) : étale descent, (1) : easy for Q “ Q`, [Nikolov-Segal 07]
for Q “ Qu, theory of unit-root isocrystals for Q “ Qp [Crew 87]
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Step 1 : non resp. part of Thm. ñ resp. part of Thm.

Fact

For every x0 P |X0| there is a canonical diagram, commutative up to conjugacy
and whose right vertical arrow is continuous

W px0q //

��

π1pX0q

cont.
����

G px˚0 C0q // G0 // // π0pG0q

‘Proof’ Cf pX0,Qq
p1q
» C isotr pX0,Qq

p2q
» RepQplim

ÐÝ
π1pX0q{Uq (limit over all open

normal subgroups). (2) : étale descent, (1) : easy for Q “ Q`, [Nikolov-Segal 07]
for Q “ Qu, theory of unit-root isocrystals for Q “ Qp [Crew 87]

Apply the classical Cebotarev density theorem to the continuous π1pX0q �
π0pG0q + non resp. part of Thm. (Exo)
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Step 2, 3 : étale Q`-coefficients
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`

Proof.
§ C0 “ ‘iPIIpαi q

i,0 with Ii,0 irred. with finite det., αi P Q
ˆ
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`

Proof.
§ C0 “ ‘iPIIpαi q

i,0 with Ii,0 irred. with finite det., αi P Q
ˆ

§ Theory of companions ñ for every ` “ p, ι` : Q` Ñ C,

C0,` :“ ‘iPII
pι´1

` ιpαi qq

i,0,`

with Ii,0,` (unique) Q`-companion of Ii,0,
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`

Proof.
§ C0 “ ‘iPIIpαi q

i,0 with Ii,0 irred. with finite det., αi P Q
ˆ

§ Theory of companions ñ for every ` “ p, ι` : Q` Ñ C,

C0,` :“ ‘iPII
pι´1

` ιpαi qq

i,0,`

with Ii,0,` (unique) Q`-companion of Ii,0, (recall) Ii,0,` automatically irred.
with finite det.
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`

Proof.
§ C0 “ ‘iPIIpαi q

i,0 with Ii,0 irred. with finite det., αi P Q
ˆ

§ Theory of companions ñ for every ` “ p, ι` : Q` Ñ C,

C0,` :“ ‘iPII
pι´1

` ιpαi qq

i,0,`

with Ii,0,` (unique) Q`-companion of Ii,0, (recall) Ii,0,` automatically irred.
with finite det. ñ étale
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Step 2, 3 : étale Q`-coefficients

Step 2 : `-adic Cebotarev density Thm. ñ Thm. for étale Q`-coeff. (Exo)

Step 3 : C0 semisimple Q-coeff., ι : QÑ̃C. For every pp “q` " 0, there exists
ι` : Q`Ñ̃C such that C0 admits a (necessarily unique) semisimple Q`-companion
C0,`

Proof.
§ C0 “ ‘iPIIpαi q

i,0 with Ii,0 irred. with finite det., αi P Q
ˆ

§ Theory of companions ñ for every ` “ p, ι` : Q` Ñ C,

C0,` :“ ‘iPII
pι´1

` ιpαi qq

i,0,`

with Ii,0,` (unique) Q`-companion of Ii,0, (recall) Ii,0,` automatically irred.
with finite det. ñ étale

§ For p “ ` " 0 one can choose ι` : Q`Ñ̃C such that ι´1
` ιpαi q P Z

ˆ

` (Exo)
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Step 4,5 : Apply the companion conjecture (connected case)
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale,
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,` (ô C`rG0,`s
p´q

bn

//

˝

C`rG0,`s

ZI
p´q

bn

//
� ?

OO

ZI
� ?

