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Notation / conventions.

For a scheme S, write |S| for the set of closed points of S.

For a connected scheme S and a geometric point s̄ on S, write π1pS, s̄q for the étale fundamental group of S; we almost
always omit the base point s̄ from the notation and, if S “ specpAq is affine, we often abbreviate π1pAq :“ π1pspecpAqq.
Recall that if A “ k is a field, π1pkq is the absolute Galois group of k.

A variety over a field k is a scheme separated and of finite type over k. If S is an integral scheme with generic point
η and X is a smooth, geometrically connected variety over k :“ kpηq, a model of X over S is a surjective morphism
X Ñ S such that X fits into a Cartesian diagram

(1) X //

��
˝

X

��
specpkq

η // S.

One says that X admits a smooth model over S if it fits into Cartesian diagram (1) with X integral and X Ñ S
surjective, smooth, separated and of finite type, and one says that X admits a smooth model with relative normal
crossing compactification (a smooth NCC model for short) over S if it admits a smooth model X Ñ S over S which
fits into a diagram

(2) X �
� //

""D
DD

DD
DD

DD
X cpt

��
S

with X ãÑ X cpt an open immersion, X cpt integral, X cpt Ñ S smooth, proper, and D :“ X cptzX ãÑ X Ñ S a relative
normal crossing divisor. If S “ tη, su is the spectrum of a discrete valuation ring with (generic point η and) closed
point s, one says that X admits a semistable model over S if it fits into a Cartesian diagram (1) with X Ñ S semistable
(see Paragraph 1.1.3), and one says that X admits a semistable model with relative normal crossing compactification
(a semistable NCC model for short) over S if it admits a semistable model X Ñ S over S which fits into a diagram
(2) with X ãÑ X cpt an open immersion, X cpt Ñ S proper, semistable and D :“ X cptzX ãÑ X Ñ S a relative normal
crossing divisor.
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1. Introduction

Let k be a field and X a smooth, geometrically connected variety over k. The general topics of this article is the
inverstigation of rigidity phenomena for ramification properties of Qp-local systems onX or, more generally, continuous
representations ρ : π1pXq Ñ Π of the étale fundamental group π1pXq of X with target a profinite group Π. By rigidity
phenomena we roughly mean the following. Let P be a property (which may involve extra data such as suitable models
of X) of such representations. For a given representation ρ : π1pXq Ñ Π, consider the set of closed points

|X|Pρ :“ tx P |X| | x˚ρ : π1pxq
x

Ñ π1pXq
ρ

Ñ Π satisfies Pu Ă |X|.

Then one may ask the relation between the following properties:

(i) ρ : π1pXq Ñ Π satisfies P;
(ii) |X|Pρ is "huge" in a precise sense;
(iii) |X|Pρ ­“ H.

The implication (ii) ñ (iii) is tautological and, if P is functorial enough, the implication (i) ñ (ii) should also be
automatic. In general the implications (iii) ñ (ii) ñ (i) are more delicate.

These questions were originally prompted by several applications, in particular to Conjecture (T), a consequence of
the unramified Fontaine-Mazur conjecture - see Subsection 1.2.3 and Appendix B.

1.1. Ramification with respect to an open embedding. Let X be a connected normal scheme and let H ­“ X ãÑ

X an open immersion. For every x P X , set

Xpx̄q :“ specpOX ,x̄q, Xpx̄q :“ X ˆX Xpx̄q

and write
IX,x :“ impπ1pXpx̄qq Ñ π1pXqq Ă π1pXq

for the inertia group of x in π1pXq with respect to X ãÑ X and IX,x ↠ It
X,x for its tame quotient, that is It

X,x “ IX,x

if x has residue characteristic 0 and It
X,x “ I

pp1
q

X,x if x has residue characteristic p ą 0. It follows from the definition
that if x1 specializes to x0 in X then IX,x1

Ă IX,x0
.

1.1.1. One says that a morphism of profinite groups π1pXq Ñ Π is unramified1 with respect to X ãÑ X if for every
x P X the resulting morphism IX,x ãÑ π1pXq Ñ Π is trivial. As X is normal, the following properties are equivalent:

(i) π1pXq Ñ Π is unramified with respect to X ãÑ X ;
(ii) For every x P |X zX|, the resulting morphism IX,x ãÑ π1pXq Ñ Π is trivial;
(iii) π1pXq Ñ Π factors through π1pXq ↠ π1pX q,

and if X is regular, by Zariski-Nagata purity theorem [SGA1, Exp. X, Thm. 3.1], Properties (i), (ii), (iii) are also
equivalent to

(iv) For every x P X zX of codimension 1 in X , the resulting morphism IX,x ãÑ π1pXq Ñ Π is trivial.

1.1.2. One says that a morphism of profinite groups π1pXq Ñ Π is tamely ramified1 with respect to X ãÑ X if for
every x P X the resulting morphism IX,x ãÑ π1pXq Ñ Π factors through IX,x ↠ It

X,x. Let

xxIw
X,x | x P X zXyy Ă π1pXq

denote the subgroup normally topologically generated by the subgroups Iw
X,x :“ kerpIX,x ↠ It

X,xq Ă π1pXq, x P X zX
and set

π1pXq ↠ πt
1pX ;X zXq :“ cokerpxxIw

X,x | x P X zXyy Ñ π1pXqq

for the profinite quotient classifying étale covers of X tamely ramified with respect to X ãÑ X . Again, the following
properties are equivalent:

(i) π1pXq Ñ Π is tamely ramified with respect to X ãÑ X ;
(ii) For every x P |X zX|, the resulting morphism IX,x ãÑ π1pXq Ñ Π factors through IX,x ↠ It

X,x;
(iii) π1pXq Ñ Π factors through π1pXq ↠ πt

1pX ;X zXq,

1 The normality of X is used to ensure that Xpx̄q - hence Xpx̄q - is integral so that it makes sense to consider the étale fundamental
group π1pXpx̄qq of Xpx̄q. One could extend the definitions of being unramified (resp. tamely ramified) with respect to X ãÑ X to arbitrary
schemes X by requiring that for every u P Xpx̄q the image of π1puq Ñ π1pXq Ñ Π be trivial (resp. factors through π1puq ↠ π1puqpp1q,
where p denote the residue characteristic of x).
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and if X is regular and D :“ X zX ãÑ X is a normal crossing divisor, Properties (i), (ii), (iii) are also equivalent to
[SGA1, Exp. XIII]

(iv) For every x P X zX of codimension 1 in X , the resulting morphism IX,x ãÑ π1pXq Ñ Π factors
through IX,x ↠ It

X,x.

1.1.3. Schemes over dvr in mixed characteristic. Let Ok be a complete discrete valuation ring with fraction field k, of
characteristic 0, maximal ideal m, and perfect residue field κ :“ Ok{m of characteristic p ą 0. Write S :“ specpOkq “

ts, ηu, where s denotes the closed point and η the generic point.

Assume now X Ñ S is surjective, separated and of finite type and the open immersion X ãÑ X is the inclusion of the
generic fiber; For every x P impX pOk̄q Ñ |X|q, let Sx :“ specpOkpxqq Ñ X denote the normalization of the reduced
subscheme txu

zar
underlying the Zariski closure of x in X . The technical core of this article is to investigate the

relation between the (tame) ramification of a continuous morphism of profinite groups ρ : π1pXq Ñ Π with respect
to X ãÑ X and the (tame) ramification of x˚ρ : π1pxq Ñ Π with respect to txu ãÑ Sx, x P impX pOk̄q Ñ |X|q when
X Ñ S is semistable (which is enough for most applications) that is X Ñ S is geometrically irreducible, separated,
flat, of finite type, X is integral, smooth over k, and for every x P |Xs|, OX ,x̄ is isomorphic to the strict henselization
of the localization at xT1, . . . , Tny of

OkurrT1, . . . , Tns{xT1 ¨ ¨ ¨Tm ´ πry

for some integers r ě 1, n ě m ě 1. Here kur denotes the maximal unramified extension of k and π a uniformizer of k.

Our main result is the following. Let X be a smooth, geometrically connected variety over k. For a profinite group Π
and a continuous morphism ρ : π1pXq Ñ Π, let

|X|ur
ρ Ă |X|

denote the subset of all x P |X| such that x˚ρ : π1pxq Ñ Π is unramified with respect to txu ãÑ Sx that is factors
through π1pxq ↠ π1pSxq. Similarly, let

|X|trρ Ă |X|

denote the subset of all x P |X| such that x˚ρ : π1pxq Ñ Π is tamely ramified with respect to txu ãÑ Sx that is factors
through π1pxq ↠ πt

1pSx; sxq.

Theorem 1. Let Π be a profinite group and let ρ : π1pXq Ñ Π be a continuous morphism.

(1) For every semistable model X Ñ S of X over S one has

ρ : π1pXq Ñ Π is unramified with respect to X ãÑ X ô |X|ur
ρ Ą impX pOk̄q Ñ |X|q.

(2) For every semistable NCC model X ãÑ X cpt Ñ S of X over S, one has

ρ : π1pXq Ñ Π is unramified with respect to X ãÑ X cpt ô |X|ur
ρ “ |X|.

(3) For every semistable model X Ñ S of X over S, one has

ρ : π1pXq Ñ Π is tamely ramified with respect to X ãÑ X ô |X|trρ Ą impX pOk̄q Ñ |X|q.

When ρ : π1pXq Ñ Π arises from a Qℓ-local system Vℓ on X (possibly ℓ “ p), write |X|ur
Vℓ

and |X|trVℓ
instead of |X|ur

ρ

and |X|trρ . Define also
|X|sstVℓ

Ă |X|

to be the subset of all x P |X| such that x˚Vℓ is semistable viz the corresponding inertia group Ix :“ ISx,sx acts
unipotently on Vℓ :“ Vℓ,x̄.

If ℓ ­“ p and Vℓ “ Rif˚Qℓ for some smooth proper morphism f : Y Ñ X and integer i ě 0, the locus |X|ur
Vℓ

controls
to some extent (at least contains) the subset |X|

gdred
f Ă |X| of all x P |X| where Yx Ñ specpkpxqq has good reduction.

Similarly, the locus |X|sstVℓ
controls to some extent (at least contains) the subset |X|sstredf Ă |X| of all x P |X| where

Yx Ñ specpkpxqq has semistable reduction. In view of geometric applications, this prompts the following variant of
Theorem 1 (1), which is, actually, a corollary of Theorem 1 (3).

Assume X admits a semistable model X Ñ S over S. Let ℓ ­“ p a prime. One says that a Qℓ-local system Vℓ on
X is semistable with respect to X ãÑ X if for every2 x P X , the corresponding inertia group IX,x acts unipotently on
Vℓ :“ Vℓ,x̄.

2If X Ñ S is smooth (resp. in general), this is actually equivalent to requiring that IX,x acts unipotently on Vℓ for every generic point
in Xs (resp. for every generic point and for every non smooth point in Xs).
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Corollary 2. Let ℓ ­“ p a prime and let Vℓ be a Qℓ-local system on X. Then, for every semistable model X Ñ S of
X over S, one has

Vℓ is semistable with respect to X ãÑ X ô |X|sstVℓ
Ą impX pOk̄q Ñ |X|q.

Remark 3.

(1) The right-hand side conditions in Theorem 1 and Corollary 2 can be weakened - See Remark 16 for the precise
statement.

(2) If ρ : π1pXq Ñ Π is tamely ramified with respect to X ãÑ X , then Theorem 1 (1) and Corollary 2 can be
significantly strengthened. For instance, if X admits a smooth model X Ñ S and Xs,1, . . . ,Xs,m denote the
connected components of Xs, then

ρ : π1pXq Ñ Π is unramified (resp. Vℓ is semistable) with respect to X ãÑ X

ô for each i “ 1, . . . ,m there exists xi P impX pOkuq Ñ |X|q specializing to some ui P |Xs,i| and such that x˚
i ρ

is unramified (resp. x˚Vℓ is semistable);

p˚q
ô |X|trρ Ą impX pOk̄q Ñ |X|q (resp. |X|trVℓ

Ą impX pOk̄q Ñ |X|q),
and for each i “ 1, . . . ,m there exists xi P impX pOkuq Ñ |X|q specializing to some ui P |Xs,i| and such that
x˚
i ρ is unramified (resp. x˚Vℓ is semistable).

where the equivalence (*) is Theorem 1 (3). Here k Ă ku Ă Q̄p denotes the maximal unramified extension of k in
Q̄p. See Remark 24 for the general case. Actually, when X admits a smooth model X Ñ S and ρ : π1pXq Ñ Π is
tamely ramified with respect to X ãÑ X , Theorem 1 (1) and Corollary 2 are classical corollaries of Abhyankar’s
lemma and are well-known. The main difficulty and novelty is to handle the case of non-tame representation and
of semistable models.

(3) Theorem 1 (1), (2) and Corollary 2 completed by Remark 16 when ρ : π1pXq Ñ Π arises from a Qℓ-local system
on X for a prime ℓ ­“ p provide scheme-theoretic ℓ-adic counterparts to recent results in variational p-adic Hodge
theory by Guo-Yang and Diao-Yao. Here is tentative dictionary.

Assumption on (formal) ℓ-adic over a scheme X p-adic over formal scheme X
model X Ñ S

smooth Theorem 1 (1)+Remarks 16, 24 [GuY24, Thm. 7.2]
smooth Theorem 1 (2)+Remark 16 [DiY25, Thm. 1.6]
semistable Theorem 1 (1)+Remarks 16, 24 [DiY25, Thm. 3.11]
semistable Corollary 2 + Remark 16 [GuY24, Thm. 7.2]

1.2. Applications.

1.2.1. Geometric translations and enhancements. We retain the notation and assumptions of Subsection 1.1.3 for k,
S etc. Let X be a smooth, geometrically connected variety over k. As already mentioned, if ℓ ­“ p and Vℓ “ Rif˚Qℓ
for some smooth proper morphism f : Y Ñ X and integer i ě 0, one always has

|X|ur
Vℓ

Ą |X|
gdred
f , |X|sstVℓ

Ą |X|sstredf .

When equality holds - e.g. for abelian schemes or for curves, Theorem 1 (1), (3) plus Remarks 16, 24 easily translate
as follows. (Compare with [DiY25, Cor. 1.2]).

Corollary 4. Let X be a smooth, geometrically connected variety over k admitting a smooth model X Ñ S. Let
Xs,1, . . . ,Xs,m denote the irreducible components of Xs. Let Y Ñ X be an abelian scheme or a smooth, proper,
geometrically connected curve of genus g ě 2. Assume for every x P impX pOktq Ñ |X|q, Yx has semistable reduction
and for each i “ 1, . . . ,m there exists xi P impX pOkuq Ñ |X|q specializing to some ui P |Xs,i| such that Yxi

has good
reduction. Then, for every x P |X|, Yx has good reduction.

Here k Ă ku Ă kt Ă Q̄p denote respectively the maximal unramified and maximal tamely ramified extension of k in Q̄p.

Remark 5. In Corollary 4, if one only assumes X admits a semistable model X Ñ S, the same assertions hold with
the condition that for each i “ 1, . . . ,m there exists xi P impX pOkuq Ñ |X|q specializing to some ui P |Xs,i| such
that Yxi

has good reduction replaced with the condition that for every x P impX pOktq Ñ |X|q specializing to some
u P |X n-sm

s |, Yx has good reduction.

If one imposes additional restrictions on Y Ñ X (e.g. adding level structures), the conclusion of Corollary 4 can be
strengthened to the extend that Y Ñ X extends to an abelian scheme (resp. a smooth proper curve) over X . We give
the proof of Corollary 4 and discuss samples of such enhancements of it in Subsection 4.3.
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1.2.2. Arithmetic combinatorial fundamental group. Again, we retain the notation and assumptions of Subsection 1.1.3
for k, S etc. and let X be a smooth, geometrically connected variety over k. A second application of Theorem 1 is
an intrinsic characterization of the combinatorial part of the arithmetic fundamental group of semistable NCC models
X ãÑ X cpt Ñ S of X under the mild assumption that

(3) The irreducible components X cpt
s,1 , . . . ,X

cpt
s,t of X cpt

s are smooth, geometrically irreducible over κ.

Remark 6. As least when X is a curve with semistable NCC model X ãÑ X cpt Ñ S, after possibly enlarging k
and blowing up the finitely many singular points of the irreducible components of X cpt

s , one may always assume that
Assumption (3) holds.

More precisely, write D :“ X cptzX and recall the following canonical specialization diagram of tame fundamental
groups

(4) 1 // π1pXk̄q //

����

π1pXq //

����

π1pkq //

����

1

1 // πt
1pX cpt

s̄ ;Ds̄q // πt
1pX cpt;Dq // π1pSq // 1

1 // πt
1pX cpt

s̄ ;Ds̄q // πt
1pX cpt

s ;Dsq //

»

OO

π1pκq //

»

OO

1,

Set Xs,i :“ X cpt
s,i X Xs, i “ 1, . . . , t for the irreducible components of Xs, and Ds,i :“ Ds X X cpt

s,i “ X cpt
s,i zXs,i,

Ds̄,i :“ Ds̄ X X cpt
s̄,i “ X cpt

s̄,i zXs̄,i, i “ 1, . . . , t. Write

KpX cpt
s̄ ;Ds̄q Ă πt

1pX cpt
s̄ ;Ds̄q

for the subgroup topologically normally generated by the images of the canonical morphisms πt
1pX cpt

s̄,i ;Ds̄,iq Ñ πt
1pX cpt

s̄ ,Ds̄q,
i “ 1, . . . , t and, similarly, write

KpX cpt
s ;Dsq Ă πt

1pX cpt
s ;Dsq

for the subgroup topologically normally generated by the images of the canonical morphisms πt
1pX cpt

s,i ;DS,iq Ñ

πt
1pX cpt

s ;Dsq, i “ 1, . . . , t. As
Ů

1ďiďt X
cpt
s,i Ñ X cpt

s is a morphism of effective descent for finite covers of X cpt
s , étale

over Xs and tamely ramified along Ds, the third line of (4) - in particular, the combinatorial parts

πcomb
1 pX cpt

s̄ ;Ds̄q :“ cokerpKpX cpt
s̄ ;Ds̄q Ñ πt

1pX cpt
s̄ ;Ds̄qq,

πcombpX cpt
s ;Dsq :“ cokerpKpX cpt

s ;Dsq Ñ πt
1pX cpt

s ;Dsqq

of πt
1pX cpt

s̄ ;Ds̄q and πt
1pX cpt

s ;Dsq respectively, admits a simple combinatorial group-theoretic description in terms of
the intersection complex of the X cpt

s,1 , . . . ,X
cpt
s,t - see [SGA1, IX] or [St06]. For instance, when X cpt Ñ S is a relative

curve, one gets
πcomb
1 pX cpt

s̄ ;Ds̄qÑ̃πcombpX cpt
s ;Dsq » π1pΓpXsqq^,

where π1pΓpXsqq ↠ π1pΓpXsqq^ is the profinite completion of the topological fundamental group of the dual graph
ΓpXsq of Xs. Under assumption (3), we give the following intrinsic description of the morphism

π1pXq ↠ πt
1pX ;Dq » πt

1pXs;Dsq ↠ πcomb
1 pX cpt

s ;Dsq.

Let KpXq Ă π1pXq denote the subgroup topologically normally generated by the images of the canonical morphisms
π1pxq Ñ π1pXq, x P |X| and set

πcomb
1 pXq :“ cokerpKpXq Ñ π1pXqq.

Corollary 7. One has canonical isomorphisms

πcomb
1 pXq

» //

»

��

πcomb
1 pX cpt

s ;Dsq

»

��
πcomb
1 pXcptq

»
// πcomb

1 pX cpt
s ;Hq.

In particular, π1pXq ↠ πcomb
1 pX cpt

s ;Dsq is independent of the semistable model satisfying (3).



RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 7

1.2.3. Trivial locus of Qp-local systems. Our original motivation for Theorem 1 was to attack Conjecture (T) below.
We refer to Appendix B for a more detailled discussion about Conjecture (T) and its variants. Let k be a field and let
X be a smooth, geometrically connected variety over k. Let p be a prime and let Vp be a Qp-local system on X. For
every x P X and geometric point x̄ over x, set Vp :“ Vp,x and let Gp, Gp,x Ă Gp Ă GLVp

denote the Zariski closures
of the images Πp, Πp,x and Πp of π1pXk̄q, π1pxq and π1pXq acting on Vp respectively. Define the trivial locus of Vp as

|X|trivVp
:“ tx P |X| | G˝

p,x “ 1u,

(where p´q˝ denotes the neutral component). The following conjecture predicts that, when k is a number field, the
trivial locus should be empty unless Vp|Xk̄

is finite.

Conjecture (T). Assume k is a number field. For a Qp-local system Vp on X, one has

|X|trivVp
­“ H ô |X|trivVp

“ |X|.

By Hilbert’s irreducibility theorem, the conditions |X|trivVp
“ |X| is equivalent to G˝

p “ 1. See Subsection B.1.1 for
equivalent formulations of Conjecture (T) and variants about the unipotent locus

|X|uni
Vp

:“ tx P |X| | G˝
p,x is unipotentu

and centralizing locus. In this introductory section, for simplicity, we mostly focus on the trivial locus. Also, we
formulated Conjecture (T) for smooth geometrically connected varieties over k but, actually, this implies (hence is
equivalent to) Conjecture (T) for geometrically irreducible varieties over k which are only assumed to be normal - see
Proposition 56.

On top of the reformulations given in Subsection B.1.1, Conjecture (T) is motivated by its relations with classical
conjectures - see Subsection B.1.2, in particular with the unramified Fontaine-Mazur conjecture

Conjecture (U F-M). (Unramified Fontaine-Mazur [FoM95, Conj. 5.1a]) Let k be a number field. Let p be a prime
and let U Ă specpOkq be an open subset containing all finite places v|p of k. Then every Qp-local system on U is finite.

and its higher-dimensional variant

Conjecture (VU F-M). (Variational unramified Fontaine-Mazur) Let U Ă specpOkq be a non-empty open subset
and let X Ñ U be surjective, flat, of finite type with X normal. Let p be a prime such that U contains all places v|p
of k. Then every Qp-local system on X is finite.

More precisely, we prove the following.

Corollary 8.
(1) Conjecture (U F-M) ñ Conjecture (VU F-M)
(2) Conjecture (VU F-M) for X Ñ U of relative dimension d ñ Conjecture (T) for X of dimension d.

If k is a number field we prove that Conjecture (T) holds for Vp part of a Q-compatible family V “ pVℓqℓ of Qℓ-local
system on X - see Corollary 39. This can be proved directly or deduced from the following p-adic variant of Conjecture
(T) - see Corollary 34 and Remark 35 (3).

Corollary 9. Let k be a p-adic field and let X be a smooth, geometrically connected variety over k. Let Vp be a
Q-rational Qp-local system on X. Then

|X|trivVp
­“ H ô |X|trivVp

“ |X|.

Similarly, |X|uni
Vp

­“ H ô |X|uni
Vp

“ |X|.

Remark 10. In general, one cannot expect the equivalent conditions in Corollary 9 to be also equivalent to G˝
p “ 1

(or G˝
p is unipotent) as predicted by Conjecture (T) when k is a number field. Indeed, already if X is a curve,

from Corollary 7, these conditions are also equivalent to the following: after possibly replacing k by a finite field
extension so that X admits a smooth NCC model X ãÑ X cpt Ñ S satisfying Condition (3), Vp is combinatorial viz
the corresponding representation π1pXq Ñ GLpVp,x̄q factors through

π1pXq ↠ πcomb
1 pX cpt

s ,Dsq » π1pΓpX cpt
s qq_.

If one removes the Q-rationality assumption, the arguments in the proof of Corollary 9 still yield information about
the distribution of trivial points. For instance, when X is a curve, one gets the following weak form of Conjecture (T),
where condition (iii) is weakened to the condition (iii)’ asserting that |X|trivVp

has to be "v-adically small" for all finite
places v|p of k.

Let k be a number field and let X be a smooth, geometrically connected curve over k admitting a smooth NCC model
X ãÑ X cpt Ñ S over some non-empty open subscheme S Ă specpOkq.
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Corollary 11. For p P imp|S| Ñ |specpZq|q the following holds. Let Vp be Qp-local system on X with Qp-rank ă p´ 1

and such that G
˝

p is not unipotent. Then, for every v P Sp, there exists a 0-dimensional Zariski-closed subset Zv Ă X cpt
v

such that

(iii)’ |X|uni
Vp

Ă XvPSp
sp´1
v pZvq,

where spv : |X cpt| Ñ |X cpt
v | denotes the specialization map.

Remark 12. The 0-dimensional Zariski-closed subsets Zv Ă X cpt
v appearing in the statement of Corollary 11 are

rather explicit. For instance, if Vp is a summand of a Qp-local system of the form R2if˚Qppiq for some smooth proper
morphism f : Y Ñ X, up to shrinking S, one may also assume f : Y Ñ X admits a smooth proper model f : Y Ñ X
over S. Then, for p " 0 and for every v P Sp, XvzZv can be taken to be the largest open subset over which the
convergent F-isocrystal R2ifcrisO:

Yv |Xv
admits a slope filtration.

After introducing some technical level conditions in Section 2, we carry out the proof of Theorem 1 and Corollary 2
in Section 3, which is the technical core of the article. We give first applications of Theorem 1 in Section 4. In Section
5 we prove Corollary 7 and give applications of Theorem 1 to Conjecture (T) and to its variants over p-adic fields
and for the unipotent and centralizing loci; in particular, we prove there Corollary 8 and Corollary 9. Appendix A
provides a very brief overview of the results from (variational) p-adic Hodge theory used in Section 5 and Appendix
B while, in Appendix B, we discuss in more details Conjecture (T).

Aknowledgements: In a first version of this work, mostly aimed at attacking Conjecture (T) via methods from
p-adic Hodge theory, we only considered Theorem 1 under the assumption that X admits a smooth model over S. We
are very grateful to Sasha Petrov for asking whether this could be extended to the case where X admits a semistable
model over S, which yields a definitively wider range of applications. The reduction to the case where Vℓ is semisimple
in Lemma 33 is also due to him. We would also like to thank Ziquan Yang for exchanges around a consistent notion
of ℓ-adic semistable local system, which lead us to Corollary 2, and for sketching the argument in Remark 17. More
generally, we enjoyed constructive discussions with Haoyang Guo and Ziquan Yang.

2. Level

Some of the proofs and statements involve level assumptions that we list here for the convenience of the reader.

Let S be a connected scheme. Fix a prime ℓ and let Vℓ be a Qℓ-local system on S. Fix a geometric point s̄ on S and
set Vℓ :“ Vℓ,s̄; let Πℓ Ă GLpVℓq denote the image of π1pS, s̄q acting on Vℓ. Consider the following "level conditions"
on Vℓ:

Lev1(Vℓ) There exists a Πℓ-stable Zℓ-lattice V ˝
ℓ Ă Vℓ such that Πℓ Ă Id` ℓ̃EndZℓ

pV ˝
ℓ q, where ℓ̃ “ 4 if ℓ “ 2 and ℓ̃ “ ℓ

otherwise.

Lev2(Vℓ) Πℓ is torsion free.

Lev3(Vℓ) Πℓ is pro-ℓ.

Lev4(Vℓ) The torsion elements in Πℓ are of prime-to-ℓ order.

One easily checks the following implications.

