A UNIFORM OPEN IMAGE THEOREM FOR /-ADIC REPRESENTATIONS II.
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ABSTRACT. Let k be a field finitely generated over Q and let X be a curve over k. Fix a prime £. A
representation p : w1 (X) — GLn(Zy) is said to be geometrically Lie perfect if any open subgroup of p(m1(X7))
has finite abelianization. Let G' denote the image of p. Any closed point  on X induces a splitting = : I';;(4) =
m1(Spec(k(z))) — 71 (X () of the restriction epimorphism 71 (X, (5)) — T'x(a) (here, r(x) denotes the residue
field of X at x) so one can define the closed subgroup Gy := p o x(I';(5)) C G. The main result of this paper
is the following uniform open image theorem. Under the above assumptions, for any geometrically Lie perfect
representation p : w1 (X) — GLpn(Z¢) and any integer d > 1, the set X, 4 of all closed points # € X such that
G is not open in G and [k(z) : k] < d is finite and there exists an integer B, g > 1 such that [G : G| < B, 4
for any closed point x € X \ X, 4 with [s(z) : k] < d.

A key ingredient of our proof is that, for any integer v > 1 there exist an integer v = v(v) > 1 such that,
given any projective system --- — Y41 — Y, — -+ — Yp of curves (over an algebraically closed field of
characteristic 0) with the same gonality v and with Y,,41 — Y, a Galois cover of degree > 1, one can construct
a projective system of genus O curves -+ — Bp4+1 — By — .-+ — B, and degree v morphisms f, : Y, = Bn,
n > v such that Yj, 41 is birational to By 1 X B, fn Yn, n > v. This, together with the case for d = 1 (which is
the main result of part I of this paper), gives the proof for general d.

Our method also yields the following unconditional variant of our main result. With the above assumptions
on k and X, for any ¢-adic representation p : w1 (X) — GLn(Z;) and integer d > 1, the set of all closed points
z € X such that G is of codimension at least 3 in G and [k(z) : k] < d is finite.
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1. INTRODUCTION

Let £ be a prime. A compact f-adic Lie group G is said to be Lie perfect if one of the following two
equivalent conditions holds:
(i) Lie(G)® = 0;
(ii) For any open subgroup U C G, U is finite.
Observe that, given an open subgroup U C G, G is Lie perfect if and only if U is Lie perfect.
Let k be a field and let X be a scheme geometrically connected and of finite type over k. Then,
the structure morphism X — Spec(k) induces at the level of etale fundamental groups a short exact
sequence of profinite groups (sometimes referred to as the fundamental short exact sequence for 1 (X)):

1= m(Xg) - m(X) =Ty — 1L

An (-adic representation p : 7 (X) — GLy,(Z/) is said to be Lie perfect (LP for short) if G :=
p(m1(X)) C GL;(Zy) is Lie perfect and geometrically Lie perfect (GLP for short) if G9°° := p(m1(X7)) C
G is Lie perfect.

Any closed point z € X induces a splitting = : I,y — m1(Xy()) of the fundamental short ex-
act sequence for 7m1(X,(y)), identifying T';(,) with a closed subgroup of 71(Xy()) C mi(X). Set
Gy = pox(l'yy)) for the corresponding closed subgroup of G.

We will use the following notation: X for the set of closed points of X and, for any integer d > 1,

Xehsd.— {p e X9 | [k(x) : k] < d}.

Also, when, in addition, X is smooth, separated of dimension 1 over k, we will say that X is a k-curve
and denote by X! the smooth compactification of X (if any); we will then denote the genus of Xgp t
by gx and the gonality of Xgpt by vx.

The main result of this paper is the following one-dimensional uniform open image theorem for

GLP representations.
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Theorem 1.1. Assume that k is a field finitely generated over Q, that X is a k-curve and that
p: m(X) = GLn(Zy) is a GLP representation. Then, for any integer d > 1 the set X, 4 of all
r € X =D guch that G, is not open in G is finite and there exists an integer B,q > 1 such that
(G : Gy] < By for any x € XL X, 4.

As classical examples of GLP representations, let us mention the ones arising from the action of
71(X) on the generic f-adic Tate module Ty(A,) of an abelian scheme A over X or, more generally,
from the action of 71(X) on the f-adic etale cohomology groups H%,(Yy, Q¢), i > 0 of the geometric
generic fiber of a smooth proper scheme Y over X [CT12c, Sect. 4].

Theorem 1.1 is a strong version of [CT12¢, Thm. 1.1], which only deals with the case d = 1. A
crucial step in the proof of [CT12¢c, Thm. 1.1] consists in showing that the genus gx, of a projective
system (X,+1 — Xp)n>0 of certain etale covers of X is becoming larger than 2 for n large enough,
which allows us to resort to Mordell’s conjecture [FW84]. The strategy to obtain bounds depending no
longer on k(z) but only on [k(x) : k] is to prove that the gonality vx, of the covers (Xp+1 — Xy)n>0
goes to infinity with n and to replace Mordell’s conjecture by the following corollary (see [Fr94]) of
Lang’s conjecture [Fa91] (see also [Mc95]):

Theorem 1.2. Let k be a field finitely generated over Q and X a smooth, proper, geometrically

connected curve over k of k-gonality v (> vx). Then, for any integer 1 < d < "’T_l the set X <d

18 finite.

The main technical tool we resort to is that, for any integer v > 1 there exists an integer v = v(v) > 1
such that, given any projective system --- — Y11 — Y, — --- — Yj of curves with the same gonality
~v and with Y, 11 — Y, a Galois cover of degree > 1, one can construct a projective system of genus 0
curves --- — Bpy1 — B, — -+ — B, and degree v morphisms f, : Y, = B,, n > v such that Y,
is birational to B, 11 Xp, f, Yn, n > v. We apply this general construction to the projective system
(Xn+1 — X5n)n>0 in order to show that -y, — +o0.

Modifying slightly the definition of the projective system (X,4+1 — X, )n>0, our method yields the
following unconditional variant of theorem 1.1.

Theorem 1.3. Assume that k is a field finitely generated over Q, that X is a k-curve and that
p : m(X) — GL(Z) is any (-adic representation. Then, for any integer d > 1 the set of all
x € X% =4 such that G, is of codimension >3 in G is finite.

The paper is organized as follows. Section 2 is devoted to the general construction of the B, and
fn Yo = Bn, n > v. In section 3, we carry out the proof of theorem 1.1 following the strategy of
[CT12c] with gonality replacing genus. The group-theoretical construction of [CT12c] is recalled in
subsection 3.1 whereas the main geometrical result (theorem 3.3) is stated and proved in subsection
3.2. Eventually, we conclude the proof of theorem 1.1 in subsection 3.3. In section 4, we give some
applications of theorem 1.1. In subsection 4.1, we prove certain strong uniform boundedness results
(corollary 4.2 (1)(2)) for arbitrary GLP /(-adic representations. In subsection 4.1.2, we state them
more specificaly for GLP f-adic representations arising from the action of 71 (X) on the generic ¢-adic
Tate module Ty(A,) of an abelian scheme A over X; this yields strong uniform boundedness results
for the f-primary torsion of abelian varieties varying in one-dimensional families. In subsection 4.2,
we also show how to recover the Hecke-Deuring-Heilbronn theorem (cf. [Si35]) and the finiteness of
CM elliptic curves defined over a number field of degree < d from our results. Eventually, section 5
is devoted to theorem 1.3, which we prove in subsection 5.1. In subsection 5.2, we exhibit an f-adic
representation p : m(X) — GL,(Z¢) such that the set of all x € X (k) such that G, is of codimension
> 2 in G is infinite.

Acknowledgments: We are grateful to the second referee for suggesting that the cohomology groups
in Lemma 5.5 should be finite (see Remark 5.6 (2)). The first author is partially supported by the
project ANR-10-JCJC 0107 from the Agence Nationale de la Recherche.
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2. GONALITY

Let k£ be an algebraically closed field of characteristic 0. The aim of this section is to prove the
following result about the growth of gonality along projective systems of proper k-curves.

Theorem 2.1. Let:

TTn+1 s Tn—1 2
(1) Y, Y, —

Y1 Yo

be a projective system of proper k-curves. Assume that:

(i) 7 : Yy = Yn_1 is a Galois cover with Galois group Gy, n > 1.
(it) vy, =7, n>1;
(iii) Gy, is cyclic of order > 3 for infinitely many n > 1.

Then there exists N > 0 such that diagram (1) can be completed as follows:

Tn41 Tn Tn—1 TN 41 TN TN-1
(2) . Y, Y, 1 - 5 Yy | — -
fn \L E’fnfl i El E’ fN i
; By ; Bn1 ; ; By,
Tl Ty, Tn—1 TN+1

where 7, : By, — Bp_1 is a Galois cover with Galois group Gy, each square:

Tn
Y, ——=Y, 1.

Bn g anl
7rn

is cartesian (up to mormalization') and G-equivariant and g, = 0, deg(f,) = v or gp, = 1,
deg(fn) = 3, n > N.

Theorem 2.1 is enough to carry out the proof of theorem 1.1. In subsection 2.4, we will give a more
general statement about gonality (corollary 2.8). In subsection 2.1, we collect some elementary facts
about gonality. In subsection 2.2, we perform the construction of theorem 2.1 when the projective
system is finite (and without condition (iii) on the G,,). Eventually, in subsection 2.3, we pass to the
projective limit using a classical finiteness argument; this is where condition (iii) is required.

2.1. One step. Given a diagram of proper k-curves:

(3) v .pB

Y\'L/

where f : Y — B is a non-constant morphism of proper k-curves and 7 : Y — Y’ is a Galois cover
with Galois group G, we will say that (3) is equivariant if for any o € G there exists op € Autg(B)
such that f oo = op o f and that (3) is primitive if for any commutative diagram of morphisms of
proper k-curves:

f
M
(4) vy .p 2B
Trl
Y/
IThat is, Y, is the normalization of the fiber product B, Xt Br1.fno1 Y,._1.
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with f’ of degree > 2 the diagram:

is not equivariant.

We will resort to the following result from [T04, §2].

Lemma 2.2. ([T04, Thm. 2.4]). If (3) is primitive then

gy +1
g +1

deg(f) >

and if, furthermore, gy > 2 then

Gloy-v+2  [IG1+2

deg(f .
g +1 g +1

For any diagram (3), consider a decomposition:

f
T T
(5) Yy ~C—=B
};L/
with
Y —=C
}:L'/

equivariant and Y — C of degree maximal for such a property. Then, by definition, the action of G on
Y induces that on C', hence we obtain a homomorphism G — Auty(C). Set K := Ker(G — Auti(C))
and G := G/K. Then (5) can be decomposed as follows:

f
(6) y m B
\_K./i _ \\7
I
Y’ 7 B :=C/G

with, by construction,

Z —— (C' equivariant and C —— B primitive.

l l

Y’ B’
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We will say that (6) is an equivariant-primitive decomposition (an E-P decomposition for short) of
(3). Note that such a decomposition is not unique. We will use the following notation:

a=|K|;
b:=|G|;
c:=|Gl;

d := deg(f);
d :=deg(f') = deg(Z — C).

