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Galois Categories™
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Abstract. These notes describe the formalism of Galois categories and funda-
mental groups, as introduced by A. Grothendieck in [SGA1, Chap. V]. This
formalism stems from Galois theory for topological covers and can be regarded
as the natural categorical generalization of it. But, far beyond providing a uni-
form setting for the preexisting Galois theories as those of topological covers
and field extensions, this formalism gave rise to the construction and theory
of the étale fundamental group of schemes — one of the major achievements
of modern algebraic geometry.
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1. Foreword

In Section 2, we give the axiomatic definition of a Galois category and state the
main theorem which asserts that a Galois category is a category equivalent to the
category of finite discrete Il-sets for some profinite group II. In Section 3, we carry
out in details the proof of the main theorem. In Section 4, we show that there is
a natural equivalence of categories between the category of profinite groups and
the category of Galois categories pointed with fibre functors. This gives a powerful
dictionary to translate properties of a functor between two pointed Galois cate-
gories in terms of properties of the corresponding morphism of profinite groups
(and conversely). In Section 5 we define the category of étale covers of a connected
scheme and prove that it is a Galois category. In Section 6, we apply the formalism
of Section 4 to describe the étale fundamental groups of specific classes of schemes
such as abelian varieties or normal schemes. The short Section 7 is devoted to
geometrically connected schemes of finite type over fields. These schemes have the
property that their fundamental group decomposes into a geometric part and an
arithmetic part. But the interplay between those two parts remains mysterious
and is at the source of some of the most standard conjectures about fundamen-
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tal groups such as anabelian conjectures or the section conjecture. The four last
sections are devoted to the study of the geometric part namely, the fundamental
group of a connected scheme of finite type over an algebraically closed field. In
Section 8, we state the main G.A.G.A. theorem, which describes what occurs over
the complex numbers (and, basically, over any algebraically closed field of charac-
teristic 0). In Section 9, we construct the specialization morphism from the étale
fundamental group of the geometric generic fibre to the étale fundamental of the
geometric special fibre of a scheme proper, smooth and geometrically connected
over a trait and show that it is an epimorphism. We improve this result in Section
10, by showing that, in the smooth case, the specialization epimorphism induces
an isomorphism on the prime-to-p completions (where p denotes the residue char-
acteristic of the closed point). In the concluding Section 11, we apply the theory
of specialization to show that the étale fundamental group of a connected proper
scheme over an algebraically closed field is topologically finitely generated. In the
appendix, we gather some results (without proof) from descent theory that are
needed in the proofs of some of the elaborate theorems presented here.

The main source and guideline for these notes was [SGA1] but for several
parts of the exposition, I am also indebted to [Mur67]. In particular, though the
case of schemes is only considered there, I could extract a consequent part of
Sections 3 and 4 from this source (complemented with Proposition 3.3, which is
a categorical version of a scheme-theoretic result of J.-P. Serre). I also resorted to
[Mur67] for Section 9. Another source is the first synthetic section of [Mi80], which I
used for classical results on étale morphisms in Subsection 5.10 and normal schemes
in Subsection 6.4. Also, at some points, I mention famous conjectures (some of
which were proved recently) on étale fundamental groups, such as Abhyankar’s
conjecture, anabelian conjectures or the section conjecture. For this, I am indebted
to the survey expositions in [Sz09] and [Sz10].

Among other introductions to étale fundamental groups (avoiding the lan-
guage of Galois categories), I should mention the proceedings of the conference
Courbes semi-stables et groupe fondamental en géométrie algébrique held in Lu-
miny in 1998 [BLROO] and, in particular, the elementary self-contained introduc-
tory article of A. Mézard [Me00] as well as the nice book of T. Szamuely [Sz09],
which emphasizes the parallel story of topological covers, field theory and schemes
— especially curves.

The main contribution of these notes to the existing introductory literature
on étale fundamental groups is that we privilege the categorical setting to the
‘incarnated ones’ (as exposed in [Me00] and [Sz09]). In particular, we provide de-
tailed proofs of all the categorical statements in Sections 3 and 4. To our knowledge,
such statements are only available in the original sources [SGA1] and [Mur67] and,
there, their proofs are only sketched. Privileging the categorical setting is not only
a matter of taste but stems from the conviction that elementary category theory,
which is only involved in Galois categories, is much simpler than (even elementary)
scheme theory.
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Concerning scheme theory, there is nothing new in the material presented here
but we tried to make the exposition both concise and exhaustive so that it becomes
accessible to graduate students in algebraic geometry. In Section 5, 6, 7 and 10,
we provide detailed proofs. Sections 8, 9 and 11 require more elaborate tools. In
Section 8, we only provide the minimal material to understand the statement of
the main G.A.G.A. theorem but in Sections 9 and 11 we state the main theorems
involved and, relying on them, give detailed sketches of proof.

For Sections 2 to 4 only some familiarity with the language of categories and
the notion of profinite groups are required. For Sections 5 to 7, the reader has to
be familiar with the basics of commutative algebra as in [AM69] and the theory of
schemes as in [Hart77, Chap. II]. As mentioned, Sections 8 to 11 rely on difficult
theorems but to understand their statements, only a little more knowledge of the
theory of schemes is needed — say as in [Hart77, Chap. III].

2. Galois categories

2.1. Definition and elementary properties
Given a category C and two objects X, Y € C, we will use the following notation:

Home (X,Y) : Set of morphisms from X to Y in C

Isome (X, Y) : Set of isomorphisms from X to Y in C

Aute(X)  :=TIsome(X, X)

A morphism v : X — Y in a category C is a strict epimorphism if the
fibre product X X,y X exists in C and for any object Z in C, the map wuo :
Home (Y, Z) — Home (X, Z) is injective and induces a bijection onto the set of all
morphism v : X — Z in C such that ¢ o p; = 1) o pa, where p; : X X,y X = X
denotes the ith projection, ¢ =1, 2.

Let F'Sets denote the category of finite sets.

Definition 2.1. A Galois category is a category C such that there exists a covariant
functor F': C — FSets satisfying the following axioms:

(1) C has a final object ec and finite fibre products exist in C.

(2) Finite coproducts exist in C and categorical quotients by finite groups of
automorphisms exist in C.

(3) Any morphism v : Y — X in C factors as YV’ L't X, where u' is a strict
epimorphism and u” is a monomorphism which is an isomorphism onto a
direct summand of X.

(4) F sends final objects to final objects and commutes with fibre products.

(5) F commutes with finite coproducts and categorical quotients by finite groups
of automorphisms and sends strict epimorphisms to strict epimorphisms.

(6) Let u: Y — X be a morphism in C, then F(u) is an isomorphism if and only
if u is an isomorphism.
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Remark 2.2. As the coproduct over the empty set () is always an initial object, it
follows from axiom (2) that C has an initial object (c.

2.1.1. Equivalent formulations of axioms (1), (2), (4), (5). (1) is equivalent to:
(1) Finite projective limits exist in C.

(2) is implied by:
(2)" Finite inductive limits exist in C.

Let C1, Ca be two categories admitting finite projective limits (resp. finite inductive
limits). A functor F' : C; — Cs is said to be right exact (resp. left exact) if it
commutes with finite projective limits (resp. with finite inductive limits). Then,
(4) is equivalent to:

(4)" F is right exact
and (5) is implied by:
(5) F is left exact.

It will follow from Theorem 2.8 that (1)—(6) are equivalent to (1), (2)’, (3), (4),
(5)" and (6).

2.1.2. Unicity in axiom (3).

Lemma 2.3. The decomposition Y 5 X' %5 X in aziom (3) is unique in the sense

that for any two such decompositions Y — X! “ X = X! U X/, i = 1,2 there

exists a (necessarily) unique isomorphism w : X{=>X} such that w o u}y = uf and
uy ow = uf.

Proof. From the injectivity of — o« : Home(X', X) — Home (Y, X), any such

decomposition Y %5 X’ s X is entirely determined by u, u'. Let Y % X ! SX =
X/UX/!, i=1,2 be two such decompositions. Since u = u{ o u} one gets:

uy o (uyop1) =uopr =uopy=ujyo (uyopz),

where p; Y Xy xi40 Y — Y denotes the ith projection, i = 1,2. As ul
X} < X is a monomorphism, this implies that u} o p; = ub o py and, as uf :
Y — Xj is a strict epimorphism, this in turn implies that u} : ¥ — X} lies
in the image of u] o — : Home (X1, X}) — Home(Y, X)) hence can be written
inCasuy: vV 3 X| LA X}. From axiom (6), to prove that ¢ : X{=>X} is an
isomorphism in C, it is enough to prove that F(¢) : F(X{) — F(X}) is bijective.
But F(¢) : F(X]) — F(X}) is surjective since F(uj) is, hence bijective since
[F(XD)| = [F(X3)| = [F(u)(F(Y))]. 0
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2.1.3. Artinian property. It follows from axiom (4) that a Galois category is al-
ways artinian. More precisely, one has the following elementary categorical lemma.

Lemma 2.4. Let C be a category which admits finite fibre products and let u: X —
Y be a morphism in C.Then u : X — 'Y is a monomorphism if and only if the first
projection p1 : X Xy X — X is an isomorphism. In particular,
(1) A functor that commutes with fibre products sends monomorphisms to mono-
morphisms.
(2) If u: X = Y is both a monomorphism and a strict epimorphism then u :
X — Y is an isomorphism.

Proof. Let Axy : X — X Xyy,u X denote the diagonal morphism. By defini-
tion, p1 o Ax|y = Idx so, if p1 : X xy X — X is an isomorphism, its inverse
is automatically Axy : X — X Xy X. Assume first that v : X — Y is a
monomorphism. Then, from u o p; = u o pa, one deduces that p; = ps. But, then,
p1oAxjy opr = Idx op1 = p1 and:
p2oAxy opr = Idx op1 = p1 = pa.

So, from the uniqueness in the universal property of the fibre product, one gets
Ax|yopr = Idxx, x. Conversely, assume that p; : X Xy X=X is an isomorphism.
Then, for any morphisms f,g: W — X in C such that uo f = u o g there exists a
unique morphism (f, g) : W — X xy X such that pio(f,g) = f and pao(f,g) = g.
From the former equality, one obtains that (f,g) = Ax|y o f and, from the latter,
that g =pao (f,9) =p2oAxyof=/.

Assertion (1) follows straightforwardly from the fact that functors send iso-
morphisms to isomorphisms. It remains to prove assertion (2). Since u : X — Y
is a strict epimorphism, the map wo : Home (Y, X) < Home(Y,Y) induces a bi-
jection onto the set of all morphisms v : X — X such that v o p; = v o py, where
pi + X Xy X — X is the ¢th projection, ¢ = 1,2. But since u : X — Y is also
a monomorphism, the first projection p; : X xy X=X is an isomorphism with
inverse Axjy : X = X Xy X. So Ax|y op1 = Idxx, x, which yields:

p20° AX\Y °op1 =Dp2
=Idxop1 =p1.
Thus p1 = p2, which implies that uo : Home (Y, X)SHome (Y, Y) is bijective. In
particular, there exists v : ¥ — X such that v ov = Idy. But, then, uovou =
u =wuoIldx whence vou = Idx. O

Corollary 2.5. A Galois category C is artinian.

Proof. Let F' : C — FSets be a fibre functor for C and consider a decreasing

sequence

tnt1 tn t t
B A e A= 1

of monomorphisms in C. We want to show that t,.1 : T,+1 — T, is an isomor-
phism for n > 0. From axiom (6), it is enough to show that F'(t,,4+1) : F(Tp+1) —
F(T,) is an isomorphism for n >> 0. But it follows from Lemma 2.4 (1) and axiom
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(4) that F(tp41) : F(Tht1) < F(Ty,) is a monomorphism and, since F(Tp) is fi-
nite, the monomorphism F(¢,41) : F(Ty+1) — F(T,) is actually an isomorphism
for n > 0. O

2.1.4. A reinforcement of axiom (6). Combining axioms (3), (4) and (6), one also
obtains that F' : C — FSets is “conservative” for strict epimorphisms, monomor-
phisms, final and initial objects:

Lemma 2.6.

(1) If u : Y — X is a morphism in C then F(u) is an epimorphism (resp.
a monomorphism) if and only if u is a strict epimorphism (resp. a mono-
morphism).

(2) For any Xo € C, one has:

— F(Xo) =0 if and only if Xo = 0c;
- F(Xo) = * if and only if Xo = ec, where x denotes the final object in
FSets.

Proof. (1) The “if” implication for epimorphism follows from axiom (4) and the
“if” implication for monomorphism from Lemma 2.4 (1) and axiom (4).
We now prove the “only if” implications. From axiom (3), any morphism

w:Y — X in C factors as Y % X’ % X, where v’ is a strict epimorphism and
u” is a monomorphism which is an isomorphism onto a direct summand of X. So,
if F(u) is an epimorphism then F(u”) is an epimorphism as well. But from the
“if” implication, F'(u”) is also a monomorphism hence an isomorphism since we
are in the category F'Sets. So u” is an isomorphism by axiom (6). The proof for
monomorphism is exactly the same.

(2) We first consider the case of initial objects. By definition of an initial
object, for any X € C there is exactly one morphism from ()¢ to X in C; denote it
by ux : ¢ — X.

Assume first that F'(Xy) = 0. Since, for any finite set E, there is a morphism
from E to () in F'Sets if and only if E = () and since F(ux,) is a morphism from
F(0c) to F(Xo) =0 in FSets, one has F(¢) = (. But this forces F(ux,) = Idy.
In particular, F(ux,) is an isomorphism hence, by axiom (6) so is ux,.

Assume now that Xg = (¢. For any object X € C, one has a canonical
isomorphism (ux, Idx) : ¢ U XX (with inverse the canonical morphism ix :
X230 UX) thus F((ux,Idx)) : F(0cUX)>F(X) is again an isomorphism. But,
it follows from axiom (5) that F(fcUX) ~ F(fc)UF(X), which forces |F(c)| =0
hence F(fc) = 0.

We consider now the case of final object. The fact that F(ec) = * follows
from axiom (4). Conversely, by definition of a final object, for any X € C there is
exactly one morphism from X to e¢ in C; denote it by vx : X — ec. So, F(X) =
forces F(vx) : * — * is the identity which, by axiom (6), implies that vx : X Sec
is an isomorphism. O
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2.2. Main theorem

Given a Galois category C, a functor F' : C — FSets satisfying axioms (4), (5),
(6) is called a fibre functor for C. Given a fibre functor F' : C — FSets for C, the
fundamental group of C with base point F is the group — denoted by 71 (C; F') — of
automorphisms of the functor F' : C — FSets.

Also, given two fibre functors F; : C — F'Sets for C, i = 1,2 the set of paths
from Fy to Fy in C is the set — denoted by m1(C; F1, Fa) := Isompei (F1, Fo) — of
isomorphisms of functors from F; : C — FSets to F5 : C — FSets.

Example 2.7.

1. For any connected, locally arcwise connected and locally simply connected
topological space B, let Cg’p denote the category of finite topological covers
of B. Then Cp is Galois with fibre functors the usual “fibre at b” functors,
be B:

Fy - C;;p — FSets .
f:X—=B — fYb)

Let W;OP(B ; b) denote the topological fundamental group of B with base point

b and group law defined as follows. For any v,7’ € WEOP(B ;b) with represen-

tatives ¢y, ¢y 1 [0,1] — B we define 4/ - to be the homotopy class of:

ey ocy: [0,1] — B
0<t<3 — ¢ (2t)
$<t<1l = cp(2t-1)

Then, with this convention, one has:

T (Cy"s Fy) = m,° (B;b)

(where (—) denotes the profinite completion).

2. For any profinite group II, let C(IT) denote the category of finite (discrete)
sets with continuous left II-action. Then C(II) is Galois with fibre functor the
forgetful functor For : C(II) — FSets. And, in that case:

w1 (C(I1); For) = 11.

Example 2.7 (3) is actually the typical example of Galois categories. Indeed,
the fundamental group m1(C; F') is equipped with a natural structure of profinite
group. For this, set:

M= J] Autrses(F(X))
X €0b(C)
and endow II with the product topology of the discrete topologies, which gives it
a structure of profinite group. Considering the monomorphism of groups:
m(CF) — 1I
0 = (0(X))xeonc)

<= where is 2.7 (3)?
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the group 1 (C; F') can be identified with the intersection of all:

Cs :=={(ox)xeonc) €| ox o F(¢) = F(¢) ooy},

where ¢ : Y — X describes the set of all morphisms in C. By definition of the
product topology, the Cy are closed. So m(C; F) is closed as well and, equipped
with the topology induced from the product topology on 11, it becomes a profinite
group.

By definition of this topology, a fibre functor F': C — F'Sets for C factors as:

C —F>FSet8

Fl
For

C(m(C; F)).

Theorem 2.8 (Main theorem). Let C be a Galois category. Then:

(1) Any fibre functor F' : C — FSets induces an equivalence of categories F :
C = C(m(C; F)).

(2) For any two fibre functors F; : C — FSets, i = 1,2, the set of paths
m1(C; F1, Fy) is non-empty. The profinite group w1 (C; F1) is non-canonically
isomorphic to w1 (C; Fy) with an isomorphism that is canonical up to inner
automorphisms. In particular, the abelianization m (C; F)® of 71 (C; F) does
not depend on F up to canonical isomorphism.

3. Proof of the main theorem

Given a category C and X, Y € C, we will say that X dominates Y in C — and
write X > Y — if there is at least one morphism from X to Y in C.

From now on, let C be a Galois category and let F' : C — F'Sets be a fibre
functor for C.

3.1. The pointed category associated with C, F’

We define the pointed category associated with C and F to be the category CP! whose

objects are pairs (X,{) with X € C and ¢ € F(X) and whose morphisms from

(X1,¢1) to (X2, (2) are the morphisms u : X7 — X5 in C such that F(u)((1) = Co.
There is a natural forgetful functor:

For:CM — C
and a 1-to-1 correspondence between sections of For : Ob(CP') — Ob(C) and
families:
¢ = (Cx)xeone) € H F(X).
Xeob(C)

The idea behind the notion of pointed categories is to replace the original category
C by a category CP! with more objects but less morphisms between objects.
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Let C, C C denote the full subcategory of connected objects (see Subsection
3.2.1) and let G C C, denote the full subcategory of Galois objects (see Subsection
3.2.2). Then, it turns out that:

— For any two objects X,Y in G such that X > Y and for any (x € F(X),

Cy € F(Y) there is exactly one morphism from (X, (x) to (Y,(y) in GP;

— For any two objects X, Y € G there exists an object Z € G such that Z > X

and Z > Y.

As a result, any section ¢ of For : Ob(CP*) — Ob(C) endows Ob(G) with a structure
of projective system, that we denote by G<.

The two remarkable facts concerning GS are:

(1) Any object in CP! is dominated by an object in G& (see Proposition 3.3);

(2) Given any object X € G, if we replace C by the full subcategory CX C C whose
objects are the objects in C whose connected components are all dominated
by X and F : C — FSets by its restriction FX : CX — FSets to CX then
(see Proposition 3.5),

(a) the evaluation morphism: eve, : Home(X, —)|cx — FX is an isomor-
phism;

(b) CX is a Galois category with fibre functor FX : CX — FSets for which
Theorem 2.8 holds.

(1) provides a well-defined morphism of functors:
eve : lim Home (X, —) — F
L2
and it will follow from (2) (a) that this is an isomorphism. But, then, the proof
of Theorem 2.8 follows easily by combining (1) and (2) (b). Furthermore, this will
give a natural description of 1 (C; F') as:
(lim Aute (X))°P.
o
3.2. Connected and Galois objects
3.2.1. Connected objects. An object X € C is connected if it cannot be written

as a coproduct X = X3 U Xy with X; # 0c, ¢ = 1,2. We gather below elementary
properties of connected objects.

Proposition 3.1 (Minimality and connected components). An object Xy € C s
connected if and only if for any X € C, X # 0c any monomorphism from X to
Xo in C is automatically an isomorphism.

In particular, any object X € C, X # D¢ can be written as:

ks
X =|]x,
i=1
with X; € C connected, X; # 0Oc, i = 1,...,7 and this decomposition is unique
(up to permutation). We say that the X;, i = 1,...,r are the connected compo-

nents of X.
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Proof. We prove first the “only if” implication. Write Xy = X U X/ and assume,
for instance, that Xg # (c. From Lemma 2.6 (1), the canonical morphism iy, :
X{, — Xy is a monomorphism hence automatically an isomorphism, which forces
F(X() =0 hence X = ¢ by Lemma 2.6 (2).

