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Multiplicative ergodic theorem

Theorem (Oseledets) Letasmooth map F': X" — X" be ergodic with
respect to a finite measure. Then, there exists a collection of numbers

A1 >)\2>"'>)\k,
such that for almost any point x € X there is an equivariant filtration
R ~T, X"=L1 DLy D DLk D Lry1 =10}

in the fiber 1, X" of the tangent bundle at x with the following property. For
everyv € L; — Ljy1,7=1,...,k, one has

1 Ny
Jim—log [(DFY),(@)]] = A

Remark. A norm used to define Lyapunov exponents is irrelevant: any other
reasonable norm will give the same result.
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Versions of the multiplicative ergodic theorem

Multiplicative ergodic theorem has natural generalizations. Note that
Dajo (FN) — DFN_l(a:O)F O-+«++0 DF(J:O)F O DwOF

Actually, matrices D, F' are not distinguished by any special property. One can
consider any matrix-valued function A : X" — G L(m,R) and study products
of matrices

Az, N) := A(FN-Y(z)) - -+ A(F(z)) - A(z)

along trajectories =, F\(z), ..., FN~1(x) of F. A statement completely
analogous to the above Theorem is valid in this more general case provided the
matrix-valued function A(x) satisfies a very moderate requirement of
integrability :

[ log, |A(2z)| du < 400,  where log, (y) = max(log(y), 0)

In this case one says that the matrix-valued function A(z) defines an
(integrable) multiplicative cocycle A(x, V).
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Versions of the multiplicative ergodic theorem

One can formulate a “continuous-time” version of multiplicative ergodic theorem
when instead of amap F': X" — X" one has aflow f; : X" — X" which
preserves a finite measure on X". Corresponding Lyapunov exponents
coincide with Lyapunov exponents of a discrete map £’ = f obtained as an
action of the flow for unit time.
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Versions of the multiplicative ergodic theorem

One can formulate a “continuous-time” version of multiplicative ergodic theorem
when instead of amap F': X" — X" one has aflow f; : X" — X" which
preserves a finite measure on X". Corresponding Lyapunov exponents
coincide with Lyapunov exponents of a discrete map £’ = f obtained as an
action of the flow for unit time.

Let =1 C X" be a section to the flow f; and G : Y1 — Y~ ! pe the
induced first return map. Suppose that the induced GG-invariant measure on
Y"1 s finite. A multiplicative cocycle a(z, t) related to the flow f; induces a
multiplicative cocycle A(y, V) for the map G. Namely, for a point y € Vo=t
define £(y) to be the time of the first return of a trajectory emitted from ¥ to the
section Y1 Then A(y, 1) = A(y) := a(z, t(y)).

Lyapunov exponents of cocycles A and a are proportional with a factor
tmean = [yn_1t(y) dn, where 7 is the probability measure on Y.

To assure integrability of the cocycle we have to require that holonomy around
“cusps is unipotent, otherwise the norm of vectors would grow too much in a
short time when a trajectory spins around a cusp.
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Geometric interpretation

Consider a vector bundle over X" endowed with a connection. Having a flow
on the base we can take a fiber of the vector bundle and transport it along a
very long piece of trajectory of the flow using the connection. When the
trajectory comes close to the starting point we identify the fibers using the
connection and we study the resulting linear transformation of the fiber.

The multiplicative ergodic theorem says that for almost every starting point one
can define (up to a conjugation) a “matrix of mean holonomy” of the bundle
along the flow. When the flow is ergodic this “mean holonomy” is the same for
almost all starting points.

In this interpretation, the Lyapunov exponents correspond to logarithms of
eigenvalues of this “matrix of mean holonomy”.
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Linear algebra of multiplicative cocycles

From now on assume that we have a flow f; which preserves a finite ergodic
measure on the base X of a finite-dimensional vector bundle, and that this
vector bundle is endowed with a connection so that we can transport fibers of
the bundle along trajectories of the flow.

