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Preface

These notes grew out of lectures I delivered in Philadelphia (the Rademacher
lectures) and in Princeton (the Hermann Weyl lectures). The central objects
are the diagonal of a variety X and the small diagonal in X?3. Topologically, we
have the Kiinneth decomposition of the diagonal, which has as a consequence,
for example, the Poincaré—Hopf formula, but such a Kiinneth decomposition
does not exist in the context of Chow groups, unless the variety has trivial
Chow groups. The Bloch—Srinivas principle and its generalizations provide the
beginning of such a decomposition in the Chow group of X x X, under the as-
sumption that Chow groups in small dimension are trivial (that is, parametrized
by the cohomological cycle class). The study of the diagonal thus allows us to
study Chow groups CH(X) of X seen additively, but not the ring structure of
CH(X). The latter is governed by the small diagonal, which, seen as a corre-
spondence between X x X and X, induces the cup-product in cohomology and
the intersection product on Chow groups.

The second central topic of the book is the spread of cycles and rational
equivalence, which appeared first in Nori’s work and which has become very
important to relate Chow groups and topology in a refined way.

I first considered the small diagonal in joint work with Beauville where we
proved that the small diagonal of a K3 surface has a very special Chow-theoretic
decomposition. I then realized that this partially extends to some Calabi—Yau
varieties, and furthermore that this decomposition, when spread up over a fam-
ily, implies very special multiplicative properties of the Leray spectral sequence.

Concerning the diagonal itself, I proved recently, by a spreading argument
applied to a cohomological decomposition of the diagonal, that for varieties like
complete intersections, admitting large families of deformations with very simple
total space, the generalized Hodge conjecture predicting equality between the
Hodge coniveau and the geometric coniveau is equivalent to the generalized
Bloch conjecture saying that the Hodge coniveau governs the triviality of Chow
groups of small dimension.

This book also reflects my interest in recent years in questions involving cy-
cles with Z-coefficients rather than Q-coefficients. The diagonal decomposition
and, more generally, the spreading principle for rational equivalence, become
wrong with Z-coefficients, and this is a source of interesting torsion invariants.
I have also included a discussion of the defect of the Hodge conjecture with
integral coefficients, as the recent proof of the Bloch-Kato conjecture gave an
important new impulse to the subject.
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viii PREFACE

Needless to say, even though I have tried to include some background mate-
rial and also to present an overall view of some more advanced results, so that
the notes can be used by students, this book presents a very personal and very
incomplete view of the subject of algebraic cycles. In particular, a number of
topics are missing and a very geometric point of view has been adopted, which
does not reflect the general abstract theory of algebraic cycles well, particularly
algebraic K-theory and motivic cohomology. I apologize to the many people
whose work should have been quoted and discussed here, and is missing from
these notes.

Thanks. [ thank the Institute for Advanced Study for inviting me to deliver
the Hermann Weyl lectures and for giving me the opportunity to write up and
publish these notes. I also thank Lie Fu for his careful reading and corrections.

Claire Voisin
Paris, 28 March 2013
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Chapter One

Introduction

These lectures are devoted to the interplay between cohomology and Chow
groups, and also to the consequences, for the topology of a family of smooth
projective varieties, of statements concerning Chow groups of the general or very
general fiber.

A crucial notion is that of the coniveau of a cohomology. A Betti cohomology
class has geometric coniveau > c if it is supported on a closed algebraic subset
of codimension > c¢. The coniveau of a class of degree k is < g As a smooth
projective variety X has nonzero cohomology in degrees 0, 2, 4, ... obtained by
taking c¢; (L), with L an ample line bundle on X, and its powers c;(L)?, it is
not expected that the whole cohomology of X has large coniveau. But it is
quite possible that the “transcendental” cohomology Hj (X )12le consisting of
classes orthogonal (with respect to the Poincaré pairing) to cycle classes on X,
has large coniveau.

There is another notion of coniveau: the Hodge coniveau, which is computed
by looking at the shape of the Hodge structures on Hj;(X, Q). Classes of alge-
braic cycles are conjecturally detected by Hodge theory as Hodge classes, which
are the degree 2k rational cohomology classes of Hodge coniveau k. The gener-
alized Hodge conjecture due to Grothendieck [50] more generally identifies the
coniveau above (or geometric coniveau) to the Hodge coniveau.

The next crucial idea goes back to Mumford [71], who observed that for a
smooth projective surface S, there is a strong correlation between the struc-
ture of the group CHy(.S) of 0-cycles on S modulo rational equivalence and the
spaces of holomorphic forms on S. The degree 1 holomorphic forms govern the
Albanese map, which itself provides us with a certain natural quotient of the
group CHp(S)hom of 0-cycles homologous to 0 (that is, of degree 0 if S is con-
nected), which is in fact an abelian variety. This part of CHo(S)nom is small
in different (but equivalent) senses, first of all because it is parametrized by an
algebraic group, and second because, for any ample curve C' C S, the composite
map

CHO(C)I’IOYH — CHO(S)hom — Alb(S)

is surjective. Thus O-cycles supported on a given ample curve are sufficient to
exhaust this part of CHg(.S)hom-
Mumford’s theorem [71] says the following.

THEOREM 1.1 (Mumford 1968). If H?°(S) # 0, no curve C g satisfies
the property that j. : CHo(C) — CHg(S) is surjective.
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The parallel with geometric coniveau in cohomology is obvious in this case;
indeed, the assumption that H?*%(S) # 0 is equivalent (by the Lefschetz theorem
on (1,1)-classes) to the fact that the cohomology H%(S, Q) is not supported on
a divisor of S. Thus Mumford’s theorem exactly says that if the degree 2
cohomology of S is not supported on any divisor, then its Chow group CHg(.S)
is not supported on any divisor.

The converse to such a statement is the famous Bloch conjecture [13]. The
Bloch conjecture has been generalized in various forms, one involving filtra-
tions on Chow groups, the graded pieces of the filtration being governed by
the coniveau of Hodge structures of adequate degree (see [58], [89], and Sec-
tion 2.1.4). The crucial properties of this conjectural filtration are functoriality
under correspondences, finiteness, and the fact that correspondences homolo-
gous to 0 shift the filtration.

We will focus in these notes on a more specific higher-dimensional general-
ization of the Bloch conjecture, “the generalized Bloch conjecture,” which says
that if the cohomology H%(X,Q)1*# has coniveau > ¢, then the cycle class
map cl : CH;(X)g — HE'*(X,Q) is injective for i < ¢ — 1. In fact, if the va-
riety X has dimension > 2, there are two versions of this conjecture, according
to whether we consider the geometric or the Hodge coniveau. Of course, the
two versions are equivalent assuming the generalized Hodge conjecture. In Sec-
tion 4.3 we will prove this conjecture, following [114], for the geometric coniveau
and for very general complete intersections of ample hypersurfaces in a smooth
projective variety X with “trivial” Chow groups, that is, having the property
that the cycle class map

cl: CH*(X)g — H%(X,Q)

is injective (hence an isomorphism according to [67]).

A completely different approach to such statements was initiated by Kimura
[59], and it works concretely for those varieties that are dominated by products
of curves. It should be mentioned here that all we have said before works as
well in the case of motives (see Section 2.1.3). In the above-mentioned work of
Kimura, one can replace “varieties that are dominated by products of curves”
by “motives that are a direct summand of the motive of a product of curves.”
In our paper [114], we can work with a variety X endowed with the action of a
finite group G and consider the submotives of G-invariant complete intersections
obtained by considering the projectors I'y € CH(Y X Y)g associated via the
action of G on Y to projectors m € Q[G].

An important tool introduced by Bloch and Srinivas in [15] is the so-called
decomposition of the diagonal. It relates information concerning Chow groups
CH;(X), for small 4, to the geometric coniveau of X. Bloch and Srinivas initially
considered the decomposition of the diagonal in its simplest form, starting from
information on CHy(X), and this has subsequently been generalized in [66], [80]
to a generalized decomposition of the diagonal. This leads to an elegant proof of
the so-called generalized Mumford—Roitman theorem, stating that if the cycle
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class map
cl: CH;(X)g — HZ (X, Q)

is injective for ¢ < ¢ —1, then the transcendental cohomology H7, (X, Q)+?2 has
geometric coniveau > ¢. (The generalized Bloch conjecture is thus the converse
to this statement.)

The study of the diagonal will play a crucial role in our proof of the general-
ized Bloch conjecture for very general complete intersections. The diagonal will
appear in a rather different context in Chapter 5, where we will describe our
joint work with Beauville and further developments concerning the Chow rings
of K3 surfaces and hyper-Kéhler manifolds. Here we will be concerned not with
the diagonal Ax C X x X but with the small diagonal A 2 X C X x X x X.
The reason is that if we consider A as a correspondence from X x X to X,
we immediately see that it governs, among other things, the ring structure of
CH"(X). In [11] we obtained for K3 surfaces X a decomposition of A involving
the large diagonals, and a certain canonical O-cycle o canonically attached to X.

We will show in Section 5.3 an unexpected consequence, obtained in [110], of
this study combined with the basic spreading principle described in Section 3.1,
concerning the topology of families of K3 surfaces.

In a rather different direction, in the final chapter we present recent results
concerning Chow groups and Hodge classes with integral coefficients. Playing on
the defect of the Hodge conjecture for integral Hodge classes (see [5]), we exhibit
a number of birational invariants which vanish for rational projective varieties
and are of torsion for unirational varieties. Among them is precisely the failure of
the Bloch—Srinivas diagonal decomposition with integral coefficients: in general,
under the assumption that CHg(X) is small, only a multiple of the diagonal of
X can be decomposed as a cycle in X x X. The minimal such multiple appears
to be an interesting birational invariant of X.

In the rest of this introduction, we survey the main ideas and results pre-
sented in this monograph a little more precisely. Background material is to be
found in Chapter 2.

1.1 DECOMPOSITION OF THE DIAGONAL AND SPREAD

1.1.1 Spread

The notion of the spread of a cycle is very important in the geometric study of
algebraic cycles. The first place where it appears explicitly is Nori’s paper [76],
where it is shown that the cohomology class of the spread cycle governs many
invariants of the cycle restricted to general fibers. The idea is the following (see
also [47]): Assume that we have a family of smooth algebraic varieties, that is,
a smooth surjective morphism

m: X = B,
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with geometric generic fiber A% and closed fiber X,. If we have a cycle Z €
Zk(X;), then we can find a finite cover U — U of a Zariski open set U of B such
that Z is the restriction to the geometric generic fiber of a cycle Z~ € Zk(Xﬁ).

If we are over C, we can speak of the spread of a cycle Z, € Z’y (Xs), where
s € B is a very general point. Indeed, we may assume that 7 is projective.
We know that there are countably many relative Hilbert schemes M; — B
parametrizing all subschemes in fibers of 7. Cycles Z = ). n;Z; in the fibers of
7 are similarly parametrized by countably many varieties 7y : Ny — B, where
the 7 ;’s are proper, and the indices J also encode the multiplicities n;.

Let B’ C B be the complement of the union Ujcg Im 7, where E is the set
of indices J for which 7 is not surjective. A point of B’ is a very general point
of B, and by construction of B’, for any s € B’, and any cycle Z, € Z*(X,),
there exist an index J such that M; — B is surjective, and a point s’ € M
such that 7;(s’) = s, and the fiber Z);, & at s’ of the universal cycle

Zn, C Xy, =X X My,

parametrized by M, is the cycle Z,. By taking linear sections, we can then find
M’ C My, with s’ € M/, such that the morphism M/, — B is dominating and
generically finite. The restriction Z a, of the universal cycle Zyy, to X xp M 4
is then a spread of Zj.

1.1.2 Spreading out rational equivalence

Let m : X — B be a smooth projective morphism, where B is smooth irreducible
and quasi-projective, and let Z C X be a codimension k cycle. Let us denote
by Z; C X; the restriction of Z to the fiber X;. We refer to Chapter 2 for the
basic notions concerning rational equivalence, Chow groups, and cycle classes.

An elementary but fundamental fact is the following result, proved in Sec-
tion 3.1.

THEOREM 1.2 (See Theorem 3.1). If for any t € B the cycle Z; is rationally
equivalent to 0, there exist a Zariski open set U C B and a nonzero integer N
such that N Zx,, is rationally equivalent to 0, where Xy :=n~*(U).

Note that the set of points t € B such that Z, is rationally equivalent to 0
is a countable union of closed algebraic subsets of B, so that we could in the
above statement, by a Baire category argument, make the a priori weaker (but
in fact equivalent) assumption that Z; is rationally equivalent to 0 for a very
general point of B.

This statement is what we call the spreading-out phenomenon for rational
equivalence. This phenomenon does not occur for weaker equivalence relations
such as algebraic equivalence.

An immediate but quite important corollary is the following.

COROLLARY 1.3. In the situation of Theorem 1.2, there exists a dense Zariski
open set U C B such that the Betti cycle class [Z] € HE(X,Q) vanishes on the
open set Xy
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The general principle above applied to the case where the family X — B is
trivial, that is, X =2 X x B, leads to the so-called decomposition principle due
to Bloch and Srinivas [15]. In this case, the cycle Z C B x X can be seen as
a family of cycles on X parametrized by B or as a correspondence between B
and X. Then Theorem 1.2 says that if a correspondence Z C B x X induces
the trivial map

CHo(B) — CH*(X), b+ Z,

then the cycle Z vanishes up to torsion on some open set of the form U x X,
where U is a dense Zariski open set of B.

The first instance of the diagonal decomposition principle appears in [15].
This is the case where X =Y \ W, with ¥ smooth and projective, and W C Y
is a closed algebraic subset, B =Y, and Z is the restriction to Y x (Y \ W) of
the diagonal of Y. In this case, to say that the map

CH()(B) — CH()(X), b— Zb7

is trivial is equivalent to saying, by the localization exact sequence (2.2), that any
point of Y is rationally equivalent to a 0-cycle supported on W. The conclusion
is then the fact that the restriction of the diagonal cycle A to a Zariski open set
Ux(Y\W)of Y xY is of torsion, for some dense Zariski open set U C Y. Using
the localization exact sequence, one concludes that a multiple of the diagonal is
rationally equivalent in Y X Y to the sum of a cycle supported on Y x W and
a cycle supported on D x Y, where D := Y \ U. Passing to cohomology, we get
the following consequence.

COROLLARY 1.4. IfY is smooth projective of dimension n and CHy(Y') is
supported on W C Y, the class [Ay] € HF'(Y x Y,Q) decomposes as

[Ay] = [Z1] + [Z2],

where the cycles Z; are cycles with Q-coefficients on'Y XY, Z1 is supported on
D xY for some proper closed algebraic subset D ; Y, and Z5 is supported on
Y xW.

1.1.3 Applications of Mumford-type theorems

In the paper [15] by Bloch and Srinivas, an elegant proof of Mumford’s theorem
(Theorem 1.1) is provided, together with the following important generalization.

THEOREM 1.5 (Roitman 1980, Bloch and Srinivas 1983; see Theorem 3.13).
Let X be a smooth projective variety and W C X be a closed algebraic subset
of dimension < k such that any point of X is rationally equivalent to a 0-cycle
supported on W. Then HO(X,Q%) =0 for 1 > k.

This theorem, together with other very important precisions concerning the
coniveau (see Section 2.2.5) of the cohomology of X, is obtained using only the
cohomological decomposition of the diagonal of X, that is, Corollary 1.4.
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Theorem 1.2 is also the only ingredient in the proof of the generalized de-
composition of the diagonal (see [66], [80], [101, II, 10.3], and Section 3.2.1).
The Bloch—Srinivas decomposition of the diagonal described in the previous
subsection is a decomposition (up to torsion and modulo rational equivalence)
involving two pieces, one supported via the first projection over a divisor of
X, the other supported via the second projection over a subset W C X. It is
obtained under the condition that CHg(X) is supported on W. The generalized
decomposition of the diagonal subsequently obtained independently by Later-
veer and Paranjape is the following statement, where X is smooth projective of
dimension n.

THEOREM 1.6 (See Theorem 3.18). Assume that for k < ¢, the cycle class
maps
cl: CHy(X)®Q — H" (X, Q)

are injective. Then there exists a decomposition
mAX:Z0+-"+ZC—I+Z/ECH”(XXX), (11)

where m # 0 is an integer, Z; is supported in W] xW; with dim W; = ¢, dim W] =
n —1, and Z' is supported in T x X, where T C X is a closed algebraic subset
of codimension > c.

Note that a version of this theorem involving the Deligne cycle class instead
of the Betti cycle class was established in [37]. We refer to Section 3.2.1 for
applications of this theorem. In fact, the main application involves only the
corresponding cohomological version of the decomposition (1.1), that is, the
generalization of Corollary 1.4, which concerned the case ¢ = 1. It implies that
under the same assumptions, the transcendental cohomology Hj (X, Q)12 has
geometric coniveau > c.

Other applications involve the decomposition (1.1) in the group CH(X x
X)/alg of cycles modulo algebraic equivalence. This is the case of applications
to the vanishing of positive degree unramified cohomology with Q-coefficients
(and in fact with Z-coefficients (see [6], [15], [24]) thanks to the Bloch-Kato
conjecture proved by Rost and Voevodsky; see [97]).

1.1.4 Another spreading principle

Although elementary, the following spreading result proved in Section 4.3.3 is
crucial for our proof of the equivalence of the generalized Bloch and Hodge
conjectures for very general complete intersections in varieties with trivial Chow
groups (see [114] and Section 4.3). Its proof is based as usual on the countability
of the relative Hilbert schemes for a smooth projective family Y — B.

Let 7 : X — B be a smooth projective morphism and let (7, 7) : XxpX — B
be the fibered self-product of X over B. Let Z C X xp & be a codimension k
algebraic cycle. We denote the fibers & := 7~ 1(b), Zp := Z| 20y x Xy
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THEOREM 1.7 (See Proposition 4.25). Assume that for a very general point
b € B, there exist a closed algebraic subset Y, C &y X X} of codimension ¢, and
an algebraic cycle Zj C Yy x Yy, with Q-coefficients, such that

(Z]] = (23] in HE (X x X, Q).

Then there exist a closed algebraic subset Y C X of codimension ¢, and a codi-
mension k algebraic cycle Z' with Q-coefficients on X xpg X, such that Z' is
supported on Y xg Y, and for any b € B,

(23] = [2b] in HF (X x X, Q).

1.2 THE GENERALIZED BLOCH CONJECTURE

As we will explain in Section 3.2.1, the generalized decomposition of the diagonal
(Theorem 1.6, or rather its cohomological version) leads to the following result.

THEOREM 1.8 (See Theorem 3.20). Let X be a smooth projective variety of
dimension m. Assume that the cycle class map

cl: CH;(X)g — HZ" ?/(X,Q)

is injective for i < ¢ — 1. Then we have HP4(X) =0 for p # q and p < ¢ (or
qg<c).

The Hodge structures on HE (X, Q)12 are thus all of Hodge coniveau > c;
in fact they are even of geometric coniveau > c, that is, these Hodge structures
satisfy the generalized Hodge conjecture (Conjgecture 2.40) for coniveau c.

The generalized Bloch conjecture is the converse to this statement (it can also
be generalized to motives). It generalizes the Bloch conjecture which concerned
the case of 0-cycles on surfaces. One way to state it is the following.

CONJECTURE 1.9. Assume conversely that H?9(X) =0 forp # q andp < ¢
(or q < c). Then the cycle class map

cl: CH;(X)g — HE" *(X,Q)
is ingective for i < c—1.

However, as a consequence of Theorem 1.8 above, this formulation also con-
tains a positive solution to the generalized Hodge conjecture, which predicts,
under the above vanishing assumptions, that the transcendental part of the
cohomology of X is supported on a closed algebraic subset of codimension c.

A slightly restricted version of the generalized Bloch conjecture (which is
equivalent for surfaces or motives of surfaces) is thus the following (see [58]).

CONJECTURE 1.10. Let X be a smooth projective complex variety of dimen-
sion m. Assume that the transcendental cohomology H (X, Q)2 is supported
on a closed algebraic subset of codimension c. Then the cycle class map

cl: CH;(X)g — HE" *(X,Q)
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1s injective for i < c — 1.

Note that Conjecture 1.11 below is also an important generalization of the
Bloch conjecture, concerning only 0-cycles and starting with rather different co-
homological assumptions. There is no direct relation between Conjectures 1.9
and 1.11 except for the fact that they coincide for varieties X with H*9(X) =0
for all ¢ > 0. Of course they both fit within the general Bloch—Beilinson conjec-
ture (Conjecture 2.19) on filtrations on Chow groups, and can be considered as
concrete consequences of them.

CONJECTURE 1.11. Let X be a smooth projective variety such that H*%(X) =

0 for i > r. Then there exists a dimension r closed algebraic subset Z <y x
such that j. : CHo(Z) — CHy(X) is surjective.

Our main result in [114] presented in Section 4.3 is obtained as a consequence
of the spreading principle, Theorem 1.7. It proves Conjecture 1.10 for very
general complete intersections in ambient varieties with “trivial Chow groups,”
assuming the Lefschetz standard conjecture. The situation is the following: X
is a smooth projective variety of dimension n that satisfies the property that
the cycle class map

cl: CH;(X)g — Hy' ?(X,Q)

is injective for all ¢. Let L;,7 = 1,...,r be very ample line bundles on X.
We consider smooth complete intersections X; C X of hypersurfaces X; € |L;|.
They are parametrized by a quasi-projective base B.

THEOREM 1.12 (Voisin 2011; see Theorem 4.16). Assume that for the very
general point t € B, the vanishing cohomology Hpy " (X, Q)van is supported on a
codimension ¢ closed algebraic subset of X;. Assume also the Lefschetz standard
congecture. Then the cycle class map

ol : CHy(X,)g — HZ 22X, Q)

1s injective for i < c— 1.

In dimension (n —r) > 4, the theorem above is conditional on the Lefschetz
standard conjecture (or more precisely on Conjecture 2.29 for codimension (n—r)
cycles). It turns out that in dimensions (n —r) < 3, the precise instance of
the conjecture we need will be satisfied, so that the result is unconditional for
surfaces and threefolds.

In applications, this theorem is particularly interesting in the case where X
is the projective space P™. In this case, the hypersurfaces X; are characterized
by their degrees d; and we may assume d; < --- < d,.. When n is large com-
pared to the d;’s, the Hodge coniveau (conjecturally, the geometric coniveau)
of X; is also large due to the following result established in [48] in the case of
hypersurfaces (see [38] for the case of complete intersections), the proof of which
will be sketched in Section 4.1.
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THEOREM (See Theorem 4.1). A smooth complete intersection X; C P™ of
r hypersurfaces of degrees di < --- < d, has Hodge coniveau > c if and only if

n> Zdi—i—(c—l)dr.

If we consider motives (see Section 2.1.3) and in particular those that are
obtained starting from a variety X with an action by finite group G, and looking
at invariant complete intersections X; C X and motives associated to projectors
of G, we get many new examples where the adequate variant of Theorem 1.12
holds, because a submotive often has a larger coniveau. A typical example is
the case of Godeaux quintic surfaces, which are free quotients of quintic surfaces
in P3 invariant under a certain action of G = Z/5Z. The G-invariant part of
H?%%(8S) is 0 although the quotient surface S/G is of general type; the Bloch
conjecture has already been proved for the quotient surfaces S/G in [98] but the
proof we give here is much simpler and has a much wider range of applications.
In fact, a much softer version of Theorem 1.12 for surfaces is established in [109],
and it gives a proof of the Bloch conjecture for other surfaces with p, = ¢ = 0.

In Section 3.2.3, we will also describe the ideas of Kimura, which lead to re-
sults of a similar shape, namely the implication from the generalized Hodge con-
jecture (geometric coniveau = Hodge coniveau) to the generalized Bloch conjec-
ture (the Chow groups CH; are “trivial” for ¢ smaller than the Hodge coniveau),
but for a completely different class of varieties. More precisely, Kimura’s method
applies to all motives that are direct summands in the motive of a product of
curves.

1.3 DECOMPOSITION OF THE SMALL DIAGONAL AND
APPLICATION TO THE TOPOLOGY OF FAMILIES

In Chapter 5, we will exploit the spreading principle, Theorem 1.2(ii), or rather
its cohomological version, to exhibit a rather special phenomenon satisfied by
families of abelian varieties, K3 surfaces, and conjecturally also by families of
Calabi—Yau hypersurfaces in projective space. Let m : X — B be a smooth
projective morphism. The decomposition theorem, proved by Deligne in [30] as
a consequence of the hard Lefschetz theorem, is the following statement.

THEOREM (Deligne 1968). In the derived category of sheaves of Q-vector
spaces on B, there is a decomposition

R7,.Q = &; R'7.Q[—i]. (1.2)
The question we consider in Chapter 5, following [110], is the following.

QUESTION 1.13. Given a family of smooth projective varieties m : X — B,
does there exist a decomposition as above that is multiplicative, that is, compat-
ible with the morphism u : Rm,Q ® Rm,Q — Rm,.Q given by the cup-product?
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As we will see quickly, the answer is generally negative, even for projective
bundles P(E) — B. However, it is affirmative for families of abelian varieties
(see Section 5.3) due to the group structure of the fibers.

The right formulation in order to get a larger range of families satisfying
such a property is to ask whether there exists a decomposition isomorphism
that is multiplicative over a Zariski dense open set U of the base B (or more
optimistically, that is multiplicative locally on B for the Zariski topology).

One of our main results in this chapter is the following (see [110] and Sec-
tion 5.3).

THEOREM 1.14 (Voisin 2011; see Theorem 5.35).

(i) For any smooth projective family m : X — B of K3 surfaces, there exist a
nonempty Zariski open subset B® of B and a multiplicative decomposition
isomorphism as in (5.27) for the restricted family = : X% — BY.

(i) The class of the diagonal [Axo,po] € Hg(X xp X,Q) belongs to the di-
rect summand H°(B°, R (7, 7).Q) of HY(X® x go X°, Q) for the induced
decomposition of R(mw,7).Q.

(iii) For any line bundle L on X, there is a Zariski dense open set B C B
such that its topological first Chern class ¢i°P(L) € H3(X,Q) restricted to
XY belongs to the direct summand H°(B°, R*m,Q).

In the second statement, (7, 7) : X X go X* — BY denotes the natural map.
A decomposition Rm,Q = @, R'm,Q[—i] induces a decomposition

R(m,7).Q = &; R (7, 7). Q[—i]
by the relative Kiinneth isomorphism
R(m,m),Q = Rm.Q ® Rr.Q.

In statements (ii) and (iii), we use the fact that a decomposition isomorphism
as in (1.2) for 7 : X — B induces a decomposition

H"(X,Q) = @py g H"(B, R'7.Q)

(which is compatible with cup-product if the given decomposition isomorphism
is).

This result is in fact a formal consequence of the spreading principle (Theo-
rem 1.2) and of the following result proved in [11].

THEOREM (Beauville and Voisin 2004; see Theorem 5.3). Let S be a smooth
projective K3 surface. There exists a 0-cycle o € CHy(S) such that we have the
following equality:

A = Ajs- 03+ (perm.) — (01 - 02 + (perm.)) in CH*(S x S x S)g.  (1.3)
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Here A C S'x S xS is the small diagonal {(z, z,z), z € S} and the A;;’s are
the diagonals z; = x;. The class o € CHy(.S) is the class of any point belonging
to a rational curve in S and the o;’s are its pull-back in CH?*(S x S x S)g
via the various projections. The cycle Ay - 03 is thus the algebraic subset
{(z,z,0), z € S} of S xS xS. The term +(perm.) means that we sum over the
permutations of {1, 2, 3}.

We will also prove in Section 5.2.1 a partial generalization of this result for
Calabi—Yau hypersurfaces.

Our topological application (Theorem 1.14 above) involves the structure of
the cup-product map

Rm,Q® Rm.Q — Rm,Q,

which is not surprising since the small diagonal, seen as a correspondence from
S x S to itself, governs the cup-product map on cohomology, as well as the
intersection product on Chow groups. For the same reason, the decomposition
(1.3) is related to properties of the Chow ring of K3 surfaces. These applications
are described in Section 5.1. Our partial decomposition result concerning the
small diagonal of Calabi—Yau hypersurfaces (Theorem 5.21) allows the following
result to be proved in a similar way (see [110]).

THEOREM (Voisin 2011; see Theorem 5.25). Let X C P" be a Calabi-Yau
hypersurface in projective space. Let Z;, Z! be positive-dimensional cycles on X
such that codim Z; 4+ codim Z] = n—1. Then if we have a cohomological relation

>_mlZ]U1Z] = 0 in HE'*(X,Q),

this relation already holds at the level of Chow groups:

Zn,-zi - Z!'=0in CH" }(X)q.

1.4 INTEGRAL COEFFICIENTS AND BIRATIONAL
INVARIANTS

Everything that has been said before was with rational coefficients. This con-
cerns Chow groups and cohomology. In fact it is known that the Hodge conjec-
ture is wrong with integral coefficients and also that the diagonal decomposition
principle (Theorem 3.10 or Corollary 3.12) is wrong with integral coefficients
(that is, with an integer N set equal to 1). But it turns out that some birational
invariants can be constructed out of this. For example, assume for simplicity
that CHp(X) is trivial. Then the smallest positive integer N such that there
is a Chow-theoretic (respectively cohomological) decomposition of N times the
diagonal in CH™(X x X) (respectively H?"(X x X,Z)), n = dim X, that is,

NAx = Zy + Zs, (respectively, N[Ax] = [Z1] + [Z3]), (1.4)
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where 7y, Z5 are codimension n cycles in X x X with
SuppZ:1 CTx X, TGX, Zo=X Xz

for some x € X, is a birational invariant of X. In the cohomological case, on
which we will focus, we get in general a nontrivial invariant simply because, as we
will show, it annihilates the torsion in H3(X,Z) and, at least when dim X < 3,
the torsion in the whole integral cohomology H5 (X, Z). But we will see that it
also controls much more subtle phenomena.

The groups Z%(X) defined as

Z*(X) := Hdg* (X, Z)/HE (X, Z) aig

themselves are birationally invariant for i = 2, i = n—1, n = dim X, as remarked
in [93], [105]. Onme part of Chapter 6 is devoted to describing recent results
concerning the groups Z%(X) for X a rationally connected smooth projective
complex variety. On the one hand, it is proved in [24] that for such an X, the
group Z4(X) is equal to the third unramified cohomology group H3.(X,Q/Z)
with torsion coefficients. This result, also proved in [6], is a consequence of the
Bloch—Kato conjecture, which has now been proved by Voevodsky and Rost. We
will sketch in Section 6.2.2 the basic facts from Bloch-Ogus theory (see [14])
that are needed to establish this result.

It follows then from the work of Colliot-Théléne and Ojanguren [23] that
there are rationally connected sixfolds X for which Z4(X) # 0. Such examples
are not known in smaller dimensions, and we proved that they do not exist in
dimension 3. We even have the following result [103].

THEOREM (See Theorem 6.5). Let X be a smooth projective threefold that

is either uniruled or Calabi-Yau (that is, with trivial canonical bundle and
HY(X,0x)=0). Then Z*(X) = 0.

The Calabi-Yau case has been extended and used by Horing and Voisin in
[53] to show the following (see also [41] for the generalization to Fano n-folds of
index n — 3, n > 8).

THEOREM (See Section 6.2.1). Let X be a Fano fourfold or a Fano fivefold of
index 2. Then the group Z?"~2(X) is trivial, n = dim X. Hence the cohomology
H]23n_2(X7 Z) is generated over Z by classes of curves.

It is in fact very likely that the group Z?"~2(X) is trivial for rationally
connected varieties, as follows from its invariance under deformations and also
specialization to characteristic p (see Theorem 6.10 and [112]).

The final section is devoted to the study of the existence of an integral coho-
mological decomposition of the diagonal, particularly for a rationally connected
threefold. This is in fact closely related in this case to the integral Hodge con-
jecture, in the following way: If X is a rationally connected threefold (or more
generally, any smooth projective threefold with A3°(X) = 0), then the interme-
diate Jacobian J(X) is an abelian variety. There is a degree 4 integral Hodge
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class a € Hdg*(X x J(X),Z) built using the canonical isomorphism
H,(J(X),Z) = H(X,Z)/torsion.

As we will show in Theorem 6.38, if X admits an integral cohomological decom-
position of the diagonal, that is, a decomposition as in (1.4) with N = 1, the
above class « is algebraic, or equivalently, there is a universal codimension 2 cy-
cle on X parametrized by J(X). The existence of such a universal codimension
2 cycle is not known in general even for rationally connected threefolds.

1.5 ORGANIZATION OF THE TEXT

Chapter 2 is introductory. We will review Chow groups, correspondences and
their cohomological and Hodge-theoretic counterpart. The emphasis will be put
on the notion of coniveau and the generalized Hodge conjecture which states
the equality of geometric and Hodge coniveau.

Chapter 3 is devoted to a description of various forms of the “decomposition
of the diagonal” and applications of it. This mainly leads to one implication that
is well understood now, namely the fact that for a smooth projective variety X,
having “trivial” Chow groups of dimension < ¢ — 1 implies having (geometric)
coniveau > c¢. We state the converse conjecture (generalized Bloch conjecture).

In Chapter 4, we will first describe how to compute the Hodge coniveau of
complete intersections. We will then explain a strategy to attack the generalized
Hodge conjecture for complete intersections of coniveau 2. The guiding idea is
that although the powerful method of the decomposition of the diagonal suggests
that computing Chow groups of small dimension is the right way to solve the
generalized Hodge conjecture, it might be better to invert the logic and try to
compute the geometric coniveau directly. And indeed, this chapter culminates
with the proof of the fact that for very general complete intersections, assuming
Conjecture 2.29 or the Lefschetz standard conjecture, the generalized Hodge
conjecture implies the generalized Bloch conjecture; in other words, for a very
general complete intersection, the fact that its geometric coniveau is > ¢ implies
the triviality of its Chow groups of dimension < ¢ — 1.

