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Abstract. We prove asymptotic formulas for the number of rational points
of bounded height on smooth equivariant compactifications of the affine
space.

0. Introduction

A theorem of Northcott asserts that for any real number B there are only
finitely many rational points in the projective space P" with height smaller
than B. An asymptotic formula for this number (as B tends to infinity) has
been proved by Schanuel [19]. Naturally, it is interesting to consider more
general projective varieties and there are indeed a number of results in this
direction. The techniques employed can be grouped in three main classes:

— the classical circle method in analytic number theory permits to treat
complete intersections of small degree in projective spaces of large
dimension (cf. for example [5]);

— harmonic analysis on adelic points of reductive groups leads to results
for toric varieties [2], flag varieties [12] and horospherical varieties [20];

— elementary (but nontrivial) methods for del Pezzo surfaces of degree 4 or
5, cf. de la Breteche [7], and for cubic surfaces (Salberger, Swinnerton-
Dyer, Heath-Brown, cf. [18] and the references therein).

This research has been stimulated by a conjecture put forward by Batyrev
and Manin. They proposed in [1] an interpretation of the growth rate in
terms of the mutual positions of the class of the line bundle giving the
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projective embedding, the anticanonical class and the cone of effective
divisors in the Picard group of the variety. Peyre refined this conjecture
in [17] by introducing an adelic Tamagawa-type number which appears as
the leading constant in the expected asymptotic formula for the anticanonical
embedding. Batyrev and the second author proposed an interpretation of the
leading constant for arbitrary ample line bundles, see [3].

In this paper we consider a new class of varieties, namely equivariant
compactifications of vector groups. On the one hand, we can make use of
harmonic analysis on the adelic points of the group. On the other hand, such
varieties have a rich geometry. In particular, in contrast to flag varieties and
toric varieties, they admit geometric deformations, and in contrast to the
complete intersections treated by the circle method their Picard group can
have arbitrarily high rank. Their geometric classification is a difficult open
problem already in dimension 3 (see [13]).

A basic example of such algebraic varieties is of course P" endowed
with the action of G/, C P”" by translations. A class of examples is provided
by the following geometric construction: Take X, = P" endowed with the
translation action of G/. Let Y be a smooth subscheme of X, which is
contained in the hyperplane at infinity. Then, the blow-up X = Bly(Xy)
contains the isomorphic preimage of G and the action of G/ lifts to X.
The rank of Pic(X) is equal to the number of irreducible components of Y.
Using equivariant resolutions of singularities, one can produce even more
complicated examples, although less explicitly.

Our first steps towards this paper are detailed in [8] and [9]. There we
studied the cases n = 2 with Y a finite union of Q-rational points and n > 2
with Y a smooth hypersurface contained in the hyperplane at infinity.

We now describe the main theorem of this article. Let X be an equivariant
compactification of the additive group G, over a number field F. Unless
explicitly stated, we shall always assume that X is smooth and projective.
The boundary divisor D = X \ G/ is a sum of irreducible components D,
(o € A). We do not assume that they are geometrically irreducible.

The Picard group of X is free and has a canonical basis given by
the classes of D,. The cone of effective divisors consists of the divisors
> en da Dy with d, > 0 for all a. Denote by Ky the anticanonical line
bundle on X and by p = (p,) its class in Pic(X).

Let A = (A,) be a class contained in the interior of the cone of effective
divisors Ae(X) C Pic(X) and £, the corresponding line bundle, equipped
with a smooth adelic metric (see 3.1 for the definition). With the above no-
tations, we have A, > 0 for all . Denote by H, the associated exponential
height on X (F). Let a;, = max(p,/Ay) and let b, be the cardinality of

B = {O[ €A, Pa = a)\)\a}-
Put

C) = 1_[ K;l.

aEB;,
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For example, one has a, = 1 and b, = rk Pic(X). We denote by 7(Kx) the
Tamagawa number as defined by Peyre in [17].

Theorem 0.1. a) The series

Z(s)= > He(x™

xeGI(F)

converges absolutely and uniformly for Re(s) > a; and has a meromorphic
continuation to Re(s) > a; — 8 for some § > 0, with a unique pole at s = a,
of order b;. Moreover, Z; has polynomial growth in vertical strips in this
domain.

b) There exist positive real numbers t;, 8 and a polynomial P; € R[x]
of degree b, — 1 with leading coefficient

T/ (b — 1)!

such that the number N(L,, B) of F-rational points in G with height H,
smaller than B satisfies

N(L;, B) = B* P, (log B) + O(B“™?),

for B — oo.
¢) For A = p we have t, = ©(Kx).

Remark 0.2. Granted the smoothness assumption on the adelic metric, note
that the normalization of the height in Theorem 0.1 can be arbitrary. By
a theorem of Peyre [17, § 5], this means that the points of bounded anti-
canonical height are equidistributed with respect to the Tamagawa measure
(compatible with the choice of the height function) in the adelic space
X(AF). Let us explain this briefly. Fix a smooth adelic metric on the an-
ticanonical line bundle, this defines a height function H. Let dzy be the
renormalized Tamagawa measure on X(Ar). A smooth positive function f
on X(Ar) determines another height function, namely H' = fH. Applied
to such H’, the main theorem implies that

. (r—1! 1
31—13100 ¢, B(ogB)! Z f(x):/ SX)dry (x).

xeG!(F) X(AF)
H)<B

Remark 0.3. Theorem 0.1 implies that the open subset G} does not contain
any accumulating subvarieties.

The proof proceeds as follows.

First, we extend the height function to the adelic space G/ (Ar). Next
we apply the additive Poisson formula and find a representation of Z; (s)
as a sum over the characters of G’ (Ar)/G’(F) of the Fourier transforms
of H.
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The Fourier transforms of H decompose as products over all places v of
“global” integrals on X (F,) which are reminiscent of Igusa zeta functions.

The most technical part of the paper is devoted to the evaluation of these
products: meromorphic continuation and control of their growth in vertical
strips. For this, we need to consider the special case where D has strict
normal crossings: this means that over an algebraic closure of F, D is a sum
of smooth irreducible divisors meetings transversally. Then, at almost all
nonarchimedean places, we compute explicitly the local Fourier transforms
in terms of the reduction of X modulo the corresponding prime. The obtained
formulas resemble Denef’s formula in [10] for Igusa’s local zeta function.
For the remaining nonarchimedean places we find estimates. This leads to
a proof of the meromorphic continuation of the Fourier transforms at each
character.

In the general case, when D is not assumed to have strict normal cross-
ings, we introduce a proper modification 7: X — X (a composition of
equivariant blow-ups with smooth centers lying on D) such that X is
a smooth projective equivariant compactification of G, whose boundary
divisor D has strict normal crossings. We then replace X by X and A by
7* and perform all the computations on X. Of course, the outcome is in-
dependent of the chosen resolution: in Lemma 6.1 we prove that a,+, = a;
and bn’* P b)\.

The Poisson formula, combined with invariance properties of the height,
reduces the summation over G/, (F) to one over a lattice. The meromorphic
continuation in part a) of the theorem follows from additional estimates for
the Fourier transforms at the infinite places.

At this stage one has a meromorphic continuation of Z; () to the domain
Re(s) > a; — 6 for some 6 > 0, with a single pole at s = a; whose order
is less or equal than b;. It remains to check that the order of the pole is
exactly by ; we need to prove that the limit

lim Z;.(s)(s — a;)™
s—ay

is strictly positive.

For & = p this is more or less straightforward: the main term is given
by the summand corresponding to the trivial character and the Tamagawa
number defined by Peyre appears naturally in the limit. For other A we use
the Poisson formula again and relate the limit to an integral of the height
over some subspace which is shown to be strictly positive.