We prove now the “if” implication. Assume that Xy # (¢ is connected and
let X € C, X # (¢. By axiom (3), any monomorphism i : X < X, in C factors

as X 5 X} LN Xo = Xju XY with ¢/ : X — X| a strict epimorphism and
i" : X} — Xo a monomorphism inducing an isomorphism onto X{. Since X is
connected either X = 0¢ or X}/ = 0c. But if X} = 0¢ then F(X) = 0, which, by
Lemma 2.6 (2), forces X = ¢ and contradicts our assumption. So X} = 0¢ and
i" : X} — Xy is an isomorphism. But, then, ¢ : X — X is both a monomorphism
and a strict epimorphism hence an isomorphism by Lemma 2.4.

As for the last assertion, since C is artinian, for any X € C, X # (), there
exists X1 € C connected, X1 # (¢ and a monomorphism 4; : X; — X. If 7; is an

isomorphism then X is connected. Else, from axiom (3), ¢; factors as X; S x5
X = X' U X" with i} a strict epimorphism and ¢/ a monomorphism inducing an
isomorphism onto X'. Since i1 and ¢} are monomorphism, 7} is a monomorphism
as well hence an isomorphism, by Lemma 2.4 (2). We then iterate the argument
on X”. By axiom (5), this process terminates after at most |F(X)| steps. So we
obtain a decomposition:
T
xX=|]x
i=1

as a coproduct of finitely many non-initial connected objects, which proves the
existence. For the unicity, assume that we have another such decomposition:

X=|]v.
i=1
For 1 <i <7, let 1 <o(i) < s such that F(X;) N F(Y,(;)) # 0. Then consider:

X; :—>1X’i X

PW O iju(i)

Xi Xx Ya(l) 7 Y(T(z)

Since ix, is a monomorphism, ¢ is a monomorphism as well. Also, by axiom (4) one
has FI(X; xx Y,()) = F(X;) N F(Y5()), which is nonempty by definition of o(7).
So, from Lemma 2.6 (1), one has X; x x Y(;) # (¢ and, since Y, ;) is connected and
¢ is a monomorphism, ¢ is an isomorphism. Similarly, p is an isomorphism. (]
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Proposition 3.2 (Morphisms from and to connected objects).

(1) (Rigidity) For any Xy € C connected, Xo # Oc, for any X € C, X # 0¢ and
for any {o € F(Xy), ¢ € F(X), there is at most one morphism from (Xo, (o)
to (X,¢) in CPY;

(2) (Domination by connected objects) For any (X;,¢;) € CPt, i =1,...,r there
exists (Xo,Co) € CP* with Xo € C connected such that (Xo,Co) > (Xi,¢) in
CPtoi=1,...,r.

In particular, for any X € C, there exists (Xg, (o) € CP* with Xo € C con-
nected such that the evaluation map:

eve, 1 Home(Xo,X) = F(X)
—  F(u)(

uw:Xg— X (u)(¢o)

is bijective.
(3) (1) If Xo € C is connected then any morphism u: X — Xg in C is a strict
epimorphism;
(ii) Ifu: Xo — X is a strict epimorphism in C and if Xo is connected then
X is also connected;
(iii) If Xo € C is connected then any endomorphism u : Xo — Xg in C is
automatically an automorphism.

Proof. (1) It follows from axiom (1) that the equalizer ker(u, u2) % X of any two
morphisms u; : X — Y, i = 1,2 in C exists in C. So, let u; : (Xo,¢) — (X,Q)
be two morphisms in CP*, i = 1,2 and consider their equalizer ker(uj,us) N

Xo in C. From axiom (4), F(ker(ui,us)) Q) F(Xp) is the equalizer of F(u;) :

F(Xo) = F(X), i =1,2in FSets. But by assumption, {y € ker(F(u1), F(u2)) =
F(ker(ui,u2)) so, in particular, F(ker(uy,uz2)) # @ and it follows from Lemma
2.6 (2) that ker(uy,us) # fc. Since an equalizer is always a monomorphism, it
follows then from Proposition 3.1 that ¢ : ker(uq, u2)—=Xj is an isomorphism that
is, u1 = us.

(2) Take Xg := X1 X -+ X XT, CQ = (Cl,...,CT) € F(Xl) X - X F(XT) =
F(Xy x---x X,) (by axiom (4)). The ith projection pr; : Xo — X; then induces
a morphism from (Xg, () to (X;,¢) in CP%, i =1,...,r. So, it is enough to prove
that for any (X, () € CP! there exists (Xo, () € CP* with Xy connected such that
(Xo,¢0) > (X,¢) in CP'. If X € C is connected then Id : (X,¢) — (X,¢) works.
Else, write:

T
xX=|]x
i=1
as the coproduct of its connected components and let ix, : X; < X denote the
canonical monomorphism, i = 1,...,r. Then, from axiom (2) one gets:

PX) = [ | F(x)
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hence, there exists a unique 1 < i < r such that ¢ € F(X;) and iy, : (X;,() —
(X, ¢) works.

(3)(i) It follows from axiom (3) that u : X — X, factors as X u X} L
XU X} = Xy, where « is a strict epimorphism and «” is a monomorphism
inducing an isomorphism onto X{. Furthermore, X # ()¢ forces X # 0¢ thus,
since Xy is connected, X{ = ()¢ hence v : X=X, is an isomorphism.

(ii) From axiom (6), it is enough to prove that F(u) : F(Xo)>F(Xp) is an
isomorphism. But as F/(Xp) is finite, it is actually enough to prove that F(u) :
F(Xo) — F(Xp) is an epimorphism. By axiom (3) write u : Xo — Xo as Xo =
X, % Xo = XU XY with o' : Xo — X a strict epimorphism and u” : X} —
Xo a monomorphism inducing an isomorphism onto X|. Since X is connected
either X = (¢ or X[J = (c. The former implies Xy = ¢ and then the claim is
straightforward. The latter implies X = X{) thus «” : X} — Xj is an isomorphism
and u : Xg — X is a strict epimorphism so the conclusion follows from axiom (4).

(iii) If Xo = @c, the claim is straightforward. Else, write X = X’ U X" in
C with X’ # Q¢ and let ix : X’ < X denote the canonical monomorphism.
Fix ¢ € F(X') and (o € F(Xo) such that F(u)(¢o) = ¢’. From (2), there exist
(X, ¢) € €Pt with X connected and morphisms p : (X{, () — (Xo,¢o) and ¢ :
(X0, ¢h) — (X', ¢') in CPE. From (3) (i) the morphism p : X — X is automatically
a strict epimorphism, so wop : X — X is also a strict epimorphism. From (1),
one has: wop = ixs 0q. So ixs o q is a strict epimorphism and, in particular,
F(X) = F(X'), which forces F(X") = () hence, X" = ()¢ by Lemma 2.6 (2). O

3.2.2. Galois objects. It follows from Proposition 3.2 (1) and (3) (iii) that for any
connected object Xg € C, Xy # @c and for any (s € F(Xj), the evaluation map:

eve, - Autc(Xo) — F(XQ)
U : XQ%XO — F(u)(Co)

is injective. A connected object Xy in C is Galois in C if for any (o € F(Xp) the
evaluation map eve, : Aute(Xo) — F(Xo) is bijective. This is equivalent to one of
the following:

(1) Aute(Xo) acts transitively on F/(Xy);

(2) Aute(Xo) acts simply transitively on F'(Xj);
(3) |Aute(Xo)| = [P(Xo)l;

(4) Xo/Aute(Xo) is final in C.

The equivalence of (1), (2) and (3) follows from the fact hat Aute(Xo)
acts simply on F(Xp). It follows from Lemma 2.6 (2) that (4) is equivalent to
F(Xo/Autc(Xo)) = *k.

But, from axiom (5), this is also equivalent to F'(Xy)/Autc(Xo) = *, which
is (1). Note that (4) shows that the notion of Galois object does not depend on
the fibre functor F': C — F'Sets.

<— +par
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Proposition 3.3 (Galois closure). For any X € C connected, there exists X € C
Galois dominating X in C and minimal among the Galois objects dominating X
in C.

Proof. From Lemma 3.2 (2) there exists (Xo,(p) € CP* with Xy € C connected
such that the evaluation map ev¢, : Home(Xo, X)=F(X) is bijective. Write:

Home (Xo, X) = {u1, ..., un}-

Set ¢ := F(u;)(Co), i =1,...,n and let pr; : X™ — X denote the ith projection,
i =1,...,n. By the universal property of product, there exists a unique morphism
mi=(U1,...,un) : Xo = X" such that promr=wu;, i =1,...,n

By axiom (3), one can decompose m:Xo— X" as Xp WX XT = XUuX
with 7/ a strict eplmorphlsm and 7" a monomorphism inducing an isomorphism
onto X. We claim that X is Galois and is minimal for morphisms from Galois
objects to X.

It follows from Lemma 3.2 (3) (ii) that X is connected in C. Set (y :=

F(m ’)((0) = ((1,...,¢n) € F(X); we are to prove that the evaluation map eve,

Aute(X) — F(X) is surjective that is, for any ¢ € F(X) there exists w € Autc(X)
such that F(w)((y) = ¢. From Proposition 3.2 (2) there exists (Xo, (o) € CP* with
X € C connected such that (Xo, (o) > (Xo, ¢o) and (Xo,G0) > (X,0), ¢ € F(X)
in CP*. So, up to replacing (Xo7 o) with (Xo7 Co) we may assume that there are
morphisms p : (Xo, o) — (X,¢) in CP*, ¢ € F(X). So, on the one hand, one can
write F(w)({p) = F(w o n')({o) and, on the other hand, ¢ = F(p¢)((o). But then,
by Lemma 3.2 (1), there exists w € Aute(X) such that F(w)(Co) = ¢ if and only
if there exists w € Aute(X) such that w o7’ = p¢. To prove the existence of such
an w observe that:

(%) {prion”ope,....prpom” o pc} = {u1, ..., un}.

Indeed, the inclusion C is straightforward and to prove the converse inclusion D,
it is enough to prove that the pr; o o p¢, 1 < i < n are all distinct. But since
prion’ o’ =wu; #uj =prjon’on’, 1 <i#j<mnand 7 : X, = X is
a strict epimorphism, pr; o " # prjon”, 1 < i # j < n as well. And, as Xj is
connected, p¢ : Xo — X is automatically a strict epimorphism hence pr;on” ope #
priom” ope, 1 <i# j <n.From (x), there exists a permutation o € S, such
that pr,;on” ope = prion” on’,i=1,...,n and from the universal property of
product there exist a unique isomorphism o : X" = X" such that pr; o o = pry(y,
i=1,...,n. Hence prion” on’ = priocon” opc, i =1,...,n, which forces
7" o’ = o on” opc. But, then, from the unicity of the decomposition in axiom
(3), there exists an automorphism w : X 3X satisfying 0 o 7" = 7’ o w and
wor = pe.

It remains to prove the minimality of X. Let Y € C Galois and ¢ : Y — X
a morphism in C. Fix n; € F(Y) such that F(q)(n;) = ¢, ¢ = 1,...,n. Since
Y € C is Galois, there exists w; € Aute(Y) such that F(w;)(m) =n;,i=1,...,n
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This defines a unique morphism x := (g o wi,...,gowy) : ¥ — X™ such that
priok = qow;, i = 1,...,n. By axiom (3), k : Y — X" factors as ¥ LN
X" =Z'"UZ" with " a strict epimorphism in C and 7" a monomorphism inducing
an isomorphism onto Z’. It follows from Lemma 3.2 (3) (ii) that Z’ is connected
and F(k)(n) = (C1,.-.,Cn) = Co hence Z' is the connected component of ¢y in
X" that is X. O

In particular, X is unique up to isomorphism; it is called the Galois closure
of X.

The following lemma will allow us to restrict to connected objects.

Let Xy, X1,...,X, € C connected, set:

i=1

and let ix, : X; — X denote the canonical monomorphism, ¢ = 1,...,r. One has
a well-defined injective map:

Ur_yix,o: | |Home(Xo, X;) < Home (X, X).
=1
And, actually:

Lemma 3.4. The map:

T
Ui_yix,o: | | Home(Xo, Xi)->Home (X, X)
i=1
1s bijective
Proof. From axiom (3), any u : Xo — X factors as Xog = X' % X = X' U X"
with v/ a strict epimorphism and «” a monomorphism inducing an isomorphism
onto X’. As Xy is connected, it follows from Lemma 3.2 (3) (ii) that X’ is also

connected, so X’ is one of the connected component X;, 7 = 1,...,r of X. This
shows that the above injective map is surjective hence bijective as claimed. O

For any X € C Galois let CX0 C C denote the full subcategory whose objects
are the X € C such that Xy dominates any connected component of X in C. Write
FXo := Flox, : CX0 — FSets for the restriction of F' : C — FSets to C*X°. The
next proposition is the “finite level” version of Theorem 2.8 and can be regarded
as the core of its proof.

Proposition 3.5 (Galois correspondence).
(1) Any (o € F(Xo) induces a functor isomorphism:

eve, : Home (Xo, —)|exo > FX0.
In particular, this induces an isomorphism of groups:
10 Aut pey (FX0) S Aut po (Home (Xo, —)|exo ) = Aute(Xo)°P
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(where the second equality is just the Yoneda lemma) and which can be ex-
plicitly described:

u®(6) = evy, ' (0(X0) (o))

(2) The functor FXo : CXo — FSets factors through an equivalence of categories:

X
CXo S FSets

Xo
F l For

C(Aute(Xo)P)

Proof. (1) For any morphism v : Y — X in CX0, it follows from the fact that
F :C — FSets is a functor that the following diagram commutes:

F(u)

F(Y) F(X)

e”c()(Y)T Tevco(ko

Home (Xo,Y) ——= Home (X0, X),

that is, eve, : Home(Xo, —)|cxo =>FX° is a functor morphism.
Also, since Xy is connected, eve,(X) : Home(Xo, X) — F(X) is injective,
X e ¥,
— If X is connected it follows from Lemma 3.2 (3) (i) that any morphism
u : Xo — X in C is automatically a strict epimorphism. Write F(X) =
{¢1,...,¢n} and let (p; € F(Xo) such that F(u)(Co;) = ¢, i =1,...,n. Since
Xo € C is Galois, there exists w; € Aute(Y) such that F(w;)(¢o) = Coi,
i =1,...,n, which proves that ev¢, (X) : Home(Xo, X) — F(X) is surjective
hence bijective.
— If X is not connected, the conclusion follows from Proposition 3.1, Lemma
3.4 and axiom (5).
(2) For simplicity set G := Autc(Xo). From (1), we can identify FXo : X0 —
FSets with:
Home (Xo, —)|exo : C¥0 — FSets,

over which G°P acts naturally via composition on the right, whence a factorization:

CcXo _FR FSets
Fxol For
c(Gop).

We will write “o” for the composition law in G and “V” for the composition law in
G°P. It remains to prove that FX¢ : CXo — C(G°P) is an equivalence of categories.
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— FXo is essentially surjective: Let E € C(G°P). By the same argument as in

(1), one may assume that F is connected in C(G°P) that is a transitive left
G°P-set. Thus we get an epimorphism in G°P-Sets:

pl: G? — E
w = w-e.

Set fo:=plo evc_ol : F(Xo) — E. Then, for any s € S, := Stabger(e), and
w € G, one has:

feo F(s)(evg (W) = 1272 ° 61))@1 o evgy (s ow)
=(wVs)-e
=w-(s-¢)

= fe(eve (W)

So, by the universal property of quotient, f. : F'(Xo) — E factors through:

Gor —L F(X,) — F(X0)/S.

But if p. : Xo — Xo/Se denotes the categorical quotient of Xy by S. C G
assumed to exist by axiom (2), it follows from axiom (5) that F(X,) —
F(Xy)/Se is F(pe) : F(Xo) - F(Xo/Se). Since Xy is connected, G acts
simply on F'(Xy) hence:

[F(Xo0)/Se| = [F(X0)|/[Se| =[G : 5] = |El.

So f,: F(Xo)/S. = F(Xo/S.) — E is actually an isomorphism in G°P-Sets.

FXo is fully faithful: Let X, Y € C*°. Again, by the same argument as in
(1), one may assume that X, Y are connected in C. The faithfulness of FX°
directly follows from Proposition 3.2 (1). As for the fullness, for any morphism
u: F(X) = F(Y) in C(G°?), fix e € F(X). Since u : F(X) — F(Y) in a
morphism in C(G?) one has Se C Sy () hence py(e) : Xo — Xo/Sy(e) factors
through:

Xo —>pe XO/Se

Pu(e)

XO/Su(e)



Galois Categories 187

whence, from the proof of essential surjectivity, one gets the commutative

diagram:
F(Xo)
F(X0/Se) ———2O0 P(Xo/Su(e))
fc\\ﬁ :im
F(X) m F(Y). O

Exercise 3.6. Let X, € C Galois and X € C*° which, from Proposition 3.5 can be
identified with the quotient of Xy by a subgroup Sx C Autc(Xp). Show that X
is Galois in C if and only if Sx is normal in Aute¢(Xp) and that then, one has a
short exact sequence of finite groups:

1— Sx — Aute(Xp) — Aute(X) — 1.

3.3. Strict pro-representability of F' : C — F'Sets

The category Pro(C) associated with C is the category whose objects are projective
systems X = (¢i; : Xi = Xj)ijer, i>; in C indexed by partially ordered filtrant
sets (I,<) and whose morphisms from X = (¢;; : Xi = X;)ijer, i>; to X' =
(95« Xi = Xf)ijer, i>; are:
HomPro(C) (&7 Xl) = IHP ]'ll;r,l HomC(Xi7Xi//)'
ilel’ iel

Note that C can be regarded canonically as a full subcategory of Pro(C) and that
F :C — FSets extends canonically to a functor Pro(F) : Pro(C) — Pro(FSets).

The functor F': C — FSets is said to be pro-representable in C if there exists
X = (¢ Xi = Xj)ijer, i>; € Pro(C) and a functor isomorphism:

HomPro(C) (X _) |CL>F

==

and it is said to be strictly pro-representable in C if it is pro-representable in C by
an object X = (¢;; : X; — Xj)ijer, i>j € Pro(C) whose transition morphisms
@i« X; — X are epimorphisms, ¢,j € I, i > j.

3.3.1. Projective structures on Galois objects. Let G denote the set of all Galois
objects (or more precisely, a system of representatives of the isomorphism classes
of Galois objects) in C. From Proposition 3.2 (2) and Proposition 3.3, (G, <) is
directed. Fix ( = ((x)xeg € [[xeg F'(X). Then, from Proposition 3.2 (1), for

any X, Y € G with X <Y, there exists a unique gb%(}y :Y — X in C such that

¢%(’Y(Cy) = (x. The unicity of qS%(’Y 1Y — X implies that for any X, Y, Z € G
with X <Y < Z one has:

¢ ¢ ¢
¢3{,Y o ¢)7,Z = ¢3{,Z~
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This endows G with a structure of projective system

q
GS:=(¢xy : Y = X)x, veq, x<v
and one has:
Proposition 3.7. The fibre functor F' : C — F Sets is strictly pro-representable in C

by GS. More precisely, the evaluation morphisms evey,  Home (X, —)|ex — Flex,
X € G induce a functor isomorphism:

eve : limHome (X, —)|¢c > F.
> —
Proof. From Proposition 3.2 (3) (i), the transition morphisms are automatically

strict epimorphisms. The remaining part of the assertion follows directly from the
construction and Proposition 3.5. (]

The projective structure G also induces a projective structure on the Aute (X),
X € G. More precisely, we have:

Lemma 3.8. For any X, Y € G with X <Y, for any morphisms ¢, ¥ : Y — X in
C and for any wy € Aute(Y) there is a unique automorphisms wx = 1y 4 (wy) :
X5X in C such that the following diagram commutes:

y 2oy

wl l(b
X —X.
wx
Proof. Since X is connected, v : Y — X is automatically a strict epimorphism
and, in particular, the map:
o) : Aute(X) — Home (Y, X)
is injective. But it follows from Proposition 3.5 that |Home (Y, X)| = |F(X)| and
from the fact that X is Galois that |F(X)| = |[Aute(X)|. As a result the map:
o) : Aute(X)>Home (Y, X)
is actually bijective and, in particular, there exists a unique automorphism wx :
X=X in C such that ¢ owy = wx 0. O
So one gets a well-defined surjective map:
Téap Aute (Y) — Aute (X),
which is automatically a group epimorphism when ¢ = 9. In particular, one gets

a projective system of finite groups:

<
(7‘}71, ST e Aute(Y) — Aute(X))x veg, x<v-
X,y Px,y

Set:
IT := limAut¢ (X).
—
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Then II°P acts naturally on:
lim Home (X, —)l¢
—

by composition on the right, which induces a group monomorphism:

I1°? — Autpe(lim Home (X, —)c)
—

and the functor isomorphism
eve : lim Home (X, —)|c = F
<

thus induces a group monomorphism:

us m(C; F) — II°P
0 = (evg (0(X)(Cx)))xeg

and, actually:

Proposition 3.9. The group monomorphism us : m (C; F) — 1I°P is an isomorphism
of profinite groups.

