Birational invariants and decomposition of the diagonal
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This paper is a set of expanded notes for lectures I gave in Miami, Sienne, Udine and
Gargnano. The Liiroth problem is very simple to state, namely can one distinguish rational

varieties from unirational ones? Here the definitions are the following:

Definition 0.1. A smooth projective variety X over a field K is unirational if there exist

an integer N and a dominant rational map ® : PX¥ --» X.



Note that one can always (at least if K is infinite) reduce to the case N = n = dim X
by restricting ® to a general linear subspace P C IP’%.

Definition 0.2. A smooth projective variety X over a field K is rational if there exists a
birational map Py --+ X. The variety X is stably rational if X x P" is rational for some
nteger r.

birat

More generally, we will say that X and Y are stably birational if X x P" = Y x P* for
some integers r, s. This is an equivalence relation on the set of irreducible algebraic varieties
over K. Of course, all these notions can be reformulated using only the function field K (X)
of X, so that the smoothness or projectivity of X is not important here. However, it is
very important in practice to work with smooth projective models in order to exhibit stable
birational invariants. The simplest example is the case of algebraic differential forms (see
Section 1.1): For the space of algebraic differential forms on X of a given degree to be a
stable birational invariant of X, one needs to take X to be smooth and projective (or at
least complete).

The above mentioned problem had a classical satisfactory solution for curves and surfaces
over an algebraically closed field of characteristic 0, namely they are rational once they are
rationally connected, that is contain plenty of rational curves. However, after some delicate
episodes (we refer to [10] for a precise history of the subject), it was found that in dimension
3, these two notions do not coincide. The three contributions leading to this conclusion were
very different. We refer to Kollar’s paper in this book for an account of one of the methods,
namely “birational rigidity” which in its simple form proposed by Iskovskikh and Manin
[31], consisted in proving that the considered variety (they were considering smooth quartic
hypersurfaces in P*) has a very small birational automorphisms group, unlike projective
space which has a huge group of birational automorphisms, called the Cremona group. The
other approach, proposed by Clemens and Griffiths, has been extremely efficient in dimension
3, starting with the celebrated example of the cubic threefold hypersurface that they had
solved. It involves the geometry of the intermediate Jacobian and its theta divisor. The
relationships with birational geometry in dimension 3 is the fact that under the blow-up of
a smooth curve, this Jacobian gets an extra summand added, which is the Jacobian of a
curve.

The Clemens-Griffiths method works a priori only in dimension 3, although the develop-
ments of categorical methods might lead to higher dimensional variants. We refer for such
developments to the notes of Macri and Stellari in this volume. Both the Iskovskikh-Manin
method and the Clemens-Griffiths method deal with rationality but not stable rationality
for which we need to analyze the rationality not only of X but also of all the products
X x P". For the Clemens-Griffiths method, this limitation is due to the fact that the ratio-
nality criterion they use works only in dimension 3. For the Iskovskikh-Manin method, the
limitation is due to the fact that analyzing the birational automorphisms of X x P" seems
to be very hard.

The third method due to Artin and Mumford not only works in any dimension, but also
it rests on the introduction of invariants that have higher degree versions which are more
and more subtle as the degree increases. A last crucial point is the fact that these invariants
are stable birational invariants. They were the first to prove the following result:

Theorem 0.3. [3] There exist unirational threefolds X which are not stably rational.

The invariant used by Artin-Mumford is the torsion in Betti cohomology of degree 3
of a smooth projective model of X. We will describe this example in Section 1.1.1. The
Artin-Mumford method has been further developed by Colliot-Théléne-Ojanguren [16] who
used higher degree unramified cohomology groups with torsion coefficients as stable birational
invariants in order to construct new examples of this phenomenon but having trivial Artin-
Mumford invariants. We will introduce unramified cohomology in Section 1.2.2. We will
also describe its main properties, and compute it in small degreee. The degree 2 case is in
fact the Brauer group and it is immediately related to the Artin-Mumford invariant which



is the topological version of it. The degree 3 case was shown in [19] to measure the defect
of the Hodge conjecture in degree 4 with integral coefficients. These developments build on
one hand on Bloch-Ogus theory [11] that we will survey in Section 1.2.1, and on the other
hand on the Bloch-Kato conjecture proved by Voevodsky [58], that is the main recent new
ingredient in the theory of unramified cohomology, together with Kerz’ work [33].

We now explain our input to the subject. The theory of algebraic cycles of complex
algebraic varieties received a great impulse from Bloch-Srinivas contribution [11] who gave
an elegant proof and various generalizations of Mumford’s theorem [44] saying that a smooth
projective complex variety with trivial CHg group (in the sense that all points are rationally
equivalent) has no nonzero algebraic differential form of degree > 0. Their approach used the
“decomposition of the diagonal” which we will describe in Section 2.1. The decomposition
of the diagonal is the beginning of a Kiinneth decomposition. It says that after removing the
first term X x x of the diagonal A x, the remaining cycle is supported on D x X, where D C X
is a proper closed algebraic subset. We will show that for quantities with enough funtoriality
under correspondences, such a decomposition allows to show that they are supported on D
in a strong sense. The first instance of this phenomenon was of course the Bloch-Srinivas
improvement of Mumford’s theorem saying that if X has CHy(X) = Z, the positive degree
rational cohomology of X has coniveau > 1: more precisely, it is supported on the divisor
D appearing in the decomposition of the diagonal.

The Bloch-Srinivas decomposition of the diagonal is with Q-coefficients, and as we will
see, there are many further obstructions to get a decomposition of the diagonal (Chow-
theoretic or cohomological) with integral coefficients. We will discuss many of them in
Sections 2.3.2 and 2.3. Actually, in the cohomological setting, we have a complete under-
standing of this condition at least in dimension 3. The relevance of this study for rationality
questions is the fact that the existence of such a decomposition is a necessary criterion
for stable rationality. In the Chow setting, this property governs all the invariants of a
Chow-theoretic/cohomological nature that we mentioned previously, including unramified
cohomology (see Section 2.3.2), in the sense that they vanish if the variety has a Chow
decomposition of the diagonal with integral coefficients.

What we realized in [62] is the fact that the existence of a Chow decomposition (and with
some care, also of a cohomological decomposition) is stable under the following operation:
degenerate (or specialize) a smooth general fiber X; to a mildly singular special fiber X, and
then desingularize Xq to )Z’O. (This statement is the degeneration theorem 3.4.) The paper
[62] had considered only the simplest such mild singularities, namely nodal singularities in
dimension at least 2. This already led us to the following conclusion:

Theorem 0.4. There exist unirational threefolds which are not stably rational although all
their unramified cohomology groups are trivial. The very general quartic double solids are
such examples.

Note that the only possibly nontrivial unramified cohomology groups for rationally con-
nected threefolds are in fact the group H2,.(X,Q/Z), that is, the Artin-Mumford invariant.
The gain over Theorem 0.3 is the fact that these varieties are very simple to construct and
exhibit (in fact they are general hypersurfaces in a toric fourfold), while Fano threefolds
with a nontrivial Artin-Mumford invariant as exhibited in [3] are hard to construct.

The quartic double solids appearing in Theorem 0.4 are Fano threefolds which specialize
to Artin-Mumford double solids Xy, which are nodal. The situation is thus the following:
The desingularized Artin-Mumford double solid X does not admit a decomposition of the
diagonal because it has a nontrivial Artin-Mumford invariant. This implies that a general
deformation X; of X, neither admits a decomposition of the diagonal by the specialization
theorem mentioned above. However for all deformations smoothifying a node, the Artin-
Mumford invariant disappears. One can summarize the above argument in the following
statement which does not involve explicitly the decomposition of the diagonal:

Proposition 0.5. Let m: X — C be a flat projective morphism of relative dimensionn > 2,
where C is a smooth curve. Assume that the fiber X; is smooth for t # 0, and has at worst



ordinary quadratic singularities for t = 0. Then if Tors H%()zo, Z) # 0, the general fiber X,
is mot stably rational.

The paper [18] describes the exact conditions on the singularities which make the spe-
cialization theorem (hence Proposition 0.5) work. Colliot-Thélene and Pirutka applied their
method to the case of the general quartic hypersurface in P* for which they proved the
analogue of Theorem 0.4. Although the precise nature of the allowed singularities is not
known because it is related to the rationality of the exceptional divisors, their criterion was
explicit enough to allow many other applications that we will try to survey in Section 3.3.
The most striking and important consequence is the following result obtained in [27]:

Theorem 0.6. Stable rationality is not deformation invariant. There exist families of
smooth projective varieties such that the fiber X; is rational over a dense set (a countable
union of algebraic subsets) of the base, but the very general fiber is not stably rational.

We will also describe in that section the Totaro method [56], which combines the spe-
cialization method with the Kolldr argument in [35] of reduction to nonzero characteristic
and analysis of algebraic differential forms on the central fiber. Finally we will explain
Schreieder’s further improvement (see [52], [53]) of Proposition 0.5.

1 Birational invariants

We will say that a property or a quantity is birationally invariant, resp. stably birationally
invariant, if it is constant on any birational equivalence class of varieties, resp. on any stable
birational equivalence class of varieties.

1.1 Classical birational invariants and functoriality
The following obvious lemma allows to produce stable birational invariants:

Lemma 1.1. Let X — I(X) be a group defined for smooth varieties over a given field K.
Assume that I(X) is covariant for morphisms of K-varieties and has the property that:

(i) I(U) = I(X) is surjective for U C X a Zariski open set, and

(i) it is an isomorphism if codim (X \U C X) > 2.

Then:

(a) I(X) is a birational invariant for smooth projective varieties over K.

(b) If furthermore

(iii) 1(X) = I(X x Al) (by push-forward) for any X,

then I(X) is a stable birational invariant for smooth projective varieties X over K.

Proof. Let ¢ : X --» Y be a birational map between smooth and projective varieties over
K. Then there is an open set U C X such that codim (X \ U C X) > 2 and ¢y is a
morphism. Then we have I(X) = I(U) by (ii) and by covariant functoriality a morphism
¢us : I(U) — I(Y), hence a morphism ¢, : I(X) — I(Y). It remains to see that ¢, is an
isomorphism. Replacing ¢ by ¢!, we get qb‘_,i : [(V) — I(X) for some Zariski open set V'
of Y such that I(V) 2 I(Y). Let U’ C U be defined as ¢~ (V). Then ¢! o0¢ is the identity
on U’ hence (¢~ 1), 0 ¢y : I(U') — I(U') is the identity. As I(U’) — I(X) is surjective
by (i), we conclude that (¢~1), o ¢, : I(X) — I(X) is the identity which proves the first
statement after exchanging ¢ and ¢~1. This proves (a).

For statement (b), we observe that (iii) implies that I(X) = I(X x Al!) for any X and
any [, and then that I(X) = I(X x P!) for any X and any /. Indeed we have

I(X)2I(X x AY) —» I(X x P) — I(X),

where the second arrow is surjective by (i) and the composite is the identity. Together with
(a) (proved for smooth projective varieties), this implies (b). O



The obvious application is the case of the fundamental group m(X,,) when K = C,
where X, is X(C) endowed with the Euclidean topology. It clearly satisfies properties
(i) and (ii). Unfortunately, the birational invariant so constructed is trivial for rationally
connected varieties by the following result which is due to Serre in the case of unirational
varieties.

Theorem 1.2. Let X be a smooth projective rationally connected variety over the complex
numbers. Then w1 (Xqn) = {e}.

Proof. As X is rationally connected, there exist a smooth projective variety B, and a rational
map

¢:BxP -5 X (L1)

which has the property that (i) ¢(B x 0) = {x} for a fixed point € X(C) and

(i) doo = @|Bxoo : B -=» X is dominant (say generically finite).

Using the same arguments as above, there is an induced morphism ¢, : 7 (B, x CP1) —
71(Xan). This morphism is trivial by (i) and its image is of finite index by (ii). This implies
that 71 (Xgp) is finite. The end of the proof is an argument of Serre : Consider the universal
cover )~((m — Xgn. Then )?Lm is the analytic space of an algebraic variety X which is
rationally connected because all rational curves contained in X lift to X. This implies that
the degree of the covering map X — X is 1 (and thus that X is in fact simply connected)
by the following Euler-Poincaré characteristic argument: When X is rationally connected
over a field of characteristic 0, one has H*(X,Ox) = 0 for i > 0 (see Proposition 1.4 below).
This implies that x(X,Ox) = 1. This equality has to hold for both X and X, giving

However, for a proper étale cover, one has
X(X,0x) = deg(X/X)x(X,0%).

Comparing with (1.2), we get that deg(X/X) = 1. O
The contravariant version of Lemma 1.1 is the following:

Lemma 1.3. Let X — I(X) be a group defined for smooth varieties over a given field k.
Assume that I(X) is contravariant and has the property that:

(i) I(X) — I(U) is injective for U C X a Zariski open set, and

(i) it is an isomorphism if codim (X \ U C X) > 2.

Then:

(a) I(X) is a birational invariant for smooth projective varieties over K.

(b) If furthermore (iii) 1(X) = I(X x A') (by pull-back) for any X, then I(X) is a stable

birational invariant for smooth projective varieties over K.

This lemma applies to closed differential forms of fixed positive degree. In characteristic
0, algebraic differential forms on smooth projective varieties are closed, but of course this
is not true on nonprojective varieties and in fact condition (b) is not satisfied for algebraic
differential forms, while it is for closed differential forms. The stable birational invariant
that we get is trivial for rationally connected varieties in characteristic 0 by the following
proposition:

Proposition 1.4. Let X be smooth projective rationally connected over a field of charac-
teristic 0. Then H°(X,0Q%") =0 and H(X,0x) =0 for any 1 > 0.

Proof. The second statement is a consequence of the first by Hodge symmetry, which gives
that over C, H'(X,Ox) is canonically isomorphic to the complex conjugate of H°(X, QL.),
which is naturally a subspace of H°(X, Q?}l). Consider a rational map ¢ : B x P! --» X as



n (1.1). As X is projective, ¢ is well defined along a generic fiber P} := b x P'. As ¢pyxoo is
dominant, we can assume that ¢ is a submersion at (b,00). The differential ¢y, of ¢ along
P} gives a morphism

Gve : Tpr & Tpp @ Opr = G Tx

of vector bundles along P{. As ¢(B x 0) reduces to one point, ¢p. vanishes at 0. On the
other hand, ¢, is by assumption surjective at co. We thus conclude that the vector bundle
(¢*TX)|JP;(_O) is generically generated by sections, hence that it is a direct sum of line
bundles Op: (a;) with a; > 0 on P}. Hence (¢0"Tx)pp: is a direct sum of line bundles Op: (b;)
with b; > 0. It follows that for any [ > 0, H°(P}, (qb*Q?}l)m) = 0. As b € B is generic, this
implies that HO(X,0Q%") = 0 for [ > 0. O

Proposition 1.4 is not true in nonzero characteristic. The problem is that the dominant
map ¢ could be nonseparable, hence nowhere submersive. Kollar [35] exhibited such a
phenomenon for some mildly singular double covers of a hypersurfaces in projective space.

Theorem 1.5. [85] Let X C P™ be a hypersurface of degree 2d. Then X specializes to
a double cover Xo of a hypersurface of degree d branched along a hypersurface Yo C Xo
of degree 2d. Assume char K = 2 and 3d > n+ 2. Then Xy has a desingularization Xg
admitting a nonzero section of Q"Xf ® L1, where the line bundle L is big and effective.

We will see in Section 3.3 how Totaro uses this construction. Totaro only uses the
effectivity of L, while Kollar needs the bigness of L, in order to apply the following result:

Proposition 1.6. A separably uniruled (in particular, a ruled) variety Y does not admit a
nonzero section of Q% @ L™t for some | < dimY, where the line bundle L is big.

Proof. If there is a variety Z admitting a morphism f : Z — B with general fiber P! and
a separable dominant map ¢ : Z --» Y not mapping the fibers of f to points, then we
may assume ¢ is generically finite separable and dominant. If there is a nonzero section of
9972 ® L~!, there is a nonzero section of ), ® ¢* L~1, where the line bundle ¢* L is also big,
and in particular has positive degree along the fibers of f. But this is clearly impossible as
Qz1z, = [*Qp @&z, and the first term is a trivial vector bundle along the fiber Z, while
the second term is a negative line bundle along the fibers Z; = P'. O

One major application obtained by Kollar is :

Theorem 1.7. [35] If X C Pg is a very general hypersurface of degree d > 2"’%3—', X is
not ruled, hence not rational.

Proof. (We give the argument only for even d.) It suffices to exhibit one hypersurface in the
above range of degree and dimension which is not ruled. The crucial point is that ruledness
is stable under specialization. This result is due to Matsusaka [41]. Consider a hypersurface
X defined over Z, which admits a reduction modulo 2 of the form described in Theorem 1.5.
If X is ruled, so is the specialization X¢ or rather its desingularization Xq. But Proposition
1.6 precisely says that X is not ruled. O

Remark 1.8. It is not true that (separable) rational connectedness is stable under special-
ization. Under specialization to nonzero characteristic, a family of rational curves sweeping-
out X can specialize to a family of rational curves sweeping-out X but nonseparably. This
problem does not appear for ruledness because in this case the morphism from the family
of curves to X has degree 1, hence also its specialization. Hence the specialized morphism
is separable.



1.1.1 The Artin-Mumford invariant

Our last examples of classical birational invariants will need functoriality properties slightly
different from what we used in Lemmas 1.1 and 1.3, namely functoriality under correspon-
dences. Let X — I(X) be an invariant of smooth projective varieties. Assume that any
correspondence I' € X x Y with dimI' = dimX = dimY induces I'* : I(Y) — I(X)
and that this action is compatible with composition of correspondences. In particular a
morphism ¢ : X — Y between smooth projective varieties of the same dimensions induces
¢* + I(Y) — I(X) and ¢, : I(X) — I(Y). Assume also that the projection formula
0 ¢* = (degp) Id : I(Y) — I(Y) holds. Assume the characteristic is 0 or resolution of
singularities holds in the following sense: for any rational map ¢ : X --» Y, with Y projec-
tive, there exists a smooth variety 7: X — X, obtained from X by a sequence of blow-ups
along smooth centers, such that ¢ o 7 gives a morphism X — Y.

