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BIRATIONAL GEOMETRY OF THE INTERMEDIATE JACOBIAN
FIBRATION OF A CUBIC FOURFOLD

GIULIA SACCA, WITH AN APPENDIX BY CLAIRE VOISIN

ABSTRACT. We show that the intermediate Jacobian fibration associated to any smooth cubic four-
fold X admits a hyper-Kahler compactification J(X) with a regular Largangian fibration J — P®.
This builds upon [LSV17], where the result is proved for general X, as well as on the degeneration
techniques on [KLSVI7] and techniques from the minimal model program. We then study some as-
pects of the birational geometry of J(X): for very general X we compute the movable and nef cones
of J(X), showing that J(X) is not birational to the twisted version of the intermediate Jacobian
fibration [} , nor to an OG10-type moduli space of objects in the Kuznetsov component of X;
for any smooth X we show, using normal functions, that the Mordell-Weil group MW () of the
abelian fibration 7 : J — IF’5 is isomorphic to the integral degree 4 primitive algebraic cohomology
of X, ie., MW (n) = H*?(X,Z)o.
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INTRODUCTION

The geometry of smooth cubic fourfolds has ties to that of K3 surfaces and, more generally, to that
of higher dimensional hyper—Ké&hler manifolds. For example, with certain special cubic fourfolds
one can associate a K3 surface via Hodge theoretic [Has00] or derived categorical [Kuzl10] methods.
From a more geometric perspective, given a smooth cubic fourfold X, hyper—Ké&hler manifolds
of K3"-type are constructed geometrically, via parameter spaces of rational curves of certain
degrees on X [BDS85LILLSvSIT], or as moduli spaces of objects in the Kuznetsov component of
X [LLMSI8,BLM*19]. These constructions give rise to 20-dimensional families of polarized hyper—
Kahler manifolds, the maximal possible dimension of families of polarized hyper—Ké&ahler manifolds
of K3[-type. As the cubic fourfold becomes special, for example when it acquires more algebraic
classes (which happens over a countable union of hypersurface in the moduli space of smooth cubic
fourfolds) or when it becomes special in the sense of [Has00, Kuzl0,/AT14l[Huy17] (which happens
over a countable subset of these hypersurfaces), the geometry of these hyper—Ké&hler manifolds
also becomes more intereseting. For example, when X has an associated K3 surface in the sense
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of [Has00,Kuz10], these hyper—Kéhler manifolds become isomorphic, or birational, to moduli spaces
of objects in the derived category of the corresponding K3 surface [Add16,BLM™19).

In [LSV17] a Lagrangian fibered hyper—K&hler manifold is constructed starting from a general cubic
fourfold. This hyper—Ké&hler manifold is a deformation of O’Grady’s 10-dimensional exceptional
example. More precisely, let X C P° be a smooth cubic fourfold and let myy : Jy — U C (P%)V
be the family of intermediate Jacobians of the smooth hyperplane sections of X. This fibration
was considered by Donagi-Markman in [DM96], where they showed that the total space has a
holomorphic symplectic form. The main result of [LSV17] is to construct, for general X, a smooth
projective hyper-Kihler compactification .J of Ji7, with a flat morphism J — (P%)V extending 7y,
and to show that this hyper—Ké&hler 10-fold is deformation equivalent to O’Grady’s 10-dimensional
example (for an alternative and simpler proof of the last statement, see [KLSV17]). In [Voil8al],
Voisin constructs a hyper-Kahler compactification J? of a natural Jy-torsor J(CJF , which is non-
trivial for very general. The two hyper-Kéhler manifolds J and J7 are birational over countably
many hyperpurfaces in the moduli space of cubic fourfolds. These two constructions give rise
to two 20-dimensional families of hyper—Kéahler manifolds of OG10-type, each of which form an
open subset of a codimension two locus inside the moduli space of hyper—Ké&hler manifolds in this
deformation class.

If one wishes to study the geometry of these hyper—Ké&hler manifolds as the cubic fourfold becomes
special, a first step is to check if a hyper—Kahler compactification of the fibration Jiy — U can be
constructed for an arbitrary smooth cubic fourfold. The starting result of this paper is that this
can indeed be done.

Theorem 1. ( Theorem[L.8) Let X C P? be a smooth cubic fourfold, and let Ty = Jy — U C (P5)Y
be the Donagi—-Markman fibration. There exists a smooth projective hyper—Kdhler compactification
J of Jy with a morphism w: J — (P?)V extending my.

The theorem is true even for mildly singular cubic fourfolds such as, for example, cubic fourfolds
with a simple node (Theorem [[.I3]). The same techniques give, for any smooth or mildly singular X,
the existence of a Lagrangian fibered hyper—Kéahler compactification for the non trivial Jy-torsor
JE — U of [Voil8a] (Remark [[I0). For X corresponding to a general point in the divisor C,
the existence of such a Lagrangian fibered hyper—Ké&hler manifold provides a positive answer to a
question asked by Beauville in [Beal9](see Remark [[.14]).

We should point out that as a consequence of the “finite monodromy implies smooth filling” results
of [KLSV17], it follows easily that Jy admits projective birational model that is hyper—Kéhler (see
Proposition [[LE). The content of Theorem [Ilis to show that there exists a hyper—Kéahler model
which admits a Lagrangian fibration extending 7.

There are several ingredients in the construction of the hyper—Kéahler compactification of [LSV17]:
a cycle-theoretic construction of the holomorphic symplectic form, the problem of the existence
of so—called very good lines for any hyperplane section of X, a smoothness criterion for relative
compactified Prym varieties, the independence of the compactification from the choice of a very
good line. Since these ingredients rely on a generality assumption for X, we have decided not to
embark in the quest to adapt the techniques of [LSV17] to an arbitrary smooth cubic fourfold,
but rather we have pursued a different direction: we rely on the existence of a hyper—Kahler
compactification for general X, use the degenerations techinques introduced in [KLSV1T7], and
implement some results from birational geometry and the minimal model program, following some
ideas of [Laill] and [Koll5].

The second result of this paper is concerned with the hyper—Kahler birational geometry of J. We
show that the relative © divisor of the fibration is a prime exceptional divisor and we show that
for general X it can be contracted after a Mukai flop.
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Theorem 2. (Theorem [{.1]) The relative theta divisor © C J is a prime exceptional divisor with
q(©) = —2. For very general X, there is a unique other hyper—Kdhler birational model of J, denoted
by N, which is the Mukai flop p : J --+ N of J along the image of the zero section. N admits a
divisorial contraction h : N — N, which contracts the proper transform of © onto an 8-dimensional
variety which is birational to the LLSvS 8-fold Z(X).

Thus, for very general X, the movable cone of J satisfies Mov(J) = Nef(J) U p* Nef(N), J is
the unique birational model with a Lagrangian fibration, and .J is not birational to J? (Corollary
B9). This answers a question by Voisin [Voil8a]. As a consequence of this Theorem we show,
using the recent [BLMT19| as well as on the forthcoming paper [LPZ20], that for very general
X, J is not birational to a moduli spaces of objects in the Kuznetsov component Ku(X) of X
(see Corollary 2]). In a different direction, it is expected (see the upcoming paper [LPZ20]) that
the twisted hyper-Kéhler manifold J7 is in fact birational to a moduli space of objects of OG10-
type in Ku(X). By objects of OG10-type, we mean objects whose Mukai vector is of the form
2w, with w? = 2. Thus, the family of intermediate Jacobian fibrations would be the only known
family of hyper—Ké&hler manifolds associated with cubic fourfolds whose very general point cannot
be described as a moduli space of objects in the Kuznetsov component of X.

Given J = J(X), a hyper—Kéhler compactification of the intermediate Jacobian fibration for any
smooth cubic fourfold X, a natural question to ask is how the geometry of J changes as X becomes
less general. One why to answer this question is the following theorem, describing the Mordell-Weil
group of 7 in terms of the primitive algebraic cohomology of X. In Section [l we prove:

Theorem 3. (Theorem [51) Let MW (m) be the Mordell-Weil group of w: J — P5, i.e., the group
of rational sections of m and let H*>%(X,Z)o be the primitive degree 4 integral cohomology of X.
The natural group homomorphism

¢x : H¥*(X,Z)o — MW (7)
induced by the Abel-Jacobi map is an isomorphism.

The proof of this result uses the theory of normal functions, as developed by Griffiths and Zucker,
as well as the techniques used by Voisin to prove the integral Hodge conjecture for cubic fourfolds.
A consequence of this is a geometric description of the Lagrangian fibered hyper—Kahler manifolds
with maximal Mordell-Weil rank whose existence was proved by Oguiso in [Ogu09a]: indeed, Ogu-
iso’s examples are (birationally) given by J = J(X) — P°, where X a smooth cubic fourfold with
H?2(X,7) of maximal rank.

In Section [Il we prove the existence of a hyper-Kihler compactification for Jyy and for JL, in
the case of any smooth, or mildly singular, X. This uses some results from the minimal model
program, which are briefly recalled. In Section Pl we review some basic results about moduli spaces
of OG10-type and we compute, using the Bayer-Macri techniques adapted to these singular moduli
spaces by Meachan-Zhang [MZ16], the nef and movable cones of certain moduli spaces of OG10-type
that appear as limits of the intermediate Jacobian fibration. The main result of Section Blis the
computation ¢(©) = —2. Section@lis devoted to the proof of Theorem 2land its preparation: Given
a family of cubic fourfold degenerating to the chordal cubic, we construct a certain degeneration
of the intermediate Jacobian fibration and identify the limit of the corresponding degeneration of
the relative Theta divisor. By the results of Section 2] the limiting theta divisor can be contracted
after a Mukai flop of the zero section and we deduce the analogue result for ©. The computation
of the Mordell-Weil group occupies Section [Bl

Finally, in the Appendix by C. Voisin, some applications to the Beauville conjecture on the poly-
nomial relations in the Chow group of a projective hyper—Kéahler manifold are given for J = J(X),
in the case of very general J of Picard number 2 or 3. This is obtained as an application of the
computation of ¢(©) = —2 from Theorem [2
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1. A HYPER-KAHLER COMPACTIFICATION OF THE INTERMEDIATE JACOBIAN FIBRATION FOR
ANY SMOOTH CUBIC FOURFOLD

We denote by X C P5 a smooth cubic fourfold, by (P°)V the dual projective space parametrizing
hyperplane sections Y = X N H C X, and by U C (P°)V the open subset parametrizing smooth
hyperplane sections. The dual hypersurface of X, parametrizing singular hyperplane sections, is
denoted by XV C (P?)V. Its smooth locus

Uy == (P%)V\ Sing(XV) c (P%)Y

parametrizes hyperplane sections of X that are smooth or have one simple node and no other
singularities. In what follows, we freely drop the ¥ from (P?)Y and write simply P5. From the
context it will be clear we are referring to the projective space parametrizing hyperplane sections of
X or the projective space containing X. For a smooth cubic threefold Y, the Griffiths’ intermediate
Jacobian of Y will be denoted by

Jac(Y) = HY(Y,0%)" /H3(Y,Z).

It is a principally polarized abelian fivefold which parametrizes rational equivalence classes of
homologically trivial 1-cycles on Y [Voild, Thm 6.24].
Over U consider the Donagi-Markman fibration

(1.1) my:Juy =Ju(X) = U

whose fiber over a smooth hyperplane section ¥ = X N H is the intermediate Jacobian Jac(Y").
By [DM96], Ji; is quasi-projective and admits a holomorphic symplectic form o, with respect to
which 7y is Lagrangian. The main results of [LSV17] is the following theorem

Theorem 1.1. ( [LSV17]) Let X be a general cubic fourfold. Then there exists a smooth projective
compactification J = J(X) of Jy, with a flat morphism « : J — (P°)V extending my which has
irreducible fibers and which admits a zero section s : (P5)Y — J. Moreover, J is an irreducible
holomorphic symplectic manifold, deformation equivalent to O’Grady’s 10-dimensional exceptional
example.

We will say that X is general in the sense of LSV if the construction of [LSV17] works for Jir(X),
and we refer to J = J(X) as in Theorem [[] as the LSV fibration. A necessary condition for this
to happen is that the hyperplane sections of X are palindromic (see [Brol§]). For example, a cubic
fourfold containing a plane is not general in the sense of LSV.

To extend the theorem above for any X, we use the existence of a hyper—Kéahler compactific-
tion for general X, the cycle theoretic description of the holomorphic symplectic form that was
given in [LSV17], the degeneration results from [KLSV17], and techniques from the minimal model
program (following [Koll5|Laill]). We start by recalling the construction of a natural partial
compactification of Jy7, which already appeared in [DM96,LSV17].

4



Lemma 1.2. [ [DM96,[LSV1)]] For any smooth X, there is a canonical partial compactification
Juy, = Ju, (X) of Ju, with a projective morphism wy, : Jy, — Uy with irreducible fibers extending
. Ju, s smooth and has a holomorphic symplectic form T 1y, extending oy, .

Proof. This is already proved in [DM96, §8.5.2 and Thm. 8.18]. Alternatively, one can use [CMTS,
Cor. 2.38], and Def. 2.2 and 2.9, Prop. 1.4, and Lem. 5.2 of [LSV17]. O

Before giving an application of the cycle-theoretic construction of the holomorphic symplectic
form [LSV17, §1], we recall the definition of symplectic variety.

Definition 1.3. A normal projective variety M is called symplectic if its smooth locus carries a
holomorphic symplectic form which extends to a regular (i.e. holomorphic) form on any resolution
of singularities of M.

Lemma 1.4. Let J be a normal projective compactification of Jyr. Then

(1) The smooth locus of j_admz'ts a homolorphic two form extending oy, . In particular, the
canonical class Ky of J is effective and is trivial if and only if J is a symplectic variety.
(2) J is not uniruled.

Proof. (1) The first statement is [LSV17, Thm 1.2 iii)], while the second follows from the fact that
the canonical class of .J is the (closure of the) codimension one locus where the generically non-
degenerate holomorphic two form is degenerate. (2) Let J — J be a resolution of singularities. By
(1), J has effective canonical class and thus by [MMS6] it is not uniruled. O

The following is an immediate application of the degeneration techniques of [KLSV17].

Proposition 1.5. Let X be a smooth cubic fourfold and let Jy = Jy(X) be as above. Then there
exists a smooth projective hyper—Kahler manifold M birational to Jy and of OG10-type.