OO
...)
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`

§ kerpπ1pX0q Ñ G0,` Ñ π0pG0,`qq Ø p : rX0 Ñ X0 Galois cover
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`

§ kerpπ1pX0q Ñ G0,` Ñ π0pG0,`qq Ø p : rX0 Ñ X0 Galois cover
p˚C0 „ p˚C0,` with G pp˚C0q “ G ˝0 , G pp

˚C0,`q “ G ˝0,`
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`

§ kerpπ1pX0q Ñ G0,` Ñ π0pG0,`qq Ø p : rX0 Ñ X0 Galois cover
p˚C0 „ p˚C0,` with G pp˚C0q “ G ˝0 , G pp

˚C0,`q “ G ˝0,`

[Kazhdan-Larsen-Varshavsky, 14] : C`rG pp˚C0qsÑ̃C`rG pp˚C0,`qs

Ù

G ˝0 Ð̃G ˝0,`
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ kerpπ1pX0q Ñ G0,` Ñ π0pG0,`qq Ø p : rX0 Ñ X0 Galois cover
p˚C0 „ p˚C0,` with G pp˚C0q “ G ˝0 , G pp

˚C0,`q “ G ˝0,`

[Kazhdan-Larsen-Varshavsky, 14] : C`rG pp˚C0qsÑ̃C`rG pp˚C0,`qs

Ù

G ˝0 Ð̃G ˝0,`
ñ rankpG0q “rankpG0,`q
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

Fact

The companion correspondance ObpxC0y
bq{ »ÞÑ ObpxC0,`y

bq{ » induces a
canonical semiring isomorphism

C`rG0sÑ̃C`rG0,`s,

characterized by the fact that it preserves local L-functions, and which maps
irreducible representations to irreducible representations.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T

G �
� // GLr ,Q » GLpCxq

χ

g ÞÑ detp1 ´ Tgq

// Pr ,Q “ Ar
Q ˆGm,Q

T
� ?

OO

� � // 22 22Gr
m,Q

� ?

OO

finite

44iiiiiiiiiiiiiiiiiii
χpG q
� ?

OO
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T

G �
� // GLr ,Q » GLpCxq

χ

g ÞÑ detp1 ´ Tgq

// Pr ,Q “ Ar
Q ˆGm,Q

T
� ?
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� � //

finite

22 22Gr
m,Q

� ?
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finite
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q

G �
� // GLr ,Q » GLpCxq

χ

g ÞÑ detp1 ´ Tgq

// Pr ,Q “ Ar
Q ˆGm,Q

T
� ?

OO

� � //

finite

22 22Gr
m,Q

� ?

OO

finite

44iiiiiiiiiiiiiiiiiii
χpG q
� ?

OO
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q

C0 „ C0,` ô ιχpΦC0
x0 q “ ιχpΦ

C0,`
x0 q, x0 P X0 ñ ιχpΦC0

S q “ ιχpΦ
C0,`
S q “: ZS

Tannakian Cebotarev density theorem (joint with A. Tamagawa) Arithmetic of Algebraic varieties - BICMR, Beijing University China September 2nd-6th, 2019



Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q

C0 „ C0,` ô ιχpΦC0
x0 q “ ιχpΦ

C0,`
x0 q, x0 P X0 ñ ιχpΦC0

S q “ ιχpΦ
C0,`
S q “: ZS

ZS
zar
� q

##G
GG

GG
GG

GGL l

zzvv
vv
vv
vv
v

χpG0,`q χpG0q
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q

C0 „ C0,` ô ιχpΦC0
x0 q “ ιχpΦ

C0,`
x0 q, x0 P X0 ñ ιχpΦC0

S q “ ιχpΦ
C0,`
S q “: ZS

ZS
zar
� q

##G
GG

GG
GG

GG

vv
vv
vv
vv
v

vv
vv
vv
vv
v

χpG0,`q χpG0q

Cebotarev for C0,`
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Step 4,5 : Apply the companion conjecture (connected case)

` " 0, QÑ̃CÐ̃Q`, (semisimple) C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ G0 “ G ˝0 ô G0,` “ G ˝0,`
§ rankpG0q “rankpG0,`q

Fact

K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q

C0 „ C0,` ô ιχpΦC0
x0 q “ ιχpΦ
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S q “ ιχpΦ
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A criterion for Zariski-density

K “ K of char. 0, G algebraic group over K
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G connected reductive, T Ă G maximal torus, Φ Ă G union of conj. classes
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Fact
G connected reductive, T Ă G maximal torus, Φ Ă G union of conj. classes
Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q ô χpΦqzar “ χpG q