Proof. We first show that u¢ : m1(C; F') — II°P is a group isomorphism by con-
structing an inverse. Let w := (wx)xeg € IL For any Z € C connected, let Z
denote the Galois closure of Z in C and consider the bijective map:

-1
€V, eve
<z S

0,(Z): F(Z) = Home(Z,Z) = Home(Z,2) = F(Z).
One checks that this defines a functor automorphism and that u$(f,,) = w.
Next, we show that u¢ : m1(C; F)) — II°P is continuous. For this, it is enough
to check that the: B

(G F) S 11 — Aute(X), X €6

are, which is straightforward by the definition of the topology on 71 (C; F'). Finally,
since w1 (C; F') is compact, ugl is continuous as well. O

3.3.2. Conclusion. We can now carry out the proof of Theorem 2.8

1. From Proposition 3.7 and Proposition 3.9, this amount to showing that:
F& . Hompm(c)(Qi7 —)|¢ : C — FSets

factors through an equivalence of category F< : C — C(II°P). But this follows
almost straightforwardly from Proposition 3.5. Indeed,

— FS is essentially surjective: For any E € C(II°) since F is equipped with
the discrete topology, the action of II°? on E factors through a finite quotient
Aute(X) with X € G and we can apply Proposition 3.5 in CX.

— FS is fully faithful: For any Z, Z’ € C, there exists X € G such that X > Z,

X > 7' and, again, this allows us to apply Proposition 3.5 in CX.
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2. This immediately follows from Proposition 3.7. Indeed, let F; : C — FSets,
i = 1,2 be fibre functors. Then any ' € [Jicg F*(X) induces a functor
isomorphism:

evl : Homp,o(e) (GE, =)= F.

So it is enough to prove that Q£1 and Q£2 are isomorphic in Pro(C). But one
has:

lim lim Home (Y, X) = lim lim Autc (X) = lim Aute(X) ,

X Y X Y X

where the first equality follows from Proposition 3.5 (1). So it is actually
enough to prove that

l{iLnAutc(X) # 10,

where the structure of projective system on the Aute(X), X € G is given by
the surjective maps defined in Lemma 3.8:

Tol 6% y sAute(Y) » Aute(X), X, Yeg, X <Y.

And this follows from the fact that a projective system of non-empty finite
sets is non-empty. O

4. Fundamental functors and functoriality

4.1. Fundamental functors

Let C, C’ be two Galois categories. Then a covariant functor H : C — C’ is a
fundamental (or ezxact, according to the terminology of [SGA1]) functor from C to
C’ if there exists a fibre functor F’ : ¢’ — FSets for C' such that F'oH : C — FSets
is again a fibre functor for C or, equivalently (since, from Theorem 2.8 (2), two
fibre functors are always isomorphic), if for any fibre functor F’ : ' — FSets for
C’ the functor F' o H : C — F'Sets is again a fibre functor for C.

Let w : II'” — II be a morphism of profinite groups. Then any F € C(II)
can be endowed with a continuous action of II' via u : II' — II, which defines a
canonical fundamental functor:

H, : C(IT) — C(IT').

Conversely, let H : C — C’ be a fundamental functor. Let F’ : ¢’ — FSets
be a fibre functor for ¢’ and set F' := F' o H : C — FSets, Il := m(C; F),
I' := w1 (C'; F'). Then for any ©' € II', one has ©' o H € II, which defines a
canonical morphism of profinite groups:

UH:HI—>H.
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One checks that vy, = u and that the following diagram commutes:

Huy
C(I1) —“ ¢(11)

FT TF,

C c'.

H

Furthermore, given a fibre functor F’ : C’ — FSets for C’ and two fundamental
functors Hi, Hy : C — C’ such that F' o Hy = F’ o Hy =: F, any morphism of
functors a : H; — Hs induces an endomorphism of functor u, : F — F such that:

Ug o up, (0') = um, (0') o ug, 0 €11,

Thus, one the one hand, let Gal denote the 2-category whose objects are Ga-
lois categories pointed with fibre functors and where 1-morphisms from (C; F')
to (C'; F') are fundamental functors H : ¢ — C’ such that Y o H = F and 2-
morphisms are isomorphisms between fundamental functors. And, on the other
hand, let Pro denote the 2-category whose objects are profinite groups and where
1-morphisms are morphisms of profinite groups and 2-morphisms from u; : IT' — II
to ug : II" — II are elements § € II such that § o uj(—) 0 #~1 = wuy. Then, the
functor (C, F') — m1(C; F') from Gal to Pro is an equivalence of 2-categories with
pseudo-inverse II — (C(II), For). In the next subsection, we compare the proper-
ties of the fundamental functor H : C — C’ and of the corresponding morphism of
profinite groups u : IT" — TI.

Example 4.1. Any continuous map ¢ : B’ — B of connected, locally arcwise con-
nected and locally simply connected topological spaces defines a canonical functor:
H: Cgp — Clt;,p
f:X—)B — pQ:XXf7B7¢BI—>BI.
and for any ' € B’, one has:
FyoH(f) =py (V)

= {(z,V) | € X such that f(z) = ¢(V')}

= f~Ho(V')).
Hence H : Cg — Cp/ is a fundamental functor. In that case, the corresponding
morphism of profinite groups is just the canonical morphism:

—_—

¢ (B Y) — mP(B; o (b))
induced from ¢ : 7" (B';b') — m°P(B; ¢ (V).
4.2. Functoriality

From Subsection 4.1, one may assume that C = C(II), ' = C(Il') and H = H,, for
some morphism of profinite groups w : II' — II.

Given (X, () € CPt, we will write (X, ()o := (Xo,(), where X denotes the
connected component of ¢ in X.
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We will say that an object X € C has a section in C if ec > X and that an
object X € C is totally split in C if it is isomorphic to a finite coproduct of final
objects.

Lemma 4.2. With the above notation:

(1) For any open subgroup U C 1II,
—im(u) C U if and only if (ecr,*) > (H(I1/U),1)) in C'P*;
— Let:
Kn(im(u)) < II
denote the smallest normal subgroup in II containing im(u). Then
Kn(im(u)) C U if and only if H({I/U) is totally split in C’.
In particular, u : 1" — 11 is trivial if and only if for any object X in C, H(X)
is totally split in C'.
(2) For any open subgroup U’ C II,

— ker(u) C U’ if and only if there exists an open subgroup U C II such
that: (H(I1/U),1)o > (II'/U’,1) in C'7*.

—if, furthermore, u : II' — I is an epimorphism, then Ker(u) C U’ if
and only if there exists an open subgroup U C II and an isomorphism
(H(II/U),1)o=(IT'/U’,1) in C'Pt.

In particular,

— u : Il < 1I is a monomorphism if and only if for any connected ob-
ject X' € C' there erists a connected object X € C and a connected
component H(X)o of H(X) in C such that H(X)g > X' in C'.

— if, furthermore, u : II' — Il is an epimorphism, then u : II' — Il is an
isomorphism if and only if H : C — C' is essentially surjective.

Proof. Recall that, given a profinite group II, a closed subgroup S C II is the
intersection of all the open subgroups U C II containing S thus, in particular,
{1} is the intersection of all open subgroups of II. This yields the characterization
of trivial morphisms and monomorphisms from the preceding assertions in (1)
and (2).

(1) For the first assertion of (1), note that ecr = * and that (ec/,x),>
(H(II/U),1)) in C'?* if and only if the unique map ¢ : * — H(II/U) sending
* to U is a morphism in C’ that is, if and only if for any 6’ € IT',

U=d(x) =0 -x) =0 ¢(x) = u(0)U.
For the second assertion of (1), note that Ki(Im(uw)) C U if and only if for any
g € II/U, the map ¢, : * — H(II/U) sending * to gU is a morphism in C’. This
yields a surjective morphism Uger/pdy @ Ugeryu* — HII/U) in C', which is
automatically injective by cardinality. Conversely, for any isomorphism U;co; :
Uierx — H(II/U) in C', set i; : * — H(II/U) for the morphism * < L;e/* —
H(II/U) in C’; by construction i; = ¢;, ()

(2) Since U’ is closed of finite index in II’ and both II and II' are compact,
u(U’) is closed of finite index in im(u) hence open. So there exists an open subgroup
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U C 1T such that U Nim(u) C u(U"). By definition, the connected component of 1
in HII/U) in C’ is:

im(u)U/U ~ im(u)/(U Nim(u)) ~ I /u=H(U).

But v Y(U) = = 1(U N Im(u)) C U’, whence a canonical epimorphism
(Im(u)U/U,1) — (I'/U’,1) in C'P'. If, furthermore, im(u) = II, then one can
take U = w(U’) and ¢ is nothing but the inverse of the canonical isomorphism
II'/U'SI1/U. Conversely, assume that there exists an open subgroup U C II and
a morphism ¢ : (Im(u)U/U,1) — (I'/U’,1) in C'P*. Then, for any g’ € IT, one has:
o(u(g"U) = ¢ - ¢(1) = ¢g'U’. In particular, if u(g’) € U then ¢'U = ¢(u(¢g’)U) =
#(U) = U’" whence ker(u) C u=}(U) C U’. Eventually, note that since ker(u) is
normal in IT", the condition ker(u) C U’ does not depend on the choice of ¢ € F(X)
defining the isomorphism X' SIT'/U’. O

Proposition 4.3.

(1) The following three assertions are equivalent:
(i) w: 1" — II is an epimorphism;
(ii) H : C — C’ sends connected objects to connected objects;
(i) H:C — C' is fully faithful.

(2) u : ' < 1II is a monomorphism if and only if for any object X' in C'
there exists an object X in C and a connected component X of H(X) which
dominates X' in C'.

(3) w: IS is an isomorphism if and only if H : C — C’ is an equivalence of
categories.

(4) IfcC B loenisa sequence of fundamental functors of Galois categories

’
u

with corresponding sequence of profinite groups 11 <~ I’ & 11", Then,
— ker(u) D im(w') if and only if H'(H(X)) is totally split in C", X € C;
— ker(u) C im(u') if and only if for any connected object X' € C' such
that H'(X') has a section in C", there exists X € C and a connected
component X, of H(X) which dominates X' in C'.

Proof. Assertion (2) and (4) follow from Lemma 4.2 (2). Assertions (3) follows
from Lemma 4.2 and (1). So we are only to prove assertion (1). We will show that
(i) = (ii) = (iii) = (i). For (i) = (ii), assume that w : II' — II is an epimorphism.
Then, for any connected object X in C(II), the group II acts transitively on X. But
H(X) is just X equipped with the IT'-action ¢’-x = u(¢’) -z, ¢’ € II'. Hence II’ acts
transitively on H(X) as well or, equivalently, H(X) is connected. For (ii) = (i),
assume that if X € C is connected then H(X) is also connected in C’. This holds,
in particular, for any finite quotient II/N of II with N a normal open subgroup

of II that is, the canonical morphism uy : I’ = TII ry II/N is a continuous

epimorphism. Hence so is u = limuy. The implication = (iii) is straightforward.
—

Finally, for (iii) = (i), observe that given an open subgroup U C II, U # II there

is no morphism from * to II/U in C. Hence, if H : C — C’ is fully (faithful), there
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is no morphism as well from % to H(II/U) in C’. But, from Lemma 4.2, this is
equivalent to im(u) ¢ U. O

Exercise 4.4. Given a Galois category C with fibre functor F' : C — FSets and
Xo € C connected, let Cx, denote the category of Xo-objects that is the category
whose objects are morphism ¢ : X — X in C and whose morphisms from ¢’ :
X' — Xy to ¢ : X — X are the morphisms ¢ : X’ — X in C such that ¢gotp = ¢'.
For any ¢ € F(Xy), set

F(XO,O : Cx, — FSetSl
p: X = Xo = F(¢) (0.

Then,

1. show that Cx, is Galois with fibre functors Fix, ¢) : Cx, — FSets, ¢ € F(Xo)
and that, furthermore, the canonical functor

H: C — CX()
X pQZXXXO—>X0

has the property that F(x, ¢ o H = F, ( € '(Xo) and induces a profinite
group monomorphism: m (Cx,; F{x,,¢)) < 71 (C; F') with image Stab, (¢, (¢);

2. show that H(Xy) is totally split in Cx, and that if X is the Galois closure
X of some connected object X € C then H(X) is totally split in C -

5. Etale covers

The aim of this section is to prove that the category of finite étale covers of a
connected scheme is Galois (see Theorem 5.10). The proof of this result is carried
out in Subsection 5.3. In Subsections 5.1 and 5.2, we introduce the notion of étale
covers and give some of their elementary properties.

Convention: All the schemes are locally noetherian. We make this hypothesis for
simplicity and will not repeat it later. For instance, it will sometimes be used
explicitly in the proofs but not mentioned in the corresponding statement. Be
aware that some results stated in the following sections remain valid without the
noetherianity assumptions but some do not.

5.1. Etale algebras

Given a ring R, let Alg/R denote the category of R-algebras. Also, given a ring
R, we write R* for the group of invertible elements in R.

Lemma 5.1. Let A be a finite-dimensional algebra over a field k. Then the following
properties are equivalent:
(1) A is isomorphic (as k-algebra) to a finite product of finite separable field
extensions of k;
(2) A®y k is isomorphic (as k-algebra) to a finite product of copies of k;
(3) A®y k is reduced;
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Proof. We first prove that a finite-dimensional algebra A over a field & is reduced if
and only if it is isomorphic (as k-algebra) to a finite product of finite field extensions
of k. The ‘if’ part is straightforward. As for the ‘only if’ part, write A = []/_, 4; as
the finite product of its connected components. Since it is enough to prove that A;
is (as k-algebra) a finite field extension of k, i.e., that A;,\{0} = AX,i=1,...,r, we
may assume that A is a finite-dimensional connected algebra over k. Let a € A\{0}.
Since A is finite dimensional over k, it is artinian hence Aa™ = Aa™*! for n > 0. In
particular, there exists b € A such that a” = ba"*! = ba"a = b?a"t? = ... = h"a?"
hence a™" = (a™b™)?, which forces a™™ = 0 or 1 since A has no non-trivial
idempotent. But o™ = 0 would imply a™ = (a™b™)a™ = 0, which is impossible
since a # 0 and A is reduced. Hence a(a™ 1b") = a"b™ = 1 so a € A*. This
proves that A is a field and, as it is also finite dimensional over k, it is a finite field
extension of k. This already proves (2) < (3). We are going to prove (2) = (1) =
(4) = (1). _ _

(2) = (1): Set A := A/v/0. Then A is reduced hence, from the above, is
isomorphic (as k-algebra) to [[/_, K; with K; a finite field extension of k, i =
1,...,7. Now, any morphism A — k of k-algebras factors through one of the K;
hence

N := [Hom /4 (A, k)| = [Hom gy (K, K)|
i=1
Since: ~
|HOH1Alg/k(Ki,k)| S [Kl . k]
with equality if and only if K is a finite separable field extension of k and

T

dimy (A) = > [K; : k] < dimg(A),

i=1
one has N < dimy(A) and N = dimy(A) if and only if A = A4 and:

|HOH1Alg/k(K1',E)| = [Kl : k], = 1, ... T
that is, if and only if A = A and K; is a finite separable field extension of k,
i=1,...,7. But the universal property of tensor product implies that:

Hom a1 (A, k) = Hom ;7 (A @y k, k)
hence: L B

N = |H0mAlg/E(A ®r k, k)| = dimgz(A @ k) = dimy(A).

(1) = (4): Write:

I
i=1

as a finite product of finite separable field extensions of k. Then the maximal ideals
of A are the kernel of the projection maps m; := ker(4 — K;), i = 1,...,r and
Q}4|k = 0 if and only if (Q,l4|k)m7: = Qg =0,7=1,...,7. Hence, one can assume
that A = K is a finite separable field extension of k. But, then, by the primitive
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element theorem, K = k[X]/P for some irreducible separable polynomial P € k[X]
hence Qj, = KdT'/P'(t)dT (where t denotes the image of X in k) with P'(t) # 0
since P is separable. B

(4) = (3): Qa4 = 0 implies that QA®kE\E = Qux @k k = 0. So, one may
assume that k = k is algebraically closed. Since A is artinian any prime ideal
is maximal and |spec(A)| < +oo. Write my, ..., m, for the finitely many prime
(=maximal) ideals of A. Then, by the Chinese remainder theorem, one has the
short exact sequence of A-modules:

0—v0 AL [4/m — 1.
i=1
As [A/m; : k] < +o0 and k is algebraically closed, one actually has A/m; = k,
1= 1,. LT Let e; € A, 1=1,...7 such that (1) gb(ez) = (6i,j)1§j§7’7 1= 1,. Ty
(ii) eiej; € (V0)%, 1 <i# j <r and (iii) e, —e? € (V0)% i=1,...,7r. Such a r-
tuple can always be constructed. Indeed, start from e; € A, i = 1,...,r satisfying
(i); then the €2, i = 1,...,r satisfy (i) and (ii). Also, as A is artinian and thus, for
all i =1,...,r the chain of ideals:

(es) D (ef) D+

stabilizes, we can find n > 1 and a; € A such that for all ¢ = 1,...,7 one has:

2n __.n
i—e‘.

We set ¢; := (a;el)?(= a;e?). Then ¢(e;) = 0ij, €i€j € (V02 for1<i#j<r
and:

a; e

e = (aie})” = ai(a;e}”
Hence the €;, i = 1,...,r satisfy (i), (ii), (iii). Let \; : A — A/m; denote the
ith component of ¢ and, for every a € A, define \(a) := Y_._; Ai(a)e;. Then, by

definition, a — A(a) € v/0, a € A and one can check that the following map:
d: A — 0/(0)?
a — (a—Ala))mod(+/0)?
defines a k-derivation hence is 0 by assumption, which forces v0 = (v/0)2. But,

as A is an artinian, v/0 is nilpotent hence v0 = (1/0)? implies v/O = 0 that is
A=A a

) = aief = €;.

A finite-dimensional algebra A over a field k satisfying the equivalent prop-
erties of Lemma 5.1 is said to be étale over k. We will write FEAlg/k C Alg/k
for the full subcategory of finite étale algebras over k.

5.2. Etale covers

Let Sch denote the category of schemes and, given a scheme S, let Sch/S denote
the category of S-schemes.

Given a scheme S, we will write Og for its structural sheaf and, given a
point s € S, we will write Og s, ms; and k(s) for the local ring, maximal ideal
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and residue field at s respectively. Also, we will write S for any geometric point
associated with s, that is any morphism 3 : spec(2) — S with image s and such
that Q is an algebraically closed field.

A morphism ¢ : X — S that is locally of finite type is unramified at €
X if myyOx,» = m, and k(z) is a finite separable extension of k(4(z)) (or,
equivalently, if Ox . ®og ,(,, k(¢(r)) is a finite separable field extension of k(s))
and it is unramified if it is unramified at all x € X. A morphism ¢ : X — S that
is locally of finite type is étale at © € X if ¢ : X — S is both flat and unramified
at x € X and it is étale if it is étale at all x € X. A morphism ¢ : X — S is an
étale cover of S if it is finite, surjective and étale.

We will often use the following characterization of finite flat morphisms and
finite unramified morphisms respectively. Recall that, given a finite morphism
¢: X — S, the Og-module ¢,Ox is coherent.

Lemma 5.2. Let ¢ : X — S be a finite morphism. Then,
(1) ¢: X — S is flat if and only if $p.Ox is a locally free Og-module;
(2) The following properties are equivalent:
(a) ¢: X — S is unramified;
(c) Ax|s: X = X x5 X is an open immersion (hence induces an isomor-
phism onto an open and closed subscheme of X xg X).
(d) (0+0x)s @05, k(s) = Ox,(Xs) is a finite étale algebra over k(s), s € S;

Proof. (1) As the question is local on X we may assume that ¢ : X — S is induced
by a finite, flat A-algebra ¢# : A — B with A noetherian. Then B is a flat A-
module if and only if B, is a flat Ay,-module, p € S. But as A, is a local noetherian
ring and By, is a finitely generated Ay-module, By is a flat A,-module if and only
if By is a free Ap-module. To conclude, for each p € S, write:

T bi
Bp = @AP;,

where s € A\ p. This defines an exact sequence of As-modules:

(.t

0= K — A" "5 B Q0.

o

As Ag is noetherian, K is a finitely generated Ag-module hence its support supp(K)
is the closed subset V(Ann(K)) C spec(4;). Similarly, as Bs is a finitely generated
As-module, @ is a finitely generated As-module as well hence with closed support
supp(Q) = V(Ann(Q)) C spec(A4s). But, by definition of the support, U, :=
supp(K) Nsupp(Q) is an open neighborhood of p in S such that:

¢.Ox|v, ~ Oy, .

