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1.CATEG
O

RIES

O
nechecksreadily

thattheintersection
ofanon-em

pty
fam

ily
ofuniverses

isa
universe.C

onsequently,underaxiom
1.1.4,forevery

setx,there
existsa

sm
allestuniverseU

containing
x.

D
eûnition

(1.1.5).—
A
category

C
isthedatum

oftw
o
setsob(C

)
and

m
or(C

),
w
hoseelem

entsarerespectively
called

itsobjectsand
itsm

orphism
s,oftw

o
m
aps

o,t∶m
or(C

)→
ob(C

)
(origin

and
target)and

ofa
partialcom

position
m
ap:

m
or(C

)×
m

or(C
)→

C
,denoted

(f,g)↦
g○

f
satisfying

the
follow

ing
prop-

erties,w
here

f,g,h
∈m

or(C
):

a)
thecom

position
g○
f
isdeûned

ifand
only

ift(f)=
o(g);onehaso(g○

f)=
o(f)

and
t(g○

f)=
t(g);

b)
thecom

position
isassociative:ift(f)=

o(g)
and

t(g)=
o(h),then

h
○(g○

f)=
(h

○
g)○

f;
c)
for
every

objectX
∈
ob(C

),there
existsa

m
orphism

id
X
∈
m

or(C
)
such

thato(id
X )

=
t(id

X )
=
X
,id

X ○f
=
f
forevery

f
∈
m

or(C
)
such

thatt(f)
=
X
,

and
g○id

X
=

g
forevery

g
∈m

or(C
)
such

thato(g)=
X
.

If
f
∈
C
,theobjectso(f)and

t(f)arecalled
theorigin

and
thetargetof

f.
Forany

two
objectsX,Y

in
acategory

C
,onew

rites
C

(X,Y),orH
om

C
(X,Y)

to
be

the
subsetofm

or(C
)
consisting

ofallm
orphism

s
f
w
ith

origin
X
and

targetY.

Exam
ple

(1.1.6).—
Let

C
beacategory.Itsopposite

category,denoted
by

C
o,

hasthesam
eobjectsand

thesam
em

orphism
s,buttheorigin/targetm

apsare
exchanged,and

theorderofcom
position

issw
itched.

W
hen

onew
ritesdow

n
ageneralconstruction/theorem

from
category

theory
both

in
C
and

in
theoppositecategory

C
o,oneobtainstwo

related
statem

ents,
onebeing

obtained
from

theotherby
“reversing

thearrow
s”.

Exam
ple

(1.1.7).—
LetA

beasetand
let⩽

bea
preordering

relation
on

A
,that

is,a
binary

relation
on

A
w
hich

isre�exive
and

transitive.From
(A
,⩽),one

deûnesa
category

A
asfollow

s:onehasob(A
)
=
A
and

m
or(A

)isthesetof
pairs(a,b)∈A

×
A

such
thata

⩽
b,them

apso
and

tbeing
theûrstand

second
projection

respectively,thecom
position

isdeûned
by(b,c)○(a,b)=

(a,c)for
every

a,b,c∈A
.
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M
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,E

rg
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ni
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de
rM

at
he

m
at
ik

un
d
ih

re
rG

re
nz

ge
bi
et
e(

3)
[R
es

ul
ts

in
M
at
he

m
at
ic
sa

nd
Re

la
te
d
A
re
as

(3
)]

14
,S

pr
in

ge
r-V
er
la
g,
Be

rli
n.

A
.G

ro
th
en
di
ec

k
(19

57
),

“S
ur

qu
elq

ue
sp

oi
nt

sd
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gè
br
eh
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og

iq
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M
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ts
ho

rn
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al
ity
,L
ec

tu
re

no
te
so
fa

se
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in
ar
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th
e

w
or

k
of
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.G

ro
th
en
di
ec

k,
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ve

n
at

H
ar
va

rd
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ith
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at
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pr
in

ge
r-V
er
la
g,
Be

rli
n-

N
ew

Yo
rk

.
R.

H
ot

ta
,K

.T
ak
eu
ch

i&
T.

Ta
ni

sa
ki

(2
00
8)
,D

-m
od

ul
es
,p
er
ve

rs
e
sh
ea
ve

s,
an
d
re
pr
es
en

ta
tio

n
th
eo

ry
,P

ro
gr
es

si
n
M
at
he

m
at
ic
s2
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,B

irk
hä

us
er
Bo

sto
n,

In
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Bo

sto
n,

M
A
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ra
ns

la
te
d
fro

m
th
e1

99
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ap
an
es
ee
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tio
n
by

Ta
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uc
hi
.

M
.K
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hi
wa

ra
&

P.
Sc

ha
pi

ra
(19

94
),

Sh
ea
ve

so
n
m
an

ifo
ld
s,
G
ru

nd
leh

re
n
de

r
M
at
he

m
at
isc

he
n
W

iss
en

sc
ha

�e
n
[F

un
da

m
en

ta
lP

rin
ci
pl
es

of
M
at
he

m
at
-

ic
al

Sc
ie
nc
es
]2

92
,S

pr
in

ge
r-V
er
la
g,
Be

rli
n.

W
ith

a
ch
ap

te
ri

n
Fr
en
ch
by

Ch
ris

tia
n
H
ou

ze
l,
C
or

re
ct
ed

re
pr

in
to
ft

he
19

90
or

ig
in
al
.

M
.K
as

hi
wa

ra
&

P.
Sc

ha
pi

ra
(2
00

6)
,C
at
eg

or
ie
sa

nd
sh
ea
ve

s,
G
ru

nd
leh

re
n
de

r
M
at
he

m
at
isc

he
n
W

iss
en

sc
ha

�e
n
[F

un
da

m
en

ta
lP

rin
cip

les
of

M
at
he

m
at
ic
al

Sc
ie
nc
es
]3

32
,S

pr
in

ge
r-V
er
la
g,
Be

rli
n.

J.
P.

M
ay

(2
00

1),
“_

ea
dd

iti
vi
ty

of
tra
ce

si
n
tri
an

gu
lat
ed
ca

te
go

rie
s”
.A
dv

.M
at
h.
,

16
3
(1
),

pp
.3

4–
73

.
A
.N
ee

m
an

(1
99
0)
,“

_
e
de

riv
ed
ca

te
go

ry
of
an

ex
ac

tc
at
eg

or
y”

.J
.A

lg
eb

ra
,

13
5
(2
),

pp
.3
88
–3

94
.

A
.N
ee

m
an

(1
99

1)
,“

So
m
en
ew

ax
io
m

sf
or

tr
ia
ng

ul
at
ed
ca

te
go

rie
s”
.J
.A

lg
eb

ra
,

13
9
(1
),

pp
.2

21
–2

55
.

C.
A
.M

.P
et
er

s&
J.
H
.M

.S
te
en
br

in
k
(2
00
8)
,M

ix
ed

H
od

ge
str

uc
tu

re
s,
Er

ge
b-

ni
ss
ed
er

M
at
he

m
at
ik

un
d
ih

re
rG

re
nz

ge
bi
et
e.

3.
Fo

lg
e.
A

Se
rie

so
fM

od
er

n
Su

rv
ey

si
n
M
at
he

m
at
ic
s[

Re
su

lts
in

M
at
he

m
at
ic
sa

nd
Re

la
te
d
A
re
as

.3
rd

Se
rie

s.
A

Se
rie

so
fM

od
er

n
Su

rv
ey

si
n
M
at
he

m
at
ic
s]

52
,S

pr
in

ge
r-V
er
la
g,

Be
rli

n.
C.

Se
rp
é
(2
00

3)
,“

Re
so

lu
tio

n
of

un
bo

un
de
d
co

m
pl
ex
es

in
G
ro

th
en
di
ec

k
ca

te
-

go
rie

s”
.J
.P

ur
e
A
pp

l.
A
lg
eb

ra
,1

77
(1
),

pp
.1
03
–1

12
.

1.1
.S
ET

S,
U
N
IV
ER

SE
S
A
N
D
CA

TE
G
O

RI
ES

3

Ex
am

pl
e
(1
.1.
8)

.—
A
ll
cl
as

sic
al

m
at
he

m
at
ic
al

ob
je
ct

s,
su
ch

as
se

ts
,a
be

lia
n

gr
ou

ps
,t
op

ol
og

ic
al

sp
ac
es
,k

-m
od

ul
es

(w
he

re
k
is
ar

in
g)
,k

-a
lg
eb

ra
s,
et
c.,

gi
ve

ris
et

o
ca

te
go

rie
s.

Si
nc
e
th
er
e
is

no
se

to
fa

ll
se

ts
,w
e
ne
ed

to
ûx

a
un

iv
er

se
U
.
_
e
ca

te
go

ry
S
e
t U

of
U
-s
et
sh
as
fo

ro
bj
ec

ts
th
ee

le
m
en

ts
of

U
an
d
fo

rm
or

ph
ism

st
he

m
ap

s
be

tw
ee

n
th

os
es
et
s,

th
ec

om
po

sit
io
n
be

in
g
gi
ve

n
by

th
eu

su
al
co

m
po

sit
io
n
of

m
ap

s.
Si
m

ila
rly
,t
he
ab
el
ia
n
gr

ou
ps

w
ho

se
un
de

rly
in

g
se

tb
el
on

gs
to

U
ar
et

he
ob

je
ct

so
fa
ca

te
go

ry
A
b

U
,t
he

m
or

ph
ism

so
ft

hi
sc
at
eg

or
yb
ei
ng

th
em

or
ph

ism
s

of
ab
el
ia
n
gr

ou
ps
be

tw
ee

n
th
em

.O
ne
de
ûn
es
an
al
og

ou
sly

ca
te
go

rie
sT

o
p

U
or

R
in

g
U
w
ho

se
ob

je
ct

sa
re

th
et

op
ol
og

ic
al

sp
ac
es
,o

rt
he

rin
gs
,w

ith
un
de

rly
in

g
se

ta
n
el
em
en

to
fU

.
O

r,
if

k
is
an

ob
je
ct

of
R
in

g
U
,o

ne
de
ûn
es
ca

te
go

rie
s

M
o
d
(k

) U
or

A
lg

(k
) U

of
k-

m
od

ul
es
,o

ro
fk

-a
lg
eb

ra
s,
w
ho

se
un
de

rly
in

g
se

t
be

lo
ng

st
o

U
.

In
pr
ac

tic
e,

on
ec
an

o�
en

wo
rk

w
ith

in
an

un
iv
er

se
U
w
hi
ch

is
ûx
ed

on
ce
an
d

fo
ra

ll
an
d

ta
lk
ab

ou
tt

he
ca

te
go

ry
S
e
t
of

se
ts,
et
c.

D
eû

ni
tio

n
(1
.1.

9)
.—

Le
tU

be
a
un

iv
er
se
.

a)
O
ne

sa
ys

th
at
a
ca

te
go

ry
C

is
a
U
-c
at
eg

or
y
if
ob

(C
)a

nd
m

or
(C

)b
el
on

g
to

U
.

b)
O
ne

sa
ys

th
at
a
se
tX

is
U
-s
m
al
li
ft

he
re
ex

ist
sa
bi
je
ct
io
n
f
∶X
→

X′
w
ith
an

el
em
en

to
fU

.
c)

O
ne

sa
ys

th
at
a
ca

te
go

ry
C

is
U
-s
m
al
li
fo
b(
C

)a
nd

m
or

(C
)a

re
U
-s
m
al
l.

d)
O
ne

sa
ys

th
at
a
ca

te
go

ry
C

is
lo
ca

lly
U
-s
m
al
li
ff

or
ev
er
y
ob

je
ct
s
X
,Y

∈
ob

(C
),

th
e
se
tC

(X
,Y

)i
sU

-s
m
al
l.

Le
tU

be
au

ni
ve

rs
ea

nd
C
be
ac
at
eg

or
y.

Si
nc
eo
b(
C

)c
an
be

id
en

tiû
ed

w
ith

th
es

ub
se

to
fm

or
(C

)o
fa

ll
id
en

tit
ie
s,
we

ob
se

rv
et

ha
ti
fm

or
(C

)b
elo

ng
st

o
U
,

th
en

ob
(C

)b
elo

ng
st

o
U
as

w
el
l.

Fo
re

xa
m

pl
e,

th
ec
at
eg

or
y
S
e
t U

of
U
-s
et
si

sl
oc
al
ly

U
-s
m
al
l,
bu

tn
ot

U
-s
m
al
l.

H
ow
ev
er
,i
fV

is
an

un
iv
er

se
su
ch

th
at

U
∈V

,t
he

n
S
e
t U

is
aV

-c
at
eg

or
y.

1.1
.10

.
—

Le
tX
,Y

∈o
b(
C

)a
nd

f
∈C

(X
,Y

).
O
ne

sa
ys

th
at
fi

sl
e�

-in
ve

rt
ib
le

if
th
er
ee

xi
sts

g
∈C

(Y
,X

)s
uc

h
th
at

g○
f
=
id

X
;

an
y
su
ch
ele

m
en

tg
is
ca

lle
d
al
e�

-in
ve

rs
eo
ff

.
O
ne

sa
ys

th
at

g
is

rig
ht
-in

ve
rt
ib
le

if
th
er
ee

xi
sts

h
∈C

(Y
,X

)s
uc

h
th
at
f
○
h
=

id
Y
,a

nd
ev
er
y
su
ch
ele

m
en

tg
is
ca

lle
d
ar

ig
ht

-in
ve

rs
eo
fg

.
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CH

A
PTER

1.CATEG
O

RIES

O
ne

saysthat
f
is

invertible,oran
isom

orphism
ifitisboth

le�-and
right-

invertible.In
thiscase,any

le�-inverse
g
and

any
right-inverse

h
of
fcoincide,

since
g
=

g
○
id

Y
=

g
○
(f○

h)
=

(g
○
f)○

h
=

id
X ○h

=
h,and

thiselem
entis

sim
ply

called
the

inverseof
f.

_
e
deûnitions

ofa
le�-invertible

m
orphism

and
ofa

right-invertible
are

deduced
onefrom

theotherby
passing

to
theoppositecategory.

1.1.11.
—

LetX
,Y

∈ob(C
)and

f∈
C

(X
,Y).

O
nesaysthat

fisa
m
onom

orphism
ifforevery

objectZ
∈ob(C

)and
every

h,h
′∈

C
(Z,X),theequality

f○
h
=
f○

h
′im

pliesthath
=

h
′.

If
fisle�-invertible,then

fisam
onom

orphism
.Letindeed

h,h
′∈

C
(Z,X)

besuch
that

f○
h
=
f○

h
′;forevery

le�-inverse
g
of
f,onethen

has

h
=
(g○

f)○
h
=

g○(f○
h)=

g○(f○
h
′)=

(g○
f)○

h
′=

h
′.

O
ne

saysthat
f
isan

epim
orphism

ifforevery
objectZ

∈
ob(C

)
and

every
g,g

′∈
C

(Y,Z),theequality
g○

f=
g
′○
fim

pliesthatg
=

g
′.

If
fisright-invertible,then

fisan
epim

orphism
.Letindeed

g,g
′∈

C
(Y,Z)

besuch
thatg○

f=
g
′○
f;forevery

right-inverse
h
of
f,onethen

has

g
=

g○(f○
h)=

(g○
f)○

h
=
(g

′○
f)○

h
=

g
′○(f○

h)=
g
′.

_
edeûnitionsofam

onom
orphism

and
ofan

epim
orphism

arededuced
one

from
theotherby

passing
to

theoppositecategory.
_
ereaderw

illtakecarethatam
orphism

can
beboth

am
onom

orphism
and

an
epim

orphism
,w

ithoutbeing
an

isom
orphism

(exercise1.7.2).

D
eûnition

(1.1.12).—
Let

C
and

D
betw

o
categories.A

functorF
from

C
to
D

isthe
datum

oftw
o
m
apsob(F)∶ob(C

)
→

ob(D
)
and

m
or(F)∶m

or(C
)
→

m
or(D

)
satisfying

the
follow

ing
properties:

a)
For

every
f
∈

m
or(C

),
one

has
o(m

or(F)(f))
=

ob(F)(o(f))
and

t(m
or(F)(f))=

ob(F)(t(f));
b)
Foreverypair(f,g)in

m
or(C

)such
thatt(f)=

o(g),onehasm
or(F)(g○

f)=
m

or(F)(g)○m
or(F)(f);

c)
Forevery

objectX
∈ob(C

),one
hasm

or(F)(id
X )=

id
ob
(F
)
(X
) .

In
practice,them

apsm
or(F)and

ob(F)associated
with

afunctorF
aresim

ply
denoted

by
F.
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D
eû

ni
tio

n
(1
.1.

13
).
—

Le
tC

an
d
D
be

tw
o
ca

te
go

ri
es
,a

nd
let
F,

G
be

tw
o
fu
nc

to
rs

fr
om

C
to

D
.
A

m
or

ph
ism

of
fu

nc
to

rs
α
∶F
→

G
is
a

m
ap
α
∶
ob

(C
)
→

m
or

(D
)s
at
isf
yi
ng

th
e
fo
llo
w
in
g
pr

op
er
tie

s:
a)
Fo

re
ve

ry
X
∈o
b(
C

),
th
em

or
ph

ism
α(

X)
ha

ss
ou

rc
eF

(X
)a

nd
ta
rg
et

G
(X

);
b)
Fo

r
ev
er
y
X
,Y

∈
ob

(C
)
an
d
ev
er
y
f
∈
C

(X
,Y

),
on
e
ha

s
α(
Y)

○
F(
f)

=
G
(f

)○
α(

X)
.

M
or

ph
ism

s
of
fu

nc
to

rs
ar
e
co

m
po

se
d

in
th
e
ob
vi
ou

s
w
ay
,t

ur
ni

ng
th
e
se

t
F
u
n
(C

,D
)o
ff

un
ct
or

sf
ro

m
C

to
D

in
to
ac
at
eg

or
y.

Le
tU

be
a
un

iv
er

se
.
If
C
an
d
D
ar
e
U
-c
at
eg

or
ie
s,

th
en

F
u
n
(C

,D
)
is
a

U
-c
at
eg

or
y.

1.2
.
Li

m
its
,c

ol
im

its
,a
dj

un
ct
io

ns

1.2
.1.
—

A
qu

iv
er

Q
is

th
ed
at
um

of
as
et
V

(v
er

tic
es
),

of
as
et
A

(a
rr
ow

s)
,a

nd
of

tw
o
m
ap

so
,t
∶V
→

Q
(o

rig
in
an
d

ta
rg
et
).

Le
tQ

=
(V
,A
,o
,t
)b
ea

qu
iv
er
.

Le
tC

be
a
ca

te
go

ry
.
A

Q
-d

ia
gr
am

in
C

is
gi
ve

n
by

a
fa
m

ily
(X

v)
v∈
V

of
ob

je
ct

so
fC

an
d
of
af
am

ily
(f
a)
a∈
A
of
ar

ro
ws

of
C

su
ch

th
at

o(
f a
)=

X o
(
a)
an
d

t(
f a
)=

X
t(
a)
.

1.2
.2
.
—

Le
tC

be
ac
at
eg

or
y
an
d
le
tD

=
((
X v

),
(f
a)
)b
ea

Q
-d

ia
gr
am

in
C

.
A
co

ne
on

th
e
di
ag

ra
m
D

is
th
e
da

tu
m

of
an

ob
je
ct
X

of
C
an
d
of
a
fa
m

ily
(p

v)
v∈
V

sa
tis
fy
in

g
th
ef

ol
lo
w
in

g
pr

op
er

tie
s:

a)
Fo

re
ve

ry
v
∈V

,p
v
is
am

or
ph

ism
in

C
w
ith

or
ig
in

X
an
d

ta
rg
et
X v

;
b)

Fo
re

ve
ry
a
∈A

,o
ne

ha
s
f a
○
p o
(
a)
=

p t
(
a)
.

O
ne

sa
ys

th
at
a
co

ne
(X
,(

p v
))

on
a
di
ag

ra
m
D

=
((
X v

),
(f
a)
)
is
a
lim

it
of

th
e
di
ag

ra
m
D

if
fo

r
ev
er
y
co

ne
D
′
=

(X
′ ,(

p′ v
))

on
D
,t

he
re
ex

ist
sa

un
iq

ue
m

or
ph

ism
φ
∈C

(X
′ ,X

)s
uc

h
th
at

p v
○φ

=
p′ v
fo

re
ve

ry
v
∈V

.
Le

t(
X,

(p
v)
)a

nd
(X

′ ,(
p′ v

))
be

tw
o
lim

its
on

D
.S

in
ce

X
is
al

im
it
an
d
X′

is
a

co
ne

on
D
,t
he

re
ex

ist
sa

un
iq

ue
m

or
ph

ism
φ
∈C

(X
′ ,X

)s
uc

h
th
at

p v
○φ

=
p′ v

fo
re

ve
ry

v
∈
V
.S

in
ce

X′
is
a
lim

it
an
d
X

is
a
co

ne
on

D
,t
he

re
ex

ist
sa

un
iq

ue
m

or
ph

ism
φ′

∈
C

(X
,X

′ )
su
ch

th
at

p v
=

p′ v
○
φ′
fo

re
ve

ry
v
∈
V
._

en
p v

=
p′ v
○
φ′

=
p v
○
φ
○
φ′
,f
or
ev
er
y
v
∈
V
;s

in
ce

X
is
a
lim

it,
on
e
ha

sφ
○
φ′

=
id

X
.

Si
m

ila
rly
,p

′ v
=

p v
○
φ
=

p′ v
○
φ′
○
φ,
fo

re
ve

ry
v
∈V

;s
in
ce

X′
is
a
lim

it,
on
eh
as

φ′
○φ

=
id

X′
.C

on
se

qu
en

tly
,φ

an
d
φ′
ar
ei

so
m

or
ph

ism
s,

in
ve

rs
eo

ne
to

th
eo

th
er
.
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1.2.3.
—

Bypassingtotheoppositecategory,onedeûnesthenotionsofacocone
on

a
diagram

D
and

ofa
colim

itofD
.Explicitly,a

cocone
on

the
diagram

D
is

thedatum
ofan

objectX
of

C
and

ofafam
ily

(p
v )v

∈V
satisfying

thefollow
ing

properties:

a)
Forevery

v
∈V

,p
v isam

orphism
in

C
w
ith

origin
X
v and

targetX;
b)

Forevery
a
∈A

,onehas
p
t(a
) ○
fa =

p
o
(a
) .

O
nesaysthatacocone(X

,(p
v ))on

adiagram
D
=
((X

v ),(fa ))isa
colim

itof
the

diagram
D

ifforevery
cocone

D
′=

(Y,(q
v ))

on
D
,there

existsa
unique

m
orphism

φ
∈
C

(Y,X)such
thatφ

○
p
v =

q
v forevery

v
∈V

.
If(X

′,(p
′v ))isanothercolim

itofthediagram
D
,then

thereexistsa
unique

m
orphism

φ
∶X

→
X
′such

that
φ
○

p
v
=

p
′v
for

every
v
∈
V
,and

φ
is
an

isom
orphism

.

Exam
ple

(1.2.4).—
a)

LetQ
betheem

pty
quiver—

no
vertex

and
no

arrow.
_
ereexistsauniquecorrespondingQ

-diagram
D

in
C
:itisem

pty—
no

object,
no

m
orphism

.A
cone

on
D

isjustan
objectof

C
;a

lim
itofD

isan
objectX

such
thatforevery

objectX
′in

C
,thereexistsauniquem

orphism
φ
∶X

′→
X

in
C

.Such
an

objectiscalled
a
term

inalobjectof
C

.Passing
to

theopposite
category,acolim

itofD
iscalled

an
initialobject:thisisan

objectX
such

thatfor
every

objectX
′∈

C
,thereexistsauniquem

orphism
φ
∶X
→

X
′in

C
.

In
thecaseofthecategoryofsets,theem

ptysetisan
initialobject,and

term
inal

objectsaresetsw
ith

oneelem
ent;in

thecaseofthecategory
ofk-m

odules,the
initialand

theterm
inalobjectsarethezero

m
odule;in

thecaseofthecategory
ofgroups,theinitialand

theterm
inalobjectsarethegroupsreduced

to
theunit

elem
ent.In

thecategoryofrings,thering
Z

isan
initialobject,and

thezero
ring

isaterm
inalobject._

ecategory
ofûeldshasno

initialobjectand
no

term
inal

object.
b)

LetQ
=
(V
,A
,o,t)beaquiverw

ith
no

arrow
s.A

Q
-diagram

in
C

isjust
afam

ily(X
v )v

∈V
ofobjects,indexed

by
thesetV

ofverticesofQ
.A

lim
itofD

is
called

a
productofthe

fam
ily

(X
v );a

colim
itofD

iscalled
a
coproductofthe

fam
ily

(X
v ).

In
the

case
ofthe

category
ofsets,one

getsthe
product,resp.

the
disjoint

union;in
thecaseofthecategory

ofk-m
odules,onegetstheproduct,resp.the

directsum
;in

thecaseofthecategory
ofgroups,onegetstheproduct,resp.the

freeproduct.In
thecategory

ofrings,theproductisaproduct,and
thetensor
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ism
apped

to
an

isom
orphism

a�erapplying
j ∗n ;itisalso

m
apped

to
an

isom
or-

phism
a�erapplying

i
∗F ,w

here
iF istheinclusion

ofF
in

U
n
+1 .C

onsequently,it
isan

isom
orphism

,and
thisconcludestheproofoftheproposition.
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5.
PE

RV
ER

SE
SH
EA

V
ES

M
or
eg
en
er
al
ly,

th
er
ea

re
su
ch
fu

nc
to

rs
as

so
ci
at
ed

wi
th

th
ei

m
m
er

sio
n

j∶
U
→

U
′ ,
w
he

re
U
an
d

U
′
ar
et
wo

op
en

su
bs
et
so
fX

w
hi
ch
ar
eu

ni
on

of
str
at
a,
et
c.

_
e

va
rio

us
fu

nc
to

rs
sa

tis
fy

th
ee

xp
ec

te
d

tr
an

sit
iv
ity

pr
op
er

tie
s.

Pr
op

os
iti

on
(5
.2
.8
).
—

Le
tA

∈M
(U

)p
.

a)
_
eo
bj
ec
t
ȷ̃ !A

of
M

(X
)p

is
th
eu

ni
qu
ee

xt
en

sio
n
B

of
A

in
D

(X
)s

uc
h
th
at

fo
re

ve
ry

st
ra

tu
m

S
⊂
F,
w
e
ha
ve

H
n
i∗ SB

=
0
fo
r
n
⩾

p(
S)
−
1a

nd
H

n
i! SB

=
0
fo
r

n
⩽

p(
S)
−
1.

b)
_
eo
bj
ec
tȷ̃

!∗
A

of
M

(X
)p

is
th
eu

ni
qu
ee

xt
en

sio
n
B

of
A

in
D

(X
)s

uc
h
th
at

fo
r
ev
er
y
st
ra

tu
m

S
⊂
F,

w
e
ha
ve

H
n
i∗ SA

=
0
fo
r
n
⩾

p(
S)
an
d
H

n
i! SA

=
0
fo
r

n
⩽

p(
S)

.
c)

_
eo
bj
ec
t
ȷ̃ ∗
A

of
M

(X
)p

is
th
eu

ni
qu
ee

xt
en

sio
n
B

of
A

in
D

(X
)s

uc
h
th
at

fo
re
ve

ry
st
ra

tu
m

S
⊂
F,
w
e
ha
ve

H
n
i∗ SA

=
0
fo
rn

⩾
p(

S)
+
1a

nd
H

n
i! SA

=
0
fo
r

n
⩽

p(
S)
+
1.

Pr
op

os
iti

on
(5
.2
.9
).
—

Le
tu

sa
ss
um
et

ha
tp

(S
)⩾

p(
T)
fo
ra

ny
tw

o
str
at
a
Sa

nd
T

su
ch

th
at

S
⊂

T.
Fo

r
ev
er
y
n
∈
N
,l
et
F n
be

th
e
un

io
n

of
al
ls

tr
at
a

S
su
ch

th
at

p(
S)

<
n
an
d
le
tU

n
be

th
e
un

io
n
of
al
ls

tr
at
a
S
su
ch

th
at

p(
S)

⩽
n;

le
t
j n
be

th
e

in
clu

sio
n
of

U
n
in
to

U
n+

1.
_
en
F n

is
clo

se
d
an
d
U

n
is

op
en

.M
or
eo
ve

r,
fo
re
ve

ry
p-

pe
rv
er
se

sh
ea
fA

∈M
(U

n)
an
d
ev
er
y
in
te
ge

ra
su
ch

th
at

p
⩽
a
an
d
a
⩾
n,

on
e

ha
s

ȷ̃ !∗
A
=
τ ⩽
a
j a
,∗
..

.τ
⩽
n
j n
,∗
A
.

Pr
oo
f.
—

_
ec

on
di

tio
n
on

p
im

pl
ie
st

ha
tf

or
ev
er
y
str
at
um

T
su
ch

th
at

T
⊂
F n

an
d
ev
er
y
st
ra

tu
m

S
su
ch

th
at

S
⊂

T,
on
e
ha

s
p(

S)
⩾

p(
T)

⩾
n,

he
nc
e
S
⊂
F n

.
_

is
im

pl
ie
st

ha
tF

n
is
clo

se
d.
C
on

se
qu
en

tly
,U

n
=
X

F n
is

op
en

.
To

pr
ov
et

he
de

sir
ed
fo

rm
ul
a
by

in
du
ct
io
n,

it
su
õ
ce

st
o
ch
ec

k
th
at

ȷ̃ n
,!∗
A
=

τ ⩽
n
j n
,∗
A
.L
et
F
=

U
n+

1
U

n.
Fo

re
ve

ry
st
ra

tu
m

S
∈S

su
ch

th
at

S
⊂
F,
w
eh
av
e

p(
S)

=
n
+
1,

so
th
at

th
e
p-

pe
rv
er

se
tr
un
ca

tio
n

str
uc

tu
re

of
D

(F
)i

st
he

sta
nd
ar
d

on
es

hi
�e
d
by

−(
n
+
1)
.W

eh
av
e

ȷ̃ n
,!∗
A
=
τF <

0
j n
,∗
A
=
τF
,st

⩽
n
j n
,∗
,

w
he

re
τF
,st

⩽
n

is
th
ep
ar

tia
lt

ru
nc
at
io
n
fu

nc
to

rr
el
at
iv
et

o
th
es

ta
nd
ar
d

tr
un
ca

tio
n

str
uc

tu
re

on
D

(F
).

O
n

U
n,
we

ha
ve

p
⩽
n,

so
th
at
A
∈D

⩽
n (

U
n)

.C
on

se
qu
en

tly
,

th
ec
an

on
ic
al

m
or

ph
ism

τF
,st

⩽
n
j n
,∗
A
→

τ ⩽
n
j n
,∗
A

1.2
.L

IM
IT

S,
CO

LI
M

IT
S,
A
D
JU

N
CT

IO
N

S
7

pr
od

uc
tf

ur
ni

sh
es
ac

op
ro
du
ct
.I

n
th
ec
at
eg

or
y
of
ûe

ld
s,

pr
od

uc
ts

or
co

pr
od

uc
ts

ra
re
ly
ex

ist
.

c)
Le

tQ
be
aq

ui
ve

rw
ith

tw
o
ve

rt
ic
es
a,
b
an
d

tw
o
ar

ro
ws

bo
th

w
ith

or
ig
in
a

an
d
ta

rg
et
b.
A

Q
-d

ia
gr
am

is
gi
ve

n
by

tw
o
ob

je
ct

sA
,B

in
C
an
d
tw

o
m

or
ph

ism
s

f,
g
∶A
→
B.
A

lim
it
of

th
is
di
ag

ra
m

is
ca

lle
d
an
eq

ua
liz
er

of
th
ep
ai
r(
f,

g)
;a

co
lim

it
is
ca

lle
d
ac

oe
qu
al
iz
er

of
th
ep
ai
r(
f,

g)
.

In
th
e
ca

se
of

th
e
ca

te
go

ry
of

se
ts
,t
he
eq

ua
liz
er

of
(f
,g

)
is

th
e
su
bs
et

of
A

co
ns

ist
in

g
of

th
os
e
el
em
en

ts
a
∈
A

su
ch

th
at
f(
a)

=
g(
a)

.I
n
fa
ct
,t

he
sa

m
e

fo
rm

ul
aw

or
ks
fo

rt
he
ca

te
go

rie
so
fg

ro
up

s,
of

k-
m

od
ul
es
,o
fr

in
gs
,o
fû
eld

s,
et
c.,

th
es
et
-th
eo

re
tic
al
eq

ua
liz
er

is
as

ub
ob

je
ct

of
A
an
d
is

th
ee

qu
al
iz
er

in
th
eg

iv
en

ca
te
go

ry
.I

n
th
ec
at
eg

or
y
of

k-
m

od
ul
es
,f

−
g
is
am

or
ph

ism
,a

nd
th
ee

qu
al
iz
er

of
(f
,g

)i
sa

lso
th
ek
er

ne
lo
ff

−
g.

In
th
e
ca

te
go

ry
of

se
ts
,t

he
co
eq

ua
liz
er

of
(f
,g

)
is

th
e
qu

ot
ie
nt

of
B
by

th
e

ûn
es

te
qu

iv
al
en
ce

re
la
tio

n
in
B

th
at

id
en

tiû
es
f(
a)
an
d

g(
a)
,f
or
ev
er
y
a
∈
A
.

H
ow
ev
er
,i
n

th
ec
at
eg

or
yo
fg

ro
up

s,
of

k-
m

od
ul
es
,o
fr

in
gs
,o
fû
eld

s,
on
en
ee
ds

to
co

ns
id
er

th
eû

ne
st
eq

ui
va

len
ce

re
lat

io
n
in
B
w
hi
ch

id
en

tiû
es
f(
a)
an
d
g(
a)
,f
or

ev
er
y
a
∈A

,a
nd

w
hi
ch

m
or
eo
ve

ri
sc

om
pa

tib
le
w
ith

th
eg

iv
en

la
w
s.

_
is

gi
ve

s
th
es
am

es
et

in
th
ec
at
eg

or
y
of

k-
m

od
ul
es
,o

ro
fr

in
gs
,b

ut
no

ti
n

th
ec
at
eg

or
y

of
gr

ou
ps
,w

he
re

th
ec

oe
qu
al
iz
er

of
(f
,g

)i
st

he
qu

ot
ie
nt

of
B
by

th
es

m
al
le
st

no
rm
al

su
bg

ro
up

of
B

th
at
co

nt
ai
ns
f(
a)

g(
a)

−
1 ,
fo

re
ve

ry
a
∈A

.

D
eû

ni
tio

n
(1
.2
.5
).
—

Le
tC

an
d
D
be
ca

te
go

ri
es
an
d
let

G
∶C

→
D
an
d
F
∶D

→
C
be
fu
nc

to
rs
.A

n
ad

ju
nc

tio
n
fo
rt

he
pa

ir
(G
,F

)i
st

he
da

tu
m

of
a
pa

ir
(η
,ε
)o
f

fu
nc

to
rs
η
∶i
d C
→
F
○G

an
d
ε∶

G
○F
→

id
D

sa
tis
fy
in
g
th
e
re
la
tio

ns

ε G
(
x)
○G

(η
x)

=
id

G
(
x)

an
d

F(
ε y
)○
η F
(
y)
=
id
F(

y)
.

ho
ld
fo
r
ev
er
y
x
∈
ob

(C
)
an
d
ev
er
y
y
∈
ob

(D
).

_
e
m
or

ph
ism

η
is
ca

lle
d
th
e

co
un

it
of

th
e
ad

ju
nc

tio
n,
an
d
th
e
m
or

ph
ism

ε
is
ca

lle
d
its

un
it.

If
th
ep
ai
r(

G
,F

)p
os
se
ss
es
an
ad

ju
nc

tio
n,

th
en

on
es
ay

sO
ne

sa
ys

th
at

(G
,F

)i
s

an
ad

jo
in
tp
ai
r,
or

th
at

G
is
a
le
�
ad

jo
in
tt

o
F,

or
th
at
F
is
a
rig

ht
ad

jo
in
tt

o
F,
an
d

on
e
w
ri
te
sG
⊣
F.

Pr
op

os
iti

on
(1
.2
.6
).
—

Le
t
C
an
d
D
be
ca

te
go

ri
es
an
d

le
t
G
∶C

→
D
an
d

F
∶D

→
C
be
fu
nc

to
rs
._

e
fo
llo
w
in
g
da

ta
sa

re
eq

ui
va

le
nt
:

a)
A
n
ad

ju
nc

tio
n
(η
,ε
)f

or
th
e
pa

ir
(G
,F

).
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b)
A

m
orphism

offunctors
η
∶id

C
→
F
○
G

such
thatfor

every
x
∈
ob(C

)
and

every
y
∈
ob(D

),the
m
ap

D
(G

(x),y)
→

C
(x,F(y))

given
by

g
↦

g
♭=

F(g)○
η
x
isbijective.

c)
A

m
orphism

offunctors
ε∶G

○
F
→

id
D

such
thatfor

every
x
∈

ob(C
)

and
every

y
∈
ob(D

),the
m
ap

C
(x,F(y))

→
D

(G
(x),y)

given
by
f
↦
f
♯=

ε
y ○G

(f)
isbijective,

d)
Forevery

objectx
of
C
and

every
object

y
of
D
,a
bijection

f
↦
f
♯from

C
(x,F(y))

to
D

(G
(x),y),w

ith
inverse

g
↦

g
♭,such

thatforany
objectsx,x

′

ofC
,any

objects
y,y

′ofD
,any

m
orphism

su
∈
C

(x
′,x)

and
v
∈
D

(y,y
′),any

m
orphism

f∈
D

(G
(x),y)

and
any

m
orphism

g
∈
C

(x,F(y)),one
has

(v
○
g○G

(u))
♭=

F(v)○
g
♭○

u
and

v
○
f
♯○G

(u)=
(F(v)○

f○
u)

♯.

In
theirpresence,one

hasm
oreoverthe

relations:

g
♭=

F(g)○
η
x

f
♯=
ε
y ○G

(f)
η
x =

(id
G
(x
) )
♭

ε
y =

id
♯F
(y
) .

Proof.—
To

passfrom
d)to

b),wejustsetη
x =

(id
G
(x
) )
♭foreveryobjectx

ofC
.

O
ne

observesthatforevery
m

orphism
g
∈
D

(G
(x),y),one

hasF(g)○
η
x
=

F(g)○id
♭G
(x
) =

g
♭._

en,forevery
m

orphism
u
∈
C

(x,x
′),onehas

F
○G

(u)○
η
x =

G
(u)

♭=
η
x
′○

u.

Consequently,them
orphism

sη
x ∶x

↦
F
○G

(x)deûneam
orphism

offunctors
from

id
C

to
F
○G

.
Conversely,ifb)holds,wejustneed

to
check

thattheasserted
bijection

g
↦

g
♭

satisûesthe
given

form
ulae

ofd).Indeed,for
u
∈
C

(x
′,x)

and
v
∈
C

(y,y
′),

onehas

(v○g○G
(u))

♭=
F(v)○F(g)○(F○G

)(u)○η
x
′=

F(v)○F(g)○η
x ○u

=
F(v)○g

♭○u,

w
hich

provesthesecond
form

ula._
eotherfollow

s.
_
eequivalencebetween

datasc)and
d)isproved

sim
ilarly,orbyconsidering

oppositecategories.
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Card(S
)
=

1,so
that

S
=
{X}

and
p
isconstant.Itthen

follow
sfrom

exam
-

ple5.2.3thatthepair(D
(X)

⩽p,D
(X)

⩾p
+1)isthestandard

truncation
structure,

shi�ed
by

−
p(X).Letusassum

e
thatCard(S

)
⩾

2;letF
be
a
closed

subset
ofX

w
hich

isa
union

ofstrata,and
such

thatF
≠
∅
and

F
≠
X

(lem
m
a
5.1.7);

letU
=
X

F.By
induction,(D

(U
)
⩽p,D

(U
)
⩾p
+1)

and
(D

(F)
⩽p,D

(F)
⩾p
+1)

are
truncation

structures
on

D
(U

)
and

D
(F)

respectively.
It

rem
ains

to
observethat(D

(X)
⩽p,D

(X)
⩾p
+1)isthetruncation

structureon
D

(X)w
hich

isdeduced
by

glueing
from

thesetw
o

truncation
structures.

D
eûnition

(5.2.6).—
LetX

bea
topologicalspace,letS

bea
stratiûcation

ofX
and

letp
bea

perversity
relativeto

S
._

etruncation
structure(

pD
(X)

⩽0,
pD

(X)
⩾1)

on
D

(X)
iscalled

the
p-perverse

truncation
structure.Itsheartisdenoted

by
M

(X)
p;objectsofM

(X)
pare

called
p-perversesheaves.

Letusintroducethefollow
ing

notation:D
(X)

⩽p=
pD

(X)
⩽0and

D
(X)

⩾p=
pD

(X)
⩾p.By

exam
ple5.2.3,itisconsistentwith

thecaseofaconstantperversity.
Itisalso

consistentw
ith

the
intuitive

understanding
W

hen
p
and

q
are

tw
o

perversitiessuch
thatp

⩽
q,itgivesan

intuitiveexplanation
to

theinclusionsof
exam

ple5.2.4.
Sim

ilarly,thetruncation
functorsassociated

w
ith

the
p-perversetruncation

structures
w
illbe

denoted
by

τ
⩽p
and

τ
⩾p ,and

the
p-perverse

cohom
ology

functorw
illbedenoted

by
H

p.

5.2.7.
—

LetX
bea

topologicalspace,let
S

bea
stratiûcation

ofX
and

letp
be
a
perversity

relative
to

S
.LetU

⊂
X
be
an

open
subsetw

hich
isa

union
ofstrata,let

j∶U
→

X
be

the
inclusion;letF

=
X

U
be

the
com

plem
entary

subsetand
leti∶F

→
X
be

the
inclusion.W

e
have

adjointtriplesoffunctors
(i
∗,i∗ ,i !)and

(j! ,j ∗,j∗ )relating
thetriangulated

categories
D

(U
),D

(X)and
D

(F),giving
rise

to
a
glueing

context:
the

p-perverse
truncation

structure
on

D
(X)isobtained

by
glueing

the
p-perversetruncation

structureson
D

(U
)

and
D

(F).W
ealso

havetheirvariantson
hearts(ı̃

∗,ı̃∗ ,ı̃ !)and
(ȷ̃! ,ȷ̃ ∗,ȷ̃∗ ).W

e
also

havetheinterm
ediateextension

functor
ȷ̃!∗ .

_
e
functors

j! ,i
∗
are

rightt-exact;the
functors

j ∗
and

i∗
are

t-exact;the
functors

j∗ and
i !arele�

t-exact._
efunctors

ȷ̃! ,ı̃
∗arerightexact;thefunctors

ȷ̃ ∗and
ı̃∗ areexact;thefunctors

ȷ̃∗ and
ı̃ !arele�

exact.
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A
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5.
PE

RV
ER

SE
SH
EA

V
ES

Le
tA

∈
D

(X
)⩾
a .

Le
tS

∈
S

be
a

st
ra

tu
m

.
Si
nc
e
i S

is
an

im
m
er

sio
n,

th
e

fu
nc

to
r(

i S
) !

on
sh
ea
ve

sa
dm

its
a
rig

ht
ad

jo
in

t(
i S
)! ,

w
hi
ch

is
th

us
le
�
ex
ac

t,
an
d
of

w
hi
ch

i! S
is

th
er

ig
ht
de

riv
ed
fu

nc
to

r.
C
on

se
qu
en

tly
,i
! SA

∈D
(S

)⩾
a
an
d

H
n
i! SA

=
0
fo

re
ve

ry
in

te
ge

rn
su
ch

th
at

n
<
a.

_
is

pr
ov
es

th
at
A

is
an

ob
je
ct

of
p D

(X
)⩾

0 .
C
on

ve
rs
el
y,

le
tA

∈
p D

(X
)⩾

0
an
d
le
tu

sp
ro
ve

th
at
A
∈D

(X
)⩾
a .

Le
tu

sa
pp

ly
th
et

ria
ng

ul
at
ed
fu

nc
to

ri
! S,
co

m
po

se
d
w
ith

th
ec

oh
om

ol
og

ic
al
fu

nc
to

rH
0 ,

to
th
e(
di

sti
ng

ui
sh
ed

)t
ru

nc
at
io
n

tr
ia
ng

le
τ <
aA
→
A
→

τ ⩾
aA
→

Στ
<
aA

.W
eo
bt
ai
n

an
ex
ac

ts
eq

ue
nc
e H
n−

1 i
! Sτ

⩾
aA
→

H
n
i! Sτ

<
aA
→

H
n
i! SA
→

H
n
i! Sτ

⩾
aA

.

Si
nc
eτ

⩾
aA

∈D
(X

)⩾
a ,
w
eh
av
eH

n
i! Sτ

⩾
A
=
0
fo

rn
<
a,

he
nc
et

he
pr
ev

io
us
ex
ac

t
se

qu
en
ce

gi
ve

sa
n

iso
m

or
ph

ism
H

n
i! Sτ

<
aA

∼ Ð→
H

n
i! SA

.
C
on

se
qu
en

tly
,τ

<
aA

∈
p D

(X
)⩾

0 .
Re

pl
ac

in
g
A
by

τ <
aA
,w
em

ay
m

or
eo
ve

ra
ss
um

et
ha

tA
∈D

(X
)<
a ;

let
us

th
en

pr
ov
e
th
at
A
=
0.
Fo

re
ve

ry
st
ra

tu
m

S
∈

S
,w
e
ha
ve

H
n (

i! SA
)
=
0
if

n
<
a,
be
ca

us
e
A
∈

p D
(X

)⩾
0 ,
an
d
H

n (
i! SA

)
=
0
if

n
⩾
a,
be
ca

us
e
A
∈
D

(X
)<
a ;

co
ns
eq

ue
nt

ly,
H

n (
i! SA

)=
0
fo

re
ve

ry
in

te
ge

rn
,h
en
ce
,i
! SA

=
0.

Le
tu

sp
ro
ve

th
at

i∗ SA
=
0
fo

re
ve

ry
st
ra

tu
m

S
∈

S
.W

e
ar
gu
e
by

in
du
ct
io
n,

as
su

m
in

g
th
er
es

ul
tt

ru
ef

or
ev
er
ys

tra
tu

m
T

su
ch

th
at

S
⊂

T
an
d

S
≠

T.
Le

tU
be

th
eu

ni
on

of
al
ls

tr
at
a
T

su
ch

th
at

S
⊂

T;
by

le
m

m
a
5.1

.6
,i
ti

sa
ne

ig
hb

or
ho

od
of

S
in

w
hi
ch

S
is
cl
os
ed

.B
y
th
e
in
du
ct
io
n

hy
po

th
es
is,

th
e
su

pp
or

to
fA

∣ U
is

co
nt
ai
ne
d
in

S;
co

ns
eq

ue
nt

ly
i∗ SA

=
i! SA

=
0,
as
cla

im
ed

.
Si
nc
eS

co
ve

rs
X,

w
eh
av
eA

=
0,
as

w
as

to
be

sh
ow

n.

Ex
am

pl
e
(5
.2
.4
).
—

Le
t
p
an
d

q
be

tw
o

pe
rv
er

sit
ie
sr
el
at
iv
e
to

th
e
st
ra

tiû
ca

-
tio

n
S

su
ch

th
at

p
⩽
q.

It
fo
llo

ws
fro

m
th
ed
eû

ni
tio

ns
th
at

p D
( X

)⩽
0
⊂

q D
(X

)⩽
0

an
d

p D
(X

)⩾
0
⊃

q D
(X

)⩾
0 .

In
pa

rt
ic
ul
ar
,i
fa

is
an

in
te
ge

r
su
ch

th
at

p
⩾
a,

th
en

D
(X

)⩽
a
⊂

p D
(X

)⩽
0

an
d

p D
(X

)⩾
0
⊂
D

(X
)⩾
a .

Si
m

ila
rly
,i
fb

is
an

in
te
ge

r
su
ch

th
at

p
⩽
b,

th
en

p D
(X

)⩽
0
⊂
D

(X
)⩽
b
an
d
D

(X
)⩾
b
⊂

p D
(X

)⩾
0 .

_
eo

re
m

(5
.2
.5
).
—

Le
tX
be
a
to
po

lo
gi
ca

ls
pa
ce
an
d
p
be
a
pe

rv
er
sit
yo

n
X

re
la
tiv
e

to
a
st
ra

tiû
ca

tio
n

S
.
_
e
pa

ir
(D

(X
)⩽

p ,
D

(X
)⩾

p+
1 )

is
a
tr
un
ca

tio
n

st
ru
ct
ur
e

on
D

(X
).

Pr
oo
f.
—

W
e

pr
ov
e

th
e

re
su

lt
by

in
du
ct
io
n

on
th
e
ca

rd
in
al
ity

of
S

.
If

Ca
rd

(S
)
=
0,

th
en

X
=
∅
,D

(X
)
=
0,
an
d

th
e
re

su
lt
is

ob
vi
ou

s.
A
ss
um

e
th
at

1.2
.L

IM
IT

S,
CO

LI
M

IT
S,
A
D
JU

N
CT

IO
N

S
9

Le
tu

s
no

w
pa

ss
fr
om

d)
to
a)

.
W
e
al
re
ad
y
di

sp
os
e
of

tw
o

m
or

ph
ism

s
of

fu
nc

to
rs
η
∶i
d C
→
F
○G

an
d
ε∶

G
○F
→

id
D
.M

or
eo
ve

r,
on
eh
as

ε G
(
x)
○G

(η
x)

=
η♯ x

=
id

G
(
x)

an
d

F(
ε y
)○
η F
(
y)
=
ε♭ y
=
id
F(

y)
.

Fi
na

lly
,l
et

us
pa

ss
fro

m
a)

to
d)

.F
or

g
∈D

(G
(x

),
y)
,w
es
et

g♭
=
F(

g)
○η

x
∈

C
(x
,F

(y
))

;f
or
f
∈C

(x
,F

(y
))
,w
es
et
f♯
=
ε y
○G

(f
)∈

D
(G

(x
),
y)

.F
or
ev
er
y

f
∈C

(x
,F

(y
))
an
d
ev
er
y
g
∈D

(G
(x

),
y)
,w
et

he
n
ha
ve

(f
♯
)♭
=
(ε

y
○G

(f
))

♭
=
F(
ε y
)○

(F
○G

)(
f)
○η

x
=
F(
ε y
)○
η F
(
y)
○
f
=
f

an
d (g

♭
)♯
=
(F

(g
)○
η x

)♯
=
ε y
○(

G
○F

)(
y)
○G

(η
x)

=
g
○ε

G
(
x)
○G

(η
x)

=
g,

so
th
at

th
ed
eû

ne
d
m
ap

s
f
↦
f♯
an
d

g
↦
f♭
ar
eb

ije
ct
io
ns
,i
nv
er

se
on
eo
ft

he
ot

he
r.

_
er
em
ai
ni

ng
fo

rm
ul
as
fo
llo

w,
as

in
th
ep
as

sa
ge
fro

m
b)
an
d
c)

to
a)

.

Re
m
ar

k
(1
.2
.7
).
—

Le
tC

an
d
D
be
ca

te
go

rie
sa

nd
le
tF

∶D
→

C
be
af

un
ct
or
,

an
d
let

G
,G

′
∶C

→
D
be

tw
o
fu

nc
to

rs
w
hi
ch
ar
eb

ot
h
le�

ad
jo
in

tt
o
F.

_
en

G
an
d
G
′
ar
ei

so
m

or
ph

ic
.

M
or
ep

re
ci
se
ly,

le
t(
η,
ε)
an
d
(η

′ ,
ε′
)b
ea
dj

un
ct
io
ns
fo

rt
he

pa
irs

(G
,F

)a
nd

(G
′ ,F

)
re

sp
ec

tiv
el
y.
Fo

r
ev
er
y
x
∈

ob
(C

),
ev
er
y
y
∈

ob
(D

),
w
e
ob

ta
in
a

bi
je
ct
io
n

D
(G

(x
),
y)

∼ Ð→
C

(x
,F

(y
))

∼ Ð→
D

(G
′ (
x)
,y

),
gi
ve

n
ex

pl
ic
itl
y
by

g
↦

g̃
=
ε′ y
○(

G
′
○F

)(
g)
○G

′ (
η x

)=
g
○ε

′ G
′
(
x)
○G

′ (
η x

)=
g
○θ

x,

w
he

re
θ x

=
ε′ G

′
(
x)
○G

′ (
η x

)∈
D

(G
′ (
x)
,G

(x
))

._
is

im
pl
ie
st

ha
tθ

x
is
an

iso
m

or
-

ph
ism

,f
or
ev
er
y
x
∈o
b(
C

).
M

or
eo
ve

r,
th
ef
am

ily
θ
=
(θ

x)
is
an

iso
m

or
ph

ism
of
fu

nc
to

rs
fro

m
G
′
to

G
.

Si
m

ila
rly
,i
fF
,F

′
∶C

→
D
an
d
G
∶D

→
C
ar
e
fu

nc
to

rs
su
ch

th
at

G
is

le
�

ad
jo
in

tb
ot

h
to
F
an
d
F′
,t
he

n
F
an
d
F′
ar
ei

so
m

or
ph

ic
.

Pr
op

os
iti

on
(1
.2
.8
).
—

Le
t
C
an
d
D
be
ca

te
go

ri
es
an
d

le
t
G
∶C

→
D
an
d

F
∶D

→
C
be
fu
nc

to
rs
.L
et

(ε
,η

)b
e
an
ad

ju
nc

tio
n
fo
rt

he
pa

ir
(G
,F

).
a)

_
e
fu
nc

to
r
G

is
fa
ith
fu

li
fa

nd
on

ly
if
η x

is
a

m
on

om
or

ph
ism

fo
r
ev
er
y

ob
je
ct
x
of
C

;
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b)
_
e
functorG

iffullifand
only

ifη
x
isrightinvertible,for

every
objectx

ofC
;

c)
_
e
functorG

isfully
faithfulifand

only
ifη

isan
isom

orphism
offunctors.

a
′)

_
efunctorF

isfaithfulifand
only

ifε
y isan

epim
orphism

forevery
objecty

ofD
;

b
′)

_
efunctorF

iffullifand
only

ifε
y isle�

invertible,forevery
objecty

ofD
;

c
′)

_
e
functorF

isfully
faithfulifand

only
ifε

isan
isom

orphism
offunctors.

Proof.—
a)

Letusassum
e
thatη

x isa
m

onom
orphism

,forevery
objectx

ofC
,and

letusprovethatG
isfaithful.Letx,x

′beobjectsofC
and

letu
and

u
′

beelem
entsof

C
(x

′,x)such
thatG

(u)=
G
(u

′)._
en

η
x ○

u
=
(F
○G

)(u)○
η
x
′=

(F
○G

)(u
′)○

η
x
′=
η
x ○

u
′,

henceu
=
u
′.Conversely,letusassum

ethatG
isfaithfuland

letu,u
′∈

C
(x

′,x).
O
ne

has(η
x ○

u)
♯
=
εG
(x
) ○

G
(η

x )
○
G
(u)

=
G
(u),and

(η
x ○

u
′)
♯
=

G
(u

′).
Consequently,ifeta

x ○
u
=
η
x ○

u
′,then

G
(u)=

G
(u

′),hence
u
=
u
′,sinceG

is
faithful._

isprovesa).
b)

Letusassum
ethatη

x isrightinvertible.Letx,x
′beobjectsof

C
and

let
v
∈
D

(G
(x

′),G
(x)).Letθ

x ∈
C

(F
○
G
(x),x)

be
such

thatη
x ○

θ
x =

id
F
○G
(x
) .

Letussetu
=
θ
x ○F(v)○

η
x
′;thisisan

elem
entof

C
(x

′,x).M
oreover,η

x ○
u
=

F(v)○
η
x
′=

v
♭,so

thatv
=
(η

x ○
u)

♯=
G
(u)._

isprovesthatG
isfull.

C
onversely,letusassum

e
thatG

isfull,letx
be
an

objectof
C
and

letus
choosea

m
orphism

θ
x ∈

C
(F

○G
(x),x)such

thatG
(θ

x )
=
(id

F
○G
(x
) )
♯._

en
(η

x ○
θ
x )

♯=
G
(θ

x )=
(id

F
○G
(x
) )
♯,so

thatη
x ○

θ
x =

id
F
○G
(x
) ._

isprovesthatη
x

isrightinvertible.
c)

Letusassum
ethatG

isfully
faithful.Letx

∈
ob(C

);then
η
x hasa

right
inverse

θ
x ,by

b).
Itfollow

sthatη
x ○

θ
x ○
η
x
=
η
x ,hence

θ
x ○
η
x
=

id
F
○G
(x
) ,

because
η
x isa

m
onom

orphism
,by

a).C
onsequently,η

x isan
isom

orphism
.

_
isim

pliesthatη
isan

isom
orphism

offunctors.
C
onversely,letusassum

ethatη
isan

isom
orphism

offunctors.In
particular,

η
x isan

isom
orphism

forevery
objectx

of
C

._
en

the
functorG

isfaithful,
by
a),and

isfull,by
b);itisthusfully

faithful.
_
eprim

ed
assertionsfollow

from
w
hathasjustbeen

proved,by
passing

to
theoppositecategory.

5.2.PERV
ERSE

SH
EAV

ES
151

have
S
⊂

T._
en

S
⊂

T
T,w

hich
isclosed

in
T.C

onsequently,s∈
T

T,a
contradiction.

Lem
m
a
(5.1.7).—

LetX
bea

topologicalspaceand
let

S
bea

stratiûcation
ofX

.
A
ssum

ethatCard(S
)⩾

2._
en

thereexistsa
closed

subsetF
ofX

such
thatF

≠
∅

and
F
≠
X
,w

hich
isa

union
ofstrata.

Proof.—
LetS

∈
S

beastratum
such

thatS
≠
X.Bydeûnition

ofastratiûcatino,
S
isa

union
ofstrata,asw

ellasS
S;m

oreover,S
S
isclosed

in
S.IfS

=
X,

then
w
etakeF

=
S

S.O
therw

ise,w
etakeF

=
S.

5.2.
Perverse

sheaves

D
eûnition

(5.2.1).—
LetX

bea
topologicalspaceand

letS
bea

stratiûcation
ofX

.
A
function

p
∶S

→
Z

iscalled
a
perversity

on
X

relative
to

the
stratiûcation

S
.

D
eûnition

(5.2.2).—
LetX

be
a
topologicalspace

and
p
be
a
perversity

on
X

relative
to
a
stratiûcation

S
.

Let
pD

(X)
⩽0bethefullsubcategory

ofD
(X)

w
hoseobjectsA

arecharacterized
by

the
property

(5.2.2.1)
H

n(i
∗S A

)=
0

forallS
∈
S
and

alln
>

p(S).

Sim
ilarly,let

pD
(X)

⩾0
be

the
fullsubcategory

of
D

(X)
w
hose

objectsA
are

characterized
by

the
property

(5.2.2.2)
H

n(i !S A
)=

0
forallS

∈
S
and

alln
<

p(S).

For
every

integer
n,w

e
also

set
pD

(X)
⩽n

=
Σ
−n

pD
(X)

⩽n
and

pD
(X)

⩾n
=

Σ
−n

pD
(X)

⩾n.

Exam
ple

(5.2.3)
(C

onstant
perversity).—

A
ssum

e
that

p
is
constant

w
ith

value
a
∈
Z;letusprovethat

pD
(X)

⩽0=
D

(X)
⩽aand

pD
(X)

⩾0=
D

(X)
⩾a.

Sincethefunctor
i
∗S
on

sheavesisexact,forevery
S
∈
S
,onehas

D
(X)

⩽a⊂
pD

( X)
⩽0.Conversely,letA

∈
pD

(X)
⩽0and

letusprovethatA
∈
D

(X)
⩽a.Since

thestandard
truncation

structureon
D

(X)isnondegenerate,itsuõ
cesto

prove
thatH

n(A
)
=
0
forevery

integer
n

such
thatn

>
a.Letn

be
such

an
integer.

By
exactnessofi

∗S ,onehas
i
∗S H

n(A
)=

H
n(i

∗S A
)=

0
forevery

S
∈
S

.Sincethe
subspacesS,forS

∈
S
,coverX,thisim

pliesthatallstalksofH
n(A

)
are

zero,
henceH

n(A
)=

0.
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CH
A
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5.
PE

RV
ER

SE
SH
EA

V
ES

lin
ea

ra
lg
eb

ra
,e
ve

ry
su
ch

su
bs

pa
ce

V
ca

n
be

re
pr
es
en

te
d
by
a
un

iq
ue

p
×

n
m
at
rix

A
V
in

ro
w

re
du
ce
d
ec

he
lo
n
fo

rm
,t
he

p
ro
w
ve
ct
or

so
fw

hi
ch
fo

rm
ab
as

is
of

V
._

e
pi
vo

ti
nd

ic
es

of
th

is
m
at
rix

A
V
fo

rm
a
st
ric

tly
in
cr
ea

sin
g
se

qu
en
ce

i=
(i

1,
..

.,
i p
)o
fi
nt
eg
er

s,
ch
ar
ac

te
riz
ed
by

th
er
el
at
io
ns

di
m
(V

∩
C

m
×
{(
0,

..
.,
0)

})
⩾
d

⇔
i d
⩾
m

.

_
e
ro
w

re
du
ce
d

m
at
ric
es
as

so
ci
at
ed

w
ith

su
ch

a
se

qu
en
ce

if
or

m
an

aõ
ne

sp
ac
eS

i
of
di
m
en

sio
n

(i
2
−

i 1
−
1)
+

2(
i 3
−

i 2
−
1)
+
⋅⋅
⋅+

(p
−
1)
(i

p
−

i p
−
1−

1)
+

p(
n
−

i p
))

=
1 2(2

n
−

p
+
1)

p
−
(i

1+
⋅⋅
⋅+

i p
).

_
is
fu

rn
ish
es
as

tra
tiû
ca

tio
n
of

th
eG

ra
ss
m
an

n
va

rie
ty

in
(o

pe
n)

“S
ch

ub
er

tc
ell

s”
w
hi
ch
ar
ec

om
pl
ex
aõ

ne
sp
ac
es
.

W
he

n
p
=

1,
th
e
G
ra

ss
m
an

n
m
an

ifo
ld

G
r(
1,
n)

is
th
e
pr

oj
ec

tiv
e

sp
ac
e
of

di
m
en

sio
n
n
−
1,
an
d
fo

ri
∈{

1,
..

.,
n}
,t
he
aõ

ne
sp
ac
eS

i
ha

sd
im
en

sio
n
n
−

i.
O
ne

re
co
ve

rs
(u

p
to

th
ei

nd
ex

in
g)

th
es

tr
at
iû
ca

tio
n
of

Pn
−
1 .

5.
1.5

.
—

Le
tX

be
at

op
ol
og

ic
al

sp
ac
ea

nd
le
tS

be
as

tr
at
iû
ca

tio
n
of

X.
Le

tS
∈S

.B
yd
eû

ni
tio

n
of
al

oc
al
ly
clo

se
d

su
bs
et
,S

is
op
en
an
d
de

ns
ei

n
S.
By

de
ûn

iti
on

of
as

tr
at
iû
ca

tio
n,

S
S
is
au

ni
on

of
st
ra

ta
,e
ac

h
of

th
em

ha
se

m
pt
y

in
te
rio

ri
n

S.
_
er
el
at
io
n

“S
⊂

T”
is
an

or
de

rin
g
on

S
.S

in
ce

it
is
eq

ui
va

le
nt

to
“S

⊂
T”
,i
t

is
re
�e
xi
ve
an
d

tr
an

sit
iv
e.
By

th
er
em
ar
k
ab

ov
e,

if
S
=

T,
th
en

S
an
d

T
ar
eb

ot
h

de
ns
ei

n
S,

he
nc
eS

=
T.

Le
m
m
a
(5
.1.

6)
.—

Le
tX

be
a
to
po

lo
gi
ca

ls
pa
ce
an
d
le
tS

be
a
str
at
iû
ca

tio
n
of
X.

Le
tS

∈
S
an
d
le
tU

be
th
e
un

io
n

of
al
ls

tr
at
a

T
su
ch

th
at

S
⊂

T.
_
en

U
is
a

ne
ig
hb

or
ho

od
of

S
in

w
hi
ch

S
is
clo

se
d.

Pr
oo
f.
—

Le
tu

sû
rs
ts

ho
w

th
at

U
is
a
ne

ig
hb

or
ho

od
of

S.
A
ss
um

e
ot

he
rw

ise
an
d
let

F
be
an

ul
tra
ûl

te
rc

on
ta
in

in
gX

U
th
at
co

nv
er
ge

st
o
ap

oi
nt

s∈
S.

Si
nc
e

S
is
ûn

ite
,t
he

re
ex

ist
sa

str
at
um

T
∈S

su
ch

th
at

T
∈F

.B
yt

he
de
ûn

iti
on

of
U
,

S
is

no
tc

on
ta
in
ed

in
T,
ac

on
tr
ad

ic
tio

n.
Le

tu
st

he
n

sh
ow

th
at

S
is
cl
os
ed

in
U
.L
et

F
be
an

ul
tr
aû

lte
rc

on
ta
in

in
g
S

th
at
co

nv
er
ge

st
o
a
po

in
ts

of
U
,a

nd
le
tu

ss
ho

w
th
at

s∈
S.
A
ss
um

eo
th
er
w
ise

an
d
le
tT

≠
S
be

th
e
st
ra

tu
m

of
S

th
at
co

nt
ai
ns

s;
by

th
e
de
ûn

iti
on

of
U
,w
e

1.3
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Pr
op

os
iti

on
(1
.2
.9
).
—

Le
t
C
an
d
D
be
ca

te
go

ri
es
an
d

le
t
G
∶C

→
D
an
d

F
∶D

→
C
be
fu
nc

to
rs
.A

ss
um
e
th
at

(G
,F

)i
sa

n
ad

jo
in
tp
ai
r.

a)
_
ef

un
ct
or
F
pr
es
er
ve

sl
im

its
an
d
se
nd

sm
on

om
or

ph
ism

st
o
m
on

om
or

ph
ism

s;
b)

_
e
fu
nc

to
rG

pr
es
er
ve

sc
ol
im

its
an
d
se
nd

se
pi
m
or

ph
ism

st
o
ep

im
or

ph
ism

s.

Pr
oo
f.
—

Le
t(
ε,
η)
be
an
ad

ju
nc

tio
n
fo

rt
he

pa
ir

(G
,F

).
Le

tQ
=
(V
,A

)b
ea

qu
iv
er
an
d
le
tD

=
((
y v

),
(g
a)
)b
ea

Q
-d

ia
gr
am

in
D
,w

ith
lim

it
y;

le
tg

=
(g

v)
be

th
e
ca

no
ni
ca

lf
am

ily
of

m
or

ph
ism

s,
w
he

re
g v

∈
D

(y
,y

v)
fo

re
ve

ry
v
∈
V
.

_
en
F(
D
)=

((
F(

y v
))
,(
F(

g a
))

)i
sa

Q
-d

ia
gr
am

in
C
,a

nd
(F

(y
),

(F
(g
a)
))

is
a

co
ne

on
F(
D
).

Le
tu

ss
ho

w
th
at

it
is
al

im
it.

Le
t(
x,

(f
v)
)b
ea

co
ne

on
F(
D
):
fo

r
ev
er
y
v
∈V

,o
ne

ha
s
f v
∈C

(x
,F

(y
v)
);
fo

re
ve

ry
ed

ge
a
∈A

w
ith

or
ig
in

v
an
d

te
rm

v′
,o

ne
ha

s
f v
′
=
F(

g a
)○
f v
.F

or
ev
er
yv

∈V
,o

ne
ha

s
f♯ v
∈D

(G
(x

),
y v

);
fo

r
ev
er
y
ed

ge
a
∈A

w
ith

or
ig
in

v
an
d

te
rm

v′
,o

ne
ha

s
f♯ v′

=
(F

(g
a)
○
f v
)♯
=

g a
○
f♯ v
.

C
on

se
qu
en

tly
,(

G
(x

),
(f

♯ v
))

is
ac

on
eo

n
D

;b
y
de
ûn

iti
on

of
al

im
it,

th
er
ee

xi
sts

a
un

iq
ue

m
or

ph
ism

g
∈D

(G
(x

),
y)

su
ch

th
at
f♯ v
=

g v
○
g
fo

re
ve

ry
v
∈V

.L
et

f
=

g♭
∈C

(x
,F

(y
))

;f
or
ev
er
yv

∈V
,o

ne
ha

s(
F(

g v
)○
f)

♯
=

g v
○
f♯
=

g v
○g

=
f♯ v
,

so
th
at
F(

g v
)○

f
=
f v
.C

on
ve

rs
el
y,

if
f′
∈
C

(x
,F

(y
))

sa
tis
ûe

sF
(g

v)
○
f′
=
f v

fo
re

ve
ry

v
∈
V
,t
he

n
f♯ v
=

g v
○(
f′
)♯
,h
en
ce

(f
′ )♯

=
g
an
d,
ûn
al
ly,
f′
=
f.

_
is

co
nc

lu
de

st
he

pr
oo
ft

ha
tt

he
co

ne
(F

(y
),

(F
(g

v)
))

is
al

im
it
of

th
ed

ia
gr
am

F(
D
).

Le
tv

∶
∈
D

(y
,y

′ )
be

a
m

on
om

or
ph

ism
an
d

le
tu

s
pr

ov
e

th
at
F(
v)

is
a

m
on

om
or

ph
ism

.
Le

tu
,u

′
∈
C

(x
,F

(y
))
be

su
ch

th
at
F(
v)

○
u
=
F(
v)

○
u′
.

_
en

v
○i
d♯
○G

(u
)=

(F
(v

)○
u)

♯
=
v
○i
d♯
○G

(u
′ ).

Si
nc
ev

is
am

on
om

or
ph

ism
,

w
eg
et

id
♯
○G

(u
)=

id
♯
○G

(u
′ ),

he
nc
eu

♯
=
(u

′ )♯
,h
en
ce

u
=
u′
._

is
pr

ov
es

th
at

F(
v)

is
am

on
om

or
ph

ism
,a

sc
la
im
ed

.
_
eo

th
er
as

se
rt
io
n
fo
llo

w
sb

y
pa

ss
in

g
to

th
eo

pp
os

ite
ca

te
go

rie
s.

(
1)

1.3
.
A
dd

iti
ve
ca

te
go

ri
es

1.3
.1.
—

Le
tC

be
a
ca

te
go

ry
.A

ze
ro

ob
je
ct

in
C

is
an

ob
je
ct
0
w
hi
ch

is
bo

th
in

iti
al
an
d

te
rm

in
al
._

en
fo

re
ve

ry
pa

ir
(X
,Y

)o
fo
bj
ec

ts
in

C
,t
he

re
ex

ist
sa

un
iq

ue
m

or
ph

ism
in

C
(X
,Y

)w
hi
ch
fa
ct
or

st
hr

ou
gh

0;
it
is
de

no
te
d
by

0.

(1)
To

be
ad
de
d:
ex
am

pl
es
,(
co

)li
m

its
as
ad

jo
in

t?
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CH

A
PTER

1.CATEG
O

RIES

D
eûnition

(1.3.2).—
Let

C
be
a
category.O

ne
saysthat

C
issem

i-additive
if

the
follow

ing
conditionsare

satisûed:

a)
C
adm

itsûnite
productsand

ûnite
coproducts;

b)
_
ereexistsan

objectofC
,denoted

by0,w
hich

isboth
initialand

term
inal;

c)
Let(X

1 ,X
2 )
be
a
pairofobjectsof

C
,let(X

1 ⊔
X

2 ,(j1 ,j2 ))
be
a
coproduct,

let(X
1 ×

X
2 ,(p

1 ,p
2 ))

and
let
ε∶X

1 ⊔
X

2
→

X
1 ×

X
2
be
a
m
orphism

such
that

p
a ○
ε○

jb =
id

X
a ifa

=
b,and

0
otherw

ise._
en
ε
isan

isom
orphism

.

Letusdetailthethird
condition

alittlebit.By
deûnition

ofacoproduct,the
m
ap
f↦

(f○
j1 ,f○

j2 )isabijection
from

C
(X

1 ⊔X
2 ,X

1 ×X
2 )to∏

2b
=1 C

(X
b ,X

1 ×
X

2 ).Sim
ilarly,forevery

b
∈{1,2},thedeûnition

ofa
productim

pliesthatthe
m
ap

g
↦

(p
1 ○

g,p
2 ○

g)isabijection
from

C
(X

b ,X
1 ×

X
2 )to

∏
2a
=1 C

( X
b ,X

a ).
C
onsquently,the

m
ap
f
↦

(p
a ○
ε○

jb )
(a,b
)
∈
{1,2
}

2isa
bijection

from
C

(X
1 ⊔

X
2 ,X

1 ×
X

2 )
to
∏

2a,b
=1 C

(X
b ,X

a ).
C
onsequently,there

there
exists

a
unique

m
orphism

εasstated,and
theassertion

isthatεisan
isom

orphism
.