Lev1(Vℓ) +3 Lev2(Vℓ) ks +3 pLev3(Vℓ) ` Lev4(Vℓ)q +3 Lev4(Vℓ) ℓ ą dimpVℓq ` 1.ks

In practice, Lev1(Vℓ) can always be achieved after replacing S by a connected étale cover.

3. Pointwise versus global ramification properties

Let Ok be a complete discrete valuation ring with fraction field k, of characteristic 0, maximal ideal m, and perfect
residue field κ, of characteristic p ą 0. Set S :“ specpOkq “ tη, su, where η is the generic point and s the closed point
of S. Fix a separable(“ algebraic) closure k ãÑ ks “ k̄. Considering the normal crossing divisor s ãÑ S, and writing
Is :“ Iη,s for simplicity (see Subsection 1.1), one gets
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k �
� //

π1pSq»π1psq

πt
1pS;sq

π1pηq

ku �
� //

Its

Is

kt �
� //

Iws

ks,

where Iw
s :“ kerpIs ↠ It

sq denotes the wild inertia group. For # :“ u, t, s let Ok# denote the valuation ring of k# and
S# :“ specpOk#q.

For a variety X over k and a closed point x P |X| with residue field kpxq, write Okpxq for the valuation ring of kpxq,
Sx :“ specpOkpxqq “ tx, sxu, with (x the generic point and) sx the closed point of Sx.

Let X Ñ S be a semistable morphism. Set X :“ Xη; up to replacing S by its normalization in X Ñ S, we may and
will assume that X is geometrically connected over k.

Let ψ : Y Ñ X be a Galois (in particular finite, étale and connected) cover. For a subset Σ Ă |X|, say that ψ : Y Ñ X
is Σ-pointwise unramified (resp. tame) if for every x P Σ and for one (equivalently every) y P Yx the resulting cover
Sy Ñ Sx is étale (resp. tamely ramified along sx). We will apply this terminology to subsets of the following form.
For # “ u, t, s and u P |Xs|,

Σ “sur#:“ impX pOk#qu ãÑ Xpk#q Ñ |X|q Ă |X|,

where X pOk#qu denotes the fiber of X pOk#q Ñ X pκq Ñ |Xs| over u; equivalently, sur# is the subset of all x P |X|

such that
specpkpxqq

x //

��

X

��
specpOk#q // specpOkpxqq

D! x̃ // X

specpκq //

OO

˝

specpκpsxqq //

OO
˝

specpκpuqq
u // Xs

OO

More generally, for a subset F Ă |Xs|, we will consider

Σ “sF r#:“
ď

uPF

sur#Ă |X|

and, when F “ |Xs|, we will simply write

sXsr#:“s|Xs|r#p“ impX pOk#q ãÑ Xpk#q Ñ |X|qq.

We are now ready to state the core technical result of this article - Theorem 13 below. Let X Ñ S be a semistable
morphism with X :“ Xη geometrically connected over k. Let ψ : Y Ñ X be a Galois cover. Let ψX : Y Ñ X denote
the normalization of X in Y ψ

Ñ X ãÑ X .

Theorem 13. Let X sm
s “ X sm

s,1 \ ¨ ¨ ¨ \X sm
s,m denote the decomposition of the regular (viz smooth) locus X sm

s ãÑ Xs into
irreducible (viz connected) components.

(U) There exists a non-empty open subset X o
s,i Ă X sm

s,i , i “ 1, . . . ,m (depending on Y
ψ
Ñ X ãÑ X sm) such that, for

every ui P X o
s,i, i “ 1, . . . ,m, the following conditions are equivalent.

(U-1) kerpπ1pXq ↠ π1pX qq Ă π1pY q;
(U-2) ψX : Y Ñ X is (finite) étale;
(U-3) ψ : Y Ñ X is sXsrs-pointwise unramified;
(U-4) ψ : Y Ñ X is Y1ďiďmsuir

uYsX n-sm
s rt-pointwise unramified.

(T) There exists a non-empty open subset X o
s,i Ă X sm

s,i , i “ 1, . . . ,m (depending on Y
ψ
Ñ X ãÑ X sm) such that, for

every ui P X o
s,i, i “ 1, . . . ,m, the following conditions are equivalent.

(T-1) kerpπ1pXq ↠ πt
1pX ;Xsqq Ă π1pY q;

(T-2) ψX : Y Ñ X is (finite) tamely ramified along Xs;
(T-3) ψ : Y Ñ X is sXsrs-pointwise tame;
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(T-4) ψ : Y Ñ X is Y1ďiďmsuir
tYsX n-sm

s rt-pointwise tame.

Remark 14. If X Ñ S is smooth and Y is regular, one can take X ˝
s,i “ Xs,i, i “ 1, . . . ,m in Theorem 13 (U). If,

furthermore, for every intermediate cover Y Ñ Y 1 Ñ X the normalization Y 1 Ñ X of X in Y 1 Ñ X ãÑ X is smooth
over S with Y 1 regular, then one can also take X ˝

s,i “ Xs,i, i “ 1, . . . ,m in Theorem 13 (T).

We will also use the following Corollary / variant of Theorem 13 (U). Let pX cpt,Dq Ñ S be a semistable marked
pair with smooth generic fiber pXcpt, Dq, that is X cpt Ñ S is a proper semistable scheme, D ãÑ X cpt Ñ S is a
relative normal crossing divisor on X cpt Ñ S and Xcpt is smooth over k. Write again X cpt,sm

s “ \1ďiďmX cpt,sm
s,i for

the decomposition of X cpt,sm
s into irreducible (viz connected) components. Set X :“ X cptzD and X :“ XcptzD. Let

ψ : Y Ñ X be a Galois cover and let ψX cpt : Ycpt Ñ X cpt denote the normalization of X cpt in Y ψ
Ñ X ãÑ X cpt.

Corollary 15. There exists a non-empty open subset X cpt,sm,˝
s,i Ă X cpt,sm

s,i , i “ 1, . . . ,m (depending on Y ψ
Ñ X ãÑ X sm)

such that for every ui P X cpt,sm,˝
s,i , i “ 1, . . . ,m, the following conditions are equivalent.

(U-1) kerpπ1pXq Ñ π1pX cptqq Ă π1pY q;
(U-2) ψX cpt : Ycpt Ñ X cpt is (finite) étale;
(U-3) ψ : Y Ñ X is |X|-pointwise unramified;
(U-4) ψ : Y Ñ X is Y1ďiďmsuir

tYsX cpt,n-sm
s rt-pointwise unramified.

Before we embark in the proof of Theorem 13 and Corollary 15, which will occupy the remaining part of Section 3,
we explain how to deduce from them the proof of Theorem 1.

Proof of Theorem 1: The implications ñ are tautological. We prove the converse implications ð. Consider
Assertion (1). By definition, if |X|ur

ρ ĄsXsrs then, for every normal open subgroup U Ă Π the corresponding Galois
cover XU Ñ X is sXsrs-pointwise unramified. By Theorem 13 (U-3) ñ (U-1), the morphism π1pXq ↠ Π{U then
factors through π1pXq ↠ π1pX q. One concludes by passing to the limit on U . This proves (1). The proofs of (2) and
(3) are exactly similar using Corollary 15 (U-3) ñ (U-1) and Theorem 13 (T-3) ñ (T-1) respectively.

Remark 16.

(1) Label by (i) the left hand side conditions and by (ii)’ the right-hand side conditions of the equivalence in Assertions
(1), (2), (3) of Theorem 1. The proof of Theorem 1 shows more precisely that (i) ñ (ii)’ ñ (ii)” ñ (i), where, for
(1), (3),

(ii)” |X|ρ ĄsXsr#,
with

- in (1), # “u if X Ñ S is smooth, and # “t in general,

- in (3), # “t.

while, for (2),
(ii)” |X|ρ ĄsX cpt

s rtX|X|.

(2) The construction of the open subsets X ˝
s,i Ă Xs,i, i “ 1, . . . ,m is effective. For instance, in Theorem 13 (U), if Y is

geometrically connected over k and Xs,1, . . . ,Xs,m are geometrically connected over κ, X ˝
s,i “ Xs,izpψX pYn-regq X

Xs,iq, i “ 1, . . . ,m.

Remark 17. Guo-Yang proved Theorem 1 (1) in the setting of smooth p-adic formal schemes over Ok - see [GuY24,
Thm. 6.31]; as they mention, this can be regarded as the (scheme-theoretic in our setting) ℓ-adic analogue of Fact 43
(3) / Crystalline part of [GuY24, Thm. 7.2]. Ziquan Yang pointed out to us that one can actually deduce Theorem
1 (1) when X admits a smooth model X Ñ S from its formal analogue. Here is a brief sketch of the argument. (To
complete)

3.1. Strategy of proofs. Here is the general architecture of the proofs.

(1) Thm. 13 (U) for X Ñ S smooth +3

��

(2) Thm. 13 (T) for X Ñ S smooth

��
(3) Thm. 13 (U) for X Ñ S semistable

��

(5) Thm. 13 (T) for X Ñ S semistable

(4) Cor. 15
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The delicate implications are (U-4) ñ (U-2) and (T-4) ñ (T-2). Roughly, one proceeds as follows.

(1) After some reduction, in particular shrinking Xs, one may assume Y is smooth. After this reduction, we prove
one can take X ˝

s,i “ Xs,i, i “ 1, . . . ,m. More precisely, if ψX : Y Ñ X were not étale, it would be non-étale
along one of the Xs,i, which would imply that for every u P Xs,i there would exists v P Yu such that the resulting
morphism at the level of cotangent spaces ψ#

X : mu{m2
u Ñ mv{m2

v is not injective. On the other hand, using the
local structure of pOX ,u, one can always construct a section x̃ : S Ñ X mapping the closed point s P S to u and
such that the resulting morphism at the level of cotangent spaces x̃# : m{m2 Ñ mv{m2

v does not vanish at a. This
contradict the fact that, by (U-4), ψX : Y Ñ X is suru-pointwise unramified.

(2) After some reduction, in particular shrinking Xs, one may assume Y is smooth and that for every intermediate cover
Y Ñ Y 1 Ñ X the normalization Y 1 Ñ X of X in Y 1 Ñ X ãÑ X is smooth over S. After this reduction, we prove
one can take X ˝

s,i “ Xs,i, i “ 1, . . . ,m. More precisely, one can consider the intermediate cover Y Ñ YIw Ñ X
corresponding to the wild inertia group Iw Ă G :“ Autpψq and the normalization YIw Ñ X of X in YIw Ñ X ãÑ X .
Then (T-4) forces Y Ñ YIw to be sYIw,sr-unramified which, applying Theorem 13 (U-4) ñ (U-2) to Y Ñ YIw , in
turn imposes that Y Ñ YIw is trivial.

Once Theorem 13 is established for X sm Ñ S, the issue is to control what happens locally around the finitely many
non-smooth points u P X n-sm :“ X zX sm. To do so, we first describe in Subsection 3.3.1 the étale fundamental group
of the smooth locus of Xpūq “ specpOX ,ūq Ñ specpOkurq (Lemma 20) and the prime-to-p completion of the étale
fundamental group of Xpūq “ Xpūq ˆX X) (Lemma 21). Then,

(3), (4) The common strategy to prove Theorem 13 (U) and Corollary 15 when X Ñ S is semistable the following. Assume
there exists u P Xs and v P Yu (resp. u P Ds and v P pYcptqu) which violate (U-2) - that is such that Ypv̄q Ñ Xpūq

(resp. Ycpt
pv̄q

Ñ X cpt
pūq

) is finite not étale. Then one constructs explicitly a kt-point x1 P X violating (U-4) using the
description of étale covers of X sm

pūq
(resp. of Xpūq tamely ramified with respect to Xpūq ãÑ X cpt

pūq
) given in Lemma 20

(resp. by Abhyankar’s lemma).

(5) From Theorem 13 (T) for X sm Ñ S, one already knows that ψX : Y Ñ X is tamely ramified along the generic
points of Xs. The proof of Theorem 13 (T) is achieved exploiting this and the structure of π1pXpūqqpp1

q given in
Lemma 21.

3.2. Proof of Theorem 13 when X Ñ S is smooth. In this Subsection, assume X Ñ S is smooth.

3.2.1. Elementary remarks. Let k ãÑ k1 be a finite field extension and let s1 P S1 denote the closed point of S1 :“
specpOk1 q.

(1) Assume k1 Ă kur (resp. k1 Ă kt). Then for every u P Xs, the square
Ť

u1PpXs1 qu
su1ru

˝

//
_�

��

suru
_�

��
|X ˆk k

1| // // |X|

(resp. the square
Ť

u1PpXs1 qu
su1rt

˝

//
_�

��

surt
_�

��
|X ˆk k

1| // // |X|

q

is (well-defined and) Cartesian.

Indeed, let x P |X| and x1 P pX ˆk k
1qx. We are to prove that x Psuru if and only if x1 P

Ť

u1PpXs1 qu
su1ru (resp.

x Psurt if and only if x1 P
Ť

u1PpXs1 qu
su1rt). The if part of the assertion, which ensures that the upper horizontal

arrow is well defined, follows from the definition of s ´ ru (resp. s ´ rt) and the fact that being unramified (resp.
tamely ramified) is stable by composition and subextensions. Let us prove the only if part. Assume x Psuru (resp.
x Psurt). The fact that x1 : specpkpx1qq Ñ X ˆk k

1 extends (uniquely) to x̃1 : Sx1 Ñ X ˆS S
1 follows from the

fact that x : specpkpxqq Ñ X extends to x̃ : Sx Ñ X and the properness of X ˆS S
1 Ñ X while the fact that

Okpx1q Ă Okur (resp. Okpx1q Ă Okt) follows from the fact that X ˆS S
1 Ñ S is étale (resp. at most tamely ramified

along Xs).

(2) Let k ãÑ k1 be a finite field extension and let S1 :“ specpOk1 q Ñ S denote the normalization of S in specpk1q Ñ

specpkq Ñ S. Let Y 1
1 Ñ X denote the normalization of X ˆS S

1 in Y ˆk k
1 Ñ X ˆk k

1 ãÑ X ˆS S
1 and let

Y 1
2 Ñ X ˆS S

1 denote the normalization of X ˆS S
1 in Y ˆS S

1 Ñ X ˆS S
1. By the universal property of normaliza-

tion, for i “ 1, 2, the morphism Y 1
i Ñ X ˆSS

1 Ñ X factors canonically as Y 1
i Ñ Y Ñ X . Furthermore the canonical

morphism Y 1
1 Ñ Y 1

2 is an isomorphism and if S1 Ñ S is étale, Y ˆS S
1 Ñ Y 1

2 is an isomorphism [Stacks, Tag 03GV].

https://stacks.math.columbia.edu/tag/03GV
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3.2.2. Proof of Theorem 13 (U). The implications (U-1) ñ (U-2) ñ (U-3) ñ (U-4) and (U-2) ñ (U-1) are (almost)
tautological so we are left to prove (U-4) ñ (U-2). If Xs “ H, there is nothing to prove, so we may and will assume
that Xs ­“ H.

Let us first observe that it is enough to prove (U-4) ñ (U-2) after:

(1) Replacing k by the algebraic closure kY of k in the function field of Y ;

(2) Base-change along specpk1q Ñ specpkq for some finite field extension k Ă k1 Ă kur.

We explain this observation; the arguments are very similar for (1) and (2).

- In case (1), let SY Ñ S denote the normalization of S in specpkY q Ñ specpkq Ñ S. As Xs ­“ H, by condition (U-4)
SY Ñ S is dominated by an étale cover of S hence is étale. As X ˆS SY is normal, one has a canonical factorization
ψX : Y Ñ X ˆS SY Ñ X and Y Ñ X ˆS SY is the normalization of X ˆS SY in Y Ñ X ˆk kY Ñ X ˆS SY .

- In case (2), let S1 Ñ S denote the normalization of S in specpk1q Ñ specpkq Ñ S. By assumption S1 Ñ S is étale
hence Y ˆS S

1 Ñ X ˆS S
1 is the normalization of X ˆS S

1 in Y ˆk k
1 Ñ X ˆk k

1 Ñ X ˆS S
1.

To unify the end of the argument, in case (1), write k1 :“ kY and

Y 1 Ñ X 1 :“ Y Ñ X ˆk kY , Y 1 Ñ X 1 Ñ S1 :“ Y Ñ X ˆS SY Ñ SY ,

while, in case (2), write

Y 1 Ñ X 1 :“ Y ˆk k
1 Ñ X ˆk k

1, Y 1 Ñ X 1 Ñ S1 :“ Y ˆS S
1 Ñ X ˆS S

1 Ñ S1.

Let s1 P S1 denote the closed point of S1. Let Xs,i ˆs s
1 “ \1ďjďmi

Xs1,i,j be the decomposition into irreducible (viz
connected) components of Xs1,i ˆs s

1, i “ 1, . . . ,m. For every non-empty open subset X ˝
s1,i,j Ă Xs1,i,j , the image

X o
s,i Ă Xs of \1ďjďmiX ˝

s1,i,j via Xs1 Ñ Xs is again a non-empty open subset of Xs,i. Now, assume (U-4) ñ (U-2)
holds for Y ˆk k

1 Ñ X ˆk k
1 and the open subsets X ˝

s1,i,j Ă Xs1,i,j , j “ 1, . . . ,mi, i “ 1, . . . ,m. Then (U-4) ñ (U-2)
holds for Y Ñ X and the open subsets X ˝

s,i Ă Xs,i, i “ 1, . . . ,m. Indeed, assume for every ui P X ˝
s,i, ψ : Y Ñ X

is suir
u-pointwise unramified. Let x1 Psu1

i,jr
u with image x Psuir

u (See (1) in Subsection 3.2.1) and for every y P Yx1 ,
consider the factorization Sy Ñ Sx1 Ñ Sx. As ψ : Y Ñ X is suir

u-pointwise unramified, Sy Ñ Sx is étale hence
Sy Ñ Sx1 is étale as well. This shows Y 1 Ñ X 1 is su1

i,jr
u-pointwise unramified. By (U-4) ñ (U-2) for Y 1 Ñ X 1 and the

open subsets X ˝
s1,i,j Ă Xs1,i,j , j “ 1, . . . ,mi, i “ 1, . . . ,m, Y 1 Ñ X 1 is étale. As X 1 Ñ X is étale, this implies Y 1 Ñ X

is étale hence that ψX : Y Ñ X is étale.

So, after possibly replacing k by kY , we may and will assume Y is geometrically integral over k, and after possibly
replacing k by a finite field extension k Ă k1 Ă kur, we may and will assume Xs,i is geometrically irreducible (viz
connected) over κ, i “ 1, . . . ,m.

Let ξi P Xs,i denote the generic point of Xs,i, i “ 1, . . .m. As X is regular, it follows from Zariski-Nagata purity
theorem that ψX : Y Ñ X is étale if (and only if) it is étale at ξi, i “ 1, . . . ,m. As Y is normal, it is regular in
codimension 1 hence the non-regular locus Yn-reg Ă Y is a closed subset of codimension ě 2 in Y. As ψX : Y Ñ X
is finite, Z :“ ψX pYn-regq Ă X is also closed of codimension ě 2 in X . On the other hand, for every i “ 1, . . . ,m, as
X Ñ S is smooth, Xs,i Ă X is closed of codimension 1 in X hence Zs,i :“ Z X Xs,i Ă Xs,i is closed of codimension
ě 1 and X o

s,i :“ Xs,izZs,i Ă Xs,i is a non-empty open subscheme; in particular, ξi P X o
s,i. So, setting X o :“ X zZ, it is

enough to prove that Y ˆX X o Ñ X o is étale at ξi, i “ 1, . . . ,m. So, up to replacing ψX : Y Ñ X with Y ˆX X o Ñ X o,
we may and will assume Y is also regular. Fix ui P Xs,i, i “ 1, . . . ,m. Up to replacing further ψX : Y Ñ X by
its base-change along specpOk1 q Ñ S for some finite field subextension k Ă k1 Ă kur, we may and will assume that
κpvq “ κ for every v P Yui (in particular, κpuiq “ κ). We argue by contradiction. Assume the subset Yn-et Ă Y of all
y P Y such that ψX : Y Ñ X is non-étale at y is non-empty. Then, again by Zariski-Nagata purity theorem, Yn-et Ă Y
is closed and pure of codimension 1 in Y. Fix a generic point ξ P Yn-et. As ψ : Y Ñ X “ Xη is étale, ξ necessarily lies
over one of the ξi, i “ 1, . . . ,m - say ξi. But as ψX : Y Ñ X is finite, ψX pYn-etq Ă X is closed in X hence contains
Xs,i.

For simplicity, write u :“ ui P Xs,i and fix v P pYn-etqu. By Lemma 18 (v) ñ (ii) applied to ψX : Y Ñ X (here,
we use the regularity of Y), the canonical morphism ψ#

X : mu{m2
u bκpuq κpvq Ñ mv{m2

v induced by ψX : Y Ñ X at
the level of cotangent spaces is not injective. Recall that, from our preliminary reduction κ “ κpuq “ κpvq. Fix
0 ­“ a P kerpmu{m2

u Ñ mv{m2
vq. The idea is to construct a x̃ P X pOkqu such that the resulting morphism of cotangent

spaces x̃# : mu{m2
u Ñ m{m2 satisfies x̃#paq ­“ 0. Assume such a x̃ P X pOkqu exists and let x Psuru denote its image in

|X|. By (U-4), the normalization rYx Ñ S of S in Yx Ñ specpkq Ñ S is étale. Actually, Yx “ specpkx,1 ˆ ¨ ¨ ¨ ˆ kx,tq
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with k ãÑ kx,j a finite unramified extension, j “ 1, . . . , t and rYx “ specpOkx,1
ˆ ¨ ¨ ¨ ˆ Okx,t

q. For j “ 1, . . . , t, write
rYx,j :“ specpOkx,j

q “ tyj , vju, where yj is the generic point and vj the closed point of rYx,j . As rYx Ñ S
x̃

Ñ X also
coincides with the normalization of X in Yx Ñ specpkq Ñ S

x̃
Ñ X , by the universal property of rYx Ñ S

x̃
Ñ X , one gets

a unique factorization

(5) Yx //

��
˝

rYx

��

// Y

ψX

��
specpkq //

x

66S
x̃ // X

As ψX : Y Ñ X is integral, by the Going down theorem [Stacks, Tag 00H8], there exists y P Y specializing to v and
mapping to x. By construction y P Yx hence coincides with the generic point of one of the irreducible components -
say rYx,j - of rYx. As rYx Ñ S is finite, vj maps to v. The commutative square

rYx,j //

��

Y

ψX

��
S

x̃
//// X

induces a commutative square at the level of cotangent spaces

mvj {m2
vj mv{m2

v
oo

m{m2

OO

mu{m2
u

ψ#
X

OO

x̃#

oo

But as rYx Ñ S is étale, it follows from Lemma 18 (ii) ñ (v) that the morphism m{m2 Ñ mvj {m2
vj is injective; this

contradicts the fact that x̃#paq ­“ 0 while ψ#
X paq “ 0.

It remains to construct x̃ P X pOkqu such that the resulting morphism of cotangent spaces x̃# : mu{m2
u Ñ m{m2

satisfies x̃#paq ­“ 0. For this, as X is smooth at u and the residue field of u is κ, OkrrT1, . . . , TnssÑ̃ pOX ,u and, modulo
this isomorphism, pmu Ă pOX ,u identifies with the ideal xπ, T1, . . . , Tny, where π P m is a uniformizer, mu{m2

uÑ̃κπ ‘

κT 1 ‘ ¨ ¨ ¨ ‘κTn and m{m2Ñ̃κπ. Fix any κ-linear morphism f
#

a : mu{m2
u ↠ m{m2 such that f

#

a paq ­“ 0 and f
#

a pπq “ π
(if pi : mu{m2

u ↠ m{m2 denotes the projection onto the πth component for i “ 0 and the T ith component for
i “ 1, . . . , n, and a “ a0π `

ř

1ďiďn aiT i then, one can take f
#

a “ p0 if a0 ­“ 0 and f
#

a “ p0 ` pi for some 1 ď i ď n

such that ai ­“ 0 if a0 “ 0). Let f#a pT1q, . . . , f#a pTnq P m lifting f
#

a pT 1q, . . . , fpTnq P m{m2; these define a unique
morphism f#a : OkrrT1, . . . , Tnss Ñ Ok of Ok-algebras, and the resulting Ok-point

x̃ : specpOkq
fa
Ñ specpOkrrT1, . . . , Tnssq » specp pOX ,uq Ñ specpOX ,uq Ñ X

has the expected property.

Lemma 18. Let π : V Ñ U be a finite surjective morphism between integral normal noetherian schemes. Let v P V
and set u :“ πpvq. Let κpuq ↞ OU,u “: Ou Ą mu (resp. κpvq ↞ OV,v “: Ov Ą mv) denote the residue field, local ring
and maximal ideal of U at u (resp. of V at v).

(1) The following conditions are equivalent

(i) π : V Ñ U is étale at v;
(ii) π : V Ñ U is unramified at v;
(iii) the canonical morphism mu{m2

u bκpuq κpvq Ñ mv{m2
v is an epimorphism.

(2) Assume furthermore U is regular at u, then the equivalent conditions in (1) are also equivalent to:

(i) the canonical morphism mu{m2
u bκpuq κpvq Ñ mv{m2

v is an isomorphism,

(and imply V is regular at v).

(4) Assume furthermore V is regular at v, then the equivalent conditions in (1) are also equivalent to:

(i) the canonical morphism mu{m2
u bκpuq κpvq Ñ mv{m2

v is a monomorphism,

https://stacks.math.columbia.edu/tag/00H8
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(and imply U is regular at u).

Proof. The implication (i) ñ (ii) is tautological while the implication (ii) ñ (i) is [SGA1, Exp. I, Thm. 9.5 (ii)].
Condition (iii) is equivalent to muOv ` m2

v “ mv so the implication (ii) ñ (iii) is tautological while the implication
(iii) ñ (ii) follows from Nakayama’s lemma since mv is a finitely generated Ov-module [Stacks, Tag 07RC (4)]. The
implication (iv) ñ (iii) and (iv) ñ (v) are tautological. By Nakayama’s lemma and Krull’s principal ideal, one always
has dimκpuqmu{m2

u ě dimOu with equality if and only if U is regular at u and similarly for V at v. This shows the
implication (iii) ñ (iv) assuming U is regular at u and the implication (v) ñ (iv) assuming V is regular at v. □

3.2.3. Proof of Theorem 13 (T). Again, the implications (T-1) ñ (T-2) ñ (T-3) ñ (T-4) and (T-2) ñ (T-1) are
(almost) tautological so we are left to prove (T-4) ñ (T-2).

Let X o Ă X be an open subscheme such that X o X Xs,i ­“ H, i “ 1, . . . ,m. As X is regular, ψX : Y Ñ X is tamely
ramified along Xs if (and only) if ψX ˆX X o : Y ˆX X o Ñ X o is tamely ramified along X o

s so that, in proving (T-4)
ñ (T-2), one may freely replace ψX : Y Ñ X by its base-change along such an open subscheme X o ãÑ X .