Part b) follows by a Tauberian theorem.

Acknowledgements. The work of the second author was partially supported by the NSA.

1. Geometry

Let X be a smooth projective equivariant compactification of the additive
group G’ of dimension n over a field F: X is a (smooth, projective) algebraic
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variety endowed with an action of G/, with a dense orbit isomorphic to G.
We will always assume that X is smooth and projective. Let D = X \ G
denote the boundary divisor. We have a decomposition in irreducible com-

ponents
D= U D,
acA

where # is a finite set and for each o € 4, D, is an integral divisor in X.
We do not assume that the D, are geometrically irreducible, nor that they
are smooth. B

A similar description holds over any extension of F. In particular, let F
be a separable closure of F and let

Dy = U Dg

()[GAI;

be the decomposition of D in irreducible components. The natural action

of I'yr = Gal(F/F) on X induces an action of I's on +4A 7 such that for any
o C a‘\)lj-, g(Da) = Dg(a)-

Proposition 1.1. One has natural isomorphisms of I'r-modules
(resp. I'p-monoids)

@ zp;, — Pic(X) and P NDz, — Awr(X),

aEA R Q€A
where Aci(X) is the monoid of classes of effective divisors of X.

Subsequently, we identify the divisors D, (and the corresponding line
bundles) with their classes in the Picard group.

Proof. These maps are equivariant under the action of I'r. Hence, it remains
to show injectivity and surjectivity.

For this we may assume F = F. Let .£ be a line bundle on X. As X is
smooth and Pic(G/) = 0, there is a divisor D in X not meeting G/, such
that £ >~ Ox(D). Such a divisor Disasum ) _, ca NaDy. Moreover, such a
D is necessarily unique. If Ox(D) >~ Ox(D') for D =) nyDy and D' =
> o 1y Dy, then the canonical rational section sp/sp of Ox(D — D') = O
is a rational function on X without zeroes nor poles on G. Rosenlicht’s
lemma (see Lemma 1.2 below) implies that sp/sp is constant, so that
D=D.

We remark that any effective cycle Z on X is rationally equivalent to
a cycle that does not meet G/. Indeed, if ¢ is the parameter of a subgroup of
G’ isomorphic to G,, we can consider the specialization of the cycles r 4- Z
when ¢ — oo.

Lemma 1.2 (Rosenlicht). If f € F(X) has neither zeroes nor poles on G,
then f € F*.
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Corollary 1.3. 1) The I'r-module Pic(X) is a permutation module. In par-
ticular, H'(I', Pic(X)) = 0.

2) Pic(X) = Pic(X)¥ is a free Z-module of finite rank equal to the
number of I'p-orbits in A g.

For any o € +, we shall denote by by F, the algebraic closure of F
in the function field of D,. Over F,, the irreducible components of D, are
geometrically irreducible. We also denote by ¢f, the Dedekind zeta function
of the number field F,.

Let f be a nonzero linear form on G’ viewed as an element of F(X). Its
divisor can be written as

div(f) = E(f) = Y _du(f) D

aEA

where E( f) is the unique irreducible component of { f = 0} that meets G/,
and d, (f) are integers. (The divisor E( f) can also be seen as the closure in
X of the hypersurface of G/ defined by f.)

Since E(f) is rationally equivalent to ) ,_, do(f)D,, the preceding
proposition implies the following lemma:

Lemma 1.4. For any nonzero linear form f and any o € A, one has
do(f) 2 0.

Ifae G)(F),let f, = (-, a) be the associated linear form and define
Ao(@) ={a; do(f) =0} and Ao(a) ={a; do(f) =1}  (1.1)

Proposition 1.5. Let X be a normal equivariant compactification of G,
over F. Every line bundle £ on X admits a unique G-linearization. If £

is effective then H(X, £) has a unique line of G"-invariant sections.

Proof. Since G, has no nontrivial characters, it follows from Proposition 1.4
and from the proof of Proposition 1.5 in [16], Chapter 1, that any line bundle
on X admits a unique G -linearization.

Assume that H°(X, £) # 0 and consider the induced action of G/ on
the projectivization P(H’(X, .£)). Borel’s fixed point theorem ([6], Theo-
rem 10.4) implies that there exists a nonzero section s € H(X, .£) such that
the line F's is fixed under this action. As G/ has no nontrivial characters, s
itself is fixed. The divisor div(s) is G’ -invariant; therefore, div(s) does not
meet G” and is necessarily a sum ) _ d, D, such that £ >~ Ox(>_d,D,).
Because of Proposition 1.1, every other such section will be proportional
to s.

Remark 1.6. We observe that if D = d, D, for integers d,, > 0, then the
canonical section sp of Ox(D) is G”-invariant.
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2. Vector fields

We now recall some facts concerning vector fields on equivariant compact-
ifications of algebraic groups. Let G be a connected algebraic group over F
and g its Lie algebra of invariant vector fields. Let X be a smooth equivariant
compactification of G. Denote by D = X\ G the boundary. We assume that
D is a divisor with strict normal crossings. Let Tx be the tangent bundle
of X. Evaluating a vector field at the neutral element 1 of G induces a
“restriction map”

H(X, Tx) — Tx1 =g

Conversely, given d € g, there is a unique vector field 3% such that for any
open subset U of X and any f € Ox(U),

0¥ (f)(x) = 0y f(g - X)|g=1.
The map 0 — 3% is a section of the restriction map.
Lemma 2.1. For any 0 € g the restriction 3% |¢ is invariant under G.

Proposition 2.2. Let x € D and fix a local equation sp of D in a neighbor-
hood U of x. Then, for any 3 € g, 3% logsp = BXS(—;D) is a regular function
inU.

Proof. By purity, it suffices to prove this when D is smooth in a neighbor-
hood of x (since X is smooth, a function which is regular on the complement
to a codimension 2 subscheme is regular everywhere). Thus we can choose
(étale) local coordinates xq, ..., x, in U (i.e., elements of Ox(U), .(2)1(|U is
free over @y with basis dxy, ..., dx,) such that s, = x;. Moreover, we can
write uniquely

. d
X—  —
0 _Zf’ax-
j= !

for some functions f; € Ox(U). Let D, be the irreducible component of D
containing x. Necessarily, G stabilizes D, so that the function g — x;(g-x)
is identically O in a Zariski neighborhood of 1 in G and a fortiori, 3% (x)
vanishes on U. By definition, 3% (x;) = f; and hence f; is a multiple of x;:
there exists a unique g; € Ox(U) such that f; = x;g; and

3% logx; = g, € Ox(U).
The lemma is proved.

Example 2.3. When G is G, = Spec F[x] or G,, = Spec F[x, x~!], the
Lie algebra g has a canonical basis 9, given by the local parameter x at
the neutral element (respectively 0 and 1) of G. If we embed G in P!
equivariantly, we get 0¥ = 9/0x for G = G, and x3/dx for G = G,,. We
see that it vanishes at infinity (being {oo} or {0; 0o}, accordingly). This is
a general fact, as the following lemma shows.
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Lemma 2.4 (Hassett/Tschinkel). There exist integers p, > 1 such that

a);(1 ~ Ox (Z ,oaDa) .
If G = G, then for each o, py > 2.

Proof. We only prove that p, > 1, because the sharper bound which is valid
in the case of G = G/, won’t be used below. We refer to [13], Theorem 2.7
for its proof.