Lem
m
a
(1.3.3).—

Let
C
be
a
sem

i-additive
category.Forevery

pair(X
1 ,X

2 )
of

objectsof
C
and

every
pair

f,g
∈
C

(X
1 , X

2 ) ,let
f+

g
be

the
unique

elem
entof

C
(X

1 ,X
2 )

such
that

X
1
d
X
1

Ð→
X

1 ×
X

1
(f,g
)

ÐÐ→
X

2 ×
X

2
ε
−
1

Ð→
X

2 ⊔
X

2
δ
X
2

Ð→
X

2 ,

w
here

d
X

1 is
the

unique
m
orphism

w
hose

com
position

w
ith

the
tw

o
canonical

m
orphism

sX
1 × X

1 →
X

1 isid
X

1 ,and
δ
X

2 istheuniquem
orphism

w
hosecom

position
w
ith

thetw
o
canonicalm

orphism
sX

2 →
X

2 ⊔
X

2 isid
X

2 ._
en

thecom
position

law
(f,g)↦

f+
g
on

C
(X

1 ,X
2 )

iscom
m
utative,associative,thezero

m
orphism

isa
neutralelem

ent.
M

oreover,for
every

triple
(X

1 ,X
2 ,X

3 )
ofobjects

of
C
,the

com
position

m
ap

C
(X

1 ,X
2 )×

C
(X

2 ,X
3 )→

C
(X

1 ,X
3 )

given
by(f,g)↦

g○
f
isbi-additive:for

f,f
′∈

C
(X

1 ,X
2 )
and

g,g
′∈

C
(X

2 ,X
3 ),one

has

g○(f+
f
′)=

(g○
f)+

(g○
f
′)

and
(g+

g
′)○

f=
(g○

f)+
(g

′○
f).

Proof.—
To

bedone.

D
eûnition

(1.3.4).—
O
ne

saysthata
sem

i-additive
category

C
isadditive

ifits
sem

i-groupsofm
orphism

s
C

(X
1 ,X

2 )
are

abelian
groups.

C
H
A
PT
ER

5

PERV
ER

SE
SH
EAV

ES

5.0.1.
—

In
thischapter,weonly

considertopologicalspacesw
hich

arelocally
com

pactand
ûnite

dim
ensional.IfX

issuch
a
space,w

e
w
rite

D
(X)

forits
derived

category
ofsheavesofabelian

groups.
W
e
recallthatevery

continuousm
ap
f∶Y

→
X

ofsuch
topologicalspaces

inducesfunctors
f! ,f∗ ∶

D
(X)→

D
(Y)and

f
∗,f !∶

D
(Y)→

D
(X),related

by
adjunctions(f

∗,f∗ )and
(f! ,f !).

5.1.
Stratiûed

spaces

D
eûnition

(5.1.1).—
LetX

be
a
topologicalspace.A

stratiûcation
S

ofX
isa

ûnite
partition

ofX
into

nonem
pty

locally
closed

subsets,called
strata,such

that
the

closure
ofa

stratum
isa

union
ofstrata.

Exam
ple(5.1.2).—

Letn
bean

integer._
eprojectivespace

P
n(considered

as
acom

plex
m
anifold)adm

itsastandard
stratiûcation

(S
0 ,..., S

n ) such
thatfor

every
i,the

stratum
S
i isan

aõ
ne

space
C

iof(com
plex)dim

ension
i,and

its
closureS

i =
S
0 ∪

⋅⋅⋅∪
S
i isaprojectivesubspace

P
i.

Exam
ple(5.1.3).—

LetG
beacom

plexreductivealgebraicgroup,letB
beaBorel

subgroup
ofG

and
letW

beaW
eylgroup

associated
to

them
axim

altorusofB.
Forexam

ple,onem
aytakeforG

thelineargroupG
L(n,C),forB

bethesubgroup
ofuppertriangularm

atricesand
forW

bethesubgroup
ofperm

utation
m
atrices.

_
e
Bruhatdecom

position
G
=
BW

B
inducesa

stratiûcation
B

=
(Bw

B)w
∈W

ofG
.

Exam
ple

(5.1.4).—
Let

p
and

n
be

integerssuch
that1

⩽
p
⩽

n
and

letX
=

G
r(p,n)

be
the

G
rassm

ann
varieties

of
p-dim

ensionalsubspaces
ofC

n.
By
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Ex
am

pl
e
(1
.3
.5
).
—

a)
Le

tk
be
ar

in
g;

th
ec
at
eg

or
yo
fk

-m
od

ul
es

is
an
ad
di

tiv
e

ca
te
go

ry
.

b)
Le

tX
be
at

op
ol
og

ic
al

sp
ac
ea

nd
let

O
be
as

he
af

of
rin

gs
on

X;
th
ec
at
eg

or
y

of
O

-m
od

ul
es

is
an
ad
di

tiv
ec
at
eg

or
y.

c)
_
ec
at
eg

or
y
of
co

m
pl
ex
Ba

na
ch

sp
ac
es
,w

ith
co

nt
in

uo
us

lin
ea

rm
ap

sf
or

m
or

ph
ism

s,
is
an
ad
di

tiv
ec
at
eg

or
y.

d)
_
eo

pp
os

ite
ca

te
go

ry
to
a(

se
m

i-)
ad
di

tiv
ec
at
eg

or
yi

sa
ga

in
a(

se
m

i-)
ad
di

tiv
e

ca
te
go

ry
.

1.3
.6
.
—

Le
tC

be
an
ad
di

tiv
e
ca

te
go

ry
.L
et

(X
,Y

)
be
a
pa

ir
of

ob
je
ct

so
fC

an
d
le
tf

∈C
(X
,Y

)b
ea

m
or

ph
ism

.A
n
eq

ua
liz
er

of
th
ep
ai
r(
f,
0)

is
ca

lle
d
a

ke
rn
el

of
f,
an
d
is
de

no
te
d
by

Ke
r(
f)

;a
co
eq

ua
liz
er

of
th
ep
ai
r(
f,
0)

is
ca

lle
d
a

co
ke

rn
el

of
f,
an
d
is
de

no
te
d
by
C
ok
er
(f

).
If
f
is
am

on
om

or
ph

ism
,t
he

n
0
is
a

ke
rn
el

of
f;

if
f
is
an
ep

im
or

ph
ism

,t
he

n
0
is
ac

ok
er

ne
lo
ff

.
Le

tK
er
(f

)b
ea

ke
rn
el

of
f,
an
d
let

i∶
Ke

r(
f)
→

X
be

th
ec
an

on
ic
al

m
or

ph
ism

.
By

de
ûn

iti
on

of
ak
er

ne
l,
th
em

ap
C

(Z
,K
er
(f

))
→

C
(Z
,X

)g
iv
en
by

g
↦

i○
g

is
in
je
ct
iv
e.

In
ot

he
rw

or
ds
,i

is
am

on
om

or
ph

ism
.

By
pa

ss
in

gt
o
th
eo

pp
os

ite
ca

te
go

ry
,o

ne
de
du
ce

st
ha

tt
he
ca

no
ni
ca

lm
or

ph
ism

p
∶Y
→
C
ok
er
(f

)i
sa

n
ep

im
or

ph
ism

.

1.4
.
A
be

lia
n
ca

te
go

ri
es

D
eû

ni
tio

n
(1
.4
.1)

.—
O
ne

sa
ys

th
at
an
ad
di
tiv
ec
at
eg

or
y
C

is
an
ab
eli
an
ca

te
go

ry
if
th
e
fo
llo
w
in
g
pr

op
er
tie

sh
ol
d:

a)
Ev
er
y
m
or

ph
ism

ha
sa

ke
rn
el
an
d
a
co

ke
rn
el
;

b)
Ev
er
y
m
on

om
or

ph
ism

is
a
ke

rn
el
;

c)
Ev
er
y
ep

im
or

ph
ism

is
a
co

ke
rn
el
.

Ex
am

pl
e
(1
.4
.2
).
—

a)
Le

t
k
be

a
rin

g.
_
e
ca

te
go

ry
of

k-
m

od
ul
es

is
an

ab
el
ia
n
ca

te
go

ry
.E

pi
m

or
ph

ism
sa

re
su

rje
ct
iv
em

or
ph

ism
s,

m
on

om
or

ph
ism

s
ar
ei

nj
ec

tiv
em

or
ph

ism
s;

ke
rn
el
an
d
co

ke
rn
els

co
in
ci
de

w
ith

th
eu

su
al

no
tio

ns
.

A
th
eo

re
m

of
M

itc
he

ll
as

se
rts

th
at
fo

re
ve

ry
ab
eli
an
ca

te
go

ry
C
,t
he

re
ex

ist
sa

rin
g
k
an
d
an
ex
ac

tf
ul
ly
fa
ith
fu

lf
un
ct
or

of
C

in
to
ac
at
eg

or
y
of

k-
m

od
ul
es
.I

n
pa

rt
ic
ul
ar
,k
er

ne
ls
an
d
co

ke
rn
els

ar
ep

re
se

rv
ed
by

th
is
em
be
dd

in
g.
Fo

rc
er

ta
in

ar
gu

m
en

ts
,t

hi
sa

llo
w
st

o
pr
et
en
d
ob

je
ct

so
fC

ar
e
k-

m
od

ul
es
an
d
pl
ay

w
ith

th
ei
r“
ele

m
en

ts”
.
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b)
LetX

beatopologicalspaceand
letO

beasheafofringson
X._

ecategory
of

O
-m

odulesisan
abelian

category.M
onom

orphism
s,resp.epim

orphism
s,

arethem
orphism

sw
hich

induceinjective,resp.surjective,m
orphism

son
all

stalks.C
onsequently,m

onom
orphism

sareinjectivem
orphism

s.H
ow
ever,not

everyepim
orphism

issurjective(seeexercise3.10.1).Kernelsaredeûned
naively;

how
ever,thecokernelofa

m
orphism

φ
of

O
-m

odulesisthesheafassociated
w
ith

thepresheafU
↦
C
oker(φ

U ).
c)

Let
A
bean

abelian
category._

eadditivecategory
C

(A
)ofcom

plexes
in

A
isan

abelian
category.Kernelsand

cokernelsarecom
puted

term
wiseand

a
m

orphism
ofcom

plexes
f∶X

→
Y

isam
onom

orphism
(resp.an

epim
orphism

,
resp.an

isom
orphism

)ifand
only

ifso
is
f
n∶X

n→
Y

n,forevery
integern

∈
Z.

d)
_
ecategoryofBanach

spacesisnotan
abelian

category.Indeed,in
thiscat-

egory,m
onom

orphism
saretheinjectivecontinuousm

orphism
s,w

hilekernels
arem

onom
orphism

sw
ith

closed
im
age.

Proposition
(1.4.3).—

Let
f∶X

→
Y
be
a
m
orphism

in
an
abelian

category
C

.
a)

_
e
m
orphism

f
isa

m
onom

orphism
ifand

only
ifKer(f)=

0;
b)

_
e
m
orphism

f
isan

epim
orphism

ifand
onlyC

oker(f)=
0;

c)
_
e
m
orphism

f
isan

isom
orphism

ifand
only

itisboth
a
m
onom

orphism
and

an
epim

orphism
.

Proof.—
a)

_
e
conditions“f

isa
m

onom
orphism

”and
“Ker(f)

=
0”are

both
equivalentto

thestatem
entthatforevery

objectZ,thezero
m

orphism
is

theonly
m

orphism
h
∈
C

(Z,X)such
that

f○
h
=
0.

b)
Sim

ilarly,theconditions“fisan
epim

orphism
”and

“C
oker(f)=

0”are
both

equivalentto
thestatem

entthatforevery
objectZ,thezero

m
orphism

is
theonly

m
orphism

g
∈
C

(Y,Z)such
thatg○

f=
0.

c)
If
fisan

isom
orphism

,then
itisboth

an
epim

orphism
and

am
onom

or-
phism

.Letusassum
e,conversely,thatfisboth

an
epim

orphism
and

am
onom

or-
phism

.Since
fisa

m
onom

orphism
,itisthekernelofa

m
orphism

g∶Y
→

Z.
In

particular,one
has

g
○
f
=
0
=
0
○
f.Since

f
isan

epim
orphism

,one
has

g
=
0.

Since
f∶X

→
Y

isa
kernelof0,the

relation
0
○
id

Y
=
0

im
pliesthe

existenceofauniquem
orphism

h
∶Y
→

X
such

thatid
Y
=
f○

h.In
particular,

f
isright-invertible.By

passing
to

theoppositecategory,oneprovesthat
f
is

le�-invertible.C
onsequently,fisan

isom
orphism

,asw
asto

beshow
n.

Lem
m
a
(1.4.4).—

Let
C
be
an
abelian

category.

4.5.EXTEN
SIO

N
S

147

c)
Sincethefunctorı̃∗ isexactand

fully
faithful,forevery

objectT
in

C
F ,the

objectı̃∗ T
of

C
issim

ple
ifand

only
ifT

issim
ple.M

oreover,ifT
and

T
′are

tw
o
objectsof

C
F such

that
ȷ̃!∗ T

and
ȷ̃!∗ T

′areisom
orphicin

C
,then

T
and

T
′

areisom
orphic.

d)
To

concludetheproof,itsuõ
cesto

provethata
sim

pleobjectX
of

C
is

eitheroftheform
ȷ̃!∗ Sforsom

eobjectS
∈
C

U ,oroftheform
ı̃∗ T

forsom
eobject

T
∈
C
F ._

erearetwo
cases.IfX

hasanonzero
subobject,oranonzero

quotient,
in

C
F ,then

X
isisom

orphic
to

thatobjectsince
itissim

ple.O
therw

ise,the
relation

ȷ̃ ∗○ȷ̃!∗ ≃
id

in
C

U
showsthatX

isan
extension

ofȷ̃ ∗X;sincethisextension
hasneitheranonzero

subobject,noranonzero
quotientin

C
F ,corollary

4.5.11
im

pliesthatX
≃

ȷ̃!∗ ȷ̃ ∗X.
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Si
m

ila
rly
,a

ss
um

et
ha

t
f
is
an
ep

im
or

ph
ism

.S
in
ce

ȷ̃ !
is

rig
ht
ex
ac

t,
th
em

or
-

ph
ism

ȷ̃ !(
f)

is
th
en
an
ep

im
or

ph
ism

._
is

im
pl
ie
st

ha
tȷ̃

!∗
(f

)i
sa

n
ep

im
or

ph
ism

as
w
el
l.

Si
nc
e
ȷ̃∗
○
ȷ̃ !∗

=
id
,t
he
fu

nc
to

r
ȷ̃ !∗

is
fa
ith
fu

l.
O
n

th
eo

th
er

ha
nd
,l
et
f
∶ȷ̃

!∗
Y
→

ȷ̃ !∗
Z
be
am

or
ph

ism
in

C
,a

nd
le
t

g
=
f
−

ȷ̃ !∗
○
ȷ̃∗
(f

)∶
ȷ̃ !∗
Y
→

ȷ̃ !∗
Z.

O
ne

ha
s

ȷ̃∗
(g

)
=

0;
co

ns
eq

ue
nt

ly,
Ke

r(
g)

is
a

su
bo
bj
ec

t
of

ȷ̃ !∗
Y

su
ch

th
at

ȷ̃∗
(K
er
(g

))
=
Y,
be
ca

us
e
ȷ̃∗

is
ex
ac

t.
_

is
im

pl
ie
st

ha
tȷ̃
!∗
Y/

Ke
r(

g)
be

lo
ng

st
ot

he
su
bc
at
eg

or
y
C

F,
he

nc
ei

sz
er
o,
by
co

ro
lla

ry
4.
5.1

1.
Co

ns
eq

ue
nt

ly,
Ke

r(
g)

=
ȷ̃ !∗
Y,

he
nc
e
g
=
0
an
d
f
=

ȷ̃ !∗
○
ȷ̃∗
(f

).
C
on

se
qu
en

tly
,t
he
fu

nc
to

r
ȷ̃ !∗

is
fu

lly
fa
ith
fu

l.
Le

tY
be
an

ob
je
ct

of
C

U
an
d

le
tX

=
ȷ̃ !∗
Y.

By
pr

op
os

iti
on

4.
5.1
0,

on
e
ha

s
i∗
X
∈D

<
0

F
,h
en
ce
ı̃∗
X
=
H

0 (
i∗
X)

=
0.

Si
m

ila
rly
,o

ne
ha

sı̃
! X

=
0.
Co

nv
er

se
ly,

let
X
be
an

ob
je
ct

of
C

su
ch

th
at
ı̃∗
X
=
ı̃! X

=
0.

Le
tY

=
ȷ̃∗
X.
By

co
ns

tr
uc

tio
n,

X
is

an
ex

te
ns

io
n
of

Y
in

C
.B

yp
ro

po
sit

io
n
4.
5.7
,b

),
ı̃ ∗
ı̃∗
X
=
0
is

th
el
ar
ge

st
qu

ot
ie
nt

of
X

th
at
be

lo
ng

st
o
C
F,
an
d
ı̃ ∗
ı̃! X

=
0
is

th
el
ar
ge

st
su
bo
bj
ec

to
fX

th
at
be

lo
ng

s
to

C
F.
By

co
ro

lla
ry

4.
5.1

1,
X

is
iso

m
or

ph
ic

to
ȷ̃ !∗
Y.

_
is
co

nc
lu
de

st
he

pr
oo
f.

Co
ro

lla
ry

(4
.5
.13

).
—

_
es

im
pl
eo
bj
ec
ts

of
th
ec
at
eg

or
y
C
ar
et

he
ob

je
ct
s
ȷ̃ !∗

S,
fo
r

S
∈C

U
sim

pl
e,
an
d
th
e
ob

je
ct
sı̃

∗
T,
fo
rT

∈C
F
sim

pl
e.

Pr
oo
f.
—

a)
Le

tu
sû

rs
tp

ro
ve

th
at
fo

re
ve

ry
ob

je
ct

S
∈
C

U
, ȷ̃

!∗
S
is

sim
pl
e
if

an
d
on

ly
if

S
is

sim
pl
e.

A
ss
um

et
ha

tȷ̃
!∗
S
is

sim
pl
e.

N
ec
es

sa
ril
y,

S
is

no
nz
er
o;

le
tS

′
→

S
be
an

on
ze

ro
su
bo
bj
ec

t.
_
en

ȷ̃ !∗
S′
→

ȷ̃ !∗
S

is
a

su
bo
bj
ec

t
as

w
el
l,
be
ca

us
e

ȷ̃ !∗
pr
es
er
ve

s
m

on
om

or
ph

ism
s,
an
d

ȷ̃ !∗
S′

is
no

nz
er
o,

sin
ce

its
im
ag
e
un
de

r
ȷ̃∗

is
S′
.C

on
se
-

qu
en

tly
,
ȷ̃ !∗

S′
→

ȷ̃ !∗
S
is
an

iso
m

or
ph

ism
,a

nd
ap

pl
yi
ng

ȷ̃∗
,w
e
co

nc
lu
de

th
at

S′
→

S
is
an

iso
m

or
ph

ism
._

is
sh

ow
st

ha
tS

is
sim

pl
e.

C
on

ve
rs
ely
,l
et

us
as

su
m
et

ha
tȷ̃

!∗
S
is

no
ts

im
pl
ea

nd
le
tu

sp
ro
ve

th
at

S
is

no
t

sim
pl
e.

If
ȷ̃ !∗

S
≃
0,

th
en

S
≃

ȷ̃∗
ȷ̃ !∗

S
≃
0.

Le
tu

st
hu

sa
ss
um

et
ha

tȷ̃
!∗
S
/≃
0
an
d
le
t

T
→

ȷ̃ !∗
S
be
as

ub
ob

je
ct
w
hi
ch

is
ne

ith
er

0,
no

ra
n
iso

m
or

ph
ism

;l
et

ȷ̃ !∗
S
→

T′
be

its
co

ke
rn
el
,s

o
th
at
w
eh
av
ea

n
ex
ac

ts
eq

ue
nc
e0
→

T
→

ȷ̃ !∗
S
→

T′
→

0.
Si
nc
e

ȷ̃∗
is
ex
ac

ta
nd

ȷ̃∗
ȷ̃ !∗

≃
id
,w
eh
av
ea

n
ex
ac

ts
eq

ue
nc
e0
→

ȷ̃∗
T
→

S
→

ȷ̃∗
T′
→

0.
Si
nc
e
ȷ̃ !∗

S
ha

sn
o
no

nz
er
o

su
bb

oj
ec

ti
n
C

F,
on
eh
as

ȷ̃∗
T
≠
0;

sim
ila

rly
,o

ne
ha

s
ȷ̃∗
T′

≠
0.

_
is

pr
ov
es

th
at

S
is

no
ts

im
pl
e.

b)
Si
nc
e
ȷ̃∗
ȷ̃ !∗

≃
id
,i
f,
fo

rt
wo

ob
je
ct

sS
an
d

S′
of

C
U
,t
he

ob
je
ct

s
ȷ̃ !∗

S
an
d

ȷ̃ !∗
S′

of
C
ar
ei

so
m

or
ph

ic
,t
he

n
S
an
d

S′
ar
ei

so
m

or
ph

ic
.

1.4
.A
BE

LI
A
N
CA

TE
G
O

RI
ES

15

a)
Ev
er
y
m
on

om
or

ph
ism

is
a
ke

rn
el

of
its
co

ke
rn
el
;

b)
Ev
er
y
ep

im
or

ph
ism

is
a
co

ke
rn
el

of
its

ke
rn
el
.

Pr
oo
f.
—
a)

Le
ti
∶X
→

Y
be
a
m

on
om

or
ph

ism
.L
et

p
∶Y
→
C
ok
er
(i
)
be
a

co
ke

rn
el

of
ia

nd
let

j∶
Ke

r(
p)
→

Y
be
ak
er

ne
lo
fp

.S
in
ce

q
○i

=
0,

th
er
ee

xi
sts

au
ni

qu
em

or
ph

ism
u
∶K

er
(f

)→
Ke

r(
q)

su
ch

th
at

i=
j○

u.
Le

tu
sp

ro
ve

th
at

u
is
an

iso
m

or
ph

ism
.

By
de
ûn

iti
on

of
an

ab
el
ia
n
ca

te
go

ry
,t

he
re
ex

ist
s
a
m

or
ph

ism
f
∶Y

→
Z

su
ch

th
at

i
is
a
ke

rn
el

of
f.

Si
nc
e
f
○

i
=

0,
th
er
e
ex

ist
s
a
(u

ni
qu
e)

m
or

-
ph

ism
w
∶C

ok
er
(i
)→

Z
su
ch

th
at
f
=
w
○q

.

X
Z

Y

Ke
r(

q)
C
ok
er
(i
)

← →u

←

→
i

←

→
f ←

→
q

←

→ j

←→ v

←→ w

Si
nc
e
f
○
j=

w
○
q
○
j=

0,
th
er
ee

xi
st
sa

m
or

ph
ism

v
∶K

er
(q

)
→

Ke
r(
f)

su
ch

th
at

j=
i○

v.
Si
nc
e
ia

nd
ja

re
ke

rn
el
s,

th
ey
ar
e
m

on
om

or
ph

ism
s.

_
en

th
e

re
la
tio

ns
i=

j○
u
=

i○
v
○u

an
d

j=
i○

v
=

j○
u
○v

im
pl
y
th
at
v
○u

=
id

Ke
r(
f)

an
d
u
○v

=
id

Ke
r(

q)
.I

n
pa

rt
ic
ul
ar
,u

is
an

iso
m

or
ph

ism
.

_
e
pr

oo
fo
fa

ss
er

tio
n
b)

is
sim

ila
r,
an
d
fo
llo

w
sf

ro
m
a)
by

pa
ss
in

g
to

th
e

op
po

sit
ec
at
eg

or
y.

Pr
op

os
iti

on
(1
.4
.5
).
—

Le
t
C
be
an
ab
el
ia
n
ca

te
go

ry
an
d

le
t
f
∶X

→
Y
be
a

m
or

ph
ism

in
C

.L
et

i∶
Ke

r(
f)
→

X
be
a
ke

rn
el

of
f
an
d
le
tp

∶Y
→
C
ok
er
(f

)
be
a
co

ke
rn
el

of
f.

Le
tq

∶X
→
C
ok
er
(i
)b
ea
co

ke
rn
el

of
ia

nd
let

j∶
Ke

r(
p)
→

Y
be
a
ke

rn
el

of
p.

_
er
e
ex

ist
sa

un
iq
ue

m
or

ph
ism

f̃
∶C

ok
er
(i
)
→

Ke
r(
f)

su
ch

th
at
f
=

j○
f̃
○q
,a

nd
f̃
is
an

iso
m
or

ph
ism

.

A
ke

rn
el

of
p
is
ca

lle
d
an

im
ag
eo
ff

an
d
is
de

no
te
d
by

Im
(f

);
ac

ok
er

ne
lo
fj

is
ca

lle
d
ac

oi
m
ag
e
of
f
is
de

no
te
d
by
C
oi
m
(f

).
_
ep

ro
po

sit
io
n

th
us

sa
ys

th
at

an
ym

or
ph

ism
f
in
du
ce

sa
ca

no
ni
ca

li
so

m
or

ph
ism

fro
m

its
im
ag
et

o
its
co

im
ag
e.
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_
isisrepresented

by
thefollow

ing
diagram

:

Ker(f)
X

Y
C
oker(f)

C
oim

(f)
Im

(f)

↩

→
i

←

→
f

←↠q

←

↠
p

←

→ ≃f̃

↩→

j

O
bservesthatw

hen
onepassesto

theoppositecategory,kernelsand
cokernels

aresw
itched,asareim

agesand
coim

ages.
A
san

interm
ediatestep,theproofoftheproposition

usesaresultw
hich

can
beseen

ascorollary.

Lem
m
a
(1.4.6).—

a)
_
ere
existsa

unique
m
orphism

f1 ∶X
→

Im
(f)

such
that

f=
j○
f1 .

b)
Forevery

factorization
f
=

j ′○
f
′1 ,w

here
j ′∶T

→
Y

isa
m

onom
orphism

and
f
′1 ∶X

→
T

isa
m
orphism

,there
existsa

unique
m
orphism

u
∶Im

(f)
→

T
such

that
f
′1 =

u
○
f1 and

j=
j ′○

u.
c)

_
e
m
orphism

f1 isan
epim

orphism
.

Proof.—
a)
By

deûnition,Im
(f)

isa
kernelof

p
∶Y
→
C
oker(f),so

that
p
○
f=

0.C
onsequently,theassertion

follow
sfrom

thedeûnition
ofakernel.

b)
Letp

′∶T
→
C
oker(j ′)beacokernelofj ′.Since

p
′○
f=

p
′○

j ′○
f
′1 =

0,there
existsauniquem

orphism
u
′∶C

oker(f)→
C
oker(j ′)such

thatp
′=

u
′○p._

en
p
′○

j=
u
′○p○

j=
0,so

thatthereexistsauniquem
orphism

u
∶Ker(p)→

T
such

that
j=

j ′○
u._

en
j ′○

f
′1 =
f=

f○
f1 =

j ′○
u
○
f1 ;since

j ′isam
onom

orphism
,

onehas
f
′1 =

u
○
f1 .

c)
Lets∶Ker(p)

→
S
be
a
m

orphism
such

thats○
f1 =

0;letusprove
that

s=
0.Letk

∶Ker(s)→
Ker(p)beakernelofs;thereexistsauniquem

orphism
f
′1 ∶X

→
Ker(s)

such
that

f1 =
k
○
f
′1 ._

en
f
=

j○
f1 =

(j○
k)○

f
′1 .Since

j○
k

isa
m

onom
orphism

,partb)oflem
m
a
1.4.6

assertsthatthere
existsa

unique
m

orphism
u
∶Ker(p)→

Ker(s)such
that

f
′1 =

u
○
f1 and

j=
j○

k
○
u.Since

jis
am

onom
orphism

,thisim
pliesthatk○

u
=
id

Im
(f
) .Finally,s=

s○
k○

u
=
0.

Proofofproposition
1.4.5.—

Since
p
○
f
=
0,there

existsa
unique

m
orphism

f1 ∶X
→

Ker(p)such
that

f=
j○
f1 ;bylem

m
a1.4.6,f1 isan

epim
orphism

._
en

j○
f1 ○i=

f○i=
0,hence

f1 ○i=
0,because

jisam
onom

orphism
.Consequently,

there
existsa

unique
m

orphism
f̃∶C

oker(i)
→

Ker(p)
such

that
f1 =

f̃○
q.

O
nethen

has
f
=

j○
f̃○

q.If
f̃
′isa

second
m

orphism
such

that
f
=

j○
f̃
′○

q,

4.5.EXTEN
SIO

N
S

145

Sincethethreeverticesofthistrianglebelong
to

C
,thediagram

0
→

i∗ H
−1i

∗j∗ Y
→

ȷ̃! Y
→

X
→

0

isan
exactsequence,asclaim

ed.
By

duality,the
canonicalm

orphism
τ
F>
−1 j! Y

→
τ
F>1 j! Y

furnishesan
exactse-

quence
0
→

X
→

ȷ̃∗ Y
→

i∗ H
1i !j! Y

→
0.

_
isprovesthatX

istheim
ageofthecanonicalm

orphism
ȷ̃! Y
→

ȷ̃∗ Y,hence
X
=

ȷ̃!∗ Y,asw
asto

beshow
n.

C
orollary

(4.5.11).—
LetY

∈
C

U ._
en

X
=

ȷ̃!∗ Y
isthe

unique
extension

ofY
in

C
w
hich

hasno
non-trivialsubobjectand

no
non-trivialquotientin

C
F .

Proof.—
LetX

∈
C
bean

extension
ofY.By

proposition
4.5.7,b),thelargest

quotientofX
thatbelongsto

C
F isı̃∗ ı̃

∗X.O
nehasi

∗X
∈
D

⩽0
F
,because

i
∗isright

t-exact,hence
ı̃
∗X

=
H

0i
∗X.Since

ı̃∗
isexactand

fully
faithful,thisquotient

vanishesifand
only

ifi
∗X

∈
D

<0
F

.
Sim

ilarly,the
largestsubobjectofX

thatbelongsto
C
F
is
ı̃∗ ı̃ !X.

Since
i !is

le�
t-exact,one

has
i !X

∈
D

⩾0
F
,hence

ı̃ !X
=

H
0i !X.Itvanishesifand

only
if

i !X
∈
D

>0
F

.
_
ecorollary

thusfollow
sfrom

proposition
4.5.10.

C
orollary

(4.5.12).—
_
e
functor

ȷ̃!∗ ∶
C

U
→

C
iffully

faithfuland
respectsepi-

m
orphism

sand
m
onom

orphism
s.Itinducesan

equivalenceofcategoriesfrom
C

U
to

the
fullsubcategory

ofC
consisting

ofobjectsX
such

thatı̃
∗X

=
ı̃ !X

=
0.

H
owever,thefunctor

ȷ̃!∗ isnotexactin
them

iddlein
general,see(deCataldo

&
M

igliorini,2009,p.562).

Proof.—
Let

f∶Y
→

Z
beam

orphism
in

C
U ._

em
orphism

s
ȷ̃! (f)and

ȷ̃∗ (f)
ûtin

adiagram
ȷ̃! Y

ȷ̃!∗ Y
ȷ̃∗ Y

ȷ̃! Z
ȷ̃!∗ Z

ȷ̃∗ Z.

←→

ȷ̃! (f
)

←↠

←→ȷ̃!
∗
(f
) ↩

→

←→ȷ̃
∗
(f
)

←

↠

↩

→

Assum
ethat

fisam
onom

orphism
.Since

ȷ̃∗ isle�
exact,them

orphism
ȷ̃∗ (f)

isa
m

onom
orphism

,and
onereadson

thepreceding
diagram

that
ȷ̃!∗ (f)isa

m
onom

orphism
asw

ell.
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D
eû

ni
tio

n
(4

.5
.9
).
—

Le
tY

∈C
U
.O

ne
de
ûn
es

ȷ̃ !∗
=
Im

(ȷ̃
!Y
→

ȷ̃ ∗
Y)

.I
ti

sc
al
le
d

th
e
m

id
dl
ee

xt
en

sio
n
of
Y.

_
em

id
dl
ee

xt
en

sio
n
ût

sn
at
ur
al
ly

in
ad

ia
gr
am

j !Y
ȷ̃ !Y

ȷ̃ !∗
Y

ȷ̃ ∗
Y

j ∗
Y.

←

→

←

→
u

←

→

←

→

←

→

W
he

n
on
e
ap

pl
ie
st

he
fu

nc
to

r
j∗

to
th

is
di
ag

ra
m
,t
he
ûr

st
te
rm

j∗
j !Y

an
d

th
e

la
st

te
rm

j∗
j ∗
Y
ar
ei

so
m

or
ph

ic
to

Y
vi
a
th
eu

ni
to
ft

he
ad

ju
nc

tio
n
(j
!,
j∗
)a

nd
th
ec

ou
ni

to
ft

he
ad

ju
nc

tio
n
(j
∗
,j
∗
)r
es
pe
ct
iv
ely
,a

nd
al
lm

or
ph

ism
sa

re
iso

m
or

-
ph

ism
s.

In
th

is
w
ay
,ȷ̃
!∗

is
na

tu
ra

lly
an
ex

te
ns

io
n
of

Y.

Pr
op

os
iti

on
(4

.5
.10

).
—

Le
tY

∈C
U
.O

ne
ha

st
he
fo
llo
w
in
g
re
la
tio

ns
:

a)
X

=
ȷ̃ !Y

=
τF >
−
1j
!Y

=
τF <
−
1j
∗
Y

is
th
e
on

ly
ex

te
ns

io
n

of
Y

in
D

su
ch

th
at

i∗
X
∈D

<
−
1

F
an
d
i! X

∈D
>
−
1

F
;

b)
X

=
ȷ̃ !∗
Y

=
τF >

0
j !Y

=
τF <

0
j ∗
Y

is
th
e
on

ly
ex

te
ns

io
n

of
Y

in
D

su
ch

th
at

i∗
X
∈D

<
0

F
an
d
i! X

∈D
>
0

F
;

c)
X
=

ȷ̃ ∗
Y
=
τF >

1j
!Y

=
τF <

1j
∗
Y
is
th
eo

nl
ye

xt
en

sio
n
of
Y
in
D

su
ch

th
at

i∗
X
∈D

<
1

F
an
d
i! X

∈D
>
1

F
.

Pr
oo
f.
—

A
ll

th
es
ea

ss
er

tio
ns
fo
llo

w
fro

m
th
eo

re
m

4.
5.6
,e
xc
ep

tf
or

th
ei
de

nt
iû

-
ca

tio
n
of

ȷ̃ !Y
,ȷ̃
!∗
Y
an
d

ȷ̃ ∗
Y
w
ith

th
ei

nd
ic
at
ed
ex

te
ns

io
ns

.
a)

O
ne

ha
s
j∗

j !Y
≃
Y
∈C

U
;c

on
se

qu
en

tly
,ȷ̃
!Y

=
τ ⩾

0
j !Y

=
τF ⩾

0τ
U ⩾
0
j !Y

=
τF ⩾

0
j !Y

.
c)

O
ne

ha
s

j∗
j ∗
Y

≃
Y

∈
C

U
;c

on
se

qu
en

tly
,ȷ̃

∗
Y

=
τ ⩽

0
j ∗
Y

=
τF ⩽

0τ
U ⩽
0
j ∗
Y

=
τF ⩽

0
j ∗
Y.

b)
Le

tX
=
τF >

0
j !Y

=
τF <

0
j ∗
Y;

let
us
ûr

st
sh

ow
th
at
X
∈C

.S
in
ce

i∗
X
∈D

<
0

F
an
d

j∗
X
≃
Y
∈
C

U
,o

ne
ha

sX
∈
D

⩽
0 ;

sin
ce

i! X
∈
D

>
0

F
an
d

j∗
X
≃
Y
∈
C

U
,o

ne
ha

s
X
∈D

⩾
0 ;
co

ns
eq

ue
nt

ly,
X
∈C

,a
sc

la
im
ed

.
_
e
co

ho
m

ol
og

y
fu

nc
to

ra
ss
oc

ia
te
d
w
ith

th
e
tr
un
ca

tio
n

st
ru
ct
ur
e
of
ex
am

-
pl
e4

.4
.10

is
i ∗
H

0 i
∗
.C

on
se

qu
en

tly
,t
he
ca

no
ni
ca

lm
or

ph
ism

τF <
−
1j
∗
Y
→

τF <
0
j ∗
Y

ca
n
be
co

m
pl
et
ed

to
ad

ist
in

gu
ish
ed

tr
ia
ng

le

τF <
−
1j
∗
Y
→

τF <
0
j ∗
Y
→

Σi
∗
H
−
1 i
∗
j ∗
Y
→

Στ
F <
−
1j
∗
Y.

By
a)
,w
e
ha
ve

τF <
−
1j
∗
Y

=
ȷ̃ !Y

.
By

ro
ta
tio

n,
th
e
pr
ec
ed

in
g

tr
ia
ng

le
gi
ve

s
th
e

fo
llo

w
in

g
di

sti
ng

ui
sh
ed

tr
ia
ng

le
:

i ∗
H
−
1 i
∗
j ∗
Y
→

ȷ̃ !Y
→

X
→

Σi
∗
H
−
1 i
∗
j ∗
Y.

1.4
.A
BE

LI
A
N
CA

TE
G
O

RI
ES

17

on
eh
as
f̃′
○q

=
f̃
○q
,b
ec
au

se
ji

sa
m

on
om

or
ph

ism
,h
en
ce
f̃′
=
f̃,
be
ca

us
eq

is
an
ep

im
or

ph
ism

.
Si
nc
e
f 1
=
f̃
○q

is
an
ep

im
or

ph
ism

,f̃
is
an
ep

im
or

ph
ism

as
w
el
l.
By

pa
ss
in

g
to

th
eo

pp
os

ite
ca

te
go

ry
,w
es
ee

th
at
f̃
is
am

on
om

or
ph

ism
.C

on
se

qu
en

tly
, f̃

is
an

iso
m

or
ph

ism
,a

sc
la
im
ed

.

1.4
.7
.
—

G
ro

th
en
di
ec

k
(19

57
)i

nt
ro
du
ce
d
ad
di

tio
na

lc
on
di

tio
ns

on
an
ab
eli
an

ca
te
go

ry
,p
er

ta
in

in
g

to
th
e
ex

ist
en
ce

of
ar
bi

tr
ar
y
lim

its
or
co

lim
its
an
d

th
ei
r

pr
op
er

ty
.L
et
A
be
an
ab
eli
an
ca

te
go

ry
.O

ne
de
ûn
es

th
ef

ol
lo
w
in

g
ax

io
m

s:
(A
B 3

)
_
ec
at
eg

or
yA

ad
m

its
ar
bi

tra
yc

ol
im

its
(o

ne
sa
ys

th
at

it
is
co
co

m
pl
et
e)

;
it
is
eq

ui
va

le
nt

to
th
ep

ro
pe

rt
y
th
at

it
ad

m
its
ar
bi

tr
ar
y
co

pr
od

uc
ts.

(A
B 4

)
_
ec
at
eg

or
y
A

sa
tis
ûe

st
he
ax

io
m
A
B 3
an
d

th
ec

op
ro
du
ct

of
af
am

ily
of

m
on

om
or

ph
ism

si
sa

m
on

om
or

ph
ism

;t
hi

si
m

pl
ie
st

ha
tc

op
ro
du
ct

sa
re
ex
ac

t.
(A
B 5

)
_
ec
at
eg

or
yA

sa
tis
ûe

st
he
ax

io
m
A
B 3
an
d
co

lim
its
ar
ee

xa
ct
:a
co

lim
it

of
af
am

ily
of

m
on

om
or

ph
ism

si
sa

m
on

om
or

ph
ism

.
_
e
ax

io
m

s(
A
B∗ 3)

,(
A
B∗ 4)

,(
A
B∗ 5)

ar
e
de
ûn
ed

sim
ila

rly
by

re
pl
ac

in
g
co

lim
its
,

co
co

m
pl
et
e,
co

pr
od

uc
ts
an
d
m

on
om

or
ph

ism
sb

yl
im

its
,c

om
pl
et
e,

pr
od

uc
ts
an
d

ep
im

or
ph

ism
s;

th
ey
am

oi
nt

to
th
ei

ni
tia

la
xi
om

si
n

th
eo

pp
os

ite
ca

te
go

ry
A

o .
O
fc

ou
rs
e,

th
ea

xi
om

(A
B 3

)a
nd

its
du
al

sh
ou

ld
ha
ve
be
en

st
at
ed

w
ith

m
or
e

ca
re
:f
or
ex
am

pl
e,
as

su
m

in
gt

ha
tU

is
au

ni
ve

rs
es

uc
h

th
at
C

(X
,Y

)b
elo

ng
st

o
U
,

fo
re

ve
ry

pa
ir

(X
,Y

)o
fo
bj
ec

ts,
on
es

ho
ul
d

re
str

ic
tt

o
lim

its
or
co

lim
its
de
ûn
ed

by
qu

iv
er

si
n

U
.

O
ne

sa
ys

th
at
a
fa
m

ily
(P

i)
i∈
I
of

ob
je
ct

so
fC

is
ge

ne
ra

tin
g
(r
es
p.

is
co

ge
ne

r-
at
in
g)

if,
fo

re
ve

ry
no

nz
er
o
ob

je
ct
X

of
C
,t
he

re
ex

ist
sa

n
in
de
x
i∈

Is
uc

h
th
at

C
(P

i,X
)
=
0

(r
es
p.

C
(X
,P

i)
=
0)

.W
he

n
th
e
fa
m

ily
(P

i)
i∈
I
is

re
du
ce
d

to
a

sin
gl
eo
bj
ec

tP
,o

ne
sa
ys

th
at

P
is
ag
en
er
at
or

(r
es
p.
ac

og
en
er
at
or

).
O
ne

sa
ys

th
at
an
ab
el
ia
n
ca

te
go

ry
C

is
a
G
ro

th
en
di
ec
k
ca

te
go

ry
if
it

sa
tis
ûe

s
th
e
ax

io
m

(A
B∗ 5)

(e
xi

ste
nc
e
an
d
ar
e
ex
ac

tn
es

so
fc

ol
im

its
)a

nd
if

it
ad

m
its
a

ge
ne

ra
to

rP
._

en
fo

re
ve

ry
ob

je
ct
X

of
C
,t
he

re
ex

ist
sa

se
tJ
,a
fa
m

ily
(i

j)
j∈
J

an
d
an
ep

im
or

ph
ism

f
∶ ⊕

j∈
JP

i j
→

X.

Ex
am

pl
e
(1
.4
.8
).
—

a)
Le

tk
be
a
rin

g;
th
e
ca

te
go

ry
M

o
d
(k

)
is
an
ab
el
ia
n

ca
te
go

ry
w
hi
ch

sa
tis
ûe

st
he
ax

io
m

s(
A
B 3

),
(A
B 4

),
(A
B 5

),
(A
B∗ 3)

an
d
(A
B∗ 4)

,b
ut

do
es

no
ts
at
isf
y
(A
B∗ 5)

.
M

or
eo
ve

r,
th
er

in
g
k
(v

ie
we
d
as
a
k-

m
od

ul
e)

is
ag
en
er
at
or

.C
on

se
qu
en

tly
,t
he

ca
te
go

ry
M

o
d
(k

)i
sa

G
ro

th
en
di
ec

k
ca

te
go

ry
.
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b)
LetX

beatopologicalspaceand
letO

beasheafofringson
X._

ecategory
M

o
d
(O

)ofO
-m

oduleson
X

satisûestheaxiom
s(A

B
3 ),(A

B
4 ),(A

B
5 ),(A

B
∗3 ),

butnot(A
B
∗4 ).

Forevery
open

subset,let
O

U
betheextension

by
zero

ofthering
sheaf

O
∣U .

_
efam

ily
(O

U )U
isgenerating.

D
eûnition

(1.4.9).—
Let

C
be
an
abelian

category.

a)
An

objectIofC
issaid

to
beinjective

ifforevery
m
onom

orphism
j∶X

→
Y

and
every

m
orphism

f∶X
→

I,there
exists

a
m
orphism

g∶Y
→

I
such

that
f=

g○
j.

b)
An

objectP
ofC

issaid
to
beprojective

ifforevery
epim

orphism
p
∶X
→

Y
and

every
m
orphism

f∶P
→

Y
,there

exists
a
m
orphism

g∶P
→

X
such

that
f=

p
○
g.

In
otherw

ords,an
objectIisinjective

ifand
only

ifthe
le�-exactfunctor

C
(⋅,I)

isexact;an
objectP

isprojective
ifand

only
ifthe

le�-exactfunctor
C

(P,⋅)isexact.

_
eorem

(1.4.10)(G
rothendieck).—

Let
C
bea

G
rothendieck

abelian
category.

ForeveryobjectX
ofC

,thereexistsan
injectiveobjectIofC

and
a
m
onom

orphism
f∶X

→
I.

Fortheproof,see(G
rothendieck,1957,théorèm

e1.10.1).
W

hen
theconclusion

ofthetheorem
holds,onesaysthat

C
adm

itsenough
injectives.
(2
)

1.5.
C
om

plexesin
additive

categories

Let
A
bean

additivecategory.

(2)To
beadded:representability

ofacontravariantadditivefunctorfrom
an
abelian

category
adm

itting
a

generatorto
thecategory

ofabelian
groups.

4.5.EXTEN
SIO

N
S

143

Proposition
(4.5.7).—

a)
_
efunctor

ȷ̃ ∗∶
C
→

C
U
identiûestheabelian

cate-
gory

C
U
w
ith

thequotientoftheabelian
category

C
by

theessentialim
age

C
F
of

the
functorı̃∗ .
b)
Forevery

objectX
ofC

,ı̃∗ ı̃
∗X

isthelargestquotientofX
thatbelongsto

C
F ,

and
ı̃∗ ı̃ !X

isthe
largestsubobjectofX

thatbelongsto
C

F .

Proof.—
a)

Letusûrstshow
thatthecategory

C
F isthekernelofthefunc-

tor
ȷ̃ ∗∶

C
→

C
U ._

erelation
ȷ̃ ∗ı̃∗ =

0
im

pliesthat
C

F ⊂
Ker(ȷ̃ ∗).C

onversely,
letX

∈
C
besuch

that
ȷ̃ ∗X

=
0._

eexactsequencesofcorollary
4.4.8,c),show

thatı̃∗ ı̃
∗X

≃
X
≃
ı̃∗ ı̃ !X;in

particularX
belongsto

C
F .C

onsequently,thefunc-
tor

ȷ̃ ∗factorsuniquelythrough
afunctorT

∶
C

/C
F →

C
U .LetS∶

C
U
→

C
/C

F
be

the
com

position
ofthe

functor
ȷ̃! w

ith
the

canonicalfunctor
C
→

C
/C

F .
_
eisom

orphism
ȷ̃ ∗○

ȷ̃! ≃
id

im
pliesthatT

○S
≃
id.O

n
theotherhand,thethe

ûrstexactsequenceofcorollary4.4.8,c),im
pliesthatS○T

≃
id.Consequently,T

isan
equivalenceofcategories,asclaim

ed.
b)

LetX
bean

objectofC
.Bycorollary4.4.8,c),thecanonicalm

orphism
X
→

ı̃∗ ı̃
∗X

isan
epim

orphism
.Conversely,letv

∶X
→
ı̃∗ Y

bean
epim

orphism
from

X
to
an

objectofC
F .Sincethepair(ı̃

∗,ı̃∗ )isadjoint,them
orphism

v
corresponds

to
a
m

orphism
v
♭∶ı̃

∗X
→

Y,and
v
♭=

η
Y
○
ı
∗(v),w

here
η
∶ı̃

∗○
ı̃∗

∼Ð→
id

isthe
counit(itisan

isom
orphism

because
ı̃∗ isfully

faithful)._
en

v
=
ı̃∗ (v

♭)○
εX

factorizesuniquely
through

ı̃∗ ı̃
∗X.

Sim
ilarly,thecanonicalm

orphism
ı̃∗ ı̃ !X

→
X

isam
onom

orphism
.Letthen

w
∶ı̃∗ Z

→
X
beam

onom
orphism

from
an

objectof
C

F to
X.Letw

♯∶Z
→
ı̃ !X

bethem
orphism

associated
w
ith

w
by

theadjunction
(ı̃∗ ,ı̃ !).Ifη

∶ı̃∗ ○
ı̃ !

∼Ð→
id

isitscounit,then
w
=
η
X ○
ı̃∗ (w

♯)istheuniquefactorization
ofw

through
ı̃∗ ı̃ !X,

asclaim
ed.

4.5.8.
—

LetY
∈
C

U .Since
the

functor
j! isrightt-exact,one

has
j! Y

∈
D

⩽0,
and

ȷ̃! Y
=

τ
⩾0 j! Y.

Since
the

functor
j∗

is
le�

t-exact,one
has

ȷ̃∗ Y
=

τ
⩽0 j∗ Y.

M
oreover,thereexistsauniquem

orphism
ũ
∶ȷ̃! Y

→
ȷ̃∗ Y

such
that

ȷ̃ ∗(ũ)isthe
com

position
ofthecounit

ȷ̃ ∗ȷ̃∗ →
id
and

theunitid
→

ȷ̃ ∗ȷ̃! associated
w
ith

the
adjointpairs(ȷ̃ ∗,ȷ̃∗ )and

(ȷ̃! ,ȷ̃ ∗)._
isleadsto

acanonicaldiagram

j! Y
ȷ̃! Y

ȷ̃∗ Y
j∗ Y,

←

→

←

→
u ←

→ ũ

←

→

w
here

u
∶j! Y

→
j∗ Y

isthecanonicalm
orphism

.
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By
du
al
ity
,o

ne
de
du
ce

sf
ro

m
th
ep

re
ce
di
ng
ex
am

pl
et

ha
ti
f(
X′
,u

′ )
is
an
ex

te
n-

sio
n
of

Y
su
ch

th
at
X′

is
iso

m
or

ph
ic

to
X,
as
an

ob
je
ct

of
D
,t
he

re
ex

ist
sa

un
iq

ue
m

or
ph

ism
of
ex

te
ns

io
ns
f
fro

m
(X
,u

)t
o
(X

′ ,u
′ ),
an
d
it
is
an

iso
m

or
ph

ism
.

_
eo

re
m

(4
.5
.6
).
—

Le
tY

be
an

ob
je
ct

of
D

U
.
Le

t
p
be
an

in
te
ge

r.
_
en

X
=

τF <
p
j ∗
Y
=
τF >

p
j !Y

is
th
eu

ni
qu
ee

xt
en

sio
n
of
Y

su
ch

th
at

i∗
X
∈D

<
p

F
an
d
i! X

∈D
>
p

F
.

Pr
oo
f.
—

Le
t(
X,

u)
be
an
ex

te
ns

io
n
of

Y
an
d
let

u♭
∶j

!Y
→

X
an
d
u♯
∶X
→

j ∗
Y.

be
th
e
m

or
ph

ism
s
de
du
ce
d
by

ad
ju
nc

tio
n.

Le
tu

s
pr

ov
e

th
at

th
e
fo
llo

w
in

g
pr

op
er

tie
sa

re
eq

ui
va

le
nt
:

(i)
i∗
X
∈D

<
p

F
an
d
i! X

∈D
>
p

F
;

(ii
)

i! X
≃
τ >

p(
i∗

j ∗
Y)

;
(ii

i)
i∗
X
≃
τ <

p(
i∗

j ∗
Y)

;
(iv

)
X
≃
τF <

p
j ∗
Y;

(v
)
X
≃
τF >

p
j !Y

.
Pr
ec

ise
ly,

in
(ii

),
w
e
m
ea

n
th
at

th
e
m

or
ph

ism
i∗

j ∗
Y
→

i! Σ
X
ap

pe
ar

in
g
in

th
e

di
st
in

gu
ish
ed

tr
ia
ng

le
(4

.5.
1.2

)f
ac

to
rs

th
ro

ug
h
an

iso
m

or
ph

ism
τ ⩾

p(
i∗

j ∗
Y)
→

i! Σ
X.

Si
m

ila
rly
,i
n
(ii

i),
w
em

ea
n

th
at

th
em

or
ph

ism
i∗
(u

♯
)f
ac

to
rs

th
ro

ug
h
an

iso
m

or
ph

ism
i∗
Y
→

τ <
p(

i∗
j ∗
Y)

.
If
co

nd
iti

on
(i)

ho
ld

s,
th
en

th
ed

ist
in

gu
ish
ed

tr
ia
ng

le
(4

.5.
1.2

)w
rit
es

i∗
j ∗
Y
as

an
ex

te
ns

io
n
of

th
eo
bj
ec

ti
∗
X
∈D

<
p

F
by

th
eo
bj
ec

ti
! X

∈D
>
p

F
.B

y
un

iq
ue

ne
ss

of
th
et

ru
nc
at
io
n

tri
an

gl
es
as

so
ci
at
ed

wi
th
at

ru
nc
at
io
n

str
uc

tu
re

(p
ro

po
sit

io
n
4.
1.7
,

d)
),

on
e
ha

si
∗
X
≃

τ <
pi
∗
j ∗
Y
an
d

i! X
≃

τ >
pi
∗
j ∗
Y.

_
is

sh
ow

st
he

im
pl
ic
at
io
ns

(i)
⇒

(ii
)a

nd
(i)
⇒

(ii
i).

(ii
)i

m
pl
ie
s
th
at

i! X
∈
D

>
p

F
an
d

th
at

τ ⩾
pi
∗
X

=
0,

he
nc
e
(i)

.
Si
m

ila
rly
,(

iii
)

im
pl
ie
st

ha
ti

∗
X
∈D

<
p

F
an
d

th
at

τ ⩾
pi
! Σ
X
=
0,

he
nc
e(

i).
A
ss
um

e
(iv

).
By

as
su

m
pt

io
n,

on
e
ha

s
i∗
X
∈
D

<
p

F
.
O
n

th
e
ot

he
rh
an
d,

th
e

un
iq

ue
ne

ss
of
am

or
ph

ism
of
ex

te
ns

io
ns

X
≃
τF <

p
j ∗
Y

im
pl
ie
st

ha
ti

∗
i! Σ

X
be

lo
ng

s
to

th
e⩾

p-
pa

rt
of

th
et

ru
nc
at
io
n

st
ru
ct
ur
eo
fe
xa

m
pl
e4

.4
.10
,t
ha

ti
s,

i! i
∗
i! Σ

X
∈

D
⩾
p

F
an
d

j∗
i ∗
i! Σ

X
=
0.

_
is

im
pl
ie
s(

i).
C
on

ve
rs
ely
,i
f(

i)
ho

ld
s,

th
en

j∗
i ∗
i! Σ

X
=
0,

so
th
at

in
th
ed

ist
in

gu
ish
ed

tr
ia
n-

gl
e(

4.
5.1

.1)
,t
he

ob
je
tX

be
lo
ng

st
o

th
e<

p-
pa

rt
an
d

th
eo
bj
ec

ti
∗
i! Σ

X
be

lo
ng

s
to

th
e⩾

p-
pa

rt
of

th
et

ru
nc
at
io
n

st
ru
ct
ur
eo
fe
xa

m
pl
e4

.4
.10

._
is

im
pl
ie
st

ha
t

X
=
τF <

p
j ∗
Y,

he
nc
e(

iv
).

_
ep

ro
of

of
th
ee

qu
iv
al
en
ce

(i)
⇔

(v
)i

sa
na

lo
go

us
.

_
is
co

nc
lu
de

st
he

pr
oo
fo
ft

he
th
eo

re
m

.
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1.5
.1.
—

A
co

m
pl
ex

in
A

is
as
eq

ue
nc
e(
dn

∶X
n
→

Xn
+
1 )

n∈
Z
of

m
or

ph
ism

si
n
A

su
ch

th
at
dn

+
1
○
dn

=
0
fo

re
ve

ry
n
∈
Z.

_
es
e
m

or
ph

ism
sd

n
ar
e
ca

lle
d

th
e

di
òe

re
nt

ia
ls

of
th

is
co

m
pl
ex

.
O
ne

ge
ne

ra
lly

de
no

te
s
su
ch

a
co

m
pl
ex
by

th
e

le
tte

rX
,r
em
em
be

rin
g
of

th
e
ob

je
ct

sr
at
he

rt
ha

n
th
e
di
òe

re
nt

ia
ls,

w
hi
ch

m
ay

th
en
be
de

no
te
d
by
dn X
,w

rit
in

gt
he

na
m
eX

of
th
ec

om
pl
ex
as
as

ub
sc

rip
tt

o
av

oi
d

po
ss
ib
le
co

nf
us

io
ns

.
Le

tX
an
d
Y
be
co

m
pl
ex
es

in
A

.A
m
or

ph
ism

of
co

m
pl
ex
es
f
∶X
→

Y
is
af
am

ily
f
=
(f

n )
n∈
Z
w
he

re
,f
or
ev
er
y
n
∈Z

,f
n
∈A

(X
n
,Y

n )
,s

uc
h

th
at

dn Y
○
fn

=
fn

+
1 ○
dn

+
1

X

fo
re

ve
ry

n
∈Z

.M
or

ph
ism

so
fc

om
pl
ex
es
ar
ec

om
po

se
d
in

th
eo
bv

io
us

w
ay

.
_
ec

om
pl
ex
es

in
C
fo

rm
an
ad
di

tiv
ec
at
eg

or
y
C

(A
):

pr
od

uc
ts
an
d
co

pr
od

-
uc

ts
ar
ec

om
pu

te
d

te
rm

w
ise

.
O
ne
al
so
co

ns
id
er

sû
ni

te
or

se
m

i-i
nû

ni
te
co

m
pl
ex
es

in
vo

lv
in

g
se

qu
en
ce

si
n-

de
xe
d
by
an

in
te
rv
al

in
Z.

_
ey
am

ou
nt

to
ex

te
nd

in
gt

he
se

qu
en
ce

of
di
òe

re
nt

ia
ls

by
ze

ro
m

or
ph

ism
st

o/
fro

m
ze

ro
ob

je
ct

s.

1.5
.2
.
—

Le
tX

be
ac

om
pl
ex

in
an
ad
di

tiv
ec
at
eg

or
yA

.L
et

m
∈Z

._
em

th
sh

i�
of

X
is

th
e
co

m
pl
ex

Σm
X
de
ûn
ed
by
:(

Σm
X)

n
=
X

m
+
n
an
d
dn Σm

X
=
(−

1)
m
dm

+
n

X
fo

re
ve

ry
n
∈Z

.F
or

m
=
1,
on
es

im
pl
y
w
rit
es

ΣX
;t
hi

si
st

he
co

m
pl
ex

ob
ta
in
ed

by
sh

i�
in

g
X

on
es

te
p

to
th
el
e�

.
If
f
∶X
→

Y
is
am

or
ph

ism
of
co

m
pl
ex
es

in
A
,t
he

m
or

ph
ism

Σm
f
∶Σ

m
X
→

Σm
Y

is
de
ûn
ed
by

(Σ
m
f)

n
=
fm

+
n
fo

re
ve

ry
n
∈Z

.
In

th
is
w
ay
,t
he
as

sig
nm

en
t(
X
↦

Σm
X,
f
↦

Σm
f)

gi
ve

sr
ise

to
af

un
ct
or

Σ
of

th
ec
at
eg

or
y
C

(A
)o

nt
o
its
elf

.
O
ne

ha
sΣ

0
=

id
an
d

Σm
+
p
=

Σm
○
Σp

fo
re

ve
ry

m
,p

∈
Z.

In
pa

rt
ic
ul
ar
,t

he
fu

nc
to

rs
Σm

ar
ei

so
m

or
ph

ism
so
fc
at
eg

or
ie
s.

1.5
.3
.
—

Le
tf
,g
∶X
→

Y
be

tw
o
m

or
ph

ism
so
fc

om
pl
ex
es

in
an
ad
di

tiv
ec
at
e-

go
ry

A
.A

ho
m
ot
op
y
wi

th
or

ig
in
f
an
d

ta
rg
et

g
is
as
eq

ue
nc
eθ

=
(θ

n )
n∈
Z
w
he

re
,

fo
re

ve
ry

n
∈Z

,θ
n
∈A

(X
n
,Y

n−
1 )

su
ch

th
at
,

fn
−

gn
=
dn

−
1

Y
○θ

n
+
θn

+
1 ○
dn X

.

Le
th

∶Y
→

Z
be
am

or
ph

ism
of
co

m
pl
ex
es

;t
he

n
th
ef
am

ily
h
○θ

=
(h

n−
1 ○

θn
)

is
ah

om
ot
op

y
w
ith

or
ig
in

h
○
f
an
d

ta
rg
et

h
○
g.

Le
tk

∶Z
→

X
be
am

or
ph

ism
of
co

m
pl
ex
es

;t
he

n
th
ef
am

ily
θ
○k

=
(θ

n
○k

n−
1 )

is
ah

om
ot
op

y
w
ith

or
ig
in
f
○
k
an
d

ta
rg
et

g
○
k.
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1.5.4.
—

LetX
and

Y
becom

plexesin
theadditivecategory

A
;forevery

n
∈
Z,

let
f
n∈

A
(X

n,Y
n).W

edeûneasfollowsthe
coneoff,denoted

byC
f :Forevery

n
∈
Z,onesetsC

nf =
Y

n⊕
X

n
+1,and

onedeûnesam
orphism

d
nC
f ∶C

nf →
C

n
+1
f
by

theblock-m
atrix

(
d

nY
f
n
+
1

0
−d

n
+
1

X
).

O
bservethatd

n
+1

C
f
○
d

nC
f isgiven

by
theproductofm

atrices

( d
n
+1

Y
f
n
+2

0
−d

n
+2

X
)
( d

nY
f
n
+1

0
−d

n
+1

X
)
=
( 0

d
n
+1

Y
f
n
+1−

f
n
+2d

n
+1

X
0

0
)
,

so
thatC

f isa
com

plex
ifand

only
if
f
isa

m
orphism

ofcom
plexes.

Letusassum
ethat

fisam
orphism

ofcom
plexes._

ecanonicalm
orphism

s
α

nf ∶Y
n→

C
nf =

Y
n⊕

X
n
+1deûneam

orphism
ofcom

plexesα
f ∶Y

→
C
f .Sim

ilarly,
thecanonicalm

orphism
s
β
n
+1
f

∶C
nf =

Y
n⊕

X
n
+1→

X
n
+1deûnea

m
orphism

of
com

plexesβ
f ∶C

f →
ΣX.O

nehasβ
f ○
α
f =

0.
Forevery

n
∈
Z,letθ

nf ∶X
n→

Y
n
−1⊕

X
n=

C
n
−1
f
bethecanonicalm

orphism
.

O
nehas

d
n
−1

C
f
○
θ
nf +

θ
n
+1
f

○
d

nX
=
( d

n
−1

Y
f
n

0
−d

nX )
(

0id
X

n )
+
(

0
id

X
n
+
1 )
d

nX

=
(
f
n

−d
nX )

+
(
0d
nX )

=
(
f
n0
)
=
α
f ○
f.

Consequently,thefam
ily

θ
f =

(θ
nf )isahom

otopywith
origin

α
f ○
fand

target0.
Conversely,letg∶Y

→
Z
beam

orphism
ofcom

plexesand
letη

beahom
otopy

w
ith

origin
g○

fand
target0._

en
thefam

ily
(γ

n)given,forevery
n
∈
Z,by

γ
n=

(
g
n

φ
n)istheuniquem

orphism
ofcom

plexesγ
∶C

f →
Z

such
thatγ○α

f =
g

and
γ
○
θ
=
η.

In
other

w
ords,the

triple
(C

f ,α
f ,θ

f )
solves

the
universalproblem

ofm
ak-

ing
α
f ○
f
the

origin
ofa

hom
otopy

θ
f w

ith
target0.

Forevery
n
∈
Z,letφ

nf ∶C
nf →

Y
n=

(ΣY)
n
−1bethecanonicalm

orphism
.O

ne
has

d
n
−1

ΣY
○
φ

nf +
φ

n
+1
f

○
d

nC
f =

−d
nY (id

Y
n

0 )+
(id

Y
n
+
1
0 )( d

nY
f
n
+1

0
−d

n
+1

X
)

=
(−d

nY
0 )+

(d
nY
f
n
+1)

=
(0

f
n
+1)

=
Σ
f○
β
f ,

so
thatthefam

ily
φ
f =

(φ
nf )isahom

otopy
w
ith

origin
Σ
f ○
β
f and

target0.
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Exam
ple(4.5.3).—

LetY
bean

objectof
D

U ._
eobject

j! Y,endowed
with

the
isom

orphism
εY ∶Y

∼Ð→
j ∗j! Y,unitoftheadjunction

(j! ,j ∗),isan
extension

ofY.
_
eobject

j∗ Y,endow
ed

w
ith

theisom
orphism

η
Y ∶j ∗j∗ Y

∼Ð→
Y,counitofthe

adjunction
(j ∗,j∗ ),isan

extension
ofY.M

oreover,the
canonicalm

orphism
j! Y
→

j∗ Y
isam

orphism
ofextensions.

Exam
ple

(4.5.4).—
LetY

be
an

objectof
D

U ,let
p
be
an

integerand
letX

=
τ
F⩾p j! Y.
Letusapplythefunctor

j ∗to
thecanonicaldistinguished

triangle
i∗ τ

<p i !j! Y
→

j! Y
vÐ→

τ
F⩾p j! Y

→
Σ
i∗ τ

<p i !j! Y;since
j ∗i∗ =

0,wegetadistinguished
triangle0

→

j ∗j! Y
j
∗
(v
)

ÐÐ→
j ∗τ

F⩾p j! Y
→

0,so
thatj ∗(v)isan

isom
orphism

.Letting
u
=

j ∗(v)○εY
be

itscom
position

w
ith

the
unitεY ∶Y

∼Ð→
j ∗j! Y,thisfurnishesan

extension
(X
,u)ofY.
M

oreprecisely,let(X
′,u

′)beanotherextension
ofY,w

hereX
′isisom

orphic
to

X
asan

objectof
D

.Letusshow
thatthere

exists
atm

ostone
m

orphism
f∶X

→
X
′such

thatu
=
u
′○

j ∗(f),in
otherwords,atm

ostonean
m

orphism
of

extensionsfrom
(X
,u)to

(X
′,u

′),and
that,in

thiscase,fisan
isom

orphism
.

Indeed,letuscom
pletethem

orphism
u
′
♭∶j! Y

→
X

to
adistinguished

triangle
Z
→

j! Y
u
′
♭

Ð→
X
→

ΣZ
and

considerapartialm
orphism

ofdistinguished
triangles:

i∗ τ
<p i !j! Y

j! Y
X

Σ
i∗ τ

<p i !j! Y

Z
j! Y

X
′

ΣZ.

←

→

←→

g

←

→
u
♭

⇐⇐

←→f

←

→

←→Σ
g

←

→

←

→
u
′
♭

←

→

Relativeto
thetruncation

structureon
D

ofexam
ple4.4.13,theobjecti∗ τ

<p i !j! Y
is
<

p,and
X
′
≃

τ
F⩾p j! Y

is
⩾

p,hence
Σ
−1X

′is
⩾

p
as

w
ell.

C
onsequently,

D
(i∗ τ

<p i !j! Y,Σ
−1X

′)
=
0.

Itthen
follow

s
from

corollary
2.2.6

thatthere
ex-

istsatm
ostoneisom

orphism
ofextensions.

C
onsequently,w

e
w
illallow

ourselvesto
say

thatan
extension

ofY
“is”iso-

m
orphicto

τ
F⩾p j! Y.

Exam
ple

(4.5.5).—
LetY

be
an

objectof
D

U ,let
p
be
an

integer,and
letX

=
τ
F⩽p j∗ Y.Applying

j ∗
to

the
canonicaldistinguished

triangle
τ
F⩽p j! Y

vÐ→
j! Y
→

i∗ τ
>0 i

∗Y
→

Σ
τ
F⩽p j! Y,w

e
obtain

that
j ∗(v)

isan
isom

orphism
._

en
u
=
η
Y
○

j ∗(v)∶j ∗X
→

Y
isan

isom
orphism

,so
that(X

,u)isan
extension

ofY.
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Le
t(

X
,u

)
be

an
ex

te
ns

io
n

of
Y.

By
th
e
ad

ju
nc

tio
n

(j
∗
,j
∗
),

th
e
da

tu
m

of
th
e
m

or
ph

ism
u

is
eq

ui
va

le
nt

w
ith

th
at

of
a
m

or
ph

ism
u♯

∈
D

(X
,j
∗
Y)

.O
n

th
e
ot

he
rh
an
d,

th
e
m

or
ph

ism
u−

1 ∶
Y
→

j∗
X
co

rr
es
po

nd
sw

ith
a
m

or
ph

ism
u♭

∈D
(j
!Y
,X

)u
nd
er

th
ea
dj

un
ct
io
n
(j
!,
j∗
).

_
is
fu

rn
ish
es
ad

ia
gr
am

j !Y
u♭ Ð→

X
u♯ Ð→

j ∗
Y

w
ho

se
co

m
po

sit
io
n
is

th
ee

lem
en

to
fD

(j
!Y
,j
∗
Y)

≃
D

U
(Y
,j
∗
j ∗
Y)

≃
D

U
(Y
,Y

)
co

rr
es
po

nd
in

g
to

id
Y
.

A
�e

r
tr
an

sla
tio

n
an
d

id
en

tif
yi
ng

j∗
X
w
ith

Y,
th
e
ca

no
ni
ca

ld
ist

in
gu

ish
ed

tr
ia
ng

le
i ∗
i! X
→

X
→

j ∗
j∗
X
→

Σi
∗
i! X

fu
rn

ish
es
ad

ist
in

gu
ish
ed

tr
ia
ng

le
:

(4
.5
.1.

1)
X

u♯ Ð→
j ∗
Y
→

i ∗
i! Σ

X
→

ΣX
.

Ap
pl
yi
ng

th
ef

un
ct
or

i∗
to

th
is

tr
ia
ng

le
an
d

us
in

g
th
ei

so
m

or
ph

ism
of
fu

nc
to

rs
i∗
i ∗

∼ Ð→
id
,w
eo
bt
ai
n
an

ot
he

rd
ist

in
gu

ish
ed

tr
ia
ng

le
:

(4
.5
.1.

2)
i∗
X

i∗
(
u♯
)

ÐÐ
Ð→

i∗
j ∗
Y
→

i! Σ
X
→

Σi
∗
X
.

4.
5.
2.
—

If
(X
,u

)a
nd

(X
′ ,u

′ )
ar
et
w
o
ex

te
ns

io
ns

of
Y,
a
m

or
ph

ism
of
ex

te
n-

sio
ns
fro

m
X

to
X′

is
an
ele

m
en

tf
∈D

(X
,X

′ )
th
at

m
ak
es

th
ef

ol
lo
wi

ng
di
ag

ra
m

co
m

m
ut
at
iv
e

j∗
X

Y,

j∗
X′

←

→u

← →

j∗
(
f)

←

→ u′

in
ot

he
rw

or
ds
,s

uc
h

th
at

u′
○
j∗
(f

)=
u.

_
is
fu

rn
ish
es

th
ec

om
m

ut
at
iv
ed

ia
gr
am X

j !Y
j ∗
Y

X′

← →f

←

→u♯

←

→
u′
♭←

→
u♭

←

→ u′
♯

C
on

ve
rs
el
y,
am

or
ph

ism
f
∶X
→

X′
is
am

or
ph

ism
of
ex

te
ns

io
ns

if
an
d
on

ly
if

f
○u

♭
=
u′

♭
,i
fa

nd
on

ly
if
u′

♯
○
f
=
u♯

.
Ex

te
ns

io
ns

of
ag

iv
en

ob
je
ct
Y
∈D

U
fo

rm
ac
at
eg

or
y.

1.6
.C

O
M

PL
EX
ES

IN
A
BE

LI
A
N
CA

TE
G
O

RI
ES

21

1.5
.5
.
—

Le
tf
,g
∶X
→

Y
be

tw
o
m

or
ph

ism
so
fc

om
pl
ex
es
an
d
let

φ
be
ah

om
o-

to
py

w
ith

or
ig
in
f
an
d

ta
rg
et

g.
Fo

re
ve

ry
n
∈Z

,l
et

λn
∶Y

n
⊕
Xn

+
1
→

Yn
⊕
Xn

+
1

be
gi
ve

n
by

th
eb

lo
ck

-m
at
rix

(1
φn

+
1

0
1

) .
_
ef
am

ily
λ
=
(λ

n )
is
an

iso
m

or
ph

ism
of
co

m
pl
ex
es
fro

m
C
f
to
C

g
w
hi
ch

m
ak
es

th
ed

ia
gr
am

X
Y

C
f

ΣX

X
Y

C
g

ΣX

←

→
f

⇐⇐

⇐⇐

←

→
α
f

←→λ

←

→
β
f

⇐⇐

←

→
g

←

→
α
f

←

→
β
f

co
m

m
ut
at
iv
e.