For i “ 1, . . . ,m, consider the Cartesian diagram

Yred
s_�

��

Ys,ioo

��

˝Y

ψX

��
˝

Ys
ψX ,s

��

oo

X Xsoo Xs,i,oo

(where Yred
s ãÑ Ys denotes the reduced closed subscheme) and write

Ys,i “
ď

1ďjďmi

Ys,i,j

for the decomposition of Ys,i into irreducible components. The non-regular locus Yn-reg
s,i Ĺ Ys,i is a strict closed

subscheme. As ψX : Y Ñ X is finite, ψX pYn-reg
s,i q Ĺ Xs,i is again a strict closed subscheme. So that, replacing

ψX : Y Ñ X by its base-change along

X o :“ X z
ğ

1ďiďm

ψX pYn-reg
s,i q ãÑ X ,

we may and will assume that Ys,i is regular (viz smooth over κ as κ is perfect), i “ 1, . . . ,m. Actually, later in the
argument we will have to ensure this property holds not only for the normalization ψX : Y Ñ X of X in Y ψ

Ñ X ãÑ X
but also for the normalization ψ1

X : Y 1 Ñ X of X in Y 1 ψ1

Ñ X ãÑ X for some intermediate covers Y Ñ Y 1 ψ1

Ñ X.
But as there are only finitely such intermediate covers, we can do so by shrinking X further (namely removing not

only
Ů

1ďiďm ψX pYn-reg
s,i q but the union of all

Ů

1ďiďm1 ψX pY 1
s,i

n-regq for Y Ñ Y 1 ψ1

Ñ X describing the finitely many
intermediate covers of ψ : Y Ñ X).

For a subgroup H Ă G :“ Autpψq, write YH Ñ X for the corresponding connected étale cover and YH Ñ X for
the normalization of X in YH Ñ X ãÑ X . Fix i “ 1, . . .m, let ξ :“ ξi P Xs,i denote the generic point of Xs,i,
ζ :“ ζi,j P Ys,i,j the generic point of Ys,i,j and write

G Ą D :“ Dζ{ξ Ą I :“ Iζ{ξ Ą Iw :“ Iw
ζ{ξ Ă 1

for the decomposition, inertia and wild inertia groups of ζ{ξ respectively. These yield a commutative diagram

Y //

��

YIw //

��

YI //

��

YD //

��

X

��
Y // YIw // YI // YD // X .

Let ζIw , ζI and ζD denote the image of ζ in YIw , YI and YD respectively. By construction, specpOYD,ζD q Ñ specpOX ,ξq

and specpOYI ,ζI q Ñ specpOYD,ζD q are unramified, specpOYIw ,ζIw q Ñ specpOYI ,ζI q is tamely ramified and specpOY,ζq Ñ

specpOYIw ,ζIw q is wildly ramified.

Also, just as in the proof of Theorem 13 (U), it is enough to prove (T-4) ñ (T-2) after:

https://stacks.math.columbia.edu/tag/07RC


RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 15

- Replacing k by the algebraic closure kY of k in the function field of Y . The argument is exactly similar to the one
of the proof of Theorem 13 (U), replacing "étale" with "tamely ramified".

In particular, after possibly replacing k by kY , we may and will assume Y is geometrically integral over k.

- Base-change along specpk1q Ñ specpkq for some finite field extension k Ă k1 Ă kt. Again, the argument is exactly
similar to the one of the proof of Theorem 13 (U), replacing "étale" with "tamely ramified" and Y ˆS S

1 with the
normalization of X ˆS S

1 in Y ˆk k
1 Ñ X ˆk k

1 Ñ X ˆS S
1.

So, after possibly replacing k by a finite field extension k Ă k1 Ă kt, we may and will assume that Xs,i is geo-
metrically irreducible (viz connected) over κ, i “ 1, . . . ,m and, by Abhyankar’s lemma ([Stacks, Tag 0BRM]), that
specpOYIw

i,j
,ζIw

i,j
q Ñ specpOX ,ξiq is unramified (in other words, Ii,j “ Iw

i,j), j “ 1, . . . ,mi, i “ 1, . . . ,m.

We now define X ˝
s,i Ă Xs,i as in Theorem 13 (U) (namely X ˝

s,i “ Xs,izZs,i, where Z :“ ψX pYn-regq and Zs,i “ ZXXs,i),
i “ 1, . . . ,m.

Fix 1 ď i ď m, ui P |X ˝
s,i|, x Psuir

t and y P Yx. By definition, x : specpkpxqq Ñ X extends (uniquely as X Ñ S is
separated) to x̃ : Sx Ñ X and, as ψX : Y Ñ X is finite hence proper, y : specpkpyqq Ñ Y extends uniquely as

specpkpyqq
y //

��

Y

ψX

��
Sy //

D!ỹ

66

Sx
x̃
// X

Then there exists a unique 1 ď i ď m such that x̃s P Xs,i and a unique (recall that Ys is regular) 1 ď j ď mi such
that ỹs P Ys,i,j . Write Iw :“ Iw

ζi,j{ξi
p“ Iζi,j{ξiq and D :“ Dζi,j{ξi . For H “ D, Iw and 1, let YoH,s Ă YH,s denote the

irreducible component of ζH and set YoH :“ YHzpYH,szYoH,sq. As ζD is inert in YIw Ñ YD and ζIw is totally wildly
ramified in Y Ñ YIw , one actually has a partly Cartesian diagram

Yo //

��
˝

YoIw //

˝
��

YoD //
_�

��

X

Y // YIw // YD // X .

In particular, YoIw Ñ YoD is an etale cover and YoD Ñ X is an étale morphism (but a priori not finite). Let yw denote

the image of y in YIw and ryw : Syw “ specpOywq Ñ YoIw the normalization of YoIw in specpkpywqq
yw
Ñ YIw Ñ YoIw so

that one has a commutative diagram

Sy

ry

��

// Syw

ryw

��

// Sx

rx

��
Yo //

��
˝

YoIw //

˝
��

YoD //
_�

��

X

Y // YIw // YD // X .
As YoIw Ñ X is étale, Syw Ñ Sx is unramified while as Y Ñ YIw is Galois with group Iw of order a power of p,
the ramification index of Sy Ñ Syw is a power of p. On the other hand, as x Psuir

t, by (T-4), Sy Ñ Sx (hence a
fortiori Sy Ñ Syw) is at most tamely ramified. This forces Sy Ñ Sx to be unramified and proves that ψX : Y Ñ X is
suir

t-pointwise unramified (hence a fortiori suir
u-pointwise unramified). By Theorem 13 (U-4) ñ (U-2), ψX : Y Ñ X

is an étale cover, which imposes that Y Ñ YIw is trivial.

3.3. Semistable base schemes. We define the smooth locus X sm{S Ă X of a morphism of schemes X Ñ S to be
the set of all x P X such that X Ñ S is smooth at x [Stacks, Tag 01V5]. When S “ tη, su is the spectrum of
a discrete valuation ring with (generic point η and) closed point s, X sm{S Ă X is thus the set of all x P X such
that there exists a Zariski-open neighbourhood U ãÑ X of x such that U ãÑ X Ñ S is a smooth morphism. If one
furthermore assumes X Ñ S is flat and of finite type, then for every x P Xs, x P X sm{S if and only if x P X sm{s

s (and for
every x P X, x P Xsm{η if and only if x P X sm{S) so that, in that case, we will omit the base scheme S from the notation.

Let now S “ specpOkq denote, again, the spectrum of a discrete valuation ring as in Theorem 13 and let X Ñ S be
semistable. As already mentioned, now that we proved Theorem 13 for the smooth locus X sm Ñ S of X Ñ S, the

https://stacks.math.columbia.edu/tag/0BRM
https://stacks.math.columbia.edu/tag/01V5
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remaining issue is to control what happens locally around the finitely many non-smooth points u P X n-sm :“ X zX sm.
To do so, we first describe in Subsection 3.3.1 the étale fundamental group of the smooth locus of Xpūq “ specpOX ,ūq Ñ

specpOkurq and the prime-to-p completion of the étale fundamental group of Xpūq “ Xpūq ˆX X.

3.3.1. Preliminary computations. For a morphism of rings f : O Ñ O1, we again denote by f : specpO1q Ñ specpOq

the corresponding morphism of affine schemes. To simplify the notation, we also sometimes write O instead of specpOq.

For every integers r ě 1, n ě m ě 1 set

Or :“ OkurrT1, . . . , Tns{xT1 ¨ ¨ ¨Tm ´ πry, mr :“ xπ, T1, . . . , Tny,

and let
cr,0ÑH : Or Ñ Or,0 “ pOrqmr , mr,0 :“ mrOr,0

denote the localization of Or at mr and

cr,0̄Ñ0 : Or,0 Ñ Or,0̄ :“ Osh
r,0, mr,0̄ :“ mr,0Or,0̄

the strict henselization of Or,0 at mr,0. For # “ H, 0, 0̄, write also Θr,# :“ specpOr,#q, and θr,# P Θr,# for the
closed point corresponding to the maximal ideal mr,#. If we need to keep track of the data pn,mq, we will replace the
subscript "p´qr" with the subscript "p´qn,m,r". Note that the rings Or,# are all normal and integral. The morphism
Θr,0̄ Ñ Θr can also be described as the limit

(6) Θr,0̄ “ lim
UÑΘr

U

indexed over all étale-open neighbourhoods U of θr in Θr viz commutative diagrams

(7) U

��
specpκq

θr //

::

Θr,

where U Ñ Θr is an étale morphism.

Let ti :“ ti,# P Or,# denote the image of Ti, i “ 1, . . . , r. For r1|r, the canonical morphism of Okur-algebras

OkurrT1, . . . , Tns Ñ Or1 , pT1, . . . , Tnq ÞÑ pt
r
r1

1 , . . . , t
r
r1

m , tm`1, . . . , tnq

factors canonically through a finite morphism αr1Ñr : Or Ñ Or1 and induces, by localization at mr, mr1 and strict
henselization at mr,0, mrr,0 respectively, canonical finite morphisms of Okur-algebras

αr1Ñr,0 : Or,0 Ñ Or1,0, αr1Ñr,0̄ : Or,0̄ Ñ Or1,0̄.

Note that αr1Ñr,0̄ : Θr1,# Ñ Θr,# decomposes as Θr1,0̄ ãÑ Θr,0̄ ˆΘr
Θr1 Ñ Θr,0̄, where Θr1,0̄ ãÑ Θr,0̄ ˆΘr

Θr1 is the
inclusion of one of the finitely many connected components of Θr,0̄ ˆΘr

Θr1 [Stacks, Tag 05WP]. In other words, one
has a diagram cartesian up to connected component, which we denote by

(8) Θr1,0̄

αr1Ñr,0̄//

cr1,0̄ÑH

��
^

˝

Θr,0̄

cr,0̄ÑH

��
Θr1

αr1Ñr

// Θr

3.3.1.1. Smooth locus. We define the smooth locus Θsm
r,0̄ Ă Θr,0̄ to be the inverse image of Θsm

r Ă Θr via cr,0̄ÑH :

Θr,0̄ Ñ Θr. As for every diagram (7), U sm Ă U is the inverse image of Θsm
r Ă Θr via U Ñ Θr [Stacks, Tag 02K5],

Θsm
r Ă Θr is also the inverse image of U sm Ă U via Θr,0̄ Ñ U .

Lemma 19. Assume m ě 2. Then, Θn-sm
r,0̄ p:“ Θr,0̄zΘsm

r,0̄q “
Ť

1ďi ­“jďm V pti, tjq Ă Θr,0̄. In particular, Θn-sm
r,0̄ Ă Θr,0̄

has codimension 2.

Proof. By our definition of Θn-sm
r,0̄ , it is enough to prove that Θn-sm

r “
Ť

1ďi ­“jďm V pti, tjq Ă Θr. As Θr Ñ Sur is flat,
of finite presentation, and of relative dimension n ´ 1, one can describe Θsm

r Ă Θr as the set of all x P Θr such that
there exists a surjective morphism O‘pn´1q

Θr,x
↠ Ω1

Θr|Sur,x of OΘr,x-modules. On the other hand, one can compute
Ω1

Θr|Sur “ Ω1
Or|Okur explicitly via the exact sequence of Or-modules:

Or
pt̂1,...,t̂m,0...,0q

Ñ O‘n
r Ñ Ω1

Or|Okur Ñ 0,

https://stacks.math.columbia.edu/tag/05WP
https://stacks.math.columbia.edu/tag/02K5
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where t̂i :“ t1¨¨¨tm
ti

, i “ 1, . . . ,m. Thus

Θsm
r “ tx P Θr | t̂i P Oˆ

Θr,x
for some 1 ď i ď mu.

Equivalently, Θn-sm
r :“ tx P Θr | t̂i P mΘr,x, i “ 1, . . . ,mu

“
Ş

1ďiďm V pt̂iq “
Ş

1ďiďm

Ť

1ďi­“jďm V ptjq “
Ť

1ďi­“jďm V pti, tjq Ă Θr.

□

Write r “ r1pν with p ∤ r1.

Lemma 20. Assume m ą 1. One has π1pΘsm
r,0̄q » pZ{r1qm´1. More precisely, the universal cover rΘsm

r,0̄ Ñ Θsm
r,0̄ of Θsm

r,0̄

is the base change
rΘsm
r,0̄

��
˝

� � // Θpν ,0̄

αpνÑr,0̄

��
Θsm
r,0̄
� � // Θr,0̄.

Proof. By construction, for i “ 1, . . . ,m, the diagram

Θr1,0̄r 1
t̂i

s //

˝

_�

��

Θr,0̄r 1
t̂i

s //

˝

_�

��

Θrr
1
t̂i

s

��

_�

��
Θr1,0̄

// Θr,0̄ // Θr

is cartesian.

Claim 1. One has π1pΘsm
1,0̄q “ 1.

Proof of Claim 1. As Θ1 is a Noetherian scheme of dimension n, regular at t1, O1,0̄ is a Noetherian, regular local ring of
dimension n [Stacks, Tag 06LN], [Stacks, Tag 06LK], hence Θ1,0̄ is a Noetherian, regular [M87, Thm. 19.3] scheme of
dimension n. From Lemma 19 and Zariski-Nagata purity [SGA1, X, Cor. 3.3], one thus gets π1pΘsm

1,0̄qÑ̃π1pΘ1,0̄q “ 1. ˝

Claim 2. For every integer ν ě 1, one has π1pΘsm
pν ,0̄q “ 1.

Proof of Claim 2. From Claim 1, π1pΘsm
1,0̄q “ 1 so that, by the general formalism of Galois categories, the universal

cover rΘsm
pν ,0̄ Ñ Θsm

pν ,0̄ of Θsm
pν ,0̄ is finite and the finite cover Θsm

1,0̄ Ñ Θsm
pν ,0̄ factors as Θsm

1,0̄ Ñ rΘsm
pν ,0̄ Ñ Θsm

pν ,0̄ (as rΘsm
pν ,0̄

is normal, rΘsm
pν ,0̄ Ñ Θsm

pν ,0̄ can also be described, in more down-to-earth terms, as the normalization of Θsm
pν ,0̄ in the

maximal subextension of kpΘsm
1,0̄q{kpΘsm

pν ,0̄q unramified over Θsm
pν ,0̄). Consider the notation in the following base change

diagram

V0̄ //

��
˝

rU0̄
//

��

˝

U0̄
//

��
˝

Okurpµpν q

��
Θ1,0̄r 1

t̂1
s //

_�

��
˝

˝ //
_�

��
˝

Θpν ,0̄r 1
t̂1

s //
_�

��

Okur

Θsm
1,0̄

// rΘsm
pν ,0̄

// Θsm
pν ,0̄

// Okur .

The cover V0̄ Ñ U0̄ also identifies with a connected component of the base-change

V0̄ //

��

^
˝

U0̄
//

��
˝

� � // Θpν ,0̄ ˆOkur Okurpµpν q

��
Θ1r 1

t̂1
s ˆOkur Okurpµpν q

loooooooooooooomoooooooooooooon

:“V

// Θpν r 1
t̂1

s ˆOkur Okurpµpν q
loooooooooooooomoooooooooooooon

:“U

� � // Θpν ˆOkur Okurpµpν q

Subclaim. The finite cover V Ñ U has no non-trivial étale intermediate subcovers.

https://stacks.math.columbia.edu/tag/06LN
https://stacks.math.columbia.edu/tag/06LK
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Proof of the Subclaim. The cover V Ñ U is given by

Opν r 1
t̂1

s bOkur Okurpµpν q

tÞÑptp
ν

1 ,...,tp
ν

m ,tm`1,...,tnq //

»

��

O1r 1
t̂1

s bOkur Okurpµpν q

»

��
Okurpµpν qrT2, T

´1
2 , . . . , Tm, T

´1
m , Tm`1, . . . , Tns

pT2,...,TnqÞÑpTpν

2 ,...,Tpν

m ,Tm`1,...,Tnq

// Okurpµpν qrT2, T
´1
2 , . . . , Tm, T

´1
m , Tm`1, . . . , Tns,

hence is a direct product of m´ 1-copies of the Kummer cover

Gm,Okurpµpν q
Ñ Gm,Okurpµpν q

, t ÞÑ tp
ν

,

and n´m copies of the trivial cover
A1

Okurpµpν q
Ñ A1

Okurpµpν q
, t ÞÑ t.

In particular, V Ñ U has automorphism group pZ{pνqm´1 and its only non-trivial étale subcover is the trivial one.
Equivalently, the Kummer cover

φ : D :“ Gm´1
m,Okurpµpν q

Ñ D, pt2, . . . , tmq ÞÑ ptp
ν

2 , . . . , tp
ν

m q

has no degree-p étale subcover. Indeed, as φ : D Ñ D is an isogeny of split tori, the map

D

φ

��

φ` // D

φ´~~~~
~~
~~
~~

D

ÞÑ kerpφ`q

induces a bijection between index p subgroups of kerpφq » pµpν ,Okurpµpν q
q‘m´1 » pZ{psOkurpµpν q

q‘m´1 and degree-p

subcovers φ´ : D Ñ D. But for every index-p subgroup M Ă pZ{psq‘m´1 lifting to an index-p subgroup ĂM Ă Z‘m´1

there exists an automorphism rα P GLm´1pZq such that rαpĂMq “ ps´1Z ‘ Z‘m´2 Ă Z‘m´1 hence for every degree-p
subcover φ´ : D Ñ D there exists an automorphism rα P AutOkurpµpν q

pDq such that φ´ “ rα´1ϕ´ rα : D Ñ D, with

ϕ´ : D Ñ D, t ÞÑ ptp2, t3, . . . , tmq.

But ϕ´ : D Ñ D is not étale, otherwise the extension of Okurpµpν q-algebras

Okurpµpν qrX,X´1s ãÑ Okurpµpν qrY, Y ´1s, X ÞÑ Y p

would be étale. But from the isomorphism of Okurpµpν q-algebras

A :“ Okurpµpν qrX,X´1s
� � X ÞÑY p

//
� _

X ÞÑX

��

Okurpµpν qrY, Y ´1s,

B :“ Okurpµpν qrX,X´1sXsrsT s{xT p ´Xy

»

T ÞÑY

33hhhhhhhhhhhhhhhhhhh

this would force Ω1
B|A “ 0, while

Ω1
B|A » B{ptp´1 » B{p ­“ 0 : a contradiction.

This concludes the proof of the Subclaim. ˝

It remains to prove that the Subclaim implies

(degprΘsm
pν ,0̄ Ñ Θsm

pν ,0̄q “)degp rU0̄ Ñ U0̄q “ 1

(hence π1pUq “ 1). We proceed in two steps.

a) For every intermediate cover V Ñ W Ñ U , W ˆU U0̄ Ñ U0̄ is étale if and only if W Ñ U is étale viz trivial by the
Subclaim. This essentially follows from the fact that the canonical morphism U0̄ Ñ U is pro-étale. More precisely
let V Ñ W Ñ U be a non-trivial intermediate cover such that W ˆU U0̄ Ñ U0̄ is étale; without loss of generality,
one may assume W Ñ U has degree p and is given by

A :“ Opν r 1
t̂1

s bkur kurpµpν q ãÑ Art
1
p

2 s “: B
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Consider the notation in the base-change diagram

specpB1q :“ W ˆU U0̄

��
˝

// U0̄ “: specpBq

��
specpBq :“ W // U :“ specpAq.

As U0̄ Ñ U is pro-étale, so is W ˆU U0̄ Ñ W hence, as W is normal, so is W ˆU U0̄. On the other hand, as
W Ñ U is finite, so is W ˆU U0̄ Ñ U0̄. Hence W ˆU U0̄ Ñ U0̄ is the normalization of U0̄ in specpkpW ˆU U0̄qq Ñ

specpkpU0̄qq Ñ U0̄, where kpW ˆU U0̄q stands for the total fraction ring of B1. In particular, W ˆU U0̄ Ñ U0̄ is
étale if and only if it is unramified. But, one has

Ω1
B1|A1 » Ω1

B|A bB B
1 » B{pbB B

1 » B1{p ­“ 0 : a contradiction.

b) Step a) implies that the canonical morphism

GalpkpV0̄q|kpU0̄qq Ñ GalpkpV q|kpUqq

is surjective - hence an isomorphism. Indeed, otherwise, there would exists a degree-p intermediate cover V Ñ

U 1 Ñ U such that U 1 ˆU U0̄ Ñ U0̄ is totally split (recall kpV q{kpUq is Galois with group pZ{pνqm´1 hence all

its subcovers are again Galois covers) - hence étale: a contradiction. Thus rU0̄ Ñ U0̄ arises as the base change

Ũ ˆU U0̄ Ñ U of an étale intermediate cover V Ñ rU Ñ U , which is necessarily trivial by the Subclaim. ˝

End of the proof of Lemma 20. From Claim 2, it is enough to show that the cover Θsm
pν ,0̄ Ñ Θsm

r,0̄ is étale or, equivalently,
that for i “ 1, . . . ,m, the cover Θpν ,0̄r 1

t̂i
s Ñ Θr,0̄r 1

t̂i
s is étale. But, up to a connected component, Θpν ,0̄r 1

t̂i
s Ñ Θr,0̄r 1

t̂i
s

is the base change along Θr,0̄r 1
t̂i

s Ñ Θr of the finite cover αpνÑr : Θpν Ñ Θr which, as explained in the proof of Claim
2, writing D :“ Gm´1

m,Okur , A :“ An´m
Okur , is isomorphic to

φˆ IdA : D ˆA Ñ D ˆA,

with φ : D Ñ D, t ÞÑ ptr
1

1 , . . . , t
r1

mq. But by assumption r1 P OpDqˆ hence the same computation as in the proof of
Claim 2 shows that Ω1

φ “ 0 that is φˆ IdA : D ˆA Ñ D ˆA is étale. □

As Θsm
r,0̄ is normal, Lemma 20 can be reformulated by saying that the function field functor

Θ Ñ Θsm
r,0̄ ÞÑ kpΘq{kpΘr,0̄q

is an equivalence of categories between finite connected étale covers of Θsm
r,0̄ and subextensions of the Kummer extension

kpΘpν ,0̄q » kpΘr,0̄qpt
1
r1

1 , . . . , t
1
r1

m´1q{kpΘr,0̄q

(note that, as p ∤ r1, kur contains all r1-roots of unity), with quasi-inverse the functor which sends a Kummer subexten-
sion K{kpΘr,0̄q of kpΘpν ,0̄q{kpΘr,0̄q to the normalization ΘK Ñ Θsm

r,0̄ of Θsm
r,0̄ in K{kpΘr,0̄q. Instead of the normalization

ΘK Ñ Θsm
r,0̄ of Θsm

r,0̄ in K{kpΘr,0̄q one can consider the normalization ΘK,` Ñ Θr,0̄ of Θr,0̄ in K{kpΘr,0̄q; this induces an
equivalence of categories between Kummer subextensions of kpΘpν ,0̄q{kpΘr,0̄q and finite connected covers Θ` Ñ Θr,0̄
with Θ` normal and Θ` ˆΘr,0̄

Θsm
r,0̄ Ñ Θsm

r,0̄ étale.

3.3.1.2. Inertia. For simplicity, write

Ir,0̄ :“ π1pΘr,0̄r
1

π
sq,

and let Ir,0̄ ↠ It
r,0̄ :“ I

pp1
q

r,0̄
denote its maximal prime-to-p quotient.

Lemma 21. The group It
r,0̄ is abelian and fits into the following exact functorial diagram of abelian profinite groups

1 // It
1,0̄

//

»

��

It
r1,0̄

//

»

��

pZ{r1qm´1 //

»

��

1

1 // It
pν ,0̄

// It
r,0̄

// pZ{r1qm´1 // 1,

with It
1,0̄ » ppZpp1

qqm.
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Proof. The assertion when r “ 1 immediately follows from Abhyankar’s lemma as O1,0̄ is regular. More precisely, for
every N ě 1, p ∤ N , let

Θ1,0̄r
1

π
sN Ñ Θ1,0̄r

1

π
s

denote the Galois cover corresponding to the normalization of Θ1,0̄r 1
π s in the extension

kpΘ1,0̄qpπ
1
N , t

1
N
1 , . . . , t

1
N
m´1q{kpΘ1,0̄q.

Then the covers Θ1,0̄r 1
π sN Ñ Θ1,0̄r 1

π s, p ∤ N are cofinal among all connected étale covers of Θ1,0̄r 1
π s tamely ramified

at θ1,0̄. The commutative square

Θ1,0̄r 1
π s

α1Ñr1,0̄ //

α1Ñpν,0̄

��

Θr1,0̄r 1
π s

αr1Ñr,0̄

��
Θpν ,0̄r 1

π s
αpνÑr,0̄

// Θr,0̄r 1
π s

and the fact that α1Ñr1,0̄ : Θ1,0̄r 1
π s Ñ Θr1,0̄r 1

π s and αpνÑr,0̄ : Θpν ,0̄r 1
π s Ñ Θr,0̄r 1

π s are Galois cover obtained by pulling
back the universal covers α1Ñr1,0̄ : Θsm

1,0̄ Ñ Θsm
r1,0̄ and αpνÑr,0̄ : Θsm

pν ,0̄ Ñ Θsm
r,0̄ respectively, yields the commutative

diagram with exact lines

1 // I1,0̄ //

��

Ir1,0̄
//

��

pZ{r1qm´1 //

»

��

1

1 // Ipν ,0̄ // Ir,0̄ // pZ{r1qm´1 // 1.

which, from Lemma 22 below, yields the commutative diagram with exact lines

1 // It
1,0̄

//

��

It
r1,0̄

//

��

pZ{r1qm´1 //

»

��

1

1 // It
pν ,0̄

// It
r,0̄

// pZ{r1qm´1 // 1.

It thus remains to prove that:

i) It
r1,0̄ is abelian that is, equivalently, every Galois cover Θ Ñ Θr1,0̄r 1

π s totally tamely ramified at θr1,0̄ is abelian.
To check this consider the base-change diagram

˝

��
˝

// Θ

��
Θ1,0̄r 1

π s // Θr1,0̄r 1
π s.

