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Notation / conventions.
For a scheme S, write |S| for the set of closed points of S.

For a connected scheme S and a geometric point § on S, write m1 (.59, §) for the étale fundamental group of S; we almost
always omit the base point § from the notation and, if S = spec(A) is affine, we often abbreviate 71 (A) := 71 (spec(4)).
Recall that if A =k is a field, (k) is the absolute Galois group of k.

A variety over a field k is a scheme separated and of finite type over k. If S is an integral scheme with generic point
n and X is a smooth, geometrically connected variety over k := k(n), a model of X over S is a surjective morphism
X — S such that X fits into a Cartesian diagram

(1) X— X

| o]

spec(k) 2 .S

One says that X admits a smooth model over S if it fits into Cartesian diagram (1) with X" integral and X — S
surjective, smooth, separated and of finite type, and one says that X admits a smooth model with relative normal
crossing compactification (a smooth NCC model for short) over S if it admits a smooth model X — S over S which
fits into a diagram

2) pram— 2

N

S

with X' < X°P' an open immersion, X** integral, X** — S smooth, proper, and D := XY**"\X — X — S a relative
normal crossing divisor. If S = {7, s} is the spectrum of a discrete valuation ring with (generic point n and) closed
point s, one says that X admits a semistable model over S if it fits into a Cartesian diagram (1) with X — S semistable
(see Paragraph 1.1.3), and one says that X admits a semistable model with relative normal crossing compactification
(a semistable NCC model for short) over S if it admits a semistable model X — S over S which fits into a diagram
(2) with X < X°P* an open immersion, X** — S proper, semistable and D := X**"\X — X — S a relative normal
crossing divisor.
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1. INTRODUCTION

Let k£ be a field and X a smooth, geometrically connected variety over k. The general topics of this article is the
inverstigation of rigidity phenomena for ramification properties of Q,-local systems on X or, more generally, continuous
representations p : w1 (X) — II of the étale fundamental group 71 (X) of X with target a profinite group II. By rigidity
phenomena we roughly mean the following. Let P be a property (which may involve extra data such as suitable models
of X) of such representations. For a given representation p : m1(X) — II, consider the set of closed points

X[} = {z e |X|]|2*p:m(z) 5> m(X) % 1 satisfies P} < | X|.
Then one may ask the relation between the following properties:
(i)  p:m(X) — II satisfies P;
(i) |X][} is "huge" in a precise sense;
(iii) [X], + .
The implication (ii) = (iii) is tautological and, if P is functorial enough, the implication (i) = (ii) should also be
automatic. In general the implications (iii) = (ii) = (i) are more delicate.

These questions were originally prompted by several applications, in particular to Conjecture (T), a consequence of
the unramified Fontaine-Mazur conjecture - see Subsection 1.2.3 and Appendix B.

1.1. Ramification with respect to an open embedding. Let X be a connected normal scheme and let § + X —
X an open immersion. For every x € X, set

X(i) = spec((’);g@)7 X(i) =X Xy X(;:)
and write

Ix = im(m (X(g) — (X)) € m(X)
for the inertia group of z in 1 (X) with respect to X — X and Ix , — I}(’x for its tame quotient, that is Ig(’z =Ix,
if x has residue characteristic 0 and I}(’x = gg@z if x has residue characteristic p > 0. It follows from the definition
that if z; specializes to x¢ in X then Ix ,, < Ix -

1.1.1.  One says that a morphism of profinite groups 71 (X) — II is unramified* with respect to X < X if for every
x € X the resulting morphism Iy , < m1(X) — Il is trivial. As X is normal, the following properties are equivalent:

(i) 7 (X) — II is unramified with respect to X — X’;

(ii) For every z € |X\X]|, the resulting morphism Ix , < m1(X) — II is trivial;

(iii) m (X) — II factors through 71 (X) — 1 (X),
and if X is regular, by Zariski-Nagata purity theorem [SGA1, Exp. X, Thm. 3.1, Properties (i), (ii), (iii) are also
equivalent to

(iv) For every x € XY\X of codimension 1 in X, the resulting morphism Ix , < m1(X) — II is trivial.

1.1.2.  One says that a morphism of profinite groups 7 (X) — II is tamely ramified" with respect to X «— X if for
every z € X the resulting morphism Ix , — m1(X) — II factors through Ix , — I% .. Let

{Ixz [ € X\X)) & m (X)

denote the subgroup normally topologically generated by the subgroups I , :=ker(Ix , — I ) © m(X), z € X\X
and set

71(X) = 74 (X3 X\X) = coker(((T%, | 7 € X\X)) — m1 (X))
for the profinite quotient classifying étale covers of X tamely ramified with respect to X — X. Again, the following
properties are equivalent:

(i)  m(X) — II is tamely ramified with respect to X — X’;
(ii) For every x € |X¥\X]|, the resulting morphism Iy , — m1(X) — II factors through Ix , — I
(iii) m (X) — II factors through m (X) — 7} (X; X\X),

L The normality of & is used to ensure that X(z) - hence X(z) - is integral so that it makes sense to consider the étale fundamental
group m1(X(z)) of X(z). One could extend the definitions of being unramified (resp. tamely ramified) with respect to X < X’ to arbitrary
schemes X' by requiring that for every u € X(z) the image of m1(u) — m1(X) — II be trivial (resp. factors through 71 (u) — m (u)<p/),
where p denote the residue characteristic of ).
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and if X is regular and D := X\X — X is a normal crossing divisor, Properties (i), (ii), (iii) are also equivalent to
[SGA1, Exp. XIIJ]

(iv) For every x € XY\X of codimension 1 in X, the resulting morphism Ix , < m1(X) — II factors
through Iy, — I .

1.1.3. Schemes over dvr in mized characteristic. Let Oy be a complete discrete valuation ring with fraction field &, of
characteristic 0, maximal ideal m, and perfect residue field x := Oy /m of characteristic p > 0. Write S := spec(Of) =
{s,n}, where s denotes the closed point and 7 the generic point.

Assume now X — S is surjective, separated and of finite type and the open immersion X — X is the inclusion of the
generic fiber; For every x € im(X'(0Oy) — |X|), let S, := spec(Oy(,)) — & denote the normalization of the reduced
subscheme mm underlying the Zariski closure of x in X. The technical core of this article is to investigate the
relation between the (tame) ramification of a continuous morphism of profinite groups p : m(X) — II with respect
to X < X and the (tame) ramification of z*p : m(x) — II with respect to {z} — Sy, € im(X(Of) — |X|) when
X — S is semistable (which is enough for most applications) that is X — S is geometrically irreducible, separated,
flat, of finite type, X is integral, smooth over k, and for every x € |X|, Ox z is isomorphic to the strict henselization
of the localization at {(T7,...,T;,) of
Okur[Tl, e ,Tn]/<T1 . Tm - 7TT>

for some integers r = 1, n = m > 1. Here k" denotes the maximal unramified extension of k and 7 a uniformizer of k.

Our main result is the following. Let X be a smooth, geometrically connected variety over k. For a profinite group 11
and a continuous morphism p : m (X) — II, let

| X5 = 1X]
denote the subset of all z € |X| such that z*p : m1(x) — II is unramified with respect to {z} < S, that is factors
through 71 (z) — m1(Sg). Similarly, let

1 X[; < 1X]
denote the subset of all z € | X| such that x*p : w1 (2) — II is tamely ramified with respect to {x} — S, that is factors
through 71 (x) — 74 (Sy; $2)-
Theorem 1. Let II be a profinite group and let p : m(X) — I be a continuous morphism.

(1) For every semistable model X — S of X over S one has
p:m(X) — I is unramified with respect to X — X < |X[}' 2 im(X(Of) — [X]).
(2) For every semistable NCC model X < X°* — S of X over S, one has
p:m(X) — I is unramified with respect to X — X < [X[77 = [X].
(3) For every semistable model X — S of X over S, one has
p:mi(X) — 11 is tamely ramified with respect to X — X < [ X[ 2 im(X(Of) — |X]).

When p : m1(X) — II arises from a Q-local system V; on X (possibly £ = p), write |X|}; and [X|}}, instead of [ X[}
and | X[}, Define also

(XI5, < 1X]
to be the subset of all x € |X| such that £*V, is semistable viz the corresponding inertia group I, := Ig, 5, acts
unipotently on V; := V; 5.

If £ + p and V, = R'f.Q, for some smooth proper morphism f : ¥ — X and integer i > 0, the locus | X1y, controls
to some extent (at least contains) the subset |X|§cClrecl c |X| of all z € | X| where Y, — spec(k(z)) has good reduction.
Similarly, the locus [ X35! controls to some extent (at least contains) the subset [X[F"*¢ < |X| of all x € |X| where
Y. — spec(k(x)) has semistable reduction. In view of geometric applications, this prompts the following variant of
Theorem 1 (1), which is, actually, a corollary of Theorem 1 (3).

Assume X admits a semistable model X — S over S. Let £ + p a prime. One says that a Q-local system V; on
X is semistable with respect to X — X if for every? x € X, the corresponding inertia group Ix , acts unipotently on
Ve := Ve,:z-

2If X — S is smooth (resp. in general), this is actually equivalent to requiring that Ix , acts unipotently on V; for every generic point
in Xs (resp. for every generic point and for every non smooth point in Xs).
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Corollary 2. Let ¢ £ p a prime and let Vy be a Qqg-local system on X. Then, for every semistable model X — S of
X over S, one has

Vy is semistable with respect to X — X < |X|[5; 2 im(X(Of) — |X]).
Remark 3.

(1) The right-hand side conditions in Theorem 1 and Corollary 2 can be weakened - See Remark 16 for the precise
statement.

(2) If p : m(X) — II is tamely ramified with respect to X — X, then Theorem 1 (1) and Corollary 2 can be
significantly strengthened. For instance, if X admits a smooth model X — S and X ,...,&;,, denote the
connected components of X, then

p:m(X) — II is unramified (resp. V, is semistable) with respect to X — X

< for each i =1,...,m there exists z; € im(X(Oku) — | X|) specializing to some u; € |Xs ;| and such that z}p
is unramified (resp. xz*) is semistable);

5 e o

< [X[; 21im(X(0f) — [X]) (resp. |X[3, = im(X(Of) — [X])),
and for each i = 1,...,m there exists ; € im(X(Oku) — | X|) specializing to some u; € |Xs ;| and such that
x¥p is unramified (resp. x*Vy is semistable).

where the equivalence (*) is Theorem 1 (3). Here k = k* < Q, denotes the maximal unramified extension of k in
Q,. See Remark 24 for the general case. Actually, when X admits a smooth model X — S and p : m(X) — 1T is
tamely ramified with respect to X — X, Theorem 1 (1) and Corollary 2 are classical corollaries of Abhyankar’s
lemma and are well-known. The main difficulty and novelty is to handle the case of non-tame representation and
of semistable models.

(3) Theorem 1 (1), (2) and Corollary 2 completed by Remark 16 when p : m;(X) — II arises from a Q-local system
on X for a prime £ # p provide scheme-theoretic /-adic counterparts to recent results in variational p-adic Hodge
theory by Guo-Yang and Diao-Yao. Here is tentative dictionary.

Assumption on (formal) {-adic over a scheme X p-adic over formal scheme X
model X — §

smooth Theorem 1 (1)+Remarks 16, 24 [GuY24, Thm. 7.2
smooth Theorem 1 (2)+Remark 16 [DiY25, Thm. 1.6]
semistable Theorem 1 (1)+Remarks 16, 24 [DiY25, Thm. 3.11]
semistable Corollary 2 + Remark 16 [GuY24, Thm. 7.2]

1.2. Applications.

1.2.1. Geometric translations and enhancements. We retain the notation and assumptions of Subsection 1.1.3 for k,
S ete. Let X be a smooth, geometrically connected variety over k. As already mentioned, if £ £ p and V;, = R"f,Qy
for some smooth proper morphism f :Y — X and integer i > 0, one always has

XI, = X5, XS (X,

When equality holds - e.g. for abelian schemes or for curves, Theorem 1 (1), (3) plus Remarks 16, 24 easily translate
as follows. (Compare with [DiY25, Cor. 1.2]).

Corollary 4. Let X be a smooth, geometrically connected variety over k admitting a smooth model X — S. Let
Xo1,...,Xgm denote the irreducible components of X;. Let Y — X be an abelian scheme or a smooth, proper,
geometrically connected curve of genus g = 2. Assume for every x € im(X(Oy) — | X|), Yo has semistable reduction
and for each i =1,...,m there exists x; € im(X (On) — |X|) specializing to some w; € |Xs ;| such that Yy, has good
reduction. Then, for every x € |X|, Y, has good reduction.

Here k c k" c kf @p denote respectively the maximal unramified and maximal tamely ramified extension of k in @p.

Remark 5. In Corollary 4, if one only assumes X admits a semistable model X — S, the same assertions hold with
the condition that for each i = 1,...,m there exists z; € im(X(Okn) — |X]|) specializing to some u; € |Xs ;| such
that Y,, has good reduction replaced with the condition that for every z € im(X(Oyt) — |X|) specializing to some
u € | X2, Y, has good reduction.

If one imposes additional restrictions on Y — X (e.g. adding level structures), the conclusion of Corollary 4 can be
strengthened to the extend that ¥ — X extends to an abelian scheme (resp. a smooth proper curve) over X. We give
the proof of Corollary 4 and discuss samples of such enhancements of it in Subsection 4.3.



6 ANNA CADORET AND AKIO TAMAGAWA

1.2.2. Arithmetic combinatorial fundamental group. Again, we retain the notation and assumptions of Subsection 1.1.3
for k, S etc. and let X be a smooth, geometrically connected variety over k. A second application of Theorem 1 is
an intrinsic characterization of the combinatorial part of the arithmetic fundamental group of semistable NCC models
X — X — § of X under the mild assumption that

(3) The irreducible components X%, ..., Xscfzt of X are smooth, geometrically irreducible over k.

Remark 6. As least when X is a curve with semistable NCC model X «— X°* — S after possibly enlarging k
and blowing up the finitely many singular points of the irreducible components of X', one may always assume that
Assumption (3) holds.

More precisely, write D := X"\ X and recall the following canonical specialization diagram of tame fundamental
groups
(4) 1 ™ (X%) m (X) m (k) 1

! i

1 —— 7} (XPY Dy) —— 7w (AP D) —— 71 (5) ——=1

4

1 —— 7} (XY Dy) —— 7wl (XP: D) 7m1(K) 1,

Set Xy 1= X' n X, i = 1,...,t for the irreducible components of X,, and Dy; := Dy n X% = XTN\X,,
Dy i= Dy n XF = XF\X, ;i = 1,..., 1. Write

K (X Ds) « my (XM Ds)
for the subgroup topologically normally generated by the images of the canonical morphisms 7} (X, gcf;t; Ds ;) — 7wt (XY, Dy),
i =1,...,t and, similarly, write

K(X D) < my (X7 Ds)

for the subgroup topologically normally generated by the images of the canonical morphisms wi(X;Et;DSJ) —

TP D), i =1, b As | ]y X;Et — X2P* is a morphism of effective descent for finite covers of XP*, étale
over X5 and tamely ramified along D;, the third line of (4) - in particular, the combinatorial parts

5o (P Dy) := coker(K (X5 D) — ) (XS Ds)),

TP (X (P Dy) = coker(K (X D) — i (X Ds))

of i (X<P; Ds) and 7l (XY Dy) respectively, admits a simple combinatorial group-theoretic description in terms of
the intersection complex of the X, ..., X - see [SGAL, IX] or [St06]. For instance, when X°P* — S is a relative
curve, one gets

T (AP D) S (AP Ds) = my (D(Xy))"

where 71 (T'(X;5)) = w1 (T'(Xs))" is the profinite completion of the topological fundamental group of the dual graph
I'(Xs) of X. Under assumption (3), we give the following intrinsic description of the morphism

71—1(X) - W;(‘X’D) =~ WE(XSEDS) —» ﬂiomb()(:pt§Ds)-

Let K(X) < m1(X) denote the subgroup topologically normally generated by the images of the canonical morphisms
m(x) = m(X), z € | X| and set
752 (X)) := coker(K (X) — 7 (X)).
Corollary 7. One has canonical isomorphisms
i (X) ——= 7 (X Dy)

,ﬂ.iomb (cht) :; ,n_iomb(Xscpt; @)

In particular, 71 (X) — 7$e™P(XP; Dy) is independent of the semistable model satisfying (3).



RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 7

1.2.3. Trivial locus of Qp-local systems. Our original motivation for Theorem 1 was to attack Conjecture (T) below.
We refer to Appendix B for a more detailled discussion about Conjecture (T) and its variants. Let k be a field and let
X be a smooth, geometrically connected variety over k. Let p be a prime and let V, be a Qp-local system on X. For
every € X and geometric point Z over , set V, := V, 7 and let G, Gp» < G, < GLy, denote the Zariski closures
of the images I, II, ,, and II, of 71 (X}), m (x) and 71(X) acting on V,, respectively. Define the trivial locus of V, as

X[y = A{ze|X| | Gy, =1}

(where (—)° denotes the neutral component). The following conjecture predicts that, when & is a number field, the
trivial locus should be empty unless V,|x, is finite.

Conjecture (T). Assume k is a number field. For a Q,-local system V, on X, one has
X+ @ = X)) = |X].

By Hilbert’s irreducibility theorem, the conditions | X |§§;V = |X| is equivalent to G, = 1. See Subsection B.1.1 for
equivalent formulations of Conjecture (T) and variants about the unipotent locus

| XY= {ze|X]| | G}, is unipotent}
and centralizing locus. In this introductory section, for simplicity, we mostly focus on the trivial locus. Also, we
formulated Conjecture (T) for smooth geometrically connected varieties over k but, actually, this implies (hence is

equivalent to) Conjecture (T) for geometrically irreducible varieties over k which are only assumed to be normal - see
Proposition 56.

On top of the reformulations given in Subsection B.1.1, Conjecture (T) is motivated by its relations with classical
conjectures - see Subsection B.1.2, in particular with the unramified Fontaine-Mazur conjecture

Conjecture (U F-M). (Unramified Fontaine-Mazur [FoM95, Conj. 5.1a]) Let k be a number field. Let p be a prime
and let U < spec(Oy) be an open subset containing all finite places v|p of k. Then every Qp-local system on U is finite.

and its higher-dimensional variant

Conjecture (VU F-M). (Variational unramified Fontaine-Mazur) Let U < spec(Oy) be a non-empty open subset
and let X — U be surjective, flat, of finite type with X normal. Let p be a prime such that U contains all places v|p
of k. Then every Qp,-local system on X is finite.

More precisely, we prove the following.

Corollary 8.
(1) Congecture (U F-M) = Conjecture (VU F-M)
(2) Congecture (VU F-M) for X — U of relative dimension d = Congecture (T) for X of dimension d.

If k is a number field we prove that Conjecture (T) holds for V, part of a Q-compatible family V = (V;), of Q-local
system on X - see Corollary 39. This can be proved directly or deduced from the following p-adic variant of Conjecture
(T) - see Corollary 34 and Remark 35 (3).

Corollary 9. Let k be a p-adic field and let X be a smooth, geometrically connected variety over k. Let V, be a
Q-rational Qp-local system on X. Then

X, + T =Xy, = |X].
Similarly, | X[\ + & < | X[} = [X].

Remark 10. In general, one cannot expect the equivalent conditions in Corollary 9 to be also equivalent to G, = 1
(or G}, is unipotent) as predicted by Conjecture (T) when k is a number field. Indeed, already if X is a curve,
from Corollary 7, these conditions are also equivalent to the following: after possibly replacing k by a finite field
extension so that X admits a smooth NCC model X — X" — S satisfying Condition (3), V, is combinatorial viz
the corresponding representation m (X) — GL(V, z) factors through

m1(X) = w7 (AP D) > m (D(AT)) Y

If one removes the Q-rationality assumption, the arguments in the proof of Corollary 9 still yield information about
the distribution of trivial points. For instance, when X is a curve, one gets the following weak form of Conjecture (T),
where condition (iii) is weakened to the condition (iii)’ asserting that [X|{;" has to be "v-adically small" for all finite
places v|p of k.

Let k be a number field and let X be a smooth, geometrically connected curve over k£ admitting a smooth NCC model
X — X" — § over some non-empty open subscheme S < spec(Oy).
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Corollary 11. For p € im(|S| — |spec(Z)|) the following holds. LetV, be Qp,-local system on X with Qp-rank < p—1

and such that é; is not unipotent. Then, for every v € Sy, there exists a 0-dimensional Zariski-closed subset Z, < XgP*
such that

(i) (X < nues,sp; (2.,
where sp, @ |XPY — |XPY| denotes the specialization map.

Remark 12. The 0-dimensional Zariski-closed subsets Z, < X:P* appearing in the statement of Corollary 11 are
rather explicit. For instance, if V, is a summand of a Q,-local system of the form R* f,Q, (i) for some smooth proper
morphism f: Y — X, up to shrinking .S, one may also assume f :Y — X admits a smooth proper model f:)Y — X
over S. Then, for p » 0 and for every v € Sp, X,\Z, can be taken to be the largest open subset over which the

convergent F-isocrystal R fmSO; X admits a slope filtration.

After introducing some technical level conditions in Section 2, we carry out the proof of Theorem 1 and Corollary 2
in Section 3, which is the technical core of the article. We give first applications of Theorem 1 in Section 4. In Section
5 we prove Corollary 7 and give applications of Theorem 1 to Conjecture (T) and to its variants over p-adic fields
and for the unipotent and centralizing loci; in particular, we prove there Corollary 8 and Corollary 9. Appendix A
provides a very brief overview of the results from (variational) p-adic Hodge theory used in Section 5 and Appendix
B while, in Appendix B, we discuss in more details Conjecture (T).

Aknowledgements: In a first version of this work, mostly aimed at attacking Conjecture (T) via methods from
p-adic Hodge theory, we only considered Theorem 1 under the assumption that X admits a smooth model over S. We
are very grateful to Sasha Petrov for asking whether this could be extended to the case where X admits a semistable
model over S, which yields a definitively wider range of applications. The reduction to the case where Vy is semisimple
in Lemma 33 is also due to him. We would also like to thank Ziquan Yang for exchanges around a consistent notion
of f-adic semistable local system, which lead us to Corollary 2, and for sketching the argument in Remark 17. More
generally, we enjoyed constructive discussions with Haoyang Guo and Ziquan Yang.