This shows that if ¢ : X — S is flat then ¢,Ox is a locally free Og-module. The
converse implication is straightforward.
(2) We prove (a) = (b) = (c) = (d) = (a).
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(a) = (b): Since Q%ﬂs = 0if and only if Qx5 = 0, z € X, one may again assume
that ¢ : X — S is induced by a finite A-algebra ¢# : A — B with A noetherian.
Also, as Q}B‘ 4 is a finitely generated B-module, by the Nakayama lemma, it is
enough to show that:

But it follows from the fact that f : X — S is unramified that for any q € X
above p € S one has:

Bg ®a, k(p) = k(q).
Whence:
Qpa @B k(a) =Qp 1, ®ak(p)

= QBe Ak(p)|k(p)
= Qi) k(p)

)

where the last equality follows from the fact that k(p) < k(q) is a finite separable
field extension.

(b) = (c): As ¢ : X — S is separated, the diagonal morphism Ay g : X —
X xg X is a closed immersion and, in particular:

Ax|s(X) = supp(Ax|s:Ox).

Let:
1 := Ker(Af{‘S :Oxxgx — (Ax|s)*(9x) C Oxxgx

denote the corresponding sheaf of ideals. By assumption Q%(\S =0= A}lS(I/I2).
In particular,

IAX\SCT)/IZX\S(JC) =( ;(ls(I/Iz))x =0,z€X

or, equivalently, Iaxis(ax) = IZX‘S(x)v r € X. But, as S is noetherian and ¢ : X —
S is finite, X is noetherian hence Z is coherent. So, by Nakayama,

2
IAX\S(””) = IAX\S(I)’ reX

forces

IAX\S(JC) =0, zeX.

Thus Ax|s(X) is contained in the open subset U := X x5 X \ supp(Z). On the
other hand, for all u € U, the morphism induced on stalks:

qusm (Oxxsx,u—(Ax15+0x )u

is an isomorphism. So U is contained in supp(Ax|s.Ox) = Ax|s(X) hence
Ax|s(X)=U and Ax|s: X — X xg X is an open immersion.
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(¢) = (d): For any geometric points 5 : spec(2) — S and T : spec(2) — Xz,
consider the cartesian diagram:

X X5 * spec(Q)
Axsj O Axsnj O (Idxr)l

X xg X =<=— XgxqXs ﬁdﬁpec(Q) X0 Xz.

Since open immersions are stable under base changes, T : spec(§2) — X5 is again an
open immersion hence induces an isomorphism onto a closed and open subscheme
of Xz that is, since spec(2) is connected and X5z is finite, a connected component
of X5. As a result,
Xz = |_| spec(Q)
T:SPeCc(Q)— X
is a coproduct of | Xz| copies of spec().

(d) = (a): As the question is local on X, we may assume, one more time,
that ¢ : X — S is induced by a finite A-algebra ¢# : A — B with A noetherian.
By assumption,

Boakp)= [] ki
1<i<n
is, as a k(p)-algebra, the product of finitely many finite separable field extensions
of k(p). In particular, any ideal in spec(B ®4 k(p)) is maximal and equal to one
of the:
mj ::ker( H k; —»kj), j: 1,...,n.
1<i<n

But, then, for any q € X above p € S whose image in spec(B ®4 k(p)) is m; for
some 1 < j < n, one has:

By ®a, k(p) = (B®Ak®P))n, = Fkj,
which, by assumption, is a finite separable field extension of k(p). O

Remark 5.3. The equivalences (a) < (b) < (c) also hold for morphisms which are
locally of finite type.

Example 5.4. Assume that S = spec(A) is affine and let P € A[T] be a monic
polynomial such that P’ # 0. Set B := A[T|/PA[T] and C := B, where b € B
is such that P’(t) becomes invertible in By (here ¢ denotes the image of T’ in B).
Then spec(C) — S is an étale morphism. Such morphisms are called standard
étale morphisms.

Actually, any étale morphism is locally of this type.

Theorem 5.5. (Local structure of étale morphisms) Let A be a noetherian local
ring and set S = spec(A). Let ¢ : X — S an unramified (resp. étale) morphism.
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Then, for any x € X, there exists an open neighborhood U of x such that one has
a factorization:

US—— spec(C),

i/

where spec(C) — S is a standard étale morphism and U — spec(C) is an immer-
sion (resp. an open immersion).

Proof. See [Mi80, Thm. 3.14 and Rem. 3.15]. O

For any étale cover ¢ : X — S, the rank function:
r_(¢):S —  Zxo
s = rs(e) = rankos,s((¢*OX)8) = 1"fjmkk(s) (Ox,(Xs))

= dimﬁ(oxs (Xs) @us) k(s)) = | X5

is locally constant hence constant, since S is connected; we say that r(¢) is the
rank of ¢ : X — S.
Eventually, let us recall the following two standard lemmas.

Lemma 5.6. (Stability) If P is a property of morphisms of schemes which is (i)
stable under composition and (ii) stable under arbitrary base-change then (iv) P
is stable by fibre products. If furthermore (iii) closed immersions have P then, (v)

for any X Ly 4 Z, if g is separated and g o f has P then f has P.

The properties P = surjective, flat, unramified, étale satisfy (i) and (ii) hence (iv).
The properties P = separated, proper, finite satisfy (i), (ii), (iii) hence (iv) and
(v).

Lemma 5.7. (Topological properties of finite morphisms)

(1) A finite morphism is closed;
(2) A finite flat morphism is open.

Remark 5.8.

(1) Since being finite is stable under base-change, Lemma 5.7 (1) shows that a
finite morphism is universally closed. Since finite morphisms are affine hence
separated, this shows that finite morphisms are proper.

(2) Lemma 5.7 (2) also hold for flat morphisms which are locally of finite type.

Corollary 5.9. Let S be a connected scheme. Then any finite étale morphism ¢ :
X — S is automatically an étale cover. Furthermore, ¢ : XS is an isomorphism

if and only if r(¢) = 1.

Proof. From Lemma 5.7, the set ¢(X) is both open and closed in S, which is
connected. Hence ¢(X) = S. As for the second part of the assertion, the “if”
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implication is straightforward so we are only to prove the “only if” part. The con-
dition r(¢) = 1 already implies that ¢ : X — S is bijective. But as ¢ : X — S is
continuous and, by Lemma 5.7 (2), open, it is automatically an homeomorphism.
So ¢ : X — S is an isomorphism if and only if ¢7 : Og s—(¢.Ox)s is an isomor-
phism, s € S. This amounts to showing that any finite, faithfully flat A-algebra
A — B such that B = Ab as A-module is surjective that is b € A. By assumption,
there exists a € A such that ab = 1 and, as B is finite over A, there exists a monic
polynomial P, = T + Zf;ol r;T* € A[T] such that P,(b) = 0 hence, multiplying

this equality by a?~, one gets b= — Y% rat17i € A. O

5.3. The category of étale covers of a connected scheme

5.3.1. Statement of the main theorem. Let S be a connected scheme and denote
by Cs C Sch/S the full subcategory whose objects are étale covers of S.
Given a geometric point 5 : spec(2) — S, the underlying set associated to
the scheme X5 := X X, g3 spec(Q2) will be denoted by X£¢. One thus obtains a
functor:
Fs: Cg — FSets
p: X —=S — Xz

Theorem 5.10. The category of étale covers of S is Galois. And for any geometric
point 5 : spec(Q) — S, the functor F5: Cs — FSets is a fibre functor for Cg.

Remark 5.11. For any geometric point s : spec(2) — S, the functor Fs : Cg —
FSets is a fibre functor for Cg but all fibre functors are not necessarily of this form.
For instance, given an algebraically closed field © and a morphism f : P — S
then the functor:

Ff : CS — FSets
gb X =S5 — 7T0(X X .8, f Pb)

is also a fibre functor for Cg.

By analogy with topology, for any geometric point 5 : spec(2) — S, the
profinite group:

m1(S;35) := m(Cs; Fs)
is called the étale fundamental group of S with base point s. Similarly, for any two
geometric points 3; : spec(£2;) = S, ¢ = 1,2, the set:
71(8;31,52) := m1(Cs; F5,, Fs,)

is called the set of étale paths from 351 to 33. (Note that 7 and Qs may have
different characteristics.)

From Theorem 2.8, the set of étale paths m1(.5;51,52) from $1 to S2 is non-
empty and the profinite group 71 (5;351) is noncanonically isomorphic to 71 (S;32)
with an isomorphism that is canonical up to inner automorphisms.

Eventually, given a morphism f : S — S of connected schemes and a geo-
metric point 3 : spec(Q2) — S’, the universal property of fibre product implies
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that the base change functor f* : Cs — Cg satisfies Fg o f* = Fjy(g). Hence
f*:Cs — Cg is a fundamental functor and one gets, correspondingly, a morphism
of profinite groups:

w1 (f) : m(S;3) = m(S;3),
whose properties can be read out of those of f : S’ — S using the results of
Subsection 4.2.

5.3.2. Proof. We check axioms (1) to (6) of the definition of a Galois category.
Axiom (1): The category of étale covers of S has a final object: Idg : S — S and,
from Lemma 5.6, the fibre product (in the category of S-schemes) of any two étale
covers of S over a third one is again an étale cover of S.

Axiom (2): The category of étale covers of S has an initial object: ) and the
coproduct (in the category of S-schemes) of two étale covers of S is again an étale
cover of S. A more delicate point is:

Lemma 5.12. Categorical quotients by finite groups of automorphisms exist in Cg.

Proof of the lemma. Let ¢ : X — S be an étale cover and let G C Autgp/5(¢) be
a finite subgroup.

Step 1: Assume first that S = spec(A4) is an affine scheme. Since étale cover are,
in particular, finite hence affine morphisms, ¢ : X — S is induced by a finite
A-algebra ¢# : A — B. But, then, it follows from the equivalence of category
between the category of affine S-schemes and (Alg/A)°P that the factorization

pG

spec(BE") =: G\ X

| =

S

is the categorical quotient of ¢ : X — S by G in the category of affine S-schemes.
So, as Cg is a full subcategory of the category of affine S-schemes, to prove that
oc : G\ X — S is the categorical quotient of ¢ : X — S by G in Cg it only
remains to prove that ¢g : G\ X — S is in Cg.
Step 1-1 (trivialization): An affine, surjective morphism ¢ : X — S is an étale
cover of S if and only if there exists a finite faithfully flat morphism f :S" — S
such that the first projection ¢' : X' := 8" X154 X — S’ is a totally split étale
cover of S’.

In other words, an affine surjective morphism ¢ : X — S is an étale cover
if and only if it is locally trivial for the Grothendieck topology whose covering
families are finite, faithfully flat morphisms.

Proof. We first prove the “only if” implication. As f : S — S is finite and faithfully
flat, it follows from Lemma 5.2 (1) that for any s € S there exists an open affine
neighborhood U = spec(A) of s such that f|fU,1(U) : f7Y(U) — U is induced by
a finite A-algebra f# : A — A’ with A’ = A", Also, as ¢ : X — S is affine and
surjective, ¢|g_1(U) : ¢~ 1(U) — U corresponds to a A-algebra ¢# : A < B. By
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assumption B4 A’ = A’® as A’-algebras hence By A’ = A" as A-modules. But,
on the other hand, B4 A’ = B®4 A" = B" as B-modules hence as A-modules.
In particular, B is a direct factor of A™ as A-module hence is flat over A. This
shows that ¢ : X — S is flat. Also, as B is a submodule of the finitely generated
A-module A" and A is noetherian, B is also a finitely generated A-module. This
shows that ¢ : X — S is finite. With the notation:

X’L>X

J o

S/%S:

it follows from Lemma 5.2 (2) (c) that f"*Qx s = Qx/s = 0 that is, (f*Qx|s)e =
Qxi5,77zy = 0, 2" € X'. But f' : X’ — X is the base change of the surjective
morphism f : S’ — S hence it is surjective as well, which implies x|s = 0. This
shows that ¢ : X — S is finite étale.

We now prove the “if” implication by induction on r(¢) > 1. If r(¢) = 1 it
follows from Corollary 5.9 that ¢ : X—=S is an isomorphism and the statement is
straightforward with f = Idg. If 7(¢) > 1, from Lemma 5.2 (2) (d), the diagonal
morphism Ax|g : X < X x5X is both a closed and open immersion hence X x g X
can be written as a coproduct X U X', where Axg(X) is identified with X and
X=X x5 X\ Ax|g(X). In particular, ixs : X’ < X xg X is both a closed and
open immersion as well hence a finite étale morphism. Also, as ¢ : X — S is finite
étale, its base change p; : X X4 54 X — X is finite étale as well so the composite
¢ X' XX xg X B X is finite étale. But as Axis: X = X xg X is a section
of py : X xg X — X, one has: r(¢/) = r(p1) — 1 = r(¢) — 1. So, by induction
hypothesis, there exists a finite faithfully flat morphism f : S’ — X such that
S" xpx.e X' — S"is a totally split étale cover of S’. But, then, the composite
¢ of : S8 — S is also finite and faithfully flat. Hence the conclusion follows
from the formal computation based on elementary properties of fibre product of
schemes:

S’ ><¢of757¢X =9 X £,X,p1 (X Xg X) =9 X £, X p1 (X UXI)
:(SI X f.X,p1 X)l—l(S/ X f,X,p1 X/)' g
Step 1-2: We want to apply step 1-1 to the quotient morphism ¢g : G\ X — S.
For this, apply first step 1-1 to the étale cover ¢ : X — S to obtain a faithfully flat

A-algebra A — A’ such that B ®4 A’ = A'™ as A’-algebras. Tensoring the exact
sequence of A-algebras:

01 op(Idp—g-
0 B9 o p ey
geGor
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by the flat A-algebra A’, one gets the exact sequence of B’-algebras:
0 BE” @4 A' = By A o VIS (N o
gea
whence:
(x) BE" @4 A" = (B®y A" = (4™)C",
But G is a subgroup of Auta;z/a/(A™), which is nothing but the symmetric

group S, acting on the canonical coordinates E := {1,...,n} in A". Hence:
(A" =P A
G\E

In terms of schemes, if f : S” — S denotes the faithfully flat morphism correspond-
ing to A — A’ then S’ x5 g, X is just the coproduct of n copies of S” over which
G acts by permutation and (x) becomes:

S Xf5.66 (G\X) =G\ <|_|s'> =1]s.
E G\E

Step 2: Reduce to step 1 by covering S with affine open subschemes (local exis-
tence) and using the unicity of categorical quotient up to canonical isomorphism
(gluing). O

Remark 5.13. One can actually show that, in the affine case, G\ X = spec(B%")
is actually the categorical quotient of ¢ : X — S by G is the category of all
S-schemes (¢f. [MumF82, Prop. 0.1]).

Exercise 5.14. Show that categorical quotients of étale covers by finite groups of
automorphisms commute with arbitrary base-changes.

Axiom (3): Before dealing with axiom (3), let us recall that, in the category of
S-schemes, open immersions are monomorphisms and that:

Theorem 5.15. (Grothendieck — see [Mi80, Thm. 2.17]) In the category of S-
schemes, faithfully flat morphisms of finite type are strict epimorphisms.

Lemma 5.16. Given a commutative diagram of schemes:
Y —— X
|7
S,

ifo: X — S, ¢Y:Y — S are finite étale morphisms then v 1 Y — X is a finite
étale morphism as well.
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Proof of the lemma. Write u = ps o'y, where I'), : Y — Y x g X is the graph of u,
identified with the base-change:

X

Ful O Axsl

YXSXUmXXSX

and ps : Y Xg X — X is the base-change defined by:
Y x¢g X ——=Y

i 0 wl

X——S5

From Lemma 5.2 (2) (d), the diagonal morphism Axs : X — X xg X is finite
étale hence it follows from the first part of Lemma 5.6 that I, : Y — Y xg X is
finite, étale as well. Similarly, as ¢ : Y — S is finite étale, po : ¥ xg X — X is
finite étale as well. Hence, the conclusion follows from the second part of Lemma
5.6. U

For any two étale covers ¢ : X — S, 1 : Y — S and for any morphism u : X — Y
over S, it follows from Lemma 5.16 that v : ¥ — X is a finite, étale morphism
hence is both open (flatness) and closed (finite). In particular, one can write X
as a coproduct X = X' U X" where X’ := u(Y), X” := X \ X’ are both open
and closed in X and u factors as u : Y u‘x—fw X' ¥5Y X = X' U X" with
u’ a faithfully flat morphism hence a strict epimorphism in R and «” an open
immersion hence a monomorphism in Cg. U

Axiom (4): For any étale cover ¢ : X — S one has F5(¢) = * if and only if r(¢) = 1,
which, in turn, is equivalent to ¢ : X-5S. Also, it follows straightforwardly from
the universal property of fibre product and the definition of Fz that F5 commutes
with fibre products.

Axiom (5): The fact that Fs commutes with finite coproducts and transforms strict
epimorphisms into strict epimorphisms is straightforward. So it only remains to
prove that Fs commutes with categorical quotients by finite groups of automor-
phisms. Let ¢ : X — S be an étale cover and G C Autg.s/s(¢) a finite subgroup.
Since the assertion is local on S, it follows from step 1-1 in axiom (2) that we may
assume that ¢ : X — S is totally split and that G acts on X by permuting the
copies of S. But, then, the assertion is immediate since G \ X = |_|G\F§(¢) S.

Axiom (6): For any two étale covers ¢ : X — S, ¢ :Y — Sletu: X — Y be
a morphism over S such that Fg(u) : Fs(y) = Fs(¢) is bijective. It follows from
Lemma 5.16 that u : Y — X is finite étale but, by assumption, it is also surjective
hence v : Y — X is an étale cover. Moreover, still by assumption, it has rank 1
hence it is an isomorphism by Corollary 5.9. U
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6. Examples

Given a scheme X over an affine scheme spec(A4), we will write X — A instead of
X — spec(A) for the structural morphism and given a A-algebra A — B, we will
write X g for X x g4spec(B). Similarly, given a morphism f : X — Y of schemes over
spec(A), we will write fp : Xp — Yp for its base-change by spec(B) — spec(A).
Also, given a morphism f : Y — X and a morphism X — X’ we will often say
that f': Y’ — X’ is amodel of f:Y — X over X’ if there is a cartesian square:

Y ——Y'

fl O lf’
X — X'

6.1. Spectrum of a field

Let k be a field, k < k a fixed algebraic closure of k and k° C k the separable
closure of k in k; write I'y := Aut 4541 (k*) for the absolute Galois group of k. Set
S :=spec(k). Then the datum of k — k defines a geometric point 3 : spec(k) — S
and:

Proposition 6.1. There is a canonical isomorphism of profinite groups:
ez m(9;8) 5T k.

Proof. The Galois objects in Cg are the spec(K) — S induced by finite Galois field
extensions k — K write Gg C Cg for the full subcategory of Galois objects. The
datum of k£ < k allows us to identify k with a subfield of k and define a canonical
section of the forgetful functor: For : Qgt — Gg by associating to each Galois
object spec(K) — S its isomorphic copy spec(Kq) — S, where Kq is the unique
subfield of k£ containing k£ and isomorphic to K as k-algebra. Then, on the one
hand, the restriction morphisms |, : T'x — Aut 4;4/% (K@) induce an isomorphism
of profinite groups:
I'y=> 1(1_111 AutAlg/k (Kq).
Ko
And, on the other hand, by the equivalence of categories:
Cs — (FEAlg/k)°P
¢:X =8 = ¢"(X):k— Ox(X)
one can identify:
Aut 14,1 (K) = Autcg (spec(Kq))?.
But then, from Proposition 3.9, one also has the canonical evaluation isomor-
phism of profinite groups:

m1(S:5) lim Aute, (spec(Ko))?,

Kq

which concludes the proof. O
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6.2. The first homotopy sequence and applications

6.2.1. Stein factorization. A scheme X over a field k is separable over k if, for
any field extension K of k the scheme X xj; K is reduced. This is equivalent to
requiring that X be reduced and that, for any generic point 1 of X, the extension
k < k(n) be separable (recall that an arbitrary field extension k < K is separable
if any finitely generated subextension admits a separating transcendence basis and
that any field extension of a perfect field is separable). In particular, if & is perfect,
this is equivalent to requiring that X be reduced. More generally, a scheme X over
a scheme S is separable over S if it is flat over S and for any s € S the scheme
X is separable over k(s). Separable morphisms satisfy the following elementary
properties:

— Any base change of a separable morphism is separable.