In Chapter 5, we turn to the study of the Chow rings of K3 surfaces and other
K-trivial varieties. This study is related to a decomposition of the small diagonal
of the triple self-product. We finally show the consequences of this study for
the topology of certain K-trivial varieties: K3 surfaces, abelian varieties, and
Calabi—Yau hypersurfaces.

The final chapter is devoted in part to the study of the groups Z2¢(X) mea-
suring the failure of the Hodge conjecture with integral coefficients. Some van-
ishing and nonvanishing results are presented, together with a comparison of
the group Z#(X) with the so-called unramified cohomology of X with torsion
coefficients. We also consider various forms of the existence of an integral coho-
mological decomposition of the diagonal (see (1.1)) of a threefold X with trivial
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CHg group. We show that an affirmative answer to this question is equivalent
to the vanishing of numerous birational invariants of X.

Convention. Most of the time, we will work over C and we will write X for
X (C). Unless otherwise specified, cohomology of X with constant coefficients
will be Betti cohomology of X(C) endowed with the Euclidean topology (only
in Chapter 6 will we discuss other cohomology theories). A general point of
X is a complex point x € U(C), where U C X is a Zariski dense open set.
When we say that a property is satisfied by a general point, we thus mean that
there exists a Zariski open set U C X such that the property is satisfied for any
point of U(C). This is not always equivalent to being satisfied at the geometric
generic point (assuming X is connected), since some properties are not Zariski
open. A typical example is the following: Let ¢ : Y — X be a smooth projective
morphism with fiber Y;, t € X. Let L be a line bundle on Y. The property that
PicY; = ZLy, is not Zariski open.

A very general point of X is a complex point z € X' C X(C), where X’ C
X (C) is the complement of a countable union of proper closed algebraic subsets
of X. When we say that a property is satisfied by a very general point, we
mean that there exists a countable collection of dense Zariski open sets U; such
that the property is satisfied by any element of N;U;(C). For example, in the
situation above, we find that the property PicY; = ZL,y, is satisfied at a very
general point of X if it is satisfied at the geometric generic point of X.
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Chapter Two

Review of Hodge theory and algebraic cycles

This chapter is introductory. We review the necessary background material used
in the rest of the notes. This includes Chow groups, correspondences and motives
on the purely algebraic side, cycle classes, and (mized) Hodge structures on the
algebraic—topological side. The emphasis is put on the notion of Hodge versus
geometric coniveau.

2.1 CHOW GROUPS

2.1.1 Construction

We follow [43] and [101, II]. Let X be a scheme over a field K (which in practice
will always be a quasi-projective scheme, that is, a Zariski open set in a projec-
tive scheme). Let Zi(X) be the group of k-dimensional algebraic cycles of X,
that is, the free abelian group generated by the (reduced and irreducible) closed
k-dimensional subvarieties of X defined over K. If Y C X is a subscheme of
dimension < k, we can associate a cycle ¢(Y) € Z;(X) to it as follows: Set

(¥) =S nwW, (2.1)
w

where the sum is taken over the k-dimensional irreducible reduced components
of Y, and the multiplicity ny is equal to the length I(Oy,w ) of the Artinian
ring Oy,w, the localization of Oy at the point W.
If : Y — X is a proper morphism between quasi-projective schemes, we
can define
(25* : Zk(Y) — Zk(X)

by associating to a reduced irreducible subscheme Z C Y the cycle deg[K(Z) :
K(ZNZ', Z' = ¢(Z),if ¢ : Z — Z' is generically finite, and 0 otherwise (in the
latter case we have dim Z’ < k). The properness is already used here in order
to guarantee that Z’ is closed in X.

If W is a normal algebraic variety, the localized rings at the points of codi-
mension 1 of W are discrete valuation rings, so we can define the divisor div(¢)
of a nonzero rational function ¢ € K(W)*. This divisor div(¢) is the (w — 1)-
cycle of W, w := dim W defined as ) _ 4.y v7(@)T. If W C X is a closed

subvariety and 7 : W — X is the normalization of W, we have the map

To : Zp(W) — Z5(X). This allows us to give the following definition.
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DEFINITION 2.1. The subgroup Zi(X)at of cycles rationally equivalent to
0 is the subgroup of Zi(X) generated by cycles of the form

Todiv(g), dimW =k+1, ¢e K(W)*,

where 7 : W — W C X is the normalization of the closed (k + 1)-dimensional
subvariety W of X.

We write CHk(X) = Zk(X)/Zk(X)mt.

If X is n-dimensional and smooth, or more generally, locally factorial, then
Z,-1(X) is the group of Cartier divisors, and the group CH,,_1(X) can be iden-
tified with the group Pic(X) of algebraic line bundles on X modulo isomorphism.
Indeed, this isomorphism makes the line bundle Ox (D) = ®Z‘I§;"i correspond
to a divisor D = Y. n;D;, and D is rationally equivalent to D’ if and only if
there exists ¢ € K(X) such that div(¢) = D — D’. Clearly, multiplication by ¢
then induces an isomorphism

¢: Ox(D) = Ox (D).

Conversely, every algebraic line bundle L admits a meromorphic section, by
trivialization on a Zariski dense open set, and is thus isomorphic to a sheaf of
the form Ox (D).

In general, for X reduced and irreducible of dimension n, we have a map

s:PicX — CH,_1(X)

that associates to a line bundle £ the class of the cycle 7, div(c), where 7 : X —
X is the normalization and ¢ is a nonzero meromorphic section of 7*L.

2.1.2 Localization exact sequence

Let X be a quasi-projective scheme, and let F’ 4 X be the inclusion of a closed
subscheme. Let j : U = X — F — X be the inclusion of the complement.
The morphism [ is proper since it is a closed immersion. The morphism j is an
open immersion, and j* will be defined by restricting cycles to the open set U.
Thus, we have the inverse image morphism j* and the direct image morphism
l+. Moreover, it is clear that j* o[, = 0, since the cycles supported on F' do not
intersect U.

LEMMA 2.2. The following sequence, known as the localization sequence, is
exact:

CH,,(F) & CHy(X) &5 CHL(U) — 0. (2.2)

PROOF. The surjectivity on the right follows from the fact that if Z C U is
a k-dimensional subvariety, then its Zariski closure Z C X is a k-dimensional
subvariety whose intersection with U is equal to Z.
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Furthermore, let Z € Z(X) be such that j*Z € Z,(U)at. Then there exist
W, cU, dimW,; =k+1, ¢, € K(W;)*, and integers n;, such that

ZNU = Z (75« (div(¢s)), (2.3)

3

where 7; : W, — lf{/ is the normalization of W;. Then, if W; is the closure of
W; in X and 7; : W; — X is its normalization, we have ¢; € K(W;)*, and the
equality (2.3) shows that

7 — Zni(ﬂ)*(div(@)) € Zi(F).

This proves the exactness of the sequence (2.2) in the middle, since the cycle
Z — %, ni(Ti)«(div(¢;)) is rationally equivalent to Z in X. O

In [43], Fulton proposes an intersection theory,
CHi(X) x CHy(X) = CHpqi—n(X)

for a smooth n-dimensional variety X, which is particularly well adapted to
computing the excess intersection formulas. If Z and Z’ are two irreducible
reduced subschemes of X, of dimensions k£ and [, respectively, which intersect
properly and generically transversally, that is, such that dimZ N 2’ = k +
I —n, and generically along the intersection Z N Z’, Z and Z' are smooth
and the intersection is transverse, then one classically defines Z - Z’ to be the
cycle associated to the scheme Z N Z’ (which in fact has all its components of
multiplicity 1 by assumption). By bilinearity, we can define the intersection
Z - Z' this way for any pair of cycles whose supports intersect properly and
generically transversally.

If Z and Z’ do not intersect properly, the classical theory replaces Z by a
cycle Z that is rationally equivalent to Z and intersects Z' properly (such a
cycle exists by “Chow’s moving lemma”), and defines Z - Z’ to be the class of
ZNZ" in CHyyrn(X).

Let |Z| = U;Z; denote the support of the cycle Z = ). n;Z;. Fulton’s theory
avoids the recourse to Chow’s moving lemma, and gives a refined intersection,
that is, a cycle

Z-7 e CHk+l,n(‘Z| N |Z/D

for every pair of cycles Z and Z’, whose image in CHy4;—,(X) is Z - Z'. Thus
it provides an exact answer to the problems of excess, that is, the “explicit”
computation of Z - Z’ as a cycle supported on Sup Z N Sup Z’ when Z and Z’
do not intersect properly.




weyllecturesformat  September 3, 2013  6x9

18 CHAPTER 2

2.1.3 Functoriality and motives

If p: Y — X is a proper morphism of quasi-projective schemes, we have the
morphism
Px - Zk(Y) — Zk(X)

defined above.
LEMMA 2.3. The group morphism p, defined above sends Zi(Y )rat t0 Z5(X)rat,
and thus induces a morphism

. : CHL(Y) = CHy(X).

PROOF. Let 7 : W — W C Y be the normalization of a closed (k + 1)-
dimensional subvariety of Y, and let ¢ € K(W)*. Assume first that the com-

position po 7 : W — X is generically finite, and let W/ = Impo 7 C X,
7' W' — X be its normalization. We have a factorization,

W Y
L)
w’ X

so that p. o =7, 0 pu : Z,(W) — Z(X).
The function field K(W) is an algebraic extension of K (W'). Consider the
norm morphism

[

/

T —

N:K(W)* — K(W')*
relative to this field extension.

LEMMA 2.4. For every nonzero rational function on W, we have the equality

P« (div(9)) = div(N(¢)).
This formula and the definition of rational equivalence imply Lemma 2.3. [

We now assume that p : ¥ — X is a flat morphism of relative dimension
l=dimY —dim X. If Z C X is a reduced irreducible k-dimensional subscheme,
then p~1(Z) is a (k + 1)-dimensional subscheme of Y, and thus it admits an
associated cycle p*Z € Z;(Y). Extending this definition by Z-linearity, we
thus obtain p* : Z,(X) — Z4(Y).

LEMMA 2.5. The map p* defined above sends Zi(X )rat t0 Zk+1(Y )ras. Thus,
it induces a morphism

p* : CHk(X) — CHk+l(Y).

REMARK 2.6. Let CH*(X) := CH,,_4(X), where X is irreducible of dimen-
sion 7. Then flat pull-back sends CH*(X) to CHF(Y).
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Lemma 2.5 shows that the pull-back morphism p* is well defined when p is
flat, but this assumption on p is much too restrictive. A crucial point now is
the existence of a pull-back morphism

p*: CHF(X) — CH*(Y)

once X is smooth. For this one uses the fact that p factors as pr, oj,, where
pry 1 Y x X — X is the second projection (which is flat), and j, is the inclusion
y— (y,p(y)) of Y into ¥ x X. By smoothness of X, the image of j, is a local
complete intersection in X x Y, and restriction to local complete intersection
subschemes is well defined inductively, starting from the divisor case (see [43,
6.6]). The pull-back map p* is then defined as the composition of pr} followed
by the restriction map to Imj, =Y.

We have the following compatibility between the intersection product and
the morphisms p,, p*, where X, Y are smooth and p: Y — X is a morphism.

PROPOSITION 2.7.

(1) (Projection formula, [43, 8.1].) If p is proper, then for Z € CH(Y) and
Z' € CH(X), we have

p(p*Z- 2" =7 p.Z" € CH(X). (2.4)

(2) With no hypothesis of properness on p, for Z, Z' € CH(X), we have
p(Z-Z")=p*Z -p*Z" in CH(Y).

The following corollary is a consequence of the projection formula.

COROLLARY 2.8. If p: Y — X is a proper morphism with dim X = dimY,
then
p.op"Z =degpZ

for Z € CH(X), where degp is defined to be equal to 0 if p is not dominant.
PRrROOF. This follows from formula (2.4) with Z’ = ¢(Y) € CH,(Y), n =

dim Y. Indeed, by the definition of p.., we have p,(c(Y)) = degp ¢(X) € CH(X).
U

DEFINITION 2.9. A correspondence between two smooth varieties X and Y
isacycleT’ € CH(X xY). A 0O-correspondence between X and Y is an element
of CH"(X xY), n =dim X.

If X is projective, the second projection X xY — Y is proper. A correspon-
dence I' € CH*(X x Y) then defines a morphism

I, : CH'(X) — CH""F~dmX(y)

given by
I'.(Z2) = pry, (pri(2) - T), Z € CH(X).




weyllecturesformat  September 3, 2013  6x9

20 CHAPTER 2

Note that if T' is a O-correspondence, I', : CH*(X) — CH*(Y) preserves the
degree.
If Y is projective, we can also consider the morphism

I'* : CH(Y) — CH(X)

given by

I*(Z) = pry,(pr3(2) - T),  Z € CH(Y).
Now, assume that X, Y, and W are smooth varieties, with X and Y projective,
and let T € CHF(X xY), I € CHk/(Y x W) be correspondences. We can then

define the composition IV oI € CHk”(X x W), where k" = k+ k' — dimY, by
the formula

I" ol = pi3,(pial - p5sI7), (2.5)

where the p;;, 7 = 1, 2,3 are the projections of X x Y x W onto the product of
its ¢th and jth factors.

We can show that the composition of correspondences is associative. In par-
ticular, it equips the group CH(X x X') with the structure of a (noncommutative)
ring.

Finally, we have the following essential formula, which is a consequence of
the projection formula (2.4) (see [101, II, 9.2.2]).

ProproOSITION 2.10. Let
I, :CH(X) — CH(Y), I’ : CH(Y) — CH(W)
be the morphisms associated to the correspondences I, I'V. Then

(I"oT), =T oT,.

2.1.8.1 Motives

Here we follow [75]; the reader can find a more precise and advanced presenta-
tion in [2]. The fact that correspondences can be composed suggests consider-
ing a category of smooth projective varieties, the morphisms being correspon-
dences modulo a given equivalence relation. A better category is proposed by
Grothendieck (see [2], [75]). First of all, consider the category of effective mo-
tives: Instead of considering the smooth projective varieties X as objects, one
considers the pairs (X, p), where X is a smooth projective variety of dimension
n, and p € CH"(X x X)q is a projector, namely

pop=pin CH"(X x X)g.

The morphisms between (X, p) and (Y, ¢) are the 0-correspondences between X
and Y of the form

goyop, 7e€CH" (X xY), n=dimX.
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Next, general Chow motives are defined as follows: Objects are triple (X, p,m),
where X is smooth projective, p € CHd‘mX(X x X)g is a projector, and m is an
integer. Then the morphisms between (X,p,m) and (Y, q,m') are the elements

of CHdimX'H"l_m(X X Y)q of the form
qgoyop, «E CHdimX+m/_m(X xY).

Of course, one can make the theory for other equivalence relations, for ex-
ample homological equivalence, or modify it by introducing more morphisms
as in [1], where André allows further morphisms by inverting certain Lefschetz
operators. If the Hodge conjecture (or more precisely, the Lefschetz standard
conjecture) holds, this is the same set of morphisms, but his theory works un-
conditionally and the resulting category has better semisimplicity properties,
deduced from the corresponding semisimplicity properties of the category of
polarized Hodge structures (see Theorem 2.22).

EXAMPLE 2.11 (Lefschetz motive). Let 0 be any point of P!. One considers
the pair (P!,p), where p is the projector given by P! x 0. The independence
of the choice of point is due to the fact that all points on P! are rationally
equivalent on any field, even nonalgebraically closed fields.

Note that we can consider sums and tensor products of motives. Sums are
induced (at least for the effective motives (X, p,0)) by disjoint unions, while
tensor products are induced by the usual products. We can thus speak of the
self-product of a motive (X, p): this is the motive (X x X,p x p).

EXAMPLE 2.12 (Powers of the Lefschetz motive). The motive L®" is ((P*)", p,,)
where p,, is the projector given by (P1)" x (0,...,0), where 0 is any point of
Pt As (PY)™ is birationally equivalent to P™, L®™ is isomorphic to the motive
(P™, p,), where p, is the class of P™ x pt for any point of P™.

Let us give a few more examples.

EXAMPLE 2.13 (Generically finite morphisms). Let X, ¥ be smooth varieties
of dimension n and
p: X —>Y

be a generically finite morphism. Consider the correspondence I'y = @) 8y ¢

deg ¢
CH"(X x X)q, where Ay is the diagonal of Y.

LEMMA 2.14. The correspondence Ty is a projector, and (X,Ty) is isomor-
phic to Y.

PROOF. We apply the definition of the composition of correspondences, the
projection formula, and the fact that ¢.Ax = deg¢p Ay. The isomorphism
between Y and (X, Ty ) is given by the transpose of the graph of ¢. O

We thus get another motive, (X, Ax — I'y), which is the motive of X with
the motive of Y removed.
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In the above example, (X,Ax) is the full motive of X, with projector p
induced by the diagonal of X, which acts as the identity on CH(X).

EXAMPLE 2.15 (Finite group actions). Let X be a smooth projective variety
of dimension n and G a finite group acting on X. For any g € G we have the
graph of g, which provides a correspondence I'y € CH" (X x X). Now let 7 =
> gec @9 € Q[G] be a projector, and consider the following correspondence:

1 n
T, @l gezGagrg € CH"(X x X)q.

The cycle I'; is a projector due to the fact that I'y o I'ys = I'yg/.

2.1.4 Cycle class

Assume that X is a smooth complex quasi-projective variety over C. Thus X
can also be seen as a smooth complex manifold, usually denoted by X,, to
emphasize the use of the holomorphic structural sheaf, or X to emphasize the
use of the classical topology. Given a subvariety Z in X, one defines the cycle
class [Z] € HE?*(X,Z) in the Betti cohomology groups of X (that is, the
cohomology of X (C) endowed with the classical topology). Let Z be a reduced
irreducible subvariety of codimension k in X. By Hironaka’s theorem, there is
a desingularization B
i:Z—72CX

of Z, and we may consider

Hop_o1.5(Z,2) =17 Iy Hop—o1.5(X,Z) = HF (X, Z),

where the last isomorphism is given by Poincaré duality, and the first isomor-
phism comes from the fact that Z(C) is a connected compact complex manifold,
hence canonically oriented. The image of 1 gives a class

[Z] € HY (X, 7).

This is the integral Betti cycle class of Z. In many places we will use the
rational cycle class [Z] € HZ (X, Q).

We extend the above cycle class by linearity to any cycle Z = >, n;Z; €
ZF(X).

LEMMA 2.16. If Z is rationally equivalent to 0, then [Z] = 0 in HZ (X, Z).
The map Z — [Z] thus gives the “cycle class” map

cl: CH)(X) — HZ (X, 7).
The cycle class map is compatible with the intersection product

- CHY(X) x CH*(X) — CH*(X),
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and the cup-product
U: HY(X,Z) x HF(X,Z) — H¥ (X, 7).
PROPOSITION 2.17. For Z € CH'(X), Z' € CH*(X), we have
A(Z-7Z')=c(Z)uc(Z) € HF (X, 7).

The cycle class map satisfies the following functoriality properties.

PROPOSITION 2.18. Leti:Y — X be a morphism between smooth varieties:
(1) If Z € CHF(X), then

i*cl(Z) = cl(i*Z) € H¥(Y,Z).

(2) If i is proper and Z € CH*(Y), then

(inZ) =i cl(Z) € HEF~2dimY+2dimX (x 77y

It follows that the class map is compatible with correspondences. If X and Y
are proper and smooth, and T' € CH"(X x Y), then for every Z € CH*(X), we
have

(I'«(2)) = [[]+(cl(2)),

where [T, : H¥(X,Z) — HE(Y,Z), l = r + k — dim X is defined by
[T]« (@) = pra, (pr1 e U [T)

(see [101, II, 9.2.4]).

We will also need the cycle class for cycles on smooth quasi-projective com-
plex algebraic varieties. Let Z = Y .n;Z;, Z; C X be such a cycle, with
codim Z; = k. In order to define

[Z] € HFF (X, Z),

we choose a smooth projective completion X of X. Then X is a Zariski open set
of X and the localization exact sequence (2.2) shows that there exists a cycle
7 € CH*(X) such that

Zx =2

and that Z is well defined up to a cycle Z’ of X supported on X \ X. Looking
at the definition of the cycle class for cycles on X, we see that the class of such
a cycle Z' vanishes in H2(X,Z) since it vanishes in H2¢(X \ Supp Z',Z) and
Supp Z’ € X \ X. We thus conclude that the class [7]| x does not depend on
the choice of Z. For similar reasons it also does not depend on the choice of
compactification X.
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The cycle class [Z] € HZF(X,Z) contains only a very small piece of infor-
mation on the rational equivalence class of a cycle Z on X. This is already
seen in the case of divisors, since the group CH'(X)pom is the group Pic’(X) of
topologically trivial line bundles on X, which is an abelian variety. This is still
more obvious with higher-codimensional cycles, since the group of 0-cycles can
be infinite-dimensional as a consequence of Mumford’s theorem (Theorem 1.1;
see [71]), while the cohomology class of a 0-cycle only gives its degree.

On the other hand, there is the following challenging conjecture by Bloch
and Beilinson which says that if Z € CHk(X x Y)g is a correspondence, the
morphism Z, : CH(X)g — CH(Y)q is largely controlled by [Z]. We refer to [58]
for an expanded exposition of the conjecture and to [89] for the construction of
a candidate for such a filtration.

CONJECTURE 2.19. For any smooth projective variety X, there exists a de-
creasing filtration F' on CH'(X)q, with the following properties:

(1) FOCH (X)g = CH (X)q and F' CH (X)g = CH (X )nom,q, the group of
cycles cohomologous to 0.

(2) The filtration F is stable under correspondences: if Z € CHk(X x Y)q,
then Z,(F'CH'(X)q) C F' CH"™"(Y)q, where n = dim X.

(8) The induced map Z, : Gri CH'(X)q — Grk CH™"(Y)q wvanishes if
[Z] = 0 in H**(X x Y,Q).

(4) One has F*¥+1 CHF(X)g = 0 for any X and k.

2.2 HODGE STRUCTURES

DEFINITION 2.20. A weight k rational Hodge structure (L, LP'9) consists of
the data of a Q-vector space L and a decomposition

Lc=L®C= @p+q=kLp’q
satisfying the Hodge symmetry condition
Lpra = [9P,

The Hodge filtration F*L¢ associated to such a Hodge structure is the de-
creasing filtration defined by

FPL(C — @iszi,k—i'

If X is a smooth projective variety, the kth Betti cohomology group H E(X ,Q)
of X with rational coefficients carries a Hodge structure of weight &k (see [101,
I, 7.1]). The corresponding Hodge filtration on H% (X, C) is obtained using the
isomorphism

HE(X,C) = H*(Xa, Q%)
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where Q}an is the sheaf of holomorphic i-forms on X, and is induced by the
naive filtration on the complex Q%

FrQ%, = Q%7

Thus the Hodge filtration is easy to define. The hard part is to prove that,
letting

HP(X) = FPHE(X,C) N FeHE(X,C), k=p+q,

one has the decomposition

HE(X, C) = e91)-|-q:1~ch7q()()-

2.2.1 Polarization

DEFINITION 2.21. A polarization on a weight k& Hodge structure (L, LP:?)
consists of a nondegenerate intersection pairing (, ) on L, which is skew symmet-
ric if k is odd and symmetric if k is even, and satisfies the following conditions.
Let H be the Hermitian intersection pairing on L¢ defined by

H(a,b) = i*(a,b),
then we have the following:

(i) (First Hodge-Riemann bilinear relations). The Hodge decomposition of L
is orthogonal with respect to H.

(ii) (Second Hodge-Riemann bilinear relations). The restriction H|z».q is def-
inite, of sign (—1)P.

The interest of polarized Hodge structures lies in the following semisimplicity
result.

THEOREM 2.22. Let (L,LP9) be a rational polarized Hodge structure and
L' C L be a sub-Hodge structure. Then L decomposes as a direct sum of Hodge
structures:
L=LoL".

PROOF. The key point is to observe that the restriction of (,) to L' is
nondegenerate. This follows indeed from the fact that H remains nondegenerate
on each L'”"? because it is definite on each LP?, and from the fact that the L'"?
are mutually perpendicular with respect to H. Having this, we observe that
because of condition (i) above, the orthogonal complement L” := L' L of I in
L is a sub-Hodge structure of L. This concludes the proof since we have just
observed that L' and L” are supplementary. O

One important application is the following Corollary 2.24 for which we need
the notion of a Hodge class (that we will develop in Section 2.2.2).
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DEFINITION 2.23. Let (L, LP'?) be a Hodge structure of weight 2k. A Hodge
class of L is a class in L N L** the intersection being taken in L.

COROLLARY 2.24. Let ¢ : L — M be a morphism of rational Hodge structure,
where L is polarized. Then Im ¢ is a sub-Hodge structure of M, and L contains
a sub-Hodge structure L' such that ¢|r, is an isomorphism onto Im ¢.

In particular, if § € Im ¢ is a Hodge class, there exists a Hodge class 8’ € L
such that = ¢(B').

PROOF. The first point is obvious and does not need the polarization. Let
L" := Ker ¢. This is a sub-Hodge structure of L. By Theorem 2.22; there is a
decomposition of L into a direct sum of Hodge structures: L = L' @ L"”. Tt is
then clear that ¢z is an isomorphism of Hodge structures onto its image. [

If X is a smooth projective variety, the Hodge structures on H%(X,Q) ad-
mit polarizations. This is a crucial difference between projective and Kéahler
geometry (see [102]). Such polarizations are obtained as follows (see [101, I,
7.1.2]): One chooses an ample line bundle £ on X and considers the class
l:=c1(L) € H3(X,Q). This class satisfies the hard Lefschetz property,

"Fus HE(X,Q) =2 HEF(X,Q) VE < n:=dim X. (2.6)

A formal consequence of this is the Lefschetz decomposition of HE(X,Q) into
a direct sum of sub-Hodge structures,

HE(X,Q) = @x_ar>0l" UHE (X, Q) prim,

where

qn—k+2r41

H}I;—QT(X’ Q)prim — Ker (H]];_QT(X’ Q) H%n—k+2r+2 (X, Q)) )

This decomposition is orthogonal with respect to the pairing

(a,b); ::/ "FUaUb
e

on HE(X,Q).

The final step is to prove that up to a sign, the pairing ( , ); polarizes each
sub-Hodge structure " UHE_QT(X, Q)prim, and this is exactly the content of the
second Hodge-Riemann bilinear relations.

2.2.2 Hodge classes

Let (L, LP?) be a rational Hodge structure of weight 2k. We introduced Hodge
classes in L in Definition 2.23. Let X be a smooth projective complex variety.
Cycle classes [Z] € H¥(X,Q) are Hodge classes on X, that is, Hodge classes
for the Hodge structure on H2F(X,Q) (see [101, I, 11.3]). We will denote by
Hdg%(X ) the Q-vector space of degree 2k Hodge classes on X. The Hodge
conjecture states the following.
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CONJECTURE 2.25. Any Hodge class o € Hdg?*(X) is a linear combination
with rational coefficients of Betti cycle classes of algebraic subvarieties of X, so

o= Zi]il a; [Zi|g, a; €Q.

A well-known fact is that the Hodge conjecture is true for £k = 1. This is
known as the Lefschetz theorem on (1, 1)-classes (see [101, I, 11.3]). It is also
true for degree (2n—2) Hodge classes on smooth projective varieties of dimension
n, by the degree 2 case combined with the hard Lefschetz isomorphism (5.24),
which gives an isomorphism of Hodge structures

"2 H3(X,Q) = HEY'*(X,Q).

Indeed, this isomorphism sends cycle classes to cycle classes, by compatibility
of the cycle class map with the cup-product and the intersection product, and
induces an isomorphism

Hdg?(X) = Hdg> ?(X).

Hodge classes play a crucial role in the theory of motives because of the next
lemma. Let X,Y be projective complex manifolds with dim X = n. Suppose
that k + [ = 2r is even. We apply the Kiinneth decomposition. Given

o € H5(X, Q)@ Hp(Y, Q) € HE (X x Y,Q),
we can, by duality, see o as an element,
& € Hom(Hy' (X, Q), Hp(Y, Q)).
With this terminology, we have the following result (see [101, I, Lemma 11.41]).
LEMMA 2.26. « is a Hodge class in X XY if and only if & is a morphism
of Hodge structures of bidegree (r —n,r —n).
2.2.3 Standard conjectures
Let X be a smooth projective variety of dimension n. The Kiinneth decompo-
sition of Hj (X x X, Q) gives
HE(X xX,Q) = @ HL(X,Q) ® HL(X,Q).
ptg=m
Poincaré duality on X allows this to be rewritten as
HE (X x X,Q)= (P Hom(Hy' "(X,Q), H(X,Q)). (2.7)
ptg=m

There are two kinds of particularly interesting Hodge classes on X x X
obtained from Lemma 2.26:
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(a) Kinneth components of the diagonal. Let m = 2n and consider for each
0 < ¢ < 2n the element Idye x g), which provides by (2.7) and Lemma 2.26
a Hodge class d, of degree 2n on X. This class is called the gth Kiinneth
component of the diagonal of X. The first standard conjecture (the Kiinneth
standard conjecture or Conjecture C in the terminology of [61]) is the following,.

CONJECTURE 2.27. The classes §; are algebraic, that is, are classes of alge-
braic cycles on X x X with rational coefficients.

(b) Lefschetz operators and their inverses. Let £ be an ample line bundle
on X, and [ := ¢1(£) € H%(X,Q). For any integer k < n, the hard Lefschetz
theorem [101, I, 6.2.3] says that the cup-product map

"PUL HE(X,Q) —» HFH(X,Q)

is an isomorphism. This is clearly an isomorphism of Hodge structure. Its
inverse

("Pu)Tt HEPR(X,Q) — HE(X,Q)

is also an isomorphism of Hodge structures, which by (2.7) and Lemma 2.26
provides a Hodge class A,_; of degree 2k on X x X. The second standard
conjecture we will consider (the Lefschetz conjecture or Conjecture B in the
terminology of [61]) is the following.

CONJECTURE 2.28. The classes A\; are algebraic, that is, are classes of alge-
braic cycles on X x X with rational coefficients.

The following conjecture (which could have been stated as a standard con-
jecture) is stated in [114].

CONJECTURE 2.29. Let X be a smooth complex algebraic variety and letY C
X be a closed algebraic subset. Let Z C X be a codimension k algebraic cycle,
and assume that the cohomology class [Z] € H# (X, Q) vanishes in HZF (X \
Y,Q). Then there exists a codimension k cycle Z' on X with Q-coefficients,
which is supported on'Y and such that [Z'] = [Z] in HF(X,Q).

REMARK 2.30. It is a nonobvious fact that, under our assumptions, there
is a rational Hodge class 8 on a desingularization 7 : ¥ — Y of Y, such that
(joT)«B = [Z], where j is the inclusion of Y in X (see the proof of Lemma 2.31
below). Thus Conjecture 2.29 is implied by the Hodge conjecture.

There is a particular numerical situation where this conjecture is proved.

LEMMA 2.31 (See [114]). Conjecture 2.29 is satisfied by codimension k cycles
Z of X whose cohomology class vanishes away from a codimension (k—1) closed
algebraic subset Y C X.

In particular, Conjecture 2.29 is satisfied by codimension 2 cycles.
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PROOF. Indeed, if we have a codimension k cycle Z C X, whose cohomology
class [Z] € HZ (X, Q) vanishes on the open set X \ Y, where codimY >k — 1,

then we claim that there are Hodge classes «; € Hdg?¥~2¢ (171, Q) such that
[Z] = Zji*ai»

where J; : 17, — X are projective desingularizations of the irreducible compo-
nents Y; of Y, and ¢; := codim Y;. Indeed, here we use the fact that the “pure
part” of the mixed Hodge structure on Hap,_2r 5(Y,Q) (see Section 2.2.4 be-
low) is equal to the image of @Hgn_2k73(ﬁ,(@) by Theorem 2.36. The class
[Z] comes from a class in Hap—ok, (Y, Q), hence by Theorem 2.36 from a class

in the pure part of Ha,—ok, 5(Y,Q), thus from a class in @Hap—ok,5(Y:, Q).
We now use Corollary 2.24 to conclude that it comes from a Hodge class in
®Hop—2k, 5(Yi, Q). The claim is proved. As ¢; > k — 1 for all 4, the classes «;
are cycle classes on Y by the Lefschetz theorem on (1, 1)-classes, which concludes

the proof. O

The following is proved in [114].

PROPOSITION 2.32 (Voisin 2011). The Lefschetz conjecture for any X is
equivalent to the conjunction of the Kiinneth standard conjecture (Conjecture 2.27)
and of Conjecture 2.29 for any X.

PROOF. Let us assume that the Kiinneth standard conjecture holds for X
and Conjecture 2.29 holds for any pair Y C X’. Let i < n. Consider the
Kinneth component dz,,—; of Ax, 80 d2p—; € Hp(X,Q) ® H%”_’(X, Q) is the

class of an algebraic cycle Z on X x X. Let Y; 2% X be a smooth complete
intersection of (n — i) ample hypersurfaces in X. Then the Lefschetz theorem
on hyperplane sections (see [101, II, 1.2.2]) says that

jis : H5(Y;,Q) — Hy' (X, Q)

is surjective. It follows that the class of the cycle Z vanishes on X x (X\Y;). By
Conjecture 2.29, there is an n-cycle Z’ supported on X x Y; such that the class
(id, 7)«[Z’] is equal to [Z]. Consider the morphism of Hodge structures induced
by [Z']: A
(Z'). s H{(X,Q) — Hi(Y;, Q).
Composing with the morphism ji. : H5(Y;,Q) — Hy' "(X,Q), we get ji. o
[Z'] = Idp2n-i(x q)- It follows that [Z'], is injective, and that its transpose
. B ’ .

[Z']* : H5(Y:, Q) — H5(X,Q) is surjective. We now apply [19, Proposition §]
and induction on dimension to conclude that the Lefschetz standard conjecture
holds for X.