Lemma 1.9. Let X — I(X) be an invariant of smooth projective varieties satisfying the
functoriality properties above. Then I(X) is invariant under birational maps of smooth
projective varieties if and only if it is invariant under blow-up.

Proof. Let ¢ : X --» Y be a birational map. The graph I'y C X x Y induces a morphism
0y 1Y) = I(X). If
g{) c X Y, 7: XX

is a resolution of indeterminacies of ¢ (or singularities of I'y), with 7 a composition of
blow-ups, one has

% =7, 04" (1.3)

because T'y = (7, Idy)(T';) or equivalently I'y = ‘T o T' - Invariance of I under blow-ups

guarantees that 7, : I(X) — I(X) is an isomorphism. But ¢* is injective on I(Y") because
¢.0¢* =Id on I(Y). Hence by (1.3), I'} is injective. In order to prove surjectivity, we now
use resolution of singularities for ¢~!. We thus have a diagram

q~5_1:§~/'—>X, 7Y Y

where 7' is a composition of blow-ups.

As before we have Iy = ¢7 o1, where now 7'" is an isomorphism by assumption while
¢! is surjective by the projection formula ¢ o (¢~1)* = Idy(x). Thus T} is surjective. [
Remark 1.10. The proposition above becomes a triviality if we use the weak factorization
instead of resolutions of singularities.

Let us now introduce the Artin-Mumford invariant which was used in [3]. It will be
generalized in the next section but the simplest version of it is the following: X is defined
over the complex numbers and

I(X) = Tors H3(X,Z), (1.4)
where H5 (X, A) denotes Betti cohomology group H*(X,n, A).

Proposition 1.11. The Artin-Mumford invariant is a stable birational invariant of smooth
projective varieties.

Proof. As all the Betti cohomology groups with integral coefficients have functoriality under
correspondences, the same holds for their torsion subgroups. Similarly for the projection
formula. By Lemma 1.9, in order to show birational invariance of Tors H3(X,Z), it thus
suffices to show its invariance under blow-up. We now use the blow-up formula

HL(X,Z) = Hy(X,Z) ® H2(2,2) @ Hy*(2,2) @ . ..,



where 7 : X — X is the blow-up of X along the smooth locus Z with exceptional divisor
7g : B — Z and the first map is 7* while the other maps are j, o (e*U) o7z, with e = [E]|p €
H%(E,Z). The end of the proof follows from the observation that the blow-up formula
remains true if we replace integral cohomology by its torsion and that Tors Hx(W,Z) = 0
for any topological space W. This last fact follows indeed from the cohomology long exact
sequence associated with the short exact sequence of constant sheaves

0-2Z32Z—Z/mZ—0

on W. The blow-up formula then gives

Tors H}(X,Z) = Tors Hy(X, Z).

In order to get stable birational invariance, it remains to see invariance under X — X x P".
This follows from Kiinneth formula which gives H3(X x P, Z) = H3(X,Z) ® H5(X,Z),
hence

Tors H3(X x P",7Z) = Tors Hy (X, Z) ® Tors Hy(X,Z) = Tors Hy (X, Z).
O

Remark 1.12. The same proof shows as well that Tors H3(X,Z) is also a birational in-
variant. However, this invariant is trivial for rationally connected varieties, because they
are simply connected by Theorem 1.2.

The Artin-Mumford invariant of X has an important interpretation as the topological
part of the Brauer group of X, which detects Brauer-Severi varieties on X. These varieties
are fibered over X into projective spaces, but are not projective bundles P(E) for some
vector bundle £ on X. Given such a fibration 7 : 7 — X with fibers Z, isomorphic to
P, Z 2 P(E) for some vector bundle of rank r + 1 if and only if there exists a line bundle
L on Z which restricts to O(1) on each fiber. The topological part of the obstruction to
the existence of L is the obstruction to the existence of o € H%(Z,Z) which restricts to
c1(0z,(1)) € H%(Z,,Z). The relevant piece of the Leray spectral sequence of 7 gives the
exact sequence

H*(Z,7) — H°(X, R?r,Z) &3 H3(X, R, Z) = H3(X,Z),

where the second map is 0 with Q-coefficients by the degeneration at FE; of the Leray
spectral sequence (or because there is a line bundle on Z whose restriction to the fibers is
Oz, (—r — 1), namely the canonical bundle K ). The image da(h) is thus a torsion class in
H3(X,Z), called the Brauer class. The same argument shows that the order of the Brauer
class divides r + 1.

The Artin-Mumford invariant was used by Artin and Mumford to exhibit unirational
threefolds which are not stably rational. Let Sy C P3 be a quartic surface defined by a
degree 4 homogeneous polynomial f. Let X; — P3 be the double cover of P3 ramified along
S¢. It is defined as Spec (Ops @ Ops(—2)) , where the algebra structure A ® A — A on
A = Ops @ Ops(—2)) is natural on the summands Ops ® Ops and Ops ® Ops (—2) and sends
Ops(—2) ® Ops(—2) to Ops via the composition

Op3(—2) & OPS(—2) — OPS(—4) i) OPB.

The local equation for X C Spec ($;>0Ops(—21)) is thus u? = f, from which we conclude
that X has ordinary quadratic singularities if Sy does. When Sy is smooth, Xy has trivial
Artin-Mumford invariant. This follows from Lefschetz theorem on hyperplane sections as X ¢
can be seen as a hypersurface (not ample but positive) in the P!-bundle Proj (Sym (Ops &
Ops (—2))) over P3. Assume now that S; has ordinary quadratic singularities and let X be
the desingularization of X; by blow-up of the nodes. Note that X ¢ is unirational. This is



true for all quartic double solids but becomes particularly easy once Sy has a node. Indeed,
choose a node O € Sy. The lines in P? passing through O intersect Sy in the point O with
multiplicity 2 and two other points. The inverse image of such a line A in X has a singular
point at O (that we see now as a point of Xy), and its proper tranform Ca in )N(f is the
double cover of A = P! ramified over the two remaining intersection points of A and Sy. It
follows that Ca is rational and we thus constructed a conic bundle structure a : X § = P2
on X ¢- On the other hand, if we choose a generic plane P in P3, its inverse image ¥ f,pin
X7 is a del Pezzo surface, hence is rational, and via a, it is a double cover of P = P2, The
double cover X ¢ Xp Xy p of Xy is then rational, being rational over the function field of
>t p since it is a conic bundle over Y p which has a section. We thus constructed a degree
2 unirational parametrization of X:

birat

Xf Xp Ef,p = PS -—2 Xf.

Artin and Mumford construct f in such a way that X is nodal and X ¢ has a nontrivial
Artin-Mumford invariant. Their construction is as follows: Project Sy from one of its nodes
O. Then this projection makes the blow-up S ¢ of St at O a double cover of P? ramified along
a sextic curve. This sextic curve D is not arbitrary: it has to be tangent to a conic C' C P?
at any of their intersection points. This conic indeed corresponds to the exceptional curve
of Sy. Another way to see it is to write the equation f as X3q + Xot + s, where ¢, t, s are
homogeneous of respective degrees 2, 3, 4 in three variables X, X3, X3. The ramification
curve of the 2 : 1 map Sy — P? is defined by the discriminant of f seen as a quadratic
polynomial in X, that is,

g = 1> —4gs. (1.5)

The conic C' is defined by ¢ = 0 and (1.5) shows that g is a square, and g is otherwise
arbitrary. Artin and Mumford choose g to be a product of two degree 3 polynomials, each of
which satisfies the tangency condition along C. Note that Sy has then 9 extra nodes coming
from the intersection of the two cubics.

Theorem 1.13. [3] If the ramification curve D is the union of two smooth cubics E, F
meeting transversally and tangent to C at each of their intersection points, the desingularized

quartic double solid Xy has Tors H3 (X, Z) # 0.

Rather than giving the complete proof of this statement, we describe Beauville’s con-
struction [10] of the Brauer-Severi variety Z — Xy providing a Brauer class which is a
2-torsion class in H %()? 7, Z) as described previously. The Artin-Mumford condition implies
that the polynomial f is the discriminant of a (4, 4)-symmetric matrix M whose entries are
linear forms in four variables (the quartic surface Sy is then called a quartic symmetroid).
This defines a family of quadric surfaces Q over P? if we see M as an equation of type (2,1)
on P$ x P3, and the associated double cover of P§ parameterizes the choice of a ruling in the
corresponding quadric Q; C . The family of lines in a given ruling on a given fiber is a
curve A = P! but the natural embedding of A in G(2,4) gives A as a conic. This way we
get a family of rational curves over X £, smooth away from the surface Sy parameterizing
singular quadrics. We refer to [10] and also to [37] for the local analysis which shows how
to actually construct a P!-fibration on the whole of X -

The last, less classical, birational invariant that we will mention is defined as follows.
For a smooth complex variety X, one has the cycle class map

cl: 2%(X) = HY(X,Z)

and we will denote by Hg(X,Z)a, C HE(X,Z) the image of cl. The group H(X,Z)alg is
contained in the group Hdg4(X ,Z) of integral Hodge classes of degree 4 on X.



Lemma 1.14. The groups Tors (Hy(X,2)/Hy (X, Z)ary) and Hdg*(X,Z)/HE(X, Z)ay are
birational invariants of the smooth projective variety X .

Proof. The two groups satisfy the functoriality conditions needed to apply Lemma 1.9, hence
in order to show birational invariance, it suffices to show their invariance under blow-up.
However, for the blow-up X — X of Z C X, one has

HY(X.Z) = HY(X,Z) ® H3(Z,2) ® HY(Z,Z),

where the last term appears only if codim Z > 3. In this decomposition, all the maps are
natural and induced by algebraic correspondences. In particular this is a decomposition into
a direct sum of Hodge structures. This decomposition thus induces

HE(X, Z)ag = HE(X, L)arg ® HA(Z, L)arg ® HY(Z, L) arg,

and
Hdg*(X,7) = Hdg* (X, Z) & Hdg?(Z,Z) ® Hdg"(Z,Z).
Using the facts that H3(Z, Z)/H%(Z, Z) a1y has no torsion and Hdg?(Z, Z) = H%(Z,Z) a1y,
which both follow from the integral Hodge conjecture in degree 2 (or Lefschetz theorem on
(1,1)-classes), we conclude that

Tors (Hy (X, Z)/Hy (X, Z)arg) = Tors (Hy (X, Z)/Hy (X, Z) ary),
Hdg*(X,Z)/H} (X, Z) a1y = Hdg* (X, Z) | HE(X, L) aty,

which proves the desired result.
The invariance of these groups under X — X x P" is proved similarly. O

Note that if the rational Hodge conjecture holds for degree 4 Hodge classes on X, these
two groups are naturally isomorphic:

Lemma 1.15. For any smooth projective variety X,
Tors (H}(X,2)/HE(X, Z)aiy)) = Tors (Hdg* (X, Z)/HE(X, Z) ary)-

Assume X satisfies the rational Hodge conjecture in degree 4, the group Tors (Hp(X,Z)/HE (X, Z)aiy))
identifies with the group Hdg*(X, Z)/HE (X, Z) gy which measures the defect of the Hodge
conjecture for integral Hodge classes of degree 4 on X.

Proof. Indeed, a torsion element in H(X,Z)/H%(X,Z)ay is given by a class o on X such
that Na is algebraic on X. Then « is an integral Hodge class on X, which proves the
first statement. Finally, the rational Hodge conjecture in degree 4 for X is equivalent to
the fact that the group Hdg"(X,Z)/H%(X,Z)ay is of torsion, which proves the second
statement. O

1.2 Unramified cohomology
1.2.1 The Bloch-Ogus spectral sequence

Let X be an algebraic variety (in particular, it is irreducible and we can speak of its function
field). If X is defined over C, we can consider two topologies on X (C), namely the Euclidean
(or analytic) topology and the Zariski topology. We will denote X, resp. Xzq, the
topological space X (C) equipped with the Euclidean topology, resp. the Zariski topology.
As Zariski open sets are open for the Euclidean topology, the identity of X (C) is a continuous
map

f : Xan = Xzar-
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Given any abelian group A, the Bloch-Ogus spectral sequence is the Leray spectral sequence
of f, abutting to the cohomology H% (X, A) := H(Xan, A). It starts with

EI(A) = H?(X 707, HI(A)),

where H9(A) is the sheaf on Xz, associated with the presheaf U — H% (U, A). The Betti
cohomology groups HE (X, A) = H"(Xgn, A) thus have a filtration, (which is in fact when X
is smooth the coniveau filtration,) namely the Leray filtration for which Gr2 H5 (X, A) =
EP:1 the latter group being a subquotient of E2.

A fundamental result of Bloch-Ogus [11] is the Gersten-Quillen resolution for the sheaves
H9(A). It is constructed as follows: For any variety Y, we denote by H*(C(Y'), A) the direct
limit over all dense Zariski open sets U C Y of the groups H (U, A):

HY (C(Y),A)= lim Hg(U,A). (1.6)

0#UCY,open

Let now Z be a normal irreducible closed algebraic subset of X, and let Z’ be an irreducible
reduced divisor of Z. At the generic point of Z’, both Z’ and Z are smooth. There is thus
a residue map 0 : H'(C(Z), A) — H*"Y(C(Z"), A). Tt is defined as the limit over all pairs of
dense Zariski open sets V' C Z,cy, U C Z],, such that U C V N Z,,, of the residue maps

Reszz : H(V\V N Z)an, A) = H " (U,p, A).

If now Z' C Z is a divisor, with Z not necessarily normal along Z’, we can introduce the
normalization n : Z — Z with restriction n’ : Z"” — Z', where Z" = n~1(Z’), and then
define 9 : HY(C(Z), A) — H*=1(C(Z"), A) as the composite

H(C(2), A) = HI(C(Z), A) & HH(C(2"),4) " H(C(2'), A), (17)
In (1.7), the pushforward morphism
n. : H=YC(Z"), A—H"1(C(Z), A)

is defined by restricting to pairs of Zariski open sets U C Z],, V' C Z;., such that n’
restricts to a proper (in fact, finite) morphism U — V. More precisely, as Z” is not
necessarily irreducible, we should in the above definition write Z” = U;Z7 as a union of
irreducible components, and take the sum over j of the morphisms (1.7) defined for each
zZy. ‘

For each subvariety j : Z < X, we consider the group H*(C(Z), A) as a constant sheaf
supported on Z and we get the corresponding sheaf j,H*(C(Z), A) on Xz,,.. Finally, we

observe that we have a natural sheaf morphism
H'(A) = H'(C(X), A)

where we recall that the second object is a constant sheaf on Xz,,.. This sheaf morphism
is simply induced by the natural maps H*(Uyy,, A) — H*(C(X), A) for any Zariski open set
U C X, given by (1.6). The residue maps have the following property: Let Dy, Dy C Y be
two smooth divisors in a smooth variety, let Z be a smooth reduced irreducible component
of D1 N Dy and let o € H5(U, A), where U : Y \ (D1 U D3). Then

Resz(Resp, (a)) = —Resz(Resp, («)), (1.8)

where on the left Z is seen as a divisor in D1, and on the right it is seen as a divisor of Ds.
Considering the case where Y C X is the regular locus of any subvariety of codimension &
of X, D, D' CY are of codimension k+ 1, and Z C DN D’ CY is of codimension k + 2 in
X, we conclude from (1.8) that for any ¢, the two sheaf maps

0t Beodimy =k H (C(Y), A) = Bcodim p=k+1H 1 (C(D), A)

11



and

8 : @Codim D:k—‘rlH’L‘il ((C(D)v A) — ®C0dinl Z:k+2Hi72((C(Z)7 A)
satisfy 0 o 9 = 0.
Theorem 1.16. (Bloch-Ogus, [11]) Let X be smooth. The complex

0— /Hz(A) — HZ((C(X),A) — @ p irrelei_l(C(D),A) —+ ...~ Dz irred‘HO((C(ZLA) — 0(19)

codim D= codim Z=1
is an acyclic resolution of H'(A).

It is clear that this resolution is acyclic. Indeed, all the sheaves appearing in the resolution
are acyclic, being constant sheaves for the Zariski topology on algebraic subvarieties of X.
Note that the codimension 7 subvarieties Z of X appearing above are all irreducible, so that
H°(C(Z), A) = A and the global sections of the last sheaf appearing in this resolution is the
group Z(X) ® A of codimension i cycles with coefficients in A.

Theorem 1.16 says first that the sheaf map H(A) — H*(C(X), A) is injective, which is
by no means obvious. The meaning of this assertion is that if a class « € H5(U, A) vanishes
on a dense Zariski open set V' C U, then U can be covered by Zariski open sets V; such that
a)y, = 0. This is a moving lemma for the support of cohomology.

We now come back to the Bloch-Ogus spectral sequence and describe the consequences
of this theorem, following [11].

Theorem 1.17. (i) For any two integers p > q, one has EY9(A) = HP (X z4,, H1(A)) = 0.
(ii) For p < g, one has

H?(X 40, HI(A)) = Ker (9 : @codim z=pH* P(C(Z), A) = Bcodim z=p11H P71 (C(Z), A))

(1.10
Im (8 ! @codim Z:p—lflq_p‘i_1 ((C(Z), A) — Dcodim Z:qu_p((C(Z); A)) - )
(iii) The group HP (X, HP(Z)) is isomorphic to the group ZP(X)/alg of codimension p cycles
of X modulo algebraic equivalence.

Proof. (i) Indeed, Theorem 1.16 says that #9(A) has an acyclic resolution of length g.

(ii) As (1.9) is an acyclic resolution of H?(A), the complex of global sections of (1.9) has
degree p cohomology equal to HP(X z4,, H?(A)).This is exactly the contents of (1.10).

(iii) We use (ii), which gives in this case

_ @codim Z:pHO(C(Z)uz)
Im (8 : Bcodim Z=p—11¥1 ((C(Z)y Z) — Dcodim Z=pHO(C(Z)a Z)) .

HP(XZaTa HP(Z))

We already mentioned that the numerator is the group ZP(X). The proof is concluded by
recalling the following two facts :

(1) A cycle Z of codimension p on X is algebraically equivalent to 0 if it belongs to the
group generated by divisors homologous to 0 in the (desingularization of a) subvarieties of
codimension p — 1 of X.