—If X — S is separable and X’ — X is étale then X’ — S is separable.

Theorem 6.2. (Stein factorization of a proper morphism) Let f : X — S be a
morphism such that f.Ox is a quasicoherent Og-algebra. Then f.Ox defines an
S-scheme:

p: S =spec(fiOx) — S
and f : X — S factors canonically as:

<L g

17

X.

Furthermore,
(1) If f: X — S is proper then
(a) p: 8" = S is finite and ' : X — S is proper and with geometrically
connected fibres;
(b) — The set of connected components of X is one-to-one with S’5¢, s € S;
— The set of connected components of X5 is one-to-one with S, s € S.
In particular, if f.Ox = Og then f : X — S has geometrically connected
fibres.
(2) If f : X — S is proper and separable then p : S’ — S is an étale cover. In

particular, f.Ox = Og if and only if f : X — S has geometrically connected
fibres.

Corollary 6.3. Let f: X — S be a proper morphism such that f,Ox = Og. Then,
if S is connected, X is connected as well.

Proof. Tt follows from (1) (b) of Theorem 6.2 that, if f.Ox = Og then f: X — S'is
geometrically connected and, in particular, has connected fibres. But,as f : X — S
is proper, it is closed and f.Ox is coherent hence:

f(X) = supp(f.Ox).
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So f.Ox = Og also implies that f : X — S is surjective. As a result, if f,Ox = Og
the morphism f : X — S is closed, surjective, with connected fibres so, if S is
connected, this forces X to be connected as well. O

6.2.2. The first homotopy sequence. Let S be a connected scheme, f : X — S
a proper morphism such that f,.Ox = Og and s € S. Fix a geometric point
zq : spec(?) — Xz with image again denoted by zg in X and sq in S.

Theorem 6.4. (First homotopy sequence) Consider the canonical sequence of profi-
nite groups induced by (Xs,zq) = (X, zq) = (S, sq):
m1 (X5 20) 5N (X5 2q) B m(S;sq).

Then p : m(X;zq) — m(S;sq) is an epimorphism and im(i) C ker(p). If, fur-
thermore, f: X — S is separable then im(i) = ker(p).

A first consequence of Theorem 6.4 is that the étale fundamental group of a
connected, proper scheme over k is invariant by algebraically closed field exten-
sion. More precisely, let & be an algebraically closed field, X a scheme connected

and proper over k and k — () an algebraically closed field extension of k. Fix a
geometric point xq : spec(2) — Xq with image again denoted by xq in X.

Corollary 6.5. The canonical morphism of profinite groups:
m (Xa;zq) 2 (X;20)

induced by (Xq;xq) — (X;2q) is an isomorphism.

Proof. We first prove:

Lemma 6.6 (Product). Let k be an algebraically closed field, X a connected, proper
scheme over k and Y a connected scheme over k. For any x : spec(k) — X and
y : spec(k) = Y, the canonical morphism of profinite groups:

(X X Y5 (z,9)) - m(X;2) x m(Y;y)

induced by the projections px : X XY — X and py : X X, Y — Y is an
isomorphism.

Proof of the lemma. From Theorem A.2; one may assume that X is reduced hence,
as k is algebraically closed, that X is separable over k. As X is proper, separable,
geometrically connected and surjective over k, so is its base change py : X XY —
Y. So, it follows from Theorem 6.2 (2) that py.Oxx,y = Oy. Thus, one can apply
Theorem 6.4 to py : X X Y — Y to get an exact sequence:

(X X Y)ys2) = m(X xx Y (z,y) > m(Yiy) = 1.

Furthermore, X = (X x;Y), — X x; Y 2% X is the identity so px : X xz Y — X
yields a section of 71 (X;x) — m (X Xi Y5 (x,y)). O

Note that if y : spec(2) — Y is any geometric point then the above only
shows that m (X xi Y (x,y))>m1(Xa; ) X m(Y;y).
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Proof of Corollary 6.5. We apply the criterion of Proposition 4.3.

Surjectivity: Let ¢ : Y — X be a connected étale cover. We are to prove that Yp
is again connected. But, as k is algebraically closed, if Y is connected then it is
automatically geometrically connected over k and, in particular, Yq is connected.
Injectivity: One has to prove that for any connected étale cover ¢ : Y — Xq, there

exists an étale cover ¢ : ¥ — X which is a model of ¢ over X. We begin with a
general lemma.

Lemma 6.7. Let X be a connected scheme of finite type over a field k and let
k — Q be a field extension of k. Then, for any étale cover ¢ : Y — Xq, there
exists a finitely generated k-algebra R contained in Q) and an affine morphism of
finite type é .Y — Xpg which is a model of o :' Y — Xq over Xg. Furthermore,
if m denotes the generic point of spec(R), then ék(n) : Yk(n) — Xg(y) 18 an étale
cover.

Proof of the lemma. Since X is quasi-compact, there exists a finite covering of
X by Zariski-open subschemes X; := spec(A4;) — X, i = 1,...,n, where the A;
are finitely generated k-algebra. As ¢ : Y — Xq is affine, we can write U; :=
¢~ 1(Xiq) = spec(B;), where B; is of the form:

B, =A; @ QL) /(Pia,- -, Pir)-
For each 1 < j <y, the ath coeflicient of P; ; is of the form:

§ Tij.ak @k Aija,k
k

with 75 .ok € As, Aijak € . So, let R; denote the sub k-algebra of () generated

ple3) ple3)

by the \; j o,k then B; can also be written as:
B; = A; @k Ri[T]/(Pi, ... Pir) ®r, Q.

Let R denote the sub-k-algebra of ) generated by the R;, ¢ = 1,...,n. Then
k — R is a finitely generated k-algebra and up to enlarging R, one may assume
that the gluing data on the U; N U; descend to R then one can construct 45 by
gluing the spec(A; @k R[T]/(P;1,...,Pir,)) along these descended gluing data. By
construction gg is affine.

To conclude, since k(n) — 2 is faithfully flat and ¢ : Y — Xgq is finite and
faithfully flat, the same is automatically true for ék(n) : f’k(n) — Xp(n), Which is
then étale since ¢ : Y — Xgq is.

So, applying Lemma 6.7 to ¢ : ¥ — Xq and up to replacing R by R, for
some r € R\ {0}, one may assume that ¢ : ¥ — Xgq is the base-change of some
étale cover ¢¥ : YO — Xp. Note that, since Y£ =Y is connected, both Yno and Y0
are connected as well. Fix s : spec(k) — S. Since the fundamental group does not
depend on the fibre functor, one can assume that k(x) = k. Then, from Lemma
6.6, one gets the canonical isomorphism of profinite groups:

m (X xg S; (x,8))>m (X;z) X 711(S; 8).
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Let U C m1(X X S; (x,)) be the open subgroup corresponding to the étale cover
#° Y% = X x; S and let Ux C m1(X;z) and Us C 71(S;s) be open subgroups
such that Ux x Ug C U. Then Ux and Ug correspond to connected étale covers
Yx : X — X and ¥g : S — S such that ¢° : YO — X x; S is a quotient of
x Xk s : X xS — X x; S. Consider the following cartesian diagram:

YO

|

X xS <—X x; S.

Since k(n) C Q and Q is algebraically closed, one may assume that any point § € S
above s € S has residue field contained in € and, in particular, one can consider
the associated Q-point §q : spec(2) — S. Then, one has the cartesian diagram:

v Yo
o
X X édeQ

Again, since Yq, is connected, Y° is connected as well, from which it follows that
YO 5 X xi S corresponds to an open subgroup V' C m (X xg 5') =m(X) x Us
containing m; (X Xk S’) = Ux X Ug. Hence V = U x Ug for some open subgroup
Ux C U C 71(X) hence YO0 = X x,. S is of the form ¥ x5 S — X xj S for some
étale cover ¢: Y — X. O

Remark 6.8. An argument due to F. Pop [Sz09, pp. 190-191] shows that Corollary
6.5 remains true for connected schemes of finite type over k as soon as w1 (X; zq)
(or m1(Xq; xq)) is finitely generated. However, in general, Corollary 6.5 is no longer
true for non-proper schemes. Indeed, let k be an algebraically closed field of char-
acteristic p > 0. From the long cohomology exact sequence associated with Artin-
Schreier short exact sequence:

0— (Z/p)Ai — Ga‘?Allc £> Ga‘?Allc —0
(and taking into account that, as A} is affine, H' (A}, G,) = 0) one gets:
K[T)/pk[T] = H' (A}, Opy)/9H° (AL, Op1)>Hey (A, Z/p) = Hom(mi (A, 0), Z/p).
An additive section of the canonical epimorphism k[T — k[T']|/pk[T] is given by
the representatives:
Z a, ", an € k,

n>0,(n.p)=1
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which shows that 71 (A}, 0) is not of finite type and depends on the base field k.
More generally, one can show [Bo00], [G00] that if S is a smooth connected curve
over an algebraically closed field of characteristic p > 0 then the pro-p completion
711(S)®) of 71(9) is a free pro-p group of rank r, where:

— if S is proper over k then r is the p-rank of the jacobian variety Jgx;
— if S is affine over k£ then r is the cardinality of k.

This determines completely the pro-p completion ;(S)®) of 7 (S). In Sections
8, 9 and 10, we will see that the prime-to-p completion 771(5)(’”)/ of m1(S) is also
completely determined. However, except when 71 (S) is abelian, this does not de-
termine 1 (S) entirely (see Remark 11.5).

6.2.3. Proof of Theorem 6.4. We apply, again, the criterion of Proposition 4.3. We
begin with an elementary lemma, stating that the inclusion im(7) C ker(p) is true
under less restrictive hypotheses.

Lemma 6.9. Let X, S be connected schemes, f : X — S a geometrically connected
morphism and s € S. Fix a geometric point xq : spec(Q) — Xz with image again

denoted by xq in X and sq in S and consider the canonical sequence of profinite
groups induced by (Xz,2q) = (X,zq) — (5, s0):

m1(Xsiza) 5 m(Xia) B m(S; sa).
Then, one always has im(z) C ker(p).
Proof. Let ¢: 8" — S be an étale cover and consider the following notation:

SL S’
| o
Xz X 7 S
A
N2

We are to prove that S X5 is totally split. But, this is just formal computation
based on elementary properties of fibre product of schemes:

Sé =Xz X 8,4 S = (X X .85 spec(k(?)) X 8,4 S’
= X x5 (spec(k(5)) xz,5,4S")
= X X5 Uszspec(k(3))
= US%Xg. U

We return to the proof of Theorem 6.4. For simplicity, write X := Xs.
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Exactness on the right: We are to prove that for any connected étale cover ¢ :
S’ — S and with the notation for base change:

¢/

XI >

/| o )

S/—>Sv

the scheme X' is again connected. But, one has:

f1(0x) = £1(6"0x) = 6" 1.0x & 605 = O,
where (*) follows from the assumption that f.Ox = Og. Hence, as f': X' — 5’
is proper, it follows from Theorem 6.2 (1) (b) that X’ is connected.
Exactness in the middle: From Lemma 6.9, this amounts to show that ker(p) C

im(4). Let ¢ : X’ — X be a connected étale cover and consider the notation:

@ f

X —X——S5

Pol ot

X —=X——=h@.

Assume that ¢ : X — X admits a section o : X — X . We are to prove that
¢ : X' — X comes, by base-change, from a connected étale cover S’ — S.
Since ¢ : X’ — X is finite étale and f : X — S is proper and separable, g :=

/

fod: X' — S is also proper and separable. Consider its Stein factorization X’ Z»
5" 2 S. From Theorem 6.2 (2), the morphism p : S’ — S is étale. Furthermore,
as X' is connected and ¢’ : X’ — S’ is surjective, S’ is connected. Consider the
following commutative diagram:

X' (1)

y
o
v

1
X ~x g

fl - Jf/

S<TS'.

/

Claim: o : X5 X" is an isomorphism.

Proof of the claim. As p: S’ — S is an étale cover, its base-change px : X" — X
is an étale cover as well. Since S’ is connected, it follows from the exactness on
the right that X" is connected as well hence, from Lemma 5.16 and Corollary 5.9
the morphism a : X’ — X" is an étale cover. So, it only remains to prove that
r(a) = 1.
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For this, consider the base-change of (1) via 5 : spec(k(3)) — S.
Xg (2)

Pxs
fsl O fél

Since az : X, — X7 is an étale cover, it induces a surjective map mo(XZ%) —
7o (XY), where my(—) denotes the set of connected components. But, as both ¢’ :
X' — 8 and f': X" — S’ are geometrically connected, |mo(X2%)| = |mo(XZ)|(=

r(p)) hence, actually, the map mo(X%) — mo(XZ) is bijective. So it is enough to

S S
find X7, € mo(X%) such that oz : X2 — XZ induces an isomorphism from X7, to
az(XZ%,). For this, consider X7, := o(X73) and set X%, := as(X%,). Then o induces
an isomorphism from Xz to X~ and, as pxs : X2 — X5 is totally split, it induces

an isomorphism from X7 to Xz. Hence the conclusion follows from

X, =1 X%0
0-| 50 0pX§|X§’O o QS X2, = Idxgo.

Remark 6.10. The assumption f,Ox = Og can be omitted and the conclusion of
Theorem 9.3 then becomes that the following canonical exact sequence of profinite
groups is exact:

(X1, 71) oy (X, 20)) B (S, 51) = m(X1) = m0(X) — mo(S) — 1.

Theorem 6.4 will also play a crucial part in the construction of the special-
ization morphism in Section 9.

6.3. Abelian varieties
A main reference for abelian varieties is [Mum?70]. See also [Mi86] for a concise
introduction.

Let k£ be an algebraically closed field and A an abelian variety over k. For
each n > 1 let A[n] denote the group of k-points underlying the kernel of the
multiplication-by-n morphism:

[TLA]:A—>A.

For each prime ¢, the multiplication-by-¢ morphism induces a projective system
structure on the A[¢"], n > 0 and one sets:

Ty(A) = lim A[e"].

If ¢ is prime to the characteristic of k then Tp(A) ~ Zig whereas if ¢ = p is the

characteristic of k then T},(A) ~ Z, where g and r(< g) denote the dimension

and p-rank of A respectively [Mum70, Chap. IV, §18].
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Theorem 6.11. There is a canonical isomorphism:
m(4;04)=> [[ Tu(4)
£:prime

Proof. The proof below was suggested to me by the referee. For another proof
based on rigidity, see [Mum?70, Chap. IV, §18].

Given a profinite group II and a prime £, let II¢¥) denote its pro-¢ completion
that is its maximal pro-¢ quotient, which can also be described as:

¥ = lim II/N,
—
where the projective limit is over all normal open subgroups of index a power of £
in II.
Claim 1: m1(A;04) is abelian. In particular,
[ m@.0®.
£:prime
Proof of Claim 1. From Lemma 6.6, the multiplication map g : A Xy A — A on A
induces a morphism of profinite groups:
m(p) : m1(A;04) X 11 (A;04) — 71 (A;04).
The canonical section 01 = A — A X A of the first projection p; : A xx A — A
induces the morphism of profinite groups:
m(o1): m(A;04) — m(A4;04) X 71(A;04)
gl = (1)

and, by functoriality, 71 (1)o7 (01) = Id. The same holds for the second projection
and since o1 and o2 commute, one gets:

m1(p)(71,72) = mi(p) (T (o) (y1)mi(o2)(72)
= () (m(o1)(n))m () (71 (o2)(72)) = 71172
= m1(p)(m1(o2)(12)m1 (1) (1))
= m1 () (m1(02)(72))m1 (1) (w1(01) (1)) = 7271

Claim 2 (Serre-Lang): Let ¢ : X — A be a connected étale cover. Then X carries
a unique structure of abelian variety such that ¢ : X — A becomes a separable
150g9€eny.

Proof of Claim 2. The idea is to construct first the group structure on one fibre
and, then, extend it automatically by the formalism of Galois categories. Let z :
spec(k) — X such that ¢(z) = 04. Then the pointed connected étale cover ¢ :
(X;2) — (A;04) corresponds to a transitive m(A4;04)-set M together with a
distinguished point m € M. Since m1(A;04) is abelian, the map:

prr s M x M - M
(rim,y2m) = y1y2m
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is well defined, maps (m,m) to m and is 7m1(A;04) X 71(A;04)-equivariant if we
endow M with the structure of 71 (A;04) x 71 (A;04)-set induced by 71 (u) (which
corresponds to the étale cover X Xy 4, (A X A) — A xy A). Hence it corresponds
to a morphism p% : X X X = X X4 4, (A Xy A) above A xj, A or, equivalently,
to a morphism px : X x; X — X fitting in:

1254

0
X XkX—,;XX X, A, (A XkA)—>X

s : %

AXkA m A

and mapping (z,z) to x. By the same arguments, one constructs ix : X — X
above [-14] : A — A mapping = to x, checks that this endows X with the
structure of an algebraic group with unity = (hence, of an abelian variety since
X is connected and ¢ : X — A is proper) and such that ¢ : X — A becomes a
morphism of algebraic groups (hence a separable isogeny since ¢ : X — S is an
étale cover).

Now let ¢ : X — A be a degree n isogeny. Then ker(¢) C ker([nx]) hence
one has a canonical commutative diagram:

X/ker(¢) —— A
P
S
X=—X.
[nx]
From the surjectivity of ¢, one also has ¢ 01) = [n4]. When £ is a prime different
from the characteristic p of k, combining this remark and Claim 2, one gets that

([¢"] - A — A),>0 is cofinal among the finite étale covers of A with degree a power
of £ that is

m1(A4;04) = Tim A[£"] = Ty(A).

When ¢ = p, one has to be more careful since, when p divides n, the isogeny
[na] : A — A is no longer étale. However, it factors as:

wn

-— < B

A
[nA]l A

A

n

)
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where ¢, : B,, — A is an étale isogeny and ¥, : A — B, is a purely inseparable
isogeny. In particular, one has:
Aut(B,/A) = Aut(k(B,)/k(A))

[nal*

= Aut(k(4) < k(A4))
= Alnj(k)
and, if ¢ : X — A is a degree n étale isogeny, one gets a factorization ¢,, = ¢ o 9.

Thus, in that case, (¢pn : Bpn — A),>0 is cofinal among the finite étale covers of
A with degree a power of p hence, as Aut(Byn /A) = A[p™](k), one has, again:

m1(A4;04)®) = lim A[p"] (k) = Ty (A). O

Now, assume that k = C and that A = C?/A, where A C CY is a lattice. Then,
on the one hand, the universal covering of A is just the quotient map CY — A and
has group m;°?(A(C);04) ~ A whereas, on the other hand, for any prime /:

T)(A) = @A[Z"]

o1

= limzA/A

=limA/¢"A
—

— A(f)7

whence
m(4;04) = ] TuA) = J] 7"P(A(C);04)Y = m{°P(A(C);04).
O:prime L:prime

This is a special case of the much more general Grauert-Remmert Theorem
8.1 but, basically, the only one where one has a purely algebraically proof of it.

6.4. Normal schemes

Let S be a normal connected (hence integral) scheme.

Lemma 6.12. Let k(S) — L be a finite separable field extension. Then the normal-
ization of S in k(S) — L is finite.

Proof. Without loss of generality, we may assume that S = spec(A) is affine that
is, we are to prove that given an integrally closed, noetherian ring A with fraction
field K and a finite separable field extension K < L, the integral closure B of A
in K — L is a finitely generated A-module. Since K < L is separable, the trace
form:
(—,=) LxL — K
(z,y) TTL\K(M/)

is non-degenerate. Set n := [L : K] and let by,...,b, € B be a basis of L over K.
Let b7,...,b% € L denote its dual with respect to (—, —) : L x L — K. Then, since
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Tryx(B) C A, one has B C ©}_; Ab; hence B is a finitely generated A-module
as well since A is noetherian. d

When S is normal, we can improve Theorem 5.5 as follows.

Lemma 6.13. Let A be a noetherian integrally closed local ring with fraction field
K and set S = spec(A). Let ¢ : X — S an unramified (resp. élale) morphism.
Then, for any x € X, there exists an open affine neighborhood U of x such that
one has a factorization:

U—— spec(C),

i/

where spec(C) — S is a standard étale morphism where B = A[T]/PA[T] can be
chosen in such a way that the monic polynomial P € A[T| becomes irreducible in
K[T] and U < spec(C) is an immersion (resp. an open immersion).