Let /C, £ be such vector bundles of dimensions k& and [ correspondingly. Let
»1 > -+ > and A > - - - > )\; be the related Lyapunov exponents.

e The Lyapunov exponents of the vector bundle /C & £ can be obtained as a
union of the two initial collections of Lyapunov exponents.

e The Lyapunov exponents of the vector bundle N L are
)\1_|_)\2_|_..._|_)\j > ... ZAl—j+1‘|‘""|‘)\l-

e If matrices a(x, t) of the cocycle are symplectic, then the Lyapunov
exponents are symmetric:

M > Ay > o> =g > =\
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Two more remarks on multiplicative cocycles

If we compose our cocycle with a uniform expansion b(x,t) = €' - a(x, t),

then the Lyapunov exponents of the new cocycle b(x, t) are obtained from the
Lyapunov exponents A1 > - -+ > \; of a(x, t) by shifting them by one:
14+ X > -+ > 1+ )\, Similarly, composing the cocycle with a uniform

contraction e~ * we shift Lyapunov exponents as —1 + Ay > -+ > —1 + \;.
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Two more remarks on multiplicative cocycles

If we compose our cocycle with a uniform expansion b(x,t) = €' - a(x, t),

then the Lyapunov exponents of the new cocycle b(x, t) are obtained from the
Lyapunov exponents A1 > - -+ > \; of a(x, t) by shifting them by one:

14+ X > -+ > 1+ )\, Similarly, composing the cocycle with a uniform
contraction e~ * we shift Lyapunov exponents as —1 + Ay > -+ > —1 + \;.

Suppose that the vector bundle £ contains a 1-dimensional subbundle K C £
equivariant with respect to the action of the cocycle a(x, t). Let A be the single
Lyapunov exponent of KC. Then A is present in the spectrum of Lyapunov
exponents of L.

In this particular case (and only!) it is easy to compute A. It is an average of
derivative of dilatation of a vector v € /C along the flow:

1
A= X / ) k(x)du, where k(x) :=log
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Gauss — Manin connection

Consider a stratum H(dy, . . ., d,) of holomorphic 1-forms with n zeroes of
orders dy, . . ., d,. “Points” of this stratum correspond to pairs (5, w), where S
Is a Riemann surface and w is a holomorphic 1-form.

Consider a natural vector bundle over the stratum with a fiber

H(S, {zeroes}; C) over a “point” (S, w). This vector bundle carries a
canonical flat connection called Gauss—Manin connection: we have a lattice
H'(S, {zeroes};Z @ iZ) in each fiber, which tells us how we can locally
identify the fibers. Thus, Teichmller flow on H(d1, ..., d,) defines a
multiplicative cocycle acting on fibers of this bundle.
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Gauss — Manin connection

Consider a stratum H(dy, . . ., d,) of holomorphic 1-forms with n zeroes of
orders dy, . . ., d,. “Points” of this stratum correspond to pairs (5, w), where S
Is a Riemann surface and w is a holomorphic 1-form.

Consider a natural vector bundle over the stratum with a fiber

H(S, {zeroes}; C) over a “point” (S, w). This vector bundle carries a
canonical flat connection called Gauss—Manin connection: we have a lattice
H'(S, {zeroes};Z @ iZ) in each fiber, which tells us how we can locally
identify the fibers. Thus, Teichmller flow on H(d1, ..., d,) defines a
multiplicative cocycle acting on fibers of this bundle.

The vector bundle H! (.S, {zeroes}:; C) is a direct sum of two copies of
identical vector bundles; for each fiber we have:

H'(S, {zeroes}; C) = H'(S, {zeroes}; R) @ H' (S, {zeroes};iR).
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Natural vector bundles over a stratum...

The spectrum of Lyapunov exponents of the former cocycle
H(S, {zeroes}; C) can be represented as two copies of the spectrum
V] > V9 > ... UV244n—1 Of the cocycle HY(S, {zeroes}; R).
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Natural vector bundles over a stratum...

The spectrum of Lyapunov exponents of the former cocycle
H(S, {zeroes}; C) can be represented as two copies of the spectrum
V] > V9 > ... UV244n—1 Of the cocycle HY(S, {zeroes}; R).

The multiplicative cocycle acting on the fibers H! (.S, { zeroes}; R) has an
invariant subspace: the (n — 1)-dimensional image of the map
H({zeroes};R) — H!(S, {zeroes};R). Since all zeroes are labeled,
holonomy of our flat connection acts on this subspace trivially. Thus, all n — 1
Lyapunov exponents corresponding to this subspace are equal to zero.
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Natural vector bundles over a stratum...

The spectrum of Lyapunov exponents of the former cocycle
H(S, {zeroes}; C) can be represented as two copies of the spectrum
V] > V9 > ... UV244n—1 Of the cocycle HY(S, {zeroes}; R).