2. LEVEL

Some of the proofs and statements involve level assumptions that we list here for the convenience of the reader.

Let S be a connected scheme. Fix a prime ¢ and let V; be a Q-local system on S. Fix a geometric point s on .S and
set Vo := Vy 5; let I, © GL(V;) denote the image of m1(S, 5) acting on V. Consider the following "level conditions"
on Vy:

Levi (V) There exists a II,-stable Z,-lattice V2 < V; such that II, < Id + gEndZZ(‘QO), where £ =4 if ¢ =2 and ¢ = ¢
otherwise.

Levy(Vy) Tl is torsion free.
Levs(V,) Il is pro-£.

Levy(Ve) The torsion elements in ITy are of prime-to-£ order.

One easily checks the following implications.
Levi(Vy) == Leva (V) <= (Levs(Vy) + Levy(Vy)) == Levy (V) <= { > dim(V,) + 1.

In practice, Levy (V) can always be achieved after replacing S by a connected étale cover.

3. POINTWISE VERSUS GLOBAL RAMIFICATION PROPERTIES

Let O be a complete discrete valuation ring with fraction field k, of characteristic 0, maximal ideal m, and perfect
residue field &, of characteristic p > 0. Set S := spec(Ok) = {1, s}, where 7 is the generic point and s the closed point
of S. Fix a separable(= algebraic) closure k < k* = k. Considering the normal crossing divisor s < S, and writing
I, := I, ; for simplicity (see Subsection 1.1), one gets
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m(s>~m\ /\ v

k( Jouc ks7

1(n)
where IV := ker(I; — I') denotes the wild inertia group. For # := u, t, s let O}% denote the valuation ring of k* and
S# = spec(Op#).

For a variety X over k and a closed point x € |X| with residue field k(z), write Oy, for the valuation ring of k(z),
Sy := spec(Oy(y)) = {7, 5.}, with (x the generic point and) s, the closed point of S,.

Let X — S be a semistable morphism. Set X := A}); up to replacing S by its normalization in X — S, we may and
will assume that X is geometrically connected over k.

Let ¢ : Y — X be a Galois (in particular finite, étale and connected) cover. For a subset ¥ | X, say that ¢ : ¥ — X
is Y-pointwise unramified (resp. tame) if for every x € ¥ and for one (equivalently every) y € Y, the resulting cover
Sy — Sy is étale (resp. tamely ramified along s,). We will apply this terminology to subsets of the following form.
For # = u, t, s and u € | X/,

2 =Ju[*:= im(X (O )y — X(k7) — |X]) < |X],
where X (Oj# ), denotes the fiber of X (Oy%) — X(R) — |X;| over u; equivalently, Ju[# is the subset of all x € | X|
such that

spec(k(x)) z

|

spec(Opx) ——=spec(Op(z)) >

o

spec(R) — spec(k(s;)) — spec(k(u)) ——

®

More generally, for a subset F' < |X;|, we will consider
5 <]F[#:= | JJul*c |X
ueF
and, when F' = |X;|, we will simply write

12 [*:=]| X[ (= im(X (O ) — X (K7) — |X])).

We are now ready to state the core technical result of this article - Theorem 13 below. Let X — S be a semistable
morphism with X := A}, geometrically connected over k. Let ¢ : Y — X be a Galois cover. Let ¢y : Y — X denote

the normalization of X in Y 4 X — X.

Theorem 13. Let X3™ = A5 -0 AT, denote the decomposition of the regular (viz smooth) locus X3™ — X into
irreducible (viz connected) components.

(U) There exists a non-empty open subset Xy, < A, i =1,. m (depending on Y LX o X ) such that, for

S, )
every u; € XJ;, i =1,...,m, the followmg conditions are equwalent

(U-1) ker(m (X) — m (X)) € m(Y);

(U-2) Yx : Y — X is (finite) étale;

(U-83) ¢ :Y — X is |Xs[*-pointwise unramified;

(U-4) ¢ :Y = X is Urgigm |Jui[" O] X2 [*-pointwise unramified.

(T) There exists a non-empty open subset X, < X357, i = 1,...,m (depending on Y 4 x o X=™) such that, for

5,17
every u; € X7, i =1,...,m, the following conditions are equivalent.

(T-1) Kex(my (X) — 74(X; X)) < m(¥);
(T-2) Yx : Y — X is (finite) tamely ramified along X;;
(T-3) ¢ :Y — X is | Xs[5-pointwise tame;
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(T-4) ¥ :Y — X is Urgi<m]ui[ U] X2 [ -pointwise tame.

Remark 14. If X — § is smooth and ) is regular, one can take X7, = X ;, i = 1,...,m in Theorem 13 (U). If,
furthermore, for every intermediate cover Y — Y’ — X the normalization ) — X of X in Y/ — X — X is smooth
over S with ) regular, then one can also take X¢; = X, @ =1,...,m in Theorem 13 (T).

We will also use the following Corollary / variant of Theorem 13 (U). Let (X®*,D) — S be a semistable marked
pair with smooth generic fiber (X< D), that is X** — S is a proper semistable scheme, D — X' — S is a
relative normal crossing divisor on X** — S and X°* is smooth over k. Write again XPH*™ = ulging;Et’sm for
the decomposition of X" into irreducible (viz connected) components. Set X := X**\D and X := X°"\D. Let

1 : Y — X be a Galois cover and let 9 yept : YP* — XP* denote the normalization of X'°P* in Y b X s xert,

Corollary 15. There exists a non-empty open subset X;Et’sm’o c X;Et’sm, i=1,...,m (depending on' Y Lx o xsm)
such that for every u; € X;Et’sm’o, i=1,...,m, the following conditions are equivalent.

(U-1) ker(m(X) — (X)) < m(Y);

(U-2) Yyept : YP' — XP is (finite) étale;

(U-8) ¥ :Y — X is | X|-pointwise unramified;

(U-4) ¥:Y = X is Urgigm [P O] XPE5m [ -pointwise unramified.

Before we embark in the proof of Theorem 13 and Corollary 15, which will occupy the remaining part of Section 3,
we explain how to deduce from them the proof of Theorem 1.

Proof of Theorem 1: The implications = are tautological. We prove the converse implications <. Consider
Assertion (1). By definition, if [ X[} S]X,[* then, for every normal open subgroup U < II the corresponding Galois
cover Xy — X is |Xs[*-pointwise unramified. By Theorem 13 (U-3) = (U-1), the morphism 7 (X) — II/U then
factors through 7 (X) — 71(X). One concludes by passing to the limit on U. This proves (1). The proofs of (2) and
(3) are exactly similar using Corollary 15 (U-3) = (U-1) and Theorem 13 (T-3) = (T-1) respectively.

Remark 16.

abel by (1) the left hand side conditions and by (i1)’ the right-hand side conditions of the equivalence in Assertions
1) Label by (i) the left hand sid diti d by (ii)’ the right-hand sid diti { th ival in A i

(1), (2), (3) of Theorem 1. The proof of Theorem 1 shows more precisely that (i) = (i)’ = (ii)” = (i), where, for

(1), ) )

(i) 1 X, o)A [#,

with

- in (1), # =u if X — S is smooth, and # =t in general,

- in (3), # =t.

while, for (2),

(i)™ [ X1, 2] X [ [ X].

(2) The construction of the open subsets X7, c X, ;,i =1,...,m is effective. For instance, in Theorem 13 (U), if Y is

geometrically connected over k and X 1,..., s, are geometrically connected over k, X7, = X i\(Ya (V™7%) N
Xs,i)» 1= 1,...,m.

Remark 17. Guo-Yang proved Theorem 1 (1) in the setting of smooth p-adic formal schemes over Oy - see [GuY24,
Thm. 6.31]; as they mention, this can be regarded as the (scheme-theoretic in our setting) ¢-adic analogue of Fact 43
(3) / Crystalline part of [GuY24, Thm. 7.2]. Ziquan Yang pointed out to us that one can actually deduce Theorem
1 (1) when X admits a smooth model X — S from its formal analogue. Here is a brief sketch of the argument. (To
complete)

3.1. Strategy of proofs. Here is the general architecture of the proofs.
(1) Thm. 13 (U) for X — S smooth =——=> (2) Thm. 13 (T) for X — S smooth

ﬂ ﬂ

(3) Thm. 13 (U) for X — S semistable (5) Thm. 13 (T) for X — S semistable

ﬂ

(4) Cor. 15
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The delicate implications are (U-4) = (U-2) and (T-4) = (T-2). Roughly, one proceeds as follows.

(1) After some reduction, in particular shrinking Xs, one may assume ) is smooth. After this reduction, we prove
one can take X7, = X,;, @ = 1,...,m. More precisely, if Yx : Y — X were not étale, it would be non-étale
along one of the X ;, which would imply that for every u € X, ; there would exists v € ), such that the resulting
morphism at the level of cotangent spaces wﬁ :m,/m2 — m,/m? is not injective. On the other hand, using the
local structure of @X’u, one can always construct a section & : S — X mapping the closed point s € S to v and
such that the resulting morphism at the level of cotangent spaces ## : m/m? — m,/m? does not vanish at a. This
contradict the fact that, by (U-4), ¥y : ¥ — X is Ju[*-pointwise unramified.

(2) After some reduction, in particular shrinking X, one may assume ) is smooth and that for every intermediate cover
Y - Y’ — X the normalization )’ — X of X in Y’ — X < X is smooth over S. After this reduction, we prove
one can take X7, = X, ;, ¢ = 1,...,m. More precisely, one can consider the intermediate cover ¥ — Yjv — X
corresponding to the wild inertia group IV < G := Aut() and the normalization Yyw — X of X in Yjw —» X — X.
Then (T-4) forces Y — YVyw to be |Vpw ¢[-unramified which, applying Theorem 13 (U-4) = (U-2) to Y — YVjw, in
turn imposes that ) — Yyw is trivial.

Once Theorem 13 is established for A*™ — S, the issue is to control what happens locally around the finitely many
non-smooth points v € X**™ := X\X*™. To do so, we first describe in Subsection 3.3.1 the étale fundamental group
of the smooth locus of Xz = spec(Oxg) — spec(Opur) (Lemma 20) and the prime-to-p completion of the étale
fundamental group of X5y = &X(3) xx X) (Lemma 21). Then,

4) The common strategy to prove Theorem 13 (U) and Corollary 15 when X — S is semistable the following. Assume
gy y g
there exists u € X and v € ), (resp. u € Dy and v € (Y*),,) which violate (U-2) - that is such that V) — Xz
(resp. y(cg)t — X(C;)t ) is finite not étale. Then one constructs explicitly a k'*-point 2’ € X violating (U-4) using the
description of étale covers of X (resp. of Xz tamely ramified with respect to Xz < X ™) given in Lemma 20
(@) (@) (@) (@)
(resp. by Abhyankar’s lemma).

(5) From Theorem 13 (T) for X*™ — S, one already knows that ¢» : ) — X is tamely ramified along the generic
points of Xs. The proof of Theorem 13 (T) is achieved exploiting this and the structure of 7y (X(ﬁ))(p') given in
Lemma 21.

3.2. Proof of Theorem 13 when X — S is smooth. In this Subsection, assume X — S is smooth.

3.2.1. Elementary remarks. Let k — k' be a finite field extension and let s’ € S’ denote the closed point of S’ :=
spec(Op).

(1) Assume k' < k" (resp. k' c k*). Then for every u € X, the square

u

Uwe ) Ju'l" ——Tul" (resp. the square U e, Ju'[" —Jul")

| o] [
X 1 K| ——= X X i K| ——=|X]

is (well-defined and) Cartesian.

Indeed, let z € |X| and 2" € (X x} k). We are to prove that x €]u[" if and only if 2" € {J,c(x,, Ju/[* (resp.
z €lu[" if and only if " € (J,e(x ), J@/['). The if part of the assertion, which ensures that the upper horizontal
arrow is well defined, follows from the definition of | — [* (resp. | — [) and the fact that being unramified (resp.
tamely ramified) is stable by composition and subextensions. Let us prove the only if part. Assume x €]u[* (resp.
x €]u["). The fact that 2’ : spec(k(z’)) —» X xj k' extends (uniquely) to &’ : S, — X xg S’ follows from the
fact that = : spec(k(z)) — X extends to & : S, — X and the properness of X xg S’ — X while the fact that
Ok(ar) © Opaur (resp. Oppry © O ) follows from the fact that X' xg S — S is étale (resp. at most tamely ramified
along X;).

(2) Let k — k' be a finite field extension and let S’ := spec(Oy) — S denote the normalization of S in spec(k’) —
spec(k) — S. Let Vi — X denote the normalization of X xg 8" in ¥V x; k' > X xp K — X xg 5" and let
V) — X xg S’ denote the normalization of X xg.5" in Y xgS" — X xg.5’. By the universal property of normaliza-
tion, for ¢ = 1,2, the morphism )/ — X xgS" — X factors canonically as ! — ) — X. Furthermore the canonical
morphism Y] — )} is an isomorphism and if S — S is étale, ) xg.S” — V) is an isomorphism [Stacks, Tag 03GV].


https://stacks.math.columbia.edu/tag/03GV

12 ANNA CADORET AND AKIO TAMAGAWA

3.2.2. Proof of Theorem 13 (U). The implications (U-1) = (U-2) = (U-3) = (U-4) and (U-2) = (U-1) are (almost)
tautological so we are left to prove (U-4) = (U-2). If X5 = ¢J, there is nothing to prove, so we may and will assume
that X + .

Let us first observe that it is enough to prove (U-4) = (U-2) after:

(1) Replacing k by the algebraic closure ky of k in the function field of Y;

(2) Base-change along spec(k’) — spec(k) for some finite field extension k c k' < k™.
We explain this observation; the arguments are very similar for (1) and (2).

- In case (1), let Sy — S denote the normalization of S in spec(ky) — spec(k) — S. As Xs + &, by condition (U-4)
Sy — S is dominated by an étale cover of S hence is étale. As X xg Sy is normal, one has a canonical factorization
Py :Y > X xgSy > X and Y - X xg Sy is the normalization of X xg Sy in Y — X x; ky —> X xg Sy.

- In case (2), let S” — S denote the normalization of S in spec(k’) — spec(k) — S. By assumption S’ — S is étale
hence Y xg 5’ — X xg 5 is the normalization of X xg 8" inY x, k' » X x . k' - X x5 5.

To unify the end of the argument, in case (1), write ¥’ := ky and
Y 5> X' =Y o> X spky, V> & 8§ :=Y - X x5Sy — Sy,
while, in case (2), write
Y o X = Yok = X sk, Vo X =8 =V xg S — X xgS — 5.

Let s’ € S’ denote the closed point of S’. Let Xs; x5 8" = Ligj<m,Xs,i,; be the decomposition into irreducible (viz
connected) components of Xy ; x5 s, ¢ = 1,...,m. For every non-empty open subset Xy i ; © Xo,j, the image
X9, < Xs of Ligj<m Xy via Xy — X is again a non-empty open subset of X, ;. Now, assume (U-4) = (U-2)

s’,i,7
holds for Y x; k' — X xj k' and the open subsets Xgi; < Xoigj=1,....my;i=1,....,m. Then (U-4) = (U-2)
holds for ¥ — X and the open subsets X7, < X;;, i = 1,...,m. Indeed, assume for every u; € X p Y > X

is Ju;["-pointwise unramified. Let 2’ €]u; ;[* with image = €]u;[* (See (1) in Subsection 3.2.1) and for every y € Yy,
consider the factorization S, — Sy — S;. As ¢ : Y — X is Ju;["-pointwise unramified, S, — S, is étale hence
Sy — Sy is étale as well. This shows Y — X" is Juj ;[*-pointwise unramified. By (U-4) = (U-2) for Y’ — X’ and the
open subsets Xy ;. < Xo ;5,7 =1,...,my, i =1,...,m, V' — X' is étale. As X' — X is étale, this implies )/ — X

is étale hence that Yy : Y — X is étale.
So, after possibly replacing k by ky, we may and will assume Y is geometrically integral over k, and after possibly
replacing k by a finite field extension k < k' < k", we may and will assume X, is geometrically irreducible (viz

connected) over k, i = 1,...,m.

Let & € X, ; denote the generic point of Xs;, ¢ = 1,...m. As X is regular, it follows from Zariski-Nagata purity

theorem that ¢y : Y — X is étale if (and only if) it is étale at &, i = 1,...,m. As ) is normal, it is regular in
codimension 1 hence the non-regular locus Y™ < ) is a closed subset of codimension > 2 in ). As ¢y : Y > X
is finite, Z := ¥ (Y™"8) < X is also closed of codimension > 2 in X. On the other hand, for every i = 1,...,m, as

X — S is smooth, X;; < X is closed of codimension 1 in X hence Z,; := Z n X, ; < X;; is closed of codimension
>1and XY, := 5,i\Zs,i © Xs; is a non-empty open subscheme; in particular, §; € X7 ;. So, setting X := X\Z, it is
enough to prove that Y x y X° — X°is étale at &, 7 =1,...,m. So, up to replacing Yr : Y — X with Y x» X° — X?,
we may and will assume Y is also regular. Fix u; € X, ;, ¢« = 1,...,m. Up to replacing further ¢» : Y — X by
its base-change along spec(Oy/) — S for some finite field subextension k < k' < k", we may and will assume that
k(v) = & for every v € ), (in particular, k(u;) = k). We argue by contradiction. Assume the subset Y™ — Y of all
y € Y such that ¥y : Y — X is non-étale at y is non-empty. Then, again by Zariski-Nagata purity theorem, )™ < )
is closed and pure of codimension 1 in Y. Fix a generic point £ € Y*°*. As1): Y — X = &, is étale, { necessarily lies
over one of the &, i =1,...,m - say &. But as ¢y : Y — X is finite, ¥ (Y™*) < X is closed in X hence contains
Xs i

For simplicity, write u := u; € X,; and fix v € (Y™**),. By Lemma 18 (v) = (ii) applied to ¢¥x : ¥ — X (here,
we use the regularity of ))), the canonical morphism 1/Jﬁ :my/m2 Or(u) K(v) — m,/m? induced by ¥y : Y — X at
the level of cotangent spaces is not injective. Recall that, from our preliminary reduction k = k(u) = k(v). Fix
0 + a € ker(m,/m2 — m,/m2). The idea is to construct a & € X(Oy), such that the resulting morphism of cotangent
spaces 7 : m,/m2 — m/m? satisfies 7 (a) + 0. Assume such a 7 € X'(Oy), exists and let z €]u[* denote its image in
|X|. By (U-4), the normalization Y, — S of S in Y, — spec(k) — S is étale. Actually, Y, = spec(kgq X -+ X kgy)
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with k& < k, ; a finite unramified extension, j = 1,...,¢ and Y, = spec(Ok, , x --- x Oy, ). For j =1,...,t, write
?z,j := spec(Oy, ;) = {y;,v;}, where y; is the generic point and v; the closed point of )N’r] AsY, > S 5 X also
coincides with the normalization of X' in Y, — spec(k) — S > X, by the universal property of }N/'z >S5 x , one gets

a unique factorization

(5) Y,

l ;

spec(k) —— T

\_r/

x

\
<

-
5

U <— o

=

As Yy : Y — X is integral, by the Going down theorem [Stacks, Tag 00HS], there exists y € ) specializing to v and
mapping to z. By construction y € Y, hence coincides with the generic point of one of the irreducible components -
say Yy ; - of Y. As Y, — S is finite, v; maps to v. The commutative square

~

Y,

x,J > y

|

S I—— X
xX
induces a commutative square at the level of cotangent spaces

mvj/mz%j ~—my/m;

T

m/m? ~% m, /m;
x

But as Y, — S is étale, it follows from Lemma 18 (i) = (v) that the morphism m/m? — m,, /m%j is injective; this
contradicts the fact that 7 (a) 4 0 while z/;fﬁ(a) = 0.

It remains to construct & € X' (Oy), such that the resulting morphism of cotangent spaces &% :Amu/mi — m/m?
satisfies 7% (a) 4 0. For thAis7 as X is smooth at u and the residue field of w is &, Ok[[T1,. .., T,]]>Ox . and, modulo
this isomorphism, m, < Oy, identifies with the ideal (m,T},...,T,,), where 7 € m is a uniformizer, m,/m25S>KT @
kT1@®- - ®kT, and m/m?S>k7. Fix any -linear morphism 7(1# :m,,/m2 — m/m? such that ff (a) + 0 and ff (m) =7
(if p; : my,/m2 — m/m? denotes the projection onto the 7th component for i = 0 and the T,;th component for
i=1,...,n,and a = agT + 21<z‘<n a;T; then, one can take fjé = po if ap #+ 0 and ?a# =po+p; forsomel <i<n
such that a; # 0 if ag = 0). Let f7#(T}),..., f#(T,) € m lifting ?f(Tl), ..., f(T,) € m/m?; these define a unique
morphism f# : O[[T1,...,Tn]] — Oy of Ox-algebras, and the resulting O-point

Z : spec(Oy) EL spec(Ok[[Th, ..., Th]]) ~ spec(@;(,u) — spec(Ox ) = X
has the expected property.
Lemma 18. Let w: V — U be a finite surjective morphism between integral normal noetherian schemes. Let v eV

and set u := w(v). Let k(u) « Oy =: Oy D my, (resp. £(v) « Oy, =: O, D m,) denote the residue field, local ring
and mazimal ideal of U at u (resp. of V atv).

(1) The following conditions are equivalent

(i) m:V = U is étale at v;
(i) m:V — U is unramified at v;
(ii) the canonical morphism w, /m? ®, ) £(v) — m,/m2 is an epimorphism.

(2) Assume furthermore U is regular at u, then the equivalent conditions in (1) are also equivalent to:
(i) the canonical morphism m,/m2 @) k(v) — m,/m? is an isomorphism,
(and imply V is regular at v).
(4) Assume furthermore V is regular at v, then the equivalent conditions in (1) are also equivalent to:

(i) the canonical morphism m,/m2 @, () k(v) — m,/m2 is a monomorphism,
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(and imply U is regular at u).