Let 0y, ..., d, be a basis of g. Then, § := 3 A --- A 3X is a global
section of the line bundle det Ty = a);{l. Moreover, § does not vanish on G.
Therefore, we can write div(8) = ) p, D,, for nonnegative integers p,. Nec-
essarily, w;(l >~ Ox()_ paDy), hence we have to prove that these integers
are positive.

Fix any x in the smooth part of X\ G, so that there exists a unique o € A
such that x € D,. Pick local coordinates x, ..., x, in a neighborhood U
of x in such a way that in U, D is defined by the equation x; = 0. Write
a;‘ => f,»j%, with f;; € Ox(U). We have seen in Proposition 2.2 that for

any i, 81?((x1) = fi1 € (x1). Hence, § € (xl)% Ao A %

3. Metrizations

Let F be a number field and of its ring of integers. Denote by F), the
completion of F at a place v, by o0, the ring of integers in F, if v is
nonarchimedean, by A the ring of adeles of F and by Ay, the (restricted)
product of F, over the nonarchimedean places v. The valuation in F, is
normalized in such a way that for any Haar measure u, on F, and any
measurable subset I C F,, iy(a l) = |al, wy(1). In particular, it is the usual
absolute value for F,, = R, its square for F, = C, it satisfies |p| »=1/p if
F, =Qpandif N, : F, — Q, is the norm map, |x|, = |N,(x)|,. Let X be
an equivariant compactification of G/, as above and £ a line bundle on X,
endowed with its canonical linearization.

Definition 3.1. A smooth adelic metric on £ is a family of v-adic norms
I-Il, on L for all places v of F satisfying the following properties:

a) if v is archimedean, then |-|, is C*°;

b) if v is nonarchimedean, then ||-||, is locally constant;

(i.e., the norm of any local nonvanishing section is C*°, resp. locally
constant)

c) there exists an open dense subset U C Spec(or), a flat projective U-
scheme Xy extending X together with an action of Gl ;i extending the
action of G, on X and a linearized line bundle L on Xy extending the
linearized line bundle on X, such that for any place v lying over U, the
v-adic metric on L is given by the integral model.
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Lemma 3.2. Let v be a nonarchimedean valuation of F and ||-||, a locally
constant v-adic norm on £L. Then the stabilizer of (L, ||-l,), i.e., the set
of g € Gl(0,) which act isometrically on (L, ||-1|,), is a compact open
subgroup of G(0,).

Proof. First we assume that £ is effective. By Proposition 1.5, we have
a nonzero invariant global section s.

If m and p, denote the action and the second projection G x X — X,
respectively, endow the trivial line bundle m*.L£ ® p3L~' on G x X with
the tensor-product metric. This is a locally constant metric on the trivial line
bundle. The function on G/ (F,) x G/ (F,) given by

(g, %) > lIs(g +0ll, Is@Il, "

is the norm of the canonical basis 1 and therefore extends to a locally
constant function on G’ (F,) x X(F,). Its restriction to the compact subset
G’ (0,) x X(F),) is uniformly continuous. Since it is locally constant and
equal to 1 on {1} x X(F,), there exists a neighborhood of {1} x X(F,) on
which it equals 1. Such a neighborhood contains a neighborhood of the form
K, x X(F),), where K, is a compact open subgroup of G’ (0,). This proves
the lemma in the effective case.

In the general case, we write £ = £ @ L5 ! for two effective line
bundles (each having a nonzero global section). We can endow £, with any
locally constant v-adic metric and £; with the unique (necessarily locally
constant) v-adic metric such that the isomorphism £; ~ £ ® £, is an
isometry. By the previous case, there exist two compact open subgroups
K, and K, , contained in G/, (0,) which act isometrically on £; and £,,
respectively. Their intersection acts isometrically on L.

Proposition 3.3. If L is endowed with a smooth adelic metric then for
all but finitely many places v of F the stabilizer of (L, ||-|l,) is equal to
G/ (0y). Therefore, their product over all finite places of F is a compact
open subgroup of G (Ag,).

Proof. 1t suffices to note that if v lies over the open subset U C Spec(or)
given by the definition of an adelic metric then the stabilizer of (L, ||-|[,)
equals G/ (0,).

From now on we choose adelic metrics on the line bundles £ in such
a way that the tensor product of two line bundles is endowed with the product
of the metrics (this can be done by fixing smooth adelic metrics on a Z-basis
of Pic(X) and extending by linearity). We shall denote by K the compact
open subgroup of G’ (Ag,) stabilizing all these metrized line bundles on X.
We also fix an open dense U C Spec(or), a flat and projective model X,/
over U and models of the line bundles £ such that the chosen v-adic metrics
for all line bundles on X are given by these integral models.
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4. Heights

Let X be an algebraic variety over F and (L, ||-||,) an adelically metrized
line bundle on X. The associated height function is defined as

He: X(F) > Rey  He() =[]Heo@ =]]lsl, 07",

where s is any F-rational section of £ not vanishing at x. The product
formula ensures that H; does not depend on the choice of the F-rational
section s (though the local heights H, ,(x) do).

In Sect. 3 we have defined simultaneous metrizations of line bundles
on equivariant compactifications of G”. This allows to define compatible
systems of heights

H: X(F) x Pic(X)¢c — C.
Fix for any o € + some non-zero G/ -invariant section s, of Ox(D,). We

can then extend the height pairing H to a pairing

H= ]_[ H, : G"(Ar) x Pic(X)¢ — C (4.1)

by the mapping
(x; ) = ((Xv); ZsaDa> = T T Isally )7

Recall that K denotes the compact open subgroup of G (A ) stabilizing
all line bundles on X together with their chosen metrization. By construction,
we have the following proposition.

Proposition 4.2. The height pairing H defined in (4.1) is K-invariant in
the first component and (exponentially) linear in the second component.

Proposition 4.3. Assume that L is in the interior of the effective cone
of Pic(X) (ie, £ >~ Ox(>_dyD,) for some positive integers d, > 0).
Then, for any real B, there are only finitely many x € G (F) such that
H(x; L) < B.

In view of Lemma 2.4, this applies to the anticanonical line bundle K ;l.

Proof. Let M be an ample line bundle on X and let v be a sufficiently
large integer such that £¥ ® M ™! is effective. It follows from the preceding
section that £” ® M~ has a section s which does not vanish on G”. This
implies that the function x +— —log H(x; £" ® M~") is bounded from
above on G/, (F'). Therefore, there exists a constant C > 0 such that for any
x e GI(F),

H(x; L£) > CH(x; M)'".

We may now apply Northcott’s theorem and obtain the desired finiteness.



Points of bounded height on compactifications of vector groups 431

Remark 4.4. The same argument shows that the rational map given by the
sections of a sufficiently high power of £ is an embedding on G/.

The main tool in the study of asymptotics for the number of points of
bounded height is the height zeta function

Z(s) = Z H(x;s)™!, s = (sy) € Pic(X)c.
x€GI(F)

Proposition 4.5. There exists an non-empty open subset §2 in Pic(X)g such
that Z(s) converges absolutely to a bounded holomorphic function in the
tube domain 2 + i Pic(X)g in the complex vector space Pic(X)c.

Proof. Fix a basis (L) ; of Pic(X) consisting of (classes of) line bundles
lying in the interior of the effective cone of Pic(X). Let £2, denote the open
set of all linear combinations ) _¢;.L; € Pic(X)g such that for any j, t; > 1.
Fix some ample line bundle M. It is well known that the height zeta function
of X relative to M converges for Re(s) big enough, say Re(s) > oy. In the
proof of Proposition 4.3 we may choose some v which works for any £,
so that for any j

Hx; £)7" < HX; M7

Since H(-; L) is bounded from below on G/ (F) it follows that for any
L e .Ql

H(x; £)7" < HX; M)~V

Therefore, the height zeta function converges absolutely and uniformly on
the tube domain £2,,, + i Pic(X)g.