The multiplicative cocycle acting on the fibers H! (.S, { zeroes}; R) has an
invariant subspace: the (n — 1)-dimensional image of the map
H({zeroes};R) — H!(S, {zeroes};R). Since all zeroes are labeled,
holonomy of our flat connection acts on this subspace trivially. Thus, all n — 1
Lyapunov exponents corresponding to this subspace are equal to zero.

The quotient over this vector bundle is a bundle with a fiber H'(S;R). Itis
also endowed with the Gauss—Manin flat connection. Note that the holonomy
of this connection preserves the “intersection form”, so all matrices of holonomy
are symplectic. Hence the corresponding Lyapunov exponents are symmetric:

Vi = —V2g—j+1 fOI‘j — 1, c .y 29.
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... and their Lyapunov exponents

We conclude that the spectrum of Lyapunov exponents of the vector bundle
H(S, {zeroes};R) can be obtained by joining the above collection

V) 2 Vg 2 2 Vg 2> —Vg = —Vp > —UJ.
with the collection of (n — 1) Lyapunov exponents of the subbundle
image (H (S, {zeroes}; R) C H'(S, {zeroes}; R))

which are trivial (i.e. zero).

We obtain the following spectrum of Lyapunov exponents for the vector bundle
HY(S, {zeroes}; R):

MZp > 2> 0=0=

N

0 >-vy>-> -1

number of conical points—1
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Symmetries of Lyapunov exponents of the Teichmuiller flow

Recall that a neighborhood of |w] in
HY(S, {zeroes}; C) = HY(S, {zeroes};R) ® H' (S, {zeroes}; iR)

serves as local coordinate chart for a neighborhood of (.S, w) in the stratum.
The Teichmiiller flow acts by uniform expansion by e’ on the first summand and
by uniform contraction by e? on the second summand.
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Symmetries of Lyapunov exponents of the Teichmuiller flow

Recall that a neighborhood of |w] in
HY(S, {zeroes}; C) = HY(S, {zeroes};R) ® H' (S, {zeroes}; iR)

serves as local coordinate chart for a neighborhood of (.S, w) in the stratum.
The Teichmiiller flow acts by uniform expansion by e’ on the first summand and
by uniform contraction by e? on the second summand.

Thus, to obtain the spectrum of Lyapunov exponents of the Teichmdiller flow we

need to take two copies of spectra of H'(S, { zeroes}; R) and shift all entries
in one copy by +1 and in the other copy by —1:

number of coTwircaI points—1
_1_|_]/1 Z e Z _]-—I_Vg Z :1 — ... — —]; Z —]_—Vg Z 500 Z _1_]/1

~~

number of conical points—1
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One more invariant subbundle

Let w = wp + 7 w1, Wwhere wy = Re(w) and w; = Im(w).
Let us compute the tangent vector to the Teichmuller geodesic flow in period
coordinates:
d
dtli=0
This vector does not change the norm, so the corresponding Lyapunov
exponent is trivial (i.e. equals to zero).

(elwo + e tiwy) =wy —tw; =@
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One more invariant subbundle

Let w = wp + 7 w1, Wwhere wy = Re(w) and w; = Im(w).
Let us compute the tangent vector to the Teichmuller geodesic flow in period
coordinates:
d
dtli=0
This vector does not change the norm, so the corresponding Lyapunov
exponent is trivial (i.e. equals to zero).

(elwo + e tiwy) =wy —tw; =@

The vector w itself can be considered as a vector “normal” to the hypersurface
Hi(dq,...,d,) so it does not expand or contract. Thus, both Lyapunov
exponents corresponding to the invariant subspace K spanned by [wg]| and
(w1| are zero.
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One more invariant subbundle

Let w = wp + 7 w1, Wwhere wy = Re(w) and w; = Im(w).
Let us compute the tangent vector to the Teichmuller geodesic flow in period
coordinates:
d
dtli=0
This vector does not change the norm, so the corresponding Lyapunov
exponent is trivial (i.e. equals to zero).

(elwo + e tiwy) =wy —tw; =@

The vector w itself can be considered as a vector “normal” to the hypersurface
Hi(dq,...,d,) so it does not expand or contract. Thus, both Lyapunov
exponents corresponding to the invariant subspace K spanned by [wg]| and
(w1| are zero.