Conversely, assume the Lefschetz standard conjecture holds for any smooth
projective variety. It obviously implies the Kiinneth standard conjecture. It is a
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well-known fact (see [61], [108, Theorem 4]) that the Lefschetz standard conjec-
ture for a smooth complex projective variety M implies that homological and
numerical equivalence coincide for cycles on M. Let us show that the conclusion
of Conjecture 2.29 for X, Y, Z satisfying the given assumptions is already im-
plied by the fact that homological and numerical equivalence coincide for cycles
on X and a desingularization ¥ of Y. Set n = dim X, k = codim Z, | = codimY".
Let j : Y — X be a desingularization of Y. By the same arguments used in the
proof of Lemma 2.31, we have that there exists a class § € Hékin(Y,Q) such
that 7,8 = [Z]. This class 3 gives by intersection a linear form 7 on the space
H%”f% (}7, Q)alg. If homological and numerical equivalence coincide for cycles
on 17, there is a codimension (k —1) cycle Z’ with Q-coefficients on Y, such that
n is given by intersecting with the class of Z’. The class j.[Z'] € HZ(X,Q) has
the property that for any codimension (n — k) cycle class v on X,

(3:(Z'),7) x = (1Z2'), 575 = (B:57)5 = (G:B:7) x = [Z):7) -

Thus, if homological and numerical equivalence coincide for cycles on X, we
conclude that [Z] = j,[Z]. O

REMARK 2.33. All the (more-or-less) standard conjectures stated above are
particular instances of the Hodge conjecture (Conjecture 2.25). The reason why
they are stated separately is that the Hodge classes appearing there have a
universal character that makes them much better candidates to be classes of
algebraic cycles: they are absolute Hodge classes (see [33], [104]). This means
that they have certain special properties satisfied by cycle classes, and the most
striking one from the viewpoint adopted there is the following: Grothendieck’s
theorem [49] says that the cohomology with complex coefficients H&* (X, C) of a
complex algebraic variety can be computed as algebraic de Rham cohomology,
that is, via algebraic differential forms. It follows that if X is defined over a field
K C C then this cohomology group is also defined over K. This K-structure
has nothing to do with the Betti Q-structure of HZ(X,C). One property of
absolute Hodge classes of degree 2k is that, after multiplication by (2i7)*, they
become defined over a finite extension of K.

2.2.4 Mixed Hodge structures

DEFINITION 2.34. A rational (real) mixed Hodge structure of weight n is
given by a Q-vector space (R-vector space) H equipped with an increasing filtra-
tion W; H called the weight filtration, and a decreasing filtration on H¢ := H®C,
called the Hodge filtration F* Hc. The induced Hodge filtration on each Gr}/V H
is required to equip Grfv H with a Hodge structure of weight (n + 7).

Naturally, these filtrations are also required to satisfy F*H = 0 for suffi-
ciently large i, F*H = H for sufficiently small i, and similarly W;H = 0 for
sufficiently small i, W; H = H for sufficiently large 3.




weyllecturesformat  September 3, 2013  6x9

REVIEW OF HODGE THEORY AND ALGEBRAIC CYCLES 31

Equivalently, for each ¢,k we must have

Cr}V He = F* Gr}Y He @ Frti—k+1 Gr}Y He,

where
F*Gr)Y He = Im(F*He N W;He — Gr)¥ He).

REMARK 2.35. Our conventions do not follow Deligne’s conventions, accord-
ing to which the GrZW -part should have weight 7. Our feeling is that the mixed
Hodge structures coming from geometry (for example, H*(X, Q), where X is an
algebraic variety) have a natural weight k indicated by geometry, which is the
one we would like to attribute to the pure part. Thus there is in these notes a
shift of the indices for the weight filtration with respect to standard terminology.

Note that with this notation, one can define the twist L’ = L(r) of a mixed
Hodge structure L. It is the mixed Hodge structure of weight (n — 2r) with the
same underlying rational vector space as L obtained by deciding that W;L' =
WQT_H‘L and FpL(/C = FT+ch.

We have the obvious notion of a morphism of mixed Hodge structures. A
morphism « of filtered vector spaces (U, F') and (V,G) is said to be strict if

ImaNGPV = o(FPU).

It is an elementary fact (see [101, II, 7.3.1]) that the morphisms of rational
Hodge structures are strict for the Hodge filtration. This result extends to
mixed Hodge structures; see [31].

THEOREM 2.36 (Deligne 1971). The morphisms
a: (H,W,F)— (H ,W' F)
of (rational or real) mized Hodge structures are strict for the filtrations W and
F.

This result follows from the following fact, for which we refer to [31] or [101,
1, 4.3.2].

LEMMA 2.37. Let (H,W,F) be a mized Hodge structure. There exists a
decomposition as a direct sum,

H(c = @p,qu’q, (28)
with H?9 C FPHe N Wyyq—nHc, such that under the projection Wy q—nHe —

Grmq_n Hg, H?? can be identified with
: w o w 1%
HP q(Grp+q_n H(c) = FP Grp+q_n He N F4 Grp+q_n Hc.
More generally, we have
WiHc = @pyq<n+iH™Y, (2.9)
F'He = @ HP. (2.10)

This decomposition is respected by the morphisms of mixed Hodge structures.
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PROOF OF THEOREM 2.36. Indeed, if I’ € a(Hc) N W/H', let us write I’ =
a(l) and decompose | = > [P? as in (2.8). Then «(l) admits the decomposition
a(l) = X a(P?) with a(iP?) € H'”?. But as I' € W/H{,, we have a(I"?) = 0
for p4+ q > n + 4. Thus,

I'=a Z 7 | € a(W;He).

pF+q<n+i

Therefore,
Imac N WZ-IH(E = Oé(j(WiH(c).

It is then easy to see that this still holds when C is replaced by R or Q.
The same argument shows that « is also strict for the filtration F'. O

2.2.5 Coniveau

DEFINITION 2.38. A weight & Hodge structure (L, LP9) has (Hodge) coniveau
c< % if the Hodge decomposition of L¢ takes the form

LC — Lk—c,c @ Lk—c—l,c+1 DB Lc,k—c

with LF=e¢ £ 0.

If L has coniveau > r, we can define a Hodge structure L(r) of weight (k—2r)
with the same underlying Q-vector space as L, and Hodge decomposition

L(r)Pd = [Pratr, (2.11)

A fundamental result is the following (see [50]).

THEOREM 2.39. If X is a smooth complex projective variety and Y C X is
a closed algebraic subset of codimension c, then Ker(j* : HE(X,Q) — HE(X \
Y,Q)), where j : X \'Y — X is the inclusion map, is a sub-Hodge structure of
coniveau > ¢ of Hy(X, Q).

PROOF. Choose a desingularization 7 : Y — Y, and assume that Y has pure
complex dimension (n — ¢).

We need the fact that morphisms of mixed Hodge structures are strict for
the weight filtration (see Theorem 2.36). We already know (via Poincaré duality
for open varieties) that the kernel of j* is the same as the image of

Dx
i* : H2n—k,B(Ya Q) — H27L—k,B(X7 Q) = HE(X’ Q)v

where Dy is the Poincaré duality isomorphism. There is a mixed Hodge struc-
ture on both sides, of respective weights k — 2¢, k. The composition is a mor-
phism of mixed Hodge structures of bidegree (¢, ¢), with a pure Hodge structure
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on the right (see [31]). Thus by Theorem 2.36, its image is the same as the
image of the map

iw: WoHzn—k 5(Y,Q) = Hon—r 5(X,Q) = HE(X, Q).

But by construction, the pure part WoHa,—k p(Y, Q) of the mixed Hodge struc-
ture on Hap_j p(Y, Q) coincides with the image of the map

Ty H2n—k,B(}~/a Q) = Hon—i,5(Y,Q),

where on the left we have a pure Hodge structure of weight (k — 2¢). That
concludes the proof, because, applying Poincaré duality on 37, we proved that
Kerj* = Im(io7), : Hp **(Y,Q) — H&(X,Q) and this morphism is a mor-
phism of Hodge structures of bidegree (¢, ¢). O

The conjecture below, due to Grothendieck [50], proposes a characterization
of cohomology classes supported on a subvariety of codimension > ¢ (correcting
the original Hodge conjecture).

CONJECTURE 2.40 (Generalized Hodge conjecture, Grothendieck 1969). Let
L C HE(X,Q) be a rational sub-Hodge structure of Hodge coniveau > c. Then

there exists a closed algebraic subset Z C X of codimension ¢ such that L van-
ishes under the restriction map HE(X,Q) — HE(U,Q), where U := X \ Z.

Let us explain the link between the “standard” Hodge conjecture (Conjec-
ture 2.25) and the generalized Hodge conjecture.

The Hodge conjecture implies the generalized Hodge conjecture in two par-
ticular cases. The most obvious case occurs when k = 2¢. In this case we have
Lc = L%° and L consists of Hodge classes. The Hodge conjecture provides
codimension ¢ cycles Z7,..., Zn of X such that

L={[Z],...,[Zn]) ® Q.

But then L vanishes on X \ (Sup Z; U--- U Sup Zy), as required.
The next, much more sophisticated, case is that in which & = 2c+ 1, so that

Lc = Lethe g Loctt, (2.12)

Here we follow [83, 7.1.2]. In this case, referring to (2.11), L' = L(c) is a
polarized Hodge structure of weight 1. We get such Hodge structures on the
first cohomology groups of curves, though not every Hodge structure of weight 1
is actually a Hodge structure of a curve. However, we have the following result.

LEMMA 2.41. Any polarized Hodge structure of weight 1 arises as Hy(A, Q)
for some abelian variety A.

The key point is the existence of polarization (arising from the intersection
form), but without polarizations, the lemma remains true with “abelian vari-
eties” replaced by “complex tori.” The lemma is a reformulation of the fact that
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the category of weight 1 rational polarized Hodge structures is the same as the
category of abelian varieties up to isogeny (see [101, I, Section 7.2.2]).
Using this lemma, we shall prove the following theorem.

THEOREM 2.42 (See Peters and Steenbrink 2008, Observation 7.7). The
Hodge conjecture for degree (2k +2) on products C' x X, where C' is any smooth
projective curve, implies Conjecture 2.40 for sub-Hodge structures ofHJQBkH(X, Q)
of coniveau ¢, with k = 2c+ 1.

ProoF. We start with a Hodge substructure L ¢ Ha (X, Q) of coniveau
c. Tt is polarized, because the Hodge structure on HéCH(X ,Q) is polarized
(note however that the polarizations are not canonical). There exists then a po-
larized Hodge structure L’ of weight 1 and an isomorphism of Hodge structures
¢ : L' = L of bidegree (c,c). By Lemma 2.41 we may assume L' = Hg(A, Q)
as Hodge structures. Having an abelian variety A and a morphism of Hodge
structures Hj(A, Q) — Hx T (X, Q), we can choose a curve C that is a com-
plete intersection of ample hypersurfaces in A. Then, by the Lefschetz theorem
on hyperplane sections [101, II, 1.2.2], there is a monomorphism

"1 Hy(A, Q) — Hp(C, Q), (2.13)

which is a morphism of Hodge structures of pure weight 1. Since the category
of polarized Hodge structures of weight 1 is semisimple, (2.13) always splits, so
HL(A, Q) is a direct summand, as a Hodge substructure, of Hj(C, Q). We thus
get a morphism of Hodge structures ¢ : H5(C, Q) — H?BCH(X, Q) of bidegree
(¢,c). By Lemma 2.26, 1) determines a Hodge class ¥ of degree (2¢ + 2) on
C x X. If the usual Hodge conjecture is true on C' x X, then this class is the
class of a codimension (c+ 1) cycle Z =", a;Z; of C x X:

b=121=>alZ], ai€Q
The resulting correspondence induces maps
H(SuwpZ, Q) & HA(C. Q)
S5 aib2ie N\ l[zp
H2H(X, Q).

(In fact, one should desingularize the components Z; of Z and replace the sup-
port Sup Z of Z by | |Z;.) Hence Im([Z],) = Imt = L vanishes away from
p2(Sup Z), which is of codimension ¢. Thus, L satisfies the generalized Hodge
conjecture. O

The above argument shows that the usual Hodge conjecture for varieties that
are products with a curve implies the generalized Hodge conjecture for weight
n = 2c + 1 and coniveau c. In order to deduce, by a similar argument, the
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generalized Hodge conjecture from the standard Hodge conjecture, there is an
important missing point, namely, the adequate generalization of Lemma 2.41.
This leads to the following question.

QUESTION 2.43. Given a weight k Hodge structure L C H% (X, Q) of coniveau
r, so that
LC _ kar,r D@ L'r,kfr

consider the weight (k — 2r) Hodge structure L' = L(r) which has the same
underlying lattice as L, and Hodge decomposition

LIP#I — Lp+7“,q+’r .

Does there exist a smooth projective variety Y admitting L' as a Hodge substruc-
ture of HE™*"(Y, Q) ?
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Chapter Three

Decomposition of the diagonal

In this chapter, we explain the method initiated by Bloch and Srinivas, and later
developed independently by Lewis, Schoen, Laterveer, and Paranjape, which leads
to statements of the following type (see Theorem 3.20): if a smooth projective
variety has trivial Chow groups of k-cycles homologous to 0 for k < c—1, then
its transcendental cohomology has geometric coniveau > c.

This result is a vast generalization of Mumford’s theorem (Theorem 1.1). A
magjor open problem is the converse of this result.

It turns out that statements of this kind are a consequence of a general spread-
ing principle for rational equivalence (see Theorem 3.1). Consider a smooth
projective family X — B and a cycle Z — B, everything defined over C; then,
if at the very general point b € B, the restricted cycle Z, C Xy is rationally
equivalent to 0, there exist a dense Zariski open set U C B and an integer N
such that N 2y is rationally equivalent to 0 on Xy.

We will spell out the consequences of this principle, such as the generalized
decomposition of the diagonal, and explain other spreading principles that will
be used in subsequent chapters.

3.1 A GENERAL PRINCIPLE

The following result is essentially due to Bloch and Srinivas [15]. Let f: X — Y
be a smooth projective morphism, where X and Y are smooth (for simplicity),
and let Z € CH” (X) be a cycle in X. Consider the following property.

(%) There exists a subvariety X' C X such that for every y € Y, the cycle
Zy = Zix, = jsZ € CH"*(X,) vanishes in CH"(X, — X, ), where j, is the
inclusion of the fiber X, = f~(y) into X.

THEOREM 3.1. If Z satisfies the property (x), then there exist an integer
m >0 and a cycle Z' supported in X', such that we have the equality

mZ =7+ Z" in CH(X), (3.1)
where Z" is a cycle supported in Xy := f~Y(Y") for some proper closed alge-
braic subset Y' C Y.

We refer to [15] or to [101, II, 10.2.1] for the proof of this theorem. Note
that the statement given here is slightly different from the one given in [15], the
reason being that we work over C, which is very big, and contains, in particular,
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any finitely generated field over Q or the algebraic closure of such a field. The-
orem 3.1 would be (expectedly) wrong if we were working over a countable field
like Q and considering only the closed points y € Y (Q). Indeed, a conjecture
of Beilinson says that looking at cycles defined over Q on a variety defined over
Q does not allow us to conclude anything about the Chow groups of the corre-
sponding variety over C, except for the small part of them which is encoded in
the (Deligne) cycle class. What makes this expectation possible is the following
basic fact.

LEMMA 3.2. Let f : X — Y be a projective fibration, where X and Y are
smooth, and let Z € CHk(X) be a cycle in X. Then the set of points y € Y such
that the restricted cycle Z, is rationally equivalent to 0 is a countable union of
closed algebraic subsets of Y.

Assuming everything is defined over Q, this countable union could exhaust
Y (Q) without saying anything about what happens over the very general point
or the geometric generic point.

REMARK 3.3. Note also that Lemma 3.2 shows that in Theorem 3.1 we could
have replaced our assumption that Z, := Z|x, = j,Z € CHk(Xy) vanishes in
CH"(X,—X,) for ally € Y by the condition that Z, := Z|x, := j;Z € CH"(X,)
vanishes in CH*(X,, — X, ) for a very general point y of Y, that is, for any point
of Y in the complement of a countable union of proper closed algebraic subsets of
Y. Indeed, by a Baire category argument and Lemma 3.2, the two assumptions
are equivalent.

We will apply this principle in Section 5.3, in the following rather simple
form: First of all we assume the variety X’ above is empty. Second, we only
consider the cohomological version of (3.1).

COROLLARY 3.4. Letw: X — 'Y be a smooth morphism, where X andY are
smooth, and let Z be a codimension k algebraic cycle on X. Assume that the
restrictions Zx, vanish in CHk(Xy) for anyy € Y. Then there is a nonzero
integer m and a proper closed algebraic subset Y' CY such that

m[Z] =0 in HY(X \ Xy, Z).

Equivalently, [Z] = 0 in H¥(X \ Xy, Q).

It is important to point out that this corollary holds only for rational equiv-
alence, and not for weaker equivalence relations like algebraic equivalence which
is defined as follows.

DEFINITION 3.5. A cycle Z € Z¥(X) is said to be algebraically equivalent
to 0 if there exists a smooth curve C, a 0-cycle z € Z¢(C) homologous to 0, and
a correspondence I' € Z¥(C' x X) such that Z = T',(2).

ExXAMPLE 3.6. A O-cycle on a smooth projective variety X is algebraically
equivalent to 0 if and only if it is homologous to 0 (or equivalently of degree
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0 if X is connected). Indeed, such a 0-cycle is then homologous to 0 on any
curve C' C X supporting it, assuming C N X; is connected for each connected
component X; of X.

EXAMPLE 3.7. A divisor D € CH'(X) is algebraically equivalent to 0 if
and only if it is homologous to 0. This follows from the identification between
CH'(X) and Pic(X). The exponential exact sequence and the identification
Pic(X) = Pic(Xan) = H (X an, 0%, ) imply that

Pic’(X) := Ker(er : H (Xan, 0%, ) = HE(X,Z)) = CH"'(X)hom

is parametrized by the abelian variety which as a complex torus is the quo-
tient H'(Xan, Ox,, )/HE(X,Z). As this abelian variety is connected, divisors
parametrized by Pic’(X) are algebraically equivalent to 0 (see [28] or [101, I,
12.1, 12.2] for more details).

If one takes a smooth projective family of curves C — Y, and a family
Z C C of 0-cycles homologous to 0 in the fibers, the cycles Z;, t € Y are thus
algebraically equivalent to 0 in the closed fibers (and also in the geometric generic
fiber) by Example 3.6, but the class [Z] € H3(C, Q) is nonzero in general, and
in fact does not vanish over any Zariski open set Y° of Y; it is computed by the
theory of the class of a normal function [101, II, 8.2.2].

One way to understand why the spreading principle holds for rational equiv-
alence and not for algebraic equivalence is the following: In Corollary 3.4, if we
replace rational equivalence by algebraic equivalence, our assumption is (by a
countability argument) equivalent to the fact that the restriction of the cycle
Z to the geometric generic fiber (which is a variety A% defined over C(Y))) is
algebraically equivalent to 0. But this does not imply that there exists a Zariski
open set Y of Y such that, denoting X° := 7~1(Y?), the restriction Z|xo is up
to torsion, algebraically equivalent to 0 over C, for the following reason: there
is a curve Cy defined over C(Y) and a 0-cycle z homologous to 0 on Cf, such
that Zy is, as above, the image of z under a codimension k correspondence I
between C5 and A%. This correspondence can be spread out over a finite cover
of a Zariski open set of ¥, and this can be done as well for the curve Cy and
the cycle z, giving rise to families over a finite cover of a Zariski dense open set
YO of the base. The problem is that the spread-out curve C is not in general
isotrivial on YON, that is, isomorphic to Cy x Y°, maybe up to passing to a finite
étale cover of Y. Even if it was isotrivial, the codimension 1 cycle z would
spread to a codimension 1 cycle Z" on Cy x Y, which might not be cohomolo-
gous to 0 over any Zariski open set of YO, if g(Cp) > 0. Indeed, we only know
that it is cohomologous to 0 on the fibers of pry, : Cy X YO 370, but when
g(Co) > 0, the Kiinneth decomposition of H%(Cp x Y?, Q) involves a nontrivial
term HL(Co, Q) ® Hy (}70, Q), which in general does not vanish on any Zariski

open set of YO.
On the contrary, when the curve Cj is P!, we have H5(Cp, Q) = 0, hence

H3(Co x Y°,Q) = H3(Co,Q) @ HE(Y?,Q),
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and thus a codimension 1 cycle Z’ in Cy x }70, which is of degree 0 on the fibers
Cp x t, is homologous to (hence algebraically equivalent to) the pull-back of
a codimension 1 cycle on 370, hence its cohomology class (and in fact also its
rational or algebraic equivalence class) vanishes over a dense Zariski open set of
YO,

In order to state different applications of Theorem 3.1, we consider now the
case where X = X; x Y, f is the second projection, and X' = X x Y. We then
obtain the following result.

COROLLARY 3.8. LetT' € CHk(Xl xY), and assume that for every y € Y,
the cycle T*(y) € CH*(X}) restricts to 0 in CHF(X, — X}). Then we have a

decomposition
mZ=2'+27"c CH*(X; xY),

where Z' is supported in X XY and Z" is supported in X1 X Y', for a proper
closedY' C Y.

REMARK 3.9. Our assumption is equivalent, by the localization exact se-
quence (2.2), to the fact that the cycle T'*(y) is rationally equivalent to a cycle
supported on X].

Applying this result to the diagonal of a smooth projective variety Y, we get
the famous Bloch—Srinivas decomposition of the diagonal (see [15]).

THEOREM 3.10 (Bloch and Srinivas 1983). IfY is a smooth projective variety
such that CHo(Y) is supported on some closed algebraic subset W C Y, there is
an equality in CHY(Y xY), d = dimY

NAy =7y + Zs, (3.2)
where N is a nonzero integer and Z1, Zs are codimension d cycles with
SuppZ1 C DxY, DCY, SuppZs CY x W.

REMARK 3.11. The meaning of the integer N appearing above is discussed
in the paper [113] (see also Section 6.3). If dimY = 3 and dim W < 1, then N
annihilates, for example, the torsion in H}(Y,Z), hence it cannot in general be
set equal to 1.

Although the cohomological version of the statement above may seem much
weaker, it leads in practice to a number of applications. We thus state it sepa-
rately as the cohomological Bloch—Srinivas decomposition of the diagonal.

COROLLARY 3.12 (Cohomological decomposition of the diagonal). IfY is a
smooth projective variety such that CHo(Y") is supported on some closed algebraic
subset W C Y, there is an equality of cycle classes in H%d(Y xY,Q),d=dimY:

N[Ay] = [Z1] + [2Z3], (3.3)
where N is a nonzero integer and Z1, Zs are codimension d cycles with

SuppZ: C T xY, TGY, SuppZ, C Y x W.
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3.1.1 Mumford’s theorem

The following is a generalization of the original Mumford theorem in [71] (see
Theorem 1.1) which concerned 0-cycles and holomorphic forms on surfaces (see
also [86] for higher-dimensional generalizations). The proof we give below is due
to Bloch and Srinivas.

THEOREM 3.13 (Generalized Mumford theorem). Let X be smooth projective
of dimension n. If there exists a closed algebraic subset j : X' < X such that
dim X’ < r and the map

j* : CH()(X/) — CHo(X)
is surjective, then H(X,0%) =0 for k > r.

ProOF. We use the decomposition (3.3). We thus have equality of the cor-
responding cohomology classes:

m[Ax] = [Z']+[2"] € HF (X x X,Z),
where m is a nonzero integer and Z’, Z" are codimension n cycles of X x X

with
SuppZ' cTx X, TGX, SuppZ” Cc X x X'.

We can view these cohomology classes, or rather their Kiinneth components of
adequate degree, as morphisms of Hodge structures

m[Ax])*, (2], (2" HE(X,Z) — Hy(X,7Z)
(see [101, I, 11.3.3]). Then we have the equality
m[Ax])* = [Z']" +[Z"]" € Hom(HY(X,Z), HE(X, Z)). (3.4)

Now, the morphism [Ax]* is equal to the identity, by the fact that Ax is
the diagonal. Thus, (3.4) gives

mld = [Z']* + [2"]* € Hom(Hy(X,Z), Hy(X,Z)).
In particular, for n € HO(X, Q%) c HE (X, C), we have
mn = [Z'*n+ [Z2"]*n € HE(X,C). (3.5)

Now let 1: T — X be a desingularization of T'. As the cycle Z” is supported in
T x X, it comes from a cycle Z"” of T x X, Z" = (1,1d)(Z"), so we get

[2"] = (1,1d).([Z"]) in H¥(X x X, 7). (3.6)
Recall that if « € HE"(X x X, Z), the corresponding morphism

of : HY(X,Z) — H%(X,7)
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is defined by

ai.(B8) = pr.(p3(8) U a). 3.7)
Formulas (3.6) and (3.7) then show that

(2" =1, 0 [2"]". (3.8)

Similarly, let i X — X be a desingularization of X', and let Z' be a cycle of
X x X’ such that (Id,7)«(Z’) = Z'. Then formula (3.7) shows that

2] = (7] 0", (3.9)
By equations (3.8) and (3.9), (3.5) now gives
mn = [Z']* o j*n+ 1, o [Z"]"n. (3.10)
But since dim X’ < r, for k > r we have
j*n=0in H(X',Qk ).
Thus, we have [Z']* 0 j*n = 0 and
mn =1, o [Z"]*n. (3.11)

Moreover, since dim7 < dim X, the morphism of Hodge structures [, is of
bidegree (s,s) with s = codimT > 0, so the intersection of its image with
HO(X,0Q%) = H*9(X) is reduced to 0. Thus, the equality (3.11) implies that
n=0forne H (X, Q%) k>r. O

3.1.2 Further applications
The following result is proved in [15].

THEOREM 3.14 (Bloch and Srinivas 1983). On a smooth projective variety
X with CHo(X) supported on a surface, homological equivalence and algebraic
equivalence coincide for codimension 2 cycles.

Let us make a few comments. First of all, the result is optimal, since Griffiths
proved that there exist codimension 2 cycles on certain threefolds, which are ho-
mologous to 0, no multiple of them being algebraically equivalent to 0 (see [48]).
Clemens even proved in [20] that the group CH?(X )o/alg of cycles modulo alge-
braic equivalence tensored by Q can be infinitely generated. Next, this theorem
has two distinct parts, namely proving that under the same assumptions, the
group CH?(X)/alg is of torsion, and proving that the torsion does not appear.
The second part is much more sophisticated, as it uses the Merkurjev—Suslin
theorem and Bloch-Ogus formula for CH?*(X)/alg (see Section 6.2.2). We will
content ourselves with establishing the statement with Q-coefficients.
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PROOF OF THEOREM 3.14 WITH Q-COEFFICIENTS. We apply Theorem 3.10.
Letting d = dim X, there is a surface W C X and an equality in CHd(X x X):

NAx = Zy + Zs,
where N is a nonzero integer and Z1, Zs are codimension d cycles with
SuppZ1 C Dx X, D¢¢X, SuppZs C X x W.

If we introduce desingularizations jp : D — X of D < X and 5W~: w — X of
W — X, the cycles Z; and Zs lift (maybe with Q-coefficients) to Z; C D x X,
and Zs C X x W, respectively. We then have the equality

NAx = (jp,1dx).(Z1) + (Idx, jw)+(Z2) in CHY(X x X)q,

and deduce, by letting both sides act on CH?(X)q, that for any codimension 2
cycle v on X, we have

Nv = jpe(Z17) + Z5 (Giy7) in CH*(X)q. (3.12)

Assume now that ~ is cohomologous to 0 on X. Then 21*7 is a codimension 1
cycle cohomologous to 0 on 5, hence it is algebraically equivalent to 0 by Exam-
ple 3.7. Similarly, j{;,7v is a codimension 2 cycle (hence a 0-cycle) cohomologous
to 0 on the surface W, hence it is algebraically equivalent to 0. It follows from
(3.12) that ~ is algebraically equivalent to 0. O

Let us give two further applications also proved in [15], which use only the
cohomological version of the decomposition of the diagonal (Corollary 3.12).

THEOREM 3.15 (Bloch and Srinivas 1983). Let X be a smooth complex pro-
jective variety such that there exists a closed algebraic subset j : X' — X, of
dimension < 3, such that the map

j* : CH()(X/) — CHo(X)

1s surjective. Then the Hodge conjecture holds for classes of degree 4.

This result was originally proven by Conte and Murre [26] in the case where
X is a four-dimensional variety covered by rational curves. Such a variety X
satisfies the hypothesis, since every point z is contained in a rational curve C,
whose normalization is isomorphic to P!. By the definition of rational equiva-
lence, all the points y € C, are rationally equivalent in C,, so also in X, and
if X’ is an ample hypersurface of X, then C, intersects X’ and x is rationally
equivalent in X to any point of X' N C,.

PrOOF OF THEOREM 3.15. Applying Corollary 3.12, we see that there ex-
ists a proper subset 7' C X, which we may assume to be of codimension 1, and
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n-dimensional cycles Z’ and Z" supported in T' x X and X x X', respectively,
such that

m[Ax] = [Z'] +[Z2"] in HF"(X x X,7Z) (3.13)

for some nonzero integer m. Let k : T — X and j: X' = X be desingu-
larizations of T and X', respectively. The decomposition (3.13) then yields
the equalities of the morphisms of Hodge structure associated to the Kiinneth
components of type (4,2n — 4) of these three Hodge classes:

m[Ax]* = [Z2'7" + (2" : Hy(X,Z) — Hy(X, Z).

Now, let Z'cTxX bea cycle of codimension n such that
(k,1d), Z' = 7',

and let Z” C X x X’ be a cycle of codimension n such that
(1d,7). 2" = Z".

We have

2] = (610,12, (2] = (14,7).[2") in HE(X x X,7),
and it follows that for every a € H3(X,Z), we have
[Z)'a=k(2Tw),  [2Ta=[Z"(j"a).

But as X’ is of dimension < 3, the rational Hodge conjecture holds for X' in
every degree. (Indeed, it holds for classes of degree 2 by the Lefschetz theorem on
(1,1)-classes, and for classes of degree 4 by the argument given in Section 2.2.2.
Moreover, the Hodge conjecture is satisfied for classes of degree 0 and 2n for
every smooth projective variety of dimension n.)

If « € HL(X,Q) N H>?(X) is a rational Hodge class, the classes j*a €
HL(X',Q) N H**(X') and [Z'*a € H3(T,Q) N HY(T) are thus classes of
algebraic cycles of X' and f, respectively. The relation

mAx]"a = ma = k(2] a) + 2" (j*a)

and the compatibility of the cycle class map with correspondences then show
that « is also the class of an algebraic cycle with rational coefficients. O

The second application is an improvement of the generalized Mumford the-
orem (Theorem 3.13), where the Bloch—Srinivas method appears to be more
powerful than the Mumford method. It is important enough to justify a sepa-
rate statement. Using the notion of coniveau introduced in Section 2.2.5, we can
restate Theorem 3.13 by saying that if X has its group CHy(X) supported on
some X’ C X of dimension < r, then the coniveau of the Hodge structures on
HE(X,Q) is at least 1 for k > r. Recall that the generalized Hodge conjecture
then predicts that H%(X,Q) is supported on a proper algebraic subset of X.
This is indeed what the next theorem says.
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THEOREM 3.16 (Bloch and Srinivas 1983). Let X be smooth projective of
dimension n. If there exists a closed algebraic subset j : X' — X such that
dim X’ < r and the map

j* : CH()(X/) — CHo(X)

is surjective, then for k > r, the cohomology groups Hg (X, Q) vanish on a dense
Zariski open set of X. In other words, Hjy" (X, Q) has geometric coniveau > 1.

PROOF. We start as in the proof of Theorem 3.13 and again write equality
(3.10) for any n € HE(X,Q):

mi = [Z']" 0 j* () + Lo [Z"]"(n),
where [ : T — X is a desingularization of T' (which we may assume to be a
divisor of X) and j : X' — X is a desingularization of X'.

By definition, I, o [Z"]*(n) is of geometric coniveau > 1. It thus suffices to
prove that [Z']* o j*(n) is also of geometric coniveau > 1 if degn = k > r 1=
dim X’. This is because the class j*(n) on X' is of degree k > dim X, hence has
geometric coniveau > 1 on X' by the Lefschetz isomorphism (5.24),

Ulkf'r : H2r7k(5(:/’ Q) o~ Hk(j(:/, (@)7
where [ is the class of an ample divisor on X', O

REMARK 3.17. Because the integer m cannot in general be set equal to 1
(see [113]), the proof above only works for cohomology with rational coefficients.
However, the Bloch—Kato conjecture, proved by Voevodsky ([97]) and Rost, im-
plies that the result holds also for cohomology with integral coefficients. Indeed,
the Bloch-Kato conjecture implies (see [6], [15], [24], and Section 6.2.2) that the
Bloch—-Ogus sheaves of Z-modules ’Hk(Z) on Xz, associated to the presheaves
U +— HE(U,7Z) have no torsion.

3.2 VARIETIES WITH SMALL CHOW GROUPS

3.2.1 Generalized decomposition of the diagonal

The Bloch—Srinivas decomposition of the diagonal has been generalized by Paran-
jape [80] and Laterveer [66] under triviality assumptions on Chow groups of small
dimension.

THEOREM 3.18. Assume that for k < c, the cycle class maps
cl: CHy(X)®Q — HF 2(X,Q)
are injective. Then there exists a decomposition

mAx = Zy+ -+ + Zey + Z' € CH (X x X), (3.14)
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where m # 0 is an integer, Z; is supported in W} x W; with dimW; = i and
dim W, =n—1i, and Z' is supported in T x X, where T C X is a closed algebraic
subset of codimension > c.

Theorem 3.10 is in fact the case ¢ = 1 of this theorem.