Then, one has:

Lemma 2.3. If ¢ > 1 and gp' > 2, then

d> 2<1_ 1 > QB’+1d/Z\/Z Md/
b(gpr—1)+2
gp+1

d:d/ae>d/a b(gB/_l +2 a2b .gB/_l +2a2 gB/+1
- g +1 gpr +1 Vgp+1

Proof. This is a direct computation. From lemma 2.2, ¢ > hence:

But, also:
a?b(gp — 1) +2a*  ac(gp — 1) + 2a? Sclgp —D+2 2Agp —1)+2 _ 5 2 44
gB/+1 - gB/—|—1 - gB/—|—1 - gB/—|—1 N gB/—|—1_3

2.2. Finitely many steps. Let:

(7) Yy — 2y L v, ey,
fN\L
By
be a diagram of proper k-curves, where fy : Yy — By is a non-constant morphism of proper k-curves
and 7 : Y — Yi_1 is a Galois cover with Galois group G, k=1,...,N.
Using successive E-P decompositions, we construct from (7) a huge diagram of proper k-curves:
(8)
In
Yn ZN \CN* By
KN/ \L fy-1 i N
G G
{ A
YN_1 == ZN-1 Cn-1 Bn-1
K e/ j
o GlNl\L //’__’M;Q“\ lGJ>11
Y _o . . By _»
fi
Y1 Zl Cl Bl
K7 5 N\
Gy O Gy
\ /

Yo 2% B,



6 ANNA CADORET AND AKIO TAMAGAWA

where:

Y Zy; Ck By,
K7 AY
\

Y1 —— Br1
fr—1

is an E-P decomposition of fr : Yy — Bg, k=1,..., N. We will use the following notation:

ap = |Kkl;
bk = ‘Gk|,
ck = |Ggl;
€L = deg(Ck — Bk);
dk = deg(fk),
and assume that ¢, > 1 for all k = 1,...,N. Also, set Apn = [[cjeny @s Exn = [loci<n €

k= 1,...,N and AN+1,N = EN+1,N =1.

Lemma 2.4. Assume that vy, =7, k=0,...,N,dy = and gp, = 0. Then there exist two integers
0 < Ny < Ny <N such that:
-9B, =0, ApriNn=FEppin=1 No< k< N;
-9, =1, Aprin =1, Eppinv =2, Ni <k < Ny;
- VB, > 2 (hence, in particular, g, > 3), Eprinv > 2,0 <k < Ny.
Furthermore,
- Yo, = 1, unless Ny = Ny;
_ Nl < log('y\/i)
log(y/3)
- one can complete diagram (8) as follows:

18 bounded only in terms of v;

TN TNo TNg—1 TN7+1
(9) YN . YNO YN071 s e YN1

CNo — Bny-1 77—+ —— Bn,

/

TNg TNp—1 TNy +1
T

By By Byy—1 —= " —= By,

! !
™ TNo+1

where 9B, = 0 for N1 <k < Np.
Proof. We begin with the following elementary lemma.
Lemma 2.5. Let
(10) C——8B
|
Bl

be a diagram of proper k-curves with deg(C — B) = 2 and 7 : C — B’ a Galois cover with Galois
group G.

(1) If gg = 0 and gc > 2 then (10) is equivariant.
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(2) If g5 = 0 and gc = g = 1 then there exists a smooth proper k-curve B" with ggr = 0 and a
cartesian square (up to normalization)

(11) C—B

| oo
B —~B".

Proof. (1) Since gp = 0 and deg(C — B) = 2, C'is hyperelliptic. Let i : C=C denote the hyperelliptic
involution. Then C' — B is just C' — C'/(i). Since gc > 2, i is a unique hyperelliptic involution, hence
lies in the center of Auty(C). In particular, G C Auty(C) normalizes (i), as required.

(2) Since deg(C — B) =2, C' — B is Galois with group say (7). As gg =0 and gc =1, C — B has
exactly four ramified points @1, ...,Q4 € C. Regarding C' as an elliptic curve with origin @; € C, one
may identify ¢ : C=C with the multiplication by —1 automorphism [—1]¢ : C=C'. Let P| denote the
image of 1 in B’ and regard B’ as an elliptic curve with origin P; € B’. Then 7 : C — B’ becomes
an isogeny and, in particular, 7o [-1]¢ = [~1] ' o m. Hence B” := B’/{[—1]p/) works. O

Now, we carry out the proof of lemma 2.4. Set:
No:=min{0 <k <N | By =1}

and
N1 = mm{O S k S N ‘ EkJrLN S 2}
Since Eny1,n = 1, these are well-defined and satisfy 0 < N1 < Ny < N. Since Ej41 n is monotonically
non-increasing in k, one has Ej1 5 =1 (resp. = 2, resp. > 2) for Ng <k < N (resp. N1 < k < Ny,
resp. 0 < k < Ny).
For any 0 < k < N one has:

A1 NEgpi ndey = dy = v = vy, < dipyBy»
hence:
A, NEra,n < 9By,

First, we shall prove that the following (I-i)-(I-iv) are all equivalent: (I-i) No < k < N (ie.,
Ek+1,N = 1); (I—ll) 9B, = 0; (I—lll) VB, = 1; and (I—iV) Ak+1,N = Ek+1,N =1. Indeed, if N() < k S N,
or, equivalently, Ep 1y = 1, then C 5 By for k+1 <1 < N. Thus, By dominates By. Since
gy = 0, one has gp, = 0. Thus, (I-i) = (I-i). It is clear that (I-ii) <= (I-iii). If v, = 1, then
Apt1 NEpy1 v < 1. Thus, (I-iil) = (I-iv). It is clear that (I-iv) = (I-i).

Next, we shall prove that the following (II-i)-(II-iv) are all equivalent: (II-i) Ny < k < Ny (i.e.,
Eppin = 2); (II-i) g, = 1; (IHii) v, = 2; and (II-iv) Appinv = 1, Exypiny = 2. Indeed, if
N1 <k < Ny, one has Ej 1 n = 2 for k <1 < Ny, hence C} = By for k <1< Ny and Cn, — By, is
a double cover. Thus, C, dominates By and Yoy, < 2, since gpy, = 0. Therefore, vp, < 2. Since
VB, > 1 (as k < Np), one has yp, = 2. Moreover, by construction,

Cny — Bn,

|

Bny-1

is not equivariant. So, from lemma 2.5 (1), gcy, = 1, hence gp, < 1. But, since yy, = v, one
necessarily has gp, > 1, hence g, = 1. Thus, (II-i) = (II-ii). If v, = 2, then Apy1 NEpr1n < 2.
However, if Ey4q v = 1, that is, Nog < k < N, then vy, = 1: a contradiction. So, one must have
Apyin =1, By, v = 2. Thus, (II-ii) = (II-v). It is clear that (II-ii) = (II-iii) and (II-iv) = (II-
i).

From these, the following (III-i)-(III-iii) are also all equivalent: (III-i) 0 < k < Ny (i.e., Epyq N > 2);
(II-ii) gp, > 2; and (III-ii) yp, > 3. (In particular, g, > 2 automatically implies gp, > 3.)

The above proof of (II-i) = (Il-ii) already shows that gc = 1if No > Ni. (Take any Ny <k <
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Ny, say, k = Nj.) The bound for Ny follows from the first inequality of lemma 2.3. Indeed, since
9B, > 3, 0 < k < Ny, one has:

3\ 7 1 1 /3\ 7

> ] 9B, + 2
Sdv > (2 R AT
T= Nl_'(2> 9By, +1 0_'V2<2>

Eventually, the last part of lemma 2.4 follows from lemma 2.5 (2). O

2.3. Infinitely many steps. We now carry out the proof of theorem 2.1. Recall that we start with
a projective system of proper k-curves

oY, By, s By

satisfying conditions (i), (ii), (iii) of theorem 2.1. According to condition (ii) and up to renumbering,
one may assume that vy, = for all n > 0 and G, is cyclic of order > 3 for all n > 1. Set:

Ww:lﬁw@

MMQ

For each n > v(7v) define F,, to be the set of all diagrams (modulo isomorphism) of proper k-curves:

Trn—1 TNy TNg—1 TN +1 TN, TNy —1
. Y, YN, — Y, YN, —
ﬂ'Noy No No—1 Ny Ni—1

/ l EfNO—l\L 0 E‘lel

(12) Y, — Y,

fn 0Ofn-1 0 fND fﬁ CNO — BNo—l — e ———> BN1
l TNo TNg—1 TNp+1
Bnﬁ'anlﬁ"'/HBNo
Ty, M1 TNg+1

of the type constructed in subsection 2.2. (Strictly speaking, in the extreme case Ny = Nj (resp.
Ny = n), we do not consider CNO, YN, — CNO, CNO — Bn, (resp. By, fNo : YN, = BN, CNO — BNO)
as part of the data.) More precisely, 0 < Ny < Ny < n; Ny < v(v); g, = 0, deg(fx) = v, for
No <k <n;gp, =1, deg(fi) = 3, for Ny < k < No; 9o, = 1, if N1 < No; the square

Tk
Yy —=Yi1

fkl ﬁfkli

By — By
K
k

is cartesian up to normalization and Gg-equivariant, for N1 < k < n, k # Np; and the square

7TNO
YNO — YNofl

o]

CNO H,' BNo—l
7TNO

is cartesian up to normalization and G n,-equivariant, if No > Nj. Then the maps ¢, : Frni1 — Fp
defined by deleting the last vertical arrow f, endows the F,,, n > v(y) with a canonical structure of

projective system (Fp+1 on Fn)nsv(y)- From lemma 2.4, F, # (), n > v(v). Since a projective system
of non-empty finite sets is non-empty, to obtain the desired result, it would be enough to prove that
Fy, is finite, n > v(7). But this follows from condition (iii) and the two finiteness lemmas below.
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2.3.1. Finiteness lemmas.

Lemma 2.6. (Genus 0 case) Let ¢ be an integer > 3. Given a Galois cover' Y — Z of proper k-curves
with Galois group Z/c and such that vy = vz = v, there are only finitely many isomorphism classes
of equivariant diagrams:

y . pl

/l _ A
Z/\c 0 J/Z/c

72 —>B
with deg(f) = deg(g) = .