Proof. Let X — A be a family of smooth cubic fourfolds with Xy = X. Here A is an open affine
subset of a smooth projective curve, or a small disk. We will use the notation ¢ = 0 to denote a
chosen special point in A and ¢ # 0 to denote any other point. Up to restricting A if necessary,
assume that for ¢ # 0, X, is general in the sense of LSV. By [LSV17, Prop. 2.10], we can assume
that for any t # 0 all the hyperplane sections of X; admit a very good line (see Def. 2.9 [LSVIT]).
Consider the open set V = (P5)Y x A\ Sing(Xy") x {0}, so that V; = (P°)Y for t # 0 and Vy = Uy x {0}
parametrizes the hyperplane sections of Xy = X that have at most one nodal point and no other
singularities. The construction of [LSVI17, §5] can be carried out in families, yielding a projective
morphism
Jy =V

which is fibered in compactified Prym varieties and is such that, denoting by J; the fiber of the
induced smooth quasi-projective morphism Jy — A, for t # 0, J; is the LSV fibration J(A}), and
Jo = Ju,(X). Let j — A be a projective morphism extending Jy — A. The central fiber 7,
has a multiplicity one component which contains Jy;, as dense open subset. By Lemma [[L4] this
component is not uniruled. By [KLSV1T7, Cor. 4.2] there is a birational model M of Jy, (X) that
is a hyper—Kéhler manifold, deformation equivalent to the smooth fibers J, = J(X}), t # 0. O

By [Matl16], given a hyper—Ké&hler manifold M with a Lagrangian fibration 7 : M — P", the locus
inside Def (M) where the Lagrangian fibration deforms is an open subset of the hypersurface where
the class 7*O(1) stays of type (1,1). However, this fact alone is not enough to imply the existence
of a hyper-Kéhler compactification of Jy, for any smooth X.

This is what we prove in the following Theorem [I, whose proof uses the mmp following Kollar
[Kol15l §8] and Lai [Laill]. At the end of this section (§1.1]) we recall a few basic facts about the
mmp that we need in the proof of Theorems and We refer to [KM98| and to [HK10] for

the basic definitions and fundamental results.
5



Theorem 1.6. For any smooth cubic fourfold X, there exists a smooth projective hyper—Kdhler
compactification J = J(X) of Jy(X), with a projective flat morphism m : J — P5 extending my .

Proof. Let J — P5 be any normal projective compactification of J;, with a regular morphism
7:J — P5 By Lemmall 4] there is a holomorphic two form & on the smooth locus of J extending
0y, » the canonical class K ;7 =: D > 0is effective, and D = 0 if and only if J is a symplectic variety.
Since D is supported on the complement of Ji;,, codim7(D) > 2. By definition [Kol15|, Def. 7],
this means that D is 7-exceptional, if it is non trivial. If this is the case, then by [Nak04] III 5.1]

(cf. also [Lailll Lem 2.10]), D is not 7-nef. More precisely, there is a component of D that is
covered by curves that are contracted by 7 and that intersect K ;y = D negatively.

Let J — P5 be a smooth projective compactification of Ju, admitting a regular morphism 7 :
J—Poandlet D =K j be its canonical divisor. If D is not trivial, we use the mmp to contract
D relatively to P°. Let H be a 7-ample Q-divisor such that the pair (j ,H) is kIt and K; + H
is relatively big and nef. The mmp with scaling over P° (see §I.1] below) produces a sequence of
birational maps

(1.2) AN NI SN

over P° (i.e., there are projective morphisms 7; : J — P° such that 7o = 7 and 7; := m;_1 0%);) and
a non increasing sequence of non negative rational numbers tg = 1>t > ...t; > --- > 0, with the
following properties
(1) For every i > 0, K, + t;H; is m;-big and m;-nef.
(2) For every i > 0, J; is a Q-factorial terminal compactification of Jy;,. The fact that the
birational morphisms ; are isomorphisms away from .Ji;, follows from the fact that the
K j,-negative rays of the mmp correspond to rational curves that are contained in the
support of D; = Kj,. Thus, by Lemma [[.4] the smooth locus of J; carries a holomorphic
two form o; extending o Juy s
(3) D, := K, is effective and, if not trivial, it has a component covered by K j,-negative curves
which are contracted by 7;;
(4) The process stops if and only if there exists an i such that K, is m;-nef. This holds if and
only if D; = 0.

We claim that this process eventually stops. Suppose that this is not the case. Then by Lemma
[L20] lim¢; = 0. The number of irreducible components of the support of D; is non increasing, since
the birational maps of the mmp extract no divisors. In fact, we claim that this number is eventually
strictly decreasing. To prove the claim recall, as already observed, that if Dy # 0, then one of its
components is covered by K j, -negative curves that are contracted by 7. Any such component is
contained in the relative stable base locus B((K, + t;Hy)/P?), for some 0 < t; < 1. By Lemma
[LT9 any such component is contracted by Ji --+ J;, for i > 0. Thus, the number of irreducible
components of the effective divisor D; = K j, is strictly decreasing. In particular, for i > 0, D; = 0.
and thus, by Lemma [[4] J := J; is a Q-factorial terminal symplectic compactification of Ji,.
Finally, by Proposition [.7 below J is smooth and the theorem is proved.

d

Proposition 1.7. (Greb-Lehn-Rollenske) Let M be a Q-factorial terminal symplectic variety. Sup-
pose that M is birational to a smooth hyper—Kdhler manifold M. Then M is smooth.

Proof. This is [GLR13, 6.4]. O

Remark 1.8. The techniques used to prove the theorem above can be applied to similar contexts
to give Q-factorial terminal symplectic compactifications of other quasi-projective Lagrangian fi-
brations. We plan to come back to this in upcoming work to study the problem of specialization
of Lagrangian fibrations.
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As a consequence of Theorem below, we will give prove a slightly stronger version of the
theorem just proved (see Remark [[.T6]) showing that, given a family of smooth cubic fourfolds
whose general fiber is general in the sense of [LSVI1T7], then up to a base change and birational
transformations, the corresponding family of LSV intermediate Jacobian fibrations can be filled with
a Lagrangian fibered smooth projective hyper—Ké&hler compactification of the Donagi-Markman
fibration of the limiting cubic fourfold.

Another approach to Theorem [ would be to show that the rational map M --» P° induced by
the birational map ¢ : M --» Jy, of Proposition is almost holomorphic (see [Matl4] Def.1]).
By [Mat14] this would imply the existence of a birational hyper—Ké&hler model of M with a regular
morphism to P°. It seems, however, that controlling the mmp of Proposition to ensure that
M --s P? is almost holomorphic is not too fare from running the relative mmp as in the proof of
Theorem [11

Given a smooth cubic fourfold X, we will refer to both the Donagi-Markman fibration Jy and
to any hyper—Ké&hler compactification J of Jy as in Theorem [[.6] as the intermediate Jacobian
fibration. It will be clear from the context which one we will be referring to.

Remark 1.9. Unlike the compactification of [LSV17], the proof of Theorem is not constructive
and, for a given X, the hyper—Ké&hler compactification we proved exists is may not be unique. We
will return to this question in Section [l

Remark 1.10 (The twisted case). In [Voil8al, Voisin constructs a non trivial Jy-torsor J§ — U
defined from a class in H'(U, Jy[3]), where Jy is the sheaf of holomorphic sections of Jy — U
and where J7[3] C Ju is the sheaf of 3-torsion points. The non triviality (for very general X)
of this class corresponds to the non existence, for the universal family of hyerplanes sections of
X, of a relative 1-cycle of degree 1. The main result of the paper is to produce, for general X, a
hyper-Kéhler compactification J7 = J7(X) with Lagrangian fibration to P> extending J[:’; — U.
This builds on the compactification of [LSV17]. We will refer to this hyper—Ké&hler manifold as the
twisted intermediate Jacobian fibration. This hyper—Ké&hler manifold is deformation equivalent to
the non twisted version J(X), as they agree as soon as X has a 2-cycle which restricts to a 1-cycle
of degree 1 or 2 on its hyperplane sections. Lemma [[.4] Proposition and Theorem work the
same for the non-trivial torsor J[:’; — U, giving a Lagrangian fibered hyper-Kihler J7 = J7(X)
for every smooth X. In Section [4.1] we will return to the twisted intermediate Jacobian fibration
and in Corollary we prove that for very general X these two fibrations are not birational and
that on J there is a unique isotropic class in the movable cone of J. This fact will be used in the
Appendix [Al

Finally, we show that the Lagrangian fibered hyper—Ké&hler compactification exists generically also
over Cg, the divisor in the moduli space of cubic fourfolds whose general point parametrizes cubics
with one Ay singularity. The following Proposition is an adaptation of [LSV17) §2], to the case of
a cubic fourfold with mild singularities.

Proposition 1.11. Let Xq C P° be a cubic fourfold with one simple node o € X and no other
singularity, let U C P the open locus parametrizing smooth hyperplane sections, and let 7y : Jy =
Ju(Xo) — U be the Donagi-Markman fibration. Then, there exits a holomorphic symplectic form
oy on Jy, which extends to a holomorphic two form on any smooth projective compactification. As
a consequence, Lemma [1.4] holds for Ji, namely any projective compactification of Jy has smooth
locus admitting a generically non-degenerate holomorphic 2-form extending oy and is not uniruled.
Similarly, for the twisted intermediate Jacobian JE- = JE(Xo).

Proof. Let Xy (resp. P5) be the blow-up of Xy (resp. P%) at the point 0. Let E C P5 be the
exceptional divisor. Projection from o determines an isomorphism Xy = BLgP*, where S is the

(2,3) complete intersection in P? parametrizing lines in Xq by o. The surface S is a smooth K3
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surface and thus H 1()2'0, Q} ) is one dimensional; let 77 be a generator. The same argument as in
0

Theorem 1.2 of [LSV17] shows that 7 induces a holomorphic two form o on Jy7, with respect to
which the fibers of J;y — U are isotropic. To show that o is non-degenerate, it suffices to show that
for any smooth hyperplane section Y (which in particular does not pass by the point o), the map

(1.3) TyU = H(Y, 0y (1)) — H'(Y,Q35) = H(Jy, Q).

induced by o, via the fact that the fibers of Jyy — U are isotropic, is an isomorphism. By Theorem
1.2 (ii), this map is given by the cup product with a class ny € H'(Y,Q%(—1)) defined in the
following way: let njy € H*(Y, (Q?;Z )jy) be the restriction of 1) to Y. Since H*(Y,€23.) = 0, the exact
0
sequence 0 — Q2.(—1) — (Q,?;Z y — Q3 — 0 implies that nyy lifts to a class ny € HY(Q%(-1)).
0
By Griffiths residue theory (see Lemma 1.7 of [LSV17]), H*(Q%(—1)) is one dimensional and cup
product with any non-zero element induces an isomorphism H°(Y,Oy (1)) — H(Y,Q2.); more
precisely, using the canonical isomorphism Q% (—1) = Ty (3), this space is spanned by the class of
the non-trivial extension 0 — Ty — (Tps);y — Oy (=3) — 0. It follows that to show that (L3) is
an isomorphism, we only need to show that 7y # 0, which amounts to showing that 5y # 0. Under
the isomorphism Q} =Tg, (=3)(2E), the class of a generator of H (X, Q} ) corresponds to the
0 0

class of the extension 0 — Ty — (T3 )\X — O%(3)(—2EF) — 0. Restricting to Y and considering

the tangent bundle sequence for Y in P* we get the following diagram of short exact sequences

00— (Tg)y — (Tps)y — Oy (3) —=0

o]

0 Ty (Tpa)jy —= Oy (3) —=0

where the first two vertical arrows are injective. The extension class of the first row is 7y
and the second row is non split, as we already observed. Since coker(a) = Oy (1), then
Hom(Oy (3),coker(a)) = 0. Thus any splitting of the first row would induce a splitting of the
second row, giving a contraction. O

Remark 1.12. The Proposition [[.T1] holds, more generally, for any cubic fourfold with isolated
singularities, as long as a general one parameter smoothing of it has finite monodromy. This corre-
sponds to the K3 surface S of lines through one of the singular points having canonical singularities.
The case of the degeneration to the chordal cubic [Has00], which has finite monodromy but central
fiber with 2-dimensional singular locus, will be discussed at length in Section

Proposition 1.13. Let Xy C P® be as in Proposition [L11l (or as in Remark [I.12) and let Ty :
Ju — U be the corresponding intermediate Jacobian fibration. Then there exists a hyper—Kahler
compactification J = J(Xo) of Jy, with a regular flat morphism to (P°)V extending ;. Moreover,
if X = A is a general family of smooth cubic fourfolds degenerating to Xy, then up to a base
change, there exists a family of Lagrangian fibered hyper—Kdhler manifolds

J =Py = A

such that for t # 0, Jp = J(X;) is the LSV compactification and, for t = 0, Jy is a hyper—
Kahler compactification of Jy = Jy(Xo). Similarly, the analogue statement holds for the twisted
intermediate Jacobian.

Proof. By Proposition [.TTl above, Jyy has a holomorphic symplectic form that extends to a regular

form on any smooth projective compactification. As in Lemma [[4] it follows that Jy is not

uniruled. Let X — A be a family of smooth cubic fourfolds degenerating to Xy = Xg with the

property that for ¢ # 0 X} is general in the sense that of LSV. As in the beginning of Proposition
8



[L6 let Jy — V be such that the fiber over ¢ # 0 of Jy — A is the LSV compactification J(AX;)
and, over t = 0, is Jy — U. We are thus in the position of applying Theorem below, which
proves the proposition. O

A consequence of this proposition is a positive answer to a question of Beauville [Beal9], as
explained in the following remark.

Remark 1.14. Given a smooth cubic threefold Y, let £ C Y be a line. In [Bea02[Dru00], it is shown
that the moduli space of Ulrich bundles on Y with rank 2, ¢; = 0 and ¢y = 2¢ is birational to the
intermediate Jacobian of Y (more precisely, it can be identified with the blowup of the intermediate
Jacobian fibration along the Fano surface). Now let Xy be cubic fourfold with one simple node
and let S C P* be the (2,3) complete intersection K3 surface parametrizing lines through one the
singular point of Xj. Consider the Mukai vector v = 2vg = 2(1,0,—1) € H*(S,Z) and let MQUO (S)
be the symplectic resolution of the singular moduli space of OG10-type (cf. §2I).

By considering the relative moduli spaces of Ulrich bundles supported on the 5-dimensional family
of cubic threefolds containing S and by restricting the bundles to S, Beauville [Beal9)] (§5, Example
d = 3) shows that there is a birational map Jiy --» M,,(S). This induces a rational map Ma,, (S) --»
P? and Beauville asks whether there exists a hyper—Kihler manifold birational to M, (S) which
admits a regular morphism to P°. Proposition [[LI3] thus gives a positive answer to this question.

The proof of the proposition above relies on the following Theorem, which is the Lagrangian
fibration analogue of results from [KLSV17] (Thm 1.1 and Cor. 4.2). Theorem will be used
also in Section M for the proof of Proposition [£.4] (and thus also of Theorem [.]). As usual, A is an
open affine subset of a smooth curve, or a small analytic disk. In both cases, we keep the notation
t = 0 to denote a chosen special point in A and t # 0 to denote any other point.

Theorem 1.15. Let f : J — A bea projective degeneration of hyper—Kahler manifolds of dimen-
ston 2n. Suppose that there is a commutative diagram

J "~ Py

N

A

where J — P'X is a projective fibration such that for t # 0, J; — P} is a Lagrangian fibration.
Assume that the central fiber jo = Y0+Zi61 m;Y; has a reduced component Yy which is not uniruled.
Suppose, furthermore, that there is an open subset of Yy \ Ui>1(Y; N Yy) such that the morphism to
PG is a fibration Jy, — Uy C Py in abelian varieties. Then

(1) There exists a projective degeneration f : J — A of hyper-Kdihler manifolds such that:
(a) J is Q-factorial, terminal, and isomorphic to J over A*;
(b) The central fiber Jo is a reduced irreducible normal symplectic variety with canonical
singularities, admitting a symplectic resolution;
(c) There is a relative Lagrangian fibration 7@ : J — P'X compatible, via the birational map
J —-» j, with ™ and such that, up to restricting the open set Uy C P, the morphism
Jo — Py extends the abelian fibration Jy, — Up.