Proof. Let m denote the maximal ideal of A and, correspondingly, let s denote the
closed point of S. From Theorem 5.5, one may assume that ¢ : X — S is induced
by an A-algebra of the form A — By, with B = A[T]/PA[T] and b € B such that
P’(t) is invertible in By,. Since A is integrally closed, any monic factor of P in K[T]
is in A[T]. Let € X, and fix an irreducible monic factor @ of P mapping to 0 in
k(x). Write P = QR in A[T]. As P € k(s)[T] is separable, Q and R are coprime
in k(s)[T] or, equivalently:
(@, R) = k(s)[T].

But, then, as @ is monic M := A[T]/(Q, R) is a finitely generated A-module so,
from Nakayama, A[T] = (Q, R). This, by the Chinese remainder theorem:

A[T]/PAIT] = A[T]/QAIT] x A[T)/RA[T

Set By := A[T]/QA[T] and let b; denote the image of b in By. Then the open
subscheme Uj := spec(Bip, ) — X contains z and:

U :=spec(Bp,) =& X = S
is a standard morphism of the required form. O

Lemma 6.14. Let ¢ : X — S be an étale cover. Then X is also normal and,
in particular, it can be written as the coproduct of its (finitely many) irreducible
components. Furthermore, given a connected component Xg of X, the induced étale
cover Xo — S is the normalization of S in k(S) — k(Xo).

Proof. We first prove the assertion when S = spec(A) with A a noetherian inte-
grally closed local ring and ¢ : X — S is a standard morphism as in Lemma 6.13.
Let K(= k(S)) denote the fraction field of A. By assumption, L := C @4 K =
K[T|/PK|[T) is a finite separable field extension of K. Let A° denote the integral
closure of A in K — L. Since B is integral over A, one has A C B C A° C L hence
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By, C (A%)p = ((A%)p)¢ C L. So, to show that C is integrally closed in K — L, it
is enough to show that A€ C By. So let a € A¢ and write:

n—1
_ i
o= E a;t’,
i=0

with a; € K,i=1,...,n and n = deg(P). As K — L is separable of degree n,
there are exactly n distinct morphisms of K-algebras:

Let V,,(t) := V(¢1(t), ..., dn(t)) denote the Vandermonde matrix associated with
@1(t),...,0n(t). Then one has:

Va()l(@i)osicn—1 = "Com(Va(t))(¢i () )1<i<n

(where !Com(—) denotes the transpose of the comatrix and | — | the determinant).
Hence, as the ¢;(t) and the ¢;(a) are all integral over A, the |V,,(t)|a; are also
all integral over A. By assumption, the a; are in K and |V, (¢)| is in K since it
is symmetric in the ¢;(t). So, as A is integrally closed, the |V, (t)|a; are in A,
from which the conclusion follows since |V}, (¢)| is a unit in C' (recall that P’(¢) is
invertible in C).

We now turn to the general case. From Lemma 6.13, the above already shows
that X is normal and, in particular, it can be written as the coproduct of its
(finitely many) irreducible components. So, without loss of generality we may
assume that X is a normal connected hence integral scheme. But then, for any
open subscheme U C S, the ring Ox (¢~ 1(U)) is integral ring and its local rings
are all integrally closed so Ox (¢~ 1(U)) is integrally closed as well and, since it is
also integral over Og(U), it is the integral closure of Og(U) in k(S) — k(X). O

The following provides a converse to Lemma 6.14:

Lemma 6.15. Let k(S) — L be a finite separable field extension which is unramified
over S. Then the normalization ¢ : X — S of S in k(S) — L is an étale cover.

Proof. Since S is locally noetherian, ¢ : X — S is finite by Lemma 6.12; it is also
surjective [AM69, Thm. 5.10] and, by construction it is unramified. So we are only
to prove that ¢ : X — S is flat, namely that Og 4,) — Ox. is a flat algebra,
x € X. One has a commutative diagram:

OX,rc —C

L~

Os,¢(2)

where Og 4(,) — C'is a standard algebra as in Lemma 6.13, C' — Ox ;. is surjective
and, as ¢ : X — S is surjective, Og ¢(z) = Ox - In particular,

Os.6(x) 05 4y k() = Ox 2 ®og () k()
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is injective as well hence:
C ®Os,¢(z) k(S) — Ox}w ®Os,¢(z) k(S)

is non-zero. But, as C ®og ,(,, k(S) is a field, the above morphism is actually
injective and, as Og ¢(y) — k(S) is faithfully flat, this implies that C' — Ox , is
injective hence bijective. U

Lemma 6.14 shows that there is a well-defined functor:

R: Cg — (FEAlg/k(S))°P
XS = k(S) = R(X) = Tx,ecrx) #(Xo)-

Let FEAlg/k(S)/S C FEAlg/k(S) denote the full subcategory of finite étale
algebras k(S) < R which are unramified over S. Lemmas 6.14 and 6.15 show:

Theorem 6.16. The functor R : Cs — FEAlg/k(S) is fully faithful and induces
an equivalence of categories R : Cs — FEAlg/k(S)/S with pseudo-inverse the
normalization functor.

Let n € S denote the generic point of S hence k(n) = k(S). Let k(n) — Q
be an algebraically closed field extension defining geometric points 3, : spec(Q2) —
spec(k(n)) and 77 : spec(2) — S. From Theorem 6.16, the base-change functor

1" : Cs = Cspec(h(n)
is fully faithful hence, from Proposition 4.3 (1), induces an epimorphism of profinite
groups:
m1(n) : ma(spec(k(n); y) - m1(S;5)
whose kernel is the absolute Galois group of the maximal algebraic extension
k(n) < My sy,s of k(n) in Q which is unramified over S.

Example 6.17. Let S be a curve, smooth and geometrically connected over a
field k and let S — S’ be the smooth compactification of S. Write S\ S =
{P1,...,P.}. Then the extension k(S) — My s s is just the maximal algebraic
extension of k£(5) in Q unramified outside the places Py, ..., P;.

7. Geometrically connected schemes of finite type

Let S be a scheme geometrically connected and of finite type over a field k. Fix
a geometric point 5 : spec(k(s)) — Sks with image again denoted by 5 in S and
spec(k).

Proposition 7.1. The morphisms (Sks,3) — (5,3) — (spec(k),s) induce a canoni-
cal short exact sequence of profinite groups:

1= 71 (Ske38) 5 m1(8;5) B my(spec(k);3) — 1.
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Example 7.2. Assume furthermore that S is normal. Then the assumption that S
is geometrically connected over k is equivalent to the assumption that kNk(S) = k
and, with the notation of Subsection 6.4, the short exact sequence above is just
the one obtained from usual Galois theory:

1— Gal(Mk(S)’SmS(S)) — Gal(Mk(S)}SMJ(S)) — Ty — 1.

Proof. We use, again, the criteria of Proposition 4.3.

Exactness on the right: As S is geometrically connected over k, the scheme Sk is
also connected for any finite separable field extension k — K.

Exactness on the left: For any étale cover f : X — Sis we are to prove that
there exists an étale cover f : X — S such that Jr(s) dominates f. From Lemma
6.7, there exists a finite separable field extension k — K and an étale cover
f: X — Sk which is a model of f: X — Sy« over Sk. But then, the composite
f:X — Sk — S is again an étale cover whose base-change via Sy — S is the
coproduct of [K : k] copies of f hence, in particular, dominates f.

Exactness in the middle: From Lemma 6.9, this amounts to show that ker(p) C
im(7). For any connected étale cover ¢ : X — S such that ¢ps : Xy — S
admits a section, say o : Sgs — Xgs, we are to prove that there exists a finite
separable field extension k < K such that the base change of spec(K) — spec(k)
via S — spec(k) dominates ¢ : X — S. So, let & — K be a finite separable
field extension over which o : Sis < X+ admits a model ox : Sx¢ < Xk. This
defines a morphism from Sk to X over S by composing ox : Sx — Xk with
Xk — X. O

Proposition 7.1 shows that the fundamental group m1(S) of a scheme S ge-
ometrically connected and of finite type over a field k£ can be canonically decom-
posed into a geometric part my (Sg-) and an arithmetic part I'y. This raises several
problems:

1. Determine the geometric part 71 (Sks);
2. Describe the sections of 71(S) — T'y;
3. Describe the outer representation p : I'y — Out(my (Sgs)).

In the end of these notes, we are going to explain how problem (1) can be
solved (fully in characteristic 0 and partly in positive characteristic). Basically,
this is done in three steps (one step in characteristic 0):

(a) G.A.G.A. theorems (see Section 8), which show that the étale fundamental
group of a connected scheme locally of finite type over C is the profinite com-
pletion of the topological fundamental of its underline topological space. The
latter can often be explicitly computed by methods from algebraic topology.
From the invariance of fundamental groups under algebraically closed field
extensions (see Subsection 6.2), this yields the determination of most of the
étale fundamental groups of connected schemes locally of finite type over
algebraically closed field in characteristic 0.
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(b) Specialization theory (see Section 9), which says that if f : X — S is a proper
separable morphism with geometrically connected fibres and sg, s; € S are
such that sg is a specialization of s1, there is an epimorphism of profinite
groups:

sp: m(Xz,) = m(X5,).

(¢) The Zariski-Nagata purity theorem (see Section 10.1), which yields informa-
tion about the kernel of the above specialization epimorphism when f : X —
S is furthermore assumed to be smooth and, in particular, shows that it in-
duces an isomorphism on the prime-to-p completions, where p denotes the
residue characteristic of sg. Note that, however, to understand the prime-to-p
completion of the étale fundamental group in positive characteristic p > 0 by
this method, one has to face the deep problem of lifting schemes from char-
acteristic p to characteristic 0; we will give an illustration of this in the proof
of Theorem 11.1. Concerning the pro-p completion and the determination of
the full étale fundamental groups of curves in positive characteristic p > 0,
see Remarks 6.8 and 11.5.

Problems (2) and (3) are still widely open.

The section conjecture provides a conjectural answer to problem (2) when &
is a finitely generated field of characteristic 0 and S is a smooth, separated, geo-
metrically connected hyperbolic curve over k. More precisely, let S — St denote
the smooth compactification of S. Any s € S(k) induces a (71 (S )-conjugacy class
of) section(s) s : I'y — m1(S). More generally, given a point § € S (k), if I(3)
and D(5) denote the inertia and decomposition group of 3 in I'y(gerr) respectively,
then the short exact sequence:

1—=1(8)—-DB)—»Tr—1

always splits but this splitting is not unique up to inner conjugation by elements of
I’ (serry hence, any point § € S<Pt(k)\ S(k) gives rise to several (1 (Sks )-conjugacy
class of ) sections. A section s : T'y — 71(S) is said to be geometric if it raises from
a point § € S (k) and is said to be unbranched if s(I'y) is contained in no
decomposition group of a point § € S (k) \ S(k) in m1(S). Let X(S) denote the
set of conjugacy classes of sections of 71(S) — T'y. A basic form of the section
conjecture can thus be formulated as follows:

Conjecture 7.3. (Section conjecture) For any smooth, separated and geometrically
connected curve S over a finitely generated field k of characteristic 0 the canonical
map S(k) — X(S) is injective and induces a bijection onto the set of m(Sks)-
conjugacy classes of unbranched sections. Furthermore, any section is a geometric
section.

The injectivity part of the section conjecture was already known to A. Gro-
thendieck (basically as a consequence of Lang-Néron theorem with some technical
adjustments in the non-proper case); it is the surjectivity part which is difficult.
It easily follows from the formalism of Galois categories, Mordell conjecture and
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Uchida’s theorem [U77] that the section conjecture (for all hyperbolic curves over
k) is equivalent to:

Conjecture 7.4. (Section conjecture — reformulation) For any smooth, separated

and geometrically connected curve S over a finitely generated field k of character-
istic O one has S(k) # 0 if and only if £(S) # 0.

One can formulate a pro-p variant of the section conjecture. Let K denote
the kernel of the pro-p completion 7y (Sks ) — 71 (Sks )P); by definition K (P) is char-
acteristic in 71 (Sks) hence normal in m;(S). So, defining 71 (S)P! := 7, (S)/K®),
one gets a short exact sequence of profinite groups:

1— Wl(Sks)(p) — 7.‘.1(5)[1)] — Fk —1

Let X(P)(S) denote the set of conjugacy classes of sections of m;(S)P) — T and
consider the composite map:

S(k) = 2(S) — nP(S).

Then, S. Mochizuki showed that this remains injective [M099] but Y. Hoshi showed
that it is no longer surjective [HolOb].

One can also formulate a birational variant of the section conjecture, where
the short exact sequence of profinite group:

1— 7T1(Sks) — 7T1(S) —I'y —1
is replaced by the usual short exact sequence from Galois theory of field extensions:
1— FkS(S) — Fk(S) — Iy —1

In that case, there are some examples where the answer is known to be positive
[St07] and the birational section conjecture itself was proved by J. Koenigsmann
when k is replaced by a p-adic field [KO05].

As for problem (3), it leads to a whole bunch of questions and conjectures
usually gathered under the common denomination of anabelian geometry. Among
those problems one can mention, for instance:

o Is p: 'y, — Out(m (Sk+)) injective? The answer is known to be positive for
smooth, separated, geometrically connected hyperbolic curves over sub-p-adic
fields (i.e., subfields of finitely generated extensions of Q). The affine case
when k is a number field was proved by M. Matsumoto [M96], the general
case was completed by Y. Hoshi and S. Mochizuki when k is a sub-p-adic
field [HoMo10].

e Given a prime ¢, up to what extend does the kernel of the outer pro-¢ repre-
sentation p(© : T'y — Out (71 (Sks)®) determine the isomorphism class of S?
Under some technical conditions Y. Hoshi [Hol0a] and S. Mochizuki [Mo03]
obtained partial results for affine hyperbolic curves of genus < 1.

e Up to what extend does the outer (resp. the outer pro-f) representation
p: Tp = Out(my(Sks) (vesp. p : Ty — Out(m(Sks)?)) determine S?
When S is assumed to be an hyperbolic curve, this rather vague question is
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often referred to as Grothendieck’s anabelian conjecture. One motivation for
it is Tate conjecture for abelian varieties. Indeed, given two proper hyperbolic
curves S1, So over a finitely generated field k& of characteristic 0 then, or any
prime £ if the outer pro-£ abelianized representations:

PO Ty s Out(my (S0) ) = Aut(Tu(Jsu)

2
coincide for i = 1,2 then, Jg,x and Jg,|; are isogenous. In particular, from
the isogeny theorem, there are only finitely many isomorphism classes of
proper hyperbolic curves X with the same outer pro-¢ abelianized represen-
tation. It is thus reasonable to expect that taking into account the whole
outer pro-f representation or, even more, the whole outer representation, will
determine entirely the isomorphism classes of hyperbolic curves. Note that
the assumption that S is hyperbolic implies that m;(Sy) has trivial center
hence that:
m1(5) = Aut(m1(S%)) Xous(mi(59).0 L'k
so 71 (S) — I'y can be recovered from p : I'y — Out(7(S%)). More precisely,
one can formulate Grothendieck’s anabelian conjecture for hyperbolic curves
as follows. Let Pro”™ denote the category of profinite groups G equipped
with an epimorphism p : G — I'y, and where morphisms from p; : G; — T'y
to po : Go — 'y are morphisms from G; to G5 in Pro with representatives
¢ : G1 = G4 such that:
(i) p2 o ® = p1 modulo inner conjugation by elements of I'y;
(ii) im(¢) is open in Gs.
Conjecture 7.5. (Grothendieck’s anabelian conjecture for hyperbolic curves)
Let k be a finitely generated field of characteristic 0. Then the functor m(—)
from the category of smooth, separated, geometrically hyperbolic curves over
k with dominant morphisms to Proi>*" is fully faithful.

After works of K. Uchida [U77], A. Tamagawa proved Conjecture 7.5 for
affine hyperbolic curves [T97]. Using techniques from p-adic Hodge theory,
S. Mochizuki then proved the general form of Conjecture 7.5 (and, more
generally, its pro-f-variant for k a sub-£-adic field) [Mo099]. For an introduction
to this subject, see [NMoT01]. For more elaborate surveys, see [Sz00], [H0O0]
and the Bourbaki lecture by G. Faltings [F98].

One can formulate birational, higher-dimensional variants, variants over
finite fields or function fields of Conjecture 7.5. These questions are currently
intensively studied. For more recent results, see the works of Y. Hoshi, S.
Mochizuki, H. Nakamura, F. Pop, M. Saidi, J. Stix, A. Tamagawa etc.

8. G.A.G.A. theorems

In this section, we review implications of the so-called G.A.G.A. theorems (named
after J.-P. Serre’s fundamental paper [S56] Géométrie algébrique et géométrie an-
alytique) to the description of étale fundamental groups of schemes locally of finite
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type over C. The main result is Theorem 8.1, which states that this is nothing but
the profinite completion of the topological fundamental group of the underlying
topological space. However, the definition of what is meant by “underlying topo-
logical space” is not so clear a priori and the definition — as well of the proof — goes
through the complex analytic space X“" which can canonically be associated to
any scheme X locally of finite type over C. In Subsection 8.1, we give the definition
of complex analytic spaces, sketch the construction of the analytification functor
X — X% and provide a partial dictionary of properties which it preserves. In
Subsection 8.2, we state the main G.A.G.A. theorem alluded to above. The proof
of this theorem is beyond the scope of these notes. For a clear exposition based on
[S56] and [Hi64], we refer to [SGA1, Chap. XII, §5].

8.1. Complex analytic spaces

As schemes over C are obtained by gluing affine schemes over C in the category
LR/C of locally-ringed spaces in C-algebras, complex analytic spaces are obtained
by gluing “affine” complex analytic spaces in LR/C.

Affine complex analytic spaces are defined as follows. Let U C C™ denote the
polydisc of all z = (21,...,2n) € C" such that |z;] < 1, ¢ = 1,...,n and, given
analytic functions f1,..., f, : U — C, let U(f1,..., f.) denote the locally ringed
space in C-algebra whose underlying topological space the closed subset:

ﬁ fioycu
=1

endowed with the topology inherited from the transcendent topology on U and
whose structural sheaf is:

OU/<f17"'7.f7’>7
where Oy is the sheaf of germs of analytic functions on U.

The category Anc of complex analytic spaces is then the full subcategory
of LR/C whose objects (X, Ox) are locally isomorphic to affine complex analytic
spaces.

Now, let X be a scheme locally of finite type over C
Claim: The functor Hompg/c(—, X) : AnP — Sets is representable that is there
exists a complex analytic space X" and a morphism ¢x : X** — X in LR/C
inducing a functor isomorphism

¢xo: HomAnC(—,X“")%HomLRC_Alg(—,X)|Angp.
Furthermore, for any x € X", the canonical morphism induced on completions of
local rings Ox ¢y (2)—Oxan z s an isomorphism.
Proof (sketch of)

1. Assume that X*" exists for a given scheme X, locally of finite type over C.
Then:
(a) U™ exists for any open subscheme U «— X (U = ¢ (U) with the
structure of complex analytic space induced from the one of X);
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(b) Z*™ exists for any closed subscheme Z < X (if Z; denotes the coherent
sheaf of ideals of Ox defining Z then ¢§'Zz =: 13" is again a coherent
sheaf of ideals of Oxan hence defines a closed analytic subspace Z" —
Xan).

2. Assume that X" exists for a given scheme X, locally of finite type over C,
i =1,2. Then (X; x¢ X2)*" exists and is X{" x X§™.

3. (AL)*™ exists (= A!(C)) hence it follows from (2) that(A%)*™ exists for n > 1.
Then, it follows from (1) (b) that X" exists for any affine scheme, locally of
finite type over C.

4. Now, given any scheme X locally of finite type over C, consider a covering of
X by open affine subschemes X; < X, i € I and set X; ; := X;NXj;, 4, j € I.
From (3) and (1) (a), one knows that X{" and X?7 exist, 7, j € I. Then the
analytic space X" obtained by gluing the X" along the X' satisfies the
required universal property. O

The morphism ¢x : X** — X is unique up to a unique X-isomorphism and is
called the complex analytic space associated with X or the analytification of X.
In particular, given a C-morphism f : X — Y of schemes locally of finite type
over C, it follows from the universal property of ¢y : Y*" — Y that there exists
a unique morphism f%" : X** — Y in Anc such that ¢y o f** = fo¢x. One
readily checks that this gives rise to a functor:

(=) : Sch T )C — Anc,

where Sch¥'T /C denotes the category of schemes locally of finite type over C.
There is a nice dictionary between the properties of X (resp. X — Y) and
those of X" (resp. X** — Y"). Morally, all those which are encoded in the
completion of the local rings are preserved. For instance:
1. Let P be the property of being connected, irreducible, regular, normal, re-
duced, of dimension d. Then X has P if and only if X** has P;
2. Let P be the property of being surjective, dominant, a closed immersion, fi-
nite, an isomorphism, a monomorphism, an open immersion, flat, unramified,
étale, smooth. Then X — Y has P if and only if X** — Y*" has P.