1.5
.6
.
—

Le
tX

,Y
be
co

m
pl
ex
es

in
an

ad
di

tiv
e
ca

te
go

ry
A

.T
w
o
m

or
ph

ism
s

of
co

m
pl
ex
es
f,

g
∶X
→

Y
ar
es
ai
d

to
be

ho
m
ot
op

ic
if

th
er
ee

xi
st
sa

ho
m

ot
op

y
w
ith

or
ig
in
f
an
d

ta
rg
et

g.
_

is
is
an
eq

ui
va

le
nc
er
el
at
io
n,
co

m
pa

tib
le
w
ith

th
e

gr
ou

p
st
ru
ct
ur
e
on

C
(A

)(
X
,Y

).
M

or
ph

ism
sh

om
ot
op

ic
to

0
ar
e
ca

lle
d
nu

ll
ho

m
ot
op

ic
;t
he
y
fo

rm
as

ub
gr

ou
p
C

(A
)(
X
,Y

) 0
of

C
(A

)(
X
,Y

).
D
eû

ne

K
(A

)(
X
,Y

)=
C

(A
)(
X
,Y

)/
C

(A
)(
X
,Y

) 0
.

Pa
ss
in

g
to

th
eq

uo
tie

nt
s,

th
ec

om
po

sit
io
n
m
ap

si
n
C

(A
)i

nd
uc
ec

om
po

sit
io
n

m
ap

s
K

(A
)(
X
,Y

)×
K

(A
)(
Y,

Z)
→

K
(A

)(
X
,Z

).
_
es
em

ap
sd
eû

ne
ac
at
eg

or
y
K

(A
),
ca

lle
d
th
eh

om
ot
op
y
ca

te
go

ry
of

th
ea
dd

iti
ve

ca
te
go

ry
A

.
It

is
an
ad
di

tiv
ec
at
eg

or
y.

_
ef

un
ct
or

sΣ
m
,f
or

m
∈Z

,e
xt
en
d

to
K

(A
).

1.6
.
C
om

pl
ex
es

in
ab
el
ia
n
ca

te
go

ri
es

1.6
.1.
—

Le
tu

sa
ss
um

e
th
at
A
an
ab
el
ia
n
ca

te
go

ry
.L
et
X
be
a
co

m
pl
ex

in
A

.
Le

tn
∈Z

.W
ew

an
tt

o
de
ûn
et

he
nt

h
co

ho
m

ol
og

y
ob

je
ct

of
X.

W
he

n
A

is
th
e

ca
te
go

ry
of

m
od

ul
es

ov
er
a
gi
ve

n
rin

g
k,

th
is

ob
je
ct

is
cl
as

sic
al
ly
de
ûn
ed

by
H

n (
X)

=
Ke

r(
dn X

)/
I
(d

n−
1

X
).

In
th
ea
bs

tr
ac

tf
ra

m
ew

or
k
of
ab
el
ia
n
ca

te
go

rie
s,
a

fe
w

ot
he

rd
es
cr

ip
tio

ns
ar
ea

va
ila
bl
e,

no
ne

of
th
em

is
ob
vi
ou

sly
pr
ef
er
ab

le
to

th
e

ot
he

r.
Si
nc
e
dn X

○
dn

−
1

X
=
0,

th
e
ca

no
ni
ca

lm
on

om
or

ph
ism

Im
(d

n−
1

X
)
→

X
n
fa
ct
or

s
un

iq
ue

ly
th

ro
ug

h
Ke

r(
dn

)
→

X
n .

Le
tH

n (
X)

be
a
co

ke
rn
el

of
th
e
in
du
ce
d

m
or

ph
ism

φn X
∶I

m
(d

n−
1

X
)→

Ke
r(
dn X

).
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_
e
consideration

of
the

opposite
category

furnishes
a
diòerent

descrip-
tion:

the
canonical

m
orphism

X
n
→

Im
(d

nX )
factors

uniquely
through

X
n
→

C
oker(d

n
−1

X
);

let
H̃

n(X)
be

a
kernelof

the
resulting

epim
orphism

ψ
nX ∶C

oker(d
n
−1

X
)→

Im
(d

nX ).

(1.6.1.1)

Im
(d

n
−1

X
)

Ker(d
nX )

H
n(X)

X
n
−1

X
n

X
n
+1

H̃
n(X)

C
oker(d

n
−1

X
)

C
oim

(d
nX )

↩

→
φ

nX

↩

→

↩

→

←

↠

←

→
d

n
−
1

X

←

↠

←

→
d

nX

←

↠

←

↠

↩

→

←↠ ψ
nX

↩
→

Let
u
∶
Ker(d

nX )
→

C
oker(d

n
−1

X
)
be

the
com

position
ofthe

tw
o
canonical

m
orphism

sindicated
on

thediagram
.

Since
u
○
φ

nX
=
0,them

orphism
φ

nX
factorsuniquely

through
Ker(u).Since

thefollow
ing

com
position

ofcanonicalm
onom

orphism
s

Im
(d

n
−1

X
)↪

Ker(u)↪
Ker(X

n→
C
oker(d

n
−1

X
))→

Im
(d

n
−1

X
)

is
the

identity,these
m

onom
orphism

s
are

isom
orphism

s;in
particuliar,the

m
orphism

φ
nX
inducesan

isom
orphism

Im
(d

n
−1

X
)

∼Ð→
Ker(u).

Since
ψ

nX
○
u
=
0,them

orphism
ψ

nX
factorsuniquely

through
C
oker(u);one

checksasabovethatitinducesan
isom

orphism
C
oker(u)

∼Ð→
C
oim

(d
nX )
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Exam
ple(4.4.12).—

Letusnow
startw

ith
thedegeneratetruncation

structure
(D

F ,0)on
D

F and
w
ith

thegiven
truncation

structure(D
⩽0
U
,D

⩾0
U

)on
D

U .A
n

objectX
of

D
belongsto

D
⩽0ifand

only
if

j ∗X
∈
D

⩽0
U

.W
e
denote

by
τ
U⩽0 be

theassociated
truncation

functor,rightadjointoftheinclusion
D

⩽0→
D

._
e

canonicaltruncation
triangleassociated

w
ith

an
objectX

w
rites

τ
U⩽0 X

→
X
→

j∗ τ
>0 j ∗X

→
Σ
τ
U⩽0 X

,

and
thecohom

ologicalfunctorisgiven
by

H
0X

=
j∗ H

0j ∗X.

Exam
ple(4.4.13).—

Finally,w
estartw

ith
thedegeneratetruncation

structure
(0,D

F )on
D

F and
w
ith

thegiven
truncation

structure(D
⩽0
U
,D

⩾0
U

)on
D

U .A
n

objectX
of

D
belongsto

D
⩾0ifand

only
if

j ∗X
∈
D

⩾0
U

.Letusdenoteby
τ
U⩾0 the

associated
truncation

functor,le�
adjointoftheinclusion

D
⩾0→

D
.Forevery

objectX
of

D
,thecanonicaltruncation

functorw
rites

j! τ
<0 j ∗X

→
X
→

τ
U⩾0 X

→
Σ
j! τ

<0 j ∗X
,

and
thecohom

ologicalfunctorisgiven
by

H
0X

=
j! H

0(j ∗X).

Rem
ark

(4.4.14).—
_
e
fourtruncation

structureson
D
described

in
exam

-
ples4.4.10,4.4.11,4.4.12and

4.4.13can
beused

to
describethetruncation

struc-
turegiven

by
theorem

4.4.6.Indeed,onehastheform
ulas

τ
⩽0 =

τ
F⩽0 τ

U⩽0
and

τ
⩾0 =

τ
F⩾0 τ

U⩾0 .

To
provetheûrstform

ula,letusgo
backto

theoctahedron
drawn

in
thecourse

oftheproofoftheorem
4.4.6.In

thatdiagram
,theûrstverticaldistinguished

triangle
identiûesw

ith
the

canonicaltruncation
triangle

associated
w
ith

the
truncation

structure
ofexam

ple
4.4.12,so

thatY
=

τ
U⩽0 X.

_
en

τ
⩽0 X

=
A

=
τ
F⩽0 Y

=
τ
F⩽0 τ

U⩽0 X.
_
eotherform

ulaisdeduced
from

thatoneby
passing

to
theoppositecate-

gories(and
exchanging

i !and
i
∗
on

the
one

hand,and
j∗
and

j! on
the

other
hand).

4.5.
Extensions

W
eretain

thenotation
oftheprevioussection,asgiven

in
§4.4.2.

D
eûnition

(4.5.1).—
LetY

∈
D

U .An
extension

ofY
isan

objectX
ofD

endow
ed

w
ith
an

isom
orphism

u
∶j ∗X

∼Ð→
Y
.
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t-e
xa
ct
,o

ne
ha

si
∗
X
∈D

⩽
n

F
,h
en
ce

i ∗
X
=
0.

Si
nc
eX

≃
i∗
i ∗
X,

on
eh
as

X
=
0.

Le
t

th
en

X
∈
⋂
D

⩾
n

F
.S

in
ce

i ∗
is

t-e
xa
ct
,o

ne
ha

si
∗
X
∈
D

⩾
n

F
,h
en
ce

i ∗
X
=
0.

Si
nc
e

X
≃

i∗
i ∗
X,

on
e
ha

sX
=
0.

_
is

pr
ov
es

th
at

th
e
tr
un
ca

tio
n

st
ru
ct
ur
e
on

D
F
is

no
nd
eg
en
er
at
e,
as
cla

im
ed

.
U
sin

g
th
at

th
e
fu

nc
to

r
j !
is

rig
ht

t-e
xa
ct
an
d
fu

lly
fa
ith
fu

l,
on
e
pr

ov
es

th
at

⋂
D

⩽
n

U
=
0.

U
sin

g
th
at

th
e
fu

nc
to

r
j ∗

is
le
�

t-e
xa
ct
an
d
fu

lly
fa
ith
fu

l,
on
e

pr
ov
es

th
at
⋂
D

⩾
n

U
=
0.

_
is

sh
ow

s
th
at

th
e

tr
un
ca

tio
n

st
ru
ct
ur
e
on

D
F
is

no
nd
eg
en
er
at
e.

Ex
am

pl
e
(4

.4
.10

).
—

Le
tu

ss
ta

rt
w
ith

ag
iv
en

tr
un
ca

tio
n

st
ru
ct
ur
e(

D
F,
D

⩾
1

F
)

on
D

F
bu

tw
ith

th
ed
eg
en
er
at
et

ru
nc
at
io
n

st
ru
ct
ur
e(

D
U
,0

)o
n
D

U
an
d
le
tu

s
co

ns
id
er

th
er
es

ul
tin

g
tr
un
ca

tio
n

str
uc

tu
re

on
D

.
Le

tτ
F ⩽
0
∶D

→
D

⩽
0
be

th
ec

or
re

sp
on
di
ng

tr
un
ca

tio
n
fu

nc
to

r,
rig

ht
ad

jo
in

tt
o

th
ei

nc
lu

sio
n
of

th
es

ub
ca

te
go

ry
D

⩽
0
w
ho

se
ob

je
ct

sX
ar
ec

ha
ra
ct
er

iz
ed
by

th
e

co
nd

iti
on

i∗
X
∈D

⩽
0

F
.

Le
tu

sg
o
ba
ck

to
th
e
pr

oo
fo
ft

he
or
em

4.
4.
6,
es
pe
ci
al
ly

pa
rt
d)

.
W

ith
th
e

no
ta
tio

n
of

th
at

pr
oo
f,
w
e
ha
ve

τ >
0
j∗
X
=
0
(b
ec
au

se
of

th
e
ch

oi
ce

of
th
e
tr
un

-
ca

tio
n

st
ru
ct
ur
e
on

D
U
),

he
nc
e
Y
=
X,
f
=

id
;m

or
eo
ve

r,
A
=

τF ⩽
0X

.A
lso
,h

is
an

iso
m

or
ph

ism
(tw

o
ou

to
ft

hr
ee
ar

ro
w
sd
eû

ni
ng

th
em

or
ph

ism
of

ho
riz

on
ta
l

tr
ia
ng

le
sa

re
iso

m
or

ph
ism

s)
,s

o
th
at
B
≃

i ∗
τ >

0i
∗
Y.

_
en
,t
he

se
co

nd
ho

riz
on

ta
l

di
st
in

gu
ish
ed

tr
ia
ng

le
of

th
e
oc

ta
he
dr

on
fu

rn
ish
es

th
e
ca

no
ni
ca

lt
ru

nc
at
io
n

tr
ia
ng

le
of

X:
τF ⩽

0X
→

X
→

i ∗
τ >

0i
∗
X
→

Στ
F ⩽
0X

.
Fi
na

lly
,f
or
ev
er
y
X
∈D

,o
ne

ha
s

H
0 (
X)

=
τF ⩽

0τ
⩾
0X

=
τF ⩽

0i
∗
τ ⩾

0i
∗
X
=

i ∗
H

0 (
i∗
X)
,

sin
ce

i ∗
is

t-e
xa
ct
.

Ex
am

pl
e
(4

.4
.11

).
—

St
ill

st
ar

tin
g
w
ith

th
e

tr
un
ca

tio
n

st
ru
ct
ur
e
(D

⩽
0

F
,D

⩾
1

F
)

on
D

F,
le
tu

sc
on

sid
er

th
ed
eg
en
er
at
et

ru
nc
at
io
n

str
uc

tu
re

(0
,D

U
)o

n
D

U
.

In
th
at
ca

se
,a

n
ob

je
ct
X

of
D
be

lo
ng

st
o
D

⩾
1
if
an
d
on

ly
if

i! X
∈D

⩾
0

F
.L
et

us
de

no
te
by

τF ⩾
0
th
el
e�
ad

jo
in

to
ft

he
in
clu

sio
n
fu

nc
to

rD
⩾
0
→

D
.F

or
ev
er
y
ob

-
je
ct
X,

th
ec
an

on
ic
al

tr
un
ca

tio
n

tri
an

gl
eo
fX

re
lat

iv
et

o
th

is
tr
un
ca

tio
n

str
uc

tu
re

w
rit
es

i ∗
τ <

0i
! X
→

X
→

τF ⩾
0X
→

Σi
∗
τ <

0i
! X
,

an
d

th
ec

oh
om

ol
og

ic
al
fu

nc
to

ri
sc

om
pu

te
d
as

H
0 (
X)

=
i ∗
H

0 (
i! X

).
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Us
in

gt
he
ca

no
ni
ca

li
de

nt
iû
ca

tio
n
C
oi
m
(u

)
∼ Ð→

Im
(u

),
on
et

he
n
ge

ts
ca

no
ni
ca

l
iso

m
or

ph
ism

s

C
oi
m
(u

)≃
C
ok
er
(K
er
(u

)→
Ke

r(
dn X

))
≃
C
ok
er
(I
m
(d

n−
1

X
)→

Ke
r(
dn X

))
≃
C
ok
er
(X

n−
1
→

Ke
r(
dn X

))
≃
H

n (
X)

≃
Im

(u
)≃

Ke
r(
C
ok
er
(d

n−
1

X
)→

C
ok
er
(u

))
≃
Ke

r(
C
ok
er
(d

n−
1

X
)→

C
oi
m
(d

n X
))

≃
Ke

r(
C
ok
er
(d

n−
1

X
)→

Xn
+
1 )

≃
H̃

n (
X)

O
nc
ei
de

nt
iû
ed

vi
at

he
se

iso
m

or
ph

ism
s,
an
y
of

th
es
eo
bj
ec

ts
w
ill
be
ca

lle
d

th
e

nt
h
co

ho
m
ol
og
y
ob

je
ct

of
th
ec

om
pl
ex

X,
an
d
de

no
te
d
by

H
n (
X)

.
O
ne

sa
ys

th
at

th
ec

om
pl
ex

X
is
ac
yc

lic
,o

re
xa
ct
at
X

n
if
H

n (
X)

=
0.
By

w
ha

t
pr
ec
ed
es
,t
hi

si
se

qu
iv
al
en

tt
o
an
y
of

th
e(
eq

ui
va

le
nt

)c
on
di

tio
ns
:

u
=
0

C
oi
m
(d

n−
1

X
)

∼ Ð→
Ke

r(
dn X

)
Xn

−
1
↠

Ke
r(
dn X

)

C
ok
er
(d

n−
1

X
)

∼ Ð→
Im

(d
n X
)

C
ok
er
(d

n−
1

X
)↪

Xn
+
1 .

If
th
ec

om
pl
ex

X
is
ex
ac

ta
tX

n ,
fo

re
ve

ry
n
∈Z

,t
he

n
on
es
ay

st
ha

tX
is
ac
yc

lic
,

or
ex
ac

t.

Le
m
m
a
(1
.6
.2
).
—

Le
tA

be
an
ab
el
ia
n
ca

te
go

ry
an
d
le
tX

be
a
co

m
pl
ex

in
A

;
le
tn

∈Z
.W

ith
th
e
no

ta
tio

n
of

th
e
di
ag

ra
m

(1
.6
.1.
1)
,c

on
sid
er

th
e
fo
llo
w
in
g
m
or

-
ph

ism
s:

(i)
th
em

or
ph

ism
H

n (
X)
→
C
ok
er
(d

n−
1

X
)d
ed

uc
ed
fro

m
th
ec
an

on
ic
al

m
or

-
ph

ism
of

th
e
di
ag

ra
m
an
d
th
e
ca

no
ni
ca

li
so
m
or

ph
ism

H̃
n (
X)
→

H̃
n (
X)

;(
ii)

th
e

ca
no

ni
ca

lm
or

ph
ism

C
ok
er
(d

n−
1

X
)→

Xn
+
1 )
fa
ct
or

su
ni
qu
ely

th
ro

ug
h
a
m
or

ph
ism

C
ok
er
(d

n−
1

X
)
→

Ke
r(
dn

+
1

X
) ;

(ii
i)

th
e
ca

no
ni
ca

lm
or

ph
ism

Ke
r(
dn

+
1

X
)
→

H
n+

1 (
X)

.
_
es
e
m
or

ph
ism

si
nd

uc
e
an
ex
ac

ts
eq

ue
nc
e:

0
→

H
n (
X)

(i) Ð→
C
ok
er
(d

n−
1

X
)

(ii
)
Ð→

Ke
r(
dn

+
1

X
)

(ii
i)
Ð
→

H
n+

1 (
X)
→

0.
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Proof.—
Com

posed
with

d
n
+1

X
on

thele�,and
with

thecanonicalepim
orphism

X
n→

C
oker(d

n
−1

X
)on

theright,them
orphism

C
oker(d

n
−1

X
)→

X
n
+1)becom

es
equalto

d
n
+1

X
○d

nX
=
0.Consequently,SinceX

n→
C
oker(d

n
−1

X
)isan

epim
orphism

,
thisim

pliesthatthem
orphism

C
oker(d

n
−1

X
)→

X
n
+1factorsthrough

Ker(d
n
+1

X
),

hencetheexistenceofthem
orphism

labeled
(ii).

ExactnessatH
n(X)

follow
sfrom

the
factthatthe

m
orphism

(i),H̃
n(X)

→
C
oker(d

n
−1

X
),isam

onom
orphism

.Sim
ilarly,exactnessatH

n
+1(X)followsfrom

thefactthatthem
orphism

(iii),Ker(d
n
+1

X
)→

H
n
+1(X),isan

epim
orphism

.
Letusshow

exactnessatC
oker(d

n
−1

X
):thekernelofthem

orphism
(ii)coin-

cidesw
ith

thatofψ
nX ,becausethem

orphism
C
oim

(d
nX )→

X
n
+1isam

onom
or-

phism
,thatis,w

ith
Im

(u),thatisw
ith

theim
ageofH

n(X).
Letus

ûnally
show

exactness
atKer(d

n
+1

X
):by

construction,the
kernelof

the
m

orphism
(iii)isthe

im
age

ofd
nX ,w

hich
coincidesw

ith
the

im
age

ofthe
m

orphim
s(ii).

1.6.3.
—

_
ecohom

ology
objectsarefunctorial:any

m
orphism

ofcom
plexes

f∶X
→

Y
inducesm

orphism
sofcohom

ology
objectsH

n(f)∶H
n(X)→

H
n(Y)

in
such

a
w
ay

thatH
n(g

○
f)

=
H

n(g)○
H

n(f)
and

H
n(id

X )
=

id
H

n
(X
) ._

ese
functorsarealso

additive.
IfH

n(f)isan
isom

orphism
forevery

n
∈
Z,then

onesaysthat
fisa

hom
olo-

gism
,ora

quasi-isom
orphism

.W
ealso

say
thattwo

com
plexesarehom

ologous,
orquasi-isom

orphic,ifthereexistsahom
ologism

from
oneto

another.(_
isis

notan
equivalencerelation

in
general.)

Lem
m
a
(1.6.4).—

Let
A
be
an
abelian

category.

a)
Let

f,g∶X
→

Y
bem

orphism
sofcom

plexesin
A

.If
f
and

g
arehom

otopic,
then

H
n(f)=

H
n(g)

forevery
n
∈
Z.

b)
Letf∶X

→
Y
bea

m
orphism

ofcom
plexesin

A
.Iffinducesan

isom
orphism

in
the

hom
otopy

category
K

(A
),then

f
isa

hom
ologism

.
c)

LetX
be
a
com

plex
in

A
.
Ifthe

identity
m
orphism

id
X
isnullhom

otopic,
then

the
com

plex
X

isacyclic.

Proof.—
a)

Let(θ
n)

n
∈Z
bea

fam
ily

ofm
orphism

s,w
hereforevery

n,θ
n∈

A
(X

n,Y
n
−1),such

that
g
n−

f
n
=
d

n
−1

Y
○
θ
n+

θ
n
+1○

d
nX
forevery

n
∈
Z.

_
e

m
orphism

H
n(g)−

H
n(f)∶H

n(X)
→

H
n(Y)

decom
posesasthe

sum
oftw

o
m

orphism
srespectively

induced
by
d

n
−1

Y
○
θ
n
and

θ
n
+1○

d
nX .

_
e
ûrstone

is
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Letthen
X
,Y

∈
C
F .Sincethefunctor

i∗ ist-exact,itsrestriction
to

C
F coin-

cidesw
ith

thefunctorı̃∗ .Since
i∗ isfully

faithful,thefunctorı̃∗ isfully
faithful

asw
ell.

b)
_
ethreeequalitiesfollow

from
corollary

4.3.6
and

thefactthat
j ∗and

i∗
areboth

le�
(orright)t-exact,thati

∗and
j! areboth

rightt-exact,and
that

j∗
and

i !areboth
le�

t-exact.
c)

LetX
∈
C
and

letusapply
thefunctorH

0to
thecanonicaldistinguished

triangle
j! j ∗X

→
X
→

i∗ i
∗X
→

Σ
j! j ∗X

.
O
neobtainsan

exactsequence

H
−1(X)→

H
−1(i∗ i

∗X)→
H

0(j! j ∗X)→
H

0(X)→
H

0(i∗ i
∗X)→

H
1(j! j ∗X).

Since
X
∈
C
,one

hasH
0(X)

=
X
and

H
−1(X)

=
0.Since

j ∗
and

j! are
both

rightt-exact,onehasH
0(j! j ∗X)=

ȷ̃! ȷ̃ ∗X.Since
i∗ and

i
∗areboth

rightt-exact,
onehasH

0(i∗ i
∗X)=

ı̃∗ ı̃
∗X

and
H
−1(i∗ i

∗X)=
i∗ H

−1(i
∗X)=

ı̃∗ H
−1(i

∗X).Finally,
ΣX

∈
D

⩽
−1;since

j! and
j ∗areboth

rightt-exact,thisim
plies

j! j ∗X
∈
D

⩽0,hence
Σ
j! j ∗X

∈
D

⩽
−1and

H
0(Σ

j! j ∗X)=
0._

isfurnishesthedesired
exactsequence

ı̃∗ H
−1(i

∗X)→
ȷ̃! ȷ̃ ∗X

→
X
→
ı̃∗ ı̃

∗X
→

0.

_
esecond

exactsequenceisestablished
sim

ilarly,byapplyingthefunctorH
0

to
thedistinguished

triangle
i∗ i !X

→
X
→

j∗ j ∗X
→

Σ
i∗ i !X.

Proposition
(4.4.9).—

_
e
truncation

structure
on

D
isnondegenerate

ifand
only

ifthe
given

truncation
structureson

D
U
and

D
F
are

nondegenerate.

Proof.—
Letusassum

e
thatthe

given
truncation

structureson
D

U
and

D
F

arenondegenerate,and
letusprovethatthetruncation

structure(D
⩽0,D

⩾1)is
nondegenerateasw

ell.
LetX

∈⋂
D

⩽n.C
onsequently,j ∗X

∈
D

⩽n
U
and

i
∗X

∈
D

⩽n
F
forevery

integern,
so

that
j ∗X

=
0
and

i
∗X

=
0._

edistinguished
triangle

j! j ∗X
→

X
→

i∗ i
∗X
→

Σ
j! j ∗X

then
provesthatX

=
0.

Sim
ilarly,letX

∈⋂
n
D

⩾n._
isim

pliesthat
j ∗X

∈⋂
n
D

⩾n
U
and

i !X
∈⋂

n
D

⩾n
F
,

so
that

j ∗X
=
0
and

i !X
=
0._

edistinguished
triangle

i∗ i !X
→

X
→

j∗ j ∗X
→

Σ
i∗ i !X

then
provesthatX

=
0.

Conversely,letusassum
ethatthetruncation

structureon
D

isnondegenerate.
Itfollow

sfrom
thefactthatthefunctor

i∗ ist-exactand
fully

faithfulthatthe
truncation

structureon
D

F isnondegenerate.Letindeed
X
∈⋂

D
⩽n
F

.Since
i∗ is



13
6

CH
A
PT
ER

4.
TR

U
N
CA

TI
O
N

ST
RU

CT
U

RE
S

By
pr

op
os

iti
on

4.
3.7
,t
he
fu

nc
to

r
j !
is

rig
ht

t-e
xa
ct
an
d

th
e
fu

nc
to

r
j ∗

is
le
�

t-e
xa
ct
,b
ec
au

se
j !
is
al
e�
ad

jo
in

to
fj

∗
,a

nd
j ∗

is
ar

ig
ht
ad

jo
in

to
fj

∗
.

Si
nc
ei

ti
sa

rig
ht
ad

jo
in

to
fi

∗
an
d
al
e�
ad

jo
in

to
fi

! ,
pr

op
os

iti
on

4.
3.7

im
pl
ie
s

th
at

th
ef

un
ct
or

i ∗
is

t-e
xa
ct
.

C
or

ol
la
ry

(4
.4
.8
).
—

Le
tC

U
an
d
C
F
de

no
te

th
e
he
ar

ts
of

th
e
gi
ve

n
tr
un
ca

tio
n

str
uc

tu
re
so

n
D

U
an
d
D

F,
an
d
let

C
be

th
eh
ea

rt
of

th
et

ru
nc
at
io
n
str

uc
tu

re
on

D

w
hi
ch

is
ob

ta
in
ed
by

gl
ue

in
g.
Fo

re
ac

h
of

th
e
six
fu
nc

to
rs
F
∈{

i ∗
,i
! ,
i∗
,j
∗
,j
!,
j ∗
},

w
e
le
tF̃

=
H

0
○F

th
e
co

rr
es
po

nd
in
g
fu
nc

to
rs
be

tw
ee
n
th
e
he
ar

ts
:

C
F

C
C

U
.

←

→
ı̃ ∗
←

→

ı̃∗

←

→

ı̃!

←

→
ȷ̃∗
←

→ȷ̃
!

←

→ ȷ̃ ∗

a)
_
e
ad

jo
in
tp
ai
rs

(j
!,
j∗
),

(j
∗
,j
∗
),

(i
∗
,i
∗
)
an
d
(i
∗
,i
! )

gi
ve

ri
se

to
ad

jo
in
t

pa
irs

(ȷ̃
!,
ȷ̃∗
),

(ȷ̃
∗
,ȷ̃
∗
),

(ı̃
∗
,ı̃
∗
)a

nd
(ı̃
∗
,ı̃
! ).

M
or
eo
ve

r,
th
ef

un
ct
or

sı̃
∗
,ȷ̃
!a

nd
ȷ̃ ∗
ar
e

fu
lly
fa
ith
fu

l.
b)

O
ne

ha
s
ȷ̃∗
○
ı̃ ∗
=
0,
ı̃∗
○
ȷ̃ !
=
0
an
d
ı̃!
○
ȷ̃ ∗
=
0.
Fo

re
ve

ry
ob

je
ct
X
∈C

F
an
d

ev
er
y
ob

je
ct
Y
∈C

U
,o

ne
ha

sC
(ı̃
∗
X
,ȷ̃
∗
Y)

=
C

(ȷ̃
!Y
,ı̃
∗
X)

=
0.

c)
Fo

re
ve

ry
ob

je
ct
X
∈C

,t
he

re
ar
e
ex
ac

ts
eq

ue
nc
es

0
→
ı̃ ∗
H
−
1 (
i∗
X)
→

ȷ̃ !ȷ̃
∗
X
→

X
→
ı̃ ∗
ı̃∗
X
→

0

an
d

0
→
ı̃ ∗
ı̃! X
→

X
→

ȷ̃ ∗
ȷ̃∗
X
→
ı̃ ∗
H

1 (
i! X

)→
0.

Pr
oo
f.
—

a)
_
eû

rs
tp
ar

tf
ol
lo
w
sf

ro
m

pr
op

os
iti

on
4.
3.7

.
Le

tX
,Y

∈C
U
.O

ne
ha

sb
ifu

nc
to

ria
li

so
m

or
ph

ism
s

C
(ȷ̃
!X
,ȷ̃
!Y

)≃
D

(τ
⩾
0
j !X
,τ

⩾
0
j !Y

)
(j
!i
sr

ig
ht

t-e
xa
ct
)

≃
D

(j
!X
,τ

⩾
0
j !Y

)
(b
y
ad

ju
nc

tio
n
of

(τ
⩾
0,
⋅))

≃
D

U
(X
,j
∗
τ ⩾

0
j !Y

)
(b
y
ad

ju
nc

tio
n
of

(j
!,
j∗
))

≃
D

U
(X
,τ

⩾
0
j∗

j !Y
)

(b
y
t-e

xa
ct
ne

ss
of

j∗
)

≃
D

U
(X
,τ

⩾
0Y

)
(b
ec
au

se
id
≃

j∗
j !)

≃
D

(X
,Y

)≃
C

(X
,Y

),

un
de

rw
hi
ch
am

or
ph

ism
f
∈C

(X
,Y

)c
or

re
sp

on
ds

wi
th

ȷ̃ !
f
∈C

(ȷ̃
!X
,ȷ̃
!Y

).
_

is
pr

ov
es

th
at

th
ef

un
ct
or

ȷ̃ !
is
fu

lly
fa
ith
fu

l.
O
ne

pr
ov
es

sim
ila

rly
th
at

th
ef

un
ct
or

ȷ̃ ∗
is
fu

lly
fa
ith
fu

l.
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ze
ro
,b
ec
au

se
it
fa
ct
or

st
hr

ou
gh

th
e
im
ag
e
of
dn

−
1

Y
in

H
n (
Y)
,w

hi
ch

is
ze

ro
by

co
ns

tr
uc

tio
n.

_
e

se
co

nd
on
e
is
ze

ro
as

w
el
l,

sin
ce
dn X

an
ni

hi
la
te
s
Ke

r(
dn X

).
C
on

se
qu
en

tly
,H

n (
g)

=
H

n (
f)

.
b)

Le
tg

∶Y
→

X
be
a
m

or
ph

ism
of
co

m
pl
ex
es

su
ch

th
at
f
○
g
an
d

g
○
f
ar
e

ho
m

ot
op

ic
to

id
en

tit
y.

_
en

H
n (
f)
○H

n (
g)

=
id
an
d
H

n (
g)
○H

n (
f)

=
id
,h
en
ce

H
n (
f)

is
an

iso
m

or
ph

ism
,f
or
ea
ch

n
∈Z

.I
n
ot

he
rw

or
ds
,f

is
ah

om
ol
og

ism
.

c)
A
ss
um

e
th
at

id
X
is

nu
ll
ho

m
ot
op

ic
.
_
en

on
e
ha

si
d H

n
(
X)

=
H

n (
id

X
)
=

H
n (
0)

=
0,
fo

re
ve

ry
n
∈
Z.
C
on

se
qu
en

tly
,H

n (
X)

=
0
fo

re
ve

ry
n,
an
d
X

is
ac
yc

lic
.

1.6
.5
.
—

Le
t

0
→

X
f Ð→
Y

g Ð→
Z
→

0

be
an
ex
ac

ts
eq

ue
nc
eo
fc

om
pl
ex
es

in
an
ab
el
ia
n
ca

te
go

ry
A

.F
or
ev
er
y
n
∈
Z,

th
em

or
ph

ism
s
fn
an
d

gn
gi
ve

ris
et

o
an
ex
ac

ts
eq

ue
nc
e

0
→

Xn
fn Ð→

Yn
gn Ð→

Zn
→

0

in
A

.
Le

tC
f
be

th
ec

on
eo
ff
,l
et
α
f
∶Y
→
C
f
an
d
β f
∶C

f
→

ΣX
be

th
ec
an

on
ic
al

m
or

ph
ism

s,
an
d
let

θ f
∶C

f
→

Σ−
1 X
be

th
ec
an

on
ic
al

ho
m

ot
op

ys
uc

h
th
at
α
f○
f
=

d C
f
○θ

f
+
θ f
○d

X
.

Si
nc
e
g
○
f
=
0,

th
en

ul
lh

om
ot
op

y
g
○
f
≃
0
in
du
ce

sa
un

iq
ue

m
or

ph
ism

of
co

m
pl
ex
es

h
∶C

f
→

Z
su
ch

th
at

h
○α

f
=

g
an
d
h
○θ

f
=
0.
Ex

pl
ic
itl
y,
α
f
=
(1 0

)
an
d
θ f

=
(0

1 )
,s

o
th
at

h
=
(g

0
).

Le
m
m
a
(1
.6
.6
).
—

a)
_
e
m
or

ph
ism

s
f,
α
f,
β f

in
du
ce
a
lo
ng
ex
ac

ts
eq

ue
nc
e

of
ob

je
ct
si

n
A
:

H
n−

1 (
β
f)

ÐÐ
ÐÐ
→

H
n (
X)

H
n
(
f)

ÐÐ
Ð→

H
n (
Y)

H
n
(
α
f)

ÐÐ
Ð→

H
n (
C
f)

H
n
(
β
f)

ÐÐ
Ð→

H
n+

1 (
X)

H
n+

1 (
f)

ÐÐ
ÐÐ
→

..
.

b)
_
e
m
or

ph
ism

h
∶C

f
→

Z
is
a
ho

m
ol
og

ism
.

c)
_
em

or
ph

ism
f
is
a
ho

m
ol
og

ism
if
an
d
on

ly
if
C
f
is
ac
yc

lic
,i
fa

nd
on

ly
if
Z

is
ac
yc

lic
.

Pr
oo
f.
—

Fo
rt

hi
sp

ro
of
,w
es

ha
ll
pr
et
en
d

th
at

th
ea
be

lia
n
ca

te
go

ry
A

is
ac
at
e-

go
ry

of
m

od
ul
es
.
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a)
Sinceα

f ○
fisnullhom

otopic,onehasH
n(α

f )○H
n(f)=

0.Since
β
f ○α

f =
0,one

hasH
n(β

f )
○
H

n(α
f )

=
0.

Since
Σ
f
○
β
f isnullhom

otopic,one
has

H
n
+1(f)○H

n(β
f )=

0.
Letx

∈
X

nbe
such

thatd
X (x)

=
0
and

such
thatH

n(f)([x])
=
0
in

H
n(Y).

Let
y
∈
Y

n
−1be

such
that

f(x)
=
d
Y (y);letz

=
(
−
yx
);one

has
d
C
f (z)

=
0
and

β
f (z)=

x._
isprovesexactnessatH

n(X).
Lety

∈Y
nbesuch

thatd
Y (y)=

0
and

such
thatH

n(α
f )([y])=

0;letz
∈C

n
−1
f

be
such

that(
y0 )

=
d
C
f (z) ;w

rite
z
=

(
y
′

x
′ ).

O
ne

has
d(y

′)
+
f(x

′)
=

y
and

d(x
′)=

0,hence[y]=
[f(x

′)]=
H

n(f)([x
′])._

isprovesexactnessatH
n(Y).

Letz
∈
H

n(C
f )
be

such
thatd

C
f (z)

=
0
and

H
n(β

f )([z])
=
0

in
H

n
+1(X);

w
rite

z
=
(
yx ) .O

nehasd(y)+
f(x)

=
0
and

d(x)
=
0;m

oreover,thereexists
x
′∈X

nsuch
thatx

=
d(x

′).C
onsequently,d(y+

f(x
′))=

0
and

z
=
(
y
+
f
(x

′)
0

)−
(
f
(x

′)
−x

)
=
(
y
+
f
(x

′)
0

)−
d
C
f ((

0x
′))

so
that[z]=

H
n(α

f )([y+
f(x

′)])._
isprovesexactnessatH

n(C
f ).

b)
Letn

∈
Z.

Letz
∈
C

nf be
such

thatd(z)
=
0
and

H
n(h)([z])

=
0.

Let
z
′∈

Z
n
−1be

such
that

h(z)
=
d
Z (z

′);w
rite

z
=

(
yx ).

_
en
d(y)+

f(x)
=
0,

d(x)
=
0
and

d(z
′)
=

g(y).Since
g
n
−1∶Y

n
−1→

Z
n
−1issurjective,there

exists
y
′∈

Y
n
−1such

thatz
′=

g(y
′);then

d(z
′)
=
d
Z (g(y

′))
=

g(d
Y (y

′)),so
that

g(y−
d
Y (y

′))=
0;consequently,thereexistsx

∈X
nsuch

thaty−
d
Y (y

′)=
f(x).

W
ethushavez

=
(
d
(y

′)
+
f
(x
)

x
)
=
d( (

y
′

x )),so
that[z]=

0._
isprovesthatH

n(h)
isinjective.

Letnow
z
∈Z

nbesuch
thatd

nZ (z)=
0.Since

g
nissurjective,thereexistsy

∈Y
n

such
thatz

=
g
n(y),hence0

=
d

nZ (g
n(y))=

g
n(d

nY (y)).Consequently,thereex-
istsx

∈X
n
−1such

thatd
nY (y)=

f
n
−1(x).O

nehas
f
n(d

n
−1

X
(x))=

d
nY (f

n
−1(x))=

0,hence
d
X (x)=

0
since

f
nisinjective.Letz

′=
(

y−x )∈C
n
−1
f

.O
nehasd(z

′)=
0

and
h(z

′)
=

g(y)
=
z ,so

thatH
n(h)([z

′])
=

[z] ._
isprovesthatH

n(h)
is

surjective.
c)

IfH
n(C

f )
=
0,the

exactsequence
ofa)show

sthatH
n(f)

isan
epim

or-
phism

and
H

n
+1(f)

isa
m

onom
orphism

.C
onsequently,ifC

f isacyclic,then
H

n(f)isan
isom

orphism
forevery

n,so
that

fisahom
ologism

.
C
onversely,ifH

n(f)
isan

epim
orphism

,then
H

n(α
f )

=
0,w

hile
ifH

n(f)
isa

m
onom

orphism
,then

H
n
−1(β

f )
=
0.In

particular,if
f
isa

hom
ologism

,
then

H
n(α

f )
=
0
and

H
n(β

f )
=
0
for

every
n.

_
en,0

=
Im

(H
n(α

f ))
=

Ker(H
n(β

f ))=
H

n(C
f )forevery

n,so
thatC

f isacyclic.

4.4.G
LU
EIN

G
TRU

N
CATIO

N
STRU

CTU
RES

135

Sim
ilarly,applyingthefunctori !to

thissecond
verticaltriangle,weobtain

the
distinguished

triangle

i !i∗ τ
>0 i

∗Y
i !(h
)

ÐÐ→
i !B

i !(k
)

ÐÐ→
i !j∗ τ

>0 i !X
→

Σ
i !i∗ τ

>0 i
∗Y.

Since
i !j∗ =

0,them
orphism

i !(h)isan
isom

orphism
.Com

posed
w
ith

theunit
ε∶id

∼Ð→
i !i∗ (w

hich
isan

isom
orphism

,because
i∗ isfully

faithful),w
eobtain

an
isom

orphism
i !(h)○

ετ
>0 i

∗Y ∶τ
>0 i

∗Y
∼Ð→

i !B.C
onsequently,i !B

∈
D

⩾1
F
.

Letusnow
apply

j ∗tothesecond
horizontaltriangle;weobtain

adistinguished
triangle

j ∗A
j
∗
(f
○u
)

Ð
ÐÐ
→

j ∗X
j
∗
(w
)

Ð
Ð
→

j ∗B
→

Σ
j ∗A

.
O
bservethatετ

>0 j
∗X ○

j ∗(k)○
j ∗(w

)=
ετ
>0 j

∗X ○
j ∗(k

○
w
)=

ετ
>0 j

∗X ○
j ∗(g)=

ε
j
∗X .

C
onsequently,w

ehaveadistinguished
triangle

j ∗A
j
∗
(f
○u
)

Ð
ÐÐ
→

j ∗X
ε
j
∗
X

ÐÐ→
τ
>0 j ∗X

→
Σ
j ∗A

.

Equivalently,them
orphism

j ∗(f○u)factorsuniquelythrough
an

isom
orphism

j ∗A
∼Ð→

τ
⩽0 j ∗X.In

particular,j ∗A
∈
D

⩽0
U

.
Letusapply

i
∗to

theûrsthorizontaltriangle;thisfurnishesadistinguished
triangle

i
∗A

i
∗
(u
)

ÐÐ→
i
∗Y

i
∗
(v
)

ÐÐ→
i
∗i∗ τ

>0 i
∗Y
→

Σ
i
∗A

.
_
ecounitη

∶i
∗i∗

∼Ð→
id

isan
isom

orphism
,because

i∗ isfully
faithful,and

one
hasη

τ
>0 i

∗Y ○
i
∗(v)=

ηi
∗Y.Consequently,thereexistsadistinguished

triangleof
theform

i
∗A

i
∗
(u
)

ÐÐ→
i
∗Y

ηi
∗Y

ÐÐ→
τ
>0 i

∗Y
→

Σ
i
∗A

.
_

isim
pliesthatthem

orphism
i
∗(u)factorsuniquelythrough

an
isom

orphism
i
∗A

∼Ð→
τ
⩽0 i

∗Y.In
particular,i

∗A
∈
D

⩽0
F

.
W
ethushaveproved

thatA
∈
D

⩽0and
B
∈
D

⩾1,asclaim
ed.

C
onsequently,(D

⩽0,D
⩾1)isatruncation

structureon
D

.

Proposition
(4.4.7).—

a)
_
e
functors

j! and
i
∗
are

rightt-exact;
b)

_
e
functors

j ∗
and

i∗
are

t-exact;
c)

_
e
functors

j∗
and

i !are
le�

t-exact.

Proof.—
IfX

∈
D

⩽0,then
j ∗X

∈
D

⩽0
U
and

i
∗X

∈
D

⩽0
F

;consequently,j ∗and
i
∗

arerightt-exact.IfX
∈
D

⩾1,then
j ∗X

∈
D

⩾1
U
and

i !X
∈
D

⩾1
F

;consequently,j ∗and
i !arele�

t-exact.
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D
(j
!j∗

X
,Y

)
≃
D

U
(j
∗
X
,j
∗
Y)

≃
0,

sin
ce

j∗
X

∈
D

⩽
0

U
an
d

j∗
Y
∈
D

⩾
1

U
.
C
on

se
-

qu
en

tly
,D

(X
,Y

)=
0.

c)
_
ei

nc
lu

sio
ns

ΣD
⩽
0
⊂
D

⩽
0
an
d

Σ−
1 D

⩾
1
⊂
D

⩾
1
fo
llo

w
fr
om

th
ef
ac

tt
ha

t
th
ef

un
ct
or

si
∗
,j

∗
an
d
i!
ar
et

ria
ng

ul
at
ed

.
d)

Le
tX

be
an

ob
je
ct

of
D

;l
et

us
co

ns
tr
uc

ta
di

sti
ng

ui
sh
ed

tri
an

gl
eA
→

X
→

B
→

ΣA
,w

he
re
A
∈D

⩽
0
an
d
B
∈D

⩾
1 .

Le
tg

∶X
→

j ∗
τ >

0
j∗
X
be

th
e
un

iq
ue

m
or

ph
ism

w
ho

se
im
ag
e
un
de

rt
he
ad

-
ju
nc

tio
n

iso
m

or
ph

ism
D

(X
,j
∗
τ >

0
j∗
X)

≃
D

U
(j
∗
X
,τ

>
0
j∗
X)

is
th
e
ca

no
ni
ca

l
m

or
ph

ism
ε j

∗
X
∶j

∗
X
→

τ >
0
j∗
X.

W
e
co

m
pl
et
e
g
in

to
a
di

st
in

gu
ish
ed

tr
ia
ng

le

Y
f Ð→
X

g Ð→
j ∗
τ >

0
j∗
X
→

ΣY
.

Si
m

ila
rly
,le

tv
∶Y
→

i ∗
τ >

0i
∗
Y
be

th
eu

ni
qu
em

or
ph

ism
w
ho

se
im
ag
eu

nd
er

th
e

ad
ju
nc

tio
n
iso

m
or

ph
ism

D
(Y
,i
∗
τ >

0i
∗
Y)

≃
D

F(
i∗
Y,

τ >
0i
∗
Y)

is
th
e
ca

no
ni
ca

l
m

or
ph

ism
ε i

∗
Y
∶i

∗
Y
→

τ >
0i
∗
Y.

Le
tu

sc
om

pl
et
e
v

to
a
di

st
in

gu
ish
ed

tr
ia
ng

le
A

u Ð→
Y

v Ð→
i ∗
τ >

0i
∗
Y
→

ΣA
.

Le
tu

st
he

n
bu

ild
an

oc
ta
he
dr

on
:

A
Y

i ∗
τ >

0i
∗
Y

ΣA

A
X

B
ΣA

j ∗
τ >

0i
∗
X

j ∗
τ >

0i
∗
X

ΣA
ΣY

Σi
∗
τ >

0i
∗
Y

Σ2
A
.

←

→
u

⇐⇐

←

→
v

←→f

←

→

←→h

⇐⇐

←

→
f○

u

←

→
w

←→g

←

→

←→k

⇐

⇐

←→

←→

←

→
u

←

→
v

←

→

It
su
õ
ce

st
o
pr

ov
et

ha
tA

∈D
⩽
0
an
d
B
∈D

⩾
1 .

Ap
pl
yi
ng

th
e
fu

nc
to

r
j∗

to
th
e
se
co

nd
ve

rt
ic
al

tr
ia
ng

le
,w
e
ob

ta
in
a
di

st
in

-
gu

ish
ed

tr
ia
ng

le

j∗
i ∗
τ >

0i
∗
Y

j∗
(
h)

ÐÐ
→

j∗
B

j∗
(
k)

ÐÐ
→

j∗
j ∗
τ >

0
j∗
X
→

Σ
j∗
i ∗
τ >

0i
∗
Y.

Si
nc
e

j∗
i ∗
=
0,

th
e
m

or
ph

ism
j∗
(k

)
is
an

iso
m

or
ph

ism
.C

om
po

se
d
w
ith

th
e

co
un

it
η
∶j

∗
j ∗

∼ Ð→
id

(w
hi
ch

is
an

iso
m

or
ph

ism
,b
ec
au

se
j ∗

is
fu

lly
fa
ith
fu

l),
w
e

ob
ta
in
an

iso
m

or
ph

ism
η τ
>
0
j∗
X
○
j∗
(k

)∶
j∗
B

∼ Ð→
τ >

0
j∗
X.

In
pa

rt
ic
ul
ar
,j

∗
B
∈D

⩾
1

U
.

1.7
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1.7
.
Ex
er
ci
se

s

Ex
er
ci
se

(1
.7.

1)
.—

Le
tC

be
th
ec
at
eg

or
y
of

se
ts.

a)
Pr

ov
em

on
om

or
ph

ism
s,
ep

im
or

ph
ism

s,
an
d
iso

m
or

ph
ism

sc
oi
nc

id
er
es
pe
c-

tiv
ely

w
ith

in
je
ct
iv
e,

su
rje
ct
iv
e,
an
d
bi
je
ct
iv
em

ap
s.

b)
Sh

ow
th
at

th
ee

m
pt
y
se

ti
st

he
in

iti
al

ob
je
ct
,w

hi
le

sin
gl
et
on

sa
re

te
rm

in
al

ob
je
ct

s.
c)

O
bs
er
ve

th
at
ev
er
ym

or
ph

ism
to

th
ei

ni
tia

lo
bj
ec

ti
sa

n
iso

m
or

ph
ism

,w
hi

le
no

te
ve

ry
m

or
ph

ism
fro

m
th
et
er

m
in
al

ob
je
ct

is
an

iso
m

or
ph

ism
.C

on
clu
de

th
at

th
ec
at
eg

or
y
of

se
ts

is
no

te
qu

iv
al
en

tt
o
its

op
po

sit
ec
at
eg

or
y.

d)
C
om

pu
te
eq

ua
liz
er

s,
co
eq

ua
liz
er

s,
pr

od
uc

ts
an
d
co

pr
od

uc
ts

in
C

.M
or
e

ge
ne

ra
lly
,p

ro
ve

th
at

“a
ll”

lim
its

(r
es
p.
co

lim
its

)e
xi

st
in

C
.

Ex
er
ci
se

(1
.7.

2)
.—

In
th
e
ca

te
go

ry
of

rin
gs
,l
et
f
∶Z
→

Q
be

th
e
in
clu

sio
n

m
or

ph
ism

.S
ho

w
th
at
f
is
bo

th
am

on
om

or
ph

ism
an
d
an
ep

im
or

ph
ism

bu
ti

s
no

ta
n
iso

m
or

ph
ism

.

Ex
er
ci
se

(1
.7.

3)
.—

a)
Le

tC
be
ac
at
eg

or
y,

le
tI
be
as
et
an
d,
fo

re
ve

ry
i∈

I,
le
t

f i
∈C

(x
i,
y i
)b
ea

m
or

ph
ism

in
C

.A
ss
um

et
ha

tt
he

pr
od

uc
ts
x
=
∏

i∈
Ix

i
an
d

y
=
∏

i∈
I
y i
ex

ist
in

C
an
d
le
tf

∈C
(x
,y

)b
et

he
co

rr
es
po

nd
in

g
m

or
ph

ism
.I
f

f i
is
am

on
om

or
ph

ism
,f
or
ev
er
y
i∈

I,
th
en
f
is
am

on
om

or
ph

ism
.

b)
St
at
et

he
an
al
og

ou
sp

ro
pe

rt
y
fo

rc
op

ro
du
ct

so
fe

pi
m

or
ph

ism
s.

c)
As

su
m
et

ha
tC

is
an
ad
di

tiv
ec
at
eg

or
y.

Pr
ov
et

ha
tp

ro
du
ct

so
fû

ni
te
fa
m

ili
es

of
ep

im
or

ph
ism

sa
re
ep

im
or

ph
ism

s,
an
d

th
at
co

pr
od

uc
ts

of
ûn

ite
fa
m

ili
es

of
m

on
om

or
ph

ism
sa

re
m

on
om

or
ph

ism
s.

Ex
er
ci
se

(1
.7.

4)
.—

Le
tC

be
ac
at
eg

or
y.

a)
O
ne

sa
ys

th
at
a
m

or
ph

ism
u
∈
C

(x
,y

)
is
an

ex
tr
em
al
ep

im
or

ph
ism

if,
fo

re
ve

ry
fa
ct
or

iz
at
io
n
u
=

m
○v
,w

he
re

m
is
a
m

on
om

or
ph

ism
,t
he

n
m

is
an

iso
m

or
ph

ism
.P

ro
ve

th
at
an
ex

tre
m
al
ep

im
or

ph
ism

is
an
ep

im
or

ph
ism

.
b)
A

m
or

ph
ism

w
hi
ch

is
bo

th
an
ex

tr
em
al
ep

im
or

ph
ism

,a
nd

a
m

on
om

or
-

ph
ism

is
an

iso
m

or
ph

ism
.

c)
O
ne

sa
ys

th
at
a
m

or
ph

ism
u
∈C

(x
,y

)i
sa

re
gu

la
re

pi
m

or
ph

ism
if

th
er
e

ex
ist

sa
n
ob

je
ct

ta
nd

tw
o
m

or
ph

ism
s
f,

g
∈C

(t
,x

)o
fw

hi
ch

u
is
ac

oe
qu
al
iz
er
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(thatis,acolim
itofthediagram

t
x

←

→ f

←

→g
).Provethataregularepim

orphism

isan
extrem

alepim
orphism

.

Exercise
(1.7.5).—

Let
A
bean

abelian
category

satisfying
both

axiom
s(A

B
5 )

and
(A
B
∗5 ).

a)LetX
beand

letIbeaset.Let(X
i )

i∈I bethefam
ily

in
A

w
hereX

i =
X
for

every
i∈I.Show

thatthecanonicalm
orphism

X
(I)→

X
Ifrom

thecoproductof
thefam

ily
(X

i )
i∈I to

itsproductisan
isom

orphism
.

b)ProvethatX
isazero

objectin
A

.
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to
itspair(i∗ D

F ,j! D
U )

oftriangulated
subcategories.Itfurnishestw

o
exact

sequencesoftriangulated
categories

0
→

D
F

i
∗

Ð→
D

j
∗

Ð→
D

U
→

0
and

0
→

D
U

j!
Ð→

D
i
∗

Ð→
D

F →
0.

Indeed,w
ith

thenotation
ofthatproposition,thetwo

functorsτ
D

U and
τ
D

F are
induced

by
thedistinguished

triangle(v),hencearegiven
by

τ
D

U X
=

j! j ∗X
and

τ
D

F X
=

i∗ i
∗X;ûnally,w

ehaveidentiûed
D

F and
D

U
asasubcategory

of
D

via
thefunctors

j! and
i∗ respectively.

_
esam

eargum
entapplied

to
thesecond

distinguished
triangleof§4.4.2(v)

furnishestw
o
exactsequencesoftriangulated

categories:

0
→

D
F

i
∗

Ð→
D

j
∗

Ð→
D

U
→

0
and

0
→

D
U

j
∗

Ð→
D

i !
Ð→

D
F →

0.

_
esecond

exactsequenceistheonethatw
asm

issing.

D
eûnition

(4.4.5).—
Let(D

⩽0
U
,D

⩾1
U
)
and

(D
⩽0
F
,D

⩾1
F
)
be

truncation
structures

on
D

U
and

D
F respectively.Let

D
⩽0and

D
⩾1bethefullsubcategoriesofD

w
hose

objectsare
given

byob(D
⩽0)=

{X
∈ob(D

);
j ∗X

∈
D

⩽0
U
and

i
∗X

∈
D

⩽0
F

}
(4.4.5.1)

ob(D
⩾1)=

{X
∈ob(D

);
j ∗X

∈
D

⩾1
U
and

i !X
∈
D

⩾1
F
}.

(4.4.5.2)

_
eorem

(4.4.6).—
_
epair(D

⩽0,D
⩾1)

given
by
deûnition

4.4.5isa
truncation

structure
on

D
.

W
e
say

thatthistruncation
structure

of
D

isobtained
by

glueing
the

given
truncation

structureson
D

U
and

D
F .

Proof.—
W
echeck

theaxiom
sofatruncation

structure.
a)
By

construction
ofthe

categories
D

⩽0and
D

⩾0,they
contain

any
object

of
D

w
hich

isisom
orphicto

oneoftheirobjects.
b)

LetX
∈
ob(D

⩽0)and
letY

∈
ob(D

⩾1).Applying
thecontravariantcoho-

m
ologicalfunctor

D
(⋅,Y)to

thedistinguished
triangle

j! j ∗X
→

X
→

i∗ i
∗X
→

Σ
j! j ∗X,w

eobtain
an
exactsequence

D
(i∗ i

∗X
,Y)→

D
(X
,Y)→

D
(j! j ∗X

,Y).

By
adjunction

ofthe
pair

(i∗ ,i !),one
has

D
(i∗ i

∗X
,Y)

≃
D

F (i
∗X
,i !Y)

=
0,

since
i
∗X

∈
D

⩽0
F
and

i !Y
∈
D

⩾1
F
.
Sim

ilarly,the
pair(j! ,j ∗)

isadjoint,hence
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(ii
)

Si
m

ila
rly
,t

he
ex

te
ns

io
n
by

ze
ro
fu

nc
to

r
j !
∶A

b
(U

)
→

A
b
(X

)
is
ex
ac

t
an
d
fu

lly
fa
ith
fu

la
nd

in
du
ce

sa
fu

nc
to

r
j !
∶D

U
→

D
.

_
e
fu

nc
to

ro
fr
es

tr
ic
tio

n
to

U
,j

∗
∶A

b
(X

)
→

A
b
(U

),
is
ex
ac

ta
sw

el
l,
an
d

in
du
ce

sa
fu

nc
to

r
j∗
D
→

D
U
.

O
n

th
eo

th
er

ha
nd
,t
he
fu

nc
to

r
j ∗
∶A

b
(U

)
→

A
b
(X

)i
so

nl
y
le
�
ex
ac

ta
nd

w
ed
en

ot
eb

y
j ∗
∶D

U
→

D
its

rig
ht
de

riv
ed
fu

nc
to

r.
(ii

i)
_
e
fu

ll
fa
ith
fu

ln
es

so
fi

∗
,j

!
an
d

j ∗
ho

ld
sa

tt
he

le
ve

lo
fc
at
eg

or
ie
so
f

sh
ea
ve

s,
it

re
m
ai
ns

tr
ue
at

th
el
ev
el

of
de

riv
ed
ca

te
go

rie
s.

(iv
)

_
er
ela

tio
n

j∗
i ∗
=
0
ho

ld
sa

tt
he

le
ve

lo
fc
at
eg

or
ie
ss

he
av
es
,a

nd
re
m
ai
ns

tr
ue
at

th
el
ev
el

of
de

riv
ed
ca

te
go

rie
s.

(v
)
Ev
er
y
ab
eli
an

sh
ea
fF

on
X

gi
ve

sr
ise

to
an
ex
ac

ts
eq

ue
nc
e

0
→

j !j
∗
F
→

F
→

i ∗
i∗

F
→

0.

Ap
pl
ie
d

to
ev
er
y

te
rm

of
co

m
pl
ex
C

of
ab
el
ia
n

sh
ea
ve

so
n
X,

th
es
e
ex
ac

ts
e-

qu
en
ce

s
fu

rn
ish

an
ex
ac

ts
eq

ue
nc
es

of
co

m
pl
ex
es

of
ab
el
ia
n

sh
ea
ve

s,
he

nc
e,

pa
ss
in

g
to

th
eh

om
ot
op

y
ca

te
go

ry
K

(A
b
(X

))
,a
di

sti
ng

ui
sh
ed

tr
ia
ng

le

j !j
∗
C
→
C
→

i ∗
i∗
C
→

Σ
j !j

∗
C
.

_
es
ec

on
d

re
qu

ire
d
di

sti
ng

ui
sh
ed

tr
ia
ng

le
is
de
du
ce
d
fro

m
th

is
on
eb

y
ap

pl
y-

in
g
th
ed

ua
lit
y
fu

nc
to

r.
Fo

re
ve

ry
Y
∈
D

U
,t
he

id
en

tit
y
m

or
ph

ism
id

Y
∈
D

U
(Y
,Y

)c
or

re
sp

on
ds
,v

ia
th
e
iso

m
or

ph
ism

D
(j
!Y
,j
∗
Y)

≃
D

U
(Y
,Y

)
to
a
m

or
ph

ism
j !Y
→

j ∗
Y.
At

th
e

le
ve

lo
fs

he
av
es
,t
hi

sm
or

ph
ism

is
no

th
in

g
bu

tt
he
fa
ct

th
at

th
e
sh
ea
fj

!F
is
a

su
bs

he
af

of
j ∗

F
.

Pr
op

os
iti

on
(4

.4
.4
).
—

W
ith

th
eh

yp
ot
he

se
so
f§

4.
4.
2,

on
eh
as

th
ef

ol
lo
w
in
g
th
re
e

ex
ac

ts
eq

ue
nc
es

of
tr
ia
ng

ul
at
ed
ca

te
go

ri
es
:

0
→

D
F

i∗ ←Ð
D

j ! ←Ð
D

U
→

0

0
→

D
F

i ∗ Ð→
D

j∗ Ð→
D

U
→

0

0
→

D
F

i! ←Ð
D

j ∗ ←Ð
D

U
→

0.

Pr
oo
f.
—

Si
nc
e
th
e
tr
ia
ng

ul
at
ed
fu

nc
to

rs
i ∗
∶D

F
→

D
an
d

j !
∶D

U
→

D
ar
e

fu
lly
fa
ith
fu

l,
th
ey

in
du
ce
eq

ui
va

le
nc
es

of
tr
ia
ng

ul
at
ed
ca

te
go

rie
sf

ro
m

D
F
an
d

D
U

to
th
ei
ri

m
ag
es
._

eh
yp

ot
he

sis
(iv

)a
nd

th
eû

rs
td

ist
in

gu
ish
ed

tr
ia
ng

le
(v

)
of

§4
.4
.2
al
lo
w

us
to
ap

pl
y
pr

op
os

iti
on

4.
4.
1t

o
th
et

ria
ng

ul
at
ed
ca

te
go

ry
D
an
d

C
H
A
PT
ER

2

T
R
IA

N
G
U
LA

T
ED

C
A
T
EG

O
R
IE

S

2.
1.

Tr
ia
ng

ul
at
ed
ca

te
go

ri
es

Le
tC

be
an
ad
di

tiv
ec
at
eg

or
ye

nd
ow
ed

wi
th
an
au

to
m

or
ph

ism
Σ

of
C

(tr
an

s-
la
tio

n)
.

D
eû

ni
tio

n
(2

.1.
1)
.—

A
tr
ia
ng

le
in

C
is
a
co

m
pl
ex

T
su
ch

th
at
dn

+
3

T
=

Σd
n T
fo
r

ev
er
y
n
∈Z

.A
m

or
ph

ism
of

tri
an

gl
es
f
∶T
→

T′
is
a
m
or

ph
ism

of
co

m
pl
ex
es

su
ch

th
at
fn

+
3
=

Σ
fn
fo
re
ve

ry
n
∈Z

.

C
on
cr
et
el
y,
a
tr
ia
ng

le
on

ly
de

pe
nd

so
n

th
re
e
co

ns
ec

ut
iv
e
ob

je
ct

sa
nd

m
or

-
ph

ism
s,
an
d
is

re
pr
es
en

te
d
as
fo
llo

w
s:

X
u Ð→
Y

v Ð→
Z

w Ð→
ΣX

,

th
en
ex

td
iò
er
en

tia
lb
ei
ng

Σu
∶Σ

X
→

ΣY
,e

tc
.C

on
ve

rs
ely
,a

se
qu
en
ce

(u
,v
,w

)
of

th
re
ec

om
po

sa
bl
em

or
ph

ism
sg

iv
es

ris
et

o
at

ria
ng

le
if
an
d
on

ly
if
v
○u

=
0,

w
○v

=
0
an
d

Σu
○w

=
0.

_
ed
at
um

of
am

or
ph

ism
fr
om

su
ch
at

ria
ng

le
to
a

sim
ila

rt
ria

ng
le

X′
u′ Ð→

Y′
v′ Ð→

Z
w
′ Ð→

ΣX
′

is
eq

ui
va

le
nt

to
th
e
da

tu
m

of
th

re
e
m

or
ph

ism
s
f
∶X

→
X′
,g

∶Y
→

Y′
an
d

h
∶Z
→

Z′
su
ch

th
at

u′
○
f
=

g
○u
,v

′
○
g
=

h
○v

an
d
w
′
○
h
=

Σ
f
○w

.
M

or
ph

ism
so
ft

ria
ng

les
ar
ec

om
po

se
d
in

th
eo
bv

io
us

w
ay
,a

nd
tr
ia
ng

les
in

C

fo
rm

ac
at
eg

or
y.

Tr
ia
ng

le
sa

re
co

m
pl
ex
es

in
C
,h
en
ce
ca

n
be

sh
i�
ed

;o
bs
er
ve

th
at
as

hi
�

of
a

tr
ia
ng

le
is
a
tr
ia
ng

le
.H

ow
ev
er
,t
o
av

oi
d
co

nf
us

io
n
w
ith

th
e
au

to
m

or
ph

ism
Σ

of
C
,w
es

ha
ll
no

tu
se

th
el
et
te
rΣ

to
in
di
ca

te
sh

i�
so
ft

ria
ng

le
s.
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2.1.2.
—

Sincetrianglesin
C
arecom

plexes,am
orphism

oftrianglesφ
∶T
→

T
′

givesriseto
aconeC

φ .Letusexplicitthedescription
ofthiscone.Letusthus

consideram
orphism

oftriangles,asrepresented
by

thediagram
:

X
Y

Z
ΣX

X
′

Y
′

Z
′

ΣX
.

←

→
u

←→f

←

→
v

←→g

←

→
w

←→h

←→Σ
f

←

→
u
′

←

→
v
′

←

→
w
′

By
deûnition,itsconeisthecom

plex

X
′⊕

Y
(
u
′

g
0
−v
)

ÐÐÐÐ→
Y
′⊕

Z
(
v
′

h
0
−w
)

ÐÐÐÐ→
Z
′⊕

ΣX
(
w
′

Σ
f

0
−Σu
)

ÐÐÐÐÐ→
ΣX

′⊕
ΣY.

_
ereisalso

anaturalnotion
ofhom

otopybetween
m

orphism
softriangles.If

two
m

orphism
softrianglesF

=
(f,g,h)and

F
′=

(f
′,g

′,h
′)arehom

otopic,the
choiceofa

hom
otopy

η
=
(θ,φ,ψ)w

ith
origin

(f,g,h)and
target(f

′,g
′,h

′)
givesrisetoam

orphism
oftrianglesλ

∶C
F →

C
F
′,explicitlygiven

bythediagram

C
F

X
′⊕

Y
Y
′⊕

Z
Z
′⊕

ΣX
ΣX

′⊕
ΣY

C
F
′

X
′⊕

Y
Y
′⊕

Z
Z
′⊕

ΣX
ΣX

′⊕
ΣY

←→λ

=

←

→
(
u
′

g
0
−v
)

←→(
1

θ
0

1
)

←

→
(
v
′

h
0
−w
)

←→(
1

φ
0

1
)

←

→
(
w
′

Σ
f

0
−Σu
)

←→(
1

ψ
0

1
)

←→(
1

Σ
θ

0
1
)

=

←

→
(
u
′

g
′

0
−v
)

←

→
(
v
′

h
′

0
−w
)

←

→
(
w
′

Σ
f
′

0
−Σu
)

_
ism

orphism
λ
isan

isom
orphism

.
Finally,onesaysthatatriangleT

iscontractibleifid
T
isnullhom

otopic.

D
eûnition

(2.1.3).—
A

triangulated
category

isan
additivecategory

C
endow

ed
w
ith
an
autom

orphism
Σ
and

a
setT

oftrianglessuch
thatthefollow

ingproperties
hold:

(2.1.3.1)
A

triangle
isom

orphicto
a
triangle

in
T
belongsto

T
;

(2.1.3.2)
A

triangleX
uÐ→

Y
vÐ→
Z

wÐ→
ΣX

in
C
belongsto

T
ifand

only
ifthe

triangleY
−v
Ð→

Z
−w
Ð→

ΣX
−Σu
ÐÐ→

ΣY
belongsto

T
;

(2.1.3.3)
Forevery

object,the
triangleX

id
X
Ð→

X
→

0
→

ΣX
belongsto

T
;

(2.1.3.4)
Forevery

m
orphism

u
∶X
→

Y
in

C
,thereexistsa

triangleX
uÐ→
Y
→

Z
→

ΣX
in

T
;

(2.1.3.5)
LetX

uÐ→
Y

vÐ→
Z

wÐ→
Σ X

and
X
′

u
′

Ð→
Y
′

v
′

Ð→
Z

w
′

Ð→
Σ X

′be
triangles

of
T

.Forevery
f
∈
C

(X
,X

′)
and

every
g
∈
C

(Y,Y
′)

such
thatu

′○
f
=

g○
u,
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(iii)
_
e
functors

i∗ ,
j! and

j∗
are

fully
faithful.

Equivalently,the
counits

i
∗i∗
→

id
and

j ∗j∗
→

id
are

isom
orphism

s,asw
ellasthe

unitsid
→

i !i∗
and

id
→

j ∗j! .
(iv)

O
nehas

j ∗i∗ =
0.Asaconsequence,itsle�

adjointi
∗j! =

0,and
itsright

adjoint
i !j∗

=
0.M

oreover,forX
∈
D

F
and

Y
∈
D

U ,one
has

D
(j! Y,i∗ X)

=
D

U (Y,j ∗i∗ X)=
0
and

D
(i∗ X

,j∗ Y)=
D

U (j ∗i∗ X
,Y)=

0.
(v)

Forevery
objectX

∈
D
,thereexistsdistinguished

triangles

j! j ∗X
ηÐ→
X

εÐ→
i∗ i

∗X
→

Σ
j! j ∗X

and
i∗ i !X

ηÐ→
X

εÐ→
j∗ j ∗X

→
Σ
i∗ i !X

.

By
corollary

2.2.7,the
unlabeled

arrow
softhese

trianglesare
uniquely

deter-
m

ined
and

thesetrianglesarefunctorialin
X.

O
bserve

the
sym

m
etry:passing

to
the

opposite
categories

interchanges
i !

and
i
∗on

theonehand,and
j! and

j∗ on
theotherhand.

A
sa

consequenceofthesehypotheses,w
enotethefollow

ing
functorialiso-

m
orphism

,forevery
Y
∈
D

U :

D
U (j! Y,j∗ Y)≃

D
U (Y,j ∗j∗ Y)≃

D
U (Y,Y).

Exam
ple

(4.4.3).—
_
eim

portantexam
pleofsuch

aglueing
context,and

the
m

otivation
forthenotation,com

esfrom
topology. (2

)_
en,D

,D
U
and

D
F are

thederived
categoriesD

(A
b(X)),D

(A
b(U

))and
D
(A

b(F))ofthecategories
ofabelian

sheaveson
a
topologicalspaceX,an

open
subsetU

,and
theclosed

com
plem

entsubsetF
=
X

U
.Leti∶F

→
X
and

j∶U
→

X
betheinclusions.

(i)
_
e
extension

by
zero

functor
i! =

i∗ ∶
A
b(F)

→
A
b(X)

isexact,and
inducesa

functor,stilldenoted
i∗ ,from

D
F
to
D
.
_
e
functorofrestriction

to
F,i

∗∶
A
b(X)

→
A
b(F),isalso

exact,and
inducesa

triangulated
functor

i
∗D
→

D
F ._

efunctori∗ doesnotadm
itarightadjointatthelevelofcategories

ofsheaves,butVerdierduality
providesarightadjointi !∶

D
→

D
F atthelevel

ofderived
categories.

(2)W
hatfollow

sisnotstrictly
true;one

should
ratherassum

e
thatX,U

,F
are

m
oderate

topological
spacesand

restrictto
thesubcategoriesoftheindicated

derived
categoriesconsisting

ofcom
plexesw

ith
constructiblecohom

ology._
isw

illhopefully
becleaned

up
oncethesectionson

Verdierduality
and

constructiblesheavesarew
ritten.
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Pr
oo
f.
—

_
et
w
o

sta
te
m
en

ts
ar
eo
bt
ai
ne
d
on
ef

ro
m
an

ot
he

rb
y
pa

ss
in

g
to

th
e

op
po

sit
ec
at
eg

or
y,

so
th
at
w
eo

nl
y
pr

ov
et

he
ûr

st
on
e.

Le
tu

so
bs
er
ve

th
at

(M
,N

)i
sa

tr
un
ca

tio
n
str

uc
tu

re
on

D
.B

yc
or

ol
lar

ie
s4

.1.
8

an
d
4.
1.9
,a

n
ob

je
ct
X

of
D
be

lo
ng

st
o
N

if
an
d
on

ly
if
D

(A
,X

)=
0
fo

re
ve

ry
ob

je
ct
A

of
M
,a

nd
an

ob
je
ct
X

of
D
be

lo
ng

st
o
M

if
an
d
on

ly
if
D

(X
,B

)=
0

fo
re

ve
ry

ob
je
ct
B

of
N

.M
or
eo
ve

r,
th
es

ub
ca

te
go

rie
sM

an
d
N

ar
et

hi
ck

.
Le

t
X
,Y

be
ob

je
ct

s
of

N
.
By

pr
op

os
iti

on
2.
5.1

7,
th
e

lo
ca

liz
at
io
n
fu

nc
-

to
rQ

M
∶D

→
D

/M
in
du
ce

sa
n
iso

m
or

ph
ism

N
(X
,Y

)=
D

(X
,Y

)
∼ Ð→

(D
/M

)(
Q
(X

),
Q
(Y

))
,

so
th
at

th
ef

un
ct
or

Q
M

is
fu

lly
fa
ith
fu

l.
Le

tτ
M
∶D

→
M

an
d
τ N

∶D
→

N
be

th
et

ru
nc
at
io
n
fu

nc
to

rs
as

so
ci
at
ed

wi
th

th
is

tr
un
ca

tio
n

str
uc

tu
re
.L
et
X
be
an

ob
je
ct

of
D

;i
n

th
ec
an

on
ic
al
di

sti
ng

ui
sh
ed

tr
ia
ng

le
τ M

X
→

X
→

τ N
X
→

Στ
M
X,

th
e
m

or
ph

ism
X
→

τ N
X

in
du
ce

sa
n

iso
m

or
ph

ism
in
D

/N
,b
yc

on
str

uc
tio

n
of

th
eq

uo
tie

nt
ca

te
go

ry
,b
ec
au

se
τ M

X
∈

M
.C

on
se

qu
en

tly
,Q

N
(X

)
→ Ð→

Q
N
(τ

N
X)

._
is

pr
ov
es

th
at

th
ef

un
ct
or

Q
N

is
es

se
nt

ia
lly

su
rje
ct
iv
e.