PrOOF OF THEOREM 3.18. We use induction on ¢. The case ¢ = 1 has
already been considered. We may thus assume that we have a decomposition

mAx =Zo+ -+ Zeo+ Z' € CH'(X x X), (3.15)

where m # 0 is an integer, Z; is supported in W/ x W; with dim W; = ¢ and
dim W/ = n—1, and Z' is supported in T'x X, where T' C X is a closed algebraic
subset of codimension > ¢—1. We may assume that 7" is of codimension (¢ —1).
Let 7 :f — X be a desingularization. Let Z' cTxX bea cycle such that
(1,1d)«Z' = Z’'. The cycle Z' C T x X is of codimension (n —c+1) and induces
a morphism 2/ : CHo(T') — CH,_1(X). Now, we know by assumption that the
kernel of ¢l : CH._1(X) — H]23"_2c+2(X7 Z) is torsion. Thus, the map FZ:ﬁ maps
CH, (f)hom to the torsion of CH._;(X). By a Baire countability argument, it
follows that there exists an integer M such that M Z. = 0 on CHo(T)pom.

For each component i of T, choose a point t; € ﬁ as above, and let W; =
Z.(t;). The cycle

Z”M(Z’ZﬂxV[Q)CTXX

then satisfies the property that for any ¢ € T', Z”(t) = 0 in CH._1(X). We then
apply Theorem 3.1 to conclude that there exists a cycle Z” C T" x X, where
T’ C T is a proper closed algebraic subset, and an integer M’, such that

M'M (Z’ - Zﬁ X Wi> = 7" in CH,(T x X).
Setting 7" = 7(T”) and Z” = 7. Z", we obtain
M'M (Z’ ~-> T x WZ—> = 7" in CH,(X x X),

with Z” supported on T” x X and codim 7’ > ¢. Combining this equality with
(3.15), we obtain the desired decomposition. O

Theorem 3.18 can be used to give a proof of the following result due to Lewis
[67].
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THEOREM 3.19 (Lewis 1995). Let X be a smooth projective complex variety
such that the cycle class map cl : CHi(X)Q — H?(X,Q) is injective for alli > 0.
Then HE ™ (X,Q) = 0 for all i > 0 and the cycle class map cl : CH'(X)g —
H%(X,Q) is an isomorphism for all i > 0.

PRrROOF. Indeed, by Theorem 3.18, we have under these assumptions a com-
plete decomposition of the diagonal

Ax = niW; x Wj in CH*(X x X)q.

2%
The corresponding cohomological decomposition is written as

[Ax] = Znii pri [W;] U prs[W;] in HE*(X x X)g.
(2]

For any a € Hy (X, Q) we thus get

a=[Axlaa =Y ni{a, [Wi]) W],
4,J
which shows that the rational cohomology of X is generated by classes of alge-
braic cycles. O

3.2.2 Generalized Bloch conjecture

The main application of the generalized decomposition of the diagonal is the
following result.

THEOREM 3.20 (Laterveer 1996, Lewis 1995, Paranjape 1994, Schoen 1993).
Let X be a smooth projective variety of dimension m. Assume that the cycle

class map .
cl: CH;(X)g — HZ" *(X,Q)

is injective for i < ¢ —1. Then we have HP4(X) =0 for p # q and p < ¢ (or
qg<c).

More precisely, the Hodge structures on H% (X, Q)1 are all of Hodge coniveau
> c; in fact they even are of geometric coniveau > c, hence they satisfy the gen-
eralized Hodge conjecture (Conjgecture 2.40) for coniveau c.

Here H E(X ,Q)*?!8 denotes the transcendental part of the cohomology, de-
fined as the subspace of H% (X, Q) consisting of classes orthogonal to all classes
of algebraic cycles (of degree 2n — k). Of course it is different from HE(X, Q)
only if k is even.

PrROOF OF THEOREM 3.20. Let us write the cohomological generalized de-
composition of the diagonal of Theorem 3.18:

m[Ax] = [Zo] 4+ + [Ze—1] + [2'] € H(X x X, Q).
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By hypothesis, the Z; are of the form

Z; _anw x Wi, (3.16)

where the W; ; and WZ’ ; are irreducible components of W; and w/, respectlvely

Moreover, Z' is supported in T' x X with codimT > ¢. Let [ : T — X be a
desingularization of T', and let Z’ in CH,, (T x X) be such that (I,1d).(Z") = Z".
The above decomposition gives a decomposition of the corresponding morphisms
of Hodge structures for every k:

m[Ax]* =mld=[Zo]" + -+ [Zu]" + [Z']" : HE(X,Q) — HE(X,Q).

Now, by (3.16), we clearly have

Z nz,j [W/ ] (317)

where (, ) is the intersection form on Hj(X, Q). In particular, we have
[Zi]"(e) =0V e HP(X), p#q.
For « satisfying this hypothesis, we thus have
ma = [Z']"(a) = L,([Z']* (a)) in HP9(X). (3.18)
Thus, if & € HP9(X) with p # ¢, we have
ma € Iml, N HPI(X).
Now, as we may assume codim T’ = ¢, the Gysin morphism
L, : HEM72(T, 72) — HYT(X, Z)
is a morphism of Hodge structures of bidegree (¢, ¢), so that
Iml. NHP(X)=0, ¢<c—1
Hence we have ma = 0 for
ae HM(X), p#q, g<c—1
This proves the first statement.
For the second statement, formula (3.17) shows more precisely that [Z;]*(«) =
0 for @ € HE(X,Q)1*8. For such a, formula (3.18) holds and shows that

a € Iml,, which completes the proof since Im, vanishes away from 7" and T
has codimension > c. O
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The major open problem in the theory of algebraic cycles, which by the
above theorem would also solve many instances of the generalized Hodge con-
jecture, is the following conjecture which is explicitly stated in [58], relating
the Hodge coniveau and Chow groups. This converse of Theorem 3.20 is a vast
generalization of the Bloch conjecture for surfaces [13].

CONJECTURE 3.21. Let X be a smooth projective variety of dimension m
satisfying the condition HP4(X) =0 for p # q and p < ¢ (or q¢ < ¢). Then for
any integer 1 < ¢ — 1, the cycle class map

cl: CH;(X)g — HE" *(X,Q)
18 1njective.

REMARK 3.22. This conjecture can be split into two parts. Indeed, as we
proved in the previous section, if the conclusion of the conjecture holds true,
then the cohomology of X (or rather its transcendental part) is supported on a
closed algebraic subset of codimension > ¢. This is predicted by the generalized
Hodge conjecture (Conjecture 2.40).

If we assume Conjecture 2.40, the generalized Bloch conjecture can be refor-
mulated as follows, without any mention of Hodge structures.

CONJECTURE 3.23. If the transcendental cohomology of X is supported on
a closed algebraic subset of codimension > c, then for any integer i < c—1, the
cycle class map

cl: CH;(X)g — HZ" ?/(X,Q)
18 1njective.

In the following section, we sketch the ideas of Kimura, which lead to a proof
of Conjecture 3.23 for varieties dominated by products of curves. In a rather
different geometric setting, in Section 4.3 we will prove Conjecture 3.23 for very
general complete intersections in a variety with trivial Chow groups, assuming
the Lefschetz standard conjecture.

3.2.3 Nilpotence conjecture and Kimura’s theorem

Let X be smooth projective, and I' C X x X a correspondence. Recall that
correspondences between smooth projective varieties can be composed (Sec-
tion 2.1.3), so that the self-correspondences of X form a ring.

The following represents the starting point of Kimura’s work, and remains
completely open.

CONJECTURE 3.24 (Nilpotence conjecture). Suppose that ' € CH(X x X)
is homologous to 0. Then there erists a positive integer N such that T°N = 0 in

CH(X x X)g.
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Note that this conjecture is implied by the Bloch—Beilinson conjecture (Con-
jecture 2.19). Indeed, assuming the Bloch—Beilinson filtration F' exists satisfy-
ing all the properties stated in Conjecture 2.19, if I is cohomologous to 0, then
I°N belongs to F¥N CH(X x X)g. As this filtration is conjectured to satisfy
FF1CHF (X x X) = 0, we must have T°Y =0 for N > 2n, n := dim X.

For cycles algebraically equivalent to 0, the following result is proved inde-
pendently in [96] and [99].

THEOREM 3.25 (Voevodsky 1995, Voisin 1994). The nilpotence conjecture
holds for cycles in X x X that are algebraically equivalent to 0.

ProoF. Let I' € CHd(X x X), d = dim X be algebraically equivalent to 0.
This means that there is a curve C that we may assume to be smooth, a 0-cycle
z € CHo(C) homologous to 0, and a correspondence Z € CH(C' x X x X) such
that

[ = Z.(z) in CHY(X x X).

For any integer k, we can construct a correspondence Z, € CHY(C*F x X x X)
obtained using the composition of the cycles Z;, t € C, namely we define Z; by
the formula

Zk(tl,...,tk)ZZ(t1)0-~-OZ(tk), t,...,tp € C.

By definition, we get
Fok — Zk*(zk),

where the product ¥ € CHy(CF) is defined as prj z - -- - - pry 2.
The proof concludes with the following easy fact (see [101, IT, Lemma 11.33]).

LEMMA 3.26. For a 0-cycle z homologous to 0 on a smooth curve C, the
cycle 2¥ vanishes in CHo(CF) for k large enough.

O

Coming back to the general situation, Kimura proved in [59] the remarkable
result that Conjecture 3.24 is implied by the finite-dimensionality property for
X, a notion that we will now describe. We refer to [3] for an expanded expo-
sition of Kimura’s ideas (which seem to have been developed independently by
O’Sullivan) on the notion of finite-dimensionality and we just sketch the gen-
eral idea: For any smooth projective variety X, we have /\N H*(X,Q) =0 for
N > dim H*(X,Q). Assume for simplicity that X has only even degree coho-
mology. Then A" H*(X,Q) identifies to the skew invariant part of H*(X", Q)
under the action of the symmetric group &y, which is also the image of the
projector

1
a Z e(o)o*a
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acting on H*(X™ Q). Consider now the skew-symmetric motive A" X :=
(XN, 7kew) where

, 1
mokew .— N > (o), € CH™N(XN x XV), n=dimX.
" oesN

(As usual we denote by I', the graph of o acting on X~.) This is a motive
whose cohomology is exactly A™ H*(X,Q) = 0. This motive is then expected
to be 0, in the sense that 75%% = 0 in CH™Y (XN x XMN)g. Indeed, this cycle is
a projector whose class is 0, so we have

71,skew _ (ﬂ,skew)ok in CHnN(XN % XN)Q,

and furthermore if the Bloch—Beilinson filtration F' exists, the right-hand side
belongs to F* CH™™ (XN x XN)q for any k, hence is 0 for large k, and thus
m8keW jtself is expected to be 0.

In general, X will also have odd degree cohomology. In this case, the hope
is that the motive of X splits as X 4+ X, where X~ has only odd degree
cohomology and X has only even degree cohomology (in other words, we need
projectors 7, 7~ € CH" (X x X)g satisfying the condition that the action 7
on cohomology is the projector on H¢V*"(X) and the action of 7~ on cohomology
is the projector on H°4(X)). For the motive X ~, observe that the vanishing
AN Ho4 (X, Q), N > dim H°% (X, Q) says that the & y-invariant cohomology
of (X7)N vanishes, or that the motive SN X~ := (XN 7%V o (77)¥), where
now i = 3w T, € CH™™ (X" x XN) has zero cohomology.

Kimura’s conjecture (presented in a simplified form) is the following,.

CONJECTURE 3.27. For any smooth projective variety X, the motive of X
is finite-dimensional, which means that it decomposes as X+ + X, where X~
has only odd degree cohomology and X+ has only even degree cohomology, and
for large N, we have

N
AXT =0, SNX~ =0.

A remarkable result due to Kimura [59] is the following theorem that proves
a strengthening of the nilpotence conjecture under the assumption of finite-
dimensionality.

THEOREM 3.28 (Kimura 2005). Assume the motive of X is finite-dimensional.
Then for any cycle Z € CH"(X x X)q, Z satisfies a polynomial equation in the
ring CH"(X x X)q of self-correspondences of X of the form

ZoN :OéN,1ZON_1+"'+Oé()AX7

where the «;’s are rational numbers that vanish if Z is cohomologous to 0. In
particular, if Z is cohomologous to 0, Z is nilpotent.
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SKETCH OF PROOF. We will just show how the proof works in a fictive case,
namely the motive of X satisfies /\2 X = 0 and the cycle Z is the graph of a
map [ : X — X with finitely many fixed points. Hence we assume that

I=Axxx — I, =0in CH*™(X x X x X x X)q, (3.19)

where I'; is the graph of the involution 7 : (z,y) — (y,z) acting on X x X. We
have Axxx = {(z,y,z,y), x € X,y € X} and ', = {(x,y,y,2), x € X,y €
X}

It follows that we also have I'o I'(f r) = 0 in CH?"(X x X x X x X)g. We
thus have

0=Tol(; =01 -T2y CH™X x X x X x X)g, (3.20)

where I'1 = {(z,y, f(2), f(¥)), v € X,y € X} and T2 = {(z,y, f(y), f(2)), z €
X, y € X}. Intersect T with pj3Ax: from(3.20) we get

0=Tol( ) pis(Ax)=T) —Thin CH(X x X x X x X)g, (3.21)

where T = {(z,y,2, f(y), v € X, f(z) = 2,y € X} and Ty = {(f(y), v, f(y), fo
f(v)), y € X}. Project the relation (3.21) to X x X via pas. We get

Y —T% =0in CH"(X x X)q, (3.22)
where
I =aly, a:=deg(Ax-Ty), T§=Tpp=I%.
Hence we proved that
deg(Ax -T§)Ty +IF =0in CH"(X x X)q,

where the number deg(Ax - I'y) depends only on the cohomology class of T'f,
which is what we wanted. O

The main concrete result concerning Conjecture 3.27 was established by
Kimura [59] who proved the following statement.

THEOREM 3.29 (Kimura 2005). If X is dominated by a product of curves
then X satisfies the finite-dimensionality conjecture (Conjecture 3.27).

The proof of this theorem is rather tricky, and would be out of place here.
If X is a surface, it is in fact sufficient that X be rationally dominated by the
product of two curves in order to conclude the validity of Conjecture 3.24.

Next we have the following beautiful application of the finite-dimensionality
property (see [59]).

THEOREM 3.30 (Kimura 2005). Conjecture 3.24 implies the Bloch conjecture
(Congjecture 1.9) for surfaces with p, = ¢ = 0. In particular, the Bloch conjecture
is valid for surfaces with p, = q = 0 that are rationally dominated by curves.
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PRrROOF. Let X be a surface satisfying these assumptions. By the Lefschetz
theorem on (1, 1)-classes, since py(X) = 0, we know that

Hp(X, Z) = ([Ci])

is generated by classes of curves. Since ¢ = 0, the Kiinneth decomposition of
the diagonal takes the following simple form:

[A] € HY(X, Q)@ HL(X,Q) @ HA(X, Q)@ H3(X, Q)@ Hi(X,Q) @ HY(X,Q),

and as H3(X, Q) is generated by the classes [C;], for any chosen point z € X,
we may write

[Ax] = [X x {2}] + D _nylCix Cj] + [{z} x X]. (3.23)
Consider the 2-cycle
I = Ax — (X x {z}) = > _ny;Ci x C; — ({z} x X) (3.24)

in X x X. Then by (3.23), [['] = 0. The nilpotence conjecture implies that there
exists a positive integer N such that 'Y = 0 in CHz(X x X)g. Hence,

(T)°N = ([T°N),: CHy(X)g — CHy(X)g

is 0. But I', acts as the identity on the group CHg(X )nom of O-cycles of degree
0, since Ax acts as the identity, but the other terms in the right-hand side of
(3.24) act trivially on CHo(X )hom. (For example, v = X x {z} acts trivially on
CHo (X )nom because 7, (z) = (deg z)z.) Thus CHo(X )hom = 0. O

REMARK 3.31. Looking more closely at the proof and introducing Murre’s
Chow—Kiinneth decomposition [74], one sees that the proof above would also
show that Conjecture 3.24 implies the Bloch conjecture (Conjecture 1.11) for
surfaces with p, = 0.

The next theorem is a direct generalization of Theorem 3.30. It proves the
Bloch conjecture (Conjecture 1.11) and Conjecture 3.21 for ¢ = 1, under the
generalized Hodge conjecture and the nilpotence conjecture.

THEOREM 3.32. Let X be a smooth projective variety with h*°(X) = 0 for
k > r. Assume that the following conditions hold:

(i) The generalized Hodge conjecture holds for X in coniveau 1.
(ii) The Hodge conjecture is true for Y x X with dimY < dim X.
(iii) X satisfies the nilpotence conjecture (Conjecture 3.24).

Then CHy(X) is supported on a closed algebraic subset X, C X of dimension
<r.
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SKETCH OF PROOF. Let us do it first for r = 0 (this is the situation of
Conjecture 3.21 with ¢ = 1). Again we work with the diagonal Ax C X x X
and its cohomology class

We have

[Ax]=[X x {z}] mod (PHEX, Qe HE "X, Q).

The generalized Hodge conjecture and the assumption that H*9(X) = 0 for
k > 0 imply that there exist ¥ of codimension 1 and a resolution ¢: Y 5Y 5 X ,
so that

iv: HS2(Y,Q) = HE(X,Q)

is surjective for any k& > 0, as follows from Theorem 2.39. Hence
[Ax — X x {z}] € Im((4,id). : HZ"2(Y x X,Q) — HZ'(X x X,Q)).

The Gysin morphism (2, id), is a morphism of Hodge structures. Corollary 2.24
implies that

for some Hodge class 8 on Y x X. We now finish the argument as before: The
Hodge conjecture on Y x X implies that 3 is the class [Z] of a cycle Z on Y x X.
Put

I'=Ax — X x{z} - (4,id), Z,

so that [I'] = 0 by (3.25). It follows that I', is nilpotent, yet I, acts as the
identity on CHo(X)hom, since ((7,id)«Z). = 0 on CHo(X)q (because (i,id).Z
is supported on Y x X with Y ¢ X) and for z € CHy(X)g, (X % {z})«(2) =
(deg z) z in CHo(X)g. Therefore CHy(X)g = Q and this implies that CHo(X) =
Z because CHy(X) has no torsion under our assumptions by Roitman’s theorem
(see [87]). Indeed, our assumptions imply that Alb X = 0.

For the general case (r arbitrary), we just have to add the following argu-
ment.

First of all, since we assumed that the Hodge conjecture holds for X x X,
the Kiinneth components of the diagonal are algebraic, so we can write

[Ax] =) 6 in HF'(X x X,Q),

with &; = [Z;], Z; € CH"(X x X)g, and &; € H(X,Q) ® Hy" (X, Q).

For i > r, we know by assumption that the Hodge coniveau of H5 (X, Q) is at
least 1 and thus by the same arguments as above, we conclude using assumptions
(i) and (ii) that we may assume the Z;’s are supported on Y x X, where Y & X
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is a proper closed algebraic subset. Next assume ¢ < r. Then 2n —¢ > 2n —r,
and thus by the Lefschetz theorem on hyperplane sections, if we choose for X
a smooth complete intersection of n — r ample hypersurfaces in X, and denote
by j : X, — X the inclusion, then the Gysin map j.. : H]’§72"+2T(XT,Q) —
HE(X,Q) is surjective for k > 2n — 7. Arguing as before, we conclude that
under assumption (ii), we may assume the cycles Z; for i > r are supported on
X x X,. In conclusion, assuming (i) and (ii), we find a decomposition of cycle

classes,
[Ax] = [Z1] + [Z2] in HE'(X x X,Q),

where Z; € CH"(X x X)g is supported on Y x X for some proper closed
algebraic subset Y & X and Z, € CH"(X x X)gq is supported on X x X,.

We then conclude using assumption (iii) that the cycle Ax — Z1 — Z; €
CH"(X x X)g, being cohomologous to 0, is nilpotent, and as Z;, = 0 on
CHo(X)g and Im Z5, : CHo(X)gp — CHo(X)g is supported on X, this im-
plies that j,. : CHo(X,)g — CHo(X)g is surjective. |
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Chapter Four

Chow groups of large coniveau complete intersections

Our goal in this chapter, which is mainly based on [107] and [11]], is to inves-
tigate the generalized Bloch conjecture for hypersurfaces or complete intersec-
tions in either projective space, or more generally, varieties with trivial Chow
groups. We will first recall, following Griffiths [48], how the Hodge coniveau of
such complete intersections is computed. We then turn to the study of coniveau
2 complete intersections in projective space, for which neither the generalized
Hodge conjecture nor the generalized Bloch conjecture are known to hold. We
will sketch a strategy to attack the generalized Hodge conjecture for coniveau 2,
which does not use Theorem 8.20, hence does not pass through the computa-
tions of the Chow groups CHy and CH;. The main result proved in this chapter
is Theorem 4.16, which says that, assuming Conjecture 2.29 (or the Lefschetz
standard conjecture), for a very general complete intersection Y of very ample
hypersurfaces in a variety with trivial Chow groups, if the cohomology of Y has
geometric coniveau > ¢, then its Chow groups CH;(Y)q are trivial for i < c—1.
In particular, proving the generalized Hodge conjecture for such a'Y is equivalent
to proving the generalized Bloch conjecture.

4.1 HODGE CONIVEAU OF COMPLETE INTERSECTIONS

Consider a smooth complete intersection X C P™ of r hypersurfaces of degree
dy < --- < d,. By the Lefschetz hyperplane section theorem (see [101, II,
1.2.2]), the only interesting Hodge structure in the cohomology of X is the
Hodge structure on Hj;™"(X,Q), and in fact on the primitive part of it (that is,
the orthogonal of the restriction of Hj(P™, Q) with respect to the intersection
pairing). We will say that X has Hodge coniveau c if the Hodge structure on
HE7"(X,Q)prim has coniveau c.

The Hodge coniveau of a complete intersection in projective space is com-
puted as follows (see [48] for the case of hypersurfaces, [38] for the complete
intersection case).

THEOREM 4.1. X has coniveau > c if and only if
n > Zdi—&—(c— 1)d,. (4.1)
i

Conjecture 3.21 thus predicts the following statement for complete intersec-
tions in projective space.
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CONJECTURE 4.2. Let X be a complete intersection X C P™ of r hypersur-
faces of degree dy < --- < d,. Then ifn >3, di+(c—1)d,, the cycle class map
cl is injective on CH;(X)g fori <c—1.

The generalized Hodge conjecture (Conjecture 2.40) on the other hand pre-
dicts the following.

CONJECTURE 4.3. Let X be a complete intersection X C P™ of r hypersur-
faces of degree dy < --- < d.. Then if n > > . d; + (¢ — 1)d,, the primitive
cohomology Hi™" (X, Q)prim s supported on a closed algebraic subset of codi-
mension > c.

In the next subsection, we will recall the proof of Theorem 4.1. The rest of
the chapter will be devoted to the study of Conjectures 4.2 and 4.3. Note that
according to Theorem 3.20, Conjecture 4.2 implies Conjecture 4.3.

Our main result in this chapter is taken from [114]. It says conversely that,
assuming Conjecture 2.29, if a very general complete intersection X as above
satisfies Conjecture 4.3, then it satisfies Conjecture 4.2.

Let us conclude this section by exhibiting for every d, following [100], smooth
hypersurfaces X of degree d in P" satisfying the conclusion of Conjecture 4.2.
The examples constructed there are as follows: We write n = ¢d 4 s and choose
homogeneous degree d polynomials

f1€(C[X07...,Xd], fg,...,fcflG(C[Yl,...,yd], fCE(C[Yl,...,Yd+S].
We set
[ =HXo,. ., Xa) + fo(Xag1, .-, Xoa) + -+ feo1(Xe—2)at15 - -+ s X(e=1)d)
+ fC(X(cfl)cH»la cee 7Xcd+s)~ (42)

The hypersurface X defined by f is smooth if and only if the hypersurfaces
defined by the f;’s are smooth. The following is proved in [100].

THEOREM 4.4 (Voisin 1996). Let X be as above and smooth. Then the cycle
class map cl is injective on CH;(X)q fori <c—1.

The proof that we will give below is closer to [37], [79]. It is in fact a
consequence of the following result proved in [37].

THEOREM 4.5 (Esnault, Levine, and Viehweg 1997). Let X be a smooth
hypersurface of P™, covered by a family of projective spaces P". Then the groups
CH; (X )nom are torsion for 1 <r —1, and CH,(X)q is generated as a group by
the classes of the P"’s in the family.

PROOF. The proof first uses the following observation.
LEMMA 4.6. Let h = ¢1(Ox(1)). Then the map

dh . CHZ(X)hom — CHlfl(X)homa

z—dz-h

is equal to 0.
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PrROOF. Indeed, by the definition of the map j*, when j is the inclusion of
a Cartier divisor, and by the fact that the class of X in Pic(P") is equal to dh,
we find that
j* Oj* =dh: CH[(X)hom — CHl—l(X)hom-

But as CH,(P")pom = 0, the map
j* : CHI(X)hom — CHZ(]Pm)hom
is 0. [l

Now let F' be the considered family of r-planes contained in X. Up to
replacing F' by a desingularization, we may assume that F' is smooth.

Let Q = {(z,P) € X x F | z € P} be the incidence variety, and p, ¢ the two
projections:

. x

O

S
-~

=

By hypothesis, ¢ is surjective, and up to replacing F' by a subvariety, we may
assume that ¢ is generically finite of degree N > 0. Then we know that the
image of the map

qx - CHl(Q)hom — CHl(X)hom

contains N CH;(X )hom, since ¢ o ¢* = N - Id on CH;(X )pom.

Moreover, the projection p makes () into a P"-bundle on F, and ¢*(Ox (1)) is
a divisor Og(1) on this projective bundle Q — F. Writing H = ¢;(¢*(Ox(1))) €
CH'(Q), we can thus apply the computation of Chow groups of a projective
bundle (see [43, 3.3], [101, II, 9.3.2]), which yields

CH,(Q) = Bo<h<ri—rik>0H p* CH_ 4 p(F).

By the fact that we also have the corresponding decomposition on the cohomol-
ogy

HE(Q,Z) = ®o<kron<m H] 0" HE >M(F,Z), [H] € HE(Q,Z),
for every m (see [101, I, 7.3.3]), we immediately deduce the decomposition
CH(Q)nom = Bo<k<ri—rtk>0H"p* CH1_ i 1 (F)hom-
In particular, for I < r, the map
H : CHy41(Q)hom — CH(Q)hom

is surjective.
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Thus, for Z € CH;(X)nhom, with I < r, there exist Z’ € CH;(Q)nom, Z” €
CH;41(Q)nom such that

NZ =q.7 € CH(X), Z =HZ" e CH(Q). (4.3)
Now, if Z"” € CH;4+1(Q), then by the projection formula, we have
@(H-Z")=q.(¢*h-Z")=h-q¢Z" in CH/(X), (4.4)
where h := ¢;(Ox(1)) € CH'(X). Finally, we obtain from (4.3) and (4.4),
ANZ =dh-q.2",

which is equal to 0 by Lemma 4.6.
For [ = r, the above reasoning shows that the map

CHO(F)hom,Q @ CHT+1(X)hom,Q — CHT (X)hom,Q>

(2,Z) = qp*z2+h-Z

is surjective. Applying Lemma 4.6, we conclude that
CHO(F)hom,Q — CHT(X)hom,@
is surjective, as desired. (|

PrROOF OF THEOREM 4.4. Using Theorem 4.5, the proof finishes by observ-
ing that a hypersurface X as above is covered by a family of linear spaces
L = P°~! which have the property that there is a linear space L' C P" with

I'NnX =dL (4.5)

(or L’ C L C X). Having this, we know on the one hand by Theorem 4.5 that
the classes of these L’s generate CH._1(X)g and on the other hand, by (4.5),
their classes are all equal to hndfc in CH._1(X)g. Thus CH._1(X)p = Q and
CHcfl(X)hom,Q =0.

Let us exhibit these spaces L’. We will do it for c =2, s0n=2d+ s, s > 0,
and we have to exhibit lines L in X, sweeping out X, and having the property
that for some plane P ¢ P*, PNX =dLor L ¢ P C X. Let P, = P¢
and P, = P4=1%s € P n = 2d + s be the linear subspaces of P" defined by
X, =0,7>dand X; =0, ¢ < d, respectively. Let x € X, which we write as
(21, .) according to the decomposition of the set of coordinates appearing in
(4.2). We may assume that both x;’s are nonzero vectors. The hypersurface
X1 C P, defined by f; is Fano, and it is a result due to Roitman [88] that
for any 1 € X; there exists a line A in P? passing through z; and such that
fia = U9, where U is a linear equation defining z; in A. The line A contains
the point z;. Let P} := (z1, P») = P4t C P". The point z belongs to Pj and
again by Roitman’s result, there is a line A’ C Pj passing through z such that
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fipy = Vi, Let P:= (A,A’). Then P = P3 x € P and one checks that the

restriction of f to P is of the form V¢ + W% — U?, for linear forms V, W, U on
P vanishing at x. Restricting to the plane P’ C P defined by W — U = 0, we
find that fipr = V4 for some linear form on P’ vanishing at . The line L C P’
defined by V' = 0 thus satisfies the desired conclusion. O

4.1.1 Proof of Theorem 4.1 in the case of hypersurfaces

We prove Theorem 4.1 using Griffiths’ method comparing the pole order and
Hodge filtration (see [48] or [101], II, 6.1.2). Let W be a projective variety, and

1
X — W a smooth hypersurface. In the following, all varieties are endowed with
the classical topology and analytic structural sheaves, so the notation Qy below
is what we denoted Q. in Section 2.2. Set

U=W-Xw

Recall (see [101, I, 8.2.2]) that the logarithmic de Rham complex (3, (log X), d)
is the complex of free O x-modules defined as
k
Oy (log X) = \ Qx (log X),

where Qu(log X)) is the sheaf of free Oy -modules generated locally by Qu
and by %, where f is a local holomorphic equation for X. The differential is
the exterior differential. This complex can be viewed as a subcomplex of the
complex j,. A}, and we have the following result (see [101, I, 8.2.3]).

THEOREM 4.7. The inclusion
QY (log X) < 4. AL,

where AY, is the sheaf of C* complex differential k-forms on U, is a quasi
isomorphism.

We have two morphisms of complexes: the inclusion
Oy — Qy (log X)),
which in cohomology induces the restriction
Hp(W,C) — Hp(U,C), (4.6)

and the residue
Res : O (log X) — Q% ',

which to a A 4 associates Res(a A %) = 2ima)x. The map induced by Res in
cohomology is the topological residue

HE(U,C) — HE (X, ), (4.7)




weyllecturesformat  September 3, 2013  6x9

60 CHAPTER 4

which we can also define as the composition
Hyy(U,C) — Hy"™ (W,U,C) = H*"!(T,0T) = Hy™'(X,C),

where T is a tubular neighborhood of X in W, the first arrow is the connection
morphism in the long exact sequence of relative cohomology, the second is the
excision isomorphism, and the last is the Thom isomorphism.

The morphisms (4.6) and (4.7) are defined over Z and are compatible with
the Hodge filtrations (see Section 2.2), because the Hodge filtration on H}; (U, C)
and H5j(X,C) is induced by the naive filtration on the complexes Q3 (log X)
and Q%, respectively. (More precisely, the morphism Res sends FPHE(U, C) to
Fr-1HE(X,C).)

Let us now assume that X C W is ample and that the pair satisfies the
following condition:

for every k >0, i >0, j > 0, we have H*(W, i, (kX)) = 0. (4.8)

These hypotheses are satisfied by Bott’s vanishing theorem if W is the projective
space P". Under these hypotheses, we have the following result.

THEOREM 4.8 (Griffiths 1969). For every integer p such that 1 <p <n =
dim W, the image of the natural map

H°(W, Kw (pX)) = Hg(U,C), (4.9)

which to a section « (viewed as a meromorphic form on W of degree n, and
therefore closed, holomorphic on U, and having a pole of order p along X )
associates its de Rham cohomology class, is equal to F" PT1HL(U,C).

We refer to [48], [101, II, 6.1.2] for the proof of this result.

Now assume that W is the projective space P, and that X is a smooth
hypersurface of degree d, with equation f = 0. We know that Kpn = Opn(—n —
1), a generator of H°(P", Kp«(n + 1)) being given by

Q=Y "(-1)'XidXo A+ NdX; A+ AdX,

L dXo e X,
_XO...Xn;(_l) 70/\.../\ X, A A X,

where the X;’s are homogeneous coordinates on P". As Opn(X) = Opn(d),
Theorem 4.8 shows that for every p such that 1 < p < n, we have a surjective
map

ay : HY (P", Opn (pd —n — 1)) = F"PTHL (U, C)
an_pHg_l(Xa C)primv

which to a polynomial P associates the residue of the class of the meromorphic

form %{2 .
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In particular, if n > de, we find that H°(P", Opn(pd — n — 1)) = 0 for
p < ¢, hence that F"*CHg_l(X, C)prim = 0. This proves the “if” part in
Theorem 4.1 for hypersurfaces, because the vanishing of F"‘CHgfl(X » C)prim
is equivalent to the fact that the coniveau of the weight (n — 1) Hodge structure
on Hg,_l(X7 C)prim is > ¢. We refer to [101, II, 6.1.3] for the “only if” part.

4.1.2 Complete intersections

In order to get Theorem 4.1 for complete intersections, we reduce to the case of
hypersurfaces by the following trick due to Terasoma (see [38], [94]).

Let Ly,..., L, be ample hypersurfaces on W, with W smooth projective of
dimension n. Let £ := L1 @ ---® L, and Wg := P(£), which is equipped with
the line bundle

Ow, (1) := Op(g)(1)

satisfying the property that 7,.Ow (1) = £, where m : Wgr — W is the structural
map (so we follow the Grothendieck convention here). Given hypersurfaces
X; € |L;| defined by equations f; € H°(W, L;), we get a section 7 := (f1,..., f;)
of €. Identifying HO(W, ) to H(Wg, Ow, (1)), we thus get a hypersurface

Xg CWg, Xge€e |OWE(1)|a

defined by an equation f € H(Wg, Ow,(1)). The hypersurface X is ample
since the vector bundle £ is ample on W. Furthermore Xg is smooth if and
only if X :=N;X; is a smooth complete intersection.