Concerning the categories Mod(X) and Mod(X ™) of O x-modules and O xan
respectively, one can easily show that the functor:
¢% : Mod(X) — Mod(X ™)

is exact, faithful, conservative and sends coherent O x-modules to coherent O xan-
modules.

8.2. Main G.A.G.A. theorem

The most important result of [S56] is that, when X is assumed to be projective over
C, the functor ¢% : Mod(X) — Mod(X“") induces an equivalence of categories
from coherent Ox-modules to coherent Oxan-modules. By technical arguments
such as Chow’s lemma, this can be extended to schemes proper over C. From the
equivalence of categories between finite morphisms ¥ — X (resp. YY" — X97)
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and coherent O x-algebras (resp. coherent O xan-algebras), one easily deduces that
for a proper schemes X over C the categories of finite étale covers of X and X"
are equivalent. Working more, one gets:

Theorem 8.1. ([SGA1, XII, Thm. 5.1]) For any scheme X locally of finite type
over C, the functor (=) : Sch®FT/C — Anc induces an equivalence from the
category of étale covers of X to the category of étale covers of X ™.

The category of étale covers of X" is equivalent to the category of finite
topological covers of the underlying transcendent topological space X P of X",
Indeed, observe that if f : Y — X*®P is a finite topological cover then the local
trivializations endow Y with a unique structure of analytic space (induced from
X)) and such that, with this structure, f : ¥ — X*P becomes an analytic cover.
Conversely, if f : Y — X% is an étale cover then, from Theorem 5.5, for any
y € Y one can find open affine neighborhoods V' = spec(B) of y and U = spec(A)
of f(y) such that f(V) C U, B = A[X]/(f) and (5%), € O5 , hence the local
inversion theorem gives local trivializations. So, for any « € X one has a canonical
isomorphism of profinite groups :

—

TP (XtoP 1) ~ 7 (X, x).

Example 8.2. Let X be a smooth connected curve over C of type (g,r) (that is
the smooth compactification X of X has genus g and | X \ X| = r). Then, for any
x € X one has a canonical profinite group isomorphism fg,r ~ 71(X, z), where
I'g.r denotes the group defined by the generators ai,...,aq,b1,...,bg,v1,...,7r
with the single relation [a1,b1] - - [ag,bg]1 - - -» = 1. From Section 6.4, m (X, x)
can also be described as the Galois group Gal(Mc(x) x|C(X)) of the maximal

algebraic extension Mc(x) x of C(X) in C(X) étale over X.

In particular, if g = 0 then 71 (X, ) is the pro-free group on r — 1 generators,
so, any finite group G generated by < r — 1 elements is a quotient of (P& \
{t1,...,t-},2) or, equivalently, appears as the Galois group of a Galois extension
C(T) — K unramified everywhere except over t1,...,t%.. This solves the inverse
Galois problem over C(T).

Exercise 8.3. Show that the étale fundamental group of an algebraic group over
an algebraically closed field of characteristic 0 is commutative.

9. Specialization

9.1. Statements

Let S be a connected scheme and f : X — S a proper morphism such that
f+Ox = Og (so0, in particular, f : X — S is surjective, geometrically connected
and X is connected). Fix sg, s1 € S with sp € {s1} and geometric points Z; :
spec(§;) = X3,, @ = 0,1. Denote again by T; the images of Z; in X,, and X; and
by s; the image of T; in S, 7 =0, 1.
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The theory of specialization of fundamental groups consists, essentially, in
comparing 71 (X3, ;71) and 71 (X5,; To). The main result is the following.
Theorem 9.1. (Semi-continuity of fundamental groups) There exists a morphism
of profinite groups

sp w1 (Xs,5T1) = (X505 %0),

canonically defined up to inner automorphisms of m1(Xo, o). If, furthermore, f :
X — S is separable, then sp : m1(Xs5,;%1) — m1(Xs,;To) is an epimorphism.

The morphism sp : m(X5,,Z1) — m1(X5,,To) is called the specialization
morphism from s1 to sg.

The proof of Theorem 9.1 relies on the first homotopy sequence, already
studied in Subsection 6.2 but that we restate below with our notation.

Theorem 9.2. (First homotopy sequence) Consider the canonical sequence of profi-
nite groups induced by (Xz,,71) = (X, T1) — (S,51):

(X5 71) B m (X;70) B m(S;51). (3)
Then p1 : m(X;%T1) — m(9;81) is an epimorphism and im(iy) C ker(py). If,
furthermore, f: X — S is separable then im(i1) = ker(p1).

and the second homotopy sequence:

Theorem 9.3. (Second homotopy sequence) Assume that S = Spec(A) with A
a local complete noetherian ring and that sg is the closed point of S. Then, the
canonical sequence of profinite groups induced by (Xs,,To) — (X, To) — (5,50):

1 m (X5, To) 3 m(X;T0) B m(S;50) — 1 (4)

is exact and the canonical morphism Iy (s )—m1(S;30) is an isomorphism. In par-
ticular, the canonical morphism 7 (Xs,; To)—=m1(X;To) is an isomorphism and if
xo0 € X (k(s0)) then the above short exact sequence splits.

9.2. Construction of the specialization morphism

Assume first that S = Spec(A4) with A a local complete noetherian ring and that
so is the closed point of S, s; € S is any point of S. Then, one has the following
canonical diagram of profinite groups, which commutes up to inner automorphisms:

(4) 1 —— 1 (X5, To) — 1 (X3 Tp) —s 74 (S;50) — 1
A
53! sp TOZX TQS

(3) M (Xsy3T1) —> 1 (X 271) s 11 (S351) — 1,

where the vertical arrows ax : m1(X;Z1) =71 (X;To) and ag : m1(S;351)>71(S;50)
are the canonical (up to inner automorphisms) isomorphisms of Theorem 2.8.
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143 7

Now, since pg o ax 0i1“ ="ag o py 01y ® 0 (here “ =" means equal up to
inner automorphisms and equality () comes from Theorem 9.3), it follows from
Theorem 9.2 that:

im(ax o41) C ker(po) = im(ip)
and, hence, there exists a morphism of profinite groups:

sp 1 (X5,;T1) = m(X5,; To),

b2

unique up to inner automorphisms and such that ax op; “=" ig o sp.

If, furthermore, im(i1) = ker(p1), a straightforward diagram chasing shows
that:

sp: m(X5,;%1) - m(X5,;T0)
is an epimorphism.

We come back to the case where S is any locally noetherian scheme and
S0, $1 € S with s9 € {s1}. One then has a commutative diagram (where we
abbreviate spec(K) by K when K is a field):

S1 S0

1) S k(s0) =—— k(s0)

[\ s

k(s1) k(

spec(Os,s, ) — spec(Og s,)

|

1) §1 Spec(@sﬁo) <§0— k(80) =— k(S0),

k(

2
—~

>
-
S~—

where the existence of 3; is ensured by the fact that Og,, — (7)\5730 is faithfully

(flat). Choose a geometric point #; of X5, = Xg, STen)

X5, — spec(Ds.s, ) is proper (and separable as soon as f : X — § is), it follows
.50 ’

k(81) over Ty. Since

from (1) that one has a canonical specialization morphism:
(x) sp:m(X35,;21) — m(Xs,;T0)
and, from Corollary 6.6, the canonical morphism:

(k%) 71 (X5, 21)>m (X5,571)

is an isomorphism. Thus the specialization isomorphism is obtained by composing
the inverse of (xx) with ().
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9.3. Proof of Theorem 9.2
The proof resorts to difficult results from [EGA3]; we will only sketch it but give
references for the missing details. See also [I05] for a more detailed treatment.

Claim 1: If A is a local artinian ring, the conclusions of Theorem 9.2 hold.

Proof of Claim 1. Recall that, in an Artin ring, any prime ideal is maximal hence
the nilradical and the Jacobson radical coincide. In particular, if A is local, the
nilpotent elements of A are precisely those of its maximal ideal. From Theorem A.2,
one may thus assume that A = k(so) and, then, the conclusion 71 (S,30) =~ I'j(s,)

is straightforward. Let k(sq)? denote the inseparable closure of k(sg) in k(sq) and
write X! := X Xg k(s0)". Then the cartesian diagram:

Xz, X S

B

Xz, — X! — Spec(k(s0)*)

induces a commutative diagram of morphisms of profinite groups:

71 (X543 T0) — m1(X; 2(0)) ———— 71(S5;50)

| ! ! ¢

1 (X543 To) — m1(X¢; xéo)) — m1(Spec(k(s0)"); 55)

~

Now, since each of the vertical arrows in (5) is faithfully flat, quasi-compact and
radicial, it follows from Corollary A.4 that the vertical arrows in (6) are isomor-
phisms of profinite groups. Hence it is enough to prove that the bottom line of (6)
is exact that is one may assume that k(sg) is perfect.

But, then, k(so) can be written as the inductive limit of its finite Galois
subextensions k(sg) < k; < k(so), ¢ € I hence, writing again Ty for the image of
To in X,, it follows from Lemma 6.7 that the morphism:

X5, — lim X,
—
induces an isomorphism of profinite groups:
Wl(Xgo;fo);ﬂ(iEl m1( Xk, To)-
But, for each i € I, the étale cover Xy, — X is Galois with group Aut 4;4/5(s,) (ki)
so, from Proposition 4.4 one has a short exact sequence of profinite groups:
1 — m(Xk,;T0) = m(X;T0) — AUtAlg/k(s())(ki) — 1.

Using that the projective limit functor is exact in the category of profinite groups,
we thus get the expected short exact sequence of profinite groups:

1— {iLnﬂl(in;fo) — Wl(X;fo) — Fk(so) — 1.
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Claim 2: The closed immersion iXso 1 X, — X induces an equivalence of cate-
gories Cx — Cx, hence, in particular, an isomorphism of profinite groups:

Wl(XSO;fo)%ﬂ'l(X;fo).

Proof of Claim 2. One has to prove:
1. For any étale covers p: Y — X, p’ : Y/ — X the canonical map

HomCX (p7pl) - HomCXSO (p XX Xsmpl XX Xso)

is bijective;
2. For any étale cover pg : Yo — X, there exists an étale cover p : ¥ — X
which is a model of pg : Yy = X, over X.

The proof of these two assertions is based on Grothendieck’s Comparison and
Existence theorems in algebraic-formal geometry. We first state simplified versions
of these theorems.

Let S be a noetherian scheme and let p : X — S be a proper morphism. Let
T C Og be a coherent sheaf of ideals. Then the descending chains --- ¢ Z*+! ¢

I"™ C --- C T corresponds to a chain of closed subschemes Sy — S; < -+ —
Sn < -+ — 5. We will use the notation in the diagram below:

S )Sn DN )Sl 750

T;D | T;Dn | 1?1 O T;Do

X )Xn DN 7X1 )XO

and write i, : X,, — X, n > 0. For any coherent Ox-module F, set F, :=
it F =F ®ox Ox,,n > 0. Then F, is a coherent Ox, -module and the canonical
morphism of Ox-modules F — F,, induces morphism of Og-modules Rip,F —
R%p.F,, ¢ > 0 hence morphism of Qg -modules:

(Rp.F) ®oq Os, — Rip.Fn, ¢ >0
and, taking projective limit, canonical morphisms:

Im((Rp.F) ®og Os, ) — lim R, F,, ¢ > 0.
— —

When S = spec(A) is affine and I C A is the ideal corresponding to Z C Og, the
above isomorphism becomes:

HY(X,F) ®4 A limHY(X,, F,), ¢ > 0,
—
where A denotes the completion of A with respect to the I-adic topology.
Theorem 9.4. (Comparison theorem [EGA3, (4.1.5)]) The canonical morphisms:
Im((Rp.F) ®og Os, )= 1imRIp, F,, ¢ >0
— —

are isomorphisms.
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Theorem 9.5. (Existence theorem [EGA3, (5.1.4)]) Assume, furthermore that S =
spec(A) is affine and that A is complete with respect to the I-adic topology. Let
Fn, n > 0 be coherent Ox,, -modules such that Fyi1 ®0Xn+1 Ox,=>Fn, n > 0.
Then there exists a coherent Ox-module F such that F @0, Ox, =>Fn, n > 0.

Also, for any étale cover p : Y — X, observe that A(p) := p.Oy is a locally
free Ox-algebra of finite rank and that, denoting by FLF Alg/Ox the category of
locally free Ox-algebra of finite rank the functor:

A CX — FLFAlg/OX
p:Y =X — Alp)

is fully faithful.

Proof of (1): One has canonical functorial isomorphisms:

Homc, (p,p’) — HO(X>HO_H1FLFAlg/(’)X(~A(pI)7-A(p)))
- 1<£n HO(XmHOTnFLFAlg/oX (A(Pl)vA(P)) ®ox Ox,),

where the first isomorphism comes from the fact that A is fully faithful and
the second isomorphism is just the comparison theorem applied to ¢ = 0, F =
Hompp pag/oy (AP'), A(p)) and I the maximal ideal of A, observing that, since

A is complete with respect to the I-adic topology, A = A.
Furthermore, as A(p), A(p’) are locally free Ox-module, one has canonical
isomorphisms:

Hom,;oq(x) (A(D), A(p)) ®ox Ox, >Hom,oqx, ) (AP,), A(pn))

But these preserve the structure of Ox-algebra morphisms hence one also gets, by
restriction:

Hompy parg 0y (AP, A(p)) @ox Ox, SHompr parg 0. (AlDy), Alpn))-
Whence,

Homcx (p7 p/) 1{&11 HO (Xm MFLFAlg/Ox (A(p,)v A(p)) ®ox OXn)
1}31 HY(X,, Homprrag oy, (A®,), Alpn)))
lim Homey, (pn, 28

1}31 HOInCXS0 (p0>p6)>

bbb

where the last isomorphism comes from the fact Home,, (pn,p;,)—Home Xsg (Po,0),
n > 0 by Theorem A.2.

Proof of (2): By Theorem A.2, there exist étale covers p,, : ¥,, — X,,, n > 0 such
that pp=pnt1 Xx,4, Xn, or, equivalently, A(pnt1) oy, ,, Ox,—A(pn), n = 0.
So, by the Existence theorem, there exists a locally free Ox-algebra of finite rank
A such that A®p,, Ox—=A(pn), n > 0 hence, setting p : Y = spec (A) — X one
has p x x X, =po.
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It remains to show that p : Y = spec (A) — X is an étale cover. For this, see
[Mur67, pp. 159-161].

One can now conclude the proof. From Claim 1 applied to A = k(sg), X =
Xs,, one gets the short exact sequence of profinite groups:

1— 7T1(X§0,$0) — Wl(XSOQEO) — Fk(so) — 1.
Now, from Claim 2 one has the canonical profinite group isomorphisms
1 (X;%0) =71 (Xsy;To) and (for X = S) m1(5;30) = '(s,), which yields the re-
quired short exact sequence.
Eventually, for the last assertion of Theorem 9.2, just observe that, as above,

one can assume that A = k(so) thus, if z € X (k(so)), it produces a section
z:S = X of f: X — S such that x o s9 = z thus a section I'y(s,) — m1(X;Zo)
of (4). O

10. Purity and applications

In this section, we use Zariski-Nagata purity theorem to prove that the étale fun-
damental group is a birational invariant in the category of proper regular schemes
over a field and to determine the kernel of the specialization epimorphism con-
structed in Section 9.

Theorem 10.1. (Zariski-Nagata purity theorem [SGA2, Chap. X, Thm. 3.4]) Let
X, Y be integral schemes with X normal and Y reqular. Let f : X — Y be a
quasi-finite dominant morphism and let Zy C X denote the closed subset of all
x € X such that f: X =Y is not étale at x. Then, either Z; = X or Zy is pure
of codimension 1 (that is, for any generic point n € Z¢, one has dim(Ox ) = 1).

10.1. Birational invariance of the étale fundamental group

Corollary 10.2. Let X be a connected, regular scheme and let iy : U — X be an
open subscheme such that X \ U has codimension > 2 in X. Then iy : U — X
induces an equivalence of categories:

Z*U : CX — CU
hence an isomorphism of profinite groups:
7T1(iU) . 7T1(U)L>7T1(X).

Proof. As X is connected, locally noetherian and regular (hence with integral local
rings), X is irreducible. Since X is normal and X \ U C X is a closed subset of
codimension > 2, the functor i}; : Cx — Cy is fully faithful [LO0, Thm. 4.1.14]
hence, one only has to prove that it is also essentially surjective that is, for any
étale cover py : V. — U there exists a (necessarily unique by the above) étale
cover p : Y — X such that py : V — U is the base-change of p : ¥ — X
via iy = U — X. One may assume that V is connected hence, it follows from
Lemma 6.14 that V is the normalization of U in k(X) = k(U) < k(V). Let
p:Y — X be the normalization of X in k(X) < k(V'). Then, on the one hand,
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it follows from the universal property of normalization that py : V' — U is the
base-change of p : Y — X wia iy := U — X as expected. On the other hand, since
X is normal and k(X) — k(V) is a finite separable field extension, p: ¥ — X is
finite, dominant and, from Lemma 6.15, étale on:

pHU) =V =Y \p (X \U).

But X\U has codimension > 2 in X hence, since p : Y — X is finite, p~ (X \U) has
codimension > 2 in Y as well. Thus, it follows from Theorem 10.1 that p: Y — X
is étale. .

Let X be a connected, regular scheme, Y a connected scheme and f : X ~» Y

be a rational map. Write Uy C X for the maximal open subset on which f : X ~» Y

is defined and assume that X \ Uy has codimension > 2 in X. Then, corresponding
to the sequence of base-change functors:

£

i
! Ug
CY —

CUf — CX
one has, for any geometric point « € Uy, the sequence of morphisms of profinite
groups:
mlivy) i (fluy)
m(X;z) & mUpz) =" m; /(@)

So, if C denotes the category of all connected, regular schemes pointed by
geometric points in codimension 1 together with dominant rational maps defined
on an open subscheme whose complement has codimension > 2 one gets a well-
defined functor m(—) from C to the category of profinite groups. In particular,
let k£ be a field, X, Y two schemes proper over k, connected and regular and
f: X «~Y a birational map of schemes over k. Then f is always defined over an
open subscheme iy, : Uy — X such that X\Uf has codimension > 2 in X and the
same holds for f~!. So, from Corollary 10.2, one gets a sequence of isomorphisms
of profinite groups:

(i)~ mUlt ) m(iy-1)

7T1(X) — 7T1(Uf) — 7T1(Uf—1) = 7T1(Y).

Example 10.3. Let k be any field and consider the blowing-up f : B, — P% of P
at any point z € ]P’z. Then for any geometric point b € By:

m1(Ba; b) =1 (PR £ (b))

However, B, and P2 are not k-isomorphic (any two curves in P} intersects whereas
the exceptional divisor £ in B, does not intersect the inverse images of the curves
in P? passing away from ). This shows that one has to be careful when formulating
higher-dimensional variants of Conjecture 7.5.
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10.2. Kernel of the specialization morphism

We retain the notation of §9. Let S be a locally noetherian scheme and X — S a
smooth, proper, geometrically connected morphism. The aim of this section is to
determine the kernel of the specialization epimorphism:

sp: m1 (X5, T1) = m1(X50;To)
constructed in Section 9 namely, to prove:

Theorem 10.4. For any finite group G of order prime to the residue characteristic p
of S at sy and for any profinite group epimorphism ¢ : w1 (X5,;T1) — G there exists
an epimorphism of profinite groups ¢o : m1(X5,;To) = G such that ¢g o sp = ¢.

In particular, sp induces an isomorphism of profinite groups:
sp®) sy (Xz,371) P Sy (X5, 70) P
where (—)(p)l denotes the prime-to-p profinite completion.

Proof. After reducing to the case where S = spec(O) with O a complete discrete
valuation ring with algebraically closed residue field, the proof of Theorem 10.4
amounts to showing the following. Given an étale cover Y — X, Galois with group
G of prime-to-p order n, there exists a finite field subextension K — L — K*
such that the extension k(X).L < k(Y).L be unramified over X xg S*, where
ST .= spec(OF). Zariski-Nagata purity theorem actually shows that it is enough
to construct K — L in such a way that k(X).L — k(Y).L be unramified only
over the points above the generic point of the closed fibre of X. Such a L can be
constructed by Abhyankar’s lemma.