W
e

th
en

ob
se

rv
e

th
at

th
e
fu

nc
to

r
τ M

∶D
→

M
is
a

rig
ht
ad

jo
in

to
ft

he
in
clu

sio
n
fu

nc
to

rM
↪

D
.B

y
w
ha

tp
re
ce
de

s,
it
in
du
ce

sa
qu
as

i-i
nv
er

se
of

th
e

fu
nc

to
rQ

N
.

4.
4.
2.

_
e
ge

ne
ra

lc
on

te
xt

of
gl
ue

in
g.
—

W
e
ûx

so
m
e
no

ta
tio

n
w
hi
ch

w
ill

re
m
ai
n
in
fo

rc
ei

n
th
ef

ol
lo
w
in

g
se
ct
io
ns

;t
he

m
ot

iv
at
io
n
fo

rt
hi

ss
itu
at
io
n
w
ill

be
ex

pl
ai
ne
d
in
ex
am

pl
e4

.4
.3.

W
ea

ss
um

eg
iv
en

th
re
et

ria
ng

ul
at
ed
ca

te
go

rie
sD

,D
U
,D

F
an
d
six

tri
an

gu
lat
ed

fu
nc

to
rs
:

D
F

D
D

U
.

←

→
i ∗
←

→

i∗

←

→

i!

←

→
j∗
←

→j
!

←

→ j ∗

W
ea

lso
m
ak
et

he
fo
llo

w
in

g
hy

po
th
es
es
:

(i)
_
et
w
o
pa

irs
(i
∗
,i
∗
)a

nd
(i
∗
,i
! )
ar
ea
dj
oi
nt

.
(ii

)
_
e
tw

o
pa

irs
(j
!,
j∗
)
an
d

(j
∗
,j
∗
)
ar
e
ad

jo
in

t.
In
ea
ch

ca
se
,t

he
co

rr
e-

sp
on
di
ng

un
its

w
ill
be
de

no
te
d
by
a
le
tte

r
ε,

th
e
co

rr
es
po

nd
in

g
co

un
its
by
a

le
tte

rη
.

2.1
.T
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N
G
U
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th
er
e
ex

ist
sa

m
or

ph
ism

h
∈C

(Z
,Z

′ )
su
ch

th
at

(f
,g
,h

)i
nd

uc
es
a
m
or

ph
ism

of
tr
ia
ng

le
s:

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

←

→
u

←→f

←

→
v

←→g

←

→
w

←→h

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′

w
ho

se
co

ne
be

lo
ng

st
o

T
.

Le
tu

ss
ay

th
at
a
tr
ia
ng

le
in

C
is
a
di
st
in
gu

ish
ed

tr
ia
ng

le
if

it
be

lo
ng

st
o

T
,

an
d

th
at
a
m

or
ph

ism
of

tr
ia
ng

le
si

sa
di
st
in
gu

ish
ed

m
or

ph
ism

if
its
co

ne
is
a

di
sti

ng
ui

sh
ed

tr
ia
ng

le.
_
ea

xi
om

sa
tr
ia
ng

ul
at
ed
ca

te
go

ry
th

us
cl
ai
m

th
at

tr
ia
ng

le
si

so
m

or
ph

ic
to

di
sti

ng
ui

sh
ed

tr
ia
ng

le
sa

re
di

sti
ng

ui
sh
ed

(2
.1.

3.1
),
as

we
ll
as

th
ei
rs

hi
�s

(2
.1.

3.2
);

th
ey
as

se
rt

th
ee

xi
ste

nc
eo
fd

ist
in

gu
ish
ed

tr
ia
ng

les
(2
.1.

3.3
),
(2
.1.

3.4
);

th
ey
ûn
al
ly

al
lo
w

to
co

ns
tr
uc

td
ist

in
gu

ish
ed

m
or

ph
ism

sb
et
w
ee

n
di

st
in

gu
ish
ed

tr
ia
ng

le
s

w
ith

tw
o
pr
es
cr

ib
ed
ar

ro
w
s(

2.1
.3.

5)
.

G
iv
en

tw
o
m

or
ph

ism
so
ft

ria
ng

le
sw

hi
ch
ar
e
ho

m
ot
op

ic
,i
fo

ne
of

th
em

is
di

sti
ng

ui
sh
ed
,t
he

n
so

is
th
eo

th
er
.

If
on
er
ela

xe
sa

xi
om

(2
.1.

3.5
)b

y
on

ly
re

qu
iri

ng
th
ee

xi
ste

nc
eo
fa

m
or

ph
ism

h,
on
eg
et
st

he
w
ea

ke
rn

ot
io
n
of
ap

re
tr
ia
ng

ul
at
ed
ca

te
go

ry
.

2.
1.4

.
—

Le
t(

C
,Σ
,T

)
be

a
(p

re
)tr

ia
ng

ul
at
ed

ca
te
go

ry
.

Le
tu

s
en
do

w
th
e

op
po

sit
ec
at
eg

or
y
C

o
w
ith

th
et

ra
ns

la
tio

n
fu

nc
to

rΣ
−
1 .
O
bs
er
ve

th
at
at

ria
ng

le
in

C
,w

he
n
vi
ew
ed
as
ac

om
pl
ex

in
C

o ,
is
ag
ai
n
at

ria
ng

le,
so

th
at

T
o
=

T
is
a

se
to
ft

ria
ng

le
si

n
C

.
Le

t
us

pr
ov
e

th
at

(C
o ,

Σ−
1 ,

T
o )

is
a

(p
re
)tr

ia
ng

ul
at
ed

ca
te
go

ry
.

A
x-

io
m

s(
2.1

.3.
1)
an
d
(2
.1.

3.2
)f

ol
lo
w
fo

rm
al
ly
fro

m
th
ei
ra

na
lo
gu
ei

n
C

.
Le

tX
be
an

ob
je
ct

in
C

.S
hi

�i
ng

th
ed

ist
in

gu
ish
ed

tri
an

gl
eΣ

−
1 X

id
Σ−

1 X
ÐÐ
Ð→

Σ−
1 X
→

0
→

X
in

C
,w
eo
bt
ai
n

th
ed

ist
in

gu
ish
ed

tr
ia
ng

le
Σ−

1 X
→

0
→

X
−
id

X
ÐÐ
→

X.
In

th
e

op
po

sit
e
ca

te
go

ry
,t
hi

st
ria

ng
le

re
w
rit
es
as

X
−
id

X
ÐÐ
→

X
→

0
→

Σ−
1 X

.S
in
ce

it
is

iso
m

or
ph

ic
to

th
et

ria
ng

le
X

id
X
Ð→

X
→

0
→

Σ−
1 X
,a
xi
om

(2
.1.

3.3
)h

ol
ds

in
C

o .
A

sim
ila

ra
rg

um
en

ts
ho

w
st

ha
ta
xi
om

s(
2.1

.3.
4)
an
d
(2
.1.

3.5
)h

ol
d
as

w
el
l.

Ex
am

pl
e(

2.
1.5

).
—

Le
tC

be
an
ad
di

tiv
ec
at
eg

or
y
an
d
let

K
(C

)b
et

he
ho

m
o-

to
py
ca

te
go

ry
of
co

m
pl
ex
es

in
C

.W
eh
av
es
ee

n
ho

w
th
ec

on
eo
fa

m
or

ph
ism

of
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com
plexes

f∶X
→

Y
sitsin

adiagram

X
fÐ→
Y

α
f
Ð→

C
f
β
f
Ð→

ΣX
,

w
here

α
f ○

f
ishom

otopic
to

0,β
f ○
α
f
=
0
and

Σ
f
○
β
f ishom

otopic
to

0.
C
onsequently,thesediagram

sgiveriseto
trianglesin

thehom
otopy

category.
W
eshallprovebelow

(theorem
2.4.3)thatthecategory

K
(C

),endow
ed

w
ith

thetrianglesisom
orphicto

such
aconetriangle,isatriangulated

category.

D
eûnition

(2.1.6).—
Let

C
bea

(pre)triangulated
category.A

n
additivefunctor

H
∶
C
→

A
to
an
abelian

category
issaid

to
be
cohom

ologicalifthe
com

plex
H
(T)

in
A

isexactforevery
distinguished

triangleT.

LetH
∶
C
→

A
be
a
cohom

ologicalfunctor.
Forevery

integer
m

∈
Z,set

H
m
=
H
○
Σ

m.By
deûnition,every

distinguished
triangle

X
uÐ→
Y

vÐ→
Z

wÐ→
ΣX

givesriseto
along

exactsequence

⋅⋅⋅→
H
−1(Z)

H
−
1(w
)

ÐÐÐ→
H

0(X)
H

0
(u
)

ÐÐÐ→
H

0(Y)
H

0
(v
)

ÐÐÐ→
H

0(Z)
H

0
(w
)

ÐÐÐ→
H

1(X)
H

1(u
)

ÐÐÐ→
...

O
n

the
otherhand,a

shi�ing
argum

entshow
sthatto

verify
thatan

additive
functoriscohom

ological,itsuõ
cesto

provethatforeverydistinguished
triangle

asabove,thecom
plex

H
(X)→

H
(Y)→

H
(Z)isexactatH

(Y).

Lem
m
a
(2.1.7).—

Let
C
be
a
(pre)triangulated

category
and

letA
be
an

object
ofC

._
e
functor

C
(A
,⋅)∶

C
→

A
b

isa
cohom

ologicalfunctor.

Proof.—
LetX

uÐ→
Y

vÐ→
Z

wÐ→
Σ X

be
a
distinguished

triangle
and

letusshow
thatthecom

plex

C
(A
,X)

u
∗

Ð→
C

(A
,Y)

v
∗

Ð→
C

(A
,Z)

isexactin
them

iddle,w
here

u
∗ and

v
∗ arethegroup

m
orphism

sdeduced
from

com
position

w
ith

u
and

v
respectively.

Firstofall,werecallthatv
∗ ○

u
∗ =

0;indeed
v
∗ ○

u
∗ m

apsevery
f∈

C
(A
,X)

to
v
○
u
○
f=

0.
Letthen

f
∈
C

(A
,Y)

be
such

thatv
∗ (f)

=
v
○
f
=
0.
By

axiom
s(2.1.3.3)

and
(2.1.3.2),the

triangle
A
→

0
→

ΣA
−
id

ΣA
ÐÐÐ→

ΣA
is
distinguished;by

ax-
iom

(2.1.3.2),the
triangle

Y
−v
Ð→

Z
−w
Ð→

Σ X
−Σu
ÐÐ→

Σ Y
is
distinguished.

By
ax-

iom
(2.1.3.5),there

existsa
m

orphism
h
1 ∈

C
(ΣU

,ΣX)
m
aking

the
follow

ing

4.4.G
LU
EIN

G
TRU

N
CATIO

N
STRU

CTU
RES

129

Proof.—
Letusassum

e
thatF

isle�
t-exactand

letusprove
thatG

isright
t-exact.LetX

bean
objectofD

⩽0and
letusprovethatG

(X)∈
D

′⩽0.W
eusethe

criterion
ofcorollary4.1.9;letY

∈
D

′⩾1;sinceF
isle�

t-exact,onehasF(Y)∈
D

⩾1;
consequently,D

′(G
(X),Y)≃

D
(X
,F(Y))=

0;thisprovesthatG
(X)∈

D
⩽0.

C
onversely,these

argum
ents

prove
thatifG

is
rightt-exact,then

F
is

le�
t-exact.

LetX
bean

objectof
C

′and
Y
bean

objectof
C

.SinceF(Y)∈
D

⩾0,onehas
F̃(Y)=

H
0(F(Y))=

τ
⩽0 F(Y);sim

ilarly,G̃
(X)=

H
0(G

(X))=
τ
⩾0 G

(X).
_
eadjunction

(G
,F)furnishesa

bifunctorialisom
orphism

D
(X
,F(Y))≃

D
′(G

(X),Y).Since
X
∈
D

⩽0,the
adjunction

(⋅,τ
⩽0 )

furnishesa
bifunctorial

isom
orphism

C
(X
,F̃(Y))

≃
D

(X
,F(Y)).

Sim
ilarly,the

adjunction
(τ

⩾0 ,⋅)
furnishesabifunctorialisom

orphism
C

′(G̃
(X),Y)≃

D
′(G

(X),Y).
_
e
com

position
of

these
isom

orphism
s

is
a
bifunctorial

isom
orphism

C
(X
, F̃(Y))≃

C
′(G̃

(X),Y).In
particular,F̃

isrightadjointto
G̃
.

4.4.
G
lueing

truncation
structures

Proposition
(4.4.1).—

Let
D
be
a
triangulated

category,let
M

,N
be

tw
o
full

triangulated
subcategoriessuch

thatevery
objectisom

orphicto
an

objectof
M

(resp.
N

)belongsto
M

(resp.
N

).W
e
m
ake

the
follow

ing
hypotheses:

(i)
ForeveryA

∈
M

and
everyB

∈
N
,one

has
D

(A
,B)=

0;
(ii)

Forevery
objectX

∈
D
,thereexistsa

distinguished
triangleA

→
X
→
B
→

ΣA
,w

hereA
∈
M

and
B
∈
N

.
LetQ

M
∶
D
→

D
/M

and
Q

N
∶
D
→

D
/N

bethelocalization
functorfrom

D

to
itsquotientsby

the
subcategories

M
and

N
respectively.

a)
_
e
functorQ

M
∣N

∶
N
→

D
/M

isan
equivalence

ofcategories.Itadm
its

a
quasi-inverse

w
hose

com
position

w
ith

Q
M

isa
le�

adjointτ
N

ofthe
inclusion

N
→

D
.

b)
_
e
functorQ

N
∣M

∶
M
→

D
/N

isan
equivalence

ofcategories.Itadm
its

a
quasi-inversew

hosecom
position

w
ith

Q
N

isa
rightadjointτ

M
oftheinclusion

M
→

D
.

W
eshallsum

up
theconclusion

oftheproposition
bysayingthatthediagram

s

0
→

M
→

D
τ
N
Ð→

N
→

0
and

0
→

N
→

D
τ
M
Ð→

M
→

0

areexactsequencesoftriangulated
categories.
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fu
nc

to
rH

0
gi
ve

ris
et

o
an
ex
ac

ts
eq

ue
nc
e

0
→

H
0 (
F(
X)

)
H

0 F
(
u)

ÐÐ
Ð→

H
0 (
F(
Y)

)
H

0 F
(
v)

ÐÐ
Ð→

H
0 (
F(
Z)

).

_
is

pr
ov
es

th
at

th
ef

un
ct
or

H
0
○F

is
le
�
ex
ac

t.
Le

tt
he

n
X
∈
D

⩾
0 ,

so
th
at

τ ⩽
0X

=
H

0 (
X)

.
Ap

pl
yi
ng

as
ab

ov
e
tr
ia
ng

ul
at
ed

fu
nc

to
rF

an
d

th
e
co

ho
m

ol
og

ic
al
fu

nc
to

rH
0 ,

th
e
ca

no
ni
ca

lt
ria

ng
le

τ ⩽
0X

η X Ð→
X
→

τ >
0X
→

Στ
⩽
0X

le
ad

st
o
an
ex
ac

ts
eq

ue
nc
e

0
→

H
0 F

(τ
⩽
0X

)
H

0 F
(
η)

ÐÐ
Ð→

H
0 F

(X
)→

H
0 F

(τ
>
0X

).

Si
nc
e
τ >

0X
∈
D

⩾
1 ,

th
e
le
�

t-e
xa
ct
ne

ss
of
F
im

pl
ie
st

ha
tF

(τ
>
0X

)
∈
D

′⩾
1 ,
he

nc
e

H
0 (
F(

τ >
0X

))
=
0.

C
on

se
qu
en

tly
,t

he
m

or
ph

ism
H

0
○
F(
η X

)∶
F̃(

H
0 (
X)

)
=

H
0 F

(H
0 (
X)

)→
H

0 F
(X

)i
sa

n
iso

m
or

ph
ism

,a
sc

la
im
ed

.
b)

_
ec
as
eo
fa

rig
ht

t-e
xa
ct
fu

nc
to

ri
st

re
at
ed

sim
ila

rly
.

C
or

ol
la
ry

(4
.3
.6
).
—

Le
tD

,D
′ ,D

′′
be

tr
ia
ng

ul
at
ed
ca

te
go

ri
es
en
do
w
ed

w
ith

tr
un
ca

tio
n
str

uc
tu

re
s.

Le
tF

∶D
→

D
′
an
d
G
∶D

′
→

D
′′
be

tr
ia
ng

ul
at
ed
fu
nc

to
rs
.

a)
If
F
an
d
G
ar
e
le
�

t-
ex
ac

t,
th
en

G
○
F
is

le
�

t-
ex
ac

ta
nd

th
e
m
or

ph
ism

of
fu
nc

to
rs

H
0 G

(η
)∶

G̃
○
F̃
→

G̃
○F

is
an

is
om

or
ph

ism
,w

he
re
η
∶τ

⩽
0
→

id
is

th
e

co
un

it
of

th
e
ad

ju
nc

tio
n
(⋅,

τ ⩽
0)

in
D

.
b)

If
F
an
d
G
ar
e
ri
gh

tt
-e
xa
ct
,t
he

n
G
○F

is
ri
gh

tt
-e
xa
ct
an
d
th
e
m
or

ph
ism

of
fu
nc

to
rs

H
0 G

(ε
)∶

G̃
○F
→

G̃
○F̃

is
an

iso
m
or

ph
ism
,w

he
re
ε∶

id
→

τ ⩾
0
is

th
e

un
it
of

th
e
ad

ju
nc

tio
n
(τ

⩾
0,
⋅)

in
D

.

Pr
oo
f.
—

a)
A
ss
um

e
th
at
F
an
d

G
ar
e
le
�

t-e
xa
ct
.

_
en

G
○
F(
D

⩾
1 )

⊂
G
(D

′⩾
1 )
⊂
D

′′
⩾
1 ,
so

th
at

G
○F

is
le
�

t-e
xa
ct
as

w
el
l.

Le
tt

he
n
X
∈C

.B
yd
eû

ni
tio

n,
G̃
○F

(X
)=

H
0 (

G
(F

(X
))

).
Le

tY
=
F(
X)

;s
in
ce

F
is

le
�

t-e
xa
ct
,Y

∈
D

′⩾
0 ,
an
d
F̃(
X)

=
H

0 (
Y)

.C
on

se
qu
en

tly
,t

he
m

or
ph

ism
H

0 G
(η

X
)∶

G̃
(F̃

(X
))
→

H
0 G

(Y
)=

G̃
○F

(X
)i

sa
n
iso

m
or

ph
ism

.
b)

_
ec
as
eo
fr

ig
ht

t-e
xa
ct
fu

nc
to

rs
is
an
al
og

ou
s.

Pr
op

os
iti

on
(4

.3
.7
).
—

Le
tD

an
d
D

′
be

tr
ia
ng

ul
at
ed
ca

te
go

ri
es
en
do
w
ed

w
ith

tr
un
ca

tio
n
str

uc
tu

re
s.

Le
tG

∶D
→

D
′
an
d
F
∶D

′
→

D
be

tr
ia
ng

ul
at
ed
fu
nc

to
rs
.

A
ss
um
e
th
at
F
is

ri
gh

ta
dj
oi
nt

to
G
.

_
en
,F

is
le
�

t-
ex
ac

ti
fa

nd
on

ly
if
G

is
ri
gh

tt
-e
xa
ct
.I
ft

he
se

pr
op
er
tie

sh
ol
d,

th
en
F̃
is

ri
gh

ta
dj
oi
nt

to
G̃
.

2.2
.D
EC
EN

T
CO

H
O
M

O
LO

G
IC
A
L
FU

N
CT

O
RS
,A

N
D
A
PP

LI
CA

TI
O
N
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di
ag

ra
m

A
0

ΣA
ΣA

Y
Z

ΣX
ΣY

←

→

←→f

←

→

←→

←

→
−
id

ΣA

←→h
1

←→Σ
f

←

→
−
v

←

→
−
w

←

→
−
Σu

co
m

m
ut
at
iv
e.

In
pa

rt
ic
ul
ar
,Σ

u
○
h 1

=
Σ
f,

so
th
at
f
=

u
○

Σ−
1 h

1
be

lo
ng

s
to

Im
(u

∗
).

2.
2.
D
ec
en

tc
oh

om
ol

og
ic
al
fu

nc
to

rs
,a

nd
ap

pl
ic
at
io

ns

D
eû

ni
tio

n
(2

.2
.1)

.—
Le

tA
be
an
ab
el
ia
n
ca

te
go

ry
sa

ts
fy
in
g
th
e
ax

io
m

(A
B∗ 4)
:

pr
od

uc
ts
ex

ist
,a

nd
a
pr

od
uc

to
fe
xa
ct

se
qu
en
ce
si

se
xa
ct
.A
co

ho
m
ol
og

ic
al
fu
nc

to
r

H
∶C

→
A

is
sa

id
to
be
de
ce

nt
if
it
re
sp
ec
ts

pr
od

uc
ts
.

Fo
re

xa
m
pl
e,
fo

re
ve

ry
ob

je
ct
A
∈o
b(
C

),
th
ef

un
ct
or

C
(A
,⋅)
,f

ro
m

C
to

th
e

ca
te
go

ry
A
b

of
ab
eli
an

gr
ou

ps
,i
sa

de
ce

nt
co

ho
m

ol
og

ic
al
fu

nc
to

r.

D
eû

ni
tio

n
(2

.2
.2
).
—
A

tr
ia
ng

le
T

in
C

is
sa

id
to
be
de
ce

nt
if
th
ec

om
pl
ex

H
(T

)
is
ex
ac

tf
or
ev
er
y
de
ce
nt
co

ho
m
ol
og

ic
al
fu
nc

to
rH

.

In
pa

rt
ic
ul
ar
,a
di

sti
ng

ui
sh
ed

tr
ia
ng

le
is
de
ce

nt
.

In
th

is
de
ûn

iti
on
,w
es

ho
ul
d
ta
ke
ca

re
ab

ou
tu

ni
ve

rs
es
.I

n
pr
ac

tic
e,
we

wi
ll
on

ly
us
ed
ec
en

tc
oh

om
ol
og

ic
al
fu

nc
to

rs
of

th
ef

or
m

C
(A
,⋅)
,w

he
re
A

is
an

ob
je
ct

of
th
e(

pr
e)

tr
ia
ng

ul
at
ed
ca

te
go

ry
C

.C
on

se
qu
en

tly
,i
fU

is
au

ni
ve

rs
ec

on
ta
in

in
g

C
(X
,Y

)f
or
ev
er
y
X,

Y
∈o
b(
C

),
it

su
õ
ce

st
o
co

ns
id
er
co

ho
m

ol
og

ic
al
fu

nc
to

rs
w
ith

va
lu
es

in
A
b

U
.(
C
he
ck
!)

Pr
op

os
iti

on
(2

.2
.3
).
—

Le
tC

be
a
(p

re
)t
ri
an

gu
la
te
d
ca

te
go

ry
.L
et

us
co

ns
id
er
a

m
or

ph
ism

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

.

←

→
u

←→f

←

→
v

←→g

←

→
w

←→h

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′

of
de
ce
nt

tr
ia
ng

le
s.

a)
_
e
co

ne
tr
ia
ng

le
of

th
is

m
or

ph
ism

is
a
de
ce
nt

tr
ia
ng

le
.

b)
If
fa

nd
g
ar
ei

so
m
or

ph
ism

s,
th
en

h
is
an

iso
m
or

ph
ism
,s
o
th
at

th
is
m
or

ph
ism

of
tr
ia
ng

le
si

sa
n
iso

m
or

ph
ism

.
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Proof.—
a)
By

deûnition,thetriangleconeofthism
orphism

isthetriangle

X
′⊕

Y
(
u
′

g
0
−v
)

ÐÐÐÐ→
Y
′⊕

Z
(
v
′

h
0
−w
)

ÐÐÐÐ→
Z
′⊕

ΣX
(
w
′

Σ
f

0
−Σu
)

ÐÐÐÐÐ→
ΣX

′⊕
ΣY.

Letusprovethatitisdecent.LetH
∶
C
→

A
beadecentcohom

ologicalfunctor
and

letusshow
thattheinduced

diagram

H
(X

′⊕
Y)

H
(
u
′

g
0
−v
)

ÐÐÐÐÐ→
H
(Y

′⊕
Z)

H
(
v
′

h
0
−w
)

ÐÐÐÐÐ→
H
(Z

′⊕
ΣX)

H
(
w
′

Σ
f

0
−Σu
)

ÐÐÐÐÐÐ→
H
(ΣX

′⊕
ΣY).

isan
exactsequencein

theabelian
category

A
.SinceH

respectsproducts,w
e

have
H
(X

′⊕
Y)

=
H
(X

′)⊕
H
(Y),etc.,so

thatthisdiagram
isthe

cone
ofthe

m
orphism

ofcom
plexesin

A
obtained

by
applying

thefunctorH
to

theinitial
m

orphism
oftriangles.By

assum
ption,thesecom

plexesareacyclic,so
thatthe

resulting
com

plex
isacyclicasw

ell(lem
m
a1.6.6;am

orphism
betw

een
acyclic

com
plexesm

ustbe
a
hom

ologism
!)._

isprovesthatthe
given

m
orphism

of
trianglesisdecent,asw

asto
beshow

n.
b)

LetA
be
an

objectof
C
and

letusapply
the

functor
C

(A
,⋅);w

e
obtain

thediagram
ofabelian

groups

C
(A
,X)

C
(A
,Y)

C
(A
,Z)

C
(A
,ΣX)

C
(A
,ΣY)

C
(A
,X

′)
C

(A
,Y

′)
C

(A
,Z

′)
C

(A
,ΣX

′)
C

(A
,ΣY

′)

←→ u

←→f

←→ v

←→g

←→ w

←→h

←→Σ
f

←→ Σu

←→Σ
g

←→u ′

←→v ′

←→w ′

←→
Σu

′

w
hosetworowsareexactsequences._

etwole�
verticalm

orphism
sareinduced

by
fand

g,henceareisom
orphism

s,aswellasthetwo
rightverticalm

orphism
s,

w
hich

areinduced
by

Σ
fand

Σ
g.By

the
ûve

lem
m
a,them

orphism
h
∶Z
→

Z
′

induces
an

isom
orphism

C
(A
,Z)

→
C

(A
,Z

′).
Since

this
holds

for
every

objectA
,itthen

followsfrom
theYonedalem

m
athath

isan
isom

orphism
.

C
orollary

(2.2.4).—
Let

C
be
a
(pre)triangulated

category
and

letu
∶X
→

Y
be
a
m
orphism

in
C

.
LetT

∶X
uÐ→

Y
→

Z
→

ΣX
and

T
′∶X

uÐ→
Y
→

Z
′→

Σ X
be
distinguished

triangles._
ere
existsa

m
orphism

oftrianglesofthe
form

(id
X ,id

Y ,h);m
oreover,forevery

such
m
orphism

,the
m
orphism

h
∶Z
→

Z
′isan

isom
orphism

.

4.3.T-EX
ACT

FU
N
CTO

RS
127

F
isrightt-exactifF(D

⩽0)
⊂
D

′⩽0,and
thatitisle�

t-exactifF(D
⩾1)

⊂
D

′⩾1.
O
ne

saysthatF
ist-exactifitisboth

le�
t-exactand

rightt-exact.

4.3.2.
—

A
ssum

e
that

F
is

le�
t-exact.

By
translation,

one
observes

that
F(D

⩾n
+1)⊂

D
′⩾n

+1forevery
integern.

Letm
oreover

X
∈
D
,let

τ
⩽0 X

→
X

εÐ→
τ
>0 X

→
Σ
τ
⩽0 X

be
the

canonical
triangle.Applying

F,w
eobtain

adistinguished
triangleF(τ

⩽0 X)→
F(X)

F
(ε)
ÐÐ→

F(τ
>0 X)

→
ΣF(τ

⩽0 X)
in

D
′.
By

assum
ption,F(τ

>0 X)
∈
D

′>0;consequently,
the

m
orphism

F(ε)∶F(X)
→
F(τ

>0 X)
factors

through
a

unique
m

orphism
τ
>0 F(X)→

F(τ
>0 X).

4.3.3.
—

A
ssum

ethatF
isrightt-exact.By

translation,oneobservessim
ilarly

thatF(D
⩽n)⊂

D
′⩽nforevery

integern.
M

oreover,forevery
object,the

m
orphism

F(η)∶F(τ
⩽0 X)

→
F(X)

factors
through

a
unique

m
orphism

F(τ
⩽0 X)

→
τ
⩽0 F(X),w

here
η
∶τ

⩽0 X
→

X
isthe

canonicalm
orphism

.

4.3.4.
—

LetF
∶
D
→

D
′beatriangulated

functorbetw
een

triangulated
cate-

goriesendow
ed

w
ith

truncation
structures.Let

C
and

C
′betheirhearts,and

letF̃
=
H

0○F
∶
C
→

C
′;itisan

additivefunctor.

Proposition
(4.3.5).—

a)
IfF

isle�
t-exact,then

F̃
isle�

exact.
M

oreover,for
every

objectX
∈
D

⩾0,the
canonicalm

orphism
η
X ∶τ

⩽0 X
→

X
inducesan

isom
orphism

H
0○F(η

X )∶F̃(H
0(X))≃

H
0(F(X)).

b)
IfF

isrightt-exact,then
F̃
isrightexact.

M
oreover,for

every
objectX

∈
D

⩽0,the
canonicalm

orphism
εX ∶X

→
τ
⩾0 X

inducesan
isom

orphism
H

0○F(εX )∶H
0(F(X))→

F̃(H
0(X)).

Proof.—
a)

Letusassum
e
thatF

isle�
t-exact.Let0

→
X

uÐ→
Y

vÐ→
Z
→

0
bean

exactsequencein
C

.By
theorem

4.2.2,thereexistsam
orphism

w
∶Z
→

ΣX
such

thatX
uÐ→

Y
vÐ→

Z
wÐ→

ΣX
isa

distinguished
triangle.

Applying
the

triangulated
functorF,weobtain

adistinguished
triangleF(X)

F
(u
)

ÐÐ→
F(Y)

F
(v
)

ÐÐ→
F(Z)

F
(w
)

ÐÐ→
ΣF(X)in

D
′.SinceF

isle�
t-exactand

X,Y,Z
belong

to
D

⩾0,their
im
agesF(X),F(Y),F(Z)belongto

D
′⩾0;in

particular,H
−1(F(Z))=

0._
elong

exactsequence
associated

w
ith

the
previoustriangle

and
the

cohom
ological
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U
N
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O
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U

RE
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Pr
oo
f.
—

a)
If
X
=
0,

th
en

H
j (X

)
=
0
fo

re
ve

ry
j,
be
ca

us
eH

j
is
an
ad
di

tiv
e

fu
nc

to
r.
C
on

ve
rs
el
y
le
tX

be
an

ob
je
ct

of
D

su
ch

th
at

H
j ( X

)
=
0
fo

r
ev
er
y

in
te
ge

r
j.

Fi
rs
ta

ss
um

e
th
at

th
er
e
ex

ist
s
an

in
te
ge

r
n

su
ch

th
at

X
∈
D

⩽
n .

_
en

0
=

H
n (
X)

=
τ ⩾

n(
X)
,s

o
th
at
X
∈
D

⩽
n−

1 .
By

in
du
ct
io
n,

on
e
ha

sX
∈
⋂

m
D

⩽
m
X
=

{ 0
}.

Si
m

ila
rly
,i
ft

he
re
ex

ist
s
an

in
te
ge

r
n

su
ch

th
at

X
∈
D

⩾
n ,

th
en

on
e
ha

s
0
=
H

n (
X)

=
τ ⩽

n(
X)
,h
en
ce

X
∈D

⩾
n+

1
an
d,
by

in
du
ct
io
n,

X
∈ ⋂

m
D

⩾
m
=
{0

}.
In

th
eg
en
er
al
ca

se
,l
et

us
co

ns
id
er

th
ec
an

on
ic
al

tr
ia
ng

le
τ ⩽

0X
→

X
→

τ ⩾
1X
→

Στ
⩽
0X

.A
pp

ly
in

g
th
ef

un
ct
or

H
0 ,

it
in
du
ce

sa
lo
ng
ex
ac

ts
eq

ue
nc
e

..
.H

n−
1 (
X)
→

H
n−

1 (
τ ⩾

1X
)→

H
n (

τ ⩽
0X

)→
H

n (
X)
→

..
.

so
th
at

H
n−

1 (
τ ⩾

1X
)≃

H
n (

τ ⩽
0X

)f
or
ev
er
y
in

te
ge

rn
.L
et

n
∈Z

;i
fn

>
0,
w
eh
av
e

H
n (

τ ⩽
0X

)
=
0;

ot
he

rw
ise
,o

ne
ha

s
n
⩽
0,

th
en

H
n (

τ ⩽
0X

)
≃

H
n−

1 (
τ ⩾

1X
)
=
0

sin
ce

n
−
1⩽

0.
Si
nc
eτ

⩽
0X

∈D
⩽
0 ,

th
ep
ar

tic
ul
ar
ca

se
al
re
ad
y
tre
at
ed

sh
ow

st
ha

t
τ ⩽

0X
=
0.

O
ne

pr
ov
es

sim
ila

rly
th
at

τ ⩾
1X

=
0.

_
en
,t
he
di

st
in

gu
ish
ed

tr
ia
ng

le
0
→

X
→

0
→

0
pr

ov
es

th
at
X
=
0.

b)
W
ea

lre
ad
y
kn

ow
th
at

if
X
∈D

⩽
n ,

th
en

H
j (X

)=
0
fo

re
ve

ry
in

te
ge

r
j>

n.
C
on

ve
rs
ely
,l
et
X
be
an

ob
je
ct

of
D

su
ch

th
at

H
j (X

)=
0
fo

re
ve

ry
in

te
ge

r
j>

n.
_
en

th
eo
bj
ec

tτ
⩾
n+

1X
sa

tis
ûe

sH
j (X

)=
0
fo

re
ve

ry
j∈

Z.
By

as
se

rt
io
n
a)
,o

ne
ha

sτ
⩾
n+

1X
=
0,

he
nc
eX

∈D
⩽
n ,
by
co

ro
lla

ry
4.
1.9

.
c)

_
is

is
an
al
og

ou
s:

on
ep

ro
ve

st
ha

tH
j (τ

⩽
n−

1X
)=

0
fo

re
ve

ry
in

te
ge

rj
,h
en
ce

τ ⩽
n−

1X
=
0,

he
nc
eX

∈D
⩾
n .

d)
If

u
is
an

iso
m

or
ph

ism
,t
he

n
so

is
H

n (
u)
fo

re
ve

ry
in

te
ge

rn
.L
et

us
as

su
m
e,

co
nv
er

se
ly,

th
at

H
n (

u)
is
an

iso
m

or
ph

ism
fo

re
ve

ry
in

te
ge

rn
.L
et

us
co

m
pl
et
eu

in
to
ad

ist
in

gu
ish
ed

tr
ia
ng

le
X

u Ð→
Y

v Ð→
Z

w Ð→
ΣX

.A
pp

ly
in

g
th
ef

un
ct
or

H
0 ,
w
e

ob
ta
in
al

on
g
ex
ac

ts
eq

ue
nc
e:

⋅⋅
⋅→

H
n−

1 (
Z)

H
n−

1 (
w
)

ÐÐ
ÐÐ
→

H
n (
X)

H
n
(
u)

ÐÐ
Ð→

H
n (
Y)

H
n
(
v)

ÐÐ
Ð→

H
n (
Z)

H
n
(
w
)

ÐÐ
Ð→

H
n+

1 (
X)
→

..
.

in
C

.U
sin

g
th
at

H
n (

u)
is
an

iso
m

or
ph

ism
fo

re
ve

ry
n,

on
ed
ed

uc
es

H
n (
Z)

=
0

fo
re
ve

ry
n.
By
a)
,t
hi

si
m
pl
ie
st

ha
tZ

=
0.
Co

ns
qu
en

tly
,u

is
an

iso
m

or
ph

ism
.

4.
3.

t-
ex
ac

tf
un
ct
or

s

D
eû

ni
tio

n
(4

.3
.1)

.—
Le

tD
an
d
D

′
be

tr
ia
ng

ul
at
ed
ca

te
go

ri
es
en
do
w
ed

w
ith

tr
un
ca

tio
n
str

uc
tu

re
sa

nd
let
F
∶D

→
D

′
be
a
tr
ia
ng

ul
at
ed
fu
nc

to
r.

O
ne

sa
ys

th
at
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T
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_
is
co

ro
lla

ry
fu

rn
ish
es
ak

in
d
of

“u
ni

qu
en
es

s”
to

th
ea

xi
om

(2
.1.

3.4
),
in

th
e

se
ns
et

ha
ta

ny
tw

o
tr
ia
ng

les
ex

te
nd

in
g
ag

iv
en

m
or

ph
ism

ar
ei

so
m

or
ph

ic
.H

ow
-

ev
er
,t
he

re
is

no
ca

no
ni
ca

ls
uc

h
iso

m
or

ph
ism

._
is

is
in
fa
ct

on
eo
ft

he
de
fe
ct

s
of

th
et

he
or
y
of

tr
ia
ng

ul
at
ed
ca

te
go

rie
st

ha
ti

td
oe

sn
ot
fu

nc
to

ria
lly
co

m
pl
et
e

m
or

ph
ism

si
nt

o
tr
ia
ng

le
s.

Pr
oo
f.
—

_
e
ex

ist
en
ce

of
su
ch

a
m

or
ph

ism
of

tr
ia
ng

le
s
fo
llo

w
s
fr
om

ax
-

io
m

(2
.1.

3.5
).

Si
nc
ea

di
st
in

gu
ish
ed

tr
ia
ng

le
is
de
ce

nt
,p

ro
po

sit
io
n

2.
2.
3i

m
pl
ie
s

th
at

h
is
an

iso
m

or
ph

ism
.

C
or

ol
la
ry

(2
.2
.5
).
—

Le
tC

be
a
(p

re
)t
ri
an

gu
la
te
d
ca

te
go

ry
.L
et
f
∶X
→

Y
be
a

m
or

ph
ism

in
C

._
e
tr
ia
ng

le
X

f Ð→
Y
→

0
→

ΣX
is
di
st
in
gu

ish
ed

if
an
d
on

ly
if
f

is
an

iso
m
or

ph
ism

.

Pr
oo
f.
—

W
ec

on
sid
er

th
em

or
ph

ism
of

tr
ia
ng

le
s:

X
X

0
ΣX

X
Y

0
ΣX

,

←

→
id

X

⇐⇐

←

→

←→f

←

→

⇐⇐

⇐⇐

←
→

f

←
→

←
→

in
w
hi
ch

th
e
to
p

tr
ia
ng

le
is
di

st
in

gu
ish
ed
by
co

ns
tr
uc

tio
n,
an
d
in

w
hi
ch

tw
o

ou
to
ft

hr
ee

ve
rt
ic
al

m
or

ph
ism

s
ar
e
iso

m
or

ph
ism

s.
If
f
is
an

iso
m

or
ph

ism
,

th
en

th
is

m
or

ph
ism

of
tr
ia
ng

les
is
an

iso
m

or
ph

ism
,s

o
th
at

th
eb

ot
to
m

tr
ia
ng

le
is
di

st
in

gu
ish
ed
as

w
el
l.
C
on

ve
rs
el
y,

if
bo

th
tr
ia
ng

le
sa

re
di

st
in

gu
ish
ed
,t

he
n

pr
op

os
iti

on
2.2

.3
(a
�e

ra
sh

i�
of

th
ed

ia
gr
am

)i
m
pl
ie
st

ha
tf

is
an

iso
m

or
ph

ism
.

Co
ro

lla
ry

(2
.2
.6
).
—

Le
tu

sc
on

sid
er

th
ef

ol
lo
w
in
g
di
ag

ra
m

of
di
sti

ng
ui
sh
ed

tr
ia
n-

gl
es

(in
w
hi
ch

th
e
da

sh
ed
ar

ro
w
sa

re
no

ts
up

po
se
d
to
ex

ist
):

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

.

←

→
u

←→f

←

→
v

←→g

←

→
w

←→h

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′

a)
_
e
fo
llo
w
in
g
co

nd
iti

on
sa

re
eq

ui
va

le
nt
:1

)O
ne

ha
sv

′
○
g
○u

=
0;

2)
_
er
e

ex
ist

s
f
∶X
→

X′
su
ch

th
at

u′
○
f
=

g
○
u;

3)
_
er
e
ex

ist
s
h
∶Z
→

Z′
su
ch

th
at

h
○v

=
v′
○
g;

4)
_
er
e
ex

ist
sa

m
or

ph
ism

of
tr
ia
ng

le
s(
f,

g,
h)

.
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b)
Ifthey

hold,and
if
C

(X
,Σ

−1Z
′)
=
0,then

such
m
orphism

s
f
and

h
are

uniquely
determ

ined.

Proof.—
Letusprovethat1)⇒

2).Applying
thedecentfunctor

C
(X
,⋅)to

the
bottom

triangle,oneobtainsan
exactsequence

C
(X
,Σ

−1Z
′)→

C
(X
,X

′)
u
′

Ð→
C

(X
,Y

′)
v
′

Ð→
C

(X
,Z

′).

Sincev
′○(g○u)=

0,thereexistsam
orphism

f∈
C

(X,X
′)such

thatg○u
=
u
′○
f.

If,m
oreover,C

(X
,Σ

−1Z
′)=

0,thereexistsexactly
onesuch

m
orphism

f.
C
onversely,theexistenceofa

m
orphism

f∶X
→

X
′such

thatu
′○
f
=

g○
u

im
pliesthatv

′○
g○

u
=
v
′○

u
′○
f=

0._
isshow

sthat1)and
2)areequivalent.

_
e

proof
of

the
equivalence

1)⇔
3)
follow

s
by

passing
to

the
opposite

(pre)triangulated
category.

_
eim

plications4)⇒
2)and

4)⇒
3)areobvious.

Finally,if2)holds,theexistenceofa
m

orphism
oftrianglesasin

4)follow
s

from
axiom

(2.1.3.5),so
that2)⇒

4).
_
e
proofofthe

im
plication

3)⇒
4)

is
analogous.
W

hen
these

conditions
hold

and
C

(X
,Σ

−1Z
′)

=
0,the

uniqueness
ofthe

m
orphism

s
fand

h
hasbeen

established
during

theproofoftheirequivalence.

C
orollary

(2.2.7).—
LetX

uÐ→
Y

vÐ→
Z

wÐ→
Σ X

bea
distinguished

triangle.A
ssum

e
that

C
(X
,Σ

−1Z)=
0._

en:

a)
_
em

orphism
w

istheuniquem
orphism

∂
such

thatthetriangleX
uÐ→
Y

vÐ→
Z

∂Ð→
ΣX

isdistinguished;
b)
Forevery

distinguished
triangleoftheform

X
uÐ→
Y

v
′

Ð→
Z
′
w
′

Ð→
ΣX
,thereexists

a
uniquem

orphism
oftrianglesoftheform

(id
X ,id

Y ,h),and
itisan

isom
orphism

.

Proposition
(2.2.8).—

Let
C
be
a
(pre)triangulated

category.
a)
A

product
(resp.

a
coproduct)

ofa
fam

ily
ofdistinguished

triangles
is
a

distinguished
triangle.

b)
A

trianglew
hich

isa
directfactorofa

distinguished
triangleisa

distinguished
triangle.

Proof.—
a)

Let(X
i

u
i
Ð→

Y
i

v
i
Ð→

Z
i

w
i
Ð→

ΣX
i )

i∈I be
a
fam

ily
ofdistinguished

triangles.A
ssum

e
thatthe

productsX
=
∏

i∈I X
i ,Y

=
∏

i∈I Y
i and

Z
=
∏

i∈I Z
i

exist.SinceΣ
isan

autom
orphism

ofthecategory
C
,itcom

m
uteswith

products,

4.2.TH
E

H
EA

RT
O
F
A

TRU
N
CATIO

N
STRU

CTU
RE

125

_
isconcludestheproofofc),henceofthetheorem

.

4.2.3.
—

IfX
∈
D

<0,then
H

0(X)
=

τ
⩾0 τ

⩽0 X
=

τ
⩾0 X

=
0.Sim

ilarly,ifX
∈
D

>0,
then

τ
⩽0 X

=
0
henceH

0(X)=
0.

Forevery
integern

and
every

objectX
of

D
,wesetH

n(X)=
H

0(Σ
nX).W

ith
thisnotation,any

distinguished
triangleX

→
Y
→

Z
→

ΣX
in

D
givesriseto

a
long

exactsequence

⋅⋅⋅→
H

n
−1(Z)→

H
n(X)→

H
n(Y)→

H
n(Z)→

H
n
+1(X)→

...

in
C

.
O
bservethatH

n(X)=
Σ

nτ
⩾n τ

⩽n X.IfX
∈
D

<norX
∈
D

>n,then
H

n(X)=
0.

Letm
bean

integerand
letη

X ∶τ
⩽m X

→
X
bethecanonicalm

orphism
.For

every
integern

>
m
,onehasH

n(τ
⩽m X)=

0,since
τ
⩽m X

∈
D

⩽mX
⊂
D

⩽nX.O
n

theotherhand,ifn
⩽
m
,then

H
n(η

X )∶H
n(τ

⩽m X)→
H

n(X)isan
isom

orphism
;

indeed,
H

n(τ
⩽m X)=

τ
⩾n τ

⩽n τ
⩽m X

H
n
(η

X
)

ÐÐÐ→
τ
⩾n τ

⩽n X
=
H

n(X).
Sim

ilarly,onehasH
n(τ

⩾m X)
=
0
for

n
<

m
,w

hilethecanonicalm
orphism

εX ∶X
→

τ
⩾m X

inducesan
isom

orphism
H

n(X)
∼Ð→

H
n(τ

⩾m X)forn
⩾
m

.

D
eûnition

(4.2.4).—
A

truncation
structure(D

⩽0,D
⩾1)

on
D

issaid
to
benon-

degenerate
if⋂

n
D

⩾n
and

⋂
n
D

⩽n
are

reduced
to
zero

objects.

_
ecanonicaltruncation

structureon
thederived

categoryD
(A

)ofan
abelian

category
(exam

ple
4.1.6)is

nondegenerate.
Indeed

ifX
∈
⋂

n D
(A

)
⩾n,then

H
j(X)=

0
forevery

j∈
Z,so

thatthezero
m

orphism
0
→

X
isahom

ologism
.

H
owever,the“degenerate”truncation

structuresofexam
ple4.1.5arenotnon-

degenerate.

Proposition
(4.2.5).—

Let(D
⩽0,D

⩾1)
be
a
nondegenerate

truncation
structure

on
D

._
en

the
follow

ing
propertieshold:

a)
A
n
objectX

∈
D

iszero
ifand

only
ifH

j(X)=
0
forevery

integer
j;

b)
A
n
objectX

∈
D
belongsto

D
⩽n

ifand
only

ifH
j(X)=

0
forevery

integer
j

such
that

j>
n;

c)
A
n
objectX

∈
D
belongsto

D
⩾n

ifand
only

ifH
j(X)=

0
forevery

integer
j

such
that

j<
n;

d)
A

m
orphism

u
∶X
→

Y
in
D

isan
isom

orphism
ifand

onlyifH
j(u)∶H

j(X)→
H

j(Y)
isan

isom
orphism

forevery
integer

j.
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w
he

re
th
el
e�

ve
rt
ic
al
di

sti
ng

ui
sh
ed

tri
an

gl
ei

st
he

tr
un
ca

tio
n

tri
an

gl
ea

ss
oc

ia
te
d

w
ith

Y.
Le

tu
s
co

ns
id
er

th
e

rig
ht

ve
rt
ic
al
di

st
in

gu
ish
ed

tr
ia
ng

le
U
→

Z
→

τ ⩾
1Y
→

ΣU
.

_
e
m

or
ph

ism
Z
→

τ ⩾
1Y

is
pr
ec

ise
ly

th
e
co

m
po

sit
io
n

of
th
e

un
it
Z
→

τ ⩾
1Z
an
d
of

th
e
in
ve

rs
e
of

th
e
iso

m
or

ph
ism

τ ⩾
1v
.C

on
se

qu
en

tly
,t
he

ob
je
ct

U
is

iso
m

or
ph

ic
to

τ ⩽
0Z
,a

nd
th

is
di

sti
ng

ui
sh
ed

tr
ia
ng

le
is

iso
m

or
ph

ic
to

th
ec
an

on
ic
al

tr
un
ca

tio
n

tri
an

gl
eo
fZ

._
et

op
ho

riz
on

ta
ld

ist
in

gu
ish
ed

tri
an

gl
e

th
en

id
en

tiû
es

w
ith

th
et

ria
ng

le

X
u′ Ð→

τ ⩽
0Y

τ ⩽
0v

ÐÐ
→

τ ⩽
0Z
→

ΣX
,

w
he

re
u′

is
th
e

un
iq

ue
m

or
ph

ism
su
ch

th
at
ε Y
○
u′

=
u.

_
e

th
re
e
ob

je
ct

s
X
,τ

⩽
0Y
,τ

⩽
0Z
be

lo
ng

to
D

⩽
0 ;
ap

pl
yi
ng

th
e
ca

se
al
re
ad
y
es

ta
bl
ish
ed
,w
e
ob

ta
in

th
ed
es
ire
d
ex
ac

ts
eq

ue
nc
e.

2)
O
ne

pr
ov
es

sim
ila

rly
(o

rb
yp
as

sin
gt

ot
he

op
po

sit
ec
at
eg

or
y)
,t
ha

ti
fZ

∈D
⩾
0 ,

th
en

th
ed

ia
gr
am

0
→

H
0 (
X)

H
0 (

u)
ÐÐ
Ð→

H
0 (
Y)

H
0 (
v)

ÐÐ
Ð→

H
0 (
Z)

is
an
ex
ac

ts
eq

ue
nc
e.

3)
Le

tu
sû

na
lly
es

ta
bl
ish

th
eg
en
er
al
ca

se
.W

eb
eg

in
w
ith

an
oc

ta
he
dr

on

τ ⩽
0X

X
τ ⩾

1X
Στ

⩽
0X

τ ⩽
0X

Y
U

Στ
⩽
0X

Z
Z

Στ
⩽
0X

ΣX
Στ

⩾
1X

Σ2
τ ⩽

0X
.

⇐⇐

←

→

←→u

←

→

←→

←

→

⇐⇐

←
→

u′

←→v

←
→

←→

←
→

⇐

⇐

←→w

←→

←

→

←

→

←

→

in
w
hi
ch

th
e
le
�
ve

rt
ic
al

tr
ia
ng

le
is

th
e
in

iti
al
ly

gi
ve

n
di

st
in

gu
ish
ed

tr
ia
ng

le
.

Si
nc
e
τ ⩽

0X
∈
D

⩽
0 ,

th
e
se
co

nd
ho

riz
on

ta
ld

ist
in

gu
ish
ed

tr
ia
ng

le
fu

rn
ish
es
an

ex
ac

ts
eq

ue
nc
e

H
0 (
X)

H
0 (

u)
ÐÐ
Ð→

H
0 (
Y)
→

H
0 (

U
)→

0.
Si
nc
eτ

⩾
1X

∈D
⩾
1 ,
on
eh
as

Στ
⩾
1X

∈D
⩾
0
an
d
th
et

he
se
co

nd
ve

rt
ic
al
di

sti
ng

ui
sh
ed

tr
ia
ng

le
(s
hi

�e
d
on
ce

)f
ur

ni
sh
es
an
ex
ac

ts
eq

ue
nc
e

0
→

H
0 (

U
)→

H
0 (
Z)
→

H
0 (

Στ
⩾
1X

).

_
e
co

m
po

sit
io
n
of

th
e
ep

im
or

ph
ism

H
0 (
Y)
→

H
0 (

U
)a

nd
of

th
e
m

on
om

or
-

ph
ism

H
0 (

U
)→

H
0 (
Z)

is
th
em

or
ph

ism
H

0 (
v)

;w
et

hu
sh
av
ee

st
ab

lis
he
d

th
e

ex
ac

tn
es

so
fH

0 (
X)
→

H
0 (
Y)
→

H
0 (
Z)

at
th
em

id
dl
eo
bj
ec

t.

2.2
.D
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T
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O
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an
d

ΣX
is
ap

ro
du
ct

of
th
ef
am

ily
ΣX

i.
Le

tu
∶X
→

Y
be

th
eu

ni
qu
em

or
ph

ism
pY i
○u

=
u i
○
pX i
,f
or
ev
er
y
i;
de
ûn
ev

an
d
w

sim
ila

rly
._

en
X

u Ð→
Y

v Ð→
Z

w Ð→
ΣX

is
at

ria
ng

le,
an
d

th
ec

la
im

is
th
at

th
is

tr
ia
ng

le
is
di

sti
ng

ui
sh
ed

.
W
eû

rs
tp

ro
ve

th
at

it
is
ad
ec
en

tt
ria

ng
le.

To
th
at
ai
m
,l
et
A
be
an

ob
je
ct

of
C

an
d
le
tu

sa
pp

ly
th
e
co

ho
m

ol
og

ic
al
fu

nc
to

rC
(A
,⋅)

to
th

is
tr
ia
ng

le
.W

e
ge

ta
co

m
pl
ex

C
(A
, ∏

i
Σ−

1 Z
i)
(
Σ−

1 w
i)

ÐÐ
Ð→

C
(A
, ∏

i
X

i)
(
u i
)

ÐÐ
→

C
(A
, ∏

i
Y i

)
(
v i
)

ÐÐ
→

C
(A
, ∏

i
Z i

)
(
w

i)
ÐÐ
→

C
(A
, ∏

i
ΣX

i)

w
hi
ch
,b
y
de
ûn

iti
on

of
pr

od
uc

ts
in
ac
at
eg

or
y,

id
en

tiû
es

w
ith

th
ep

ro
du
ct

of
th
e

co
m

pl
ex
es

C
(A
,Σ

−
1 Z

i)
Σ−

1 w
i

ÐÐ
→

C
(A
,X

i)
u i Ð→

C
(A
,Y

i)
v i Ð→

C
(A
,Z

i)
w

i
Ð→

C
(A
,Σ

X
i)
,

fo
ri

∈I
.S

in
ce
ea
ch

of
th
es
ec

om
pl
ex
es

of
ab
eli
an

gr
ou

ps
is
ex
ac

t(
le
m

m
a2

.1.
7)
,

th
ei

ni
tia

lc
om

pl
ex

is
ex
ac

ta
sw

el
l.

Le
tu

sn
ow

co
m

pl
et
et

he
m

or
ph

ism
u
∶X
→

Y
in

to
a
di

st
in

gu
ish
ed

tr
ia
ng

le
X

u Ð→
Y

v Ð→
′

Z′
w
′ Ð→

ΣX
.F

or
ev
er
y
i∈

I,
th
er
ee

xi
sts
am

or
ph

ism
h i
∶Z

′
→

Z i
w
hi
ch

gi
ve

sr
ise

to
am

or
ph

ism
of
di

sti
ng

ui
sh
ed

tr
ia
ng

le
s:

X
Y

Z′
ΣX

X
i

Y i
Z i

ΣX
i.

←

→
u

←→

pX i

←

→
v′

←→p
Y i

←

→
w
′

←→h
i

←→Σ
pX i

←

→
u i

←

→
v i

←

→
w

i

Le
th

∶Z
′
→

Z
=
∏

i∈
IZ

i
be

th
em

or
ph

ism
(h

i)
.I

tû
ts

in
am

or
ph

ism
of
de
ce

nt
tr
ia
ng

le
s

X
Y

Z′
ΣX

X
Y

Z
ΣX

i.

←

→
u

⇐⇐

←

→
v′

⇐⇐

←

→
w
′

←→h

⇐⇐
←

→
u

←

→
v

←

→
w

i

Si
nc
et
w
o
ou

to
ft

hr
ee

m
or

ph
ism

sa
re

iso
m

or
ph

ism
s(

th
ey
ar
ei
de

nt
iti
es
!),

so
is

h.
C
on

se
qu
en

tly
,t
he

in
iti
al

tr
ia
ng

le
X

u Ð→
Y

v Ð→
Z

w Ð→
ΣX

is
di

st
in

gu
ish
ed
,a

s
w
as

to
be

pr
ov
ed

.
_
ec
as
eo
fc

op
ro
du
ct

sf
ol
lo
w
sb

y
co

ns
id
er

in
g
th
eo

pp
os

ite
tr
ia
ng

ul
at
ed
ca

te
-

go
ry
.
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b)
LetT

∶X
uÐ→
Y

vÐ→
Z

wÐ→
ΣX

and
T
′∶X

′
u
′

Ð→
Y
′
v
′

Ð→
Z
′
w
′

Ð→
ΣX

′betwo
triangles

w
hosedirectsum

X
⊕
X
′
(
u

u
′
)

ÐÐÐ→
Y
⊕
Y
′
(
v
v
′
)

ÐÐÐ→
Z
⊕
Z
′
(
w

w
′
)

ÐÐÐÐ→
ΣX

⊕
ΣX

′

isadistinguished
triangle.LetusprovethatT

isadistinguished
triangle.

Firstofall,itisdecent.Indeed,forevery
objectA

∈
C
,applying

thefunctor
C

(A
,⋅)to

thetriangleT
⊕

T
′furnishestheexactsequence

C
(A
,Σ

−1Z)⊕
C

(A
,Σ

−1Z
′)
( Σ

−
1w

Σ
−
1w

′
)

ÐÐÐÐÐÐÐ→
C

(A
,X)⊕

C
(A
,X

′)→
(
u

u
′
)

ÐÐÐ→
C

(A
,Y)⊕

C
(A
,Y

′)
(
v
v
′
)

ÐÐÐ→
C

(A
,Z)⊕

C
(A
,Z

′)→
(
w

w
′
)

ÐÐÐÐ→
C

(A
,ΣX)⊕

C
(A
,ΣX

′).

C
onsequently,thecom

plex

C
(A
,Σ

−1Z)
Σ
−
1w

ÐÐ→
C

(A
,X)

uÐ→
C

(A
,Y)

vÐ→
C

(A
,Z)

wÐ→
C

(A
,ΣX)

isexact,w
hich

provesthatthetriangleT
isdecent.

Letusnow
com

pletethem
orphism

u
∶X
→

Y
into

a
distinguished

triangle
X

uÐ→
Y

ṽÐ→
Z̃

w̃Ð→
Σ X.Leth

∶Z̃
→

Z
and

h
′∶Z̃

→
Z
′be

m
orphism

sthatûtin
a

m
orphism

ofdistinguished
triangles:

X
Y

Z̃
ΣX

X
⊕
X
′

Y
⊕
Y
′

Z
⊕
Z
′

ΣX
⊕

ΣX
′.

←

→
u

←→

(
10
)

←→(
10
) ←

→
ṽ

←→(
hh
′
) ←

→
w̃

←→(
10
)

←

→
(
u

u
′
)

←

→
(
v
v
′
)

←

→
(
w

w
′
)

C
om

posing
w
ith

theprojections,w
eobtain

am
orphism

ofdecenttriangles:

X
Y

Z̃
ΣX

X
Y

Z
ΣX

←

→ u

⇐⇐

⇐⇐

←

→ ṽ

←→h

←

→ w̃

⇐⇐

←

→ u

←

→ v

←

→ w

w
here

tw
o
verticalarrow

soutofthree
are

isom
orphism

s.C
onsequently,the

rem
aining

arrow
h
isan

isom
orphism

;thetriangleT
isisom

orphicto
thetop

triangle,w
hich

isdistinguished,henceT
isadistinguished

triangle.

4.2.TH
E

H
EA

RT
O
F
A

TRU
N
CATIO

N
STRU

CTU
RE

123

LetT
∈
C

.Applying
the

(contravariant)cohom
ologicalfunctor

D
(⋅,T)

to
thegiven

triangle,w
eobtain

an
exactsequenceofabelian

groups:

D
(ΣX

,T)
w
∗

Ð→
D

(Z,T)
v
∗

Ð→
D

(Y,T)
u
∗

Ð→
D

(X
,T).

SinceΣX
∈
D

⩽
−1and

T
∈
D

⩾0,onehas
D

(ΣX,T)=
0.O

n
theotherhand,since

T
∈
D

⩾0,them
orphism

ε 0Z ∶ Z
→

τ
⩾0 Z

inducesan
isom

orphism
D

(τ
⩾0 Z,T)

∼Ð→
D

(Z,T).
Since

T
∈
D

⩽0,the
m

orphism
η
τ
⩾0 Z ∶τ

⩽0 τ
⩾0 Z

→
τ
⩾0 Z

induces
an

isom
orphism

D
(τ

⩾0 Z,T)
∼Ð→

D
(H

0(Z),T).
In

this
w
ay,the

previous
exact

sequencerew
ritesastheexactsequence

0
→

C
(H

0(Z),T)
H

0
(v
)
∗

ÐÐÐ→
C

(H
0(Y),T)

H
0
(u
)
∗

ÐÐÐ→
C

(H
0(X),T),

since
H

0(X),H
0(Y),H

0(Z)
belong

to
C

.Since
thisholdsforevery

objectT
of

C
,theinitialdiagram

isexact.
W
enow

return
to

thegeneralcasew
hereonly

X
isassum

ed
to
belong

to
D

⩽0.
Letusûrstprovethatthem

orphism
τ
⩾1 v

∈
D

(τ
⩾1 Y,τ

⩾1 Z)isan
isom

orphism
.

LetT
∈
D

⩾1;applying
thecontravariantcohom

ologicalfunctor
D

(⋅,T)to
the

initialdistinguished
trianglefurnishesan

exactsequence

D
(ΣX

,T)
w
∗

Ð→
D

(Z,T)
v
∗

Ð→
D

(Y,T)
u
∗

Ð→
D

(X
,T).

Since
X

∈
D

⩽0,one
has

ΣX
∈
D

⩽0
as

w
ell,and

D
(ΣX

,T)
=
D

(X
,T)

=
0,

because
T

∈
D

⩾1.
C
onsequently,the

m
orphism

v
∗∶

D
(Z,T)

→
D

(Y,T)
is
an

isom
orphism

.
M
aking

use
of

the
adjunction

(τ
⩾1 ,⋅),w

e
obtain

that
τ
⩾1 (v)

∗∶
D

(τ
⩾1 Z,T)

→
D

(τ
⩾1 Y,T)

isan
isom

orphism
.
Since

thisholdsfor
every

objectof
D

⩾1,w
eûnally

deducethatτ
⩾1 v

isan
isom

orphism
,asclaim

ed.
Letusnow

build
an

octahedron

X
τ
⩽0 Y

U
ΣX

X
Y

Z
ΣX

τ
⩾1 Y

τ
⩾1 Y

ΣX
Σ
τ
⩽0 Y

ΣU
Σ

2X

⇐⇐

←

→

←→η
Y

←

→

←→
←

→

⇐⇐
←

→
u

←→εY

←

→
v

←→

←

→

⇐

⇐

←→

←→

←

→

←

→

←

→
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U
N
CA

TI
O
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U

RE
S

Le
tu

st
he

n
pr

ov
e
th
at

th
e
co

m
po

sit
io
n
v′
=
ε Z
○v

∶Y
→

τ ⩾
0Z

is
a
co

ke
rn
el

of
u.

O
ne

ha
sv

′
○u

=
ε Z
○v

○u
=
0.

Le
tm

or
eo
ve

r
f
∶Y
→

W
be
a
m

or
ph

ism
in

C
su
ch

th
at
f
○u

=
0;
ap

pl
yi
ng

th
e(
co

nt
ra
va

ria
nt

)c
oh

om
ol
og

ic
al
fu

nc
to

r
D

(⋅,
W

)t
o

th
ep

re
vi
ou

sd
ist

in
gu

ish
ed

tr
ia
ng

le,
w
eo
bt
ai
n
an
ex
ac

ts
eq

ue
nc
e

D
(Σ

X
,W

)
w
∗ Ð→
D

(Z
,W

)
v∗ Ð→

D
(Y
,W

)
u∗ Ð→

D
(X
,W

).

Si
nc
eΣ

X
∈D

⩽
−
1 a

nd
W

∈D
⩾
0 ,

on
eh
as
D

(Σ
X,

W
)=

0.
Si
nc
eu

∗
(f

)=
f○

u
=
0,

th
er
e
ex

ist
sa

un
iq

ue
m

or
ph

ism
g′
∈
D

(Z
,W

)
su
ch

th
at
f
=
v∗

(g
′ )
=

g′
○
v.

Si
nc
e
W

∈
D

⩾
0 ,

th
er
e
ex

ist
sa

un
iq

ue
m

or
ph

ism
g
∈
D

(τ
⩾
0Z
,W

)
su
ch

th
at

g′
=

g
○ε

Z.
_
em

or
ph

ism
g
sa

tis
ûe

s
f
=

g′
○v

=
g
○ε

Z
○v

=
g
○v

′ ,
an
d
it
is

th
e

un
iq

ue
su
ch

m
or

ph
ism

.
In
as

im
ila

rm
an

ne
r,
we

sh
ow

th
at

th
ec

om
po

sit
io
n
w
′
=

Σ−
1 w
○η

Σ−
1 Z
∶τ

⩽
0Σ

−
1 Z
→

X
is
ak
er

ne
lo
ff

.
Re

ta
in

in
g
th
en

ot
at
io
n,

le
tu

sm
or
eo
ve

ra
ss
um

et
ha

tu
is
a
m

on
om

or
ph

ism
.

_
en

its
ke

rn
el
va

ni
sh
es
,o

ne
ha

sτ
⩽
0Σ

−
1 Z

=
0,

he
nc
eΣ

−
1 Z

∈D
⩾
1 ,
he

nc
eZ

∈D
⩾
0 .

Si
nc
ew

eh
ad

Z
∈D

⩽
0 ,

th
is

sh
ow

st
ha

tZ
∈C

._
ep

re
ce
di
ng
co

ns
tr
uc

tio
n

th
en

sh
ow

st
ha

tu
∶X
→

Y
is
ak
er

ne
lo
fv

.
Si
m

ila
rly
,i
fu

is
an
ep

im
or

ph
ism

,i
ts
co

ke
rn
el
va

ni
sh
es
,h
en
ce

τ ⩾
0Z

=
0.

_
is

im
pl
ie
st

ha
tZ

∈
D

⩽
−
1
∩
D

⩾
−
1 ,
he

nc
e
Σ−

1 Z
∈
C

._
e
pr
ec
ed

in
g
co

ns
tr
uc

tio
n

sh
ow

st
ha

tu
is

th
ec

ok
er

ne
lo
ft

he
m

or
ph

ism
Σ−

1 w
∶Σ

−
1 Z
→

X.
W
e
ha
ve

sh
ow

n
th
at

C
is
an

ad
di

tiv
e
ca

te
go

ry
in

w
hi
ch

ev
er
y
m

or
ph

ism
ad

m
its
ak
er

ne
la

nd
ac

ok
er

ne
l,
su
ch

th
at
ev
er
y
m

on
om

or
ph

ism
is
ak
er

ne
l,
an
d

ev
er
y
ep

im
or

ph
ism

is
ac

ok
er

ne
l.
C
on

se
qu
en

tly
,C

is
an
ab
eli
an
ca

te
go

ry
.

b)
By

de
ûn

iti
on
,a
co

m
pl
ex

0
→

X
u Ð→
Y

v Ð→
Z
→

0
in

C
is
an
ex
ac

ts
eq

ue
nc
ei
f

an
d
on

ly
if
u

is
am

on
om

or
ph

ism
an
d
v
∶Y
→

Z
is

its
co

ke
rn
el.

_
ed
es
cr

ip
tio

n
of

th
ec

ok
er

ne
lo
fv

sh
ow

st
ha

tt
he

re
ex

ist
sa

m
or

ph
ism

w
∶Z
→

ΣX
su
ch

th
at

th
ed

ia
gr
am

X
u Ð→
Y

v Ð→
Z

w Ð→
ΣX

is
a
di

st
in

gu
ish
ed

tr
ia
ng

le
.C

on
ve

rs
el
y,

gi
ve

n
su
ch
ad

ist
in

gu
ish
ed

tr
ia
ng

le
w
ith

ve
rt
ic
es

in
C
,t
he
co

ns
tr
uc

tio
n
of

th
ek
er

ne
l

an
d
co

ke
rn
el

of
u
pr

ov
es

th
at
0
→

X
u Ð→
Y

v Ð→
Z
→

0
is
an
ex
ac

ts
eq

ue
nc
e.

c)
Le

tX
u Ð→
Y

v Ð→
Z

w Ð→
ΣX

be
a
di

st
in

gu
ish
ed

tr
ia
ng

le
.L
et

us
sh

ow
th
at

th
e

in
du
ce
d
co

m
pl
ex

H
0 (
X)

H
0 (

u)
ÐÐ
Ð→

H
0 (
Y)

H
0 (
v)

ÐÐ
Ð→

H
0 (
Z)

is
ex
ac

ta
tH

0 (
Y)

.
1)

Le
tu

s
ûr

st
as

su
m
e
th
at

X
be

lo
ng

s
to

D
⩽
0
an
d

pr
ov
e
th
at

H
0 (
X)

H
0 (

u)
ÐÐ
Ð→

H
0 (
Y)

H
0 (
v)

ÐÐ
Ð→

H
0 (
Z)
→

0
is
ex
ac

t.
In
fa
ct
,w
eû

rs
tb
eg

in
by

tre
at
in

gt
he

pa
rt
ic
ul
ar
ca

se
w
he

re
al
lo
fX
,Y
,Z
be

lo
ng

to
D

⩽
0 .

2.2
.D
EC
EN

T
CO

H
O
M

O
LO

G
IC
A
L
FU

N
CT

O
RS
,A

N
D
A
PP

LI
CA

TI
O
N

S
39

Ex
am

pl
e(

2.
2.
9)

.—
Le

tX
an
d
Y
be

ob
je
ct

so
fa

(p
re
)tr

ia
ng

ul
at
ed
ca

te
go

ry
._

e
ca

no
ni
ca

lm
or

ph
ism

sX
→

X
⊕
Y
an
d
X
⊕
Y
→

Y
ût

in
at

ria
ng

le
X
→

X
⊕
Y
→

Y
0 Ð→

ΣX
._

is
tr
ia
ng

le
is
di

sti
ng

ui
sh
ed

.
In
de
ed
,i

ti
st

he
di

re
ct

su
m

of
th
e
tr
ia
ng

le
sX

id
X
Ð→

X
→

0
→

Σ X
an
d
0
→

Y
id

Y
Ð→

Y
→

0.
_
eû

rs
to

ne
is
di

st
in

gu
ish
ed
,b
y
ax

io
m

(2
.1.

3.3
).

_
es
ec

on
d
on
e

is
iso

m
or

ph
ic

to
th
e
tr
ia
ng

le
0
→

Y
−
id

Y
ÐÐ
→

Y
→

0
w
hi
ch

is
a
sh

i�
of

th
e
di

st
in

-
gu

ish
ed

tr
ia
ng

le
Y

id
Y
Ð→

Y
→

0
→

ΣY
,h
en
ce

is
di

st
in

gu
ish
ed
by
ax

io
m

s(
2.1

.3.
1)

an
d
(2
.1.

3.2
).

Pr
op

os
iti

on
(2

.2
.10

).
—

Le
tC

be
a
(p

re
)t
ri
an

gu
la
te
d
ca

te
go

ry
.

a)
A
co

nt
ra
ct
ib
le

tr
ia
ng

le
is
di
sti

ng
ui
sh
ed

.
b)
A

m
or

ph
ism

be
tw
ee
n
di
st
in
gu

ish
ed

tr
ia
ng

le
s
w
hi
ch

is
nu

ll
ho

m
ot
op

ic
is

di
sti

ng
ui
sh
ed

.

Pr
oo
f.
—

a)
Le

tT
be
ac

on
tra
ct
ib
le

tri
an

gl
e.

Le
tu

sû
rs
tp

ro
ve

th
at

it
is
de
ce

nt
.

Le
tA

be
an

ob
je
ct

of
C

an
d

le
tu

s
ap

pl
y

th
e
fu

nc
to

r
C

(A
,⋅)

.
W
e
ob

ta
in
a

co
m

pl
ex

C
(A
,T

)
of
ab
el
ia
n

gr
ou

ps
.L
et

h
∶T
→

T[
−1

]b
e
a
ho

m
ot
op

y
w
ith

or
ig
in

id
T
an
d

ta
rg
et
0;

th
en

C
(A
,h

)i
sa

ho
m

ot
op

y
w
ith

or
ig
in

id
C
(
A
,T
)
an
d

ta
rg
et
0.
C
on

se
qu
en

tly
,t
he
co

m
pl
ex

C
(A
,T

)i
se

xa
ct
.