The canonical bundle of W is computed by the formula (which is a conse-
quence of the relative Euler exact sequence)

Kw, = Ow,(—r)+ 7" detE + 7" Kw .

We have det £ = ®;L;.

When W = P”, which we assume from now on, the line bundles L; are of
the form O(d;), d; > 0 and the vanishing conditions (4.8) are satisfied by the
line bundle Ow (1), as a consequence of Bott’s vanishing theorem on P".

Let Q2 be a trivializing section of the line bundle Ky, ® Ow,, (r)@7*O(= 3", di+
n + 1). Theorem 4.8 shows that for every p such that 1 < p < n+r —1, we
have a surjective map

ap HO<WE,(’)WE(p -7 ® 7T*O<Zdi —n— 1))
— PP HRTNU,C) 2 T2 H T T (X g, C)vans

which to a section P associates the residue of the class of the meromorphic form
PQ

P
We thus deduce that for the hypersurface Xg we have

Frtr=p= L gt =2(X 5 C)yan = 0 (4.10)
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if IJO(VVE7 Ow,(p—1r)@7*0(>]
We now compute

HO° <WE,OWE(p—r) R T*0O (Zdi —n— 1))
=H° (Pn7 (SP*T(@Z‘O[@n(di))) ®0 <Z d;i —n— 1)) s (411)

where S* denotes the ith symmetric power of the considered vector bundle.
Combining (4.10) and (4.11) we conclude that

d; —m—1))=0.

K2

Frr P HE (X g, C)yan = 0f Y di + (p— 7)Sup{d;} —n — 1 <0.

To conclude the proof of Theorem 4.1 (or rather of the “if” part) for complete
intersections, it just remains to show the following.

PROPOSITION 4.9 (Esnault, Nori, and Srinivas 1992; Terasoma 1990). The
hypersurface Xg C Wg contains the P~ -bundle P(&x). Let

k:PEx) — X, mo: P(&x) = X
be the natural maps. Then the morphism
koomy s HE (X, Qprim = H3™ (X5, Q)van
is an isomorphism of Hodge structures of bidegree (r — 1,7 — 1).

ProOF. The morphism above is obviously a morphism of Hodge struc-
tures. It suffices thus to prove that it induces an isomorphism between these
groups. It is not hard to see that it sends the primitive part Hj " (X, Q)prim
to the vanishing part Hg+r_2(X £, Q)van- To see that it induces an isomor-
phism between both, we introduce the open set V := W \ X and observe that
7:U=Wg\Xg—V =W\ X is an affine bundle (with fiber P*~1\ {f,, = 0}
over w € W\ X). It follows that 7* induces an isomorphism

™ Hp(V,Q) = HE(U, Q).

Let us denote by j the inclusion of X into W, and by jg the inclusion of Xg
into Wg. The result is then obtained by comparing the relative exact sequences
of the pairs (Wg,U) and (W, V); we have the following commutative diagram
of exact sequences:

Hy(W,Z) — Hy(V,2) — Hy (X, 2) —2> H5H (W,2)...

| - | |

JEx

Hy(Wg,Z) — H5(U,Z) — Hy ' (Xp,Z) ——> H5"' (Wg,Z) . ...
(4.12)
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Here we identified by the Thom isomorphism the relative cohomology group
H5 ™ (Wg,U,Z) to Hyy " (Xg,Z) and the relative cohomology Hy™ (W, V,Z) to
H372T+1(X ,Z). The vertical maps are pull-back maps 7*, except for the third
one, which can be shown to be k, o 7.

As we already noted, the second pull-back map 7* is an isomorphism in all
degrees. Furthermore, by definition of vanishing cohomology, the kernels of the
maps j, and jg. are Hy (X, Z)yan and Hp > (Xpg,Z)van, respectively.
Thus our diagram becomes the following exact diagram:

0 —— Hy(W,Z)/Im j, —— H(V,Z) — H > "X, Z)yan —> 0

0—— HE(WE7Z)/IH1JE* - HE(U7 Z) - = Hg_l(XEvz)van —0.
(4.13)

We now consider what happens for * = n 4+ r — 1. Then we claim that the two
groups Hy™" =Y (W, Z)/Im j, and Hpt" "' (Wg,Z)/Im jp. are naturally isomor-
phic via the map 7*. Indeed, we recall that Xg is a hypersurface in the ample
linear system |Ow,, (1)|. Using the Lefschetz theorem on hyperplane sections
(see [101, II, 1.2.2]), it follows that

Imjp.: HE" 3 (Xp,Z) — Hy" Y (Wg, Z)

is equal to
ImiU: HE" = 3(Wg,Z) — Hpt" Y (Wg, Z),

where [ := ¢1(Ow,(1)). We now use the fact that Wy is a P~ !-bundle over W,
so that its cohomology is described as

Hy(Wg,Z) = ®i<r—1l' UT*Hy (W, Z)

so that
Hy(Wg,Z)/Imlu = H (W, Z)/ Im ¢, U,

where ¢ is the constant term of the Chern polynomial satisfied by I:

== > (=)l urtei(E).

i<r—1
On the other hand, the class of X in W is equal to ¢,.(F). It thus follows that
Ime,U: Hy " *(W,Z) — HE" (W, Z) (4.14)
is contained in

Imj, : Hy ""N(X,Z) —» HY" Y (W, Z). (4.15)
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If we now recall that E is a direct sum of ample line bundles on W, we have that
X is a complete intersection of ample hypersurfaces in W, hence the restriction
map
P HETTY W, Z) —» Hy TN (X, Z)
is surjective by the Lefschetz theorem on hyperplane sections and (4.15) is in
fact equal to (4.14), which concludes the proof of the claim.
We then conclude from diagram (4.13) and the last claim that

k.o

=T NS n+r—
Hy " (X, Z)van = Hp""3(Xg,Z)van.

4.1.3 Coniveau 1 and further examples

For ¢ = 1, the estimate in Theorem 4.1 is obvious, as coniveau(X) > 1 is equiva-
lent to H"~™9(X) = H°(X, Kx) = 0, that is, X is a Fano complete intersection.
In this case, the generalized Hodge-Grothendieck conjecture (Conjecture 2.40)
for the coniveau 1 Hodge structure on H” " (X, Q)prim is known to be true. Let
us give two proofs of this.

First of all, we can do it explicitly using the correspondence between X and
its Fano variety of lines F'. Denoting by

P %4 X
pd
F

the incidence correspondence, where p is the tautological P'-bundle on F, one
can show (see, for example, [92]) that taking an (n—r —2)-dimensional complete
intersection F,_,._o C F and restricting P to it, the resulting morphism of
Hodge structures

qiop” i HE " (Fu_yr—2,Q) —» Hp "(X,Q)

is surjective, where P’ = p~1(F,_,_2) and p’, ¢’ are the restrictions of p, ¢ to
P’. Tt follows that H} "(X,Q) vanishes on the complement of the (singular)
hypersurface ¢(P’) C X.

The second proof is by a direct application of Theorem 3.16. Indeed, Fano
varieties are rationally connected (see [65]), hence have trivial CHy group. The-
orem 3.16 then says that their cohomology of positive degree is supported on a
proper closed algebraic subset.

4.2 CONIVEAU 2 COMPLETE INTERSECTIONS

4.2.1 A conjecture on effective cones

Let Y be smooth projective; for any integer k, denote by HZ(Y,R)ay the
subspace of HZ(Y,R) generated over R by cycle classes and by E?*(Y) C
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HZk(Y, R)aig the effective cone, that is, the convex cone generated by classes of
subvarieties Z C Y of codimension k.

Cones of effective cycles have been very much studied in codimension 1
or in dimension 1 (see [16]), but essentially nothing is known in intermediate
(co)dimensions. Let us say that an algebraic cohomology class is big if it belongs
to the interior of the effective cone. Note the following easy lemma (see [107]).

LEMMA 4.10. Let h € H?(Y,R) be the first Chern class of an ample line
bundle on Y. A class a € HZ (Y, R)aig is big if and only if, for some € > 0,
a—eh* € B?R(Y).

PRrROOF. Indeed, the “only if” is obvious, because if « is in the interior of
E?*(Y), a small deformation a — eh* also belongs to E?*(Y). In the other
direction, it suffices to prove that h* belongs to the interior of the effective cone.
This is true because for any variety Z C Y of codimension k, there is an integer
Ny such that Nzh*—Z is effective. Thus both h* — NLZ[Z] and hk—|—NiZ [Z] belong
to the cone E?*(Y'). As the classes [Z] generate the vector space Hz (Y, R)ag,
we can choose a basis [Z;] of HE(Y,R)a1e, and letting € = Inf{NLZ_}, we get

that the open neighborhood

{hk +Z€Z[ZA, |€1‘ < 6}

of h* in H¥(Y,R). is contained in E?*(Y’). The proof is finished. O

In [81], it is shown that when dimW = 1, and W C V is moving and has
ample normal bundle, its class [W] is big. In [107] we give an example that works
in any dimension > 4 and in codimension 2, showing that in higher dimensions,
a moving variety W C V with ample normal bundle may not have a big class.
Here, by moving we mean that a generic deformation of W in V' may be imposed
to pass through a generic point of V.

DEFINITION 4.11. A smooth k-dimensional subvariety V' C Y, is very moving
if it has the following property: through a general point y € Y, and given a
general vector subspace W C Ty, of rank k, there is a deformation V' C Y of
V in Y that is smooth and passes through y with tangent space equal to W at
Y.

We make the following conjecture for very moving subvarieties.

CONJECTURE 4.12. LetY be smooth and projective and let V C'Y be a very
moving subvariety. Then the class [V] of V in'Y is big.

4.2.2 On the generalized Hodge conjecture for coniveau 2 complete
intersections

Let X C P™ be a generic complete intersection of multidegree d; < --- < d,.. So
X has dimension (n — r) and the interesting cohomology of X is supported in
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degree (n—r). Let F be the variety of lines contained in X. Then by genericity,
F is smooth of dimension (2n —2 — ) . d; — r). Note that if n > > d;, the
morphism

P*:Hp " (X,Q) — Hp " *(F,Q)

induced by the universal P'-bundle P C F x X is injective (see Section 4.1.3).

For a generic section G € H*(X,0x(n—)_,d; — 1)) with zero set X C X,
consider the subvariety Fg C F' of the variety of lines contained in Xg. Again by
genericity, F is smooth of dimension (n—r—2). The following result is obtained
in [107] by studying the deformations of F; in F' induced by deformations of G.

PRrROPOSITION 4.13. When n > > .d; + d,, that is, when X has Hodge
coniveau > 2, the subvariety Fg C F is very moving in the sense of Defini-
tion 4.11.

Following [107], let us now deduce from this proposition the following result.

THEOREM 4.14 (Voisin 2010). If the very moving varieties Fg satisfy Conjec-
ture 4.12, that is, [Fg]| is big, then the generalized Hodge conjecture for coniveau
2 is satisfied by X.

PROOF. Assume that [Fg] is big. Then it follows by Lemma 4.10 that for
some positive large integer N and for some effective cycle E of codimension
(n—73",d;) on F, one has

N[Fg] =I""%id 4 [E], (4.16)

where [ is the restriction to F' of the first Chern class of the Pliicker line bundle
on the Grassmannian G(1,n). (Here we could work as well with real coefficients,
but as we actually want to do geometry on E, it is better if E is a true cycle.)
For a € HY (X, Q)prim, let n = p.g*a € Hg_”"_Q(F, Q). We use the fact,
essentially due to Shimada [92] (see also [107, Lemma 1.1]), that n is primitive
with respect to [ and furthermore vanishes on F, with dim Fg =n —r — 2.

Let us now assume that a € HP'9(X)im and integrate (—1)FF=1/2p=apyy
7, k=p+q—2=n—r—2over both sides in (4.16). We thus get

O:/F(_l)k(k_l)/zip—(q"—zidi UUUﬁ-F/E(—l)k(k_l)/zip_qnuﬁ-

As 7 is primitive with respect to [, and nonzero if a is nonzero, by the second
Hodge-Riemann bilinear relations (see [101], I, 6.3.2), we have

/ (—1)kE=D/2p=an=32di U7 > 0.
F
It thus follows that

/ (—1)kE=D/24p=ay 475 < 0. (4.17)
E
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Let E = I_IE; be a desingularization of the support of E = >, m;E;, m; > 0.
Thus we have
ij /N(—l)k(k_l)/%p_qn un <0.
i E
It thus follows from (4.17) that there exists at least one E; such that
/~ (—=1)kE=D/24p=ay 475 < 0. (4.18)
Ej

Choose an ample divisor H; on each /Evj By the second Hodge-Riemann bilinear
relations, inequality (4.18) implies that nE; is not primitive with respect to the
J
polarization given by H;, that is, n U [H;] # 0 and in particular,
nu,; # 0.

In conclusion, we have proved that the composed map

HE (X, Qprim "4 HY " %(F,Q) —» @D HY 7%(H;,Q)

is injective, where the second map is given by pull-back to H; via the composed
map H; — E; — F. If we dualize this, recalling that dim H; =n —r — 3, we
conclude that

P HEE T (H, Q) — HE (X, Q)prim

is surjective, where we consider the pull-backs of the incidence diagrams to Hj,

P B X
P+
H

and the map is the sum of the maps g;.p;, followed by orthogonal projection
onto primitive cohomology. As for n — r even and n — r > 3, the image of
Zj qj«pj also contains the class h(=")/2 (up to adding to the H;, if necessary,
the class of a linear section of F), it follows immediately that the map

> app; D HE T (H;, Q) = HE (X, Q)
J

is also surjective, if n —r > 3 (the case n —r = 2 is trivial). This implies that
H}7"(X,Q) is supported on the (n — r — 2)-dimensional variety U;q;(P;), that
is, it vanishes on X \ U;q;(P;). The result is proved. O

4.3 EQUIVALENCE OF GENERALIZED BLOCH AND HODGE
CONJECTURES FOR GENERAL COMPLETE
INTERSECTIONS

Our main result in this section concerns very general complete intersections X
in a variety X with trivial Chow groups, with the following meaning.
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DEFINITION 4.15. A smooth complex algebraic variety (not necessarily pro-
jective) is said to have trivial Chow groups if it satisfies the property that the
cycle class map

cl: CH*(X)g — HE (X, Q)
is injective.

Smooth projective varieties with trivial Chow groups include all smooth toric
varieties, for example, the projective space, and varieties admitting a stratifica-
tion by affine spaces, like the Grassmannians.

For such Xj’s we will prove the generalized Bloch conjecture as formulated
in Remark 3.22. The statement is that if the transcendental cohomology of a
smooth projective variety Y has geometric coniveau c, then the cycle class map is
injective on cycles of Y of dimension < ¢ — 1. The generalized Bloch conjecture
(Conjecture 3.21) states that if the cohomology of Y has Hodge coniveau c
modulo classes of algebraic cycles, then the cycle class map is injective on cycles
of Y of dimension < ¢ — 1. Thus the two statements differ by the generalized
Hodge conjecture (Conjecture 2.40).

In Section 4.3.4 we will prove the following result (see [114]).

THEOREM 4.16 (Voisin 2011). Assume the “standard” conjecture (Conjec-
ture 2.29) holds for degree (2n — 2r) cycle classes. Let X be a smooth complex
projective variety with trivial Chow groups. Let Ly, ..., L., 7 < n:=dim X be
very ample line bundles on X. Assume that for a very general complete inter-
section Xp = X1 N---N X, of hypersurfaces X; € |L;|, the Hodge structure on
H" ™ "(Xb,Q)prim is supported on a closed algebraic subset Yy, C Xy of codimen-
sion > c. Then for the general such X, (hence in fact for all), the cycle map
cl: CH;(Xp)g — H?*"727721(X,,Q) is injective for any i < c.

REMARK 4.17. The conclusion would also apply in the more general situation
where we have a very ample vector bundle F of rank r on X, and the X;’s are
zero sets of sections of E. In fact, by Terasoma’s trick described in Section 4.1.2,
one can always reduce to the hypersurface case by working on the projective
bundle P(F), so this generalization is almost immediate.

There are two cases where Conjecture 2.29 will be automatically satisfied,
namely when the fibers X are either surfaces or threefolds. Furthermore, in
the surface case, due to the Lefschetz theorem on (1,1)-classes, the geometric
coniveau is equal to the Hodge coniveau. In the surface case, Theorem 4.16
proves the Bloch conjecture (Conjecture 3.21) for complete intersection surfaces
inside a variety with trivial Chow groups and also a variant of it for complete
intersection surfaces with group action (see Section 4.3.5.1).

4.3.1 Varieties with trivial Chow groups

We start by stating, mostly without proofs, a number of easy results concerning
smooth quasi-projective complex varieties X with trivial Chow groups. The
missing proofs can be found in [114].
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LEMMA 4.18. Let X be a smooth complex variety with trivial Chow groups.
Then any projective bundle p : P(E) — X, where E is a locally free sheaf on X,
has trivial Chow groups.

LEMMA 4.19. Let X be a smooth complex algebraic variety with trivial Chow
groups and let Y C X be a smooth closed subvariety with trivial Chow groups.
Then the blow-up Xy — X of X along Y has trivial Chow groups.

LEMMA 4.20. Assume Conjecture 2.29. Let X be a smooth projective variety
with trivial Chow groups. Then any Zariski open set U C X has trivial Chow
groups.

Proor. Write U = X \ Y. Let Z be a codimension k cycle on U with
vanishing cohomology class. Then Z is the restriction to U of a cycle Z on X,
which has the property that

2l =0 in H5(U, Q).
Conjecture 2.29 says that there is a cycle Z’ supported on Y such that [Z] = [Z/]
in H**(X,Q). The cycle Z — Z' is thus cohomologous to 0 on X. As X has
trivial Chow groups, Z — Z' is rationally equivalent to 0 on X modulo torsion,
and so is its restriction to U, which is equal to Z. g

Let us conclude with two more properties.

LEMMA 4.21. Let ¢ : X — X' be a projective surjective morphism, where X
and X' are smooth complex algebraic varieties. If X has trivial Chow groups,
so does X'.

PROPOSITION 4.22. Let X be a smooth projective variety with trivial Chow
groups. Then X x X has trivial Chow groups.

PROOF. This uses the fact (proved in Section 3.2.1) that a variety with trivial
Chow groups has a complete decomposition of the diagonal as a combination of
products of algebraic cycles (see [66], [80], [101, II, 10.3.1]):

Ax = Znijzi x Z; in CH"(X x X)q,
4,J
where n;; € Q, and dim Z; + dimZ; = n = dim X when n;; # 0. It follows
that the variety Z := X x X also admits such a decomposition, since Ay =
pisAx - phyAx in CH*(Z x Z), where p;; is the projection of Z x Z = X* to
the product X x X of the ith and jth summand.

But this in turn implies that the cycle class map cl : CH*(Z)g — H%(Z,Q)
is injective. Indeed, write

Az =Y mijW; x W; in CH*™(Z x Z).

,J
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Then any cycle v € CH(Z)q satisfies

v=Agy = Zmij deg(y - W;)W; in CH(Z)q.
2

It immediately follows that if + is homologous to 0, it vanishes in CH(Z)g. O

The same proof also shows the following result, as noted by Lie Fu (oral
communication).

PROPOSITION 4.23. Let X, Y be smooth projective varieties with trivial Chow
groups. Then X XY has trivial Chow groups.

4.3.2 A consequence of Conjecture 2.29

We first observe in this section that assuming the Lefschetz standard conjecture,
or more precisely Conjecture 2.29, the generalized Hodge conjecture for sub-
Hodge structures on X can be rephrased by saying that a certain class on X x X
is supported on a product Y x Y. This will be quite important for the rest of
the proof.

Let X be a smooth complex projective variety of dimension n, and let L
be a sub-Hodge structure of HE (X, Q)prim, where the subscript “prim” stands
for “primitive with respect to a given polarization on X.” We know then by
the second Hodge-Riemann bilinear relations [101, I, 6.3.2] that the intersection
form (, ) restricted to L is nondegenerate. Let my : HE(X,Q) — L be the
orthogonal projector onto L. We assume that 7, is algebraic, that is, there is
an n-cycle Ar, C X x X, such that

[AL]* =T HE(X,Q) — L C Hg(X,Q)7

ALl = 0: Hy(X,Q) » Hy(X,Q), i #n.

LEMMA 4.24. Assume that there exists a closed algebraic subset’Y C X such
that L vanishes under the restriction map HE(X,Q) — HE(X \Y,Q). Then
if Congecture 2.29 holds, there is a cycle Z; with Q-coefficients supported on
Y XY such that

[Z1) = [AL] in HF'(X x X, Q).

PROOF. Indeed, because 7, is the orthogonal projector on L, the class [Af]
belongs to L ® L C HZ'(X x X,Q). As L vanishes in H%(X \ Y,Q), the
class [Ar] € L ® L vanishes in HF'(X x X \ (Y x Y),Q). Conjecture 2.29
then guarantees the existence of a cycle Z; supported on Y x Y such that
[Z1] = [AL] in HF'(X x X,Q). O
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4.3.3 A spreading result

Let m : X — B be a smooth projective morphism and let (7, 7) : X xp X — B
be the fibered self-product of X over B. Let Z C X xp X be a codimension
k algebraic cycle. We denote by &, and Z, the fibers, so &, = 7= 1(b), Z, =

ZleXXb'

PROPOSITION 4.25. Assume that for a very general point b € B, there exist
a closed algebraic subset Y, C Xy X Xy of codimension ¢, and an algebraic cycle
Z; C Yy, x Yy, with Q-coefficients, such that

(2] = (2] in HE (X, x X, Q).

Then there exist a closed algebraic subset Y C X of codimension ¢, and a codi-
mension k algebraic cycle Z' with Q-coefficients on X x g X, which is supported
on Y xp Y and such that for any b € B,

(Z]] = (2] in HE (X x X, Q). (4.19)

REMARK 4.26. This proposition is a crucial observation of the paper [114].
The key point is the fact that we do not need to make any base change for
this specific problem. This will be crucial because the total space of the family
X xpg X is very easy to describe, while it can become very complicated after
an arbitrary base change. The idea of spreading out cycles has become very
important in the theory of algebraic cycles since Nori’s paper [76] (see [47],
[89]). For most problems however, we usually need to work over a generically
finite extension of the base, due to the fact that cycles existing at the general
point will exist on the total space of the family only after a base change.

PROOF OF PROPOSITION 4.25. There are countably many algebraic vari-
eties M; — B parametrizing data (b,Y;, Z;) as above, and we can assume that
each M, parametrizes universal objects

Vi = M;, Vi C Xy, Z; C Vi X, Vi, (4.20)
satisfying the property that for m € M;, with pr,(m) =b € B,
[2],] = [Zip] in HFF (X, x X, Q).

By assumption, a very general point of B belongs to the union of the images
of the first projections M; — B. By a Baire category argument, we conclude
that one of the morphisms M; — B is dominating. Taking a subvariety of M; if
necessary, we may assume that ¢; : M; — B is generically finite. We may also
assume that it is proper and carries the families V; — M;, Vi C Xy, 2] C
Vi Xun, Vi Denote by r; © Xy, — X the proper generically finite morphism
induced by ¢;. Let
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Note that because r; is generically finite, codimY > ¢. Let 7} : J; — ) be the
restriction of r; to V; and let Z’ := (v},7}).(Z]), which is a codimension k cycle
in X xp X supported in

(rir) (Vi xa, Vi) €Y xg Y.
It is obvious that for any b € B,
(23] = N[Zs] in HE (X, x X, Q),

where N is the degree of r;. Finally, since we work with cycles with Q-coefficients,
we can replace Z’ by %Z’ in order to achieve the desired equality (4.19). ]

4.3.4 Proof of Theorem 4.16

We will start with a few preparatory lemmas. Consider a smooth projective
variety X of dimension n with trivial Chow groups. Let L;, i = 1,...,r be very
ample line bundles on X. Let j : X < X be a very general complete inter-
section of hypersurfaces in |L;|, 4 = 1,...,r. Then X} is smooth of dimension
(n —r), and the Lefschetz theorem on hyperplane sections implies that

Hp(Xy,Q) = Hg ™" (Xp, Q)van ® Hp(X, Q) x,, (4.21)

where the vanishing cohomology L := H" " (Xp, Q)van is defined as Ker(j, :
H}Y " (Xp,Q) — HRT'(X,Q)) and the direct sum above is orthogonal with
respect to Poincaré duality on Xj;. Indeed, for k& < n — r the restriction map
HE(X,Q) — HE(X,,Q) is surjective, and choosing an ample line bundle H
on X with first Chern class h, the hard Lefschetz theorem on X, says that
Uhiy, + Hy " *(Xp,Q) — Hp ""(X,,Q) is surjective for s > 0. We thus
deduce that the restriction map H%(X,Q) — HE(Xp, Q) is also surjective for
k > n —r. Note that

Hg_T(X}U Q)van - Hg_r(Xb, Q)prima

where “prim” stands for “primitive with respect to a very ample line bundle
coming from X,” and thus, by the second Hodge—Riemann bilinear relations, the
intersection form (, ) on Hj " (X5, Q) remains nondegenerate after restriction
to Lb.

Since X has trivial Chow groups, we know that H5(X,Q) is generated by
classes of algebraic cycles (see Theorem 3.19) and so is the restriction H (X, Q) x, -
This implies the following.

LEMMA 4.27. The orthogonal projector mr, on Ly is algebraic.

PRrOOF. In fact, we can construct an almost canonical algebraic cycle Ay van
with Q-coefficients on X, x X}, whose class [Ap yan] is equal to 7p,. More pre-
cisely, the cycle is canonically determined by the choice of the ample line bundle
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H on X. For this, we choose a basis of ®;<,—H# (X, Q). As we know that X
has trivial Chow groups, this basis consists of classes [z ;] of algebraic cycles
z;; on X, with codimz; ; = 4 < n —r. We note that by the hard Lefschetz
theorem applied to Xy, the classes [h]" """ U [z; ;]| x,, together with the classes
[,7]|x,, form a basis of H5(X,Q)x,. Here [h] € H?%(X5,Q) is the topological
first Chern class of H|x,. The intersection form on Hp(X3,Q) is nondegener-
ate when restricted to Hj(X,Q)|x,, and L; is the orthogonal complement of
Hp(X,Q)|x, with respect to the intersection pairing on Hp(Xp, Q). We thus
have the decomposition of Id H%(X,,Q) as the sum of two orthogonal projectors:

Ly + THE(X,0)1x, = a5 (x,,0) -

But the orthogonal projector - ( X,Q)x, is given by the class of an algebraic
cycle on X;, x X3, which is in fact almost canonical. Indeed, it suffices to choose
an orthogonal basis e; of H5(X,Q)|x, for the intersection form on Hz(X;, Q),
satisfying (e;, €;) = ¢; € Q*; then the class TH(X,Q))x, is equal to

Zei_lei ®e; € H*(Xba Q) ® H*(XbaQ) = End(H*(Xb’Q))

Each class e; comes from a canonically defined class é; € H*(X,Q) using the
basis ([2; j1x,], h"_r_i[zi,j‘xb]) constructed above. Furthermore, as X has trivial
Chow groups, the cycles z; j, h" "'z, ; € CH(X)qg are determined by their
cohomology classes, hence the classes ¢; € H*(X,Q) lift canonically to cycles
Z; € CH(X)q. We thus conclude that myy (x,g), is the class of the cycle

iefl pri Zix, - Pr3 Zijx, on Xp X Xy, where pr;, i = 1, 2 are the projectors
from X; x Xj to its summands.

As Idpy (x, @) corresponds to the class of the diagonal of X, we find that

T, = |Ax, — Zei_l pri Zi|X;, - pri Zi\Xb S HQH_QT(Xb X Xb,Q)
i

which concludes the proof, with

Ab,van = AX;, — Zei_l pI‘T Z’ile . pI‘; Zi|Xb S CHniT(Xb X Xb)Q.

O

We now assume that there is a closed algebraic subset Y, C X, of codi-
mension ¢ such that the sub-Hodge structure L, vanishes on X; \ Y;. Then,
under Conjecture 2.29, Lemma 4.24 tells us that there is an algebraic cycle Z;
supported on Y; x Yj, such that [Zy] = [Ap van]. We now put this information in
family.
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NOTATION 4.28. Let X be a smooth projective with trivial Chow groups.
Let P; := P(H°(X, L;)). Let B C [[,[P; be the open set parametrizing smooth
complete intersections and let

X CBxX, mT: X —>B

be the universal family. We will denote by X, C X the fiber n=1(b) for b € B.
We will apply Proposition 4.25 to

Dyan € CHniT(X X B X)Q, (422)

the corrected relative diagonal with fiber over b € B, the Ay .y introduced at
the end of the proof of Lemma 4.27. (Note that D,y is not in fact canonically
defined even if its restriction to X, X X} is canonically defined, because it may
be modified by adding cycles which are restrictions to X of cycles in CH>?(B)®
CH(X) c CH(B x X).)

We then get the following lemma.

LEMMA 4.29. Assume that for a general point b € B, there is a codimension
¢ closed algebraic subset Y, C Xy such that Ly = Hg "(Xp, Q)van vanishes on
Xy \ Ys. If furthermore Conjecture 2.29 holds, there exist a closed algebraic
subset Y C X of codimension ¢, and a codimension (n — r) algebraic cycle Z'
on X x g X with Q-coefficients, which is supported on Y X Y and such that for
any b € B,

[Z]] = [Apyan] in Hy" 2" (Xp x X3, Q).

PRrOOF. This is a direct application of Proposition 4.25, because we know
from Lemma 4.24 that under Conjecture 2.29, our assumption implies that there
exists for a very general point b € B an algebraic cycle Z] C Y; x Y}, such that
[Zé] = [Ab,van] in HQn_QT(Xb X Xb,(@). O

Next, we have the following lemma.
LEMMA 4.30. With Notation 4.28, let o € H?_Z’"(){ xp X,Q) be a coho-
mology class whose restriction to the fibers X, x Xy is 0. Then we can write

a = o1+ ag,

where o is the restriction to X xg X of a class 1 € Hé"_ZT(X x X,Q), and
Qg s the restriction to X xg X of a class B2 € H]23”72T(X x X, Q).

More precisely we can take B € ®icn_rH (X,Q)®@ LH?"~2"~1(X,Q), and
B2 € Bicn_r LPH?27=4(X, Q) ® H (X, Q), where L stands for the Leray filtra-
tion on H*(X,Q) with respect to the morphism m : X — B.

PRrROOF. Consider the smooth proper morphism

(m,7): X xg X — B.
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The relative Kiinneth decomposition gives
Rf(r,7m).Q= P Hj e H),
it+j=k

where H@ := R1,Q. The Leray spectral sequence of (7, ), which degenerates

at Fy (see [30]), gives the Leray filtration L on H3" *"(X x5 X, Q) with graded
pieces

Grl H' (X x5 X,Q) = H5(B, R !(n,7),Q)
= @ Hi(B HyoH).
i+j=2n—2r—1
Our assumption on « exactly says that it vanishes in the first quotient
HY(B, R*" (1, 7).Q)

for the Leray filtration, or equivalently, o € LlH%"_m(X xp X,Q). Consider
now the other graded pieces

Hy(B,Hy® HY), 1>0, i+j=2n—2r—1

Since [ > 0, and i + j = 2n — 2r — [, we have either i <n —ror j <n—r. Let
us consider the case where ¢ < n — r. Then, the Lefschetz hyperplane section
theorem tells us that the sheaf H@ is the constant sheaf with stalk H5 (X, Q).

Thus we find that Hj(B, Hj ® HY) = Hp(X,Q) HY(B, H)), which is a
Leray graded piece of H5(X,Q)® H gﬂ (X). Similarly analyzing the case where
j <n —r, we conclude that the natural map

P Hr(X, Qe L'Hy > (x,Qe @ L'HF 7 7/(X,Q o Hj(X,Q)
<n—r j<n—r
— L'HZ"7 (X xp X,Q)

is surjective. This proves the existence of the classes (51, (Ba. O

In the case where X has trivial Chow groups, we get extra information.

LEMMA 4.31. With the same notation as above, assume that X has trivial
Chow groups and that « is the class of an algebraic cycle on X xg X. Then
we can choose the (B;’s to be the restriction of classes of algebraic cycles on
Bx X x X.

PRrROOF. It suffices to show that we can choose the ;’s to be the classes of
algebraic cycles on X x X. Indeed, these classes will lift to classes on B x X x X
for the following reason: X is a Zariski open set in the natural fibration

fiP=X, Pc]]PixX,

3
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]P):: {(O’l,...,UT,I), 0-7,(1:) :OVI SZST}

This is a fibration into products of projective spaces, because we assumed the
L;’s are globally generated. It follows that X x X is also a Zariski open set in
the corresponding fibration X x P — X x X into products of projective spaces.
The restriction map

CH <X><X><H}P’i> — CH(X x P)

is then surjective, by the computation of the Chow groups of a projective bundle
fibration ([101, II, 9.3.2]) and the restriction map CH(X x P) — CH(X x X) to
the Zariski open set X x X is also surjective by the localization exact sequence
(2.2). Hence the composition CH(X x X x [[, ;) = CH(X x &), and a fortiori
the restriction map CH(X x X x B) — CH(X x X), are surjective.