(2) Up to a base change A" — A, there exists a (non necessarily projective) family J — A’ of
hyper—Kdhler manifolds, with a birational morphism J — J' = J xar A over A, which is
an isomorphism away from the central fiber and in the central fiber is a symplectic resolution
of Jo. Moreover, J has a family of Lagrangian fibrations ' : J — PR, compatible with the
base change of .

9



Proof. The proof follows ideas from [Tak08|Koll15,[KL.SV17]. Up to passing to a log resolution of
the pair (j , jo), we can assume that jo =Y, + Zle m;Y; is a normal crossing divisor. By Thm
1.1 and Cor 4.2 of [KLSV17], running the mmp over A contracts the components Y;, for i > 1, and
yields a birational model of J with an irreducible central fiber which is a symplectic variety. In
particular, Yy is the unique component of Jy that is not uniruled (cf. Remark 1.2 of [KLSV1T]).
To prove the theorem we only need to show that the birational maps required to contract the other
components can be preformed relatively to P and, furthermore, that they induce isomorphism
away from U;>1Y;. This is to ensure that the central fiber has a Lagrangian fibration extending
Ju, — Up (maybe up to restricting the open subset Uy C Pf).

The canonical class K 7 is trivial over A*, so it is f-equivalent to divisor of the form Zf:o aly;.

Following [Tak08| 2.3 (1)] we set r = mina/m;, sd]

k
Kz=ga Y &Y,
i=0

where a; = f; — rm; > 0 are non negative rational numbers and for at least one i, a; = 0. Let
J € {0,1,...,k} be the set of indices such that a; > 0 and let J¢ be its complement. By [Tak08|
Prop. 5.1]

(1) For every j € J, the irreducible component Yj is uniruled.
(2) If |J¢| > 2, then for every j € J¢, the irreducible component Y; is uniruled.

Since Yj is not uniruled, it follows that J = {1,--- ,k} and thus
k
Kz =gz Y a¥i, a;>0.
i=1

By assumption, for every ¢ > 1, the closed subset Yy NY; is in the complement of Jy, and, since
the fibers of jo — P} are connected, it follows that the induced map Y; — P{ is not dominant.
Thus, the codimension of 7(Y;) in P} is greater or equal to 2. In other words, Y; is 7-exceptional.

We are in the same setting of Theorem [I.6], namely a projective morphism from a smooth quasi-
projective variety with a canonical class that is relatively Q-linearly equivalent to an effective divisor
all of whose components are relatively exceptional. We can thus argue as in the proof of Theorem
[L.6] running the mmp over P} with scaling of an ample divisor in order to contract each of the Y;,
i > 1. This gives a birational map J --+» J over IP’X, where the fibration T — P’A has Q-factorial
terminal total space and is such that K 7 = 7* B, for some Q-divisor B on P}. Since at each step
the K-negative rays of the mmp are contained in non uniruled components of the central fiber,
it follows that the birational map J --» J is an isomorphism away from U;>1Y;. In particular,
the central fiber Jy, which is irreducible, has an open subset which is isomorphic to Jy,. Since
for t # 0, (K7)7, = 0, Bpp = 0 for ¢ # 0. In particular, B is p-trivial, where p : PA — A is
the projection, and thus K 7 is f-trivial. We can now argue as in the last part of the proof of
Theorem 1.1 of [LSV17] to show that Jo is a normal with canonical singularities. As in Corollary
4.2 of [LSV17] it follows that Jy is a symplectic variety and that, up to a base change A’ — A
there exits a smooth family J — A’ with a birational morphism J — J' := J xas A with the
desired properties. O

Remark 1.16. Theorem [[LT5] gives another proof of Theorem [I.6], as well as the stronger statement
of the existence of a relative intermediate Jacobian fibration J — P3%, associated to any family
X — A of smooth cubic fourfolds for which the general fiber is general in the sense of LSV.

¥or a projective morphism f : A — B and two Q-Cartier divisors D and D’ on A, we write D =g,5 D' or D ~q ¢ D’
iff D and D’ are Q-linearly equivalent up to the pullback of a Q-Cartier divisor from B.
10



1.1. The mmp with scaling. In this subsection we recall some basic tools and known results
from the minimal model program (mmp) that are used to prove Theorems and For the
basic notions and the fundamental results we refer to [KM9§| and [HK10]. In this section, by divisor
we will mean a Q-divisor.

Let M be a normal Q-factorial variety with a projective morphism 7 : M — B to a normal quasi-
projective variety B. Let A be an effective divisor on M and let H be a general divisor on M that
is ample (or big) over B. We assume that the pair (M, A + H) is kit and that Ky + A+ H is nef
over B.

The mmp with scaling of H [HK10, §5.E] produces a sequence of birational maps 1; : M; --+ M;11
over B, such that: My = M, A;jy1 = (), Hiv1 = (¢;)«Hi and 1); is the flip or the divisorial
contraction for a (K, + A;)-negative relative extremal ray R; over B. We let m; be the induced
regular morphism M; — B. The sequence is defined inductively in the following way. Let

t; =inf{t > 0| Kp;, + A; + tH; is nef over B}.

If t; = 0, then Ky, + A; is nef over B and the process stops. Otherwise, there is a 0 < ¢/ <
t; such that Ky, + A; + t'H; is not nef over B. By the Cone Theorem ( [KM98, Ch. 3] or

[HK10L 5.4]), K, + A; + t;H; is nef over B and there exists an extremal ray R; over B such that
(KMi + A; + tiHi) -R; =0.

Let ¢; : M; — Z; be the extremal contraction over B associated to R;, which exists by the
Contraction part of the Cone Theorem (5.4.3-4) [HK10]). If dim Z; < dim M, ¢; is a Mori fiber
space and we stop. Otherwise, let ¢; : M; --» M;1 be the corresponding (K, + A; + t'H;)-flip
or divisorial contraction. More precisely, if ¢; is not a Mori fiber space then it is either a divisorial
or a flipping contraction. In the first case, we let M;+; = Z; and ¥; = ¢;. In second case, we let
i+ My --» M1y the (K, + A; +t'H;)-flip (which exists by [HKI0, Cor. 5.73]). By construction,
1; extracts no divisors, meaning that ;- ! contracts no divisors.

By the contraction part of the Cone Theorem, the divisor Kps, , + A1 + t;H;y is nef over B.
The pair (M;, Ajt1 + t;Hitq1) is kIt ( [KM98|, 3.42-3.44] )and M; is Q-factorial ( [KMI8| 3.18]).
If A =0 and M is terminal, then so is M;. As long as Ky, + A; is not m;-nef, ¢;11 is non zero
and A;yq1 4 t;H;11 is big over B. Thus we can keep going, producing a non increasing sequence
t; > t;11 > - -+ of non negative rational numbers and a sequence of birational maps v; : M; --+ M; 1
over B. The process stops if there exists an N such that ¢y : My — Zy is a Mori fiber space over
B or such that Ky, + Ay is nef over B. Otherwise, the sequence is infinite.

The pair (M;, A; + t;H;) is a log terminal model (ltm) for (M, A + t;H) over B (see Definition
5.29 and Lemma 5.31 of [HK10]). We will need the following Lemmas:

Lemma 1.17. For any i > j, let ¥;; : M; --» M; be the induced birational morphism over B.
Then 1p;; is not an isomorphism.

Proof. This is Lemma 5.62 of [HK10]. O

Lemma 1.18 (Ex. 5.10 of [HK10]). Let (M,A) be a kit pair as above and suppose that A is big
over B and that Ky + A is nef over B. Then Ky + A is semiample over B, i.e., there exists a
projective morphism f : M — Z over B and an ample divisor L on B such that Kyy+A ~q p f*L.

Proof. Since A is big over B, we can write A ~g g A+ C, where A is ample over B and C' > 0.
Choose an 0 < € < 1, such that (M, A’) is klt, where A’ = (1 — €)A 4 €C. Then

(Ka +A) — (KM + A/) = €A,
is ample over B. By the Basepoint free Theorem (5.1 [HK10]), K3 + A is semiample over B. [

Lemma 1.19. Let the notation be as above and for any i > 0, let ¢; : M --» M; as the induced

birational map over B. Then the divisors contracted by ¢; are the divisorial components of B((K s, +
11



A;+t;H;)/B), the stable base locus over B (cf. [HK10, §2.E]). Similarly, v;; : M; --» M; contracts
the divisorial components of B((Kn, + Aj +t;H;)/B).

Proof. Since (M;, A; +t;H;) is klt, A; +t;H; is big over B, and Ky, + A; + t;H; is nef over B, by
the lemma above, Ky, + A; + t;H; is semiample over B.

Let W be a smooth birational model resolving ¢;, and let p and ¢ be the induced birational
morphisms to M and M;. By Lemma 5.31 of [HK10] pair (M;, A; + t;H;) is a log terminal model
for (M, A +t;H) over B (see Definition 5.29 of [HK10]). Thus,

(1.4) P (K +A+t4H)=q¢"(Kn, + A +6H) + E

where E' =) p(a(F; M, A+t;H)—a(F; M;, A;+t;H))F is an effective g-exceptional divisor whose
support contains the divisors contracted by ¢;. Since p™'B((Ky + A+t;H)/B) = B(p*(Ky + A+
tiH)/B) = B(¢"(Kum, + Ai + tiH;) + E/B) = Supp(FE), the first statement follows. The second

statement is proved in the same way, since by Lemma 5.31 of [HK10|, the pair (M;, A; + t;H;) is a
log terminal model for (M;, A; 4+ t;H;) over B and hence the equivalent of (.4 holds. O
Lemma 1.20. Let the notation be as above. If the mmp with scaling does not terminate then
71— 00

Proof. This is [Dru00, Prop. 3.2]. The only difference is the relative setting, but the proof is the
same: Suppose the mmp does not terminate and that lim¢; = t, > 0. By [BCHMI0, Thm E]| there
are finitely many log terminal models of (M, A + (t +t)H), with t € [0,1 —to]. We have already
observed that (M;, A; +t;H;) is a Itm for (M,A+t,H) = (M, A + tocH + (t; — too)H)) over B.
Thus, if the sequence is infinite there are integers ¢ > j such that the birational map M; --» M; is
an isomorphism. This gives a contradiction with Lemma [[.T7] above. O

2. MoDULI SPACES OF OG10-TYPE

By [LSV17, Cor 6.3] (see also [KLSV1T7, §5.3]) any hyper—Kéahler compactification J of Jy is de-
formation equivalent to O’Grady’s 10-dimensional example. We start this section by recalling the
basic definitions and first properties of those singular moduli spaces of sheaves on a K3 surface
whose symplectic resolutions are hyper—Kéahler manifolds in this deformation class. Then we use
the methods of Bayer-Macri, as adapted by Meachan-Zhang to this class of singular moduli spaces,
to study the movable cone of certain moduli spaces that appear naturally as limits of the interme-
diate Jacobian fibration, when the underlying cubic fourfold degenerates to the chordal cubic (cf.

Section [A.2)).

We start by recalling the following fundamental theorem.

Theorem 2.1 ( [Muk84.[Yos01l[O’G99KLS06LPR13]). Let (S, H) be a general polarized K3 surface
and let vy € H;lg(S,Z) be a primitive Mukai vector which we suppose to be positive in the sense
of [BM14b, Def. 5.1] (cf. also [dRS19, Rem. 3.1.1]). Let m > 2 be an integer. The moduli
space My, 1 (S) of H-semistable sheaves on S with Mukai vector mug is an irreducible normal
projective symplectic variety of dimension m?v3 + 2, which admits a symplectic resolution if and
only if m = 2 and v% = 2. When this is the case, the symplectic resolution MQvO’H(S) — Moy, 1 (S)
is the blow up of the singular locus Sym? My 1(S) C Moy, 1(S), with its reduced induced structure.
Moreover, Mgv()’H(S) is an irreducible holomorphic symplectic manifold and its deformation class
is independent of (S, H) and of vy; in particular, Mgvo’H(S) is deformation equivalent to O’Grady’s
original 10-dimensional exceptional example.

We will refer to a Mukai vector of the form 2vy with vg = 2 as a Mukai vector of OG10-type and

to a hyper—Kahler manifold in this deformation class as a hyper—Kéahler of OG10-type.
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2.1. Contracting the relative theta divisor on relative Jacobian of curves. It is known
[AB13,[BM14a, BM14bl, Bay18] that the birational geometry of moduli spaces of pure dimension
one sheaves on a K3 surface is related to Brill-Noether loci. For example, on the degree g — 1
Beauville-Mukai system of a genus g linear system on a K3 surface, the relative theta divisor can
be contracted, possibly after preforming a finite sequence of birational transformations. This is the
content of the following example.

Example 2.2. ( [AB13], [Bayl18]) Let (S,C) be a general polarized K3 surface of genus g, with
NS(S) = ZC. Set v = (0,C,0) € H*(S,Z) and let M, be the moduli space of C-stable sheaves on S
with Mukai vectoi v. Since we are assuming (S, C') to be general in moduli, we are suppressing the
polarization from the notation (thus M, will denote the moduli space of C-semistable sheaves on S
with Mukai vector v; when we consider instead a Bridgeland stability condition o, the corresponding
moduli space will be denoted M, ;). This moduli space is smooth and M, — P9 = |C] is the degree
g — 1 relative compactified Jacobian of the genus g linear system |C| on S. There is a naturally
defined effective, irreducible, relatively ample theta divisor 8 C M, which parametrizes sheaves
with a non trivial global section and which can be realized as the zero locus of a canonical section
of the determinant line bundle (see [LP93, §2.3] or Thm 5.3 of [Ale04]). Recall that there is a
Hodge isometry NS(M,) = v+ = ((0,0,1),(1,0,0)) (see for example Theorem 3.6 [BMI4al).

The class ¢ := (0,0, 1) is the class of the isotropic line bundle inducing the Lagrangian fibration
M, — P9 while the theta divisor § corresponds to the class —(1,0,1) = —v(QOg) (see [LP93| pg.
643] or also Prop. 7.1 and Thm 12.3 of [BM14aJE). Since §? = —2, the irreducible effective divisor
6 is prime exceptional. By [Drull], it can be contracted on a hyper—Kéahler birational model of
M,. Since the rays corresponding to divisorial contractions and to Lagrangian fibrations must be
in the boundary of the movable cone [Huy03], it follows that

MOV(MU) = Rzof + Rzoh

where h = (—1,0,1) € 8+ Nv' is a big line which is nef on some birational model of M, (this
also follows from Thm 12.3 of [BM14a]). Using [BM14a], the walls of the nef cones of the various
birational models can be computed. Since we don’t need this, we omit the computation.