As ˝ Ñ Θ1,0̄r 1
π s is tamely ramified, there exists p ∤ N such that Θ1,0̄r 1

π sN Ñ Θ1,0̄r 1
π s factors as

Θ1,0̄r 1
π sN //

��

˝

{{xx
xx
xx
xx
xx

Θ1,0̄r 1
π s

By construction, the resulting cover

Θ1,0̄r
1

π
sN Ñ Θ1,0̄r

1

π
s Ñ Θr1,0̄r

1

π
s

is the normalization of Θr1,0̄r 1
π s in the extension

kpΘr1,0̄qpπ
1
N , t

1
r1N
1 , . . . , t

1
r1N
m´1q{kpΘr1,0̄q

hence is abelian with group pZ{Nr1qm (as kur contains all r1Nth root of unity).
ii) It

1,0̄ Ñ It
pν ,0̄ is an isomorphism that is,
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- It
1,0̄ Ñ It

pν ,0̄ is surjective. Equivalently, for every connected étale cover Θ Ñ Θpν ,0̄r 1
π s totally tamely ramified

at θpν ,0̄, the pull-back
˝

��
˝

// Θ

��
Θ1,0̄r 1

π s // Θpν ,0̄r 1
π s

is again connected. But this follows from the fact that Θ1,0̄r 1
π s Ñ Θpν ,0̄r 1

π s is of degree pν while Θ Ñ Θpν ,0̄r 1
π s is

totally tamely ramified at θpν ,0̄ so that ˝ Ñ Θ1,0̄r 1
π s is again totally tamely ramified at θ1,0̄ hence, in particular,

connected.
- It

1,0̄ Ñ It
pν ,0̄ is injective. Equivalently, for every connected étale cover Θ Ñ Θ1,0̄r 1

π s totally tamely ramified at
θ1,0̄ there exists a connected étale cover Θ´ Ñ Θpν ,0̄r 1

π s totally tamely ramified at θpν ,0̄ such that

Θ

##G
GG

GG
GG

GG

˝

��
˝

>>

// Θ1,0̄r 1
π s

��
Θ´

// Θpν ,0̄r 1
π s

It is enough to prove this for Θ “ Θ1,0̄r 1
π sN Ñ Θ1,0̄r 1

π s, p ∤ N . But, then, Θ Ñ Θpν ,0̄r 1
π s is obtained explicitly

as the normalization of Θpν ,0̄r 1
π s in

kpΘpν ,0̄qpt
1
pν

1 , . . . , t
1
pν

m´1qpπ
1
N , t

1
Npν

1 , . . . , t
1

Npν

m´1q{kpΘpν ,0̄q.

As p and N are coprime, writing apν ` bN “ 1 for some a, b P Z, one gets

kpΘpν ,0̄qpt
1
pν

1 , . . . , t
1
pν

m´1qpπ
1
N , t

1
Npν

1 , . . . , t
1

Npν

m´1q “ kpΘpν ,0̄qpt
1
pν

1 , . . . , t
1
pν

m´1qpπ
1
N , t

a
N
1 , . . . , t

a
N
m´1q

“ kpΘpν ,0̄qpπ
1
N , t

a
N
1 , . . . , t

a
N
m´1qkpΘ1,0̄q{kpΘpν ,0̄q.

□

Lemma 22. Fix a prime p. Let 1 Ñ Π1 Ñ Π Ñ Π2 Ñ 1 be a short exact sequence of profinite groups with Π2 of
prime-to-p order. Then the canonical morphism Π1pp1

q Ñ Πpp1
q is injective.

Proof. Fix a p-Sylow subgroup P 1 Ă Π1. As Π2 is of prime-to-p order, P 1 maps isomorphically to a p-Sylow P 1Ñ̃P Ă Π;
let us identify P 1 :“ P . We are to show that the subgroup

kerpΠ1 ↠ Π1pp1
qq “ xxP 1yyΠ1 Ă Π1

topologically normally generated by P 1 in Π1 maps isomorphically to

kerpΠ ↠ Πpp1
qq “ xxP 1yyΠ Ă Π.

But, as Π1 is normal in Π and P 1 Ă Π1, for every π P Π, πP 1π´1 Ă Π1; in particular, πP 1π´1 Ă Π1 is also a p-Sylow of
Π1 hence there exists π1 P Π1 such that πP 1π´1 “ π1P 1π1´1. □

As Θr,0̄ is normal, Lemma 21 can be reformulated by saying that the function field functor

Θ Ñ Θr,0̄ ÞÑ kpΘq{kpΘr,0̄q

is an equivalence of categories between finite connected covers of Θr,0̄ totally tamely ramified above θr,0̄ and subex-
tensions of the Kummer extension

kpΘr,0̄qt :“ colimp∤NkpΘr,0̄qpπ
1
N , t

1
N
1 , . . . , t

1
N
m´1q{kpΘr,0̄q

(note that, as p ∤ r1, kur contains all prime-to-p-roots of unity), with quasi-inverse the functor which sends a Kummer
subextension K{kpΘr,0̄q of kpΘr,0̄qt{kpΘr,0̄q to the normalization ΘK Ñ Θr,0̄ of Θr,0̄ in K{kpΘr,0̄q.

˚ ˚ ˚

From now and and till the end of Subsection 3.3, let X Ñ S be a semistable morphism; recall that this means X Ñ S
is separated, flat, of finite type, X is integral, smooth over k, and for every u P |Xs|,

OX ,ū » On,m,r,0̄
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for some integers r ě 1, n ě m ě 1. In particular, u P X sm if and only if m “ 1 and u P X reg if and only if m “ 1 or
r “ 1. As both X Ñ S and Θn,m,r Ñ S are of finite presentation, the condition that OX ,ū » On,m,r,0̄ is equivalent to
the existence of a commutative diagram

U » //

��

U

��
X specpκq

0̄
//

99ssssssssss

ū
oo

ccGGGGGGGGG
Θn,m,r

with U Ñ Θn,m,r, U Ñ X étale morphisms. In particular, Θsm
n,m,r,0̄ Ă Θn,m,r,0̄ also identifies with the inverse image of

X sm Ă X via Θn,m,r,0̄ » specpOX ,ūq Ñ X .

3.3.2. Proof of Theorem 13 (U) and Corollary 15. For both statements, again, the implications (U-1) ñ (U-2) ñ

(U-3) ñ (U-4) and (U-2) ñ (U-1) are (almost) tautological. We prove (U-4) ñ (U-2) applying the strategy described
in Subsection 3.1.

3.3.2.1. Proof of Theorem 13 (U). From Subsection 3.2.2, we may and will assume that X n-smp“ X n-sm
s q ­“ H. From

loc. cit., ψX sm : Y ˆX X sm Ñ X sm is (finite) étale. Assume (U-2) does not hold so that there exists u P X n-sm
s and

v P Yu such that Θ` :“ Ypv̄q Ñ Xpūq » Θn,m,r,0̄ “: Θr,0̄ is finite not étale [Stacks, Tag 02GU]. Write r “ pνr1 with
p ∤ r1. From Lemma 20, and as Θ :“ Θ` ˆΘr,0̄

Θsm
r,0̄ Ñ Θsm

r,0̄ is étale, the extension of function fields kpΘq{kpΘr,0̄q is a
non-trivial subextension of the Kummer extension

kpΘpν ,0̄q » kpΘr,0̄qpt
1
r1

1 , . . . , t
1
r1

m´1q{kpΘr,0̄q.

Fix a subextension kpΘr,0̄q Ă K Ă kpΘq with K{kpΘr,0̄q of prime degree ℓ. By abelian Kummer theory (as p ∤ r1, kur

contains all r1-roots of unity), one has K “ kpΘr,0̄qpf
1
ℓ q for some f “ te11 ¨ ¨ ¨ t

em´1

m´1 with 0 ď ei ď ℓ´1, i “ 1, . . . ,m´1
and ei ě 1 for at least one of i “ 1, . . . ,m. From these data, we construct a non trivial extension k1{kur contained in
kt and a morphism of Okur-algebras

Or,0̄ Ñ Ok1

as follows: let k1, . . . , km ě 1 be integers and ℓ0 ­“ ℓ a prime such that, setting,

N :“
ÿ

1ďiďm´1

kiei

one has

(i)
ÿ

1ďiďm

ki
ℓ0

“ r and (ii) ℓ, ℓ0 ∤ N.

For instance, if ei ě 1, one can take ki “ 1, kj “ ℓ for 1 ď i ­“ j ď m´ 1,

ℓ0 ě maxt
1 ` ℓpm´ 2q

r
, N ` 1u,

and km “ ℓ0r ´ p1 ` ℓpm´ 2qq. Set k1 :“ kurpπ
1
ℓ0 q. From (i), the morphism

OkurrT1, . . . , Tns Ñ Ok1 , T ÞÑ pπ
k1
ℓ0 , . . . , π

km
ℓ0 , 0, . . . , 0q

factors canonically through

OkurrT1, . . . , Tns

��

// Ok1

Or,0̄

88qqqqqqqqqqqq

The morphism of Okur-algebras Or,0̄ Ñ Ok1 gives rise to an Ok1 -point - hence a k1-point:

Θr,0̄ Θsm
r,0̄

? _oo Θr,0̄r 1
π s? _oo

specpκ̄q
� � //

0̄

99ssssssssss
specpOk1 q

x̃1

OO

specpk1q? _oo
x1

::ttttttttt

.

https://stacks.math.columbia.edu/tag/02GU
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whence

specpk1q

x1

��
˝

ΘK,x1oo

˝
��

Θx1oo

��
specpkurq
_�

��
˝

Θr,0̄r 1
π soo
_�

��
˝

ΘKr 1
π soo
_�

��
˝

Θr 1
π soo
_�

��
specpOkurq Θsm

r,0̄
oo ΘKoo Θoo

But one can compute explicitly ΘK,x1 . Indeed, as Or,0̄r 1
π srT s{xT ℓ ´ fy is normal with fraction field K one has an

identification ΘKr 1
π s » specpOr,0̄r 1

π srT s{xT ℓ ´ fyq Ñ Θr,0̄r 1
π s, whence

pOr,0̄r 1
π srT s{xT ℓ ´ fyq bOr,0̄r 1

π s,x1 k1 » k1rT s{xT ℓ ´ π
N
ℓ0ℓ y » kurppπ

1
ℓ0 q

1
ℓ q,

where the last isomorphism follows from condition (ii). This contradicts (U-4).

3.3.2.2. Proof of Corollary 15. From Theorem 13 (U-4) ñ (U-2), one already knows that ψX : Ycpt ˆX cpt X Ñ X is
finite étale. Assume (U-2) does not hold so that there exists u P Ds and v P Ycpt

u such that Ycpt
pv̄q

Ñ X cpt
px̄q

is finite,
tamely ramified but not étale over Dpūq :“ D ˆX cpt X cpt

pūq
. Write

OX cpt,ū » OkurrX1, . . . , Xn, T1, . . . , Tmshxπ,X1,...,Xn,T1,...,Tmy

with t1 “ ¨ ¨ ¨ “ tm “ 0 corresponding to Dpūq. From Abhyankar’s lemma, the extension of function fields kpYcpt
pv̄q

q{kpX cpt
pūq

q

is a subextension of a Kummer extension

kpX cpt
pūq

qpt
1
N
1 , . . . , t

1
N
m q{kpX cpt

pūq
q

for some integer N ě 1 with p ∤ N . As in Subsection 3.3.2.1, fix a subextension

kpX cpt
pūq

q Ă K “ kpX cpt
pūq

qpf
1
ℓ q Ă kpYcpt

pv̄q
q

of prime degree ℓ with f “ te11 ¨ ¨ ¨ temm and 0 ď ei ď ℓ ´ 1, i “ 1, . . . ,m and ei ě 1 for at least one i “ 1, . . . ,m.
Choose k1, . . . , kr ě 1, ℓ0 ­“ ℓ satisfying (i), (ii) of the proof of Subsection 3.3.2.1; set k1 :“ kurpπ

1
ℓ0 q. The morphism

of Okur-algebras

OkurrX1, . . . , Xn, T1, . . . , Tms

��

pX1,...,Xn,T1,...,TmqÞÑp0,...,0,π
k1
ℓ0 ,...,π

km
ℓ0 q // Ok1

OX cpt,ū

22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

gives rise to an Ok1 -point x̃1 P X cptpOk1 q with associated k1-point x1 P Xpk1q

X cpt X? _oo

X cpt
pūq

OO

specpκ̄q

ū

BB������������������
� � // specpOk1 q

OO
x̃1

GG

specpk1q? _oo

x1

OO

such that

Yx1 “ pYcpt
pv̄q

qx1 ↠ specpOX cpt,ūrt´1
1 , . . . , t´1

m srf
1
ℓ s bOXcpt,ūrt´1

1 ,...,t´1
m s,x1 k

1q » specpkurppπ
1
ℓ0 q

1
ℓ qq.

This contradicts (U-4).
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3.3.3. Proof of Theorem 13 (T). Again the implications (T-1) ñ (T-2) ñ (T-3) ñ (T-4) and (T-2) ñ (T-1) are
(almost) tautological. We prove (T-4) ñ (T-2). From Subsection 3.2.3, we may and will assume that X n-smp“

X n-sm
s q ­“ H. From loc. cit., ψX sm : Y ˆX X sm Ñ X sm is finite, tamely ramified along X sm

s ; in particular, ψX : Y Ñ X
is tamely ramified over the generic points of Xs (which all lie in X sm

s q. We are to prove that ψX : Y Ñ X is also tamely
ramified at every u P X n-sm

s viz that the corresponding representation of profinite group

π1pXpūqq Ñ π1pXq ↠ AutpY {Xq “: Π

factors through the tame - viz prime-to-p completion

π1pXpūqq ↠ πt
1pXpūqq :“ π1pXpūqqpp1

q.

Recall that OX ,ū » Om,n,r,0̄ “: Or,0̄ so that π1pXpūqq » Ir,0̄ and that, writing r “ pνr1 with p ∤ r1, one has a canonical
short exact sequence

1 Ñ Ipν ,0̄ Ñ Ir,0̄ Ñ pZ{r1qm´1 Ñ 1

obtained by pulling-back the universal cover Θsm
pν ,0̄ Ñ Θsm

r,0̄ along Θr,0̄r 1
π s Ñ Θsm

r,0̄ (See proof of Lemma 21). For
i “ 1, . . . ,m, let ζr,i denote the generic point of the irreducible component of Θr,0̄ defined by ti “ 0 and write

Ir,i :“ impπ1pΘr,0̄pζ̄r,iq ˆΘr,0̄
Θr,0̄r

1

π
sq Ñ π1pΘr,0̄r

1

π
sqq Ă π1pΘr,0̄r

1

π
sq “ Ir,0̄

for the inertia group of ζr,i in Ir,0̄. As ζr,i P Θsm
r,0̄ and Θsm

pν ,0̄ Ñ Θsm
r,0̄ is étale, one has

1 // Ipν ,0̄ // Ir,0̄ // pZ{r1qm´1 // 1

‘ Ipν ,i
» //

� ?

OO

Ir,i
� ?

OO

- If ν “ 0, Θ1,0̄ is regular and Θ1,0̄,s ãÑ Θ1,0̄ is a normal crossing divisor in Θ1,0̄ so that, as the pullback Y ˆX Θ1,0̄ Ñ

Θ1,0̄ is tamely ramified at ζ1,i, i “ 1, . . . ,m, it follows from Abhyankar’s lemma that Y ˆX Θ1,0̄ Ñ Θ1,0̄ is tamely
ramified along Θ1,0̄,s hence, in particular, at 0̄. This proves that the morphism of profinite groups I1,0̄ ãÑ Ir,0̄ Ñ Π
factors through I1,0̄ ↠ It

1,0̄. The assertion then follows from the fact that

kerpI1,0̄ ↠ It
1,0̄q “ kerpIr,0̄ ↠ It

r,0̄q

(See Lemma 22).
- If ν ą 0,

(a) Assume k contains all pνth roots of unity. The sequence of Galois covers Θsm
1,0̄ Ñ Θsm

pν ,0̄ Ñ Θsm
r,0̄ induces, at the

level of inertia groups, the following canonical diagram of inclusions

I1,0̄
� � //

pZ{pνq
m´1

Ipν ,0̄
� � //

pZ{r1
q
m´1

Ir,0̄

I1,i
� � //
� ?

OO

pZ{pνq
m´1

Ipν ,i »
//

� ?

OO

Ir,i,
� ?

OO

where the isomorphism Ipν ,iÑ̃Ir,i arises from the fact Θsm
pν ,0̄ Ñ Θsm

r,0̄ is étale and ζr,i P Θsm
r,0̄ while the isomorphism

Ipν ,i{I1,iÑ̃Ipν ,0̄{I1,0̄ » pZ{pνqm´1

follows from the fact Θsm
1,0̄ Ñ Θsm

pν ,0̄ is totally wildly ramified along Θpν ,0̄,s (See Subclaim in proof of Lemma 20).
For a subgroup I Ă Ir,0̄, write

IΠ :“ impI ãÑ Ir,0̄ ↠ Πq Ă pIr,0̄qΠ “ Π.

So, with this notation, one has

(9) 1 // pI1,0̄qΠ // pIpν ,0̄qΠ // pIpν ,0̄qΠ{pI1,0̄qΠ // 1

pIpν ,iqΠ

OOOO

On the other hand, as the morphism of profinite groups Ir,i Ñ Π factors through Ir,i ↠ It
r,i, i “ 1, . . . ,m, one

has, a fortiori, that
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– the morphism Ipν ,i ãÑ Ir,i Ñ Π factors through Ipν ,i ↠ It
pν ,i, i “ 1, . . . ,m - hence pIpν ,iqΠ is of prime-to-p

order;
– the morphism I1,i ãÑ Ir,i Ñ Π factors through I1,i ↠ It

1,i, i “ 1, . . . ,m which, again from from the fact that
Θ1,0̄ is regular and Abhyankar’s lemma, implies that I1,0̄ ãÑ Ir,0̄ Ñ Π also factors through I1,0̄ ↠ It

1,0̄ - hence
pI1,0̄qΠ is of prime-to-p order.

Combined with (9), this proves pIpν ,0̄qΠ has prime-to-p order which, as pIr,0̄qΠ{pIpν ,0̄qΠ is also of prime-to-p
order, ensures that Ir,0̄ Ñ Π factors through Ir,0̄ ↠ It

r,0̄.

(b) If we no longer assume that k contains all pνth roots of unity, the base-change diagram

Θ1,0̄r 1
π s ˆkur kurpµpν q //

��
˝

Θpν ,0̄r 1
π s ˆkur kkurpµpν q

��
Θ1,0̄r 1

π s // Θpν ,0̄r 1
π s

yields a canonical diagram

(10) Ipν ,i,µpν
_�

�� '' ''OO
OOO

OOO
OOO

rr

1 // I1,0̄,µpν

� � Ÿ //
_�

Ÿ

��
˝

Ipν ,0̄,µpν
_�

Ÿ

��

// Ipν ,0̄,µpν
{I1,0̄,µpν

»p˚q

��
I1,0̄
� � // Ipν ,0̄

p˚q // // Ipν ,0̄{I1,0̄

Ipν ,i,
� ?

OO

p˚q

77nnnnnnnnnnnn

where, for # “ 1, pν , we write I#,0̄,µpν
:“ π1pΘ#,0̄r 1

π sˆkur kurpµpν qq and I#,i,µpν
Ă I#,0̄,µpν

for the corresponding
inertia group along ti “ 0, i “ 1, . . . ,m. Be aware that the maps (*) are only set-theoretic maps as I1,0̄ is no
longer normal in Ipν ,0̄. Still, what we care about is that the map Ipν ,i ↠ Ipν ,0̄{I1,0̄ be surjective. Mapping
Diagram (10) to Π, one gets that pI1,0̄qΠ becomes normal in pIpν ,0̄qΠ (as pI1,0̄,µpν

qΠ “ pIpν ,0̄,µpν
qΠ is normal

both in pI1,0̄qΠ and pIpν ,0̄qΠ). As pIpν ,iqΠ ↠ pIpν ,0̄qΠ{pI1,0̄qΠ remains of course surjective, we are in the setting
of Diagram (9) and we can conclude as in Case (a).

3.4. Proof of Corollary 2. This subsection is devoted to the proof of Corollary 2. We retain the notation of Sub-
section 1.1.3.

3.4.1. Tame inertia. Let u P |Xs| and let x Psurs. Write txu
zar

ãÑ X for the Zariski closure of x in X and rx : Sx Ñ X
for the (unique) extension of x : specpkpxqq Ñ X. Then the canonical morphism Sx Ñ txu

zar
identifies with the

normalization of the integral scheme txu
zar

and one gets a canonical commutative diagram

(11) Xpuq :“ specpOX ,uq

��
Sx // txu

zar

77

� � // X

with the closed point sx P Sx mapping to the closed point u P Xpuq. Indeed, without loss of generality one may assume
X “ specpRq is affine. Let p Ă R denote the prime ideal corresponding to txu

zar
ãÑ X viz. the kernel of the ring

map rx# : R Ñ Okpxq and let p Ă mp“ prx#q´1pmxqq Ă R denote the maximal ideal corresponding to u. With these
notation, one has a canonical commutative diagram

Ok
//� p

!!B
BB

BB
BB

B R
rx#
//

����

Okpxq
� � // kpxq

R{p
- 


<<yyyyyyyy
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so that R{p is local with maximal ideal m and Okpxq is the integral closure of R{p in kpxqp“ FracpR{pqq. In particular,
one has

R{p » pR{pqm » Rm{pRm ↞ Rm.

Fix a geometric point x̄ over x P Sx with residue field kpx̄q » kpxqs “ ks and let kpxqur Ă kpx̄q denote the maximal
extension of kpxq in kpx̄q unramified over ss so that the closed point of Sur

x defines a geometric point s̄x over sx P Sx
hence a geometric point ū over u P Xpuq. These choices induce a canonical morphism Sur

x “ Sx,ps̄xq Ñ Xpūq hence a
canonical morphism

specpkpxqurq Ñ Xpūq Ñ X

yielding
π1pkpxqurq //

����

π1pXpūqq // //

����

IX,u
� � //

����

π1pXq

����
π1pkpxqurqpp1

q // π1pXpūqqpp1
q //// // Ipp1

q

X,u
// πt

1pX ;Xsq

pIt
x “qπt

1pSx,ps̄xq; s̄xq // πt
1pXpūq; ūq // // It

X,u

not.

Write
It
x,u :“ impIt

x Ñ It
X,uq Ă It

X,u.

Note that, as It
X,u is abelian (Lemma 21), the subgroup It

x,u Ă It
X,u depends only on x and not on the choice of the

geometric x̄ over it (whence our omitting x̄ in the notation). Recall also that, by definition, if x1 P X specializes to
x0 P X then IX,x1

Ă IX,x0
; in particular, if u P X ˝

s for some irreducible component X ˝
s ãÑ Xs with generic point ζ,

then IX,ζ Ă IX,u. To sum it up, one always has

(12) It
X,ζ Ñ It

X,u Ą It
x,u.

Lemma 23.

(1) Assume u P X sm
s and set X ˝ :“ X \X sm,˝

s , where X sm,˝
s ãÑ X sm

s denote the irreducible (viz. connected) component
of X sm

s containing u. Write Īt
X,ζ Ă Īt

X,u Ą Īt
x,u for the images in πt

1pX ˝;X ˝
s q of the groups in (12). In general,

Īt
x,u Ă Īt

ζ “ Īt
X,u and, if x Psuru, Īt

x,u “ Īt
X,ζ “ Īt

X,u.

(2) Assume u P X n-sm
s . Then the group It

X,u is generated by the It
x,u, x Psurs.

Proof. (1) Replacing X Ñ S with X ˝ Ñ S, we may assume X Ñ S is smooth. For a connected étale cover X 1 Ñ X
tamely ramified along Xs, let X 1 Ñ X denote the normalization of X in X 1 Ñ X Ñ X and consider the following
conditions

(i) X 1 ˆX Xpūq Ñ Xpūq admits a section;
(ii) X 1 ˆX Xpζ̄q Ñ Xpζ̄q admits a section;
(iii) X 1 ˆX Sx,ps̄xq Ñ Sx,ps̄xq admits a section.

We are to show that (i) ô (ii) ñ (iii) and that, if x Psuru, one also has (iii) ñ (ii). From Abhyankar’s lemma
[Stacks, Tag 0BSE], for every connected étale cover X 1 Ñ X tamely ramified along Xs one gets a Cartesian
diagram

Ů

1ďiďr specpArT s{xT ei ´ πyq //

˝

��

X 1

��
specpAq // Xpuq

// X

with specpAq Ñ Xpuq a finite étale cover such that ζ “ πOX ,u P specpOX ,uq lifts uniquely to ζA P specpAq with
ζA “ πA and e1, . . . , er ě 1 some integers prime to p. As specpAq Ñ Xpuq is a finite étale cover, the canonical
morphisms Sx,ps̄xq Ñ Xpuq, Xpζ̄q Ñ Xpuq both factor through

specpAq

��
Sx,ps̄xq

//

55

Sx // Xpuq Xpζq
oo Xpζ̄q

oo

ii

https://stacks.math.columbia.edu/tag/0BSE
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so that

X 1 ˆX Xpūq »
ğ

1ďiďr

specpOX ,ūrT s{xT ei ´ πyq Ñ Xpūq;

X 1 ˆX Xpζ̄q »
ğ

1ďiďr

specpOX ,ζ̄rT s{xT ei ´ πyq Ñ Xpζ̄q;

X 1 ˆX Sx,ps̄xq »
ğ

1ďiďr

specpOSx,s̄xrT s{xT ei ´ πyq Ñ Sx,ps̄xq.

As π has not root in OX ,ū nor OX ,ζ̄ , one has (i) ô (ii) ô ei “ 1 for some i “ 1, . . . , r. On the other hand, if
ex ě 1 denotes the ramification index of kpxq{k that is π “ uxπ

ex
x for some uniformizer πx P mx and ux P Oˆ

x ,
then X 1 ˆX Sx,ps̄xq Ñ Sx,ps̄xq admits a section if and only if ei|ex for some i “ 1, . . . , r. As a result, one always
has (i) ô (ii) ñ (iii) and, if x Psuru viz ex “ 1 then (iii) ñ (i) ô (ii).

(2) Recall that OX ,ū » Or,0̄ :“ On,m,r,0̄, and that It
u “ ppZpp1

qqm » GalpkpΘr,0̄qt|kpΘr,0̄qq. Let It´
u Ă It

u denote the sub-
group of It

u generated by the It
x,u, x Psurs and assume It´

u Ĺ It
u so that there exists a subgroup It´

u Ă It´`
u Ă It

u

of prime index rIt
u : It´`

u s “ ℓ ­“ p. Let K “ kpΘr,0̄qpf
1
ℓ q{kpΘr,0̄q denote the corresponding extension, where

f “ πeπ te11 . . . t
em´1

m´1 for some integers 0 ď eπ, e1, . . . , em´1 ď ℓ´ 1 and at least one of eπ, e1, . . . , em´1 ě 1, and let
ΘK Ñ Θr,0̄ denote the normalization of Θr,0̄ in specpKq Ñ specpkpΘr,0̄qq Ñ Θr,0̄.

Again, we apply the strategy of Subsection 3.3.2.1. Define integers k1, . . . , km ě 1 as follows.

(a) If eπ ě 1: fix a prime ℓ0 ą ℓ such that rℓ0 ´ ℓpm´ 1q ą 0 and set

pk1, . . . , kmq “ pℓ, . . . , ℓ, rℓ0 ´ ℓpm´ 1qq.

(b) If eπ “ 0: then, there exists 1 ď i ď m ´ 1 such that ei ě 1 - say i “ 1; fix a prime ℓ0 ą ℓ such that
rℓ0 ´ ℓpm´ 2q ą 0 and set

pk1, . . . , kmq “ p1, ℓ, . . . , ℓ, rℓ0 ´ p1 ` ℓpm´ 2qqq.