Proof. Since IP’}C — ]P’/,lc is Galois with Galois group Z/c, one can assume that it is given by z — z¢ (for
some choice of the coordinate x of Pi) and that the data of a diagram of covers:

is equivalent to the data of field extensions:

1

k(Y)=k(Z)(g) =—k(g

o=

Z/\c 0 Z/c
K(Z) ~——k(g).

From Kummer theory, the cyclic subgroup (g) C k(Z)* /k(Z)*¢ is uniquely determined by the exten-
sion k(Z) — k(Y). So, it is enough to prove that there are only finitely many ¢’ € k(Z)* /k* such
that (i) deg(¢’) = v and (ii) ¢’ = ¢g"h, for some 0 < i < ¢, (i,¢) =1 and h € k(Z)*. So, fix such i,
and, for j = 1, 2, assume that g} = gihg, hj € k(Z)* with deg(g;) = . Then g’lgé_l = (hihyt)e.
Assume that g’lgé_1 ¢ k*, then hihy' ¢ k* and deg(g’lgé_l) = cdeg(h1hy'). But, since hihy' ¢ kX,
deg(h1hy ') > v(= vz), whereas deg(g’lg’g_l) < deg(g}) +deg(gh) = 2. Whence a contradiction, since
¢ > 3 by assumption. As a result, the number of isomorphism classes of diagrams as in lemma 2.6 is
at most p(c) <c—1. 0

Lemma 2.7. (Genus 1 case) Let Y be a proper k-curve and let d be an integer > 1. Denote by Ey 4
the set of all pairs (E, f), where E is an elliptic curve over k and f:Y — E is a finite morphism of
degree d, regarded up to isomorphism of E as k-scheme. Then Ey q is finite.

Proof. Fix P € Y and let £y 4 p be the set of all pairs (E, f), where E is an elliptic curve over k and
f:Y — FE is a finite morphism of degree d, regarded up to isomorphism of E as pointed k-scheme
(or, equivalently, as k-abelian variety), such that f(P) = 0. Then Ey4 is canonically in bijection
with &y p so it is enough to prove that fyq p is finite. Denote by jp : ¥ — Jy|, the canonical
morphism induced by P from Y into its jacobian variety Jy|z. Then, from the albanese property of
jp Y = Jyi, Ey,a,p is canonically in bijection with the set of all pairs (£, ¢), where £ is an elliptic
curve over k and ¢ : Jy|, — E is an epimorphism of abelian varieties, regarded up to isomorphism of
E as k-abelian variety, such that ¢ o jp : Y — E has degree d. (Here, note that y4p # () implies
that gy > 1, hence jp : Y — Jy|;, is a closed immersion.) For any such pair (E,¢), consider the
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factorization:

Y€ oL Jy |k Jy i/ ker(¢)°

e

E =~ Jy/ ker (),

where ker(¢)° denotes the connected component of 0 in ker(¢). Then, since ¢pojp : Y — E has degree
d, ¢ : Jy i/ ker(¢)? — Jy i,/ ker(¢) has degree [ker(¢) : ker(¢)?] < d.

So, let E%dP denote the set of all pairs (E,$) € Eyqp such that ker(¢) = ker(¢)" is connected.
Assume that for any d’|d, 537 o.p 1s finite. Then, for any (E, ¢) € Ey,q,p, there are only finitely many
possibilities for ker(¢)?. But since [ker(¢) : ker(¢)°] < d, for each ker(¢)° there are only finitely many
possibilities for ker(¢). Thus one only has to prove that 5’104 4p 18 finite.

But 5% 4.p isin canonical bijective correspondence with the set of all abelian subvarieties K C Jy

of codimension 1 such that YV 25 Jyie = Jy|k/K has degree d. As deg(Y — Jy/K) = K -Y and,

since Y is numerically equivalent to (9_11)169*1 (Poincaré’s formula, cf. [GH78, Chap. 2, Sect. 7]),

where © stands for the usual theta divisor on Jy i, one has, actually, d = deg(Y — Jy|;,/K) = K-Y =
ﬁK .91 = ﬁdeg@(K). Whence degg(K) = d(g — 1)!. But it is classically known? that,
given an abelian variety, there are only finitely many abelian subvarieties with bounded degree (with
respect to a fixed ample divisor). O

2.3.2. End of the proof. To conclude the proof, observe first that for a fixed arrow Y,, — B, (resp.
Y, — C,) when Ny < n (resp. Ny = n), there are only finitely many diagrams of the type (12) in F,
which contains this arrow. Indeed, this follows from the fact that a diagram

Y —Y

be )

that is cartesian up to normalization is uniquely determined (modulo isomorphism) by:

Y —=Y

|

B/

(birationally, k(B) = k(B')Nk(Y) C k(Y")), and (if Ny < Ny < n) the fact that Yn, = Cn, — B, is
determined up to finite possibilities (modulo isomorphism) by Yy, — B, since the latter is a finite
cover of curves over an algebraically closed field.

So, let n > v(v). Note that n > Ny, since N1 < v(v). If Ny < n, then, from lemma 2.6, there are
only finitely many choices for the arrow f, : Y, — B,. If Ny = n, then from lemma 2.7, there are
only finitely many choices for the arrow Y;, — C),. In any case, from the above considerations, there
are only finitely many such diagram in F,.

2For lack of suitable reference we recall the main argument. Let A be an abelian variety over an algebraically closed
field k£ and © an ample divisor of A (hence, 30 is very ample). Let K be an abelian subvariety of A and set e = dim(K)
and § = degg(K). Then the Hilbert polynomial of K embedded in PV wvia (30)|x is 3°6T° (cf. [CT12b, Lem. 1.4])
and, in particular, depends only on § and e. Classical theory of Hilbert schemes shows that there exists a scheme S5
of finite type over k and an abelian subscheme IC of A xj Ss. over Ss. such that any abelian subvariety K of A whose
embedding in PV wia (30)|x has Hilbert polynomial 3°67° is the pull-back of K — Ss. by a unique morphism fr :
Spec(k) — Ss,.. But then, it follows from [Mi86, Prop. 20.3] (taking care that the statement there requires the base
scheme S to be connected) that for each of the finitely many connected components C of Ss. there exists an abelian
subvariety K¢ < A such that X Ss.e C=Kc xi C.
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2.4. A general statement. It follows from the classification of finite subgroups of PGLy(k) that the
only possible automorphism groups for a Galois cover of a genus 0 curve are the cyclic groups Z/m,
m > 1, the dihedral groups Ds,,, m > 2, the alternating groups A4, A5 and the symmetric group Sy.
Also, since a Galois cover of a genus 1 curve is automatically etale, the only possible automorphism
groups for a Galois cover of a genus 1 curve E are the finite quotients of 71 (E) ~ 72. We will say that
a finite group that appears as the automorphism group of a Galois cover of genus 0 curves or of genus
1 curves is exceptional. Observe that an exceptional finite group G admits a cyclic subgroup of order
> 3, unless G ~ (Z/2)" with r < 2. We will say that a finite group is very exceptional, if G ~ (Z/2)"
with r < 2.

Corollary 2.8. Let --- g2 Yot ™y, ... Yy be a projective system of proper k-curves with
T ¢ Yy — Yoo1 a Galois cover of group Gy, n > 1. Suppose that one does not have 7y, — +00
(n — o0). (Or, equivalently, suppose that ~yy, is constant for n > 0.) Then:

(1) For all but finitely many n > 0, G, is exceptional.
(2) l(iin]:n # 0, where F, (n>>0) is as in subsection 2.3.

Proof. Assertion (1) follows from the definition of exceptional finite groups, lemma 2.4 and the fact
that N7 < v(v) is bounded only in terms of v in lemma 2.4.

As for assertion (2), one may assume, up to renumbering, that, for all n > 0, |G,| > 1, G,, is
exceptional, and 7, = v (constant). Then, from lemma 2.4, one always has F,, # (), n > v(). Define
F), to be the image of F, o in F,, which is also nonempty. Then F], n > v(v) form a projective
subsystem of (Fny1 — Fn)psu(y), and l(igl]:n = I(Elfé Thus, it suffices to prove that F), is finite for

n > v(y).

First, if Gy, is (exceptional but) not very exceptional, G,, admits a cyclic subgroup of order > 3. So,
in this case, F,, is finite by lemmas 2.6 and 2.7, hence F,, is finite, a fortiori. Similarly, if G, (resp.
Gr42) 1s not very exceptional, then F, 1 (resp. Fp+2) is finite, hence F,, is finite, a fortiori. Next,
define 4= to be the subset of elements (12) of F, with Ny = n. Then F~" is finite by lemma 2.7.

So, it suffices to prove the finiteness of F,, F2=! under the extra assumption that G, G,11 and
G2 are all (non-trivial and) very exceptional. This follows from (2) of the following finiteness lemma.
L 0w @2 S, @2 : :

emma 2.9. (1) LetY"” "= Y' "= Y be a sequence of Galois covers of proper k-curves with
r'or" e {1,2} , vy» = vy =y = . Then either there are only finitely many isomorphism
classes of equivariant diagrams:

yr @ @,

A or o |

Pl .pl__.pl
Fapy @y "

or Y" — Y is Galois with Galois group (Z/2)? (hence, in particular, ' = r" =1 in the latter
case).

z/2)" z/2)™" z/2)"
(2) Let Y e A A U T P sequence of Galois covers of proper k-curves
with ' " " e {1,2} |, yym = yyn = yyr = vy = . Then there are only finitely many
isomorphism classes of equivariant diagrams:

Wﬂm”w@m”wmm”y
f”l & fw & fl & lf
Pi P; P; - P;.

D
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Proof. (1) First, consider the case where Y — Y is Galois with Galois group G. Then it follows again
from the classification of finite subgroups of PGLa(k) that, necessarily, only one of the three following
cases can OCcur:
-r'=7r"=1and G ~7Z/4;
- (r';r")y=(1,2) or (2,1) and G ~ Dsg;
-7’ =7"=1and G ~ (Z/2)%.
In the first two cases, G admits a cyclic subgroup of order 4. Thus, the finiteness follows again from
lemma 2.6.

Next, consider the case where Y’ — Y is not Galois. Assume first that v/ = 7/ = 1 and fix a
diagram

v /2" v /2" v

4o

B'=P.——> B =P, —> B =P
(/2" (/2"

Let Y — Y denote the Galois closure of Y — Y and B — B the Galois closure of B” — B. Note

that Y — Y depends only on the data Y (Z/—QQT Y’ (Z/Q)T Y.