2.2. Movable cones of certain moduli spaces of OG10-type. If we consider a non primitive
genus ¢ linear system |[mC|, m > 2, then the relative compactified Jacobian of degree g — 1 is
singular. For singular moduli spaces of OG10-type, i.e. when v = 2w with w? = 2, [MZ16] have
adapted the techniques of Bayer-Macri [BM14blBMI4a] to compute the nef and movable cones
of these moduli spaces. We refer to [Bri08,[AB13,BM14bl,BM14a] for the relevant definitions and
main results on Bridgeland stability conditions on K3 surfaces and to [MZ16] for the results on
moduli spaces of OG10 type.

By [MZ16, Thm. 7.6 (3)]), all birational models of My, = Ma,, ¢ which are isomorphic to My, in
codimension one are isomorphic to a Bridgeland moduli space My, ,, for some Bridgeland stability
condition o on S. Moreover, by [MZ16l, Cor. 2.8]

(2.1) NS(May ) = wh.

We now apply the results of [MZ16] to describe the nef and movable cones of certain singular models
of OG10 appearing as limits of the intermediate Jacobian fibration. By [PR14], the factoriality
properties of a singular moduli space Ms,, of OG10 type depend on the divisibility of the primitive
Mukai vector w € H;lg(S,Z). More precisely, by [PR14, Thm 1.1], Ms,, is factorial if and only if

2This Mukai vector is not positive in the sense defined above, since both the first and last entry are zero. However,
since for general (S,C), tensoring by C induces an isomorphism with M,,, where v = (0,C,g — 1), the results
of [BM14a] still hold. See also [PR13] for other considerations about the last entry of the Mukai vector.

3Compared to [BMI4al, there is a difference in a choice of sign in the isomorphism NS(M,) = v*.
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w-u € 2Z for every u € Hy (S,Z). Otherwise, My, is 2-factorial. Since there can be different
birational models with different factoriality properties (cf. Remark 2.3)), it is important to choose
the correct model to work with.

Now let (S, C) be a general K3 surface of degree 2 and set

(2.2) v = (0,C, k — 2),

The Le Potier morphism 7 : Ma,, — IP5 realizes the singular moduli space My, as a compactifica-
tion of the degree 2k relative Jacobian of the genus 5 hyperelliptic linear system |2C|. Composing

m with the sympectic resolution m : My, — Ma,, , we get a natural Lagrangian fibration:
(2.3) 7 : Moy, — PP

By the result of Perego-Rapagnetta mentioned above, My, is factorial if and only if k is even. It
turns out that the birational class of these moduli spaces is independent of k, but the isomorphism
class depends on the parity of k (see Lemma 3.7.2 of [dRS19]): Indeed, tensoring a pure dimension
one sheaf by Og(C) determines an isomorphism

(24) MQUk :> M2Uk+2'

Remark 2.3. Tensoring a line bundle supported on a smooth hyperelliptic curve of genus 5 by the
unique g% on the curve defines a birational morphism Ma,, --» Ma,, ., (I thank A. Rapagnetta for
pointing out this to me). As a side remark, notice that the map thus defined is not an isomorphism
in codimension one. Indeed, it can be checked that when passing to the birational morphism
Myy,, --+ My, ., between the two resolutions, which is an isomorphism in codimension 2, the
exceptional divisor of one model is exchanged with the proper transform of the locus parametrizing
sheaves on reducible curves on the other model.

In view of Lemma [£.3] below and the isomorphism (2.4]), we will focus on the case k = 0.

Remark 2.4. For general (S, C) it is not hard to check that the structure sheaf of every curve in
|2C] satisfies the numerical criterion for C-stability and hence that the fibration Ma,, — P® admits
a regular zero section. Notice also that the image of this section is not contained in the singular
locus of Ma,,.

By [MZ16, Cor. 2.8], NS(Ma,,) = vy = U = ((0,0,1),(—1,C,0)), where, as above,
(2.5) ¢=(0,0,1)

is the line bundle inducing the Lagrangian fibration Ma,, — P® = |2C|. Under the isomorphism
Moy, = May,,, induced by tensoring with Og(C'), the relative theta divisor corresponds to the prime
exceptional divisor

(2.6) 0:=—(1,C,2),

parametrizing sheaves which receive a non trivial morphism from the spherical object Og(C') (see
also Lemma Notice that

(2.7) 62 = 2.
For later use we highlight the following remark:

Remark 2.5. The effective divisor § C Ms,, with cohomology class (2.6]) does not contain the

singular locus of Ma,,: Using the description of § as the zero locus of a section of the determinant

line bundle [Ale04] Thm 5.3], which compatible with S-equivalence classes, it is enough to show

that the section defining 6 is not identically zero on the singular locus of My,,. It is therefore

sufficient to show that there are S-equivalence classes of polystable sheaves all of whose members

have a zero space of global sections. This is clear, since the generic semistable sheaf with Mukai
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vector 2vg is an extension of two degree 1 line bundles each supported on two distinct curves of
genus 2.

The following Lemma is an application of [MZ16, Thms 5.1-5.2-5.3] to My, (N.B. Example 8.6
of loc. cit. is for odd k, so in view of Remark it is concerned with a birational model of My,
which is not isomorphic in codimension one and hence we cannot immediately apply it here).

Lemma 2.6. Let the notation be as above. Then
Nef(Mgvo) = RZOE + Rzoho, MOV(MQU(Lc) = RZOE + Rzoh.

where

¢=1(0,0,1), ho=(-1,C,1), h=(-1,C,0).
Moreover, the wall spanned by hg = (—1,C, 1) contracts the zero section of Moy, — P° and the class
corresponding to h = (—1,C,0) is big and nef on the Mukai flop of Ma,, along the zero section and
contracts the proper transform of 6.

Proof. Since £ is nef and isotropic, it is one of the two rays of both the Nef and the Movable cone
of My,,. By [MZ16, Thm 5.3] there is a divisorial contraction of BNU-type (notation as in loc.
cit), determined by the spherical class s = (1, —C, 2), which is orthogonal to vy. The second ray of
the movable cone is thus determined by s N ’U(J]‘. We pick h = (—1,C,0) as a generator of this ray,
since h - £ > 0. By the same theorem in [MZI6], the flopping walls are determined by w* N U(J]‘ for
w spherical and such that w - vg = 2. There is a unique ray in Mov(Ma,, ), that is of this form. It
is determined by w = (1,0,1) = v(Og) or, equivalently, by v’ = (—1,2C, —5) = 2vy — w. We can
choose hg = (—1,C, 1) as generator of this ray. As in Remark 8.5 of [MZ16], we can see that this
wall corresponds to the flop of the P® corresponding to the sheaves with a morphism from Og, i.e.,
of the image of the zero section.

O

Remark 2.7. It can be shown that the birational model on the other side of the wall can be
identified with the Gieseker moduli space Ma,,,, where wg = (2,C,0). Since we don’t need this in
the rest of the paper, we omit the proof.

3. THE RELATIVE THETA DIVISOR ON THE INTERMEDIATE JACOBIAN FIBRATION.

For any smooth cubic threefold Y, there is a canonically defined theta divisor in Jac(Y'), which is
(—1)-invariant and whose unique singular point lies at the origin. For the hyper—Kéahler compact-
ification J = J(X) — (P®) of the intermediate Jacobian fibration associated to a smooth cubic
4-fold X, there is an effective relative theta divisor ©® C J, which is defined as the closure of the
union of the canonical theta divisor in the smooth fibers. More precisely, by [CGT72,/Cle86] (see
also [LSV17, Lem. 5.4]), © can be defined as the closure of the image of the Abel-Jacobi difference
mapping
F X(]p5)\/ F--J

(0, 0,Y)— ¢y (£ — 1)

The relative theta divisor © played an important role in [LSVI7], where it was shown that for
general X, O is m-ample and J is the relative proj of this divisor. Another useful way of realizing
the Theta divisor is using twisted cubics [Cle86]. Let Z = Z(X) be the Lehn-Lehn-Sorger-van
Straten 8fold [LLSvSI7]. Then Z is the blowdown g : Z/ — Z of a smooth 10 fold Z" whose points
parametrize nets of (generalized) twisted cubics. The exceptional locus of g parametrizes non ACM
cubics and its image in Z is isomorphic to the cubic itself. Let

(3.1)

T’:PZ/ — 7'
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be the P! bundle over Z’ whose fiber over a twisted cubic [C] € Z’ is the pencil ]P’lC of hyperplane
sections of X containing Y¢ := X N(C). Here (C) = P? is the linear span of the curve. By [LSV17,
Sublemma 5.5] (see also [Cle86, §4] or [KLSV17, Lemma 5.10]), the Abel-Jacobi map

p: Py - J
(Cv Y) — ¢Y(O - h2)

is birational onto its image, which is precisely ©. Here h? is the class of the intersection of two
hyperplanes in Y.

(3.2)

Remark 3.1. For later use, we remark the following two facts. First of all that the restriction
of Pz to the locus of non-CM cubics is mapped to the zero section of J — P® (which lies in ©).
Second, using the Gauss map (see [CGT72, §12] or also [HRS05, §3]), one can see that if C is a
twisted cubic in a smooth cubic threefold Y with the property that ¢y (C' —h?) = 0 in Jac(Y), then
the cubic surface ¥ =Y N (C) is singular.

For every X, the Néron-Severi group of J = J(X) has at least rank 2, since

NS(J(X)) D (L, 0O).
Here L = 7*Ops(1) and O is, as above, the relative theta divisor obtained as the closure of the
image of (B.1]).

Lemma 3.2. For any smooth X, there is an isomorphism of rational Hodge structures H*(J, Q)
HYX,Q)s. In particular, p(J) =tk H*%(X,Q) + 1.

Proof. The first statement was already noted in [LSV17], while the second follows from the first
and the fact that ba(J) = 24 and by(X) = 23. O

Remark 3.3. The locus, inside Def(.J), parametrizing intermediate Jacobian fibrations is of codi-
mension 2 and corresponds to the locus where the classes L and © stay of type (1,1). By [Saw(9),
Thm 6], a Lagrangian fibration with a section deforms, as Lagrangian fibration with a section, over
a smooth codimension 2 locus of the deformation space of the underlying hyper—Kéahler manifold.
Since by Theorem [Tl for general X the LSV compactification J(X) has a section, it follows that the
codimension 2 locus where L and © stay algebraic is exactly the locus where the section deforms.

~

We highlight the following corollary for future reference.

Corollary 3.4. For very general X, p(J) = 2. Thus,

(1) J is the only projectice hyper—Ké&hler birational model of Jiy where L is nef. In particular,
any hyper—Kahler compatification of Jy with a Lagrangian fibration extending Jy; — U is
isomorphic to the [LSVI7] compactification.

(2) There is at most one prime exceptional divisor on J.

Proof. (1) Since p(J) = 2, the boundary of movable cone of J has two rays, of which L is one. (2)
If there is a prime exceptional divisor, its class has to be orthogonal to the second extremal ray of
the movable cone [Marlll Thm 1.5]. Since two prime exceptional divisors with proportional classes
have to be isomorphic [Marl3, Cor. 3.6 (3)], there is at most one prime exceptional divisor. O

The following Lemma was communicated to me by K. Hulek and R. Laza. I thank them for sharing
this observation with me and for raising the question of computing ¢(©).

Lemma 3.5. ¢(L,0) = 1. In particular, (L,0) is a primitive sublattice of NS(J), isomorphic to
the standard hyperbolic lattice U of rank 2. For very general X, NS(J) =U.

Proof. The computation of ¢(L, ) goes as in Lemma 1 in [Saw08]: one expands in ¢ the Fujiki

equality q(L + t0)5 = ¢(L 4 t0)1%, where ¢ = 945 is the Fujiki constant [Rap08] and uses the fact

that ©°L5 = (© Ji H])5 = 5!. The final statement follows from Lemma [3.21 O
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I thank C. Onorati for many discussions around © and for his interest in the following computation.

Proposition 3.6. ¢(©) = —2. In particular, © C J is a prime exceptional divisor and thus it can
be contracted on some projective birational hyper—Kahler model of J.

Proof. Let ¢ : Pz --» © be the Abel-Jacobi map as in ([3.2]) and let V' C Z’ be a non empty open
subset such that the restriction of ¢ to »~1(V) =: Py, is regular. By restricting V if necessary, we
can assume that all twisted cubic parametrized by V are such that ¥ is smooth and, in particular,
that C is ACM.

Recall that for any twisted cubic [C] € V, we have set Pf, = r~1(C). The rational curve p(Pg) C J
is smooth because it maps to W(cp(]P’(lJ)) C P?, which is the pencil of hyperplane sections of X that
contain the curve C'. Moreover, (7 o ¢)(Py) intersects the dual variety X in a dense open subset
and, similarly, p(Py) intersects ©xv, the restriction of © to XV, in a dense open subset (this
statement follows from [Cle86] and the fact, proven there, that for a cubic threefold with one A;
singularity the Abel-Jacobi mapping is birational onto its image).

We start by showing that for a general [C] € V, the smooth rational curve ¢(P},) is contained in
the smooth locus of ©. The singular locus O,y of © has an irreducible component that is equal
to the closure of the zero section of Ji; — U, while any other irreducible component of the singular
locus is properly contained in © xv, the restriction of © to XV. Since V parametrizes ACM curves,
by Remark B.1lit follows that the intersection of o(PPy/) with the image of the zero section of J — P5
is contained in JY,, the restriction of J to XV C P5. Let B := ¢~ 1(O4nyN¢(Py)) be the locus in Py
parametrizing points mapped to the singular locus of © and let Wy := (o) 1 (XY N (7o p)(Py))
be the locus in Py of pairs (C,Y) such that Y is singular. By what we have observed, it follows
that B C Wy,. Notice that Wy is irreducible of dimension 8, because it maps to an open subset of
XV, with fibers parametrizing equivalence classes of twisted cubics contained in a cubic threefold
with one A; singularity; these form an irreducible subset of Z(X), as follows from |Cle86l §3]. We
have already observed that the general point of © xv is contained in the image ¢(Py). Thus, if Yj
corresponds to a general point in XV, there is a twisted cubic C' C Yp, with [C] € V and such that
©(C,Yy) = ¢y, (C) lies in the smooth locus of O. It follows that B is strictly contained in Wy .
Since Wy is irreducible, dim B = 7. Thus B does not dominate V' and hence the image of the open
subset Py := r~1(V’), where V' := V' \ r(B) is contained in the smooth locus of ©.

For the general point in (C,Y) € Py, let R := p(P{) C © be the corresponding element of the
ruling. By generic smoothness, the differential of ¢ is of maximal rank at a general point z € R,
so by [Kol96, II. 3.4], the vector bundle (Tg) g is globally generated at x € R. It follows that
(To)|r = ®Or(a;), with a; > 0. The restriction of the tangent bundle of J to the smooth rational
curve R is of the forml} OF® @ Op(2) ® Or(—2). Using this and the fact that R is contained in
the smooth locus of ©, we find that (Te)r = Or(2) ® O%" and hence that Ngjo = SO, In
particular, © - R = —2.