(2) A divisor D in a smooth complex manifold is cohomologous to 0 if and only if there
exists a degree 1 integral Betti cohomology class @ on X \ |D| such that Resa = D. Here
we denote by |D| the support of D. O

The vanishing (i) in Theorem 1.17 is very important. Let us give some applications taken
from [11]. We will give further applications in Section 1.2.3. First of all, by the vanishing (i),
we conclude that there is no nonzero Leray differential d,, r > 2 starting from FY*(Z) =
H?(X 747, HP(Z)). Tt follows that ELP(Z) is a quotient of the group HP?(Xz4., HP(Z)).
Futhermore, by the same vanishing (i) above, the Bloch-Ogus filtration on H?Bp (X,Z) has
[P+ =0, and thus LPHP (X, Z) = Grb HP (X, Z) = ELP(Z). We conclude that there is a
natural composite map

HP(X zar, HP(Z)) — ERP(Z) — HP (X, 7). (1.11)

12



It is proved in [11] that, via the identification given by Theorem 1.17, (iii), this map is the
cycle class map in Betti cohomology. Note that by definition, the kernel of the cycle class
map ZP(X)/alg — H?(X,Z) is the Griffiths group Criff?(X). We finally have the following
result for codimension 2 cycles which describes the kernel of the cycle class map.:

Theorem 1.18. [11] Let X be a smooth variety over C. There is a natural exact sequence
H}(X,Z) = HY(X 700, H*(2)) = H*(X 74, H*(Z)) — HE(X, 7).

Proof. The maps are the natural ones. The first map is given by restriction to Zariski open
sets. The second map is the differential ds of the Bloch-Ogus spectral sequence and the last
map is the one appearing in (1.11) and just identified with the cycle class map. The proof
of the exactness follows from inspection of the Bloch-Ogus spectral sequence. The kernel
of the map H%*(Xza4r, H3(Z)) = E%? — H%(X,Z) must be in the image of some d, and
obviously only r» = 2 is possible. This shows exactness in the third term. Finally, by the
vanishing of Theorem 1.17,(i), the only nonzero d, starting from H®(X 74, H3(Z) is dg. Tt
follows that Kerdy = EO?, and this is a quotient of H3(X,Z). This shows exactness in the
second term. O

1.2.2 Unramified cohomology
The following definition was first introduced in [16] in the setting of étale cohomology.

Definition 1.19. Let X be an algebraic variety over C and let A be an abelian group. Then
H;, (X, A) = H*(Xzar, H'(A)).

This definition can be made in fact over other fields, with Betti cohomology replaced by
étale cohomology. If A is finite, and X is over C, étale and Betti cohomology compare natu-
rally. The advantage of Betti cohomology is that we can consider integral coefficients, while
étale cohomology needs coefficients like Z, which are projective limits of Z/I"Z. However a
big advantage of étale cohomology is that it fits naturally with Galois cohomology. In fact,
we have a natural isomorphism

lgn Hét(UVA) = Héal(C(X)7A>7 (112)

UC X,open

where A is finite, and the direct limit is over the dense Zariski open sets of X. The term on
the right is the cohomology of the Galois group of the field C(X) with coefficients in A,The
term on the left is the analogue of what we defined to be H(C(X), A) in the Betti context.
If A is finite, then

Hét(Uv A) = H%(Ua A)

hence H'(C(X), A) = H},,(C(X), A).
One consequence of Theorem 1.16 is the following formula for unramified cohomology:
this is actually cohomology without residues.

Proposition 1.20. Assuming X smooth over C, one has
H! (X, A) = Ker (H(C(X), A) 2 @codim z—1 HH(C(Z), A). (1.13)

In particular, the restriction map H:, (X, A) — H: (U, A) is injective for any Zariski dense
open set U of X.

Proof. Looking at Definition 1.19, this is a particular case of formula (1.10). O
We now get the following important consequence:

Theorem 1.21. Unramified cohomology groups H!,. (X, A) are birational invariants of smooth
projective varieties.
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We should make precise here that we consider complex varieties over C if we want to
work with Betti cohomology and any coefficients, and that for more general fields, we use
étale cohomology and have to restrict coefficients as mentioned below.

Proof of Theorem 1.21. This is an immediate application of Proposition 1.20 and 1.3, be-
cause formula (1.13) shows that the natural restriction map H: (X, A) — H{, (U, A) is injec-
tive when U is a dense Zariski open set of X, and that it is an isomorphism if codim (X \U C
X) > 2. One uses of course the obvious contravariant functoriality of unramified cohomol-
ogy. O

We refer to Section 2.3.2 for the proof that unramified cohomology is in fact a stable
birational invariant. The following example shows that unramified cohomology generalizes
Artin-Mumford invariant to higher degree.

Proposition 1.22. Let X be a smooth projective complex variety. Then

H?.(X,Q/Z) = Tors H*(Xan, O% ), (1.14)

an

where O%_ is the sheaf of invertible holomorphic functions on Xan, is the Brauer group
of X. In particular, if X is rationally connected, H2 (X,Q/Z) = Tors H3(X,Z) is the
Artin-Mumford group of X.

Proof. Let us show the following precise version of (1.14):
H?2.(X,Z/nZ) =n — Tors (H*(Xan, O%, ). (1.15)
Consider the exact sequence
0—=Z/nZ — O, — 0%, —1,

where the second map is « — 2™ and Z/nZ is identified with the group of n-th roots of
unity. The associated long exact sequence shows that

n — Tors H*(Xon, 0%, ) = H*(Xon, Z/nZ) /Im cl,,

where
cln : H (Xan, 0%,.) = H'(X,0%) = CH'(X) — H*(Xan,Z/nZ)

is the cycle class modulo n. We consider the Bloch-Ogus exact sequence for the sheaf Z/nZ
on X,p,. The E59-terms in degree 2 are, by Theorem 1.17, (i)

Ey? = H*(Xz4r, H*(Z/0Z)) = H},.(X,Z/nZ), Ey" = H'(Xzar, H' (Z/nZ)).

The last term maps to H?(X,,,7%/nZ) as all the higher d, vanish on it, again by Theorem
1.17, (i). No d, for r > 2 starts from or arrives to £y, by Theorem 1.17, (i) again. Hence
EY? = E%2 is the quotient of H2(X,,,Z/nZ) by the image of E;". One then proves that
this image is Im cl,,. O

1.2.3 Bloch-Kato conjecture and applications

Define the Milnor K-theory groups of a field K (or a ring R) as follows
EM(K) = (K*)®/1,

where [ is the ideal generated by z ® (1 —x) for x € K*, 1 —a € K*. In particular, we have
KM(K) = K*. Fix an integer n prime to the characteristic of K. The exact sequence of
Galois modules

0= pn =K =K —1,
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where p,, C K" is the group of n-th roots of unity, gives a map
:K*/n— HY K, pu,) = H (G, pin), (1.16)

where G = Gal (K/K), which is known by Hilbert’s Theorem 90 to be an isomorphism
(this is equivalent to the vanishing H'(G K7f*) = 0). More generally, one has a morphism
(called the Galois symbol or norm residue map)

0; s KM(K)/n — H'(Gg, u%*) (1.17)

which to (x1,...,x;) associates a(z1) U...U a(z;). The following fundamental result gen-
eralizing the isomorphism (1.16) is the Bloch-Kato conjecture solved by Voevodsky [58].

Theorem 1.23. The map 0; is an isomorphism for any i and n prime to char K.

This result was known for ¢ = 2 as the Merkur’ev-Suslin theorem [42]. The following
result is proved in [19], and [6] (see also [7]) to be a consequence of the Bloch-Kato conjecture
(now Voevodsky’s theorem).

Theorem 1.24. Let X be a smooth complex variety. Then the sheaves ’Hi(Z) on Xzar have
no torston.

In other words, if an integral Betti cohomology class « defined on a Zariski open set U
of X is of n-torsion for some integer n, then U is covered by Zariski open sets V' such that
CY‘V =0.

Proof of Theorem 1.24. The exact sequence of sheaves on X,
07252 —Z/nZ —0
provides an associated long exact sequence of sheaves on Xz,
W HUZ) = HUZ nZ) — H(Z) B H T (Z). ..

from which one concludes that the sheaves H(Z) have no n-torsion (for any n, i) if and only
the natural sheaf maps

HU(Z) — H(Z/n7T) (1.18)

are surjective for all ¢, n. This is however implied by Voevodsky’s theorem as follows:
Voevodsky gives the isomorphisms

K} (C(D))/n = H,,(C(D), Z/nZ)

for all j, n and closed algebraic subsets D of X. If one combines these isomorphisms with
the Bloch-Ogus resolution of H*(Z/nZ) on one hand and the Gersten-Quillen resolution of
the sheaves KM (Ox) established by Kerz [33] on the other hand, one concludes that the
natural maps

KM(Ox) — HY(Z/nZ) (1.19)

are sheaf isomorphisms. On the other hand, we note that for a Zariski open set U C X, we
have the inclusion
I'(Oy) cI'(0y,,)

where on the right we consider the invertible holomorphic functions on U. There are natural
maps given by the exponential exact sequence on Uy,

K{'(T(0u,,)) =T(0y,,) = H (Uan, Z), KM (T(Ov,,)) = H'(Uan, Z)
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and the maps KM(T'(Oy)) — H*(Uan,Z/nZ) appearing in (1.19) fit in a commutative
diagram

KM(I(Ov)) KM(I(Oy,,)) H"(Uan, Z) (1.20)

S

KEM(T(Ov))/n — KM((Ov,,)/n > H(Uan, Z/nZ)

7

where the first vertical maps f and f,, given by reduction mod n are obviously surjective
and the vertical map ¢ is the map (1.18), or rather its global sections version over U.
Voevodsky’s theorem implies a fortiori the surjectivity of the bottom horizontal map ¢, at
the sheaf level, so by surjectivity of f,,, we conclude that ¢, o f,, = g o ¢ is surjective at
the sheaf level. A fortiori g is surjective at the sheaf level, that is, the sheaf maps (1.18) are
surjective. O

Corollary 1.25. The groups H!,(X,Z) have no torsion, for any smooth algebraic variety
over C.

We will however also see that these groups are trivial for X unirational. (We refer
to Theorem 2.22 in Section 2.3.2 for details of proof and for a more general statement.)
The unirationality assumption guarantees by functoriality considerations that the groups
H!, (X,Z) are torsion for i > 0. The torsion freeness statement then implies that they
are trivial. It follows that we cannot use the unramified cohomology groups with integral
coefficients to distinguish rational varieties from unirational ones. In fact, unramified co-
homology with torsion coefficients are the right invariant to use, as it already appeared in
Proposition 1.22. The following result proved in [19] uses Theorem 1.24 to describe the next
group H3 (X,Q/Z) (or H2.(X,Z/nZ)). In fact we relate it to the birationally invariant
group we introduced in Lemma 1.14.

Theorem 1.26. [19] (i) For any smooth algebraic variety X over C, there is an exact
sequence

0— H? (X,Z)®Z/nZ — H?.(X,Z/nZ) — n— Tors (H}(X,Z)/HE(X, Z)ary) — 0(1.21)

(ii) If X is rationally connected, then Hp (X,Z/nZ) = n — Tors (HE(X,Z)/HE(X, Z)aig)
and H2 (X,Q/Z) measures the defect of the Hodge conjecture for degree 4 integral Hodge
classes on X.

Proof. The second statement follows from the first by Theorem 2.22, (ii), using Lemma 1.15
and the fact that if X is rationally connected, the Hodge conjecture holds for rational Hodge
classes of degree 4 on X (see [20], [12], and Section 2.3.1).

We now prove (i). The result is obtained by examining the Bloch-Ogus spectral se-
quence for degree 4 integral cohomology. Recall from Section 1.2.1 that we have E5?-terms
HP(X 747, H1(Z)) with p + ¢ = 2 converging to Hg(X,Z). By Theorem 1.17, (i), only

HO(XZGT,H4<Z))7 H1<XZM7H3(Z))7 H2<XZM7H2(Z))

appear. Furthermore, as we already saw, the group H?(X 74, H?(Z)) maps onto its image
E%? in H}(X,Z), which identifies with H(X,Z)q,. We conclude that the Bloch-Ogus
filtration on H%(X,Z) induces a filtration on Hg (X, Z)/H%(X, Z)ay with two successive
quotients, namely E1:3 and E%*. The space E%* is a subspace of EQO’4 = H(Xz4r, H*(Z)),
hence it has no torsion by Theorem 1.24. It thus follows that

Tors (HE(X,Z)/Hg(X, Z)ary) = Tors EL3.

Finally, applying again Theorem 1.17, (i), we see that no d, can start from EL3, so that

oo

EY? = E}® = HY (X 24, H3(Z)). Finally we have to compute the n-torsion of the last group
and for this we use the short exact sequence of sheaves on X z,, given by Theorem 1.24:

0 — H*(Z) & H3(Z) — H3(Z/nZ) — 0.
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Taking the long exact sequence associated to it, we get
0— H2 (X,Z)®Z/nZ — H} (X,Z/nZ) — n — Tors (H (X zar, H*(Z))) — 0,
that is, (1.21). O

It is well-known that the integral Hodge conjecture is not true in general in degree 4.
This was first observed by Atiyah and Hirzebruch [4]; further examples were found by Kollar
[34], and we refer to [50] for a development of Kollar’s method. One question which remained
open was whether there are such counterexamples to the integral Hodge conjecture for degree
4 Hodge classes on a rationally connected variety (such a variety is then stably irrational
by Lemma 1.14). That such examples exist follows from Theorem 1.26 and earlier work of
Colliot-Thélene-Ojanguren [16].

Theorem 1.27. [16] There exist unirational 6-fold X, which satisfy HS,(X,Z/27) # 0.

The varieties X are constructed as quadric bundles over P3. No smooth model is provided
in [16] but in fact, although the formulas we gave above need a smooth projective model, it
is not actually needed to compute unramified cohomology, as this is a birational invariant,
hence can be computed using only the function field, which is what the authors do in [16].
By Theorem 1.26 (ii), any smooth projective model of such a variety X has an integral
Hodge class of degree 4 which is not algebraic, but it is not obvious to see it geometrically.

1.3 Further stable birational invariants

We work over the complex numbers. We describe in this section a number of interesting
birational invariants constructed from the group of 1-cycles. It is not clear whether these
invariants can be nontrivial for some rationally connected varieties.

1.3.1 Curve classes

Let X be a smooth projective rationally connected variety of dimension n over C. As
H?(X,0x) = 0, the Hodge structure on Hé"_Q(X, 7) = HP(X,7) is trivial, that is, purely
of type (n — 1,n — 1). For any smooth projective variety X as above, the cycle class map
Z,(X)®Q — Hdg? *(X,Q) := HZ" *(X,Q) N H" 1"~ 1(X) is surjective, as follows from
the Lefschetz theorem on (1,1)-classes and the hard Lefschetz theorem in degree 2, which
provides an isomorphism

["7?: Hdg®(X, Q) = Hdg*"*(X, Q).
The following was observed in [50]:

Proposition 1.28. The quotient group
Hdg®" (X, Z)/H*""%(X,Z) iy, (1.22)

where H*"~2(X,Z)q1, denotes the image of the cycle class map Z1(X) — Hdg*" (X, Z),
s a stable birational invariant.

Proof. Using Lemma 1.9, we only have to prove invariance under blow-up and under X —
X xP". When we blow-up X along a smooth subvariety Z C X, the extra (Hodge) classes of
degree 2n — 2 are generated by the classes of vertical lines of the exceptional divisor E; — Z.
They are all algebraic so that the quotient (1.22) remains unchanged. When taking the
product with P", the extra Hodge homology classes of degree 2 are generated by the class
of a line in P, hence are algebraic, so that the quotient (1.22) remains unchanged O

We conjectured in [64] that the group (1.22) is trivial for rationally connected varieties.
This conjecture is proved in [65] in the case of threefolds. More generally, we prove the
following:
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Theorem 1.29. [65] Let X be a smooth projective threefold which is uniruled or has trivial
canonical bundle. Then the integral Hodge classes of degree 4 on X are algebraic.

The conjecture is also proved in [29] for Fano fourfolds, building on the K-trivial case in
Theorem 1.29. In the paper [65], we also proved that the conjecture would be a consequence
of the Tate conjecture for divisor classes on surfaces defined over a finite field.

1.3.2 Griffiths group

Here is a more refined birational invariant that one can define using 1-cycles. Recall that
the Griffiths group Griff;(X) (see [25]) is defined as the group of k-cycles of X homologous
to 0 modulo algebraic equivalence.

Proposition 1.30. The group Griff;(X) is a stable birational invariant of the smooth pro-
jective variety X .

Proof. Using Lemma 1.9, we only have to prove invariance under blow-up and under X +—
X x P". When we blow-up X along a smooth subvariety Z C X, the blow-up formulas
show that the extra elements in the group Griff;(X) come from Griffy(Z) which is 0 as
0-cycles homologous to 0 are algebraically equivalent to 0. When we take the product of X
with P, the extra 1-cycles in X x P" are coming from 0-cycles of X, and the extra 1-cycles
homologous to 0 from 0-cycles homologous to 0 on X, which are algebraically equivalent to
0. O

It is not known if the group Griff;(X) can be nonzero for a rationally connected variety.
It is tempting to conjecture that it is always trivial for X rationally connected. This has
been proved by Tian and Zong [55] for Fano complete intersections of index at least 2. For
such a variety X, they prove that all rational curves deform to a union of lines.

Remark 1.31. If dim X = 3, then Griff; (X) = Griff>(X). If furthermore X is rationally
connected, then Griff?(X) = 0 by Theorem 2.21.

1.3.3 Torsion 1-cycles with trivial Abel-Jacobi invariant

It is an important and classical result due to Roitman [48] that the kernel of the Albanese
map
albx : CHo(X)pom — Alb(X)

has no torsion if X is a smooth projective variety over C (or any algebraically closed field
of characteristic 0). Let J3(X) = J?"73(X) be the intermediate Jacobian built from the
Hodge structure on H3' 3(X,Z) = HP(X,Z). If X is rationally connected, H>°(X) = 0 =
H™"=3(X) and J3(X) is an abelian variety which is the target of the Abel-Jacobi map

%1 CHU(X ) hom — J3(X). (1.23)

The Abel-Jacobi map for 3-dimensional varieties played an important role in the study of
the rationality problem, thanks to Clemens-Griffiths criterion that we will revisit in Section
4.2. The following provides another birationally invariant group:

Proposition 1.32. The group Tors (Ker (;57;{1) 1s a stable birational invariant of the smooth
projective variety X .