It remains to show that if « is algebraic, we can choose the §;’s to be the
restrictions of classes of algebraic cycles on X x X

By the proof of Lemma 4.30 we have

a=Braxpx + Belxxpa (4.23)

where 81 € H5~"7"(X,Q)®L'H},(X,Q) and B2 € L' Hj(X,Q)@H 5" " (X, Q).
We know that the cohomology of X is generated by classes of algebraic cycles
[z:;] € H¥(X,Q). Let us choose a basis [z ;], 20 < n —r of H;"""(X,Q).
Then we can choose cycle classes [z ;]* € H3' 2"~ (X, Q) in such a way that
the restricted classes [2;;]fy, form the dual basis of H" " (X,, Q) for the in-
tersection pairing on Xj. Observe that for every i such that 2i < n — r, the
cycle classes

> Pt xlzi]Ups xlzig]" € H' 72 (X x5 X,Q),
i

seen as cohomological relative self-correspondences of X over B, provide (maybe
up to shrinking B) projectors

mo; » Rm,Q — Rm,Q,

which act as the identity on the cohomology R%*'7,Q, for 2i < n — r. Similarly
the cycle classes

> vt xlzis]t Ups xlzis] € H 72 (X x5 X,Q)
j

give projectors Mo, _2,_2; of Rm,.Q acting as the identity on R?"~2"~2i7,Q for
2i < n — r. Furthermore, these projectors satisfy the condition that 7 o m; =
m om, = 0 for k # [. It follows that denoting

Ty = Id — E T2 — g T2n—2r—2i,

2i<n—r 2i<n—r
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we get a decomposition in the derived category of B,
Rm.Q = &; R'm.Q[~i], (4.24)

which in turn induces a similar decomposition by the relative Kiinneth decom-
position

R(m,7).Q = @, R (7, 7).Q[—i] = ®ptq=i(RP7.Q ® RIT.Q)[—i]. (4.25)
Taking cohomology on both sides, we get a decomposition
H*(X xp X,Q) 2 @1 prg=t H (B, RP1.Q ® R7.Q). (4.26)

This is nothing but an explicit form of the Deligne decomposition already men-
tioned, except that it is clear now that the projector to each summand is induced
by an algebraic relative self-correspondence of X X g X, hence sends a cycle class
to a cycle class.

Applying (4.26) to our class o and recalling that a belongs to L' H*(X xp
X,Q), we get that

o= Z Qi p.gs (4.27)

1>0,i+p+q=2n—2r

with «; ., € HY(B, RP1.Q ® R1,Q) being a cycle class on X xp X. It now
suffices to show that each a;, , lifts to a cycle class either on X x X or on
X x X.

We have i + p+q = 2n — 2r with ¢ > 0 so either p<n—rorqg<n-—r.
Assume p < n —r; then p has to be even, p = 2m. The sheaf R?>"r,Q is trivial,
with basis given by the pull-back to X of the classes [zop, j]. We can thus write

* *
O 2m 2n—2r—2m—i = E PI x[22m,5] U Pr3 Vi2m j, (4.28)
i>0,j

where i 0m; € H'(B,R* ™2 ~2m~ix, Q) is a cohomology class on X. Here
m: X xp X — X is the second projection

The class o 2m,2n—2r—2m—i being algebraic, so is the class wé*(pix[zgmyj]* U
Qi 2m,2n—2r—2m—q) for any j. However, we have the equality

Yizm,j = o, (D1 x [22m 31" U Qi 2m 2n—2r—2m—i), (4.29)
which follows from (4.28), from the projection formula and from the fact that
750 (D1 x [22m 31" U DT x[22m 1)) = 0 in H(X, Q) for j # k,

Wé*(pT,X [ZZm,j]* UPT,X [Z2m,k]) = 1 in HO(X,(@) for j = k.

Formula (4.29) obviously implies that the ; o, ;’s are algebraic, hence that
Q5 2m 2n—2r—2m—i is algebraic by (428) [l
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PrROOF OF THEOREM 4.16. We keep Notation 4.28 and assume now that
the vanishing cohomology Hp™"(Xp, Q)van is supported on a codimension ¢
closed algebraic subset Y, C X}, for any b € B. Consider the corrected diagonal
Dyan introduced in (4.22), which is a codimension (n — ) cycle of X x g X with
Q-coefficients.

By Lemma 4.29, it follows that there exist a codimension ¢ closed algebraic
subset ) C X and a codimension (n—r) cycle Z on X x g X with Q-coefficients,
which is supported on ) x g Y and such that

[Zb] = [Dvan,b] - [Ab,van] Vb 6 B.

Thus the class [Z]—[Ap van] € Hé"_%()( x g X, Q) vanishes on the fibers X x Xj.
Using Lemmas 4.30 and 4.31, we conclude that thereis a cycleI' € CH" ™" (B x
X x X)g such that

(2] = [Dyan) + [jxxpx] in HF727(X xp X, Q). (4.30)

LEMMA 4.32. Assume Conjecture 2.29. If X has trivial Chow groups, the
cycle class map

CH*(X xp X)g — H¥ (X xp X,Q)

is injective (in other words, X xp X has trivial Chow groups).

PRrOOF. Consider the blow-up X/>\</X of X x X along the diagonal. Applying
Proposition 4.22 and Lemma 4.19, X x X has trivial Chow groups. A point of

X x X parametrizes a couple (x,y) of points of X, together with a subscheme
z of length 2 of X, with associated cycle x + y. We thus have the following

natural variety of [, P; x X x X:

Q=A{(o1,...,00,1,y,2), 0 €Pj, 05, =0, Vi=1,...,7}.

As the L;’s are assumed to/_]g_e/very ample, the map Q — X x X is a fibration
with fiber over (z,y,z) € X x X a product of projective spaces P; , of codimen-
sion 2 in P;. By Lemma 4.18, ) also has trivial Chow groups. Let Qg C @ be
the inverse image of B under the projection @ — [[,P;. Then Qq is Zariski
open in @, so by Lemma 4.20 (for which we need Conjecture 2.29), the cycle
class map is also injective on cycles of (Jg. Finally, Qo maps naturally onto
X xp X via the map

[]E:i x X x X = [P x X x X.

The morphism Q9 — X xp X being projective and dominant, we conclude by
Lemma 4.21 that the cycle class map is injective on cycles of X xg X. O
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The proof of Theorem 4.16 is then finished as follows. From the equality
(4.30) of cohomology classes, we deduce by Lemma 4.32 the following equality
of cycles:

Z :Dvan"i_F\XXBX in CHn_T(X XB X)(@ (431)
We now fix b and restrict this equality to X, x Xp. Then we find
Zp = Ab,van + FTXbeb in CHH_T(X(; X Xb)Q,

where IV € CH(X x X)g is the restriction of I" to b x X x X.
Recalling that Apyvan = Ax, + FbexXb for some codimension (n — r) cycle
with Q-coefficients I on X x X, we conclude that

Ax, = 2y + Tijx,xx, (4.32)

where I'; € CH" " (X x X, Q) and the cycle 2}, is by construction supported on
Y, x Y3, with Y, C X of codimension > ¢ for general b.

Let z € CH;(X3)qg, with ¢ < ¢. Then (2).2 = 0 since we may find a cycle
rationally equivalent to z in X; and disjoint from Y,. Applying both sides of
(4.32) to z thus gives

z = (F1|Xb><Xb)*Z in CHl(Xb)Q (433)
But it is obvious that
(C1)xyxx, )+ + CH(Xp)g — CH(X3)g

factors through jp. : CH(Xp)p — CH(X)g. Now, if z is homologous to 0 on
Xbp, Jox(z) is homologous to 0 on X, and thus it is rationally equivalent to 0
on X because X has trivial Chow groups. It follows from (4.33) that z = 0
in CH;(X,)g. Hence we proved that the cycle class map with Q-coefficients is
injective on CH;(X})g for ¢ < ¢, which concludes the proof of the theorem. [

4.3.5 Further applications
4.8.5.1 Complete intersections with group action

Theorem 4.16 applies to general complete intersections in projective space. The
relation (4.1) gives the Hodge coniveau for them, hence conjecturally the geomet-
ric coniveau ¢, according to the generalized Hodge conjecture (Conjecture 2.40).
Hence solving the generalized Bloch conjecture for them is equivalent to solving
a strong form of the generalized Hodge conjecture, implied by the generalized
Hodge conjecture together with the standard Lefschetz conjecture.

There are interesting variants coming from the study of complete intersec-
tions X of r hypersurfaces in projective space P™, or in any ambient variety X
with trivial Chow groups, invariant under a finite group action. Let G act on
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Xy, and let 7 € Q[G] be a projector, that is, 72 = 7. This projector gives (see
Example 3.6) an algebraic cycle I'y, € CH" " (X}, x X3)g, which is a projector,
that is,

[,ol, =T,.

Then consider the sub-Hodge structure
L™ :=Im([I';]" : H""(Xp, Q)prim = H" 7" (Xp, Q) prim)-

In general, it has a larger coniveau than X;. For example, if X} is a quintic
surface in P3, defined by an invariant polynomial under the linearized group
action of G = Z/57Z with generator g on P? given by

g*Xi:CiXia i:O,...,3,

where ¢ is a nontrivial fifth root of unity, then the G-invariant cohomology
H?(S,Q)™ has no (2, 0)-part, hence is of coniveau 1, while H29(S) # 0 so the
coniveau of H?(S,Q)prim is 0. The quotient surface S/G is a quintic Godeaux
surface (see [98]).

Coming back to the general situation, note that if 7 = deG agg, the Hodge
structure L™ is the image of the projector [[';]* = ﬁ deg agg* acting on L.
On the other hand, X}, equipped with the projector I';; is a motive and the
generalized Bloch conjecture (Conjecture 3.21) extended to motives predicts
the following.

CONJECTURE 4.33. Assume L™ has coniveau > c. Then the cycle class map
18 1njective on

CHl(Xb)& = Im(F,,* : CHZ(Xb)Q — CHZ(Xb)@)

fori<e.

If m = ﬁ deGg is the projector onto the invariant part, this conjecture
is essentially equivalent to the previous one by considering X;,/G or a desin-
gularization of it. Even in this case, one needs to make assumptions on the
linearized group action in order to apply the same strategy as in the proof of
Theorem 4.16. The case of more general projectors cannot be reduced to the
previous case.

In order to apply a strategy similar to the one applied for the proof of
Theorem 4.16, we need some assumptions. Indeed, if the group G is too big,
like the automorphisms group of the Fermat hypersurface, there are too few
invariant complete intersections to play on the geometry of the universal family
X — B of G-invariant complete intersections.

In any case, what we get by mimicking the proof of Theorem 4.16 is the
following (see [114]): X is, as before, a smooth projective variety of dimension n
with trivial Chow groups and G is a finite group acting on X. We fix a projector
m € Q[G]. We study complete intersections X, C X of r G-invariant ample
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hypersurfaces X; € |L;|: Let G act via the character x; on the considered
component of |L;|. The basis B parametrizing such complete intersections is
thus a Zariski open set in [], P(H°(X, L;)X?). As before we denote by X — B
the universal G-invariant complete intersection.

THEOREM 4.34 (Voisin 2011). Assume the following conditions:
(i) The variety X xp X has trivial Chow groups.

(i) The Hodge structure on Hp " (X, Q)7,, is supported on a closed algebraic

subset Y, C Xy of codimension c. (According to Conjecture 2.40, this
should be satisfied if the Hodge coniveau of Hy " (Xp, Q) T, s > c.)

van

(iii) Conjecture 2.29 holds for codimension (n —r) cycles.

Then the cycle class map cl : CH;(Xp)5 — HE2"724(X,, Q)™ is injective for
i < c and for any b € B.

REMARK 4.35. In the case where the X, are surfaces with H>?(X;)™ = 0,
by the Lefschetz theorem on (1, 1)-classes, assumptions (ii) (for coniveau 1) and
(iii) above are automatically satisfied. We thus get an alternative proof of the
main theorem of [98], where the Bloch conjecture is proved for general Godeaux
surfaces (quotients of quintic surfaces by a free action of Z/5Z, or quotients of
complete intersections of four quadrics in P® by a free action of Z/8Z).

In the case of threefolds X} of Hodge coniveau 1, we can also conclude that
CHy(X3)§ = 0 if assumption (i) above is satisfied and the generalized Hodge
conjecture is satisfied by the coniveau 1 Hodge structure on H3(X;, Q)™. Indeed,
we used Conjecture 2.29 in the proof in two places: The first place is in the proof
of Lemma 4.24, which says that if a certain Hodge structure L C H}(X,, Q)
is supported on a codimension c¢ closed algebraic subset Y}, the corresponding
projector has a class that comes from the class of a cycle supported in Y}, X Y3.
This will be satisfied if dim X, = 3, and L C H3(X,Q)X is supported on Y}
because we know then that the degree 6 Hodge class of the projector 7 is
supported on the codimension 2 closed algebraic subset Y;, x Y}, (or rather a
desingularization of it), so that we can apply Lemma 2.31. The second place
is in the proof of Lemma 4.32. However, in the threefold case, it is possible to
prove it directly without using Conjecture 2.29 (see [114]).

In this way, the second result of [98] (quintic hypersurfaces with involutions)
and the main application of [82] (three-dimensional complete intersections in
weighted projective space) are re-proved; in both cases we are reduced to proving
the generalized Hodge conjecture for the coniveau 1 Hodge structure on their
cohomology of degree 3.

4.8.5.2  Application to self-products

Let Y be a smooth projective variety. There is a natural surjective map

CHo(Y) ® CHo(Y) — CHoy(Y x V),
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sending (z, 2’) to pr} z - prj z’. More generally one can study the product map
CH()(Y)®m — CHO (Ym)

that is defined similarly, and is compatible with the action of the symmetric
group G,, on both sides.

This study was undertaken in [59], [99] and a variant of it (where the em-
phasis is on cycles of given codimension, instead of cycles of given dimension)
is developed in [60].

Note that if we fix a point 0 € Y, we always have an injection

CHo(Y) — CHo(Y xY), Z 2z X 0=DprI]z-pryo,

because the composition of this map with pry, : CHo(Y x Y) — CHy(Y) is the
identity. We can argue similarly after exchanging factors. The conclusion of
this is that the interesting map is the following:

CHo(Y)hom ® CHo(Y ) hom — CHo(Y X Y)hom- (4.34)

This map is rather mysterious. It is proved in [99] that if YV is a surface and
this map, or only the symmetric part of it, is trivial, then the surface Y (which
necessarily has h*?(Y) = 0) satisfies the Bloch conjecture.
Let us spell out what predicts the generalized Bloch conjecture (adapted to
motives) for the map (4.34), or rather its antisymmetric or symmetric versions.
We start with the following lemma.

LEMMA 4.36. Let H be a Hodge structure of weight m. Then for k > h™0 :=
dim H™P, the Hodge structure of weight km on /\kL has coniveau > 1. In
particular, if h™0 = 1, the Hodge structure of weight 2m on /\2 H has coniveau
> 1.

PROOF. Indeed, the (km,0)-component of the Hodge structure on A" H is
equal to /\’c H™?Y hence it is 0 for k > h™?0. g

Let Y be a smooth projective variety. Assume that H>*(Y) = 0 for i # 0, m
(this will be the case if Y is an m-dimensional complete intersection of ample
hypersurfaces in a projective variety with trivial Chow groups). Conjecture 3.21
(or rather its generalization to motives), together with Lemma 4.36, predicts the
following (see below for more detail).

CONJECTURE 4.37. AssumeY satisfies the above assumption and has h™°(Y) =
1. Then, for any z, 2’ € CHo(Y') with deg z = deg 2’ =0, one has zxz'—2'xz =
0 in CHo(Y xXY) for m even and z X 2’ + 2’ x 2z =0 in CHo(Y xY) for m odd.

Indeed, the transcendental cohomology of the skew-symmetric motive (see
Section 3.2.3) /\2 X if m is even and of the symmetric motive S2X if m is odd
has Hodge coniveau > 1. The case m = 2 is particularly interesting, as noted
in [99]. In this case, we have the following statement.
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LEMMA 4.38. Let (H, HP?) be a weight 2 Hodge structure of K3 type, namely

h?% = 1. Then the Hodge structures on /\%H all have niveau < 2 (that is,
coniveau > k —1).

PRrROOF. Write H = H>°@ H' @ H*2. Then

k k—1 k k—2 k—1
/\H _ H2’0®/\ HLL @ (/\ o' g H20 0 92 & /\ H1’1> @ /\ HY g 02

is the Hodge decomposition of /\k H, whose first nonzero term is of type (k +
1,k—1). O

When k£ > dim H, we of course have that the Hodge structure on /\]C H is
trivial. Applying these observations to the case where H = H%(S,Q), where S
is an algebraic K3 surface, we find that Conjecture 3.21 (or rather, its extension
to motives) predicts the following (see [99]).

CONJECTURE 4.39.

(i) Let S be an algebraic K3 surface. Then for any k > 2, and i < k — 2,
the projector max = Zoeek(—l)ﬁ(")a e CH?*(S* x S*) composed with
the Chow-Kiinneth projector n¥* (see [74]) acts as 0 on CH;(S¥)q for
1< k—2.

(i1) For k > ba(S), this projector is identically 0.

Note that (ii) above is essentially Kimura’s finite-dimensionality conjecture
[59] and applies to any regular surface. One may wonder whether it could be
attacked by the methods used for the proof of Theorem 4.16 for the case of
quartic K3 surfaces. The question would be essentially to study whether the
fibered product X?#/B of the universal such K3 surface has trivial Chow groups.
For small k this is easy, but we would need to know this in the range k > 22 in
order to prove the Kimura conjecture. This seems to be very hard.

The fact that this is true for small &k (see below) shows that Conjecture 4.39
is implied by the generalized Hodge conjecture for the self-products S* and the
coniveau (k — 1) Hodge structures /\k H%(5,Q) c H¥(S*,Q).

EXAMPLE 4.40 (Abelian varieties). Conjecture 4.37 also works with varieties
replaced by motives. Consider, for example, an abelian variety A of dimension
g. The Kiinneth standard conjecture (Conjecture 2.27) holds for them, and a
stronger version of it, namely, there is a decomposition of the diagonal of A as
a sum of projectors m; in CH(A x A)g, where the class of p; is the Kiinneth
component §; (see [74]). Consider the motive M,(A) := (A, m,). It has h** =0
for i # g and h90 = h90(A) = 1.

What is thus predicted in this case is the fact that the morphism

CHy (M, (A)) © CHo(Mg(A)) — CHo(My(A) @ My(A))
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is (—1)9-symmetric. This is indeed true using the Beauville decomposition [8]
which is also used in [35] to construct the projectors ;. This decomposition is
a splitting of the Chow groups of any abelian variety (in our case A and A x A)
into a sum of eigenspaces under the action of homotheties

Wit A— A, a v ia.

The Chow group CHy(M,(A)) is identified (by the construction of m,) to the
subgroup of CHg(A)q where u; acts by multiplication by 9. It is also generated
by products Dy ----- D, where the D,’s are divisors homologous to 0 on A (see
[8], [12]). We now follow [99]: It follows from the above that the image of the
morphism

CHo(My(A)) ® CHo(M,(A)) — CHo(M,(A) @ My(A))
consists of 0-cycles generated by products of divisors,
pry Dy« prj Dy - pry D - -+ - pr3 Dy, (4.35)

where the D;’s and D}’s are divisors homologous to 0 on A. We want to show
that the involution 7: Ax A — AX A, (a,b) — (b,a) acts by (—1)9 on products
(4.35). Consider the map

c:AxA— AXA, (a,b) — (a +b,a — D).

This is an isogeny of A x A, since 0 o0 = 2Idax 4. It follows that it induces
an isomorphism (in fact a homothety) at the level of Chow groups with Q-
coefficients. On the other hand, 0 o 7 oo = (2Id4, —21d4). It thus suffices to
show that (2Ida, —2Id4) acts by (—1)¢ on products (4.35), which is obvious
because —Id4 acts by —Id on Pic’(A).

Let us state explicitly what the arguments of the proof of Theorem 4.16 give
in the case of general Calabi—Yau complete intersections and for & = 2. Let
X} be a smooth Calabi—Yau complete intersection of dimension m in projective
space P™. Let Ap yan € CH™ (X}, X X3)g be the corrected diagonal, whose action
on H3 (X, Q) is the projection on HF (Xp, Q)van. On X, x X X Xp, x X, there
is the induced 2m-cycle

* *
Ab,van,Z = plSAb,van . p24Ab,van7

where p;; is the projection from Xg1 to the product X7 of its ith and jth factor.
The action on Ay van,2 seen as a self-correspondence of Xg on H*(Xg, Q) is the
orthogonal projector on

pTHgL(XEHQ)van ®p§Hgn(Xb7Q)van C H%m(Xb X Xb; Q)

If instead of Ay van,2, We consider

T % *
b,van,2 *— p14Ab,van : ngAb,van,
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then the action on Apyan2 seen as a self-correspondence of X7 on Hj (X2, Q)
is the composition of the previous projector with the permutation

Tx t HE(XZ), Q)Van ® HgL(Xba @)van — Hgb(va Q)van & HE(XIH Q)Van
exchanging summands. Note that the inclusion
Hgl(Xba Q)van & Hgl(Xba Q)van C leam(Xb X Xba@)

sends the anti-invariant part on the left to the anti-invariant part under 7 on
the right if m is even, and to the invariant part under 7 on the right if m is
odd. This is due to the fact that the cup-product on cohomology is graded
commutative.

Hence we conclude that

# — T
Ab,van,2 T Ab,van,2 ~ “b,van,2

acts on Hj5(X?,Q) as twice the projector onto /\2 HP(Xy x Xp,Q)van if m is
even, and that _
g?\\:an,Q = Ab,VEH,Q + AZ,van,?

acts on H%(X2,Q) as twice the projector onto A> HZ (X, X Xp, Q)van if m is
odd.

In both cases, using Lemma 4.36, we get that this is twice the orthogonal
projector associated to a sub-Hodge structure of coniveau > 1.

Restricting to the case of Calabi—Yau hypersurfaces in P* (so m = n — 1),
an easy adaptation of the proof of Theorem 4.16 now gives the following result.

THEOREM 4.41. Assume Conjecture 2.29 is true and the generalized Hodge
conjecture holds for the coniveau 1 Hodge structure on /\2 Hg_l(Xbeb, Q)van C
HZ (X x Xy, Q), where X, is a very general Calabi—Yau hypersurface in pro-
jective space. Then the general such Xy has the following properties:

(i) If n — 1 is even, for any two 0-cycle z, 2z’ of degree 0 on X;, we have
zxz —2 x2z2=014in CHy(X x X).

(i) If n — 1 is odd, for any two O-cycle z, 2z’ of degree 0 on X, we have
z2x 2z 42 xz=01in CHy(X x X).

Note that the proof has to be adapted, because we are interested in the

self-correspondence Ag,van,2 or APV, 5 of Xj x X3, which is a cycle in X;. This

means that we have to work with cycles on the fourth fibered self-product of
the universal family X — B. We refer to [114] for the extra arguments needed.

4.4 FURTHER APPLICATIONS TO THE BLOCH
CONJECTURE ON 0-CYCLES ON SURFACES

As we have already mentioned in the previous section, the results obtained by
this method are unconditional in the surface case. Furthermore, they can be
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improved to get further cases of the Bloch conjecture for 0-cycles on surfaces,
or of the nilpotence conjecture for self-correspondences of surfaces. These im-
provements have been worked out in [109] which we follow closely.

Let S — B be a smooth projective morphism with two-dimensional con-
nected fibers, where B is quasi-projective. Let I' € CH*(S x g S)g be a relative
O-self-correspondence. Let I'; := I'|s, s, be the restricted cycle, with cohomol-
ogy class [[;] € H*(S; x S;,Q). We have the actions

Tyt CH()(St)Q — CH()(St)Q, [Ft]* : Hi’O(St) — Hi’O(St).
THEOREM 4.42 (Voisin 2012). Assume the following:

(1) The fibers S; satisfy h*9(S;) = 0 and [[4])* : H?>(S;) — H*9(S,) is equal
to 0.

(2) A smooth projective (equivalently any smooth projective) completion S X g S
of the fibered self-product S X g S is rationally connected.

Then Tty : CHo(St)hom — CHo(St)hom s nilpotent for any t € B.

We refer to [109] for geometric applications of this statement. They include
a proof of the Bloch conjecture for Catanese surfaces (and, as a by-product, for
determinantal Barlow surfaces).

SKETCH OF PROOF OF THEOREM 4.42. We first construct a cycle
I" € CH*(S x5 S)o

with the properties that '} is cohomologous to 0 in §; X S; and that I'; acts as T'y
on CHp(S;)hom- The existence of I follows from the assumption that H10(S;) =
0 and [I4]* = 0 on H*%(S;), which says equivalently that the cohomology class
of Ty belongs to pri H4(S;) & pri H*(S;) @ pri NS(S;)g ® NS(S;)g-

As T}, = T'4tx on CHo(St)nom, it suffices to prove the conclusion for I'V. The
same arguments as in the proof of Theorem 4.16 then show that there exist
codimension 2 algebraic cycles Z1, Z} with Q-coefficients on S such that

I —Z —piZ] —ps25] =0in H*(S x5 S, Q).
We now claim that under assumption (2) the following hold:
(i) The cycle T' — Z — pj Z] — p3 2}, is algebraically equivalent to 0 on S x5 S.

(ii) The restriction to the fibers S; x S; of the codimension 2 cycle Z' =
IV—Z—p} Z] —p5 2} is a nilpotent element (with respect to the composition
of self-correspondences) of CH?*(S; x St)o-

This is clearly sufficient to conclude the proof of Theorem 4.42 since the cycle
Z, acts as I'; on CHg(S).
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To prove the claim, we work with a smooth projective completion S xg S.

Let D := S x5S\ S xp S be the divisor at infinity. Let D % Sx5 S be a
desingularization of D. The codimension 2 cycle Z’ extends to a cycle Z’ over
S xp S§. We know that

(2 1sxps =0in H(S x5 S,Q)

and this implies, by Corollary 2.24, that there is a degree 2 Hodge class o on D
such that o
jea=[2"]in H*(S x5 S, Q).

By the Lefschetz theorem on (1,1)-classes, « is the class of a codimension 1
cycle Z” of D and we conclude that

2"~ j.2"]=0in H*(S x5 S,Q).

Replacing Z’ by Z’—j, 2", we have thus proved that the codimension 2 cycle
Z' which is cohomologous to 0 on S x g S extends to a cycle 2’ on S x g S which
18 also cohomologous to 0.

We use now assumption (2) which says that the variety S x5 S is rationally
connected. It then has trivial CHy, and so any codimension 2 cycle homologous
to 0 on S xp S is algebraically equivalent to 0 by Theorem 3.14. We thus
conclude that Z’ is algebraically equivalent to 0 on S x g S, hence that Z’ =
(?)‘ Sx s is algebraically equivalent to O on S xp S.

Statement (ii) is a direct consequence of (i), using the nilpotence theorem
(Theorem 3.25). O
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Chapter Five

On the Chow ring of K3 surfaces and hyper-Kahler

manifolds

This chapter is devoted to a completely different application of Theorem 3.1.
We will consider varieties whose Chow ring has rather special properties. This
includes abelian varieties, K3 surfaces, and Calabi—Yau hypersurfaces in pro-
jective space. For K3 surfaces S, it was discovered in [11] that they have a
canonical 0-cycle o of degree 1 with the property that the product of two divisors
of S is a multiple of o in CHg(S). In [110], we extended this result to Calabi-
Yau hypersurfaces in projective space. Another feature is a decomposition in
CH(X x X x X)g of the small diagonal A C X x X x X that was estab-
lished for K3 surfaces in [11], and is partially extended in [110] to Calabi-Yau
hypersurfaces. Finally, we use this decomposition and the spreading principle
(Theorem 3.1) to show, following [110], that for families 7 : X — B of smooth
projective K3 surfaces, there is a decomposition isomorphism

R7m,Q = OR'7,Q[—i]

that is multiplicative (that is, compatible with the cup-product on both sides) over
a nonempty Zariski dense open set of B. Numerous examples show that this
statement, which is also true for families of abelian varieties, is rarely satisfied.

5.1 TAUTOLOGICAL RING OF A K3 SURFACE

The following theorem is proved in [11].

THEOREM 5.1 (Beauville and Voisin 2004). Let S be a K3 surface, D; €
CH'(S) be divisors on S and n;; be integers. Then if the 0-cycle > ;nijDiDj €
CHy(S) is cohomologous to 0 on S, it is equal to 0 in CHp(.S).

PROOF. It suffices to prove that there is a 0-cycle o of degree 1, with the
property that for any two line bundles L, L' on S,

L-L'=deg(L-L")oin CHy(S). (5.1)

The cycle o is defined to be the class of any point of S contained in a
(singular) rational curve C' C S. We claim that this cycle does not depend on
the choice of rational curve. This follows from the fact that there are rational
curves Cg in any ample linear system on S. If C, C’ are two rational curves on
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S, then any point in the intersection of C' and Cj is rationally equivalent to any
point supported on C or on Cp, and also to any point supported on C” if C'NCy
is nonempty. As Cy is ample, the intersections Co N C, Cy N C’ are nonempty,
and this concludes the proof of the claim.

The proof of (5.1) is obtained by reducing to the case where L and L’ are
ample line bundles. Then there are rational curves C, C’ in |L| and |L'|. The
intersection L - L’ = C' - C’ is then by definition proportional to o. O

The cycle o has the following quite remarkable property (which makes it
intrinsically defined).

PROPOSITION 5.2 (Beauville and Voisin 2004). We have the following equal-
ity:
c2(Ts) = 240 in CHo(95).
Proposition 5.2 is a consequence of the following result from [11], which will

be proved in Section 5.2. Let A = {(z,z,z), € S} be the small diagonal in
SxS8xS.

THEOREM 5.3 (Beauville and Voisin 2004). We have the following equality
in CH*(S x S x S)q:

A=Ay -03+ (perm.) — (01 - 02 + (perm.)). (5.2)

Here A € S x S x S is the small diagonal {(z,z,z), x € S}. The class
o € CHg(S) is the class of any point as above and the o;’s are its pull-back in
CH?(S x S x S)g via the various projections. The cycle Ajs-03 is then the class
of the algebraic subset {(z,z,0), x € S} of S x S x S. The terms “+(perm.)”
mean that we symmetrize the given expression in the indices 1,2,3. As our
cycles A1s - 03 and 07 - 09 X S are invariant under the transposition exchanging
1 and 2, there are only three terms of each sort in these sums.

PROOF OF PROPOSITION 5.2. Let us restrict equality (5.2) to
(js,Id)(S x S) C S x S x 8,

where jg : S — S x S is the inclusion of the diagonal. We get the following
equality in CH*(S x S)q:

(45,1d)" A = (A12 - 03)|(js,1d)(sxS) + (A13 - 02)|(js,1d)(SxS)
+ (01 - A23)|(js,1d)(SxS) — (01 - 02)|(js,1d)(Sx )
— (01 - 03)|(js,1a)(SxS) — (02 03)|(js,1d)(Sx S)- (5.3)

The left-hand side is clearly equal to the self-intersection A% € CH*(S x S)g,
that is, to js«c2(Ts). The right-hand side is equal to

ca X 0+ (0,0) + (0,0) — (0,0) — (0,0) = ca X 0.
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Hence we obtain the equality
Js«c2(Ts) = ca x o in CHg(S x S)g.
Applying the second projection to this equality, we conclude that
c2(Ts) = deg(ca(Ts)) 0o =240 in CHy(S5)g,

and the equality is in fact also true in CHy(S) since CHp(S) has no torsion by
Roitman’s theorem [87]. O

REMARK 5.4. Theorem 5.3 also implies Theorem 5.1 because we can see the
small diagonal A as a correspondence between S x S and S. Then we have

A* Z Nij pI‘;F Dz . prz Dj = Z TL”Dz . Dj in CHo(S)Q,
i,J

.3

and the left-hand side is computed using formula (5.2). The conclusion is that
the cycle 3, . n;;D;D; is a multiple of o in CHo(S)g and thus it is trivial if
it is homologous to 0. However, one should be warned that Theorem 5.1 is in
fact used in the proof of Theorem 5.3 (see below) so that it cannot be seen as a
consequence of it.

We conclude with another remarkable property of the cycle o.

LEMMA 5.5. Let jg : S — S x S be the diagonal inclusion. Then for any
line bundle L € PicS, we have

Jjs«eL =L xo+o0x L in CH{(S x S). (5.4)

PROOF. Both sides are Z-linear in L. We use the fact that Pic S is generated
by Og(C), where C is a (singular) rational curve in S. For the normalization
C = P! of C, we have

Aézéxol + 01 x Cin CHy(C x C) (5.5)

for any point o of C. Let n: C — S be the natural map. By definition of o, we
have n,o; = o in CHy(S), and applying (n,n). to (5.5) thus gives the desired
result. ]

5.1.1 Other hyper-Kihler manifolds

Recall that (irreducible) hyper-K&hler manifolds are simply connected projective
complex varieties with H?9(X) = Cn, where 7 is an everywhere-nondegenerate
holomorphic 2-form on X. One famous series of examples is constructed in [7]:
one considers the Hilbert scheme S} of length n subschemes of an algebraic
K3 surface S. Such hyper-Ké&hler varieties admit projective deformations that
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are not obtained by the same construction, but they are not well understood
except in a few cases, namely the four different families of hyper-Kéhler fourfolds
constructed in the papers [10], [29], [55], [77]. The varieties constructed by
Beauville and Donagi are obtained as Fano varieties of lines of smooth cubic
fourfolds in P5.

In [9], Beauville conjectured that a result similar to Theorem 5.1 holds for
algebraic hyper-Kahler varieties.

CONJECTURE 5.6 (Beauville 2007). Let Y be an algebraic hyper-Kdhler va-
riety. Then any polynomial cohomological relation

P([ei(Ly)]) =0 4n H*(Y,Q), L; € PicY
already holds at the level of Chow groups:
P(ci1(L;)) =0 in CH(Y)q.

Beauville proved this conjecture in [9] in the case of the second and third
punctual Hilbert scheme of an algebraic K3 surface.

In the paper [106], we stated the following more general conjecture concern-
ing the Chow ring of an (irreducible algebraic) hyper-Kéhler variety. Namely,
a synthesis of Theorem 5.1 and Proposition 5.2 is the statement that any poly-
nomial relation between the cohomology classes [c2(Ts)], [c1(L;)] in H*(S,Q)
already holds between the cycles c2(Ts), ¢1(L;) in CH(S).