In both cases, set k1 :“ kurpπ
1
ℓ0 q. The morphism of Okur-algebras

OkurrT1, . . . , Tns

��

pT1,...,Tm,Tm`1,...,TnqÞÑpπ
k1
ℓ0 ,...,π

km
ℓ0 ,0,...,0q // Ok1

OX ,ū » Or,0̄

22dddddddddddddddddddddddddddddddddddddddddddd

gives rise to a Ok1 -point rx1 P X pOk1 q hence to a k1-point x1 P Xpk1q

ΘK //

˝

specpOX ,ūrT s{xT ℓ ´ fyq //

˝

Xpūq specpOk1 q
rx1

oo

Xpūq

OO

ΘK,x1 //

OO

specppOX ,ūrT s{xT ℓ ´ fyq bOX ,ū
k1q //

OO

specpk1q,

x1

OO

BB������������������

with

- In case (a):

pOX ,ūrT s{xT ℓ ´ fyq bOX ,ū
k1 » k1rT s{xT ℓ ´ πℓ

e1`¨¨¨`em´1
ℓ0 πeπy » k1pπ

eπ
ℓ q » k1pπ

1
ℓ q Ć k1ur;

- In case (b):

pOX ,ūrT s{xT ℓ ´ fyq bOX ,ū
k1 » k1rT s{xT ℓ ´ πℓ

e2`¨¨¨`em´1
ℓ0 π

e1
ℓ0 y » k1pπ

e1
ℓ0ℓ q » k1pπ

1
ℓ q Ć k1ur,

so that, in both cases, we get a contradiction.
□
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3.4.2. Proof of Corollary 2. Assume first Vℓ is semistable with respect to X ãÑ X . As ℓ ­“ p, Vℓ is automatically
tamely ramified with respect to X ãÑ X . The implication ñ then immediately follows from Lemma 23 (as a subgroup
of a unipotent group is unipotent). Assume now that |X|sstVℓ

ĄsXsrt. As ℓ ­“ p, |X|sstVℓ
Ă |X|tVℓ

hence from Theorem 1
(3) ð and Remark 16, Vℓ is tamely ramified with respect to X ãÑ X . As for every x1 P X specializing to x0 P X , one
has IX,x1

Ă IX,x0
, it is enough to prove that Īt

X,u acts unipotently on Vℓ :“ Vℓ,η̄ for every u P |Xs|. If u P X sm
s , this

follows from Lemma 23 (1) and the fact that, by formal smoothness of X sm Ñ S, one has X smpOkurqu ­“ H hence,
a fortiori, suru ­“ H. If u P X n-sm

s , the assertion follows from Lemma 21 and Lemma 23 (2), using that an abelian
subgroup of GLpVℓq generated by unipotent elements is again unipotent.

Remark 24.

(1) Again, label by (i) the left hand side condition and by (ii)’ the right-hand side condition of the equivalence in
Corollary 2. The proof of Corollary 2 shows more precisely that

(i) ñ (ii)’ ñ (ii)” ñ (i),

where (ii)” denotes the condition |X|sstVℓ
ĄsXsru if X Ñ S is smooth, and |X|sstVℓ

ĄsXsrt in general.

(2) Lemma 23 also shows that, if ρ : π1pXq Ñ Π (resp. Vℓ) is tamely ramified with respect to X ãÑ X , Theorem 1
(1) and Corollary 2 can be significantly strengthened. Namely,

(2.1) If X admits a smooth model X Ñ S and Xs,1, . . . ,Xs,m denote the connected components of Xs,

ρ : π1pXq Ñ Π is unramified (resp. Vℓ is semistable) with respect to X ãÑ X

ô for each i “ 1, . . . ,m there exists ui P |Xs,i| such that |X|ur
ρ Xsuir

u ­“ H (resp. |X|sstVℓ
Xsuir

u ­“ H).

(2.2) If X admits a semistable model X Ñ S,

ρ : π1pXq Ñ Π is unramified (resp. Vℓ is semistable) with respect to X ãÑ X

ô for each u P |X n-sm
s |, |X|ur

ρ Ąsurt (resp. |X|sstVℓ
Ąsurt).

From Theorem 1 (3) and Remark 16 (1), the condition that ρ : π1pXq Ñ Π (resp. Vℓ) is tamely ramified can be
replaced by the pointwise condition that |X|trρ ĄsXsrt (resp. |X|trVℓ

ĄsXsrt).

4. First applications of Theorem 1

4.1. Automatic extension to compactifications. Let k be a discrete valuation field as in Section 3 and let X be
a smooth, geometrically connected variety over k.

Corollary 25. Let Π be a profinite group and let ρ : π1pXq Ñ Π be a continuous morphism. Assume |X|ur
ρ “ |X|. Then

for every smooth compactification Xks ãÑ Xcpt
ks , the morphism ρ : π1pXksq Ñ Π factors through π1pXksq ↠ π1pXcpt

ks q.

Proof. Note that |X|ur
ρ “ |X| implies |X 1|ur

ρ “ |X 1| for every surjective morphism X 1 Ñ X. Assume first X is a curve.
After possibly replacing k by a finite field extension, one may assume X admits a semistable model X ãÑ X cpt Ñ

specpOkq in the sense that X cpt Ñ specpOkq is a semistable curve and D :“ X cptzX is the union of degpXcptzXq disjoint
sections specpOkq Ñ X cpt [DM69], [Kn83]3 so that, from Theorem 1 (2) ð, the morphism ρ : π1pXq Ñ Π factors
through π1pXq ↠ π1pX cptq hence, a fortiori, the morphism ρ : π1pXksq Ñ Π factors through π1pXksq ↠ π1pXcpt

ks q.
The general case reduces to the case of curves as follows. As all scheme are of finite type, up to replacing k by
a finite field extension, we may and will assume the smooth compactification Xks ãÑ Xcpt

ks over ks descends to a
smooth compactification X ãÑ Xcpt over k. From4 [Dr12, Cor. 5.2], if ρ : π1pXksq Ñ Π does not factor through
π1pXksq ↠ π1pXcpt

ks q, there exists x P |Xcpt
ks zXks | and a line ∆ Ă TxX

cpt
ks such that for every smooth connected curve

C over ks, closed point c P C and morphism α : C Ñ Xcpt
ks satisfying

(*) α´1pXksq ­“ H, αpcq “ x, and Tcα : TcC Ñ TxX
cpt
ks induces an isomorphism Tcα : TcCÑ̃∆ Ă TxX

cpt,

3Strictly speaking the references [DM69], [Kn83] only deal with the case of hyperbolic curves but, after possibly replacing k by a finite
field extension, the case of non hyperbolic curves reduce to the case of P1

k or of an elliptic curve, which are well-known.
4[Dr12, Cor. 5.2] is stated for regular schemes of finite type over Zr 1

p
s but the proof works as it is - and is even simpler - for smooth

schemes over an algebraically closed field of characteristic 0.
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α˚ρ : π1pα´1pXksqq
α
Ñ π1pXksq

ρ
Ñ Π does not factor through π1pα´1pXksqq ↠ π1pα´1pXksq Y tcuq, where the notation

are as in the following Cartesian square
α´1pXksq

α //

˝

_�

��

Xks_�

��
C

α
// Xcpt

ks .

On the other hand, by Lemma 26 below, one can always construct a smooth projective connected curve C over ks, a
closed point c P C and a morphism α : C Ñ Xcpt

ks satisfying (*). As all schemes are of finite type, up to replacing k
by a finite field extension, one may assume α : C Ñ Xcpt

ks descends to a morphism α0 : C0 Ñ Xcpt over k. From the
case of curve, and as |α´1

0 pXq|ur
ρ “ |α´1

0 pXq|, α˚ρ : π1pα´1pXksqq Ñ Π factors through π1pα´1pXksqq ↠ π1pCcptq: a
contradiction. □

Lemma 26. Let k “ ks be an algebraically closed field, let X be a smooth variety over k, irreducible and of dimension
d ě 2, let H ­“ U Ĺ X a non-empty open subscheme, x P XzU and ∆ Ă TxX a line. Then there exists a smooth
connected curve C over k, a closed point c P C and a morphism α : C Ñ X satisfying

α´1pUq ­“ H, αpcq “ x, and Tcα : TcC Ñ TxX induces an isomorphism Tcα : TcCÑ̃∆ Ă TxX,

Furthermore, Zariski-locally around x, α : C Ñ X is a closed embedding.

Proof. We begin with the following result of commutative algebra.

Claim: Let R be a regular local ring with maximal ideal m, residue field k “ R{m and Krull dimension d. Fix a
d ´ 1-dimension k-vector subspace V Ă m{m2. Fix also an ideal 0 Ĺ I Ă m and let p1, . . . , pr denote the minimal
prime ideals of I. Then there exists f1, . . . , fd´1 P m such that

(1) f1, . . . , fd´1 are part of a regular system of parameters;

(2) f1, . . . , fd´1 P m{m2 generate the k-vector subspace V ;

(3)
a

pi, f1, . . . , fd´1 “ m, i “ 1, . . . , r.

Proof of the claim We argue by induction on d (observe that, as 0 ­“ I, d ě 1). If d “ 1, R is a dvr and there
is nothing to prove. Assume the claim holds for R of Krull dimension d ´ 1 ě 1. Fix v1, . . . , vd´1 P m such that
v̄1, . . . , v̄d´1 P m{m2 is a k-basis of V . If

?
I “ m, again, there is nothing to prove as, then, m is the only prime ideal

of I. Assume
?
I Ĺ m that is pi Ĺ m, i “ 1, . . . , r. In particular, v1R ` m2 Ć pi, i “ 1, . . . , r and, by assumption,

v1R ` m2 Ć m2 so that, by [M80, I, B]

v1R ` m2 Ć m2 Y p1 Y ¨ ¨ ¨ Y pr.

Pick f1 P v1R ` m2, f1 R m2 Y p1 Y ¨ ¨ ¨ Y pr. As f̄1 “ v̄1 ­“ 0 in m{m2, R1 :“ R{f1 is again a regular local ring with
maximal ideal m1 :“ m{f1, residue field R1{m1 “ k and Krull dimension d´ 1. Also, I1 :“ pI `Rf1q{f1 ­“ 0. Indeed,
otherwise, in specpRq, one would have

ď

1ďiďr

V ppiq “ V pIq “ V pf1q “ V pIq X V pf1q “
ď

1ďiďr

V ppi, f1q.

On the other hand, for i “ 1, . . . , r, by construction, f1 R pi so that V ppi, f1q Ĺ V ppiq, hence, as V ppiq is irreducible,
dimpV ppi, f1qq ădimpV ppiqq: a contradiction. One can thus apply the induction hypothesis to R1, I1 and

V1 :“ impV Ă m{m2 Ñ m{pm2 ` f1q “ m1{m2
1q

with k-basis v̄2,1, . . . , v̄d´1,1, where vi,1 denotes the image of vi via m Ñ m1{m2
1, i “ 2, . . . , d´1, to get f2, . . . , fd´1 P m

whose images f2,1, . . . , fd´1,1 P m1 satisfy condition (1), (2), (3) of the Claim for R1, I1, V1. The family f1, f2, . . . , fd´1

constructed in this way satisfies (1), (2), (3) of the Claim for R, I, V . ˝

We derive Lemma 26 from the claim as follows. Set Z :“ XzU , R :“ OX,x, I :“ kerpR↠ OZ,xq Ă R. Note that I ­“ 0
as, otherwise, there would be a Zariski-open neighbourhood Ux of x in X such that ZXUx “ Ux whence, taking Zariski-
closure and using that X is irreducible, Z “ X: a contradiction. By duality, the line ∆ “ kδ Ă TxX “ Homkpm{m2, kq

defines a k-vector subspace V :“ kerpδq Ă m{m2 of dimension d´1. Pick f1, . . . , fd´1 P R as in the claim and an affine
open neighbourhood Ux “ specpAq of x in X such that f1, . . . , fd´1 P R arise from elements f1, . . . , fd´1 P A. Set

C :“ specpA{xf1, . . . , fd´1yq ãÑ Ux.

Up to shrinking Ux further, one may also assume:

- C X Z “ txu;
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- C is regular (hence smooth over k as k “ ks);
- C is irreducible.

Also, by construction,
m Ą xf1, . . . , fd´1y “ kerpR↠ OC,xq

hence,
V “ kerpm{m2 ↠ mC,x{m2

C,x “ m{pm2 ` Iqq

and, by duality, ∆ “ impTxC Ñ TcXq. □

Example 27. Say that a smooth, geometrically connected variety X over k is quasi-compactly geometrically simply
connected over k if there exists a morphism X 1 Ñ X such that π1pX 1

ksq Ñ π1pXksq is open and for some (equivalently,
every) smooth compactification X 1

ks ãÑ X 1
ks

cpt, π1pX 1
ks

cptq is finite. Typically, a connected open subvariety of a
smooth, proper, connected and geometrically simply connected variety over k is quasi-compactly geometrically simply
connected over k. Then, if X is a smooth, quasi-compactly geometrically simply connected over k, for every Qp-local
system Vp on X with |X|ur

Vp
“ |X| (e.g. |X|

pot-ur
Vp

­“ H and Lev2pVpq holds - see Subsection 5.2.3.2), Vp|Xks is finite.

Remark 28.

(1) Let k be a number field, let X be a smooth, geometrically connected variety over k and ρ : π1pXq Ñ Π a continuous
morphism of profinite groups such that for one finite place v of k one has |Xkv |ur

ρ “ |Xkv |. Then, by invariance
of étale fundamental group under extension of algebraically closed fields of characteristic 0 and Corollary 25, for
every smooth compactification Xks ãÑ Xcpt

ks , Vp|Xks extends to Xcpt
ks .

(2) Let k be a field of characteristic 0 and let X be a smooth, geometrically connected variety over k. For every
continuous morphism ρ : π1pXq Ñ Π of profinite groups and smooth compactification X ãÑ Xcpt of X over k, it
formally follows from the morphism of short exact sequences

1 // π1pXksq //

����

π1pXq //

����

π1pkq // 1

1 // π1pXcpt
ks q // π1pXcptq // π1pkq // 1

that if ρ : π1pXksq Ñ Π factors through π1pXksq ↠ π1pXcpt
ks q then ρ : π1pXq Ñ Π automatically factors through

π1pXq ↠ π1pXcptq.

(3) Combining (1), (2) and Corollary 44, one gets the following evidence for Conjecture (T). Let k be a number field,
X a smooth, geometrically connected variety over k and Vp a Qp-local system on X. Assume Lev2pVpq holds and
|X|trivVp

­“ H. Then Vp extends to every smooth compactification X ãÑ Xcpt of X over k.

4.2. Base-changing along étale covers. In the applications of Theorem 1, one usually is in a situation where one
can only ensure |X|

pot-ur
Vp

“ |X|. If Vp is crytalline, |X|ur
Vp

“ |X|
pot-ur
Vp

but, in general, the inclusion |X|ur
Vp

Ă |X|
pot-ur
Vp

may be strict so that one has to replace Vp on X with Vp|X1 on X 1 for some connected étale cover X 1 Ñ X to ensure
|X 1|ur

Vp
“ |X 1|

pot-ur
Vp

; however, replacing X with X 1 may affect some properties of X, e.g. that X admits a smooth NCC
model over S. We discuss briefly a way to go around this difficulty and refer to Corollary 37 for an application.

Assume X admits a smooth NCC model X ãÑ X cpt Ñ S; write D :“ X cptzX . Then, by Abhyankar’s lemma

πt
1pX ;Xsq » πt

1pX cpt;Dq ˆπ1psq π
t
1pS; sq » πt

1pX cpt
s ;Dsq ˆπ1psq π

t
1pS; sq

while
π1pX q » πt

1pX cpt;Dq » πt
1pX cpt

s ;Dsq.

a) By Theorem 1 (3) ð, if Lev3(Vp) holds and |X|trVp
ĄsXsrs, then the action of π1pXq on Vp,x̄ factors through

π1pXq ↠ π1pX cptq.

b) Say that a connected étale cover X 1 Ñ X is good with respect to X ãÑ X cpt Ñ S if the following holds. Let
k1 be the algebraic closure of k in the function field of X 1 and X 1 Ñ X , X 1cpt Ñ X cpt the normalization of X ,
X cpt in X 1 Ñ X Ñ X , X 1 Ñ X Ñ X ãÑ X cpt respectively. Then the resulting canonical sequence of morphisms
X 1 Ñ X 1cpt Ñ S1 :“ specpOk1 q is again a smooth NCC over S1. Say that an open subgroup U Ă π1pXq is good
with respect to X ãÑ X cpt Ñ S if the corresponding connected étale cover XU Ñ X is. The open subgroups

U1 ˆπ1psq U2 Ă πt
1pX cpt;Dq ˆπ1psq π

t
1pS; sq
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with U1 Ă πt
1pX cpt;Dq, U2 Ă πt

1pS; sq open subgroups form a cofinal family of open subgroups of

πt
1pX ;Xsq » πt

1pX cpt;Dq ˆπ1psq π
t
1pS; sq

and, if X is a curve, the inverse images of these groups in π1pXq are good with respect to X ãÑ X cpt Ñ S.

These observations also yield the following variant / strengthening of Theorem 1 (1) when X is a curve admitting a
smooth NCC model over S.

Corollary 29. Let X be a curve. Assume X admits a smooth NCC model X ãÑ X cpt Ñ S. Let Vp be a Qp-local
system on X such that Lev4(Vp) holds. Assume |X|

pot-ur
Vp

­“ H. Then there exists a connected étale cover X 1 Ñ X,
which is good with respect to X ãÑ X cpt Ñ S and such that Lev3(Vp|X1) holds. In particular, Vp|X1 extends to a
Qp-local system on X 1cpt, where X 1cpt Ñ X cpt denotes the normalization of X cpt in X 1 Ñ X ãÑ X ãÑ X cpt.

Proof. One has

|X|
pot-ur
Vp

­“ H ñ |X|
p1q
“ |X|

pot-ur
Vp

p2q
“ |X|trVp

p3q
ñ the action of π1pXq on Vp,x̄ corresponding to Vp factors through π1pXq ↠ πt

1pX ;Xsq.

where (1) follows from Corollary 44, (2) from the assumption that Lev4(Vp) holds and (3) from Theorem 1 (3) ð.
From Observation b) above, there exists a connected étale cover X 1 Ñ X which is good with respect to X ãÑ X cpt Ñ S
and such that Lev1(Vp|X1) - hence Lev3(Vp|X1) hold. In particular, |X 1|ur

Vp
“ |X 1|trVp

“ |X 1| so that the last part of the
assertion follows from Observation a) above (or directly from Theorem 1 (2) ð). □

4.3. Geometric translations and enhancements - samples. Let S “ specpOkq be the spectrum of a discrete
valuation ring with closed point s as in Section 3. For a profinite group Π and a set L of prime numbers, write Π ↠ ΠL

for the pro-L completion of Π, viz the maximal profinite quotient of Π with order divisible only by primes in L.

4.3.1. Proof of Corollary 4. We retain the notation of Subsection 1.2.1.

- Let f : Y Ñ X be an abelian scheme. Fix a prime ℓ ­“ p and consider the Qℓ-local system Vℓ :“ R1f˚Qℓ. The
assumption that Yx has semistable reduction for every x P impX pOktq Ñ |X|q ensures that

|X|trVℓ
Ą |X|sstVℓ

ĄsXsrt

hence, by Theorem 1 (3) plus Remark 16, that Vℓ is tamely ramified with respect to X ãÑ X . But, then, we are in
the setting of Remark 24 (2), and hence Vℓ is actually unramified with respect to X ãÑ X . This implies that for
every x P |X|, x˚Vℓ is unramified and the conclusion follows from the Serre-Tate criterion [SeT68].

- Let f : Y Ñ X be a smooth proper and geometrically connected curve of genus ě 2. Fix a prime ℓ ­“ p and consider

– the Qℓ-local system Vℓ :“ R1f˚Qℓ;

– the outer pro-ℓ representation ρℓ : π1pXq Ñ Π :“ Outpπ1pXη̄qtℓuq.

Again, the assumption that Yx has semistable reduction for every x P impX pOktq Ñ |X|q ensures that

|X|trVℓ
Ą |X|sstVℓ

ĄsXsrt

hence, by Theorem 1 (3) plus Remark 16, that Vℓ is tamely ramified with respect to X ãÑ X . As Π fits into a
π1pXq-equivariant extension of profinite groups

1 Ñ K Ñ Π Ñ GLpVℓ,η̄q Ñ 1

with K a pro-ℓ group [As95], the fact that Vℓ is tamely ramified with respect to X ãÑ X in turn ensures that
ρℓ : π1pXq Ñ Π is tamely ramified with respect to X ãÑ X . By Remark 24 (2), ρℓ : π1pXq Ñ Π is thus unramified
with respect to X ãÑ X and the conclusion follows from Oda-Tamagawa criterion [O90], [O95], [T97, Prop. (0.8)].

4.3.2. Proof of Corollary 4. For every profinite group Π, consider the functor

Hrep
Π :“ Homπ1pSqpπ1p´q,Πq : Sch{S Ñ Sets.
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Let X Ñ S be flat, separated, and of finite type, with generic fiber X. Another way to phrase Theorem 1 (1) and
Remark 16 is the following. Assume X Ñ S is semistable (resp. smooth), then the canonical set-theoretic square

(13) Hrep
Π pXq //

˝

ś

xPsXsr#

Hrep
Π pxq

Hrep
Π pX q

OO

// ś

xPsXsr#

Hrep
Π pSxq

OO

is Cartesian for # “t (resp. # “ur)5. One may ask if the corresponding canonical square

(14) HMpXq //

˝

ś

xPsXsr#

HMpxq

HMpX q

OO

// ś

xPsXsr#

HMpSxq

OO

obtained by replacing Hrep
Π p´q : Sch{S Ñ Sets by a geometric functor

HM :“ HomSp´,Mq : Sch{S Ñ Sets

for M Ñ S a sufficiently nice algebraic stack, is Cartesian as well. If the functor HM : Sch{S Ñ Sets is "anabelian
enough", one may hope that this is indeed the case. The condition of being "anabelian enough" may depend on the
stack M but, typically, one could ask for the existence of a morphism of profinite groups ρ : π1pMq Ñ Π such that
M endowed with ρ : π1pMq Ñ Π is smooth- (resp. semistable-) admissible6 in the sense that for every smooth (resp.
semistable) X Ñ S the square (1) in Diagram (15) below is Cartesian.

(15) HMpXq //
,,

p1q

Hrep
Π pXq //

˝

ś

xPsXsr#

Hrep
Π pxq

p2q

ś

xPsXsr#

HMpxqoo

HMpX q

OO

//
22

Hrep
Π pX q

OO

// ś

xPsXsr#

Hrep
Π pSxq

OO

ś

xPsXsr#

HMpSxq,

OO

oo

(The horizontal arrows in (1) and (2) are those arising from the morphism of functors

HM
π1p´q

Ñ Homπ1pSqpπ1p´q, π1pMqq
ρ˝
Ñ Hrep

Π .)

Clearly, if M is endowed with a morphism of profinite groups ρ : π1pMq Ñ Π such that it becomes smooth (resp.
semistable)-admissible, then the fact that (13) is Cartesian for # “u (resp. # “t) immediately implies that for every
smooth (resp. semistable) X Ñ S the square (14) is Cartesian for # “u (resp. # “t).

Examples:

(1) Pointed smooth proper curves: Let M “ Mg,n{S denote the stack of smooth, proper, geometrically connected
curves of genus g with n disjoint ordered sections and 2 ´ 2g ´ n ă 0, and ρ : π1pMq Ñ Π be the universal outer
pro-L representation

ρL : π1pMg,nq Ñ Π :“ Outpπ1pCη̄zts1,η̄, . . . , sn,η̄uqLq,

where L :“ tℓ1, ℓ2u for two distinct primes ℓ1 ­“ ℓ2 and pC, s1, . . . , snq{Mg,n is the universal pointed curve. Then
Mg,n Ñ S endowed with ρL : π1pMg,nq Ñ Outpπ1pCη̄zts1,η̄, . . . , sn,η̄uqLq is semistable-admissible [St05, Thm.
2.10. B]. In particular, for every smooth (resp. semistable) X Ñ S and smooth, proper, geometrically connected
curve C Ñ X of genus g ě 2, the following holds. Assume for every x PsXsru (resp. every x PsXsrt), Cx has good
reduction. Then C Ñ X extends to a smooth, proper, geometrically connected curve of genus g over X .

(2) Canonical integral models: Let pG,Xq be a Shimura datum and K Ă GpAf q be a neat compact open subgroup;
write M :“ ShKpG,Xq for the corresponding Shimura variety, defined over the reflex field E “ EpG,Xq. Then
every connected component M˝ of M comes equipped with a canonical (up to choice of base points) continuous
morphism of profinite groups ρ : π1pM˝q Ñ K; for every prime ℓ, let ρℓ : π1pM˝q

ρ
Ñ K Ñ Kℓ denote its

5If one restricts to the functor Hrep,t
Π :“ Homπ1pSqpπt

1p´; p´qsq,Πq : Sch{S Ñ Sets of representations wich are tamely ramified with
respect to X ãÑ X then, by Remark 24 (2) one can replace sXsr# with sXn-sm

s rt (resp. with tx1, . . . , xmu for some xi Psuir
u and ui P Xs,i,

i “ 1, . . . ,m).
6We warn the reader that our terminology diverges from the one of [BST24].
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ℓth component. For p ­“ ℓ and a place v|p of E, write k :“ Ev. An integral canonical model of Mk over
S :“ specpOkq can be defined as a smooth model M ãÑ M Ñ S such that for every connected component M˝

of M the representation ρℓ : π1pM˝q Ñ Kℓ factors through πpM˝q ↠ π1pM˝q and M˝ Ñ S endowed with
ρℓ : π1pM˝q Ñ Kℓ is smooth-admissible. Such models always exists for p " 0 [BST24] and it is expected that
they exist as soon as Kp Ă GpQpq is hyperspecial; this is known if pG,Xq is of Abelian type [Kot92], [Ki10]. For
instance, the moduli space Ag,n of g-dimensional principally polarized abelian varieties with full level n-structure
with n ě 3 over Zr 1

n s yields a canonical integral model M :“ Ag,n,Zp
Ñ specpZpq of M :“ Ag,n,Qp

for every p ∤ n
hence the following holds. Let k{Qp be a p-adic field with p ∤ n, X Ñ S a smooth morphism with geometrically
connected generic fiber X and A Ñ X a principally polarized abelian scheme with full level-n structure. Let
Xs,1, . . . ,Xs,m denote the connected components of Xs. Assume for every i “ 1, . . . ,m there exists ui P Xs,i and
xi Psuir

u such that Ax has good reduction viz extends to an abelian scheme over Sx (note that, if so, the principal
polarization and full level-n structure automatically extend over Sx as well). Then A Ñ X extends to an abelian
scheme over X .

(3) Abelian varieties: If one does not impose conditions on the level structure, Example (2) still holds at least provided
k has absolute ramification index e ď p ´ 1. Indeed, let again X Ñ S be a smooth morphism with geometrically
connected generic fiber X and f : A Ñ X an abelian scheme. Let Xs,1, . . . ,Xs,m denote the connected components
of Xs and let ζ1, . . . , ζm their generic points. If for every x PsXsru, Ax has good reduction then R1f˚Qℓ extends
to a Qℓ-local system on X hence, η˚R1f˚Qℓ » R1fη˚Qℓ extends to a Qℓ-local system on OX ,ζi , i “ 1, . . . , r. By
the Serre-Tate criterion [SeT68] and spreading out, for each i “ 1, . . . , r there exists a Zariski open neighbourhood
Ui Ă X of ζi in X such that f : A Ñ X extends to an abelian scheme Ai Ñ Ui. By the uniqueness in the Neron
model property Ai Ñ Ui, i “ 1, . . . , r and A Ñ X glue to an abelian scheme A Ñ U on

U :“ X Y
ď

1ďiďr

Ui.