It is easy to show that [wp] is the most contracting vector in the vector bundle
HY(S, {zeroes};R) while [w1] is the most expanding vector. Hence now they
are represented by Lyapunov exponents 1 — v; and —1 + 1. But we know
that these numbers are zero! Hence v; = 1.
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Lyapunov exponents of the Teichmduller flow

Theorem The spectrum of Lyapunov exponents of the Teichmduller flow acting
on a hypersurface H1(dy, . .., d,) has the following form:

1V

]-_VQZZOZ

TV =
number of conical points—1

> 2 -lty> —l=---=-1 >-1-py;>---2 -2

"

number of conical points—1

It is easy to show that the rightmost and leftmost inequalities are strict
(W. Veech). It is true for the remaining inequalities, but it is already a difficult
theorem...
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Period matrix

Consider a canonical basis of cycles {a1,b1,...,a4,b,} C Hi(M,Z)ona
Riemann surface .S of genus g > 2 represented by paths intersecting as
follows. For all ¢, j € {1,..., g} we have

a,,;oaj:b,,;obj:O and aiObj:d,;j.

In other words a canonical homology basis is a symplectic basis with respect to
the intersection form on the real homology H1 (.S, R).
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Period matrix

Consider a canonical basis of cycles {a1,b1,...,a4,b,} C Hi(M,Z)ona
Riemann surface .S of genus g > 2 represented by paths intersecting as
follows. For all ¢, j € {1,..., g} we have

CLZ'OCLj:b,,;OijO and CLZ'Obj:d,;j.
In other words a canonical homology basis is a symplectic basis with respect to
the intersection form on the real homology H1 (.S, R).

Let {61,..., 99} be the dual basis of the space of holomorphic (Abelian)
differentials on M, characterized by the conditions 6;(a;) = d;;, for all
i,7 €{1,...,g}. The g X g complex matrix IT given by

Hzg(‘s) ::/b 92 ? 7’7] S {17“'79}7

J

is called a period matrix of the Riemann surface S.
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Determinant locus

Let ¢ € Q7 be a holomorphic quadratic differential on the Riemann surface S.
Let (St, q¢) := g:((S,q)), for t € R, be the Teichmiiller orbit of (S, ) in the
space ()1 of flat surfaces of area one (= moduli space of quadratic
differentials). The equation

det[%n(st)\tzo} _ 0

defines a real analytic hypersurface D C O of real codimension 2 called
determinant locus.

Theorem (G. Forni) Let M be an SL(2, R)-invariant subspace in the space
Q1 of quadratic differentials or in the space H of holomorphic 1-forms. Let 1
be an SL(2, R)-invariant probability measure on M. Let 1 be ergodic with
respect to the Teichmduller geodesic flow.

If (M — D) > 0 then the second Lyapunov exponent ng (for the measure )
is strictly positive, v > 0.
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Simplicity of the spectrum

Recall that the top g Lyapunov exponents of the Teichmuller geodesic flow
have theform2 =1+1v1 > 1+wvy > --- > 1+ vy, where
l=vn2>---2>2vy > —vy > --- > —v1 = —1 are the Lyapunov exponents

of the vector bundle H' (S, R) transported by the Teichmiiller flow using the
Gauss—Manin connection.

Theorem (G. Forni, 2002) For any connected component of any stratum
H(dy,...,dy)or Q(di,...,dy) one has v, > 0.

Theorem (A. Avila and M. Viana, 2007) For any connected component of any
stratum #(d1, . . . , dy,) of Abelian differentials the Lyapunov exponents v;
have simple spectrum:

1:V1>V2>'°'>Vg.
Theorem (M. Bell, V. Delecroix, V. Gadre, R. Guti érrez-Romo, S. Schleimer,

2021) For any connected component of any stratum Q(dy, ..., d,) of
quadratic differentials the Lyapunov exponents /; have simple spectrum:

1:V1>V2>°-°>Vg.
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Eierlegende Wollmilchsau

Consider a flat torus glued from a 2 X 2 square in a standard way. The
following flat surface (SO, wo) Is a ramified double cover over the torus with four
ramifications at integer points. It has genus three.