Claim 1: One may assume that S = spec(O), with O a complete discrete valuation
ring with algebraically closed residue field.

Proof of Claim 1. Let s = to,t1,...,t» = s1 € S such that ¢; € {t;11} and

O, has dimension 1,4 =0,...,r — 1. Then, one has the sequence of special-
{tiv1}t.ts

ization epimorphisms:

m(X5,) » m(Xg, ) = - = mi(Xg) = m(Xs,)

Thus, without loss of generality, we may assume that dim(Om SO) = 1. Next,
let R denote the strict henselianization of the integral closure of O@ s and let

R < R denotes its completion. Then Risa complete discrete valuation ring with

separably closed residue field and the canonical morphism spec(R) — S maps the

generic point of spec(R) to s1 and the closed point of spec(R) to s.

We will use the following notation for O. Given a finite Galois extension L/K
we will write O for the integral closure of O in L and ey, ;(O) for the order of
the inertia group of O in L/K. Now fix an algebraic closure K < K of the fraction
field K of O and let K < K* be the separable closure of K in K. For simplicity,
we remove the reference to the base point in the notation below.
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From Theorem 9.2, and the construction of the specialization morphism, one
has the following situation:

m(X5,) —=m(X) =— m (X

T 1

ker(sp) = ker(m (X5,) — m(X)).
Consider the following factorization of 31 : spec(K) — S:

which shows that:

TR
spec(F) — spec(K) =3 §

|

spec(K®).

Since spec(K) — spec(K?®) is faithfully flat, quasi-compact and radicial, it
follows from Corollary A.4 that the morphism of profinite groups:
Wl(Xgl);)’lTl(Xs-i)
is an isomorphism. Hence:

ker(sp) = ker(m; (Xs:) — m1(X)).

Let K < L be a finite field extension. Then OF is again a complete discrete
valuation ring. Set ST := spec(OF) and write sy, 1, 51,0 for its generic and closed
points respectively. Note that k(so) = k(sr,0) = k since k is algebraically closed.

Claim 2: The morphism of profinite groups:
(X x5 SH)3m(X)
induced by X xg S* — X is an isomorphism.

Proof of Claim 2. From Theorem 9.2, one has the following commutative diagram
with exact row:

1 —>7T1((X Xg SL)SL,O) —>7T1(X Xg SL) —>7T1(SL) —1

l l l

1 4>7T1(XSO) 4>W1(X) 4>7T1(S) —1.

But since k(so) = k(sr,0) = k is algebraically closed one has 71 (S) = I'y(s) = 1,
m1(S*) =Th(s, o) = 1 and Xy, = (X x5 5%)s, ,, whence the conclusion.
So, one can replace freely K by any finite separable field extension.

From Lemma 4.2 (2), the assertion of Theorem 10.4 amounts to showing
that for any étale cover Y — X,. Galois with group G of prime-to-p order n,
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there exists a finite separable field subextension K — L — K* and an étale cover
YL — X x 5" Galois with group G which is a model of ¥ — X over X xg ST

Since K* is the inductive limit of the finite extensions of K contained in K*,
by the argument of the proof of Proposition 6.7, there exists a finite separable
extension K < L and an étale cover Y& — X, Galois with group G which is a
model of Y — X. over Xp. Thus, from Claim 2, we are to prove:

Claim 3: For any étale cover Y — X, Galois with group G of prime-to-p order
n, there exists a finite field subextension K — L < K* and an étale cover YL —
X xg SY Galois with group G which is a model of Y, — X, over X xg SL.

Proof of Claim 3. Observe first that, for any finite separable subextension K —»
L — K*, as ST is regular and X xg S¥ — S is smooth then X x g S” is regular
as well (hence, in particular, normal). Also, since X xg S* — ST is closed (since
proper), surjective and with connected fibres an since S” is connected, X x g S*
is connected as well hence being noetherian and normal, it is irreducible. So, one
can consider the normalization Y — X xg ST of X xg ST in

k(X xgS*) = k(X1) < k(Y7).

From the universal property of normalization, Y — X xg ST is a model of
Yr, — X, over X x5ST). From Theorem 6.16, it only remains to show that K < L
can be chosen in such a way that k(Xz) < k(Y7) be unramified over X x g SE.
Since X xg S” is regular, from the Zariski-Nagata purity Theorem 10.1, we are
only to to show that K < L can be chosen in such a way that k(X)) — k(Y1) be
unramified over the codimension 1 points of X xg S”. But as all the codimension
1 points of X are either contained in the generic fibre X, or the generic point ¢
of the closed fibre X, we are only to to show that K — L can be chosen in such
a way that k(Xz) < k(Yz) be unramified over the points of X x g S* lying over
(in S Xg St - X.

For this, let m be a uniformizing parameter of O; it is also a uniformiz-
ing parameter of Ox . Set L := K[T]|/(T™ — m). Then, k(Xr) = k(X)L =
E(X)[T)/(T™ — m) is a degree n extension of k(X), tamely ramified over Ox ¢
with inertia group of order n by Kummer theory. Now, apply Lemma 10.5 be-
low to the extensions k(Y)/k(X) and k(X*)/k(X) to obtain that the composi-
tum k(Y)E(XF) is unramified over Oxxgst e for any point ¢¥ in X xg S*
above (. O

Lemma 10.5. (Abhyankar’s lemma) Let L/K and M/K be two finite Galois ex-
tensions tamely ramified over O and assume that epr i (O) divides er i (O). Then,
for any mazximal ideal my, of OF, the compositum L.M is unramified over O#L.
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11. Proper schemes over algebraically closed fields
In this last section, we would like to prove the following:

Theorem 11.1. The étale fundamental group of a proper connected scheme over an
algebraically closed field is topologically finitely generated.

A striking consequence of this theorem is that a proper connected scheme
over an algebraically closed field has only finitely many isomorphism classes of
étale covers of bounded degree.

Proof. We proceed by induction on the dimension d to reduce to the case of curves.
However, to make the induction step work, we need the two intermediary Claims
1 and 2 below.

Claim 1: Fiz an integer d > 0 and assume that Theorem 11.1 holds for all projective
normal connected and d-dimensional schemes over an algebraically closed field
k. Then Theorem 11.1 holds for all proper connected and d-dimensional schemes
over k.

Proof of Claim 1. Let X be a proper connected and d-dimensional scheme over an
algebraically closed field k. The first ingredient is:

Theorem 11.2 (Chow’s lemma [EGA2, Cor. 5.6.2]). Let S be a noetherian scheme.
Then, for any X — S proper there exists X' — S projective and a surjective
birational morphism X' — X over S.

Applying Chow’s lemma to the structural morphism X — spec(k), one ob-
tains a scheme X’ projective over k and a surjective birational morphism X’ — X
over k, which is automatically proper since both X’ and X are proper over k. Then,
from Theorem A.5 and Corollary A.7, the profinite group m (X) is topologically
finitely generated as soon as 1 (X)) is for each connected component X§ € mo(X').

Assume that X’ is connected. The underlying reduced closed subscheme
X'red —y X' is projective over k since X’ is. Also, as X’ is of finite type over k,
its normalization X'™4 — X4 is a finite and, in particular, X' is projective
over k as well. And, from Theorem A.5 and Corollary A.7, w1 (X’) is topologically
finitely generated as soon as m (XérEd) is for each connected component X(’)md

of )N(/ red .

Claim 2: Let X be projective, normal connected and d-dimensional scheme over
an algebraically closed field k. Then there exists a proper, connected and d — 1-
dimensional scheme Y over k and an epimorphism of profinite groups:

m (V) - m (X).

Proof of Claim 2. Let 1 : X — P} be a closed immersion and let H — P} be
an hyperplane such that X ¢ H then the corresponding hyperplane section X.H
(regarded as a scheme with the induced reduced scheme structure) has dimension
< d — 1. The fact that Y := X.H has the required properties results from the
following application of Bertini theorem and the Stein factorization theorem:
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Theorem 11.3 ([J83, Thm. 7.1]). Let X be a proper scheme over k, let f : X — P}
be a morphism over k and L — P} a linear projective subscheme. Assume that:

(i) X is irreducible; (i) dim(f(X)) + dim(L) > n.
Then f~Y(L) is connected and non-empty.

Since X is connected, noetherian with integral local ring, X is irreducible and
one can apply Theorem 11.3 to the closed immersion 7 : X — P} to obtain that
X-H is (projective) and connected over k. It remains to prove that the morphism of
profinite groups m1 (X - H) — m1(X) induced by the closed immersion X - H < X
is an epimorphism. But this follows again from Theorem 11.3. Indeed, for any
connected étale cover Y — X, the scheme Y is again connected, noetherian with
integral local ring (Y is normal since X is) hence irreducible and, from Theorem

11.3 applied to Y — X N P}, one gets that Y xx (X - H) is connected.

Combining Claims 1 and 2, one reduce by induction on the dimension d to the
case of 0 and 1-dimensional projective normal connected schemes over k. (First
apply Claim 1 to show that Theorem 11.1 for d-dimensional proper connected
schemes over k is equivalent to Theorem 11.1 for d-dimensional projective normal
connected schemes over k, then apply Claim 2 to show that Theorem 11.1 for
d-dimensional projective normal connected schemes over k is implied by Theorem
11.1 for d — 1-dimensional proper connected schemes over k and so on.)

If d = 0 then X = spec(k) and 71 (X) =T, = {1}. So, let X be a projective,
smooth, connected curve of genus say g.

Write @ for the prime field of k. Since X is of finite type over k, there exists
a subextension ) — ky < k of finite transcendence degree over ) and a model
Xo of X over k.

Assume first that @ has characteristic 0. Since kg is of finite transcendence
degree over @, one can find a field embedding ky < C hence, from Lemma 6.5,
one has the following isomorphism of profinite groups:

7T1(X) = 7T1(X0 X ko k) = 7T1(X0 X ko EO) = 7T1(X0 X ko (C)
So, one can assume that &k = C. It then follows from Example 8.2 that one has an
isomorphism of profinite groups:
T (X)%fg,o.

Assume now that @ has characteristic p > 0. The key ingredients here are

the specialization theorem and the following consequence of Grothendieck’s ex-

istence theorem for lifting smooth projective curves from characteristic > 0 to
characteristic 0:

Theorem 11.4 ([SGAL, III, Cor. 7.3]). Let S := spec(A) with A a complete local
noetherian ring with residue field k and closed point sg € S. For any smooth and
projective scheme X1 over k, if:

H2(X17 (Q}Xﬂk)v) = HQ(leoxl) =0

then X1 has a smooth and projective model X — S over S.
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By Grothendieck’s vanishing theorem for cohomology [Hart77, Chap. III,
Thm. 2.7], the hypotheses of Theorem 11.4 are always satisfied when X is a smooth
projective curve. So, write A for the ring W (k) of Witt vectors over k; it is a
complete discrete valuation ring with residue field k& and fraction field K of char-
acteristic 0. Set S := spec(A4) and let sg, s1 denote the generic and closed point of
S respectively. From Theorem 11.4, there exists a smooth projective curve X — S
such that:

X—X
| o |
k T S.

Since X — S is proper and smooth (hence separable), it follows from Theorem 9.1
that the specialization morphism is an epimorphism:
sp:m(Xs,) & m (X5, = X).

~

Hence the conclusion follows from 71 (Xs,) =T'g . O

Remark 11.5. Let S be a smooth, separated and geometrically connected curve
over an algebraically closed field k of characteristic p > 0, let g denote the genus of
its smooth compactification S < St and r the degree of S\ S°P!. From Remark
6.8, the pro-p-completion 71 (S)®) of 71(S) is known and, from Theorem 10.4 and
the proof of Theorem 11.1, the prime-to-p completion m; (S)(p)/ of m1(5) is known

— (p)’

as well (and equal to Fgﬁr( ). But this does not determine 71 (.S) entirely (except
when (g,7) = (0,4), s = 0,1,2 or (g,r) = (1,0)). However, in direction of a more
precise determination of 71(S) one had the following conjecture:

Conjecture 11.6 (Abhyankar’s conjecture). With the above notation, any finite

group G such that G®)' is quotient of i (S)P) = F/g;(p)
generated by < 2g+ 1 — 1 elements) is a quotient of m (5).

(or, equivalently, is

Abhyankar’s conjecture for S = Al was proved by M. Raynaud [R94] and the
general case was proved by D. Harbater, by reducing it to the case of the affine line
[Harb94]. Note that, in the affine case, 71 (S) is not topologically finitely generated
so the knowledge of its finite quotients does not determine its isomorphism class.
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Appendix
Digest of descent theory for étale fundamental groups
A.1. The formalism of descent

We recall briefly the formalism of descent. Let S be a scheme and Cg a subcategory
of the category of S-schemes closed under fibre product. A fibred category over Cg
is a pseudofunctor X : Cg — Cat that is the data of:

— for any U € Cg, a category Xy (sometimes called the fibre of X over U — S);
— for any morphism ¢ : V' — U in Cg, a base change functor ¢* : Xy — Xy

— for any morphisms W % V 4 U in Cs, a functor isomorphism ay,g :
X ¢* (¢ o x)* satisfying the usual cocycle relations that is, for any mor-

phisms X Swsyv A U in Cg, the following diagrams are commutative:

Q/J*X*¢* M)w*(qs o X)*

aw.xw*)l law,dmx

(X oY) 9" o—=(doxoy)"

xou,o
Given a morphism ¢ : U’ — U in Cg, write
U =U xg U, U =U xpU xpU, p:U =U, i=12,
pij:U" —=U", 1<i<j<3,
u:U” =U', i=1,2,3

for the canonical projections.

A morphism ¢ : U’ — U in Cg is said to be a morphism of descent for X if for
any z,y € Xy and any morphism f’ : ¢*x — ¢*y in Xy such that the following
diagram commute:

/ pif /
¢ *(z) R ‘p;‘f’” > ¢ (y)
%WX bt Aﬁy)
2

p3¢*(r) —piy

there exists a unique morphism f : x — y in Xy such that ¢*f = f.
A morphism ¢ : U" — U in Cg is said to be a morphism of effective descent
for Xif ¢ : U'" — U is a morphism of descent for X and if for any 2’ € Xy and any
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isomorphism u : pj(z’)>p5(2') in Xy~ such that the following diagram commute

* k() pi3u * k()
P1,3P1 (z') —>p173p2(a: )

Qpy 3,p1 (T/)
Qpq.3,p2 (z)

Pl su
ui() - o ()
0‘?1,2,?1(””/)1 To‘m,sym(f)
P op7 (@ ) p§3p§ (z')
p{,z“l "-___..pl,g“ pgsu Tpg,gu
P} ops () - phapi()

\ apg_y
Qpy o,p2 (z") \\

uj(a') == us(x’)

there is a (necessarily unique since ¢ : U’ — U is a morphism of descent for X)
2 € Xy and an isomorphism [’ : ¢*(z)>2’ in Xy such that the following diagram
commute

P*f/
Pig*(z) ——=pi(@’)

e st

Ozp2y¢(a:) T 2

N
P (2) 5 pi(a).

The pair {2/, u : py(z’)>p5(a’)} is called a descent datum for X relatively
to ¢ : U' — U. Denoting by D(¢) the category of descent data for X relatively to
¢ : U — U, saying that ¢ : U’ — U is a morphism of descent for X is equivalent
to saying that the canonical functor Xy — D(¢) is fully faithful and saying that
¢ : U — U is a morphism of effective descent for X is equivalent to saying that
the canonical functor Xy — D(¢) is an equivalence of category.

Example A.1. The basic example is that any faithfully flat and quasi-compact
morphism ¢ : U’ — U is a morphism of effective descent for the fibered category
of quasi-coherent modules. See for instance [V05] for a comprehensive introduction
to descent techniques.

A.2. Selected results

The fibred categories we will now focus our attention on are the categories of finite
étale covers. We only mention results that are used in these notes. For the proofs,
we refer to [SGA1L, Chap. VIII and IX].
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Theorem A.2. Let X be a scheme and i : X™4 < X be the underlying reduced
closed subscheme. Then the functori* : Cx — Cxrea 15 an equivalence of categories.
In particular, if X is connected, it induces an isomorphism of profinite groups:

w1 (i) (XTS5 (X).
Theorem A.3. Let S be a scheme and let f : S" — S be a morphism which is
either:

— finite and surjective or
— faithfully flat and quasi-compact.

Then f: 8" — S is a morphism of effective descent for the fibred category of étale,
separated schemes of finite type.

Corollary A.4. Let S be a scheme and let f : 8" — S be a morphism which is
either:

— finite, radicial and surjective or
— faithfully flat, quasi-compact and radicial.

Then f:S" — S induces an equivalence of categories Cs — Cg.

Theorem A.5. Let S be a scheme and let f : S — S be a proper and surjective
morphism. Then [ : S’ — S is a morphism of effective descent for the fibre category
of étale covers.

A.3. Comparison of fundamental groups for morphism of effective descent

Assume that f: 5" — S is a morphism of effective descent for the fibre category
of étale covers. Our aim is to interpret this in terms of fundamental groups.

Consider the usual notation S”, S" and:
piiS =8, i=1,2,
pi7jISm—>SN, 1SZ<]S3,
u; : 8" — S =1,2,3.
Assume that S, S’, 8", S are disjoint union of connected schemes, then, with
E' :=m(5), E" :=m(S"), E" := m(S"), also set:
g =mo(ps) : B - E', i=1,2,
Qi = WO(pi,j) B — E”, 1<1< ] < 3,
V; = Wo(ui) B — El, 1= 1,2,3.
Write C := Cg, C' := Cg/, C" := Cgn, C"" := Cgv. We assume that S is
connected.
Fix s, € E' and for each s’ € F/, fix an element s’ € E” such that

q1(s’) = sy and q2(s') = 5.

Also, for any s’ € E’ (resp. s” € E”, s" € E") fix a geometric point ¢’ € s’
(resp. 8" € §”, s € &) and write 7y = m(s';8") (vesp. e = m(s”;8"),
e = m1(s";8")) for the corresponding fundamental group.
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Since for any s € E” ( ') and ¢;(s") ) lie in the same connected component
of S, one gets étale paths af Fy opf =

S

pi (é/,)—> qi(s,,), hence profinite group

morphisms:
q e — 7T1(q1'( "),pi(s")) = 7oy, 1 =1,2.
Similarly, one gets étale paths a tFygyopi; =F) (9,,,)—>F , (s and profinite

group morphisms:
Qf,/gl'/ s s = mi(qi g (87)pi(8")) = my, oy 1 <1< <3
Eventually, from the étale paths
w0 Pl o op1—>Fm(s~'><_F " 0 Pi3 0Pl
Fir 0Pl 0 Py Fua(orny & Fin 05 0 P

" .
gt o p]. 3 o p2_>F’U3(S/”)<_Fs’” o p2’3 (¢] p27

one gets af”/ € My, (s, 1 = 1,2,3 such that

q1,2(s"") " q,3(s"”") g,
q1 OQ12 —1nt(a )th 41,35
q1,2(s"") s s q2,3(s"") s
s ° q1,2 = 1nt(a2 Joaq ©Gs3;
q1,3(5l”) S/// . S/// q2, 3( ///) S///
4o 0qi o =int(a3 )oqy 0qs3-

Since f : S’ — S is a morphism of effective descent, the above data allows us to
recover C from C’, C"”, C"" up to an equivalence of category hence to reconstruct
m1(S,p(s()) from the my, mgr, werr.

More precisely, the category C’ with descent data for f : S’ — S is equivalent
to the category C({ms }scp) together with a collection of functor automorphisms
gsr i 1 d—)I d, s" € E” satisfying the following relations:

(1) gsrgi (7)) = (V")gsr, 8" € B

(2) g7 = g5 s’ € F';

(3) agmgql‘g(sm)a‘fl” 9go. 3(3’”)02 gth 2 (s")s s c E".

So, set
O = |_| s |_| ng”/«l)v (2)7 (3)>7
s'eS’ s""eE"
where [ ] stands for the free product in the category of profinite groups and let N’
be the class of all normal subgroups N <1 ® such that [® : N] and [ry :i,'(N)]
are finite (here i @ 7, = [l cq 7o [yrepr ng// —» ® denotes the canonical
morphism). Then writing
= lim ®/N
NeN

one gets that the category C’ with descent data for f : S’ — S is also equivalent
to the category C(m). Whence:
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Theorem A.6. With the above assumptions and notation, one has a canonical
profinite group isomorphism

(S, p(spy)) =7

Corollary A.7. With the above assumptions and notation, if E' and E” are finite
and if the ws, s’ € E' are topologically of finite type then so is m (S, p(sp)).
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