If e ď p ´ 1, by [VZ10, Cor. 5], X is healthy regular in the sense of [VZ10, Def. 1] hence A Ñ U extends further
to an abelian scheme over X . The restriction on the absolute ramification index e ď p´ 1 is optimal, as shown by
the counter-examples in [VZ10, Thm. 28 (i)]. More precisely, consider the following properties:

(i) for every x PsXsrs, Ax extends to an abelian scheme over Sx;
(ii) for every x PsXsru, Ax extends to an abelian scheme over Sx;
(iii) there exists an open subscheme X Ă U Ă X containing all the generic points of Xs such that A Ñ X extends

to an abelian scheme over U ;
(iv) A Ñ X extends to an abelian scheme over X .

Then our argument shows piq ñ piiq ñ piiiq
eďp´1

ñ pivq ñ piq. But, as X is regular, it follows from Zariski-Nagata
purity that π1pX zUqÑ̃π1pX q so that, actually, one also has (iii) ñ (i). In other words, one cannot expect a mon-
odromy criterion like [St05, Thm. 2.10. B] to hold for abelian schemes in general, even when X Ñ S is smooth.

(4) Stable proper curves: The same argument as in Example (3) but invoking Corollary 2 (and using the Grothendieck-
Deligne-Mumford criterion [DM69, Thm. (2.4)], [SGA7] in place of the Serre-Tate criterion and [DM69, Thm.
1.11] in place of the uniqueness in the Neron model property) yields, for instance: for every smooth X Ñ S and
stable, proper, geometrically connected curve C Ñ X of genus g ě 2, the following holds. Assume for every
x PsXsru Cx has semistable reduction viz extends to a stable curve over Sx. Then there exists an open subscheme
X Ă U Ă X containing all the generic points of Xs such that C Ñ X extends to a stable curve over U .

5. Combinatorial π1 and p-adic variants of Conjecture (T)

In this section, we discuss some results around the analogue of Conjecture (T) and Conjecture (U) over p-adic fields
and give (rather straightforward) applications to Conjecture (T). As recalled in the introduction and Appendix B, all
the implications of Conjecture (T) and Conjecture (U) but (iii) ñ (ii) are known. When one replaces the number
field k with a p-adic field, the implication (ii) ñ (i) fails. In Subsection 5.1, we explain that this failure is precisely
measured by the combinatorial part of the étale fundamental group of the special fiber of a (any) semistable NCC
model X ãÑ X cpt Ñ S (when it exists).

5.1. Intrinsic description of arithmetic combinatorial π1 - proof of Corollary 7. We retain the notation and
assumptions of Subsection 1.2.3 and perform the proof of Corollary 7, which is a consequence of Theorem 1 (2) ð.
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The existence and surjectivity of the morphism πcomb
1 pXq ↠ πcomb

1 pXcptq follows from the tautological inclusion
|X| Ă |Xcpt| and the existence and surjectivity of the morphism πcomb

1 pXcptq ↠ πcomb
1 pX cpt

s ;Hq follows from

|Xcpt| ↞ X cptpOksq Ñ
ď

1ďiďt

|X cpt
s,i |.

The existence and surjectivity of the morphism πcomb
1 pX cpt

s ;Dsq ↠ πcomb
1 pX cpt

s ;Hq follows from the canonical commu-
tative functorial diagrams

πt
1pX cpt

s,i ;Ds,iq

����

// πt
1pX cpt

s ;Dsq

����
π1pX cpt

s,i q // π1pX cpt
s q

, i “ 1, . . . , t.

Eventually, by the valuative criterion of properness, every x P |X| induces a unique rx : Sx Ñ X cpt; let Ix Ă t1, . . . , ru

denote the subset of those i such that rx : Sx Ñ X cpt specializes to some closed point on X cpt
i,s . The existence and

surjectivity of the morphism πcomb
1 pXq Ñ πcomb

1 pX cpt
s ;Dsq then follows from the following canonical commutative

functorial diagrams
π1pxq

����

// // πt
1pSx; rx˚Dq

��
π1pXq // // πt

1pX cpt
s ;Dsq πt

1pX cpt
s,i ;Ds,iqoo

, i P Ix, x P |X|.

It remains to prove that πcomb
1 pXq ↠ πcomb

1 pX cpt
s ;Hq is an isomorphism. For this, it is enough to prove that the

canonical morphism π1pXq ↠ πcomb
1 pXq factors as

π1pXq

����

// // πcomb
1 pXq

πcomb
1 pXcpt

s ;Hq

77 77
.

From Theorem 1 (2) ð applied to π1pXq ↠ πcomb
1 pXq, one gets a canonical factorization

π1pXq // //

����

πcomb
1 pXq

π1pX cpt
s q.

88 88qqqqqqqqqq

For every i “ 1, . . . , r, and u P Xs,i X X sm
s with residue field κpuq, let k Ă ku Ă kur denote the unique intermediate

field extension corresponding to κ Ă κpuq Ă κ̄ via Galpkur|kq » π1pSqÐ̃π1pκq. By formal smoothness, u lifts to some
x̃ : specpOkuq Ñ X sm giving rise to a closed point x P |X| which specializes to u on Xs,i hence, by Cebotarev, the
image of

π1pXs,i X X sm
s q //

'' ''OO
OOO

OOO
OOO

π1pX cpt
s q // // πcomb

1 pXq

π1pX cpt
s,i q

OO

is trivial. This concludes the proof fo Corollary 7.

Remark 30. From Remark 16, the proof of Corollary 7 also implies that KpXq Ă π1pXq is the subgroup topologically
normally generated by the images of the canonical morphisms π1pxq Ñ π1pXq for x PsX cpt

s rtX|X|.

5.2. p-adic variant of Conjecture (T). Let S “ specpOkq be the spectrum of a the ring of integers of a p-adic field
k and let s denote its closed. Let X be a smooth, geometrically connected variety over k. Let Vp be a Qp-local system
on X. One has the following implications

|X|trivVp
­“ H

Fact 43 (1)
ñ |X|uni

Vp
­“ H and Vp is Hodge-Tate Par. A.1.2

ñ |X|
pot-ur
Vp

­“ H
Fact 43 (1)

ñ |X|
pot-ur
Vp

“ |X|.

In particular, if one of the following holds

(C-1) |X|trivVp
­“ H and Lev2pVpq holds;

(C-2) |X|uni
Vp

­“ H, Vp is Hodge-Tate and Lev2pVpq holds;
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(C-3) |X|uni
Vp

­“ H and |X|crisVp
“ |X|,

then one automatically has |X|ur
Vp

“ |X|.

Assume X admits a semistable NCC model X ãÑ X cpt Ñ S over S. If |X|ur
Vp

“ |X|, it follows from Theorem 1 (2)
ð that Vp extends to a Qp-local system rVp on X cpt so that, one can consider its restriction rVp|X cpt

s
and try and

exploit the theory of companions. To do so, we recall first the relation between Qp-local systems and (over)convergent
F -isocrystals on X cpt

s .

5.2.1. Qp-local systems versus (over)convergent F -isocrystals. Let κ be a finite field of characteristic p ą 0 and let X
be a smooth, separated and geometrically connected curve over κ. Let X ãÑ Xcpt denote its smooth compactification.
Let IsocφpX{Qpq, Isocφ,:pX{Qpq denote respectively the categories of convergent and overconvergent F -isocrystals on
X{W pκq with scalar extended from W pκqr 1p s to Qp [A18, 1.4, 2.14 et seq.]. From [Ke04, Thm. 1.1], there is a fully
faithful7 exact b-functor

Isocφ,:pX{Qpq Ñ IsocφpX{Qpq.

Let
IsocφpX{Qpq0 Ă IsocφpX{Qpq

denote the full subcategory of unit-root (viz isoclinic of slope 0) convergent F -isocrystals on X{Qp and

Isocφ,:pX{Qpq0 Ă Isocφ,:pX{Qpq

the full subcategory of unit-root overconvergent ones viz of those objects in Isocφ,:pX{Qpq whose image in IsocφpX{Qpq

lies in IsocφpX{Qpq0. From [K73, Prop. 4.1.1], [Cr87, 2.2, Thm.] there is a canonical equivalence of Tannakian
categories

IsocφpX{Qpq0Ñ̃RepQp
pπ1pXqq

which restricts to an equivalence of Tannakian categories ([Ts98, Thm. 7.2.3], [Sh11, Prop. 4.2])

Isocφ,:pX{Qpq0Ñ̃Rep:

Qp

pπ1pXqq

onto the full subcategory Rep:

Qp

pπ1pXqq Ă RepQp
pπ1pXqq of potentially unramified representations. These equiva-

lences preserve characteristic polynomials of Frobenii on both sides.

5.2.2. Q-rationality. Let Q be a field; for a polynomial P P QrT s with roots α1, . . . , αr P Q̄, and every integer m, set

P pmqpT q :“
ź

1ďiďr

pT ´ αmi q P QrT s.

For a potentially unramified Qp-local system Vp on x “ specpkq, and every lifts rφ1, rφ2 P π1pxq of the Frobenius of
π1psxq »Galpkpxqur|kpxqq the roots of the characteristic polynomials rχ1, rχ2 P QprT s of rφ1, rφ2 acting on Vp,x̄ differ by
roots of unity of order bounded by the order of

impπ1pxq Ñ GLpV˝
p,x̄q Ñ GLpV˝

p,x̄{pqq,

where V˝
p is any Zp-model of Vp. If NpVpq denotes the order of the subgroup of GmpQ̄pqtors generated by all these

roots of unity (for all pairs of lifts rφ1, rφ2 P π1pxq of the Frobenius of π1psxq) then, for every lift rφx P π1pxq of the
Frobenius of π1psxq with characteristic polynomial

rχ “
ź

1ďiďr

pT ´ αiq P QprT s,

the polynomial rχpNq P QprT s depends only on Vp and not on the lift rφx. By a slight abuse of notation, we write, again
χVp :“ rχpNq for the "characteristic polynomial of Frobenius attached to Vp". When Vp is unramified, N “ 1 hence
one recovers the usual definition.

Let now X be a smooth, geometrically connected variety over k and let Vp be a Qp-local system on X. For a
subextension Q Ă Q Ă Qp, and an integer w P Z, write

|X|
pot-ur
Vp

Ą |X|
Q
Vp

Ą |X|
Q,w
Vp

7Actually, we will only apply these facts when X “ Xcpt, in which case Isocφ,:pX{Qpq Ñ IsocφpX{Qpq is an equivalence. But, to
emphasize the relevance of the fact that Qp-local systems at stake extend to the smooth compactication we do not make these assumptions
here.
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for the subset of all x P |X|
pot-ur
Vp

such that the corresponding characteristic polynomial of Frobenius χx lies in QrT s, and
such that the corresponding characteristic polynomial of Frobenius χx lies in QrT s and is pure of weight w respectively.
One says that Vp is Q-rational (resp. Q-rational and pure of weight w) if |X|

pot-ur
Vp

“ |X|
Q
Vp

(resp. |X|
pot-ur
Vp

“ |X|
Q,w
Vp

).

The following observation shows that the existence of a trivial point forces Q-rationality and purity.

Corollary 31. One has |X|
Q
Vp

­“ H if and only if |X|
Q
Vp

“ |X| and, for every integer w P Z, |X|
Q,w
Vp

­“ H if and only

if |X|
Q,w
Vp

“ |X|.

Proof. To prove Corollary 31, one may freely replace X by a connected étale cover; in particular one may assume
Lev2pVpq holds so that |X 1|ur

Vp
“ |X 1|

pot-ur
Vp

for every connected étale cover X 1 Ñ X. Assume first X is a curve. After
possibly replacing k by a finite field extension, one may assume X admits a semistable model X ãÑ X cpt Ñ S as in the
proof of Corollary 25 so that, from Theorem 1 (2) ð , Vp extends to a Qp-local system rVp on X cpt. Let X cpt

s,1 , . . . ,X
cpt
s,t

denote the irreducible components of X cpt
s . We are to prove that rVp|Xs is Q-rational or, equivalently, that Vp,i :“ rVp|Xs,i

is Q-rational, i “ 1, . . . , t. Let x P |X|
Q
Vp

(resp. x P |X|
Q,w
Vp

); by the valuative criterion of properness, it extends to
rx : Sx Ñ X cpt and specializes to a closed point xs P |X cpt

s |. Fix 1 ď i ď t be such that xs P X cpt
s,i . To prove that Vp,i is

Q-rational one may freely replace it by its semisimplification hence assume Vp,i is semisimple so that it decomposes
as a direct sum

Vp,i “ ‘1ďjďriSp,i,j

of simple Qp-local systems, each of them being a twist Sp,i,j “ S˝pαi,jq

p,i,j of a simple Qp-local system S˝
p,i,j with finite

determinant. Here, we use the projectivity of Xs,i to ensure that the image of π1pXs̄,iq Ñ π1pXs,iqab is finite (e.g [D80,
Proof of (1.3.1)]). Let Sp,i,j denote the (automatically simple) unitroot overconvergent F-isocrystal corresponding to
S˝
p,i,j via the b-equivalence

Isocφ,:pX{Qpq0Ñ̃Rep:

Qp

pπ1pXqq.

From [A18], Sp,i,j is Qi,j-rational for some number field Qi,j and pure of weight 0, hence so is S˝
p,i,j . On the other hand,

the existence of xs P Xs,i ensures that αi,j P Q (resp. and is pure of weight w). This shows Sp,i,j is Qi,jpαi,jq Ă Q-
rational (resp. and pure of weight w), j “ 1, . . . , ri. Hence Vp,i is Q-rational (resp. and pure of weight w). But then,
for every 1 ď i ­“ j ď t such that X cpt

s,j X X cpt
s,i ­“ H, one has |X cpt

s,j |
Q
Vp,j

­“ H (resp. |X cpt
s,j |

Q,w
Vp,j

­“ H) and one can
apply the same argument to Vp,j on X cpt

s,j . The conclusion follows from the fact that Xs is connected. The general

case follows from the curve case, using that, by Bertini, for every x0 P |X|
Q
Vp

(resp. x0 P |X|
Q,w
Vp

) and closed point
x P |X|, and up to possibly replacing further k by a finite field extension, one can always find a smooth geometrically
connected curve C over k and a morphism α : C Ñ X such that x0, x P αpCq. □

Remark 32. It is unclear whether one can expect the conclusion of Lemma 31 to hold with |X|
Q
Vp

­“ H replaced by
|X|

Q
Vp

­“ H for Q a number field unless X admits a semistable NCC model X ãÑ X cpt Ñ S (in which case, one can
apply directly the above argument to Vp on X resorting to [AE19, Comment after Thm. 0.3] instead of [A18]).

In particular, if Vp on X satisfies one of the assumption (C-1), (C-2), (C-3), then |X| “ |X|
Q,w
Vp

.

5.2.3. Q-rational Qp-local systems. If one furthermore imposes that the Qp-local system Vp on X is Q-rational, then
the strongest possible local variants of Conjectures (T), (U) hold. This is the content of Corollary 34 and Corollary
36 below.

5.2.3.1. A key lemma. Let κ be a finite field of characteristic p ą 0 and let X be a smooth, separated and geometrically
connected curve over κ. Let X ãÑ Xcpt denote its smooth compactification.

Lemma 33. Let Vℓ be a Qℓ-local system on X such that |X|uni
Vℓ

­“ H. If ℓ “ p, assume furthermore Vp is potentially
unramified. Then

(1) either |X|uni
Vℓ

“ |X| and Vℓ|Xκ̄ is finite;

(2) or |X|uni
Vℓ

is finite.

If ℓ “ p, and Vp is Q-rational, then we are in case (1).
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Proof. First, if the claim holds if Vℓ is semisimple then it holds in general. Indeed consider a Jordan-Holder filtration

Vℓ,0 “ 0 Ĺ Vℓ,1 Ĺ ¨ ¨ ¨ Ĺ Vℓ,r´1 Ĺ Vℓ,r “ Vℓ
and set Sℓ,i :“ Vℓ,i{Vℓ,i´1, i “ 1, . . . , r for its simple graded pieces so that

Vss
ℓ » ‘1ďiďrSℓ,i

By construction
|X|uni

Vss
ℓ

“ |X|uni
Vℓ

­“ H

and Vss
ℓ is Q-rational if Vℓ is. In particular, |X|uni

Vss
ℓ

is finite if and only if |X|uni
Vℓ

is finite and, if ℓ “ p and Vp is
Q-rational, Vss

ℓ |Xκ̄
is finite. It remains to prove that Vss

ℓ |Xκ̄
is finite (if and) only if Vℓ|Xκ̄

is finite. Up to replacing X
by a connected étale cover, one may assume Vss

ℓ |Xκ̄ is trivial viz Sℓ,i|Xκ̄ is trivial, i “ 1, . . . , r. It is then enough to
prove that if

0 Ñ F 1
ℓ Ñ Fℓ Ñ F2

ℓ Ñ 0

is an extension of Qℓ-local systems on X with (*) F 1
ℓ|Xκ̄ , F2

ℓ |Xκ̄ trivial and F 1
ℓ, F2

ℓ unipotent, then

0 Ñ F 1
ℓ|Xκ̄ Ñ Fℓ|Xκ̄ Ñ F2

ℓ |Xκ̄ Ñ 0

splits. But the class of such an extension is an element of

H1
pXκ̄,F2

ℓ
_ b F 1

ℓq
φκ

Y

Ð̃
`

H1
pXκ̄,Qℓq b H0

pXκ̄,F2
ℓ

_ b F 1
ℓq

˘φκ
» 0,

where the second isomorphism follows the fact H0
pXκ̄,F2

ℓ
_ b F 1

ℓq is pure of weight 0 by (*) while H1
pXκ̄,Qℓq is pure

of weight 1. By a straightforward induction, this shows Vℓ|Xκ̄
is trivial.

So, assume Vℓ is semisimple.

- If ℓ “ p, let Vp denote the (automatically semisimple) unitroot overconvergent8 F-isocrystal corresponding to
Vp,Qp

via the b-equivalence

Isocφ,:pX{Qpq0Ñ̃Rep:

Qp

pπ1pXqq.

- If ℓ ­“ p, fix an isomorphism τℓ,p : QℓÑ̃Qp and let Vp :“ τℓ,pVℓ denote the unique semisimple overconvergent
F-isocrystal which is the τℓ,p-companion of Vℓ [L02], [A18].

Write
Vp “ ‘1ďiďrSp,i

for its direct sum decomposition into simple summands in Isocφ,:pX{Qpq. As

|X|uni
Sp,i

Ą |X|uni
Vp

“ |X|uni
Vp

­“ H,

Sp,i has finite determinant (to see this, if ℓ ­“ p, use that the image of π1pXκ̄q Ñ π1pXqab is the product of a pro-p
group by a finite group and, if ℓ “ p, use that, after possibly replacing X by a connected étale cover, one may assume
Vp extends toXcpt and use that the image of π1pXcpt

κ̄ q Ñ π1pXcptqab is finite - see the proof of Corollary 31), i “ 1, . . . , r.

The companion correspondance induces an action with finite orbits of AutpQpq on the set of isomorphism classes of
simple objects with finite determinant in Isocφ,:pX{Qpq. Let Vp,1 :“ Vp, . . . ,Vp,s denote the finitely many (up to
isomorphism) semisimple companions of Vp. By construction, the overconvergent F -isocrystal

Fp :“ Vp,1 ‘ ¨ ¨ ¨ ‘ Vp,s

is semisimple, Q-rational, each of its simple summand has finite determinant and one has

|X|uni
Vp,1

“ ¨ ¨ ¨ “ |X|uni
Vp,s

.

In particular, if for every x P |X|, χx P QrT s denotes the characteristic polynomial of Frobenius attached to x˚Fp,
then ii) χx P QrT s and, as every simple summand of Fp has finite determinant, i) χx is pure of weight 0 [A18].

Let U Ă X denote the largest (non-empty) open subscheme over which Fp admits a slope filtration (in the category
of convergent F -isocrystals) [K79, Thm. 2.3.1, 2.4.2]

0 “ S0pFp|U q Ĺ S1pFp|U q Ĺ ¨ ¨ ¨ Ĺ SspFp|U q “ Fp|U ,

with
GrSi pFp|U q :“ SipFp|U q{Si´1pFp|U q

of slope qi and q1 ă ¨ ¨ ¨ ă qs. We distinguish two cases:

8This is to ensure the overconvergence of Vp that we assume Vp is potentially unramified.
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- At least one of the qi is ­“ 0, which forces |X|uni
Vℓ

p“ |X|uni
Vp

Ă |X|uni
Fp

q Ă XzU ;

- Fp|U is unit-root. By semicontinuity of the slope filtration [K79, Thm. 2.3.1], this imposes U “ X and Fp is
unit-root. In particular, for every x P |X|, iv) χx P ZprT s. Eventually, the fact that every simple summand of Fp
has finite determinant implies that for every prime ℓ ­“ p and field isomorphism τ : QpÑ̃Qℓ, the unique semisimple
τ -companion τFp of Fp is étale; in particular, for every x P |X|, iii) χx P ZℓrT s.

– If ℓ “ p, let Fp denote the potentially unramified Qp-local system corresponding to Fp via

Isocφ,:pX{Qpq0Ñ̃Rep:

Qp

pπ1pXqq.

– If ℓ ­“ p, set Fℓ :“ τ´1
ℓ,pFp.

We have just shown that for every x P |X|, the characteristic polynomial χx of the Frobenius φx,ℓ : Fℓ,x̄Ñ̃Fℓ,x̄
satisfies

i) χx is pure of weight w “ 0; ii) χx P QrT s; iii) χx P Zℓ1 rT s, ℓ1 ­“ p; iv) χx P ZprT s,

hence is a product of cyclotomic polynomials thus, up to replacing X by a connected étale cover, one may assume
χx “ pT ´1qr, x P |X|. By Cebotarev, this implies Fℓ - hence a fortiori Vℓ,Qℓ

, is quasi-unipotent - hence finite (since
Fℓ, Vℓ,Qℓ

are semisimple)9.

If ℓ “ p and Vp is Q-rational, and if χx P ZprT s denotes the characteristic polynomial of Frobenius attached to x˚Vp
then ii), iv) are automatic, and i), iii) follows from the companion correspondance as above. □

5.2.3.2. Q-rational Hodge-Tate Qp-local systems. Let X be a smooth hyperbolic curve over k. One says that a mor-
phism of profinite groups π1pXq Ñ Π is combinatorial (resp. geometrically combinatorial) if X admits a semistable
NCC model X ãÑ X cpt Ñ S satisfying (3) and such that the morphism π1pXq Ñ Π is combinatorial (resp. geomet-
rically combinatorial) with respect to X ãÑ X cpt Ñ S in the sense that it factors through π1pXq ↠ πcomb

1 pX cpt
s ;Dsq

(resp. that its restriction π1pXk̄q ãÑ π1pXq Ñ Π factors through π1pXk̄q ↠ πcomb
1 pX cpt

s̄ ;Ds̄q). One says that a mor-
phism of profinite groups π1pXq Ñ Π is quasi-combinatorial (resp. quasi-geometrically combinatorial), if it becomes
combinatorial (resp. geometrically combinatorial) after possibly replacing X by a connected étale cover. In particular,
one says that a Qp local system Vp on X is combinatorial, quasi-combinatorial etc. if the corresponding representation
of profinite groups π1pXq ↠ Πp Ă GLpVp,x̄q is.

Corollary 34. Let X be a smooth hyperbolic curve over k and let Vp be a Q-rational Qp-local system on X. Then,

(T) (i)’ Vp is quasi-geometrically
combinatorial and |X|trivVp

­“ H;
ô (ii) |X|trivVp

“ |X|;
ô (iii) |X|trivVp

­“ H.

(U) (i)’ Vp is quasi-geometrically
combinatorial and |X|uni

Vp
­“ H;

ô (ii) |X|uni
Vp

“ |X|;
ô (iii) |X|uni

Vp
­“ H.

Proof. We treat the assertion for (T); the assertion for (U) is exactly similar after observing that |X|uni
Vp

“ |X|uni
Vss

p
and

that |X|uni
Vss

p
­“ H imposes that Vss

p is Hodge-Tate. The implication (ii) ñ (iii) is straightforward. The implication (i)’
ñ (ii) is by definition of "geometrically combinatorial". Indeed if (i)’ holds, after possibly replacing X by a connected
étale cover, the representation π1pXq ↠ Πp Ă GLpVp,x̄q corresponding to Vp factors through

π1pXq // //

����

Πp

πt
1pX cpt

s ;Dsq // // πt
1pX cpt

s ;Dsq{KpX cpt
s̄ ;Ds̄q » π1pΓpXsqq^ ˆ π1pκq

OOOO

so that, in particular, for every x P |X|, the representation π1pxq Ñ π1pXq ↠ Πp corresponding to x˚Vp identifies
with

π1pxq Ă π1pkq ↠ π1pκq Ă π1pΓpXsqq^ ˆ π1pκq ↠ Πp

hence G˝
p,x is independent of x. We prove the implication (iii) ñ (i)’. Replacing X by a connected étale cover one

may assume, Lev2pVpq holds so that |X|
pot-ur
Vp

“ |X|ur
Vp

“ |X|
Q
Vp

, and condition (C-1) of Subsection holds so that
|X|ur

Vp
“ |X|. Replacing k by a finite field extension, one may assume X admits a semistable NCC compactification

X ãÑ X cpt Ñ S over S such that the irreducible components Xs,1, . . . ,Xs,t of Xs are geometrically connected over κ

9For this part of the argument, see also [Kos17, Prop. 1.1].



RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 39

and the points in X n-sm
s are all κ-rational. By Theorem 1 (2) ð, Vp extends to a Qp-local system rVp on X cpt. Let

x PsXsrtriv; assume x specializes to xs P X cpt
s,1 so that

|X cpt
s,1 |triv

rVp
­“ H.

From Lemma 33, rVp|X cpt
s̄,1

is then finite - hence trivial as Πp is torsion-free, and

|X cpt
s,1 |triv

rVp
“ |X cpt

s,1 |.

In particular, for every 2 ď i ď t such that X cpt
s,i intersects X cpt

s,1 , one has |X cpt
s,i |uni

rVp
­“ H hence, iterating the argument

and using that X cpt
s̄ is connected, one gets that rVp|X cpt

s̄,i
is trivial, i “ 1, . . . , t. □

Remark 35.

(1) The equivalent condition (i)’, (ii), (iii) in (T) are also equivalent to Vp is quasi-combinatorial.

(2) Under additional assumptions - e.g. Vp is crystalline and X admits a smooth NCC model X ãÑ X cpt Ñ S over S
with ΓpXsq “ 1, one can replace the condition (i)’ by the original conditions (i) (namely, G˝

p “ 1 in case (T) and
G˝
p is unipotent in case (U)) in the statement of Corollary 34 - see Corollary 37 for details.

If X is an arbitrary connected variety over k, combining Chow’s lemma and Bertini’s theorem, for every x, x1 P |X|

one can always find a sequence of morphisms αi : Ci Ñ X, i “ 1, . . . , r with Ci a smooth irreducible curve over k,
x P α1pC1q, x1 P αrpCrq and Ci ˆX Ci`1 ­“ H, i “ 1, . . . , r ´ 1. Hence Corollary 34 implies:

Corollary 36. Let X be a smooth connected variety over k and let Vp be a Q-rational Qp-local system on X. Then,

(T) |X|trivVp
“ |X| ô |X|trivVp

­“ H, (U) |X|uni
Vp

“ |X| ô |X|uni
Vp

­“ H.