Proof. The implication (i) = (ii) is tautological while the implication (ii) = (i) is [SGA1, Exp. I, Thm. 9.5 (ii)].
Condition (iii) is equivalent to m, O, +m2 = m, so the implication (ii) = (iii) is tautological while the implication
(iii) = (ii) follows from Nakayama’s lemma since m, is a finitely generated O,-module [Stacks, Tag 07TRC (4)]. The
implication (iv) = (iii) and (iv) = (v) are tautological. By Nakayama’s lemma and Krull’s principal ideal, one always
has dimn(u)mu/mi > dimQ, with equality if and only if U is regular at u and similarly for V' at v. This shows the
implication (iii) = (iv) assuming U is regular at u and the implication (v) = (iv) assuming V is regular at v. d

3.2.3. Proof of Theorem 13 (T). Again, the implications (T-1) = (T-2) = (T-3) = (T-4) and (T-2) = (T-1) are
(almost) tautological so we are left to prove (T-4) = (T-2).

Let X° < X be an open subscheme such that X° " X, ; £ &, i =1,...,m. As X is regular, Yy : Y — X is tamely
ramified along X if (and only) if Yy xx X% : Y xx X° — X is tamely ramified along X? so that, in proving (T-4)
= (T-2), one may freely replace )x : J — X by its base-change along such an open subscheme X° — X.

For i =1,...,m, consider the Cartesian diagram
Jf}s:ed ~— Vs
YV<——Vs =
wxl O \Lﬂﬂx,s
X Xs Xs,i7

(where V¢ < Y denotes the reduced closed subscheme) and write

ys,i = U ys,i,j
1<j<m;

n-reg

for the decomposition of Ys; into irreducible components. The non-regular locus ysﬂ < Vs, is a strict closed

subscheme. As ¥y : YV — X is finite, Yx (V") & X, is again a strict closed subscheme. So that, replacing
Py Y — X by its base-change along

X=X\ || (V) > A,
1<i<m
we may and will assume that Y ; is regular (viz smooth over k as & is perfect), i = 1,...,m. Actually, later in the
argument we will have to ensure this property holds not only for the normalization ¢y : Y — X of X in Y Lxox

but also for the normalization ¢% : ' — X of X in Y’ ¥, X < X for some intermediate covers ¥ — Y’ % X.
But as there are only finitely such intermediate covers, we can do so by shrinking X further (namely removing not

only | | ;<,, Y (V5;®) but the union of all | |, ;. Yx(Vs,; ") for Y — Y’ %X describing the finitely many
intermediate covers of ¥ : Y — X).

For a subgroup H c G := Aut(y), write Yy — X for the corresponding connected étale cover and Yy — X for
the normalization of X in Yg — X — X. Fix ¢ = 1,...m, let £ := & € X,; denote the generic point of A ;,
¢ := (5 € Vs,i,5 the generic point of Vs ; ; and write

for the decomposition, inertia and wild inertia groups of (/£ respectively. These yield a commutative diagram

Y Yiw Y Yp X

N

Y Vrw Vr %)) X.

Let rw, ¢; and (p denote the image of ( in Yrw, Y and Vp respectively. By construction, spec(Oy,, ¢, ) — spec(Ox ¢)
and spec(Oy, ¢,) — spec(Oy,, ¢, ) are unramified, spec(Oy, ¢,w ) — spec(Oy;, ¢, ) is tamely ramified and spec(Oy ¢) —
spec(Oy,w ¢,w) is wildly ramified.

Also, just as in the proof of Theorem 13 (U), it is enough to prove (T-4) = (T-2) after:


https://stacks.math.columbia.edu/tag/07RC
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- Replacing k by the algebraic closure ky of k in the function field of Y. The argument is exactly similar to the one
of the proof of Theorem 13 (U), replacing "étale" with "tamely ramified".

In particular, after possibly replacing k£ by ky, we may and will assume Y is geometrically integral over k.

- Base-change along spec(k’) — spec(k) for some finite field extension k c k' < k*. Again, the argument is exactly
similar to the one of the proof of Theorem 13 (U), replacing "étale" with "tamely ramified" and ) xg S’ with the
normalization of X xg 8" inY xp k' - X xp k' - X x5 5.

So, after possibly replacing k by a finite field extension k¥ < k' < k', we may and will assume that X, ; is geo-
metrically irreducible (viz connected) over s, i = 1,...,m and, by Abhyankar’s lemma ([Stacks, Tag 0BRM]), that

spec(OyIZijglle) — spec(Ox g,) is unramified (in other words, I; j = I}';), j = 1,...,m;, i = 1,...,m.

We now define X7, < X ; as in Theorem 13 (U) (namely X9, = X5 \Zs,i, where Z := ¢ (Y"™8) and Z,;, = Zn X, ),
t=1,...,m.

Fix 1 <i<m, u; € |X,], z €]u;[* and y € Y,. By definition, = : spec(k(x)) — X extends (uniquely as X — S is
separated) to & : S, — X and, as ¥y : J — X is finite hence proper, y : spec(k(y)) — Y extends uniquely as

spec(k(y)) —————=

S, - S, X

x

Then there exists a unique 1 < ¢ < m such that Z, € X, and a unique (recall that ), is regular) 1 < j < m; such
that g, € Vs, ;. Write IV := IZVM/&(: ICi,j/fi) and D := D¢, je,. For H = D, I and 1, let Y3 . < Vg s denote the
irreducible component of (i and set Vi 1= Yu\(Vu,s\Vir ). As (p is inert in Yyw — Yp and (w is totally wildly
ramified in ) — Yyw, one actually has a partly Cartesian diagram

N Vv Vb

X
Lo =]
y Vrw Yp X.

In particular, Y% — )9 is an etale cover and Y9 — X is an étale morphism (but a priori not finite). Let y* denote

the image of y in Yyw and §¥ : Syw = spec(O,w) — V¢ the normalization of }{. in spec(k(y™)) S Y — Vo so
that one has a commutative diagram

S, Syw S,

CF

e Viw Vb

| o] -]

Yy Yrw Yp X
As Vpw — X is étale, Syw — S, is unramified while as ¥ — Yw is Galois with group I of order a power of p,
the ramification index of S, — Syw is a power of p. On the other hand, as = €]u;[*, by (T-4), S, — S, (hence a
fortiori S, — Syw) is at most tamely ramified. This forces S, — S, to be unramified and proves that Yx : Y — X is
Ju;[*-pointwise unramified (hence a fortiori |u;["-pointwise unramified). By Theorem 13 (U-4) = (U-2), ¢ : Y - X
is an étale cover, which imposes that J — Yjw is trivial.

3.3. Semistable base schemes. We define the smooth locus X*™/5 ¢ X of a morphism of schemes X — S to be
the set of all z € X such that X — S is smooth at x [Stacks, Tag 01V5]. When S = {, s} is the spectrum of
a discrete valuation ring with (generic point 1 and) closed point s, X’ sm/S = X is thus the set of all z € X such
that there exists a Zariski-open neighbourhood U — X of x such that Y — X — S is a smooth morphism. If one
furthermore assumes X — S is flat and of finite type, then for every z € X,, z € X*/% if and only if z € X:m/s (and for
every z € X, z € X*/" if and only if z € X*™/9) so that, in that case, we will omit the base scheme S from the notation.

Let now S = spec(Oy) denote, again, the spectrum of a discrete valuation ring as in Theorem 13 and let X — S be
semistable. As already mentioned, now that we proved Theorem 13 for the smooth locus X*™ — S of X — 5, the


https://stacks.math.columbia.edu/tag/0BRM
https://stacks.math.columbia.edu/tag/01V5
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remaining issue is to control what happens locally around the finitely many non-smooth points u € X := X\,
To do so, we first describe in Subsection 3.3.1 the étale fundamental group of the smooth locus of X5y = spec(Ox 4) —
spec(Opur) and the prime-to-p completion of the étale fundamental group of Xz = X5 xx X.

3.3.1. Preliminary computations. For a morphism of rings f : O — ', we again denote by f : spec(O’) — spec(O)
the corresponding morphism of affine schemes. To simplify the notation, we also sometimes write O instead of spec(O).

For every integers r > 1, n > m > 1 set
Or = Okur[Tl, . 7Tn]/<T1 < 'Tm - 7'1'T>7 m, = <7T7T1, ce 7Tn>7
and let
Cr0—g * OT' - OT',O = (Or)mw myo = mTOT',O
denote the localization of O, at m, and
Cr0—0 * OT,O - On@ = Oi?m mn@ = mT,OOn@

the strict henselization of O, at m,o. For # = ,0,0, write also 0, 4 := spec(O, %), and 6, » € O, » for the
closed point corresponding to the maximal ideal m, 4. If we need to keep track of the data (n,m), we will replace the
subscript "(—)," with the subscript "(—),, m". Note that the rings O, 4 are all normal and integral. The morphism
0,5 — O, can also be described as the limit

(6) 6,5 = lim U
indexed over all étale-open neighbourhoods U of 8, in ©,. viz commutative diagrams
(7) U

-

spec(R) — O,

where U — O, is an étale morphism.

Let t; := t; % € O, » denote the image of T;, i = 1,...,r. For #/|r, the canonical morphism of Ojur-algebras

Okur[Tl,.. 7Tn] i O,-I, (Tl,.. 7Tn) [and (t?,...,t{z,tm+1,...,tn)
factors canonically through a finite morphism «;,/_,, : O, — O, and induces, by localization at m,, m,, and strict
henselization at m,. o, m,, ¢ respectively, canonical finite morphisms of Ojur-algebras
Q' 90 - OT,O - Or’,Oa ar’—»r,ﬁ : Or,() - Or’,ﬁ'

Note that a,/_,.5 : O % — O, % decomposes as 0,5 — 0,5 o, O,y — 0,5, where ©,, 5 — 0,5 xg, O,/ is the
inclusion of one of the finitely many connected components of ©,.5 xe, ©,s [Stacks, Tag 05WP]. In other words, one
has a diagram cartesian up to connected component, which we denote by

Al
(8) @r’,() > 97",()
Crt oﬁ@i "o \Lcro_»g
Or < O

3.3.1.1. Smooth locus. We define the smooth locus ©4 < ©, 5 to be the inverse image of ©;™ < O, via ¢, 5,5 :
©,5 — O,. As for every diagram (7), U™ < U is the inverse image of ;™ < O, via U — O, [Stacks, Tag 02K5],
©;" < O, is also the inverse image of U™ < U wvia ©,.5 — U.

Lemma 19. Assume m > 2. Then, @::gm(:: @’“76\6?‘%) = U1<i+j<m V(ti,t;) € ©,5. In particular, 6;:8“’ c 06,5
has codimension 2.

Proof. By our definition of ©7§™, it is enough to prove that ©3" =, ., ..., V(ti, 1)) = ©,. As ©, — S is flat,
of finite presentation, and of relative dimension n — 1, one can describe O™ < O, as the set of all z € ©, such that

there exists a surjective morphism (’)gi’fx Do, Qé)rl gur , of O, z-modules. On the other hand, one can compute

Qé)rl qur = Q}M Opur explicitly via the exact sequence of O,-modules:

(t1,..stm,0...,0) 1
OT - O’l(’-Dn - QOT‘Okur - 0’


https://stacks.math.columbia.edu/tag/05WP
https://stacks.math.columbia.edu/tag/02K5
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where #; ;= &tm 5 — 1 .. m. Thus

O ={re0O,|te 05, ., for some 1 <i<mj.
Equivalently, @ :={re®©, |{;eme, ,, i=1,...,m} O
= ﬂ1<i<m V(fi) = ﬂ1<i<m Ulsi#jém V(tj) = U1<i#j<m V(tivtj) c O,

Write r = r'p” with p {1’

Lemma 20. Assume m > 1. One has m(©77) ~ (Z/r")™~". More precisely, the universal cover @S“l — O)% of O
1s the base change
OO 5
s
o 0,..
Proof. By construction, for i = 1,...,m, the diagram

@r’,ﬁ[?li] - @r 0

is cartesian.

Claim 1. One has m(07%) = 1.

Proof of Claim 1. As O is a Noetherian scheme of dimension n, regular at ¢, O; g is a Noetherian, regular local ring of
dimension n [Stacks, Tag 06LN], [Stacks, Tag 06LK], hence ©, 5 is a Noetherian, regular [M87, Thm. 19.3] scheme of
dimension n. From Lemma 19 and Zariski-Nagata purity [SGAL, X, Cor. 3.3, one thus gets 7, (O™ o)ﬂﬁl(@l g)=1.0

Claim 2. For every integer v = 1, one has m (@;f,{‘ a)=1.

Proof of Claim 2. From Claim 1, ﬂl(@sm—) = 1 so that, by the general formalism of Galois categories, the universal

cover @Sm 5 — @;’36 of @Sm -~ is finite and the finite cover @Sm— — @sm = factors as 5 @Sm = — @S’f}o (as @;’36

,0 )

is normal @Sr,f‘ s — 95“‘ = can also be described, in more dovvn to—earth terms, as the normahzatlon of 9““ = in the
maximal subcxtcnsmn of k(@sm )/k(©57 5) unramified over ©3% ;). Consider the notation in the following basc change
diagram

Vs Us Uy Opur (4,0
J O O i
[1] 1
SIES : Oy ol ] O
[m] ,l [m]
@Tfé o™ _ @;TIJ Opur.
The cover Vi — Uj also identifies with a connected component of the base-change
‘/ﬁ UG( ®p”,6 X Opur Okur(upu)
“o [m]

C"‘)l[i] Xokur Ok‘"(upu) —_— epu[

=V =U

Subclaim. The finite cover V.— U has no non-trivial étale intermediate subcovers.


https://stacks.math.columbia.edu/tag/06LN
https://stacks.math.columbia.edu/tag/06LK
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Proof of the Subclaim. The cover V — U is given by

v v
(Y o tE mg1,etn)

OPV [%] ®Okur Okur(upu) Ol[%] ®Okur Okur(p,pu)

:l l:

Ok“r(upu)[T27T51a"'7TmaT7;1>Tm+l7"'7Tn] " v Okur(ppu)[T27T{15"'7TmaTnT7,1aTm+17"'aTn]7
(T2ye, Tn) = (T3 .. TR Trg1,e,Th)

hence is a direct product of m — 1-copies of the Kummer cover

pU
Gm,okur(ﬂpy) - Gm,okur(,‘,pw, t—t"

and n — m copies of the trivial cover

1 1
Okur(upu) - Aokur(“pu)) t e t'

m—1

In particular, V' — U has automorphism group (Z/p") and its only non-trivial étale subcover is the trivial one.

Equivalently, the Kummer cover

¢:D:=G" )} > D, (to,. .. b)) — (B8, .. 7))

m,Okur(“py) m

has no degree-p étale subcover. Indeed, as ¢ : D — D is an isogeny of split tori, the map

D-"~D ker(p4 )
| A
p—
D
induces a bijection between index p subgroups of ker(¢) =~ (upr,0pur, ,,)®" " =~ (Z/p??kurw ))®m_1 and degree-p
p pv

subcovers ¢_ : D — D. But for every index-p subgroup M < (Z/p*)®™~1 lifting to an index-p subgroup M < Z&m—1
there exists an automorphism & € GL,,_1(Z) such that &(M) = p*~*Z @ ZO"~2 < Z®™~! hence for every degree-p

subcover ¢_ : D — D there exists an automorphism & € Auto, u,, )(D) such that o_ = &~ '¢_&a : D — D, with
o

¢—:D—> D, t— (th,ts,...,tm).
But ¢_ : D — D is not étale, otherwise the extension of Opur(y,,,.)-algebras
Opur () [ X, X1 = Opur( [V Y 1], X o Y

would be étale. But from the isomorphism of Opur(,, . )-algebras

_ X—Y?P _
A= Okur(upu)[X,X 1]% Okur(ﬂpl,)[Y, Y 1],
X=X ;>—>Y

B i= Opur () [ X, XA [TINT? - X

this would force QlB‘ A

= 0, while
Q}3|A ~ B/pt!™' ~ B/p 4+ 0: a contradiction.

This concludes the proof of the Subclaim. O

It remains to prove that the Subclaim implies

(deg(©3 5 — @22 1) =)deg(Us — Up) = 1

(hence 71 (U) = 1). We proceed in two steps.

a) For every intermediate cover V.— W — U, W xy Uy — Uj is étale if and only if W — U is étale viz trivial by the
Subclaim. This essentially follows from the fact that the canonical morphism Uy — U is pro-étale. More precisely
let V.— W — U be a non-trivial intermediate cover such that W xy U — Up is étale; without loss of generality,
one may assume W — U has degree p and is given by

A= O[] @i K (1) — Alt]] =: B
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Consider the notation in the base-change diagram

spec(B’) := W xy Uy — U =: spec(B)

Lo

spec(B) :=W U := spec(4).

As Uy — U is pro-étale, so is W xy Us — W hence, as W is normal, so is W xy Uz. On the other hand, as
W — U is finite, so is W xy Uy — Ug. Hence W xy Ug — Uyp is the normalization of Uj in spec(k(W xy Uj)) —
spec(k(Ug)) — Ug, where k(W xy Up) stands for the total fraction ring of B’. In particular, W xy Uy — Uj is
étale if and only if it is unramified. But, one has

Q}B/M, ~ QIB‘A ®p B'~ B/p®p B’ ~ B'/p % 0 : a contradiction.
b) Step a) implies that the canonical morphism

Gal(k(Vo)|k(Us)) — Gal(k(V)[k(U))
is surjective - hence an isomorphism. Indeed, otherwise, there would exists a degree-p intermediate cover V —
U’ — U such that U’ xy Uy — Uy is totally split (recall k(V)/k(U) is Galois with group (Z/p”)™~! hence all
its subcovers are again Galois covers) - hence étale: a contradiction. Thus [7@ — Up arises as the base change
U xy Uy — U of an étale intermediate cover V — U — U, which is necessarily trivial by the Subclaim. O

End of the proof of Lemma 20. From Claim 2, it is enough to show that the cover 0% - — @S is étale or, equivalently,

pv,0
that for i = 1,...,m, the cover ©,. 3 [t] — @,70[15_] is étale. But, up to a connected component, @pu,g[?] — @T,@[%]

is the base Change along @r,()[%] — O, of the finite cover apv_,, : ©p» — O, which, as explained in the proof of Claim
2, writing D := G A= Ag;ffr‘, is isomorphic to

pxIda:DxA—DxA,

m Okur ’

with ¢ : D — D, t — (t{/, cee m) But by assumption ' € O(D)* hence the same computation as in the proof of
Claim 2 shows that 939 =0thatis p x Idg : D x A — D x A is étale. (]

As ©%7% is normal, Lemma 20 can be reformulated by saying that the function field functor

© — O — k(©)/k(0,,)

is an equivalence of categories between finite connected étale covers of @Sm and subextensions of the Kummer extension

k((_)p",(_)) =~ k(@r,ﬁ)(tf/""’ m— 1)/k( )
(note that, as p f r/, k" contains all 7'-roots of unity), with quasi-inverse the functor which sends a Kummer subexten-
sion K/k(©,5) of k(O 5)/k(©,.5) to the normalization Ok — 37 of ©;% in K/k(©,5). Instead of the normalization
O — O7% of ©2% in K/k(©, ) one can consider the normalization O, — ©,.5 of ©, 5 in K/k(0,.5); this induces an
equlvalence of categorles between Kummer subextensions of k(©,. 5)/k(©, ) and finite connected covers O, — ©,.5
with ©, normal and ©4 xe, , O — O ¢tale.

3.3.1.2. Inertia. For simplicity, write

and let I, g — I % denote its maximal prime-to-p quotient.

Lemma 21. The group I 5 is abelian and fits into the following exact functorial diagram of abelian profinite groups

1 Ii,ﬁ I, 0 (Z)r")m ! —1
1 Lo I (z/r")ymt ——1,

with It 5 ~ (Z@))m
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Proof. The assertion when r = 1 immediately follows from Abhyankar’s lemma as O, g is regular. More precisely, for
every N =1, p{ N, let

1
91,6[;]N - @1,6[

denote the Galois cover corresponding to the normalization of O 5

]

1] in the extension

3

—

k(©15)(m¥ 47, tN_)/k(Oy 5).

1 'm—1
Then the covers ©; 5[]y — ©;5[1], pt N are cofinal among all connected étale covers of ©; 5[1] tamely ramified
at 6, 5. The commutative square

(& S PR

©10(7] CRYIE
A1 pv ol larlﬁr’o
1
917"’6[;] QApv 1§ @"‘;6[%]
and the fact that oy, 5: 0, 5[2] = ©,.5[1] and a5 : O, 5[] — O,.5[2] are Galois cover obtained by pulling
back the universal covers ay_,,/ 5 : O — O35 and a5 : @;‘5‘6 — ©O7% respectively, yields the commutative
diagram with exact lines
1 Il,(_] ]T/’(—] (Z/T’)m_l —1
1 Ipu76 IT,() (Z/T’)mfl —1.

which, from Lemma 22 below, yields the commutative diagram with exact lines

1 It g 53 (Z/r )yt ——1
1 Lo I @/rymt ——1.

It thus remains to prove that:

i) Iﬁ,ﬁ is abelian that is, equivalently, every Galois cover © — @r/@[%] totally tamely ramified at 6, 5 is abelian.

To check this consider the base-change diagram

- - P

o
| e
0 olz]-

[%] — 0,

As O — O g[1] is tamely ramified, there exists pt N such that ©, 5[2]y — O 5[2] factors as

1 1 1
™ T ™

By construction, the resulting cover

1 1 1

O1[=In = O1]

i T
is the normalization of ©,, 5[1] in the extension

k(O 5)(m N 47N . 7Y ) k(O 5)

yYm—1
hence is abelian with group (Z/Nr")™ (as k" contains all 7' Nth root of unity).