AV Dol yan\
N v N4

il

AN \ \ AN
A\ \ \ A\

VA AV4 1 yan\
IV N L N\

Its SL(2, R)-orbit is closed (and, actually, is the same as the orbit of the torus).
Consider a restriction of the vector bundle H*(.S, R) to this orbit and transport
it along the Teichmdller geodesic flow using the flat connections.
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Eierlegende Wollmilchsau

Consider a flat torus glued from a 2 X 2 square in a standard way. The
following flat surface (SO, wo) Is a ramified double cover over the torus with four
ramifications at integer points. It has genus three.

AV Dol yan\
N v N4

il

AN \ \ AN
A\ \ \ A\

VA AV4 1 yan\
IV N L N\

Its SL(2, R)-orbit is closed (and, actually, is the same as the orbit of the torus).
Consider a restriction of the vector bundle H*(.S, R) to this orbit and transport
it along the Teichmdller geodesic flow using the flat connections.

Theorem (G. Forni) The Lyapunov exponents 5 and /3 vanish for this orbit:
V9 — Vg — 0.

The entire SL(2, R)-orbit belongs to the determinant locus!
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Hodge bundle and tautological line bundle

Consider our favorite complex vector bundle Hé over the moduli space of pairs
(complex curve X, holomorphic 1-form w on X) having the cohomology
H'(X,C) of X as afiber over (X, w). This 2g-dimensional flat bundle H¢
contains a g-dimensional non-flat subbundle having H'%(X) c H}(X,C) as
a fiber over (X, w). This subbundle H ' is called the Hodge bundle.

The vector bundle Hé contains also a 1-dimension subbundle L. A fiber of L
over a point (X, w) is spanned by the cohomology class of w. The line
subbundle L is called the tautological bundle (unfortunately this term is strongly
overcharged).

The Hodge bundle over the moduli space H, of nonzero Abelian differentials
can be pulled back from the Hodge bundle over the moduli space M of
curves throught the natural projection H, — M, sending (X, w) to X. The
tautological bundle L over #, can be pulled back from the projectivization
PH, = H,/C*, where the group C* acts on H, by multiplying the
holomorphic 1-form w in the pair (X, w) by a constant complex factor.
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Subbundles equivariant along the Teichmudiller flow

Consider now the vector bundle Hﬁ over H, having the cohomology
H'(X,R) of X as afiber over (X, w). This real 2g-dimensional flat bundle
Hﬁ contains a real 2-dimensional vector bundle Lg. A fiber of Lr over a point
(X, w) is spanned by the cohomology classes of wy = Re(w) and of

w1 = Im(w).

The Teichmiiller flow g; acts in period coordinates H' (X, {P;, ..., P,}; C) of
the base H,, of the bundle Lg as g;([wo + iw1]) = [e'wo + i€ w1 ]. Thus,
the vector bundle Lg is equivariant with respect to the parallel transport along
trajectories of g;, and even along the orbits of GL(2, R) in H,,.

The splitting Lr = Vect((Rew)) ® Vect(Im(w)) is equivariant with respect
to the parallel transport along trajectories of g, but is not equivariant along the
entire orbits of GL(2, R).
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Hodge norm

The space of holomorphic 1-forms is endowed with a natural Hermitian metric:

<Oz1,0z2> :Z%L&l N Qg Oél,OéQEHLOZF(X,Q}wl).

This metric induces Euclidean metric in H'(X,R). Namely, for any two
cohomology classes c1, ca € H'(X,R) one can find unique a1, ap € HY
such that c; = [Re a1], co = [Re az]. We define (c1, c2) := Re{aq, a9).

The Hodge *-operator on H! (X, R) is defined as * : ¢ — *c = [Im a(c)],
where «(c) is the unique holomorphic 1-form such that ¢ = Re|a].

The corresponding norm

le|? = <c,c>:%/}(oz(c)/\oz(c):/XReoz(c)/\Imoz(c):/ c A ke

X

Is called the Hodge norm; it is not preserved by the Gauss—Manin connection.
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Variation of the Hodge norm along the Teichmudiller flow

Lemma. Variations of the Hodge norms of vectors [wg|, [w1| € Lg along the
Teichmuller flow g; satisfy the following relations:

d d
7 log |wollg: = —1; - log Jwillg, = 1.