Le
tX

u Ð→
Y

v Ð→
Z

w Ð→
ΣX

be
th

is
tr
ia
ng

le
an
d
le
t

X
Y

Z
ΣX

X
Y

Z
ΣX

←

→
u

⇐⇐

←

→

θ

⇐⇐

←

→
v

←

→

φ

←

→
w

⇐⇐

←

→

ψ

⇐⇐

←

→
u

←

→
v

←

→
w

be
ah

om
ot
op

y
w
ith

or
ig
in

id
T
an
d

ta
rg
et
0,

so
th
at

id
X
=
θ
○u

+
Σ−

1 (
w
○ψ

)
id

Y
=
φ
○v

+
u
○θ

id
Z
=
ψ
○w

+
v
○φ

.

Si
nc
ev

○u
=
0,

th
is

im
pl
ie
s

u
=
φ
○v

○u
+
u
○θ

○u
=
u
○θ

○u
=
u
+
u
○Σ

−
1 (
w
○ψ

),

so
th
at

u
○
Σ−

1 (
w
○ψ

)
=
0,

he
nc
e
Σu

○(
w
○ψ

)
=
0.

Le
tu

sc
om

pl
et
eu

∶X
→

Y
in

to
ad

ist
in

gu
ish
ed

tr
ia
ng

le

X
u Ð→
Y

v′ Ð→
Z′

w
′ Ð→

ΣX
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and
letusapplythecohom

ologicalfunctor
C

(ΣX,⋅);onegetsan
exactsequence

C
(ΣX

,Z
′)

w
′∗

Ð→
C

(ΣX
,ΣX)

Σu
∗

ÐÐ→
C

(ΣX
,ΣY).

consequently,there
exists

ψ
′∈

C
(ΣX

,Z
′)

such
thatw

′○
ψ
′=

w
○
ψ.Letλ

=
ψ
′○

w
+
v
′○

φ
∶Z
→

Z
′;onehas

w
′○

λ
=
w
′○

ψ
′○

w
+
w
′○

v
′○

φ
=
w
○
ψ
○
w
=
w
−
w
○
v
○
φ
=
w

λ
○
v
=
ψ
′○

w
○
v
+
v
′○

φ
○
v
=
v
′−

v
′○

u
○
θ
=
v
′.

C
onsequently,thediagram

X
Y

Z
ΣX

X
Y

Z
′

ΣX

⇐⇐

←

→ u
⇐⇐

←

→v

←

→
w

←→λ

⇐⇐

←

→u

←

→
v
′

←

→
w
′

depictsam
orphism

oftriangles.Sincethesetrianglesaredecentand
two

outof
threeverticalm

orphism
sareisom

orphism
s,itisan

isom
orphism

oftriangles.
In

particular,theinitialtriangleisdistinguished.
b)

Sincehom
otopicalm

orphism
softrianglesgiveriseto

isom
orphiccones

(§2.1.2),itsuõ
cesto

show
thatthenullm

orphism
betw

een
tw

o
distinguished

triangles
X

Y
Z

ΣX

X
′

Y
′

Z
′

ΣX
′

←→0

←

→
u

←→0

←

→
v

←

→
w

←→0

←→0

←

→
u
′

←

→
v
′

←

→
w
′

isadistinguished
m

orphism
.By

deûnition,theconeofthism
orphism

oftrian-
glesisthetriangle

X
′⊕

Y
(
u
′

−v
)

ÐÐÐÐ→
Y
′⊕

Z
(
v
′

−w
)

ÐÐÐÐ→
Z
′⊕

ΣX
(
w
′

−Σu
)

ÐÐÐÐÐ→
ΣX

′⊕
ΣY

′.

Itisisom
orphicto

thedirectsum
ofthetw

o
triangles

X
′

u
′

Ð→
Y
′
v
′

Ð→
Z
′
w
′

Ð→
ΣX

′
and

Y
−v
Ð→

Z
−w
Ð→

ΣX
−Σu
ÐÐ→

ΣY,

theûrstoneisdistinguished
byhypothesis,and

thesecond
onebyaxiom

(2.1.3.2).
_

us,proposition
2.2.8

im
pliesthatthisconetriangleisdistinguished,aswasto

beshow
n.
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O
nehas

τ
⩾a τ

⩽b X
∈
D

⩽band
τ
>b X

∈
D

>b,so
thatthereexistsa

uniqueisom
or-

phism
ofdistinguished

triangles

τ
⩾a τ

⩽b X
τ
⩾a X

τ
>b X

Σ
τ
⩾a τ

⩽b X

τ
⩽b τ

⩾a X
τ
⩾a X

τ
>b τ

⩾a X
Σ
τ
⩽b τ

⩾a X
.

←

→

←→

←

→

⇐⇐

←→

←

→

←→

←

→
η
bτ
⩾
a X

←

→

←

→

_
ele�

verticalm
orphism

isequalto
fX .Indeed,them

orphism

η
bτ
⩾
a X ○

fX ∶τ
⩾a τ

⩽b X
→

τ
⩾a X

istheonlyonethatm
akesthem

iddleuppersquareoftheoctahedron
com

m
ute,

and
u
=
fX

istheonly
m

orphism
such

thatη
bτ
⩾
a X ○

u
=
η
bτ
⩾
a X ○

fX .C
onsequently,

fX
isan

isom
orphism

.
Finally,one

deducesfrom
the

characterization
ofthe

m
orphism

fX
thatit

inducesan
isom

orphism
offunctors.

4.2.
_
e
heartofa

truncation
structure

D
eûnition

(4.2.1).—
Let

D
bea

triangulated
category._

eheartofa
truncation

structure(D
⩽0,D

⩾1)
on

D
isthe

fullsubcategory
D

⩽0∩
D

⩾0.

_
eorem

(4.2.2).—
Let

D
bea

triangulated
category

and
let

C
betheheartofa

truncation
structure(D

⩽0,D
⩾1)

on
D

.

a)
_
ecategory

C
isan

abelian
category;asa

subcategory
ofD

,itisthick
and

stable
underûnite

productsand
extensions.

b)
A
com

plex0
→

X
uÐ→
Y

vÐ→
Z
→

0
in
C

isan
exactsequenceifand

onlyifthere
existsa

m
orphism

w
∶Z
→

ΣX
such

thatX
uÐ→
Y

vÐ→
Z

wÐ→
ΣX

isa
distinguished

triangle
in

D
.

c)
_
e
functorH

0=
τ
⩾0 τ

⩽0 ∶
D
→

C
isa

cohom
ologicalfunctor.

Proof.—
a)
Firstofall,thecategory

C
isathick

additivesubcategory
of

D
,

becauseboth
D

⩽0and
D

⩾0arethem
selvesthick

additivesubcategoriesof
D

.
Letusshow

thatany
m

orphism
in

C
adm

itsa
kerneland

a
cokernel.Let

thusu
∶X
→

Y
beam

orphism
in

C
and

letuschooseadistinguished
triangle

X
uÐ→

Y
vÐ→

Z
wÐ→

Σ X
in

D
.
_
e
verticesY

and
ΣX

ofthe
translated

triangle
Y
→

Z
→

ΣX
→

ΣY
belong

to
D

⩽0and
to

D
⩾
−1,henceZ

∈
D

⩽0∩
D

⩾
−1.
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fo
llo
w
in
g
di
ag

ra
m

is
co

m
m
ut
at
iv
e

τ ⩽
bX

X
τ ⩾
aX

τ ⩾
aτ

⩽
bX

τ ⩽
bτ

⩾
aX

←→

εa τ ⩽
bX

←

→
ηb X

←

→
εa X

←

→
f X

←→η
b τ ⩾
a
X

M
or
eo
ve

r,
th
em

or
ph

ism
s
f X

gi
ve

ri
se

to
an

iso
m
or

ph
ism

of
fu
nc

to
rs
f
∶τ

⩾
a
○τ

⩽
b
→

τ ⩽
b
○τ

⩾
a.

Pr
oo
f.
—

Si
nc
e
τ ⩽
bX

∈
D

⩽
b ,

th
e
m

or
ph

ism
εa X
○
ηb X

fa
ct
or

su
ni

qu
el
y
th

ro
ug

h
τ ⩽
bτ

⩾
aX
:t

he
re
ex

ist
sa

un
iq

ue
m

or
ph

ism
f′ X
∶τ

⩽
bX
→

τ ⩽
bτ

⩾
aX

su
ch

th
at
ηb τ ⩾

aX
○

f′ X
=
ηa X

○
εb X

.
A
s
w
e
ha
ve

se
en
,o

ne
ha

s
τ ⩽
bτ

⩾
aX

∈
D

⩾
a ;
co

ns
eq

ue
nt

ly,
th
e

m
or

ph
ism

f′ X
fa
ct
or

su
ni

qu
ely

th
ro

ug
h
τ ⩾
aτ

⩽
bX
:t
he

re
ex

ist
sa

un
iq

ue
m

or
ph

ism
f X
∶τ

⩾
aτ

⩽
bX
→

τ ⩽
bτ

⩾
aX

su
ch

th
at
f X
○ε

a τ ⩽
bX
=
f′ X
._

em
or

ph
ism

f X
sa

tis
ûe

s

ηb τ ⩾
aX
○
f X
○ε

a τ ⩽
bX
=
ηb τ ⩾

aX
○
f′ X
=
εa X
○η

b X
.

_
e
un

iq
ue

ne
ss

of
su
ch
a
m

or
ph

ism
is
es

ta
bl
ish
ed
by

th
e
sa

m
e
ar
gu

m
en

t,
re
-

ve
rs
ed
:t

he
re
lat

io
n
ηb τ ⩾

aX
○(
f X
○ε

a τ ⩽
bX
)=

εa X
○η

b X
im

pl
ie
st

ha
tf

X
○ε

a τ ⩽
bX
=
f′ X
,a

nd
th

is
in

tu
rn

sc
ha

ra
ct
er

iz
es
f X
.

Le
tu

ss
ho

w
th
at
f X

is
an

iso
m

or
ph

ism
.W

eb
ui

ld
an

oc
ta
he
dr

on

τ <
aX

τ ⩽
bX

τ ⩾
aτ

⩽
bX

Στ
<
aX

τ <
aX

X
τ ⩾
aX

Στ
<
aX

τ >
bX

τ >
bX

Στ
<
aX

Στ
⩽
bX

Στ
⩾
aτ

⩽
bX

Σ2
τ <
aX

⇐⇐

←

→

←→η
b X

←

→
εa τ ⩽

bX

←→

←

→

⇐⇐

←

→
ηa

−
1

X

←→ε
b+

1
X

←

→
εa X

←→

←

→

⇐

⇐

←→

←→

←

→

←

→

←

→

w
he

re
bo

th
ho

riz
on

ta
lt

ria
ng

les
ar
et

he
ca

no
ni
ca

lt
ru

nc
at
io
n

tri
an

gl
es
,a

sw
ell
as

th
el
e�

ve
rt
ic
al

tr
ia
ng

le.
_

is
fu

rn
ish
es
ad

ist
in

gu
ish
ed

tr
ia
ng

le

τ ⩾
aτ

⩽
bX
→

τ ⩾
aX
→

τ >
bX
→

Στ
⩾
aτ

⩽
bX

.

2.3
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H
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2.
3.

_
e
oc

ta
he
dr
al
ax

io
m

Le
t(
C
,Σ
,T

)b
ea

tr
ia
ng

ul
at
ed
ca

te
go

ry
.

D
eû

ni
tio

n
(2

.3
.1)

.—
O
ne

sa
ys

th
at
a
co

m
m
ut
at
iv
e
sq

ua
re

Y
Z

Y′
Z′

←

→
f

←→g

←→g
′

←

→
f′

is
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
if
th
er
e
ex

ist
sa

m
or

ph
ism

h
∶Z

′
→

ΣY
in

C
so

th
at

th
e
di
ag

ra
m

Y
(

g −
f)

ÐÐ
Ð→

Y′
⊕
Z
(
f′

g′
)

ÐÐ
Ð→

Z′
h Ð→

ΣY
is
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
.

O
bs
er
ve

th
at

th
ec

om
po

sit
io
n
of

th
eû

rs
tt
w
o
ar

ro
w
sv
an

ish
ed
,s

in
ce

(f
′
g′
)○

(
g −
f
)
=

g′
○
f
−
f′
○
g
=
0.

W
e
le
av
e
to

th
e
re
ad
er

to
ch
ec

k
th
at

if
th
e
ab

ov
e
sq

ua
re

is
ho

m
ot
op

ic
al
ly

ca
rte

sia
n,

w
itn
es

se
d
by
am

or
ph

ism
h
∶Z

′
→

Σ Y
,t
he

n
th
em

or
ph

ism
−h

sh
ow

s
th
at

th
es

qu
ar
e

Y
Y′

Z
Z′

←

→
g

←→f

←→f
′

←

→
g′

is
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
as

w
el
l.

Le
m
m
a
(2

.3
.2
).
—

a)
Le

t

Y
Z

Y′
Z′

←

→
f

←→g

←→g
′

←

→
f′

be
a
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
co

m
m
ut
at
iv
e
sq

ua
re
an
d
le
t

Y
Z

Y′
P

←

→
f

←→g

←→γ
′

←

→
φ′
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be
a
com

m
utative

square
in

C
.
_
ere
existsa

m
orphism

h
∶Z

′→
P

such
that

h
○
g
′=

γ
′and

h
○
f
′=

φ
′.

b)
LetY,Y

′,Z
beobjectsofC

and
let
f∶Y

→
Z
and

g∶Y
→

Y
′bem

orphism
s.

_
ereexistan

objectZ
′and

m
orphism

sg
′∶Z

→
Z
′and

f
′∶Y

′→
Z
′such

thatthe
diagram

Y
Z

Y
′

Z
′

←

→ f

←→

g

←→g
′

←

→ f ′

isa
hom

otopically
cartesian

square.
c)

M
oreover,ifZ

′′isan
objectof

C
and

g
′′∶Z

→
Z
′′,
f
′′∶Y

′′→
Z
′are

m
or-

phism
sin

C
such

that

Y
Z

Y
′

Z
′′

←

→
f

←→

g
←→g

′
′

←

→
f
′
′

is
hom

otopically
cartesian,there

exists
an

isom
orphism

h
∶Z

′→
Z
′′such

that
h
○
f
′=
f
′′and

h
○
g
′=

g
′′.

Proof.—
a)

_
efunctorH

om
(⋅,P)isacohom

ologicalfunctoron
theoppo-

sitetriangulated
category.Applyingitto

thedistinguished
triangleY

→
Y
′⊕

Z
→

Z
′→

ΣY,w
eobtain

an
exactsequence

C
(Z

′,P)→
C

(Y
′⊕

Z,P)→
C

(Y,P).

_
e
im
age

ofthe
m

orphism
φ
′−

γ
′is

φ
′○

g
−
γ
′○
f
=
0.C

onsequently,there
existsam

orphism
h
∈
C

(Z
′,P)such

thatφ
′=

h
○
f
′and

γ
′=

h
○
g
′.

b)
Itsuõ

cesto
com

pletethem
orphism

(
g−
f )

∶Y
→

Y
′⊕

Z
in
adistinguished

triangle.
c)

_
isfollow

sfrom
theuniquenessproperty

ofcorollary
2.2.4.

Lem
m
a2.3.2provides“hom

otopypush-outs”in
triangulated

categories;bypass-
ing

to
theoppositecategory,onededucesthefollow

ing
lem

m
aw

hich
provides

“hom
otopy

pull-backs”.

4.1.D
EFIN

ITIO
N

O
F

TRU
N
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4.1.10.
—

In
category

theory,an
adjointisonly

uniqueup
to
a
canonicaliso-

m
orphism

,and
theconstruction

ofthefunctorsτ
⩽0 and

τ
⩾1 involved

thechoice
ofa

distinguished
triangle

A
→

X
→
B
→

ΣA
,forevery

objectX
∈
D
,w

here
A
∈
D

⩽and
B
∈
D

⩾1.
IfX

∈
D

⩽0,w
e
m
ay
assum

e
thatthe

chosen
distinguished

triangle
isX

id
X
Ð→

X
→

0
→

ΣX,w
here0

isazero
object,chosen

to
beX

ifX
≃
0.In

thiscase,one
hasτ

⩽0 X
=
X
forevery

objectX
∈
D

⩽0,and
η
X
=
id

X .
Sim

ilarly,ifX
∈
D

⩾1,w
e
assum

e
thatthe

chosen
distinguished

triangle
is

0
→

X
id

X
Ð→

X
→

Σ0,w
here

0
isa

zero
objectchosen

to
be

X
ifX

≃
0,so

that
τ
⩾1 X

=
X
and

εX
=
id

X .
W

hen
X
∈
D

⩽0∩
D

⩾1,itisa
zero

objectand
the

tw
o
chosen

distinguished
trianglescoincide.

4.1.11.
—

Letn
bean

integer._
efunctorτ

⩽n =
Σ
−nτ

⩽0 Σ
nisarightadjointof

theinclusion
functor

D
⩽n→

D
._

efunctorτ
⩾n
+1 =

Σ
−nτ

⩾1 Σ
nisa

le�
adjoint

oftheinclusion
functor

D
⩾n
+1→

D
.

_
efunctorsarecalled

the
truncation

functorsassociated
w
ith

thegiven
trun-

cation
structureon

D
.

To
sim

plify
the

notation,w
e
also

letτ
<n

=
τ
⩽n
−1 and

τ
>n

=
τ
⩾n
+1 ,forevery

integern.In
particular,an

objectX
of
D
belongsto

D
⩽nifand

onlyifτ
>n X

=
0;

itbelongsto
D

⩾nifand
only

ifτ
<n X

=
0.

4.1.12.
—

Leta,b
beintegerssuch

thata
⩽
b.O

nehas
D

⩽a⊂
D

⩽b.G
iven

our
construction

ofthefunctorsτ
⩽n ,wethushave

τ
⩽b ○τ

⩽a =
τ
⩽a .O

n
theotherhand,

thecom
position

τ
⩽a ○

τ
⩽b isa

rightadjointoftheinclusion
of

D
⩽ainto

D
,so

thatthereisacanonicalisom
orphism

offunctorsτ
⩽a ≃

τ
⩽b ○

τ
⩽a .

Sim
ilarly,w

ehave
τ
⩾a
+1 ○

τ
⩾b
+1 =

τ
⩾b
+1 ≃

τ
⩾b
+1 ○

τ
⩾a
+1 .

4.1.13.
—

Leta,b
be

integersand
letX

∈
ob(D

⩽b)._
en

one
has

τ
>b τ

⩾a X
≃

τ
⩾a τ

>b X
=
0,hence

τ
⩾a X

∈
D

⩽b.
Sim

ilarly,ifX
∈
D

⩾a,then
τ
⩽b X

∈
D

⩾aasw
ell.

Proposition
(4.1.14).—

Leta
and

b
be

integerssuch
thata

⩽
b.Forevery

object
X
∈
D
,thereexistsa

uniquem
orphism

fX ∶τ
⩾a ○

τ
⩽b X

→
τ
⩽b ○

τ
⩾a X

such
thatthe
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b)
_
e
ca

te
go

ry
D

⩾
1
is
a
th
ic
k
ad
di
tiv
e
su
bc
at
eg

or
y
of

D
;i

ti
s
st
ab

le
un
de

r
pr

od
uc

ts
an
d
un
de

re
xt
en

sio
ns

(if
X
→

Y
→

Z
→

ΣX
is
a
di
st
in
gu

ish
ed

tr
ia
ng

le
an
d
X
,Z

∈o
b(
D

⩾
1 )
,t
he

n
Y
∈o
b(
D

⩾
1 )
).

Pr
oo
f.
—

a)
A
ss
um

e
th
at

τ ⩽
0X

=
0;
by
ad

ju
nc

tio
n

of
(⋅,

τ ⩽
0)
,o

ne
th
en

ha
s

D
(A
,X

)
≃
D

(A
,τ

⩽
0X

)
=
0.

A
ss
um

e
co

nv
er

se
ly

th
at

D
(A
,τ

⩽
0X

)
=
0.

By
ad

ju
nc

tio
n
of

(⋅,
τ ⩽

0)
,o

ne
ha

s0
=
D

(τ
⩽
0X
,X

)=
D

(τ
⩽
0X
,τ

⩽
0X

),
so

th
at

id
τ ⩽

0X
=

0
an
d
τ ⩽

0X
=
0.

_
is

pr
ov
es

th
at

1)
⇔

2)
.

1)
⇒

3)
.A

ss
um

et
ha

tτ
⩽
0X

=
0.

_
ec
an

on
ic
al
di

sti
ng

ui
sh
ed

tr
ia
ng

le
0
→

X
ε X Ð→

τ ⩾
1X
→

0
th
en

im
pl
ie
st

ha
tε

X
is
an

iso
m

or
ph

ism
.

3)
⇒

4)
.I
fε

X
is
an

iso
m

or
ph

ism
,i
tf

ol
lo
w
sf

ro
m

th
ed
eû

ni
tio

n
of
at

ru
nc
at
io
n

str
uc

tu
re

th
at
X
∈o
b(
D

⩾
1 )
.

4)
⇒

1)
.
Fi
na

lly
,
le
t
us

as
su

m
e

th
at

X
∈

ob
(D

⩾
1 )
.

O
ne

th
us

ha
s
0

=
D

(τ
⩽
0X
,X

)=
D

(τ
⩽
0X
,τ

⩽
0X

),
he

nc
eτ

⩽
0X

=
0.

b)
_
ec

ha
ra
ct
er

iz
at
io
n

2)
⇔

4)
im

pl
ie
st

ha
ti

ti
ss

ta
bl
eu

nd
er

pr
od

uc
ts.

M
or
e

pr
ec

ise
ly,
fo

re
ve

ry
fa
m

ily
(X

i)
i∈
I
w
ith

pr
od

uc
tX

an
d
fo

re
ve

ry
ob

je
ct
A
∈D

⩽
0 ,

th
e
iso

m
or

ph
ism

D
(A
,X

)
≃
∏

iD
(A
,X

i)
im

pl
ie
st

ha
tX

∈
D

⩾
1
if
an
d
on

ly
if

X
i
∈D

⩾
1
fo

re
ve

ry
i.

In
pa

rt
ic
ul
ar
,D

⩾
1
is
at

hi
ck
ad
di

tiv
es

ub
ca

te
go

ry
of

D
.

Le
tX
→

Y
→

Z
→

ΣX
be
a
di

st
in

gu
ish
ed

tr
ia
ng

le
,w

he
re

X
an
d
Z
be

lo
ng

to
D

⩾
1 .

Le
tA

∈
D

⩽
0 ;

le
tu

sa
pp

ly
th
e
co

ho
m

ol
og

ic
al
fu

nc
to

rD
(A
,⋅)

to
th

is
tr
ia
ng

le
._

is
fu

rn
ish
es
an
ex
ac

ts
eq

ue
nc
e
D

(A
,X

)
→

D
(A
,Y

)
→

D
(A
,Z

).
Si
nc
eD

(A
,X

)=
D

(A
,Z

)=
0,
w
et

hu
sh
av
eD

(A
,Y

)=
0,

he
nc
eY

∈o
b(
D

⩾
1 )

by
a)

.
Re
ca

ll
th
at

if
Y
≃
X
⊕
Z,

th
en

th
er
ee

xi
st
sa

di
st
in

gu
ish
ed

tr
ia
ng

le
X
→

Y
→

Z
→

ΣX
;i
n
pa

rt
ic
ul
ar

Y
be

lo
ng

st
o
D

⩾
1
if
bo

th
X
an
d
Z
do

.

Ei
th
er
by
as

im
ila

rr
ea

so
ni

ng
,o

rb
y
pa

ss
in

g
to

th
eo

pp
os

ite
ca

te
go

ry
,o

ne
ha

s
th
ef

ol
lo
w
in

g
co

ro
lla

ry
.

C
or

ol
la
ry

(4
.1.

9)
.—

a)
Le

tX
∈
ob

(D
).

_
e
fo
llo
w
in
g
pr

op
er
tie

sa
re
eq

ui
va

-
le
nt
:1

)O
ne

ha
sτ

⩾
1X

=
0;

2)
O
ne

ha
sD

(X
,B

)=
0
fo
re
ve

ry
ob

je
ct
A
∈o
b(
D

⩾
1 )
;

3)
_
e
m
or

ph
ism

η X
∶τ

⩽
0X
→

X
is
an

iso
m
or

ph
ism

;4
)O

ne
ha

sX
∈o
b(
D

⩽
0 )

.
b)

_
e
ca

te
go

ry
D

⩽
0
is
a
th
ic
k
ad
di
tiv
e
su
bc
at
eg

or
y
of

D
;i

ti
s
st
ab

le
un
de

r
co

pr
od

uc
ts
an
d
un
de

re
xt
en

sio
ns

(if
X
→

Y
→

Z
→

ΣX
is
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
an
d
X
,Z

∈o
b(
D

⩽
0 )
,t
he

n
Y
∈o
b(
D

⩽
0 )

).

2.3
.T

H
E

O
CT
A
H
ED

RA
L
A
XI

O
M

43

Le
m
m
a
(2

.3
.3
).
—

a)
Le

t

Y
Z

Y′
Z′

←

→
f

←→g

←→g
′

←

→
f′

be
a
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
co

m
m
ut
at
iv
e
sq

ua
re
an
d
le
t

Q
Z

Y′
Z′

←

→
φ

←→γ

←→g
′

←

→
f′

be
a
co

m
m
ut
at
iv
e
sq

ua
re

in
C

.
_
er
e
ex

ist
sa

m
or

ph
ism

h
∶Q
→

Y
su
ch

th
at

f
○
h
=
φ
an
d
g
○
h
=
γ.

b)
Le

tY
′ ,Z

,Z
′
be

ob
je
ct
so
fC

an
d
le
t
f′
∶Y

′
→

Z′
an
d

g′
∶Z
→

Z′
be

m
or

-
ph

ism
s.

_
er
e
ex

ist
an

ob
je
ct
Y
an
d
m
or

ph
ism

s
f
∶Y
→

Z
an
d

g
∶Y
→

Y′
su
ch

th
at

th
e
di
ag

ra
m

Y
Z

Y′
Z′

←

→
f

←→g

←→g
′

←

→
f′

is
a
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
sq

ua
re
.

c)
M

or
eo
ve

r,
if
Ỹ

is
an

ob
je
ct

of
C
an
d

g̃
∶Ỹ
→

Y,
f̃
∶Ỹ
→

Y
ar
e
m
or

ph
ism

s
in

C
su
ch

th
at

Ỹ
Z

Y′
Z′

←

→
f̃

←→g̃

←→g
′

←

→
f′

is
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n,

th
er
e
ex

ist
s
an

is
om

or
ph

ism
h
∶Ỹ

→
Y

su
ch

th
at

f
○
h
=
f̃
an
d
g
○
h
=

g̃.

Le
m
m
a
(2

.3
.4
).
—

Le
t X

Y
Z

ΣX

X
Y′

Z′
ΣX

←

→
u

⇐⇐

←

→
v

←→g

←

→
w

←→h

⇐⇐

←

→
u′

←

→
v′

←

→
w
′
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A
PTER

2.TRIA
N
G
U
LATED

CATEG
O

RIES

be
a
distinguished

m
orphism

ofdistinguished
triangles._

en
the

triangle

Y
(

g−v
)

ÐÐ→
Y
′⊕

Z
(v

′h
)

ÐÐ→
Z
′

Σu
○w

′

ÐÐÐ→
ΣY

isdistinguished.In
particular,the

square

Y
Z

Y
′

Z
′

←

→
v

←→g

←→h

←

→
v
′

ishom
otopically

cartesian.

Proof.—
By

hypothesis,theconeC
ofthisthism

orphism
oftriangle,

X
⊕
Y

Y
′⊕

Z
Z
′⊕

ΣX
ΣX

⊕
ΣY,

←

→
(
u
′

g
0
−v
)

←

→
(
v
′

h
0
−w
)

←

→
(
w
′

1
0
−Σu
)

isadistinguished
triangle.O

bservethatthediagram

X
⊕
Y

Y
′⊕

Z
Z
′⊕

ΣX
ΣX

⊕
ΣY

′

X
⊕
Y

Y
′⊕

Z
ΣX

⊕
Z
′

ΣX
⊕

ΣY
′

←
→

(
u
′

g
0
−v
)

←→

(
1
0

u
1
)

←
→

(
v
′

h
0
−w
)

⇐⇐

←
→

(
w
′

1
0
−Σu
)

←→(
−w

′
−1

1
0
)

←→(
1

0
Σu

1
)

←

→
( 0

g
0
−v
)

←

→
(
0

0
v
′
h
)

←

→
(
−1

Σu
○w

′
)

iscom
m

utative.Indeed,

(
1

0
Σu

1 )
( w

′
1

0
−Σu )

=
(

w
′

1
Σu

○
w
′
0 )

=
( −1

Σu
○
w
′ )

( −w
′
−1

1
0
)
,

( −w
′

1
1

0 )
( v

′
h

0
−w

)
=
( 0

0
v
′

h )

( u
′

g
0

−v )
=
( 0

g
0

−v )
( 1

0
u

1 )
.

Sincetheverticalm
orphism

sareisom
orphism

s,itisan
isom

orphism
oftriangles

from
C

to
thebottom

triangle,w
hich

isthereforedistinguished.O
n

theother
hand,thebottom

triangleisthedirectsum
ofthetriangleT

ofinterestand
the

triangleX
→

0
→

ΣX
−1
Ð→

Σ X.Consequently,thetriangleT
isadirectfactorofa

distinguished
triangle,henceisdistinguished.

4.1.D
EFIN

ITIO
N

O
F

TRU
N
CATIO

N
STRU

CTU
RES

117

Since
Σ
−1B

∈
D

⩾1and
B
∈
D

⩾1,the
tw

o
extrem

e
groups

vanish,so
thatthe

m
orphism

A
→

Y
induces

an
isom

orphism
D

(X
,A

)
→

D
(X
,Y)

for
every

X
∈ob(D

⩽0).
Forevery

objectY
in

D
,letuschooseadistinguished

triangleA
uÐ→
Y
→
B
→

ΣA
and

letussetτ
⩽0 Y

=
A
and

η
Y
=
u.Let

f∶Y
→

Z
beam

orphism
in

D
.By

w
hatprecedes,the

m
orphism

η
Z
inducesan

isom
orphism

D
(τ

⩽0 Y,τ
⩽0 Z)

→
D

(τ
⩽0 Y,Z).Letthen

τ
⩽0 (f)∶τ

⩽0 Y
→

τ
⩽0 Z

betheuniquem
orphism

such
that

η
Z ○

τ
⩽0 (f)=

f○
η
Y .

O
nechecksreadily

thatτ
⩽0 isa

functorand
thatthem

orphism
sη

Y ,forY
∈

ob(D
),are

the
counits

ofan
adjunction,m

aking
τ
⩽0
a

rightadjointofthe
inclusion

of
D

⩽0in
D

.
b)

_
isisproved

analogously
to
a),orcan

bededuced
from

a)by
passing

to
theoppositecategory

and
shi�ing.In

fact,onem
ay
chooseforevery

objectY
a

distinguished
triangleA

→
Y
→
B
→

ΣA
asaboveand

setτ
⩾1 Y

=
B.

c)
LetY

bean
objectof

D
.By

construction,thecounitη
Y
oftheadjunction

(⋅,τ
⩽0 )and

theunitεY
oftheadjunction

(τ
⩾1 ,⋅)stand

in
adistinguished

triangle

τ
⩽0 Y

η
Y
Ð→

Y
εY
Ð→

τ
⩾1

∂Ð→
Σ
τ
⩽0 Y.

Since
D

(τ
⩽0 Y,τ

⩾1 Y)
=
0,the

uniqueness
ofthe

diòerential∂
follow

s
from

corollary
2.2.6.

d)
LetY

bean
objectof

D
,letA

uÐ→
Y

vÐ→
B

wÐ→
ΣA

beadistinguished
triangle,

w
hereA

∈
D

⩽0and
B
∈
D

⩾1.Letusshow
thatthereexistauniquem

orphism
of

distinguished
trianglesoftheform

(f,id
Y ,h):

A
Y

B
ΣA

τ
⩽0 Y

Y
τ
⩾1 Y

Σ
τ
⩽0 Y.

←

→
u

←→f

⇐⇐

←

→
v

←→h

←

→
w

←→Σ
f

←

→
η
Y

←

→
εY

←

→
∂
Y

SinceA
∈ob(D

⩽0)and
τ
⩾1 Y

∈ob(D
⩾1),onehasεY ○id

Y ○u
∈
D

(A
,τ

⩾1 Y)
=
0,

bydeûnition
ofatruncation

structure.Consequently,theassertion
followsfrom

corollary
2.2.6.

C
orollary

(4.1.8).—
a)

LetX
∈
ob(D

)._
e
follow

ing
propertiesare

equiva-
lent:1)O

nehasτ
⩽0 X

=
0;2)O

nehas
D

(A
,X)=

0
forevery

objectA
∈ob(D

⩽0);
3)_

e
m
orphism

η
X ∶X

→
τ
⩾1 X

isan
isom

orphism
;4)O

ne
hasX

∈ob(D
⩾1).
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Ex
am

pl
e
(4

.1.
5)
.—

Le
tD

be
a
tr
ia
ng

ul
at
ed
ca

te
go

ry
._

en
th
e
pa

irs
(D

,0
)

an
d
(0
,D

)a
re

“d
eg
en
er
at
e”

tr
un
ca

tio
n

str
uc

tu
re

so
n
D

.

Ex
am

pl
e(

4.
1.6

).
—
(
1)
Le

tA
be
an
ab
eli
an
ca

te
go

ry
an
d
let
D
(A

)b
ei

ts
de

riv
ed

ca
te
go

ry
.L
et

n
∈
Z.

Re
ca

ll
th
at
D

⩽
n (
A

)
is

th
e
fu

ll
su
bc
at
eg

or
y
of
D
(A

)
co

n-
sis

tin
g
of
co

m
pl
ex
es

X
su
ch

th
at

H
j (X

)=
0
fo

r
j>

0,
w
hi

le
D

⩾
n+

1 (
A

)i
st

he
fu

ll
su
bc
at
eg

or
y
of
D
(A

)c
on

sis
tin

g
of
co

m
pl
ex
es

Y
su
ch

th
at

H
j ( Y

)=
0
fo

r
j⩽

0.
G
iv
en
ac

om
pl
ex

X
∈D

(A
),

re
ca

ll
th
at

τ ⩽
0X

∈D
⩽
0 (
A

),
τ ⩾

1X
∈D

⩾
1 (
A

),
an
d
th
at

th
er
e
is
a
di

st
in

gu
ish
ed

tr
ia
ng

le
τ ⩽

0X
→

X
→

τ ⩾
1X
→

Στ
⩽
0X

._
is

sh
ow

st
ha

t
th
ep
ai
r(
D

⩽
0 (
A

),
D

⩾
1 (
A

))
is
at

ru
nc
at
io
n

st
ru
ct
ur
eo

n
D
(A

).
M

or
eo
ve

r,
fo

r
ev
er
y
in

te
ge

rn
,o

ne
ha

sD
⩽
n (
A

)=
Σ−

n D
⩽
0 (
A

)a
nd
D

⩾
n+

1 (
A

)=
Σ−

n D
⩾
1 (
A

).

Pr
op

os
iti

on
(4

.1.
7)
.—

Le
t(
D

⩽
0 ,
D

⩾
1 )
be
a
tr
un
ca

tio
n
st
ru
ct
ur
e
on

th
e
tr
ia
ng

u-
la
te
d
ca

te
go

ry
D

.

a)
_
e
in
clu

sio
n
D

⩽
0
→

D
ad

m
its
a
ri
gh

ta
dj
oi
nt

τ ⩽
0
w
ith
co

un
it
η;

b)
_
e
in
clu

sio
n
D

⩾
1
→

D
ad

m
its
a
le
�
ad

jo
in
tτ

⩾
1
w
ith

un
it
ε;

c)
Fo

re
ve

ry
ob

je
ct
X

of
D
,t
he

re
ex

ist
sa

un
iq
ue

m
or

ph
ism

∂ X
∶τ

⩾
1X
→

Στ
⩽
0X

su
ch

th
at

th
e
tr
ia
ng

le
τ ⩽

0X
η X Ð→

X
ε X Ð→

τ ⩾
1X

∂ X Ð→
Στ

⩽
0X

is
di
sti

ng
ui
sh
ed

.
d)

Le
tA

∈o
b(
D

⩽
0 )
,B

∈o
b(
D

⩾
1 )
an
d
let
A
→

X
→
B
→

ΣA
be
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
._

er
e
ex

ist
sa

un
iq
ue

m
or

ph
ism

of
di
sti

ng
ui
sh
ed

tr
ia
ng

le
s

A
X

B
ΣA

τ ⩽
0X

X
τ ⩾

1X
Στ

⩽
0X

.

←

→

←→

⇐⇐

←

→

←→

←

→

←→

←

→
η X

←

→
ε X

←

→
∂ X

Pr
oo
f.
—

a)
W
e
ne
ed

to
ûn
d,
fo

re
ve

ry
ob

je
ct
Y
∈
ob

(D
),
an

ob
je
ct

τ ⩽
0
of

D
⩽
0 ,
a
m

or
ph

ism
η Y

∶τ
⩽
0Y
→

Y
in

D
in
du
ci
ng

bi
-fu

nc
to

ria
li

so
m

or
ph

ism
s

D
(X
,Y

)
≃
D

(X
,τ

⩽
0Y

),
fo

rX
∈
ob

(D
⩽
0 )

.L
et
A
→

Y
→
B
→

ΣA
be
a
di

st
in

-
gu

ish
ed

tr
ia
ng

le
,w

he
re
A
∈
D

⩽
0
an
d
B
∈
D

⩾
1 .
Ap

pl
yi
ng

th
e
co

ho
m

ol
og

ic
al

fu
nc

to
rD

(X
,⋅)

to
th
et

ra
ns

lat
ed
di

sti
ng

ui
sh
ed

tr
ia
ng

le
Σ−

1 B
→
A
→

Y
→
B,

we
ob

ta
in
an
ex
ac

ts
eq

ue
nc
e

D
(X
,Σ

−
1 B

)→
D

(X
,A

)→
D

(X
,Y

)→
D

(X
,B

).

(1)
Pr
eu
ve

in
co

m
pl
èt
e
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Le
m
m
a
(2

.3
.5
).
—

Le
t

Y
Z

Y′
Z′

←

→
v

←→g

←→h

←

→
v′

be
a
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
sq

ua
re
,a

nd
le
t∂

∶Z
′
→

ΣY
be

su
ch

th
at

Y
(

g −
v
)

ÐÐ
→

Y′
⊕
Z
(
v′

h
)

ÐÐ
Ð→

Z′
∂ Ð→

ΣY

is
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
.L
et Y

g Ð→
Y′

g′ Ð→
Y′

′
g′
′

Ð→
ΣY

be
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
._

er
e
ex

ist
sa
di
sti

ng
ui
sh
ed

tr
ia
ng

le

Z
h Ð→
Z′

h′ Ð→
Y′

′
h′
′

Ð→
ΣZ

su
ch

th
at

th
e
di
ag

ra
m

Y
Y′

Y′
′

ΣY

Z
Z′

Y′
′

ΣZ

←

→
g

←→v

←

→
g′

←→v
′

←

→
g′
′

⇐⇐

←→Σ
v

←

→
h

←

→
h′

←

→
h′
′

is
co

m
m
ut
at
iv
e.

M
or
eo
ve

r,
∂
=

g′
′
○
h′
.

Pr
oo
f.
—

Le
tk

∶Z
′
→

Y′
′
be
am

or
ph

ism
su
ch

th
at

th
em

or
ph

ism
of

tr
ia
ng

le
s

Y
Y′
⊕
Z

Z′
ΣY

Y
Y′

Y′
′

ΣY

←

→
(

g −
v
)

⇐⇐

←

→
(
v′

h
)

←→(
1
0
)

←

→
∂

←→k

⇐⇐

←

→
g

←

→
g′

←

→
g′
′
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isadistinguished
m

orphism
(axiom

(2.1.3.5)),sothatitsconeC
isadistinguished

triangle.Letusconsiderthediagram
:

Y
⊕
Y
′⊕

Z
Y
′⊕

Z
′

Y
′′⊕

ΣY
ΣY

⊕
ΣY

′⊕
ΣZ

Y
⊕
Y
′⊕

Z
0
⊕
Y
′⊕

Z
′

ΣY
⊕
0
⊕
Y
′′

ΣY
⊕

ΣY
′⊕

ΣZ.

←

→
(
g

1
0

0
−v

′
−
h
)

←→(
1g

1
−v

0
1
)

←

→
(
g
′

k
0
−∂
)

←→(
0

0
1

0
v
′
−1
)

←

→

⎛⎝

g
′
′

1
0
−Σ

g
0

Σv

⎞⎠

←→(
−
g
′
′
−1

0
0

−1
0
)

←→(
1Σ
g

1
−Σv

0
1
)

←

→
( 0

1
h
)

←

→
( 0

0
k
)

←

→
(
1
0

Σv
○g
)

ItsûrstlineisthetriangleC;itsbottom
lineisthedirectsum

ofthethreetriangles

Y
→

0
→

ΣY
1Ð→

ΣY

Y
′

1Ð→
Y
′→

0
→

ΣY
′

Z
hÐ→
Z
′

kÐ→
Y
′′

Σv
○g

′
′

ÐÐÐ→
ΣZ;

theverticalm
orphism

sareisom
orphism

s.Letuscheck
thatisiscom

m
utative:

⎛⎜⎜⎝

0
0

1
0

v
′
−1 ⎞⎟⎟⎠

( g
1

0
0

−v
′
−h )

=
⎛⎜⎜⎝

0
0

0
g

1
0

−v
′○

g
0

h ⎞⎟⎟⎠
=
⎛⎜⎜⎝ 0

1
h ⎞⎟⎟⎠

⎛⎜⎜⎝

1g
1

−v
0

1 ⎞⎟⎟⎠

⎛⎜⎜⎝ −
g
′′
−1

0
0

−1
0

⎞⎟⎟⎠

⎛⎜⎜⎝

0
0

1
0

v
′
−1 ⎞⎟⎟⎠

=
⎛⎜⎜⎝

0
0

0
0

−
g
′
−k ⎞⎟⎟⎠

=
⎛⎜⎜⎝

0
0

1
0

v
′
−1 ⎞⎟⎟⎠

⎛⎜⎜⎝ 0
0

k ⎞⎟⎟⎠

⎛⎜⎜⎝

1Σ
g

1
−Σv

0
1 ⎞⎟⎟⎠

⎛⎜⎜⎝

g
′′

1
0

−Σ
g

0
Σv

⎞⎟⎟⎠
=
⎛⎜⎜⎝ 1

0
Σv

○
g ⎞⎟⎟⎠

⎛⎜⎜⎝ −
g
′′
−1

0
0

−1
0

⎞⎟⎟⎠

C
onsequently,thebottom

triangleisdistinguished;in
particular,thetriangle

Z
hÐ→
Z
′

kÐ→
Y
′′

Σv
○g

′
′

ÐÐÐ→
ΣZ

isdistinguished.SetZ
′′=

Y
′′,h

′=
k
and

h
′′=

Σv
○
g
′′;

onehas
h
○
v
=
v
′○

g,by
hypothesis;onehas∂

=
g
′′○

k
=

g
′′○

h
′and

h
′○

v
′=

k
○
v
′=

g
′,by

deûnition
ofk;and

onehasΣv
○
g
′′=

h
′′by

deûnition
ofh

′′._
is

concludestheproofofthelem
m
a.

C
H
A
PT
ER

4

T
RU

N
C
A
T
IO

N
ST

RU
C
T
U
R
ES

4.1.
D
eûnition

oftruncation
structures

D
eûnition

(4.1.1).—
Let

D
be
a
triangulated

category.A
truncation

structure,
in

shortt-structure,on
D

isthedatum
oftw

o
fullsubcategories

D
⩽0
and

D
⩾1of

D
satisfying

the
follow

ing
conditions:

(i)
Every

objectisom
orphicto

an
objectof

D
⩽0

(resp.of
D

⩽0)belongsto
D

⩽0

(resp.ofD
⩽0);

(ii)
O
ne

has
D

(X
,Y)=

0
foreveryX

∈ob(D
⩽0)

and
everyY

∈ob(D
⩾1);

(iii)
O
ne

hasΣ
D

⩽0⊂
D

⩽0
and

D
⩾1⊂

Σ
D

⩾1;
(iv)

Forevery
objectX

∈ob(D
),thereexistsa

distinguished
triangleA

→
X
→

B
→

ΣA
in

D
,w

hereA
∈ob(D

⩽0)
and

B
∈ob(D

⩾1).

Rem
ark

(4.1.2).—
Let(D

⩽0,D
⩾1)beatruncation

structureon
thetriangulated

category
D

.W
e
introduce

the
notation

D
⩽n

=
Σ
−nD

⩽0and
D

⩾n
+1=

Σ
−nD

⩾1,
forevery

integern.
Condition

(iii)ofthedeûnition
can

thusbewritten
D

⩽0⊂
D

⩽1and
D

⩾1⊂
D

⩾0.
In
fact,forevery

pair(m
,n)ofintegerssuch

thatm
⩽

n,onehas
D

⩽m
⊂
D

⩽n

and
D

⩾n⊂
D

⩾m.

Exam
ple(4.1.3).—

Let(D
⩽0,D

⩾1)beatruncation
structureon

thetriangulated
category

D
.Foreveryintegern,thepair(D

⩽n,D
⩾n
+1)isatranslation

structure
on

D
,called

thetranslation
structurededuced

by
translation.

Exam
ple

(4.1.4).—
Let(D

⩽0,D
⩾1)

be
a
truncation

structure
on

the
triangu-

lated
category

D
._

en
(D

⩾1,o,D
⩽0,o)isatruncation

structureon
theopposite

triangulated
category

D
o.



2.3
.T

H
E

O
CT
A
H
ED

RA
L
A
XI

O
M

47

_
eo

re
m

(2
.3
.6
)(
Ve

rd
ie
r’s

“o
ct
ah
ed

ra
la
xi
om

”)
.—

Le
t

X 1
u 3 Ð→

X 2
v 3 Ð→

Z 3
w

3 Ð→
ΣX

1

X 2
u 1 Ð→

X 3
v 1 Ð→

Z 1
w

1 Ð→
ΣX

2

X 1
u 2 Ð→

X 3
v 2 Ð→

Z 2
w

2 Ð→
ΣX

1,

be
th
re
e
di
st
in
gu

ish
ed

tr
ia
ng

le
s,
w
he

re
u 2

=
u 1
○u

3.
_
er
e
ex

ist
tw

o
m
or

ph
ism

s
m

1∶
Z 3
→

Z 2
an
d
m

3
∶Z

2
→

Z 1
su
ch

th
at

Z 3
m

1
Ð→

Z 2
m

3
Ð→

Z 1
Σv

3○
w

1
ÐÐ
Ð→

ΣZ
3

is
a
di
sti

ng
ui
sh
ed

tr
ia
ng

le
,û

tti
ng

in
a
co

m
m
ut
at
iv
e
di
ag

ra
m

X 1
X 2

Z 3
ΣX

1

X 1
X 3

Z 2
ΣX

2

Z 1
Z 1

ΣX
1

ΣX
2

ΣZ
3

Σ2
X 1

←

→
u 3

⇐⇐

←

→
v 3

←→u
1

←

→
w

3

←→m
1

⇐⇐

←

→
u 2

←

→
v 2

←→v
1

←

→
w

2

←→m
3

⇐
⇐

←→w
1

←→Σ
v 3
○
w

1

←

→
Σu

3

←

→
Σv

3

←

→
−
Σw

3

Pr
oo
f.
—

By
ax

io
m

(2
.1.

3.5
)o
ft

ria
ng

ul
at
ed
ca

te
go

rie
s(
de
ûn

iti
on

2.
1.3

),
th
er
e

ex
ist

sa
m

or
ph

ism
m

1∶
Z 3
→

Z 2
ût

tin
g
in
a
di

st
in

gu
ish
ed

m
or

ph
ism

of
di

st
in

-
gu

ish
ed

tr
ia
ng

le
s

X 1
X 2

Z 3
ΣX

1

X 1
X 3

Z 2
ΣX

2.

←

→
u 3

⇐⇐

←

→
v 3

←→u
1

←

→
w

3

←→m
1

⇐⇐
←

→
u 2

←

→
v 2

←

→
w

2

By
le
m

m
a2

.3.
4,

th
ec

om
m

ut
at
iv
es

qu
ar
e

X 2
Z 3

X 3
Z 2

←

→
v 3

←→u
1

←→m
1

←

→
v 2
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ishom
otopically

cartesian,and
thetriangle

X
2
(

u
1

−v
3
)

ÐÐÐ→
X

3 ⊕
Z

3
(v

2 m
1 )

ÐÐÐ→
Z

2
Σu

3 ○w
2

ÐÐÐ→
ΣX

2

isdistinguished.Lem
m
a2.3.5then

furnishesam
orphism

m
3 ∶Z

2 →
Z

1 giving
riseto

am
orphism

ofdistinguished
triangles

X
2

Z
3

X
3

Z
2

Z
1

Z
1

X
2

Z
3 .

←

→
v
3

←→u
1

←→m
1

←

→
v
2

←→v1

←→m
3

⇐

⇐

←→w
1

←→Σv
3 ○w

1

←

→
Σv

3

_
isconcludestheproofofthetheorem

.

Rem
ark

(2.3.7).—
_
enam

eofthisaxiom
com

esfrom
aparticularwayofrepre-

sentingitsûnaldiagram
asan

octahedron.Indeed,ifoneidentiûesthevertexX
i

and
itsshi�

ΣX
i ,foreach

i,aswellasthetwo
verticesofan

identity
m

orphism
s,

onegetsaûgurewith
eighttriangles:fourofthem

arethedistinguished
triangles,

and
thefourotherarethecom

m
utativetriangles.

_
ereadershallûnd

in
H
artshorne(1966),Beı̆linson

et
al(1982),N

eem
an

(1990),orin
M
ay

(2001)alternativerepresentationsofthediagram
,w

hich
s·he

m
ay
ûnd

m
oreappealing.

Rem
ark

(2.3.8).—
Verdier’sdeûnition

ofatriangulated
category

am
ountsto

a
pretriangulated

category
satisfying

theoctahedralaxiom
(theorem

2.3.6).C
on-

versely,theorem
1.8

of(N
eem

an,1991)provesthata
triangulated

category
in

Verdier’ssenseisatriangulated
category

according
to
deûnition

2.1.3.

To
concludethissection,letusquoteastrengthening

oftheoctahedralaxiom
,

refering
to

(Beı̆linson
et
al,1982,prop.1.1.11)foritsproof.

3.10.EXERCISES
113

a)Prove
thatifU

issim
ply

connected
(say,contractible),then

the
induced

m
orphism

εU
∶O

X (U
)→

O
×X (U

)issurjective.
b)Provethatthem

orphism
εissurjective.

c)LetX
=
C
and

U
=
C
×.Provethatthefunction

z
∈
O
×X (C

×)doesnotbelong
to

theim
ageofεU .

Exercise
(3.10.2).—

LetX
beatopologicalspace.

a)LetU
and

V
beopen

subsetsofX;com
puteH

om
(Z

U ,Z
V ).

b)Let
U

beafam
ily

ofopen
subsetsofX

and
let

F
U
bethesheaf⊕

U
∈U

Z
U

on
X.If

U
isacovering

ofX,constructan
epim

orphism
ofsheaves

fU
∶F

U
→

Z
X .c)Let(U

n )beasequenceofopen
coveringsofX

such
that,forevery

n
∈
N
,

the
covering

U
n
+1 reûnes

U
n ,and

such
thatthe

em
pty

setis
the

only
open

subsetU
ofX

w
hich

isûnerthatevery
U

n .Letfn ∶F
n →

Z
X betheepim

orphism
constructed

in
thepreceding

question.Provethatthecorresponding
product

m
orphism

,f∶∏
F

n →
∏
Z
X ,isnotan

epim
orphism

.
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Pr
oo
f.
—

_
e
im

pl
ic
at
io
n
(i)
⇒

(ii
)f

ol
lo
w
sf

ro
m

th
e
pr
ec
ed

in
g
co

ro
lla

ry
,a

nd
th
ei

m
pl
ic
at
io
n
(ii

)⇒
(ii

i)
is

ob
vi
ou

s.
Le

tu
st

hu
sa

ss
um

et
ha

tH
1 c(

U
,F

)=
0
fo

r
ev
er
y
op
en

su
bs
et

U
of

X
an
d
le
tu

sp
ro
ve

th
at

F
is

so
�.

Le
tn

ow
A
be
a
co

m
pa
ct

su
bs
et

of
X,

le
ti
∶A
↪

X
an
d

j∶
X

A
→

X
be

th
e

in
clu

sio
ns

.L
et

us
co

ns
id
er

th
el

on
ge

xa
ct

se
qu
en
ce

of
co

ho
m

ol
og

yw
ith

co
m
pa
ct

su
pp

or
ts
as

so
ci
at
ed

w
ith

th
ec
an

on
ic
al
ex
ac

ts
eq

ue
nc
e

0
→

j !j
∗
F
→

F
→

i ∗
i∗

F
→

0
;

w
eo
bt
ai
n

0
→

Γ c
(X

A
,F

∣ U
)→

Γ c
(X
,F

)→
Γ c
(A
,F

∣ A
)→

H
1 c(
X

A
,F

∣ U
).

_
e
as

su
m

pt
io
n

(ii
i)

im
pl
ie
s

th
at

th
e
ca

no
ni
ca

l
m

or
ph

ism
Γ c
(X
,A

)
→

Γ(
A
,F

∣ A
)i

ss
ur

je
ct
iv
e.

_
is

pr
ov
es

th
at

F
is

so
�.

3.
5.
17

.
—

To
be
ad
de
d:
f !
of

so
�

is
so

�;
co

m
po

sit
io
n

(g
○
f)

!
=

g !
○
f !,
an
d

sim
ila

rly
a�
er
de

riv
at
io
n.

_
eo

re
m

(3
.5
.18

).
—
(
8)

Le
t
f
∶X
→

Y
be
a
co

nt
in
uo

us
m
ap

of
to
po

lo
gi
ca

ls
pa
ce
s

an
d
let

F
be
a
sh
ea
fo

n
X.

Le
ty

∈Y
an
d
let

X
y
=
f−

1 (
y)

.B
y
re
str

ic
tio

n,
th
ec
an

on
-

ic
al

m
ap

(f
∗
F

) y
→

Γ(
X

y,
F

∣ X
y
)i

nd
uc
es
a
bi
je
ct
io
n
(f
!F

) y
∼ Ð→

Γ c
(X

y,
F

∣ X
y
).

M
or
eo
ve

r,
on
e
ha

si
so
m
or

ph
ism

so
f∂

-fu
nc

to
rs

(R
n
f !(
⋅))

y
→

H
n c(
X

y,
(⋅)

∣ X
y
).

3.
6.

Te
ns

or
pr

od
uc

ts

3.
7.

Ve
rd

ie
rd

ua
lit
y

3.
8.

_
e
si
x
op
er
at
io

ns

3.
9.
C
on

st
ru
ct
ib

le
sh
ea
ve

s

3.
10

.
Ex
er
ci
se

s

Ex
er
ci
se

(3
.10

.1)
.—

Le
tX

be
ac

om
pl
ex

m
an

ifo
ld
,f
or
ex
am

pl
eX

=
C
,a

nd
let

O
X

be
th
es

he
af

of
ho

lo
m

or
ph

ic
fu

nc
tio

ns
on

X.
By

as
so
ci
at
in

g
w
ith

ah
ol
om

or
ph

ic
fu

nc
tio

n
f
on

an
op
en

su
bs
et

U
of

X
th
e(

no
n-
va

ni
sh

in
g)
fu

nc
tio

n
ex

p(
f)
,o

ne
de
ûn
es
am

or
ph

ism
of

sh
ea
ve

sε
∶O

X
→

O
× X
.

(8
) D

on
ne

ru
n
én

on
cé

pl
us

pr
éc

is,
et

la
pr
eu
ve

.

2.4
.T

H
E

H
O
M

O
TO

PY
CA

TE
G
O

RY
O
F
A
N
A
D
D
IT

IV
E
CA

TE
G
O

RY
49

Pr
op

os
iti

on
(2

.3
.9
)(

“3
×

3l
em

m
a”
).
—
Ev
er
y
co

m
m
ut
at
iv
e
sq

ua
re

X
Y

X′
Y′

←

→
u

←→f

←→g

←

→
u′

ca
n
be
co

m
pl
et
ed

to
a
di
ag

ra
m

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

′

X′
′

Y′
′

Z′
′

ΣX
′′

ΣX
ΣY

ΣZ
Σ2
Z

←

→
u

←→f

←→g

←

→
v

←→h

←

→
w

←→Σ
f

←

→
u′

←→

f′

←→g
′

←

→
v′

←→h
′

←

→
w
′

←→Σ
f′

←

→
u′
′

←→

f′
′

←→g
′
′

←

→
v′
′

←→h
′
′

←

→
w
′
′

(−
1)

←→−
Σ
f′
′

←

→
Σu

←

→
Σv

←

→
−
Σw

w
he

re
th
er

ow
sa

nd
co

lu
m
ns
ar
ed

ist
in
gu

ish
ed

tr
ia
ng

les
,w

ith
co

m
m
ut
at
iv
es

qu
ar
es

ex
ce
pt
fo
rt

he
ri
gh

tb
ot
to
m

on
e
w
hi
ch

is
(−

1)
-c
om

m
ut
at
iv
e.

2.
4.

_
e
ho

m
ot

op
y
ca

te
go

ry
of
an
ad
di

ti
ve
ca

te
go

ry

2.
4.
1.
—

Le
tA

be
an
ad
di

tiv
e
ca

te
go

ry
an
d
le
tK

(A
)
be

its
ho

m
ot
op

y
ca

te
-

go
ry

;r
ec
al
lt
ha

tt
he

ob
je
ct

so
fK

(A
)a

re
co

m
pl
ex
es

in
A
,a

nd
m

or
ph

ism
sa

re
ho

m
ot
op

y
cl
as

se
so
fm

or
ph

ism
so
fc

om
pl
ex
es
.I

ti
sa

n
ad
di

tiv
ec
at
eg

or
y.

Le
tΣ

be
th
et

ra
ns

la
tio

n
fu

nc
to

ro
fK

(A
).

Fo
r
ev
er
y
m

or
ph

ism
f
∶X

→
Y

of
co

m
pl
ex
es

in
A
,w
e
ha
ve
co

ns
tr
uc

te
d

in
§1

.5.
4
its
co

ne
C
f
w
hi
ch

is
ac

om
pl
ex
,t
og
et
he

rw
ith

m
or

ph
ism

so
fc

om
pl
ex
es

α
f
∶Y
→
C
f,
β f
∶C

f
→

ΣX
,s

uc
h

th
at
α
f
○
f,
β f

○
α
f
an
d

Σ
f
○
α
f
ar
e
nu

ll
ho

m
ot
op

ic
.I

n
th
eh

om
ot
op

y
ca

te
go

ry
K

(A
),

th
is
co

ns
tr
uc

tio
n
gi
ve

sr
ise

to
a

tr
ia
ng

le
:

X
f Ð→
Y

α
f Ð→
C
f
β
f Ð→

ΣX
.

W
eh
av
ea

lso
pr

ov
ed

in
§1

.5.
5t

ha
tt
wo

ho
m

ot
op

ic
m

or
ph

ism
s
f,

g
∶X
→

Y
gi
ve

ris
et

o
iso

m
or

ph
ic

tr
ia
ng

le
s.

D
eû

ni
tio

n
(2

.4
.2
).
—

Le
tT

be
th
es
et

of
al
lt
ri
an

gl
es

in
K

(A
)w

hi
ch
ar
ei

so
m
or

-
ph

ic
to

th
e
co

ne
tr
ia
ng

le
of
a
m
or

ph
ism

of
co

m
pl
ex
es
.
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_
eorem

(2.4.3).—
Let

A
be
an
additive

category.Togetherw
ith

itstranslation
autom

orphism
,and

its
setoftriangles

T
,the

hom
otopy

category
K

(A
)
is
a

triangulated
category.

Letussay
thatatriangleisdistinguished

ifitbelongsto
T

.

Proof.—
1)
By

deûnition,atrianglew
hich

isisom
orphicto

adistinguished
triangleisdistinguished.

2)
Letusconsideradistinguished

triangleT
and

letusprovethattheshi�
ofT

isdistinguishedaswell.W
em

ayassum
ethatT

isthetriangleX
fÐ→
Y

gÐ→
C
f

hÐ→
ΣX

(w
here

g
=
α
f and

h
=
β
f ),so

thatitsshi�
isthetriangleY

−
g
Ð→

C
f
−
h
Ð→

ΣX
−Σ
f

ÐÐ→
ΣY.Bydeûnition,C

−
g =

C
f ⊕

Σ Y
=
Y
⊕

ΣX
⊕

ΣY,endowed
with

thediòerential

d
C
−
g =

( d
C
f

−
g

0
−d

Y )
=
⎛⎜⎜⎝ d

Y
Σ
f

1
0

−Σd
X

0
0

0
−Σ
d
Y ⎞⎟⎟⎠

.

Letu
=

(
01

−Σ
f )

∶ΣX
→
C
−
g ;letv

=
(
0

1
0)

∶C
−
g
→

ΣX.O
bserve

thatu
isa

m
orphism

ofcom
plexesbecause

d
C
−
g ○

u
=
⎛⎜⎜⎝ d

Y
Σ
f

1
0

−Σd
X

0
0

0
−Σ
d
Y ⎞⎟⎟⎠

⎛⎜⎜⎝

01
−Σ
f ⎞⎟⎟⎠

=
⎛⎜⎜⎝

0
−Σd

X
Σ
d
Y ○

Σ
f ⎞⎟⎟⎠
,

u
○
d

ΣX
=
−
⎛⎜⎜⎝

01
−Σ
f ⎞⎟⎟⎠

Σd
X
=
⎛⎜⎜⎝

0
−Σd

X
Σ
f○

Σ
d
X ⎞⎟⎟⎠

and
Σ
f○Σ

d
X
=

Σd
Y ○Σ

f,since
f∶X

→
Y

isam
orphism

ofcom
plexes.Sim

ilarly,

d
ΣX ○

v
=
−Σd

X ○ (0
1

0 )
=
(0

−Σd
X

0 ),

v
○
Σd

C
−
g =

(0
1

0 ) ⎛⎜⎜⎝ d
Y

Σ
f

1
0

−Σ
d
X

0
0

0
−Σ
d
Y ⎞⎟⎟⎠

=
(0

−Σd
X

0 ),

hence
v
isam

orphism
ofcom

plexes.O
nehas

v
○
u
=
(0

1
0 ) ⎛⎜⎜⎝

01
−Σ
f ⎞⎟⎟⎠

=
1.

3.5.CO
H
O
M

O
LO

G
Y
W

ITH
CO

M
PACT

SU
PPO

RT
111

C
orollary

(3.5.14).—
Let

f∶X
→

Y
be
a
continuousm

ap
oftopologicalspaces.

A
ssum

e
thatX

is
locally

com
pact.

_
en

the
functor

f! ∶
A
b(X)

→
A
b(Y)

is
le�

exactand
the

fullsubcategory
of
A
b(X)

consisting
ofso�

abelian
sheavesis

injective
w
ith

respectto
f! .

In
particular,thissubcategory

isinjective
w
ith

respectto
the

functorΓc (X,⋅)
of

globalsectionsw
ith
com

pactsupport.

Proof.—
Everyabelian

sheafcan
beem

bedded
into

a�asquesheaf,henceinto
a

so�
sheaf.Let0

→
F

′→
F
→

F
′′→

0
bean

exactsequenceofabelian
sheaves

on
X,w

here
F

′and
F

areso�;by
theproposition,thesheaf

F
′′isso�

aswell,
so

thatw
ejustneed

to
provethatthesequence0

→
f! F

′→
f! F

→
f! F

′′→
0

ofabelian
sheaveson

Y
isexact.By

le�
exactnessofthe

functor
f! ,itsuõ

ces
to

provethesurjectivity
ofthem

orphism
f! F

→
f! F

′′.By
proposition

??,its
ûberatapointy

∈Y
identiûeswith

them
orphism

Γc (X
y ,F

∣X
y )→

Γc (X
y ,F

′′
X

y ).
_
e
sequence

0
→

F
′∣X

y →
F

∣X
y →

F
′′∣X

y →
0
isexact,and

F
′X
y is�asque.

C
onsequently,thesequenceobtained

by
applying

thefunctorΓc (X
y ,⋅)isexact,

asw
asto

beshow
n.

Corollary(3.5.15).—
Letj∶U

→
X
betheinclusion

ofan
open

subset._
ereexists

a
unique

isom
orphism

of∂-functors
R

Γc (U
,⋅)
→

R
Γc (X

,⋅)○
j! w

hich
extends

the
isom

orphism
offunctorsΓc (U

,⋅)→
Γc (X

,j! (⋅)).

Proof.—
_
efunctor

j! isexact,becauseitinduceseithertheidentity,or0,on
theûbers.C

onsequently,thecom
position

R
Γc (X

,⋅)○
j! isindeed

a
∂-functor.

M
oreover,applying

thefunctor
j! to

an
injectiveresolution

G
0 →

...of
F
,one

getsa
so�

resolution
of

j! F
.Applying

the
functorΓc (X

,⋅),w
e
obtain

the
the

desired
isom

orphism
. (7
)

C
orollary

(3.5.16).—
LetX

be
a
locally

com
pacttopologicalspace.Let

F
be
an

abelian
sheafon

X
._

e
follow

ing
propertiesare

equivalent:

(i)
_
e
abelian

sheafF
isso�;

(ii)
O
nehasH

jc (U
,F

)=
0
forevery

open
subsetU

ofX
and

every
integer

j⩾
1;

(iii)
O
ne

hasH
1c (U

,F
)=

0
forevery

open
subsetU

ofX
.

(7)U
niqueness?
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CO

H
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O
LO

G
Y

O
F

SH
EA

V
ES

a)
Fo

re
ve

ry
op
en

su
bs
et

U
of
X,

th
e
se
qu
en
ce

0
→

Γ c
(U
,F

′ )
→

Γ c
(U
,F

)→
Γ c
(U
,F

′′
)→

0
is
ex
ac

t.
b)

If,
m
or
eo
ve

r,
F

is
so
�,

th
en

F
′′
is

so
�
as

w
el
l.

Pr
oo
f.
—

By
le
�-
ex
ac

tn
es

so
ft

he
fu

nc
to

rΓ
(U
,⋅)
,t
he

gi
ve

n
se

qu
en
ce

is
ex
ac

t
ex
ce

pt
po

ss
ib
ly
at

Γ(
U
,F

′′
),

so
th
at
we

ju
st

ne
ed

to
pr

ov
et

he
su

rje
ct
iv
ity

of
th
e

m
or

ph
ism

Γ(
U
,F

)→
Γ(

U
,F

′′
).

Le
tu

sû
rs
tp

ro
ve

th
is

su
rje
ct
iv
ity

in
th
ec
as
ew

he
re

U
=
X

is
co

m
pa
ct
.

Le
ts

′′
∈F

′′
(X

).
_
er
ee

xi
sts

aû
ni

te
co
ve

rin
g
(U

i)
1⩽

i⩽
n
of

X
an
d
af
am

ily
(s

i)
,

w
he

re
s i
∈

F
(U

i)
fo

re
ve

ry
i,

su
ch

th
at

s i
li�

ss
′′
∣ U

i.
Le

t(
V

i)
1⩽

i⩽
n
be
an

op
en

co
ve

rin
g
of

X
su
ch

th
at
V

i
⊂

U
i
fo

re
ve

ry
i(

lem
m
a3

.1.
8)

.F
or

m
∈{

1,
..

.,
n}
,l
et

W
m
=
V

1∪
⋅⋅
⋅∪

V
m
.L
et

us
sh

ow
by

in
du
ct
io
n
on

m
th
at

s′′
∣ W

m
li�

st
o
as
ec

tio
n

of
F

.F
or

m
=

1,
th
e
se
ct
io
n

s∣ W
1
li�

ss
′′
∣ W

1.
Le

ts
∈

F
(W

m
)b
e
a
se
ct
io
n

th
at

li�
ss

′′
∣ W

m
;t
he

re
st
ric

tio
ns

of
sa

nd
s m

+
1
to

W
m
∩
V

m
+
1
bo

th
li�

s′′
∣ W

m
∩
V

m
+
1,
so

th
at

th
ei
rd

iò
er
en
ce

sb
el
on

g
to

F
′ (W

m
∩
V

m
+
1)
.S

in
ce

F
′
is

so
�,

th
er
ee

xi
st
s

a
se
ct
io
n

s′
∈

F
′ (X

)
su
ch

th
at

s∣ W
m
∩
V

m
+
1
−

s m
+
1∣ W

m
∩
V

m
+
1
=

s′ ∣
W

m
∩
V

m
+
1.

_
en

s
an
d

s m
+
1
+

s′ ∣
V

m
+
1
co

in
ci
de

on
W

m
∩
V

m
+
1,
he

nc
e
ca

n
be

gl
ue
d

to
a
se
ct
io
n

of
F

(W
m
+
1)

th
at

li�
ss

′′
∣ W

m
+
1.
_

is
pr

ov
es

th
ed
es
ire
d

su
rje
ct
iv
ity

w
he

n
U
=
X

is
co

m
pa
ct
.

Le
t
no

w
U
be

an
op
en

su
bs
et

of
X
an
d

le
t
us

pr
ov
e

th
at

th
e
m

or
ph

ism
Γ c
(U
,F

)→
Γ c
(U
,F

′′
)i

ss
ur

je
ct
iv
e.

Le
ts

′′
∈
Γ c
(U
,F

′′
)a

nd
le
tV

be
an

op
en

ne
ig
hb

or
ho

od
of

s′′
su
ch

th
at
V

is
co

m
pa
ct
.S

in
ce

F
′ ∣ V

is
so

�
an
d
V

is
co

m
pa
ct
,

th
e
se
ct
io
n

s′′
li�

st
o
a
se
ct
io
n

s
∈

F
(V

).
_
e
re

st
ric

tio
n

s∣ ∂
V

m
ap

st
o
0

in
F

′′
(∂
V
),

he
nc
e
be

lo
ng

st
o

F
′ (
∂V

).
Si
nc
e

F
′
is

so
�,

th
er
e
ex

ist
sa

se
ct
io
n

t∈
F

′ (V
)s

uc
h

th
at

t∣ ∂
V
=
s∣ ∂

V
._

es
ec

tio
n
s−

t∈
F

(V
)l

i�
ss

′′
∣ V
an
d

re
str

ic
ts

to
0
on

∂V
.C

on
se

qu
en

tly
,it

se
xt
en

sio
n
by

0
is
an
ele

m
en

to
fF

(U
)w

hi
ch

li�
ss

′′
;

m
or
eo
ve

r,
its

su
pp

or
ti

sc
on

ta
in
ed

in
V
,h
en
ce

is
co

m
pa
ct
._

is
co

nc
lu
de

st
he

pr
oo
fo
fa

).
Le

tu
sû

na
lly
as

su
m
em

or
eo
ve

rt
ha

tF
is

so
�
an
d
let

us
pr

ov
et

ha
tF

′′
is

so
�

as
w
el
l.

Le
tA

be
a
co

m
pa
ct

su
bs
et

of
X
an
d
le
ts

′′
∈
Γ(
A
,F

′′
∣ A
).

Le
tV

be
an

op
en

ne
ig
hb

or
ho

od
of
A

su
ch

th
at
V

is
co

m
pa
ct
an
d
s′′

is
in
du
ce
d
by
as
ec

tio
n
of

F
′′
on

V
;w
es

til
ld
en

ot
ei

tb
y
s′′

.S
in
ce

F
′ ∣ V

is
so

�,
th
er
ee

xi
sts

s∈
F

(V
)t

ha
t

li�
ss

′′
.S

in
ce

F
is

so
�,

th
er
ee

xi
st
st

∈
Γ c
(X
,F

)t
ha

te
xt
en
ds

s.
_
ei

m
ag
e
t′′

of
ti

n
Γ c
(X
,F

′′
)e

xt
en
ds

s′′
._

at
co

nc
lu
de

st
he

pr
oo
fo
ft

he
pr

op
os

iti
on

.
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O
n

th
eo

th
er

ha
nd
,

u
○v

=
⎛ ⎜ ⎜ ⎝

0 1
−Σ
f⎞ ⎟ ⎟ ⎠

( 0
1

0)
=
⎛ ⎜ ⎜ ⎝0

0
0

0
1

0
0

−Σ
f

0
=⎞ ⎟ ⎟ ⎠

=
id
−
⎛ ⎜ ⎜ ⎝1

0
0

0
0

0
0

Σ
f

1⎞ ⎟ ⎟ ⎠
.

Le
tθ

∶C
−
g
→

Σ−
1 C

−
g
be
de
ûn
ed
by

th
em

at
rix

(0
0

1
0
0
) .