The following sections are devoted to the study of analytic properties of
Z(8).

5. The Poisson formula

We recall basic facts concerning harmonic analysis on the group G over
the adeles A = A (cf.,, for example, [21]). For any prime number p, we
can view Q,,/Z, as the p-Sylow subgroup of Q/Z and we can define a local
character v, of G,(Q,) by setting

Yy x, > exp(2mixy).
At the infinite place of Q we put
Yoo Xoo F> €XP(—2iXso),

(here x, is viewed as an element in R/Z). The product of local charac-
ters gives a character ¥ of G,(Aq) and, by composition with the trace,
a character of G,(Ar).
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If a € G} (AF), recall that f; = (-, a) is the corresponding linear form
on G (Ar) andlet ¥, = Yo f;. This defines amap G/ (Ar) — G (Ap)*. It
is well known that this map is a Pontryagin duality. The subgroup G’ (F) C
G/ (Ar) is discrete, cocompact and we have an induced Pontryagin duality

G, (AF) = (GL(AR)/GL(F))".

We fix selfdual Haar measures dx, on G,(F,) for all v. We refer to [21] for
an explicit normalization of these measures. We will use the fact that for
all but finitely many v the volume of G,(o0,) with respect to dx, is equal
to 1. Thus we have an induced selfdual Haar measure dx on G,(Ar) and
the product measure dx on G’ (Ar). The Fourier transform (in the adelic
component) of the height pairing on G (Af) x Pic(X)c is defined by

A ) = / H(x: )™ Ya(x) dx.
GL(AF)
We will use the Poisson formula in the following form (cf. [15], p. 280).

Theorem 5.1. Let @ be a continuous function on G,(Ar) such that both
@ and its Fourier transform @ are integrable and such that the series

Z d(x+b)
xeG!(F)

converges absolutely and uniformly when b belongs to G (Ar)/G(F).

Then,
Yo = ) P

xeG2(F) aeGL(F)

The following lemma (a slight strengthening of Proposition 4.5) verifies
the two hypotheses of the Poisson formula 5.1 concerning H.

Lemma 5.2. Let X be a smooth projective equivariant compactification of
G/, and H the height pairing defined in Sect. 4. There exists a nonempty
open subset §2 C Pic(X)R such that for any s € §2 + i Pic(X)g the series

Z H(x +b;s)™!

xe€GI(F)

converges absolutely, uniformly in b € G} (Ar)/G)(F) and locally uni-

formly in s. Moreover, for such s, the function H(-;s)™" is integrable over
G, (Ap).

Proof. Since the natural action of G on Pic(X) is trivial, for any b €
G/ (Ar) the function x — H(x 4 b; «£) is a height function for /£, induced



Points of bounded height on compactifications of vector groups 433

by a “twisted” adelic metric. When b belongs to some compact subset K of
G/ (AF) there exists a constant Cg (L) such that for any x € G’ (Ar) and
anyb € K,

Cx (L) TH(x; £) < H(x +b; £) < Cx(LYH(X; L).

Indeed, the quotient H(x + b; L£)/H(x; L£) defines a bounded continuous
function of (x, b) € G’ (AF) x K. (Only at a finite number of places do they
differ, and at these places v, a comparison is provided by the compactness
of X(F,).) As G(Ar)/G’(F) is compact, one may take for K any compact
set containing a fundamental domain. This implies the uniform convergence
of the series once s belongs to the tube domain of Proposition 4.5.

The integrability follows at once : for such s,

/ |H(x; s)| ™" dx <
Ga(AF) xeGI(F)

< Cxvol(K) ) [Hs)l ™
xeGL(F)

/ [Hx+b: )| db
x+K

The following proposition follows from the invariance of the height
under the action of the compact K.

Proposition 5.3. For all characters v, of G(Ar) which are nontrivial
on the compact subgroup K of G/ (Az,) and all s such that H(-; s)~!is
integrable, we have

H(s; ¥a) = 0.

Consequently, the set 0x of all a € GJ(F) such that v, is trivial on K
is is a sub-op-module of G’ (F), commensurable with G/ (of). We have
obtained a formal identity for the height zeta function:

Z(s) =) H(s: V). (5.4)

acly

The last four sections of the paper are concerned with analytic arguments

leading to the evaluation of H and to the fact that Equation (5.4) holds for
all s in some tube domain. It will be necessary to assume that the boundary
divisor D has strict normal crossings, which means that over the separable
closure F of F, D is a union of smooth irreducible components meeting
transversally.

We sum up these sections in the following Proposition. Recall that for
a e G (F), Ap(a) is the set of o € A such that d,(f,) = 0. In particular,
A0(0) = A. Also, for any r € R, we denote by £2; the open tube domain
in Pic(X)c defined by the inequalities s, > p, + ¢. Finally, let ||-||, denote
any norm on the real vector space G”(F ®q R) >~ [ [, F}-

vjoo v
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Proposition 5.5. Assume that D has strict normal crossings.

a) Foranys € §2y, H(-; s) is integrable on G),(AF).

b) For any ¢ > 0 and a € 0y there exists a holomorphic bounded function
@(a; -) on $2_y 24, such that for any s € §2g

H(ais) = p@s) [] Ga—p)"

aEAp(a)

¢) For any N > 0 there exist constants N' > 0 and C(e, N) such that for
any s € §2_1,24. and any a € 0x one has the estimate

lp@a; s)| < Cle, N)(1 + [[Tm(s)[)"Y (1 + [lall ) ~".

6. Meromorphic continuation of the height zeta function

For the proof of our main theorem, we need to extend the estimates of
Proposition 5.5 when D is not assumed to have strict normal crossings.

Lemma 6.1. Proposition 5.5 remains true without the hypothesis that D
has strict normal crossings.

Proof. Equivariant resolution of singularities (in char. 0, see [11] or [4])
shows that there exists a composition of equivariant blow-up with smooth
centers 7 : X — X such that

- X is a smooth projective equivariant compactification of G/;

— 7 is equivariant (hence induces an isomorphism on the G’);
— the boundary divisor D = X \ G/, has strict normal crossings.

The map 7 induces a map from the set /4 of irreducible components of
D to A. Moreover, 7 has a canonical section obtained by associating to
a component of D its strict transform in X. This allows to view s as a subset
of 4, the complementary subset & consisting of exceptional divisors. Via
the identifications of Pic(X) with Z* and Pic(X) with Z"‘i’, the map 7* on
line bundles induces a linear map i : Z* — Z* which is a section of the
first projection Z* = Z* @ Z€ — Z*. (We also extend i by linearity to the
vector spaces of complexified line bundles.)

Concerning metrizations, it is possible to endow line bundles on X with
adelic metrics which extend the metrics coming from X via 7*. Remark
that with such a choice, the height function on G/ (Ar) and its Fourier
transform on X extend those on X. For instance, for any s € Pic(X)¢ and
any x € G”(AF), one has

H(x;s) = H(x; i(s)).
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As i maps N** into N*4_ it follows in particular that H(-; s) is integrable
for s € £2y and that for any a € G} (Ar) and any s € £2, one has

A(s) = H (a1 i(s)).

Unless 7 is an isomorphism, 7 is not smooth and wg ® 7*wy' has
a nonzero coefficient at each exceptional divisor. For any effective A, this
implies that i(A) — a; p lies on the boundary of Aeir(X). (Recall that the
classes of w}l and a);(l in Z* and Z** are denoted p and p.) It follows that
aj) = a, and that

BGA(L) ={@ € A; i(L) = a;p)p)

can be identified with B(}).