Then Y” has at most one distinct conjugate - say Y{" under the automorphism group of Y Y.
Similarly, B” has at most one distinct conjugate - say B! under the automorphism group of B — B.
As, by assumption, Y # Y, this implies that Y — Y” has degree 2 and, as the natural restriction
morphism Aut(Y/Y”) < Aut(B/B") is a monomorphism, one obtains that B — B’ has degree 2 as
well and that the square:

Y4>Y//

B - Bl/
is cartesian up to normalization. Now, consider the commutative square:

z/ \12
B//
fk Az
B/

Since g5 = gpr = gpy = 0, each cover B” — B’ and By — B’ is ramified at exactly two points. Let
R and R; denote the branch locus of B” — B’ and By — B’ respectively. There are three possible
cases:

- |[RN Ry| = 2. Then B” = B! hence B = B”: a contradiction;

- IRN R1] = 0. Then g5 = 1 so, from lemma 2.7, there are only finitely many possibilities for the

arrow Y — B hence for the arrow Y — B

- |[RN Ry| = 1. Let P’ denote the common branch point in RN Ry and P/ its lifting to B. From
Abhyankar’s lemma, B — B! is unramified at P/ so it is ramified at exactly two points. Hence
gp = 0. but, then B> Bisa degree 8 Galois cover of genus 0 curves. So, it follows once again from
the classification of finite subgroups of PGLa (k) that the only possibilities for its automorphism group
are Z/8 or Dg, which both contain a cyclic subgroup of order > 3. So, from lemma 2.6, there are only
finitely many possibilities for the arrow Y — B. (In fact, the abelian group Z/8 does not occur, since
B" — B is non-Galois.)

The three other cases reduce to the case r” = ' = 1. Indeed,
-If " =2, 7" = 1. Since Y’ — Y is not Galois, there exists an automorphism ¢’ of Y/ — Y such
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that ©'Y” # Y" hence Y” — Y’ — Y'/{0') satisfies the hypotheses of the 7 =/ = 1 case. So, if o5
denotes the automorphism of B’ — B corresponding to o, there are only finitely many possibilities
for the diagram:

Y// Z/2 Y/ Z/2 Y//<O./>

A or 5 s

" !/ !/ /
BY — = B —= B'/(0k),

hence, in particular, for the arrow Y — B”.
-If " =1or 2, v =2 Ifr =2, by the same argument as in the case ' = 2, 7/ = 1, one may
reduce to the case v/ = 1. If 7/ = 1, since Y” — Y is not Galois, 'Y” # Y”, where o/ denotes the
non-trivial automorphism of Y/ — Y. So, if Z;, Z3, Z3 denote the three non-trivial intermediate
covers of Y” — Y, there exists 1 < i < 3 such that 7 Z; # Z; hence Z; — Y’ — Y satisfies the
hypotheses of the 7/ = r’ = 1 case and one can conclude as in the ' = 2, " =1 case.

(2) Apply (1) to Y — Y” — Y’, then the only remaining case is that Y — Y’ is Galois with
Galois group (Z/2)?. In this case, however, the proof is completed by applying (1) to Y — Y’ — Y. O

3. PROOF OF THEOREM 1.1

3.1. Preliminaries. In this subsection, we recall some of the basic notation and results introduced
in [CT12c| and that we will re-use in the proof of theorem 1.1. We refer to [CT12¢c, Sect. 3.1 and
Sect. 3.2] for more details.

3.1.1. Group-theoretical preliminaries. Let G C GL,,(Z¢) be a closed subgroup. For any n > 0,
let ( )n @ GLn(Zy) — GLp(Z/€") denote the reduction modulo ¢” morphism and write G(n) :=
G N (Id+ "M, (Zy)) for the kernel of G — G,,. Recall that the G(n), n > 0 form a fundamental
system of open neighborhoods of 1 in G. Also, write ®(G) for its Frattini subgroup (that is the
intersection of all maximal open subgroups of G) and d¢ for its dimension as (-adic analytic space.

Lemma 3.1. (1) [G(n): G(n+1)] =%, n > 0;
(2) If r(G(n)) denotes the minimal number of topological generators of G(n) then r(G(n)) = dg,
n > 0;
(3) G(n+1) is the Frattini subgroup ®(G(n)) of G(n), n>> 0.

We are going to associate with G' a projective system (H,+1(G) = Hn(G))n>0 of finite sets of open
subgroups of G. For each n > 1, let H,(G) denotes the set of all open subgroups U C G such that
®(G(n—1)) C U but G(n — 1) ¢ U and set Ho(G) := {G}. Then the H,(G), n > 0 satisfy the
following elementary properties:

Lemma 3.2. (1) Hn(G) is finite, n > 0.
(2) The maps ¢p, : Hpnt1(G) = Hn(G), U — UP(G(n—1)) (with the convention that ®(G(—1)) =

G) endow the H,(G), n > 0 with a canonical structure of projective system (Hp+1(G) it

Hn(G))nzo0-
(3) For any H := (H[n])n>0 € lim 4,(G),

Hioo] = lim H[n] = () Hnl CG
n>0

is a closed but not open subgroup of G.

(4) For any closed subgroup H C G such that G(n — 1) ¢ H there exists U € H,(G) such that
HcU.

(5) Forn >0, H,(G) is the set of all open subgroups U C G such that G(n) C U but G(n—1) ¢ U.
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3.1.2. General remarks. From now on and till the end of section 3, we let k be a field of characteristic
0, X a smooth, separated, geometrically connected curve over k, and p : m(X) — GL,,,(Z;) a GLP
representation. We retain the notation of the introduction. In particular, we set G = p(m (X)),
G9° := p(m1(X3)), and Gy = po x(Ty(y)), € X

(1) For any open subgroup U C G such that G(n) C U one has [G : U] < [G : G(n)] =: By.
Conversely, since G is a finitely generated profinite group, for any integer B > 1 the set
S(G, B) of all open subgroups U C G with [G : U] < B is finite. So:

ﬂ UcG
UeS(G,B)

is again an open subgroup of GG, hence contains G(npg) for some integer np > 0. As a result,
the second assertion of theorem 1.1 is also equivalent to the following: There exists an integer
npd > 0 such that G(n,q) C Gy, © € Xxeh =d Xy

(2) For any open subgroup U C G let Xy — X denote the corresponding etale cover; it is defined
over a finite extension ki of k£ and it satisfies the following two properties:
(a) Xy Xp, k — X7 is the etale cover corresponding to the inclusion of open subgroups
GI°NU C G9°.
(b) For any closed point x € X, G, C U (up to conjugacy) if and only if x : Spec(k(z)) = X
lifts to a k(z)-rational point:

Xu

X

X~ Sprec(n(ac))

Write gy for the genus of (the smooth compactification of) U and ~y for its (k-)gonality. It
follows from (a) that gy = ggeeony and that vy = ygeeony .

3.2. A key geometrical result and its corollaries. One of the main results of [CT12¢| (theorem
3.4) is that, for any closed but not open subgroup H C G9°,

lim gprgoco(n) = +00.

Our aim here is to improve this statement, as follows.
Theorem 3.3. For any closed but not open subgroup H C G9°° one has

lim ygggeo(n) = +00.

Remark 3.4. Given a cover of proper k-curves f : Y — Z one always has vz < vy < deg(f)yz. So,
given a sequence of cartesian squares of covers of proper k-curves

Yy Y — Y]
AL
e Y Yy X,

one has vy, — oo if and only if vy; — oco. This will allow us to perform finitely many arbitrary base
changes in our argument below.

To prove theorem 3.3, we make a few reductions. First, up to replacing k by k, we shall assume,
without loss of generality, that k is algebraically closed, till the end of subsection 3.2.2. Thus, in
particular, G = G9¢°.
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For technical reasons (see Lemma 3.6), we also need to ensure that the (solvable) radical of Lie(G)
is abelian (in the following, we will simply say that an ¢-adic representation with this property has
abelian radical). So, set g := Lie(G) and write r(g) for the radical of g. One can find® a (non-unique)
sequence of closed normal subgroups of G

DCRCG@G

corresponding under the Lie algebra functor to the inclusion of ideals of g

[r(g),r(g)l Cr(g) C g
Then, by construction, the £-adic representation
p:m(X) = G — G/D (— GLw(Z,) for some m)

has abelian radical and is still (G)LP. We claim that it is enough to prove Theorem 3.3 for p. This
is a consequence of the following three elementary observations. Given a subgroup U C G, write
U:=UD/D c G/D.

(1) As HG(n) C HDG(n) and p~*(HDG(n)) = p~'(HG(n)) one has

YHG(n) = YHDG(n) = YEG()"

Thus, it is enough to prove that lim YHGm) = O° Note that G(n), n > 0 is a fundamental
n—oo

system of open normal neighborhoods of 1 in G.

(2) In Theorem 3.3, the property lim vygg(,) = +00 is equivalent to lim ygy, = +oo for any
n—oo n—oo

fundamental system {U, },>0 of open normal neighborhoods of 1 in G. In terms of Lie age-

bras, this is equivalent to saying that In particular, to prove that lim v—=— = oo it is
noo HG(n)

enough to prove that lim VHG(n) = O© where {G(n)},>0 is the fundamental system of open
N 00 -

normal neighborhoods of 1 in G defined by any choice of an embedding of f-adic Lie groups
G C GLW(ZK).

(3) If H C G is closed but not open in G then H C G is not open in G as well. In terms of Lie al-
gebras, this is equivalent to saying that for a Lie subalgebra b C g, one has h+ [r(g),7(g9)] < g.
But, as g*® = 0 (i.e., g = [g,9]), 7(g) = r(g) N [g, g] is nilpotent [B72a, §5.3, Theorem 1 and
Remark 2 to Definition 3], hence its Frattini subalgebra is [r(g),r(g)] [M67, §2, Corollary 2].
Now, suppose b + [r(g),7(g)] = g. Then one has (h Nr(g)) + [7(g),7(g)] = r(g), which in turn
implies 7(g) = h Nr(g) C h, hence g = h. This contradicts the assumption h C g.

So, from now on, we also assume that g has abelian radical.’

Next, from remark 3.4, one can replace X by Xg(,) for any n > 0. In particular, we shall assume
that G = G(ng) with ng > 1 (resp. ng > 2) for £ # 2 (resp. ¢ = 2). Thus, in particular, G is a pro-¢
group.

3More precisely, the following always holds. Let G be a compact ¢-adic Lie group with Lie algebra g and let g D h1 D
-+ D bp be a finite decreasing sequence of ideals which are stable under every Lie algebra automorphism of g. Then
there exists a decreasing sequence G D Hy1 D --- D H,, of normal closed subgroups of G such that b; is the Lie algebra
of H; for i = 1,...,n. Indeed, since the Lie algebra functor commutes with finite intersections, it is enough to prove
the statement for n = 1. So let h C g be an ideal which is stable under every Lie algebra automorphism of g. From [?,
Chapter 3, §7, Proposition 2], there exists an open subgroup G’ C G and a normal closed subgroup H' C G’ such that b
is the Lie algebra of H'. Set H := ﬂgeg/c/gH'gfl. This is a closed normal subgroup of G contained in H' so it is enough
to show that H is open in H'. But for every g € G one has Lie(gH'g™") = Ad(g)(Lie(H")) = Ad(g)(h) = b = Lie(H").
So the conclusion follows from [?, Chapter 3, §7, Theorem 2].