O
ne

ha
s

d C
−
g
θ
+
θd

C −
g
=
⎛ ⎜ ⎜ ⎝d Y

Σ
f

1
0

−Σ
d X

0
0

0
−Σ
d Y

⎞ ⎟ ⎟ ⎠

⎛ ⎜ ⎜ ⎝0
0

1
0

0⎞ ⎟ ⎟ ⎠

+
⎛ ⎜ ⎜ ⎝0

0
1

0
0⎞ ⎟ ⎟ ⎠

⎛ ⎜ ⎜ ⎝d Y
Σ
f

1
0

−Σ
d X

0
0

0
−Σ
d Y

⎞ ⎟ ⎟ ⎠

=
⎛ ⎜ ⎜ ⎝

1
0

0
0

0
0

−Σ
d Y

0
0⎞ ⎟ ⎟ ⎠

+
⎛ ⎜ ⎜ ⎝

0
0

0
0

0
0

d Y
Σ
f

1⎞ ⎟ ⎟ ⎠
=
⎛ ⎜ ⎜ ⎝1

0
0

0
0

0
0

Σ
f

1⎞ ⎟ ⎟ ⎠
=
id
−u

○v
.

Co
ns
eq

ue
nt

ly,
u
○v

−
id

is
nu

ll
ho

m
ot
op

ic
._

is
pr

ov
es

th
at

u
in
du
ce

sa
n
iso

m
or

-
ph

ism
fro

m
C
f
to
C −

g
in

th
eh

om
ot
op

y
ca

te
go

ry
,w

ith
in
ve

rs
ei

so
m

or
ph

ism
v.

Le
tu

sn
ow

pr
ov
et

ha
tt

he
di
ag

ra
m

Y
C
f

ΣX
ΣY

Y
C
f

C −
g

ΣY

←

→
−
g

⇐⇐

←

→
−
h

⇐⇐
←

→
−
Σ
f

⇐⇐

←

→
−
g

←

→
α −

g

←→v

←

→
β −

g

is
co

m
m

ut
at
iv
e.

In
de
ed
,o

ne
ha

s

v
○α

−
g
=
( 0

1
0)

⎛ ⎜ ⎜ ⎝0
0

1
0

0
1⎞ ⎟ ⎟ ⎠

=
( 1

0)
=
β f

.

W
eh
av
ep

ro
ve
d

th
at

th
et

ria
ng

le
ΣT

is
iso

m
or

ph
ic
do

th
ec

on
et

ria
ng

le
of
C −

g;
it
is

th
us
di

sti
ng

ui
sh
ed

.
O
ne

pr
ov
es

sim
ila

rly
,o

rb
y
co

ns
id
er

in
g
th
eo

pp
os

ite
ca

te
go

ry
of

C
,t
ha

tΣ
−
1 T

is
di

sti
ng

ui
sh
ed
as

w
el
l.
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3)
LetX

be
a
com

plex
and

let
f∶0

→
X
be

the
unique

m
orphism

.
O
ne

hasC
f =

X,α
f =

id,and
β
f =

0._
isleadsto

adistinguished
triangle0

→
X

1Ð→
X
→

0._
istriangle

isisom
orphic

to
the

triangle
0
→

X
−1
Ð→

X
→

0,w
hich

is
thereforedistinguished.Sinceashi�

ofadistinguished
triangleisdistinguished,

thisprovesthatthetriangleX
1Ð→
X
→

0
→

ΣX
isdistinguished.

4)
Forevery

m
orphism

f∶X
→

Y,theconetriangleX
fÐ→
Y

α
f
Ð→

C
f
β
f
Ð→

ΣX
is

distinguished,by
deûnition.

5)
Letusûnally

proveaxiom
(2.1.3.5):given

tw
o
distinguished

trianglesand
a
partialm

orphism
betw

een
them

,w
eneed

to
show

thatitcan
becom

pleted
into

a
distinguished

m
orphism

ofdistinguished
trianglesin

K
(A

).W
e
m
ay

assum
ethatthetwogiven

trianglesareconetriangles,and
chooserepresentatives

in
C

(A
).Letthusconsideradiagram

ofcom
plexesin

A
:

X
Y

C
u

ΣX

X
′

Y
′

C
u
′

ΣX
′

←

→
u

←→

f

←

→
α

u

←→g
←→h

←

→
β
u

←→Σ
f

←

→
u
′

←

→
α

u
′

←

→
β
u
′

w
here

u,u
′,f,g

arem
orphism

sofcom
plexessuch

thatg○
u
ishom

otopicto
u
′○
f;letθ

∶X
→

Σ
−1Y

′beahom
otopysuch

thatg○u
−
u
′○
f=

dθ
+
θd.Letus

show
theexistenceofam

orphism
h
∶Y

⊕
ΣX
→

Y
′⊕

ΣX
′such

thatthetriangle

X
′⊕

Y
(
u
′

g
0
−α
)

ÐÐÐÐ→
Y
′⊕

(Y
⊕

ΣX)
(
α
′

h
0
−
β
)

ÐÐÐÐ→
(Y

′⊕
ΣX

′)⊕
ΣX

(
β
′

Σ
f

0
−Σu
)

ÐÐÐÐÐ→
ΣX

′⊕
ΣY

isdistinguished.W
eseth

=
(

g
Σ
−
1θ

0
Σ
f
)._

en

h
○
α
−
α
′○

g
=
( g

Σ
−1θ

0
Σ
f
)
( 10 )

−
( 10 )

g
=
0,

Σ
f○
β
−
β
′○

h
=

Σ
f (0

1 )−
(0

1 )( g
Σ
−1θ

0
Σ
f
)
=
(0

Σ
f )−

(0
Σ
f )

=
0,

so
thatthepreceding

diagram
isindeed

am
orphism

ofdistinguished
triangles.

To
prove

thatitscone
isa

distinguished
m

orphism
,w
e
shallshow

thatthere
existsm

orphism
sofcom

plexesφ
and

ψ,asrepresented
by

thediagram
below,
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Lem
m
a
(3.5.10).—

Let
F
bea

so�
abelian

sheafon
a
locally

com
pattopological

spaceX
.Forevery

locally
com

pact
(6
)subspaceW

ofX
,the

sheafF
∣W

isso�

Proof.—
LetA

bea
com

pactsubsetofW
and

lets∈(F
∣W

∣A )(A
)
=

F
∣A (A

).
_
en
A

isacom
pactsubsetofX,hencethereexistst∈

F
(X)such

thatt∣A
=
s.

_
en

t∣W
isasection

of
F

∣W
(W

)w
hich

restrictsto
son

A
.

Proposition
(3.5.11).—

LetX
be
a
locally

com
pacttopologicalspace

and
let

F

be
a
so�

abelian
sheafon

X
.
LetA

be
a
com

pactsubsetofX
and

letU
be
an

open
neighborhood

ofA
.
_
e
canonicalm

orphism
Γc (U

,F
)
→

Γ(A
,F

∣A )
is

surjective.

Proof.—
LetV

be
an

open
neighborhood

ofA
such

thatV
iscom

pactand
contained

in
U
.Lets∈

Γ(A
,F

∣A ).LetB
=
A
∪

∂V
;since

A
∩

∂V
=
∅
,there

existsauniquesection
s
′ofF

∣B (B)w
hoserestriction

toA
isequalto

sand
w
hose

restriction
to

∂V
iszero.Since

F
isso�,there

existsa
section

t
′∈

Γ(X
,F

)
such

thatt
′∣A

=
sand

t
′∣∂V

=
0._

ere
existsan

open
neighborhood

W
′of∂V

such
thatt

′∣W
′=

0;letW
=
W

′∪
(X

V
)._

en
there

existsa
unique

section
t∈

F
(X)such

thatt∣V
=

t
′and

t∣W
=
0;indeed,W

∩
V
=
W

′∩
V
and

t
′∣W

′∩V
=
0.

Byconstruction,thesupportoftiscontained
in

X
W

⊂
V
.SinceV

iscom
pact

and
contained

in
U
,so

isthesupportoft.

Corollary(3.5.12).—
LetO

bea
so�

sheafofringson
a
locallycom

pacttopological
spaceX

,then
any

sheafofO
-m

oduleson
X

isso�.

Proof.—
Letindeed

F
beasheafof

O
-m

oduleson
X
and

letA
beacom

pact
subsetofX.Lets

∈
Γ(A

,F
∣A ).By

the
extension

theorem
3.2.11,there

exists
a
neighborhood

U
ofA

and
a

section
s
′∈

Γ(U
,F

)
such

that
s
′∣A

=
s.

Let
f
∈

Γc (U
,O

)
be

any
section

w
ith

com
pactsupportsuch

that
f∣A

=
1.

_
e

section
fs
′∈

Γ(U
,F

)hascom
pactsupport,hencecan

beextended
by

zero
to
a

section
t∈

Γ(X
,F

).By
construction,onehast∣A

=
f∣A s

′∣A
=
s.

Proposition
(3.5.13).—

LetX
be
a
locally

com
pacttopologicalspace

and
let0

→
F

′→
F
→

F
′′→

0
be
an
exactsequence

ofabelian
sheaveson

X
A
ssum

e
that

F
′isso�.

(6)Recallfrom
lem

m
a3.1.2thatasubsetW

ofalocallycom
pactspaceislocallycom

pactifand
onlyifitis

locally
closed.
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W
he

n
f
is

th
ec
an

on
ic
al

m
ap
fr
om

X
to
a
po

in
t,

th
ef

un
ct
or
f !
id
en

tiû
es

w
ith

th
ef

un
ct
or

Γ c
of

se
ct
io
ns

w
ith

co
m

pa
ct

su
pp

or
t.

3.
5.
6.
—

To
be
ab

le
to
co

m
pu

te
co

nv
en

ie
nt

ly
co

ho
m

ol
og

y
w
ith

co
m

pa
ct

su
p-

po
rt,

it
is
im

po
rt
an

tt
oû

nd
as

ui
ta
bl
ec
at
eg

or
yo
fa
be

lia
n
sh
ea
ve

sw
hi
ch

is
ad
ap

te
d

to
th
es
e
fu

nc
to

rs
an
d

is
as

la
rg
e
as

po
ss
ib
le
.O

n
lo
ca

lly
co

m
pa
ct

to
po

lo
gi
ca

l
sp
ac
es
,a
co

nv
en

ie
nt
ca

te
go

ry
is

th
at

of
so
�

sh
ea
ve

s.

D
eû

ni
tio

n
(3
.5
.7
).
—

Le
tX

be
a
lo
ca

lly
co

m
pa
ct

to
po

lo
gi
ca

ls
pa
ce
.A

n
ab
el
ia
n

sh
ea
fF

is
so

�(
5)

if
fo
re
ve

ry
co

m
pa
ct

su
bs

pa
ce
A

of
X,

th
e
ca

no
ni
ca

lm
or

ph
ism

F
(X

)→
F

∣ A
(A

)i
ss

ur
je
ct
iv
e.

Ex
am

pl
e(

3.
5.
8)

.—
Ev
er
y
�a

sq
ue

sh
ea
fo

n
a
lo
ca

lly
co

m
pa
ct

to
po

lo
gi
ca

ls
pa
ce

is
so
�. Le

ti
nd
ee
d
X
be
a
lo
ca

lly
co

m
pa
ct

to
po

lo
gi
ca

ls
pa
ce
an
d
le
tF

be
a
�a

sq
ue

sh
ea
fo

n
X.

Le
tA

be
a
co

m
pa
ct

su
bs
et

of
X
an
d

le
ts

∈
Γ(
A
,F

∣ A
).
By

th
e

ex
te
ns

io
n

th
eo

re
m

3.2
.11
,t

he
re
ex

ist
s
an

op
en

ne
ig
hb

or
ho

od
U

of
A
an
d
a

se
ct
io
n
s′
∈
Γ(

U
,F

)s
uc

h
th
at

s′ ∣
A
=
s.
By

th
ed
eû

ni
tio

n
of
a�
as

qu
es

he
af
,t
he

re
ex

ist
st

∈
Γ(
X
,F

)s
uc

h
th
at

t∣ U
=

s′ .
_
en

t∣ A
=
(t
∣ U
)∣ A

=
s′ ∣
A
=

s.
_

is
pr

ov
es

th
at

F
is

so
�.

Ex
am

pl
e
(3
.5
.9
).
—

Le
tX

be
al

oc
al
ly
co

m
pa
ct

to
po

lo
gi
ca

ls
pa
ce

._
e
sh
ea
fC

X
of
co

nt
in
uo

us
fu
nc

tio
ns

on
X

is
so
�.

Le
ti

nd
ee
d
A
be
a
co

m
pa
ct

su
bs
et

of
X
an
d
le
t
f
∈C

X
∣ A
(A

).
_
es

he
af

C
X
∣ A

is
th
es

he
af

of
ge

rm
so
fc

on
tin

uo
us
fu

nc
tio

ns
on

an
ei
gh
bo

rh
oo
d
of
A
,b

ut
th
e

ex
te
ns

io
n

th
eo

re
m

3.2
.11

im
pl
ie
st

ha
tf

is
in
du
ce
d
by
ac

on
tin

uo
us
fu

nc
tio

n
f′

de
ûn
ed

on
an

op
en

ne
ig
hb

or
ho

od
W

of
A
.W

em
ay
as

su
m
et

ha
tW

is
co

m
pa
ct
.B

y
U
ry

so
hn

’s
th
eo

re
m

(w
hi
ch

is
va

lid
on

co
m
pa
ct

sp
ac
es
),

th
er
ee

xi
sts

ac
on

tin
uo

us
fu

nc
tio

n
h
∶W

→
[0

;1
]s

uc
h

th
at

h
≡

1i
n
a
ne

ig
hb

or
ho

od
of
A
an
d

h
≡
0
on

∂W
.L
et

g
∶X
→

R
be
de
ûn
ed
by

g(
x)

=
h(
x)
f′
(x

)f
or

x
∈W

an
d

g(
x)

=
0
fo

r
x
∈X

W
.I

ts
re

str
ic
tio

n
to

W
is
co

nt
in

uo
us

;s
in
ce

X
W
an
d
W

is
ac

ov
er

in
g

of
X
by
clo

se
d
su
bs
et
s,

th
ef

un
ct
io
n
g
is
co

nt
in

uo
us

.B
yc

on
str

uc
tio

n,
it
co

in
ci
de

s
w
ith

f′
on

ne
ig
hb

or
ho

od
of
A
,s

o
th
at

th
es
ec

tio
n

g∣
A
of

C
X
∣ A
(A

)i
se

qu
al

to
f.

A
sim

ila
ra

rg
um

en
ts

ho
ws

th
at

th
es

he
af

of
C

∞
-fu

nc
tio

ns
on

ac
lo

se
d
su
bs
et
X

of
am

an
ifo

ld
is

so
�.

(5)
In

th
eb

oo
k
of

(G
od
em
en

t,
19

73
),
w
hi
ch
co

ns
id
er

sg
en
er
al

su
pp

or
tc

on
di

tio
ns
,t
hi

sn
ot

io
n
is
ca

lle
d

c-
so

�.

2.4
.T

H
E

H
O
M

O
TO

PY
CA

TE
G
O

RY
O
F
A
N
A
D
D
IT

IV
E
CA
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G
O

RY
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th
at

gi
ve

ris
et

o
iso

m
or

ph
ism

s,
in
ve

rs
eo

ne
of

th
eo

th
er
:

X′
⊕
Y

Y′
⊕
Y
⊕

ΣX
Y′
⊕

ΣX
′
⊕

ΣX
ΣX

′
⊕

ΣY

X′
⊕
Y

Y′
⊕
Y
⊕

ΣX
Y′
⊕
Y
⊕

ΣX
⊕

ΣX
′
⊕

ΣY
ΣX

′
⊕

ΣY

← →
(
u′

g
0
−
1

0
0
)

⇐⇐

⇐⇐⇐⇐

←

→
(

1
g

θ
0
0
f

0
0
−
1)

←→φ

←

→
(
0

1
f

0
0
−
u
)

⇐⇐

← →
(
u′

g
0
−
1

0
0
)

← →
⎛ ⎜ ⎝

1
0
0

0
1
0

0
0

1
0
0
0

0
0
0

⎞ ⎟ ⎠

← →
(
0
0
0

1
0

0
0
0
0

1)

←→ψ

Se
t

φ
=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝1
0

θ
0

0
0

0
0

−1
0

1
f

0
0

−u

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

an
d

ψ
=
⎛ ⎜ ⎜ ⎝

1
0

0
0

0
g

0
0

1
0

θ
f
−1

0
0⎞ ⎟ ⎟ ⎠

.

W
rit
e
A
,B
,C

fo
rt

he
m
at
ric
es

of
th
e
ûr

st
ro
w,
an
d
A
′ ,B

′ ,C
′
fo

rt
ho

se
of

th
e

se
co

nd
ro
w.

O
ne

ha
s

ψ
A
′
=
A
,

B′
φ
=
B,

ψ
○φ

=
id

.

M
or
eo
ve

r,

φ
○φ

=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝1
g

0
0

0
0

0
0

0
0

0
0

1
0

0
0

0
0

1
0

0
0

u
0

0⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

=
id
+

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝0
g

0
0

0
0

−1
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

u
0

−1

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

.

Le
t

H
=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
1

0
0

0⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

∶Y
′
⊕
Y
⊕

ΣX
⊕

ΣX
′
⊕

ΣY
→

Σ−
1 Y

′
⊕

Σ−
1 Y
⊕
X
⊕
X′
⊕
Y.
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_
ediòerentialoftheconeY

′⊕
Y
⊕

ΣX
⊕

ΣX
′⊕

ΣX
isgiven

by

δ
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝ d
0

0
u
′

g
0
d

u
0

−1
0

0
−d

0
0

0
0

0
−d

0
0

1
0

0
−d ⎞⎟⎟⎟⎟⎟⎟⎟⎠

,

and
onechecksthatδH

+H
δ
=
φ○ψ−id.Consquently,φ

and
ψ
areisom

orphism
s

in
thehom

otopy
category,inverseoneoftheother.C

onsequently,theûrstrow
isisom

orphicto
thebottom

row,w
hich

isacone,henceitisisacone.
_

isconcludestheproofofthetheorem
.

2.5.
Localization

D
eûnition

(2.5.1).—
Let

C
,D

betriangulated
categories.A

functorF
∶
C
→

D

iscalled
a
triangulated

functorifitisadditive,com
m
utesw

ith
translations,and

if
itm

apsa
distinguished

triangle
in

C
to
a
distinguished

triangle
in

D
.

2.5.2.
—

Let
C
bea

triangulated
category.A

subcategory
D

of
C

iscalled
a

triangulated
subcategoryifthefollow

ing
propertieshold:

(i)
Every

objectof
C

w
hich

isisom
orphicto

an
objectof

D
belongsto

D
;

(ii)
Forevery

objectsX
,Y

of
D
,onehas

D
(X
,Y)=

C
(X
,Y);

(iii)
_
esubcategory

D
isstableunderthetranslation

functorofC
and

under
ûnitecoproducts;

(iv)
Foreverym

orphism
f∶X

→
Y

in
D
,thereexistsadistinguished

triangle
X

fÐ→
Y

gÐ→
Z

hÐ→
ΣX

in
C
,and

Z
isan

objectof
D

.
_
eseaxiom

sim
ply

that
D

isatriangulated
category

w
hen

endow
ed

w
ith

the
restriction

ofthe
translation

functor
Σ
and

the
setoftriangles

of
C

w
hose

verticesbelongto
D
,and

thattheinclusion
functorisafullyfaithfultriangulated

functor.
M

oreover,in
a
distinguished

triangle
X
→

Y
→

Z
→

ΣX,iftw
o
objectsout

ofthreebelong
to

D
,then

so
doesthethird

one._
isholdsby

hypothesisifX
and

Y
belong

to
D
,and

the
tw

o
othercasesfollow

by
considering

translated
triangles.
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w
e
see

thatthere
existsa

unique
elem

ents
∈
f∗ F

(U
)
such

thats∣V
=

sV
for

every
V
∈

V
;indeed,f∗ F

isa
sheaf._

en,forevery
V
∈

V
,the

intersection
supp(s)

∩
f
−1(V

)
is

proper
over

V
;consequently,supp(s)

is
proper

over
U
,

hence
s∈

f! F
(U

)._
isprovesthat

f! F
isa

subsheafof
f∗ F

,and
concludes

theproofoftheproposition.

3.5.3.
—

Let
f∶X

→
Y
beacontinuousm

ap
oftopologicalspaces.

Let
u
∶
F
→

G
be

a
m

orphism
ofabelian

sheaves
on

X.
For

every
open

subsetV
ofY,the

m
orphism

f∗ (u)∶
f∗ F

(V
)
→
f∗ G

(V
)
m
aps

f! F
(V

)
to

f! G
(V

).Indeed,theim
age

f∗ (u)(s)ofasection
s∈
f! F

(V
)isthesection

u(s)
off∗ G

(f
−1(V

));itssupportisaclosed
subsetofthesupportofs,henceisproper

overV
.

C
onsequently,them

aps
F
↦
f! F

and
u
↦
f! (u)deûnea

functorfrom
the

category
A
b(X)to

thecategory
A
b(Y).

Lem
m
a
(3.5.4).—

_
e
functor

f! isa
le�-exactadditive

functor.
(4
)

Proof.—
Itfollow

sfrom
itsdeûnition

thatthefunctor
f! isadditive.

Let0
→

F
′→

F
→

F
′′bean

exactsequenceofabelian
sheaveson

X
and

let
usshow

thatthediagram
0
→
f! F

′→
f! F

→
f! F

′′ofabelian
sheaveson

Y
is

an
exactsequence.
LetV

bean
open

subsetofY
and

lets∈
f! F

′(V
)m

ap
to

0
in
f! F

(V
)._

en
s,view

ed
asan

elem
entof

F
′(f

−1(V
)),m

apsto
0

in
F

(f
−1(V

)).Since
the

m
orphism

from
F

′to
F

isam
onom

orphism
,onehass=

0._
isshow

sthat
them

orphism
f! F

′→
f! F

isam
onom

orphism
.

Letthen
s∈
f! F

(V
)m

ap
to

0
in
f! F

′′(V
).Again,thesection

s,w
hen

viewed
asan

elem
entof

F
(f

−1(V
))

m
apsto

0
in

F
′′(f

−1(V
)).By

deûnition
ofthe

exactness
ofthe

sequence
0
→

F
′→

F
→

F
′′,there

exists
a

unique
sec-

tion
s
′∈

F
′(f

−1(V
))

w
hich

m
aps

to
s.

Since
the

m
orphism

F
′→

F
is
a

m
onom

orphism
,thesupportofs

′isequalto
thesupportofs,henceisproper

overV
,since

s∈
f! F

(V
)._

isprovesthatthesection
sof

f! F
(V

)istheim
age

ofasection
of
f! F

′(V
),asw

asto
beshow

n.

3.5.5.
—

By
thegeneraltheory

ofderived
functors,thefunctor

f! ,foracontin-
uousm

ap
f∶X

→
Y,givesrise

to
a
functor

R
f! ∶

D
(A

b(X))
→

D
(A

b(Y)).

(4)Provethegeneralcom
m

utation
with

ûltered
colim

its,aswellascom
m

utation
with

arbitrarycoproducts.
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3.
CO

H
O
M

O
LO

G
Y

O
F

SH
EA

V
ES

(ii
i)
Fo

re
ve

ry
ex
ac

ts
eq

ue
nc
e
0
→

F
′
→

F
→

F
′′
→

0
of

�a
sq

ue
ab
el
ia
n

sh
ea
ve

so
n
X,

th
ed

ia
gr
am

0
→
f ∗

F
′
→
f ∗

F
→
f ∗

F
′′
→

0
of
ab
el
ia
n

sh
ea
ve

s
on

Y
is
ex
ac

t.
_
e
ûr

st
pr

op
er

ty
fo
llo

w
sf

ro
m
ex
am

pl
e
3.4

.8
,a

nd
th
e
se
co

nd
on
e
fo
llo

w
s

fr
om

pr
op

os
iti

on
3.4

.12
,b

).
Le

tu
sû

na
lly

pr
ov
et

he
la
st

on
e.

Le
tV

be
an

op
en

su
bs
et

of
Y.

Ta
ki
ng

se
ct
io
ns

on
V
,t
he

gi
ve

n
di
ag

ra
m

in
du
ce

sa
di
ag

ra
m

0
→

f ∗
F

′ (V
)
→
f ∗

F
(V

)
→
f ∗

F
′′
(V

)
→

0
of
ab
el
ia
n

gr
ou

ps
,w

hi
ch

id
en

tiû
es

w
ith

th
e
di
ag

ra
m

0
→

F
′ (
f−

1 (
V
))
→

F
(f

−
1 (
V
))
→

F
′′
(f

−
1 (
V
))
→

0.
By

pr
op

os
iti

on
3.4

.12
,t
he

la
tte

rd
ia
gr
am

is
ex
ac

t.
In

pa
rt
ic
ul
ar
,t
he

in
iti
al
di
ag

ra
m

is
ex
ac

t,
as

w
as

to
be

sh
ow

n.

3.
5.
C
oh

om
ol

og
y
w
it
h
co

m
pa
ct

su
pp

or
t

3.
5.
1.
—

Le
tf

∶X
→

Y
be
ac

on
tin

uo
us

m
ap

.L
et

F
be
an
ab
eli
an

sh
ea
fo

n
X.
Fo

r
ev
er
y
op
en

su
bs
et
V

of
Y,

le
tf

!F
(V

)b
et

he
se

to
fa

ll
se
ct
io
ns

s∈
F

(f
−
1 (
V
))

w
ho

se
su

pp
or

ti
sp

ro
pe

r
an
d

se
pa

ra
te
d

ov
er

V
,t

ha
ti

s,
su
ch

th
at

th
e
m
ap
f

in
du
ce

sb
y
re

str
ic
tio

n
ap

ro
pe

ra
nd

se
pa

ra
te
d
m
ap
f∣ s

up
p(

s)
∶s

up
p(

s)
→
f−

1 (
V
).

_
is

is
as

ub
gr

ou
p
of
f ∗

F
(V

).

Pr
op

os
iti

on
(3
.5
.2
).
—

Le
t
f
∶X
→

Y
be
a
co

nt
in
uo

us
m
ap

.
Fo

r
ev
er
y
ab
el
ia
n

sh
ea
fF

on
X,
f !F

is
an
ab
eli
an

su
bs

he
af

of
f ∗

F
.

Pr
oo
f.
—

Le
tV

be
an

op
en

su
bs
et

of
Y.

_
es

up
po

rt
of

th
ez
er
o

se
ct
io
n
of
f ∗

F

is
em

pt
y,

he
nc
ei

sp
ro

pe
ro

ve
rV

.L
et

th
en

s,
s′
∈F

(f
−
1 (
V
))

;c
on

sid
er

th
em

as
el
em
en

ts
th
es

up
po

rt
of

th
ee

le
m
en

ts
+
s′

is
co

nt
ai
ne
d
in

th
eu

ni
on

su
pp

(s
)∪

su
pp

(s
′ );

it
is

pr
op
er

ov
er

V
;c

on
se

qu
en

tly
,s

+
s′
∈
f !F

(V
).

Si
m

ila
rly
,t

he
su

pp
or

to
f−

si
se

qu
al

to
th
e
su

pp
or

to
fs
,s

o
th
at
−s

∈
f !F

(V
)
if

s
∈
f !F

(V
).

_
is

sh
ow

st
ha

tf
!F

(V
)i

sa
su
bg

ro
up

of
f ∗

F
(V

).
Le

tU
,V

be
op
en

su
bs
et
so
fY

su
ch

th
at
V
⊂

U
.L
et

s∈
f ∗

F
(U

)=
F

(f
−
1 (
U
))

.
O
ne

ha
ss

up
p(

s∣ f
−
1 (
V
)
)
=

su
pp

(s
)∩

f−
1 (
V
).
C
on

se
qu
en

tly
,s

up
p(

s)
is

pr
op
er

ov
er

U
,t

he
n

su
pp

(s
∣ f−

1 (
V
)
)
is

pr
op
er

ov
er

V
.
C
on

se
qu
en

tly
,t

he
re

st
ric

tio
n

m
or

ph
ism

f ∗
F

(U
)
→
f ∗

F
(V

)
m
ap

s
f !F

(U
)
in

to
f !F

(V
).

In
ot

he
rw

or
ds
,

f !F
is
as

ub
-p

re
sh
ea
fo
ff

∗
F

.
Le

tû
na

lly
U
be
an

op
en

su
bs
et

of
Y,

le
tV

be
an

op
en
co
ve

rin
g
of

U
an
d
le
t

(s
V
) V

∈
V
be
a
fa
m

ily
,w

he
re

s V
∈
f !F

(V
),

su
ch

th
at

s V
∣ V
∩
W
=

s W
∣ V
∩
W
fo

re
ve

ry
V
,W

∈
V

.V
ie
w
in

g
th
es
ec

tio
n

s V
as
an
el
em
en

to
ff

∗
F

(V
),
fo

re
ve

ry
V
∈

V
,

2.5
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_
e
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
D

is
sa

id
to
be

th
ic
k
if
fo

re
ve

ry
ob

je
ct

sY
,Y

′

of
C

su
ch

th
at
Y
⊕
Y′

is
an

ob
je
ct

of
D
,t
he

n
Y,

Y′
∈o
b(
D

).

Le
m
m
a
(2

.5
.3
).
—

Le
tF

∶C
→

D
be
a
tr
ia
ng

ul
at
ed
fu
nc

to
r.
Le

tK
er
(F

)b
e
th
e

fu
ll
su
bc
at
eg

or
y
of
C

w
ho

se
ob

je
ct
sa

re
th
eo
bj
ec
ts
X
∈o
b(
C

)s
uc

h
th
at
F(
X)

≃
0.

_
en

Ke
r(
F)

is
a
th
ic
k
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y.

Pr
oo
f.
—

a)
Le

tX
∈o
b(

Ke
r(
F)

);
th
en
F(
X)

≃
0,

he
nc
eF

(Σ
X)

=
Σ(
F(
X)

)≃
0,

so
th
at

ΣX
∈o
b(

Ke
r(
F)

).
O
ne

pr
ov
es

sim
ila

rly
th
at

if
X
∈o
b(

Ke
r(
F)

),
th
en

Σ−
1 X

∈o
b(

Ke
r(
F)

)t
oo

.
b)

Le
tX
,Y

∈o
b(
C

)b
es

uc
h

th
at
X
≃
Y;

if
F(
X)

≃
0,

th
en
F(
Y)

≃
F(
X)

≃
0;

c)
Le

tY
,Y

′
∈o
b(
C

) ;
if
Y
⊕
Y′

∈K
er
( F

),
th
en

0
≃
F(
Y
⊕
Y′

)≃
F(
Y)

⊕
F(
Y′

) ,
he

nc
eF

(Y
)≃

0
an
d
Y
∈K

er
(F

);
d)

Le
tX

→
Y
→

Z
→

ΣX
be

a
di

st
in

gu
ish
ed

tr
ia
ng

le
in

C
;a

ss
um

e
th
at

X
,Y

∈
ob

(K
er
(F

))
,s

o
th
at
F(
X)

≃
F(
Y)

≃
0;

th
en

0
→

0
→
F(
Z)
→

0
is
a

di
sti

ng
ui

sh
ed

tr
ia
ng

le
in

D
,s

o
th
at
F(
Z)

≃
0,

he
nc
eZ

∈o
b(

Ke
r(
F)

).

_
ef

ol
lo
w
in

g
th
eo

re
m
as

se
rt
st

ha
te
ve

ry
th

ic
k
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
ap

-
pe
ar

si
n

th
is
w
ay

.

_
eo

re
m

(2
.5
.4
)
(V
er
di
er
).
—

Le
tC

be
a
tr
ia
ng

ul
at
ed
ca

te
go

ry
an
d
le
tN

be
a
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
of

C
.
_
er
e
ex

ist
a
tr
ia
ng

ul
at
ed
ca

te
go

ry
D
an
d
a

tr
ia
ng

ul
at
ed
fu
nc

to
rF

∶C
→

D
su
ch

th
at
:

a)
N

⊂
Ke

r(
F)

;
b)

If
F′
∶C

→
D

′
is
a
tr
ia
ng

ul
at
ed
fu
nc

to
rs

uc
h
th
at
N

⊂
Ke

r(
F′
) ,

th
er
ee

xi
sts

a
un

iq
ue

tr
ia
ng

ul
at
ed
fu
nc

to
rG

∶D
→

D
′
su
ch

th
at
F′
=
G
○F

.

M
or
eo
ve

r,
Ke

r(
F)

is
th
e
sm
al
le
st

th
ic
k
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
of

C
co

nt
ai
n-

in
g
N

.

_
e
pr

oo
fo
ft

he
th
eo

re
m

w
ill

oc
cu

py
th
e
re

st
of

th
e
se
ct
io
n.

W
e
co

ns
id
er

th
ro

ug
ho

ut
at

ria
ng

ul
at
ed
ca

te
go

ry
C
an
d
at

ria
ng

ul
at
ed

su
bc
at
eg

or
y
N

.

D
eû

ni
tio

n
(2

.5
.5
).
—

O
ne

sa
ys

th
at
a
m
or

ph
ism

f
∶X
→

Y
in
C

is
an

iso
m
or

ph
ism

(m
od

N
)i
ft

he
re
ex

ist
sa
di
st
in
gu

ish
ed

tr
ia
ng

le
X

f Ð→
Y
→

Z
→

ΣX
in

C
su
ch

th
at

Z
∈o
b(
N

).

By
co

ro
lla

ry
2.
2.
4,

th
is

im
pl
ie
st

ha
tZ

∈o
b(
N

)f
or
ev
er
y
su
ch
di

st
in

gu
ish
ed

tr
ia
ng

le.
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Lem
m
a
(2.5.6).—

a)
Ifa

m
orphism

in
C

is
an

isom
orphism

,then
itis

an
isom

orphism
(m

od
N

);
b)

Let
f∶X

→
Y
and

g∶Y
→

Z
bem

orphism
sin

C
;iftw

o
m
orphism

sam
ong

f,g
and

g○
f
are

isom
orphism

s(m
od

N
),then

so
isthe

third
one;

c)
Let

f∶X
→

Y
bea

m
orphism

in
C

._
en
f
isan

isom
orphism

(m
od

N
)
if

and
only

ifΣ
f
isan

isom
orphism

(m
od

N
).

A
sa

consequence,there
existsa

unique
subcategory

S
of

C
w
hose

setof
m

orphism
sisthesetofisom

orphism
s(m

od
N

).Itssetofobjectsisthesetof
objectsof

C
.

Proof.—
a)

Indeed,if
fisan

isom
orphism

,then
thetriangleX

fÐ→
Y
→

0
→

ΣX
isdistinguished,and

0
∈
N

.
b)

Letusconsideran
octahedraldiagram

X
Y

U
ΣX

X
Z

V
ΣX

W
W

ΣX
ΣY

ΣU
Σ

2X
.

←

→
f

⇐⇐

←

→

←→g

←→

←

→

⇐⇐

←
→

g
○f

←→

←
→

←
→

←→

←→

⇐

⇐

←→

←

→

←

→

←

→

By
deûnition,f,resp.g,resp.g○

f,isan
isom

orphism
(m

od
N

)ifand
only

if
U
,resp.W

,resp.V
,isan

objectof
N

.Since
N

isatriangulated
subgcategory

of
N
,if,in

the
distinguished

triangle
U
→

V
→

W
→

ΣU
,tw

o
objectsoutof

threebelong
to

N
,then

so
doesthethird

one._
isim

pliestheclaim
.

c)
Letusassum

ethat
fisan

isom
orphism

(m
od

N
)and

letX
fÐ→
Y

gÐ→
Z

hÐ→
ΣX

be
a
distinguished

triangle,w
here

Z
∈

ob(N
).

Translating
thistriangle

threetim
es,oneobtainsadistinguished

triangleΣX
−Σ
f

ÐÐ→
ΣY

−Σ
g

ÐÐ→
ΣZ

−Σ
h

ÐÐ→
Σ

2X,
w
hich

isisom
orphic

to
the

triangle
ΣX

Σ
f
Ð→

ΣY
Σ
g
Ð→

ΣZ
−Σ

h
ÐÐ→

Σ
2X.Since

ΣZ
is

an
objectof

N
,thisshow

sthatΣ
g
isan

isom
orphism

(m
od

N
)._

e
other

direction
isanalogous.

3.4.D
IRECT

IM
AG

ES
105

By
Zorn’slem

m
a,wem

ay
consideram

axim
alelem

ent(W
,t)of

R
;letusshow

thatW
=
X.By

hypothesis,thereexistsan
open

covering
V

ofX
and,forevery

V
∈

V
,an

elem
enttV

∈
F

(V
)
w
hich

m
apsto

s∣V
in

F
′′(V

).IfW
≠
X,there

existsan
open

subsetV
∈

V
such

thatV
/⊂
W

._
en

the
elem

ents
t∣V

∩W
and

tV ∣V
∩W

of
F

(V
∩
W

)
both

m
ap

to
s∣V

∩W
in

F
′′(V

∩
W

);consequently,their
diòerencebelongsto

F
′(V

∩
W

).Since
F

′is�asque,thereexistsu
∈
F

′(X)
such

that
t∣V

∩W
−

tV ∣V
∩W

=
u∣V

∩W
.
In

otherw
ords,the

elem
ents

t
∈

F
(W

)
and

tV
+

u∣V
∈

F
(V

)
agree

on
V
∩
W

;consequently,there
exists

a
unique

section
t
′∈(W

∪
V
)w

hich
restrictsto

ton
W
and

to
tV
+
u∣V

on
V
;itm

apsto
s∣W

∪V
in

F
′(W

∪
V
).In

particular,(W
∪
V
,t
′)

isan
elem

entof
R

such
that

(W
,t)⪯

(W
∪
V
,t
′),contradicting

thehypothesisthat(W
,t)w

erem
axim

al.
LetU

bean
open

subsetofX.Byrestriction
to

U
,theinitialexactsequenceof

sheaveson
X
furnishesan

exactsequenceofsheaveson
U
,and

F
′∣U

is�asque.
By

thecasealready
treated,thediagram

0
→

F
′(U

)→
F

(U
)→

F
′′(U

)→
0

isexact.
A
ssum

e
now

that
F

is�asque
asw

ell;letusshow
that

F
′′is�asque.Let

U
be
an

open
subsetofX

and
lets

∈
F

′′(U
).By

w
hatprecedes,there

exists
t∈

F
(U

)w
hich

m
apsto

s.Since
F

is�asque,thereexistst
′∈

F
(X)such

that
t
′∣U

=
t._

en
theim

age
s
′oft

′in
F

′′(X)satisûess
′∣U

=
s.Consequently,F

′′is
�asque.

C
orollary

(3.4.13).—
Let

f∶X
→

Y
be
a
continuousm

ap
oftopologicalspaces.

_
efullsubcategory

ofA
b(X)

consistingof�asquesheavesisinjectivew
ith

respect
to

the
functor

f∗ .
In

particular,thecategory
of�asquesheaveson

X
isinjectivew

ith
respectto

the
globalsectionsfunctorΓ(X

,⋅).

Asaconsequence,ifF
●isacom

plex
in

K
+(A

b(X))such
that

F
jis�asque,

forevery
j,then

thecanonicalm
orphism

f∗ F
●→

R
f∗ F

●isahom
ologism

of
com

plexesofabelian
sheaves,henceitinducesan

isom
orphism

in
D

+(A
b(Y)).

Proof.—
W
eneed

to
check

thethreepropertiesofdeûnition
2.7.5:

(i)
Every

abelian
sheafon

X
em
bedsin

a�asquesheaf.
(ii)

Forevery
exactsequence

0
→

F
′→

F
→

F
′′→

0
ofabelian

sheaves
on

X,w
here

F
′and

F
′′are�asque,thesheaf

F
′′is�asque.
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Pr
op

os
iti

on
(3
.4
.10

).
—

Le
t
F
be
a

sh
ea
fo

n
X.

A
ss
um
e
th
at
fo
r
ev
er
y
op
en

su
bs
et

U
of
X
an
d
ev
er
y
s
∈

F
(U

),
th
er
e
ex

ist
sa

n
op
en
co
ve

ri
ng

V
of
X

su
ch

th
at
fo
re

ve
ry

V
∈V

,t
he

re
ex

ist
st

V
∈F

(V
)s

uc
h
th
at

t V
∣ U
∩
V
=
s∣ U

∩
V
._

en
F

is
�a

sq
ue

.

Pr
oo
f.
—

Le
tU

be
an

op
en

su
bs
et

of
X
an
d
let

s∈
F

(U
).

Le
tu

ss
ho

w
th
at

th
er
e

ex
ist

st
∈

F
(X

)s
uc

h
th
at

t∣ U
=

s.
Le

tR
be

th
e
se

to
fp
ai
rs

(V
,t
),
w
he

re
V

is
an

op
en

su
bs
et

of
X
an
d

t∈
F

(V
).

_
er
el
at
io
n
⪯
de
ûn
ed
by

(V
,t
)
⪯
(V

′ ,
t′ )

if
an
d

on
ly

if
V

⊂
V
′
an
d

t′ ∣
V
=

t
is
an

or
de

rin
g

re
la
tio

n
on

R
;m

or
eo
ve

r,
th
eo

rd
er
ed

se
tR

is
in
du
ct
iv
e.
By

Zo
rn

’s
le
m

m
a,
w
em

ay
co

ns
id
er
am

ax
im
al

el
em
en

t(
W
,t
)
of

R
su
ch

th
at

(U
,s
)
⪯

(W
,t
);

le
tu

ss
ho

w
th
at

W
=
X.

By
hy

po
th
es
is,

th
er
e
ex

ist
s
an

op
en

co
ve

rin
g

V
of

X
an
d,
fo

r
ev
er
y
V

∈
V
,a

n
el
em
en

tt
V
∈

F
(V

)
su
ch

th
at

t V
∣ U
∩
W
=

t∣ W
∩
V
.I
fW

≠
X,

th
er
e
ex

ist
sa

n
op
en

su
bs
et
V
∈V

su
ch

th
at
V

/⊂
W

;t
he

n,
th
er
ee

xi
sts

au
ni

qu
es
ec

tio
n

t′
∈(

W
∪
V
)

w
hi
ch

re
str

ic
ts

to
to

n
W
an
d

to
t V

on
V
.I

n
pa

rt
ic
ul
ar
,(
W
∪
V
,t
′ )

is
an
ele

m
en

t
of

R
su
ch

th
at

(W
,t
)⪯

(W
∪
V
,t
′ ),
co

nt
ra
di
ct
in

g
th
eh

yp
ot

he
sis

th
at

(W
,t
)

w
er
em

ax
im
al
.

C
or

ol
la
ry

(3
.4
.11

).
—

Le
tF

be
a
sh
ea
fo

n
X.
A
ss
um
e
th
at

th
er
e
ex

ist
sa

n
op
en

co
ve

ri
ng

V
of
X

su
ch

th
at

F
∣ V

is
�a

sq
ue
,f
or
ev
er
y
V
∈F

._
en

F
is

�a
sq

ue
.

Pr
oo
f.
—

In
de
ed
,t

he
co

nd
iti

on
of

th
e
pr

op
os

iti
on

is
sa

tis
ûe
d:

sin
ce

F
∣ V

is
�a

sq
ue
,t
he

re
ex

ist
st

∈F
(V

)w
hi
ch

re
str

ic
ts

to
s∣ U

∩
V
.

Pr
op

os
iti

on
(3
.4
.12

).
—

Le
t0
→

F
′
→

F
→

F
′′
→

0
be
an
ex
ac

ts
eq

ue
nc
e
of

ab
eli
an

sh
ea
ve

s.
A
ss
um
e
th
at

F
′
is

�a
sq

ue
.

a)
Fo

r
ev
er
y
op
en

su
bs
et

U
of

X,
th
e
se
qu
en
ce

0
→

F
′ (U

)
→

F
(U

)
→

F
′′
(U

)→
0
is
ex
ac

t.
b)

If
F

is
�a

sq
ue
,t
he

n
F

′′
is

�a
sq

ue
as

w
el
l.

Pr
oo
f.
—
(
3)

It
is
a
ge

ne
ra

lf
ac

tt
ha

tt
he

se
qu
en
ce

0
→

F
′ (X

)
→

F
(X

)
→

F
′′
(X

)→
0
is
ex
ac

t,
ex
ce

pt
po

ss
ib
ly
at

F
′′
(X

).
Le

ts
∈F

′′
(X

).
Le

tu
ss

ho
w

th
at

th
er
ee

xi
sts

t∈
F

(X
)w

ith
im
ag
es

.L
et

R
be

th
es
et

of
pa

irs
(V
,t
),
w
he

re
V

is
an

op
en

su
bs
et

of
X
an
d
t∈

F
(V

)m
ap

st
o
s∣ V

in
F

′′
(V

).
_
er
el
at
io
n
⪯
de
ûn
ed
by

(V
,t
)⪯

(V
′ ,
t′ )

if
an
d
on

ly
if
V
⊂
V
′
an
d

t′ ∣
V
=

ti
sa

n
or
de

rin
g
re
la
tio

n
on

R
;m

or
eo
ve

r,
th
eo

rd
er
ed

se
tR

is
in
du
ct
iv
e.

(3
) _

is
se
em

st
o
be
an

ot
he

ri
ns

ta
nc
eo
ft

he
sa

m
er
ea

so
ni

ng
.F

in
d
au

ni
fy
in

g
sta

te
m
en

t?

2.5
.L

O
CA

LI
ZA

TI
O
N

57

2.
5.
7.
—

Le
tX

,Y
be

ob
je
ct

so
fC

.L
et
D
(X
,Y

)
be

th
e
se

to
ft

rip
le
s(

Z,
f,

g)
w
he

re
Z
∈o
b(
C

),
f
∈S

(Z
,X

)i
sa

n
iso

m
or

ph
ism

(m
od

N
)a

nd
g
∈C

(Z
,Y

);
w
er
ep

re
se

nt
su
ch
at

rip
le
by

th
ed

ia
gr
am Z

X
Y

←

→f

← →g

Le
t∼

be
th
e
re
la
tio

n
in
D
(X
,Y

)
de
ûn
ed
as
fo
llo

w
s:

(Z
′ ,
f′
,g

′ )
∼

(Z
′′
,f

′′
,g

′′
)

if
th
er
e
ex

ist
sa

tr
ip
le

(Z
,f
,g

)
∈
D
(X
,Y

)
an
d

iso
m

or
ph

ism
s(

m
od

N
)
u′

∈
S
(Z
,Z

′ )
an
d
u′
′
∈S

(Z
,Z

′′
)s

uc
h
th
at
f
=
f′
○u

′
=
f′
′ ○
u′
′
an
d
g
=

g′
○u

′
=

g′
′ ○
u′
′ .

W
er
ep

re
se

nt
th

is
by

th
ed

ia
gr
am

:

Z′

X
Z

Y

Z′
′

←

→f′

←

→g′
←→

u′

←→u
′
′

←

→ f

←

→
g

←

→

f′
′

←

→
g′
′

Le
m
m
a
(2

.5
.8
).
—

a)
Le

t

Y
Z

Y′
Z′

←

→
v

←→g

←→h

←

→
v′

be
a
ho

m
ot
op

ic
al
ly
ca

rt
es
ia
n
sq

ua
re
._

en
v
∈m

or
(S

)i
fa

nd
on

ly
if
v′
∈m

or
(S

);
an
d
g
∈m

or
(S

)i
fa

nd
on

ly
if
h
∈m

or
(S

).
b)

_
e
re
la
tio

n
∼
in
D
(X
,Y

)i
sa

n
eq

ui
va

le
nc
e
re
la
tio

n.
c)

Le
t(
W

1,
f 1,

g 1
)
∈
D
(X
,Y

)a
nd

(W
2,
f 2
,g

2)
∈
D
(Y
,Z

);
th
er
e
ex

ist
sa

tr
ip
le

(W
,f
,g

)∈
D
(W

1,
W

2)
su
ch

th
at

th
e
sq

ua
re

W
W

2

W
1

Y

←

→
g

←→f

←→f
2

←

→
g 1

is
co

m
m
ut
at
iv
e;
fo
rs

uc
h
(W

,f
,g

),
th
et

rip
le
(W

,f
1○
f,

g 2
○g

)b
elo

ng
st

o
D
(X
,Z

)
an
d
its
eq

ui
va

le
nc
e
cla

ss
of

on
ly
de

pe
nd

so
n
th
e
eq

ui
va

le
nc
e
cla

ss
es

of
th
e
tr
ip
le
s

(W
1,
f 1,

g 1
)a

nd
(W

2,
f 2
,g

2)
.
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Proof.—
a)

W
ith

thenotation
oflem

m
a2.3.5,them

orphism
g
isan

isom
or-

phism
(m

od
N

)ifand
only

ifY
′′∈ob(N

),ifand
only

ifh
isan

isom
orphism

(m
od

N
)._

eotherassertion
follow

sby
sym

m
etry.

b)
Itisobviousthatthe

given
relation

isre�exive
and

sym
m
etric;letuses-

tablish
thatitistransitive.Let(Z,f,g),(Z

′,f
′,g

′),(Z
′′,f

′′,g
′′)
be
elem

ents
ofD

(X
,Y)

such
that(Z,f,g)

∼
(Z

′,f
′,g

′)
and

(Z
′,f

′,g
′)
∼

(Z
′′,f

′′,g
′′);by

deûnition,thereexisttw
o
diagram

s

Z

X
W

Y

Z
′

←

→ f

←

→ g

←→

u

←→

u
′

←

→
←

→

←

→f
′

←

→g
′

and

Z
′

X
W

′
Y

Z
′′

←

→ f
′

←

→ g
′

←→

v
′

←→

v
′
′

←

→
←

→

←

→f
′
′

←

→g
′
′

asabove,w
here

u,u
′,v

′,v
′′areisom

orphism
s(m

od
N

).By
lem

m
a2.3.3,there

existsan
objectW

′′and
m

orphism
sw

∈
C

(W
′′,W

)and
w
′∈

C
(W

′′,W
′)that

giveriseto
ahom

otopically
cartesian

square

W
′′

W

W
′

Z
′.

←

→
w

←→w
′

←→u
′

←

→
v
′

By
a),them

orphism
sw

and
w
′belong

to
m

or(S
).C

onsequently,thediagram

Z

X
W

′′
Y

Z
′′

←

→ f

←

→ g

←→u○w←→v′′○w′

←

→
←

→

←

→f
′
′

←

→g
′
′

provesthat(Z,f,g)∼
(Z

′′,f
′′,g

′′),asw
asto

beshow
n.

Itthen
follow

sfrom
thedeûnition

of∼
thatitistheequivalencerelation

gen-
erated

by
therelation

given
by(Z,f,g)∼

(Z
′,f

′,g
′)ifthereexistsam

orphism
u
∈
S
(Z

′,Z)such
that

f
′=
f○

u
and

g
′=

g○
u.

3.4.D
IRECT

IM
AG

ES
103

b)
_

is
isom

orphism
extends

uniquely
to
an

isom
orphism

ofcohom
ological

functors(R
jf∗ ⋅)

y ≃
R

jΓ(X
y ,⋅∣X

y )
on

D
+(A

b(X)).

D
eûnition

(3.4.6).—
O
ne

saysthata
sheafF

on
X

is�asque
ifforevery

open
subsetU

ofX
,the

restriction
m
ap

F
(X)→

F
(U

)
issurjective.

Lem
m
a
(3.4.7).—

Let
F
be
a
�asque

sheafon
X
.

a)
_
e
sheafF

∣U
is�asque,forevery

open
subsetU

ofX
;

b)
Let

f∶X
→

Y
be
a
continuousm

ap._
e
sheaf

f∗ F
is�asque.

Proof.—
a)

LetV
be
an

open
subsetofU

and
lets

∈
F

(V
).

Since
F

is
�asque,there

exists
s
′
∈

F
(X)

such
that

s
′∣V .

_
en

t
=

s
′∣U

is
an

elem
ent

of
F

(U
)such

thatt∣V
=
s._

isprovesthat
F

∣U
is�asque.

b)
LetU

be
an

open
subsetofY

and
lets

∈
f∗ F

(U
).By

deûnition,sisa
section

tof
F

(f
−1(U

)).Since
F

is�asque,there
existsa

section
t
′∈

F
(X)

such
thatt

′∣f
−
1(U
) =

t._
en

t
′can

beviewed
asasection

s
′ofF

(Y)and
t
′∣U

=
t.

_
isprovesthat

f∗ F
is�asque.

Exam
ple(3.4.8).—

IfX
isdiscrete,everysection

ofan
étalespaceiscontinuous,

so
thatasheaf

F
on

X
is�asqueifand

only
ifitsûbers

F
x arenon-em

pty,for
allx

∈X.Indeed,In
particulier,every

abelian
sheafon

X
is�asquein

thiscase.
LetX

δbethesetX
endowed

with
thediscretetopology._

eidentity
p
∶X

δ→
X

iscontinuous.Forevery
abelian

sheaf
F

on
X,oneletsG

(F
)=

p
∗ p

∗F
._

is
isa

�asque
sheafon

X,and
the

unitη
F
∶
F
→

G
(F

)
isa

m
onom

orphism
.

Explicitly,one
has

G
(F

)(U
)
=
∏

x
∈U

F
x ,forevery

open
subsetU

ofX,the
restriction

m
orphism

s
are

the
m

orphism
s∏

x
∈U

F
x
→
∏

x
∈V

F
x ,for

V
⊂

U
w
hich

arenotonly
surjective,buthaveasection.

Exam
ple

(3.4.9).—
A
n
injective

sheafF
on

X
is�asque.

Letindeed
U
bean

open
subsetofX

and
lets∈

F
(U

).Let
j∶U

→
X
bethe

canonicalinclusion;let
f∶j! Z

U
→

F
betheuniquem

orphism
corresponding

to
the

m
orphism

Z
U
→

j ∗F
w
hich

m
aps

1to
s.

_
e
canonicalm

orphism
u
∶j! Z

U
→

Z
X
isinjective;since

F
isinjective,thereexistsauniquem

orphism
g∶Z

X
→

F
such

thatg○
u
=
f;itcorrespondsto

asection
t∈

F
(X)such

that
t∣U

=
s.C

onsequently,therestriction
m

orphism
F

(X)→
F

(U
)issurjective,

asasto
beshow

n.
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Re
m
ar

k
(3
.4
.2
).
—

Le
tF

be
as

he
af

on
X
an
d
le
tn

be
an

in
te
ge

r.
Le

tε
∶F

to
I

●
be
an

in
je
ct
iv
er
es

ol
ut

io
n
of

F
.B

yd
eû

ni
tio

n,
on
eh
as
R

n F
=

Ke
r(
dn I

)/
Im

(d
n−

1
I

).
It
fo
llo

w
sf

ro
m

th
ed
eû

ni
tio

n
of

ke
rn
el
s,

im
ag
es
an
d

qu
o-

tie
nt

s
in

th
e
ca

te
go

ry
of

sh
ea
ve

s
th
at

R
n F

is
th
e

sh
ea
fa

ss
oc

ia
te
d
w
ith

th
e

pr
es
he
af
V
↦

Ke
r(
dn I

∣ V
)/

Im
(d

n−
1

I
∣ V
)=

H
n (
f−

1 (
V
),

F
).

C
on

se
qu
en

tly
,t
he

sh
ea
fR

n F
on

X.
is

th
es

he
af
as

so
ci
at
ed

w
ith

th
ep

re
sh
ea
f

V
↦

H
n (
f−

1 (
V
),

F
).(

1)

Pr
op

os
iti

on
(3
.4
.3
).
—

Le
t
f
∶X
→

Y
be
a
co

nt
in
uo

us
m
ap

of
to
po

lo
gi
ca

ls
pa
ce
s

an
d
le
tF

be
a
sh
ea
fo
fa
be

lia
n
gr
ou

ps
on

X.
If

th
es

he
af

F
is

in
je
ct
iv
e,

th
en

so
is

f ∗
F

.

Pr
oo
f.
—

_
is
fo
llo

w
sf

ro
m

th
ef
ac

tt
ha

tt
he
fu

nc
to

r
f ∗

ha
sa

le�
ad

jo
in

tw
hi
ch

is
ex
ac

t.
Ex

pl
ic
itl
y,

let
u
∶M

→
N

be
am

on
om

or
ph

ism
of
ab
eli
an

sh
ea
ve

so
n
Y

an
d
let

φ
∶M

→
f ∗

F
be
am

or
ph

ism
of
ab
eli
an

sh
ea
ve

so
n
Y.

Le
tu

♭
∶f

∗
M
→

f∗
N

an
d
φ♭
∶f

∗
M
→

F
be

th
ec

or
re

sp
on
di
ng

m
or

ph
ism

of
ab
el
ia
n

sh
ea
ve

s
on

X.
Si
nc
e
f∗

is
ex
ac

t,
th
e
m

or
ph

ism
u♭

is
a
m

on
om

or
ph

ism
.
Si
nc
e

F
is

in
je
ct
iv
e,

th
er
e
ex

ist
sa

m
or

ph
ism

v
∶f

∗
N

→
F

su
ch

th
at

v
○
u♭

=
φ♭

.
Le

t
v♯
∶N

→
f ∗

F
be

th
em

or
ph

ism
of

sh
ea
ve

so
n
Y
co

rr
es
po

nd
in

g
to

v.
O
ne

ha
s

v♯
○u

=
φ.
C
on

se
qu
en

tly
,F

is
in
je
ct
iv
e.

Co
ro

lla
ry

(3
.4
.4
).
—

Le
t
f
∶X
→

Y
an
d
g
∶Y
→

Z
be
co

nt
in
uo

us
m
ap

so
ft
op

ol
og

-
ic
al

sp
ac
es
._

e
ca

no
ni
ca

lm
or

ph
ism

of
fu
nc

to
rs
R

(g
○
f)

∗
→

R
g ∗
○R

f ∗
fr
om

D
+
(A

b
(X

))
to
D

+
(A

b
(Z

))
is
an

iso
m
or

ph
ism

.

Pr
oo
f.
—

Co
ns

id
er
an
ele

m
en

to
fD

+
(A

b
(X

))
,r
ep

re
se

nt
ed
by
ac

om
pl
ex

F
●
in

K
+
(A

b
(X

))
wi

th
in
je
ct
iv
et
er

m
s.

_
en

th
ec
an

on
ic
al

m
or

ph
ism

s(
g○
f)

∗
F

●
→

R
(g

○
f)

∗
F

●
an
d
f ∗

F
●
→

R
f ∗

F
●
ar
e
ho

m
ol
og

ism
s.

Si
nc
e

F
j
is

in
je
ct
iv
e

fo
re

ve
ry

j,
so

is
f ∗

F
j ;
co

ns
eq

ue
nt

ly,
th
e
ca

no
ni
ca

lm
or

ph
ism

g
∗
(f

∗
F

●
)
→

R
g ∗

(f
∗
F

●
)i

sa
n
iso

m
or

ph
ism

._
ec

or
ol
la
ry
fo
llo

w
s.

_
eo

re
m

(3
.4
.5
).
—
(
2)

Le
t
f
∶X
→

Y
be
a
m
ap

of
to
po

lo
gi
ca

ls
pa
ce
s;
as

su
m
et

ha
t

X
is

se
pa

ra
te
d
an
d
th
at
f
is

pr
op
er
.L
et
y
∈Y

an
d
le
tX

y
=
f−

1 (
y)

.

a)
Fo

re
ve

ry
sh
ea
fF

on
X,

th
e
ca

no
ni
ca

lm
ap

(f
∗
F

) y
→

Γ(
X

y,
F

∣ X
y
)i

sa
n

iso
m
or

ph
ism

;

(1)
Tr

ou
ve

ru
ne
fo

rm
ul
at
io
n
co

rr
ec

te
.

(2
) P
as
co

rr
ec

te
m
en

té
no

nc
é;
aj
ou

te
rl
ap

re
uv
e.
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c)
By

lem
m
a2

.3.
3,

th
er
ee

xi
sts

ah
om

ot
op

ic
al
ly
ca

rte
sia

n
co

m
m

ut
at
iv
es

qu
ar
e:

W
W

2

W
1

Y.

←

→
g

←→f

←→f
2

←

→
g 1

By
a)
,t

he
m

or
ph

ism
f
is
an

iso
m

or
ph

ism
(m

od
N

),
so

th
at

(W
,f
,g

)
∈

D
(W

1,
W

2)
._

is
pr

ov
es

th
at
D
(W

1,
W

2)
is

no
te

m
pt
y.

Le
t(
W
,f
,g

)b
e
an
y
el
em
en

to
fD

(W
1,
W

2)
;o
bs
er
ve

th
at
f 1
○
f
∈
S
(W

,X
),

so
th
at

(W
,f

1
○
f,

g 2
○
g)
be

lo
ng

st
o
D
(X
,Z

).
Le

tu
sn

ow
sh

ow
th
at
fo

re
ve

ry
su
ch

tr
ip
le

(W
,f
,g

),
th
ee

qu
iv
al
en
ce
cla

ss
of

(W
,f

1○
f,

g 2
○
g)

m
od

ul
o
∼
on

ly
de

pe
nd

so
n

th
ee

qu
iv
al
en
ce
cla

ss
es

of
(W

1,
f 1,

g 1
)a

nd
(W

2,
f 2
,g

2)
.

M
or
eg
en
er
al
ly,

let
(W

′ 1,
f′ 1,

g′ 1)
∈D

(X
,Y

)a
nd

(W
′ 2,
f′ 2,

g′ 2)
∈D

(Y
,Z

)b
ee

qu
iv
-

al
en

tt
o
(W

1,
f 1,

g 1
)
an
d
(W

2,
f 2
,g

2)
re

sp
ec

tiv
el
y.

Le
tu

sc
ho

os
e
(W

′ ,
f′
,g

′ )
∈

D
(W

′ 1,
W

′ 2)
su
ch

th
at

g′ 1○
f′
=
f′ 2
○g

′
an
d
let

us
pr

ov
et

ha
tt

he
ele

m
en

ts
(W

′ ,
f′ 1
○

f′
,g

′ 2
○
g′
) a

nd
(W

,f
1○
f,

g 2
○
g)

of
D
(X
,Z

)a
re
eq

ui
va

len
t.
By

th
ed
eû

ni
tio

n
of

th
ee

qu
iv
al
en
ce

re
lat

io
n
∼,

we
m
ay
as

su
m
et

ha
tt

he
re
ex

ist
su

1
∈S

(W
′ 1,
W

1)
an
d

u 2
∈S

(W
′ 2,
W

2)
su
ch

th
at
f 1
○u

1
=
f′ 1
an
d

g 1
○u

1
=

g′ 1
on

th
eo

ne
sid
e,
an
d

th
at

f 2
○u

2
=
f′ 2
an
d

g 2
○u

2
=

g′ 2
on

th
eo

th
er

sid
e.

By
lem

m
a2

.3.
3,

th
er
ee

xi
sts

am
or

ph
ism

h
∶W

′
→

W
su
ch

th
at
f
○
h
=
u 1
○
f′

an
d

g
○
h
=
u 2
○
g′
,s

o
th
at

th
ef

ol
lo
w
in

g
di
ag

ra
m

is
co

m
m

ut
at
iv
e:

W
′

W
′ 2

W
W

2
Z

W
′ 1

W
1

Y

X

←

→
g′

←

→h

← →f′

←→u
2

←

→g′ 2

←

→
g

←→f

←→f
2

←

→
g 2

←

→
u 1 ←

→
f′ 1

←→f 1

←

→
g 1

Re
ca

ll
th
at
f,
f′
,u

1a
re

iso
m

or
ph

ism
s(

m
od

N
).
By

lem
m
a2

.5.
6,
b)
,u

1○
f′

is
an

iso
m

or
ph

ism
(m

od
N

),
so

th
at
f
○
h
is
an

iso
m

or
ph

ism
(m

od
N

).
Ap

pl
yi
ng

le
m

m
a2

.5.
6,
b)
,a

ga
in
,w
ec

on
clu
de

th
at

h
is
an

iso
m

or
ph

ism
(m

od
N

).
C
on

se
qu
en

tly
,(
W
,f

1
○
f,

g 2
○
g)

is
eq

ui
va

le
nt

to
(W

′ ,
f 1
○
f
○
h,

g 2
○
g
○
h)

w
hi
ch

is
eq

ua
lt
o
(W

′ ,
f′ 1
○
f′
,g

′ 2
○
g′
).
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U
LATED

CATEG
O

RIES

Proposition
(2.5.9).—

a)
_
ereexistsa

uniquecategory
D

such
thatob(D

)=
ob(C

),D
(X,Y)=

D
(X,Y)/∼

forevery
objectsX,Y

,and
such

thatthecom
posi-

tion
ofthe

classesoftriples(W
1 ,f1 ,g1 )

∈
D
(X
,Y)

and
(W

2 ,f2 ,g2 )
∈
D
(Y,Z)

is
theclassofa

triple(W
,f1 ○

f,g2 ○g)w
here(W

,f,g)isanyelem
entofD

(W
1 ,W

2 )
such

thatg1 ○
f=

f2 ○
g.

b)
_
ere

exists
a
unique

functorF
∶
C
→

D
such

thatfor
every

m
orphism

f∶X
→

Y
in

C
,
the

m
orphism

F(f)
is

the
equivalence

class
of

the
triple

(X
,id

X ,f).
c)
Forevery

m
orphism

f∈
S
(X,Y),F(f)

isan
isom

orphism
in

D
,and

itsin-
verseistheclassofthetriple(X,f,id

X ).M
oreover,forevery

tripleφ
=
(W

,f,g)∈
D
(X
,Y),one

hasF([φ])=
F(g)○F(f)

−1.
d)

Let
D

′be
a
category,letF

′∶
C
→

D
′be

a
functor

such
thatF

′(f)
is

in-
vertible,for

every
m
orphism

f
∈
m

or(S
).

_
en

there
exists

a
unique

functor
G
∶
D
→

D
′such

thatF
′=

G
○F.

Proof.—
a)

_
esetofobjects,thesetofm

orphism
sand

thecom
position

law
areprescribed;itthusrem

ainsto
provethatthecom

position
law

isassociative
and

theexistenceofneutralelem
entsateach

object.
LetX

,Y,Z,T
beobjectsof

C
,letu

∈D
(X
,Y),v

∈D
(Y,Z)and

w
∈D

(Z,T);
w
rite[u]fortheclassofu

in
D

(X,Y),etc.W
ebuild

objectsP,Q
,R

asdepicted
by

thediagram
,allofw

hoseverticalarrow
sareisom

orphism
s(m

od
N

):

R
Q

⋅
T

P
⋅

Z

⋅
Y

X

←

→

←→

←

→

←→

←

→

←→

←

→

←→

←

→

←→

←

→

←→

By
construction,[v]○

[u]isthe
classofthe

triple
(P,P

→
X
,P
→

Z),hence
[w

]○([v]○[u])istheclassofthetriple(R,R
→

X,R
→

T).Sim
ilarly,[w

]○[v]
istheclassofthetriple(Q

,Q
→

Y,Q
→

T),hence([w
]○[v])○[u]istheclass

ofthetriple(R,R
→

X
,R
→

T)._
ecom

position
law

isthusassociative.

3.4.D
IRECT

IM
AG

ES
101

w
here

j∗ w
(s∣W

∩U )isjustthesection
w
(s∣U

∩W
)∈

G
(W

∩
U
),butconsidered

as
asection

of
j∗ G

(U
)._

en,thecom
m

utation
oftheabovediagram

im
pliesthat

t x∣Z
∩V

x=
i
∗η

G (t∣Z
∩V

x)
=

i
∗η

G
○
v(s∣Z

∩V
x)

=
i
∗j∗ w

○
i
∗η

F
(s∣Z

∩V
x)

=
j∗ w

(s∣W
∩V

x)∣Z
∩V

x

in
i
∗j∗ j ∗G

(Z
∩
V

x).
C
onsequently,there

exists
an

open
neighborhood

U
x

ofZ
∩
V

xin
V

xsuch
thatt x∣W

∩U
x=

w
(s∣W

∩U
x).U

p
to

replacing
V

xby
U

x,w
e

thusassum
ethatt x∣W

∩V
x=

w
(s∣W

∩V
x)forevery

x
∈Z._

isshowsthatt xsatisûes
thepropertiesoftherequired

section
u(s∣V

x).By
theuniquenessproperty,t x

and
t ycoincide

on
V

x∩
V

y,forallx,y
∈
Z;and

t x
coincidesw

ith
v(s∣W

∩U )
on

W
∩
V

x,by
construction.C

onsequently,thereexistsasection
u(s)∈

G
(U

)
such

thatu(s)∣V
x=

t xforevery
x
∈Z,and

u(s)∣W
∩U

=
v(s∣W

∩U ).Itsatisûesthe
desired

requirem
ents,and

thisconcludestheproofthattheconsidered
functor

isfully
faithful.

W
e
now

prove
thatitisessentially

surjective.
Let(F

W
,F

Z ,φ)
be
a
triple

consisting
ofasheaf

F
W

on
W
,asheaf

F
Z
on

Z,and
ofam

orphism
ofsheaves

φ
∶F

Z
→

i
∗j∗ F

W
.Forevery

open
subsetU

ofX,onedeûnes
F

(U
)assetsetof

pairs(s,t),w
here

s∈
F

W
(W

∩
U
),t∈

F
Z (Z

∩
U
)satisfy

φ(t)=
i
∗s.In

fact,F
isthekernelofthem

orphism
ofsheaves

j∗ F
W
×

i∗ F
Z
→

i
∗j∗ F

W
,

(s,t)↦
i
∗(s)−

φ(t).

Itisthusasheafon
X
,and

onechecksreadily
thatitm

apsto
thegiven

triple
by

theconsidered
functor._

isconcludestheproof.

3.4.
D
irectim

ages

3.4.1.
—

Let
X
and

Y
be

topologicalspaces,let
f∶X

→
Y
be

a
continu-

ous
m
ap.

_
e
functor

f∗ ∶
A
b(X)

→
A
b(Y)

is
le�

exact,as
is

the
functor

Γ
∶
A
b(X)

→
A
b.A

susual,w
e
denote

by
R
f∗ ∶

D
(A

b(X))
→

D
(A

b(Y))
and

R
Γ
∶
D

(A
b(X))→

D
(A

b)theirderived
functors.

For
n
∈
Z,w

e
also

denote
by

R
nf∗ ∶

A
b(X)

→
A
b
and

H
n∶

A
b(X)

→
A
b

thefunctorsH
n○

R
f∗ and

H
n○

R
Γ.
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3.
CO

H
O
M

O
LO

G
Y

O
F

SH
EA

V
ES

Be
tw
ee

n
th
ec
at
eg

or
ie
so
fa
be

lia
n

sh
ea
ve

so
n
X,

Z,
an
d
W
,w
eh
av
es

ix
fu

nc
to

rs
:

i∗
,i
∗
,i
!,
j !,

j∗
,j

∗
fo

rm
in

g
fo

ur
ad

jo
in

tp
ai
rs

i∗
⊣

i ∗
,i
∗
⊣

i! ,
j !
⊣

j∗
an
d

j∗
⊣

j ∗
:

A
b
(Z

)
A
b
(X

)
A
b
(W

).

←

→
i ∗⊥

←

→

i∗ ⊥
←

→

i!

←

→
j∗

←

→

j ! ⊥ ⊥
←

→

j ∗

M
or
eo
ve

r,
on
eh
as

j∗
○
i ∗
=
0,

i∗
○
j !
=
0
an
d
i!
○
j ∗
=
0.

_
ef

un
ct
or

i ∗
is
fu

lly
fa
ith
fu

l.
In
fa
ct
,t
he
co

un
it
of

th
ep
ai
r(

i∗
,i
∗
)a

nd
th
e

un
it
of

th
ep
ai
r(

i ∗
,i
! )
ar
ei

so
m

or
ph

ism
s.

M
or
eo
ve

r,
th
ef

un
ct
or

sj
!a

nd
j ∗
ar
ef

ul
ly
fa
ith
fu

l:
th
ec

ou
ni

to
ft
he

pa
ir
(j
∗
,j
∗
)

an
d

th
eu

ni
to
ft

he
pa

ir
(j
!,
j∗
)a

re
iso

m
or

ph
ism

s.

3.
3.
8.
—

Ev
er
y
sh
ea
fF

on
X
fu

rn
ish
es
as

he
af

j∗
F

on
W
,a

sh
ea
fi

∗
F

on
Z,

an
d
a
m

or
ph

ism
of

sh
ea
ve

s
i∗
η F

∶i
∗
F
→

i∗
j ∗
(j
∗
F

)
on

Z.
_
e
as

sig
nm

en
t

F
↦

(j
∗
F
,i
∗
F
,i
∗
η F

)
in
du
ce

sa
fu

nc
to

rf
ro

m
th
e
ca

te
go

ry
A
b
(X

)
to

th
e

ca
te
go

ry
of

tr
ip
le
s(

F
W
,F

Z
,φ

)
of

tr
ip
le
sc

on
sis

tin
g
of
an

ab
el
ia
n

sh
ea
fF

W
on

W
,a

n
ab
eli
an

sh
ea
fF

Z
on

Z,
an
d
of
am

or
ph

ism
of
ab
eli
an

sh
ea
ve

sφ
∶F

Z
→

i∗
j ∗

F
W
.L
et

us
sh

ow
th
at

th
is
fu
nc

to
ri

sa
n
eq

ui
va

le
nc
e
of
ca

te
go

ri
es
.