5.2.4. A weak local variant of Conjecture (T). Using the same arguments as in the proof of Corollary 34 but without
assuming Q-rationality, one can still prove a weak local variant of Conjecture (T), at least when X is a curve admitting
a smooth NCC model X ãÑ X cpt Ñ S, and under mild assumptions on Vp.

Corollary 37. Let X be a curve admitting a smooth NCC model X ãÑ X cpt Ñ S and let Vp be a Qp-local system on
X satisfying one of the following:

a) X “ X cpt and Vp is crystalline;
b) Vp is Hodge-Tate and Lev4pVpq holds (e.g. p ąrankQp

pVpq ` 1).
Let

sp : |X cpt| Ñ |X cpt
s |

denote the specialization map. Then there exists a 0-dimensional Zariski-closed subset Zs Ă X cpt
s such that

(i) G˝
p is unipotent;

ô (ii) |X|uni
Vp

“ |X|;
ô (iii)’ |X|uni

Vp
Ć sp´1p|Zs|q.

Proof. The implications (i) ñ (ii) ñ (iii)’ are straightforward. We prove the implication (iii)’ ñ (i).

- In case a), (C-3) holds so that |X| “ |X|ur
Vp

and from Theorem 1 (1) ð, Vp extends to a Qp-local system rVp on
X “ X cpt.

- In case b), Vp is Hodge-Tate and |X|uni
Vp

­“ H, hence |X|
pot-ur
Vp

“ |X|. As Lev4pVpq holds, one can fix a connected
étale cover X 1 Ñ X as in Corollary 29 so that Vp|X1 extends to a Qp-local system rV 1

p on X 1cpt. From the canonical
chain of morphisms arising from specialization [SGA1, X]

(16) π1pX 1
s
cptq

» // π1pX 1cptq π1pX 1cptqoooo π1pX 1qoooo � �

Ÿ

open // π1pXq

π1pX 1
s̄
cptq

� ?

OO

π1pX 1
ks

cptqoooo
� ?

OO

π1pX 1
ksqoooo
� ?

OO

� �

Ÿ

open // π1pXksq

� ?

OO

one gets that

– Vp is unipotent if and only if rV 1
p|X 1

s
cpt is unipotent;

Also, one can freely replace Zs by a larger 0-dimensional closed subscheme of Xs. In particular, for every 0-
dimensional closed subscheme Z 1

s Ă X 1
s
cpt with image Zs Ă X cpt

s via X 1
s
cpt Ñ X cpt

s , up to replacing Z 1
s Ă X 1

s
cpt with

the inverse image Z2
s pĄ Z 1

sq of Zs in X 1
s
cpt, one has:
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– |X|uni
Vp

Ć sp´1p|Zs|q if and only if |X 1|uni
Vp

Ć sp´1p|Z 1
s|q.

So, in both cases, and without loss of generality, one may assume X “ X cpt and Vp extends to a Qp-local system rVp
on X with |Xs|uni

rVp
­“ H and we are to show that rVp|Xs̄

is finite. From Lemma 33, only two cases can occur:

- |Xs|uni
rVp

“ |Xs| and rVp|Xs̄
is finite;

- |Xs|uni
rVp

is finite.

In the former case, one can take Zs “ H. In the latter case, one takes Zs “ |Xs|uni
rVp

. □

5.3. Applications to Conjecture (T) and Conjecture (U) over number fields. In this Section, unless otherwise
mentioned, k is a number field. For a finite place v of k, let k ãÑ kv denote the completion of k at v. If X is a variety
over k and x P Xpkq a k-point, let xv : specpkvq Ñ specpkq

x
Ñ X denote the induced kv-point on X.

5.3.1. Conjecture (T) for Q-compatible families. We first recall the definition of Q-compatibility.

For a Qℓ-local system Vℓ on x “ specpkq, let UVℓ
Ă |specpOkq| be the set of all finite places v of k such that, writing

p :“ pv for the residue characteristic of v, the following holds:

- If ℓ ­“ p, x˚
vVℓ is unramified viz extends to a Qℓ-local system over specpOkv q;

- If ℓ “ p, x˚
vVp is crystalline.

For v P UVℓ
with residue characteristic p and ℓ ­“ p, let χx˚

v Vℓ
P QℓrT s denote the characteristic polynomial of the

geometric Frobenius
φx˚

v Vℓ
: Vℓ,x̄ Ñ Vℓ,x̄

and for ℓ “ p, let χx˚
v Vp

P kv,0rT s denote the characteristic polynomial of the linearized crystalline Frobenius10

φx˚
v Vp,cris

: Dcrispx
˚
vVpq Ñ Dcrispx

˚
vVpq.

See Subsection A.1 for a very brief review of basic definitions from p-adic Hodge theory, in particular the one of
Fontaine’s Riemann-Hilbert functor Dcris : RepQp

pπ1pkvqq Ñ Mφ
kv,0

.

One says that Vℓ is almost everywhere unramified (AEU for short) if UVℓ
Ă |specpOkq| is a non-empty open subset

and that it is Q-rational (resp. and pure of weight w P R) if there exists a non-empty open subset U 1
Vℓ

Ă UVℓ
such

that for every v P |U 1
Vℓ

| the polynomial χx˚
v Vℓ

is in QrT s (resp. the polynomial χx˚
v Vℓ

is in QrT s and is pure of weight
w, that is for every root α of χx˚

v Vℓ and infinite place Qpαq
8
ãÑ C, |α|8 “ |κv|

w
2 ).

Let V :“ pVℓqℓ be a family of Qℓ-local systems on x “ specpkq (indexed by the set |specpZq| of all rational primes).
Write

UV :“
č

ℓ

UVℓ
Ă |specpOkq|.

One says that V is Q-compatible (resp. and pure of weight w P R) if UV Ă |specpOkq| is a non-empty open subset and
there exists a non-empty open subset U 1

V Ă UV such that for every v P U 1
V the polynomial χx˚

v V :“ χx˚
v Vℓ

is in QrT s

(resp., pure of weight w P R,) and independent of the prime ℓ.

Let X be a variety over k. One says that a family of Qℓ-local systems V :“ pVℓqℓ on X is Q-compatible (resp. and
pure of weight w P R) if x˚V is, x P |X|. The purity assumption ensures that Gℓ is semisimple [D80, Thm. (1.3.8),
(1.11), Cor. (3.4.12)].

Classical examples of Q-compatible families V of Qℓ-local systems on X are the geometric ones, namely those of the
form Vℓ “ Rif˚Qℓpjq for some smooth proper morphism f : Y Ñ X a and i ě 0, j integers; these are pure of weight
w “ i ´ 2j [D80], [KM74]. More generally, any family of of Qℓ-local systems on X cut out by a family of algebraic
correspondances on a geometric one are Q-compatible (see e.g. [CT25, Lem. 10]).

10More precisely, if ϕ
x˚
v Vp,cris

: Dcrispx˚
v Vpq Ñ Dcrispx˚

v Vpq denotes the (σ-semilinear) crystalline Frobenius then φ
x˚
v Vp,cris

:“

ϕmv

x˚
v Vp,cris

, where mv :“ rkv,0 : Qps.
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Remark 38. Note that it tautologically follows from the definition of a Q-compatible family V :“ pVℓqℓ of Qℓ-local
systems on x “ specpkq that for ℓ " 0 and every place v|ℓ of k, x˚

vVℓ is crystalline - hence Hodge-Tate. This implies
the following. Let X be a smooth, connected variety over k and V :“ pVℓqℓ a Q-compatible family of Qℓ-local systems
on X. For every x P |X|, write ℓV,x for the smallest prime such that for every prime ℓ ě ℓV,x and finite place v|ℓ of
kpxq, x˚

vVℓ is Hodge Tate. Set
ℓV :“ mintℓV,x | x P |X|u

From Fact 43 (1), for every ℓ ě ℓV and every place v|ℓ of k, Vℓ|Xkv
is Hodge-Tate. But then, in particular, for every

x P |X| and finite place v|ℓ of kpxq, x˚
vVℓ is Hodge-Tate as well, so that ℓV,x ď ℓV . This shows ℓV,x “ ℓV is independent

of x P |X|.

We now prove that Conjecture (T) and Conjecture (U) hold when Vℓ is part of a Q-compatible family V of Qℓ-local
systems on X. Note that we do not assume purity a priori.

Corollary 39. Let V “ pVℓqℓ be a Q-compatible family of Qℓ-local systems on X. Then,

(1) The set |X|uni
V :“ |X|uni

Vℓ
is independent of the prime ℓ and |X|uni

V “ |X|trivVℓ
for ℓ " 0;

(2) If |X|uni
V ­“ H then G˝

ℓ is unipotent (hence G
˝

ℓ “ 1 as G˝
ℓ is unipotent implies that V is pure of weight 0) for every

prime ℓ and G˝
ℓ “ 1 for ℓ " 0.

Proof. The first part of Corollary 39 (1) follows from the fact that one can also describe |X|uni
Vℓ

as

|X|uni
Vℓ

:“ tx P |X| | rankpG˝
ℓ,xq “ 0u,

and that rankpG˝
ℓ,xq is independent of ℓ P |specpZq| [Se81, §3]. The second part of Theorem 39 (1), follows from

Corollary 50 and Remark 38; more precisely, one has |X|uni
V “ |X|trivVℓ

as soon as ℓ ě ℓV .

For Theorem 39 (2), it is enough to prove that |X|uni
V “ |X|. Indeed, from Theorem 39 (1) this implies |X|trivVℓ

“ |X|

for primes ℓ " 0. By Fact 46, the condition |X|uni
Vℓ

p“ |X|uni
V q “ |X| implies G˝

ℓ is unipotent while the condition
|X|trivVℓ

“ |X| implies G˝
ℓ “ 1. As the assumptions of Theorem 39 and the property |X|uni

V “ |X| are invariant under
base-change, one may freely replace X by a connected étale cover hence assume that Lev1pVℓ0q holds for at least one
prime ℓ0, which implies the following.

(*) For every x P |X|, and finite place v of U 1
x˚V above a prime ℓ ­“ ℓ0, the subgroup Ξxv Ă Qˆ

generated
by the roots of χx˚

v Vp“ χx˚
v Vℓ

“ χx˚
v Vℓ0

q is torsion-free.

By the Cebotarev density theorem, this implies in particular that for every x P |X|, G˝
ℓ,x “ Gℓ,x. Hence

x P |X|uni
V

p1q
ô the set of places v of U 1

x˚V such that χxv “ pT ´ 1qr has density 1
p2q
ð for p " 0, and every place v|p of U 1

x˚V , χx˚
v V “ pT ´ 1qr

p3q
ð for p " 0, and every places v|p of k and vx|v of kpxq, xvx P |Xkv |ur

Vp
X |Xkv |uni

Vp

p4q
ð for p " 0, and every place v|p of k, |Xkv | “ |Xkv |uni

Vp
, and for every place vx|v of kpxq, x˚

vxVp is
crytalline

p5q
ð for p " 0, and every place v|p of k, Vp|Xkv

is Hodge-Tate, Q-rational, with |Xkv |uni
Vp

­“ H, and
for every place vx|v of kpxq, x˚

vxVp is crytalline.

Equivalence (1) follows from (*), the Cebotarev density theorem and the fact that a connected algebraic group
is unipotent if and only if it contains a Zariski-dense set of unipotent elements. Implication (2) is tautological.
Implication (3) follows from (*) and Lemma 42. Implication (4) follows from the fact that if x˚

vVp is both crystalline
and unipotent then it is Cp-admissible (viz potentially unramified) and crystalline hence unramified - see Subsection
A.1.2. Implication (5) is Corollary 36. As the latest of the assertion in this chain of implications holds by assumption
(see Remark 38), this concludes the proof of Theorem 39. □

In general, Corollary 39 does not imply Conjecture (C) for Vℓ part of a Q-compatible family V “ pVℓqℓ of Qℓ-local
systems on X unless one could prove e.g. that, for every x P |X|, the family of Qℓ-local system AxpVq :“ pAxpVℓqqℓ

introduced in Subsection B.2.2 is also Q-compatible. However, Theorem 39 does imply Conjecture (C) under the
following easy "large geometric monodromy" assumptions.

Corollary 40. Let V “ pVℓqℓ be a Q-compatible family of Qℓ-local systems on X. Assume one of the following
conditions hold: (1) G

˝

ℓ is a Levi subgroup of G˝
ℓ , or (2) G

˝

ℓ and the homotheties torus GmpVℓq » Gm,Qℓ
Ă GLpVℓq
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generate a Levi subgroup of G˝
ℓ . Then, for every prime ℓ, Conjecture (C) holds for Vℓ, namely |X|cent

Vℓ
“ H unless

G
˝

ℓ “ 1 and |X|uni
Vℓ

“ H unless G˝
ℓ is unipotent.

Proof. The assumptions impose that G
˝

ℓ is reductive - hence semisimple (e.g. [KL81, Thm. 6]); in particular G
˝

ℓ

remains unchanged if one replaces Vℓ by its semisimplification Vss
ℓ . As one also has |X|cent

Vℓ
Ă |X|cent

Vss
ℓ

, one may thus

assume that Vℓ is semisimple for every ℓ. In that case, Condition (1) becomes simply G
˝

ℓ “ G˝
ℓ and Condition (2) that

G
˝

ℓ and GmpVℓq generate G˝
ℓ . By construction the family of Qℓ-local systems E “ pEℓ :“ Vℓ b V_

ℓ qℓ is Q-compatible.
Fix a prime ℓ and let x P |X|cent

Vℓ
. As G

˝

ℓ is semisimple, the assumptions impose that G˝
ℓ,x Ă GmpVℓq hence x P |X|trivEℓ

and, by Theorem 39, G
ad ˝

ℓ “ 1 hence G
˝

ℓ “ 1 since G
˝

ℓ is semisimple. □

5.3.2. Proof of Corollary 11. Let X be a smooth, geometrically connected curve over k admitting a smooth NCC
model X ãÑ X cpt Ñ S over some non-empty open subscheme S Ă specpOkq. For every p Pimpp|S| Ñ |specpZq|q, let
Vp be a Qp-local system on X with rankQppVpq ă p ´ 1 and G

˝

p is not unipotent. If |X|uni
Vp

“ H, there is nothing
to prove. So assume |X|uni

Vp
­“ H. As |X|uni

Vp
“ |X|uni

Vss
p

, replacing Vp by its semisimplification Vss
p one may assume

Vp is semisimple; note that replacing Vp by Vss
p does not affect the assumption that G

˝

p is not unipotent. Then,
from Corollary 50 (and its proof), for every place v|p of k, Vp|Xkv

is automatically Hodge-Tate and |X|trivVp
“ |X|uni

Vp
.

Corollary 11 now immediately follows from Corollary 37.

5.3.3. Relation with the unramified Fontaine-Mazur conjecture.

5.3.3.1. AEU Qp-local systems.Generalizing the definition of an AEU Qpp-local system on X “ x “ specpkq, say that a
Qp-local Vp on X is AEU if there exists a smooth model X Ñ U of X over a non-empty open subscheme U Ă specpOkq

such that Vp extends to a Qp-local system on X . Note that, if Xi Ñ Ui, i “ 1, 2 are two smooth models of X then
there exists a non-empty open subscheme U Ă U1 X U2 such that X1 ˆU1 UÑ̃X2 ˆU2 U as U -schemes. In particular,
Vp is AEU if and only if for every smooth model X Ñ U of X over a non-empty open subscheme U Ă specpOkq, there
exists a non-empty open subscheme U 1 Ă U such that Vp extends to a Qp-local system on X ˆU U

1.

The property of being pointwise AEU is also rigid.

Fact 41. ([LiZh17, Prop. 4.1], [P23, Prop. 6.1]) Let Vp be a Qp-local system on X. Consider the following properties
(i) Vp is AEU;
(ii) for every x P |X|, x˚Vp is AEU;
(iii) there exists x P |X| such that x˚Vp is AEU.

Then (i) ñ (ii) ô (iii) and, if Vp is semisimple, then (iii) ñ (i).

5.3.3.2. Proof of Corollary 8.We prove the following implications.

(a) Conjecture (VU F-M) for ñ Conjecture (T);
X Ñ U of relative dimension 1

(b) Conjecture (U F-M) ñ Conjecture (T);
(c) Conjecture (U F-M) ñ For every X Ñ U and Qp-local system Vp on X as in

Conjecture (VU F-M) one has |X|trivVp
­“ H.

In particular, as X is normal (hence the canonical morphsm π1pXq ↠ π1pX q is surjective), from implication (c) and
a second application of Conjecture (U F-M) via implication (b), Conjecture (U F-M) ñ Conjecture (VU F-M).

- Proof of (a): Let k be a number field and let X be a smooth, geometrically connected variety over k. Let Vp be
a Qp-local system on X and assume |X|trivVp

­“ H. We are to prove that |X|trivVp
“ |X|. Without loss of generality,

one may assume Vp is semisimple (see Proposition 47). By Chow’s lemma and Bertini’s theorem, one may assume
X is a curve (see Corollary 36). After possibly replacing X by a connected étale cover, one may assume X has
genus ě 2 and Lev2pVpq holds. In particular, for for every finite place v|p of k, Vp|Xkv

satisfies condition (C-1) of
Subsection 5.2.3.2 so that |Xkv |ur

Vp
“ |Xkv |. From Remark 28 (1) and (2), Vp extends to a Qp-local system on the

smooth compactification X ãÑ Xcpt of X. So, without loss of generality, one may assume X is a smooth projective
curve of genus ě 2. By the semistable reduction theorem for curves, after possibly replacing further k by a finite
field extension, one may assume X admits a regular semistable model X Ñ specpOkq. From Fact 4111, there exists
a non-empty open subscheme U Ă specpOkq such that Vp extends to a Qp-local system on XU :“ X ˆspecpOkq U .
Actually, in Fact 41, in the process of shrinking specpOkq to U to ensure Vp extends to a Qp-local system on XU , one
typically throws away the places v of specpOkq dividing p (even if XOkv

:“ X ˆOk
Okv is smooth over specpOkv q).

11As X is smooth over k, there exists a non-empty open subscheme U Ă specpOkq such that XU :“ X ˆOk
U Ñ U is smooth and one

can apply Fact 41 and the comments preceding it to XU Ñ U .
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Still, as for every finite place v|p of k, Vp|Xkv
satisfies condition (C-1), again |Xkv |ur

Vp
“ |Xkv |; this ensures we can

assume U contains v. Indeed, write U` “ U Y specpOkqp and let v P U`zU . From Theorem 1 (1) ñ, Vp|Xkv
extends

to a Qp-local system on XOkv
, namely the corresponding representation of π1pXkv q on Vp :“ Vp,x̄ factors through

π1pXkv q ↠ π1pX cpt
Okv

q. In particular, the inertia group of the generic point of each connected component of XOkv

acts trivially on Vp. By Zariski-Nagata purity (recall X is regular), this implies Vp extends to a Qp-local system
on XU`

ˆU`
pU Y tvuq. We have thus proved that Vp extends to a Qp-local system on XU with U ãÑ specpOkq a

non-empty open subscheme containing all finite places v|p of k. From Conjecture (VU F-M) Vp is finite.

- Proof of (b): Let k be a number field and let X be a smooth, geometrically connected variety over k. Let Vp be a
Qp-local system on X and assume |X|trivVp

­“ H. Again, we are to prove that |X|trivVp
“ |X|. Up to replacing X by

a connected étale cover and k by a finite field extension, one may assume Lev2pVpq holds. From Fact 41 and from
Corollary 44, for every x P |X|, x˚Vp is AEU and for every place v|p of kpxq, x˚

vVp is potentially unramified - hence
unramified by Lev2pVpq. But then, by Conjecture (U F-M), x P |X|trivVp

.

- Proof of (c): Let U Ă specpOkq be a non-empty open subscheme containing all finite places v|p of k, let X Ñ U
be a morphism surjective, flat of finite type with X normal; write X for the generic fiber of X Ñ U . Let Vp be a
Qp-local system on X . One may freely replace Vp on X by its restriction to any non-empty open subscheme of X .
By Epp’s theorem [Stacks, Tag 09IL], there exists a finite field extension K{k such that, if Uν,K Ñ U denotes the
normalization of U in specpKq Ñ specpkq ãÑ U , replacing X Ñ U with the normalized base changed

pX ˆU
rUqν Ñ X ˆU U

ν,K Ñ Uν,K ,

one may assume for every u P U , and every generic point ξu of Xu, X Ñ U is smooth at ξu (note that Uν,K
also contains all places v|p of K). In particular, replacing X by a non-empty open subscheme one may assume
X Ñ U is smooth. Replacing one more time X Ñ U by its base change along the normalization Uν,K Ñ U of U in
specpKq Ñ specpkq ãÑ U for some finite field extension K of k, one may also assume that or every place v|p of k,
X pOkv q ­“ H. But then, as X ˆU specpOkv q Ñ specpOkv q is smooth, X pOkv q Ă Xpkvqp“ Xsmpkvqq is a non-empty,
automatically open subset, so that it follows from a classical Corollary of [MB89, Thm. 1.3] - see e.g. [Co06, Cor.
1.5], that there exists a finite field extension K{k, with Up totally split in K, and x P XpKq such that for every
place v|p of k and finite place w|v of K, xw P X pOkv q. In other words, there exists a non-empty open subscheme
U´ Ă U ˆOk

OK containing all the finite places of K above p such that x P X pU´q. But then, Conjecture (U F-M)
imposes that x˚Vp is finite that it x P |X|trivVp

.

Appendix A. Brief review of (variational) p-adic Hodge theory

Let k be a p-adic field with ring of integers Ok, maximal ideal m and residue field κ :“ Ok{m; let s denote the closed
point and η the generic point of S :“ specpOkq. Let Qp Ă k0 Ă k be the maximal unramified extension of Qp contained
in k and σ : k0Ñ̃k0 its arithmetic Frobenius.

A.1. (Very) brief recollection of classical p-adic Hodge theory.

A.1.1. Let Bcris Ă BdR “: BdRpkq “ BdRpkq and BHT “ GrpBdRq denote Fontaine’s crystalline, de Rham and
Hodge-Tate period rings respectively, and consider the associated "Riemann-Hilbert" b-functors

Dcris : RepQp
pπ1pηqq Ñ Mφ

k0
, V ÞÑ pBcris bQp

V qπ1pkq

DdR : RepQp
pπ1pηqq Ñ F -Mk, V ÞÑ pBdR bQp

V qπ1pkq,

DHT : RepQp
pπ1pηqq Ñ Grk, V ÞÑ pBHT bQp V qπ1pkq,

Here Mφ
k0

(resp. F -Mk, resp. Grk) denotes the category of k0-modules of finite rank D equipped with a σ-semilinear
endormorphism ϕ : D Ñ D (resp. of k-modules of finite rank D equipped with a descending separated exhaustive
filtration F ‚ by k-submodules, resp. of k-modules of finite rank D equipped with a direct sum decomposition D‚ by
k-submodules). Let

Repcris
Qp

pπ1pkqq Ă RepdR
Qp

pπ1pηqq Ă RepHT
Qp

pπ1pηqq Ă RepQp
pπ1pηqq

denote the full subcategories of crystalline (viz such that rankQp
pV q “ rankk0pDcrispV qq), de Rham (viz such that

rankQp
pV q “ rankkpDdRpV qq) and Hodge-Tate (viz such that rankQp

pV q “ rankkpDHTpV qq) representations. The
functors DdR : RepdR

Qp
pπ1pkqq Ñ F -Mk and DHT : RepHT

Qp
pπ1pkqq Ñ Grk are faithful exact b-functors

https://stacks.math.columbia.edu/tag/09IL
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A.1.2.The following implications are classical. Note that being Hodge-Tate with single Hodge-Tate weight 0 is the
same thing as being Cp-admissible. In particular, being Hodge-Tate and unipotent - hence a successive extension of
the trivial representation Qp, implies being Cp-admissible.

Cp-admissible
p1q+3 potentially unramifiedks +3 potentially crystalline +3 de Rham +3 Hodge-Tate

unramified +3

KS

˝ p2q

crystalline

KS

The implication
p1q
ñ is a theorem of Sen [S80, Cor. to Thm. 11]. For the fact that (2) is "Cartesian", namely that

(2) crystalline ` potentially unramified ñ unramified,

see e.g. [Ca19, Prop. 4.3.2]. Lemma 42 is certainly well-known to expert but we could not find a reference; its proof
was explained to us by Benjamin Schraen.

Lemma 42. Let Vp P RepQp
pπ1pSqq. Then the elementary divisors of

- the image φp : VpÑ̃Vp of the geometric Frobenius φ P π1psq » π1pSq;
- the linearized crystalline Frobenius φ : DcrispVpqÑ̃DcrispVpq,

coincide. In particular, the characteristic polynomial of φ : DcrispVpqÑ̃DcrispVpq is in ZprT s and its roots are v-adic
units.

Proof. Write again Is :“ kerpπ1pηq Ñ π1pSq » π1psqq for the inertia group of k, let k0 Ă kur
0 Ă k denote the maximal

unramified extension of k0 and let pkur
0 denote its completion. By definition φ “ ϕm : DcrispVpq Ñ DcrispVpq, where

m :“ rk0 : Qps and ϕ : DcrispVpq Ñ DcrispVpq is the crystaline Frobenius. As Vp is crystalline, and using that
pBcrisq

Is “ pkur
0 (e.g. [Fo94, Prop. 5.1.2]),

DcrispVpq “ pVp bQp
Bcrisq

π1pηq “ pVp bQp
pBcrisq

Isqπ1pSq “ pVp bQp
pkur
0 qπ1psq “: D

pkur
0

pVpq

has k0-dimension dimQp
pVpq. In other words, Vp is pkur

0 -admissible, hence the canonical pkur
0 -linear injective morphism

α : D
pkur
0

pVpq bk0
pkur
0 Ñ Vp bQp

pkur
0

is an isomorphism, which is equivariant with the following structures:

- the π1pηq-action (with D
pkur
0

pVpq viewed as a trivial π1pηq-representation);

- the crystalline Frobenii (with the crystalline Frobenius on Vp being the identity and the one on pkur
0 the lift

σ : pkur
0 Ñ̃pkur

0 of the arithmetic Frobenius on the residue field).

In particular, α : D
pkur
0

pVpq bk0
pkur
0 Ñ̃Vp bQp

pkur
0 exchanges

Idbk0 σ
m ÐÑ φ´1

p bQp
σm, ϕbk0 σ ÐÑ IdbQp

σ.

As a result,

α ˝ pϕm bk0 Idq ˝ α´1 “ α ˝ pϕbk0 σqmpIdbk0 σ
mq´1 ˝ α´1 “ pIdbQp

σqmpφ´1
p bQp

σmq´1 “ φp bQp
Id.