16 ANNA CADORET AND AKIO TAMAGAWA

3.2.1. A group-theoretical lemma. We begin with a group-theoretical lemma.
Lemma 3.5. Consider the sequence of open subgroups

(13) -+ CHGGH+1) Cc HG(i)Cc---C HG(1) C G
Then,

(1) HG(n + ng) is normal in HG(n), n > 0;
(2) HG(n)/HG(n + ng) =~ (Z/")2, n> 0 where A = dim(G) — dim(H) > 0.

)
GL(n + n'), n,n’ > 0. Since G is a closed subgroup of GL one also has [G(n),G(n’)
n'), n,n’ > 0. For any h,h' € H, g, € G(n), gnin, € G(n + no), (M gn)(hgnine)
W (gnhgy ) (gngnanggn DR~ € HG(n + ng) if and only if g,hg;' € HG(n + ng). Bu
h[h~Y, gn] € H[G(no),G(n)] € HG(n + ng) (recall that G = G(ng) by assumption).

(2) Since G(n + ng) C G(n), one has (HG(n + np)) N G(n) = H(n)G(n + ng), n > 0. Set:

Qu 1= HG(n)/HG(n + no) = G(n)/(HG(n + no) N G(n)) = G(n)/(H(m)G(n + no)), n > 0.

-+
)
3

>
<
S

A
Il

One has canonical isomorphisms:
(G(n)/G(n+no))/(H(n)/H(n+no)) ~ G(n)/(H(n)G(n+no)) = @n, n = 0.

Let dg and dp denote the dimensions of G and H as f-adic analytic spaces.

Assume now that n is large enough so that conditions (1), (2), (3) of lemma 3.1 are fulfilled for both
G and H. Since [G(n),G(n)] C [G(n),G(ng)] C G(n + ng) (use, again, that G = G(ng)), the group
G(n)/G(n+ngp) is abelian. Also, from (3) of lemma 3.1, G(n+ng) = ®"(G(n)). But G = G(nyp) is a
pro-£ group and the Frattini subgroup of a pro-¢ group L being generated by L‘[L, L], G(n)/G(n+ng)
has exponent < ™. So, from (2) of lemma 3.1, one gets an epimorphism (Z/£™)% — G(n)/G(n+no)
which, from (1) of lemma 3.1, is actually an isomorphism (Z/¢™)4 =G (n)/G(n + ng). Similarly,
(Z./0m0)% = H(n)/H(n + ng). These imply that Q,, ~ (Z/£™)*, as desired, since the exact sequence

0— H(n)/H(n+ng) — G(n)/G(n+mno) = Qn — 0

splits (as H(n)/H(n + ng) ~ (Z/¢™)% is an injective Z/¢™-module). O

So, after replacing X by X, for some n > 0, one may assume that HG(n + ng) is normal in
HG(n) and that HG(n)/HG(n + ng) ~ (Z/™)?, n > 0. Extract from (13) the sequence:
(14) HcC---HG((i+ 1)ng) C HG(ing) C --- C HG(ng) C G.
It is enough to prove that

Zliglo YHG (ing)) = T00

For each i > 0 decompose HG((i + 1)ng) C HG(ing) into a subsequence
(15) HG((Z + 1)n0) =UanCUnp1C---CUj;1CU;; C--- C HG(ino) =Uyp

such that U; j11 is normal in U; j and U; ;/U; j41 ~ Z/0™, j =0,--- A — 1. Then (15) gives rise to a
sequence of connected etale covers

(16) "’_>XU1-,A:XU

1,0 7 XUi,A—l — XUi,l — XUi,O = XUFLA =2 X

which, for simplicity, we rewrite as:
(17) = X=X = = X == Xo =X,
with X; — X;_; a Galois cover with Galois group G; = Z/¢", i > 1. It is enough to prove that

lim vy, = +o0
=00

For this, we are going to apply the techniques of section 2 to (17).
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3.2.2. End of the proof of theorem 3.3. Assume that the gonalities vx,, ¢ > 0 are bounded. Then, up
to replacing X by X; and G by G(i) for some i large enough, one may assume that vx, = 7x = 7,
i > 0. So, according to theorem 2.1, one may assume (again up to replacing X by X; and G by G(i)
for some 7 large enough) that (17) can be completed as follows:

Gi G; G G
(18) ---HXfftl —“>Xfpt e T Xt et = et
fi+1l O fii 0 0 fll 0 i
e — Bi+1 Girt BZ G e Ga Bl el BO =B

where B;11 — B; is a Galois cover of proper k-curves with Galois group G;1, each square:

G
cpt i+1 cpt
Xi+1 X’L

fi+1i 0 fil

Bit1 — B;
i1
is cartesian up to normalization and equivariant, deg(f;) = + (constant), i > 0, and either ' = ~,
g, =0,i>0o0r+y =3, g5, =1,1>0.

Let S C B denote the ramification locus of f := fo : X?* — B, and set C := B~ (SU f(X?!'\ X)).
Then, up to replacing X by f~1(C) C X! one may assume that X — C is finite etale, hence that
7m1(X) — 71 (C) is injective. Define C; to be the inverse image of C' in B;. Then it is easy to see that
Cit1 — C; and f; : X; — C; are finite etale, ¢ > 0.

Let X; — C; denote the Galois closure of X; — C;. Then k:(f(z) = k(XO) - k(C;) and, in particular,
[k(Xig1) : k(Ciz1)] < [k(X;) : k(Cy)]. So, up to replacing X by X; for i >> 0, one may assume that
[k(Xig1) : k(Cit1)] = [k(X;) : k(Cy)] or, equivalently, that X; is the normalization of the fiber product
X X ¢y Ci, © > 0. Then, up to replacing Xg by X, and 7' by some integer 79 < (7)!, one may assume
that f; : X; — C; is Galois, i > 0.

Write M := Z}* for the m;(X)-module associated with our (G)LP representation p : m(X) —

GL,,(Zy), N := Indzgg)) (M) for the m;(C)-module induced from M and pg : 71(C) = GLyyy, (Zg) for

the corresponding representation.
Lemma 3.6. pg : 71(C) = GLny, (Zy) is, again, a (G)LP representation.

Proof. Let A : m(X) < m1(X)" denote the diagonal embedding and fix a system 7' C m1(C) of
representatives of 71 (C')/m(X). Then (*) polr,(x) = [Tier Plmx)(t t71) o AL As a result, to prove
Lemma 3.6, it is enough to prove that, given two ¢-adic (G)LP representations p; : m1(X) — GLy, (Zy)
with abelian radical, ¢ = 1,2, the direct sum representation p := p; @ pa : T1(X) = GLn,4ms(Zy) is
again (G)LP with abelian radical.

So, let g1, g2 and g denote the Lie algebras of the images of p1, p2 and p respectively. By definition
g C g1 ge Fori =12 write p; : g C g1 © g2 — g; for the composite of this inclusion with the
1th projection. Then g surjects onto g; via p;, which yields the following commutative diagram of Lie
algebras with split short exact rows

0 r(g) IL s(g) 0
0 ——r(gi) g — s(g:) 0,

in which s(g) := g/r(g) and s(g;) := g;/r(g;) are semisimple. In particular, r(g) C r(g1) & r(g2)
(which already shows that p has abelian radical); g2> = 7(8)s(g)» g = 7(8i)s(g) (here (=) g(g)> (—)s(gy)
stand for the coinvariant functors); and r(g1), 7(g2) are equipped with a structure of s(g)-modules
via p; : s(g) — s(g;). With this structure, the embedding r(g) C 7(g1) @ r(g2) is an embedding
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of s(g)-modules. As s(g) is semisimple, the coinvariant functor is left exact hence one obtains an
embedding

7(8)s(g) C 7(91)s(9) © 7(82) () = 7(81)s(g1) D 7(82)5(g2)>
where the last equality comes from the surjectivity of s(g) — s(g;). Now, one gets

0" = 7(8)s(g) C T(91)s(g1) D 7(92)s(g) = 91" D 03" =0,

as desired. O

Now, set U; := po(m1(C;)) and let Cy, — C' be, as usual, the etale connected cover corresponding
to the inclusion of open subgroups U; C Uy, ¢ > 0. From the inclusions

7T1(CZ') C 7T1(CU1.) C 7T1(C),
one actually has a sequence of etale covers C; — Cy, — C. In particular, 9oy, < 9o < 1,7 > 0.

Assume for a while that Uy, := ﬂUi C Uy is (closed but) not open in Uy. Then, it follows from
i>0
[CT12¢c, Thm. 3.4] that lim g¢, = +o0: a contradiction.
100 v

So, it only remains to prove that Uy = ﬂUi C Up is (closed but) not open in Uy. This will follow
i>0
from:

Lemma 3.7. [Ul : U¢+1] >/L,1>0.

Proof. Set V; := po(m1(X;)) C U;. From (*), one has p(m1(X;)) =~ V; hence V;/Vij11 ~ G; = Z/™. Let
J denote the set of all j > 0 such that Uj;; = U; and set J; := JN{0,--- ,i}, i > 0. Then, on the
one hand:

U : Vi] = [Uo : Ui][Ui : Vi) < [Ug : Uiy < €700 il
And, on the other hand:

Uo: Vil =[Uo: Vol [ [Vj:Viw] = €.
0<j<i—1

Hence [J;| < ;giﬁg%, i >0 so, as well, |J| < %. O

Remark 3.8. For simplicity, we have given a uniform proof using theorem 2.1. (Or, alternatively, one
can apply directly corollary 2.8.) However, it is worth noticing that this is only necessary if A = 1.
Else, the result of subsection 2.2 is enough to conclude. Indeed, if A = 2 then, from the classification
of finite subgroups of PGLa(k), (Z/£™)? cannot appear as the Galois group of a Galois cover of genus
0 curves. But the result of subsection 2.2 then implies that gx, = 1, ¢ > 0, which is ruled out by the
GLP assumption. If A > 3 then one can conclude directly from the result of subsection 2.2 since then
(Z/0™0)2 cannot appear as the Galois group of a Galois cover of genus 0 curves or of a Galois cover
of genus 1 curves.

3.2.3. Corollaries to theorem 3.3.

Corollary 3.9. For any H = (H[n|)n>0 € h;n Hn(GT°), YH[n) — +00.