Consider the lattice embedding H%(J,Z) C H?*(J,Z)" = Hy(J,Z) induced by the Beauville-
Bogomolov form. We claim that under this embedding, the classes of R and of © are equal,
ie. that R-x = q(©,x) for every x € H?(J,Z). This immediately proves the proposition, as it
implies that ¢(©) = © - R = —2. By [Marl3, Cor. 3.6 (1)] and [Drulll, Prop. 4.5], the class of
the ruling of a prime exceptional divisor is proportional, via a positive constant, to the class of the
exceptional divisor. Thus, to prove the claim it suffices to show that © is prime exceptional, since
the constant would have to be equal to 1, as both R - L and ¢(©, L) are equal to 1.

4t is true for any smooth rational curve R in a hyper—Ké&hler manifold M of dimension 2n that the restriction of
the tangent bundle of M to R is of the form O%°" % @ Or(2) ® Or(—2), Indeed, since Tus is self dual, (Thr)|r =
0% 2 ® Op(a) ® Or(—a), for some a > 2. Then one argues that since the normal bundle of R in M is torsion free,
so is the quotient Or(a)/Or(2) and thus a = 2.
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To prove that © is prime exceptional we use standard techniques on deformations of maps from
rational curves to hyper—Kéhler manifolds, following [Mar13l, §5.1] or also [CMP19 §3]. We include
a proof because of setting of Markman is different and because the proof in [CMP19, §3] is for
projective families of hyper—Kéahler manifolds. Choose R C © a general element in the ruling and
let Def(J)r C Def(J) be the smooth hypersurface in the deformation space of J where the class
of R stays of Hodge type. Let Hilb — Def(J)r be the component of the relative Duady space
containing the point [R]. Since Ng; = Or(—2) @ OF®, by [Ran93, Thm 1] p : Hilb — Def(J)r
is smooth at R and of relative dimension 8. Let 7" C Def(J)r be a general curve containing 0
(in particular we can assume that for very general t € T, the Néron-Severi of the corresponding
deformation J; of J is one dimensional and spanned by a line bundle whose class is proportional to
Ry, the parallel transport of the class of R to [J;) and let pp : Hilby — T be the component of the
base change to T" of Hilb — Def(J)g that contains [R]. Since p is smooth at [R], pr is dominant of
relative dimension 8. Up to a base change and to restricting 1', we can assume that Hilby — T has
irreducible fibers for t # 0. Let Jr — T be the base change of the universal family to 7' — Def(.J)
and let D C Jr be the image of the universal family over Hilby under the evaluation map. Then D
is irreducible of relative codimension 1. Moreover, D; irreducible for ¢ # 0, and D := Dy is a union
of effective uniruled divisors containing © as an irreducible component (with a given multiplicity
m > 1). By the choice of T, for very general ¢, p(J;) = 1. It follows that the class of D, is
proportional to the class of R; and hence that the class of D = Dy is proportional to that of R.
Moreover, the proportionality constant is positive, as both D and R intersect positively with a
Kéhler class. Hence, since © - R is negative, so is ¢(©, D). Moreover, since the product of two
distinct irreducible uniruled divisor is non negative, it follows that ¢(©,D) > mq(©,0). Thus
q(©,0) <0, i.e., O is prime exceptional. Thus, as already observed, the classes of © and of R have
to be the same and hence ¢(0,0) = —2. O

Remark 3.7. A posteriori, once we know that © is prime exceptional, we can use Lemma 5.1
of [Mar13] to show that Dy = ©.

Notice that the same argument as the last part of the proof above shows the following.

Proposition 3.8. Let M be a hyper—Kdhler manifold of dimension 2n and let E C M be an
irreducible uniruled divisor. Suppose that a general curve R in the ruling is smooth and that E-R < 0
(e.g. if R is contained in the smooth locus of E), then E is prime exceptional and hence, under the
lattice embedding H*(M,Z) C H?*(M,Z)V = Hy(M,Z) induced by the Beauville-Bogomolov form,
the classes of E and R are proportional by a positive constant.

Corollary 3.9. For very general X, the movable cone of J(X) is spanned by L and H, where H
is a generator of ©1 C NS(J) with ¢(H, L) > 0 and ¢(H) > 0, i.e.

Mov(J) = R>oL + R>oH.

In particular, there is a unique hyper—Kaéahler model of J with a Lagrangian fibration and J is not
birational to the twisted intermediate Jacobian fibration J7 .

Proof. We already know that one of the rays of the movable cone of J is spanned by L. By Theorem
1.5 [Mar13] the closure of the movable cone is spanned by classes that intersect non-negatively with
all prime exceptional divisors. Since by Proposition © is prime exceptional, the second ray of
the movable cone is determined by ©1, which is spanned by a class H which is big and nef on some
birational hyper—Ké&hler model of J. Thus, ¢(H) > 0 and ¢(H, L) > 0. In particular, the movable
cone is strictly contained in the positive cone implying that the only isotropic class that is movable
is L. ]
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In terms of the other projective hyper—Ké&hler birational models of J, we can actually prove
something more precise. The main result of §4l describes, for general X, on which birational model
of J the proper transform of © can be contracted.

3.1. Induced automorphisms. For hyper-Kahler manifolds of K3["-type, considerable of litera-
ture has been devoted to the study and classification of their automorphism groups. This is achieved
also via the study of the automorphisms induced from a K3 surface to the moduli spaces of sheaves
on it. Since thanks to Theorem we now have a hyper—Ké&hler compactification J = J(X) of
the Donagi-Markman fibration associated with any X, a natural question is to study the induced
action on J of the automorphism group of X. I thank G. Pearlstein for asking me questions that
led me to make the following simple observations.

Let X be a smooth cubic fourfold and let 7 be an automorphism of X. Then 7 acts on the universal
family of hyperplane sections of X and thus also on the Donagi-Markman fibration Jy; — U (which
is identified with the relative Pic? of the family of Fano surfaces of the hyperplane sections of X).
By abuse of notation we denote by

T:J - J

the induced birational morphism. Notice that 7 preserves © and L so the induced action of 7* acts
as the identity of U = (L,©) C NS(J).

Proposition 3.10. Let X be a smooth cubic fourfold and suppose that the fibers of m: J — P° are
irreducible (by [LSV17] this happens for general X ).

(1) Then any © is m-ample and so is any B € NS(J) with q(L, B) > 0.
(2) Any birational automorphism T : J --» J which fires L = 7*O(1) extends to a regular
automorphism.

Proof. (1) Let H be an ample line bundle on .J and let J; be a smooth fiber of J — P?. Then
[H\j,] = m[©),,] for a positive integer m so the restrictions of H and m®© are topologically equivalent
for any smooth fiber. Since the fibers of 7 are irreducible, it follows that the restrictions of H and
mO to any fiber are numerically equivalent (see Lemma 3.4 of [Voil8a]). By Nakai-Moishezon, m©
is m-ample. Similary, if ¢(B, L) > 0, then there exists positive integers a and b such that aB and
bO are numerically equivalent on every fiber.

(2) By assumption, 7L = L so ¢(7*0,L) = ¢(©,L) = 1. As a consequence, 70 and © are
topologically equivalent on the smooth fibers and hence, as above, numerically equivalent on every
fiber. Thus, 70O is m-ample. It follows that 7 is a regular morphism. O

In addition to birational automorphisms induced by the automorphisms of X, some examples of
birational automorphisms which preserve L are

(1) ¢:J — J induced by the action of (—1) on the smooth fibers of .J — P?.

(2) to : J — J induced by the translation of a rational section of a : P5 —-» .J (cf.§5]).

(3) More generally, any birational automorphism induced by an element of the automorphism
group of Jg, the generic fiber of J — P°.

Remark 3.11. As already mentioned just below Theorem [[.T], a necessary condition for the irre-
ducibility of the fibers of J — P is given in [Brol8|]. This condition is satisfied if and only if the
hyperplane sections Y of X satisfy d(Y) := b2(Y) — b4(Y) = 0, where b;(Y) denotes the i-th Betti
number of Y and where d(Y') is called the defect of Y. It is easy to see that if Y contains a plane
then d(Y) > 0.
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4. BIRATIONAL GEOMETRY OF J(X), FOR GENERAL X

To describe the birational geometry of the intermediate Jacobian fibration we degenerate the un-
derlying cubic to the chordal cubic, following an idea already contained in [KLSV17]. There, it is
observed that the central fiber of the corresponding family of intermediate Jacobian fibrations can
be chosen to be birational to a moduli space of sheaves of OG10-type on a K3 surface of genus 2.
As in Section 2, by moduli space of OG10-type we mean a moduli space of sheaves on a K3 surface
with Mukai vector 2w, with w? = 2. We first refine the construction of this degeneration in order
to have a central fiber that is actually isomorphic to a certain singular moduli space of sheaves
on the associated K3 surface. In this way, we can keep track of the limits of the relative theta
divisor and of the line bundle inducing the Lagrangian fibration. This is done in Section The
results of Meachan—Zhang [MZ16], which were recalled in Lemma [2.6] imply that the central fiber
the relative theta divisor can be contracted after a Mukai flop of the zero section. For X general,
we then deduce the same result for J(X) and, for very general X, we compute the nef and movable
cone of J(X). This is the content of Theorem [£.11

Theorem 4.1. Let X be a smooth cubic fourfold and let J = J(X) — P5 be a hyper-Kdihler
compactification of the intermediate Jacobian fibration as in 1.
For very general X,

(1) There is a unique other hyper—Kdhler birational model of J, denoted by N, which is the
Mukai flop p: J --+ N of J along the image of the zero section;

(2) There is a divisorial contraction h : N — N which contracts the proper transform of © onto
an 8-dimensional variety which is birational to the LLSvS 8-fold Z(X).

In other words, we have Mov(J) = (L, H) = Nef(J) U p* Nef(N), Nef(J) = (L, Hy), and where
p* Nef(N) = (Hp, H), were Hy is a big and nef line bundle on J which contracts the zero section
of J — P5 and H is as in Corollary [3.9.

For general X, the relative theta divisor © can be contracted after the Mukai flop of the zero section
of J — P5.

Before the proof of the Theorem, which will be given in the following Section §4.2, we mention,
as a consequence of the Theorem above, the relation between the intermediate Jacobian fibration
and moduli spaces of objects in the Kuznetsov component of X.

4.1. Comparison with moduli spaces of objects in the Kuznetsov component of X. The
recent paper [BLM™19)] establishes the existence and the fundamental properties of moduli spaces
of objects in the Kuznetsov component Ku(X) of a smooth cubic fourfold X. We refer the reader
to §29 of loc. cit for the relevant definitions and the precise statements of the results.

Given a smooth cubic fourfold X, the extended Mukai lattice H(Ku(X),Z) is a lattice, whose
underlying group is the topological K-theory of Lu(X) and whose Mukai pairing and weight two
Hodge structure are induced from those on X. The only classes in H (Ku(X),Z) that are of type
(1,1) for very general X are contained in a rank 2 lattice Ay, which is spanned by two classes
A; and Mg, that satisfy A2 = A3 = 2 and \; - Ay = —1 (see [BLMT19] (29.1)). A description
of a full connected component of the space of Bridgeland stability conditions on Ku(X) is also
produced (Thm 29.1). It is shown that, for a primitive Mukai vector with v? > —2 and for a
v-generic stability condition o in this component, the moduli space M,(Ku(X),v) of Bridgeland
stable objects in Ku(X) with Mukai vector v is a non empty smooth projective hyper—Kahler
manifold of dimension v? + 2, deformation equivalent to a Hilbert scheme of points on a K3 surface;
moreover, the formation of these moduli spaces works in families (see Thm 29.4 for the precise
statement).
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For a Mukai vector of OG10-type in the A, lattice, i.e., of the form v = 2\ with A? = 2, the upcom-
ing paper [LPZ20] shows that for a A-generic stability condition o the moduli space M, (Ku(X),v)
is an irreducible normal projective symplectic variety of dimension 10 admitting a symplectic res-
olution which is deformation equivalent to OG10. The genericity condition here means that the
polystable objects with Mukai vector v are the direct sum of two stable objects with Mukai vector
A. More precisely, the singular locus of M, (Ku(X),v) is isomorphic Sym? M, (Ku(X), \).

According to a private communication with L. Pertusi, in [LPZ20] it will be shown that for general
X the twisted intermediate Jacobian fibration J7(X) is birational to M, (Ku(X),2A), for \? = 2.
For the non-twisted case we have the following corollary of Theorem [4.1] that goes in the opposite
direction.

Corollary 4.2. For very general X, J(X) is not birational to a moduli space of the form
My (Ku(X),v).

Proof. First of all, by Remark 29.3 of [BLM™19|, if non empty, the dimension of a moduli space
My (Ku(X),v) is v? + 2. This dimension is equal to 10 if and only if either v is primitive (hence
M, (Ku(X),v) is of K3Pl-type and thus cannot be birational to J(X)) or else v = 2\ with A2 = 2.
By the results of [LPZ20] cited in the remark above, for v = 2\ with A € A3 and A> =2 and o a A-
generic stability condition, the singular locus of M, (Ku(X),v) is isomorphic the second symmetric
product of a hyper-Kéhler manifold of K3 -type. By dimension reasons, the symplectic resolution
My (Ku(X),v) = My(Ku(X),v) is not a small contraction. Suppose by contradiction that J(X) is
birational to M, (Ku(X),v). Then by Theorem 1] the symplectic resolution has to coincide with
N — N and M,(Ku(X),v) = N. This implies that the singular locus of M, (Ku(X),v) has to be
birational to the Lehn-Lehn-Sorger-van Straten 8-fold Z(X), which gives a contradiction. Indeed,
Z(X) cannot be birational to Sym? M, (Ku(X), \) since, by Proposition [T} this would imply that
the latter has a symplectic resolution. This, however, is not true because Sym? M, (Ku(X), ) is a
Q-factorial sympectic variety with singular locus of codimension strictly greater than 2 and hence
does not admit a symplectic resolution (since it does not admit a semi-small resolution). O

In the next subsection we construct the degeneration of the intermediate Jacobian fibration that
will allow us to prove Theorem [£Jl The proof of the Theorem will be given at the end of the
Section.

