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Brauer groups and the Tate conjecture for divisors

k : finitely generated field of characteristic pě 0
k : separable closure, π1pkq :“Galpk |kq

X : smooth proper variety over k

BrpXkq“H2pXk ,Gmq cohomological Brauer group of Xk

Lemma (Colliot-Thélène) (Relation with the Tate conjecture for divisors)
p “ ` : prime. The following assertions are equivalent

§ (1) c1 : PicpXkqbQ`� lim
ÝÑ

UĂπ1pkqopen
H2pXk ,Q`p1qqU ;

§ (2) BrpXkq
U r`8s is finite for every open subgroup U Ăπ1pkq.
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n
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S smooth variety over k , f :X Ñ S smooth, proper
Assume Xs , s P |S | satisfies the `-adic Tate conjecture for divisors
(e.g. families of abelian varieties or K3 surfaces)
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Special families of (K3, abelian) surfaces over number fields

§ Special case of a general conjecture on motivic rep. of π1pSq

§ Relax the condition on the `-adic Tate conjecture for divisors
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S smooth variety over k , f :X Ñ S smooth, proper
s P S , @` “ p
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Lemma Assume p “ 0 and s P Sgen
`

for some `. Then one has canonical
π1-equivariant isomorphisms

NSpXηqÑ̃NSpXsq, BrpXηqÑ̃BrpXsq
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Fix a smooth compactification X ãÑX .
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` BrpXsq, BrpXηq torsion
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Uniformity

S smooth variety over k , f :X Ñ S smooth, proper

Assume Xs , s P |S | satisfies the `-adic Tate conjecture for divisors

Conjecture 1 supt|BrpXsq
π1psqr`8s| | s P Spď dquă`8

Lemma For every s P Sgen
`

,

NSpXηqÑ̃NSpXsq, BrpXηqÑ̃BrpXsq
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Lemma For every s P Sgen
`

,

NSpXηqÑ̃NSpXsq, BrpXηqÑ̃BrpXsq

After possibly replacing S by a connected étale cover, assume (Serre) the
Zar-closure of ρ`pπ1pSqq is connected for every ` “ p
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π1pSqr`8ss | s P pSzSgen
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§ Conjecture 2 ñ Conjecture 1

Theorem (Ca-Ch, 2016) If p“ 0 and S is a curve then Conjecture 2 (hence
Conjecture 1) holds.
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Theorem 1 (Ca-Ch, 2016) If p “ 0 and S is a curve then Conjecture 2
(hence Conjecture 1) holds.
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Uniformity

Theorem 1 (Ca-Ch, 2016) If p “ 0 and S is a curve then Conjecture 2
(hence Conjecture 1) holds.

§ Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on X0pnq (Manin,
Faltings-Frey, Mazur, Merel)
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ρ` :π1pSqÑGLr pQ`q

Sgen
`

:“ts P S | ρ`pπ1psqqĂ ρ`pπ1pSqq openu

Theorem 1’ (Ca-Tamagawa, 2012) p“ 0, S curve, Liepρ`pπ1pSkqqq
ab “ 0

ñ @d ě 1, |pSzSgen
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qpď dq| ă`8 and
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Proof of Theorem 1
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Proof of Theorem 1

B :“BrpXηq»BrpXsq

T` :“ lim
ÐÝ

Br`ns, V` :“T`bQ`, M` :“T`bQ`{Z`, M`r`
ns »T`{`

n
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Br`ns, V` :“T`bQ`, M` :“T`bQ`{Z`, M`r`
ns »T`{`

n

Comparison Betti/`-adic ` Deligne’s semisimplicity (Hodge II)
ñ π1pSq

ρ`
ÑGLpH2pXη,Q`p1qqq - hence π1pSq

ρ`
ÑGLpV`q- is GLP
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Why a special case of ...
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Why a special case of ...

"Theorem 1’ ñ Theorem 1" only uses the fact that S is a curve through
Theorem 1’
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"Theorem 1’ ñ Theorem 1" only uses the fact that S is a curve through
Theorem 1’

Very rough sketch of proof of Theorem 1’ for d “ 1
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ρ` :π1pSqÑGLr pQ`q
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ρ` :π1pSqÑGLr pQ`q

A.D. ë projective system of AMS Sn`1Ñ SnÑ¨¨¨Ñ S so that

pSzSgenqpkq“ implim
ÐÝ

SnpkqÑ Spkqq p`Uniformityq
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ë GLP
A.D.
ñ genus of Sn ě 2 for n" 0
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Very rough sketch of proof of Theorem 1’ for d “ 1

ρ` :π1pSqÑGLr pQ`q

A.D. ë projective system of AMS Sn`1Ñ SnÑ¨¨¨Ñ S so that

pSzSgenqpkq“ implim
ÐÝ

SnpkqÑ Spkqq p`Uniformityq

ë GLP
A.D.
ñ genus of Sn ě 2 for n" 0

ë Mordell conjecture (Faltings)
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Conjecture 3 p“ 0, Liepρ`pπ1pSkqqq
ab “ 0 ` ? ?

ñ pSzSgen
`
qpkqĂ S not Zar-dense and DU Ă ρ`pπ1pSqq open s.t.

U Ă ρ`pπ1psqq, s P S
genpkq
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Comparison of various categories of p-adic coefficients
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