Consequently, any “exceptional” factor (s, — p,)~! for @ € & extends
to a holomorphic bounded function on i(£2_;/2) This shows that Propo-
sition 5.5 remains true without the hypothesis that D has strict normal
crossings.

One has also the following result which allows to determine the leading
constant in the asymptotics.

Proposition 6.2. Denote by 1(Kx) the Tamagawa number of X defined by
the adelic metrization on K. One then has the equality

¢(0; p) = ©(Kx).
In particular, it is a strictly positive real number.

Proof. Recall first Peyre’s definition [17] of the Tamagawa measure in this
context, which extends Weil’s definition in the context of linear algebraic
groups [22]. For any place v of F and any local non-vanishing differential
form w on X (F,), the self-dual measure on G/, (F,) induces a local measure
|| / |lo|| on X(F,). These local measures glue to define a global measure
du, on X(Fy).

Recall that Artin’s L-function of Pic(X ) is equal to [], ¢r,. Using
Deligne’s theorem on Weil’s conjectures (but it will also follow from our
calculations), Peyre has shown that the Euler product

I (m(X(FU)) I ;Fa,v(l)—l)

v

converges absolutely. He defined the Tamagawa number of X as

w(Kx) = [ [ress=igr, () x [ | <MU<X(FU)) I1 ;E,,va)—‘) :

(Note however that Peyre apparently doesn’t use the selfdual measure for his

definition in loc. cit., but inserts the appropriate correcting factor A, dmX/2
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On the open subset G/ (F,), we can define the local measure with the
differential form w = dx; A - - - A dx, induced by the canonical coordinates
of G!. Let ¢ € F* be such that w = c[ [, s, ". On G/(F,), we thus have

dvy = lel, ' [ T llsall )77 dx = lel;" Hy(x; p) dx

so that, the boundary subset being of measure 0,

MU(X(FU)) = /LU(GZ(FU))
= |c|;1/ H,(x; p) dx
GIL(Fy)

= lcl;! H,(Wo; p).

Moreover, it follows from these results and the absolute convergence of the
Euler products of Dedekind zeta functions for Re(s) > 1 that forany s > 1,
H(-; sp) is integrable on X (A ) and that one has

¢(0; p) = lim ¢(0; 5p)

= li I_AI 5 o — Pa
lim, (Yo Sp)g(Sp Pa)

= [T (1im pats = Der, (1 + puls — 1) %

lim [ J¢r (14 puls = D) ] Hu(Wo3 sp)

s—1+

= [ [ ress=ir,(5) x

lim [ ] HoGro; s0) [ [ ¢rn@ + pals = 1)

s—1t

The estimates of Proposition 9.5 below allow us to interchange the limit
lim;_,; and the infinite product [ [, so that

0(0; p) = [ ressmitrn () x [ ] (Flvwo; ] ;Fa,v<1>—1>
= o(Kx) [ [ lel, = w(Kx),

by the product formula.

It follows from these results that the Poisson formula (5.4) applies for
any s € £2( and that

Z) =) HWas) =y e@s) [] Gu—pa)™

aedy aeldy acAp(a)
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Hence,

2o [[6a—rd =) o@s) [ (u—po)

acA aedy acA
agAo(a)

This last series is a sum of holomorphic functions on §2_;,, and taking
N > n[F : Q], the estimate in Proposition 5.5 implies that the series
converges locally uniformly in that domain. Therefore, we have shown that
the function

s> Z(s) [ [ G5 — £
acA

has a holomorphic continuation to §2_; ,, with polynomial growth in vertical
strips. The restriction of Z(s) to a line C(4,) (with A, > O for all @) gives

Z(sh) = () x [ J(sha = po)™"
acA

where £, is a holomorphic function for s € C such that

1 1
Re(s) > max ((,Oa — 5) /)"a) =da) — m,

providing a meromorphic continuation of Z(sA) to this domain. The right-
most pole is at

a, = mo?x(pa/)‘oz)
and its order is less or equal than b;.

Theorem 6.3. Let X be a smooth projective equivariant compactification
of G over a number field F. For any strictly effective A € Pic(X), the height
zeta function Z(s\) converges absolutely for all s such that Re(s) > a,, has
a meromorphic extension to the left of a,, with a single pole at a; of order
< by

When A = p,a, =1, b, = rkPic(X) = r and Proposition 6.2 implies
the equality

lim Z(sp)(s = 1)" = «(Kx) [ ] 02"
§— A

hence the order of the pole is exactly r. Using a standard Tauberian theorem,

we deduce an asymptotic expansion for the number of rational points in G/}
of bounded anticanonical height.

Theorem 6.4. Let X be a smooth projective equivariant compactification
of G), over a number field F.
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There exists a real number § > 0 and a polynomial P € R[X] of degree
r — 1 such that the number of F-rational points on G!, C X of anticanonical
height < B satisfies

N(Kx', B) = BP(log B) + O(B'™).
The leading coefficient of P is given by

1
TN [Tes"

acA

7. Asymptotics

Let A € A(X) be an effective class and £ the corresponding line bundle
on X equipped with a smooth adelic metric as in Sect. 3.

Recall from the previous section that the function s +— Z(sA) is holomor-
phic for Re(s) > a; = max(p,/Xy), admits a meromorphic continuation to
the left of a; and has a pole of order < b, at a;, where b;,_ is the cardinality
of

B;. ={O[ €A, pa:ak)\a}-

(Geometrically, the integer b, is the codimension of the face of the effective
cone Ac(X) containing the class a; A — p.)
In this section we prove that the order of the pole of the height zeta
function Z(s\) at s = a; is exactly b, and derive our main theorem.
Denote by Z, (s) the sub-series

Z(s) = Z H(a; s)).

a such that
Ao (a)DB)

It follows from the calculations above that

lim Z(sA)(s — a;)” = lim Z,.(s)(s — a;)% (7.1)
s—aj s—ay

since all other terms converge to zero when s — a;, with uniform conver-
gence of the series.

The set V, of a € GJ(F) such that 4Ay(a) contains B, is a sub-vector
space. Let G, C G/, be the F-sub-vector space defined by the corresponding
linear forms (a, -). Then, the autoduality on G/ (A ) identifies V; with the
dual of G, (Ar)G” (F). We apply the Poisson summation formula and obtain

Z,(s) = f H(x; s1)~! dx
G, (Ap)GI(F)

= Z / H(x +y;s1)"" dy.
G.(AF)

xe(G;/G)(F)

(The justification of Poisson summation formula is as in Sect. 5.)
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Proposition 7.2. For each x € (G];/G,)(F) there exists a strictly positive
real T (x) > 0 such that

lim (s — a;)" / H(x +y; sh)~ Ly = 7, ().
G (AF)

S—)dz—
Proof. 1t is sufficient to prove the proposition when x = 0 as the integrals
for different values of x are comparable. The Zariski closure Y of G; in
X need not be smooth. Nevertheless, we may introduce a proper modifica-
tion 7: X — X such that the Zariski closure Y C X of G, is a smooth
equivariant compactification whose boundary is a divisor with strict nor-
mal crossings obtained by intersecting the components of the boundary

of X with Y. The arguments of Lemma 6.1 show that we do not lose any
generality by assuming this on X itself.

Lemma 7.3. There exist integers p,, < py for a € 4 such that

wy' =Y p(DyNY).
Moreover, p., = pq if and only if € B()).

Proof. We prove this by induction on the codimension of Y in X. If G, =
div( fa), the adjunction formula shows that

o' =0y (=V)ly =) (pa — du@)(Da N Y).