4.2. Degeneration to the Chordal Cubic. The secant variety to the Veronese embedding of
P2 in P° is a cubic hypersurface isomorphic to Sym? P2, called the chordal cubic. Such a singular
cubic fourfold is unique up to the action of the projective linear group. Given a one parameter
family of cubic fourfolds degenerating to the chordal cubic, it was proved in [KLSV17] that, up
to a base change, one can fill the corresponding degeneration of intermediate Jacobian fibrations
with a smooth central fiber that is birational to Ma,, = May,(S), where (S,C) is the degree 2
K3 surface associated to the degeneration of cubic fourfolds as in [Col82L[Has00lLaz10] and where
vo = (0,C,—2) is as in (Z2). We will use this degeneration to study the birational properties of
the intermediate Jacobian fibration, at least for general X. For this purpose, we need to control
what happens to the line bundles L and © under the corresponding degeneration of intermediate
Jacobian fibrations. We achieve this by constructing a particular degeneration whose central fiber is
precisely the singular moduli space My, and is such that the Lagrangian fibrations of the members
of this degeneration fit in a relative Lagrangian fibration. This is done in Proposition 4. With
this degeneration, we are not only able to identify precisely the limits of L and O (see Lemma [4.6]),
but we are also able to deform the results about the birational geometry of My, away from the
central fiber (see Proposition [A.7)), eventually proving Theorem [4.1]

Let X — A be a one parameter family of cubic fourfolds degenerating to the chordal cubic. By this
we will mean A is a small disk or an open affine subset in the base of a pencil of cubic fourfolds with
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the property that the general fiber is smooth and the central fiber is isomorphic to the chordal cubic.
Recall the following facts (proved in [Has00], cf. also [Lazl0] and [KLSV17]): (a) the monodromy
of this family has order 2; (b) to such a degeneration one can associate a degree 2 polarized K3
surface (S, C); (c) for a general pencil, the polarized K3 surface (S, C) is general in moduli.
Suppose that for ¢ # 0 the cubic fourfold X} is general in the sense of LSV (i.e. in the sense
that the construction of the hyper—-Kéhler compactification of [LSV17] works for Jir(X;)) and let
J* — A* be the family of intermediate Jacobians associated to the smooth locus X* — A* of the
pencil, with corresponding family of Lagrangian fibrations ma« : J* — P}..

Lemma 4.3 ( [Col82,[KLSVIT]). Up to a degree 2 base change, we can extend wa~ : J* — Pi.
to a projective morphism my @ Jy — V, where V C P® x A is an open subset such that V; = P°
fort # 0 and Vo C P® is non empty for t = 0, and where Jy — Vo C P° is identified with the
restriction of Ma,,(S) — |2C| = P° (cf. [Z.3) to an open subset V C |2C|. Moreover, Jyy — V has
a zero section and is polarized by a relative principal polarization.

Proof. Let H C P® be a general hyperplane. For the degeneration ) := X N (H x P?) of a single
smooth cubic 3fold the statement is due to Collino |Col82]. In Prop. 1.16 of loc. cit, it is also
shown that the class of the limit polarization is the theta divisor of the Jacobian of the genus 5
hyperelliptic curve, which is the limiting abelian variety. For the statement about the limit of the
intermediate Jacobian fibration, this is §5.3 of [KLSV17]. O

We now compactify the projective family [/ of the Lemma above to construct a family of La-
grangian fibered holomorphic symplectic varieties in such a way that the central fiber is exactly

Moy, = My (S) (or May, = Moy () (cf. [@3))-

Proposition 4.4. Let X — A be as above a general family of smooth cubic fourfolds degenerating
to the chordal cubic. Suppose that for very general t € A, X is very general. Let (S,C) be
the corresponding K3 surface of degree 2 as above. Then, possibly up to a base change, there
are two degenerations of the corresponding intermediate Jacobian fibration, fitting in the following
commutative diagram

(4.1) M —"= M
|

N
where:

(1) f M - A is a family of smooth hyper—Kdhler manifolds, with My = (Xt) fort #0 and
Jo = M,,(S). The family is equipped with a relative Lagrangian fibration M= IP’ A, where
for each t the corresponding Lagrangian fibration is the obvious one;

(2) f: M — A is a degeneration of hyper—Kdhler manifolds, with My = J(X;) for t # 0
and Jo = My, (S). The morphism m : M — M is proper, birational, for t # 0 it is an
isomorphism and for t =0 it is the natural symplectic resolution mg : May, (S) — May, (S)
of Theorem[2.1l. Moreover, there is a relative Lagrangian fibration M — IP"Z where for each
t the corresponding Lagrangian fibration is the obvious one;

f
A

Proof. Start from the projective morphism 7y : 7y — V of Lemma @3l There is an 1 isomorphism
Tv, = (Mgvo)v , where (Mgvo)v is the restriction of the Lagrangian fibration 7 : Mgvo — P5 (cf.
(Z3) to an open subset V C P°. Let Jy, — P9 A\ be any projective morphism extending my. Applying
Theorem [[.I5] (2) to Jy — P2 yields, possibly up to the base change, a family g : J — A of smooth

hyper—Kéahler manifolds (projective over (A)*), with a relative Lagrangian fibration J — P3. Let
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L be the line bundle on J inducing it on every fiber. Let
(4.2) B0+ Jo - May,

be the biraﬁcional morphism induced by the isomorphism of open subsets Jy, = (Mgvo)v. Then
(¢0)xLo =L :=7"Ops(1).

We now use an argument very similar to that in the proof of Theorems 0.3 and 0.7 of [KLSV17], to
construct a family which is isomorphic to J over A and whose central fiber is actually isomorphic
to MQUO(S ). Let A be the OG10 lattice. Fixing a marking of the central fiber and trivializing the
local system R?§,7Z induces a marking 7; : (jt, Z) — A of every fiber. Let D C P(A ®z C) be
the period domain and let P : A — D be the period mapping induced by these markings. Let
po = no(bo)* : H2(M2UO,Z) — A be the induced marking on My,,. Let p; : (Mt, Z) — A be
markings induced by py = 10(¢o)* on fibers of the universal family over Def (]\7 ) and let Pq7 :
Def (M ) = D be the induced period mapping. Since Py is a local isomorphism, we can lift P to a
map ¢ : . A — Def (Mgvo) Pulling back the universal family gives a family f M — A with central
fiber MO = Mgvo As in [KLSV17] the two families g : J — A and f M = A are relatively
birational over A, since for every ¢t € A, the marked pairs (jt, n¢) and (Mt, pt) are non separated

points. To show that the two families J and M are isomorphic away from the central fiber, first
recall that by [Huy99, Thm 4.3] (cf. also [Marlll, Thm 3.2]), for every ¢ there exists an effective

cycle
Iy =2+ Z Wi

of pure dimension 10 in Mvt x J, such that: Z, is the graph of a birational map; the codimension
of the images of the W;; in Mvt and in jt are equal and positive; [['¢]. is a Hodge isometry
and is equal to p; ' o : H2(J,,Z) — Hz(ﬁ/lvt,Z). Let £ be the line bundle on M such that
Ly = pt_lm(ﬁ) = [[4]4(Ly). Since Lo = 7*Ops(1) induces a Lagrangian fibration on M, = ]\72@0,
by [Mat16] £ induces a Lagrangian fibration on M, for every ¢ (maybe up to restricting A) For
very general ¢, £; = [Zy].(Ly), since the isotropic class [Z], (L) lies in the movable cone of M; and
hence by Corollary it has to be equal to Et. Corollary [3:4] implies that for very general ¢, Z; is
the graph of an isomorphism between J; and Mvt. The same countability argument as in the proof
of Theorems 0.3 and 0.7 of [KLSV17] shows that there exists a component of the Hilbert scheme
parametrizing graphs of such cycles Z; C J; x M; that dominates A. It follows that there is a
cycle Z in the fiber product J x A M which, maybe up to restricting A, induces an isomorphism
for t # 0. The conclusion is that the family M — A is such that central fiber is Mvo = Mgve while
for t # 0, we have M; = J(X,).

Now we construct the second family. By [Nam01, Thm 2.2] there is a finite morphism

= : Def(May,) — Def(May,)

induced by the symplectic resolution my : ]\72@0 — My, and compatible with the universal families
on the two deformation spaces (for more details see §2 of loc. cit.). Set v =EZ0& : A — Def(May,)
and let
M= A

be the pullback via v of the universal family via v on Def(Ma,,). Then the birational map m :
M — M over A induced by [NamO1, Thm 2.2] has the desired properties.

Finally, the statement about the Lagrangian fibrations follows from the fact that, since the La-
grangian fibration MQUO — P? in the central fiber factors via MQUO — Moy, , the morphism M — ]P’5A

factors via a morphism M — P}. O
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As a consequence of the last part of the proof, notice that there is a line bundle £ on M with
m*Ly = L

and such that its restriction to the central fiber satisified L, = ¢, where £ is as in (Z.5)).

For any t # 0, let ©; be the relative Theta divisor in M; = J(X}).

Lemma 4.5. Forx = M or M, let ©, the divisor defined as the closure of U0y inx. Then, O
is a Cartier divisor and hence the following compatibility conditions hold (notation as in diagram

(4-1)):
(4.3) O, = (m*O )
where O, 1= (O4)|o is the fiber of O, overt = 0.

Proof. Let Zg,, C Oeg,, be the ideal sheaf of © ¢ in M. Since the morphism Ox¢ — A is flat,
it follows that the restriction (Zg,,)|arq, s the ideal sheaf of O, in Mo. By [PRI3] (cf. §2.2)),
Mo = May, is factorial so (Ze,, )|z, 18 locally free. Hence, so is Zg,,. It follows that the divisors
O i and m*O ¢ agree and so do their central fibers. O

*
Mo — moO.mo

The next Lemma identifies the limit of ©; in Ms,, = M and shows that all line bundles on Ms,,
deform over M — A. Recall first that by (21I), NS(Ma,,) = U = (¢,0) and that for every ¢

NS(Mt) D) Ut = <£t7@t>

equality holding for very general . Here ©y = (9/%. In particular, inside NS(MQUO) we have the
following rank 2 sublattices both of which are isomorphic to the hyeperbolic lattice U: The limit
lattice Up spanned by the limits £y = ¢ and ©g and the pullback lattice m{ NS(May,) = (m§l, mo).

Lemma 4.6. Let the notation be as above. Then

(1) The two sublattices Uy = (L, (9/%> and (mgl, my6) of NS(MQUO) are the same.

(2) The limit of the relative Theta divisor in My is precisely 0, the relative theta divisor on

My, (S) of (2.6).
Proof. By Lemma [£.3] and Lemma [£5] the limit theta divisor (O () is an effective line bundle on
My = My, which restricts to a theta divisor on the smooth fibers of Mjy,, — P5. Thus © M, 1S
linearly equivalent to an effective line bundle of the form 6 + af for some integer a. We show that
a = 0. By (43), 6/\70 = m{On, = m{(0 + al) and Lo= mgl. This is enough to conclude that the
two sublattices _
U= <®/\70’£0> and U = m(0,£) = my NS(May,)

of NS(MQUO) are the same. This proves the first part of the Lemma. By Remark above, 0
does not contain the singular locus of M, thus mgf coincides with its proper transform and is
irreducible. Since it has negative Beauville-Bogomolov square (cf. (27, it is a prime exceptional
divisor. By [Mar13l, §5.1], a prime exceptional divisor deforms where its first Chern class remains
algebraic. Thus mg6 deforms to relative effective prime exceptional divisor 637 on M. By Corollary
B 4land Proposition 3.6} for very general ¢ # 0, the fiber over ¢ of the two irreducible effective divisors
0 7 and S} 77 have to agree since there is only one prime exceptional divisors on My. Thus 6 o7 and
o] v have to be equal for every t. In particular, so are their restrictions to the central fiber. O

Consider the family M — A of Proposition 4], with its relative theta divisor © . By Druel
[Dru00] we know that for every ¢, the prime exceptional divisor ©; can be contracted on a hyper—
Kahler projective birational model of M;. In the central fiber M; = My,,, we have, by Lemma [4.6]
that O, = 6. By Lemma this divisor can be contracted after a Mukai flop. We now show
that the same is true for any t # 0, namely, that after a Mukai flop the relative theta divisor can
be contracted, possibly up to restricting A.
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Proposition 4.7. For general X, the relative theta divisor © on J = J(X) can be contracted after
the Mukai flop of the zero section.

Let M — IP’E’A be as in Proposition .4l By Theorem [[.1], Lemma [£.3] and Remark 2.4] there is a
relative zero section s : ]P’5A — M. Let T be its image. Then T is contained in the smooth locus of

the fibers of M — A. Let
P:M--sN

be the relative Mukai flop of T' in M. By Proposition 2.6 the Mukai flop of the zero section in
the central fiber My,, can be preformed in the projective category. Thus, the central fiber of N
is projective and so are all the fibers of g : N/ — A (since by Lemma there is an ample class
on the central fiber that deforms over A). For ¢ # 0, N; is smooth while the central fiber Ay has
the same singularities as My = Ma,,, since they are isomorphic away from the flopped locus which
does not meet the singular locus. Via the birational morphism P, which is a relative isomorphism
in codimension 1, we can identify the second integral cohomology group of the fibers of the two
families. In particular, for every ¢ € A we have P,U; C NS(N;) with equality holding for very
general ¢t and for ¢t = 0. In what follows we freely restrict A, if necessary, without any mention.
As in Propostion [Z6], let H be the big and nef line bundle on Ny that contracts 6 (i.e. H is a
generator of the ray #+). Since H € P,Uy, by Lemma &6, H deforms to a line bundle H on N. For
very general ¢, its restriction #; is a generator of the one dimensional space (P;).0;} C NS(MNV).
By [Drull], (P;)«O¢ can be contracted on a birational model of N;. We now show that it can be
contracted on N; itself. For very general ¢, the line bundle inducing the divisorial contraction has
to be H;, or rather its proper transform on an appropriate birational model of A;. It follows that
for very general ¢ (and thus for all t) H; is big. Moreover, since Hy is big and nef and Ny has
rational singularities, H*(Np, 7—[’5) =0 for ¢ > 0 and any k& > 0. It follows that the locally free sheaf
g+ HF satisfies base change. Since H is semi-ample, so is H; for all ¢ in A. For k > 0, the regular
morphism ¥ : ' — P(g*g.H¥), relative over A, is birational onto its image and contracts ©; for
very general ¢ and for t = 0. Up to further restricting ¢, we can assume that the locus contracted
on N is irreducible, and hence that U, contracts precisely (P;).0; for every t.

The proof of Theorem [£.1]is now complete:

Proof of Theorem[{.1l Let X be general. By Proposition 4.7, the Mukai flop p : J --+ N of J along
the zero section is projective and on J there exists a big and nef line bundle that contracts the zero
section. For very general X, Hy is unique, up to a positive rational multiple and Nef(J) = (L, Hp).
Moreover, we have showed that for general X there is a divisorial contraction N — N, contracting
p«©. Since the divisorial contraction N — N contracts the ruling of © (cf. Prop. B.6), by [B2)
it follows that the image of © in N is birational to the LLSvS 8-fold Z(X). For very general X,
Nef(N) = (p«Hy, p«H), where p*H is the unique (up to a positive multiple) big and nef line bundle
inducing the contraction. By [Huy03, Prop. 4.2], H is the second ray of the movable cone of J, i.e.

Mov(J) = (L, H). O

5. THE MORDELL-WEIL GROUP OF J(X)

Let a : A — B be a projective family of abelian varieties over an irreducible basis B and suppose
that a admits a zero section. The Mordell-Weil group MW (a) of a : A — B is the group of
rational sections of a : A — B. Equivalently, if K denotes the function field of B, MW ((a) is the
group of K-rational points of the generic fiber Ag. For Lagrangian hyper—Kéahler manifolds, the
study of the Mordell-Weil group of abelian fibered hyper—Ké&hler manifolds was started by Oguiso
in [Ogu09b,[Ogu09a]. The aim of this section is to prove the following theorem
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Theorem 5.1. Let X be a smooth cubic fourfold and let w: J = J(X) — P° be as in Theorem L6,
a smooth projective hyper—Kdhler compactification of Jy. Let MW (rr) be the Mordell-Weil group
of T, i.e., the group of rational sections of m and let H>?*(X,Z)o be the primitive degree 4 integral
cohomology of X. The natural group homomorphism

¢x : H¥*(X,Z)o — MW (7)
induced by the Abel-Jacobi map (cf. [51]) is an isomorphism.
Corollary 5.2. The group MW () is torsion free.