N ¢ e . .
ii) Il)(—) — Ipl,7(—J is an isomorphism that is,
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-1 {,() — I;Vﬁ is surjective. Equivalently, for every connected étale cover © — @p,,7()[%] totally tamely ramified
at 0, g, the pull-back
o— S0
O10[7] — Opvol7]
is again connected. But this follows from the fact that ©; 5[] — ©,,. g[%] is of degree p” while © — O, 5[] is
totally tamely ramified at ¢,. 5 so that O — @175[%] is again totally tamely ramified at ¢4 5 hence, in particular,
connected.

o

-1 {’(—) — I;,,’(—) is injective. Equivalently, for every connected étale cover © — @1’()[%] totally tamely ramified at

t o there exists a connected étale cover ©_ — ®pu7()[%] totally tamely ramified at 6, 5 such that
S)

0 ——————= 05[]

0. ————> 6, 0l5]
It is enough to prove this for © = ©; 5[]y — ©; [1], pt N. But, then, © — O, 5[] is obtained explicitly

as the normalization of ©,, 5[] in

) ¥'m—1

k(@p”,ﬁ)(tfﬁ, . )(ﬂ—%athTv e 7tnNLT:/1)/k(@pV,6)'

As p and N are coprime, writing ap” + bN = 1 for some a,b € Z, one gets

O

Lemma 22. Fiz a prime p. Let 1 —» II' —» II — II” — 1 be a short exact sequence of profinite groups with 11" of
prime-to-p order. Then the canonical morphism e — ) s injective.

Proof. Fix a p-Sylow subgroup P’ < II'. AsII” is of prime-to-p order, P’ maps isomorphically to a p-Sylow P’ =P < II;
let us identify P’ := P. We are to show that the subgroup

ker(IT' — II'®)) = (P < I
topologically normally generated by P’ in II’ maps isomorphically to

ker(IT — T1®)) = ((P"yyyy < 1.
But, as II’ is normal in IT and P’ < I, for every « € II, wP'n~! — II’; in particular, 7P'w—! c II' is also a p-Sylow of
II’ hence there exists 7’ € I’ such that 7P'm~! = «' P'7/ 1. O
As ©, 5 is normal, Lemma 21 can be reformulated by saying that the function field functor

© — 0,5 k(©)/k(©,)

is an equivalence of categories between finite connected covers of ©, 5 totally tamely ramified above 6, 5 and subex-
tensions of the Kummer extension

k(©,.5)" := colimynk(0,5) (TN 1Y ..., tN_)/k(O,5)

(note that, as p 11/, k" contains all prime-to-p-roots of unity), with quasi-inverse the functor which sends a Kummer
subextension K/k(©, 5) of k(©,5)°/k(0,.5) to the normalization O — ©,.5 of ©,.5 in K/k(0,5).

* % ok

From now and and till the end of Subsection 3.3, let X — S be a semistable morphism; recall that this means X — S
is separated, flat, of finite type, X is integral, smooth over k, and for every u € |X|,

OX,fL = On,m,r,ﬁ



22 ANNA CADORET AND AKIO TAMAGAWA

for some integers r = 1, n = m > 1. In particular, v € X if and only if m = 1 and u € A if and only if m = 1 or
r=1. As both X — S and ©,, , » — S are of finite presentation, the condition that Oy 5 ~ O,, ,,, 5 is equivalent to

the existence of a commutative diagram

X<—spec O mr

with U — ©,, -, U — & étale morphisms. In particular, @;mm o ©,,,m.r,0 also identifies with the inverse image of
X < X wia O, ,, .5 ~ spec(Oxq) — X.

3.3.2. Proof of Theorem 13 (U) and Corollary 15. For both statements, again, the implications (U-1) = (U-2) =
(U-3) = (U-4) and (U-2) = (U-1) are (almost) tautological. We prove (U-4) = (U-2) applying the strategy described
in Subsection 3.1.

3.3.2.1. Proof of Theorem 13 (U). From Subsection 3.2.2, we may and will assume that X™*™(= X)) £ . From
loc. cit., Pysm : Y xx X™ — X is (finite) étale. Assume (U-2) does not hold so that there exists u € X and
v € Yy such that O, := Vi) — Xg) =~ 0, .5 =: O, is finite not étale [Stacks, Tag 02GU]. Write r = p”r" with
ptr’. From Lemma 20, and as © := O, xg,, O — O is étale, the extension of function fields k£(©)/k(©,5) is a
non-trivial subextension of the Kummer extensmn

k(©pr 5) = k(O,5 Yt o ) /RO, 0)-
Fix a subextension k(0,5) c K < k(©) with K/k(©, 5) of prime degree ¢. By abelian Kummer theory (as p {r’, k™
contains all r'-roots of unity), one has K = k(©,.5)(f7) for some f =#{' -+ t;" ' with0<e; <l—1,i=1,...,m—1
and e; > 1 for at least one of i = 1,...,m. From these data, we construct a non trivial extension k' /k** contained in

k* and a morphism of Oyur-algebras

0
f7)

Or,(_) - Ok’
as follows: let kq,..., k%, = 1 be integers and ¢y % ¢ a prime such that, setting,
N = Z kiei
1<is<m—1
one has
(i) Z i and (i) £,4y 1 N.
1<is<m

For instance, if ; > 1, one can take k; = 1, k; =lfor 1 <i 4 j<m—1,

1+4(m—2) N+ 1)
r ) )

and ky, = for — (1 + ¢(m — 2)). Set k' := k™ (7 %) From (i), the morphism

Opue[Th, ..., Tp] = O, T (r%0,...,1%,0,...,0)

factors canonically through

spec(i)—— spec(Oy) <—spec(k’)


https://stacks.math.columbia.edu/tag/02GU
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whence
spec(k’) Ok 2 O,
oo ] o]
spec(k"") <—— ©,.5+] Oxlz] o[;]
[m] O l O 1
spec(Ojaur) % Ox S)
Indeed, as ro[%][ 1/{T* — f> is normal with fraction field K one has an
0,.5[%], whence

But one can compute explicitly O g .
identification O x[L1] ~ spec(O, s[][T]{T* - f)) —
[LIT1AT = 1)) o, a1 K = K[TIXT = 7707y ~ k*((x70)7),

(Or,() %

where the last isomorphism follows from condition (ii). This contradicts (U-4)
(U-2), one already knows that ¥y : YP* X yept X — X is

Xcg is finite,

3.3.2.2. Proof of Corollary 15. From Theorem 13 (U-4) =
finite étale. Assume (U-2) does not hold so that there exists u € Dy and v € Y®* such that ycpt
tamely ramified but not étale over D(z) := D X yept X . Write
O‘)(‘cptyﬂ sl Okur [Xl, . ,Xn, Tl, ‘e ,Tm]?le7‘__,Xn7T17_H7Tm>
cpt k cht
() )/ R(XD))

= 0 corresponding to D). From Abhyankar’s lemma, the extension of function fields k(Y

witht; = =1t
is a subextension of a Kummer extension

1 1
R o ) (X

1 with p{ N. As in Subsection 3.3.2.1, fix a subextension
., m.

) e K = KXE)(F7) = k(YR

m and e; = 1 for at least one 7 = 1

for some integer N
k_(xcpt
1
% ). The morphism

()
of prime degree ¢ with f = ¢ .-t and 0 <{l-1,i=1,...,
1, £y =+ ¢ satisfying (i), (ii) of the proof of Subsection 3.3.2.1; set k' := k"*(

Choose ki,...,k, =
of Oyur-algebras
X, 1y,

k1 Em
X, Ty T )—(0,...,0,m 0 ... om £0 )
O

Okur[Xl, ceey

|

Oxcpt’ﬂ

gives rise to an Oy-point &' € X**(Oy/) with associated k’'-point 2’ € X (k')
XPr < OX

spec(k)——— spec(Oy) <—spec(k’)

k') ~ spec(k™ ((n%)7)).

)=

1
ot U ]®oxcptyﬂ[t;1,...,tm la!

such that
P = spec(Oyept gt ",

This contradicts (U-4).
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3.3.3. Proof of Theorem 13 (T). Again the implications (T-1) = (T-2) = (T-3) = (T-4) and (T-2) = (T-1) are
(almost) tautological. We prove (T-4) = (T-2). From Subsection 3.2.3, we may and will assume that A™*™(=
Xr=m) £ . From loc. cit., Yasm : Y X x X — X*™ is finite, tamely ramified along Xs™; in particular, ¢¥x : Y — X
is tamely ramified over the generic points of X5 (which all lie in X$™). We are to prove that Yy Y — X is also tamely
ramified at every u e AX75™ wviz that the corresponding representation of profinite group

7T1(X(a)) — 71'1(X) —» AU.t(Y/X) =
factors through the tame - viz prime-to-p completion
m(X(a) = 7 (X(a) 1= 1 (Xa)®).
Recall that Ox g ~ O,, , ;5 =: O, 5 so that 71 (X(z)) ~ I, 5 and that, writing » = p”»’ with p {7/, one has a canonical
short exact sequence
1> ILug— 15— (Z/)" ' —>1

obtained by pulling-back the universal cover @;m— — @“‘i along @7"0[ ] — @“" (See proof of Lemma 21). For
it =1,...,m, let ¢, ; denote the generic point of the 1rreduc1b1e component of 6, deﬁned by t; = 0 and write

. 1 1 1
Iri = 1m(m1(Oy5(¢, ) 0,5 Orol 1) = ﬂ-l(@r,ﬁ[;])) < m(Onpl-1) = Lnp

for the inertia group of ¢,; in I, 5. As (,; € ©F and @““ o5 1s étale, one has
1 Ipu)() ITIJ (Z/T’)m71 —1

ﬂﬂ

4
Ip K >Irz

- If v =0, ©,5 is regular and ©, 5 ; — O, 5 is a normal crossing divisor in ©; 5 so that, as the pullback V xx ©1 5 —
01,0 is tamely ramified at (;;, ¢ = 1,...,m, it follows from Abhyankar’s lemma that J xx ©,5 — O g is tamely
ramified along ©, 5 ; hence, in particular, at 0. This proves that the morphism of profinite groups I; 5 — I, 5 — II
factors through Iy 5 — I{,ﬁ. The assertion then follows from the fact that

ker(I; 5 — I; 5) = ker(I, 5 — I, )
(See Lemma 22).
S Ifw >0,

(a) Assume k contains all p”th roots of unity. The sequence of Galois covers 951“(‘) @;‘3 - — @S 5 induces, at the

level of inertia groups, the following canonical diagram of inclusions

T
L Ivg I.5
I ;¢ i po iy

\(Z/ V)'m—l/
where the isomorphism I~ ;I ; arises from the fact @Sm A= @Sm is étale and ;. ; € @Sm while the isomorphism
Ly i/ i 5/ ~ (Z/p")™

follows from the fact ©77% — @;‘L‘ 5 is totally wildly ramified along ©,,. 5 ; (See Subclaim in proof of Lemma 20).
For a subgroup I < I,.5, write

In :=im(I — I,5 —1II) (I, 5)n = IL
So, with this notation, one has

9) 1 —— (I10)n — (Ipr0)u — (Ipr o)i/(L1 0)m —1

On the other hand, as the morphism of profinite groups I, ; — II factors through I,; — I, i =1,...,m, one
has, a fortiori, that
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— the morphism v ; — I,; — II factors through I,v ; — I\, ;i = 1,...,m - hence (I,» ;)i is of prime-to-p
order;
— the morphism Iy ; = I,; — II factors through I, ; — I} ;, i = 1,...,m which, again from from the fact that

O p is regular and Abhyankar’s lemma, implies that I 5 < I, 5 — II also factors through I, 5 — I 5 - hence
(I p)m is of prime-to-p order.

Combined with (9), this proves (I, 5)n has prime-to-p order which, as (I, 5)/({,v o) is also of prime-to-p

order, ensures that I, 5 — II factors through I, 5 — I' ;.

(b) If we no longer assume that k contains all p”th roots of unity, the base-change diagram

O10l7] X B (ptpr ) ——= Oy o[ 7] X Kk (1)

e

61,6[%] ep",()[%]

yields a canonical diagram

(10) I,

Iy,
where, for # = 1,p”, we write [, 5, , := T1(O4 5[] X pur kK (papr)) and Ly, © Iy 0,p,. for the corresponding
inertia group along t; = 0, i = 1,...,m. Be aware that the maps (*) are only set-theoretic maps as I; 5 is no

longer normal in I,. 5. Still, what we care about is that the map I ; — I, 5/I; 5 be surjective. Mapping
Diagram (10) to II, one gets that (I, 5)m becomes normal in (v g)m (as (1,6, )n = (Ipv 0,5, )11 is normal
both in (I 5)i and (1, g)r). As (Ipv i) = (Ipw 5)u/(11,p)n remains of course surjective, we are in the setting
of Diagram (9) and we can conclude as in Case (a).

3.4. Proof of Corollary 2. This subsection is devoted to the proof of Corollary 2. We retain the notation of Sub-
section 1.1.3.

3.4.1. Tame inertia. Let u € |X,| and let x €]u[*. Write {z} < X for the Zariski closure ofrinXand 7:S5, - X
for the (unique) extension of z : spec(k(z)) — X. Then the canonical morphism S, — {z}  identifies with the
normalization of the integral scheme {a:}Zar and one gets a canonical commutative diagram

(11) X(u) = spec(O/\gu)

R l
——zar

Sy {z} ¢ VV X

with the closed point s, € S, mapping to the closed point u € X(,,). Indeed, without loss of generality one may assume

X = spec(R) is affine. Let p © R denote the prime ideal corresponding to {x} < X wiz. the kernel of the ring
map % : R — Oy, and let p © m(= (3#)"!(m,)) < R denote the maximal ideal corresponding to u. With these
notation, one has a canonical commutative diagram

Ok R i Ok(z)c k(l‘)

N
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so that R/p is local with maximal ideal m and Oy, is the integral closure of R/p in k(z)(= Frac(R/p)). In particular,
one has

R/p ~ (R/p)m ~ Run/pRm « Ru.
Fix a geometric point Z over x € S, with residue field k(Z) ~ k(z)s = k° and let k(z)" < k(Z) denote the maximal
extension of k(x) in k(Z) unramified over s, so that the closed point of S¥* defines a geometric point 5, over s, € S,
hence a geometric point @ over u € X{,). These choices induce a canonical morphism S;* = S, (5,) — &(4) hence a
canonical morphism
spec(k(z)") — X@m — X

yielding
71 (k(x)") ———— 11 (X (@) Ixo© m1(X)
1 (k(2)™) ) ——— 7y (X)) @ IV — i (X X,)
not.
(Ints :)ﬂ—i(sx,(gw); gm) _— 71—; (X(ﬂ)a ﬁ) — I}(yu
Write

t e 3 t t t
I, = im(I, — IX,u) < Ix

Note that, as I% , is abelian (Lemma 21), the subgroup I} , < I% , depends only on z and not on the choice of the

geometric T over it (whence our omitting Z in the notation). Recall also that, by definition, if x; € X’ specializes to

xo € X then Ix ,, < Ix g,; in particular, if u € X for some irreducible component Xy — &, with generic point ¢,

then Ix ¢ < Ix,. To sum it up, one always has

(12) IB(,C - I;(,u - I;z,u'

Lemma 23.

(1) Assume u e X3™ and set X° := X 1 A3™°, where XJ™° — X3™ denote the irreducible (viz. connected) component
of X3™ containing u. Write I . < I, > I, for the images in (X X7) of the groups in (12). In general,
I}u c I} = j;(,u and, if x €]ul®, f;ﬁu = TE(,C = f}(7u.

(2) Assume ue X;™™. Then the group I, is generated by the Iy, v €]u[*.

7/1"”

Proof. (1) Replacing X — S with X° — S, we may assume X — S is smooth. For a connected étale cover X’ — X
tamely ramified along X;, let X’ — X denote the normalization of X in X’ — X — X and consider the following
conditions

(i) &' xx Xg) — A(z) admits a section;
(i) X" xx X5 — X¢) admits a section;
(iii) X’ xx Sy (5,) = Sq,(s,) admits a section.
We are to show that (i) < (ii) = (iii) and that, if « €]u[", one also has (iii) = (ii). From Abhyankar’s lemma
[Stacks, Tag O0BSE], for every connected étale cover X’ — X tamely ramified along X one gets a Cartesian

diagram
L <icr sPec(A[TIXT = 7)) ?I '
spec(A) Xw) X

with spec(A) — &(, a finite étale cover such that ( = 7Ox , € spec(Ox ) lifts uniquely to (4 € spec(A) with
Ca =7A and ey,...,e, = 1 some integers prime to p. As spec(A) — &X(, is a finite étale cover, the canonical
morphisms S, (s,) = Xw), X — X(u) both factor through
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so that
X' Xy Xgy ~ |_| spec(Ox,a|T1/{T% — 7)) — Xay;
1<i<r
X oxx X = || spec(Ox ¢[TIXT — 7)) — Xgy;
1<i<r
X % Saan = || spec(Os, s, [TIKT™ = 7)) = S; ).
l<isr
As 7 has not root in Oy 4 nor Oy ¢, one has (i) < (ii) < e; = 1 for some i = 1,...,7. On the other hand, if
e; = 1 denotes the ramification index of k(z)/k that is 7 = u,w% for some uniformizer =, € m, and u, € OJ,
then X" xx Sy (5,) — Su,(s,) admits a section if and only if e;le, for some i = 1,...,r. As a result, one always

has (i) < (ii) N (iii) and, if = €]u[" viz e, =1 then (iii) = (i) < (ii).

Recall that Ox g ~ O,.5 := O,, ,, 5, and that I}, = (Z@N)m ~ Gal(k(© +0)' [k(©,.5)). Let I~ < I} denote the sub-

group of Ij, generated by the I} ,, x €]u[> and assume I}~ < I}, so that there ex1sts a subgroup I'~ < It < I}
1

of prime index [I}, : I{""] = £ + p. Let K = k(©,.5)(f7)/k(0,5) denote the corresponding extension, where

em—
f=memtit .ot for some integers 0 < er, e€1,. .., em_l </ —1 and at least one of e,,eq1,...,e,_1 = 1, and let

Ok — O, 5 denote the normalization of ©,.5 in spec(K) — spec(k(©,.5)) — O,.5.

N

Again, we apply the strategy of Subsection 3.3.2.1. Define integers k1, ..., k, = 1 as follows.
(a) If e, = 1: fix a prime ¢y > ¢ such that r¢y — £(m — 1) > 0 and set
(K1, km) = (4, ..., 8,rlg — €(m — 1)).

(b) If e, = 0: then, there exists 1 < ¢ < m — 1 such that ¢; > 1 - say ¢ = 1; fix a prime £y > ¢ such that
rlo — £(m — 2) > 0 and set

(k1y oo km) = (1,£4,..., 6,1l — (1 + £(m — 2))).
In both cases, set k' := k‘”(wﬁ). The morphism of Ojur-algebras

km
(T1se T, T, T )’_’(7"%7 ST fo ,0,...,0)

Ojur [Tla e 7Tn:| O

o=

OX,E OT,(_)
gives rise to a Op/-point &’ € X'(Oy) hence to a k’-point =’ € X (k')

Ok

spec(Ox a[T]/{T — £)) Xa) T spec(Opr)

Ox .ot —=spec((Oxa[T]{T" = f)) ®0n., k') — spec(k'),

with
- In case (a):
(O alTI/(T! — 1)) @0, ¥ = KITYCT! 770 ey o W (F) ~ W () & K
- In case (b):

(OxalTIXTE = ) @0y, K =~ K[TIXT — 7™ 50 oy = K (rfor) ~ K (nh) & K™,

so that, in both cases, we get a contradiction.
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3.4.2. Proof of Corollary 2. Assume first Vy is semistable with respect to X — X. As ¢ % p, V, is automatically
tamely ramified with respect to X < X. The implication = then immediately follows from Lemma 23 (as a subgroup
of a unipotent group is unipotent). Assume now that |X|[55; D] Xs[*. As £ £ p, | X[ < [X]j,, hence from Theorem 1
(3) <= and Remark 16, V), is tamely ramified with respect to X < X. As for every x; € X specializing to zg € X, one
has Ix y, < Ix g, it is enough to prove that I_;(,u acts unipotently on V; := V5 for every u € |X;|. If u e &A™, this
follows from Lemma 23 (1) and the fact that, by formal smoothness of X*™ — S, one has A*(Opur), + & hence,
a fortiori, Ju[*$£ . If u € X**™ the assertion follows from Lemma 21 and Lemma 23 (2), using that an abelian
subgroup of GL(V}) generated by unipotent elements is again unipotent.

Remark 24.

(1) Again, label by (i) the left hand side condition and by (ii)’ the right-hand side condition of the equivalence in
Corollary 2. The proof of Corollary 2 shows more precisely that

(i) = (i) = (ii)” = (i),
where (ii)” denotes the condition | X35! D]X[* if & — S is smooth, and | X557 D]X[* in general.

(2) Lemma 23 also shows that, if p : 7 (X) — II (resp. V) is tamely ramified with respect to X — X, Theorem 1
(1) and Corollary 2 can be significantly strengthened. Namely,

(2.1) If X admits a smooth model X — S and X1, ..., X, denote the connected components of X,
p: m1(X) — II is unramified (resp. V; is semistable) with respect to X < X
< for each i = 1,...,m there exists u; € |X; ;| such that | X[}"n]u;[*+ & (vesp. | X[ n]ui[*+ &).
(2.2) If X admits a semistable model X — S,
p: 71 (X) — II is unramified (resp. Vy is semistable) with respect to X — X

< for each w e |XF="|, |X[" DJu[* (resp. X[ S]ul").

From Theorem 1 (3) and Remark 16 (1), the condition that p : m1(X) — II (resp. V) is tamely ramified can be
replaced by the pointwise condition that | X[} D] X[ (resp. [X[}, D]X[").

4. FIRST APPLICATIONS OF THEOREM 1

4.1. Automatic extension to compactifications. Let k be a discrete valuation field as in Section 3 and let X be
a smooth, geometrically connected variety over k.

Corollary 25. LetII be a profinite group and let p : m1(X) — II be a continuous morphism. Assume | X[ = [X|. Then
for every smooth compactification Xgs — X;2°, the morphism p : m1(Xgs) — 1L factors through m (Xps) — m1(X;2").