Proof. Let (X (¢),w(%)) be the point of the trajectory of g; after a time ¢. The
Teichmiiller flow g; acts in period coordinates H*(X,{Py,...,P,};C) as
gt ([wo + iw1]) = [etwy + ie wy]. Hence, the cohomology class of the
holomorphic 1-form w(t) on X (t) is [w(t)] = [e'wy + e~ w1]. This implies
that the following relations for the cohomology classes of the holomorphic
forms e tw(t) and —ietw(t) on X (t):

e tw(t)] = [wo + ie%hwi]; [—ietw(t)] = w1 — ie®w] .
Hence, we get the following relations which imply the Lemma:
ool = [ woneons el = [ wnn(—eun).
X (t) X(t)
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Lyapunov exponents of Lk along the Teichmiiller flow

Corollary. The Lyapunov exponents of the linear subbundles Vect(w) and
Vect(w; ) of Hy equivariant along the Teichmiiller flow g; are equal to —1 and
to 1 respectively.

Proof. Lyapunov exponents of Vect(w; ), where j = 0, 1, are computed as

o dogllwilly L. 1 [t d -
A(Veet(w)) = lim 21 —tlggloogfo%logﬂwjﬂgtdt—il.

Lemma (G. Forni, 2002) For any flat surface S in any stratum in any genus:

dlog ||c||
dt

<1.

max
ceH'(SR)

The above Lemma implies that all the Lyapunov exponents of Hﬁ are bounded
from below by —1 and from above by 1. It is not difficult to show that the
exponents —1 and 1 found above for Vect(wg) and Vect (w1 ) are simple.
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Hodge norm of a “Lagrangian subspace”

Consider the map Q : A29HY(S,C) — C /4 given by
Q(A) := A(e1,...,ez4), where {eq, ..., ea,} is any Z-basis for H(S,Z).

Let L = v1 A -+ A v, be a decomposable vector in A H' (S, R) representing
a Lagrandian subspace. Let wy, . . ., w, form a basis in H%(.S). We define

QUL A AvgAwr A= Awy)| - [QUr A Avg A@y A=+ A@y)|

LI = b AC A
Wi A Awg AL A+ Ay

Clearly, this definition does not depend on a choice of the basis in HV(S).
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Hodge norm of a “Lagrangian subspace”

Consider the map Q : A29HY(S,C) — C /4 given by
Q(A) := A(e1,...,ez4), where {eq, ..., ea,} is any Z-basis for H(S,Z).

Let L = v1 A -+ A v, be a decomposable vector in A H' (S, R) representing
a Lagrandian subspace. Let wy, . . ., w, form a basis in H%(.S). We define

QUL A AvgAwr A= Awy)| - [QUr A Avg A@y A=+ A@y)|
Qw1 A Awg A@r A== A@y)

IZ|I* =

Clearly, this definition does not depend on a choice of the basis in HV(S).
Note that (w1 A -+ Awg Adog A -+ A ig) = det{w;, w;) , where
(wi,w1) ... (w1,wy)
<wi7 w]> —
(Wg,w1) .. (wg,wg)

is the matrix of Hermitian scalar product of elements of the basis in H (..
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Kontsevich formula

Proposition (Kontsevich, 1997). For any flat surface .S, any decomposable
vector L in the exterior power A9 H!(S, R) representing a Lagrangian
subspace and for any basis {wy } of local holomorphic sections of the Hodge
vector bundle H¥ one has:

1
ATez’ch 10g HLH — _§ATez'ch log ’ det(wi,wjﬂ )

where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc.
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Kontsevich formula

Proposition (Kontsevich, 1997). For any flat surface .S, any decomposable
vector L in the exterior power A9 H!(S, R) representing a Lagrangian
subspace and for any basis {wy } of local holomorphic sections of the Hodge
vector bundle H¥ one has:
1
ATez’ch 10g HLH — _§ATez'ch log ’ det<wia ij )

where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc.

Proof. 2A 1eicn log || Ll = A peien log HLH2 —

QUL A Avg AWL A Awg)| - [Qu1 A~ Avg ADr A=+ A@y)|
Qw1 A Awg Awr A== A@y)

A Teich log
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Kontsevich formula

Proposition (Kontsevich, 1997). For any flat surface .S, any decomposable
vector L in the exterior power A9 H!(S, R) representing a Lagrangian
subspace and for any basis {wy } of local holomorphic sections of the Hodge

vector bundle H1'Y one has:

1
ATez’ch 10g HLH — _§ATez'ch log ’ det<wia ij )
where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc.

Proof. 2A 1eicn log || Ll = A peien log HLH2 —

QUL A AvgAwL A Awg)| - [QULA - Avg A@L A -+ A@y)
ATeichlog — —
QWi A Awg A@L A - A@y)|