For a € V; the nonnegative integer d,(a) is equal to O if and only if ¢ € B;.
The lemma is proved.

End of the proof of Proposition 7.2. Let dt’ be the (nonrenormalized)
Tamagawa measure on Y(A r): by definition, on G, (A ), dr = H(y; p’)~'dy.
We have to estimate

lim (s — a;)> / H(y; sh — p))~'dr.
S—>a, Y(AF)

The integral in the limit is of the type studied in Proposition 5.5, but on
the subgroup Y. Denote therefore by primes ’ restrictions of objects from X
to Y. Thanks to the previous lemma, one has a;y = a;, B(X) = B()1) and
and b;, = b,. Therefore, with notations from Proposition 5.5,

lim (s — a;,)* f H(y; sh — p)~'dr’
Y(AF)

s—ay

= lim (s —a)” [ ¢r(+sk, = p)¢'(s2/ = p.0)
S—>ayr QGB‘B()L)

= ¢'(0,0) > 0.

The proposition is proved.
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We now can conclude as in the case of the anticanonical line bundle:

Theorem 7.4. Let . € Pic(X) be the class of a line bundle contained in
the interior of the effective cone A.x(X), and equip the corresponding line
bundle L, with a smooth adelic metric as in Sect. 3. There exist a polynomial
P, € R[X] of degree b, — 1 and a real number ¢ > 0 such that the number
N(L;., B) of F-rational points on G, of £L,-height < B satisfies

N(L;, B) = B**P;(log B) + O(B“™°).

The leading term of P; is equal to

1 _
rei ) R WP

aeB;, xe(G/G;)(F)

It is compatible with the description by Batyrev and Tschinkel in [3].

8. General estimates

In the remaining sections we have to prove Proposition 5.5. First we define
a set of bad places S: as in Sect. 3, fix a good model X,y (flat projective
U-scheme) over a dense open subset U C Spec(op). In particular, we
assume that X,y extends X as an equivariant compactification of G/, whose
boundary consists of the schematic closures of the D,. Moreover, we can
assume that for any «, the chosen section s, of @ (D,) extends to X,y and
that its norm coincides with the one that can be defined with this model
at all finite places dominating U. In particular, at such places v, the local
height functions restricted to G/ (F,) are invariant under G/,(0,). We can
also assume that for any finite place v dominating U, the (nonrenormalized)
Tamagawa measure dju, is given on G/, (F,) by H,(x; p) dx.
Let S be the set of places v of F such that either

— v is archimedean, or

— v doesn’t dominate U, or

— the residual characteristic of v is 2 or 3, or

— the volume of G/ (0,) with respect to dx, is not equal to 1 (equivalently,
F is ramified at v), or

— over the local ring o,, the union | J, D, is not a transverse union of
smooth relative divisors over U.

For a € 0y, let f, be the corresponding linear form on G, considered as an
element of F(X) or of F(X,y) and div(fa) its divisor. We denote by S(a)
the set of all valuations v such that either

— v is contained in S, or
— div(f,) is not flat over U, i.e. if m, denotes the maximal ideal of v in o,
a belongs to m,0y.
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Finally, recall that for any ¢+ € R, £2; is the tube domain in Pic(X)c
consisting of classes (s,) such that for any o, Re(sy) > po + 1.

We prove estimates for finite products [],g H,(1,; 5) in Sect. 8.
Then, in Sects. 9 and 10 we compute explicitly the local Fourier transforms
PAIU(i//a; s) for all v ¢ S(a).

In the following four sections we temporarily assume that the irreducible
components of the boundary of X are geometrically irreducible. In Sect. 11,
we shall explain how our results extend to the general case, (still assuming
that D has strict normal crossings).

Proposition 8.1. Let X be any finite set of places of F containing the
archimedean places. For every ¢ > 0 and any N > 0 there exists a constant
C(X, e, N) such that for all a € 0x and all s = (s,) € §2_1.. one has the
estimate

(1 + [|s|pMFQ
Hvloo(l + ”a”v)N ’

[T A(Wai9)| < C(Z e, N)

veX

where ||s|| = [Re(s)[| + [[Tm(s) .

We subdivide the proof of this proposition into a sequence of lemmas.

Lemma 8.2. The function H,(-;s)~" is integrable on G/ (F,) if and only if
s € £2_; (i.e, Re(sy) > po — 1 forall o € A). Moreover, for all ¢ > 0 and
all nonarchimedean places v, there exists a constant C,(¢e) such that for all
S € £2_1,. and all a € dx one has the estimate

A 9)| < Cute).

Proof. Without loss of generality, we can assume that ¥,(x) = 1. Now,
using an analytic partition of unity on X(F),) and the assumption that the
boundary D = )", _ . D, is a divisor with strict normal crossings, we see
that it suffices to compute the integral over a relatively compact neighbor-
hood of the origin in F (denoted by 8B) on which we have a set coordinates
X1, ..., X, sothatin B the divisor D is defined by the equations x; - - - x, = 0
for some a € {1, ..., n}. In B there exist continuous bounded functions /4,
(for @ € A) such that

H,(x;s)"!dx =/ |x; [ @ e exp( saha(x)> dut,.
/B : o= [ [T > :

The integral over 8B is comparable to an integral of the same type with func-
tions h, replaced by 0. The lemma is now a consequence of the following
well-known lemma.

Lemma 8.3. Let K be a local field. The function x +— |x|* is integrable on
the unit ball in K if and only if Re(s) > —1.
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Proof. We may assume s € R. Choose ¢ € ]0; 1[ such that the annulus
¢ < |x| < 1 has positive measure in K and let [ = f<m<1 |x]* dx. Then,

c
we have

I, = / x| dx = "V,
c”“<\x|<c”

It follows that the integral over K converges if and only if the geometric
series Y ¢"¢*D converges, that is if s + 1 > 0.

Proposition 8.4. Let v be an archimedean place of F and let ¢, = [F, : R].
For any N > 0 and any ¢ > 0, there exists a constant C,(g, N) such that
foranys e §2_1,.and all a € 0x (and # 0), we have

- (1 + [IslheN
H ;8) < Cy(e, N)—————.
(Wi ) < Coles N
Proof. Let us assume for the moment that F, = R. We shall write a, =
(ay, ...,a,), X, = (x1, ..., x,) and dx, = dx. Then, in the domain §2_; one
has
H,(Va;8) = | Hy(x;5)" exp(—2im(a,x)) dx.
Rn

Now integrate by parts: for any j € {1, ..., n} we have

. B
2ina; H,(Ya; 8) = / a—Hv(x; s) "' exp(—2im(a, x)) dx
n xj

and by induction

N
Qima)" By (ya; ) = / (;—NHU<-; s)—‘) (%) exp(—2im (a, X)) dx.
n X .

J

For any «, let us define i, = log ||sDa H, itis a C* function on G/, (R).

Let x be a point of X(R) and let A be the set of @ € A such that x € D,.
If ¢, is a local equation of D, in a neighborhood U of some R-point of D,,
then there is a C* function ¢, on U such that for x € U N G/, (R) we have

he(x) = 10g |t (X)| + (pa(X)-
It then follows from Propositions 2.1 and 2.2 that for each o,

d

10 d
_ha =-—1 Iy P
%) (x) 29x, og |te(X)| + 8xj<p (x)

extends to a C*° function on X (R).
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From the equality

Hy(x; )™ = [ exp(—soha(x)

acA

we deduce by induction the existence of an isobaric polynomial Py €
R[Xgl”, el X((XN )] of weighted-degree N (with the convention that each
X(P) has weight p) and such that

(9/0x;)V Hy(x; 8) ™" = Hy(x: 8) ™' Py (800;h0r 5007 hars - . . 507 her).