Proof. Note that |X|;* = |X| implies |X'|3" = |X'| for every surjective morphism X’ — X. Assume first X is a curve.
After possibly replacing k by a finite field extension, one may assume X admits a semistable model X — X°P* —
spec(Oy) in the sense that X** — spec(Oy,) is a semistable curve and D := X*"\ X is the union of deg(X "\ X) disjoint
sections spec(0},) — X°P* [DM69], [Kn83|* so that, from Theorem 1 (2) <, the morphism p : 7 (X) — II factors
through 71 (X) — m(X°?*) hence, a fortiori, the morphism p : m(Xys) — II factors through i (Xgs) — w1 (X;2").
The general case reduces to the case of curves as follows. As all scheme are of finite type, up to replacing k by
a finite field extension, we may and will assume the smooth compactification Xzs — X;Et over k° descends to a
smooth compactification X < X°* over k. From* [Dr12, Cor. 5.2|, if p : 7 (Xss) — II does not factor through
1 (Xgs) = w1 (X;E"), there exists z € | X5\ Xys| and a line A < T, X2 such that for every smooth connected curve

C over k*, closed point ¢ € C and morphism « : C' — X;&* satisfying

(*) o ' (Xps) £ &, alc) =z, and T.a : T,.C — T, X" induces an isomorphism T« : T.CS>A < T, XP*,

3Strictly speaking the references [DM69], [Kn83] only deal with the case of hyperbolic curves but, after possibly replacing k by a finite
field extension, the case of non hyperbolic curves reduce to the case of ]P’,lC or of an elliptic curve, which are well-known.

4[D1r127 Cor. 5.2| is stated for regular schemes of finite type over Z[%] but the proof works as it is - and is even simpler - for smooth
schemes over an algebraically closed field of characteristic 0.
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a*p (et (Xps)) S w1 (Xps) & T does not factor through m (a1 (Xys)) — 71 (e~ (Xps) U {c}), where the notation
are as in the following Cartesian square
a’l(st) 2 - Xgs

m}
t
C——— X2

On the other hand, by Lemma 26 below, one can always construct a smooth projective connected curve C' over k°, a
closed point ¢ € C' and a morphism a : C — X;&* satisfying (*). As all schemes are of finite type, up to replacing k
by a finite field extension, one may assume « : C — XZSt descends to a morphism «q : Cy — X°®* over k. From the
case of curve, and as \aal(X)Br = |ag(X)], a*p : m1(a' (Xgs)) — I factors through m (@™ (Xps)) — 71 (CP): a

contradiction. 0

Lemma 26. Let k = k° be an algebraically closed field, let X be a smooth variety over k, irreducible and of dimension
d=2,let ¥+ U< X anon-empty open subscheme, x € X\U and A < T, X a line. Then there exists a smooth
connected curve C' over k, a closed point c € C and a morphism « : C — X satisfying

a Y U) + &, alc) =z, and T,a : T.C — T, X induces an isomorphism T.o : T,CS>A < T, X,
Furthermore, Zariski-locally around x, o : C' — X is a closed embedding.

Proof. We begin with the following result of commutative algebra.

Claim: Let R be a regular local ring with mazimal ideal m, residue field k = R/m and Krull dimension d. Fizx a

d — 1-dimension k-vector subspace V. m/m?. Fiz also an ideal 0 S I < m and let py,...,p, denote the minimal
prime ideals of I. Then there exists f1,..., fs_1 € m such that
(1) fi,..., fa—1 are part of a regular system of parameters;

(2) fi,---, fa_1 € m/m? generate the k-vector subspace V ;

(3) \/Pisfryooos far =m, i=1,...,r.

Proof of the claim We argue by induction on d (observe that, as 0 + I, d > 1). If d = 1, R is a dvr and there
is nothing to prove. Assume the claim holds for R of Krull dimension d —1 > 1. Fix vy,...,v4-1 € m such that
D1,...,04_1 € m/m? is a k-basis of V. If VI = m, again, there is nothing to prove as, then, m is the only prime ideal
of I. Assume v/I & m that is p; € m, ¢ = 1,...,7. In particular, v;R +m? & p;, i = 1,...,r and, by assumption,
v1 R+ m? ¢ m? so that, by [M80, I, B
v R+ m? ¢m2up1 U U P
Pick fi e vyR+m2, fi¢m?upyu---uUp,.. As fi =0 + 0in m/m?, R, := R/f is again a regular local ring with
maximal ideal my := m/f}, residue field Ry/my; = k and Krull dimension d — 1. Also, I1 := (I + Rf1)/f1 & 0. Indeed,
otherwise, in spec(R), one would have
U V) =v(D) =V =V V() = (] Viesfi).
1<i<r 1<i<r
On the other hand, for i = 1,...,r, by construction, f ¢ p; so that V(p;, f1) & V(p;), hence, as V(p;) is irreducible,
dim(V (p;, f1)) <dim(V (p;)): a contradiction. One can thus apply the induction hypothesis to Ry, I; and
Vii=im(V c m/m? - m/(m? + f1) = my/m?)

with k-basis 92 1, ..., ¥q_1,1, where v; 1 denotes the image of v; viam — my/m2,i =2,...,d—1,toget fa,..., fa_1 €M
whose images f21,. .., fa—1,1 € my satisfy condition (1), (2), (3) of the Claim for Ry, I1, V1. The family f1, fa,..., fa—1
constructed in this way satisfies (1), (2), (3) of the Claim for R, I, V. o

We derive Lemma 26 from the claim as follows. Set Z := X\U, R := Ox ,, I := ker(R — Oz,) < R. Note that I & 0
as, otherwise, there would be a Zariski-open neighbourhood U, of z in X such that ZnU, = U, whence, taking Zariski-
closure and using that X is irreducible, Z = X: a contradiction. By duality, the line A = ké = T, X = Homy,(m/m?, k)
defines a k-vector subspace V := ker(§) = m/m? of dimension d— 1. Pick fi,..., fs_1 € R as in the claim and an affine
open neighbourhood U, = spec(A) of  in X such that fi,..., f4—1 € R arise from elements f1,..., fqg—1 € A. Set

C :=spec(A/{f1,..., fa—1)) — U..
Up to shrinking U, further, one may also assume:

- CnZ={z}
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- Cis regular (hence smooth over k as k = k°);

- (' is irreducible.

Also, by construction,
m > {f1,..., faic1) = ker(R — Oc )
hence,
V = ker(m/m? — mqw/méx =m/(m? +1))
and, by duality, A = im(7,C — T.X). O

Example 27. Say that a smooth, geometrically connected variety X over k is quasi-compactly geometrically simply
connected over k if there exists a morphism X’ — X such that m (X}s) — m1(Xys) is open and for some (equivalently,
every) smooth compactification Xjs — X%, m(X[sP") is finite. Typically, a connected open subvariety of a
smooth, proper, connected and geometrically simply connected variety over k is quasi-compactly geometrically simply
connected over k. Then, if X is a smooth, quasi-compactly geometrically simply connected over k, for every Q,-local
system V, on X with [ X[}y = |X]| (e.g. |X|§’,‘:’”r + & and Levy(V),) holds - see Subsection 5.2.3.2), V,|x, is finite.

Remark 28.

(1) Let k be a number field, let X be a smooth, geometrically connected variety over k and p : m1(X) — II a continuous
morphism of profinite groups such that for one finite place v of k one has [Xy, [ = [X,|. Then, by invariance
of étale fundamental group under extension of algebraically closed fields of characteristic 0 and Corollary 25, for
every smooth compactification Xzs < X2, Vp|x,. extends to X;5".

(2) Let k be a field of characteristic 0 and let X be a smooth, geometrically connected variety over k. For every
continuous morphism p : w1 (X) — II of profinite groups and smooth compactification X < X°* of X over k, it
formally follows from the morphism of short exact sequences

1l ——m (Xgs) ——m(X) m1(k) 1
1] —— Wl(XZSt) —— (X m1(k) 1

that if p : m1(Xys) — II factors through my (Xjys) — m1(X2") then p : 71 (X) — II automatically factors through
7T1(X) - Wl(XCpt).

(3) Combining (1), (2) and Corollary 44, one gets the following evidence for Conjecture (T). Let k be a number field,
X a smooth, geometrically connected variety over k and V,, a Q,-local system on X. Assume Levy(V,) holds and
| X |§§;V + #. Then V, extends to every smooth compactification X «— X°P* of X over k.

4.2. Base-changing along étale covers. In the applications of Theorem 1, one usually is in a situation where one
can only ensure | X[} = |X|. If V, is crytalline, | X[} = |X[};""" but, in general, the inclusion [X |} < [X[})"™
may be strict so that one has to replace V, on X with V,|x» on X’ for some connected étale cover X’ — X to ensure
| X' |$p = |X’ |‘{,‘:"“; however, replacing X with X’ may affect some properties of X, e.g. that X admits a smooth NCC
model over S. We discuss briefly a way to go around this difficulty and refer to Corollary 37 for an application.

Assume X admits a smooth NCC model X — X°P* — §; write D := XP"\X. Then, by Abhyankar’s lemma
(A &) 2 my (XP5 D) Xy () T (55 8) = 1 (AP D) Xy () ™1 (55 9)

while
T (X) = 7} (X D) ~ my (X D).

a) By Theorem 1 (3) <, if Levs(),) holds and |X|j; S]A[*, then the action of m(X) on V,; factors through
7T1(X) —» ﬂl(XCpt).

b) Say that a connected étale cover X' — X is good with respect to X — X°* — § if the following holds. Let
k' be the algebraic closure of k in the function field of X’ and X' — X, X’P* — X°P' the normalization of X,
XPin X' - X > X, X' - X > X — X respectively. Then the resulting canonical sequence of morphisms
X' — X'Pt — §7 = gpec(Oy) is again a smooth NCC over S’. Say that an open subgroup U < m1(X) is good
with respect to X — XP* — S if the corresponding connected étale cover Xy — X is. The open subgroups

Ur X (s) Uy < ﬂ_i(‘)c'cpt;D) Xy (s) W;(S; S)

1
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with Uy c @l (XP*; D), Uy < 74 (S; s) open subgroups form a cofinal family of open subgroups of
T (X5 Ay) = m (AP D) Xy () T1(S58)
and, if X is a curve, the inverse images of these groups in 7 (X) are good with respect to X' — X' — S.

These observations also yield the following variant / strengthening of Theorem 1 (1) when X is a curve admitting a
smooth NCC model over S.

Corollary 29. Let X be a curve. Assume X admits a smooth NCC model X — X" — §. Let V, be a Qp-local
system on X such that Leva(V,) holds. Assume |X|‘\’,‘;t’ur + . Then there exists a connected étale cover X' — X,

which is good with respect to X «— X" — S and such that Levs(V,|x/) holds. In particular, V,|x: extends to a
Qp-local system on X'°P*, where X'®* — X®* denotes the normalization of X' in X' — X «— X — X°P*,

Proof. One has

ot-ur 1) ot-ur 2 T
X g = x) @ xpee @ xp

3
@ the action of 71 (X) on V, z corresponding to V, factors through m (X) — 7} (X; &5).

where (1) follows from Corollary 44, (2) from the assumption that Lev4(V,) holds and (3) from Theorem 1 (3) <.
From Observation b) above, there exists a connected étale cover X’ — X which is good with respect to X < X** — §
and such that Levy(Vp[x’) - hence Levs(V,|x/) hold. In particular, | X[} = |X'[$} = |X'| so that the last part of the
assertion follows from Observation a) above (or directly from Theorem 1 (2) <). g

4.3. Geometric translations and enhancements - samples. Let S = spec(O}) be the spectrum of a discrete
valuation ring with closed point s as in Section 3. For a profinite group II and a set L of prime numbers, write IT — II"
for the pro-IL completion of II, viz the maximal profinite quotient of II with order divisible only by primes in L.

4.3.1. Proof of Corollary 4. We retain the notation of Subsection 1.2.1.

- Let f : Y — X be an abelian scheme. Fix a prime ¢ + p and consider the Qg-local system V, := R!f,Q,. The
assumption that Y, has semistable reduction for every = € im(X(Ot) — | X|) ensures that

[ XT9, = (X[ 214[f

hence, by Theorem 1 (3) plus Remark 16, that V), is tamely ramified with respect to X < X. But, then, we are in
the setting of Remark 24 (2), and hence Vy is actually unramified with respect to X < X. This implies that for
every = € |X|, 2*V, is unramified and the conclusion follows from the Serre-Tate criterion [SeT68].

- Let f:Y — X be a smooth proper and geometrically connected curve of genus > 2. Fix a prime £ + p and consider
— the Qg-local system Vy := R' f,.Qy;
— the outer pro-¢ representation py : 71(X) — IT := Out(m; (X;)1).
Again, the assumption that Y, has semistable reduction for every x € im(X(Ot) — |X|) ensures that
Xy, = X[, 214

hence, by Theorem 1 (3) plus Remark 16, that V), is tamely ramified with respect to X — X. As II fits into a
71 (X)-equivariant extension of profinite groups

1->K—->I—-GL(V5) —1

with K a pro-£ group [As95], the fact that V), is tamely ramified with respect to X < X in turn ensures that

pe : m1(X) — II is tamely ramified with respect to X < X. By Remark 24 (2), pg : m1(X) — II is thus unramified

with respect to X < X and the conclusion follows from Oda-Tamagawa criterion [090], [095], [T97, Prop. (0.8)].
4.3.2. Proof of Corollary 4. For every profinite group II, consider the functor

Hp? := Homy, (g)(m1(—),1I) : Sch/s — Sets.
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Let X — S be flat, separated, and of finite type, with generic fiber X. Another way to phrase Theorem 1 (1) and
Remark 16 is the following. Assume X — S is semistable (resp. smooth), then the canonical set-theoretic square

(13) Hy*(X) — [I  Hy"(z)

zE] Xy [#
|

Hir @) — 11 Hi(s)
ze] X,

is Cartesian for # =t (resp. # =ur)®. One may ask if the corresponding canonical square

(14) Hm(X) —— [l Hm(z)
€| X, [#

obtained by replacing Hy;”(—) : Sch/g — Sets by a geometric functor

Hpq := Homg(—, M) : Sch/g — Sets
for M — S a sufficiently nice algebraic stack, is Cartesian as well. If the functor Haq : Sch)g — Sets is "anabelian
enough", one may hope that this is indeed the case. The condition of being "anabelian enough" may depend on the
stack M but, typically, one could ask for the existence of a morphism of profinite groups p : m (M) — II such that
M endowed with p : (M) — II is smooth- (resp. semistable-) admissible® in the sense that for every smooth (resp.
semistable) X — S the square (1) in Diagra i ian.
(15) Hm(X) —Hy*(X) —— [ Hp®(@)<—— [[ Huml(z)

zE] X [# €] X [#

(1) o T @) T

Hm(X) — Hy"(X) —— ]1_[[# Hy?(82) <— ]1_[[# Hpm(S5z),
Wwe X,

(The horizontal arrows in (1) and (2) are those arising from the morphism of functors

T (7 o re
H ES ) Homm(s)(ﬂl(*),ﬁl(M)) i HHp')

Clearly, if M is endowed with a morphism of profinite groups p : m1(M) — II such that it becomes smooth (resp.
semistable)-admissible, then the fact that (13) is Cartesian for # =u (resp. # =t) immediately implies that for every
smooth (resp. semistable) X — S the square (14) is Cartesian for # =u (resp. # =t).

Examples:

(1) Pointed smooth proper curves: Let M = M, /S denote the stack of smooth, proper, geometrically connected
curves of genus g with n disjoint ordered sections and 2 — 2g —n < 0, and p : 71(M) — II be the universal outer
pro-IL representation

PL : T (Mg,n) — 1= Out(ﬂl (Cﬁ\{‘Slﬂ% EEEE) Sn,ﬁ})m)a
where L := {{1, {5} for two distinct primes ¢; # {5 and (C, s1,...,5,)/ My, is the universal pointed curve. Then
Mgy — S endowed with pp, : m1(Mgy,) — Out(mi(Ci\{s1,7,- - -, Sn5})") is semistable-admissible [St05, Thm.
2.10. BJ. In particular, for every smooth (resp. semistable) X — S and smooth, proper, geometrically connected
curve C' — X of genus g > 2, the following holds. Assume for every x €]X;[" (resp. every x €]Xs["), C, has good
reduction. Then C' — X extends to a smooth, proper, geometrically connected curve of genus g over X.

(2) Canonical integral models: Let (G, X) be a Shimura datum and K < G(Ay) be a neat compact open subgroup;
write M := Shi(G,X) for the corresponding Shimura variety, defined over the reflex field F = E(G,X). Then
every connected component M° of M comes equipped with a canonical (up to choice of base points) continuous

morphism of profinite groups p : m (M°) — K; for every prime £, let p, : m (M°) 5 K — K, denote its

5If one restricts to the functor HPt = Hom,, (gy(wt(—;(—)s),II) : Sch;g — Sets of representations wich are tamely ramified with
respect to X < X then, by Remark 24 (2) one can replace |X;s[# with JX25™[¢ (resp. with {z1,...,2Zm} for some z; €]u;[* and u; € Xs 4,
i=1,...,m).

6We warn the reader that our terminology diverges from the one of [BST24].
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¢th component. For p + ¢ and a place v|p of E, write k := E,. An integral canonical model of M} over
S := spec(Oy) can be defined as a smooth model M — M — S such that for every connected component M°
of M the representation py : m(M°) — K, factors through w(M°) — 71 (M°) and M° — S endowed with
pe : m(M°) — K is smooth-admissible. Such models always exists for p » 0 [BST24] and it is expected that
they exist as soon as K, ¢ G(Q,) is hyperspecial; this is known if (G, X) is of Abelian type [Kot92], [Kil0]. For
instance, the moduli space A, of g-dimensional principally polarized abelian varieties with full level n-structure
with n > 3 over Z[1] yields a canonical integral model M := A,z — spec(Z,) of M := Ay, q, for every pfn
hence the following holds. Let k/Q, be a p-adic field with p t n, X — S a smooth morphism with geometrically
connected generic fiber X and A — X a principally polarized abelian scheme with full level-n structure. Let
Xs1,...,Xsm denote the connected components of X;. Assume for every ¢ = 1,..., m there exists u; € X5 ; and
x; €]u;[* such that A, has good reduction viz extends to an abelian scheme over S, (note that, if so, the principal
polarization and full level-n structure automatically extend over S, as well). Then A — X extends to an abelian
scheme over X.

(3) Abelian varieties: If one does not impose conditions on the level structure, Example (2) still holds at least provided
k has absolute ramification index e < p — 1. Indeed, let again & — S be a smooth morphism with geometrically
connected generic fiber X and f : A — X an abelian scheme. Let X 1,. .., Xs ,, denote the connected components
of Xy and let (1,...,(y their generic points. If for every x €]X,[*, A, has good reduction then R!f,Q, extends
to a Qg-local system on X hence, n*R! f,,Q, ~ len*@e extends to a Qg-local system on Ox ¢, 4 =1,...,7. By
the Serre-Tate criterion [SeT68] and spreading out, for each ¢ = 1,...,r there exists a Zariski open neighbourhood
U; < X of ¢; in X such that f: A — X extends to an abelian scheme A; — U;. By the uniqueness in the Neron
model property A; > U;, i =1,...,7 and A — X glue to an abelian scheme A — U on

U=Xu U U;.
1<i<gr
If e < p—1, by [VZ10, Cor. 5], X is healthy regular in the sense of [VZ10, Def. 1] hence A — U extends further
to an abelian scheme over X. The restriction on the absolute ramification index e < p — 1 is optimal, as shown by
the counter-examples in [VZ10, Thm. 28 (i)]. More precisely, consider the following properties:

(i) for every z €]X;[%, A, extends to an abelian scheme over S,;
(ii) for every x €]X;s[", A, extends to an abelian scheme over S,;

(iii) there exists an open subscheme X c U ¢ X containing all the generic points of X such that A — X extends
to an abelian scheme over U;

(iv) A — X extends to an abelian scheme over X'.

Then our argument shows (i) = (it) = (4i4) e (iv) = (i). But, as X is regular, it follows from Zariski-Nagata
purity that m (X\U)>m(X) so that, actually, one also has (iii) = (i). In other words, one cannot expect a mon-
odromy criterion like [St05, Thm. 2.10. B] to hold for abelian schemes in general, even when X — S is smooth.

(4) Stable proper curves: The same argument as in Example (3) but invoking Corollary 2 (and using the Grothendieck-
Deligne-Mumford criterion [DM69, Thm. (2.4)], [SGAT] in place of the Serre-Tate criterion and [DM69, Thm.
1.11] in place of the uniqueness in the Neron model property) yields, for instance: for every smooth X — S and
stable, proper, geometrically connected curve C' — X of genus g > 2, the following holds. Assume for every
x €]Xs[* C, has semistable reduction viz extends to a stable curve over S,. Then there exists an open subscheme
X c U c X containing all the generic points of &5 such that C' — X extends to a stable curve over U.

5. COMBINATORIAL 71 AND p-ADIC VARIANTS OF CONJECTURE (T)

In this section, we discuss some results around the analogue of Conjecture (T) and Conjecture (U) over p-adic fields
and give (rather straightforward) applications to Conjecture (T'). As recalled in the introduction and Appendix B, all
the implications of Conjecture (T) and Conjecture (U) but (iii) = (ii) are known. When one replaces the number
field k& with a p-adic field, the implication (ii) = (i) fails. In Subsection 5.1, we explain that this failure is precisely
measured by the combinatorial part of the étale fundamental group of the special fiber of a (any) semistable NCC
model X «— X** — § (when it exists).

5.1. Intrinsic description of arithmetic combinatorial m; - proof of Corollary 7. We retain the notation and
assumptions of Subsection 1.2.3 and perform the proof of Corollary 7, which is a consequence of Theorem 1 (2) <.



34 ANNA CADORET AND AKIO TAMAGAWA

The existence and surjectivity of the morphism 7™ (X) —» msemP(XPt) follows from the tautological inclusion
|X| < |X°P*| and the existence and surjectivity of the morphism 7$e™P (X Pt) —» gsomb (X epts o) follows from

X e X (O) | 127
1<ist
The existence and surjectivity of the morphism 7§°™P (X Pt D) —» wsomP (X<Pt: ) follows from the canonical commu-
tative functorial diagrams
(XS Dy ) —— i (XS Dy, i=1,... ¢

s, 7

| |

m (X5 w1 (X5P)

Eventually, by the valuative criterion of properness, every x € | X| induces a unique ¥ : S — X% let I, < {1,...,r}
denote the subset of those i such that & : S, — X°P* specializes to some closed point on X;gt. The existence and
surjectivity of the morphism 7§°™®(X) — m{°mP(XPt: D,) then follows from the following canonical commutative
functorial diagrams

m(x) w5 (Sy; T*D) , i€ l,, ve|X]|.

i |

71 (X) —== 7w} (X Dy) <——— 78 (X Dy )

ERAR

It remains to prove that w$o™(X) —» w$o™P(XP; %) is an isomorphism. For this, it is enough to prove that the
canonical morphism 7 (X) —» w$°™"(X) factors as

(X)) ——— 7P (X) .