CONJECTURE 5.7 (Voisin 2008). Let Y be an algebraic hyper-Kahler variety.

Then any polynomial cohomological relation
P(ler(Ly)], [ei(Ty)]) = 0 in H**(Y,Q), L; € PicY
already holds at the level of Chow groups:
P(ci(Ly),ci(Ty)) = 0 in CH*(Y)q.
The following results are proved in [106].
THEOREM 5.8 (Voisin 2008).
(1) Conjecture 5.7 holds for Y = S, where S is the Hilbert scheme of

length n subschemes of an algebraic K3 surface S, in the range n <

2bo(S)¢r + 4.

(2) Conjecture 5.7 is true for any k when Y is the Fano variety of lines of a
cubic fourfold.

We will not comment on the proof of (2). Let us just say that the result in
(2) was partially extended by Ferretti in [40] to the case of O’Grady fourfolds
(see [77]).

In item (1) above, the number bs(S)i is equal to ba(S) — p(S) = 22
p(S), where p(S) is the Picard number of S. In particular, we have ba(.S)¢

(AVAN
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2h29(S) = 2 and the conjecture is true for Y = S where S is any K3 surface
and n < 8. More importantly, the method of proof for (1) shows Theorem 5.10
below.

The next theorem is conditional on the following conjecture, involving only
the usual products S™ of S.

CONJECTURE 5.9 (Voisin 2008). Let S be an algebraic K3 surface. For any
integer m, let P € CH(S™)q be a polynomial expression in

prj c1(Ls), Ls€PicS,  prjo,  pry;As,
where the pr; and pry; are the projections from S™ to S and S x S, respectively.
Then if [P] =0 in H*(S™,Q), we have P =0 in CH(S™)q.
Note that by Theorems 5.1 and 5.3, we may assume in the above Conjec-
ture 5.9 that the polynomial P involves only monomials
i jkyeq1,...,mya bty c1(Ls) - prj o priy Ag

with four different indices i,j,k,l. Indeed, relation (5.2) can be written as a
relation of the form

P12As - p33As = P(pj;Ag, pio) in CH*(S x S x S)a,

where the polynomial P involves only monomials where the three indices i, j, k
are distinct. Similarly, relation (5.4) can be written as

Ag-pyL = P/(pr,p;o) in CH?(S x )@,

where the polynomial P’ involves only monomials where the two indices 4, j are
distinct. Note also that Conjecture 5.9 is very strong because for K3 surfaces
it implies Kimura’s finite-dimensionality conjecture (Conjecture 3.27). Indeed,
for a K3 surface S, we have dim H*(S,Q) = 24, so /\25 H*(S,Q) = 0. This also
says that the cycle

Falt c CH5O(SSO)Q,

which is the skew-symmetric projector defining the motive A*>S (see Sec-

tion 3.2.3), that is,
1
alt __
r* = %50 g e(o)T,,
c€G2s5

is cohomologous to 0. On the other hand, each T',, being the graph of a permu-
tation, can be expressed as a product of diagonals pr;; Ag. So Conjecture 5.9

would imply that I'*!* is rationally equivalent to 0 in S°°, hence that /\25 S=0.

THEOREM 5.10. Conjecture 5.7 is implied by Conjecture 5.9.
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It could be the case that the converse is also true, and this might be proved
by looking more closely at the proof of Theorem 5.10 (and more precisely Propo-
sition 5.14) below.

Let us give an idea of the proof of these theorems. It mainly uses the in-
ductive method of [36] and the result of [27] computing (additively) the Chow
groups of CH(SI"™)q in terms of Chow groups of strata of S(™) (see below).

This inductive method necessitates proving a more general statement (The-
orem 5.11), as follows.

There are two natural vector bundles on S, namely O|y) on the one hand,
which is defined as R%p, Oy, where

¥, c s x s, p=pr;: ¥, —SM

is the incidence subscheme, and on the other hand the tangent bundle T}, of S,
It is not clear that the Chern classes of O, can be expressed as polynomials in
c1(Ofy)) and the Chern classes of T,.

THEOREM 5.11 (Voisin 2008). Let n < 2by(S) + 4, and let P € CH(S")q
be any polynomial expression in the variables

ci(L), LePicScPicS™,  ¢(On),  ¢(Tn) € CH(SM)q.

Then if P is cohomologous to 0, we have P = 0 in CH(S[")q.

This implies Theorem 5.8 for the nth Hilbert scheme of K3 surface S with
n < 2b2(S5)e + 4, because we have ¢1(Oj,)) = —d, where 26 = E is the class of
the exceptional divisor of the resolution S — $() and it is well known that

Pic S is generated by Pic S and 6.
The proof of this theorem uses the following proposition.

PROPOSITION 5.12. Let P € CH(S™)q be a polynomial expression in the
variables

1
pr; <2402(T)> = pr; o, prjci(Ls), Ls€PicS, priy; As, k#I,

where Ag C Sx S is the diagonal. Assume that one of the following assumptions
1s satisfied:

(1) m < 2bo(S)er + 1.

(2) P is invariant under the action of the symmetric group &,,_o acting on
the first m — 2 indices.

Then if P is cohomologous to 0, it is equal to 0 in CH(S™)q.

Using the results of [11] described in the previous sections (Theorem 5.1 and
Proposition 5.2), this proposition is a consequence of the following lemma (see
[106] for the proof).
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LEMMA 5.13. The polynomial relations [P] = 0 in the cohomology ring
H*(S™), satisfying one of the above assumptions on m, P, are all generated
(as elements of the ring of all polynomial expressions in the variables above) by
the following polynomial relations, the list of which will be denoted by (x):

(1) [pr;(ci(L)) - prj o] = 0, L € Pic S, [pr} (o) - prj(0)] = 0.
(2) [pri(ci(L)? —[c1(L)]?0)] =0, L € Pic S.

(3) [prj;(As - pio — (0,0))] = 0, where py here is the first projection of S x S
to S, and (0,0) = pijo- pio.

(4) [prj;(As.pici(L) —c1(L) x 0 — o x c1(L))] = 0, L € Pic S, where p1 here
is the first projection of S x S to S, and ¢1(L) x o = pici(L) - plo.

(5) [pri;(A = piaAs - p3o —pio-p3sAs — pisAs - p50 + pia(0,0) + p3s(0,0) +
pi3(0,0))] = 0.

(6) [pr;; As]® = 24prj;(0,0) = 24pr} o - prjo.

In (5) above, A is, as before, the small diagonal of S3, and the p; and Dij
are the various projections from S3 to S and S x 9, respectively. Note that A
can be expressed as pjsAg - p53Ag. Furthermore we have

Prijopl =Prj,  PrOPia = Pry,  Prij,Op; = PI; -
Thus all the relations in (*) are actually polynomial expressions in the variables
[pr;f O]v [pr; Cl(L)]a L € Pic S, [prZZ AS]& k 7£ L.

PROOF OF PROPOSITION 5.12. Using Lemma 5.13, we conclude that under
one of the assumptions of Proposition 5.12 on m, P, all polynomial relations
[P] = 0 in the variables pr o, pr} c1(L), L € PicS, pr; Ag, k # [ that hold in
H*(S™,Q) also hold in CH(S™)g, because we know by Theorem 5.1, Proposi-
tion 5.2, and Theorem 5.3 that the cohomological relations listed in (%) hold in
CH(S™)qg. In fact (apart from the relations (1) and (3) above, which obviously
hold in CH(S™)q), these relations are pulled back, via the maps pr;, pr;;, and
pr;;i, from relations in CH(S)q, CH(S?)g, and CH(S?)q, respectively, which
are established there.

Similarly, for any m, the same conclusion holds for polynomial relations
invariant under &,,_».

This concludes the proof of Proposition 5.12. |

In order to sketch the proof of Theorem 5.11, let us introduce the following
notation: Let

M:{/,Ll,,,um}, m:m<ﬂ)a Zl:u’z|:n
i
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be a partition of {1,...,n}. Such a partition determines a partial diagonal
S,=8mcst,
defined by the conditions
x=(x1,...,2,) € Sy & x; = x; if i, j € py for some [.
Consider the quotient map
Qo gm o SM N S(n)7
and denote by E,, the following fibered product:
Eﬂ = SM X g(n) S[n] c S x S[n].

We view F,, as a correspondence between S™ and St and as usual we will
denote by E : CH(S[")g — CH(S™)q the map

a = pry, (pra(e) - Ey).

Let us denote by &,, the subgroup of &,, permuting only the indices 4, j for
which the cardinalities of p;, p; are equal. The group &, can be seen as the
quotient of the global stabilizer of S, in S™ by its pointwise stabilizer. In this
way the action of &, on S, = 5™ is induced by the action of &,, on S™.

We have the following result.

PROPOSITION 5.14. Let P € CH(S!")q be a polynomial expression in the
variables ¢;(O,), ¢;(Tn). Then for any p as above, E;(P) € CH(S™) is a
polynomial expression in pry o, prj;, Ag. Furthermore, E;(P) 18 invariant under
the group &,,.

Note that the last statement is obvious, since &, leaves invariant the corre-
spondence E,, C S5, x shnl,

The proof of this proposition is rather painful and we refer to [106] for the
detail. It is here that we use the Ellingsrud—Gottsche-Lehn method.

Admitting this proposition, we give now the proofs of the theorems, following
[106].

PrOOF OF THEOREM 5.11. From the work of de Cataldo and Migliorini
[27], we know that the map

(E)pepart({1,...n}) : CH(SM)g — @CH(S’”(P‘))Q
o

is injective. Now let P € CH(S[)q be a polynomial expression in ¢;(L), L €
Pic S C Pic S, ¢;(Oy,), ¢;(T,) € CH(S™)g. Note first that for L € Pic 9,
and for each p, the restriction of prj L to £, C S, x S is a pull-back pry L“IEH’
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where L, € Pic S, = Pic S™ is equal to L®I#IX... K L®lkml This follows from
the fact that L is the pull-back of a line bundle on S . Note that L, is invariant
under G,,.

Thus it follows from Proposition 5.14 and the projection formula that for
each partition y, E}(P) is a polynomial expression in pr} ¢1(L), prj, o, prj,,, A
which is invariant under the group G,,.

Now, if P is cohomologous to 0, each E}(P) is cohomologous to 0. Let
us now verify that the assumptions of Proposition 5.12 are satisfied. Recall
that we assume n < 2by(S)y + 4. If m(u) < 2b2(S)ir + 1, Proposition 5.12
applies. Otherwise, m(u) > 2ba(S)s; +2 and, as n < 2b9(9)s; +4, it follows that
the partition p contains at most two sets of cardinality > 2. Thus the group
S, contains in this case a group conjugate to &,;,(,)—2. Proposition 5.12 thus
applies, and gives I (P) = 0 in CH(S),)q for all p.

It follows that P = 0 by the result of de Cataldo and Migliorini. This
concludes the proof of Theorem 5.11. O

To conclude, let us note that Proposition 5.14 and the end of the proof of
Theorem 5.11 also prove Theorem 5.10.

5.2 A DECOMPOSITION OF THE SMALL DIAGONAL

In this section we give the proof of Theorem 5.3. We first recall its statement.

THEOREM 5.15 (Beauville and Voisin 2004). We have equality of cycles in
CH*(S x S x S)g-

A = Ajs- 03+ (perm.) — (01 - 02 + (perm.)). (5.6)

REMARK 5.16. This decomposition is very particular. Even for curves (say
general curves of genus g > 3 and for cycles modulo algebraic equivalence), a
similar decomposition of the small diagonal does not exist. This follows from
Ceresa’s result [18] as explained in [11]. Note that for curves, and for cycles
modulo algebraic equivalence, there are relations established by Colombo and
van Geemen [25] in CH;(C¥)g involving the various diagonals, that is, 1-cycles
of the form (up to permutation of factors) {(z,...,z,0,...,0), z € C} with r
terms x and k — r terms o, where o is a fixed point, but the integer k& depends
on the gonality of the curve.

The proof of Theorem 5.15 will use the analogous result for elliptic curves.

PROPOSITION 5.17. Let E be an elliptic curve and let | be a divisor of degree
don E:

(i) For any x € E, we have the following equality in CHo(E x E):

d*(z,2) =dx xl+1xz)—1x1. (5.7)
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(ii) We have the following equality of cycles in CH*(E x E x E)g:
d*A = d[As x I3+ (perm.)] — (I} x Iz x E 4 (perm.)), (5.8)

where again A C E x E x E is the small diagonal, and l; X lo X E :=
pril-pril etc.

PRrROOF. (i) Indeed, both cycles in (5.7) are symmetric with respect to the
involution ¢ exchanging factors of E' x E. Hence (up to torsion) they come from
cycles in CHo(E x E/i). The group CHo(E x E/¢) is representable, because
the quotient £ x E/i = E?) is a P-bundle over E. In other words, the Chow
group CHy(E?) is an extension of Z by the Albanese variety of S E. In order
to check (5.7) (at least up to torsion), it thus suffices to verify that both sides
have the same degree and that their difference has a trivial Albanese invariant,
which is elementary. This proves a priori the result only up to torsion, but as
Roitman’s theorem [87] says that the Albanese map is injective on the torsion
of CHp, the result is actually true in CHo(E X E).

(ii) We use (i) and apply Corollary 3.8 to the small diagonal of E seen as a
correspondence between E and E x E. We thus deduce that there are points
p; of E and cycles Z; € CH;(E x E)g such that the following equality holds in
CH*(E x E x E)q:

d?A = d[Ara x I+ (perm.)] — (Iy x Iy x E+ (perm.)) + Y _p; x Zi.  (5.9)

3

Using the fact that the 1-cycle d? A —d[A12 X I3+ (perm.)]+ (11 X I3 x E+ (perm.))
is invariant under the symmetric group &3, we conclude that the 1-cycle ). p; x
Z;in CH*(E x E x E)q is also invariant under the group &3. It follows that
it is cohomologous to 0 and Abel-Jacobi equivalent to 0. But the Deligne cycle
class (with value in Deligne cohomology Hp(E x E x E,Q(2))) is injective on
the invariant part CH?*(E x E x E)g“"7 because E®) is a P2-bundle over E. [

Note that from Proposition 5.17(i) we can deduce the following property
satisfied by the cycle o (which is a weak version of Theorem 5.15).

COROLLARY 5.18. For any 0-cycle z € CHy(S), one has
ig+(2) =2 X0+ 0xz—degz(0,0) in CHy(S x 9),
where ig : S — S x S is the inclusion of the diagonal of S x S.

PROOF. It suffices to prove the result when z is a point of S. We know that .S
is swept out by (singular) elliptic curves, that is, curves C' whose normalization
E is a smooth elliptic curve. A general point x of S belongs to a smooth point of
such a curve C, and we will denote by & the corresponding point of £. Denoting
by j : E — S the natural map, so that z = 3(:?), we now choose for the line
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bundle [ on F any line bundle of the form j*L, where L € PicS has nonzero
degree d on C. We apply (5.7) on F and then apply .. We then get

d(x,2) =dxxL-C+L-Cxz)—(j,7)«F*L x j°L) in CHy(S x S).
We know by Theorem 5.1 that L - C = do in CHg(S). It follows also that
J+(j*L) = do in CHy(S).
Hence we conclude that
d*(z,z) = d*(x x 0o+ 0 x ) — d*(0,0) in CHy(S x S),

which proves the result since CHy(S x S) has no torsion by Roitman’s theorem.
O

PrROOF OF THEOREM 5.15. We know that S is swept out by a one-parameter
family of elliptic curves; thus there is a smooth surface 3 that admits an elliptic
fibration

p:X—DB

and a generically finite dominating morphism
q:%—S.

In fact, we can even assume that all fibers ¥, are reduced irreducible, if S has
the property that Pic S is generated by the class of an ample line bundle L on
S. In that case, there is a one-parameter family of elliptic curves in |L| and all
of them are irreducible and reduced. Once we have the result for S satisfying
this property, the result for any S follows by specialization.

We set d := degq*L)s,. We apply Proposition 5.17(ii) to the elliptic curve
>» endowed with the line bundle L;. This gives us for the general point b € B a
formula for the small diagonal of ¥, in CHy (35 X X x Xp)g. We view Xj, x Xy X Xy,
as the fiber of the map

p3 X XpXXpd— B,

and observe that the small diagonal A* of ¥ is contained in ¥ x g 3 x g ¥ and
that its restriction to the general fiber 3; x 3, X ¥ is equal to the small diagonal
of ¥. We thus conclude from Corollary 3.8 that there are finitely many points
b; € B and 2-cycles Z; C X, X Xp, X 3p, with Q-coefficients such that the
following equation holds in CHy (X xp £ xp ¥)q:

d®A¥ = d[AYg - pry(¢"L) + (perm.)] — (pr} ¢"L - pr3 ¢"L + (perm.))
+Y 7, (5.10)

where Al is defined as the inverse image prl_Ql(AE/B) C X xp X xpXof the
relative diagonal of 3 over B.
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Furthermore, we observe that up to changing the base B, we may assume
there is an involution ¢ : ¥ — 3, with the properties that

(¢"L)=q"L,  por=p
acting on each smooth fiber 3, in such a way that X/t & P!'. Then the cycle
2AT — (A% - pri(q* L) + (perm.)] + (pr} ¢" L - prj ¢"L + (perm.))
S CHQ(E XB X Xp Z)Q

being invariant under ¢, we can assume by averaging that each cycle Z; is in-
variant under .

We now push-forward this equality to S x S x S via the composition of the
inclusion

E: Y XY XY =S XXXIXXD

and the map
(¢,4,9) : ZxExX—=8SxS5x8.

Let N :=degq. Then we clearly have
(¢,q,9)+ A = NA. (5.11)
Next we have the following lemma.
LEMMA 5.19. The following equality holds in CH2(S x S x S)q:
((¢,9,9) o k)« (pri ¢"L - prj¢"L) = Nd? prj;ox o+ Ndpr; o x pr; L x pr] L
+ Ndprjox pr; L x prj L, (5.12)
where {3, 4,1} = {1,2,3}. Furthermore,
((2,9,9) 0 k)«(A3 - pri(q”L)) = NdAiz - prjo+ N pry L x oy x prs L
+ Noprjo-pry L-prj L
€ CHa(S x S x S)q. (5.13)

PROOF. We may assume that i = 1, j = 2. Let P = P(H°(S, L)) = P". The
curve B is a curve of degree N in P. The cycle ((¢,q,q)ok)«(pr; ¢*L-prs q*L) €
CH(S x S x S) is N times the cycle

((¢',q,q) o k' )u(pri ¢*L - pry ¢* L) € CHy(S x S x 9),
where B is replaced by a pencil P! C P,
¢: ¥ =8, p Y — P!

are obtained by blowing up S at the base points of the pencil, and k' is the
inclusion of ¥/ xp1 ¥/ xp1 ¥ in ¥’ x ¥/ x 3. But the small diagonal of P! x P! x P!
has its class equal to

N mH-mH,  H:=0p(),
i#]




weyllecturesformat  September 3, 2013  6x9

100 CHAPTER 5

where 7; : P! x P! x P! — P! is the jth projection. Hence the class of X/ Xp1
Y xp1 X in X x ¥ x X' is equal to Zi¢jp’fH~p';H, where p} = m o (p/,p', 7).
Our cycle in (5.12) is thus equal to

N(¢\qq)- || D pi"H -pj"H | -prig"L-pr3q'L|,
i#]

which by the projection formula is also equal to

NpriL-prs Lo | (¢.q'.q)e | D pi"H
i#]

As ¢/ H = L, this is clearly equal to

NpriL-pr; L- Zpr;‘L-pr;L
1#]

For {i,j} = {1,2} we get Nd?0; x 03 x S using (5.1). For the same reason the
two other terms give Ndo; x L x L and NdL x oy x L. This proves (5.12).
Formula (5.13) is proved in a similar way, using Lemma 5.5. |

We now deduce from (5.10), (5.11), and (5.12), by applying (q,q, q)« © ks,
the following equality in CHy(S x S % S)g:

Nd?A = d[NdA5 -prio+ Npri L-pryo-pri L+ Nprio-prs L-pri L]
—[Nd*0x0x S~ Ndox LxL—NdL x ox L+ (perm.)]

+Y %, (5.14)

where the Z; are 2-cycles supported on products of curves C; x C; x C;, where
the C; € |L| are elliptic, and the Z; are invariant under the symmetric group
GS3 and the action of the involution ¢.

We have now, denoting by n : C; — C; the normalization of C;, the following
lemma.

LEMMA 5.20. 2-cycles in 6’; X 6’; X 6‘;, which are invariant under the sym-
metric group S3 and the action of the involution v, are generated over Q by
>_j(nopr;)*Lic, and by the big diagonal -, , pry; Az .

This is elementary as a is either elliptic or rational, and n*(L¢,) generates

over Q the invariant part under ¢ of Pic a
Using (5.1) and Lemmas 5.5 and 5.20, we conclude that the cycles Z; are
rationally equivalent in S x S x S to prj L - prj o- pr L + (perm.).
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We thus deduce from (5.14) an equality
A—(Aq-prio+ (perm.))+oxox S+ (perm.) = p(pri L-prio-pri L+ (perm.))

in CH3(S x S x S)g, where p € Q.
Comparing cohomology classes, we find that g = 0 which concludes the proof
of Theorem 5.15. O

5.2.1 Calabi—Yau hypersurfaces

In the case of smooth Calabi—Yau hypersurfaces X in projective space P", that
is, hypersurfaces of degree (n + 1) in P™, we have the following result proved in
[110], which partially generalizes Theorem 5.15 and provides some information
on the Chow ring of X. Denote by o € CHy(X)g the class of the degree 1 0-

cycle %, where h := ¢;(Ox (1)) € CH'(X). Again we denote by A the small

diagonal of X in X?3.

THEOREM 5.21 (Voisin 2011). The following relation is satisfied in the group
CH (X x X x X)q:

A =A1y-03+ (perm.) + Z + 17, (5.15)

where Z is the restriction to X X X x X of a cycle on P* x P* x P, and I" s
a multiple of the following effective cycle of dimension (n —1):

I':= UleF(X)]Pll X ]Pll X Pll

Here F(X) is the variety of lines contained in X. It is of dimension n — 4
for general X. For a point [ € F(X), P} C X denotes the corresponding line.

This result has been generalized by Lie Fu [42] to Calabi-Yau varieties ob-
tained as zero sets of transverse sections of very ample vector bundles on pro-
jective space, under the assumption that a certain number computed from the
Chern classes of this vector bundle does not vanish (this is satisfied by complete
intersections, that is, in the case where the vector bundle is split). In particu-
lar, the main consequence below (Theorem 5.25) also holds for them. It would
be very interesting to understand the class of Calabi—Yau varieties satisfying
conclusions analogous to Theorem 5.21 and Theorem 5.25.

REMARK 5.22. Note that Theorem 5.21 gives an alternative proof of Theo-
rem 5.3 for quartic K3 surfaces S in P? (in dimension 2, the cycle I' above is
empty for general S, and the result for general S implies the result for any .5).
Similarly, the results of Lie Fu re-prove Theorem 5.3 for complete intersection
K3 surfaces.

PROOF OF THEOREM 5.21. Observe first of all that it suffices to prove the
following equality of (n — 1)-cycles on X3, where X3 := X3\ A:

Lixs = (n+ DAy x3 - 03 + (perm.)] + Z in CH* (X))o, (5.16)
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where Z is the restriction to X¢ of a cycle on (P™)3. Indeed, by the localization
exact sequence (2.2), (5.16) implies the equality

NA = Ay - 03+ (perm.) + Z +T" in CH* (X x X x X)q, (5.17)

for some integer N. Projecting to X2 and taking cohomology classes, then we
easily conclude that N = 1. (We use here the fact that X has some transcen-
dental cohomology, so that the cohomology class of the diagonal of X does not
vanish on products U x U, where U C X is Zariski open.)

In order to prove (5.16), we do the following: First of all we compute the
class in CH"*(X3) of the (2n — 2)-dimensional subvariety

3 3
XO,col,sch - XO?

parametrizing 3-uples of collinear points satisfying the following property.

Let Py 4.0, i= (@1, 22,23) be the line generated by the x;’s. Then the sub-
scheme x1 + x2 + x3 of Pimxa C P™ is contained in X.

We will denote by
Xg,col C XS’,

the (2n — 2)-dimensional subvariety parametrizing 3-uples of collinear points.
Obviously Xg,col,sch C X&COI. We will see that it is in fact one irreducible
component of it.

Next we observe that there is a natural morphism ¢ : X3, — G(2,n + 1)
to the Grassmannian of lines in P, which to (z1,x2,x3) associates the line
PL Lz Lhis morphism is well defined on X&COI because at least two of the
points x; are distinct, so that this line is unique. The morphism ¢ corresponds

to a tautological rank 2 vector bundle & on X§ ., with fiber H°(Op (1))

col’ ziwoxg

over the point (x1,x2,x3).
We then observe that I' C XS:COLSCh is defined by the condition that the line
P! is contained in X. In other words, the equation f defining X has to

r1Xx2x3
vanish on the line P! This equation can be seen globally as giving a section

T1T273"
0-7

o((z1,22,23)) = fip

zjzgzy’
of the vector bundle S”*1&.

This section o is not transverse (in fact the rank of S"*1& is n + 2, while
the codimension of T is n — 1), but the reason for this is very simple: indeed,
at a point (1,22, x3) of XS’COLSCh, the equation f vanishes by definition on the
length 3 subscheme z; + 3 + 3 of P}clmzxs. Another way to express this is to

say that o is in fact a section of the rank (n — 1) bundle
Fcsntte, (5.18)

where F(;, 2,.24) consists of degree (n + 1) polynomials vanishing on the sub-

scheme x1 4+ 22 + 23 of P} .. ...
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The section o of F is transverse and thus we conclude that we have the
equality

Dixs = ju(caoa(F)) in CH(X3)q, (5.19)

where j is the inclusion of Xacol’sch in X§.

We now observe that the vector bundles £ and F come from vector bundles
on the variety (]P’")gm1 parametrizing 3-uples of collinear points in P, at least
two of them being distinct.

The variety (P")§ ., is smooth irreducible of dimension 2n + 1 (hence of
codimension (n — 1) in (P")3), being Zariski open in a (P* x P! x P!)-bundle
over the Grassmannian G(2,n 4 1). We have now the following lemma.

LEMMA 5.23. The intersection (IF’”)&CO1 N Xg is reduced, of pure dimension
(2n —2). It decomposes as

(P™)5 co1 N X§ = Xg,cm,sch U Ag,12 U Ag 13 U Ag 23, (5.20)
where Ao ;j C X3 is defined as A;; \ A with A;j the big diagonal x; = x;.

PROOF. The set-theoretic equality in (5.20) is obvious. The fact that each
component on the right has dimension 2n — 2 and thus is a component of the
right dimension of this intersection is also obvious. Hence the only point to
check is the fact that these intersections are transverse at the generic point of
each component in the right-hand side. The generic point of the irreducible
variety ngcolysch parametrizes a triple of distinct collinear points that are on
a line A not tangent to X. At such a triple, the intersection (P”)acol N X3 is
smooth of dimension 2n—2 because (]P’”)S’CO1 is the triple self-product Px g2 n11)
PXg(2,n+1) P of the tautological P-bundle P over the Grassmannian G(2,n+1),
and the intersection with X3 is defined by the three equations

popri f, popry f, poprs f,

where the pr;’s are the projections p3/G2ntl) P oand p: P — P" is the
natural map. These three equations are independent since they are independent

after restriction to P} .. xPy . xPL C (P") ., at the point (z1, 22, 23)
because ]P’}Clwg3 is not tangent to X.

Similarly, the generic point of the irreducible variety Ag 12 C X, 87 o] Parametrizes
a triple (x,z,y) with the property that x # y and the line ]P’glcy := (z,y) is not
tangent to X. Again, the intersection (IP’")%)CO] N X3 is smooth of dimension
2n — 2 near (z, z,y) because the restrictions to P, x P} x P,  of the equations

popri f, popry f, poprs f,

defining X3 are independent. O
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Combining (5.20), (5.19), and the fact that the vector bundle F already
exists on (]P’")g)col, we find that

F\Xg = J*(Cn—l(‘a(]lm" gycolﬁXg)) - Z Jij*cn—l(ﬂAo,i]‘) in CH2n72(X03)Qa
i#]

where J @ (P")§ .y N X§ < X§ is the inclusion and similarly for Jo;; : Ag i <

X3. This provides us with the formula

ixg = (Kuca1(F))ixz = O Jijeen1(Fia, ;) in CH*(Xd)g,  (5.21)
i#

where K : (P™)§ ;) < (P") is the inclusion map.

The first term comes from CH((P™)3), and this only contributes to the
term Z in Theorem 5.21, so to conclude, we only have to compute the terms
Jijscn—1(F|a,,,). This is however very easy, because the vector bundles £ and
F are very simple on Ag ;;: Assume for simplicity ¢ = 1, j = 2. Points of Ag ;;
are points (z,x,y), * # y € X. The line ¢((z, x,y)) is the line ]P’glgy = (z,y), and
it follows that

E\Ao,m :prg Ox(l) @pr§ Ox(l) (522)
The projective bundle P(€|a, ,,) has two sections on Ajp which give two divisors
D € |Ope)(1) @ pr3 Ox(—1)|, D3 € [Op(g)(1) @ pr3 Ox (—1)|.

The length 3 subscheme 2D, + D3 C P(€)a,,,) with fiber 2z + y over the
point (x,z,y) is thus the zero set of a section a of the line bundle Op£)(3) ®
pr3 Ox(—2) ® pr; Ox(—1). We thus conclude that the vector bundle F|a, ,, is
isomorphic to

pr; Ox (2) ® pI‘; OX(I) ® Sn72g‘A0,12.

Combining with (5.22), we conclude that c,—1(F|a,,,) can be expressed as a
polynomial of degree (n — 1) in he = ¢1(prj Ox (1)) and hg = ¢;(prj Ox (1)) on
Ag12. The proof of (5.16) is completed by the following lemma.

LEMMA 5.24. Let Ax C X x X be the diagonal. Then the codimension n
cycles

pri c1(Ox(1)) - Ax, pr;c1(Ox (1)) - Ax
of X x X are restrictions to X x X of cycles in CH" (P™ x P")q.

PRrOOF. Indeed, let jx : X < P" be the inclusion of X in P”, and jx 1, and
Jx,2 the corresponding inclusions of X x X in P" x X and X x P", respectively.
Then as X is a degree (n + 1) hypersurface, we have

(n+1)prie1(Ox (1)) = jx 1 0 Jx,1+ : CH(X x X) — CH(X x X),
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and similarly for the second inclusion. On the other hand, jx 1.(Ax) CP" x X
is obviously the (transpose of the) graph of the inclusion of X in P, hence its
class is the restriction to P™ x X of the diagonal of P™ x P". We argue similarly
for the second inclusion. O

It follows from this lemma that a monomial of degree n — 1 in
he = ¢1(pry Ox (1)) and hs = ¢1(prs Ox (1))

on Ay 12, seen as a cycle in X x X x X, will be the restriction to X x X x X
of a cycle with Q-coefficients, unless it is proportional to hgil. Recalling that
c1(0Ox(1))" ! = (n+ 1)o € CHy(X), we finally proved that modulo restrictions
of cycles coming from P™ x P x P", the term Ji2.¢n—1(F|a,,,) is a multiple of

Ay x 03 in CH*™?(X x X x X)g. The precise coefficient is in fact given by the
argument above. Indeed, we just saw that modulo restrictions of cycles coming
from P™ x P™ x P", the term Jig.cn—1(F|a, ,,) is equal to

pA s - pry(cr (Ox (1)) = p(n + 1)Ax X o3, (5.23)

with ¢1(Ox (1))~ = (n + 1)o in CHy(X), and where the coefficient  is the
coefficient of A5 ™" in the polynomial in ks, hs computing c,—1(F|a, ,,)-
Now we use the isomorphism

Fiaose = P15 Ox(2) @ pr3 Ox (1) ® 8" 72E|a, 1z,

where &5, ,, = pr5 Ox (1) @ pr3 Ox(1) according to (5.22). Hence we conclude
that the coefficient  is equal to n!, and this concludes the proof of (5.16), using
(5.23) and (5.21). 0

We have the following consequence of Theorem 5.21, which is a generalization
of Theorem 5.1 to Calabi—Yau hypersurfaces.

THEOREM 5.25 (Voisin 2011). Let X C P™ be a smooth Calabi-Yau hyper-
surface. Let z,z' be cycles on X such that

codim z > 0, codim 2’ > 0, codim z + codim 2’ = n — 1.
Then z -z’ is proportional to o in CHy(X). Equivalently, let z;, zl, i =1,...,N

be cycles on X such that codimz; > 0, codimz, > 0, for all i, codimz; +
codim z, = n — 1. Then if we have a cohomological relation

Zm—[zi] Ulzi] =0 in H*"7*(X,Q),

this relation already holds at the level of Chow groups:

Znizi <2l =0in CH" }(X)q.

(2
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n—1

The two statements are equivalent since o = }; - As already mentioned,

this result holds more generally for Calabi-Yau complete intersections in pro-
jective space, as proved by Lie Fu [42].

PROOF OF THEOREM 5.25. Indeed, let us view formula (5.15) as an equal-
ity of correspondences between X x X and X. The left-hand side applied to
2% 2 is

Ay(zx2')=2z-2"in CH(X)q.

The right-hand side is a sum Z,(z x 2’) + T'«(z x 2’). But we observe that as Z
is the restriction of a cycle Z' € CH*" 2(P™ x P™ x P")g, the 0-cycle Z.(z x 2')
is equal to

(2 ((G9)4(= x 21))) € CH™ (X)q

Thus the 0-cycle Z,(z x z’) belongs to
Im(j* : CH" " }(P")g — CHp(X)gq) = Qo.