` dimpχpG qq “rankpG q

Fact

g P G semisimple lifting g P π0pG q, Cg Ă ZG˝pgq
˝ Cartan,

Φ Ă G union of conj. classes Φzar Ą G ˝g ô pΦX Cggqzar “ Cgg
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A criterion for Zariski-density

K “ K of char. 0, G algebraic group over K

Fact
G connected reductive, T Ă G maximal torus, Φ Ă G union of conj. classes
Φzar “ G ô pΦX T qzar “ T ô χpΦqzar “ χpG q ô χpΦqzar “ χpG q
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Step 4,5 : Apply the companion conjecture (connected case)
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K “ K of char. 0, G connected reductive group over K , T Ă G maximal torus,
Φ Ă G union of conj. classes Φzar “ G ô pΦX T qzar “ T

C0 „ C0,` ô ιχpΦC0
x0 q “ ιχpΦ
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Step 4,5 : Apply the companion conjecture

` " 0, Q » C » Q`, C0 „ C0,` : étale, G0 :“ G pC0q, G0,` :“ G pC0,`q.

§ ΦC0
S Ă G ˝0 g , Φ
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S Ă G ˝0,`g`, π0pG0q » Autppq » π0pG0,`q
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g˚
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`
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��
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OO
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Step 6,7 : General case

G0 :“ G pC0q, G :“ G pC0|X q

(Classical) Cebotarevñ may assume ΦS Ă G ˝0 g with g “ ϕss
x0 for some x0 P |X0|
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x0 for some x0 P |X0|

§ Weight filtration C0 :“W1C0 Ľ ¨ ¨ ¨ ĄWrC0 ĽWr`1C0 “ 0 in CpX0,Qq

GrWi pC0q :“WiC0{Wi`1C0 ι-pure of weight wi , w1 ą w2 ą ¨ ¨ ¨ ą wr`1

rC0 :“ ‘1ďiďrGr
W
i pC0q

1 // R0 //
_�

��

G0
p // rG0 :“ G prC0q //

����

1

1 // RupG0q // G0 // G red
0 “ G pCss

0 q
// 1
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Weight filtration ` Weil II ñ
G0 “ RupG0q ˆ G red

0 ;
ô G0 “ Gεa,Q ˆˆG red

0 with ε “ 0, 1 ;
ô G is semisimple ;
ô C0 is a direct sum of ι-pure Q-coefficients
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Weight filtration ñ R
ϕss

x0
0 “ 1, x0 P |X0|
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ϕss
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R
ϕss

x0
0 “ 1, x0 P |X0|

` Zariski-density criterion
ñ Φzar Ą G ˝0 g ô ppΦqzar Ą rG ˝0 ppgq

Tannakian Cebotarev density theorem (joint with A. Tamagawa) Arithmetic of Algebraic varieties - BICMR, Beijing University China September 2nd-6th, 2019



Step 6,7 : General case

G0 :“ G pC0q, G :“ G pC0|X q

(Classical) Cebotarevñ may assume ΦS Ă G ˝0 g with g “ ϕss
x0 for some x0 P |X0|

§ Weight filtration C0 :“W1C0 Ľ ¨ ¨ ¨ ĄWrC0 ĽWr`1C0 “ 0 in CpX0,Qq

GrWi pC0q :“WiC0{Wi`1C0 ι-pure of weight wi , w1 ą w2 ą ¨ ¨ ¨ ą wr`1

rC0 :“ ‘1ďiďrGr
W
i pC0q

§ May assume C0 “ rC0
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§ May assume C0 “ rC0

Argument in the semisimple case easily extends to rC0
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§ May assume C0 “ rC0

Argument in the semisimple case easily extends to rC0

Key point : rC0 „ rC0,` “ U0,` ‘ Css
0,` with Css

0 „ Css
0,` and

U0,` Ø π1pX0q� π1pk0q
ϕÞÑU
Ñ GL2pQ`q, U “

ˆ

1 1
0 1

˙
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