= ATeich log Qv A+ Avg Awg A== Awg)| +
+ A 7eich, log ‘Q(’Ul N NogNWL A - '/\(Dg)‘ — A eicn log ‘ det(w,,;,wjﬂ :
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Kontsevich formula

Proposition (Kontsevich, 1997). For any flat surface .S, any decomposable
vector L in the exterior power A9 H!(S, R) representing a Lagrangian
subspace and for any basis {wy } of local holomorphic sections of the Hodge
vector bundle H¥ one has:

1
ATez’ch 10g HLH — _§ATez'ch log ’ det<wia ij )
where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc.

Proof. 2A 1eicn log || Ll = A peien log HLH2 —

QUL A Avg AWL A Awg)| - [Qu1 A~ Avg ADr A=+ A@y)|
Qw1 A Awg Awr A== A@y)

A Teich log

= ATeich log Qv A+ Avg Awg A== Awg)| +
+ A 7eich, log ‘Q(’Ul N NogNWL A - '/\(Dg)‘ — A eicn log ‘ det(w,,;, ij :
Note that vy, ..., v, do not change along the Teichmdller disc, so the first

function is a holomorphic function of the deformation parameter, and the
second one is an antiholomorphic. Hence both functions are harmonic. []
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Background Theorem

Denote
1
A(S) p— _ZATez'ch log ‘ det(wi, wj>] ,

where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc in the
metric of constant negative curvature —4. We consider A(.S) as a scalar
function on PH (my, ..., my), or, when convenient, we pull it back to
7’[1(777,1, c ooy mn)
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Background Theorem

Denote
1
A(S) p— _ZATeich log ‘ det<wi, wj>] ,

where A 7,1, is the hyperbolic Laplacian along the Teichmdiller disc in the
metric of constant negative curvature —4. We consider A(.S) as a scalar
function on PH (my, ..., my), or, when convenient, we pull it back to
7’[1(7711, c ooy mn)

Theorem (M. Kontsevich — idea, 1996; G. Forni — proof, 2002). Let M be
any closed connected SL(2, R)-invariant suborbifold of some stratum of
Abelian differentials in genus g. Let  be the associated linear ergodic
probability measure. The top g Lyapunov exponents of the Hodge bundle Hﬁ{
over M along the Teichmdiller flow satisfy the following relation:

)\1+---+)\g:/ A(S) dv(S).
M
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Proof of the Background Theorem

Consider the bundle Gr, (M) of Grassmannians Gr,(IR?9) associated to the
Hodge vector bundle H%R over M. lIts fiber over a “point” S € M can be

naturally identified with the set of decomposable vectors of norm one in
ANHY (S, R).
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The sum of the top k Lyapunov exponents of a vector bundle is equal to the top
Lyapunov exponent of its k-th exterior power.
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Proof of the Background Theorem

Consider the bundle Gr, (M) of Grassmannians Gr,(IR?9) associated to the
Hodge vector bundle H%R over M. lIts fiber over a “point” S € M can be

naturally identified with the set of decomposable vectors of norm one in
ANHY (S, R).

The sum of the top k Lyapunov exponents of a vector bundle is equal to the top
Lyapunov exponent of its k-th exterior power.

Denote by dog the normalized Haar measure in the fiber of the Grassmannian
bundle over a point S € M. For almost all pairs (.S, L) where S' € M, and
L eGry (H'(S,R)) one has

1

lim—log [L(9:5)]]
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Uniform bounds and Green formula

We will use the following classical formula from harmonic analysis.

Green Formula. For any smooth function L on the hyperbolic plane of
constant curvature —4 one has the following identity:

1

2T 1 1
—— L(t,0)d0 = —tanh(t) —— AgeicnLd .
27r8t/0 (¢, 0) 231’1() Teichds AGhyp

D¢ Jp,
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We start with the identity

1 1 (1 ¢
i+ 4X, = lim —=logllL — lim — —
1+ +Ag pm og || L(g:S)|| T—1>I£ooT/0 = log || L(g:S)|| dt
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Averaging it over the Grassmanian and over the initial “point” .S we get

1 [T d
AL+ + A :/ lim —/ — log || L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt
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Apply an extra averaging over the circle

1

T

d

AL+ + A :/ lim —/ — log || L(g+S)|| dt dv dog
g g?“g(./\/l) T—>—I—OOT 0 dt

2 T 1 d
/ / TETOJ/ o i log || L(gsr9S)||d6 dt dv dos
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Using the uniform bounds interchange the limit with the integral over the circle.