Proof. (cf. [CT12c, Cor. 3.6].) Set
H@hﬁ@ﬂﬂ:ﬂHMCm@
n>0

which is a closed but not open subgroup of G’ by lemma 3.2. By theorem 3.3, one has vg[ocjgoeo(n) —
00 (n — 00). Thus, it suffices to prove that H[n] = H[oo]G9¢°(n) for n > 0. However, this is already
proved in the proof of [CT12c, Cor. 3.6]. O
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Corollary 3.10. For any integer ¢ > 1, there exists an integer N,(c) > 0 such that for any n > N,(c)
and any U € H,,(G9°), one has vy > c.

Proof. (cf. [CT12c, Cor. 3.7].) Else, the subset Hy <.(G9°°) C Hp(G9°) of all U € H,(GI)
such that 7y < ¢ is non-empty, n > 0 hence h;n Hn,<c(G7°°) is non-empty as well. But for any

H = (H[n])n>o0 € hén Hn,<c(G9°), Vi) — +oo by corollary 3.9: a contradiction. [J

Corollary 3.11. For any integers c; > 1, ca > 1, there exists an integer Np(Cl,CQ) > 0, such that,
for any n > Ny(c1,c2) and any U € Hyp(G), either vy > ¢ or [ky : k] > ca.

Proof. (cf. [CT12¢, Cor. 3.8].) First, by lemma 3.2(5) for G and G9°°, there exists an integer N, > 0
such that for any n > N,:
Ho(G)={UCG|G(n)CU Gn—1) ¢ U},
Hn(G9°) ={U C GY° | G9°(n) C U, G¥°(n—1) ¢ U}.

Second, by theorem 3.3, there exists an integer N,(c1) > N, such that for any n > N,(c;) and any
U € H,(G9°), one has 7y > ¢1. Third, as noticed in remark (1) of subsection 3.1.2, there exists
an integer N,(c1,c2) > Nj(c1) such that for any open subgroup U C G with [G : U] < c2[G9 :
G9°°(N,(c1) — 1)], one has G(Ny(c1,c2) — 1) C U.

Now, for any n > N,(c1,¢2) and any U € H,(G), set U9 = U N G9°°. Recall that U € H,,(G) is
equivalent to saying that G(n) C U and G(n — 1) ¢ U. Since G(n) C U, one has G9°°(n) C U9.
Let ng be the minimal integer > N,(c1) — 1 such that G9°(ng) C U9°. If ng > Ny(c1), then one
has G9%°(ng — 1) ¢ U9°°, hence U9%° € H,,,(G9°°). Then one has vy = yyseo > ¢1 by the definition
of N,(c1). Else, ng = Nj,(c1) — 1, that is, G9°°(N,(c1) — 1) C U9°. Since G(n — 1) ¢ U, one has
G(Ny(c1,¢2) — 1) ¢ U, a fortiori. Thus, by the definition of N,(c1,¢2), one has [G : U] > cp[G9° :
G9°°(N,(c1) — 1)], hence

G U] > co (G Ggeo(Np(Cl) —1)]
[Ggeo : Ugeo] - [Ggeo . Ugeo]

[k : k] = > co,

as desired. O

Corollary 3.12. Let k be an algebraically closed field of characteristic 0 and let K/k be a function
field of transcendence degree 1. Let L/K be a Galois extension with Galois group G such that:

(i) G is an (-adic Lie group and Lie(G)™ = 0;

(i) L/ K is ramified only over a finite number of places of K.

Then, for any v > 1, there are only finitely many finite subextensions K'/K of L/K with gonality
<7.

Proof. See [CT12¢c, Cor. 3.9]. O

3.3. End of the proof of theorem 1.1. Now, assume that k is finitely generated over Q. Set:

Xn = H XU-

UeHn(G)

Then (X,+1 — Ay)n>0 is a projective system of (possibly disconnected) etale covers with transition
morphisms induced by the maps ¢, : Hp+1(G) — Hy(G), n > 0. But, from corollary 3.11, for any
integer d > 1, there exists an integer N > 0 such that for any U € H,,(G) either vy > 2d + 1 or

ky k]l >d+1,n>N. If [ky : k| > d+ 1 then, clearly, X =% = () and, if 7y > 2d + 1 then, from
U

theorem 1.2, X [c]l =4 i finite. As a result, Xﬁl’ =4 i5 finite for all n > N. Let X, 4 n denote the image

of Xﬁ’ <4 in xeb <d then:

- X, 4N Is finite since Xy = is;

-No z € X =d X, a,n lifts to a k(x)-rational point on X. So, by the definition of N, G, ¢ U, for
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any U € Hy(G). But then, by lemma 3.2 (4), G(N — 1) C G.

So, X,4 C X,q4n and, in particular, X,y is finite. Finally, by the definition of X, 4, for each
z e Xch=d N X, 4, G, is open in G, or, equivalently, there exists an integer N, such that G(N;) C G,.
Set n, := max{N, N, (z € X, na~ X,q4)}- Then, for each z € X =4 X, 4, one has G(n,) C Gq,
as desired. [J

Actually, by lemma 3.2 (4), X, 4 coincides with the image of limx < <4 in xcb <d,
H

4. APPLICATIONS
4.1. Strong uniform boundedness of /-primary torsion.

4.1.1. General formulation. As in the case of [CT12c|, theorem 1.1 yields a certain uniform bound-
edness of (-primary x-torsion for arbitrary GLP /¢-adic representations (defined over fields finitely
generated over Q). So, let k& be a field finitely generated over Q and X a smooth, separated, geo-
metrically connected curve over k. Let M be a finitely generated free Zy-module of rank m < oo
(i.e., M ~ 7Z}"), and p : m(X) — GL(M) a GLP representation. Set V := M ®z, Q¢ (~ Q}*) and
D :=V/M =M ®gz, (Qu/Zy¢) (~ (Q¢/Z¢)™ ). Thus, we have a natural identification M/¢" = D[("]
for each n > 0.

Then p induces 71 (X)-actions on V' and D naturally.

Denote by M) the maximal isotrivial submodule of M, or, more precisely, M) is the maximal
submodule of M on which the geometric part 1 (Xz) of 71(X) acts via a finite quotient.

Recall that each morphism £ : Spec(L) — X (where L is any field) induces a homomorphism
¢ :T'p — mi(X), hence a representation pg := p o ¢ and, for each f-adic character x : 71 (X) — Z,, an
(-adic character x¢ := x o §. Set

D¢ :={veD|peo)v e (v) for any o € '},
M¢ :={ve M| peo)v e (v) for any o € '},
which are I'-sets, and, for each f-adic character x : 71 (X) — Z;, set
D¢(x) :={v e D | pe(o)v = xe(o)v for any o € I'r},

Me(x) :={v e M| pe(o)v = xe(o)v for any o € I'},
which are I'z-modules. Next, for each subset E C D and n > 0, set E[¢"] := E N D[{"] and
E[("]* := EN (D[]~ D[{"Y]), where D[¢~!] := (). For each subset E of M, set E* := EN (M ~{M).
Then one has
lim De[6") = Mg, lim De[¢"]" = M,

and

3 mnl] __ 3 mikx __ *

lim De(0[¢"] = Me(x). lim De(0)e"]* = Me(x)".

Let d > 1.

Definition 4.1. Let x : m(X) — Z, be an L-adic character. Then X is said to be d-non-sub-p if xa
is not isomorphic to a subrepresentation of py for any x € X =4,

Now, the main result of this section, which is a corollary of theorem 1.1, is as follows.

Corollary 4.2. (1) For any d-non-sub-p ¢-adic character x : m(X) — ZZX, there exists an integer

N := N(p, x,d), such that, for any x € X <% the Ly(z)-module D (x) is contained in DI[¢N].

(2) Assume furthermore that My = 0. Then there exists an integer N := N(p,d), such that, for
any x € XS4\ X, 4, the Tyyy)-set Dy is contained in D[¢N].

Proof. (cf. [CT12c, Cor. 4.3].) From theorem 1.1 applied to the GLP ¢-adic representation
p: m(X) — GL(M), the set X, 4 of all z € X»=¢ with G, C G not open is finite and there
exists an integer Ny := N, q > 0 such that for all z € Xl =d Xy, G(No) C Gy. Let nn, denote
the generic point of the geometrically connected etale cover X¢(n,) — X corresponding to the open
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subgroup G(Ny) C G.

(2) For each v € Mm\,o ~ {0}, one has: v -v = A, v for some (unique) \,, € Z;. One can easily
check that the map x, : m(Xa(ng) = Z;, 7+ Ay is a character. Since G9°° N G(Np) has finite
abelianization (as p is GLP), m (XG(NU),E) acts trivially on v for some N, > Ny. Thus, one gets:
M77N0 - M(O)-

From the inclusion Gy, = G(Ny) C Gy, one gets the inclusion: D, C bm\ro- Now, suppose
that D, is infinite. Then Emvo is also infinite, hence bmvo [("]* is nonempty for any n > 0, and
M:;NO = @EWO [€"]* is nonempty. As Mm\ro C Mgy, this implies that M # 0, as desired.

(1) First, consider the special case that y is the trivial character 1. In this case, the inclusion
Gy, = G(No) C G implies Dy(1) C Dy, (1). Observe that the action of m1(X) on Dy, (1) factors
through 7 (X) — m1(X)/m1(Xgny)) = G/G(No) = Gn,. Thus, D, (1) coincides with the module of
elements of D, (1) fixed by the subgroup (Gz)n, C Gn,- As Gn, is a finite group, there are only
finitely many subgroups of G, that coincide with (G)x, for some x € X =4, Accordingly, there
are only finitely many submodules of Dy, (1) that coincide with D, (1) for some x € X (k). Since
D,(1) is finite for each z € X =? (as 1 is d-non-sub-p), this completes the proof in the special case.

For general x, define the 71(X)-module M[x~!] as follows: M|[x~!] = M as Zs,-modules, and
the 71(X)-action on M[y~!] is given by p - x~!. (Thus, M[x7!] = M ® Zs[x"'].) Set D[x7'] :=
M[x ' ® (Q¢/7Zy), and let p[x~!] denote the f-adic representation of 71 (X) associated to the 71 (X)-
module M[x~!]. Observe that the trivial character 1 is d-non-sub-p[x~!], as x is d-non-sub-p. Also,
as shown in the proof of [CT12c, Cor. 4.3], p[x~!] = p- x~! is a GLP representation.

Now, applying the preceding argument to p[x ], one concludes that there exists an integer N, such
that D[x™1].(1) € D[x"![¢"] for any z € X =, Here, observe that the identification My~ = M
(as Zg-modules) induces the identifications D[x~!][¢"] = D[¢V] and D[x ']+(1) = D, (x). From this,
the assertion follows. [J

4.1.2. Generic Tate modules of abelian schemes. Let A — X be an abelian scheme over X. Then, from
[CT12c, Thm. 4.1], for any prime ¢ the corresponding /-adic representation pa, : m1(X) — GL(Ty(A,))
is a GLP representation. In this particular case, one can derive from theorem 1.1 strong uniform
boundedness results for the ¢-primary torsion in the special fibers of A — X.