—

(X )
From Theorem 1 (2) <= applied to 7y (X) —» m$°™"(X), one gets a canonical factorization

™ (X) —— 7 (X)

T

w1 (XsPY).

For every i = 1,...,7, and u € X, ; n AS™ with residue field x(u), let k < k,, < k" denote the unique intermediate
field extension corresponding to k < k(u) c & via Gal(k™|k) ~ m1(S)<71(k). By formal smoothness, u lifts to some
Z : spec(Oy, ) — A giving rise to a closed point x € |X| which specializes to u on X ; hence, by Cebotarev, the
image of

™1 (X 0 AF) —— m (AP) — 7P (X)

|

T (XH)
is trivial. This concludes the proof fo Corollary 7.

Remark 30. From Remark 16, the proof of Corollary 7 also implies that K(X) < m1(X) is the subgroup topologically
normally generated by the images of the canonical morphisms 71 (z) — 71(X) for x €]XP[* | X]|.

5.2. p-adic variant of Conjecture (T). Let S = spec(O}) be the spectrum of a the ring of integers of a p-adic field
k and let s denote its closed. Let X be a smooth, geometrically connected variety over k. Let V, be a Q,-local system
on X. One has the following implications

Fact 43 (1) Fact 43 (1)
=

Par. A.1.2 ur ur
= X+ & = (X5 = [X].

XL + 2
In particular, if one of the following holds

(C-1) |X\§5;" + ¢ and Levy(V,) holds;

(C-2) | X[ + &, Vp is Hodge-Tate and Levz(V,) holds;

| X\ + & and V, is Hodge-Tate
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(C-3) [X[3 + & and | X5 = [ X],

then one automatically has [ X[y} = [X].

Assume X admits a semistable NCC model X — X** — S over S. If |X|}; = |X], it follows from Theorem 1 (2)

< that V, extends to a Q,-local system )7p on X°P* so that, one can consider its restriction 9p| yopt and try and
exploit the theory of companions. To do so, we recall first the relation between Q-local systems and (over)convergent
F-isocrystals on XPt.

5.2.1. Qp-local systems versus (over)convergent F-isocrystals. Let k be a finite field of characteristic p > 0 and let X
be a smooth, separated and geometrically connected curve over k. Let X < X' denote its smooth compactification.
Let Isoc? (X /@p), Isoc“"’T(X /@p) denote respectively the categories of convergent and overconvergent F-isocrystals on
X /W (k) with scalar extended from W(Ii)[%] to @, [A18, 1.4, 2.14 et seq.|. From [Ke04, Thm. 1.1], there is a fully
faithful” exact ®-functor

Isoc?t (X/Q,) — Isoc?(X/Q,).
Let

Isoc?(X/Q,)° = Isoc?(X/Q,)

denote the full subcategory of unit-root (viz isoclinic of slope 0) convergent F-isocrystals on X /@p and

Isoc”T(X/Q,)° < Isoc?'(X/Q,)

the full subcategory of unit-root overconvergent ones viz of those objects in Isoc#T (X /Q,) whose image in Isoc? (X /Q,,)

lies in Isoc?(X/Q,)°. From [K73, Prop. 4.1.1], [Cr87, 2.2, Thm.| there is a canonical equivalence of Tannakian
categories B
Isoc? (X/Qp)o%Rep@p (m (X))

which restricts to an equivalence of Tannakian categories ([Ts98, Thm. 7.2.3], [Sh11l, Prop. 4.2])

Isoc® (X/@,,)OQRQPT@? (m1(X))

onto the full subcategory RepT@ (m1(X)) < Repg (m1(X)) of potentially unramified representations. These equiva-

lences preserve characteristic polynomials of Frobenii on both sides.

5.2.2. Q-rationality. Let Q be a field; for a polynomial P € Q[T] with roots a,...,a, € Q, and every integer m, set
PN(T) = [ (T —af") e QIT].
1<i<r

For a potentially unramified Q,-local system V, on x = spec(k), and every lifts g1, P2 € m1(x) of the Frobenius of
m1(sz) ~Gal(k(z)""|k(x)) the roots of the characteristic polynomials X1, X2 € Q,[T] of &1, P2 acting on V, ; differ by
roots of unity of order bounded by the order of

im(my(z) — GL(V; ;) — GL(V; :/p)),

where V7 is any Z,-model of V,. If N(V,) denotes the order of the subgroup of G, (Qp)cors generated by all these
roots of unity (for all pairs of lifts @1, P2 € m1(z) of the Frobenius of m1(s,)) then, for every lift $, € m1(x) of the
Frobenius of 71 (s,) with characteristic polynomial
=[] @—a)eq,T],
1<i<gr
the polynomial (V) e Q,[T'] depends only on V, and not on the lift $,. By a slight abuse of notation, we write, again

Xy, = XWN) for the "characteristic polynomial of Frobenius attached to V,". When V), is unramified, N = 1 hence
one recovers the usual definition.

Let now X be a smooth, geometrically connected variety over k£ and let V, be a Qp-local system on X. For a
subextension Q c @ < Q,, and an integer w € Z, write

pot-ur Q ;W
|X|vp = |X|vp = ‘X|vp
7Actually, we will only apply these facts when X = X°Pt  in which case Isoc® (X/@p) — Isoc""’(X/@p) is an equivalence. But, to

emphasize the relevance of the fact that Qp-local systems at stake extend to the smooth compactication we do not make these assumptions
here.
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for the subset of all z € | X |§’;;t'ur such that the corresponding characteristic polynomial of Frobenius x, lies in Q[T'], and
such that the corresponding characteristic polynomial of Frobenius x, lies in Q[T] and is pure of weight w respectively.

One says that V), is Q-rational (resp. Q-rational and pure of weight w) if |X|§’,‘:'“r = |X|8p (resp. \X|§’;‘:’“r = |X|V;w).

The following observation shows that the existence of a trivial point forces Q-rationality and purity.

Corollary 31. One has |X|gp + O if and only if |X|§p = |X| and, for every integer w € Z, |X|gpw + & if and only
if 1X[5 = 1X].

Proof. To prove Corollary 31, one may freely replace X by a connected étale cover; in particular one may assume
Levy(Vp) holds so that [X'[y; = | X |§’,2t’“r for every connected étale cover X’ — X. Assume first X is a curve. After
possibly replacing k by a finite field extension, one may assume X admits a semistable model X < X°* — S as in the
proof of Corollary 25 so that, from Theorem 1 (2) < , V, extends to a Q,-local system ljp on X, Let X;ﬂt, cee XSC’I?

denote the irreducible components of X*. We are to prove that ]jp x, is Q-rational or, equivalently, that V, ; := V, X
is Q-rational, i = 1,...,t. Let x € |X|gp (resp. x € |X|g;w); by the valuative criterion of properness, it extends to

Z: S, — X" and specializes to a closed point z; € |XP']. Fix 1 < i <t be such that x5 € X;‘zt. To prove that V, ; is
Q-rational one may freely replace it by its semisimplification hence assume Vp,i is semisimple so that it decomposes
as a direct sum

Voi = ®1<j<riSpiij

of simple @p—local systems, each of them being a twist Sp;; = S;(Zaj ) of a simple @p—local system S ; ; with finite
determinant. Here, we use the projectivity of X, ; to ensure that the image of w1 (X5,;) — m1(Xs,;)*" is finite (e.g [D8O,
Proof of (1.3.1)]). Let &,; ; denote the (automatically simple) unitroot overconvergent F-isocrystal corresponding to

1i,j via the ®-equivalence
4,

Isoc ! (X /Q,)°>Repl; (1 (X)),

P

From [A18], &, ; ; is Q; j-rational for some number field Q; ; and pure of weight 0, hence so is ;- On the other hand,
the existence of x; € X, ,; ensures that ; ; € Q (resp. and is pure of weight w). This shows S, ; is Q; j(a; ;) = Q-

rational (resp. and pure of weight w), j = 1,...,7;. Hence V,; is Q-rational (resp. and pure of weight w). But then,
for every 1 < i 4 j < t such that X% n X + &, one has |Xs°3t|%p,j + O (resp. \X;‘ﬂgp“; + () and one can
apply the same argument to V, ; on & SCS-t. The conclusion follows from the fact that X is connected. The general

case follows from the curve case, using that, by Bertini, for every zy € |X @p (resp. mo € | X |gpw) and closed point

x € | X, and up to possibly replacing further k by a finite field extension, one can always find a smooth geometrically
connected curve C over k and a morphism « : C — X such that g,z € a(C). O

Remark 32. It is unclear whether one can expect the conclusion of Lemma 31 to hold with | X @p + (J replaced by

|X|8p + & for () a number field unless X admits a semistable NCC model X — X** — S (in which case, one can
apply directly the above argument to V, on X resorting to [AE19, Comment after Thm. 0.3] instead of [A18]).

In particular, if V,, on X satisfies one of the assumption (C-1), (C-2), (C-3), then |X| = |X|@pw

5.2.3. Q-rational Qp-local systems. If one furthermore imposes that the Q,-local system V, on X is Q-rational, then
the strongest possible local variants of Conjectures (T), (U) hold. This is the content of Corollary 34 and Corollary
36 below.

5.2.3.1. A key lemma. Let k be a finite field of characteristic p > 0 and let X be a smooth, separated and geometrically
connected curve over k. Let X < X°P* denote its smooth compactification.

Lemma 33. Let V; be a Qg-local system on X such that |X|%l + . If £ = p, assume furthermore V, is potentially
unramified. Then

(1) either | X[\ = | X| and Vy|x, is finite;
(2) or | X[\ is finite.

If ¢ = p, and V, is Q-rational, then we are in case (1).
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Proof. First, if the claim holds if V;, is semisimple then it holds in general. Indeed consider a Jordan-Holder filtration
Veo=0&Ve1 &G G Vir1 G Vir =W
and set Sg; := Ve,i/Ve,i—1, 1 = 1,...,r for its simple graded pieces so that
VES =~ @1sisrsé,z'
By construction
X = X+ o
and V;° is Q-rational if V, is. In particular, |X|‘{};§,‘s is finite if and only if |X[}}" is finite and, if £ = p and V), is
Q-rational, Vi®|x, is finite. It remains to prove that Vi*|y, is finite (if and) only if V|, is finite. Up to replacing X
by a connected étale cover, one may assume V;°|x, is trivial viz Sp;|x, is trivial, = 1,...,r. It is then enough to
prove that if
0> F,—>Fr— F/ —0
is an extension of Q-local systems on X with (*) Fj|x., F/|x. trivial and F;, F; unipotent, then
0= Filxe = Felx, = Flx =0

splits. But the class of such an extension is an element of

9

HY (Xg, /Y ® F))?r < (HY( Xz, Q) @ H* (X5, F/Y @ F)) " ~ 0,

where the second isomorphism follows the fact H(Xz, F/¥ ® F}) is pure of weight 0 by (*) while H' (X5, Q) is pure
of weight 1. By a straightforward induction, this shows V,|x, is trivial.

So, assume Vy is semisimple.
- If £ = p, let U, denote the (automatically semisimple) unitroot overconvergent® F-isocrystal corresponding to
V. = wia the ®-equivalence
,Q, o
Isoc® (X /,)° > Repl (m(X)).
P

- If £ + p, fix an isomorphism 7, : @Z—X@p and let Y, := "»)); denote the unique semisimple overconvergent
F-isocrystal which is the 7 ,-companion of V, [L02], [A18].

Write
V) = Pi<i<rSypi
for its direct sum decomposition into simple summands in Isoc? (X /Q,). As
X[, > X = XI5+ @
S,.; has finite determinant (to see this, if £ + p, use that the image of 71 (Xz) — 71 (X)*" is the product of a pro-p

group by a finite group and, if £ = p, use that, after possibly replacing X by a connected étale cover, one may assume
V, extends to X °** and use that the image of 7y (X ") — 1 (X P*)*" is finite - see the proof of Corollary 31),i =1,...,7.

The companion correspondance induces an action with finite orbits of Aut(Q,) on the set of isomorphism classes of

simple objects with finite determinant in Isoc“‘”T(X/@p). Let Up1 := B, ..., Yp s denote the finitely many (up to
isomorphism) semisimple companions of %,. By construction, the overconvergent F-isocrystal

Sp =Tp1®- - DUy
is semisimple, Q-rational, each of its simple summand has finite determinant and one has
Xy, , ==Xy, .-

In particular, if for every x € |X|, x, € Q[T] denotes the characteristic polynomial of Frobenius attached to z*F,,
then ii) x, € Q[T] and, as every simple summand of §, has finite determinant, i) x, is pure of weight 0 [A18].

Let U < X denote the largest (non-empty) open subscheme over which §, admits a slope filtration (in the category
of convergent F-isocrystals) [K79, Thm. 2.3.1, 2.4.2]

0= SO(&p|U) = Sl(gp|U) G & Ss(gp|U) = gpan
with
Grf(gﬂU) 1= 8i(8plv)/Si—1(Splv)

of slope ¢; and ¢ < -+ < ¢q;. We distinguish two cases:

8This is to ensure the overconvergence of U, that we assume V, is potentially unramified.
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- At least one of the ¢; is # 0, which forces | X[} (= |X|“§Br‘; c |X\‘§':) c X\U;

- §plu is unit-root. By semicontinuity of the slope filtration [K79, Thm. 2.3.1], this imposes U = X and §, is
unit-root. In particular, for every z € |X|, iv) x. € Z,[T]. Eventually, the fact that every simple summand of §,
has finite determinant implies that for every prime ¢ % p and field isomorphism 7 : @p;’@& the unique semisimple
T-companion 7§, of §, is étale; in particular, for every x € |X|, iii) x. € Zo[T).

— If ¢ = p, let F,, denote the potentially unramified @p—local system corresponding to §, via
ISOC@’T(X/@I,)O—XRepT@ (m(X)).

— If £ & p, set Fy:= TZ;gp.

We have just shown that for every x € |X|, the characteristic polynomial x, of the Frobenius ¢, : Frz>F¢,z
satisfies

i) xz is pure of weight w = 0; ii) x, € Q[T]; iil) xz € Z¢[T), €' *+ p; iv) Xz € Zp[T],

hence is a product of cyclotomic polynomials thus, up to replacing X by a connected étale cover, one may assume
Xz = (T'—1)", x € | X|. By Cebotarev, this implies F; - hence a fortiori V, @, Is quasi-unipotent - hence finite (since
Fis Vg, are semisimple)”.

If ¢ = p and V, is Q-rational, and if x, € Z,[T] denotes the characteristic polynomial of Frobenius attached to z*V,
then ii), iv) are automatic, and 1), iii) follows from the companion correspondance as above. O

5.2.3.2. Q-rational Hodge-Tate Qp-local systems. Let X be a smooth hyperbolic curve over k. One says that a mor-
phism of profinite groups 71(X) — II is combinatorial (resp. geometrically combinatorial) if X admits a semistable
NCC model X < X** — S satisfying (3) and such that the morphism 7;(X) — II is combinatorial (resp. geomet-
rically combinatorial) with respect to X — X" — S in the sense that it factors through m(X) — 7§°o™P(XP; Dy)
(resp. that its restriction m;(X;) < m1(X) — II factors through w1 (Xz) — m§5°™(Xs"; Ds)). One says that a mor-
phism of profinite groups m1(X) — II is quasi-combinatorial (resp. quasi-geometrically combinatorial), if it becomes
combinatorial (resp. geometrically combinatorial) after possibly replacing X by a connected étale cover. In particular,
one says that a Q, local system V, on X is combinatorial, quasi-combinatorial etc. if the corresponding representation
of profinite groups m1(X) — II, € GL(V, 3) is.

Corollary 34. Let X be a smooth hyperbolic curve over k and let V), be a Q-rational Qp-local system on X. Then,

(T) (1) V, is quasi-geometrically (U) (1) V, is quasi-geometrically
combinatorial and \X\tvr;" + &, combinatorial and |X|§2‘ + &
< (i) | X[ = |X]; < (i) [X|y) = [X];
< (iil) [ X[y, + & < (iil) [ Xy + .

Proof. We treat the assertion for (T); the assertion for (U) is exactly similar after observing that | X[} = | X |$§s and
that | X |‘{,%‘S + (J imposes that V;° is Hodge-Tate. The implication (ii) = (iii) is straightforward. The implication (i)’
= (ii) is by definition of "geometrically combinatorial". Indeed if (i)’ holds, after possibly replacing X by a connected
étale cover, the representation m;(X) — II, € GL(V, ) corresponding to V, factors through

m1(X) 10,

| T

i (X574 D) ——= 74 (XPY Dy ) /K (X3 Ds) = my (D(Xe)) " x (k)

so that, in particular, for every x € |X]|, the representation m(z) — m(X) — II, corresponding to z*V, identifies
with

mi(z) € mi(k) - mi(k) € m (D(X))" x mi(k) - II,
hence G , is independent of z. We prove the implication (iii) = (i)’. Replacing X by a connected étale cover one
may assume, Leva()V),) holds so that | X |§’,‘:’“r = [X]y =X |gp, and condition (C-1) of Subsection holds so that
| X |‘{}p = | X|. Replacing k by a finite field extension, one may assume X admits a semistable NCC compactification
X — X°** — S over S such that the irreducible components X 1,..., X5+ of Xs are geometrically connected over s

9For this part of the argument, see also [Kos17, Prop. 1.1].
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and the points in X are all x-rational. By Theorem 1 (2) <, V, extends to a Q,-local system ]71, on X Let
x €]X["; assume x specializes to x4 € X; so that
X+ D
P
From Lemma 33, 17p| yept 18 then finite - hence trivial as II, is torsion-free, and
5,1
I =
In particular, for every 2 < i < ¢ such that X" intersects X %', one has |X§‘;t|‘{~)"i + J hence, iterating the argument
: ; si 1y,

and using that X<P" is connected, one gets that ]N}p|Xgpt is trivial, 1 = 1,...,¢. O

Remark 35.
(1) The equivalent condition (i)’, (ii), (iii) in (T) are also equivalent to V, is quasi-combinatorial.
(2) Under additional assumptions - e.g. V, is crystalline and X admits a smooth NCC model X — X°** — § over S

with I'(X,) = 1, one can replace the condition (i)’ by the original conditions (i) (namely, G, = 1 in case (T) and
G, is unipotent in case (U)) in the statement of Corollary 34 - see Corollary 37 for details.

If X is an arbitrary connected variety over k, combining Chow’s lemma and Bertini’s theorem, for every z, 2’ € | X]|
one can always find a sequence of morphisms «; : C; — X, i = 1,...,r with C; a smooth irreducible curve over k,
z€a(Ch), 2 € a.(Cy) and C; xx Cip1 + &, i =1,...,r — 1. Hence Corollary 34 implies:

Corollary 36. Let X be a smooth connected variety over k and let V,, be a Q-rational Q,-local system on X. Then,
(T) X[ =1X|= X+, (U) X =[X|< X +2.

5.2.4. A weak local variant of Conjecture (T). Using the same arguments as in the proof of Corollary 34 but without
assuming Q-rationality, one can still prove a weak local variant of Conjecture (T), at least when X is a curve admitting
a smooth NCC model X' < X°** — S, and under mild assumptions on V.

Corollary 37. Let X be a curve admitting a smooth NCC model X — X" — § and let V, be a Qp-local system on
X satisfying one of the following:
a) X = X and V, is crystalline;
b) V, is Hodge-Tate and Levy(V,) holds (e.g. p >rankg,(Vp) + 1).
Let
5p X o | X
denote the specialization map. Then there ezxists a 0-dimensional Zariski-closed subset Z5 < XP* such that

(i) G, is unipotent;
= (i) [ X = [X];
< (iil)" [ X[V & sp™ (|1 2s]).

Proof. The implications (i) = (ii) = (iii)’ are straightforward. We prove the implication (iii)’ = (i).

- In case a), (C-3) holds so that [X[ = |X|}j and from Theorem 1 (1) <, V, extends to a Qp-local system VY, on
X = xer,
- In case b), V, is Hodge-Tate and [X[}' + ¢, hence |X|’{,‘:’“r = |X]|. As Lev4(V,) holds, one can fix a connected

étale cover X’ — X as in Corollary 29 so that V,|x/ extends to a Qp-local system 171’, on X’°P*. From the canonical
chain of morphisms arising from specialization [SGA1, X]

open

(16) T (ALPY) o 7y (X7PY) e 7y (XPY) e 7y (X)) 7y (X))
T (XeP") 1 (X)) = 1y (X e ) e 11 (X )

one gets that
— V), is unipotent if and only if 1~iz’7| xrept 18 unipotent;

Also, one can freely replace Z; by a larger 0-dimensional closed subscheme of X;. In particular, for every 0-
dimensional closed subscheme Z! ¢ X!°P* with image Z; c X' via X!P* — X' up to replacing Z/ < X!°P* with
the inverse image Z”(> Z.) of Z, in X!** one has:
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X sp1(|2,]) i and only i [ X/ & sp (| 2L)).

So, in both cases, and without loss of generality, one may assume X = X°** and V, extends to a Q,-local system f/p
on X with |é’(s\“ﬁ“i + J and we are to show that V|, is finite. From Lemma 33, only two cases can occur:
P

- X5 = | X[ and Vplx. is finite;
p

- \Xsl‘\i}: is finite.
In the former case, one can take Z;, = (. In the latter case, one takes Z, = |Xs\‘;~}“i. O
P

5.3. Applications to Conjecture (T) and Conjecture (U) over number fields. In this Section, unless otherwise
mentioned, k is a number field. For a finite place v of k, let k — k, denote the completion of k at v. If X is a variety
over k and = € X (k) a k-point, let z, : spec(k,) — spec(k) > X denote the induced k,-point on X.