This shows the two k0-linear morphisms φp bQp
Idk0 : Vp bQp

k0Ñ̃Vp bQp
k0 and ϕm : D

pkur
0

pVpqÑ̃D
pkur
0

pVpq have the
same elementary divisors hence, in particular, the same characteristic polynomial. □

A.2. Pointwise versus global properties. Let X be a smooth variety over k. Let Vp be a Qp-local system on X,
write

|X|ur
Vp

Ă |X|crisVp
Ă |X|dR

Vp
Ă |X|HT

Vp
Ă |X|

for the subsets of all x P |X| such that x˚Vp is unramified, crystalline, de Rham and Hodge-Tate respectively; let also

p|X|ur
Vp

Ăq|X|
pot-ur
Vp

pĂ |X|dR
Vp

q

denote the subset of all x P |X| such that x˚Vp is potentially unramified. Say that Vp is pointwise unramified if
|X|ur

Vp
“ |X|; define similarly the notion of being pointwise crystalline, pointwise de Rham, pointwise Hodge-Tate and

pointwise potentially unramified.
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A.2.1. Hodge-Tate, de Rham and crystalline local systems. There are also global notions of Hodge-Tate, de Rham
and crystalline Qp-local systems on X defined using geometric versions of Fontaine’s Riemann-Hilbert functors. More
precisely, let Xan Ñ X denote the rigid-analytification of X. The natural morphism of sites Xan

et Ñ Xet induces a
faithful exact b-functor

p´qan : LocZp
pXetq Ñ LocZp

pXan
et q

from the category LocZppXetq of Zp-local systems on Xet to the category LocZppXan
et q of Zp-local systems on Xan

et hence,
passing to the isogeny category, a faithful exact b-functor

p´qan : LocQppXetq Ñ LocQppXan
et q.

- Let HiggspXanq denote the category of vector bundles with a nilpotent Higgs field on Xan. If

DHT : LocQppXan
et q Ñ HiggspXanq

denotes the natural Hodge-Tate Riemann-Hilbert functor constructed in [LiZh17, §2.1], one says that a Qp-local
system Vp on Xan

et is Hodge-Tate if
rankQp

pVpq “ rankpDHTpVpqq,

and that a Qp-local system Vp on Xet is Hodge-Tate if Van
p is.

- Let F -Vect∇pXanq denote the category of filtered vector bundles on Xan with a flat connection satisfying Griffith’s
transversality. If

DdR : LocQppXan
et q Ñ F -Vect∇pXanq

denotes the natural de Rham Riemann-Hilbert functor constructed in [LiZh17, §3.2], one says that a Qp-local system
Vp on Xan

et is de Rham if
rankQp

pVpq “ rankpDdRpVpqq,

and that a Qp-local system Vp on Xet is de Rham if Van
p is.

Assume furthermore X Ñ specpkq admits a model X Ñ S, smooth, separated and of finite type. Write pX for the
formal completion of X along the closed fiber Xv. Let pXη denote the rigid-analytic fiber of pX so that one gets an open
immersion pXη ãÑ Xan of rigid analytic spaces.

- Let F -wIsocpXv{Ok0q denote the category of weak F -isocrystals on Xv{Ok0 [GuY24, Def. 5.10]. If

Dan
cris : LocQp

p pXη,etq Ñ F -wIsocpXv{Ok0q

denotes the natural crystalline Riemann-Hilbert functor constructed in [GuY24, Thm. 1.10] and one defines

Dcris : LocZp
pXan

et q
|

xXη
Ñ LocQp

p pXη,etq
Dan

cris
Ñ F -wIsocpXv{Ok0q,

one says that a Qp-local system Vp on Xan
et is crystalline if DcrispVpq has constant rank rankpDcrispVpqq and

rankQppVpq “ rankpDcrispVpqq.

One says that a Qp-local system Vp on Xet is crystalline (with respect to pXη) if Van
p is.

The following summarizes the relation between the pointwise and global Hodge-Tate, de Rham and crystalline prop-
erties.

Fact 43. Let X be a smooth, geometrically connected variety over k. Let Vp be a Qp-local system on X. Then,

(1) ([P23, §7]; see also [Shim18]) One has

(i) Vp is Hodge-Tate ô (ii) |X|HT
Vp

“ |X| ô (iii) |X|HT
Vp

­“ H;

Furthermore, if Vp is Hodge-Tate, the multiset HT pVpq :“ HT px˚Vpq of Hodge-Tate weights of x˚Vp is independent
of x P |X|.

(2) ([LiZh17, Thm. 1.1, Thm. 1.3]) One has

(i) Vp is de Rham ô (ii) |X|dR
Vp

“ |X| ô (iii) |X|dR
Vp

­“ H.

(3) ([GuY24, Thm. 7.2]) Assume furthermore X admits a smooth model X Ñ S. One has

(i) Vp is crystalline (with respect to pXη) ô (ii)’ |X|crisVp
Ą impX pOksq Ñ |X|q

Note that, in particular, the property of being a Hodge-Tate, de Rham or crystalline Qp-local system is preserved by
passing to subquotients.
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Corollary 44. Let X be a smooth, geometrically connected variety over k and let Vp a Qp-local system on X. Then,
one has

(ii) |X|
pot-ur
Vp

“ |X| ô (iii) |X|
pot-ur
Vp

­“ H,

and, if |X|
pot-ur
Vp

­“ H, then |X|crisVp
“ |X|ur

Vp
and for every x P |X|crisVp

the characteristic polynomials of
- the geometric Frobenius φx,p : Vp,x̄Ñ̃Vp,x̄;
- the linearized crystalline Frobenius φx,cris : Dcrispx

˚VpqÑ̃Dcrispx
˚Vpq,

coincide. In particular, the characteristic polynomial of φx,cris : Dcrispx
˚VpqÑ̃Dcrispx

˚Vpq is in ZprT s and its roots are
v-adic units.

Proof. According to the equivalence (1) of Subsection A.1.2, the equivalence (ii) ô (iii) is a special case of Fact 43
(1). The equality |X|ur

Vp
“ |X|crisVp

follows from the implication (2) in Subsection A.1.2. The last part of the assertion
then follows from Lemma 42. □

Eventually, we record the following consequence of [P23, Thm. 4.1].

Corollary 45. Let X be a smooth, geometrically connected variety over k and let Vp a Qp-local system on X. Assume
Vp is semisimple and |X|uni

Vp
­“ H. Then Vp is Hodge-Tate.

Proof. Let x P |X|uni
Vp

. After possibly replacing X by a connected étale cover, one may assume G
˝

p “ Gp, G˝
p “ Gp and

G˝
p,x “ Gp,x. Since Gp is reductive and Gp,x ãÑ Gp ↠ Gp{Gp is surjective, one has Gp “ Gp. Decompose Vp,Q̄p

as a
direct sum of simple Q̄p-local systems

Vp,Q̄p
“ ‘1ďiďrVp,i.

Fix 1 ď i ď r. The equality Gp “ Gp imposes that Vp,i|Xk̄
is simple hence, from [P23, Thm. 4.1], that Vp,ipχi,vq is

Hodge-Tate for some character χi,v : π1pkvq Ñ Q̄ˆ
p . In particular, x˚

vVp,i is Hodge-Tate and so is any of its quotient.
But as x˚

vVp,i is unipotent, this proves χi,v : π1pkvq Ñ Q̄ˆ
p is Hodge-Tate hence Vp,i is also Hodge-Tate. □

Appendix B. Around Conjecture (T)

In this appendix, we gather observations about Conjecture (T) and its variants - Conjecture (U) and Conjecture (C)
below - which, we feel, are of independent interest.

Notation / conventions for algebraic groups.

For an algebraic group G, let G˝ Ă G denote the neutral component of G and, for a closed subgroup H Ă G, let
ZGpHq Ă NGpHq Ă G denote the centralizer and normalizer of H in G respectively; set ZpGq :“ ZGpGq for the
center of G. For a profinite group Π and a topological field Q, let RepQpΠq denote the category of continuous,
finite-dimensional Q-representations of Π.

B.1. Trivial, unipotent and centralizing loci. Let k be a field and let X be a smooth, geometrically connected
variety over k. Let p be a prime and let Vp be a Qp-local system on X. For every x P X and geometric point x̄ over x,
set Vp :“ Vp,x and let Gp, Gp,x Ă Gp Ă GLVp denote the Zariski closures of the images Πp, Πp,x and Πp of π1pXk̄, q,
π1pxq and π1pXq acting on Vp respectively (so that Πp,η “ Πp, Gp,η “ Gp). Define the degeneracy locus or Tate locus
(restricted to closed points) of Vp as

|X|Vp
:“ tx P |X| | G˝

p,x Ĺ G˝
pu.

Informally, |X|Vp
is the set of all x P |X| where x˚Vp degenerates. When k is a number field, under mild assumptions

on Πp, one expects that Xpkq X |X|Vp is not Zariski-dense in X - see [C23]. Here, we focus on the most degenerate
stratum of |X|Vp , namely the trivial locus

|X|trivVp
:“ tx P |X| | G˝

p,x “ 1u.

The following conjecture predicts that the trivial locus should be empty unless Vp|Xks is finite.

Conjecture (T). Assume k is a number field. For a Qp-local system Vp on X, the following implications hold.

(i)’ G
˝

p “ 1 ð (i) G˝
p “ 1 ô (ii) |X|trivVp

“ |X| ô (iii) |X|trivVp
­“ H.

The implications (i)’ ð (i) ñ (ii) ñ (iii) are tautological. The implication (ii) ñ (i) follows from Hilbert’s irreducibility
theorem.



RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 47

Fact 46. (Hilbert’s irreducibility - [Se89, §9.6, 10.6, Thm.]) Let k be a number field and let X be a smooth, geometrically
connected variety over k. For every Qp-local system Vp on X there exists infinitely many x P |X| such that Πp,x “ Πp
- hence such that Gp,x “ Gp.

To summarize, one has:

(i)’ (i)ks +3 (ii)
!)

ks (iii)

??

ai

Conjecture (T) is motivated by the following reformulations and relations with classical conjectures.

B.1.1. Reformulation of Conjecture (T).

(1) An equivalent formulation of Conjecture (T) in terms of the degeneracy locus |X|Vp
is the following - see Lemma

48. Assume k is a number field and Conjecture (T) holds (for every Qp-local system on X). Then, for every
Qp-local system Vp on X the following holds. For every x P |X|, G˝

ℓ,x normally generates G˝
p. Equivalently,

|X|Vp “ tx P |X| | G˝
ℓ,x Ĺ NorG˝

p
pG˝

ℓ,xqu.

(2) As a compact p-adic Lie group is a closed subgroup of GLmpZpq for some integer m ě 0 [Lu88, Prop. 4], one has
the following diophantine reformulation of Conjecture (T): Assume k is a number field and let

¨ ¨ ¨ Ñ Xn`1 Ñ Xn Ñ ¨ ¨ ¨ Ñ X1 Ñ X0 “ X

be a projective system of finite étale covers with Xn Ñ X Galois of group Πn, n ě 0. Assume Π :“ limΠn is a
p-adic Lie group of dimension ą 0 for some prime ℓ. Then,

limXnpkq “ H.

B.1.2. Relation to classical conjectures.

(1) Assume k “ C and let V be a polarizable Z-variation of pure Hodge structures on the complex-analytification
Xan of X. One can define similarly the degeneracy locus or Hodge locus |X|V , the trivial locus |X|trivV and the
centralizing locus |X|cent

V of V using12 the Mumford-Tate group Gx of x˚V, and the generic Mumford-Tate group
G of V in place of the ℓ-adic algebraic monodromy groups Gℓ,x, Gp. In that setting, the statements corresponding
to Conjecture (T) (and Conjecture (C) that we will state later) easily follows e.g. from the constancy of Hodge
numbers13 and the fact that the neutral component G

˝
of the Zariski-closure G of the image of π1pXanq acting

on Vx is contained in G [An92, Thm. 1]. In particular, for Qp-local systems arising from motives, Conjecture (T)
(and Conjecture (C)) should follow from classical motivic realization conjectures (Hodge [Ho52], Tate [Ta94]; see
also [DiLaLiZh23, Conj. 1.4]).

(2) In whole generality, Conjecture (T) follows from the unramified Fontaine-Mazur conjecture (Conjecture (U F-M))
- see Corollary 8.

The trivial locus |X|trivVp
is closely related to the unipotent locus

|X|uni
Vp

:“ tx P |X| | G˝
p,x is unipotentu,

and centralizing locus
|X|cent

Vp
:“ tx P |X| | G˝

p,x Ă ZGp
pG

˝

pqu.

The following are the variants of Conjecture (T) for the unipotent and centralizing loci respectively.

Conjecture (U). Assume k is a number field. For a Qp-local system Vp on X, the following implications hold.

(i)’ G
˝

p “ 1 ð (i) G˝
p is unipotent ô (ii) |X|uni

Vp
“ |X| ô (iii) |X|uni

Vp
­“ H.

Conjecture (C). Assume k is a number field. For a Qp-local system Vp on X, the following implications hold.

(i)’ G
˝

p “ 1 ô (i) G
˝

p Ă ZpG˝
pq ô (ii) |X|cent

Vp
“ |X| ô (iii) |X|cent

Vp
­“ H.

Before reviewing the various implications involved in Conjectures (U), (C) and the relations between Conjectures (T),
(U), (C), we record some preliminary technical observations.

Convention for number fields: For a number field k and a place v|p of k, let kv denote the completion of k at v and
Okv ↠ κv its ring of integers and residue field respectively; let also Qp Ă kv,0 Ă kv denote the maximal unramified

12Recall that these are connected and reductive.
13If |Xan|trivV ­“ H, the only non-zero Hodge number is h0,0; equivalently, Gx “ 1, x P Xan - hence G “ 1.
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extension of Qp contained in kv, mv :“ rkv,0 : Qps its degree and σ : kv,0Ñ̃kv,0 its Frobenius. If X is a variety over
k and x P |X| a closed point, for a place v|p of k we write xv : specpkpxqvq Ñ specpkpxqq

x
Ñ X for the resulting

kpxqvp“ kpxvqq-point, which we also regard as a closed point xv P |Xkv |.

B.2. Preliminaries.

B.2.1. A consequence of local class field theory and Sen’s theorem.

Proposition 47. Let k be a number field. Let p be a prime and Vp a Qp-local system on x “ X “ specpkq. Assume
x˚
vVp is Hodge-Tate for every place v|p of k. Then pG˝

pqab is reductive.

Proof. Fix a geometric point x̄ over x. Write Vp :“ Vp,x̄ and let ρp : π1pxq “ π1pkq Ñ GppQpq Ă GLpVpq denote
the continuous representation corresponding to Vp. After possibly replacing k by a finite field extension one may
assume Gp “ G˝

p. Fix a Levi subgroup Lp Ă Gp and let Np Ă Gp denote the smallest normal algebraic subgroup of
Gp containing Lp. If Gab

p is not reductive, then Np Ĺ Gp. By Lemma 48 below, there exists a Gp-subrepresentation
Wp Ă T pVpq such that Np “ kerpGp Ñ GLWp

q. By construction, the non-trivial unipotent group Gp{Np acts
faithfully on Wp. Let Wp denote the Qp-local system on x corresponding to Wp viewed as a π1pkq-representation via
π1pkq Ñ GppQpq Ñ pGp{NpqpQpq. Then, as Wp lies in the Tannakian category generated by Vp, x˚

vWp is Hodge-Tate
for every finite place v|ℓ of k. As a result, it is enough to prove that if Gp is unipotent, then it is trivial. If Gp is
unipotent non-trivial then there exists a surjective morphism p : Gp ↠ Ga,Qp

and a factorization

π1pxq “ π1pkq
ρp //

����

GppQpq
p // Ga,Qp

pQpq » Qp

π1pkqab
ρabp

33gggggggggggggggggggggg

such that impρab
p q » Zp. As Zp is torsion-free and as Oˆ

v » Z‘r
ℓ ˆ pOˆ

v qtor for every prime ℓ ­“ p and place v|ℓ of
k, it follows from local class field theory that ρab

p : π1pkqab ↠ Zp factors through π1pOkr 1p sqab ↠ Zp. On the other
hand, for every place v|p of k, x˚

vVp is unipotent, so that it has a single Hodge-Tate weight, which is 0; equivalently
(see equivalence (1) in Paragraph A.1.2), it is potentially unramified. In particular, for every finite place v|p of k,
ρab
p |π1pkvqab : π1pkvqab ↠ Zp is potentially unramified - hence unramified since Zp is torsion-free. This proves that
ρab
p : π1pkqab ↠ Zp actually factors through π1pOkqab ↠ Zp, which contradicts the finiteness of π1pOkqab.

□

Lemma 48. Let Q be a field of characteristic 0, V a finite dimensional Q-vector space and N Ă G Ă GLV algebraic
subgroups with N normal in G. Then there exists a G-subrepresentation

WN Ă T pV q :“ ‘m,nV
bm b V _bn

such that N “ kerpG Ñ GLWN
q.

Proof. By [D82, Prop. 3.1 (a), (b)], there exists a GLV -subrepresentation V1 Ă T pV q such that N is the stabilizer of
a line L1 Ă V1; let L1 Ă V2 Ă V1 denote the smallest G-subrepresentation containing L1 and let N2 Ă G2 Ă GLV2

denote the image of N and G acting on V2 respectively. By construction N2 is contained in a split torus of GLV2
-

hence is reductive. By [D82, Prop. 3.1 (a), (c)], there exists a GLV2
-subrepresentation V3 Ă T pV2qpĂ T pV1q Ă T pV qq

and a finite subset A Ă V3 such that N2 is the algebraic subgroup of GLV2 fixing the elements in A. Let A Ă V4 Ă V3
denote the smallest G2-subrepresentation containing A. By construction, N2 “ kerpG2 Ñ GLV4q hence one can take
WN :“ V4. □

Remark 49. Using Lemma 48, one immediately sees that Conjecture (T) is equivalent to the characterization of the
degeneracy locus of Vp given in Subsection B.1.1 (1).

Corollary 50. Let k be a number field and X a smooth, geometrically connected variety over k. Let Vp be a Qp-local
system on X. Assume for every place v|p of k, Vp|Xkv

is Hodge-Tate (e.g. x˚Vp|Xkv
is Hodge-Tate for some x P |Xkv |).

Then |X|trivVp
“ |X|uni

Vp
. In particular, for every Qp-local system on X, one has

|X|uni
Vp

“ |X|uni
Vss

p
“ |X|trivVss

p
.

Proof. The first part of the assertion follows from Fact 43 (1) and Proposition 47. For the second part of the assertion,
if |X|uni

Vp
“ H, there is nothing to prove. So assume |X|uni

Vp
­“ H. The equality |X|uni

Vp
“ |X|uni

Vss
p

is straightforward. From
the first part of the assertion, it is thus enough to prove that if Vp is semisimple with |X|uni

Vp
­“ H then for every place

v|p of k, Vp|Xkv
is automatically Hodge-Tate. Let x P |X|uni

Vp
. After replacing X by a connected étale cover, one may

assume G
˝

p “ Gp, G˝
p “ Gp and G˝

p,x “ Gp,x. Since Gp is reductive and Gp,x ãÑ Gp ↠ Gp{Gp is surjective, one has



RIGIDITY PROPERTIES OF RAMIFICATION AND APPLICATIONS 49

Gp “ Gp. In particular, for every place v|p of k, Vp|Xkv
remains semisimple hence, from Corollary 45, is automatically

Hodge-Tate. □

B.2.2. A construction of Beilinson-Petrov. Let k be a field and let X be a smooth, geometrically connected variety
over k. The following construction, which is introduced in the proof of [P23, Thm. 8.1], where it is attributed to
Beilinson.

Construction 51. Assume Xpkq ­“ H and fix x P Xpkq, which we regard as a section of the structural morphism
sX : X Ñ specpkq. Let Vp be a Qp-local system on X and let

AxpVpq Ă ExpVpq :“ V_
p b s˚

Xpx˚Vpq

denote the minimal sub-local system Sp Ă ExpVpq such that Sp,x̄ contains IdVp,x̄
; explicitly, it corresponds to the

π1pX, x̄q-subrepresentation
AxpVpqx̄ “ QprΠps Ă ExpVpqx̄ “ EndQp

pVp,x̄q.

Note that, by definition, ExpVpqx̄ is ExpVpqx̄ » EndQppVp,x̄q equipped with the action

π ¨ f “ pxsXqpπq ¨ f ¨ π´1, π P π1pX, x̄q, f P ExpVpqx̄.

In particular, one has

- a canonical quotient morphism AxpVpq b s˚
Xpx˚Vpq_ ↠ V_

p (sending g b ϕ to the linear form a ÞÑ ϕpgpaqq);

- If G
˝

p “ Gp, then x P |X|cent
Vp

if and only if x P |X|trivAxpVpq
.

Fact 52. ([P23, Prop. 8.2]) If k be a p-adic field the Qp-local system AxpVpq is de Rham.

˚ ˚ ˚

In the remaining part of this section, unless otherwise mentioned, k is a number field and X is a smooth, geometrically
connected variety over k.

B.3. Comparing |X|trivVp
, |X|uni

Vp
, |X|cent

Vp
. Let Vp be a Qp-local system on X. Tautologically |X|trivVp

Ă |X|uni
Vp

and if
x˚Vp is semisimple for every x P |X|, then |X|trivVp

“ |X|uni
Vp

. If k is a number field, one has the following less obvious
result.

Proposition 53. Assume k is a number field. Then,

(1) One has |X|trivVp
­“ H ñ |X|trivVp

“ |X|uni
Vp

;

(2) In general, one always has
|X|trivVp

Ă |X|uni
Vp

Ă |X|cent
Vp

.

Proof. Assertion (1) is a special case of Corollary 50 as every x P |X|trivVp
satisfies the assumption of Corollary 50. For

Assertion (2), if |X|uni
Vp

“ H there is nothing to prove. Otherwise, one may replace k by a finite field extension hence
assume |X|uni

Vp
X Xpkq ­“ H and X by a connected étale cover hence assume G

˝

p “ Gp. Let x P |X|uni
Vp

X Xpkq. With
the notation of Construction 51, x P |X|uni

ExpVpq
Ă |X|uni

AxpVpq
. But then, from Fact 52 and Corollary 50,

|X|trivAxpVpq “ |X|uni
AxpVpq,

so that the conclusion follows from the fact that x P |X|cent
Vp

if and only if x P |X|trivAxpVpq
.

B.4. "Easy" implications in Conjectures (U), (C). Again, in Conjecture (U), the implications (i) ñ (ii) ñ (iii),
and, in Conjecture (C), the implications (i) ð (i)’ ñ (ii) ñ (iii) are tautological while, both in Conjecture (U) and
Conjecture (C), the implications (ii) ñ (i) follow from Fact 46. In Conjecture (C), the implication (i) ñ (ii) follows
from the fact G˝

p is generated by G
˝

p, G˝
p,x. Eventually, the implication (i) ñ (i)’ both in Conjecture (U) and Conjec-

ture (C) follows from Lemma 54, which is a consequence of geometric class field theory. More precisely, for Conjecture
(C), this is straightforward as (i) implies G

˝

pÑ̃pG
˝,ab
p qG˝

p{G
˝

p
while, for Conjecture (U), as (i) implies that both G

˝

p

and G˝
p{G

˝

p are unipotent, if G
˝

p ­“ 1 one would have G
˝

p » G‘r
a,Qp

for some integer r ě 1 hence pG
˝,ab
p qG˝

p{G
˝

p
­“ 0,

contradicting Lemma 54.

Lemma 54. One has pG
˝,ab
p qG˝

p{G
˝

p
“ 1.
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Proof. Replacing Vp on X with α˚Vp on X 1 for some connected étale cover X 1 Ñ X, one may assume G˝
p “ Gp,

G
˝

p “ Gp and Xpkq ­“ H. Let x P Xpkq and fix a geometric point x̄ over x, which gives rise to a morphism of split
short exact sequences of profinite groups

1 // π1pXks , x̄q //

����

π1pX, x̄q //

����

π1pkq //

x
vv

����

1

1 // pπ1pXks , x̄qabqπ1pkq
// π1pX, x̄qab // π1pkq //

x

hh
1

From [KL81, Thm. 1], pπ1pXks , x̄qabqπ1pkq is finite. The assertion thus follows from the fact that, by construction /
definition, the image of the canonical map pπ1pXks , x̄qabqπ1pkq Ñ pG

˝,ab
p qG˝

p{G
˝

p
pQpq is Zariski-dense in pG

˝,ab
p qG˝

p{G
˝

p
. □

To summarize, one has:

(iii)

??
!)
(ii) +3

ai
(i)

 (
ks (i)’

pCq

`h

B.5. Relations between Conjectures (T), (U), (C). From Proposition 53 (2), for every Qp-local system on X,
one has

[(iii) ñ (i) in Conjecture (C) for Vp] ùñ [(iii) ñ (i) in Conjecture (U) for Vp]
ùñ [(iii) ñ (i) in Conjecture (T) for Vp].

Construction 51 can also be used to prove the following.

Corollary 55. For every Qp-local system on X, one has

[(iii) ñ (i) in Conjecture (T) for AxpVpq and some x P |X|cent
Vp

] ùñ [(iii) ñ (i) in Conjecture (C) for Vp].

Proof. Let Vp be a Qp-local system on X such that |X|cent
Vp

­“ H. One may replace k by a finite field extension hence
assume |X|cent

Vp
X Xpkq ­“ H and X by a connected étale cover hence assume G

˝

p “ Gp. Let x P |X|cent
Vp

X Xpkq. Then
x P |X|trivAxpVpq

. In particular, |X|trivAxpVpq
­“ H so that by Conjecture (T) (T) for AxpVpq, the étale fundamental group

π1pXq - hence a fortiori π1pXksq, acts on AxpVpqx̄ “ QprΠps through a finite quotient. But this means in particular
that the orbit Πp » Πp ¨ Id is finite. □

B.6. Relaxing the smoothness assumption on X. We formulated Conjecture (T) (resp. (U), (C)) for smooth
geometrically connected varieties over k but, actually, this implies (hence is equivalent) to Conjecture (T) (resp. (U),
(C)) for geometrically irreducible varieties over k which are only assumed to be normal. More precisely, let (P) be a
property of Qp-local systems preserved by base-change along morphisms Y Ñ X of varieties over k.

Proposition 56. Assume Conjecture (T) (resp. (U), (C)) holds for Qp-local systems satisfying (P) on smooth,
geometrically connected curves X over k. Let X be a geometrically irreducible variety over k and let Vp be a Qp-local
system on X. Assume that X is normal and that Vp|Xsm satisfies (P), where Xsm ãÑ X denotes the non-empty
open smooth (viz regular, as k has characteristic 0) locus. Then Conjecture (T) (resp. (U), (C)) for Vp|Xsm implies
Conjecture (T) (resp. (U), (C)) for Vp.

Proof. As X is geometrically irreducible over k and Xsm ãÑ X is an open immersion, Xsm is geometrically irreducible
over k. As X is normal and k is perfect, Xk̄ is again normal and pXsmqk̄ “ Xsm

k̄
. In particular, the canonical morphisms

π1pXsmq ↠ π1pXq and π1pXsm
k̄

q ↠ π1pXk̄q are both surjective. So, in view of statement (i) in Conjecture (T) (resp.
(U), (C)), it is enough to prove that |X|trivVp

­“ H (resp. |X|uni
Vp

­“ H, resp. |X|cent
Vp

­“ H) implies |Xsm|trivVp
­“ H (resp.

|Xsm|uni
Vp

­“ H, resp. |Xsm|cent
Vp

­“ H). We treat the case of Conjecture (T); the cases of Conjectures . (U) and (C)
are exactly similar. Assume |X|trivVp

­“ H and let x0 P |X|trivVp
. Fix any x P Xsm. From e.g. [Mu70, Lem. p.56], there

exists a finite field extension K of k, a smooth, geometrically connected curve C over K and a morphism α : C Ñ X
such that x0, x P αpCq. In particular, |C|trivα˚Vp

Ą α´1px0q ­“ H hence, Conjecture (T) applied to α˚Vp on C implies
|C|trivα˚Vp

“ |C| which, in turn, yields x P |X|trivVp
. □
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