Proof. Using Lemma 1.9, we only have to prove invariance under blow-up and under X —
X x P". When we blow-up X along a smooth subvariety Z C X, the blow-up formulas for
Chow groups and cohomology give

CH,(X) = CH; (X) & CHy(Z)
HP(X,7)=HP(X,7)® Hy(Z,7),
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hence B
CI—Il (X)hom = CHI (X)hom SV CHO(Z)hom

and similarly J5(X) = J5(X) & J1(Z) where J1(Z) = Alb(Z). The Abel-Jacobi map (b}_l
is the direct sum of the Abel-Jacobi map (;5’;{1 and the Albanese map of Z. It follows that

Tors (Ker gf)}_l) = Tors (Ker ¢y ) @ Tors (Ker alby)

and the second group on the right is trivial by Roitman’s theorem.
Similarly, for any r» > 1, we have

C‘I—Il (X X IPﬂ”)hom - CHI (X)hom &b C:HO (X>hom

and J3(X x PT) = J3(X) @ J1(X) where J;(X) = Alb(X). The Abel-Jacobi map ¢’ 5" is
the direct sum of the Abel-Jacobi map qb?(_l and the Albanese map of X. It follows that

Tors (Ker ¢y, 5h") = Tors (Ker ¢'% ') @ Tors (Ker alby)
and the second group on the right is trivial by Roitman’s theorem. O

It is again an open question whether a smooth projective rationally connected variety
over C can have some nonzero torsion in (Ker ¢’ ).

Remark 1.33. If dim X = 3, then the l-cycles are codimension 2 cycles and a difficult
theorem of Bloch (see Theorem 2.19) thus applies and says that Ker qb}fl = Ker ¢% has no
torsion in this case.

2  0-cycles

2.1 Bloch-Srinivas principle
The Bloch-Srinivas principle [12] says the following:

Theorem 2.1. Let Y — B be a flat morphism of varieties defined over a field k, with B
smooth, and let Z be a cycle on' Y. Assume that K O k is an algebraically closed field of
infinite transcendence degree over k and that for any point b € B(K), the restricted cycle
Z)y, 1s rationally equivalent to 0. Then there exist an integer N > 0 and a dense Zariski
open set U C B such that NZy, =0 in CH(Yy), where Yy := ¢~ *(U) C Y.

The condition on K guarantees that it contains any finitely generated extension of k.
The assumptions we imposed on B and ¢ are used to give a meaning to the restricted cycles
Z)y,- As the conclusion concerns only a dense Zariski open set of B, smoothness of B is
not restrictive. The theorem is obtained by embedding k(B) into K and by applying the
assumption to the generic point 7 of B, which is defined over k(B) but can be seen as defined
over K via k(B) C K. As Z vanishes in CH(Y,,,.), one easily concludes by a trace argument
that it is torsion in CH(Y}). Finally, as n is the generic point of B, the vanishing of NZ
in CH(Y;,) implies the vanishing of NZ in CH(Yy) for some dense Zariski open set U of
B, which proves the theorem. Note that the same argument proves as well the following
statement:

Proposition 2.2. Under the same assumptions as in Theorem 2.1, there exist a dense
Zariski open set U C Byeg and a finite cover U' — U such that Zy = 0 in CH(Yy), where
Yy :=U'" xy Yy and Zy: is the pull-back of Z}y,, to Yy:.

If X is a complex variety, then X is defined over a field k which has finite transcendence
degree over Q and C satisfies the desired properties with respect to k. We then conclude:

19



Theorem 2.3. Let ¢ : Y — B be a morphism of complex varieties and let Z be a cycle
on Y. Assume that for any complex point b € B(C), the restricted cycle Z)y, is rationally
equivalent to 0. Then there exist an integer N > 0 and a dense Zariski open set U C B such
that NZy,, = 0 in CH(Yy ), where Yy := ¢~ (U) C Y.

This theorem leads us to the “decomposition of the diagonal” first introduced by Bloch
and Srinivas, some applications of which we will describe below:

Theorem 2.4. [12] Let X be a variety of dimension n over C and assume that there exists
a closed algebraic subset W C X such that CHo(W) — CHy(X) is surjective. Then for
some integer N > 0, one has a decomposition

NAx = Zw + Z in CH"(X x X), (2.24)

where Ax is the diagonal of X, Zy is supported on X x W and Z is supported on D x X
for some proper closed algebraic subset D C X.

Proof. The assumption is equivalent, by the localization exact sequence, to the vanishing of
CHo(X \ W). We can then apply Theorem 2.3 and conclude that for some Zariski open set
U C X, and for some integer N > 0,

NAX|U><(X\W) =01in CHTL(U X (X \ W))

By the localization exact sequence, letting D := X \U, this is equivalent to the decomposition
(2.24). O

In these notes, we are interested in rationally connected varieties X, which have “trivial”
CHj group over an algebraically closed field, as all points of X are rationally equivalent in
X. We are thus in the situation of Theorem 2.4, where we can take for W any point = € X.
One then gets:

Theorem 2.5. Let X be a complex algebraic variety of dimension n, such that all points of
X are rationally equivalent to any given point x € X. Then there is a divisor D C X and
an integer N such that

NAx =N(X xz)+ Z in CH"(X x X) (2.25)
where Z is supported on D x X.

The decomposition (2.25) is a Chow decomposition of the diagonal with rational coeffi-
cients, due to the presence of the coefficient N. It was used by Bloch and Srinivas to give
a new proof and a generalization of Mumford’s theorem [44]. Note conversely that, if X is
smooth projective, and admits a decomposition as in (2.25), then CHy(X) = Z. Indeed, for
any y € X, we get by letting act the correspondences appearing in (2.25) on any 0-cycle z :

Nz = N(degz)z in CHy(X),

This shows that up to torsion, CHo(X) = Z, and in particular that Alb X = 0. On the
other hand Roitman’s theorem [48] says that the kernel of the Albanese map has no torsion,
hence finally CHy(X) = Z.

2.2 Universal Chow group of 0-cycles

The universal CHy group of X is not a group but a functor. If X is a variety defined over
a field K, this functor, from the category of fields containing K to the category of abelian
groups, associates to any field L 2 K the group CHy(Xp). The crucial point is that it
provides much more information on X than the group CHy(X), even if K is very big like
C, because the considered fields L are not algebraically closed. The interest of this notion
for rationality questions comes from the following facts:
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Lemma 2.6. One has CHy(P}%) = Z for any field K. One can take for generator the class
of any K-point of P .

Proof. (See also [22, 1.9].) This follows indeed by induction from the localization exact
sequence
CHy (P ') = CHo(P%) — CHo(A%) — 0,

where P"I{l C P% is any hyperplane, and from CHy(A% ) = 0 which is almost trivial: any
effective 0-cycle of Al is the divisor of a polynomial P € K[X]. O

Note that the same proof shows that CHo(X x P%) = CHy(X), see [22, 3.1].
The following definition appears in [5]:

Definition 2.7. A wvariety X over K has universally trivial CHy-group if X has a 0-cycle
z of degree 1 and CHy(X1) = Zz for any field L 2 K.

‘We then have

Proposition 2.8. If X and Y are smooth projective over K and are stably birational over
K, then X has universally trivial CHg-group if and only Y does.
In particular, if X is stably rational over K, X has universally trivially trivial CHg-group.

Let us first recall the following basic facts that will be used many times in the sequel.
Let X be a smooth projective variety of dimension n. Any cycle I' € CH"(X x X) (also
called a self-correspondence) acts on Chow groups of X in the following way: the upper-star
action I'™* : CH(X) — CH(X) is defined by

[*(2) = pri«(pryz - T), (2.26)

where pr; : X x X — X are the two projections, and the lower-star action Iy : CH(X) —
CH(X) is defined by

Ii(2) = pros(priz - T). (2.27)

Obviously T', = ‘T where ‘T is the image of I under the involution of X x X exchanging
the factors, but it is important for us in this section to use the two actions.

Proof of Proposition 2.8. The CHg-group has the functoriality properties needed to apply
Lemma 1.9. Hence assuming resolution of singularities, it suffices to show invariance under
blow-up and invariance under X +— X x P". The former follows more generally from the
blow-up formulas for Chow groups, and the later was noted above. An alternative proof
which does not use resolution of singularities is as follows: Let ¢ : X --» Y be a birational
map. Then the graphs I'y C X x Y and I' -1 C Y x X are correspondences which satisfy

Iy-10l'y =Ax + Z in CH"(X x X) (2.28)
Tyoly 1 =Ay + 2 in CH(Y x Y)
where the self-correspondences Z (resp. Z’) have the property of being supported on D x X
(resp. D’ x Y) for some proper closed algebraic subset D of X (resp. D’ of Y)). But a

correspondence Z satisfying this property acts trivially on CHg(X), and similarly for Z’.
Thus we conclude that

(Pp-1)x 0 (Lg)s = Idcuy(x), (Tg)wo (Lp-1)e = Idchyy)-
O

We now consider the previous situation where X is a smooth complex projective variety.
The precise relationship between CHy-triviality and universal CHy-triviality is described by
the Bloch-Srinivas Theorem 2.5:
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Proposition 2.9. If CHy(X) = Z, the universal CHy group of X is trivial modulo torsion;
more precisely, there is an integer N > 0 such that NCHo (X))o = 0 for any field L 2 C.

Here CH( (X} )o is the Chow group of 0-cycles of degree 0.

Proof. We use Bloch-Srinivas decomposition of the diagonal of X/C
NAx =N(X x )+ Z in CH"(X x X) (2.29)
with Z supported on D x X. It clearly remains true for X, which gives
NAyx, = N(Xp xz)+ Z, in CH"(X, x XL), (2.30)

with Z, supported on Dy, x X,. Both sides of this equality act on CHo(X)o. The action
of Zp. and N(X x x). are clearly 0 on CHo(XL)o, while (NAx, )« = N Idcwy(x,),- O

The next question (and the central subject of these notes) is whether one can get rid of
the coefficient NV, that is whether X has universally trivial CHy and we will see in the next
sections that there are many obstructions to that, which all provide interesting obstuctions
to stable rationality. We will shift to the language of decomposition of the diagonal, that
was studied first in [61] in relation with rationality questions.

Definition 2.10. A n-dimensional variety X over K admitting a K-point = (or a 0-cycle
of degree 1) has a Chow decomposition of the diagonal if one can write

Ax =X x z+ Z in CH"(X x X), (2.31)

where Z is a cycle of X x X which is supported on D x X, where D C X is a proper closed
algebraic subset.

It is immediate to see that the definition is independent of the choice of x. The equiva-
lence of the two definitions is contained in the following result proved in [5]:

Proposition 2.11. A variety X over K admitting a K-point x (or a 0-cycle of degree 1)
has a Chow decomposition of the diagonal if and only if X has universally trivial CHgy group.

Proof. 1f we look at the proof of Proposition 2.9, and put N = 1, we see that it proves the
“iff” direction. Conversely, assume X has universally trivial CHy group and let L = K(X).
The diagonal of X provides a L-point nx of X (namely the generic point). By assumption,
we get that

nx =L in CH()(XL) (232)
Now we use the fact that

CHo(Xp) = CH"(Xy) = lim CH"(U x X), n = dim X,

ucx

where the direct limit is over all the dense Zariski open sets of X. The points n7x and xp,
are the limits of the cycles (Ax)|yxx and U x x respectively. Formula (2.32) thus says that
there exists a Zariski open set U C X such that

(Ax)juxx —U xxz=0in CH"(U x X),

which is equivalent to a decomposition of the diagonal (2.31) with D = X \ U by the
localization exact sequence. O

The study of the decomposition (2.31) and its consequences will allow us in next section
to exhibit many obstructions, some topological, to the universal triviality of CHy.
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2.3 Decomposition of the diagonal : consequences

Here we will work over C and use integral Betti cohomology classes, but of course Z,-étale
cohomology classes could be used in general. A cohomology class o € HZ'(X x X) acts
on integral cohomology of X by the same formulas as (2.26) and (2.27). We will denote by
a* and a, these actions. When « is an integral Hodge class, in particular when o = [I] is
algebraic, the two maps o* : H5(X,Z) — H5(X,Z) are morphisms of Hodge structures. In
particular, when [ = 25 4+ 1 is odd, there are corresponding endomorphisms o*, a, of the
associated Jacobian J!(X) = HL(X,C)/(FIHY(X) & H5(X,Z)1y).

We will use freely the fact that the actions of I'*, resp. I'y, on Chow groups are com-
patible via the cycle class map and Abel-Jacobi map with the action of [I']*, resp. [I']., on
cohomology and Jacobians, see [66, 9.2].

2.3.1 Consequences of a cohomological decomposition of the diagonal

Let X be smooth projective of dimension n over C. We will say that X has a cohomological
decomposition of the diagonal if one can write

[Ax]=[X xz] +[Z] in HY"(X x X,7Z), (2.33)

where Z is a cycle of X x X which is supported over D x X, with D C X a proper closed
algebraic subset, that we can assume to be a divisor. Clearly, if X has a Chow decomposition
of the diagonal as in (2.31), then it has a cohomological decomposition of the diagonal by
taking cohomology classes. Note that (2.33) implies that ([Ax] — [X x z])jyxx = 0 in
H#'(U x X,Z) but that this is a priori a stronger statement, because the latter is just
saying that the homology class [Ax] — [X X z] comes from an integral homology class
supported on D x X for some proper closed algebraic subset D, but it is not saying that
this 5 can be taken algebraic on D x X. In order to draw consequences of (2.33), we use
it in the following form: We observe that we can choose D to be smooth generically along
each component of pri(Supp Z). It then follows that the cycle Z lifts to a codimension n — 1
cycle Z of D x X, where j : D—Xisa desingularization of D C X. Then (2.33) rewrites
as

[Ax] —[X x 2] = (j, Idx).([Z]) in HY(X x X, 7). (2.34)
We now get the following consequence:

Lemma 2.12. If X has a cohomological decomposition of the diagonal as in (2.84), then
for any o € H5(X,Z) of degree « > 0, one has

a=j.(2]a) in Hy(X,Z). (2.35)
Similarly, for any o € H*(X,Z) of degree x < 2n, one has
a=[Z.(G*a) in H3(X,Z). (2.36)

Proof. For (2.35), we let both sides of (2.34) act on H}(X,Z) by the upper-star action. We
observe that [X x z]*a =0 if * = dega > 0 and [Ax]*a = «. Finally we have

(G, 1dx)-([2])* (@) = j-([Z) ) in Hi(X,7),

which proves (2.35).
For (2.36), we argue similarly but use the lower-star action. We observe that [X x z].a =
0 if * = deg o < 2n and [Ax].a = . Finally we have

(G, 1dx)«([Z])wer = [Z)(* @) in Hi(X,7),
which proves (2.36). O
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We now get the following;:

Theorem 2.13. If X has a cohomological decomposition of the diagonal, then the following
hold:

1. HY9(X) =0 (hence also H>*(X) =0 fori > 0.

2. Tors H5(X,Z) = 0 for i < 3. Dually Tors H5(X,Z) =0 fori > 2n — 2.
3. Integral Hodge classes of degree 4 on X are algebraic.

4. Integral cohomology classes of degree 2n — 2 on X are algebraic.

Remark 2.14. Statement 1 is due to Bloch and Srinivas [12] and uses only the cohomological
decomposition of the diagonal with Q-coefficients. Statement 3 is proved by Bloch and
Srinivas in [12] with Q-coefficients. Statements 2 and 3 appear in [19] and statement 4 in
[61].

Remark 2.15. If X is rationally connected of dimension 3 over C, the only property,
among these four properties, which can be violated is the vanishing of Tors H3(X,Z) and
of Tors H5(X,Z). Indeed, by Theorem 1.2, the other cohomology groups have no torsion.
Furthermore, by Theorem 1.29, properties 3 and 4, which coincide in this case, are satisfied.

Proof of Theorem 2.13. We use formula (2.35). If o € H*9(X) with i > 0, then J, ([Z]*@) =
0 in H%%(X) as this is a holomorphic form on X which vanishes on the dense Zariski open
set X \ D. Thus (2.35) gives @ = 0, proving 1.

Remark 2.16. To make this argument totally rigorous, we should use the action of classes
of correspondences on Dolbeault cohomology, rather than Betti cohomology (they coincide
on X but not on U). We refer to the discussion starting the proof of Theorem 2.20 for more
detail.

If o is torsion and of degree * < 3, then [Z ] o is torsion and of degree * — 2 < 1, hence
vanishes in H*~2(D,Z). Hence (2.35) gives a = j,([Z]*a) = 0. The other statements are
obtained by duality or can be obtained directly by using formula (2.36). This proves 2.

If o is an integral Hodge class of degree 4, then [Z ] « is an integral Hodge class of degree
2 on D, hence is algebraic by the Lefschetz (1,1)-theorem. Thus o = J,([Z]*a) is algebraic
and 3 holds.

For the remaining statement, we use (2.36). If « is an integral cohomology class of degree

2n—2on X, then j*a € H*"~ 2(D Z) is algebraic on D which is smooth of dimension n — 1.
Thus o = [Z],(j*«) is algebraic on X. O

2.3.2 Consequences of a Chow decomposition of the diagonal

We now describe consequences of a Chow decomposition of the diagonal that a priori cannot
be obtained from a cohomological decomposition of the diagonal, for which we refer to
Theorem 2.13 .

Theorem 2.17. If X has a Chow decomposition of the diagonal, then
1. The Griffiths group Griff1(X) is trivial.
2. The kernel of the Abel-Jacobi map ¢2" 3 CHn_l(X)hom — J*=3(X) has no torsion.
3. The kernel of the Abel-Jacobi map ¢% : CH*(X)hom — J°(X) has no torsion.