Corollary 4.3. Fixz an integer d > 1.

(1) For any d-non-sub-pay (-adic character x : m(X) — Z, there exists an integer N :=
N(pag,X,d), such that, for anyxz € X =9, the Ly (z)-module Az[0>](xz) = {v € AL [>°] | Tv =
Xz(0)v, 0 € Ty} is contained in A [eN].

(2) Assume furthermore that A, contains no non-trivial isotrivial subvariety. Then there exists an
integer N := N(pay,d), such that, for any x € X <4 Xpapds the Tyqy-set Ag[0>°](k(z)) :=
{v e Al | o-v e (v), 0 €Ty} is contained in Ay [(N].

Proof. (cf. [CT12¢, Cor. 5.2]) One may apply corollary 4.2 to p4 . This completes the proof, since

A [0 (xz) (resp. A [0>](k(x))) is identified with (A4,[(>]).(x) (resp. (A;[(>]),) via the specializa-
tion isomorphism A;[(>°] =~ A;[¢*>°] and since T;(A,) ) = 0 if and only if A4, contains no non-trivial
isotrivial subvariety ([CT12a, Cor. 2.4]). O

Remark 4.4. Recall ([CT12a, Sect. 2.2], [CT09, §3]) that an (-adic character 'y, — Z, is said to
be non-Tate if it does not appear as a subrepresentation of I'y acting on the f-adic Tate module of
an abelian variety over k. By [CT12a, Lem. 2.1], if x : I'; — Z; is a non-Tate (-adic character, then
xor:m(X)— Z, is dnon-sub-ps for any d > 1, where r : m(X) — I'y denotes the canonical
restriction homomorphism. Thus, corollary 4.3 applies to such y (like the trivial character or the
cyclotomic character).
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Remark 4.5. As in [CT12a, Sect. 5], corollary 4.3 for the cyclotomic character yields the following
strong version of the 1-dimensional modular tower conjecture. For any 1-dimensional modular tower
H = (H,+1 — Hy) defined over a number field k, any curve X over k, any ¢ : X — Hy and any
integer d > 1, there exists an integer N = N(H, X, (,d) such that Xﬁl’ sd (), n > N. Here, we set
Xn = X X¢ g, Hy. For more details about the 1-dimensional modular tower conjecture, see [CT12a,
Sect. 5].

4.2. Finiteness of the number of CM elliptic curves over number fields. Let d > 1 be an
integer and let J(d) C (P(l@)d’ <4 denote the set of j-invariants with [Q(j) : Q] < d such that the

corresponding curve E;/Q (which is defined over Q(j) ) has complex multiplication. Then |7(d)| is
known to be finite.* We can recover this result from theorem 1.1. Indeed, consider for instance the
family of elliptic curves £ — X := ]P’(%2 ~ {0,1728, 00} defined by:

36 1

Ej:y2+$y7$3+]’—1728$+j—1728 =0
It defines an abelian scheme and the image of the corresponding (-adic representation pg ¢ : 71 (X) —
GLo(Ty(Ey)) is open [CT12c, Lemma 5.4]. Observe that, for j € X = ]P’(b\{O, 1728, 00}, the j-invariant
J(Ej) of Ej is just j.

For each j € J(d), the Galois image G; at j is almost abelian (as E; has complex multiplication),
hence not open in GL(T;(E;)) ~ GL2(Zy). Thus, the finiteness of J(d) follows from theorem 1.1.

One can also recover the classical Hecke-Deuring-Heilbronn theorem (cf. [Si35]), to the effect that
there are only finitely many imaginary quadratic fields with bounded class number, from theorem 1.1.
Indeed, suppose that for some integer h > 1 there are infinitely many imaginary quadratic fields k with
class number h(Oy) < h. Then, for each such k, one can construct an elliptic curve Ej (say, over C)
with CM by Oy. Let j(E})) denote the j-invariant of Ej. As k(j(Ey)) is the Hilbert class field of k, one
has [Q(j(Ek)) : Q] < [k(j(Ey)) : Q] = 2[k(j(Fk)) : k] = 2h(Of) < 2h. But this contradicts theorem
1.1 for d = 2h applied to the above abelian scheme F — X = IP’(%@ ~{0,1728, 00}, as Ejg,) ~ By, (say,
over C).

5. PROOF OF THEOREM 1.3
5.1. Proof.

5.1.1. Group-theoretical preliminaries. For any closed subgroup G C GL,,(Zy), it is known that |G},| =
O(£™im(G)) [Se81]. Here, we describe more precisely the hidden constant in O (£*4m(@)),

Lemma 5.1. Let ng be any integer > 1 (resp. > 2) if £ # 2 (resp. £ = 2). Then, for any closed
subgroup G C GLy(Zg)(no), one has |G| < £=m0)d0(E) for any n > ny.
Proof. Set ' :== GL,(Z¢). Since I'(ng) is a powerful pro-¢ group and ®(I'(ng +n)) = I'(no +n+ 1)
[DSMS91, Thm. 5.2] the map I'(ng +n)>T(ng +n + 1), 2 — ¢ is a homeomorphism and induces a
bijection:

7t D(ng+n)/T(ng+n+1)>T(ng +n+1)/T'(ng +n+ 2),
which is actually a group isomorphism [DSMS91, Lemmas 2.4 (ii) and 4.10]. The restriction of m, to
G(no+n)/G(ng+n+1) C I'(ng +n)/T'(np + n+ 1) induces a group monomorphism:

7n: G(nog+n)/G(ng+n+1) = G(ng+n+1)/G(ng + n + 2).
As a result, one has:
|G(no+n)/G(ng+n+1)] <|G(no+n+1)/G(no+n+2)|, n>0.

4For instance, |7(1)| = 13. More generally, Let E be an elliptic curve defined over a number field of degree < d
and with CM by an order Crx = Of := Z + fO,. (f € Z>1) in a imaginary quadratic field x; here O, stands for the
ring of integers of k. Then, one has [L87, Chap. 10, §3, Thm. 5] h(O.) < h(Cg) = [k(j(E)) : k] < d. So, from the
Hecke-Deuring-Heilbronn theorem (cf. [Si35]), there are only finitely many possibilities for x. But, for each such k, one
has [L87, Chap. 8, §1, Thm. 7]: d > h(Of) > @ap(f), where o(f) = |(Z/f)*| — +o0. So, there are only finitely many
possible orders Of in a fixed . Finally, for any such x and Of, the number of elliptic curves with CM by O is exactly
h(O).
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But, from lemma 3.5 (2), |G (no + n)/G(no + n + 1)| = £3(&) for n > 0. So:
n—ng—1 .
Gl = 1G/G(n)| = |G(no)/G(no+(n—no))l = ] |G (no+i)/Glno+i+1)| < £0~"WD 5 > o, O
i=0

Corollary 5.2. There exists an absolute constant Cy, ¢ > 0 depending only on £ and m such that for
any closed subgroup G C GLy,(Zg) one has |G| < Cpy o) for any n > 0.

Proof. Just observe that, with ng = 2, one has:

(Gl < 1G(10)al|Gro| < €™ |GLm(2/€™)]. O

Corollary 5.3. Let C C G C GL,(Zy) be closed subgroups and fix an integer 0 < k < dim(G).
Assume that there exists a closed subgroup C[n] C G of codimension > k such that CG(n) = C[n|G(n),
n > 0. Then C has codimension > k as well.

Proof. From [Se81], there exists a constant x(C) > 0 such that |C,,| = pu(C)"™ ) n > 0. Hence,
one has:

M(C)gndim(C) — |Cn| — |C[n]n\ < ijgndim(C[n]) < ijgn(dim(G)fk)’ n>> 0.
Thus, dim(C) < dim(G) — k, as desired.

5.1.2. Proof of theorem 1.3. We can now adapt the proof of theorem 1.1 to prove its unconditional
variant. The key point consists in replacing the projective system:

(H+1(G) 23 Ho(@))nzo

by the projective system:

Pk.n
(Hins1(G) 2 Hign(G))n>0,

where Hj, ,(G) denotes the set of all open subgroups U C G which can be written as U = CG(n) for
some closed subgroup C' C G of codimension > k and the transition map ¢y, : Hint1(G) = Hin(G)
is U s UG(n).

From corollary 5.3 and the proof of [CT12¢, Cor. 3.6], for any H := (H[n|)n>0 € 1(&1 Hin(G), the
group:

is closed of codimension > k.

Now, if k£ > 3, from remark 3.8, theorem 3.3 still holds under the assumption that H is of codimen-
sion > k in G9°°. Accordingly, corollaries 3.9 and 3.10 still hold with (H,4+1(G9%°) — Hn(G9°°))n>0
replaced by (Hpn+1(G9°) = Hin(G9°))n>0. Corollary 3.11 holds as well but its proof has to be
modified as follows:

(1) Assume that for some integers ¢; > 1, ¢y > 1 the statement of corollary 3.11 no longer holds.
Then, for any n > 0 the subset i <c,,<c,(G) of all U € Hy,,,(G) such that vy < ¢; and
[k : k] < c2 is non-empty. Furthermore, the projective system structure on the Hy ,(G),
n > 0 induces a projective system structure on the Hpy , <y <c,(G), n > 0. In particular,
l(igl Hk,n,<cl,<cz (G) 7é (). Take any H := (H[n])nZO € {El 7'[k,n,<c1,<cz (G) Recall from the

proof of [CT12c, Cor. 3.6] that H[oo]G(n) = H[n| for n > 0.
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(2) Then, in particular, H[oo]G9°°G(n) = H[n|G9° for n > 0, hence [G : H[o0]G9°G(n)] = [G :

H[n]G9°°] < c3 for n > 0. Thus, the sequence
H[oo]G9°G(0) D H[oo]GI°G(1) D H[0]GI*°G(2) D -+
of open subgroups stabilizes. This implies that H[oo]G* = [, 5, H[oc]G9°G(n) is open
in G. (Here, the equality follows from the fact that {G(n)},>0 forms a fundamental open
neighborhood of 1 € G and that H[0o]G9¢° is closed in G.) Now, since H[00]GY9°° C G is open,
the codimension of H[oo] N G9¢° in G9°° is the same as the codimension of H[oo| in G and, in
particular, is > k > 3. So,
")/(H[OO}mGgeO)Ggeo(n) — +00.
Thus, to prove that v(g{ec)G(n))nGeee — +00 (which contradicts vy, < c1, n > 0), it is enough
to prove that the degree of the cover:
X(HloclnGseo)Goeo(n) = X(H[o]G(n))NGo

is bounded independently of n.