This implies that there exists a constant C, (g, N, j) such that

|@imap)™| | Au(a: 9)| < Cule, N, A+ 81D |19 ax

Choosing j such that }a j} is maximal gives ‘a j} > ||a|| /+/n, hence an upper
bound

(1+lIsih™

W ﬁv(Re(s); Vo),

A 9)| < Cle, M)

where v is the trivial character and C; (e, N) some positive constant. To

conclude the proof it suffices to remark that for any & > 0, H, is bounded
on the set £2_;. (but the bound depends on ¢).

The case F, = C is treated using a similar integration by parts. (The
exponent 2 on the numerator comes from the fact that for a complex place
v, |1, is the square of a norm.)

9. Nonarchimedean computation at the trivial character

In this section we consider only v ¢ S. Let m, C 0, be the maximal ideal,
k, = 0,/m, and g = #k,. Recall that we have fixed a good model X,y over
some U C Spec or. To simplify notations we will write x = x,,, dx = dx,
etc.

The following formula is an analogue of Denef’s formulain [10, Thm 3.1]
for Igusa’s local zeta function.

Theorem 9.1. Forallv ¢ Sandall s € §2_; C Pic(X)c¢ we have

. i . q—1
H,(Yo; 8) = ¢~ ™¥ Z #D (ky) 1_[ gltse—pa — 1’

ACA a€A

Remark 9.2. Fors = p we get #C,y (k,)/q*™%, the expected local density
at v.
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Proof. We split the integral along residue classes mod m,. Let ¥ € X (k,)
and A ={a € A; X € Dy} sothat X € Dj.

We can introduce local (étale) coordinates x, (¢ € A) and yg (B € B,
#A + #B = dim X) around X such that locally, the divisor D,, is defined by
the vanishing of x,. Then, the local Tamagawa measure identifies with the
measure [[dx, x []dys on m# x mB. If dx denotes the fixed measure on

G/ (F,), one has the equality of measures on G, (F,) N red~ ! (%):

dx = Hy(x: p)duy = [ [ g™ [ ] dna x [ Jdys.

acA
Consequently,
/ HU(X; S)_1 dx = / q_ ZcxeA(Sa—Pa)U(xa) 1_[ dxa 1_[ dYﬁ
red~! (%) mit xmp weA  PeB

1
:Wn

/ q—(Sa—Pa)U(x) dx
acA Y

1 qg—1
= gimX 1_[ gl+sa—ra _ |

oA

where the last equality follows from

—sv(x) dx = —sn 1 n n+1
/qu > g~ vol (mf) \ m}*!)
. —sn _ —n 1
=Y g (1——) 9.3)

1 g—1
_qq1+s_1'

Summing these equalities for X € X,y (k,) gives the desired formula.

To estimate further ﬁu(i//o; s) and the product over all places, we need
to give an estimate for the number of k,-points in D, which is uniform in v.

Lemma 9.4. There exists a constant C(X) such that for all v ¢ S and all
A C A we have the estimates:

— if#A =1, [#D, (k) — ¢S] < C(X)gIm X

— if#A > 2, #Da(k,) < C(X)gy™¥—*4.

Proof. We use the fact that for any projective variety Y of dimension dim Y
and degree deg Y the number of k,-points is estimated as

#Y(k,) < (deg V)#P™ (k,),
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(see, e.g., Lemma 3.9 in [9]). Since X is projective, all D, can be realized
as subvarieties in some projective space. This proves the second part. To
prove the first part, we apply Lang-Weil’s estimate [ 14] to the geometrically
irreducible smooth U-scheme D,,.

Proposition 9.5. For all ¢ > 0 there exists a constant C(g) such that for
anys € §2_ 1, and any finite place v ¢ S,

Hy(Yo;9) [ [(1 =g~ ") — 1) < Cle)g ™"

oA

Proof. Using the uniform estimates from Lemma 9.4 we see that in the

formula for FIU, each term with #A > 2 is O(q_(%“)#/‘) = O(qg~'7%), with
uniform constants in O. Turning to the remaining terms, we get

1 qg—1
1+ (— + 0<1/q2)) —_—
0426;4, 1 gt —1
) 1 )
=14 Zq—(ma—pa) (1 _ _) (1 — g~ Fsa=r)=1 1 O(g73/?)
aEA q
—(1+sq¢—pa)
_ 4q Y
=1+) [ + 0(¢g™?)
acA
— 1_[(1 _ q_(1+Sa—Pa))—1(1 + O(q—l—ZS)) + 0(q_3/2).
aeA

Finally, we have the desired estimate.

For X as above and s = (s,) € Pic(X)c, the (multi-variable) Artin
L-function is given by

LPic(Xys) =[] erG) = [T [ —g77".
acA v finite w€A
From standard properties of Dedekind zeta functions, we conclude that
L(Pic(X); s) admits a meromorphic continuation and that it has polynomial
growth in vertical strips. Fors = (s, ..., s) we getthe usual Artin L-function
of Pic(X)—here a power of the Dedekind zeta function—which has been
used in the regularization of the Tamagawa measure in Proposition 6.2.

Corollary 9.6. For all ¢ > 0 there exists a holomorphic bounded function
¢(0; -) on $2_y o4, such that for any s € §2y one has

H(o; 8) = 9(0;9) [ [ (5 — pu) "
oA
Moreover, there exist constants N > 0 and C(¢) such that for any s in

9—1/2+5y
l9(0;8)| < C(e)(1 + Im(s) )™,
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Proof. For any place v of F, let

fo(8) = H,(¥0; )L, (Pic(X);s — p+ 1)7".

The previous proposition shows that in £2_; ,.,, the Euler product [ [, f,
converges absolutely to a holomorphic and bounded function f. For any
S € £29, one has

Ao ) = [ | Auos ) = [ | fue) [ Lo(Pic(X)ss — p+ 1)
= f(s)L(Pic(X); s).
It suffices to define

¢(0;8) = f(s)L(Pic(X);s —p+ 1) H(Sa — Pa)-

aEA

The polynomial growth of ¢(0; -) in vertical strips follows from the bound-
edness of fin £2_; />, and from the fact that Dedekind zeta functions have
polynomial growth in such vertical strips.

10. Other characters

Our aim here is to compute as explicitely as possible the Fourier transforms
of local heights with character 1,. In general, this will be only possible up
to some error term.

The calculations in the preceding section allow us to strengthen Propo-
sition 8.1. For a € G/ (F), we denote by ||a|,, a norm of a in the real
vector space defined by extension of scalars via the diagonal embedding
F— F@qR =], Fo

Proposition 10.1. For any ¢ > 0, there exist an integer k > 0 and for any
N > 0, a constant C(e, N) such that for any s € §2_y,>4. and all a € dx
we have

[T || < Cle. Mt + s (1 + Jlallo)* .
veS(a)

Proof. For v € § the local integrals converge absolutely in the domain
under consideration and are bounded as in Proposition 8.1. For v & S, we
have shown that there exists a constant ¢ such that for all a € 0y and all
S € §£2_1 /24, one has the estimate

A C
H,(Ya;s) — 1] < —.
q



Points of bounded height on compactifications of vector groups 447

This implies that )ﬁv(l//a; s)‘ is bounded independently of a, v € S(a) \ S
and s € £2_;>4,. For any nonzero a € o, there is a trivial estimate

D 1< ) logN(p) < log N (a).
pD(a) pD(a)

which implies that for some constant «,

[T |Awas| <[a+1al)x

vesS(a)\S v[oo

Using Proposition 8.1, we have for all N > 0,

[T A9 < cs.e. M)A+ s Tt + fail,)—

veS(a) v[oo

< C'(S.e, N)(1+ 1D+ Jlafl o) 10

Replacing N by N[F : Q] and « by «[F : Q] concludes the proof of the
proposition.