5.3.1. Conjecture (T) for Q-compatible families. We first recall the definition of Q-compatibility.

For a Qg-local system V, on x = spec(k), let Uy, < |spec(Oy)| be the set of all finite places v of k such that, writing
p := p, for the residue characteristic of v, the following holds:

- If £ % p, ¥V, is unramified viz extends to a Qg-local system over spec(Oy, );
- It € = p, 2%V, is crystalline.

For v € Uy, with residue characteristic p and £ + p, let x,x,, € Q¢ [T] denote the characteristic polynomial of the
geometric Frobenius
oy, Vez = Ve

and for £ = p, let Xo#v, € kyo[T] denote the characteristic polynomial of the linearized crystalline Frobenius!”

sawfvp,cris : DcriS(xzvp) - DCYiS(x:lep)'
See Subsection A.1 for a very brief review of basic definitions from p-adic Hodge theory, in particular the one of

Fontaine’s Riemann-Hilbert functor D, : Repr (m1(ky)) — va o

One says that V, is almost everywhere unramified (AEU for short) if Uy, < |spec(Oy)| is a non-empty open subset
and that it is Q-rational (vesp. and pure of weight w € R) if there exists a non-empty open subset Uj, < Uy, such
that for every v € |Uy,, | the polynomial X, is in Q[T] (resp. the polynomial x x,, is in Q[T] and is pure of weight

w
z).

w, that is for every root a of x,x,,, and infinite place Q(c) 5 C, |aly = |ke

Let V := (V)¢ be a family of Qg-local systems on a = spec(k) (indexed by the set |spec(Z)| of all rational primes).
Write

Uy := ﬂUw c |spec(Oy)|.
¢

One says that V is Q-compatible (resp. and pure of weight w € R) if Uy, < |spec(Oy)| is a non-empty open subset and
there exists a non-empty open subset Uy, < Uy such that for every v € Uj, the polynomial Xpky 1= Xgky, 1S 1n Q[T]
(resp., pure of weight w € R,) and independent of the prime /.

Let X be a variety over k. One says that a family of Q-local systems V := (V;), on X is Q-compatible (resp. and
pure of weight w € R) if ¥V is, x € | X|. The purity assumption ensures that G, is semisimple [D80, Thm. (1.3.8),
(1.11), Cor. (3.4.12)].

Classical examples of Q-compatible families V of Q-local systems on X are the geometric ones, namely those of the
form V, = R'f+Qy(j) for some smooth proper morphism f:Y — X a and i > 0, j integers; these are pure of weight
w = i — 2j [D80], [KM74]. More generally, any family of of Q-local systems on X cut out by a family of algebraic
correspondances on a geometric one are Q-compatible (see e.g. [CT25, Lem. 10]).

10More precisely, if ¢x,’v"vp,cris : Deris(2¥Vp) — Deris(z¥Vp) denotes the (o-semilinear) crystalline Frobenius then Put vy cris =

m.
¢I?;)Vp,8ris’ where my := [kvao : QP]
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Remark 38. Note that it tautologically follows from the definition of a Q-compatible family V := (V,), of Qg-local
systems on = = spec(k) that for £ » 0 and every place v|¢ of k, %V, is crystalline - hence Hodge-Tate. This implies
the following. Let X be a smooth, connected variety over k and V := (Vy), a Q-compatible family of Q,-local systems
on X. For every z € | X|, write ¢y , for the smallest prime such that for every prime ¢ > ¢y, and finite place v|¢ of
k(x), ¥V, is Hodge Tate. Set
by :=min{ly , | z € | X[}

From Fact 43 (1), for every £ > {y, and every place v|¢ of k, V¢|x, is Hodge-Tate. But then, in particular, for every
x € |X| and finite place v|¢ of k(z), z3V, is Hodge-Tate as well, so that ¢y, , < ¢y,. This shows ¢y, , = ¢y, is independent
of z € | X]|.

We now prove that Conjecture (T) and Conjecture (U) hold when Vy is part of a Q-compatible family V of Qg-local
systems on X. Note that we do not assume purity a priori.

Corollary 39. Let V = (V)¢ be a Q-compatible family of Qg-local systems on X. Then,
(1) The set | X[\ := | X[y} is independent of the prime £ and | X[} = | X[ for £ > 0;

(2) If | Xy & & then G is unipotent (hence éj =1 as Gy is unipotent implies that V is pure of weight 0) for every
prime £ and G =1 for £ » 0.
Proof. The first part of Corollary 39 (1) follows from the fact that one can also describe | X[} as
X[V o= {z € |X] | rank(G7 ) = 0},

and that rank(G7 ) is independent of £ € [spec(Z)| [Se81, §3|. The second part of Theorem 39 (1), follows from
Corollary 50 and Remark 38; more precisely, one has [X |} = | X[} as soon as £ = fy.

For Theorem 39 (2), it is enough to prove that | X[} = |X|. Indeed, from Theorem 39 (1) this implies |X |3}V = | X]|
for primes ¢ » 0. By Fact 46, the condition |X|}'(= |X[}") = |X| implies G7 is unipotent while the condition
| X[ = |X| implies G} = 1. As the assumptions of Theorem 39 and the property | X[} = |X| are invariant under
base-change, one may freely replace X by a connected étale cover hence assume that Levy (Vy,) holds for at least one
prime ¢y, which implies the following.

(*) For every z € |X|, and finite place v of U, above a prime ¢ # £y, the subgroup Z,, < Q" generated
by the roots of X x,(= X,*y, = Xﬂ”fwo) is torsion-free.

By the Cebotarev density theorem, this implies in particular that for every = € | X|, G} . = Gup. Hence

1

—~
N2

e | XY

0

the set of places v of U], such that x,, = (T — 1)" has density 1

—~
¥
—

)

for p » 0, and every place v|p of ULsy,, X,y = (T —1)"

—
w
=

< for p» 0, and every places v|p of k and v, |v of k(z), z., € [ Xy, [} N \kaw:

4 4

@ for p » 0, and every place v|p of k, | X, | = | Xk, v, and for every place vg|v of k(z), x% V, is
crytalline

(5)

“—

for p » 0, and every place v|p of k, V,|x, is Hodge-Tate, Q-rational, with | X}, %‘; + &, and
for every place vy |v of k(x), 2 V, is crytalline.

Equivalence (1) follows from (*), the Cebotarev density theorem and the fact that a connected algebraic group
is unipotent if and only if it contains a Zariski-dense set of unipotent elements. Implication (2) is tautological.
Implication (3) follows from (*) and Lemma 42. Implication (4) follows from the fact that if V), is both crystalline
and unipotent then it is C,-admissible (viz potentially unramified) and crystalline hence unramified - see Subsection
A.1.2. Implication (5) is Corollary 36. As the latest of the assertion in this chain of implications holds by assumption
(see Remark 38), this concludes the proof of Theorem 39. g

In general, Corollary 39 does not imply Conjecture (C) for Vy part of a Q-compatible family V = (V), of Qg-local
systems on X unless one could prove e.g. that, for every a € | X/|, the family of Qg-local system A, (V) := (A,(V¢))e
introduced in Subsection B.2.2 is also Q-compatible. However, Theorem 39 does imply Conjecture (C) under the
following easy "large geometric monodromy" assumptions.

Corollary 40. Let V = (V)¢ be a Q-compatible family of Qq-local systems on X. Assume one of the following
conditions hold: (1) G, is a Levi subgroup of Gy, or (2) G, and the homotheties torus G,,(Vy) ~ G, < GL(V)
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generate a Levi subgroup of Gj. Then, for every prime £, Conjecture (C) holds for V;, namely |X|{5™ = & unless
G, =1 and | X[\ = & unless Gy is unipotent.

Proof. The assumptions impose that @z is reductive - hence semisimple (e.g. [KL81, Thm. 6]); in particular @;
remains unchanged if one replaces Vy by its semisimplification V;*. As one also has [X|;5™ < [X |§§§£, one may thus
assume that Vy is semisimple for every £. In that case, Condition (1) becomes simply G, = G and Condition (2) that
é; and G,,(Vr) generate Gj. By construction the family of Qg-local systems £ = (& := Ve ® V)')¢ is Q-compatible.

cent

Fix a prime £ and let = € | X|{5™. As G, is semisimple, the assumptions impose that G7 . < Gp(Ve) hence z € | X[
and, by Theorem 39, 6’2" ° = 1 hence éz = 1 since é; is semisimple. (]

5.3.2. Proof of Corollary 11. Let X be a smooth, geometrically connected curve over k admitting a smooth NCC
model X — X®* — S over some non-empty open subscheme S < spec(Oy). For every p eim((|S| — [spec(Z)|), let
V, be a Qp-local system on X with rankg,(V,) < p — 1 and é: is not unipotent. If | X[} = ¢, there is nothing

uni

to prove. So assume |X + . As | X3 = | X|val, replacing V, by its semisimplification V** one may assume
Vo Vy Y P p
P

V, is semisimple; note that replacing V), by V;° does not affect the assumption that é; is not unipotent. Then,
from Corollary 50 (and its proof), for every place v|p of k, V,|x, is automatically Hodge-Tate and | X \tvr;" =|X |$:
Corollary 11 now immediately follows from Corollary 37.

5.3.3. Relation with the unramified Fontaine-Mazur conjecture.

5.3.3.1. AEU Qp-local systems Generalizing the definition of an AEU Qpp-local system on X = x = spec(k), say that a
Qp-local V,, on X is AEU if there exists a smooth model X — U of X over a non-empty open subscheme U < spec(Oy,)
such that V), extends to a Q,-local system on X. Note that, if X; — U;, ¢ = 1,2 are two smooth models of X then
there exists a non-empty open subscheme U < U; n Uz such that X; xy, US5Xs xy, U as U-schemes. In particular,
V, is AEU if and only if for every smooth model X — U of X over a non-empty open subscheme U < spec(Oy), there
exists a non-empty open subscheme U’ < U such that V, extends to a Qp-local system on X xy U’.

The property of being pointwise AEU is also rigid.

Fact 41. ([LiZh17, Prop. 4.1], [P23, Prop. 6.1]) Let V, be a Qp-local system on X. Consider the following properties
(i) Vpis AEU;
(ii)  for every x € |X|, *V, is AEU;
(i11) there exists x € | X| such that *V, is AEU.
Then (i) = (i1) < (iii) and, if V, is semisimple, then (iii) = (i).
5.3.3.2. Proof of Corollary 8.We prove the following implications.
(a) Conjecture (VU F-M) for = Conjecture (T);
X — U of relative dimension 1
(b) Conjecture (U F-M)
(¢c) Conjecture (U F-M)

Conjecture (T);
For every X — U and Q,-local system V, on X as in
Conjecture (VU F-M) one has | XH;:/ + .

=
=

In particular, as X’ is normal (hence the canonical morphsm m1(X) — m1(X) is surjective), from implication (¢) and

a second application of Conjecture (U F-M) wia implication (b), Conjecture (U F-M) = Conjecture (VU F-M).

- Proof of (a): Let k be a number field and let X be a smooth, geometrically connected variety over k. Let V, be
a Qp-local system on X and assume X[} + ¢J. We are to prove that [ X[ = [X|. Without loss of generality,
one may assume V), is semisimple (see Proposition 47). By Chow’s lemma and Bertini’s theorem, one may assume
X is a curve (see Corollary 36). After possibly replacing X by a connected étale cover, one may assume X has
genus > 2 and Levy(V,) holds. In particular, for for every finite place v|p of k, V,|x, satisfies condition (C-1) of
Subsection 5.2.3.2 so that | Xy, i} = |X,|. From Remark 28 (1) and (2), V, extends to a Q-local system on the
smooth compactification X «— X' of X. So, without loss of generality, one may assume X is a smooth projective
curve of genus > 2. By the semistable reduction theorem for curves, after possibly replacing further k£ by a finite
field extension, one may assume X admits a regular semistable model X — spec(Oy). From Fact 41!, there exists
a non-empty open subscheme U < spec(Oy) such that V), extends to a Qp-local system on Xy := X xgpec(o,) U-
Actually, in Fact 41, in the process of shrinking spec(Oy) to U to ensure V, extends to a Q,-local system on A7, one
typically throws away the places v of spec(Oy) dividing p (even if Xo, := X xo, O, is smooth over spec(Oy,)).

11As X is smooth over k, there exists a non-empty open subscheme U c spec(Oy) such that Xy = X X o, U — U is smooth and one
can apply Fact 41 and the comments preceding it to Xy — U.
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Still, as for every finite place v|p of k, V,|x,, satisfies condition (C-1), again |Xy, [y} = [Xk,|; this ensures we can
assume U contains v. Indeed, write Uy = U uspec(Oy), and let v € U, \U. From Theorem 1 (1) =, V,|x,  extends
to a Qp-local system on Xp, , namely the corresponding representation of 7;(Xg,) on V), :=V, ; factors through
w1 (Xk,) = wl(Xé‘: ). In particular, the inertia group of the generic point of each connected component of Xo,

acts trivially on V;,v By Zariski-Nagata purity (recall X is regular), this implies V, extends to a Q,-local system
on Xy, xy, (U u {v}). We have thus proved that V), extends to a Qp-local system on Xy with U < spec(Oy) a
non-empty open subscheme containing all finite places v|p of k. From Conjecture (VU F-M) V), is finite.

- Proof of (b): Let k be a number field and let X be a smooth, geometrically connected variety over k. Let V, be a
Qp-local system on X and assume |X\§§;" + . Again, we are to prove that |X|§§;" = |X|. Up to replacing X by
a connected étale cover and k by a finite field extension, one may assume Levy()V),) holds. From Fact 41 and from
Corollary 44, for every x € |X|, 2*V, is AEU and for every place v|p of k(z), £V, is potentially unramified - hence
unramified by Levs(V,). But then, by Conjecture (U F-M), z € [X[3;".

- Proof of (c¢): Let U < spec(Og) be a non-empty open subscheme containing all finite places v|p of k, let X — U
be a morphism surjective, flat of finite type with X normal; write X for the generic fiber of X — U. Let V, be a
Qp-local system on X. One may freely replace V, on X by its restriction to any non-empty open subscheme of X.
By Epp’s theorem [Stacks, Tag 09IL], there exists a finite field extension K /k such that, if U*¥ — U denotes the
normalization of U in spec(K) — spec(k) < U, replacing X — U with the normalized base changed

(X xp U) — X xy UMK - UK,

one may assume for every u € U, and every generic point &, of X,, X — U is smooth at &, (note that U"K
also contains all places v|p of K). In particular, replacing X by a non-empty open subscheme one may assume
X — U is smooth. Replacing one more time X — U by its base change along the normalization U*¥ — U of U in
spec(K) — spec(k) — U for some finite field extension K of k, one may also assume that or every place v|p of k,
X(O,) +£ . But then, as X xy spec(Oy, ) — spec(Oy,) is smooth, X(Oy,) < X (ky)(= X*™(k,)) is a non-empty,
automatically open subset, so that it follows from a classical Corollary of [MB89, Thm. 1.3] - see e.g. [Co06, Cor.
1.5], that there exists a finite field extension K/k, with U, totally split in K, and « € X (K) such that for every
place v|p of k and finite place w|v of K, x,, € X(Of,). In other words, there exists a non-empty open subscheme
U_ c U xp, Ok containing all the finite places of K above p such that € X(U_). But then, Conjecture (U F-M)
imposes that ¥V, is finite that it z € | X|{}".

APPENDIX A. BRIEF REVIEW OF (VARIATIONAL) p-ADIC HODGE THEORY

Let k be a p-adic field with ring of integers Oy, maximal ideal m and residue field x := O /m; let s denote the closed
point and 7 the generic point of S := spec(Oy). Let Q, < ko  k be the maximal unramified extension of Q, contained
in k and o : kg—kg its arithmetic Frobenius.

A.1. (Very) brief recollection of classical p-adic Hodge theory.

A.1.1. Let Buis ©€ Byr =: Bgr(k) = Bar(k) and Buyr = Gr(Bar) denote Fontaine’s crystalline, de Rham and
Hodge-Tate period rings respectively, and consider the associated "Riemann-Hilbert" ®-functors

Dcris : Rep(@p (7T1 (T])) - Mg07 V = (Bcris ®Qp V)Trl(k)
Dag : Repg, (m1(n)) = F-My, V — (Bar ®q, vymk),
Dy : Repr (7T1 (77)) — Gr,C7 V — (BHT ®Qp v)m(k)7

Here Mfo (resp. F-My, resp. Gry) denotes the category of kg-modules of finite rank D equipped with a o-semilinear
endormorphism ¢ : D — D (resp. of k-modules of finite rank D equipped with a descending separated exhaustive
filtration F'* by k-submodules, resp. of k-modules of finite rank D equipped with a direct sum decomposition D*® by
k-submodules). Let
Repg,”(m1(k)) = Repg: (m1(n)) = Repg, (m1(n)) < Repg, (m1(1))

denote the full subcategories of crystalline (viz such that rankg, (V) = rankg,(Duis(V))), de Rham (viz such that
rankg, (V) = rankg(Dg4r(V))) and Hodge-Tate (viz such that rankg, (V) = ranky(Dur(V))) representations. The
functors Dgg : Rep&(m(k)) — F-My, and Dyr : Rep(g:(m (k)) — Gry, are faithful exact ®-functors
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A.1.2. The following implications are classical. Note that being Hodge-Tate with single Hodge-Tate weight 0 is the

same thing as being C,-admissible. In particular, being Hodge-Tate and unipotent - hence a successive extension of
the trivial representation @Q,, implies being C,-admissible.

1
Cp-admissible s(z(ﬁ)potentially unramified == potentially crystalline =—=> de Rham ——=> Hodge-Tate

N

unramified crystalline

1
The implication Y is a theorem of Sen [S80, Cor. to Thm. 11]. For the fact that (2) is "Cartesian", namely that
(2) crystalline + potentially unramified = unramified,

see e.g. [Cal9, Prop. 4.3.2]. Lemma 42 is certainly well-known to expert but we could not find a reference; its proof
was explained to us by Benjamin Schraen.

Lemma 42. Let V), € Repg, (m1(5)). Then the elementary divisors of
- the image @, : V>V, of the geometric Frobenius ¢ € m1(s) ~ m1(S);
- the linearized crystalline Frobenius ¢ : Deyis(Vp) = Deris(Vp),

coincide. In particular, the characteristic polynomial of ¢ : Deye(Vy)=>Dens(Vy) is in Zy[T'] and its roots are v-adic
unats.

ur

Proof. Write again I := ker(m;(n) — 71 (S) ~ m(s)) for the inertia group of k, let kg = ki* < k denote the maximal
unramified extension of kg and let %Br denote its completion. By definition ¢ = ¢™ : Deyis(Vp) = Deris(Vp), where
m = [ko : Qp] and ¢ : Des(Vp) — Denis(Vp) is the crystaline Frobenius. As V, is crystalline, and using that
(Bes)™s = ki (e.g. [Fo94, Prop. 5.1.2]),

Dcris(‘/;)) _ (Vp ®Qp Bcris)ﬂ-l(n) _ (‘/}; ®Qp (B(Iris)Is)Trl(S) — (Vp ®Qp ksr)w1(5) =: D’AC(‘)” (‘/p)
has kg-dimension dimg, (V},). In other words, V, is kir-admissible, hence the canonical ki*-linear injective morphism
a: Dy (Vp) ko kg™ — Vi Qg ko
is an isomorphism, which is equivariant with the following structures:

- the m(n)-action (with Dy, (V}) viewed as a trivial m; (n)-representation);
0

- the crystalline Frobenii (with the crystalline Frobenius on V), being the identity and the one on £3f the lift
o kT >k of the arithmetic Frobenius on the residue field).

In particular, o : Dgur (V) ®k, gar;,vp ®q, 7@‘\5“ exchanges
0

Id ®p, 0™ > gp;l ®q, 0™, ¢ @k, 0 «—— Id®q, 0.
As a result,
ao (¢™ @k, Id)oa™" = ao (¢ @k )" (Id®k, 0™)  oa™! = (Id®q, 0)" (¢, ' ®q, ™)™ = ¢, ®q, Id.
This shows the two kg-linear morphisms ¢, ®q, Idk, : V, ®q, ko—V, ®q, ko and ¢™ : Dﬁgr(vp);’DﬁgT(vp) have the

same elementary divisors hence, in particular, the same characteristic polynomial. ([l

A.2. Pointwise versus global properties. Let X be a smooth variety over k. Let V, be a Qp-local system on X,
write

XI, < IXI5 < X < X < 1]
for the subsets of all x € | X| such that *V, is unramified, crystalline, de Rham and Hodge-Tate respectively; let also
(X[, X (< 1X]9,)

denote the subset of all € |X| such that 2*V, is potentially unramified. Say that V, is pointwise unramified if
| X |“vrp = | X|; define similarly the notion of being pointwise crystalline, pointwise de Rham, pointwise Hodge-Tate and
pointwise potentially unramified.
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A.2.1. Hodge-Tate, de Rham and crystalline local systems. There are also global notions of Hodge-Tate, de Rham
and crystalline Q,-local systems on X defined using geometric versions of Fontaine’s Riemann-Hilbert functors. More
precisely, let X** — X denote the rigid-analytification of X. The natural morphism of sites X2* — X, induces a
faithful exact ®-functor

(=)* : Locz, (Xe) — Locz, (X&)
from the category Locz, (Xe;) of Zy-local systems on X, to the category Locz, (X2") of Z,-local systems on X" hence,
passing to the isogeny category, a faithful exact ®-functor
(=)™ : Locg, (Xe) — Locg, (X3
- Let Higgs(X®*) denote the category of vector bundles with a nilpotent Higgs field on X=». If
Dyr : Locg, (XZ') — Higgs(X™)
denotes the natural Hodge-Tate Riemann-Hilbert functor constructed in [LiZh17, §2.1], one says that a Qp-local
system V), on X2 is Hodge-Tate if
rankq, (V) = rank(Dyur(Vy)),
and that a Qp-local system V, on X is Hodge-Tate if V" is.