We start the proof by redoing in the Chow setting the analysis done previously in the
cohomological setting. A Chow decomposition of the diagonal Ax = X x x4+ Z in CH" (X x
X)) rewrites by desingularization in the form

Ax — X xx=(j,1dx).(Z) in CH*(X x X) (2.37)
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where D is smooth of dimension n—1 and maps to X via j. We get the following consequence
by letting both sides of (2.37) act on CH(X), either by the lower star or by the upper star
action:

Lemma 2.18. If X has a Chow decomposition of the diagonal, then for any z € CH*(X)
of codimension x > 0, one has

2 =7.(Z*z) in CH*(X). (2.38)
Similarly, for any z € CH*(X) of codimension * < n, one has
2= Z,(j*z) in CH*(X). (2.39)

Proof of Theorem 2.17. By assumption, X has a Chow decomposition of the diagonal that
we write as in (2.37). If z € CH;(X), we get z = j,(Z*z) in CH;(X) by Lemma 2.18, and
if z is homologous to 0, VAE is a 0O-cycle homologous to 0 on D. Tt is thus algebraically
equivalent to 0 and so z = j,(Z*z) is also algebraically equivalent to 0. This proves 1.

Assume now that z is of torsion and annihilated by the Abel-Jacobi map. Then Z*z is
a torsion 0-cycle on D which is annihilated by the Albanese map and Roitman’s theorem
gives that Z*z = 0. Thus z = 0, which proves 2. _

If diim X > 4 and 2z € CH?*(X), we have by Lemma 2.18, z = j,(Z*z) in CH?(X), where
AL is a codimension 2 cycle on D. If now z is of torsion and annihilated by the Abel-Jacobi
map, Z*z is of torsion and annihilated by the Abel-Jacobi map, hence it vanishes in CH? (D)
by the following result of Bloch:

Theorem 2.19. (Bloch) The kernel of the Abel-Jacobi map for codimension 2 cycles ho-
mologous to zero on complex projective manifolds has no torsion.

It then follows that z = 5*(2*2) = 0, which proves 3. O

We conclude this section with an implication of cohomological type which is due to
Totaro [56] and will be used in Section 3.3. The statement is due to Bloch and Srinivas
when char K = 0.

Theorem 2.20. Let X be a smooth projective variety of dimension n defined over a field
K of any characteristic. Assume X has a Chow decomposition of the diagonal. Then
H°(X,Q%) =0 fori>0.

Proof. We use the algebraic de Rham cycle class for cycles in any smooth variety Y over K.
For any cycle Z € CH*(Y), we get a class [Z] € H*(Y,Q%). Furthermore, if X is smooth
projective of dimension n, a class « € H"(Y x X, Q% ), with Y smooth but not necessarily
projective, induces a morphism

o HP(X, Q%) — HP(Y, Q%)
a(a) = pri.(aUpria).
We now start from our Chow decomposition of the diagonal in the form
(Ax)juxx =U xxin CH"(U x X) (2.40)
for some Zariski dense open set of X. Taking de Rham cycle classes, we get
Ax]iuxx =[U x x| in H"(U x X, Q. x)- (2.41)

We let both sides act on elements a € H*Y(X) for i > 0 . The right hand side acts by
0 and the left hand side acts by restriction of forms to U. We thus conclude that for any
a € H(X,Q%) with i > 0, ajy = 0, hence a = 0 because U C X is a dense Zariski open
set. O
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We finish this section with an important result due to Bloch and Srinivas [12] and uses
in fact only the Chow decomposition of the diagonal with Q-coefficients.

Theorem 2.21. Let X be a smooth projective complex variety admitting a Chow decom-
position of the diagonal with Q-coefficients (equivalently, by Theorem 2.4, CHy(X) = Z).
Then the Griffiths group Griff?(X) is trivial and the Abel-Jacobi map

% : CH*(X)hom — J2(X)
18 an tsomorphism.

Proof. We write the decomposition of the diagonal as
NAx = N(X x z) + (j, Idx).(Z) in CH"(X x X), (2.42)

where j : D> Xsa morphism from a smooth variety of dimension n — 1. This provides
for any z € CH?(X) the equality

Nz =7.(2*2), (2.43)

where Z*z is a codimension 1 cycle on D. If z is cohomologous to 0, so is Z*z, hence
Z*z is algebraically equivalent to 0 and Nz is algebraically equivalent to 0 by (2.43). We
thus proved that Grifo(X ) is a torsion group. On the other hand, using the cohomological
version of (2.42), we conclude that for any o € H3(X,Z), Noo = j,(Z* * ), hence vanishes
on U = X \ D. Using notation of Section 1.2, this implies that the map H3(X,Z) —
H°(X 74, H3(Z)) is of N-torsion, hence is trivial as the second group has no torsion by
Theorem 1.24. Recalling the Bloch-Ogus exact sequence

H3(X,7) = H"(X zar, H3(Z)) — Griff*(X) — 0

from Theorem 1.18, we conclude that in this case Griff>(X) = H°(X 4., #3(Z)) has no
torsion. Hence it is in fact trivial, which proves the first statement.

The second statement is obtained as follows: we use again (2.43). If now z is homologous
to 0 and annihilated by ¢%, then Z*z is a codimension 1 cycle on D which is homologous
to 0 and annihilated by (blf), hence is trivial. Thus Nz = 0 in CH?*(X) by (2.43). We then
conclude that z = 0 using Theorem 2.19. O

We finally turn to unramified cohomology. The following result was proved in [19]:

Theorem 2.22. Let X be a smooth projective complex variety. (i) If NAx decomposes as
in (2.25), H., (X, A) is of N-torsion for any i > 0 and any coefficients A. In particular, if
X has a Chow decomposition of the diagonal, the unramified cohomology groups HE, (X, A)
vanish for any i > 0 and any coefficients A.

(ii) If X satisfies CHo(X) = Z, H! (X, Z) vanishes for any i > 0.

Proof. Statement (ii) follows from (i), using Theorem 2.5, which guarantees the existence
of a decomposition of NAx assuming CHy(X) = Z, and Corollary 1.25, which tells that
H!, (X,Z) has no torsion.

The proof of (i) uses the fact that Chow correspondences T' € CHY(X x Y) with X, YV
smooth and Y projective of dimension n act on unramified cohomology providing

*: H. .(Y,A) - H'7"(X, A). (2.44)

We refer to the appendix of [19] for a precise construction of this action. It factors through
the cycle class [[mot € H'((X X Y) zar, H{(Z)) = Z(X x Y)/alg introduced in Theorem
1.17 (iii). The construction of the action then rests on the basic functoriality properties of
unramified cohomology for pull-back, and push-forward under proper maps and the existence
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of a cup-product. Having this action, we simply let act on H: (X, A) both sides of the
decomposition
N[AX]nwt = N[X X x]nwt + [Z]mot

with Z supported on D x X for some proper closed algebraic subset D C X. The left hand
side acts as NId. The term N[X X x| ,0 acts trivially on HE,.(X, A) for i > 0. The fact that
[Z]%,0r = 0 on HE (X, A) follows from the fact that, denoting U := X \ D and jiy : U — X
the inclusion, we clearly have

307 © (2 por = 0 Hypp (X, A) — H,, (U, A)

for any i since Z is supported on D x X. On the other hand, the restriction map j; is
injective on H, (X, A) by Proposition 1.20. O

Corollary 2.23. (i) The unramified cohomology of P™ with any coefficients vanishes in
degree > 0.
(i) Unramified cohomology with any coefficients is a stable birational invariant.

Proof. Clearly P"* admits a decomposition of the diagonal. This follows from the compu-
tation of CH(P™ x P") as the free abelian group with basis k¢ - b3, 0 < i, j < n, where
hy = prici(Opn(1)), hy = prici(Opa(1)) € CH'(P™ x P"). Thus (i) follows from Theorem
2.22, (i).

For the proof of (ii), as we already proved birational invariance of unramified cohomology
in Theorem 1.21, it suffices to show invariance under X — X x P". We use for this the
following partial or relative decomposition of the diagonal of X x P":

T
Axxpr = ZPTsAX -paa(hy - hy ), (2.45)
i=0

where p13 : X XP" X X XP" — X x X and pay : X XP" x X x P" — P" x P" are the obvious
projections, and the hj, ho are as above codimension 1 cycles on P” x P". We let act both
sides of the decomposition above on H! (X x P", A), say by the upper-star action. The left
hand side acts trivially, and a term pi;Ax -ps, (R} -h5 ") acts nontrivially on HY (X xP", A)
only if it dominates X xP" by the projection pi2, as follows from the argument already given
above and using the injectivity of the restriction map to an open set. The only term which
dominates X x P" by the projection pis is

W= pi3Ax - pi(hy),

which acts on H!,.(X x P, A) by the composite map:

Hi (X xP" A) ™S HY (X x pt,A) = H. (X,A)3 H (X xP", A).

It follows from the above arguments that W* = Id on H!, (X x P"  A), from which
we conclude immediately that the pull-back map p% : H: (X, A)—H!, (X x P", A) is an
isomorphism. O

2.3.3 Cohomological versus Chow decomposition

We explained above that the existence of a Chow decomposition of the diagonal has a priori
stronger consequences than the existence of a cohomological decomposition of the diagonal.
We are going to discuss here how the two properties relate.

Note first that, by Theorem 2.13, 1, a smooth complex projective variety admitting a
cohomological decomposition of the diagonal has h*°(X) = 0 for i > 0, hence Bloch’s conjec-
ture predicts that CHy(X) = Z. The Bloch-Srinivas theorem 2.5 then shows that X admits
a Chow decomposition of the diagonal with Q-coefficients. In conclusion, when working with
Q-coefficients, having a cohomological and a Chow decomposition of the diagonal should be
equivalent.

Turning to integral coefficients, the following result appears in [63].

27



Proposition 2.24. A smooth projective variety defined over an algebraically closed field
admits a Chow decomposition of the diagonal if and only if it admits a decomposition of the
diagonal modulo algebraic equivalence.

Proof. We use the following result of [57] and [59].

Theorem 2.25. LetT' € CH* (X x X) be a self-correspondence which is algebraically equiv-
alent to 0. Then T is nilpotent in the ring CH*(X x X) of self-correspondences of X .

Starting from our decomposition
Ax=Xxz+Z7

modulo algebraic equivalence, with Z supported on D x X, let ' = Ax — X xax — Z €
CH™(X x X). Theorem 2.25 implies that I° = 0 in CH"(X x X) for some N > 0. We
finally observe that IT°Y = Ax — X x 2 — Z’ in CH"(X x X) for some Z’ supported on
D’ x X, for some proper closed algebraic subset D’ C X. The equality

N =0=Ax — X xz—Z in CH"(X x X)
thus gives a Chow decomposition of the diagonal for X. O

In the surface case, we have the following result (proved in [63], and reproved in [32]).

Theorem 2.26. Let X be a smooth projective surface with CHo(X) = Z. Then the following
are equivalent:

1. X admits a Chow decomposition of the diagonal.
2. X admits a cohomological decomposition of the diagonal.
3. Tors HE(X,Z) = 0.

Proof. The implications 1 = 2 = 3 are clear (the second one is Theorem 2.13, 2). Let
us prove 3 = 1. The condition Tors H*(X,Z) = 0 implies that X admits a Kiinneth
decomposition with integral coefficients, so that we can write

[Ax] =)o ®B; in HE(X x X, Z) (2.46)

for some integral cohomology classes a;, 8;. As CHy(X) = Z we have by Mumford’s theorem
[44] or Bloch-Srinivas that H%%(X) = 0 for i > 0, which in our case implies that the whole
cohomology of X is algebraic. (In particular X has no odd degree cohomology.) In formula
(2.46), the classes «y, f3; are classes of algebraic cycles (points, curves, or X itself), which
gives a cohomological decomposition of the diagonal that takes the form

Ax — X xa—Z] =0, (2.47)

where Z is a cycle supported on D x X for some curve D C X. We then apply Theorem 2.21
to Y = X x X which has CHo(Y) = Z. This theorem tells us that the group Griff*(Y) is
trivial. It follows that the cycle Ax — X x z — Z homologous to 0 is algebraically equivalent
to 0. We conclude that X has a decomposition of the diagonal modulo algebraic equivalence,
hence admits a Chow decomposition of the diagonal by Proposition 2.24. O

The following question is open:

Question 2.27. Do there exist smooth projective complex varieties which admit a cohomo-
logical decomposition of the diagonal, but no Chow decomposition of the diagonal?
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The answer might be affirmative in view of the discussion made in the previous sections
concerning what is controled by the Chow, resp. cohomological decompositions of the diag-
onal. If we look at the proof of Proposition 2.24, we see that the key point is the nilpotence
of self-correspondences algebraically equivalent to 0 (Theorem 2.25). A big conjecture in
the theory of algebraic cycles is the following nilpotence conjecture:

Conjecture 2.28. Self-correspondences I' € CH(X x X)q with Q-coefficients and homolo-
gous to 0 are nilpotent, that is, T°Y = 0 in CH(X x X)q, for any smooth projective variety
X over C.

This conjecture is not formulated for self-correspondences I' € CH(X x X), that is with
Z-coefficients, and is presumably false, although we are not aware of an explicit counterex-
ample. In fact, there is a different and more general nilpotence conjecture by Voevodsky
[567] which predicts the following:

Conjecture 2.29. For any smooth projective variety Y, any cycle Z € CH(Y)q with Q-
coefficients and homologous to 0 is smash-nilpotent, namely Z~ = 0 in CH(X™)g for some
N > 0.

This conjecture implies Conjecture 2.28 by putting Y = X x X and realizing that ['°VY
is obtained from I'V € CH((X x X)™)g by a natural correspondence. However, Conjecture
2.29 is shown not to be true with integral coefficients in [50, Theorem 5].

3 The degeneration method

3.1 A specialization result

First of all, let us explain a version of Fulton’s specialization map [22, 20.3].

Proposition 3.1. Let w: Y — C be a flat morphism to a smooth curve over C. Let Z be a
cycle on Y such that for the very general complex point t € C, Z)y, is rationally equivalent
to 0, where Y; := 7= 1(t) C Y. Then for anyt € C, Z\y, s rationally equivalent to 0.

Remark 3.2. There is no smoothness assumption in this statement, neither for Y, nor for
the morphism 7. Indeed, by flatness of 7 and smoothness of C, the fibers Y; are Cartier
divisors, so the restricted cycle Zy, is well-defined.

Proof. We apply Proposition 2.2. It says that there exist a base change C' — C, where we
obviously can assume that C’ is smooth, and a Zariski open set U’ C C”, such that Zy» =0
in CH(Yy). The cycle Z¢ € CH(Yr) thus vanishes on the Zariski open set Yy» C Yo, and
it follows from the localization exact sequence that there are finitely many fibers Y}, C Yo
such that Z¢s is supported on the union of the Yj,’s. Clearly the restriction Zjy,, vanishes
for any ¢ # t] for all 4, but in fact this is also true for ¢ = #]. Indeed, let j; : Y;; — Yoo
be the inclusion. Then Y, is a Cartier divisor, which furthermore has the property that
Oy, (Yy) is trivial. It follows that ji o ji : CH(Y;,) — CH(Y;) is 0. This proves the result
also for the special points t; since we know that Zc = 3. jix(Z;). (One uses here the fact
that the fibers of Yo — C” and Y — C' are the same.) O

Corollary 3.3. Let X — C be a flat morphism over C where C is a smooth curve and
X is irreducible. Assume that for a very general point t € C, the fiber X; has a Chow
decomposition of the diagonal. Then any fiber X; has a Chow decomposition of the diagonal.

Proof. Consider the flat morphism Y := X x¢ X — C. By assumption, for a very general
point ¢t € C, there exist a divisor D; C X; and a point z; € X; such that

Ax, = Xy X 24 + Z; in CH(X; x X;),
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where the cycle Z; is supported on D; x X;. The data such as Dy, Z; or x; are parameterized
by a countable union of Chow varieties which are proper over C’, and we conclude that,
after base change C' — C, there exists a divisor D C X+ which does not contain any fiber,
there exist a section o : €' — X and a cycle Z supported on D X X¢r such that the
cycle

I':= AX’/C’ - X' X O’(Cl) —Z € CH(YC/) (348)

has the property that for a very general point ¢ € C’, I'jy, = 0. Note that we can assume
that D is the Zariski closure of its generic fiber over C’, as the only constraint it has to
satisfy, namely (3.48), concerns its generic fiber. By Proposition 3.1, this remains true for
any t € C'. As X is irreducible and flat over C, the fibers of X — C are equidimensional of
dimension n, hence we can assume that D does not contain any component of any fiber of
Xor — €' (such a fiber would form an irreducible component of D that does not dominate
C’, hence would not be in the Zariski closure of the generic fiber of D). Thus DN X, is a
proper divisor for any point ¢ € C’, and the condition I'ly, = 0 for any ¢ thus says that X;
has a Chow decomposition of the diagonal. O

The following result is proved in [62].

Theorem 3.4. Let m: X — C be a flat projective morphism of relative dimension n > 2,
where C' is a smooth curve. Assume that the fiber X; is smooth for t # 0, and has at worst
isolated ordinary quadratic singularities for t = 0. Then

(i) If for general t € B, X; admits a Chow theoretic decomposition of the diagonal
(equivalently, CHy(X}) is universally trivial), the same is true for any smooth projective
model )?o of Xp.

(ii) If for general t € B, Xy admits a cohomological decomposition of the diagonal, and
the even degree integral homology of a smooth projective model Xo of Xo is algebraic (i.e.
generated over Z by classes of subvarieties), Xo also admits a cohomological decomposition
of the diagonal.

In order to prove (ii), we will need an intermediate step involving the notion of a homo-
logical decomposition of the diagonal for singular projective varieties: to make sense of this,
we just need to know that cycles Z have a homology class [Z]pom in Betti integral homology,
which is standard. Then a homological decomposition of the diagonal of a singular but
projective X of pure dimension n is an equality

[AX]hom = [X X :E]hom + [Z]hom in HQn(X X X7 Z)a

where as usual Z is a cycle supported on D x X for some nowhere dense closed algebraic
subset D of X.

Proof of Theorem 3.4 . By Corollary 3.3 and under the assumptions made on the general
fibers in (i), the central fiber admits a Chow decomposition of the diagonal. This step does
not need any assumption on the singularities of the fibers. Similarly, under the assumptions
made on the general fibers in (ii), the central fiber admits a homological decomposition
of the diagonal. The proof here uses the fact that as we are over C, for any proper flat
analytic morphism X’ — A, after shrinking A if necessary, there is a continuous retraction
X" — Xo. Passing to X’ xa X', this retraction maps the diagonal Ax; to the diagonal Ax;.
This implies that a homological relation [I';] = 0 in Ha, (X} x X}, Z), where T; is as in (3.48)
implies a homological relation [['g] = 0 in Ha, (X)) x X{, Z), which provides a homological
decomposition of the diagonal for X = Xj.