W
e
ûr

st
sh

ow
th
at

it
is
fu

lly
fa
ith
fu

l.
Le

ti
nd
ee
d

F
,G

be
sh
ea
ve

so
n
X
an
d

le
tu

sc
on

sid
er

v
∶i

∗
F
→

i∗
G
an
d
w
∶j

∗
F
→

j∗
G
be

m
or

ph
ism

so
fs

he
av
es

m
ak

in
g
th
ed

ia
gr
am

i∗
F

i∗
j ∗

j∗
F

i∗
G

i∗
j ∗

j∗
G

←

→
i∗
η F

←→v

←→i
∗
j ∗
w

←

→
i∗
η G

co
m

m
ut
at
iv
e.

Le
tU

be
an

op
en

su
bs
et

of
X
an
d
le
ts

∈F
(U

);
le
tu

ss
ho

w
th
at

th
er
e
ex

ist
sa

un
iq

ue
se
ct
io
n

u(
s)

∈
G
(U

)
su
ch

th
at

u(
s)
∣ Z∩

U
=
v(

s∣ Z
∩
U
)
an
d

u(
s)
∣ W

∩
U
=
w
(s
∣ W

∩
U
).

_
es
e
co

nd
iti

on
si

m
po

se
u(

s)
x
=
v x

(s
x)
fo

rx
∈
Z,
an
d

u(
s)

x
=
w

x(
s x
)f

or
x
∈W

,s
o

th
at

th
er
ei

sa
tm

os
to

ne
su
ch

se
ct
io
n
u(

s)
.

C
on

ve
rs
el
y,

le
tt

=
v(

s∣ Z
∩
U
).
Fo

re
ve

ry
po

in
tx

∈Z
∩

U
,t
he

re
ex

ist
sa

n
op
en

ne
ig
hb

or
ho

od
V

x
of

x
in

U
an
d
as
ec

tio
n

tx
∈G

(V
x)

su
ch

th
at

tx
∣ Z∩

V
x
=

t∣ Z
∩
V

x
.

O
bs
er
ve

th
at
w
eh
av
et

he
fo
llo

w
in

g
eq

ua
lit

ie
si

n
i∗

G
(Z

∩
U
):

i∗
j ∗
w
○
i∗
η F

(s
∣ Z∩

U
)=

(j
∗
w
○
i∗
η F

(s
∣ U
))

∣ Z∩
U
=

j ∗
w
(s
∣ W

∩
U
)∣ Z

∩
U
,
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Le
tu

ss
ho

w
th
at

th
ec

la
ss
ε X

of
th
et

rip
le

(X
,id

X
,id

X
)i

sa
n
id
en

tit
y
at
X.

Le
t

φ
=
(W

,f
,g

)∈
D
(X
,Y

).
By

co
ns

tr
uc

tio
n,

th
ed

ia
gr
am

W
W

Y

X
X

X

⇐ ⇐

←→f

←

→
g

←→f

⇐

⇐

⇐⇐

sh
ow

st
ha

tt
he
co

m
po

sit
io
n
[φ

]○
[ε

X
]i

sr
ep

re
se

nt
ed
by

φ,
so

th
at

[φ
]○

[ε
X
]=

[φ
].

O
ne

pr
ov
es

sim
ila

rly
th
at

[ε
Y
]○

[φ
]=

[φ
].

b)
Fo

r
f
∈
C

(X
,Y

),
th
e
or

ig
in

of
F(
f)

is
X,
an
d

th
e

ta
rg
et

of
F(
f)

is
Y.

Co
ns
eq

ue
nt

ly,
th
er
ee

xi
sts

at
m

os
to

ne
su
ch
fu

nc
to

r,
an
d

th
em

ap
on

ob
je
ct

sh
as

to
be

th
ei
de

nt
ity

.
By

co
ns

tr
uc

tio
n,
F(

id
X
)=

ε X
.L
et
f
∈C

(X
,Y

)a
nd

g
∈C

(Y
,Z

);
th
ed

ia
gr
am

X
Y

Z

X
Y

X

←

→
f

⇐⇐

←

→
g

⇐⇐

⇐⇐

←

→
f

an
d

th
e
de
ûn

iti
on

of
th
e
co

m
po

sit
io
n

la
w

sh
ow

th
at
F(

g
○
f)

=
F(

g)
○
F(
f)

.
C
on

se
qu
en

tly
,F

is
af

un
ct
or

.
c)

Le
tf

∈S
(X
,Y

);
le
tφ

be
th
ec

la
ss

of
(X
,f
,id

X
).

_
ed

ia
gr
am

Y

X
X

Y

X
X

Y

←

→

id
Y

←

→

id
Y

⇐ ⇐

⇐⇐

←

→ f

⇐⇐

←

→
f

←→f

⇐ ⇐
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provesthatF(f)○[φ]isrepresented
by(X,f,f)and

that(X,f,f)isequivalent
to

(Y,id
Y ,id

Y ).
C
onsequently,F(f)

○
[φ]

=
εY .

O
ne

proves
sim

ilarly
that

[φ]○F(f)=
εX .

Finally,ifφ
=
(W

,f,g)∈D
(X
,Y),thediagram

W
W

Y

W
W

X

⇐⇐

⇐⇐

⇐⇐

←

→ g

⇐⇐

←→

f

showsthatF(g)○F(f)
−1isrepresented

by(W
,f,g),hence[φ]=

F(g)○F(f)
−1.

d)
N
ecessarily,G

(X)
=
F
′(X)

forevery
objectX

of
C

.M
oreover,forevery

triple
φ
=
(W

,f,g),onehas[φ]=
F(g)○F(f)

−1so
thatnecessarily,G

([φ])=
F
′(g)

−1○F
′(f).Itrem

ainsto
show

thattheseform
ulaedeûneafunctorG

such
thatG

○F
=
F
′.

Let
φ

=
(W

,f,g)
and

(W
′,f

′,g
′)
be

equivalenttriples;letus
show

that
F
′(g)○F

′(f)
−1=

F
′(g

′)○F
′(f

′)
−1.By

thedeûnition
oftheequivalencerelation

on
D
(X,Y),wem

ayassum
ethatthereexistsh

∈
S
(W

,W
′)such

that
f=

f
′○

h
and

g
=

g
′○

h._
en

F
′(g)=

F
′(g

′)○F
′(h)=

F
′(g

′)○F
′(f

′)
−1○F

′(f
′)○F

′(h)=
F
′(g

′)○F
′(f

′)
−1○F

′(f),

henceF
′(g)○F

′(f)
−1=

F
′(g

′)○F
′(f

′)
−1.C

onsequently,G
iswelldeûned.O

ne
hasF

′=
G
○F

by
construction.

To
provethatG

isafunctor,w
eneed

to
check

thatitm
apsunitelem

entsto
unitelem

ents,and
thatitiscom

patible
w
ith

com
position.Since

εX
=
F(id

X ),
one

hasG
(εX )

=
F
′(id

X )
=

id
F
′(X
) .

Letthen
φ
=

(W
1 ,f1 ,g1 )

∈
D
(X
,Y)

and
ψ
=
(W

2 ,f2 ,g2 )∈D
(Y,Z);let(W

,f,g)∈D
(W

1 ,W
2 )besuch

thatg1 ○
f=

f2 ○g.
Bydeûnition,[ψ]○[φ]istheclassofthetriple(W

,f1 ○
f,g2 ○

g).Consequently,

G
([ψ]○[φ])=

G
([(W

,f1 ○
f,g2 ○

g)])
=
F
′(g2 ○

g)○F
′(f1 ○

f)
−1

=
F
′(g2 )○F

′(f2 )
−1○F

′(f2 )○F
′(g)○F

′(f)
−1○F

′(f1 )
−1

=
G
([ψ])○F

′(f2 ○
g)○F

′(f)
−1○F

′(f1 )
−1

=
G
([ψ])○F

′(g1 )○F
′(f1 )

−1=
G
([ψ])○G

([φ]),
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3.3.6.
—

Letusassum
ethatW

isopen
in

X;letZ
=
X

W
and

leti∶Z
→

X
be

theinclusion.
LetG

bean
abelian

sheafon
X.Foreveryopen

subsetU
ofW

and
everysection

s∈
G
(U

),thesupportofsisclosed
in

U
,hence

ΓW
(G

)∣W
=

G
.C

onsequently,
onehastheequality

j !=
j ∗offunctorsfrom

A
b(X)to

A
b(W

).
W
enow

show
thatthe

diagram

(3.3.6.1)
0
→

j! j ∗G
→

G
→

i∗ i
∗G
→

0

isan
exactsequence,w

herethem
orphism

sareinduced
by

thecounitoftheadjunc-
tion

j! ⊣
j ∗
and

the
unitofthe

adjunction
i
∗
⊣

i∗ .Itiscalled
the

glueing
exact

sequence.
W
eûrstshow

thatthem
ap

j! j ∗G
→

G
isinjective.Letindeed

U
bean

open
subsetofX

and
let

s
∈

j! j ∗G
(U

).
By

deûnition,s
is
a

section
of

j ∗G
(U

)
=

G
(W

∩
U
)
w
hose

supportis
closed

in
U
,and

the
counitis

induced
by

the
identity

m
ap,henceitisinjective.

_
eim

ageofsin
i∗ i

∗G
(U

)=
i
∗G

(Z
∩

U
)isthegerm

ofsalong
Z
∩

U
;since

supp(s)isaclosed
subsetofU

contained
in

W
∩

U
,itdoesnotm

eetZ
∩

U
,and

thisgerm
iszero.Conversely,lets∈

G
(U

)beasection
w
hosegerm

along
Z
∩

U
vanishes._

isim
pliesthatthereexistsan

open
neighborhood

V
ofZ

∩
U

in
U

such
thats∣V

=
0.Consequently,thesupportofsiscontained

in
U

V
,henceis

closed
in

U
,so

thatsisinduced
by
asection

of
j! j ∗G

(U
).

Finally,letU
bean

open
subsetofX

and
lets∈

i∗ i
∗G

(U
)=

i
∗G

(Z
∩

U
).By

construction,Z
∩
U

iscovered
byopen

subsetsV
ofU

on
w
hich

sisinduced
bya

section
tofG

(V
)._

isprovesthesurjectivityoftheunitm
orphism

G
→

i∗ i
∗G

.
O
n

thelevelofûbers,theglueing
exactsequence(3.3.6.1)inducestheexact

sequences

0
→

G
x →

G
x →

0
→

0,
forx

∈W
,

0
→

0
→

G
x →

G
x →

0,
forx

∈Z.

3.3.7.
—

W
ekeep

thesam
econtext.LetX

beatopologicalspace,let
j∶W

→
X

betheinclusion
ofan

open
subsetW

ofX,and
leti∶Z

→
X
betheinclusion

of
thecom

plem
entary

closed
subsetZ

=
X

W
.
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3.
CO

H
O
M

O
LO

G
Y

O
F

SH
EA

V
ES

ar
e
iso

m
or

ph
ism

s.
_
ey

in
du
ce
an

iso
m

or
ph

ism
fr
om

th
e
pr
es
he
af

j∗ pr
ej
!F

to
th
e
sh
ea
fF

,s
o

th
at

th
e
co

rr
es
po

nd
in

g
m

or
ph

ism
fr
om

j∗
j !F

to
F

is
an

iso
m

or
ph

ism
as

w
el
l.

Le
tF

an
d

G
be
ab
el
ia
n

sh
ea
ve

so
n
W
an
d
le
tv

∶j
!F
→

j !G
be
am

or
ph

ism
of
ab
eli
an

sh
ea
ve

s.
_
er
ee

xi
sts

aa
un

iq
ue

m
or

ph
ism

of
sh
ea
ve

su
∶F

→
G

th
e

di
ag

ra
m

j∗
j !F

j∗
j !G

F
G

.

←

→
j∗
v

←→

ε F

←→ε
G

←

→
u

Si
nc
e
j !u

in
du
ce

st
he

m
or

ph
ism

v x
on

th
eû
be

rs
at
x,

on
et

he
n
ha

s
j !u

=
v.

_
is
co

nc
lu
de

st
he

pr
oo
fo
ft

he
pr

op
os

iti
on

.

3.
3.
4.
—

W
e
st
ill
co

ns
id
er

th
e
in
clu

sio
n

j∶
W
→

X
of
a
lo
ca

lly
cl
os
ed

su
bs
et

of
X.

Le
tG

be
a
sh
ea
fo

n
X.
Fo

re
ve

ry
op
en

su
bs
et

U
of

X,
le
tΓ

W
(G

)(
U
)
be

th
es
et

of
al
ls
ec

tio
ns

s∈
G
(U

)s
uc

h
th
at

su
pp

(s
)⊂

W
._

is
is
as

ub
sh
ea
fo
fG

;
m

or
eo
ve

r,
th
ec

on
str

uc
tio

n
G
↦

Γ W
(G

)i
sf

un
ct
or

ia
l.

Le
tx

∈
X

W
,l
et

U
be
an

op
en

ne
ig
hb

or
ho

od
of

x
an
d
le
ts

∈
Γ W

(G
).
By

as
su

m
pt

io
n,

x
/∈

su
pp

(s
);
by

de
ûn

iti
on

of
th
e
su

pp
or

t,
th
er
e
ex

ist
s
an

op
en

ne
ig
hb

or
ho

od
V

of
x
w
hi
ch

is
co

nt
ai
ne
d
in

U
su
ch

th
at

s∣ V
=
0.

_
is

sh
ow

st
ha

t
Γ W

(G
) x

=
0.

M
or
eo
ve

r,
if

G
x
=
0
fo

re
ve

ry
x
∈X

W
,t
he

n
Γ W

(G
)=

G
.

Le
tu

sd
eû

ne
j! G

=
j∗
Γ W

(G
).

_
is
co

ns
tr
uc

tio
n
de
ûn
es
af

un
ct
or

A
b
(X

)→
A
b
(W

).
_
em

or
ph

ism
s

F
→

j∗
j !F

=
j! j

!F

an
d

j !j
! G
→

Γ W
(G

)→
G

ar
e
th
e
un

it
an
d

th
e
co

un
it

of
an

ad
ju
nc

tio
n

(j
!,
j! )
:t

he
y
pr

ov
id
e
fu

nc
to

ria
l

iso
m

or
ph

ism
s

H
om

X
(j
!F

,G
)≃

H
om

W
(F

,j
! G

)

fo
re

ve
ry
ab
eli
an

sh
ea
fF

on
W
an
d
ev
er
y
ab
eli
an

sh
ea
fG

on
X.

3.
3.
5.
—

If
W

is
clo

se
d
in

X,
th
en

j !
=

j ∗
.

2.5
.L

O
CA

LI
ZA

TI
O
N

63

he
nc
eG

is
af

un
ct
or

.
_

is
co

nc
lu
de

st
he

pr
oo
fo
ft

he
pr

op
os

iti
on

.

Re
m
ar

k
(2

.5
.10

).
—

_
eu

ni
ve

rs
al

pr
op
er

ty
sta

te
d
in

pa
rt
d)

of
pr

op
os

iti
on

2.5
.9

is
pr
es
er
ve
d
by

pa
ss
in

g
to

th
e
op

po
sit
e
ca

te
go

rie
s,

so
th
at

th
e
ca

te
go

ry
D

o
is

ca
no

ni
ca

lly
iso

m
or

ph
ic

to
th
ec
at
eg

or
yo
bt
ai
ne
d
by

th
is
co

ns
tr
uc

tio
n
by

sta
rt
in

g
fro

m
C

o
an
d
its

tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
N

o .

Pr
op

os
iti

on
(2

.5
.11

).
—

a)
Le

t
f,

g
∶X
→

Y
be

m
or

ph
ism

si
n
C

._
ef

ol
lo
w
in
g

co
nd

iti
on

sa
re
eq

ui
va

le
nt
:

(i)
F(
f)

=
F(

g)
;

(ii
)
_
er
e
ex

ist
an

iso
m
or

ph
ism

h
(m

od
N

)s
uc

h
th
at
f
○
h
=

g
○
h;

(ii
i)

_
er
e
ex

ist
sa

n
iso

m
or

ph
ism

h
(m

od
N

)s
uc

h
th
at

h
○
f
=

h
○
g;

(iv
)
_
e
m
or

ph
ism

f
−

g
fa
ct
or

st
hr

ou
gh
an

ob
je
ct

of
N

.
b)

Le
t
f
∶X
→

Y
be
a
m
or

ph
ism

in
C

._
ef

ol
lo
w
in
g
co

nd
iti

on
sa

re
eq

ui
va

le
nt
:

(i)
F(
f)

is
an

iso
m
or

ph
ism

;
(ii

)
_
er
e
ex

ist
sm

or
ph

ism
sg

∶W
→

X
an
d
h
∶Y
→

Z
su
ch

th
at
f
○
g
an
d

h
○
f
ar
e
iso

m
or

ph
ism

s(
m

od
N

);
(ii

i)
Fo

re
ve

ry
di
sti

ng
ui
sh
ed

tr
ia
ng

le
X

f Ð→
Y
→

Z
→

ΣX
in

C
,t
he

re
ex

ist
s

an
ob

je
ct
Z′

∈C
su
ch

th
at

Z
⊕
Z′

∈N
;

(iv
)
_
er
e
ex

ist
sa
di
st
in
gu

ish
ed

tr
ia
ng

le
X

f Ð→
Y
→

Z
→

ΣX
in

C
an
d
an

ob
je
ct
Z′

∈C
su
ch

th
at

Z
⊕
Z′

∈N
.

Pr
oo
f.
—

a)
(i)
⇒

(ii
).
By

hy
po

th
es
is,

th
et

rip
les

(X
,id

X
,f

)a
nd

(X
,id

X
,g

)i
n

D
(X
,Y

)a
re
eq

ui
va

len
t;
th
er
ee

xi
st
at

rip
le
(W

,f
′ ,
g′
)i

n
D
(X
,Y

)a
nd

m
or

ph
ism

s
u
∈
S
(W

,X
)a

nd
v
∈
S
(W

,Y
)s

uc
h

th
at

u
=
f′
=
v
an
d
f
○u

=
g′
=

g
○v

.I
n

pa
rt
ic
ul
ar
,t
he

m
or

ph
ism

f′
is
an

iso
m

or
ph

ism
(m

od
N

).
_
ei

m
pl
ic
at
io
n
(i)
⇒

(ii
i)
fo
llo

w
sf

ro
m

th
es
am

ea
rg

um
en

tb
y
pa

ss
in

g
to

th
e

op
po

sit
ec
at
eg

or
y.

_
ei

m
pl
ic
at
io
ns

(ii
)⇒

(i)
an
d
(ii

i)⇒
(i)

ho
ld
,b
ec
au

se
F(

h)
is
an

iso
m

or
ph

ism
.

Le
tu

sp
ro
ve

th
at

(ii
)⇒

(iv
).

Le
th

∶W
→

X
be
an

iso
m

or
ph

ism
(m

od
N

)s
uc

h
th
at
f
○
h
=

g
○
h;
by
de
ûn

iti
on

of
S
,w
em

ay
co

m
pl
et
e
h
in

to
a
di

st
in

gu
ish
ed

tr
ia
ng

le
W

h Ð→
X

k Ð→
N
→

ΣW
,w

he
re

N
∈
N

.L
et

us
ap

pl
y
th
e
co

ho
m

ol
og

ic
al

fu
nc

to
rC

(⋅,
Y)

on
C

o :
th

is
gi
ve

sa
n
ex
ac

ts
eq

ue
nc
e

C
(N
,Y

)
k∗ Ð→

C
(X
,Y

)
h∗ Ð→

C
(W

,Y
).
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Byassum
ption,h

∗(f−
g)=

(f−
g)○h

=
0;consequently,thereexistsam

orphism
j∶N

→
Y

such
that

f−
g
=

j○
h:them

orphism
f−

g
factorsthrough

an
object

of
N

.
Conversely,assum

ethat(iv)holdsand
letusconsideran

objectN
of

N
and

a
factorization

f−
g
=
v○u,w

here
u
∈
C

(X,N
)and

v
∈
C

(N
,Y)._

ereexistsa
distinguished

triangleX
uÐ→

N
→

W
wÐ→

ΣX,hence,bytranslation,adistinguished
triangle

Σ
−1W

−Σ
−
1w

ÐÐÐ→
X

−u
Ð→

N
→

W
.
C
onsequently,Σ

−1w
∈
S
(Σ

−1W
,X).

M
oreover,(f−

g)○
Σw

=
v
○
u
○
Σw

=
0._

isproves(ii).
b)

(i)⇒
(ii).Let(W

,s,g)∈D
(Y,X)beatriplew

hoseequivalenceclassisan
inverse

ofF(f).By
deûnition

ofthe
com

position,(W
,s,f○

g)
isequivalent

to
(Y,id

Y ,id
Y ).C

onsequently,thereexistsatriple(Z,h,k)and
isom

orphism
s

(m
od

N
),u

∶Z
→

W
and

v
∶Z

→
Y,such

that
s○

u
=

h,
f
○

g
○
u
=

k,
h
=

id
Y ○v

=
v
and

k
=

id
Y ○v

=
v._

en,h
=

k
=
v
and

u
are

isom
orphism

s
(m

od
N

)and
(f○

g)○
u
=

k,so
that

f○
g
isan

isom
orphism

(m
od

N
)._

e
otherpartof(ii)follow

sby
passing

to
theoppositecategory.

(ii)⇒
(i).

_
ese

assum
ptions

im
ply

that
F(f)

is
le�-invertible

and
right-

invertible;consequently,F(f)isinvertible.
(ii)⇒

(iii).Leth
∶Y
→

T
besuch

thath
○
fisan

isom
orphism

(m
od

N
).By

the
im

plication
(ii)⇒

(i),F(f)
isan

isom
orphism

,asw
ellasF(h

○
f),so

that
F(h)isan

isom
orphism

asw
ell._

ecom
m

utativediagram

X
Y

Z
ΣX

T
T
⊕
Z

Z
ΣT,

←

→
f

←→

h
○f

←

→
u

←→(
hu
)

⇐⇐

←

→

←→Σ
h
○Σ
f

←

→ p

(
10
)

←

→ q

( 0
1
)

←

→0

correspondsto
am

orphism
ofdistinguished

triangles;sinceitsbottom
row

is
acontractibletriangle,thism

orphism
isdistinguished

(proposition
2.2.10,b)),

hencethecom
m

utativesquare

X
Y

T
T
⊕
Z

←

→
f

←→

h
○f

←→(
hu
)

←

→
(
10
)

ishom
otopically

cartesian
(lem

m
a2.3.4).

3.3.EXTEN
SIO

N
S
BY

ZERO
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b)
Letx

∈W
.SinceW

islocally
closed,thereexistsan

open
neighborhood

V
ofx

in
X

such
thatW

∩V
isclosed

in
V
.Foreveryan

open
subsetU

ofV
and

every
s∈

j∗ F
(U

)=
F

(W
∩U

),thesupportsupp(s)ofx
isclosedin

W
∩U

,hencein
U
,

becauseW
∩U

isclosedin
U
.Consequently,j! F

(U
)=

j∗ F
(U

)foreverysuch
U
.

In
particular,the

inclusion
j! F

→
j∗ F

inducesan
isom

orphism
(j! F

)∣U
→

(j∗ F
)∣U .In

particular,thecanonicalm
orphism

s(j! F
)
x →

(j∗ F
)
x →

F
x are

isom
orphism

s.

Proposition
(3.3.3).—

LetX
be
a
topologicalspace

and
let

j∶W
→

X
be

the
inclusion

ofa
locally

closed
subsetofX

._
e
functor

j! isexactand
fully

faithful.
Itinducesan

equivalence
ofcategoriesfrom

A
b(W

)
to

the
fullsubcategory

of
A
b(X)

consisting
ofabelian

sheaves
G

such
that

G
x =

0
forevery

x
∈X

W
.O

n
thatsubcategory,the

functor
j ∗

inducesa
quasi-inverse.

Proof.—
Atthe

levelofûbers,the
functor

j! inducesthe
identity

functor,or
thezero

functor;itisin
particularexact.

LetG
bean

abelian
sheafon

X
such

thatG
x =

0
foreveryx

∈X
W

.Letusshow
thatthecanonicalm

orphism
η

G
∶G
→

j∗ j ∗G
factorsthrough

j! j ∗G
.Letindeed

U
bean

open
subsetofX._

en
j∗ j ∗G

(U
)
=

j ∗G
(W

∩
U
)and

them
orphism

η
G (U

)∶G
(U

)→
j ∗G

(W
∩

U
)factorsthrough

them
orphism

s↦
(s∣V )V

from
G
(U

)to
j ∗pre G

(W
∩

U
)=

colim
V
⊃W

∩U
G
(V

)≃
colim

U
⊃V

⊃W
∩U

G
(V

).M
oreover,

forevery
s
∈

G
(U

),the
supportofsisclosed

in
U
,hence

the
supportofs∣V

isclosed
in

V
,forevery

open
subsetV

ofX
such

thatU
⊃
V
⊃
W

∩
U
._

is
im

pliesthatthe
im
age

ofsbelongsto
j! j ∗G

(U
)._

e
resulting

m
orphism

of
sheaves,G

→
j! j ∗G

,inducesan
isom

orphism
on

ûbers:thisistautologicalfor
x
∈W

,and
follow

sfrom
thefactthat

G
x =

0
otherw

ise._
ism

orphism
isthus

an
isom

orphism
.

Letthen
F

bean
abelian

sheafon
W

._
ecanonicalm

orphism
ε
F
∶j ∗j∗ F

→
F

inducesam
orphism

j ∗j! F
→

F
.LetO

bean
open

subsetofX
containingW

such
thatW

is
closed

in
O
.
LetV

be
an

open
subsetofW

.
_
e
canonical

m
orphism

s

j ∗pre j! F
(V

)=
colim
U
⊃V

j! F
(U

)≃
colim
O
⊃U

⊃V
j! F

(U
)

→
colim
O
⊃U

⊃V
j∗ F

(U
)=

colim
O
⊃U

⊃V
F

(W
∩

U
)→

F
(V

)
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_
er
es
tr
ic
tio

n
m
ap

sΓ
(f

−
1 (
V
),

F
)→

Γ(
X
y,

F
∣ X

y
),
w
he

n
V

ra
ng
es

ov
er
al
lo

pe
n

ne
ig
hb

or
ho

od
so
fy
de
ûn
ea

m
ap

(f
∗
F

) y
→

Γ(
X

y,
F

∣ X
y
).

If
f
is

pr
op
er
an
d
X

is
se
pa

ra
te
d,

th
en

th
is

m
ap

is
a
bi
je
ct
io
n.

Pr
oo
f.
—

Si
nc
e
f
is

pr
op
er
,t
he

se
tX

y
is
co

m
pa
ct
.B

y
ca

se
(iv

)o
ft

he
or
em

3.2
.11
,

th
ec
an

on
ic
al

m
ap

co
lim

U
⊃
X

y
Γ(

U
,F

)→
Γ(
X

y,
F

∣ X
y
)

is
bi
je
ct
iv
e,
w
he

re
U

ra
ng
es

ov
er
al
lo

pe
n
ne

ig
hb

or
ho

od
so
fX

y
in

X.
Le

tU
be
an

op
en

ne
ig
hb

or
ho

od
of

X
y
in

X.
Si
nc
e
f
is

pr
op
er
,i

ti
sc

lo
se
d,

he
nc
e
f(
X

U
)i

sa
clo

se
d

su
bs
et

of
Y;

sin
ce

it
do
es

no
tc

on
ta
in

y,
th
er
ee

xi
sts

an
op
en

ne
ig
hb

or
ho

od
V

of
y
in

Y
su
ch

th
at
f(
X

U
)⊂

Y
V
.C

on
se

qu
en

tly
,

f−
1 (
V
)
⊂

U
.N

ei
gh
bo

rh
oo
ds

of
X

y
of

th
e
fo

rm
f−

1 (
V
)
ar
e
th

us
co
ûn
al

in
th
e

or
de

re
d

se
to
fa

ll
ne

ig
hb

or
ho

od
so
fX

y,
an
d

th
ec
an

on
ic
al

m
ap

(f
∗
F

) y
=
co

lim V
⊃
y

Γ(
f−

1 (
V
),

F
)→

co
lim

U
⊃
X

y
Γ(

U
,F

)

is
bi
je
ct
iv
e.

_
is

im
pl
ie
st

he
co

ro
lla

ry
.

3.
3.
Ex

te
ns

io
ns
by

ze
ro

3.
3.
1.
—

Le
tj
∶W

→
X
be

th
ei

nc
lu

sio
n
of
a
lo
ca

lly
clo

se
d

su
bs
et

of
X.

Le
tF

be
a
sh
ea
fo

n
W

.F
or
ev
er
y
op
en

su
bs
et

U
of

X,
le
t
j !F

(U
)
be

th
e
su
bs
et

of
j ∗

F
(U

)=
F

(W
∩U

)c
on

sis
tin

go
fa

ll
se
ct
io
ns

sw
ho

se
su

pp
or

t(
w
hi
ch

is
clo

se
d

in
W

∩
U
)i

sc
lo

se
d
in

U
._

is
is
a
su
b-

pr
es
he
af

of
j ∗

F
,a
ct
ua

lly
a
su
bs

he
af
.

M
or
eo
ve

r,
th
ec

on
str

uc
tio

n
j !
gi
ve

sr
ise

to
af

un
ct
or

A
b
(W

)→
A
b
(X

).

Le
m
m
a
(3
.3
.2
).
—

a)
Fo

re
ve

ry
x
∈X

W
,o

ne
ha

s
j !(

F
) x

=
0.

b)
Fo

re
ve

ry
x
∈W

,t
he
ca

no
ni
ca

lm
or

ph
ism

(j
∗
F

) x
→

F
x
in
du
ce
sa

n
iso

m
or

-
ph

ism
(j
!F

) x
→

F
x.

Pr
oo
f.
—

a)
Le

tx
∈X

W
.L
et

U
be
an

op
en

su
bs
et

of
X

su
ch

th
at
x
∈U

an
d

let
s∈

F
(W

∩U
)b
ea

n
ele

m
en

to
fj
!F

(U
).
By

hy
po

th
es
is,

on
eh
as

su
pp

(s
)⊂

W
,

so
th
at
x
/∈s

up
p(

s)
,h
en
ce

th
er
ee

xi
sts

an
op
en

ne
ig
hb

or
ho

od
V

of
x

su
ch

th
at

V
⊂

U
an
d

s∣ V
=
0.

_
is

im
pl
ie
st

ha
tt

he
ge

rm
s x

of
sa

tx
is
0.

W
e
th

us
ha
ve

(j
!F

) x
=
0.
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O
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Si
nc
e
h
○
f
is
an

iso
m

or
ph

ism
(m

od
N

),
so

is
(h u

).
Le

tt
he

n

p
=
(1 0

)
∶T
→

T
⊕
Z

an
d

q
=
(1

0
)
∶T

⊕
Z
→

T.

O
ne

ha
s

(h u
)○
f
=
(h○

f
u○
f
)
=
(h

○
f 0
)
=

p
○(

h
○
f)

.

Si
nc
eF

(f
),
F(

(h u
))
an
d
F(

h
○
f)
ar
ei

so
m

or
ph

ism
si

n
D
,t
hi

ss
ho

w
st

ha
tF

(p
)

is
an

iso
m

or
ph

ism
in

D
.O

ne
ha

sq
○
p
=

id
T,

so
th
at
F(

q)
is

th
e
le
�-

in
ve

rs
e

of
F(

p)
.C

on
se

qu
en

tly
,i
ti

sa
lso

its
rig

ht
-in

ve
rs
ea

nd
th
ei

m
ag
eo
fp

○q
=
(1

0
0
0
)

by
F
co

in
ci
de

sw
ith

th
at

of
id
.

By
a)
,t
he

re
ex

ist
sa

n
iso

m
or

ph
ism

(m
od

N
),

s̃=
(s t)

∶ W
→

T
⊕
Z,

su
ch

th
at

(0
0

0
1)
○s̃

=
0.
C
on

se
qu
en

tly
,t

=
0.

Le
tW

s Ð→
T
→

N
→

ΣW
be
a
di

st
in

gu
ish
ed

tr
ia
ng

le
;i
ts
co

pr
od

uc
tw

ith
th
e
di

st
in

gu
ish
ed

tr
ia
ng

le
0
→

Z
−
1 Ð→
Z
→

0
is

th
e

di
sti

ng
ui

sh
ed

tr
ia
ng

le

W
(
s 0
)

ÐÐ
→

T
⊕
Z
→

N
⊕
Z
→

ΣW
,

so
th
at

N
⊕
Z

is
an

ob
je
ct

of
N
,a

sw
as

to
be

sh
ow

n.
_
ei

m
pl
ic
at
io
n
(ii

i)⇒
(iv

)i
so
bv

io
us

sin
ce

th
er
ee

xi
sts
ad

ist
in

gu
ish
ed

tri
an

gl
e

of
th
ef

or
m

X
f Ð→
Y
→

Z
→

ΣX
.

Le
tu

sû
na

lly
pr

ov
et

ha
t(

iv
)⇒

(ii
).
Co

ns
id
er
ad

ist
in

gu
ish
ed

tri
an

gl
eX

f Ð→
Y
→

Z
→

ΣX
.S

in
ce

0
→

Z′
−
1 Ð→
Z′
→

0
is
ad

ist
in

gu
ish
ed

tr
ia
ng

le,
th
et

ria
ng

le

X
(
f 0
)

ÐÐ
→

Y
⊕
Z′
→

Z
⊕
Z′
→

ΣX

is
di

sti
ng

ui
sh
ed

.S
in
ce

Z
⊕
Z′

is
an

ob
je
ct

of
N
,b
y
as

su
m
pt

io
n,

th
em

or
ph

ism
(
f 0
)
∶X
→

Y
⊕
Z′

is
an

iso
m

or
ph

ism
(m

od
N

).
Le

tg
=
(1 0

)
∶X
→

Y
⊕
Z′

.O
ne

ha
s(

f 0
)
=

g
○
f,
w
hi
ch

pr
ov
es

th
e
ûr

st
pa

rt
of

(ii
).

_
e
se
co

nd
on
e
is

pr
ov
ed

an
al
og

ou
sly

.

Co
ro

lla
ry

(2
.5
.12

).
—

Le
tX
be
an

ob
je
ct

of
C

._
eo
bj
ec
tF

(X
)i

si
so

m
or

ph
ic

to
0

if
an
d
on

ly
if
th
er
e
ex

ist
sa

n
ob

je
ct
Y

of
C

su
ch

th
at

X
⊕
Y
∈o
b(
N

).

Pr
oo
f.
—

Ap
pl
y
pa

rt
b)

of
th
ep

ro
po

sit
io
n

to
th
ez
er
o
m

or
ph

ism
f
∈C

(0
,X

).
_
en
F(
X)

≃
0
if
an
d
on

ly
if
F(
f)

is
an

iso
m

or
ph

ism
.G

iv
en

th
ed

ist
in

gu
ish
ed

tr
ia
ng

le
0
→

X
→

X
→

0,
th
ec

or
ol
la
ry
fo
llo

w
sf

ro
m

th
ee

qu
iv
al
en
ce

(i)
⇔

(ii
i).
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Proposition
(2.5.13).—

_
ecategory

D
isan

additivecategory
and

thefunctorF
isan

additive
functor.

Proof.—
a)

Letusshow
that0

isboth
an

initialand
aterm

inalobjectin
D

.
W
ethusneed

to
show

thatforeveryobjectX
ofC

,thesetsD
(X,0)and

D
(0,X)

haveexactly
oneequivalenceclass.

Let(V
,f,g),(V

′,f
′,g

′)∈D
(X,0);since0

isaterm
inalobjectin

C
,onehas

g
=

g
′=

0.Let
W

V

V
′

X

←

→ u

←→

u
′

←→f

←

→f ′
be
an

hom
otopically

cartesian
square

(lem
m
a

2.3.3).
Since

f
and

f
′are

iso-
m

orphism
s(m

od
N

),so
are

u
and

u
′(lem

m
a
2.5.8)._

etriple(W
,f○

u,0)
and

them
orphism

su,u
′im

ply
that(V

,f,g)∼
(V

′,f
′,g

′),asw
asto

beshow
n.

Consequently,0
isaterm

inalobjectin
D

.By
considering

theoppositecategory,
0
isan

initialobjectin
D

.
b)

LetX,Y
beobjectsofC

,and
letusshow

thatX⊕
Y
isaproductofX

and
Y
in

thecategory
D

.Leti∶X
→

X
⊕
Y,j∶Y

→
X
⊕
Y,p

∶X
⊕
Y
→

X
and

q
∶X

⊕
Y
→

Y
bethecanonicalm

orphism
s.G

iven
an

objectP
and

tw
o
m

orphism
sφ

∶P
→

X
and

ψ
∶P
→

Y
in

D
,w
e
need

to
show

thatthere
existsa

unique
m

orphism
θ
∶P
→

X
⊕
Y

such
thatF(p)

○
θ
=

φ
and

F(q)
○
θ
=

ψ.
_
e
m

orphism
s

φ,ψ
are

represented
by

triples(W
,f,g)

∈
D
(P,X)

and
(W

′,f
′,h)

∈
D
(P,Y).

C
onsidering

ahom
otopically

cartesian
square

W
′′

W
′

W
P

←

→

←→

←→f
′

←

→
f

w
e
reduce

to
the

case
w
here

W
=
W

′and
f
=
f
′.

Let
k
=

(
gh )
and

let
θ
∈

D
(P,X

⊕
Y)

be
the

classofthe
triple

(W
,f,k).

O
ne

hasF(p)
○
θ
=

φ
and

F(q)○
θ
=
ψ.Letθ

′∈
D

(P,X
⊕
Y)beam

orphism
such

thatF(p)○
θ
′=

φ
and

F(q)○
θ
′=

ψ.U
p

to
replacing

W
,w
e
m
ay
assum

e
thatθ

′isrepresented
by
a

tripleoftheform
(W

,f,k
′),w

here
k
′=

(
g
′

h
′ )._

en
(W

,f,g)and
(W

,f,g
′)are

equivalent,so
that,in

particular,F(g)
=
F(g

′);by
proposition

2.5.11,a),there
existsan

isom
orphism

(m
od

N
),u

∶U
→

W
,such

thatg○
u
=

g
′○

u.Sim
ilarly,

there
existsan

isom
orphism

(m
od

N
),v

∶V
→

W
,such

that
g
○
v
=

g
′○

v.
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endowed
with

acontinuousm
ap

p
∶E
→

X
w
hich

isalocalhom
eom

orphism
(ev-

ery
pointofE

hasan
open

neighborhood
U

such
thatp∣U

isahom
eom

orphism
from

U
to
an

open
subsetofX).

To
everyétalespace

p
∶E
→

X
isassociated

itssheafF
ofcontinuoussections.

_
eûber

F
x isidentiûed

with
p
−1(x).Conversely,given

asheafF
,oneendowes

the
setE

F
=
∐

x
∈X

F
x w

ith
a
topology

so
thatthe

projection
E

F
→

X
isétale

and
itssheafofcontinuoussectionsidentiûesw

ith
F

.
In

thesetting
ofétalespaces,thefunctor

f
∗correspondsto

theûberproduct
oftopologicalspaces.

3.2.10.
—

Let
F
bean

abelian
sheafon

X.LetU
bean

open
subsetofX

and
lets∈

F
(U

).By
thesheafproperty

of
F
,if

V
isafam

ily
ofopen

subsetsofU
w
ith

union
V
,such

thats∣W
=
0
forevery

W
∈
V
,then

s∣V
=
0._

e
supportofs,

supp(s),istheintersection
ofallclosed

subsetsZ
ofU

such
thats∣U

Z
=
0.Itisa

closed
subsetofU

,and
therestriction

ofsto
itscom

plem
entis0;consequently,

itisthesm
allestsuch

closed
subset.

M
orphism

sofsheavesrespectsupports.Precisely,letu
∶
F
→

G
be
a
m

or-
phism

ofabelian
sheaveson

X.Forevery
open

subsetU
ofX

and
every

sec-
tion

s∈
F

(U
),one

hassupp(u(s))
⊂

supp(s).Indeed,the
restriction

ofsto
U

supp(s)isthezero
section,so

thattherestriction
ofu(s)to

U
supp(s)is

zero
asw

ell.

_
eorem

(3.2.11).—
LetF

besheafon
X
,letA

bea
subspaceofX

and
letj∶A

→
X

be
the

canonicalinclusion.Letusm
ake

one
ofthe

follow
ing

hypotheses:

(i)
_
e
subspaceA

adm
itsa

basisofparacom
pactneighborhoods;

(ii)
_
e
spaceX

isparacom
pactand

A
isclosed;

(iii)
_
e
spaceX

ism
etrizable;

(iv)
_
e
spaceX

isseparated
and

A
iscom

pact.

_
en

the
canonicalm

orphism
ofpresheaves

j ∗pre F
→

j ∗F
inducesa

bijection

colim
U
⊃A

F
(U

)→
j ∗F

(A
).

Fortheproof,Ireferto(G
odem

ent,1973,théorèm
e3.3.1,p.150)or(Bourbaki,

2016,I,p.37,théorèm
e2).

C
orollary

(3.2.12).—
LetX

and
Y
be

topologicalspaces
and

let
f∶X

→
Y
be

a
continuous

m
ap.

Let
F
be
a
sheafon

X
.
Let

y
∈
Y
and

w
rite

X
y
=
f
−1(y).
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3.
2.
7.
—

Le
tx

∈X
._

eû
be

ro
fa
an
ab
eli
an

sh
ea
fF

at
ap

oi
nt

x
is

th
ec

ol
im

it

F
x
=
co

lim U
∋
x

F
(U

).

_
ef

un
ct
or

A
b
(X

)→
A
b

gi
ve

n
by

F
↦

F
x
is
ex
ac

t.

3.
2.
8.
—

Le
t
f
∶X
→

Y
be
a
co

nt
in

uo
us

m
ap

.F
or
ev
er
y
op
en

su
bs
et
V

of
Y,

f−
1 (
V
)
is
an

op
en

su
bs
et

of
X.
C
on

se
qu
en

tly
,f

in
du
ce

sa
fu

nc
to

rO
p
(Y

)
→

O
p
(X

).
By

co
m
po

sit
io
n,
ev
er
yp

re
sh
ea
fF

on
X

in
du
ce

sa
pr
es
he
af
f ∗

F
on

Y.
If

F
is

as
he
af
,t
he

n
f ∗

F
is
as

he
af
as

w
el
l.

_
em

ap
pi
ng

F
↦
f ∗

F
gi
ve

sr
ise

to
af

un
ct
or
f ∗
∶A

b
(X

)→
A
b
(Y

).
_

is
fu

nc
to

r
ha

s
a
le
�
ad

jo
in

t,
de

no
te
d
f∗
,w

hi
ch

ca
n
be

de
ûn
ed

as
fo
l-

lo
w
s.
Fo

re
ve

ry
sh
ea
fG

on
Y
an
d
ev
er
y
op
en

su
bs
et

U
of

X,
le
t
f∗ pr

eG
(U

)
=

co
lim

V
⊃
f(

U
)
G
(V

).
_
e
un

iv
er

sa
lm

ap
s
en
do

w
f∗ pr

eG
w
ith

th
e
st
ru
ct
ur
e
of
a

pr
es
he
af

on
Y.

Le
tf

∗
G
be

th
ea

ss
oc

ia
te
d

sh
ea
f.

Fo
re

ve
ry

op
en

su
bs
et
V

of
Y,

on
e
ha

s
f(
f−

1 (
V
))

⊂
V
._

e
ca

no
ni
ca

lm
or

-
ph

ism
G
(V

)
→

co
lim

W
⊃
f(
f−

1 (
W
)
)
G
(W

)
=
f∗ pr

eG
(f

−
1 (
V
))

.
fu

rn
ish
es
a
m

or
-

ph
ism

of
sh
ea
ve

sε
G
∶G
→
f ∗
f∗

G
._

is
m

or
ph

ism
is
fu

nc
to

ria
li
n

G
.

O
n

th
eo

th
er

ha
nd
,f
or
ev
er
yo

pe
n

su
bs
et

U
of

X
an
d
ev
er
yo

pe
n

su
bs
et
V

of
Y

co
nt
ai
ni

ng
f(

U
),

on
eh
as

U
⊂
f−

1 (
V
);

th
en
,t
he
ca

no
ni
ca

lm
ap
f∗ pr

e(
f ∗

F
)(

U
)=

co
lim

V
⊃
f(

U
)
f ∗

F
(V

)=
co

lim
V
⊃
f(

U
)
F

(f
−
1 (
V
))
→

F
(U

)d
eû

ne
sa

m
or

ph
ism

of
pr
es
he
av
es
f∗ pr

e(
f ∗

F
)→

F
,h
en
ce
am

or
ph

ism
of

sh
ea
ve

sε
F
∶f

∗
(f

∗
F

)→
F

._
is

m
or

ph
ism

is
fu

nc
to

ria
li
n

F
.

_
em

or
ph

ism
sε

⋅
an
d
η ⋅
ar
et

he
un

it
an
d

th
ec

ou
ni

to
fa

n
ad

ju
nc

tio
n
f∗
⊣
f ∗
,

an
d
fu

rn
ish

fu
nc

to
ria

lb
ije
ct
io
ns
:

H
om

X
(f

∗
G
,F

)≃
H
om

Y
(G
,f
∗
F

)

fo
re

ve
ry

sh
ea
fF

on
X
an
d
ev
er
y
sh
ea
fG

on
Y.

At
th
e
le
ve

lo
fû
be

rs
,o

ne
ha

sf
un
ct
or

ia
li

so
m

or
ph

ism
s(
f∗

G
) x

≃
G
f(
x)
,f
or

ev
er
y
x
∈X

._
is

im
pl
ie
si

n
pa

rt
ic
ul
ar

th
at

th
ef

un
ct
or
f∗
∶A

b
(Y

)→
A
b
(X

)i
s

ex
ac

t.

3.
2.
9.
—

W
he

n
C

is
th
e
ca

te
go

ry
of

se
ts
,s

he
av
es

ha
ve
an

al
te
rn
at
iv
e,

to
po

-
lo
gi
ca

l,
de
ûn

iti
on

in
te
rm

so
fé

ta
le

sp
ac
es

ov
er

X,
th
at

is,
at

op
ol
og

ic
al

sp
ac
eE

2.5
.L

O
CA

LI
ZA

TI
O
N

67

C
on

sid
er

in
g
ah

om
ot
op

y
pu

ll-
ba
ck

of
u
an
d
v,
w
em

ay
as

su
m
et

ha
tU

=
V
an
d

u
=
v.

_
en

k
○u

=
k′
○u
,h
en
ce
F(

k)
=
F(

k′
).

Si
m

ila
rly
,o

ne
pr

ov
es

th
at
X
⊕
Y

is
ap

ro
du
ct
.

c)
By

th
et
wo

pr
ec
ed

in
g
pa

ra
gr
ap

hs
,t
he
ca

te
go

ry
D

is
se
m

i-a
dd

iti
ve
,a

nd
th
e

fu
nc

to
rF

is
ad
di

tiv
e.

It
re
m
ai
ns

to
pr

ov
et

ha
te
ve

ry
m

or
ph

ism
φ
∈D

(X
,Y

)h
as

an
op

po
sit
e.

Le
t(
W
,f
,g

)b
ea

tr
ip
le

re
pr
es
en

tin
g
φ
an
d
le
tφ

′
=
[(
W
,f
,−

g)
].

O
ne
ch
ec

ks
th
at

φ
+

φ′
=

[(
W
,f
,0

)]
=
0.

_
is
co

nc
lu
de

st
he

pr
oo
ft

ha
tt

he
ca

te
go

ry
D

is
ad
di

tiv
e.

2.
5.
14

.
—

If
f
is
an

iso
m

or
ph

ism
(m

od
N

),
th
en

so
ar
e
Σ
f
an
d

Σ−
1 f

;c
on

se
-

qu
en

tly
,t
he

re
ex

ist
su

ni
qu
ee

nd
of

un
ct
or

so
fD

,s
til
de

no
te
d
by

Σ
an
d

Σ−
1 ,
su
ch

th
at

Σ
○F

=
F
○Σ

an
d

Σ−
1 ○
F
=
F
○Σ

−
1 .
O
ne

ha
sΣ

○Σ
−
1 ○
=
F
=
id

D
○F
,s

o
th
at

Σ
○Σ

−
1
=
id

D
;s

im
ila

rly
,Σ

−
1 ○

Σ
=
id

D
.I

n
pa

rt
ic
ul
ar
,Σ

is
an
au

to
m

or
ph

ism
of

th
ec
at
eg

or
y
D

.

Le
m
m
a
(2

.5
.15

).
—
A
ny
di
ag

ra
m

of
di
sti

ng
ui
sh
ed

tr
ia
ng

le
si

n
C

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

′

←
→

u

←→f
←

→
v

←→g
←

→
w

←→h

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′

w
he

re
f,

g
ar
ei

so
m
or

ph
ism

s(
m

od
N

)c
an
be
ex

te
nd
ed

to
a
m
or

ph
ism

of
tr
ia
ng

les
,

w
he

re
h
is
an

iso
m
or

ph
ism

(m
od

N
).

Pr
oo
f.
—

Le
tu

s
co

m
pl
et
e
th
e
m

or
ph

ism
u′
○
f
∶X
→

Y′
to
a
di

st
in

gu
ish
ed

tr
ia
ng

le
X

u′
○
f

ÐÐ
→

Y′
v′
′

Ð→
Z′
′
w
′
′

Ð→
ΣX

.W
et

he
n
de
co

m
po

se
th
eg

iv
en
di
ag

ra
m
as

th
e

co
m

po
sit

io
n
of

tw
o
di
ag

ra
m

so
fd

ist
in

gu
ish
ed

tr
ia
ng

le
s:

X
Y

Z
ΣX

X
Y′

Z′
′

ΣX

X′
Y′

Z′
ΣX

′

←

→
u

⇐⇐

←

→
v

←→g

←

→
w

←→h
′
′

⇐⇐

←

→
u′
○
f

←→f

←

→
v′
′

⇐⇐

←

→
w
′
′

←→h
′

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′
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Starting
w
ith

theûrsttw
o

triangles,letusnow
apply

theoctahedralaxiom
:

X
Y

Z
ΣX

X
Y

Z
′′

ΣX

N
N

ΣX
Y

Z
Σ

2X

←

→
u

⇐⇐

←

→
v

←→g

←

→
w

←→h
′
′

⇐⇐

←

→
u
′○f

←

→ v

←→

←

→

←→

⇐

⇐

←→

←→

←

→
Σu

←

→
Σv

←

→
−Σw

Since
g
isan

isom
orphism

(m
od

N
),theobjectN

belongsto
N

;consequently,
h
′′isan

isom
orphism

(m
od

N
)asw

ell.
W
ethen

apply
theoctahedralaxiom

in
theoppositecategory

to
thelasttw

o
triangles,a�erhaving

shi�ed
them

to
thele�:

Σ
−1Y

′
Σ
−1Z

′
X
′

Y
′

N
′

N
′

Y
′

Z
′′

ΣX
ΣY

Y
′

Z
′

ΣX
′

ΣY
′

←

→
−Σ

−
1v
′

←→

←

→
−Σ

−
1w

′
←→

←

→
−u

′

⇐
⇐

←→

←→

←

→
−v

′
′

⇐⇐

←

→
−w

′
′

←→h
′

←

→
−Σu

′○Σ
f

←→

Σ
f

⇐⇐

←

→
−v

′

←

→
−w

′

←

→
−Σu

′

A
gain,since

the
m

orphism
Σ
f
is
an

isom
orphism

(m
od

N
),the

objectN
′

belongs
to

N
,so

that
h
′is

an
isom

orphism
(m

od
N

).
Finally,w

e
m
ay

let
h
=

h
′○

h
′′;itisan

isom
orphism

(m
od

N
).

_
eorem

(2.5.16).—
LetT

bethesetoftrianglesin
D

w
hich

areisom
orphictothe

im
ageunderF

ofa
distinguished

triangleofC
._

ecategory
D

isa
triangulated

category,w
hen

endow
ed

w
ith

itsendofunctorΣ
and

the
set

T
oftriangles,and

the
functorF

∶
C
→

D
isa

triangulated
functor.

Letusrem
ark

thatthegiven
setofdistinguished

trianglesin
D

isthesm
all-

estpossible
one

forw
hich

F
isa

triangulated
functor.Indeed,thiscondition

im
pliesthatthe

im
age

ofa
distinguished

triangle
isagain

distinguished,and

3.2.A
BELIA

N
CATEG

O
RIES

O
F
A
BELIA

N
SH
EAV

ES
93

vertex
{V
,V

′},and
with

m
orphism

sinduced
bytheinclusionsV

∩
V
′⊂

V
(resp.

V
∩
V
′⊂

V
′),forV

,V
′∈

U
.

O
ne

saysthata
C

-presheafisa
sheaf

ifforevery
open

subsetU
ofX,and

every
open

covering
U

ofU
,thecone(F

(U
)→

F
(V

∩
V
′))V

,V
′∈U

isalim
it.

3.2.3.
—

A
ssum

ethatthecategory
C
adm

itslim
its._

en
thenaturalfunctor

from
the

category
ofsheaveson

X
to

the
category

ofpresheavesadm
ita

le�
adjoint

F
→

F
†,inducing,foreverypresheafF

and
everysheafG

,abijection

H
om

(F
†,G

)
∼Ð→

H
om

(F
,G

)).

Letusconsideradiagram
ofsheaves.View

ed
asadiagram

ofpresheaves,its
lim

itisasheaf,and
isitslim

itin
thecategory

ofsheaves.
H
ow
ever,the

presheaf-colim
itofthis

diagram
is

usually
nota

sheaf;the
associated

sheaffurnishesacolim
itin

thecategory
ofsheaves.

3.2.4.
—

W
edenoteby

A
b(X)thecategory

ofsheavesofabelian
groupson

X.
IfO

X issheafofringson
X,wedenoteby

M
o
d
(O

X )thecategoryofO
X -m

odules
on

X.Letk
bean

abelian
group

(resp.aring);wewrite
k
X
fortheconstantsheaf

on
X
associated

w
ith

k.O
nehas

M
o
d
(Z

X )=
A
b(X).

_
esecategoriesadm

itlim
itsand

colim
its.Lim

its(forexam
pleproductsor

equalizers),arecom
puted

aspresheaves.C
olim

its,forexam
plecoproductsor

coequalizers,requireto
considerthesheafassociated

w
ith

thecolim
it-presheaf.

_
eorem

(3.2.5).—
LetX

be
a
topologicalspace

and
let

O
be
a
sheafofrings

on
X
._

e
category

M
o
d
(O

)
ofsheavesof

O
-m

oduleson
X

isa
G
rothendieck

abelian
category.In

particular,the
category

A
b(X)

ofabelian
sheaveson

X
isa

G
rothendieck

abelian
category.

A
s
a
consequence,

these
categories

have
enough

injective
objects

(theo-
rem

1.4.10).

3.2.6.
—

Assum
ethat

O
X
isasheafofcom

m
utativerings._

en
thecategoryof

O
X -m

odulesadm
itsan

internalH
om

bifunctorH
om

(⋅,⋅),and
atensorproduct.

_
eseareadditivefunctors.
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no
tc

on
ta
in

th
ep

oi
nt
a.

Si
nc
eX

is
se

pa
ra

te
d,

th
er
ee

xi
sts
,f
or
ev
er
y
po

in
tx

∈A
,

an
op
en

ne
ig
hb

or
ho

od
V

x
of
a
an
d
an

op
en

ne
ig
hb

or
ho

od
W

x
of

x
su
ch

th
at

V
x
∩
W

x
=
∅
.S

in
ce
A

is
co

m
pa
ct
,t
he

re
ex

ist
sa

ûn
ite
fa
m

ily
S
of
A

su
ch

th
at

th
e
W

x,
fo

r
x
∈

S,
co
ve

rA
;l
et

th
en

W
=
⋃

x∈
S
W

x
an
d
V

=
U
∩
⋂

x∈
S
V

x.
By

co
ns

tr
uc

tio
n,
W

is
an

op
en

ne
ig
hb

or
ho

od
of
A
,V

is
an

op
en

ne
ig
hb

or
ho

od
of
a

co
nt
ai
ne
d
in

U
,a

nd
V
∩
W

=
∅
.M

or
eo
ve

r,

V
⊂

U
∩
⋂ x∈

S
V

x
⊂

U
⋃ x∈

S
W

x
⊂

U
.

b)
Fo

re
ve

ry
a
∈A

,le
tV

a
be
ac

om
pa
ct

ne
ig
hb

or
ho

od
of
a
w
hi
ch

is
co

nt
ai
ne
d

in
U
.
W

he
n
a
∈
A
,t

he
in

te
rio

rs
V̊
a
fo

rm
an

op
en

co
ve

rin
g
of
A
;s

in
ce
A

is
co

m
pa
ct
,t
he

re
ex

ist
sa

ûn
ite

su
bs
et

S
of
A

su
ch

th
at
A
⊂
⋃
a∈

S
V̊
a.

_
el
at
te
rs
et

is
an

op
en

ne
ig
hb

or
ho

od
V

of
A
;s

in
ce

S
is
ûn

ite
,V

⊂
⋃
a∈

S
V
a
⊂

U
.

c)
Fo

re
ve

ry
a
∈A

,le
tu

sc
ho

os
ea

n
in
de
x
i(
a)

∈{
1,
..

.,
n}

su
ch

th
at
a
∈U

i(
a)

an
d
an

op
en

ne
ig
hb

or
ho

od
W
a
of
a

su
ch

th
at
W

a
⊂

U
i(
a)
._

ef
am

ily
(W

a)
a∈
A

of
op
en

su
bs
et
so
fX

co
ve

rs
A
;c

on
se

qu
en

tly
,t
he

re
ex

ist
sa

ûn
ite

su
bs
et

S
of
A

su
ch

th
at

th
e
fa
m

ily
(W

a)
a∈

S
co
ve

rs
A
.F

or
ev
er
y
i
∈
{1
,.

..
,n

},
le
tV

i
be

th
e

un
io
n
of

th
eo

pe
n

se
ts
W
a,
fo

ra
∈S

su
ch

th
at

i=
i(
a)

;i
ti

sa
n
op
en

su
bs
et

of
X

su
ch

th
at
V

i
=
⋃

a∈
S

i(
a)
=
iW

a
⊂

U
i.
M

or
eo
ve

r,
⋃

i∈
IV

i
=
⋃
a∈

S
W
a
is
an
ei
gh
bo

rh
oo
d

of
A

in
X.

3.
2.
A
be

lia
n
ca

te
go

ri
es

of
ab
el
ia
n
sh
ea
ve

s

3.
2.
1.
—

Le
tX

be
a
to
po

lo
gi
ca

ls
pa
ce

._
e
se

tO
p(
X)

of
op
en

su
bs
et
so
fX

is
or
de

re
d
by

in
clu

sio
n;

w
ec

on
sid
er

th
ea

ss
oc

ia
te
d
ca

te
go

ry
O
p
(X

).
Le

tC
be
a
ca

te
go

ry
(fo

r
in

st
an
ce
,t

he
ca

te
go

ry
of

se
ts
,o

r
th
e
ca

te
go

ry
of

ab
eli
an

gr
ou

ps
).
A
C

-p
re
sh
ea
f
on

X
is
ac

on
tra

va
ria

nt
fu

nc
to

rF
fro

m
O
p
(X

)
to

th
ec
at
eg

or
y
C

.A
m

or
ph

ism
of

pr
es
he
av
es

is
am

or
ph

ism
of
fu

nc
to

rs
.

It
th
e
ca

te
go

ry
C

ad
m

its
lim

its
(r
es
p.

co
lim

its
),

th
en

th
e
ca

te
go

ry
of

C
-

pr
es
he
av
es

on
X
ad

m
its

lim
its

(r
es
p.
co

lim
its

),
w
hi
ch
ar
ec

om
pu

te
d
po

in
tw

ise
.

3.
2.
2.
—

Le
tU

be
an

op
en

su
bs
et

of
X
an
d
let

U
be
an

op
en
co
ve

rin
g
of

U
.T

o
th
es
ed
at
a,
w
ea

tta
ch
aq

ui
ve

rw
ho

se
ve

rt
ic
es
ar
et

he
pa

irs
{V
,V

′ }
of
el
em
en

ts
of

U
,t
hi

sv
er

te
x
be

in
g
th
et
ar
ge

to
ft
w
o
ar

ro
w
so
fr
es
pe
ct
iv
eo

rig
in

s{
V
}
an
d

{V
′ }
.E

ve
ry

C
-p

re
sh
ea
fF

de
ûn
es
a
di
ag

ra
m
,w

ith
va

lu
e

F
(V

∩
V
′ )
at

th
e
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ax
io
m

(2
.1.

3.1
)o
fa

tr
ia
ng

ul
at
ed
ca

te
go

ry
im

po
se

st
ha

tt
he

tr
ia
ng

le
si

n
T

be
di

sti
ng

ui
sh
ed

.

Pr
oo
f.
—

1)
By

co
ns

tr
uc

tio
n,
a

tr
ia
ng

le
w
hi
ch

is
iso

m
or

ph
ic

to
a
di

st
in

-
gu

ish
ed

tr
ia
ng

le
is
di

sti
ng

ui
sh
ed

.
2)

It
fo
llo

w
sf

ro
m

th
ed
eû

ni
tio

n
an
d

th
ea

na
lo
go

us
pr

op
er

ty
fo

rt
he

tr
ia
ng

u-
lat
ed
ca

te
go

ry
C

th
at

if
T

is
at

ria
ng

le
in

D
,t
he

n
th
es

hi
�

of
T

is
di

sti
ng

ui
sh
ed

if
an
d
on

ly
if

T
is
di

sti
ng

ui
sh
ed

.
3)
Fo

r
ev
er
y
ob

je
ct

X,
th
e
tr
ia
ng

le
X

1 Ð→
X
→

0
→

ΣX
in

D
is

th
e
im
ag
e

un
de

rF
of

th
e“

sa
m
e”

tr
ia
ng

le
in

C
,h
en
ce

is
di

sti
ng

ui
sh
ed

.
4)

Le
tφ

∶X
→

Y
be
am

or
ph

ism
in
D

;le
ti
tb
er
ep

re
se

nt
ed
by
at

rip
le
(W

,s
,f

),
w
he

re
s
is
an

iso
m

or
ph

ism
(m

od
N

).
Le

tW
f Ð→
Y

g Ð→
Z

h Ð→
ΣW

be
a
di

st
in

-
gu

ish
ed

tr
ia
ng

le
in

C
._

ed
ia
gr
am

in
D

W
Y

Z
ΣW

X
Y

Z
ΣX

←

→
F(
f)

←→

F(
s)

⇐⇐

←

→
F(

g)

←

→
F(

h)

⇐⇐

←→Σ
s

←

→
φ

←

→
F(

g)

←

→
ΣF
(
s)
○
F(

h)

sh
ow

st
ha

tt
he
bo

tto
m

tr
ia
ng

le
is
di

sti
ng

ui
sh
ed

.
5)

Le
tu

sc
on

sid
er
ap
ar

tia
ld

ia
gr
am

of
di

sti
ng

ui
sh
ed

tr
ia
ng

le
si

n
D
:

X
Y

Z
ΣX

X′
Y′

Z′
ΣX

′

←

→
u

←→f

←

→
v

←→g

←

→
w

←→Σ
f

←

→
u′

←

→
v′

←

→
w
′

an
d
let

us
sh

ow
th
at

th
er
ee

xi
sts

am
or

ph
ism

h
∶Z
→

Z′
in

D
th
at

gi
ve

sr
ise

to
a

di
sti

ng
ui

sh
ed

m
or

ph
ism

of
di

sti
ng

ui
sh
ed

tr
ia
ng

le
s.

W
em

ay
as

su
m
et

ha
tb

ot
h
ho

riz
on

ta
lt

ria
ng

les
ar
ei

m
ag
es
by
F
of
di

sti
ng

ui
sh
ed

tr
ia
ng

le
si

n
C

.
Le

tu
ss

ho
w

th
at

th
el
e�

m
os

tc
om

m
ut
at
iv
es

qu
ar
ei

si
so

m
or

ph
ic

to
th
ei

m
ag
eo
f

ac
om

m
ut
at
iv
es

qu
ar
ei

n
C

.L
et

(U
,s

1,
u 1
)∈

D
(X
,Y

)a
nd

(V
,t

1,
g 1
)∈

D
(Y
,Y

′ )
be

re
pr
es
en

ta
tiv
es

of
u
an
d

g.
Le

t(
W
,t

2,
u 2

)
∈
D
(U
,V

)b
ea

tr
ip
le
bu

ilt
fr
om

a
ho

m
ot
op

y
pu

ll-
ba
ck

of
u 1
an
d

t 1.
Si
m

ila
rly
,l
et

(U
′ ,
t′ 1,
f 1)

∈
D
(X
,X

′ )
an
d

(V
′ ,s

′ 1,
u′ 1)

∈ D
(X

′ ,Y
′ )
be

re
pr
es
en

ta
tiv
es

of
f
an
d

g′
.L
et

(W
′ ,s

′ 2,
f 2
)b
ea

tr
ip
le

bu
ilt
fro

m
ah

om
ot
op

yp
ul
l-b
ac

ko
ff

1a
nd

s′ 1.
Le

tû
na

lly
(P
,s

3,
t 3
)∈

D
(W

,W
′ )
be

at
rip

le
bu

ilt
fro

m
ah

om
ot
op

yp
ul
l-b
ac

k
of

t′ 1○
s′ 2
an
d
s 1
○t

2.
_
es
ec

on
str

uc
tio

ns
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CATEG
O

RIES

aresum
m
arized

by
thediagram

s:

W
V

Y
′

U
Y

X

←

→
u

2
←→

t2

←→t1

←

→ g1

←

→
u

1

←→

s1

W
′

V
′

Y
′

U
′

X
′

X

←

→ f2

←→

s
′2

←→s
′1

←

→
u
′1

←

→ f1

←→

t
′1

P
W

W
′

X

←

→
t3

←→

s3

←→s1 ○t2

←

→
t
′1 ○s

′2

M
oreover,t2 ,s

′1 ,s3 and
t3 areisom

orphism
s(m

od
N

).
Letuscom

pleteu
2 ○

t3 ∶P
→

V
into

adistinguished
triangleP

→
V
→

Q
→

ΣP
in

C
;letuscom

plete
u
′1 ∶V

′→
Y
′into

adistinguished
triangleV

′→
Y
′→

Q
′→

ΣV
′in

C
._

isfurnishesthediagram
ofdistinguished

trianglesin
C
:

X
Y

Z
ΣX

P
V

Q
ΣP

V
′

Y
′

Q
′

ΣV
′

X
′

Y
′

Z
′

ΣX
′

←

→
u

←

→
v

←

→
w

←

→

←→s←→f
′

←→

t

←

→

←→g
′

←→h
′

←

→

←→
r

←→Σ
f
′

←→

Σ
s

←
→

←→

s
′

←
→

⇐⇐

←
→

←→r
′

←→Σ
s
′

←

→
u
′

←

→
v
′

←

→
w
′

w
here

s,t,s
′are

m
orphism

s
in

S
such

that
f
=
F(s

′)
○
F(f

′)
○
F(s)

−1and
g
=
F(g

′)○
F(t)

−1.Letuschoose
a
m

orphism
h
′∶Q

→
Q
′thatgivesrise

to
a

distinguished
m

orphism
ofdistinguished

trianglesin
C

.By
lem

m
a2.5.15,there

existm
orphism

sr∶Q
→

Z
and

r
′∶Q

′→
Z
′in

S
thatgiveriseto

isom
orphism

s
oftrianglesin

D
._

em
orphism

h
=
F(r

′)○F(h
′)○F(r)

−1∶Z
→

Z
′in

D
induces

adistinguished
isom

orphism
ofdistinguished

triangles.
_

is
show

s
thatthe

category
D

satisûes
the

ûve
axiom

s
ofa

triangulated
category.By

construction,thefunctorF
istriangulated.

Proofoftheorem
2.5.4.—

W
ehaveconstructed

atriangulated
category

D
and

a
triangulated

functorF
∶
C
→

D
such

thatN
⊂
Ker(F).Letnow

F
′∶
C
→

D
′be

anytriangulated
functorto

atriangulated
category

D
′besuch

thatN
⊂
Ker(F

′) .
Let

f∶X
→

Y
be

an
isom

orphism
(m

od
N

)
and

letX
fÐ→

Y
→

Z
→

ΣX
be

a
distinguished

triangle
in

C
;by

deûnition,Z
is
an

objectof
N

.
_
en
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a)
_
e
m
ap
f
isproperifand

only
if
f
−1(y)

iscom
pact,forevery

y
∈Y

.
b)

IfX
and

Y
arelocally

com
pact(in

particular,separated),them
ap
f
isproper

ifand
only

if
f
−1(A

)
isa

com
pactsubsetofX

,forevery
com

pactsubsetA
ofY

.

Proposition
(3.1.6).—

Let
f∶X

→
Y
be
a
continuousm

ap.

a)
A
ssum

e
that

f
isproper(resp.separated)._

en
forevery

subspaceA
ofY

,
the

m
ap
fA
∶
f
−1(A

)→
A

induced
by
f
by

restriction
isproper(resp.separated).

b)
A
ssum

e
that

f
isproper(resp.separated)._

en
forevery

closed
subspaceZ

ofX
,the

m
ap
f∣Z ∶Z

→
Y

isproper(resp.separated).
c)
A
ssum

ethatthereexistsan
open

covering
V

ofV
such

thatforeveryV
∈

V
,

the
m
ap

fV
∶
f
−1(V

)
→

V
is

proper
(resp.

separated).
_
en
f
is

proper
(resp.

separated).

D
eûnition

(3.1.7).—
A

topologicalspace
X

isparacom
pact

iffor
every

open
covering

U
ofX

,there
existsan

open
covering

V
ofX

satisfying
the

follow
ing

properties:

a)
ForeveryV

∈
V
,thereexistsU

∈
U

such
thatV

⊂
U

(thecovering
V

reûnes
the

covering
U

);
b)
Every

pointofX
hasan

open
neighborhood

A
such

thatthesetofV
∈
V

such
thatA

∩
V
≠
∅

isûnite.

A
com

pacttopologicalspaceisparacom
pact;am

etrizabletopologicalspace
isparacom

pact;every
subspaceofacellularspaceisparacom

pact.

Lem
m
a
(3.1.8).—

LetX
be
a
locally

com
pacttopologicalspace.

a)
For

every
open

subsetU
ofX

and
every

pointa
∈
U
,there

existsan
open

neighborhood
V

ofa
such

thatV
⊂

U
.

b)
Let(U

1 ,...,U
n )
bea

ûnitefam
ily

ofopen
subsetsofX

,letU
=

U
1 ∪

⋅⋅⋅∪
U

n

and
letA

bea
com

pactsubsetofX
w
hich

iscontained
in

U
._

ereexistsa
fam

ily
(V

1 ,...,V
n )

ofopen
subsetsofX

such
thatA

⊂
V

1 ∪
⋅⋅⋅∪

V
n
and

V
i ⊂

U
i for

every
i∈{1,...,n}.

c)
In

particular,foreverycom
pactsubsetA

ofX
and

everyopen
neighborhood

U
ofA

,there
existsan

open
neighborhood

V
ofA

such
thatV

⊂
U
.

Proof.—
a)
By

deûnition
ofalocally

com
pacttopologicalspace,thepointa

adm
itsacom

pactneighborhood
C.Replacing

U
by

U
∩
C̊,wem

ay
assum

ethat
U

iscom
pact.Letthen

A
=
∂(U

)=
U

U
;itisacom

pactsubsetofX
w
hich

does
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CH
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3.
CO

H
O
M

O
LO

G
Y

O
F

SH
EA

V
ES

is
an

op
en

ne
ig
hb

or
ho

od
of

x
in

U
,w

hi
ch

pr
ov
es

th
ec

la
im

.A
ny

op
en

su
bs
et
V

of
X

of
w
hi
ch
A

is
ac

lo
se
d

su
bs
et

is
am

em
be

ro
ft

he
fa
m

ily
of

w
hi
ch

U
is

th
e

un
io
n,

so
th
at

U
is

in
de
ed

th
el
ar
ge

st
su
ch

op
en

su
bs
et

of
X.

b)
(i)
⇒

(ii
).
By
a)
,t
he

re
ex

ist
sa

n
op
en

su
bs
et

U
of

X
of

w
hi
ch
A

is
ac

lo
se
d

su
bs
et
.B

yd
eû

ni
tio

n
of

th
ei

nd
uc
ed

to
po

lo
gy

of
U
,t
he

re
ex

ist
sa

clo
se
d

su
bs
et
Z

of
X

su
ch

th
at
A
=
Z
∩

U
,a

sw
as

to
be

sh
ow

n.
(ii

)⇒
(ii

i).
U
nd
er

th
ea

ss
um

pt
io
ns

of
(ii

),
th
er
el
at
io
n

U
A
=

U
(U

∩
Z)

sh
ow

st
ha

tA
is
cl
os
ed

in
U
,s

o
th
at
A
∩

U
=
A
.B

y
de
ûn

iti
on

of
th
e
in
du
ce
d

to
po

lo
gy

of
A
,t
hi

sp
ro
ve

st
ha

tA
is

op
en

in
A
.