1 [T d
A4+ A :/ lim —/ — log ||L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt

2T d
_ / lim / / C1og | L{guryS) |d6 dt dv do

T—>—|—ooT
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Apply the Green formula in the second line to pass to the third line.

1 [T d
AL+ A :/ lim —/ — log || L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt

/ ! 1/T ! /277 g || L{giroS)|do dt dv d
— im — — — r vdo
ng (./\/l) T—+o0 T 0 27 0 dt & 9T &

1 [T tanh(t)
— lim —/ A reien log || L(gireS)||dgny, dt dv dog
/Qr (M) T—+oo 1’ 0 Z‘Dt| D, P
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Applying the Kontsevich formula we get an expression independent of L:

1 [T d
AL+ A :/ lim —/ — log || L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt

/ ! 1/T ! /277 g || L{giroS)|do dt dv d
— im — — — r vdo
ng (./\/l) T—~4o00 T 0 27 0 dt & 9T &

1 [T tanh(t)
_ - / A 7eich 108 | L(gi76) | dgnyp dt dv dos
/grg(./\/l) T—+oo 1’ 0 Z‘Dt| D, P

1 (T tanh(t) [ 1
_ B — — = Aguin og | det{ws, wi)|dgne, did
/MT—1>I—II—100T/O 2Dy /Dt 5 A Teicn 10g | det{wi, wj)|dgnyp dt dv
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Passage to the line five is nothing but application of the notation A(.S).

1 [T d
AL+ + A :/ lim —/ — log || L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt

/ ! 1/T ! /277 g || L{giroS)|do dt dv d
= im — [ — — r o
ng (./\/l) T—~4o00 T 0 27 0 dt & 9T &

1 [T tanh(t)
_ - / A 7eich 108 | L(gi76) | dgnyp dt dv dos
/grg(./\/l) T—+oo 1’ 0 Z‘Dt| D, P

1 (T tanh(t) [ 1
_ B — — = Aguin og | det{ws, wi)|dgne, did
/MT—1>I—II—100T/O 2Dy /Dt 5 A Teicn 10g | det{wi, wj)|dgnyp dt dv

1 (7 tanh
— / lim —/ tan <t)/ A(S) dgpyp dt dv
MT—H—OOT 0 ’Dt| Dy
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Change the order of integration using the uniform bound.

1 [T d
AL+ + A :/ lim —/ — log || L(g+S)|| dt dv dog
g grg (M) T'— 00 T 0 dt

/ lim — /T ! /277 g || L{giroS)|do dt dv d
= im — - — lo r vdo
ng (./\/l) T—~4o00 T 0 27 0 dt & 9T &

1 [T tanh(t)
_ - / A 7eich 108 | L(gi76) | dgnyp dt dv dos
/grg(./\/l) T—+oo 1’ 0 Z‘Dt| D, P

1 [T tanh(t) 1
B I T —=A eic ] i, Wi
/M ijooT/o 2| Dy /Dt 5 DTeich 10g | det{ws, wj)|dgnyp dt dv

1 (7 tanh(t)
— 11 - A(S)d dt d
/M T—1>I£ooT/0 | Dy | /Dt (5) dgnyy .

_ /M A(S) dv - (TETOO% /O " tanh(t) dt)
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The very last equality is an elementary property of tanh(¢).

1 (" d
A1+ A :/ lim —/ — log || L(g¢S)|| dt dv do s
g g’I“g(M) T— 00 T 0 dt

2
d
— /T TEI—EOO T/ / log | L(g¢reS)||dO dt dv dog

, 1 tanh
- | 7 /O Z‘DE,) | A 10g | L (91705) dgiy i v dors
T’g t

tanh(¢) 1
— = Ageion Jog | det{w;, wid | dgne, did
| SSIB T, g e log | det )l dids

1 [ tanh(t) /
— lim — A(S) dgp,, dtd
/ M T—1>I£oo T /0 | Dy | D, (5) Ihyp .

/MA(S)du- (TETOO% /0 Ttanh(t)dt> _ /MA(S)dV(S). =

[
<
=
érB
S| =
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