The second step is passing from X to 5(:0 and this is here that we use the assumption
on the singularities. Let us first concentrate on (i). From the decomposition

AXU = XQ Xx+ Zin CHn(XO X Xo),
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where Z is supported on D x X, we deduce by restriction to
UXU, U= X()\Sinng:)Z'o\E7

where F is the exceptional divisor of the resolution of singularities of X obtained by blowing-
up the singular points:

Ay =U x x+Z|U><U in CH, (U x U).

By the localization exact sequence, we get a decomposition on )?0 which takes the following
form: _ B B B
A)?o = Xo X o + Z+F1 +F2 in CHn(XO X X()),

where Z is supported on D’ x X, for some D’ G )N(O, and I'1 is supported on E X )?0,
I’y is supported on Xo x E. Of course the cycle 'y does not dominate Xo by the first
projection, so we need only to understand I';. But E is a disjoint union of smooth quadrics
Q; of dimension > 1, and for each of them, n-dimensional cycles in Xo X @; decompose as
n; Xo X x; + Z;, where Z; does not dominate X by the first projection, n; is an integer, and
x; is any point of Q);. At this point, we obtained a decomposition of the form

Af(o = 5(:0 X g + anjZO X x;+ Z in CH()A(:O X 5(:0) (349)

i

In order to conclude, we have to use the assumption n > 2. It implies that XO is irreducible
or equivalently, connected. Indeed the general fiber X, is connected as this is a consequence
of the existence of a decomposition of the diagonal for X;. Formula (3.49) tells us by letting

both sides act on CHy(X,) that CHy(X,) is generated over Z by 2o and the z;. By Roitman’s
theorem [48], this implies that CHy(Xo) = Z, so that all the x;’s are rationally equivalent
to 2o in Xp. Then (3.49) gives a Chow decomposition of the diagonal for Xj.

The proof of (ii) is quite similar although the tools are slightly different. It is important
here to realize that homology and algebraic cycles do not work completely in the same way.
For example, we do not have in homology the localization exact sequence.

We know that the central fiber has a homological decomposition of the diagonal in
H,.(Xo x Xo,Z). A fortiori it has a homological decomposition in the relative homology
H.(Xo x Xo,B,Z) where B = Sing(Xy) x Xo U X x Sing(Xg) As )~(0 \ B = Xy \ Sing Xo,
it follows that we get for Xo a homological decomposition of the diagonal modulo E x XoU
Xo x E. This shows that we have a relation

[A g, Jhom = [Xo x @0] + [Z] + a in Han(Xo x Xo,2), (3.50)

where a € Hy, (E X )?0 U )Z'o x E,7). We use now the fact that £ = LIQ; so that the union
above is the union of the Q; x Xo and Xp x Q; intersecting along the union of the @Q; x @Q;.
As Q; x @ has trivial odd degree cohomology, it follows that Hon(E x XoU Xq x E,Z) is
generated by the subgroups H,,(Q; x XO,Z) and Hgn(X() X Qi,Z). Hence a =Y, a; + 3
with a; € Hap(Q; X Xo, Z), B; € HQn(X() X Qi, 7).

We assume for simplicity that H2* ()Z' 0, Z) is algebraic (we only assumed that this assump-
tion holds for some variety birationally equivalent to )Z'o) We then get using the Kiinneth
decomposition of the even degree cohomology (or homology) of Xo ¥ Q; and Q; X X, that
each «; is algebraic and each f3; is algebraically decomposable, that is of the form ), [Z; x Zl]
for some algebraic cycles on each summand. Clearly «; is then the class of a cycle z; in
Xo X Xo which does not dominate Xo by the first prOJeCthn For the 8; = >,[Zi1 x Z}], if
dim Z] > 0, then dim Z; < n and Z; does not dominate Xo by the first projection. Finally,
if dim Z] = 0, then one gets a contribution [Xo x 2;]. Putting this decomposition in (3.50)
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and using the fact that [z;] = [zo] in H 2n(X,,7Z), this clearly provides a homological (or
equivalently cohomological as XO is smooth) decomposition of the diagonal of Xo We used

in the last step the fact that n > 2 to guarantee that H%”(XmZ) = Z is generated by the
class of the point . O

Remark 3.5. The assumptions on the singularities in Theorem 3.4 are too strong and this
will be discussed in next section, but some assumptions on the singularities are necessary.
Consider the case of the cubic surface degenerating to a cone over an elliptic curve. The
general fiber is rational hence has a Chow decomposition of the diagonal, but the desin-
gularization Sy of the central fiber has nonzero holomorphic forms, so it does not admit a
decomposition of the diagonal by Theorem 2.13.

As a first application, let us prove Proposition 0.5 stated in the introduction:

Proof of Proposition 0.5. Indeed, if X; was stably rational, it would admit a Chow decom-
position of the diagonal. Then Xy would also admit a Chow decompositon of the diagonal
by Theorem 3.4, because clearly the fiber dimension has to be > 2. By Theorem 2.13, this
contradicts the fact that Tors H3(Xo,Z) # 0. O

3.1.1 The very general quartic double solid is not stably rational

Recall that a quartic double solid is a hypersurface X in I := Spec (Sym Ops(—2)) = P3
defined by the equation u? = p* f, where u is the canonical extra section of 7*Ops (2) on L and
f € H°(P3,Ops(4)). Thus quartic double solids are parameterized by P(H?(P3, Ops(4))).
We described in Section 1.1.1 the Artin-Mumford double solid Xy which is nodal, with the
property that Xy has a nontrivial Artin-Mumford invariant.

Theorem 3.6. The very general quartic double solid X does not admit a cohomological
(hence a fortiori Chow-theoretic) decomposition of the diagonal. Similarly, the desingular-
ization of the very general quartic double solid X with k <7 nodes in general position does
not admit a cohomological decomposition of the diagonal.

Here we observe that given k < 7 general points in IP3, there is a linear space of dimension
34 —4k > 0 of quartic homogeneous polynomials f having multiplicity > 2 at these k points.
There is thus an irreducible variety parameterizing quartic double solids with k nodes in
general position. As usual, “very general” in Theorem 3.6 means that the statement is true
for a parameter f in the complement of a countable union of proper closed algebraic subsets
of this variety.

Theorem 3.6 immediately follows from Theorem 3.4 by degeneration to the Artin-Mumford
double solid. Indeed, if X is the Artin-Mumford double solid, X, does not admit a co-
homological decomposition of the diagonal by Theorem 2.13, because the Artin-Mumford
invariant of Xy is not trivial. Furthermore, the even degree integral Betti cohomology of Xo
is algebraic by Theorem 1.29 because Xy is a rationally connected threefold. For the nodal
case, one needs to check that the Artin-Mumford double solid smoothifies partially to the
k-nodal quartic double solid with £ nodes in general position, for k < 7.

A a consequence of Theorem 3.6, one gets the following

Corollary 3.7. The desingularization of the very general quartic double solid with k <7
nodes in general position is not stably rational.

Note that by Endrass [21], if X is as in Theorem 3.7, X has trivial Artin-Mumford
invariant. In fact Endrass proves that the desingularization of a quartic double solid with
less than 10 points has no torsion in its third Betti cohomology. To our knowledge, the only
criterion for stable irrationality of rationally connected threefolds used previously was the
Artin-Mumford invariant.

32



3.2 Colliot-Théléne-Pirutka and Schreieder’s work

It was noticed in [62] that the assumptions on the singularities in theorem 3.4 were too
strong, even if, according to Remark 3.5, some assumptions are necessary. The paper by
Colliot-Thélene and Pirutka [18], written in the equivalent language of universally CHg-
trivial varieties (see Section 2.2), provides a similar specialization result under weaker as-
sumptions. They prove the following theorem that we in turn reformulate below in the
language of decomposition of the diagonal. We will state the result over any algebraically
closed field k. The only difference when working over C is the fact that, C being a large
field, we can use the assumption on the very general fiber of a morphism as being equivalent
to the similar assumption on the geometric generic fiber (see the discussion in Section 2.1).
Note however that the setting of Colliot-Thélene-Pirutka’s work is that of a scheme over a
DVR, which includes specialization from varieties defined over a number field to varieties
defined over a finite field. This is very important in Totaro’s work (Theorem 3.15) that we
will review later on.

The Colliot-Thélene and Pirutka’s condition in [18] asks that the resolution map 7 :
)Z'O — Xo is universally Chow-trivial, which means that for any field L containing the base
field k, the morphism 7, : CHo(Xo,) — CHo(Xo 1) is an isomorphism. This condition is
rather strong and needs to be carefully checked geometrically. It says that for each subvariety
M C Xy, the generic fiber Xo ps of the induced morphism 77*(M) — M, which is a variety
over k(M), has CHg universally trivial.

Let us first consider the following condition (*) that is slightly stronger than the Colliot-
Thélene-Pirutka condition but is explicit geometrically:

(*) For any irreducible subvariety Y C X, the map 7y : Ey = 77 YY) = Y has
a rational section (or a 0-cycle of degree 1) and its generic fiber is smooth geometrically
irreducible and has a decomposition of the diagonal over k(Y').

Remark 3.8. In practice, condition (*) is proved by checking that each generic fiber Ey,
is smooth rational over k(Y).

Here the decomposition of the diagonal for Ey,, is supposed to hold with respect to the
given point or 0-cycle y,, € Ey,(k(Y)). Note that we use here the Chow decomposition of
the diagonal for any variety defined over any field, in particular not algebraically closed.

Theorem 3.9. Let X — C be a flat morphism, where C is a smooth curve over C. Assume
the very general fiber X; is smooth and has a Chow decomposition of the diagonal. Then
if the central fiber has a desingularization T : Xo — Xo satisfying (*), Xo has a Chow
decomposition of the diagonal.

Remark 3.10. We recover the case of nodal singularities by considering the standard res-
olution by blow-up. The condition that the fibers have dimension at least 2 is hidden in
condition (*), because in dimension 2, the exceptional fiber of the resolution over a singular
point consists of two points, which does not satisfy (*).

Proof of Theorem 3.9. The proof starts as the proof of Theorem 3.4: we thus conclude that
Xo has a Chow decomposition of the diagonal and we want to deduce that X, also has one,
so that we get by lifting the cycles to Xy x Xg:

A;(o = 5(:0 X g + Z +I'in CHn()A(:O X 5(:0), (351)

where Z is supported on_ D" x XO for some proper closed algebraic subset D' C XO, and
I' is supported on F X Xo U XO x E. Here FE is the exceptional locus of the considered
desingularization of Xy. A key point observed by Colliot-Thélene and Pirutka is the fact
that for some dense Zariski open set U of X, the cycle I" satisfies

(T, T)*F\UXXO =0in CHn(U X X())
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The end of the proof then rests on the following statement:

Lemma 3.11. Let ¢ : W — V be a proper dominant morphism with irreducible smooth
generic fiber. Assume there is a generic relative decomposition of the diagonal for ¢, namely
there exist a rational section ¥ of ¢ with image S C W, a proper closed algebraic subset
Wy CW and a cycle T CW xy W — V which is supported over W1 C W, such that

Aw =W xy S +T in CH(W xy W). (3.52)

Then for any smooth projective variety Y of dimensionn and any cycleT'y € CH, (Y xW)
such that (Idy, ¢)«T'1 vanishes in CH(U x V') for some dense Zariski open set U of Y, there
exist a proper closed algebraic subset V' C V and a cycle T} € CH,(Y x W’), where
W' = ¢~ 1(V"), such that ¢.T) =0 in CH,,(U x V') and Ty =Ty in CH,(U x W) for some
dense Zariski open set U of Y.

Proof. As (Idy,¢).I'1 vanishes in CH(U x V') for some dense Zariski open set U of YV, and
there is a rational section of ¢, we can assume that (Idy,).I'; actually vanishes as a n-
cycle of U x V' by replacing the cycle 'y € Z,(Y x W) by I'y — (Id,¢).(Id, ¢).(T'1) which
is rationally equivalent to it. Moving cycles, we can assume that the support SuppI'; of I'y
does not have its image in W contained in Wi. As dim SuppI'y = n = dimY, there exists
a dense Zariski open set of Y (that we can assume to be U), such that, over U, SuppI';
and pr;VI(Wl) do not intersect. Let m = dimW and let V° be a dense Zariski open set
over which ¢ : W — V is smooth and let W° := ¢=1(V"). The group CH,,(W? xy0 W?)
acts on CH,, (Y x W9) by composition over V9. The diagonal Ayyo acts as the identity and
WO xy0 S acts as (Id, ). o (Id, ¢).. It thus follows from (3.52) and from the vanishing of
(Id,$).I'1 in CH,,(U x V), that

Tyjrxwo =T oIy in CH, (U x WP). (3.53)

As T is supported over Wi and SuppI'; does not meet pr;[}(Wl) over U, the cycle T o T’y
vanishes over the Zariski open set U x W° of Y x W. By (3.53) and the localization exact
sequence, I'yjyxw is rationally equivalent to a cycle I'} supported over a proper closed
algebraic subset V' C V. Denoting by ¢’ : W' := ¢~ (V') — V, it remains to see that
(Id,¢")«(T'}) =0 in CH(U x V') if U is small enough. This is because, taking the limit over
the Zariski open sets U of Y, T'; can be seen as a 0-cycle of Wy, with K = k(Y'), which
vanishes in Zy(Vk). When we apply the map T, to it, the resulting cycle also vanishes as a
0-cycle of Vi, and at the same time it is supported on V};. Hence it vanishes in Zy(V},). O

We apply Lemma 3.11 in an iterated way, with Y = )N(O, starting from the situation where
W = Xy, V = Xg, ¢ =7 and I'; is the component of the cycle I appearing in (3.51) which is
supported on )~(0 x E. (We do not care about the component supported on E x )~(0 as it does
not dominate Y = X, by the first projection.) We then conclude using the condition (*) and
Lemma 3.11 that we can decrease step by step the dimension of 7(Supp I'y(y)) until finally
we conclude that the cycle I'; vanishes in U x )~(0, for a small enough dense Zariski open
set U C Xo, and equivalently, I"; is supported on D x X, for some proper closed algebraic
subset D of X,. Formula (3.51) then provides a Chow decomposition of the diagonal for
Xo. The proof of the theorem is thus finished. O

Combining Theorem 3.9, Theorem 2.22 and Remark 3.8, one gets the following improve-
ment of Proposition 0.5:

Proposition 3.12. Let ¢ : X — C be a flat morphism, where C is a smooth curve over an
algebraically closed field k. Then if the central fiber has a desingularization T : Xg — Xg
satisfying assumption (*) (for exzample, if T has rational generic fibers Ey, over k(Y) for
any Y C )~(0), and Xo has a nontrivial Brauer group, the geometric generic fiber Xz5 of ¢
s not stably rational. If k = C, the very general fiber Xy is not stably rational.
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We now come to Schreieder’s improvement of Propositions 0.5 and 3.12. This is a very
simple observation but it is very useful in practice because it does not need any control of
the singularities of the special fiber Xy. The statement is as follows:

Theorem 3.13. (See [52, Proposition 26], [53, Proposition 3.1].) Let ¢ : X — C be a
flat morphism where C' is a smooth curve over an algebraically closed field k. Assume that
the central fiber has a desingularization T : Xo — Xo satisfying the following property:
There exists a nontrivial unramified cohomology class 1 of positive degree on Xy such that
any component E; of the exceptional divisor is smooth and satisfies np, = 0. Then the
geometric generic fiber Xzz of ¢ is not stably rational. If k = C, the very general fiber X,
is not stably rational.

Proof. By the first step in the proofs of Theorems 3.4 and 3.9, it suffices to show that the
central fiber Xy itself does not admit a Chow decomposition of the diagonal. Lifting such a
decomposition to Xy would provide as before an equality

Ag = Xo x %9+ Z + T in CH, (X, x Xo), (3.54)

where Z is supported on D X )}0 for some D g )~(0, and I is supported on F x )~(0 U)N(o x E.
Here £ = U; F; is the exceptional locus of the considered desingularization of Xj.

Now we write I' = ), I'; + >, I'; where I'; is supported on E; x XU Xy x E;, and we
let both sides of the equality (3.54) act on n by the upper-star action. We observe here that
I')n = 0 by Proposition 1.20, because this is a unramified cohomology class which vanishes
on the dense Zariski open set X, \ U; E;. Next (I'5)*n = 0, because 1 g, = 0. As degn >0,
)?0 X xq acts trivially on n, and thus (3.54) provides

n=2z
where the right hand side is 0 again by Proposition 1.20 because Z*7 vanishes on )?O\D. O

Remark 3.14. We used here unramified cohomology but other invariants as discussed in
Section 1 can be used as well, for example the differential forms in nonzero characteristic.

3.3 Further developments and consequences

In this section, we will describe further variants of Proposition 3.12, and some applications.
In the paper [56], Totaro uses a version of the specialization theorem where the geometric
degeneration is replaced by specialization mod p of a variety defined over a number field. This
generalization is already present in Colliot-Thélene-Pirutka’s paper. The second important
ingredient is the fact that he uses as an obstruction to the Chow decomposition of the
diagonal (or universal triviality of CHp) for the desingularized central fiber X the space of
algebraic differential forms of positive degree as discussed in Section 2.3.2 (Theorem 2.20).

Finally, the specialization he uses is the same as in [35], although the degree range in
the final statement is slightly different. Kollar’s specialization produces in characteristic
2 limits of hypersurfaces in P"!, of any even degree > 27(™+2)7 which admit nonzero
algebraic differential forms of degree n — 1. The important point to be discussed here is the
nature of the singularities : not only the forms have to extend on the desingularization, a
point which is discussed in Kollar’s paper, but the singularities have to satisfy the condition
(*) of Colliot-Théléene and Pirutka. This is done in [56].

Combining all these ingredients, Totaro finally proves the following theorem, where the
ground field is assumed to be uncountable of characteristic 0 or 2:

Theorem 3.15. [56] A very general hypersurface of degree > 2'—(”7”)—' in Pl n >3, is
not stably rational.

35



The method of the proof actually shows that such hypersurfaces defined over a number
field exist, and not only they are not stably rational, but they in fact do not have universally
trivial CHy group.