(ii
i)⇒

(i)
.L
et
V
be
an

op
en

su
bs
et

of
X

su
ch

th
at
A
=
V
∩
A
.O

ne
ob

se
rv
es

th
at
fo

re
ve

ry
a
∈A

,t
he

se
tV

is
an

op
en

ne
ig
hb

or
ho

od
of
a

su
ch

th
at
A
∩
V
=
A

is
clo

se
d
in

V
.C

on
se

qu
en

tly
,A

is
lo
ca

lly
clo

se
d
in

X.
c)
Fi

rs
ta

ss
um

et
ha

tA
is

lo
ca

lly
clo

se
d
in

X
an
d
let

U
be
an

op
en

su
bs
et

of
X

of
w
hi
ch
A

is
ac

lo
se
d
su
bs
et
._

en
U

is
lo
ca

lly
co

m
pa
ct
,h
en
ce
A

is
lo
ca

lly
co

m
pa
ct

as
w
el
l,
be
ca

us
eo

pe
n

su
bs
et
sa

nd
clo

se
d

su
bs
et
so
fa

lo
ca

lly
co

m
pa
ct

sp
ac
ea

re
lo
ca

lly
co

m
pa
ct
.L
et

us
no

w
as

su
m
e
th
at
A

is
lo
ca

lly
co

m
pa
ct
.L
et
a
∈
A
an
d

le
tW

be
a
co

m
pa
ct

ne
ig
hb

or
ho

od
of
a
in
A
w
hi
ch

is
co

m
pa
ct
,h
en
ce
cl
os
ed

be
ca

us
eX

is
se

pa
ra

te
d
(b
ei
ng

lo
ca

lly
co

m
pa
ct
).

Le
tV

be
ac

lo
se
d
ne

ig
hb

or
ho

od
of
a
in

X
su
ch

th
at
W

=
A
∩
V
.S

in
ce

W
is
co

m
pa
ct
,i
ti

sc
lo

se
d
in

V
;t
he

n
V̊

is
an

op
en

ne
ig
hb

or
ho

od
of
a
in

X
an
d

A
∩
V̊
=
(A

∩
V
)∩

V̊
=
W
∩
V̊

is
clo

se
d
in

V̊
._

is
pr

ov
es

th
at
A

is
lo
ca

lly
clo

se
d
in

X.

D
eû

ni
tio

n
(3
.1.

3)
.—

A
co

nt
in
uo

us
m
ap
f
∶X
→

Y
is

se
pa

ra
te
d
if
fo
re
ve

ry
pa

ir
(x
,x

′ )
of

po
in
ts

of
X

su
ch

th
at
f(
x)

=
f(
x′
)a

nd
x
≠
x′
,t
he

re
ex

ist
di
sjo

in
to

pe
n

su
bs
et
sU

an
d

U
′
of
X

su
ch

th
at

x
∈U

an
d
x′
∈U

′ .

If
X

is
se

pa
ra

te
d,

th
en
ev
er
y
co

nt
in

uo
us

m
ap

w
ith

or
ig
in

X
is

se
pa

ra
te
d.

D
eû

ni
tio

n
(3
.1.

4)
.—

A
co

nt
in
uo

us
m
ap
f
∶X
→

Y
is
cl
os
ed

if
f(
A
)i

sa
clo

se
d

su
bs
et

of
Y,
fo
re

ve
ry
clo

se
d
su
bs
et
A

of
X.

It
is

pr
op
er

if
it

is
un

iv
er
sa

lly
clo

se
d,

th
at

is,
if
th
em
ap
f
×
id

Z
∶X

×
Z
→

Y
×
Z

is
clo

se
d,
fo
re
ve

ry
to
po

lo
gi
ca

ls
pa
ce

Z.

Pr
op

os
iti

on
(3
.1.

5)
.—

Le
t
f
∶X
→

Y
be
a
co

nt
in
uo

us
m
ap

;l
et

us
as

su
m
e
th
at

X
is

se
pa

ra
te
d.
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F′
(X

)
F′
(
f)

ÐÐ
→
F′
(Y

)
→

0
→

ΣF
′ (X

)
is
a
di

st
in

gu
ish
ed

tr
ia
ng

le
,b
ec
au

se
F′

is
a

tr
ia
ng

ul
at
ed
fu

nc
to

ra
nd

N
⊂
Ke

r(
F′
).
By

co
ro

lla
ry

2.
2.
5,

th
em

or
ph

ism
F′
(f

)
is
an

iso
m

or
ph

ism
.

By
pr

op
os

iti
on

2.
5.9
,t

he
re
ex

ist
s
a

un
iq

ue
fu

nc
to

r
G
∶D

→
D

′
su
ch

th
at

F′
=
G
○F

.
_
ef

un
ct
or

G
is
ad
di

tiv
e:

le
ti
nd
ee
d
φ,

ψ
∶X
→

Y
be

m
or

ph
ism

si
n
D

;t
he

re
ex

ist
sa

n
ob

je
ct

W
,a

n
iso

m
or

ph
ism

(m
od

N
),

s∶
W
→

X,
an
d

m
or

ph
ism

s
f,

g
∶W

→
Y

in
C

su
ch

th
at

φ
=
F(
f)
○
F(

s)
−
1
an
d
ψ
=
F(

g)
○
F(

s)
−
1 .

_
en
,

φ
+
ψ
=
F(
f
+

g)
○F

(s
)−

1 ,
he

nc
e

G
(φ

+
ψ)

=
G
(F

(f
+

g)
○F

(s
)−

1 )
=
G
(F

(f
+

g)
)○

G
(F

(s
))

−
1

=
F′
(f

+
g)
○F

′ (
s)
−
1
=
F′
(f

)○
F′
(s
)−

1 +
F′
(g

)○
F′
(s
)−

1

=
G
(φ

)+
G
(ψ

),

as
w
as

to
be

sh
ow

n.
_
e
fu

nc
to

rG
is

tr
ia
ng

ul
at
ed

.I
nd
ee
d,

if
T

is
a
di

st
in

gu
ish
ed

tr
ia
ng

le
in

D
,

it
is

iso
m

or
ph

ic
to

th
e
im
ag
e
by
F
of
a
di

st
in

gu
ish
ed

tr
ia
ng

le
T 1

in
C

._
en

G
(T

)
=
G
(F

(T
1)
)
=
F′
(T

1)
is
a
di

st
in

gu
ish
ed

tr
ia
ng

le
,b
ec
au

se
F′

is
a
tr
ia
ng

u-
la
te
d
fu

nc
to

r.
Fi
na

lly
,i

tf
ol
lo
w
sf

ro
m
co

ro
lla

ry
2.
5.1

2
th
at

Ke
r(
F)

is
th
e
sm
al
le
st

th
ic
k

tr
i-

an
gu

la
te
d

su
bc
at
eg

or
y
of

C
co

nt
ai
ni

ng
N

._
is
co

nc
lu
de

st
he

pr
oo
fo
ft

he
o-

re
m

2.5
.4
.

Pr
op

os
iti

on
(2

.5
.17

).
—

W
e
ke
ep

th
e
no

ta
tio

n
of

th
eo

re
m

2.
5.
4.
Fo

ra
n
ob

je
ct
Y

in
C
,t
he
fo
llo
w
in
g
as

se
rt
io
ns
ar
e
eq

ui
va

le
nt
:

(i)
O
ne

ha
sC

(X
,Y

)=
0
fo
re
ve

ry
ob

je
ct
X
∈N

;
(ii

)
Fo

re
ve

ry
di
ag

ra
m

W

X
Y

←

→s

← →f

←

→
g

in
C
,w

he
re

s∈
S

is
an

iso
m
or

ph
ism

(m
od

N
),

th
er
ee

xi
sts
a
un

iq
ue

m
or

ph
ism

g
∶X
→

Y
in

C
su
ch

th
at

g
○s

=
f;

(ii
i)
Fo

re
ve

ry
ob

je
ct
X

in
C
,t
he
fu
nc

to
rF

in
du
ce
sa

n
iso

m
or

ph
ism

C
(X
,Y

)→
D

(F
(X

),
F(
Y)

);
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(iv)
Forevery

objectZ
in
C
and

every
m
orphism

f∶Y
→

Z
w
hich

isan
isom

or-
phism

(m
od

N
),there

existsa
m
orphism

g∶Z
→

Y
such

thatg○
f=

id
Y .

W
eleaveto

thereaderto
statetheanalogousstatem

entin
theoppositecategory.

Proof.—
(i)⇒

(ii).Let
W

X
Y

←

→s

←→ f

←

→
g

beadiagram
in

C
,w

here
sisan

isom
orphism

(m
od

N
).LetW

sÐ→
X
→

Z
→

ΣW
beadistinguished

trianglein
C

;since
sisan

isom
orphism

(m
od

N
),the

objectZ
belongsto

N
.Applying

the
(contravariant)cohom

ologicalfunctor
C

(⋅,Y),w
eobtain

an
exactsequence

C
(Z,Y)→

C
(X
,Y)

sÐ→
C

(W
,Y)→

C
(Σ

−1Z,Y).

Since
Z
and

Σ
−1Z

belong
to

N
,one

has
C

(Z,Y)
=
C

(Σ
−1Z,Y)

=
0.C

onse-
quently,the

m
orphism

sinducesan
isom

orphism
C

(X
,Y)

∼Ð→
C

(W
,Y).In

particular,thereexistsauniquem
orphism

g∶X
→

Y
in

C
such

thatg○
s=

f.
(ii)⇒

(iii).By
deûnition

ofm
orphism

sin
D
,assertion

(ii)im
pliesthatthe

canonicalm
orphism

C
(X
,Y)

→
D

(X
,Y)

issurjective.
O
n

the
otherhand,

let
g
∈
C

(X
,Y)

be
such

thath(g)
=
0.
By

proposition
2.5.11,there

existsa
m

orphism
s∶W

→
X

in
S

such
that

g
○
s
=
0

in
C

.
A
ssertion

(i)applied
w
ith

f=
0

then
im

pliesthatg
=
0.

(iii)⇒
(iv).

Let
f∶Y

→
Z
be
an

isom
orphism

(m
od

N
).

Since
itinduces

an
isom

orphism
in

D
,assertion

(iii)im
pliesthatthereexistsam

orphism
g
∈

C
( Z,Y)

such
thath(g)

=
h(f)

−1.
O
ne

has
h(g

○
f)

=
id

Y .
By

(iii)
again,

g○
f=

id
Y
in

C
(Y,Y),asw

asto
beshow

n.
(iv)⇒

(i).LetX
bean

objectin
N

and
let
f∶X

→
Y
beam

orphism
in

C
.Let

X
fÐ→
Y

gÐ→
Z
→

ΣX
bea

distinguished
triangle._

etriangleY
gÐ→
Z
→

ΣX
Σ
f
Ð→

ΣY
isdistinguished

asw
ell,so

that
g
isan

isom
orphism

(m
od

N
).
By

(iv),
there

existsa
m

orphism
h
∶Z
→

Y
such

thath
○
g
=

id
Y
in

C
.C

onsequently,
f=

id
Y ○f=

h
○
g○

f=
0
in

C
._

isprovesthat
C

(X
,Y)=

0,asclaim
ed.

Corollary
(2.5.18).—

LetN
⊥
bethesubcategory

ofC
consistingofobjectsY

such
that

C
(X
,Y)=

0
foreveryX

∈
N

._
en

N
⊥
isa

thick
triangulated

subcategory
ofC

the
restriction

to
w
hich

the
functorF

inducesa
fully

faithfulfunctorto
D

.

C
H
A
PT
ER

3

C
O
H
O
M

O
LO

G
Y

O
F

SH
EAV

ES

3.1.
G
eneraltopology

3.1.1.
—

LetX
beatopologicalspace.W

esay
thatX

isseparated
(equivalently,

H
ausdorò)ifany

tw
o
distinctpointsadm

itdisjointneighborhoods.
W
esaythatX

iscom
pactifitisseparated

and
ifitsatisûestheBorel–Lebesgue

covering
property:ifafam

ily
ofopen

subsetscoversX,then
aûnitesubfam

ily
already

coversX.
W
esay

thatX
islocally

com
pactifitisseparated

and
ifevery

pointofX
hasa

com
pactneighborhood.

LetX
be
a
topologicalspace

and
letA

be
a
subsetofX.O

ne
saysthatA

is
locally

closed
ifforevery

pointa
∈A

,thereexistsa
neighborhood

U
ofa

in
X

such
thatA

∩
U

isaclosed
subsetofU

.

Lem
m
a
(3.1.2).—

LetX
be

topologicalspace
and

letA
be
a
subsetofX

.

a)
A
ssum

e
thatA

islocally
closed

in
X
._

e
union

U
ofallopen

subsetsV
ofX

such
thatA

∩
V

isa
closed

subsetofV
isan

open
subsetofX

ofw
hich

A
isa

closed
subset,and

itisthe
largestsuch

open
subset.

b)
_
e
follow

ing
propertiesare

equivalent:(i)_
e
setA

islocally
closed

in
X
;

(ii)_
ere
existan

open
subsetU

and
a
closed

subsetZ
ofX

such
thatA

=
U
∩
Z;

(iii)_
e
setA

isopen
in

itsclosureA
.

c)
A
ssum

ethatX
islocally

com
pact._

en
A

islocally
closed

in
X

ifand
only

if
itislocally

com
pactforthe

induced
topology.

Proof.—
a)

_
esetU

isopen
in

X,becauseitistheunion
ofafam

ily
open

subsetsofX.By
deûnition

ofalocally
closed

subsetofX,onehasA
⊂

U
.Letus

provethatA
isclosed

in
U
.Letx

∈U
A
;by

construction
ofU

,thereexistsa
open

subsetV
ofX,containing

x,such
thatA

∩V
isclosed

in
V
;then

V
(A

∩V
)
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Pr
oo
f.
—

_
es

ub
ca

te
go

ry
N
⊥
is

st
ab

le
un
de

rt
ra

ns
la
tio

n.
Le

tX
→

Y
→

Z
→

Σ X
be
a
di

st
in

gu
ish
ed

tr
ia
ng

le
,w

he
re

X
an
d
Z
be

lo
ng

to
N
⊥
.
Le

tW
be
an

ob
je
ct

in
N

.A
pp

ly
in

g
th
ec

oh
om

ol
og

ic
al
fu

nc
to

rC
(W

,⋅)
,w
eo
bt
ai
n
an
ex
ac

t
se

qu
en
ce

C
(W

,X
)→

C
(W

,Y
)→

C
(W

,Z
)

of
ab
eli
an

gr
ou

ps
.C

on
se

qu
en

tly
,C

(W
,Y

)=
0.

_
is

pr
ov
es

th
at
Y
∈N

⊥
.

Co
ns
eq

ue
nt

ly,
th
ef

ul
ls

ub
ca

te
go

ry
N
⊥
is

sta
bl
eu

nd
er
fo

rm
in

g
di

sti
ng

ui
sh
ed

tr
ia
ng

le
s.

In
pa

rt
ic
ul
ar
,i
ti

ss
ta
bl
eu

nd
er
fo

rm
in

g
ûn

ite
co

pr
od

uc
ts
,h
en
ce

it
is

an
ad
di

tiv
es

ub
ca

te
go

ry
.

Fi
na

lly
,l
et
X
an
d
Y
be

ob
je
ct

si
n
C

su
ch

th
at
X
⊕
Y
∈N

⊥
.F

or
ev
er
y
ob

je
ct

W
∈N

,o
ne

ha
s0

=
C

(W
,X

⊕
Y)

=
C

(W
,X

)⊕
C

(W
,Y

),
so

th
at
C

(W
,X

)=
C

(W
,Y

)=
0.
C
on

se
qu
en

tly
,X

an
d
Y
be

lo
ng

to
N
⊥
.

_
is

sh
ow

st
ha

tN
⊥
is
at

hi
ck

tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y.

_
el
as

ta
ss
er

tio
n
fo
llo

w
sf

ro
m

pr
op

os
iti

on
2.5

.17
.

2.
6.
D
er

iv
ed
ca

te
go

ri
es

2.
6.
1.
—

Le
tA

be
an
ab
eli
an
ca

te
go

ry
an
d
let

K
(A

)b
ei

ts
ho

m
ot
op

yc
at
eg

or
y.

By
le
m

m
a1

.6
.6
,t
he
co

ho
m

ol
og

y
fu

nc
to

rs
H

n
∶K

(A
)→

A
ar
ec

oh
om

ol
og

ic
al

fu
nc

to
rs
,f
or
al
ln

∈Z
.O

ne
ha

sH
n
=
H

0
○Σ

n .

Le
m
m
a
(2

.6
.2
).
—

Le
tN

be
th
ef

ul
ls

ub
ca

te
go

ry
of
K

(A
)w

ho
se

ob
je
ct
sa

re
th
e

ac
yc

lic
co

m
pl
ex
es
.

a)
_
e
su
bc
at
eg

or
y
N

is
a
th
ic
k
tr
ia
ng

ul
at
ed

su
bc
at
eg

or
y
of
K

(A
).

b)
Le

t
f
∶X
→

Y
be
a
m
or

ph
ism

of
co

m
pl
ex
es

in
A

._
en
f
is
an

iso
m
or

ph
ism

(m
od

N
)i
fa

nd
on

ly
if
its
co

ne
C
f
is
ac
yc

lic
,i
fa

nd
on

ly
if
f
is
a
ho

m
ol
og

ism
.

Pr
oo
f.
—

a)
Fi

rs
to
fa

ll,
N

is
an

ad
di

tiv
e
su
bc
at
eg

or
y
of

K
(A

),
in
va

ria
nt

un
de

rt
he

tr
an

sla
tio

n
au

to
m

or
ph

ism
.L
et

th
en

X
,Y
be
ac
yc

lic
co

m
pl
ex
es
an
d

u
∶X
→

Y
be
am

or
ph

ism
in

K
(A

);
le
tu

se
xt
en
d
it

to
ad

ist
in

gu
ish
ed

tr
ia
ng

le
X

u Ð→
Y

v Ð→
Z

w Ð→
ΣX

in
K

(A
).

W
e
ne
ed

to
sh

ow
th
at
Z

is
ac
yc

lic
as

w
el
l.
By

de
ûn

iti
on

of
th
ed

ist
in

gu
ish
ed

tr
ia
ng

les
of

K
(A

),
we

m
ay
as

su
m
et

ha
tZ

is
th
e

co
ne

of
am

or
ph

ism
of
co

m
pl
ex
es

re
pr
es
en

tin
g
u.

Si
nc
eX

an
d
Y
ar
ea
cy
cli
c,

u
is

ah
om

ol
og

ism
.B

y
le
m

m
a1

.6
.6
,Z

is
ac
yc

lic
.

b)
_

is
fo
llo

w
sf

ro
m

le
m

m
a1

.6
.6
.
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D
eûnition

(2.6.3).—
Let

A
bean

abelian
category._

ederived
category

D
(A

)
isthetriangulated

category
quotientofthehom

otopy
category

K
(A

)
by

itsthick
triangulated

subcategory
ofacycliccom

plexes.

_
erearecanonicalfunctors

A
→

C
(A

)
kÐ→
K

(A
)

hÐ→
D

(A
).

_
efunctor

A
→

C
(A

)considersan
objectX

of
A
astheuniquecom

plex
such

thatX
n=

0
forn

≠
0
and

X
0=

X,alldiòerentialsbeing
0.Itisfullyfaithful.

Let
fbeam

orphism
in

K
(A

).Bylem
m
a2.5.11,b),them

orphism
h(f)isan

isom
orphism

ifand
onlyiffisahom

ologism
.M

oregenerally,ifH
∶
K

(A
)→

B

isafunctor,thereexistsafunctorG
∶
D

(A
)→

B
such

thatH
=
G
○h

ifand
only

ifH
m
apshom

ologism
sto

isom
orphism

s._
enecessityofthecondition

isclear,
by

w
hatprecedes,and

theconverseassertion
follow

sfrom
proposition

2.5.9,d).
If,m

oreover,thefunctorH
isadditive(resp.acohom

ologicalfunctor),then
so

isG
.

2.6.4.
—

Let
A
bean

abelian
category

and
let

C
beatriangulated

category.A
∂-functorF

∶
A
→

C
isan

additivefunctorendow
ed,forevery

exactsequence
S
=

(0
→

X
→

Y
→

Z
→

0)
in

A
,w

ith
a
m

orphism
∂(S)∶F(Z)

→
ΣF(X),

satisfying
thefollow

ing
properties:

a)
Forevery

exactsequenceS
=
(0
→

X
uÐ→
Y

vÐ→
Z
→

0),thediagram

F(X)
F
(u
)

ÐÐ→
F(Y)

F
(v
)

ÐÐ→
F(Z)

∂
(S
)

ÐÐ→
ΣF(X)

isadistinguished
triangle;

b)
Forevery

m
orphism

ofexactsequences

S
0

X
Y

Z
0

S
′

0
X
′

Y
Z

0,

←→

←

→

←

→

←→

f

←

→

←→g

←

→

←→h

←

→

←

→

←

→

←

→

thediagram

F(Z)
ΣF(X)

F(Z
′)

ΣF(X
′)

←

→
∂
(S
)

←→

F
(h
)

←→ΣF
(f
)

←

→
∂
(S
)

iscom
m

utative.

2.8.EXERCISES
87

2.8.
Exercises

Exercise
(2.8.1).—

Let
C
bean

abelian
category

and
letX

beacom
plex

in
C

.
O
nesaysthatX

iscontractibleifid
X
isnullhom

otopic.
a)ProvethatX

iscontractibleifand
onlyifitisacyclicand

iftheexactsequence
0
→

Ker(d
nX )→

X
n→

Im
(d

nX )→
0
issplit,forevery

integern
∈
Z.

b)Letk
bearing

and
let

C
bethecategory

ofk-m
odules.A

ssum
ethatX

is
an
acycliccom

plex
such

thatX
nisafree

k-m
odule,forevery

n
∈
Z.

ProvethatX
iscontractibleif,m

oreover,k
isaûeld

oraprincipalidealdom
ain.

c)ProvethatX
iscontractibleif,m

oreoveronehasX
n=

0
forevery

n
<
0.

d)
Let

k
=
Z/4Z

and
X

n
=
Z/4Z

for
every

n
∈
Z,let

d
nX
be

given
by

the
m

ultiplication
by

2.ProvethatX
isacyclicbutnotcontractible.

Exercise
(2.8.2).—

LetX
uÐ→

Y
vÐ→

Z
wÐ→

Σ X
be
a
distinguished

triangle
in
a

(pre)triangulated
category.Establish

theequivalenceofthefollowingconditions:
(i)u

isan
isom

orphism
;(ii)v

=
0;(iii)w

=
0.Ifthey

hold,provethatZ
=
0.

Exercise
(2.8.3).—

(From
(G
elfand

&
M
anin,2003,ExerciseIII.4.1).)Let

A

be
an

abelian
category

and
let
f∶X

→
Y
be
a
m

orphism
ofcom

plexesin
A

.
Considerthefourfollowing

statem
ents:(i)

f=
0
in

C
(A

);(ii)
f=

0
in

K
(A

);
(iii)

f=
0
in

D
(A

);(iv)H
n(f)=

0
forevery

n
∈
Z.

a)Establish
thefollow

ing
im

plications:(i)⇒
(ii)⇒

(iii)⇒
(iv).

b)G
iveexam

plesw
here(ii)holdsbutnot(i),and

(iii)holdsbutnot(ii).
c)Let

A
=
A
b
be

the
category

ofabelian
groupsand

let
f
be

given
by

the
follow

ing
m

orphism
ofcom

plexes

...
0

Z
Z

0
...

...
0

Z
Z/3Z

0
...

←→

←→

←→

←→ 2

←→

←→
←→

←→

←→
←→

←→

←→

←→

←→

w
herethehorizontalm

apsareinduced
by

m
ultiplication

by
2,w

hilethevertical
m
apsarethecanonicalones.ProvethatH

n(f)=
0
foralln

∈
Z
butthat

f≠
0

in
D

(A
).
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2.
7.9

.
—

Le
tA

,B
,C

be
G
ro

th
en
di
ec

k
ab
el
ia
n
ca

te
go

rie
s,

le
tF

∶A
→

B
an
d

G
∶B

→
C
be
ad
di

tiv
e
fu

nc
to

rs
,s

o
th
at

th
e
th

re
e
de

riv
ed
fu

nc
to

rs
R
F,

R
G

an
d
R

(G
○F

)a
re
de
ûn
ed

.L
et

us
co

ns
tr
uc

ta
ca

no
ni
ca

lm
or

ph
ism

of
fu

nc
to

rs

R
(G

○F
)→

R
G
○R

F

Le
tX

be
an
y
ob

je
ct

in
K

(A
)
an
d
le
tε

∶X
→

Ib
e
a
ho

m
ol
og

ism
fr
om

X
to
a

ho
m

ot
op

ic
al
ly

in
je
ct
iv
e
ob

je
ct

I.
By

co
ns

tr
uc

tio
n,

R
F(
X)

=
F(

I)
an
d
R

(G
○

F)
(X

)=
(G

○F
)(

I)
.L
et

Jb
ea

ho
m

ot
op

ic
al
ly

in
je
ct
iv
eo
bj
ec

ti
n
K

(B
)a

nd
le
t

η
∶F

(I
)
→

Jb
e
a
ho

m
ol
og

ism
,s

o
th
at
R

G
(F

(I
))

=
G
(J
).
Ev
al
ua

te
d
at
X,

th
e

ca
no

ni
ca

lm
or

ph
ism

R
(G

○F
)(
X)
→

R
G
○R

F(
X)

is
th
en

th
em

or
ph

ism

G
(η

)∶
R

(G
○F

)(
X)

=
(G

○F
)(

I)
→

G
(J
)=

R
G
(F

(I
))

=
R

G
○R

F(
X)

.

W
el
ea
ve

to
th
er
ea
de

rt
o
ch
ec

k
th
at

th
is
co

ns
tr
uc

tio
n
fu

rn
ish
es
am

or
ph

ism
of

fu
nc

to
rs
.

Co
ro

lla
ry

(2
.7.

10
).
—

Le
tA

,B
,C

be
G
ro

th
en
di
ec
k
ca

te
go

ri
es
an
d
let
F
∶A
→

B

an
d
G
∶B

→
C
be

le
�
ex
ac

tf
un
ct
or

s.
Le

tA
0
be
an
F-

in
je
ct
iv
es

ub
ca

te
go

ry
of
A

an
d
let

B
0
be
an

G
-in

je
ct
iv
es

ub
ca

te
go

ry
of
B

su
ch

th
at
F(
X)

∈o
b(
B

0)
fo
re

ve
ry

ob
je
ct
X

of
A

0.
_
en

th
e
ca

no
ni
ca

lm
or

ph
ism

of
fu
nc

to
rs

R
(G

○F
)→

R
G
○R

F,
D

+
(A

)→
D

+
(C

),

is
an

iso
m
or

ph
ism

.

Pr
oo
f.
—

Le
tX

be
an
y
ob

je
ct

in
K

+
(A

)
an
d

le
tε

∶X
→

Ib
e
a
ho

m
ol
og

ism
fro

m
X

to
ah

om
ot
op

ic
al
ly

in
je
ct
iv
eo
bj
ec

tI
.W

em
ay
as

su
m
et

ha
tX

is
ab

ou
nd
ed

be
lo
w
co

m
pl
ex
,w

ith
te
rm

s
in

A
0.

Si
nc
e
A

0
is
F-

in
je
ct
iv
e,

th
e
m

or
ph

ism
F(
ε)
∶F

(X
)→

F(
I)

in
K

+
(B

)i
sa

ho
m

ol
og

ism
an
d
in
du
ce

sa
n
iso

m
or

ph
ism

in
D

(B
)f

ro
m
F(
X)

to
F(

I)
=
R
F(
X)

.M
or
eo
ve

r,
on
eh
as

R
(G

○F
)(
X)

=
(G

○
F)

(I
).

Le
tJ
be
ah

om
ot
op

ic
al
ly

in
je
ct
iv
eo
bj
ec

ti
n
K

+
(B

)a
nd

le
tη

∶F
(I
)→

J
be
a
ho

m
ol
og

ism
,s

o
th
at

R
G
(F

(I
))

=
G
(J
).

O
n

th
e
ot

he
rh
an
d,

sin
ce
F(
X)

be
lo
ng

st
o
K

+
(B

0)
,t
he

m
or

ph
ism

G
(η

)∶
G
(F

(X
))
→

G
(J
)i

sa
n
iso

m
or

ph
ism

,
be
ca

us
eB

0
is
an
F-

in
je
ct
iv
es

ub
ca

te
go

ry
of

B
,a

sw
as

to
be

sh
ow

n.
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Le
m
m
a
(2

.6
.5
).
—

_
ef

un
ct
or
A
→

D
(A

)i
sa

∂-
fu
nc

to
r,
w
he

n,
w
ith
ev
er
ye

xa
ct

se
qu
en
ce

0
→

X
u Ð→
Y

v Ð→
Z
→

0,
on
e
as

so
ci
at
es

th
e
co

m
po

sit
io
n
in

D
(A

)o
ft
he

ca
no

ni
ca

lm
or

ph
ism

β u
∶C

u
→

ΣX
an
d
of

th
ei

nv
er
se

of
th
ec
an

on
ic
al

ho
m
ol
og

ism
C u
→

Z
(s
ee

le
m
m
a
1.6

.6
).

Pr
oo
f.
—

2.
6.
6.
—

Le
tX

be
a
co

m
pl
ex

in
an
ab
el
ia
n
ca

te
go

ry
A

._
en
aï
ve

(o
rs

tu
pi
d)

tr
un
ca

tio
ns

of
X
ar
eo
bt
ai
ne
d
by

re
pl
ac

in
g
Xm

by
ze

ro
ou

tsi
de

of
ag

iv
en

ra
ng
e,

fo
re

xa
m

pl
e:

σ ⩽
n(
X)

=
⋅⋅
⋅→

Xn
−
1
→

Xn
→

0
→

..
.

_
er
ei

sa
ca

no
ni
ca

lm
or

ph
ism

fro
m

X
to

σ ⩽
n(
X)
,i
nd

uc
ed
by

th
ei
de

nt
ity

m
ap

s
X

m
→

X
m
fo

rm
⩽
n,
an
d
by

th
ez
er
o
m
ap

so
th
er
w
ise

._
is

m
or

ph
ism

in
du
ce

s
iso

m
or

ph
ism

s
H

m
(X

)
→

H
m
(σ

⩽
n(
X)

)
fo

r
m

<
n;
fo

r
m

=
n,

on
e
ge

ts
th
e

m
or

ph
ism

H
n (
X)

=
Ke

r(
dn X

)/
Im

(d
n−

1
X

)→
Xn

/I
m
(d

n−
1

X
)=

H
n (

σ ⩽
n(
X)

)

w
hi
ch

is
no

ta
n
ep

im
or

ph
ism

un
les

sd
n X
=
0.

M
or
eo
ve

r,
ho

m
ol
og

ou
sc

om
pl
ex
es

m
ay

ha
ve

no
n-

ho
m

ol
og

ou
ss

tu
pi
d

tr
un
ca

tio
ns

.
_
ec

or
re
ct

tr
un
ca

tio
ns

of
X
ar
et

he
fo
llo

w
in

g
co

m
pl
ex
es
:(1
)

τ ⩽
n(
X)

=
⋅⋅
⋅→

Xn
−
1
→

Ke
r(
dn X

)→
0
→

0
→

..
.

τ′ ⩽
n(
X)

=
⋅⋅
⋅→

Xn
−
1
→

Xn
→

Im
(d

n X
)→

0
→

..
.

τ′ ⩾
n(
X)

=
⋅⋅
⋅→

0
→

Im
(d

n−
1

X
)→

Xn
→

Xn
+
1
→

..
.

τ ⩾
n(
X)

=
⋅⋅
⋅→

0
→

0
→
C
ok
er
(d

n−
1

X
)→

Xn
+
1
→

..
.

_
er
ea

re
ca

no
ni
ca

lm
or

ph
ism

so
fc

om
pl
ex
es

τ ⩽
n(
X)
→

τ′ ⩽
n(
X)
→

X
→

τ′ ⩾
n(
X)
→

τ ⩾
n(
X)
,

of
w
hi
ch

no
n-

ob
vi
ou

sm
or

ph
ism

sa
re

in
du
ce
d
by

th
ed

iò
er
en

tia
l.

_
e
m

or
ph

ism
sτ

′ ⩾
n(
X)
→

τ ⩾
n(
X)

an
d

τ ⩽
n(
X)
→

τ′ ⩽
n(
X)

ar
e
ho

m
ol
og

ism
s,

he
nc
et

he
y
in
du
ce

iso
m

or
ph

ism
si

n
th
ed
er

iv
ed
ca

te
go

ry
D

(A
).

_
em

or
ph

ism
τ′ ⩽

n(
X)
→

X
in
du
ce

sa
n
iso

m
or

ph
ism

H
i (
τ ⩽

n(
X)

)
∼ Ð→

H
i (
X)

fo
re

ve
ry

in
te
ge

ri
su
ch

th
at

i⩽
n,

w
hi

le
on
eh
as

H
i (
τ′ ⩽

n(
X)

)=
0
fo

ri
>
n.

_
e

sim
ila

rp
ro

pe
rt
y
ho

ld
sf

or
th
em

or
ph

ism
τ ⩽

n(
X)
→

X.

(1)
_
er
es

til
la

re
m

ist
ak
es

th
er
e..

.
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_
em

orphism
X
→

τ
′⩾n (X)inducesan

isom
orphism

H
i(X)

∼Ð→
H

i(τ
⩾n (X))

forevery
integer

isuch
thati⩾

n,and
onehasH

i(τ
⩾n (X))

=
0
for

i<
n._

e
sim

ilarproperty
holdsforthem

orphism
X
→

τ
⩾n (X).

M
oreover,thediagram

s

0
→

τ
′⩽n
−1 (X)→

τ
⩽n (X)→

Σ
−nH

n(X)→
0

(2.6.6.1)

0
→

Σ
−nH

n(X)→
τ
⩾n (X)→

τ
′⩾n
+1 (X)→

0
(2.6.6.2)

0
→

τ
⩽n (X)→

X
→

τ
′⩾n
+1 (X)→

0
(2.6.6.3)

0
→

τ
′⩽n (X)→

X
→

τ
⩾n
+1 (X)→

0
(2.6.6.4)

areexactsequenceofcom
plexes.

_
ese

exactsequences
ofcom

plexes
induce

distinguished
triangles

in
the

hom
otopy

category
K

(A
)and

in
thederived

category
D

(A
):

τ
′⩽n
−1 (X)→

τ
⩽n (X)→

Σ
−nH

n(X)→
Σ
τ
′⩽n
−1 (X)

(2.6.6.5)

Σ
−nH

n(X)→
τ
⩾n (X)→

τ
′⩾n
+1 (X)→

Σ
1−nH

n(X)
(2.6.6.6)

τ
⩽n (X)→

X
→

τ
′⩾n
+1 (X)→

Σ
τ
⩽n (X)

(2.6.6.7)

τ
′⩽n (X)→

X
→

τ
⩾n
+1 (X)→

Σ
τ
′⩽n (X).

(2.6.6.8)

Every
m

orphism
ofcom

plexes
f∶X

→
Y

inducesin
an

obviousw
ay
a
m

or-
phism

ofcom
plexesτ

⩽n (f)∶τ
⩽n (X)→

τ
⩽n (Y),and

τ
⩽n deûnesafunctorfrom

thecategory
C

(A
)to

itself.If
fisnullhom

otopic(resp.ahom
ologism

),then
so

is
τ
⩽n (f).C

onsequently,the
functor

τ
⩽n extendsto

an
endofunctorofthe

hom
otopy

category
K

(A
)(resp.ofthederived

category
D

(A
)).

Sim
ilarpropertieshold

fortheothertruncations.
_
e
diagram

s(2.6.6.1–2.6.6.4),the
distinguished

triangles(2.6.6.5–2.6.6.8),
arefunctorial.

2.6.7.
—

By
im

posing
the

vanishing
ofappropriate

cohom
ology

objects,w
e

can
deûnevariousfullsubcategoriesof

K
(A

):
–
K

⩾a(A
),w

hoseobjectsX
satisfy

H
n(X)=

0
forn

<
a;

–
K

+(A
)=
⋃
a
∈Z
K

⩾a(A
) ,w

hoseobjectsX
satisfy

H
n(X)=

0
forn

sm
aller

than
som

einteger(depending
on

X);
–
K

⩽a(A
),w

hoseobjectsX
satisfy

H
n(X)=

0
forn

>
a;

–
K

−(A
)
=
⋃
a
∈Z
K

⩽a(A
),w

hose
objectsX

satisfy
H

n(X)
=
0
for

n
larger

than
som

einteger(depending
on

X);

2.7.D
ERIV

ED
FU

N
CTO

RS
85

D
eûnition

(2.7.5).—
LetF

∶
A
→

B
be
a
le�

exactadditive
functor

betw
een

abelian
categories.O

ne
saysthata

fulladditive
subcategory

A
0
ofA

isinjective
w
ith

respectto
F,orisF-injective,ifthe

follow
ing

conditionshold:

(i)
Every

objectofA
adm

itsa
m
onom

orphism
into

an
objectofA

0 ;
(ii)

Forevery
exactsequence0

→
X
→

Y
→

Z
→

0
in

A
,w

hereX
and

Y
are

objectsofA
0 ,the

objectZ
belongsto

A
0 ;

(iii)
Forevery

exactsequence0
→

X
→

Y
→

Z
→

0
in

A
,w

ith
objectsin

A
0 ,

the
com

plex
0
→
F(X)→

F(Y)→
F(Z)→

0
isexact.

Exam
ple

(2.7.6).—
Ifthecategory

A
hasenough

injectives,then
thefullsub-

category
ofinjectivesobjectsof

A
isF-injectiveforevery

le�-exactfunctorF.
Assertion

(i)isthedeûnition
ofhaving

enough
injectives.Let0

→
X

jÐ→
Y

pÐ→
Z
→

0
bean

exactsequenceofobjectsin
A
,w

hereX
and

Y
areinjectiveobjects.

SinceX
isan

injectiveobject,theidentityid
X
extendsalongthem

onom
orphism

j∶X
→

Y,hence
there

exists
a
m

orphism
r∶Y

→
X

such
that

r○
j
=

id
X ;

consequently,the
m

orphism
(r,p)∶Y

→
X
⊕
Z

isthen
an

isom
orphism

and
thegiven

exactsequenceissplit.Itûrstfollow
sthatZ,adirectsum

m
and

ofan
injectiveobject,isinjectiveasw

ell,and
then

thattheim
ageofthegiven

exact
sequenceunderany

additivem
orphism

isagain
exact.

Proposition
(2.7.7).—

LetF
∶
A
→

B
be
a
le�

exactadditive
functor

betw
een

abelian
categories.Let

A
0
be
an
F-injective

subcategory
ofA

.

a)
Forevery

com
plex

Y
∈
K

+(A
)
w
ith

term
sin

A
0 ,the

canonicalm
orphism

F(Y)→
R
F(Y)

in
D

+(B
)
isan

isom
orphism

;
b)
Forevery

com
plex

X
∈
K

+(A
),there

existsa
com

plex
Y
∈
K

+(A
0 )
and

a
hom

ologism
ε∶X

→
Y

in
K
+(A

).

In
particular,onecan

deûne
R
F(X)by

considering
an
arbitrary

F-injective
resolution

ofX.

Proof.—

Rem
ark

(2.7.8).—
LetF

∶
A
→

B
beale�-exactfunctorbetw

een
abelian

cate-
gories.Let

A
0 bean

F-injectivesubcategory
of

A
._

en,every
objectX

of
A

0
satisûes

R
nF(X)=

0
forn

>
0
—

onesaysthatX
isF-acyclic.
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a)
_
ec

on
str

uc
tio

n
of
ah

om
ot
op

ic
al
ly

in
je
ct
iv
er
es

ol
ut

io
n
of
X

is
a

co
m

pl
ex

Is
uc

h
th
at

In
=
0
fo

rn
<
a.
Co

ns
eq

ue
nt

ly,
R
F(
X)

=
F(

I)
is
ac

om
pl
ex

w
ho

se
te
rm

so
fd
eg

re
e<

a
va

ni
sh

._
is

im
pl
ie
st

ha
tH

n (
R
F(
X)

)=
H

n (
F(

I)
))

=
0
fo

r
n
<
a.
C
on

sq
ue

nt
ly,

R
F(
X)

∈
D

⩾
a (
B

).
_
e
se
co

nd
as

se
rt
io
n
fo
llo

w
s

re
ad

ily
sin
ce

th
er
ee

xi
sts

an
in

te
ge

ra
su
ch

th
at
X
∈D

⩾
a (
A

).
b)

Le
tu

s
co

ns
id
er

th
e
di

st
in

gu
ish
ed

tr
ia
ng

le
τ ⩽
a(
X)
→

X
→

τ >
a(
X)
→

Στ
⩽
a(
X)

in
D

(A
).
Ap

pl
yi
ng

th
et

ria
ng

ul
at
ed
fu

nc
to

rR
F
an
d
as

hi
�,

we
ob

ta
in

ad
ist

in
gu

ish
ed

tr
ia
ng

le

Σ−
1 R
F(

τ >
a(
X)

)→
R
F(

τ ⩽
a(
X)

)→
R
F(
X)
→

R
F(

τ >
a(
X)

).

Le
tn

be
an

in
te
ge

ra
nd

let
us
ap

pl
yt

he
co

ho
m

ol
og

ic
al
fu

nc
to

rH
n :
we

ob
ta
in
an

ex
ac

ts
eq

ue
nc
e

H
n−

1 (
R
F(

τ >
a(
X)

))
→

H
n (
R
F(

τ ⩽
a(
X)

))
→

H
n (
R
F(
X)

)→
H

n (
R
F(

τ >
a(
X)

))
.

_
e
co

m
pl
ex

τ >
a(
X)

be
lo
ng

st
o
D

>
a (
A

),
he

nc
e
its

im
ag
e
by

R
F
be

lo
ng

st
o

D
>
a (
B

),
by
a)

.I
fn

<
a,

th
en

th
ee

xt
re
m
et
er

m
so
ft

hi
se

xa
ct

se
qu
en
ce

va
ni

sh
,

so
th
at

th
ec

on
sid
er
ed

m
or

ph
ism

H
n (
R
F(

τ ⩽
a(
X)

))
→

H
n (
R
F(
X)

)

is
an

iso
m

or
ph

ism
.

2.
7.4

.
—

A
ss
um

e
th
at

th
e
fu

nc
to

r
F

is
le
�
ex
ac

t.
Fo

r
ev
er
y

in
te
ge

r
n,

le
t

R
n F
∶A
→

B
be

th
ec

om
po

sit
io
n
of

th
ei

nc
lu

sio
n
fu

nc
to

rA
→

D
(A

),
of

R
F,

an
d

of
H

n .
Ev
er
y
ex
ac

ts
eq

ue
nc
e
0
→

X
→

Y
→

Z
→

0
in

A
gi
ve

sr
ise

to
a

di
sti

ng
ui

sh
ed

tr
ia
ng

le
X
→

Y
→

Z
→

ΣX
in

D
+
(A

).
Ap

pl
yi
ng

th
et

ria
ng

ul
at
ed

fu
nc

to
rR

F
an
d

th
ec

oh
om

ol
og

yf
un
ct
or

H
n
=
H
○Σ

n ,
we

ob
ta
in

to
al

on
g
ex
ac

t
se

qu
en
ce

⋅⋅
⋅→

R
n−

1 F
(Z

)→
R

n (
F(
X)

)→
R

n F
(Y

)→
R

n F
(Z

)→
R

n+
1 F
(X

)→
..

.

Le
tX

be
an

ob
je
ct

in
A

.V
ie
wi

ng
X
as
ac

om
pl
ex
co

nc
en

tra
te
d
in
de

gr
ee

0,
we

al
re
ad
y
kn

ow
th
at
R
F(
X)

∈D
⩾
0 (
X)

.C
on

se
qu
en

tly
,R

n F
(X

)=
0
fo

rn
<
0.

Le
tu

st
he

n
ch

oo
se
an

in
je
ct
iv
er
es

ol
ut

io
n
ε∶

X
→

Io
fX
,w

he
re

Ii
sa

co
m
pl
ex

w
ith

in
je
ct
iv
e
te
rm

ss
uc

h
th
at

In
=
0
fo

rn
<
0.

Si
nc
e
F
is

le
�
ex
ac

t,
th
e
ex
ac

t
se

qu
en
ce

0
→

X
→

I0
→

I1
gi
ve

sr
ise

to
an
ex
ac

ts
eq

ue
nc
e0
→
F(
X)
→
F(

I0
)→

F(
I1 )
,w

hi
ch

sh
ow

st
ha

tt
he

m
or

ph
ism

F(
ε)
∶F

(X
)→

F
(I
)=

R
F(
X)

in
du
ce

s
an

iso
m

or
ph

ism
F(
X)

≃
R

0 F
(X

).
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–
K

b (
A

)
=
K

+
(A

)∩
K

−
(A

),
w
ho

se
ob

je
ct

sX
sa

tis
fy

H
n (
X)

=
0
ou

ts
id
e

of
so

m
eb

ou
nd
ed

in
te
rv
al

(d
ep
en
di
ng

on
X)

.
_
ei
ri

m
ag
es

in
D

(A
)a

re
de

no
te
d
by

D
⩾
a (
A

),
et
c.

_
ec
at
eg

or
ie
sK

−
(A

),
K

+
(A

)a
nd

K
b (
A

)a
re

tr
ia
ng

ul
at
ed

su
bc
at
eg

or
ie
s

of
K

(A
)c

on
ta
in

in
gt

he
su
bc
at
eg

or
yo
fa
cy
cli
co
bj
ec

ts
in
K

(A
).

_
ec
at
eg

or
ie
s

D
−
(A

),
D

+
(A

)a
nd

D
b (
A

)a
re

tri
an

gu
lat
ed

su
bc
at
eg

or
ie
so
fD

(A
);

th
ey
ca

n
al
so
be
de
ûn
ed
as

th
el

oc
al
iz
at
io
n
of

th
ec

or
re

sp
on
di
ng

su
bc
at
eg

or
ie
so
fK

(A
)

un
de

rt
he

ir
su
bc
at
eg

or
y
of
ac
yc

lic
ob

je
ct

s.
_
e
ca

te
go

rie
sK

⩽
a (
A

)a
nd

K
⩾
a (
A

)a
re

no
tt

ria
ng

ul
at
ed

su
bc
at
eg

or
ie
so
f

K
(A

);
th
ey
ar
en

ot
ev
en

sta
bl
eu

nd
er

tr
an

sla
tio

n.

Re
m
ar

k
(2

.6
.8
).
—

Le
tX

∈
K

⩽
0 (
A

)
an
d
Y
∈
K

⩾
0 (
A

).
_
e
co

ho
m

ol
og

ic
al

fu
nc

to
rH

0
∶D

(A
)→

A
in
du
ce

sa
n
iso

m
or

ph
ism

D
(A

)(
X
,Y

)→
A

(H
0 (
X)
,H

0 (
Y)

).

To
be

gi
n
w
ith
,a

n
ob

je
ct

of
D
(X
,Y

)
is
a
tr
ip
le

(Z
,f
,g

),
w
he

re
f
an
d

g
ar
e

ho
m

ot
op

yc
la
ss
es

of
an

ho
m

ol
og

ism
f
∶Z
→

X
an
d
of
am

or
ph

ism
of
co

m
pl
ex
es

g
∶Z
→

Y,
w
hi
ch
,b
ya
bu

se
,w
es

til
ld
en

ot
eb

yt
he

sa
m
el
et
te
r.

_
en

Z
∈K

⩽
0 (
A

),
so

th
at

th
ec
an

on
ic
al

m
or

ph
ism

τ ⩽
0(
Z)
→

Z
m
ap

st
o
iso

m
or

ph
ism

su
nd
er
al
l

fu
nc

to
rs

H
n (
⋅);
co

ns
eq

ue
nt

ly,
it

is
an

iso
m

or
ph

ism
.S

im
ila

rly
,t

he
ca

no
ni
ca

l
m

or
ph

ism
Y
→

τ ⩾
0(
Y)

is
an

iso
m

or
ph

ism
.W

e
m
ay

th
us
as

su
m
e
th
at
Zn

=
0

fo
rn

>
0
an
d

th
at
Yn

=
0
fo

rn
<
0.

In
pa

rt
ic
ul
ar
,o

ne
ha

sH
0 (
Z)

=
C
ok
er
(d

−
1 Z
)

an
d
H

0 (
Y)

=
Ke

r(
d0 Y

) .
_
en
al
lc

om
po

ne
nt

s
gn

va
ni

sh
,f
or

n
≠
0,

so
th
at

g
is

gi
ve

n
by
as

in
gl
em

or
ph

ism
g0
∶Z

0
→

Y0
,s

ub
je
ct

to
th
ec

on
di

tio
ns

g0
○d

−
1 X
=
0

an
d
d0 Y

○
g0

=
0.

C
on

se
qu
en

tly
,t

he
da

tu
m

of
g
is
eq

ui
va

le
nt

to
th
at

of
th
e

m
or

ph
ism

H
0 (

g)
∶H

0 (
Z)
→

H
0 (
Y)

.C
om

po
se
d
w
ith

th
ei

so
m

or
ph

ism
f
∶Z
→

X
in

D
(A

)(
Z,

X)
,t
hi

si
m

pl
ie
st

he
cla

im
.

In
pa

rt
ic
ul
ar
,t
he
ca

no
ni
ca

lf
un
ct
or

A
→

D
(A

)i
sf

ul
ly
fa
ith
fu

l.

D
eû

ni
tio

n
(2

.6
.9
).
—

Le
tX
be
a
co

m
pl
ex

in
an
ab
eli
an
ca

te
go

ry
A

.O
ne

sa
ys

th
at

X
is

ho
m

ot
op

ic
al
ly

in
je
ct
iv
ei
fK

(A
)(

N
,X

)=
0
fo
re
ve

ry
ac
yc

lic
co

m
pl
ex

N
.

By
de
ûn

iti
on
,t
hi

sn
ot

io
n
on

ly
de

pe
nd

so
n

th
ei

so
m

or
ph

ism
cla

ss
of

X
in

th
e

ho
m

ot
op

y
ca

te
go

ry
K

(A
).

Pr
op

os
iti

on
(2

.6
.10

).
—

Le
tY
be
a
co

m
pl
ex

in
an
ab
eli
an
ca

te
go

ry
A

._
ef

ol
lo
w
-

in
g
as

se
rt
io
ns
ar
e
eq

ui
va

le
nt
:
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(i)
_
e
com

plex
Y

ishom
otopically

injective;
(ii)

Forevery
diagram

W

X
Y

←

→s

←→ f

←

→
g

ofm
orphism

sofcom
plexes,w

here
sisa

hom
ologism

,there
existsa

unique
m
or-

phism
g∶X

→
Y

in
K

(A
)
such

thatg○
sishom

otopicto
f;

(iii)
Foreverycom

plexX
,thefunctorh

inducesan
isom

orphism
K

(A
)(X,Y)→

D
(A

)(X
,Y);

(iv)
For

every
com

plex
Z
and

every
hom

ologism
f∶Y

→
Z,there

exists
a

m
orphism

g∶Z
→

Y
such

thatg○
f
ishom

otopicto
id

Y .

Proof.—
_

isisaparticularcaseofproposition
2.5.17.

Proposition
(2.6.11).—

H
om

otopically
injective

com
plexesform

a
thick

triangu-
lated

subcategory
I

of
K

(A
)
and

the
restriction

to
I

ofthe
localization

functor
K

(A
)→

D
(A

)
isfully

faithful.

Proof.—
_

isfollow
sfrom

corollary
2.5.18.

_
eorem

(2.6.12).—
If
A

isa
G
rothendieck

abelian
category

(see
§1.4.7),then

every
com

plex
ishom

ologousto
a
hom

otopically
injective

com
plex.

_
istheorem

isdueto
Spaltenstein

(1988)in
theparticularcasew

here
A

isthe
category

ofabelian
sheaveson

a
topologicalspace.H

ism
ethodshave

then
be
extended

to
reach

the
resultin

thisform
by
A
lonso

Tarrío
et
al

(2000)and
Serpé

(2003).
M

ore
precisely,these

authorsshow
thatthe

func-
torh

∶
K

(A
)→

D
(A

)adm
itsarightadjoint.

C
orollary

(2.6.13).—
Let

A
be
a
G
rothendieck

abelian
category

and
let

I
be

thethick
triangulated

category
ofK

(A
)
consisting

ofallhom
otopically

injective
com

plexes._
etriangulated

functor
I
→

D
(A

)
isan

equivalenceoftriangulated
categories.

C
orollary

(2.6.14).—
Let

A
be
a
G
rothendieck

abelian
category.IfU

isan
uni-

verse
such

that
A

islocallyU
-sm

all,then
D

(A
)
islocallyU

-sm
all.

2.7.D
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ED
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N
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RS
83

Let
f∶X

→
X
′be

a
m

orphism
in

K
(A

),letε
′∶X

′→
I
′be

the
chosen

ho-
m

otopically
injectiveresolution

ofX
′.SinceI

′ishom
otopically

injective,there
existsauniquem

orphism
f
′∶I→

I
′in

K
(A

)such
that

f
′○
ε=

f○
ε
′(proposi-

tion
2.6.10);letusdeûne

R
F(f)=

F(f
′)∶F(I)→

F(I
′).

_
esem

apsdeûnea
functor

K
(A

)→
D

(B
).

If
f∶X

→
X
′isa

hom
ologism

,then
the

m
orphism

f
′∶I

→
I
′constructed

above
isan

isom
orphism

in
K

(A
)
(proposition

2.6.10),so
that

R
F(f)

isan
isom

orphism
.
C
onsequently,the

functor
w
e
have

justdeûned
extends

to
a

functor
R
F
∶
D

(A
)→

D
(B

),
called

the
rightderived

functorofF.

Rem
ark

(2.7.2).—
a)
Forevery

objectX
of

K
(A

)
and

every
hom

ologism
ε∶X

→
I,w

hereIishom
otopicallyinjective,them

orphism
F(ε)∶F(X)→

F(I)=
R
F(X)in

K
(B

)satisûesan
universalproperty:forevery

objectY
of

K
(B

),
thecanonicalm

orphism
F(ε)∶h(F(X))→

R
F(X)inducesan

isom
orphism

colim
X

s
Ð→

X
′ K

(A
)(Y,F(X

′))
∼Ð→
D

(B
)(h(Y),R

F(X)).

(In
fact,thesystem

(F(X
′))X

→
sX

′is“eventually
constant”.)

_
isuniversalproperty

oftherightderived
functor

R
F
isalso

form
ulated

by
saying

that
R
F
isale�

Kan
extension

ofthefunctorh
○
K

(F)w
ith

respectto
thelocalization

functorh
∶
K

(A
)→

D
(A

).
b)

Ifwerem
ovethehypothesisthattheabelian

category
A

isaG
rothendieck

category,then
the

rightderived
functor

R
F
m
ay

notexist.H
ow
ever,the

le�
hand

sideofthisform
ulafurnishesadeûnition,foreveryobjectX,ofa“functor

R
F(X)”

on
the

category
D

(B
).

O
ne

then
m
ay

say
thatF

isrightderivable
atX

ifthis“functor
R
F(X)”isrepresentableand

denoteby
R
F(X)an

object
thatrepresentsit._

epreviousconstruction
show

sthatthefunctorF
isright

derivableatevery
objectthatadm

itsahom
otopically

injectiveresolution.

Lem
m
a
(2.7.3).—

LetF
∶
A
→

B
be
an
additive

functorbetw
een

abelian
cate-

gories;assum
ethat

A
isa

G
rothendieck

abelian
category.LetX

∈
D

+(A
)
and

let
a
∈
Z.

a)
IfX

∈
D

⩾a(A
),then

R
F(X)∈

D
⩾a(B

).In
particular,R

F(X)∈
D

+(B
);

b)
Forevery

integer
n
such

thatn
⩽
a,the

canonicalm
orphism

τ
⩽a (X)

→
X

inducesan
isom

orphism
H

i(R
F(τ

⩽a (X)))→
H

i(R
F(X)).
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C
or

ol
la
ry

(2
.6
.18

).
—

Le
t
A
be
an
ab
el
ia
n
ca

te
go

ry
po

ss
es
sin

g
en

ou
gh

in
je
c-

tiv
es
,f
or
ex
am

pl
e,
a
G
ro

th
en
di
ec
k
ab
el
ia
n
ca

te
go

ry
._

en
th
e
ca

no
ni
ca

lf
un
ct
or

K
+
(I

)→
D

+
(A

)i
sa

n
eq

ui
va

le
nc
e
of

tr
ia
ng

ul
at
ed
ca

te
go

ri
es
.

Pr
oo
f.
—

By
pr

op
os

iti
on

2.
6.
17
,e
ve

ry
co

m
pl
ex

in
C

+
(A

)
is

ho
m

ol
og

ou
st

o
a
co

m
pl
ex

in
K

+
(I

).
Su
ch
a
co

m
pl
ex

is
ho

m
ot
op

ic
al
ly

in
je
ct
iv
e,
by

pr
op

os
i-

tio
n

2.6
.16

._
ec

or
ol
la
ry
fo
llo

w
sf

ro
m

th
at
.

2.
7.
D
er

iv
ed
fu

nc
to

rs

2.
7.1

.
—

Le
tA

,B
be

ab
el
ia
n
ca

te
go

rie
s
an
d

le
tF

∶A
→

B
be

an
ad
di

tiv
e

fu
nc

to
r.

_
ef

un
ct
or
F
in
du
ce

sa
n
ad
di

tiv
ef

un
ct
or

on
co

m
pl
ex
es
,F

∶C
(A

)→
C

(B
);

sin
ce

it
pr
es
er
ve

sh
om

ot
op

ie
s,

it
al
so

in
du
ce

sa
tr
ia
ng

ul
at
ed
fu

nc
to

ro
n

F
∶K

(A
)
→

K
(B

)
be

tw
ee

n
th
e
as

so
ci
at
ed

ho
m

ot
op

y
ca

te
go

rie
s.

H
ow
ev
er
,

if
X

is
an
ac
yc

lic
co

m
pl
ex

in
A
,t
he
co

m
pl
ex
F(
X)

m
ay

no
tb
ea
cy
cl
ic

(u
nl
es

s
F
is
ex
ac

t)
so

th
at

th
is
fu

nc
to

rF
∶K

(A
)
→

K
(B

)d
oe

sn
ot

in
du
ce
a
na

tu
ra

l
tr
ia
ng

ul
at
ed
fu

nc
to

rb
et
w
ee

n
th
ec

or
re

sp
on
di
ng
de

riv
ed
ca

te
go

rie
s.

_
et

he
or
y
of

rig
ht

(r
es
p.

le
�)
de

riv
ed
fu

nc
to

rs
ai
m

sa
ta

ss
oc

ia
tin

g
w
ith

F
a

fu
nc

to
rR

F
(r
es
p.

L
F)
be

tw
ee

n
th
e
co

rr
es
po

nd
in

g
de

riv
ed
ca

te
go

rie
sw

hi
ch

re
�e
ct

st
he

pr
op
er

tie
so
ft

he
in

iti
al
fu

nc
to

rF
.

W
e
as

su
m
e
th
at

A
is
a
G
ro

th
en
di
ec

k
ca

te
go

ry
an
d
le
tI

be
th
e
th

ic
k

tr
ia
n-

gu
la
te
d

su
bc
at
eg

or
y
of

K
(A

)o
fh

om
ot
op

ic
al
ly

in
je
ct
iv
ec

om
pl
ex
es
._

en
th
e

fu
nc

to
rI
→

D
(A

)i
sa

n
eq

ui
va

len
ce

of
tri
an

gu
lat
ed
ca

te
go

rie
s(
co

ro
lla

ry
2.6

.13
).

_
ed
er

iv
ed
fu

nc
to

rR
F
is
de
ûn
ed
as

th
ec

om
po

sit
io
n
of
a(
ch

os
en

)q
ua

si-
in
ve

rs
e

of
th

is
eq

ui
va

le
nc
e,

th
ef

un
ct
or
F,
an
d

th
ec
an

on
ic
al
fu

nc
to

rt
o
D

(B
).

_
is

is
de

pi
ct
ed
by

th
ed

ia
gr
am

I
K

(A
)

K
(B

)

D
(A

)
D

(B
)

←

→
∼←

→

←→h

←

→
F

←→h

←

→
R
F

in
w
hi
ch
,w
e
in

sis
t,

th
e
sq

ua
re

is
us

ua
lly

no
t
co

m
m

ut
at
iv
e!
Ex

pl
ic
itl
y,

gi
ve

n
a
co

m
pl
ex

X
∈
K

(A
),

th
e
“r
ec

ip
e”

to
co

m
pu

te
R
F(
X)

co
ns

ist
si

n
ta
ki
ng

th
e

ch
os
en

ho
m

ot
op

ic
al
ly

in
je
ct
iv
er
es
ol
ut

io
n
of

X,
na

m
ely

ah
om

ol
og

ism
ε∶

X
→

I
to
ah

om
ot
op

ic
al
ly

in
je
ct
iv
ec

om
pl
ex

I,
an
d
de
ûn

in
g
R
F(
X)

=
F(

I)
.M

or
eo
ve

r,
R
F(
X)

is
en
do

we
d
wi

th
ac
an

on
ic
al

m
or

ph
ism

F(
ε)
∶F

(X
)→

R
F(
X)

in
K

(B
).
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Ex
am

pl
e
(2

.6
.15

).
—

Le
tU

be
au

ni
ve

rs
e,

le
tk

be
ar

in
g
w
ho

se
un
de

rly
in

g
se

t
be

lo
ng

st
o
U
an
d
let

M
o
d
(k

) U
be

th
ec
at
eg

or
yo
fk

-m
od

ul
es

w
ho

se
un
de

rly
in

g
se

tb
elo

ng
st

o
U
.F

or
ev
er
y
ob

je
ct

sX
,Y

of
M

o
d
(k

) U
,o

ne
ha

sH
om

(X
,Y

)∈
U
,

so
th
at

th
e
ca

te
go

ry
M

o
d
(k

) U
is

lo
ca

lly
U
-s
m
al
l.
C
on

se
qu
en

tly
,t
he
de

riv
ed

ca
te
go

ry
D

(M
o
d
(k

) U
)i

sl
oc
al
ly

U
-s
m
al
l.

Pr
op

os
iti

on
(2

.6
.16

).
—

Le
tY
be
a
co

m
pl
ex

in
an
ab
eli
an
ca

te
go

ry
.

a)
A
ss
um
e
th
at

Yn
=
0
fo
rn

≠
0.

_
en

Y
is

ho
m
ot
op

ic
al
ly

in
je
ct
iv
e
if
an
d
on

ly
if
Y0

is
an

in
je
ct
iv
e
ob

je
ct

of
A

.
b)
A
ss
um
e
th
at

Yn
=
0
fo
r
n
<
0
an
d
th
at

Yn
is
an

in
je
ct
iv
e
ob

je
ct

of
A
fo
r

n
⩾
0.

_
en

Y
is

ho
m
ot
op

ic
al
ly

in
je
ct
iv
e.

Pr
oo
f.
—

a)
Le

tu
sa

ss
um

et
ha

tY
is

ho
m

ot
op

ic
al
ly

in
je
ct
iv
ea

nd
le
tu

ss
ho

w
th
at
Y0

is
in
je
ct
iv
e.

Le
tj
∶X

′
→

X
be
am

on
om

or
ph

ism
in

A
,l
et
f′
∶ X

′
→

Y0
be

am
or

ph
ism

;w
en
ee
d

to
sh

ow
th
at

th
er
ee

xi
st
s
f
∶X
→

Y0
su
ch

th
at
f
○
j=

f′
.

Le
tk

∶X
→

X′
′
be
a
co

ke
rn
el

of
j,

so
th
at

N
=

(0
→

X′
j Ð→
X

k Ð→
X′

′
→

0)
is
an

ac
yc

lic
co

m
pl
ex

in
A

(w
e
pu

tt
he

te
rm

X′
in
de

gr
ee

0)
.M

or
ph

ism
so
f

co
m

pl
ex
es

u
∶N

→
Y
co

rr
es
po

nd
to

m
or

ph
ism

s
u0
∶X

′
→

Y0
;a

m
or

ph
ism

is
nu

ll
ho

m
ot
op

ic
if
an
d

on
ly

if
ex

te
nd

s
to

X.
Si
nc
e
K

(A
)(

N
,Y

)
=
0,

th
e

m
or

ph
ism

f′
ex

te
nd

st
o
X,
as
cla

im
ed

.
_
ec

on
ve

rs
ea

ss
er

tio
n
fo
llo

w
sf

ro
m
b)

.
b)

Le
tu

s
no

w
as

su
m
e

th
at

Yn
=
0
fo

r
n
<
0
an
d

th
at

Yn
is

in
je
ct
iv
e
fo

r
n
⩾
0,
an
d
le
tu

sp
ro
ve

th
at
Y

is
ho

m
ot
op

ic
al
ly

in
je
ct
iv
e.

Le
tN

be
an
ac
yc

lic
co

m
pl
ex
an
d
le
tf

∶N
→

X
be
am

or
ph

ism
of
co

m
pl
ex
es
.I

n
or
de

rt
o

sh
ow

th
at

f
is

nu
ll
ho

m
ot
op

ic
,w
e
w
ill
co

ns
tr
uc

tm
or

ph
ism

s
θn
∶N

n+
1
→

Yn
su
ch

th
at

fn
=
θn
○d

n X
+
dn

−
1

Y
○θ

n−
1 ,
by

in
du
ct
io
n
on

n.
If

n
<
0,

it
su
õ
ce

st
o
de
ûn
eθ

n
=
0.

W
et

he
n
as

su
m
et

ha
tθ

m
is
co

ns
tr
uc

te
d
fo

rm
<

n
an
d
pr

oc
ee
d

to
de
ûn

in
g
θn

.
C
on

sid
er

th
ed

ia
gr
am N

n−
2

N
n−

1
N

n
N

n+
1

Yn
−
2

Yn
−
1

Yn
Yn

+
1

←

→

←→

fn
−
2

←

→
dn

−
1

←→

fn
−
1

←

→

θn
−
2

←

→
dn

←→

fn←

→

θn
−
1

←→f
n+

1
←

→

θn

←

→

←

→
dn

−
1

←

→
dn

O
ne

ha
s

fn
○d

n−
1

N
=
dn

−
1

Y
○
fn

−
1
=
dn

−
1

Y
(θ

n−
1 ○
dn

−
1

N
+
dn

−
2

Y
○θ

n−
2 )
=
dn

−
1

Y
○θ

n−
1 ○
dn

−
1

N
,
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hence
f
n
−
d

n
−1

Y
θ
n
−1∶N

n
→

Y
n
factors

through
N

n/Im
(d

n
−1

N
).

Since
N

is
acyclic,

Im
(d

n
−1

N
)
=

Ker(d
nN ).

_
e

m
orphism

d
nN

induces
a

m
onom

or-
phism

N
n/Ker(d

nN )
→

N
n
+1.

Since
Y

n
is

injective,there
exists

a
m

orphism
θ
n∶N

n
+1→

Y
n
such

that
f
n−

d
n
−1

Y
θ
n
−1=

θ
n○
d

nN ._
isprovidesthe

required
m

orphism
.

_
isshowsthatthem

orphism
fisnullhom

otopicand
concludestheproofof

theproposition.

Proposition
(2.6.17).—

Let
A
be
a
G
rothendieck

abelian
category

and
let

I
be

itsadditive
fullsubcategory

ofinjective
objects.LetX

∈
C

(A
)
be
a
com

plex,let
p
∈
Z
be

such
thatH

n(X)=
0
forevery

integern
⩽

p.

a)
_
ere
existsa

com
plex

Y
∈
C

(I)
such

thatY
n
=
0
for
every

n
⩽

p
and

a
hom

ologism
f∶X

→
Y
.

b)
If,m

oreover,X
n
=
0
for

n
⩽

p,then
one

can
m
oreover

chooseY
and

f
in

such
a
w
ay

that
f
n
isa

m
onom

orphism
forevery

n
∈
Z.

Proof.—
W
eûrstobservethatasssertion

a)followsfrom
b).Indeed,byhypoth-

esis,thecanonicalm
orphism

X
→

τ
⩾p (X)

isa
hom

ologism
,and

thecom
plex

τ
⩾p (X)

satisûes
the

hypothesis
ofb),so

thatX
is

hom
ologous

to
a
com

plex
in

C
>p(I).

Letusnow
prove

b).W
e
shallconstructthe

com
plex

Y
and

the
m

orphism
i∶X

→
Y
byinduction,degreebydegree,in

such
awaythatforeveryintegern

∈
N
,theinduced

m
orphism

X
→

σ
n (Y)inducesisom

orphism
sH

m(X)→
H

m(Y)
form

<
n,and

am
onom

orphism
H

n(X)→
C
oker(d

n
−1

Y
).

Forn
<

p,w
etakeY

n=
0,them

orphism
s
i nand

d
nY
aretaken

equalto
zero.

A
ssum

ing
thatY

m
and

i m
are

deûned
for

m
⩽

n,and
thatd

mY
isdeûned

for
m

⩽
n
−

1,letusdeûne
Y

n
+1,i n

+1∶X
n
+1→

Y
n
+1and

d
nY ∶Y

n
→

Y
n
+1.W

e
ûrst

deûne

Z
n
+1=

C
oker(d

n
−1

Y
)⊕

C
oker(d

n
−
1

X
) Ker(d

n
+1

X
)

so
to

haveacartesian
diagram

C
oker(d

n
−1

X
)

Ker(d
n
+1

X
)

C
oker(d

n
−1

Y
)

Z
n
+1.

←

→

←→

←→

←

→
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_
isfurnishesacom

m
utativediagram

0
H

n(X)
C
oker(d

n
−1

X
)

Ker(d
n
+1

X
)

H
n
+1(X)

0

0
H

n(X)
C
oker(d

n
−1

Y
)

Z
n
+1

H
n
+1(X)

0

←→

←→

⇐⇐

←→

←→

←→

←→

←→

⇐⇐

←→

←→

←

→

←

→

←→

in
w
hich

theûrstlineistheexactsequencefrom
lem

m
a1.6.2.

Letusprove
thatthe

second
line

isexactasw
ell._

e
m

orphism
H

n(X)
→

C
oker(d

n
−1

Y
)
isa

m
onom

orphism
,by

the
induction

hypothesis,and
the

m
or-

phism
from

Z
n
+1to

H
n
+1(X)

isan
epim

orphism
by
construction

ofZ
n
+1.To

prove
the

rem
aining

tw
o
otherexactnessproperties,w

e
pretend

that
A

isa
category

ofm
odules.

Letusconsiderthe
class

ȳ
in
C
oker(d

n
−1

Y
)
ofan

elem
ent

y
in

Y
n
w
hich

is
m
apped

to
0

in
Z

n
+1;by

construction,the
elem

ent(ȳ,0)
ofC

oker(d
n
−1

Y
)
⊕

Ker(d
n
+1

X
)belongstothesubm

oduleC
oker(d

n
−1

X
):thereexistsan

elem
entx

∈X
n

such
that(ȳ,0)

=
(x̄,−x̄),so

thatx
∈
Ker(d

n
+1

X
)
and

y
com

esfrom
the

class
ofx

in
H

n(X).
Letusthen

prove
exactnessatZ

n
+1.Lety

∈
C
oker(d

n
−1

Y
)
and

x
∈
Ker(d

n
+1

X
)

such
thatthe

class
z
of(ȳ,x)

in
Z

n
+1ism

apped
to

0
in

H
n
+1(X)._

ism
eans

thatx
belongsto

Im
(d

nX ),so
thatthereexists

x
′∈

X
nsuch

thatx
=
d

nX (x
′).In

therighthand
sideoftheequality(y,x)=

(y+
i n(x),0)−(i n(x),−d

nX (x
′)),the

classin
Z

n
+1oftheûrstterm

com
esfrom

C
oker(d

n
−1

Y
),w

hilethatofthesecond
term

iszero.C
onsequently,z

com
esfrom

C
oker(d

n
−1

Y
),asw

asto
beshow

n.
Letnow

Y
n
+1bean

objectofI
and

j∶Z
n
+1↪

Y
n
+1beam

onom
orphism

;these
exist,since

A
isaG

rothendieck
abelian

category.W
ethen

deûne
d

nY ∶Y
n→

Y
n
+1

to
bethecom

positionswith
jofthecanonicalm

orphism
sY

n→
C
oker(d

n
−1

Y
)→

Z
n
+1.Sim

ilarly,w
e
considerthe

com
position

Ker(d
n
+1

X
)
→

Z
n
+1

jÐ→
Y

n
+1;since

Y
n
+1isinjective,thism

orphism
can

beextended
to
a
m

orphism
i n
+1∶X

n
+1→

Y
n
+1.
TO

BE
FIN

ISH
ED

A
sa

corollary,w
e
have

the
follow

ing
partialresultin

the
direction

oftheo-
rem

2.6.12.