(3) For this, write A,, := (H[oc0]G(n)) NG9 and By, := (H[oo] N G9°)G9°°(n). Then:
(B, Go°(n)] = [(H]o] N G#)Go(n) : G9°(n)] = |(H[o0] N G) |

o o lGI o) |G
G Bal = g Gweo(m)]  [(H[eo] 1 GO,
and:
G0 : A,] =[G : (H[oo]G(n)) N GI*0]
— [(H[ocG(n)) G - H[oo]G/(n)]
) G G
(G - (o] G ) Goe0) [H[00]C ) = G(m)
leX
= G Bl G [l
Hence:
6B, G5 (G Hloo)G7)| Hlocl,
An s Bol = (Gaeo 4,] = [(Hloo] N Goo0),) Gl

But, from [Se81], for n > 0, the right-hand term is:
pndim(G9°) Endim(H[oo])

yndim(H[oc]NG9%%)  pndim(G) = K,

where K is a constant > 0 depending only on G, H[co]|, G9°° and H[oo] N GY9¢°.

Now, one can conclude the proof of theorem 1.3 exactly as in subsection 3.3.

5.2. A counterexample. In this last subsection, we construct an ¢-adic representation p : 71 (X) —
GL4(Zy) such that the set of all z € X (k) such that G, is of codimension > 2 in G is infinite. The idea
is to generalize the counterexample to (1) in [CT12c, §3.5.2], with X = G,, replaced by a non-CM
elliptic curve X = E of positive (Mordell-Weil) rank.

So, let k be a field finitely generated over QQ and let E be a non-CM elliptic curve over k with positive
rank; let  denote its generic point. Since E is non-CM, the image of pg ¢ : I'y = GL(Ty(E)) ~ GL2(Z¢)
is open. For any field extension F'/k, the Kummer short exact sequence:

0 ErM sESE S0
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on (Spec(F))e yields an exact sequence:

0 — E[("|(F) — E(F) S E(F) — HYTp, E[(").
Taking projective limits one thus gets a monomorphism:

B(F)} = tim B(F)/[¢"]E(F) = H\(T's, Ti(E)).
Given any ¢ € E(F), we will write 1(¢), 1(¢) and 9(¢) for the image of ¢ in HY(I'p, Ty(E)),
Hl(FFk(E[gooD,Tg(E)) and HY(I .7, Ty(E)) respectively (where, as usual, k(E[(*°]) denotes the sub-
field fixed by ker(pgg) in k). Also, by fixing a compatible system (Tln]C)nZO, we define a map
Yo : Tp — Ty(E) by ¢e(y) = (’y(v%ln]() - ﬁ()nzo, which is a cocycle for the Kummer class

¥(¢) € H(Ip, Ty(E)). In particular ¢ (vY') = ¥c(v) + v - ¥e(¥'), v, v € Tr. By a suitable choice of
the above compatible systems, one may assume that the cocycle ¢, : I'y(,)) — Ty(E) induces a cocycle

71 (E£) = Ty(E) (denoted again by ) and that for any closed point x € E<, Py ox =Yg,
Fix a point a € E(k) and let p : I'y(,)) — GL4(Zy) defined by:

p(v) = ( gf’é(’ﬂ%) }Z;a’”w) ) » 7 € Driy,s

where:

Yan(7) = (Va(VIg), ¥n(7)) € Ma(Zy).
Note that, by construction, p : I'y(,;y — GL4(Z) factors through:

p: 7T1(E) — GL4(Zz).

Proposition 5.4. Assume that a € E(k) is not torsion. Then G has dimension 8 whereas G|y, has
dimension < 6 for any n € Z.

Proof The second part of the assertion follows from the identity ¥ ([n]a) = [n]¥(a). Indeed, this partic-
ularly implies w([n]a)|pk<E[MD = [n]w(a)\pk(wm]), which is equivalent to: ¢[n]a|pk(E[zoo]) = [n]¢a|pk(E[Zoo]),
as Fk(E[goo]) acts trivially on Tg(E).

As for the first part, dim(G) < 8 is clear. Consider the filtration:

G D p(m1(Eygpeey)) 2 p(mi(Ey)) D {1}.
We are going to prove that:

Proof of (1):

One has a profinite group isomorphism:

G/p(mi(Eysy=))) = ppe(Tr)-
But, by assumption, pg ¢(I'y) C GL2(Z,) is open. Hence dim(G/p(m1(Ex(gpe)))) = 4-

Proof of (2):

Again, one has a profinite group epimorphism:
p(m1(Exmie)))/ p(m1(Ex)) = ¥(a)(Tr(ppese)-
So it is enough to prove that dim(lﬂ(a)(Fk(E[goo]))) — 2. Note that the image of H(T', T;(E)) in

H' (Cy(gpeee)), Te(E)) = Hom (T gpeeey, To(E))
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lies in HOmGal(k(E[gooD/k) (Fk(E[goo]), T[(E)). In particular, &(a)(Fk(E[goo])) C ’_Z:z(E) isa Gal(k:(E[EOO])/k)—
submodule. But Gal(k(E[¢*°])/k) ~ pg¢(T'x) C GL(Ty)(E) is open, hence ¥(a)(Ty(gpe~))) C Te(E) is
open if and only if 1,Z~)(a) #0.

Lemma 5.5. H™(Gal(k(E[(>])/k), Te(E)) is torsion for all m > 0.

Proof. Set H := Gal(k(E[¢>°])/k). By assumption, H C GL(T;(E)) is open so H N Z, Iy C Z, 1> is
open as well and, in particular, contains an open subgroup Z ~ Z,. Note that Z is central, hence
normal, in H. Consider the Hochschild-Serre spectral sequence:

H'(H/Z,H(Z,Ty(E))) = H (H,T,(E)).
Let: '
{F*(H™(H, Ty(E))) Yo<i<m
denote the filtration on H"(H,Ty(F)) induced by the spectral sequence. Then:

F'(H™(H,Ty(E)))/F™ (H™(H, Ty(E)))

is a subquotient of HY(H/Z,A™(Z,T,(E))), i = 0,...,m and, thus, it is enough to prove that
H'(H/Z,H(Z,Ty(F))) is torsion. Since Z acts on Ty(E) by scalar multiplication, one has:

H/(Z, Ty(E)) =Ty(E)? =0 ifj=0;
=T(E);  ifj=1
=0 it j > 1.
The second equality comes from the classical computation of cohomology of cyclic groups and the
third one from the fact that Z ~ Z, has ¢-cohomological dimension 1. Eventually, since Z C Z; I is
open, Z O (1+N7Zy)I for some N > 1. Hence Ty(E)z is of ¢N-torsion. So H (H/Z, H™ (Z,T)(E)))
is 0 for i #m—1and H" Y(H/Z 0 (Z,T,(E))) is of £N-torsion. Hence H™(H, T;(E)) is of #N-torsion
as well. O

Remark 5.6.

(1) The statement of Lemma 5.5 remains true for any abelian variety A over a finitely generated
field extension k of Q since Gal(k(A[¢*°])/k) always contains an open subgroup of Z; I'd [Bo80,
Cor. 1].

(2) One can actually prove that the group H™(Gal(k(E[¢*])/k),T¢(F)) is finite for all m > 0.
Indeed, as Ty(E)z is finite, the kernel of H/Z — GL(Ty(E)z) is a normal open subgroup
K <, H/Z. As K is a compact (recall that H is) f-adic Lie group, it contains a characteristic
open subgroup which is torsion-free (for instance uniform powerful). So let U be a normal
open torsion-free subgroup of H/Z acting trivially on Ty(E)z. The Hoschild-Serre spectral
sequence

Hi((H/2) /U, B (U, TAE) 7)) = W (H/ 2, T/() 7)
shows that to prove the finiteness of H" Y(H/Z,T;(E)z), it is enough to prove the finiteness
of the H (U, Ty(E)z). By an elementary devissage, one is reduced to the case where Ty(E)yz
is the trivial U-module Fy. Now the conclusion follows from [Laz65], where it is shown that a
compact torsion-free ¢-adic Lie group is a Poincaré group in the sense of Serre [Se00, I, §4.5].

Let ¢ : E(k) — E(k); denote the canonical morphism. Then, from the injectivity of:
E(k); — H'(Ty, Tu(E)),
to prove that 1/;((1) # 0 it is enough to prove that:
c(a) ¢ ker(H (I, Ty(E)) = H' Ty gy, To(E))).
This kernel is given by the inflation-restriction exact sequence:

0 — HY(Gal(k(E[¢>°])/k), To(E)) — H (L), Ty(E)) = H' (Ti(ppee), To(E)).
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Since:

HY (T ppeec)), Te(E)) = Hom(Ty (g, Te(E))
is torsion free whereas, from lemma 5.5, H!(Gal(k(E[(>])/k), Ty(E)) is torsion, one has:
H'(Gal(k(E[(>°])/k), Ty(E)) = H Tk, To(E) ) tors-

(
Since E(k) is finitely generated, one has ¢ '((E(k)))iors) = E(k)iors, which shows that c(a) ¢
H' (T, To(E))tors N E(k)}, as required.

Proof of (3):

As in (2), the image of H! (71 (E), Ty(E)) in
H' (m1(Ex), To(E)) = Hom(m (E), Te(E))

lies in Homp, (71 (Ey), Ty(E)). Thus, again, ¢(n)(m1(E)) C Ti(E) is a I'y-submodule. But pg¢(I'y) C
GL(Ty)(E) is open hence ¢(n)(m(E5)) C Ty(E) is open if and only if ¢(n) # 0. To prove that
1(n) # 0, consider the commutative diagram:

E(k(n)) —— E(k(n)); — H'(m1(E), T(E))

| |

E(k(n)k) —= E(k(n)k); — H' (m1(Ep), To(E)).

Here, note that the image of n € E(k(n)) in E(k(n)k) = Eg(k(n)k) coincides with nz. From the
injectivity of E(k(n)k)) — H'(m1(E;), Ti(E)), it is enough to prove that c(nr) # 0 that is,

g & ker(c) = [ [C1E(k(n)k).

n>0
But, one has:
E(k(n)k) = Homgy, x(k(n)k, Ep)
= Homg,, 5 (B Bp)
= Hom ,y 7(Eg, Ep) © E(k),

with Hom AV/E(EEv Er) a finitely generated free Z-module of positive rank. So, on the one hand,
ker(c) = E(k) and, one the other hand, n; = Idp. # 0 in E(k(n)k)/E(k), as required. O]

Remark 5.7.

(1) The above construction can be extended to any d-dimensional abelian variety A over k of
positive (Mordell-Weil) rank and such that pa¢(I'y) C GSpyy(Zy) is open. In particular, it
shows that over a d-dimensional basis X, £ = 3 in theorem 1.3 should be replaced, at least,
by k=2d+ 1.

(2) At the time of writing this paper, the authors do not know whether or not we could replace
Xeb=d by X in the assertion of theorem 1.3.
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