Let us finally state the following spectacular asymptotic improvement of Totaro’s Theo-
rem. This result by Schreieder [53] uses in an essential way Theorem 3.13.

Theorem 3.16. (Schreieder [53]) A very general complex projective hypersurface of dimen-
sion n and degree at least logon + 2, n > 3, is not stably rational.

We conclude this section with some hints on the following theorem solving a longstanding
question:

Theorem 3.17. [27] Let Y C P2 x P3 be a very general hypersurface of bidegree (2,2).
Then'Y is not stably rational.

On the other hand, there is a dense set of points b in the parameter space for these Y ’s,
such that Yy is rational. In particular, rationality and stable rationality are not invariant
under deformation.

The proof uses the specialization method described above. Let us give a complete proof
for the density statement which is not hard but useful. We will use the following fact from
[17, Section 3] (see also [19, Section 8]):

Proposition 3.18. Let Y be a smooth fourfold fibered in 2-dimensional quadrics over a
surface. Then integral Hodge classes of degree 4 on'Y are algebraic.

We also have the following standard lemma due to Springer [54] (it is in fact true in any
dimension and over any field).

Lemma 3.19. Let QQ be a smooth quadric surface over a field k of characteristic 0. Then
Q@ has a k-point, hence is rational over k, if and only if @ has a 0-cycle z of odd degree.

Proof. Indeed, let C' be the family of lines in . The curve C is the disjoint union of
two copies of IP%. Let k C k' be the degree 2 (or 1) extension on which the two geometric
components of Cf are defined. Then Cy. is the disjoint union of two curves C'y, Cy which
become isomorphic to PIIT' over k’. But each of these curves C; has a divisor of odd degree
defined over k', namely the incidence divisor P*z € CH'(C;), where P C C; x Q is the
universal correspondence. It follows that each component C; is isomorphic to P}, and has
a k'-point [, providing a line | C @ defined over k’. Let ¢ be the Galois involution acting on
C(K'). Then if i(l) =1, (so that in fact k = k' and ¢ = Id), [ is defined over k and @ has
a k-point. Otherwise we get two different conjugate lines ! and i(l) in ¢ which belong to
different rulings of @), and their intersection point is defined over k. O

Corollary 3.20. Let Y be a fourfold as in Theorem 8.17. Then'Y is rational if Y has an
integral Hodge class a of degree 4 which has odd intersection number with the fibers Qs of
the morphism pri : Y — P2,

Proof. Indeed, Y is fibered via pri into quadric surfaces over P2. Proposition 3.18 thus
applies to Y and « is the class of a codimension algebraic cycle Z on Y. Restricting Z to
the generic fiber Y, of pri, we get a O-cycle of odd degree on Y;, defined over the function
field C(n) of P? and Lemma 3.19 then tells that Y, is rational over C(n). A fortiori, Y is
rational. O

Corollary 3.20 reduces the proof of the density statement to the following proposition:

Proposition 3.21. Let B be the family of all smooth fourfolds Y described in Theorem
3.17. Then the set of points b € B such that Yy, has an integral Hodge class o of degree 4
which has odd intersection number with the fibers of pri is dense in B for the usual topology.
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Proof. This will follow by applying the following infinitesimal criterion (Proposition 3.22)
below : Consider our family of fourfolds ) — B. We have an associated infinitesimal
variation of Hodge structures (see [66, 5.1.2]) at any point ¢t € B

H2’2(yt) — Hom (TB,ta Hl’s(yt))7

= v(a) : TB,t — H1’3(yt).

Using the fact that the Hodge structure on H*();, Q) is of Hodge niveau 2, that is, H*°()}) =
0, we have (see [66, 5.3.4]):

Proposition 3.22. If there exist to € B and o € H*%(),,) such that V(a) : Tpy, —
H3(Yy,) is surjective, then for any Euclidean open set U C B containing to, the image of
the natural map

Tyt H3) o = H (V1. R)

defined by composing the inclusion ”Hi,QR — H%AR with a local flat trivialization over U of
’H‘)‘,’R, contains an open subset Vi; of H*(Vy,, R).

Here ’H‘)l,’R is the flat real vector bundle with fiber H*()},,R) over any b € B and Hi,’,ZR is
the real vector bundle over B with fiber over ¢t € B the space H?2()};)r of real cohomology
classes of type (2,2) on );. Note that the image of T}, is by definition the set of real degree
4 cohomology classes on ); which are of type (2,2) at some point ¢’ € U.

Corollary 3.23. Under the same assumption, for any t € B, and any Euclidean open set
U C B containing t, there exists t' € U and oy € H*>?(Vy)NH*(Vyr, Z) such that the degree
of a on the fibers Qg of pri: Yy —-» P? is odd.

Proof. We observe first that the condition on ¢y in Proposition 3.22 is Zariski open, hence is
satisfied on a dense open set. We also note that the open subset Vi; of H*();,,R) appearing
in Proposition 3.22 is in fact a subcone. It is then immediate to prove that a non-empty
open subcone of H*(Y;,,R) = H*()4,,7Z) @R has to contain an integral class which has odd
degree on the fibers Q. O

What remains to be done is to check the infinitesimal criterion, which is quite well-
understood thanks to the Carlson-Griffiths theory of variation of Hodge structures of hy-
persurfaces (see [66, 5.3.4]). O

4 Cohomological decomposition of the diagonal and the
Abel-Jacobi map

4.1 Intermediate Jacobians, Abel-Jacobi map and universal cycle

We already encountered in the previous sections the Abel-Jacobi map
¢X : CH? (X )hom — J*(X) (4.55)

which is an isomorphism by Theorem 2.21 when X is a smooth projective complex manifold
with CHo(X) = Z. The right hand side is an abelian variety but the left hand side is
not an algebraic variety, even if it is more than an abstract group. Namely, we can use
the families of codimension 2 algebraic cycles on X given by codimension 2 cycles Z €
CH? (B x X) parameterized by smooth connected varieties B and the associated maps Z, :
B — CH2(X)alg, b Z, — Zy,, where by € B is a fixed reference point, to say that ¢% is
a “regular homomorphism”. This notion was introduced by Murre [45] and it says that for
any cycle Z as above, the map

bz = ¢% 0 Z.: B — J}(X)
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is a morphism of algebraic varieties.
The question left open concerning the isomorphism (4.55) is the existence of a universal
codimension 2 cycle, which was first asked in [61]:

Definition 4.1. A wuniversal codimension 2 cycle for X is a codimension 2 cycle Z €
CH?*(J3(X) x X) such that Zy = 0 and the associated map

oz JHX) = JA(X)
1s the identity.

For codimension 1 cycles, the universal cycle exists and is called the Poincaré divisor. Its
existence in this case can be proved using the fact that the complete family of sufficiently
ample divisors of given cohomology class on X is via ¢} a honest projective bundle on
JY(X). Indeed, the fiber over a divisor class L is the projective space |L| and a point x € X
determines for any L the hyperplane |L|, C |L| of divisors in |L| passing through x.

We will see in next section that, as a consequence of the degeneration method, there
are Fano threefolds which do not admit a universal codimension 2 cycle. Note that, once
one knows that the Abel-Jacobi map ¢% is surjective, there exists a codimension 2 cycle
Z € CH?(J3(X) x X) such that Zy = 0 and the associated map

bz J(X) = J(X)

is N times the identity for a certain integer N > 0. Indeed, we use for this the fact that ¢%
is regular. There are countably many complete families of codimension 2 algebraic cycles on
X, so the surjectivity of the Abel-Jacobi map implies that there exist a smooth projective
variety B and a cycle Z € CHy(B x X), such that the morphism

bz : B — J(X)

is surjective. We can replace B by a subvariety B’ containing the reference point by such
that the restriction ¢’ of ¢z to B’ is a generically finite map. Then we consider the cycle

Z;=(¢',1dx).(2") € CH*(J3(X) x X),

where Z/ := Zl’ 51 x- The integer N obtained by this construction is deg ¢’.

The existence of a universal cycle for codimension 1 cycles allows us to prove the following
result:

Proposition 4.2. [61] If X has a cohomological decomposition of the diagonal, X has a
universal codimension 2 cycle.

Proof. We write the decomposition in the form
[Ax] = [X x 2]+ (j,1dx).[Z] in HY (X x X,7Z), (4.56)

where J : D Xisa morphism from a smooth projective variety of dimension n — 1. As
we used several times, this implies that for any o € Hy(X,Z)

a=j.([Z2] ). (4.57)

The considered morphisms are morphisms of Hodge structures of odd weight and they induce
as well morphisms between the associated intermediate Jacobians. (4.57) then says that

e o [Z) = Idys(xy : JHX) — J3(X). (4.58)

Let now D € CH!(JY(D) x D) be a universal codimension 1-cycle. By pull-back to J3(X)
it provides a codimension 1-cycle on J3(X) x D and by push-forward to X, we get finally a
codimension 2 cycle on J3(X) x X defined by the formula

Z = (Idys(x),)-((12)", 1d )™ D).
The map ¢z : J3(X) — J3(X) equals by construction j, o [Z]*, hence it is the identity of
J3(X) by (4.58). O
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4.2 Extending Clemens-Griffiths criterion

The discussion in this section is specific to dimension 3, although it concerns stable ra-
tionality for them. The stable rationality of X says that X x P" is rational for some r,
hence it involves birational geometry of higher dimensional varieties. Because of this, the
Clemens-Griffiths criterion that we now describe concerns only rationality of threefolds and
not stable rationality.

Let X be a smooth complex projective threefold. Let us assume that H5(X,Z) =
0 and H3°(X) = 0, which will be the case if X is rationally connected. Consider the
intermediate Jacobian J3(X) = H3(X,C)/(F?H}(X,C) ® H3(X,Z):s), which in this case
equals HV2(X)/H}(X,Z).s. Here H3(X,Z)s denotes the abelian group Hj,(X,Z) modulo
torsion. By definition, one has a canonical isomorphism

HP(J3(X),Z2) 2 HY (X, )y (4.59)

The unimodular intersection pairing (, )x on H3(X,Z):s provides, thanks to the Hodge-

Riemann relations, a principal polarization on J3(X) of class 0x € H%(J3(X),Z). If g =

dim J3(X), the integral degree 2g — 2 cohomology class (or degree 2 homology class) (zgj ]
on J3(X) is called the minimal class. It is not known if it is algebraic for a general principally
polarized abelian variety (A, 64), although it is when (4,04) = (J1(C), ¢) is the Jacobian of
a smooth projective curve, or a product of them. The celebrated Clemens-Griffiths criterion

[15] says the following:

Theorem 4.3. If a smooth projective threefold X is rational, then (J3(X),0x) is the direct
product of Jacobians (J1(C;),0c,) of curves.

This theorem follows indeed from the fact that a principally polarized abelian variety
splits uniquely into a direct sum of simple principally polarized abelian varieties. Further-
more the Jacobian of a smooth projective curve is indecomposable as a ppav, by Riemann’s
theorem which implies that its Theta divisor is irreducible. This decomposition changes
under blow-up of a curve C' C X by the addition of an orthogonal direct summand which
is the Jacobian of C. We then conclude that the Griffiths component of X, namely the
sum in the decomposition above of all summands not isomorphic as ppav’s to Jacobians of
curves, does not change under blow-up and thus is a birational invariant (one also uses the
fact that if ¢ : X — Y is a morphism which is birational, that is, of degree 1, the morphism
o* : Hy(Y,Z) — H%(X,Z) is compatible with polarizations and thus makes H3(Y,Z) an
orthogonal direct summand of H},(X,Z)).

In the Jacobian J!(C) of a curve C, the image of C by the Albanese map gives an
effective 1-cycle Z whose class is the minimal class. The Matsusaka criterion [40] says the
following:

Theorem 4.4. A principally polarized abelian variety (A,04) is a product of Jacobians
of curves if and only if it carries an effective 1-cycle Z = 3. n;C;, n; > 0 whose class
[Z] € HP(A,Z) is the minimal class.

The following result proved in [63] is thus a version of Clemens-Griffiths theorem for
stable rationality.

Theorem 4.5. Let X be a smooth projective threefold. If X has a cohomological decompo-
g—1
sition of the diagonal, the minimal class % of J3(X) is algebraic. In particular, if X is
stably rational, the minimal class % of J3(X) is algebraic.
This condition says that there is a 1-cycle Z = Y, n;C; whose class [Z] € HP (J3(X),Z)
is the minimal class. The difference with Clemens-Griffiths criterion is that we do not ask
it to be effective.
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Proof of Theorem 4.5. Recalling the isomorphism (4.59), or rather its dual
i+ Hp(J*(X),Z) = Hy(X, L)y, (4.60)
the minimal class v € HP (J3(X),Z) is characterized by the fact that
[aus=ita).i)x (461)
¥
for any «, 8 € H5(J3(X),Z). We now assume that X has a cohomological decomposition
of the diagonal
[Ax] = Jj.([Z]) + [X x 2] in HE(X x X,Z) (4.62)

for some cycle Z € CHQ(ﬁ x X). Recalhng that D is the desmgularlzatlon of a divisor in
X, we can assume after blowing-up X that D= UD;, where each j; = jjp, is an embedding

and that j(D) has normal crossings. We denote by Z; the restriction of Z to D; x X, and
by W; the curve which is the intersection j;(D;) N j;(D;), that we can see as a divisor in
either surface D; or D;. Formula (4.62) gives for any o € H3(X,Z)¢

a= Zji*([Z} )

It follows that, for any o € H}(X, Z)+y,

(@, B)x =Y _(in([Zi] ), ju([Z]"B))x  (4.63)

il

—Z/ o203 + 3 (1) 120 B)x

i#£l
:Z/W‘ ([Zi] U [Z] B+ [Z]] aU[Z +Z/ Ji DU Z]) U Z;]* B
- ; [, (z1+ 1z a0zl + 1208
,Z/ Z*B+ [Z] a U 2] +Z/ "8,

i<l

where in the last term W; is the 1-cycle jD; of D;. The conclusion of (4.63) is that we
found smooth projective curves Cy (namely the W;;’s and the supports of the W;’s), integers
ns (namely the coefficients of the 1-cycle W;) and codimension 2 cycles Z. € CH?*(C, x X),
such that

B)x = Y (2] a), (2] Be.. (4.64)

Let ¢z : Cs — J3(X) be the associated Abel-Jacobi map. For any class n € Hy(J?(X),Z)
the class o = i(n) satisfies by definition of the isomorphism i:

oy = 2] in HY(CL, 2). (4.65)

Thus (4.64) rewrites as
(@) =S [ opmuon (1.66)

for any n, ' € H(J3(X),Z). Comparing with (4.61), we conclude that Y~ ns[¢z (Cs)] = v
is the minimal class. O
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We now give a necessary and sufficient set of conditions for a smooth projective threefold
to admit a cohomological decomposition of the diagonal. Part of these results were obtained
n [61], and they were finally completed in [63]. We assume that X has H>°(X) = 0 and
HL(X,Z) = 0 because this is necessary for X to have a cohomological decomposition with
rational coefficients. These vanishing conditions allow us to speak of the ppav (J?(X),0x).

Theorem 4.6. A smooth complex projective threefold with H*°(X) = 0 and H5(X,Z) =0
admits a cohomological decomposition of the diagonal if and only if the following conditions
are satisfied:

1. H5(X,Z) has no torsion.

2. H(X,Z) is algebraic.

3. X admits a universal codimension 2 cycle.

4. The minimal class of (J3(X),0x) is algebraic.

Proof. We already proved that these conditions are necessary: 1 and 2 were proved to
be necessary in Theorem 2.13. 3 is necessary by Proposition 4.2 and 4 is necessary by
Proposition 4.5.

We now prove that these conditions are sufficient. If X satisfies these conditions, then
by 1, X has a Kiinneth decomposition of the diagonal

[Ax] = 66,0+ 51+ 0a2 + 03,3+ 24 + o6

where 0, ; € H5(X,Z) ® Hj(X,Z) and acts as the projector on H%(X,Z).

As we assumed H}B(X7 Z) = 0, 615 and J51 are zero. Assuming 2, the even degree
cohomology of X is algebraic, since this implies H*%(X) = 0, so that H%(X,Z) is also
algebraic by Lefschetz. It follows that the terms d6 0, d4,2, 02,4 can be written as >, n;[Z; x
Z!], where codim Z; > 0. They are thus contained in D x X for some closed proper algebraic
subset D of X. Finally the term d¢ ¢ is the class of X X z.

It thus remains to show that the class d3 3 is the class of a cycle supported on D x X
for some closed proper algebraic subset D of X, and by the previous analysis of the other
Kiinneth terms, it suffices in fact that there is a cycle supported on D x X for some closed
proper algebraic subset D of X whose Kiinneth component of type (3,3) is d3 3.

Let I' = Y. n;C; be a l-cycle of J*(X) representing the minimal class. Let Z €
CH?(J3(X) x X) be a universal codimension 2 cycle and let Z; € CH(C; x X) be its
pull-back to @ x X, where CN’Z is the normalization of C;. We consider the following cycle

T:=> ni(Zi,Zi)«Ag, in CH*(X x X), (4.67)

where as usual A is the diagonal of 52 and
(Zs, Z;) i= priagZ; - prigZi € CHY(C; x C; x X x X).