Remark 5.3. In [Ogu09a] Oguiso proved the existence of Lagrangian fibered hyper—Ké&hler mani-
folds whose Mordell-Weil group has rank 20. This is the maximal possible rank among all the known
examples of hyper—Kéahler manifolds, as follows from the Shioda-Tate formula of [Ogu09b]| (see also
Proposition 5.4 below). Oguiso considers deformations of the abelian fibration Ma,, — P° (cf. 2.3))
preserving both the Lagrangian fibration structure and the zero section; among these deformations,
Oguiso shows the existence of Lagrangian fibration with rank 20 Mordell-Weil group [Ogu09b, Thm
1.4 (2)]. The general deformation of Ma,, — P° for which both the Lagrangian fibration structure
and the zero section are preserved (this is a codimension two condition) is, up to birational isomor-
phism, J(X) (see Remark B.3]). By the Theorem above Lagrangian fibrations of the form J(X),
for X with rk H??(X,Z) = 22, satisfy tk MW (7) = 20. Thus, they provide an explicit description
of Oguiso’s examples.

The following Proposition is essentially a reformulation of results from [Ogu09bl[Ogu09a].

Proposition 5.4. Let m : M — P™ be a projective hyper—Kdhler manifold with o fized (rational)
section. Let K = C(P™) be the function field of the base and let Mg the base change of M to the
generic point of P°. There is a commutative diagram,

0 0

0 —ZL ® ZD; L+ Pic®(Mg) —0

0 —=ZL ® ZD; —= NS(M) —&= Pic(Mg) —— 0

b

7 ——— NS(Mg)

where L = 7*Opn (1) and where the Dy, ..., Dy are the irreducible components of the complement
of the regular locus of 7 that do not meet the section. In particular, tk(MW (x)) = rk(NS(M)) —
tkZL ® ZD; — 1 =rk(NS(M)) — k.

Proof. The column on the left is exact by definition. By [Voi92], for b in the locus U C P
parametrizing smooth fibers of 7, Im[r, : NS(M) — Pic(M,)] = Z. The same argument as in
Lemma shows that a line bundle D on M lies in L+ if and only if D" - L" = (Djag,)" = 0.
Since rkr, = 1, this holds if and only if D - L" = Dy, = 0, which is equivalent to D € kerry,.
This shows that the central column is exact. The same argument of [Ogu09a, Thm 1.1], which
was used to show that tk NS(My) = 1, shows that any element in ker(r,) = L+ goes to zero in
NS(Mf). Thus there are induced horizontal morphisms L+ — Pic®( M) and Z — NS(My). Since
NS(M) — Pic(Mf) is surjective, the bottom horizontal morphism is an isomorphism. The natural
morphism ZL @ ZD; — NS(M) is injective, since by [Ogu09b, Lem 2.4] it has maximal rank over Q
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and NS(M) is torsion free. Clearly, ZL & ZD; C ker(rg). To show the reverse inclusion, let D be
any line bundle on M that goes to zero in Pic(Mf). Then, by what we have already proved, for any
smooth fiber we have 7,(D) = D)y, = 0. It follows that D is a linear combination of L = 7*Opn (1)
and boundary divisors, i.e., D € ZL @ ZD;. Since k(MW (7)) = rk Pic’(My), the last statement

also follows.
O

Remark 5.5. The study of the Mordell-Weil group for the Beauville-Mukai system is being carried
out in a joint work in progress with Chiara Camere.

Corollary 5.6. Let J = J(X) — P° be a hyper-Kihler compactification of the intermediate
Jacobian fibration. Then

rk MW (7) = rkNS(J) — 2 = rk H**(X, Z),.

Proof. The discriminant locus of 7 is irreducible and the fibers of m over the general point of the
discriminant are also irreducible (cf. Lemma [[.2]). Thus, in the notation of Proposition above,
ker rg = ZL and the equality rk MW (7) = rkNS(J) — 2 follows. The remaining equality follows
from Lemma

O

Remark 5.7. The corollary just proven, which relies on Oguiso’s Shioda-Tate formula above, is
the only part of this section where we use that Jy admits a hyper—-Kéahler compactification with
a regular Lagrangian fibration extending Jy — U. Indeed, to define the Abel-Jacobi map ¢x
and to prove that it is injective (§5.3)), we don’t need to assume the existence of a hyper—Kéhler
compactification. However, we will use this Corollary in the proof of the surjectivity (§5.4)).

Remark 5.8. An interesting problem is to study the action on J of the birational automorphisms
induced by translation by a non-trivial element of MW (7) as well as to study the automorphism
group of the generic fiber Jx. Notice that, as a consequence of the observations of §3.11, if J — P° has
irreducible fibers then the birational automorphisms induced by translation are regular morphisms.

5.1. The Abel-Jacobi mapping. This sections uses some ingredients from the theory of normal
functions (certain holomorphic sections of intermediate Jacobian fibrations), as developed and used
by Griffiths [Gri69L/Gri70], Zucker [Zuc76lZuc77], and Voisin [Voi07]. We refer to these papers, as
well as to [Voi03| §7.2.1, 8.2.2] for the relevant theory.

The first task is to define the morphism ¢y : H>?(X,Z)g — MW (7). One way to do this is to use
relative Deligne cohomology, which allows to define an algebraic section of the fibration Jy — U.
See, for example, [Voi07,[EZZ84].

A more geometric way to define the morphism ¢x is in terms of algebraic cycles and Abel-Jacobi
maps, which is what we use here. This is possible because the integral Hodge conjecture holds for
degree 4 Hodge class on X [Voi07,Zuc77]. It allows us to avoid, in the current presentation, defining
the normal function associated with a cohomology class. The reader should keep in mind, however,
that constructing an algebraic section of the intermediate Jacobian fibrations with a Hodge class
on X is a key ingredient in the proof of the Hodge conjecture of [Voi07./Zuc77], so the short cut is
only at the level of our presentation.

As already mentioned, the integral Hodge conjecture holds for degree 4 Hodge class on X. In
particular for every class o € H??(X,Z) there is an algebraic cycle Z such that [Z] = a. Let
V C P® be the open subset parametrizing smooth hyperplane sections of X that do not contain
any of the components of Z. If « is a primitive cohomology class, then for b = [Y;] € V the 1-cycle
Zp satisfies

Zy,) =0 in HY(Y;,2) = Z
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and hence determines a point ¢y, (Z;) € Jac(Y;) in the intermediate Jacobian of Y;. By Griffiths
[Gri70] (see also §7.2.1 of [Voi03]) the assignment

o7V — Jy,
br— ¢Yb(Zb)

defines a holomorphic section of the restriction of J to V C P°. By [Zuc76], this section is, in
fact, algebraic: Indeed, consider a Lefschetz pencil )’ — P! of hyperplanes of X with P! ¢ V and
with the property that none of the singular points of the members of the pencil are contained in
Z. By [ZucT6), (4.58)] the restriction of oz to the non empty open subset ¥V N P! of the pencil
extends to a holomorphic function on all of P! and is thus algebraic (see also [EZZ84]). Since a
holomorphic function that is algebraic in each variable is algebraic (see for example Thm. 5 Chap.
IX of [BM48]), it follows that oz actually defines a rational function on P°, i.e.

oz € MW (7).

Notice that the holomorphic section oz does not depend on the algebraic cycle representing a.. In-
deed, since CHy(X) = Z, by [Voil4, Thm 6.24] it follows that the cycle map CH?*(X) — H??(X,Z)
is injective. It follows that if Z and Z’ are homologous, then they are rationally equivalent in X
and hence so are their restrictions to a general smooth hyperplane section. The conclusion of this
discussion is that the Abel-Jacobi map induces a well defined group homomorphism

bx : H**(X,Z)g — MW (x).

(5.1 a=[Zl— 04 =0z

We prove injectivity of ¢x in §5.3] and surjectivity in §5.41 Since we will restrict to general pencils
in P5, we start by recalling a few standard facts about Lefschetz pencils of cubic threefolds.

5.2. Preliminaries on Lefschetz pencils. We start by setting up the notation. Let P! C (P5)V
be a Lefschetz pencil with base locus a smooth cubic surface > C X. We have the following diagram

¥ x Pl

>N
Y——= X P!
where )’ = Bix X, where ¢ : ) — P! is the fibration of threefolds, and where i : ¥ x Pt — )’ is
the inclusion of the exceptional divisor in )’. Let j : U’ C P! be the open subset parametrizing

smooth fibers.
The following Lemma is standard. We include a proof for lack of reference.

Lemma 5.9. The homology and cohomology groups of a cubic threefold which is smooth or has one
Ay singularity have no torsion. Moreover, using the notation as above,

R'¢.Z=0, R*Z=7, R¢Z=j.j*R¢.Z, R‘q.Z=17.

Proof. The statement about the homology groups of a cubic threefold with at most an A singularity
follow from [Dim86, Example 5.3 and Thm. 2.1]; using the universal coefficient theorem, the
statement on the cohomology groups then follow. From loc. cit it also follows that H*(Y,Z) =
Hy(Y,Z)V = Z, and hence R*q,Z = 7 follows by proper base change. The first two statements
on the higher direct images follow from Lefschetz hyperplane section theorem. The third equality,
which is also known as the “local invariant cycle” property, can be seen as follows (it is well known
to hold with Q-coefficents, we now show it with Z-coefficients). By adjunction, there is a natural
morphism
€: R3q.Z — j.j R3¢ Z
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which is an isomorphism over U. To show ¢ is an isomorphism over any point of B := P!\ U’ we
restrict, for every by € B, to a small disk A centered at by. Then € is an isomorphism around by if
and only if the specialization morphism

H? Yy, 2) = H (V' Z) = H (Y, 2)™ = (juj R0 L)y,
is an isomorphism (cf. [PS08, pg 439-440]), where b € AN U’ and H?(Y;, Z)"™ C H3(Y;,Z) are
the local monodromy invariants. Let 0 € H3(Y},Z) be the vanishing cycle of ). By the Picard-
Lefschetz formula H3(Y, Z)" = Z§+, where L is taken with respect to the intersection product
(which is non-degenerate since H?(Y},Z) is torsion free). By Cor. 2.17 of [V0i03], there is a short
exact sequence
0 — Z6 — Hs(Yy, Z) — H3(V'a,Z) = H3(Ys,, Z) — 0.
where 0 # 0 € H3(Y},Z) is the class of the vanishing cycle. Dualizing, we get a short exact sequence
0 — H3(Ys,,Z) — H3(Y3, Z) — (Z5)Y — 0.

(recall the absence of torsion in the homology groups of Y; and Y;,). Using the isomor-
phism H3(Yy,Z) = H3(Yj,Z) induced by Poincaré duality we make the identification Zé+ =
Ker[H3(Y;, ) — Z0"] = Im[H? (Vi Z) — H3(Yp, Z). O

It is well known that for a Lefschetz pencil the Leray spectral sequence with coefficients in Q
degenerates at Fs. For a Lefschetz pencil of cubic threefolds, this is true also for Z coefficients.
Again, we include a proof for lack of reference. For the whole family of smooth hyperplane sections
of X the Leray spectral sequence with integers coefficients does not degenerate at Fo; this is the
starting point of the construction of the non trivial Jy-torsor of [Voil8a] (cf. Remark [[I0).

Lemma 5.10. Let ¢ : V' — P! be as above. The Leray spectral sequence with 7 coefficients
degenerates at Ey. In particular, the Leray filtration on H*(Y',Z) is given by:

7= H*(P', R*f,7) c L, c HY(Y',Z) - H°(P', R'f.72) = 7Z

(5.2)
0 — H?(P', R*f,Z) — L, > H'(P*, R3f,Z) — 0.

Proof. Because of the many vanishings in the Es-page of the spectral sequence, the only map we
need to show is trivial is H°(P', R*¢,Z) — H?(P!, R3q,Z). For this, it is enough to show that
H*(Y,,7Z) — H°(P', R*q,7Z) is surjective, which is clearly true since both groups are generated by
the class of a line. O

Consider the decomposition
(5.3) HY(Y',Z) = H'(X,Z) ® H*(%,Z) ® H'(3,Z),

given by the blowup formula. The inclusion of the first summand is given by the pullback p*; we
freely omit the symbol p* when viewing H*(X,Z) as a subspace of H*()”’,Z). The inclusion of the
second factor is given by H?(2,7Z) 5 C + i,(C x P') € H*()’,7Z). Finally, the inclusion of the last
summand is given by H°(X,Z) = H(X,Z) @ H*(P1,Z) > [X] = [X x p] = i.([Z x p]) € HX(Y', Z),
where p € P! is a point. We highlight the following results for later use.

Lemma 5.11. There is a natural isomorphism H°(3,7) = H*(P!, R?q.Z) which allows the identi-
fication of the inclusion HO(X,7) = HY(X,Z) @ H*(P',Z) &5 HY(Y',Z) of (53) with the inclusion
H2(P', R%q,.Z) — HY(Y',Z) induced by the Leray filtration ([510).

Proof. The closed embedding i : ¥ x P! < )’ determines an isomorphism ps,Z = R%q,Z of

constant local systems. Here ps : ¥ x P! — P! is the projection on the section factor. Since
H2(P',py,7) = H*(X,Z) ® H*(P',Z) the lemma follows. O

Via p*, we make the identification H*(X,Z)y = Ly N H*(X,Z) and we set L>* = Ly N H>2()', 7).
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Corollary 5.12. The surjective morphism v : L1 — H'(P!, R3¢,Z) of (5.2]) restricts to an injection

5: LN (H**(X,Z) ® H*(2,2)) =2 L3? ) ker(y) — H'(P', R®¢.7Z).
Proof. From Lemma the two lemmas above, it follows that ker(y) = H?(P!, R?q,Z) = H°(%,Z).
Thus, by (5.3)), it follows that H*(X,Z) ® H?(%,Z)) Nker(y) = {0}. Since H°(X,Z) C Ly and
(54) LN <H2’2(X, Z)® H*(S,Z) & HO(S, Z)> = LN <H2’2(X, 7) & H(3, Z)> ® HO(S,2)
the Corollary follows. O
Lemma 5.13. The restriction morphism H'(P', R3q,Z) — H'(U', R3qu+,7Z) is injective.
Proof. The Leray spectral sequence for the open immersion j : U’ — P!, applied to the sheaf
J*R3q.7 = R3qup 7, gives a 5-term exact sequence starting with

0— HY (P!, j,j*R3¢.Z) - H\(U', R3qu . Z) — ...

This concludes the proof, since by Lemma 5.9, R3¢.Z = j.j*R3q.Z. O
5.3. Injectivity of ¢x. The proof of injectivity uses the Hodge class of a normal function (cf.