For the explicit calculation at good places, let us recall some notations:
m, C o0, is the maximal ideal, # = m, a uniformizing element, k, the
residue field, g = q, = #ky, ¥ = ¥, = Va,, X = X, @ = a,, dx = dXx,.
As in Sect. 1, let f = f, be a linear form on G/ and write div(f) =
E—-)",dyD,. Wehave alsodefined A (a) = {&; dy(fa) = 0}and A, (a) =
{as do(fa) =1}

Proposition 10.2. There exists a constant C(¢) independent of a € 0x such
that for any v ¢ S(a),

H, (i) [] (1 =g ") — 1] < Cle)g™' ™.

acAp(a)

Similarly to the proof of Proposition 9.5 in the preceding section, this
proposition is proved by computing the integral on residue classes.
Letx € X(k,) and A = {«; X € D,}. We now consider three cases:

Case 1. A = @. — The sum of all these contribution is equal to the integral
over G/ (0,):

/ Hy (% 8) " a () dx = / W((a, X)) dx = 1.
Gg(0y) o

Case 2. A = {a} and X ¢ E. — We can introduce analytic coordinates x,
and yg around ¥ such that locally f(x) = ux;% with u € of. Then, we
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compute the integral of H,(x;s)~'1/,(x) as

red~ ! (% m n

v XMy
— 1 —(14+5¢—pa )N w(un_nadau_da) dl/l
— _n—1 q o @
*
q ng>1 %

Lemma 10.3. For all integers d > 0 andn > 1 and all u € o7,

1-1/q ifd=0;
/ Yur "y dt =4 -1/q ifn=d=1;
o

0 else.

Proof. If d = 1, the computation runs as follows

/ Y(ur "1 dr = f i//(un_"t)dt—é / Y(ur ") dr

)0 ifn > 2;
“|=1/q ifn=1.

Ford > 2, letr = v,(d). Since we assumed F), to be unramified over Q,,
r = vy (d). We will integrate over disks D(§, 7¢) C o} for e > 1 suitably
chosen. Indeed, if v € 0, and t = & + 7,

14 =4+ dn¢e?" v (mod %)
hence, if e is chosen such that

e—nd+r<0 and 2e¢—nd >0,

/ Yur ") dt = g Y(un g / Y(dre " ug " vy dv = 0.
D(&,7°) 0y

We can find such an e if and only if 2(nd —r — 1) > nd, i.e. nd > 2r + 2.
If r = 0, this is true since d > 2. If r > 1, one has nd > p” > 2r + 2 since
we assumed p > 5.

This lemma implies the following trichotomy:

_ g—1 1 .
H(x;s) ', (x) dx = ifd, = 0;
/redl(i) 068V gt q'Tere —1
— _iq_(l‘i‘sa_PQ) lf da — 1’
qn

=0 ifd, > 2.
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Case 3. #A > 2 or #A = 1 and X € E. — Under some transversality
assumption, we could compute explicitely the integral as before. We shall
however content ourselves with the estimate obtained by replacing v by 1
in the integral.

The total contribution of these points will therefore be smaller than

—dlmX Z #Dj‘(k )1_[ 1+€0( Pa — ]

#A>2 aeA

+q ™" #(D, ﬂE)(k)il_. (10.4)
A={a}

Finally, the Fourier transform is estimated as follows:

1

H(ais) =1+q7" > #D3(k, >m

aeAp(a)
S
aeA|(a)

with an “error term” ET smaller than the expression in (10.4). It is now
a simple matter to rewrite this estimate as in the statement of 10.2. O

We deduce from these estimates that H (¥a; s) has a meromorphic con-
tinuation:

Corollary 10.5. Forany e > 0 and a € 0x \ {0} there exists a holomorphic
bounded function ¢(a; -) on §2_y 24, such that for any s € £2

H<wa,s)—HH<wa,s>—¢<wa,s) [T ¢r(1+ 50— pa).
aeAg(a)

Moreover, for any N > 0 there exist constants N' > 0 and C(e, N) such
that for any s € §2_1 >4, one has the estimate

lo(Wa; )| < Cle, N)(1 + Im(s)[D™ (1 + llallo) 7.

11. The nonsplit case

In this section we extend the previous calculations of the Fourier transform
to the nonsplit case, i.e. when the geometric irreducible components of
X \ G} are no longer assumed to be defined over F.

Lemma 11.1. Let x € X(F) and A = {a € A; x € D,}. Fix for any
orbit @ € A/I'r some element a and let F, be the field of definition of D,.
Then there exist an open neighborhood U of x, étale coordinates around x
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over F, xq (o € A) and vg such that x, is a local equation of Dy and such
that the induced morphism Uy — A;lF descends to an étale morphism

U— ]_[ Resp, rA! x A" (a =#A).
acA/TF

An analogous result holds over the local fields F, and also on 0,, v being
any finite place of F such that v & S.

(We have denoted by Res the functor of restriction of scalars a la Weil.)

Proof. Chose some element « in each orbit & and fix a local equation x,
for the corresponding D, which is defined over the number field F,. Then
if o' = ga (for some g € I'r) is another element in the orbit of «, set
Xo = & - X4. This is well defined since we assumed that the equation x,, is
invariant under [r,.

Finally, add F-rational local étale coordinates corresponding to a basis
of the subspace in .Q)l(’x which is complementary to the span of dx, for
o € A

Let v be a place of F. The above lemma allows us to identify a neigh-
borhood of x in X (F,) (for the analytic topology) with a neighborhood of 0
in the product l_[aeA/Fv Fy o x FI'¢, the local heights [],., Ha.v(§) being
replaced by

(095004

Nrya/F, (8) X ey (8)

where &, ,, is a smooth function.

Similarly, for good places v we identify red ™! (%) with []m,, x m
and the functions A, , are equal to 1.

The assertions of Sect. 8 still hold in this more general case and the proofs
require only minor modifications. However the calculations of Sects. 9
and 10 have to be redone.

n—a

Theorem 11.2 (cf. Thm. 9.1). One has

. o 1
y . _ —dimX E o | | q;
HU(“/’O? S) - qv " #DA(kv) So(1+s0—p0) —1
ACA/T, aeA/ T, 1V
where f, is degree of F, o over F,.

Corollary 11.3 (cf. Prop. 9.5). One has

[:Iv(‘//m S) = 1_[ (1 — qv_f"t(l"'sd_pa))_l(l + O(qv—l—s))
acA/T,
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In the general case, the multi-variable Artin L-function of Pic(X) is
defined as

LPic(X);s) = ] ¢rsa)-

a€A/TF

Its restriction to the line (s, ..., s) is the usual Artin L-function of Pic(X).
It has a pole of order #(A/I'F) = rk(Pic X) at s = 1.

Corollary 11.4 (cf. Cor. 9.6). For all ¢ > 0, there exists a holomorphic
bounded function ¢ on §2_, >, such that for any s € 2y one has

H(Wo; 8) = @(s)L(Pic(X); s — p + 1)

and the Tamagawa measure of X (Ar) is equal to

©(Kx) = ¢(p)/L*(Pic(X); 1).

At nontrivial characters, the calculations are modified analogously and
we have

HWai9) = 0Wais) [ Crlsa—pe+1)

aeAo(a)/IF

for some holomorphic function ¢(a; -) as in Corollary 10.5.
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