Observe that each Z; is of dimension 2, so that the support of Z; does not dominate X
by the second projection. It follows that 7" is supported on D x X for some closed proper
algebraic subset D of X. We now have:

Lemma 4.7. The (3,3)-Kinneth component of T is equal to 03 3.
Proof. We have to show that for any «, 3 € H3(X,7Z)

(T a, B) x = (o, B)x- (4.68)
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We claim that for any curve C' and any codimension 2 cycle Z in C x X, one has, denoting
7' =(Z,2)Ac,

(270 B)x = (2], [Z]" B)c- (4.69)

Assuming this equality, we get

(Ta, B)x = Zni<[zi]*av [Zi]"B)é,

— Zni<j;“([Z]*a)7J’?([Z}*ﬁ»&-’

where j; : C; — J3(X) is the natural map. As Z is a universal cycle, one has [Z]* = i~}

and thus, as ), n;7:x([C;]) is the minimal class, the last term is (o, 5) x by (4.61).
It remains to prove (4.69). This follows from the fact that

(Z,Z]*(a® B) = [Z]*a® [Z]*B in H5(C x C,Z), (4.70)

where a ® = pria Upri g for both X and C.
It follows from (4.70) that

([Acl, [Z]"a @ [Z]"B)oxe = ([Acl, [Z, 2] (a ® B))oxc

=([Z, Z).([Ac]), e ® B)xxx = ([Z], a ® B)xxx.
The last term is easily seen to be ([Z'*«, 8) x. O

The proof of Theorem 4.6 is finished. O

In the case of rationally connected threefolds, we know that H%(X,Z) and Hy(X,Z)
have no torsion by Theorem 1.2. We also know that H# (X, Z) is algebraic by Theorem 1.29.
We thus get in this case

Theorem 4.8. A smooth complex projective rationally connected threefold admits a coho-
mological decomposition of the diagonal if and only if the following conditions are satisfied:

1. H¥(X,Z) has no torsion.
2. X admits a universal codimension 2 cycle.
3. The minimal class of (J3(X),0x) is algebraic.

It is interesting to note that 1 is the Artin-Mumford invariant, while 3 is our general-
ization of Clemens-Griffiths criterion that works for stable rationality. The condition 2 has
no obvious classical analogue but in [62], we compute it as “universal degree 3 unramified
cohomology” of X. In fact this condition is related to the integral Hodge conjecture for
X x J3(X) or rather its (3,1)-Kiinneth component.

We now deduce the following consequence:

Corollary 4.9. There are rationally connected threefolds not admitting a universal codi-
mension 2 cycle.

Proof. The example is the desingularization of a very general quartic double solid with 7
nodes. It does not admit a cohomological decomposition of the diagonal by Theorem 3.6.
On the other hand, its intermediate Jacobian has dimension 3, so it is a Jacobian and the
minimal class is algebraic. Finally it has trivial Artin-Mumford invariant by work of Endrass
[21]. The condition that fails in Theorem 4.8 must thus be Condition 2. O
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4.3 The case of cubic hypersurfaces

The rationality or stable rationality of cubic hypersurfaces is an almost completely open
problem. The results available are:
e A smooth plane cubic is not rational as it has H*? # 0.

e A smooth cubic surface X over an algebraically closed field is rational: This is a
particular case of Castelnuovo theorem but it can be proved explicitly in this case: take any
two not intersecting lines A, A’ in X. Then for z € A, 2’ € A/, the line (z,2’) in P? meets
X in a third point ¢(x,z’). This defines a birational map

o AxA - X.

The inverse map is constructed as follows: start from a general point y € X, and let
Qy = (y,4), Q, := (y,A"). Then Q, NA" = {2'}, @, N A = {r} and ¢(z,2") = y. This
construction shows more generally:

e Any smooth cubic hypersurface of dimension 2m containing two m-planes P, P' which
do not meet is rational.

o A smooth cubic threefold is not rational. This is the celebrated Clemens-Griffiths
theorem, proved in [15] for cubics defined over C, and by Murre (see [46]) in any nonzero
characteristic different from 2.

This is essentially all that we know about cubic hypersurfaces. Let us state a few open
questions:

Question 4.10. Does there exist a smooth cubic hypersurface of odd dimension which is
rational or stably rational?

Question 4.11. Is a smooth cubic threefold stably irrational? Does there exist a stably
rational smooth cubic threefold?

Question 4.12. Is a very general smooth cubic hypersurface of even dimension > 4 irra-
tional?

In this section, we are going to study the weaker question whether a smooth cubic
hypersurface has a decomposition of the diagonal. We will see that even for cubic threefolds,
this already rises serious difficulties.

4.3.1 General cubic hypersurfaces

The following construction is certainly classical. In dimension 1, it allows to construct the
group structure on a plane cubic curve. Let X be a smooth cubic hypersurface in P™. The
variety F'(X) of lines in X is smooth of dimension 2n — 6. If z € X and [ is a line in P”
passing through x, then [ N X contains x and two residual points y, z € X. Conversely,
starting from two points y, z in X, the line [, , := (y, z) intersects X in a third point x € X.
This shows that there is a birational map

d: XxB 5 Qy,

where Qx — X is the projective bundle with fiber over = the P"~! parameterizing lines in
P™ passing through z. The following is proved in [63], see also [23]:

Proposition 4.13. The map ® induces an isomorphism between the blow-up of X2 along
C(X) and the blow-up of Qx along Qxx.
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Here the loci C'(X) and Qxx are defined as follows:

- C(X) c XPlis the locus of length 2 subschemes of X that are contained in a line
contained in X. Thus C'(X) is a P2-bundle over F(X).

- The locus Qxx C Qx is the set of pairs (z,[l]), such that = € [ and the line [ is
contained in X. It is thus naturally isomorphic to the universal P!-bundle over F(X).

We now explain two consequences of this proposition. The first one is due to Galkin and
Shinder [23] and gives a beautiful evidence for the link between rationality of cubic fourfolds
and K3 surfaces which has been proposed and studied in [26] and more recently explicitly
conjectured and studied in [36], [2] , [1]. Let Ky(Varg) be the Grothendieck ring whose
generators are isomorphism classes of algebraic varieties defined over K, with relation

U1+ (2] = [X] (4.71)

whenever X = UUZ, with Z closed, U open. The ring structure is given by product. Denote
by L € Ky(Vark) the class of the affine line and (L) the ideal of Ky(Varg) generated by L.
The following result is proved in [38].

Theorem 4.14. [38] Let K be a field of characteristic zero. The quotient-ring Ko(Varg)/(L)
s naturally isomorphic to the free abelian group gemerated by stable birational equivalence
classes of smooth projective connected varieties over K together with its natural ring struc-
ture. In particular, if X and Y1,..., Y, are smooth projective connected varieties and

[X] = Z ns[Yi] in Ko(Varg) /(L)

for some n; € Z, then X is stably birationally equivalent to one of the Y;’s.

The class of P™ is equal to Y-, L’, as one argue by induction using (4.71) and
P \Pn—l = A" = (Al)n
Similarly, one gets that the class of a projective bundle P(E) — X with rank £ = r is given
by
r—1 .
[P(E)] = [P [X] = QL)X (4.72)
=0

For the blow-up )z of a smooth variety X along a smooth subvariety Z of codimension r,
the isomorphism X \ E 2 X \ Z gives by (4.71)

K] - (Y L)Z) = [X] - (2]
1=0
or equivalently

%)= 1X)+ (L1912, (4.73

The following result is due to Galkin and Shinder [23].

Theorem 4.15. Let X be a smooth cubic hypersurface in P%. Then the following equality
holds in Ko(Varg):

[XP] - LYF(X)] = [X](1 + L"), (4.74)

If rmchar K =, and X is rational of dimension 4, then either there is an explicit nonzero
element in Ko(Varg) annihilated by 1.2, or the Fano variety of lines is birational to st
where S is a K3 surface.
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Proof. Applying Proposition 4.13 and the projective bundle and blow-up formulas (4.72),
(4.73), we get

n—1

X+ LA+ L+LY)[F Z]LZ + (L + 121 +L)[F(X)]. (4.75)

Now we notice that the difference X2\ Ex is isomorphic to X(?\ X, where X ¢ X?) is the
diagonal and Ex — X, Ex C X[, is the exceptional divisor over the diagonal. Plugging
again (4.71) and the projective bundle formula for Ex in formula (4.75), we get (4.74).

We now turn to the proof of the second statement. We observe that the symmetric
product operation s : [Y] — [Y(?] satisfies the following property

s+ Y] = sP(V]) +sP (Y] + [v]- V], (4.76)

as this is the case for disjoint unions. We also have s (L[Y]) = L2s)([Y]) as follows from
the fact that A = A? in Ky(Varg).

Suppose now that a smooth cubic fourfold X is rational. Then by a sequence of smooth
blow-ups starting from X, one gets something isomorphic to a variety Y which is also
obtained from P* by a sequence of smooth blow-ups. Let us assume for simplicity that we
blew-up only surfaces S; on the X side and 7T; on the P* side. Then in Ko(Varg), we get
using (4.73)

X]+ > LS] =[P+ Y LT} (4.77)

Taking symmetric products and applying (4.76), we get

(X ] +Z]L2 [S2)+ 3" L2[S1S0] + > LIX][S

i#£i!

[(PHP] + ZLQ TP+ S LAT)(Ty] + Y LPY Ty
J#3’ J
We now replace in this formula [X ()] by its expression given in formula (4.74) and get

L2[F(X)] + [X](1 +1L%) +ZL2 [SP)+ 3" L2[S180] + > LIX][S
£ i

= [(PHP]+ S LT + Y LATT] + > LIPY(Ty)

J J#3’

Using again (4.77) in the form
[X]=1+L+> L[S] - L[Tj] modulo L?,
i J
and the relation
[(PHP)] = [P*] + L2 modulo L%,

we get after simplification

L2([F(X)] = D _[Si][Sx] — Z[Tm] - Ty -1 (4.78)

i< J#3’

Z Z = [T+ La) =0

J
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for some o € Ko(Varg). We thus conclude that either the class [F(X)] — >,/ [Si][Si] —

ST = X (T(T5] = 1= 2,081+ X2, [Si[T5] = 355173] + Lav is monzero in Ko(Var)
but annihilated by L2, or the following relation holds in Ko (Varg)/(L):

(X)) = S 18:1S0] — Z[Tf’] =) -1 (4.79)

i<’ J#3’

-5 z Y=o

J

In the latter case, as this provides an equality

[F(X)) =Y 8] +Z [T+ 3 [Ty + [P +Zs x P2 — Z[si][TjHZ[zjm

1<d’ J#3’ 1,J

in Ko(Var)/(L) of combinations of classes of four-dimensional varieties, and that F(X) is
irreducible, we conclude by Theorem 4.14 that F(X) is stably birational to one of the terms
appearing on the right. Using the fact that F'(X) has a unique nondegenerate holomorphic
2-form (see [9]), hence is not rationally connected, we easily conclude that F(X) is in fact
birational to [Tj(2 ] for some smooth surface 7; with h*°(T};) = 1. Finally one concludes by
surface classification that 77 is birational to a K3 surface. O

Theorem 4.15 does not allow to conclude that a very general smooth cubic fourfold is
not rational because multiplication by L is not injective as shown by Borisov [13]. Still it
gives a beautiful evidence for the relationship between rationality and the existence of an
associated K3 surface.

We now turn to another application of Proposition 4.13, which can be found in [63].

Theorem 4.16. Let X be a smooth cubic hypersurface. Assume that X satisfies the Hodge
conjecture for integral Hodge classes modulo 2. Then X has a Chow decomposition of the
diagonal if and only if it has a cohomological decomposition of the diagonal.

Note that the assumption is satisfied by odd dimensional cubic hypersurfaces, because
three times their even degree cohomology comes from projective space by Lefschetz theorem
on hyperplane sections, hence is algebraic. It is also true for cubic fourfolds by [60] (the
later result has been reproved recently by Mongardi and Ottem in [43]).

Sketch of proof of Theorem 4.16. First of all we show the following result, which uses our
assumption on integral Hodge classes and also the fact that the integral cohomology of X
has no torsion. We will denote by I' € X x X x X2 the graph of the natural rational map
X2 5 X[

Proposition 4.17. If a smooth cubic hypersurface X has a cohomological decomposition of
the diagonal, there exists a cycle W cohomologous to 0 in X2 such that

Ax — X xz—Z=T*W in CH(X x X), (4.80)

where as usual Z is supported on D x X, with D C X proper closed algebraic.

The difficulty to achieve (4.80) is the following: our assumption is that Ax — X x oz —Z
is cohomologous to 0, and we can also arrange to make this cycle symmetric, hence coming
from a cycle on X2/, The point of (4.80) is that we want it to come from a cycle which is
also cohomologous to 0 on X 21,

Having Proposition 4.17, we now use Proposition 4.13 which allows us to analyze the
cycle W. In the case of the cubic threefold, the proof is very short and as follows: We know
that after blow-up, X[ becomes isomorphic to the blow-up of a projective bundle over X
along a subvariety which is a projective bundle over the surface F(X). Both X and F(X)
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have trivial Griffiths groups in all dimensions, hence it follows from the blow-up formulas
that X2 also has trivial Griffiths groups. Hence the cycle W which is given by Proposition
4.80 is algebraically equivalent to 0 on X2, This means that the equality Ax — X xz—Z = 0
holds modulo algebraic equivalence. We can then apply Proposition 2.24 and conclude that
X has a Chow decomposition of the diagonal. O

Let us mention the following application of Theorem 4.16 (see [63] for the proof).

Proposition 4.18. A cubic fourfold X such that Hdg4(X, Z) has rank 2 and discriminant
not divisible by 4 has universally trivial CHg-group.

Here the discriminant is the discriminant of the the restricted intersection pairing (, ) x
on the rank 2 lattice Hdg4(X ,Z). Such cubics are said special and were studied first by
Hassett [26].

4.3.2 The case of the cubic threefold

Recall from section 4.2 that a smooth projective threefold X with h*%(X) = h39(X) = 0 has
an associated principally polarized abelian variety (J2(X),60x) of dimension g = b3(X)/2.
The minimal class 6% /(g — 1)! € Hdg?? ?(J3(X),Z) is an integral Hodge class of degree
2g — 2 (or homology class of degree 2. For g > 4, it is not known to be algebraic. Note that
Mongardi and Ottem made recent progress [43] on the similar problem for hyper-Kéahler
manifolds, which in some sense are close to abelian varieties.

In the case where g = 4, 5, it is known that the generic principally polarized abelian
variety (A4, 64) is a Prym variety P(C/C), and there is then a copy of the curve C' in A,
whose class is twice the minimal class. Many interesting rationally connected threefolds
appear as conic bundles over a rational surface, for which the intermediate Jacobian is a
Prym variety (see [8]). This applies particularly to cubic threefolds, whose intermediate

Jacobian is well-known to be a Prym variety, thanks to the representation of X as a conic
bundle.

Theorem 4.19. [65] A smooth cubic threefold X has a decomposition of the diagonal (or
has universally trivial CHgy group) if and only if the minimal class of J3(X) is algebraic.

Proof. By Theorem 4.16, it suffices to prove the result for “cohomological decomposition”
instead of “Chow decomposition”. We now use Theorem 4.6. It says in particular that the
algebraicity of the minimal class is a necessary condition for the existence of a cohomological
decomposition of the diagonal. It remains to show that it is also sufficient. We know that
H*(X,Z) has no torsion and that H*(X,Z) is algebraic, being generated by the class of a
line, so the only condition to check is the existence of a universal codimension 2 cycle on X.
This follows from the following statement which is taken from [61]:

Proposition 4.20. Let X be a smooth projective threefold with h*9(X) = h*9(X) =0 and
such that the minimal class of J*(X) is algebraic. Then if furthermore there exist a smooth
projective variety B and a codimension 2 cycle Z € CH2(B x X) such that

bz : B — J3(X)
1s surjective with rationally connected fibers, X has a universal codimension 2 cycle.

Proof. Let I' = 3", n;C; be a 1-cycle in the minimal class, where C; C J3(X) are curves,
that we can even assume to be smooth. By the Graber-Harris-Starr theorem [24], the map
¢z with rationally connected fibers has sections over each C; (or a general translate of
it). This provides lift s; : C; — B, and thus for each C;, we get a codimension 2 cycle
Z; € CH?(C; x X) with the property that

bz, : Ci = J3(X) (4.81)
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is the natural inclusion of C; into J2(X).
Let g := dim J3(X). As a consequence of the fact that the class of I' = >, niCi is the
minimal class, we have

9 = glJ3(X). (4.82)
Here x is the Pontryagin product on cycles of J3(X), which is defined by

v = pa(y x),

where p 1 J3(X) x J3(X) — J3(X) is the sum map.
The meaning of equation (4.82) is clear if we assume that I' = C; is a single curve : it
says then that the sum map induces a birational map

Jo 1 1 = JA(X)

is birational. In this case, constructing a universal codimension 2 cycle on J3(X) is easy:
namely, starting from Z;, we construct a codimension 2-cycle on CY x X defined as >_7_, ((pi, px)*Z;

which is clearly symmetric, hence descend to a codimension 2 cycle Zi(g ) on C’i(g) x X. One
has

bz = Jg

which is birational by assumption, so that via (jg, Idx), Zi(g) descends to a universal codi-
mension 2 cycle on J3(X) x X.

The general case works similarly, using the curve C = L;C}, the cycle Z which is Z; on
the component C;, and viewing I" as a 1-cycle on C. O

The cubic threefold satisfies the assumptions of the proposition by work of Markushevich-
Tikhomirov [39]. Indeed they show that the Abel-Jacobi map on the family of elliptic curves
of degree 5 in X has rationally connected fibers. What they prove is that a general such
elliptic curve £ C X determines a rank 2 vector bundle £ on X with 6 sections. The fiber of
the Abel-Jacobi map passing through [E] identifies to P(H"(X,£)). Proposition 4.20 thus
applies and the theorem is proved. O

Let us mention the following consequence: We already mentioned that twice the minimal
class is algebraic on J3(X). So if (J3(X),0x) has an odd degree isogeny to (J(C),0¢) for
some genus 5 curve C, an odd multiple of the minimal class of J3(X) is algebraic, hence the
minimal class itself is algebraic. This condition happens along a sublocus of codimension < 3
in the moduli space of cubic threefolds, because the locus of Jacobians in As has codimension
3. Playing on this observation, we get the following;:

Theorem 4.21. There is a non-empty codimension < 3 locus in the moduli space of cubic
threefolds parameterizing cubic threefolds with universally trivial CHg-group.

The following questions remain open:
Question 4.22. Does a general cubic threefold admit a universal codimension 2-cycle?

This problem has been rephrased in [62] as computing universal unramified degree 3
cohomology of X with torsion coefficients.

Remark 4.23. The Markushevich-Tikhomirov parameterization of J3(X) with generic fiber
isomorphic to P(H?(X, £)) does not solve this problem because the fibration into projective
spaces over a Zariski open set of J3(X) so constructed is a nontrivial Brauer-Severi variety
over C(J3(X)). It does not admit a rational section.

Question 4.24. Is the minimal class of the intermediate Jacobian J3(X) algebraic for a
general cubic threefold X ? Is the minimal class of a general principally polarized abelian
variety of dimension 5 algebraic?

Note that the question whether a smooth cubic of large dimension has universally trivial
Chow group is also completely open.
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