[ZucT6] and [Voi03, §8.2.2]).
For a pencil ) — P! as above, set

H>2(V',Z)o := L** = ker|[H*?(V', Z) — H(P', R*¢.Z)] = Ly N H>*(Y', 7).
and let
7 =J =P and Jy — U,
be the restriction of the intermediate Jacobian fibration to P! and to U’. Choosing a set of gener-
ators for H?2(X,Z)g, let Y’ — P! be a general enough pencil so that the restriction morphism

(5.5) O+ H¥*(X,Z)g — MW (1)

is well defined. Here, MW (') is the group of rational sections of 7. Similarly, we get a group
homomorphism ¢, : H**(Y', Z)g — MW (z'). Moreover, if a € H*?(X,Z)o then

¢y (") = P (o) € MW (x').

Recall the Hodge class of a normal function (cf. [Voi03, 8.2.2], [Zuc76l (3.9)])). Let H?® =
R3qu,Z @7 Oy be the Hodge bundle associated to the weight 3 variation of Hodge structure
of the pencil and let F*H? be the Hodge filtration. The sheaf J; of holomorphic sections of the
intermediate Jacobian fibration fits in the following exact sequence

0— Rt 2 — HP)F*H3 — Ty — 0.
and the coboundary morphism
HOU, Jir) -5 HNU', R31.2)
vi— cl(v)

associates to every holomorphic section v of Jy» — U’ a class cl(v) in H'(U', R3q,Z), called the
Hodge class of v (in the present context, this class is of Hodge type with respect to the Hodge
structure on H(U’, R3q,Z) induced from that on H*()’,Z) via the degeneracy of the Leray spectral
sequence, see [Zuc76) §3]).

Lemma 5.14. Let )’ — P! be a general pencil. The homomorphism of (5.0)
oy + H¥¥(X,Z)o - MW (x)

18 injective.
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Proof. By Prop. (3.9) of [Zuc76] (see also Lemma 8.20 of [Voi03]), the following diagram is com-
mutative

(5.6) H22(X, 7)o —> H22(Y', 7)o — > H (P!, R%p,Z)

T |

HO(U/,jU/) _d> Hl(U/,R3f/*Z)

The map ¢ is injective by Lemma 5.13] and p* o v is injective by Lemma 5121 Hence, cl o ¢’y is
injective and thus so is ¢'y.
]

5.4. Surjectivity of ¢x. There are three ingredients in the proof of surjectivity: the fact that
tk MW (rr) = rk H*%(X,Z)o as proved in Corollary B.6f the restriction, once again, to Lefschetz
pencils; the techniques used in [Voi07l/Zuc77| for the proof of the integral Hodge conjecture for cubic
fourfolds. We remark that we use their argument in a slightly different way. To prove the Hodge
conjecture one starts with a cohomology class, uses it to define a normal function, and then uses
the normal function to construct an algebraic cycle representing the cohomology class (possibly up
to a multiple of a complete intersection surface). See [Voi07] for more details. Here we start with
a rational section of the intermediate Jacobian fibration, we restrict to a general pencil, and use
the same method of Voisin to construct an algebraic cycle inducing the section via the Abel-Jacobi
map. Then we have to check that the cohomology class representing this cycle is primitive, that it
is independent of the pencil, and that it induces, via ¢x, the section we started from.

Since by Corollary the cokernel of the injection ¢x : H*%(X,Z)g — MW (7) is finite, for any
o € MW (7) there is an integer N and a cohomology class o € H?>?(X, 7)o such that

(5.7) 0q = ¢x(a) = No.

To achieve surjectivity on the nose and not just after multiplying by a suitable integer, we again
use Lefschetz pencils. For a general pencil )’ — P!, let

(JEY — P!
be the restriction of the intermediate Jacobian fibration J7 — P5 of [Voil8a] (cf. Remark [LI0)
to the pencil. For a conic C' C ¥, consider the relative 1-cycle of degree 2 in ) — P! (any other
degree 2 relative 1-cycle that comes from ¥ will do). This defines a section of (J7)" — P!, which
trivializes the torsor (J7)ps inducing an isomorphism J7,, = (J¥)ys. It is easily seen that this
extends to an isomorphism t¢ : J' 2 (J7) over P'. For any o' € H(U’, Jy/), we may consider the
induced section
(7Y :==tcoo’ € HYU', JL)

The following result is proved in Voisin [Voi07] (see also [Zuc77, (3.2)], where the result is proved
over Q).

Proposition 5.15. ( [Voi07, §2.3]) For any section o' € MW (x')
there is a relative 1-cycle Z on')' of degree 2, such that the cohomology class

B =12]-[Cx P € H**(V',Z)o
satisfies ¢, (B') = o' in MW (7').
Proof. For the reader’s convenience, we give a brief sketch of the argument. By a result of
Markushevich-Tikhomirov [MT01] and Druel [Dru00] there is a a relative birational morphism
e : My — JE,, where M’y — U’ is the relative moduli space of sheaves on )y — U’ with

¢y = 0 and ¢co = 2¢. The morphism associates to every sheaf corresponding to a point in M’y
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the Abel-Jacobi invariant of its second Chern class. Given a section (o) € HO(U’, 7%) as above,
Voisin uses M’y — U’ to construct a family Cy of degree 2 curves in the fibers of )'v — U’
with the property that for every b € U’, the curve C, represents the ¢z of a sheaf over (¢7)'(b). By
construction, letting Z be the closure of Cyv in )’ and setting 8’ := [Z] — [C x PY] € H*2()',Z)o,
we have ¢, (') = o’ in H'(U', J). O

Let 0 € MW (r). For a general pencil P! C P5, let o = ojp1 be the restriction of o to P!, and let
B’ be as in the Proposition above so that ¢, (8') = o’. It is tempting to say that, via ¢x, the class
B’ induces o globally and not just on that pencil. This is indeed the case, though we first need to
check that 3 lies in the primitive cohomology of X and that 3’ is independent of the pencil as well
as of the chosen isomorphism t¢ : J' = (JT)’ . More precisely, we need to check that 3’ induces
o over an open subset of P5 and not just on the chosen pencil. Before checking this, we have the

following Proposition.
Recall that we have set H>2()',Z)o = Ly N H>2()', 7).

Proposition 5.16. (cf. [Zuc76, |) The Abel-Jacobi morphism ¢y = H>2(V',Z)g — MW (') C
HO(U', Jy) is surjective and defines an isomorphism

by : L1 N (H**(X,Z) ® H*(2,7)) — MW (7')

Proof. By diagram (5.6 and the fact that € is injective, ker(¢yr) = kery, which by Lemma [5.10] is
equal to H(X,Z). Since ¢y is surjective by the proposition above, the induced morphism (Eyr :
H2*2(Y' Z)o/H*(%,Z) — MW (7') is an isomorphism. Finally, by (5.4), H*?()',Z)o/H"(%,Z) =
LN (H*?(X,Z) ® H*(%,7)). O

We can now end the proof of surjectivity: For o € MW (7), let o € H*?(X,Z)o be as in (5.1).
Restricting to a pencil J — P!, set o/ = opr and let 4" be as in Proposition such that
¢y (B') = o’. Finally, let 3/ and @ be the projections of ' and a onto Ly N (H?*2(X,Z)® H*(3,Z)).
Then,

¢y (@) = (dx(a))pr = No' = Ny (') = ¢y (NB).
By Proposition 516, & = Nf' € Ly N (H?*?(X,Z) ® H*(X,7Z)). Since a € H**(X,Z)y C L1 N
<H2’2(X, 7)o H?(%, Z)), it follows that 3’, too, has to lie in H>2(X,Z)y C H*%()',Z). Moreover,
the class ', which a priori depends on the chosen Lefschetz pencil is independent of the pencil.
Set o5 = dx (8'). Then, for any sufficiently general Lefschetz pencil P! C P5 we have an equality
of sections

(O’B/)“pl = O'|]P>1,

and hence the two rational sections o and o coincide. This ends the proof of surjectivity.

APPENDIX A. ON THE BEAUVILLE CONJECTURE FOR LSV VARIETIES, BY CLAIRE VOISIN

We explain in this appendix a consequence of Corollary B.9] on the following conjecture made by
Beauville in [Bea(7].

Conjecture A.1. Let M be a projective hyper-Kéhler manifold. Any polynomial cohomological
relation P(dy,...,d,) =0in H*(M,Q), where d; are divisor classes on M, already holds in CH(M).

Here CH(M) denotes the Chow groups of M with rational coefficients. Let now M — B be a
projective hyper-Kéahler manifold of dimension 2n equipped with a Lagrangian fibration, and let
L € Pic(M) = NS(M) be the Lagrangian class pulled back from B (see [Mat99]). We have ¢(L) =0
by the Beauville-Fujiki relations, since L?" = 0. Let also h € Pic(M) = NS(M) be the class of an
ample divisor on M, so that the intersection pairing ¢ restricted to (L, h) is nondegenerate by the
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Hodge index theorem. The same argument as in [Bog96] shows that the polynomial cohomological
relations between L and h are generated by the relations

(A1) " =0 in H**2(M,Q) when g(a) = 0, for a € (L, h).

Here we can restrict to rational cohomology classes because we know that there is an isotropic
class in (L, h). We consider now more specifically an LSV variety J (which is of dimension 10, so
n = 5) which is constructed in [LSV17] as a Lagrangian fibration over P5. The Picard group of a
very general such variety is a rank 2 lattice which contains as above the Lagrangian class L and
an ample class, but we take as a basis the classes L, ©, where © was introduced in [LSV17] and
is studied in the present paper. Riess proved in [Riel6] that a hyper-Kéhler manifold M which
has a Lagrangian fibration and satisfies the “RLF conjecture” characterizing classes associated
to Lagrangian fibrations, satisfies Beauville’s conjecture. However we do not know that the LSV
vareties satisfy the RLF conjecture. We prove here the following result.

Theorem A.2. The relations (A1) hold in CH(J) for the lattice (L, ©) of an LSV wvariety J.
Congecture [A.1 is thus satisfied by a LSV variety with Picard number 2.

Proof. There are (up to multiples) exactly two classes L and L’ in (L, ©) satisfying ¢(L) =
0, ¢(L') = 0. Obviously L5 = 0 in CH(J) since L comes from the base which is of dimension
5, so we only have to prove that L'® = 0 in CH(J). We use the Riess argument in [Riel6], however
in a different way. As a consequence of fundamental results of Huybrechts in [Huy03], Riess proved
the following:

Theorem A.3. [Rielll, Theorem 3.3] Let K be an isotropic class on a projective hyper-Kdhler
manifold M of dimension 2n. Then there exists a cycle T € CH?"(M x M) such that T'* acts as an
automorphism of CH(M) preserving the intersection product, the action of I'* on H*(M) preserves
the Beauville-Bogomolov form qur, and I'"K belongs to the boundary of the birational Kdhler cone
of M.

Here the birational Kéahler cone of M is defined as the union of the Kéahler cones of hyper-Kéhler
manifolds M’ bimeromorphic to M (the bimeromorphic map M’ --+ M inducing an isomorphism
on H?). We apply this theorem to our class L' on J and thus get a correspondence I' as above.
The class I'*L' is an isotropic class, hence it must be proportional to either L’ or L. Furthermore,
it belongs to the boundary of the birational Kahler cone. We now have

Lemma A.4. The class L' does not belong to the boundary of the birational Kdihler cone.
Proof. This is proved in Corollary B.9 of the present paper. O

By Lemma [A.4] we conclude that T*L' is proportional to L. As L% = 0 in CHS(J) and T'*

is an automorphism of CH(J) preserving the intersection product, we conclude that L' 6 =0in
CHS(.J). O

If we consider the case of Picard rank 3, where the Picard lattice N of J is generated by three
classes L, ©, D, with ¢(L,D) = 0, ¢(©, D) = 0 there are now, according to [Bog96], 13 degree 6
cohomological relations between L, © and D, generated by the classes a® € S°N c SSH?(J,Q),
where a belongs to the conic g(a) = 0. Among these relations, two of them, namely those involving
only L and O, are established in CH(J) by Theorem [A.2l We also have the relations

(A.2) LD =0and LD = 0 in H'2(J,Q),

which are obtained by differentiating the relation (Al at « = L or a« = L’ in the direction given
by D, (which is tangent to the conic at these points since ¢(D,L) = 0, ¢(D, L") = 0). We prove
the following:
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Theorem A.5. The relations (A3) are satisfied in CH®(.J).

Proof. The first relation is proved by applying the following result from [Voil8b], which works in a
more general context and needs a mild assumption on the infinitesimal variation of Hodge structure
of a family of abelian varieties at the generic point of the base. Let more generally M — B be a
fibration into abelian varieties and let A € Pic M be a line bundle whose restriction to the general
fiber Mp is topologically trivial.

Proposition A.6. Assume that at the generic point t € B, there exists a class o € HYO(My) such
that V() : Ty — H%Y (M) is surjective. Then there exists a point b € B such that M, is smooth
and Ay, is a torsion line bundle.

If all fibers My, have the same class F' in CH(M), it thus follows that F.A =0 in CH(M).

Coming back to our situation, we have to check that the assumption on the infinitesimal variation
of Hodge structures is satisfied in our situation. Let J be the LSV variety of a cubic fourfold X.
The infinitesimal variation of Hodge structure for the fibers of the lagrangian fibration J — (P%)Y
is thus canonically isomorphic to the variation of Hodge structure on the H3 of the hyperplane
section Xz C X. If Y is a smooth cubic threefold in P* defined by an equation f = 0, Griffiths
theory of IVHS of hypersurfaces says that there isomorphisms

H>(Y) = R}, H'?(Y) = R},

such that the infinitesimal variation of Hodge structure on H3(Y,C) is given (using the identification
R;’c =~ H'(Y,Ty)) by the multiplication map

R} — Hom (R}, R}).

We now consider the case where Y is a hyperplane section X, defined by a linear equation H,
of the cubic fourfold X. It is immediate to see that the inclusions Xy C X C P° determine a
quadratic polynomial Qx g € R? such that the natural map p : H*(Xpg,Ox, (1)) — R3, defined
as the first order classifying map for the deformations of Xy in X, is given by multiplication by
Qx,r- Combining these facts, we conclude that the desired infinitesimal criterion for the fibration
J — (P%)Y holds if there exist a smooth hyperplane section Xy C X and a linear form z €
HY(Xpy,0x,(1) = R} such that, with the above notation, the product map

a:Qx,H : lec — R;lc

by zQx g is an isomorphism. It is quite easy to show that the existence of such a hyperplane
section is satisfied by X in codimension 1 in the moduli space of cubic fourfolds, hence at the
generic point of any Hodge locus in this moduli space, or equivalently any Noether-Lefschetz locus
for the corresponding LSV variety J. The relation L°D = 0 in CH®(J) is thus satisfied at the
generic point of the deformation locus of J preserving the Hodge class D, hence everywhere by
specialization.

To conclude the proof of Theorem A5, we have to prove the relation L'°D = 0 in CH®(.J). This
follows however from the relation L°D = 0 in CH®(.J) by the same argument as in the proof
of Theorem [A.2] using the specialization of the cycle I' and observing that I'* acts by +1 on
H?(J,Q)*+%9) hence on D. O
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