- Let F-Vect" (X®) denote the category of filtered vector bundles on X** with a flat connection satisfying Griffith’s
transversality. If
Dyr : Locg, (X2") — F-Vect" (X™")
denotes the natural de Rham Riemann-Hilbert functor constructed in [LiZh17, §3.2|, one says that a Q,-local system
V, on X2 is de Rham if
rankq, (Vp) = rank(Dgr(Vy)),

and that a Qp-local system V, on X is de Rham if V" is.

Assume furthermore X — spec(k) admits a model X — S, smooth, separated and of finite type. Write X for the
formal completion of X along the closed fiber X,. Let &) denote the rigid-analytic fiber of X' so that one gets an open
immersion X, < X" of rigid analytic spaces.

- Let F-wlsoc(X,/Oy,) denote the category of weak F-isocrystals on X,,/Oy, [GuY24, Def. 5.10]. If
) = F-wlsoc(X,/Oy,)

D, - Locg, (X«

denotes the natural crystalline Riemann-Hilbert functor constructed in [GuY24, Thm. 1.10] and one defines

Iz,

Doy : Locz, (X2) 3 Locg, (%)) "5 Fwlsoc(X,/O),
one says that a Q,-local system V), on X2" is crystalline if D.,;s(V,) has constant rank rank(D.:s(V,)) and
rankg, (Vp) = rank(De.is(Vp)).
One says that a Q,-local system V, on X, is crystalline (with respect to /'?n) if Vo is.

The following summarizes the relation between the pointwise and global Hodge-Tate, de Rham and crystalline prop-
erties.

Fact 43. Let X be a smooth, geometrically connected variety over k. Let V, be a Qp-local system on X. Then,
(1) ([P23, §7]; see also [Shim18]) One has
(i) Vp is Hodge-Tate < (i) [X[}7 = |X| < (ii) | X[} + O;

Furthermore, if V, is Hodge- Tate, the multiset HT'(V,) := HT (x*V),) of Hodge- Tate weights of *V, is independent
of x € | X|.

(2) ([LiZhl17, Thm. 1.1, Thm. 1.3]) One has
(i) Vp is de Rham < (i) [X|$ = |X| < (i) (X[ + O
(3) (|[GuY24, Thm. 7.2]) Assume furthermore X admits a smooth model X — S. One has
(i) Vp is crystalline (with respect to )/(\,]) < (i)’ [X]5° 5 im(X(Oks) — |X])

Note that, in particular, the property of being a Hodge-Tate, de Rham or crystalline Q,-local system is preserved by
passing to subquotients.
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Corollary 44. Let X be a smooth, geometrically connected variety over k and let V, a Qp-local system on X. Then,
one has

) IXI = 1X] = i) X + g,
and, if \X|§’}Zt’ur + 5, then |X\§§: = |XIy;, and for every x € |X|§§: the characteristic polynomials of
- the geometric Frobenius ¢z p : Vpz—Vp z;
- the linearized crystalline Frobenius ¢g cris @ Deris(%Vp) > Deyis (V)

coincide. In particular, the characteristic polynomial of Yy cris @ Deris (V) Deyis (V) s in Z,[T] and its roots are
v-adic units.

Proof. According to the equivalence (1) of Subsection A.1.2, the equivalence (ii) < (iii) is a special case of Fact 43
(1). The equality |X|}; = [X H}: follows from the implication (2) in Subsection A.1.2. The last part of the assertion
then follows from Lemma 42. ]

Eventually, we record the following consequence of [P23, Thm. 4.1].

Corollary 45. Let X be a smooth, geometrically connected variety over k and let V,, a Qp,-local system on X. Assume
Vp is semisimple and | X|\}' & . Then V, is Hodge-Tate.

Proof. Let z € | X |“v';‘ After possibly replacing X by a connected étale cover, one may assume é; =G,, G, = Gp and
G, » = Gp . Since Gg is reductive and G, — G, - G,/G,, is surjective, one has G, = G,. Decompose Vp, s a
direct sum of simple Q,-local systems

v

.0y = Pr<i<rVp,i-

Fix 1 < i < r. The equality G, = G, imposes that V, ;|x, is simple hence, from [P23, Thm. 4.1], that V, ;(x;,.) is
Hodge-Tate for some character x;, : m1(k,) — Q. In particular, 23V, ; is Hodge-Tate and so is any of its quotient.
But as z*V), ; is unipotent, this proves x; , : m1(k,) — Q; is Hodge-Tate hence V, ; is also Hodge-Tate. O

APPENDIX B. AROUND CONJECTURE (T)

In this appendix, we gather observations about Conjecture (T) and its variants - Conjecture (U) and Conjecture (C)
below - which, we feel, are of independent interest.

Notation / conventions for algebraic groups.

For an algebraic group G, let G° © G denote the neutral component of G and, for a closed subgroup H < G, let
Za(H) € Ng(H) G denote the centralizer and normalizer of H in G respectively; set Z(G) := Zg(G) for the
center of G. For a profinite group II and a topological field @, let Repg(II) denote the category of continuous,
finite-dimensional Q-representations of II.

B.1. Trivial, unipotent and centralizing loci. Let k£ be a field and let X be a smooth, geometrically connected
variety over k. Let p be a prime and let V,, be a Q,-local system on X. For every x € X and geometric point Z over z,
set Vj, := V, 7 and let Gp, G, © G, © GLy, denote the Zariski closures of the images II,, II, , and II, of 71 (X, ),
m1(x) and m1(X) acting on V), respectively (so that II, , = II,, G, ,, = G)). Define the degeneracy locus or Tate locus
(restricted to closed points) of V, as
Xy, ={re|X] | G,, <G}

Informally, | Xy, is the set of all x € | X| where 2™V, degenerates. When £ is a number field, under mild assumptions
on II,, one expects that X (k) n |X|y, is not Zariski-dense in X - see [C23]|. Here, we focus on the most degenerate
stratum of | X |y, , namely the trivial locus

X[y = A{ze|X| | Gy, =1}

The following conjecture predicts that the trivial locus should be empty unless V,|x, is finite.

Conjecture (T). Assume k is a number field. For a Q,-local system V,, on X, the following implications hold.

() Gy =1 = () Gy =1 () XI5 = |X] & (i) (X[ + &

The implications (i)’ < (i) = (ii) = (iii) are tautological. The implication (ii) = (i) follows from Hilbert’s irreducibility
theorem.
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Fact 46. (Hilbert’s irreducibility - [Se89, §9.6, 10.6, Thm.]) Let k be a number field and let X be a smooth, geometrically
connected variety over k. For every Q,-local system V,, on X there exists infinitely many x € | X| such that 11, , = II,,
- hence such that G, » = G,.

To summarize, one has:

Conjecture (T) is motivated by the following reformulations and relations with classical conjectures.
B.1.1. Reformulation of Conjecture (T).

(1) An equivalent formulation of Conjecture (T) in terms of the degeneracy locus |X|y, is the following - see Lemma
48. Assume k is a number field and Conjecture (T) holds (for every Q,-local system on X). Then, for every
Qp-local system V,, on X the following holds. For every z € |X]|, sz normally generates GG,. Equivalently,

Xy, ={ze|X[|G[, & Norgs (Gi )}
(2) As a compact p-adic Lie group is a closed subgroup of GL,,(Z,) for some integer m > 0 [Lu88, Prop. 4], one has
the following diophantine reformulation of Conjecture (T): Assume k is a number field and let
o X2 Xy o > Xg > Xo=X

be a projective system of finite étale covers with X,, — X Galois of group II,,, n > 0. Assume II := limII,, is a
p-adic Lie group of dimension > 0 for some prime ¢. Then,

lim X, (k) = &.
B.1.2. Relation to classical conjectures.

(1) Assume k = C and let V be a polarizable Z-variation of pure Hodge structures on the complex-analytification
X? of X. One can define similarly the degeneracy locus or Hodge locus |X|y, the trivial locus | X |}V and the
centralizing locus | X5 of V using'? the Mumford-Tate group G, of ¥V, and the generic Mumford-Tate group
G of V in place of the ¢-adic algebraic monodromy groups Gy ., Gp. In that setting, the statements corresponding
to Conjecture (T) (and Conjecture (C) that we will state later) easily follows e.g. from the constancy of Hodge
numbers'® and the fact that the neutral component G~ of the Zariski-closure G of the image of m; (X®) acting
on V, is contained in G [An92, Thm. 1]. In particular, for @,-local systems arising from motives, Conjecture (T)
(and Conjecture (C)) should follow from classical motivic realization conjectures (Hodge [Ho52|, Tate [Ta94|; see
also [DiLal.iZh23, Conj. 1.4]).

(2) In whole generality, Conjecture (T) follows from the unramified Fontaine-Mazur conjecture (Conjecture (U F-M))
- see Corollary 8.

The trivial locus | X |§§;V is closely related to the unipotent locus
| X[V = {z € |X]| | G}, is unipotent},

and centralizing locus

X[ = {ze |X| | Gy, < Za,(G,)}.

The following are the variants of Conjecture (T) for the unipotent and centralizing loci respectively.

Conjecture (U). Assume k is a number field. For a Q,-local system V,, on X, the following implications hold.
(i) G, =1 « (i) G is unipotent < (ii) | X[ = | X| < (iii) |X|{ + .
Conjecture (C). Assume k is a number field. For a Qp,-local system V, on X, the following implications hold.
() C) =1 = () G, < 2(G5) < (i) X[ = |X] < (i) | X5 + 2.
Before reviewing the various implications involved in Conjectures (U), (C) and the relations between Conjectures (T),

(U), (C), we record some preliminary technical observations.

Convention for number fields: For a number field k and a place v|p of k, let k, denote the completion of k at v and
Ok, — Ky its ring of integers and residue field respectively; let also Q, < k, o < k, denote the maximal unramified

12Recall that these are connected and reductive.
131f |Xa“|§§i" + ¢4, the only non-zero Hodge number is h0:9; equivalently, G = 1, z € X?" - hence G = 1.
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extension of Q, contained in k,, m, = [ky o : Qp] its degree and o : k, 0>k, its Frobenius. If X is a variety over
k and z € |X| a closed point, for a place v|p of k we write z, : spec(k(x),) — spec(k(z)) > X for the resulting
k(x)y (= k(x,))-point, which we also regard as a closed point z,, € | X}, |-

B.2. Preliminaries.

B.2.1. A consequence of local class field theory and Sen’s theorem.

Proposition 47. Let k be a number field. Let p be a prime and V, a Qp-local system on x = X = spec(k). Assume

*

x3V, is Hodge-Tate for every place v|p of k. Then (G5)* is reductive.

Proof. Fix a geometric point & over z. Write V,, := V, z and let p, : m(z) = m (k) —» Gp(Qp) < GL(V,) denote
the continuous representation corresponding to V,. After possibly replacing k by a finite field extension one may
assume G, = G,. Fix a Levi subgroup L, < G} and let N, © G, denote the smallest normal algebraic subgroup of
G, containing L,. If G;b is not reductive, then IV, & G,. By Lemma 48 below, there exists a G,-subrepresentation
W, < T(V,) such that N, = ker(G, — GLw,). By construction, the non-trivial unipotent group G,/N, acts
faithfully on W,. Let W, denote the Q,-local system on z corresponding to W, viewed as a m (k)-representation via
m1 (k) = Gp(Qp) — (Gp/Np)(Qp). Then, as W, lies in the Tannakian category generated by V,, =W, is Hodge-Tate
for every finite place v|¢ of k. As a result, it is enough to prove that if G, is unipotent, then it is trivial. If G}, is
unipotent non-trivial then there exists a surjective morphism p : G, = G, g, and a factorization

Pp

m1(z) = m (k) = Gp(Qp) —= Ga,g, (Qp) ~ Q,p

i

)ab

such that im(p3”) ~ Z,. As 7Z, is torsion-free and as O ~ Z" x (OF)ior for every prime £ % p and place v|¢ of

1 (

v
k, it follows from local class field theory that p&° : m(k)* — Z, factors through ﬁl(Ok[%])ab — Zy,. On the other
hand, for every place v|p of k, ¥V, is unipotent, so that it has a single Hodge-Tate weight, which is 0; equivalently
(see equivalence (1) in Paragraph A.1.2), it is potentially unramified. In particular, for every finite place v|p of k,
P3|y (hyyab * T1(Ky)*® — Z, is potentially unramified - hence unramified since Z, is torsion-free. This proves that
P m (k)™ — Z, actually factors through 71 (Oy)* — Z,, which contradicts the finiteness of m; (Og)*".

O

Lemma 48. Let Q be a field of characteristic 0, V a finite dimensional Q-vector space and N < G < GLy algebraic
subgroups with N normal in G. Then there exists a G-subrepresentation

Wy cT(V) i= ®ma VO @ Ve
such that N = ker(G — GLw, ).

Proof. By [D82, Prop. 3.1 (a), (b)], there exists a GLy-subrepresentation V; < T(V') such that N is the stabilizer of
aline Ly < Vi; let Ly < Vo < V; denote the smallest G-subrepresentation containing L; and let No < Gy < GLy,
denote the image of N and G acting on Vs respectively. By construction Ny is contained in a split torus of GLy;, -
hence is reductive. By [D82, Prop. 3.1 (a), (c)], there exists a GLy,-subrepresentation V3 < T'(Va)(c T (V1) < T(V))
and a finite subset A < V3 such that N is the algebraic subgroup of GLy;, fixing the elements in A. Let Ac V, < V3
denote the smallest Ga-subrepresentation containing A. By construction, No = ker(Go — GLy,) hence one can take
Wy = Vy. ([l

Remark 49. Using Lemma 48, one immediately sees that Conjecture (T) is equivalent to the characterization of the
degeneracy locus of V,, given in Subsection B.1.1 (1).

Corollary 50. Let k be a number field and X a smooth, geometrically connected variety over k. Let V), be a Qp,-local
system on X. Assume for every place vlp of k, Vy|x,,, is Hodge-Tate (e.g. x*V,|x, is Hodge-Tate for some x € | Xy, |).
Then |X|§§;}" = |X|$§;1 In particular, for every Qp-local system on X, one has

X1 = X1 = XI5

Proof. The first part of the assertion follows from Fact 43 (1) and Proposition 47. For the second part of the assertion,
if | X[} = &, there is nothing to prove. So assume | X[} + . The equality [ X[} = [ X[} is straightforward. From
P

the first part of the assertion, it is thus enough to prove that if V, is semisimple with | X |Vp + ¢ then for every place
vlp of k, Vp|x,, is automatically Hodge-Tate. Let z € | X |$‘:. After replacing X by a connected étale cover, one may

= = o o . . . ra il c .
assume G, = Gy, G = Gp and G, , = Gp .. Since Gy, is reductive and G, . — G, - G,/G) is surjective, one has
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Gp = G,. In particular, for every place v|p of k, V| X,, remains semisimple hence, from Corollary 45, is automatically
Hodge-Tate. O

B.2.2. A construction of Beilinson-Petrov. Let k be a field and let X be a smooth, geometrically connected variety
over k. The following construction, which is introduced in the proof of [P23, Thm. 8.1, where it is attributed to
Beilinson.

Construction 51. Assume X (k) + ¢ and fix € X (k), which we regard as a section of the structural morphism
sx : X — spec(k). Let V, be a Qp-local system on X and let

Ay (Vp) € Ex(Vy) = va ® s% (z*Vy)

denote the minimal sub-local system S, — E,(V,) such that S,z contains Idy, ; explicitly, it corresponds to the
71 (X, Z)-subrepresentation

A (Vp)z = Q[IL,] © Ex(Vp)z = Endg, (Vp,z)-
Note that, by definition, E;(V,)z is E:(Vp)z ~ Endg, (Vp,z) equipped with the action

- f = (xSX)(’/T) : f . ,/Tila ™€ '/Tl(X,i')v f € EI(VP)E
In particular, one has

- a canonical quotient morphism A;(V,) ® s% (z*V,)" — V) (sending g ® ¢ to the linear form a — ¢(g(a)));
- If @; =G,, then z € | X[ if and only if € |X|;§L"(Vp)

Fact 52. ([P23, Prop. 8.2]) If k be a p-adic field the Q,-local system A;(V,) is de Rham.

* ok ok

In the remaining part of this section, unless otherwise mentioned, k is a number field and X is a smooth, geometrically
connected variety over k.

B.3. Comparing |X t”", |X|‘”‘1 | X557, Let V), be a Qp-local system on X. Tautologically |X|trlv |X\‘§;‘ and if
x*V, is semisimple for every z € |X|, then [ X[$Y = [X[{. If k is a number field, one has the following less obvious
result.

Proposition 53. Assume k is a number field. Then,
(1) One has |X|trlv + = |X\trlv |X‘um.

(2) In general, one always has
‘X|tr1v |X‘um |X|(\:}ent.

Proof. Assertion (1) is a special case of Corollary 50 as every z € | X \m" satisfies the assumption of Corollary 50. For
Assertion (2), if | X \‘”“ = (J there is nothing to prove. Otherwise, one may replace k by a finite field extension hence

assume | X[} n X (k) + & and X by a connected étale cover hence assume @; =G, Letz e [ X[\~ X (k). With
the notation of Construction 51, z € | X |unl c|X |unl . But then, from Fact 52 and Corollary 50,

trlv uru
IX 4. IX A,

so that the conclusion follows from the fact that x € \X \Ce“t if and only ifxel|X |“‘V

B.4. "Easy" implications in Conjectures (U), (C). Again, in Conjecture (U), the implications (i) = (ii) = (iii),
and, in Conjecture (C), the implications (i) <« (i)’ = (ii) = (iii) are tautological while, both in Conjecture (U) and
Conjecture (C), the implications (ii) = (i) follow from Fact 46. In Conjecture (C), the implication (i) = (ii) follows
from the fact G is generated by @;, G .- Eventually, the implication (i) = (i)’ both in Conjecture (U) and Conjec-
ture (C) follows from Lemma 54, which is a consequence of geometric class field theory. More precisely, for Conjecture

(C), this is straightforward as (i) implies éOQ(éoﬁb

» » )GO/éo while, for Conjecture (U), as (i) implies that both é;

and G2 /G are unipotent, if G #+ 1 one would have G Gf@p for some integer r > 1 hence (@;’ab)G; IS + 0,

contradicting Lemma 54.

0,ab

Lemma 54. One has (G, )ao e = 1.
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Proof. Replacing V, on X with a*V, on X' for some connected étale cover X’ — X, one may assume G, = Gy,

é; =G, and X (k) + . Let z € X (k) and fix a geometric point Z over x, which gives rise to a morphism of split
short exact sequences of profinite groups

x

14>7T1(Xk57i‘)4>ﬂ'1(x,i‘/)(,.\7(1(k‘) 1
l—— (Wl(XkS,.’i‘)ab)ﬂ-l(k) — T (X, i‘)ab T (k) 1

T

From [KL81, Thm. 1], (m1(Xgs,Z)*")r, (k) is finite. The assertion thus follows from the fact that, by construction /
—0,ab —0,ab

definition, the image of the canonical map (1 (Xgs, 2)**)r, 1) — (G, ) e (Qp) is Zariski-dense in (G ) go o U
P P P P

To summarize, one has:

PN PN
(iii) (il) === (i) iy
S R(:c)r/

B.5. Relations between Conjectures (T), (U), (C). From Proposition 53 (2), for every Q,-local system on X,
one has

[(iii) = (i) in Conjecture (C) for V,] = |(iii)
= [(iii)

= (i) in Conjecture (U) for V]
= (i) in Conjecture (T) for V,].
Construction 51 can also be used to prove the following.

Corollary 55. For every Qp-local system on X, one has
[(iit) = (i) in Conjecture (T) for Az(V,) and some x € |X|{" [ = [(iii) = (i) in Conjecture (C) for V,/.

Proof. Let V, be a Q,-local system on X such that | X \‘{j‘jt + (. One may replace k by a finite field extension hence

assume | X[ n X (k) + & and X by a connected étale cover hence assume é; =G,y Letze | X552 n X (k). Then

x € ‘Xm:](vp)' In particular, |X‘:LV(VP) + J so that by Conjecture (T) (T) for A,(V,), the étale fundamental group

7m1(X) - hence a fortiori m (Xys), acts on A;(Vp)z = Qp[II,] through a finite quotient. But this means in particular
that the orbit II, ~ I, - Id is finite. g

B.6. Relaxing the smoothness assumption on X. We formulated Conjecture (T) (resp. (U), (C)) for smooth
geometrically connected varieties over k but, actually, this implies (hence is equivalent) to Conjecture (T) (resp. (U),
(C)) for geometrically irreducible varieties over k which are only assumed to be normal. More precisely, let (P) be a
property of Q@p-local systems preserved by base-change along morphisms Y — X of varieties over k.

Proposition 56. Assume Conjecture (T) (resp. (U), (C)) holds for Q,-local systems satisfying (P) on smooth,
geometrically connected curves X over k. Let X be a geometrically irreducible variety over k and let V), be a Qp-local
system on X. Assume that X is normal and that Vp|xsm satisfies (P), where X* < X denotes the non-empty
open smooth (viz regular, as k has characteristic 0) locus. Then Congecture (T) (resp. (U), (C)) for Vp|xsm implies
Congecture (T) (resp. (U), (C)) for V,.

Proof. As X is geometrically irreducible over k£ and X" < X is an open immersion, X*™ is geometrically irreducible
over k. As X is normal and k is perfect, X is again normal and (X*); = X 2%, In particular, the canonical morphisms
T (X)) — 71 (X) and 71 (X;™) — 71 (X}) are both surjective. So, in view of statement (i) in Conjecture (T) (resp.
(U), (€)), it is enough to prove that |X |\ + & (vesp. |[X[\ + F, resp. | X[ + ) implies | X*™[FY 4 & (vesp.
|XS‘“|§‘;i + J, resp. [ X*[§™ + F). We treat the case of Conjecture (T); the cases of Conjectures . (U) and (C)
are exactly similar. Assume |X|§§;V + @ and let z¢ € |X|§§;V Fix any x € X*™. From e.g. [Mu70, Lem. p.56], there
exists a finite field extension K of k, a smooth, geometrically connected curve C' over K and a morphism a: C — X
such that zg, 2z € a(C). In particular, |C|f;ik"vp > a!(xg) + & hence, Conjecture (T) applied to a*V, on C implies

|Claxy, = |C| which, in turn, yields z € [ X[ O
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