Consider now the term T'.(z X 2’): Let Iy C X be the locus swept out
by lines. We observe that for any line A C X, any point on A is rationally
equivalent to the O-cycle h - A, which is in fact proportional to o, since

(n+1)h-A=j*0j,(A) in CH(X)

and j.(A) = ¢1(Op (1))~ in CH" *(P"). Hence all points of I'y are rationally
equivalent to o in X. It follows that the 0-cycle T'x(z - 2’), which is supported
on I'y, is proportional to o. O

5.3 DELIGNE’S DECOMPOSITION THEOREM FOR FAMILIES
OF K3 SURFACES

5.3.1 Deligne’s decomposition theorem

Let ¢ : X — Y be a submersive and proper morphism of complex varieties.
Recall that the morphism ¢ is projective if there exists a holomorphic embedding

1: X =Y xP?

such that ¢ = pr, oi. Giving such an embedding provides a class w € H%(X,Z)
defined by
w = (pI‘2 Oi)*Cl(O]pn (1))

As pryoi|x, is a holomorphic immersion on each fiber X; of ¢, the restriction
wy 1= wyx, € H*(Xy,Z)
is a Kéahler class, and the morphism

(.dtU : Hk(Xt,Q) — Hk+2(XtaQ)
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is a Lefschetz operator on H*(X;, Q). Moreover, as w is closed, it induces as
above a morphism of local systems

L:=wU:R*$,Q - R*"¢,Q,

which is equal to L; = w;U on the stalk at the point ¢t. The operator L is called
the relative Lefschetz operator. If n = dim X; is the relative dimension of ¢, we
know that L; satisfies the hard Lefschetz theorem, that is,

L% H*(X,,Q) — H>"*(X;,Q) (5.24)

is an isomorphism for k& < n.
One deduces formally from the Lefschetz isomorphisms the Lefschetz decom-
position

H*(X:,Q) = @or<i L"H* 2" (X}, Q) prim for k < n, (5.25)
where

chf2r (XtaQ)prim
.= Ker (L”*W”l  H*?" (X,,Q)

prim

_y fp2n—kt2r+2 (Xu@)) .

The corresponding decomposition for k£ > n is obtained by applying the isomor-
phism (5.24).
The relative Lefschetz operator thus gives relative Lefschetz isomorphisms

Ln—k . Rk¢*Q ~ R2n—/c¢*@
and a relative Lefschetz decomposition
Rk¢*@ = @2rSkLTRk_2T¢*Qprima k<n.

The relative Lefschetz operator L as well as its powers L* induce endomor-
phisms (of degree 2k) of the Leray spectral sequence of ¢, that is, morphisms L*
of the complexes (EP'9, d,.) (of degree 2k on the second index), and the morphism
H*(X,Q) — H**?!(X,Q) induced by L* is compatible with the Leray filtra-
tion on H*(X,Q) and with each L%, on Gry H*(X,Q). Finally, the Lefschetz
isomorphism (5.24) shows that

L% H'(Y, R*¢.Q) — H'(Y, R *¢.Q) (5.26)

is an isomorphism for k£ < n.
Let us recall the proof of the following theorem, proved in [30].

THEOREM 5.26 (Deligne 1968). If ¢ : X — Y is a submersive projective
morphism, then the Leray spectral sequence of ¢ degenerates at Es.
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PROOF. Let us first show that do = 0. For this, note that if ¢ > n, we have
the following commutative diagram:

g—n
Ly

EY*" 1 = HP(Y, R*"~94.Q) EY? = HP(Y,R1$,Q)

.| -

E§+2’2"_q_1 _ }Ip+2(y7 R2n7q+1¢*(@) E§+2,q—l — Hp+2(}/’ qul(b*(@),

where the upper horizontal arrow is an isomorphism. Thus it suffices to show
that do = 0 on E5'? with ¢ < n. We have the decomposition

Egﬂ = @27'SngHp(Yv Rq72r¢*(@prim)

induced by the relative Lefschetz decomposition, and it suffices to show that
de =0 on LEHP(Y, R1™* ¢, Qprim ). As L commutes with dg, it suffices to show
that dy = 0 on H?(Y, R"2"¢,Qprim) C EYT".

Setting k = ¢ — 2r, we have the following commutative diagram:

L;L—k"rl . Hp(}/, Rk¢*(@prim) - o Hp(Y, R2nfk+2¢*(@)
| :
Lyt HPP2(Y, R¥ ¢, Qprimm) HPF2(Y, R+16,Q).

The upper arrow is 0 by definition of the primitive cohomology, while the lower
arrow is the isomorphism (5.26). Thus, the first arrow ds is 0.

To show that the arrows d,., r > 2 are also zero, we proceed in exactly the
same way, using the morphisms of spectral sequences L¥ and noting that if
ds = 0 for 2 < s < r, then EP-? = ED? so that we can use the Lefschetz
decomposition as above on E2-9. O

As explained in [30], the proof above has the following much stronger con-
sequence.

THEOREM 5.27 (Deligne 1968). In the derived category of sheaves of Q-vector
spaces on B, there is a decomposition

R7.Q = @; R'm.Q[—1]. (5.27)

PROOF. We simply observe that the arguments given for the degeneracy at
FE)5 of the Leray spectral sequence of 7 relative to the constant sheaf Q or R also
prove the degeneracy at Fo of the Leray spectral sequence of 7 relative to the
locally constant sheaves 7~ ((RFr,Q)*).

We deduce from this that the natural map

H* (X, 7~ ((R*m.Q)")) — HO(B, Rfmu(n~ ' ((R*7.Q)")))




weyllecturesformat  September 3, 2013  6x9

CHOW RING OF K3 SURFACES 109

is surjective. The right-hand side is equal to H°(B, R*7.Q ® (R*r.Q)*) and
thus contains the identity 3; of R¥m,Q. There is thus a class

o € H*( X, 77} ((R*r.Q)")) = H*(B, (R*r.Q)* ® Rn.Q)

that induces (.
We view o, as giving a morphism

R*n,Q[—k] — Rm.Q.

This morphism by definition induces the identity on cohomology of degree k
and 0 otherwise. The direct sum of the morphisms «y, thus provides the desired
quasi isomorphism. O

5.3.2 Multiplicative decomposition isomorphisms

Note that both sides of (5.27) carry a cup-product. On the right, we put the
direct sum of the relative cup-product maps y; ; : R'm.Q® Ri7.Q — R™r,Q.
On the left, one needs to choose an explicit representation of Rm,Q by a complex
C*, together with an explicit morphism of complexes p : C* ® C* — C* which
induces the cup-product in cohomology. When passing to coefficients R or C, one
can take C* = m, A%, where A% is the sheaf of C*> real or complex differential
forms on X and for p the wedge product of forms. For rational coefficients, the
explicit construction of the cup-product at the level of complexes (for example,
Cech complexes) is more painful (see [45, 6.3]). The resulting cup-product
morphism g will be canonical only in the derived category. The rest of this
chapter is devoted to the study of the following question.

QUESTION 5.28. Given a family of smooth projective varieties w# : X —
B, does there exist a decomposition as in (5.27) that is multiplicative, that is,
compatible with the morphism

u: RT.Q® Rm,.Q — Rm,Q

given by cup-product?

Note that a multiplicative decomposition isomorphism for the morphism
m: X — B induces a bigrading of the cohomology algebra H*(X,Q). Indeed,
the induced decompositions

HY(X,Q) = P H"(B,R'm.Q)

p+q=k

are then compatible with the cup-product on H*(X, Q).

In fact, we will rather consider the following variant: For which class of
varieties X does there exist a multiplicative decomposition isomorphism as above
for any family of deformations of X7

The simplest example is that of projective bundles 7 : P(£) — B, where &
is a locally free sheaf on B.




weyllecturesformat  September 3, 2013  6x9

110 CHAPTER 5

LEMMA 5.29 (See Voisin 2012 [110]). Assume that ¢;°P(€) = 0 in H*(B,Q).
Then, if there exists a multiplicative decomposition isomorphism for w: P(E) —
B, one has ¢;°?(£) = 0 in H*(B, Q) for all i > 0.

)

PROOF. Let h = ¢;°P(Op(e)(1)) € H2(P(£),Q). It is standard that
HA(P(€),Q) = 7" H*(B,Q) & Qb,

where 7* H2(B, Q) identifies canonically with the deepest term H?(B, R°m,Q) in
the Leray spectral sequence. A multiplicative decomposition isomorphism as in
(5.27) induces, by taking cohomology, another decomposition of H?(P(£),Q)
as T H?(B,Q) @ Qh/, where ' = h + 7*a, for some a € H?(B,Q). In
this multiplicative decomposition, h’ will generate a summand isomorphic to
H°(B, R?*7,Q). Let 7 = rank . As ¢{°?(£) = 0, one has m,h" =0 in H?(B, Q).
As ()" =0 in H°(B, R*7,Q), and (h’)" belongs, by multiplicativity, to a di-
rect summand naturally isomorphic (by restriction to fibers) to H(B, R*"1.Q) =
0, one must also have (h')" = 0 in H*"(P(£),Q). On the other hand, (k)" =
W +rh™ tr*a 4+ - -+ 7*a”, and it follows that

7. (k)" =0 =7mh" +rain H*(B,Q).

Thus o = 0, b’ = h, and A" = 0 in H*"(P(€), Q). The definition of Chern classes
and the fact that A" = 0 shows then that c¢{°?(£) = 0 for all i > 0. O

In this example, the obstructions to the existence of a multiplicative decom-
position isomorphism are given by cycle classes cEOp(g) on the base B. They
vanish on dense Zariski open sets of B, and this suggests studying the following
variant of Question 5.28.

QUESTION 5.30. Given a family of smooth projective varieties m : X — B,
does there exist a Zariski dense open set B® of B, and a multiplicative decom-
position isomorphism as in (5.27) for the restricted family X° — B°?

We will give a simple example where Question 5.30 has a negative answer.
It is based on the following criterion (Proposition 5.31): Let 7 : X — B be a
projective family of smooth complex varieties without irregularity, parametrized
by a complex quasi-projective variety B. Let L£;, i = 1,...,m be line bundles
on X and l; := ¢\°"(L;) € H*(X,Q).

PROPOSITION 5.31. Assume that there is a multiplicative decomposition iso-
morphism

Rm.Q = &;R'7.Q[-i].

Then for any fiberwise cohomological relation

P(l;p) =0 in H*(X,,Q) Vb € B,
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where P is a homogeneous polynomial of degree r in m variables with rational
coefficients, the class P(l;) € H*"(X,Q) vanishes locally over B in the Zariski
topology, that is, B is covered by Zariski open sets B® C B, such that

P(l;)jx0 = 0 in H*"(X°,Q),
where X = 7=1(BY).

PrROOF. We will assume for simplicity that B is smooth although a closer
look at the proof shows that this assumption is not necessary. The multiplicative
decomposition isomorphism induces, by taking cohomology and using the fact
that the fibers have no degree 1 rational cohomology, a decomposition

H*(X,Q) = H°(B, R*7.Q) ® " H?*(B,Q), (5.28)

which is compatible with cup-product, so that the cup-product map on the first
term factors through the map induced by cup-product:

pr : H(B, R*7,Q)®" — H°(B, R*"1,Q).

We write in this decomposition I; = I} + 7*k;, where

k; € H*(B, R°r,.Q) = H*(B,Q) z 7 H*(B,Q).

We claim that the k; are divisor classes on B. Indeed, take any line bundle £ on
X. Let | = ¢{°?(£) € H*(X,Q) and decompose as above | = I’ + 7*k, where I/
has the same image as [ in H(B, R?r,.Q) and k belongs to H?(B, Q). Denoting
by n the dimension of the fibers, we get

lnli = (Z (;) l/pﬂ'*knp> (l; 4 7T*I€L)

p
-y <”) PR Y ("> VP kP k. (5.29)
p p r p

Recall now that the decomposition is multiplicative. The class I'"l} thus belongs
to a direct summand of H?"*+2(X,Q) isomorphic to H°(B, R*"*%7,Q) = 0.
Hence it follows that it is identically 0. Applying 7. to (5.29), we then get

T (1) = degy, (I ks + ndega, (I 1)k
= degy, (I")k; + ndegy, (1" '1;)k. (5.30)

Observe that the term on the left is a divisor class on B. If the fiberwise self-
intersection degy, (1;") is nonzero, we can take £ = £; and (5.30) shows that
k; is a divisor class on B as claimed. If it is 0, choose a line bundle £ on &
such that the fiberwise intersection numbers degy, (I"~'1;) and degy, (I") do not
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vanish (such an £ exists because the morphism 7 is projective). Then, applying
(5.30) to both pairs (£, L) and (£, L;) shows that both k and degy, (I")k; +
ndegy, (I"~11;)k are divisor classes on B, so that k; is also a divisor class on B.

As divisor classes are locally trivial on B for the Zariski topology, we thus
have that, locally on B for the Zariski topology, k; = 0 and thus I; belongs to
the first summand H°(B, R?m,Q) in (5.28). Let B° be a Zariski open set where
this is the case and let X° = 771(B?). It then follows by multiplicativity that
any polynomial expression P(l;)|xo belongs to a direct summand of H (X% Q)
isomorphic by the natural projection to H°(B°, R*"r,Q).

Consider now our fiberwise cohomological polynomial relation P(l; ) = 0 in
H?" (X, Q), for b € B. Tt says equivalently that P(l;) vanishes in H°(B°, R*" 7, Q).
It follows then from the previous statement that it vanishes in H*" (X%, Q). O

We consider now a smooth projective surface .S, and set

X =8x%x 84, B=2S5, T = pry OT,

where 7 : §_>\</S A — S is the blow-up of the diagonal.

PROPOSITION 5.32. Assume that h'°(S) = 0, h?9(S) # 0. Then for the
morphism w : X — B above, there is no multiplicative decomposition isomor-
phism over any Zariski dense open set of B = S.

PROOF. Let H be an ample line bundle on S, and d := dege;(H)?. On X,
we have then two line bundles, namely L := 7*(prj H) and L' = Ox (E), where
E is the exceptional divisor of 7. On the fibers of m, we have the relation

degcy(L)? = —ddegc, (E)>.

If there existed a multiplicative decomposition isomorphism over a Zariski dense
open set of B =S, we would have by Proposition 5.31, using the fact that the
fibers of 7 are regular surfaces, a Zariski dense open set U C S and the relation

°P(L)? = —dcP(E)? (5.31)
in H*(Xy, Q). If we apply 7. to this relation, we now get
pr} P (H)? = —d[A] (5.32)

in H4(S x U,Q).

This relation implies that the class pr} ¢} (H)?+d[A] € H*(S x S, Q) comes
from a class v € H2(S x D, Q), where D := S\ U and D is a desingularization
of D. Denoting by J : D — S the natural map, we then conclude that for any
class a € H?(S,Q),

da € H*(S,Q) = j. ()
is supported on D. This contradicts the assumption h%°(S) # 0. O
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5.3.3 Families of abelian varieties

In the abelian case, the existence of a multiplicative decomposition isomorphism
is essentially due to Deninger and Murre [35]. The proof below will be based on
the following lemma, applied to the category of sheaves of Q-vector spaces on
B.

Let A be an abelian category in which morphisms are Q-vector spaces, and
let D(A) be the corresponding derived category of left bounded complexes. Let
M € D(A) be an object with bounded cohomology such that End M is finite-
dimensional. Assume M admits a morphism ¢ : M — M such that

H'(¢) : H'(M) — H'(M)
is equal to A; Idgi(ar), where all the A; € Q are distinct.
LEMMA 5.33. The morphism ¢ induces a canonical decomposition
M = @,H'(M)[-i], (5.33)
characterized by the following properties:
(1) The induced map on cohomology is the identity map.
(2) One has
pom =N M — M, (5.34)
where 7; corresponds via the isomorphism (5.38) to the ith projector pr,.

PRrROOF. Using the arguments of [30], we first prove that M is decomposed,
namely there is an isomorphism

f:M=aH (M)

For this, given an object K € Ob A, we consider the left exact functor T" from
A to the category of Q-vector spaces defined by T(N) = Hom (K, N), and for
any integer i the induced functor, denoted by T;, N = Homp4)(K[—i], N) on
Db(A). For any N € DP(A), there is the hypercohomology spectral sequence
with Fs-term,

B3 = RPT,(H(N)) = Exty" (K, HY(N)) = RFHT(N).

Under our assumptions, this spectral sequence for N = M degenerates at Fs.
Indeed, the morphism ¢ acts then on the above spectral sequence starting from
FEs5. The differential ds : Eg’q — E§+2’q_1,

Ext!," (K, HY(M)) = Ext}P* T (K, HI71(M)) (5.35)

commutes with the action of ¢. On the other hand, ¢ acts as A;Id on the left-
hand side and as Ay—11Id on the right-hand side of (5.35). Thus we conclude
that do = 0 and similarly that all d,., » > 2 are 0.
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Now we take K = H'(M). We conclude, from the degeneracy at Es of the
above spectral sequence, that the map

Homp 4y (H*(M)[—i], M) — Homa (H* (M), H (M)) = By
is surjective, so that there is a morphism
fi  H'(M)[—i) - M

inducing the identity on degree i cohomology. The direct sum f = > f; is a
quasi isomorphism that gives the desired splitting.

The morphism ¢ can thus be seen as a morphism of the split object &; H*(M)[—i].
Such a morphism is given by a block upper-triangular matrix

;i € Bxt’y? (H' (M), HY (M)), i > j,

with A; Id on the ith diagonal block. Let ¢ be the endomorphism of End M
given by left multiplication by ¢. By the above description of ¢ we have

II ®—Xldewawm) =0, (5.36)
i, Hi(M)#0

which shows that the endomorphism 1 is diagonalizable. More precisely, as
is block upper triangular in an adequately ordered decomposition

End M = @,>; Ext';/ (H' (M), H (M)),

with term A, Id on the block diagonals Ext’,? (H*(M), H’(M)), hence in par-
ticular on End4 H’ (M), we conclude that there exists 7/ € End M such that
7! acts as the identity on H*(M), and ¢ o 7w} = \;7l.

Let p; := mio fi : HY(M)[—i] — M. Then p := " p; gives another decompo-
sition @; H*(M)[—i] = M and we have ¢ o p; = \;p;, which gives ¢ o m; = \i7;,
where m; = popr;op L.

The uniqueness of the m; satisfying properties (1) and (2) is obvious, since

. . (=X, 1d
these properties force the equality m; = w O
i AT A

COROLLARY 5.34. For any family m : A — B of abelian varieties (or
complex tori), there is a multiplicative decomposition isomorphism Rm,Q =
@iRzﬂ'*Q[—i].

ProOOF. Choose an integer n # +1 and consider the multiplication map
fn t A— A, a — na.

We then get morphisms p) : Rm,.Q — R, Q with the property that the induced
morphism on each R'm,Q = H*(Rn.Q) is multiplication by n‘. Now we use
Lemma 5.33 to deduce from such a morphism a canonical splitting

R7.Q = @; R'7, Q[ 1], (5.37)
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characterized by the properties that the induced map on cohomology is the
identity map, and

pr o = n'm; : Rm.Q — Rm,Q, (5.38)

where ; is the endomorphism of Rm,Q that identifies to the ¢th projector pr; via
the isomorphism (5.37). On the other hand, the morphism x : Rm,.Q® Rm,Q —
Rm,.Q given by cup-product is compatible with p in the sense that

po (uy @ ur)=pop: Rm.Q® Rm.Q — Rm.Q.
Combining this last equation with (5.38), we find that
po (pp @ ) o (m @ my) = n' o (m @ m;y)
= /J/:L oo (7Ti &® 7Tj) : RTF*Q ® R?T*Q — Rﬂ'*@,
from which it follows, again applying (5.38), that p o (m; ® 7;) factors through
R*tim,[—i — 4], or equivalently that in the splitting (5.37),_the cup-product
morphism g maps Rim,Q[—i] ® RIm,Q[—j] to the summand R, [—i—j]. O

5.3.4 A multiplicative decomposition theorem for families of K3
surfaces

The following is one of the main results of [110]. It provides an unexpected
application of Theorem 5.3.
THEOREM 5.35 (Voisin 2011).
(i) For any smooth projective family w : X — B of K3 surfaces, there exist a

nonempty Zariski open subset B® of B, and a multiplicative decomposition
isomorphism as in (5.27) for the restricted family = : X° — BO.

(ii) Furthermore, the class of the diagonal [Axo,po] € H*(X xp X, Q) belongs
to the direct summand H°(B°, R*(m,7),Q) of H*(X° x go X°,Q), for the
induced decomposition of R(m,7).Q.

(iii) For any algebraic line bundle L on X, there is a dense Zariski open set B°
of B such that the topological Chern class ¢\ (L) € H?*(X,Q) restricted to
XY belongs to the direct summand H°(BY, R*m,Q) of H*(X°, Q) induced
by this decomposition.

In the second statement, (7, 7) : X° x go X — B? denotes the natural map.
A decomposition Rm,Q = &; R'm,Q[—i] induces a decomposition

R('ﬂ—a 77)*@ = @’LRZ (7T7 W)*Q[_Z]
by the relative Kiinneth isomorphism
R(m,m).Q = R1.Q ® Rm.Q.

Theorem 5.35(i) is definitely wrong if we do not restrict to a Zariski open
set (see [110] for an example).
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REMARK 5.36. It follows from Proposition 5.31 that in Theorem 5.35, state-
ment (iii) is in fact a consequence of statement (i).

PrOOF OF THEOREM 5.35. We use the existence of the canonical 0-cycle
ot € CHp(X}) (see Section 5.1). This cycle may not be spread-up on the total
space X — B, but this can be done on a generically finite proper cover r :
B’ — B, thus providing a cycle ox, € CH*(X’), where X’ = X xp B’, with
OX’|Xt’ = O¢ in CH()(X]{) The Cycle

1
degr

rhox =: ox € CH*(X)q,

where 7’ : X' = X xp B’ — X is the first projection, then has the property that
ox|x, = 0¢ in CHo(X¢)q. In particular it has degree 1.
The cohomology classes
prifox] =:[Z1],  prifox] =: [Z] € HY(X x5 X,Q)
of the two codimension 2 cycles prj ox and prjox, where

pr,: X xpX — B

are the two projections, provide morphisms in the derived category:

P : Rr,Q — R7,Q, P, : Rr,Q — Rm,Q,
Py :=pry, o(prifox|U) opry, P, :=pry, o(pra[ox]U) o pry. (5.39)
LEMMA 5.37.

(i) The morphisms Py, Py are projectors of Rm.Q.
(ii) Py o Py = Pyo Py =0 over a Zariski dense open set of B.

PrOOF. (i) We compute P; o P;. From (5.39), (2.5), and the projection
formula (2.4), we get that P; o Py is the morphism Rw, — Rm, induced by the
cycle class

P13« (Pialox] Upsslok]) € HY(X x5 X, Q) (5.40)

where the p;; are the various projections from X xp X xp X to X xp X. We
now use the facts that pi,[ok] = pilox] and p33lok] = pilox], where the p;’s
are the various projections from X x5 X xp X to X, so that (5.40) is equal to

P13«(pilox] Upsox]). (5.41)

Using the projection formula, this class is equal to

prifox] Upry(m.ox]) = prifox] Uprs(1p) = prifox].
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This completes the proof for P; and the proof for P; is exactly similar.
(ii) We compute P; o Py: From (5.39) and (2.5), we get that P, o P» is the
morphism Rw, — Rm, induced by the cycle class

P13« (PaloX] U pislok]) € HY(X x5 X, Q), (5.42)

where the p;; are the various projections from X xp X xp X to X xp X. We
now use the facts that pi,[o%] = p5lox] and p3slok] = p3lox], where the p;’s
are the various projections from X X5 X x5 X to X, so that (5.42) is equal to

P13« (P3[ox] Upslox]). (5.43)

But the class p3lox] Upslox] = p3([ox - 0x]) vanishes over a Zariski dense open
set of B since the cycle ox - ox has codimension 4 in X. This shows that
Py o P, = 0 over a Zariski dense open set of B and the proof for P, o P; works
in the same way. 0

Using Lemma 5.37, we get (up to passing to a Zariski dense open set of B)
a third projector
P=1d-P — P,

acting on Rm,Q and commuting with the other two.
Tt is well known (see [74]) that the actions of these three projectors are

P, =0 on R*1,Q, R*r,Q, P, =1d on Rm,Q;
P,, =0 on R*r,Q, R, Q, P,, =1d on R*r,Q;
P, =1d on R’m,Q, P, =0 on R°7,Q, R*r,Q.

As a consequence, we get (for example, using Lemma 5.33) a decomposition
R7,.Q = oR'm,Q[—i], (5.44)

where the corresponding projectors mg, 2, and 74 of Rm.Q identify to Py, P,
and Ps, respectively.
We now prove the following result.

PROPOSITION 5.38. Assume that the cohomology class of the relative small
diagonal A C X xp X xp X satisfies the equality

[A] = pilox] Up3s[Ax] + (perm.) — (pi[ox] Upslox] + (perm.)),  (5.45)

where the pi;’s and p;’s are as above and Ax is the relative diagonal X C
X xp X; then, over some Zariski dense open set B C B, we have the following:

(i) The decomposition (5.44) is multiplicative.

(ii) The class of the diagonal [Ax] € H*(X xp X,Q) belongs to the direct
summand H°(B, R*(m, 7).Q) induced by the decomposition (5.44).
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Admitting Proposition 5.38, the end of the proof of Theorem 5.35 is as
follows: By Theorem 5.3, we know that the relation

At = piox, - p33Ax, + (perm.) — (piox, - prox, + (perm.))

holds in CHy(X:,Q) for any ¢t € B. By Corollary 1.3, we conclude that there
exists a Zariski dense open set B? of B such that (5.45) holds in H®(X xp X xp
X, Q). Proposition 5.38 thus implies Theorem 5.35. |

PROOF OF PROPOSITION 5.38. (i) We want to show that
mpoUo (m ® ;) : RmyQ ® Rm,Q — Rm,Q
vanishes for k # ¢ + j. We note that
U: Rm.Q ® Rm,.Q — Rm,.Q
is induced, via the relative Kiinneth decomposition
R7,.Q® Rm,Q = R(m, 7). Q,

by the class [A] of the small relative diagonal in X x g X x g X, seen as a relative
correspondence between X xg X and X, while P; = mg, P, = w4, P = w9 are
induced by the cycle classes [Z1], [Z2], [Z] € H*(X x5 X,Q), where Z := Ay C
X xp X. It thus suffices to show that the cycle classes

Z2 OAO(Zl XB Zl)}, [ZOAO(Zl XB Zl)},
ZioAo(ZxpZ), [ZoAo(Z xpZ),
Zl OAO(ZQ XB ZQ)L [ZOAO(ZQ XB ZQ)L [ZQOAO (ZQ XB ZQ)],
(Zl XB ZQ)L [Z oAo (Zl XB ZQ)L
(Z xp Z3)|, [ZoAo(Z xpZs)], [ZaoAo(Z xp Zs)],
Z]_OAO(Zl XB Z)], [ZQOAO(Z:[ XB Z)]
vanish in H3(X xp X xp X,Q) over a dense Zariski open set of B. Here, all
the compositions of correspondences are over B.

Equivalently, it suffices to prove the following equality of cycle classes in
H3(X" x5 X0 x5 X°,Q), XY = 771(B?) for a Zariski dense open set B of B:
[A]=[Z10A0(Zy xg Z1)]|+ [Za0o Ao (Z xp Z)]

+[ZoAo(Zi xp D) +[Z0A0(Z x5 1))
+[Z20AO(Z1 XB ZQ)]+[Z20AO(ZQ XB Zl)] (546)

Replacing Z by Ax — Zy — Z5, we get

ZXBZ:AX XBAx—AXxBZl—AX XBZQ—Zl XBAX
—ZaXpAx +Z1 Xp Z1 + Za Xp Zo+ Z1 Xp Zy+ Zy Xp 7,
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and thus (5.46) becomes

[A]=[Z10A0(Zy xg Z1)]|+ [Zao Ao (Ax Xp Ax)]| — [Z20 Ao (Ax xXp Z1)]
—[ZaoAo(Ax xXp Za)]| —[Zao Ao (Zy X Ax)] — [Zao Ao (Zy X Ax)]
+[ZaoAo(Zy xp Z1)]|+ [Zao Ao (Zy Xp Za)]|+ [Za0 Ao (Zy xp Zs)]
+[Z20Ao(Zyxp Z1)|+[ZoAo(Zy xpAx)] = [ZoAo(Zy xp Z1)]
ZoAo(ZyxpZa)|+[ZoAo(Ax xp Z1)]|—[ZoAo(Z1 xp Z7))
ZoAo(ZyxpZi)]+[ZooAo(Zy Xp Zs)|+ [ZaoAo(Zy xp Z1)].
(5.47)

_[ + _
_[ +

We now have the following lemma.

LEMMA 5.39. We have the following equalities of cycles in CH4(X XpX Xp
X)qg (or relative correspondences between X xp X and X ):

Ao (Zy xp Z1) = piox - psox, (5.48)
Ao (Ax xp Ax) = A, (5.49)
Ao (Ax xXp Z1) = pisAx - pyox, (5.50)
Ao (Ax xXp Zs) = piox - piox, (5.51)
Ao (Zy xg Ax) =piox - pisAx, (5.52)
Ao (Zy xg Ax) =piox - piox, (5.53)
Ao (Zy xp Zs) = pi(ox - ox), (5.54)
Ao (Zy xp Zy) = pjox - piox, (5.55)
Ao (Zy xp Z1) = psox - Dyox, (5.56)

where the p;’s, for i =1,2.3, are the projections from X xg X xg X to X and
the p;;’s are the projections from X xp X xp X to X xp X.

PRrROOF. Equation (5.49) is obvious. Equations (5.48), (5.54), (5.55), (5.56)
are all similar. We will only prove (5.55). The cycle Z is X xgpoy C X Xg X,
and similarly Z; = oy Xxp X C X xp X, hence Z; xp Z5 is the cycle

{(OXI),LL',y,O‘)(h)7 x € Xy, yEXb7 bEB} CXXpX XxpX xgX. (557)

(It turns out that in this case, we do not have to take care with the ordering we
take for the last inclusion.) Composing over B with A C X xg X xp X is done
by taking the pull-back of (5.57) under pios4 : X%/B — X*/B | intersecting with
pi45A, and projecting the resulting cycle to X3/B via pio5. The resulting cycle
is obviously

{(0x,,,0x,), T € Xy, bE B} CX xp X xp X,

which proves (5.55).
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For the remaining formulas, which are all of the same shape, let us just prove
(5.50). Recall that Z; = ox Xxp X C X xg X. Thus Ay xp Z; is the cycle

{(x,z,0%,,y), 2 €EXp, y € Xp,bEB} C X xp X Xp X xp X.

But we have to see this cycle as a relative self-correspondence of X x g X, for
which the right ordering is

{(x,oxb,x,y),xeXb,yeXb, bEB}CXXBXXBXXBX. (558)

Composing over B with A C X xg X x g X is again done by taking the pull-back
of (5.58) by piass : X%/ B — X4/B intersecting with pj,sA, and projecting the
resulting cycle to X3/B via pios. Since A = {(z,2,2), z € X}, the considered
intersection is {(x, 0x,, x, z, ), x € Ay, b € B}, and thus the projection via pya5
is {(z,0x,,2), © € X, b € B}, thus proving (5.50). O

Using Lemma 5.39 and the fact that the cycle p5(ox-o0x) vanishes, for reasons
of dimension, over a dense Zariski open set of B, then after passing to a Zariski
open set of B if necessary, (5.47) becomes

[A] = [Z1 0 (plox - prox)] + [Z2 0 A] = [Z3 0 (pi3Ax - p3ox)]
—[Za o (piox - p3ox)] — [Z2 0 (plox - p53Ax)] — [Z2 o (P50x - p30x)]

+ [Z2 o (piox - prox)| + [Z2 o (piox - p3ox)] + [Z2 o (p30x - p3ox)]
+[Z o (pjox - p33Ax)] — [Z o (piox - psox)] — [Z o (piox - p3ox)]
+[Z o (p1sAx - p30x)] — [Z o (piox - psox)] — [Z o (p30x - P3Ox)]

+ [Z2 o (pox - p3ox)] + [Z2 o (P30x - P30X)], (5.59)

which can be rewritten as

[A] = [Z1 o (Piox - pyox)] + [Z2 0 A] = [Z3 o (pi3Ax - prox)]
— [Z2 0 (plox - p3sAx)] + [Z2 o (piox - p3ox)] + [Z2 o (p30x - p3ox)]
+ [Z2 o (pox - p3ox)] + [Z o (plox - p3sAx)] — [Z o (piox - piox)]
+[Z o (pisAx - p3ox)] — 2[Z o (piox - p3ox)]. (5.60)

To conclude, we use the following lemma.

LEMMA 5.40. Up to passing to a dense Zariski open set of B, we have the
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following equalities in CH*(X xp X xp X)q:

Zy o (piox - p30x) = piox - P30x, (5.61)
Zzo A =piyAx - p3ox, (5.62)
Z3 0 (pisAx - prox) = pr0ox - p30x, (5.63)
Z3 © (p30x - P30x) = Pr0x - P30, (5.64)
Zy o (plox - p33Ax) = piox - p3ox, (5.65)
Z3 o (piox - prox) =0, (5.66)
Zy 0 (piox - p3ox) = piox - P50x, (5.67)
Z o (piox - p3ox) =0, (5.68)
Z o (piox - p33Dx) = piox - PasAx — piox - p;ox — piox - p3ox,  (5.69)
Z o (pi3Ax - p3ox) = pi3Ax - p30x — piox - p30x — Paox - p3ox,  (5.70)

o (piox - pzox) = 0. (5.71)

PROOF. The proof of (5.63) is explicit, recalling that Zo = {(z,04x,),
Xy, b € B} and that pjsAx - piox = {(y,0x,,y), y € XA, b € B}. We then find
that Zs o (pi3Ax - piox) is the cycle

p124(pT3AX P;OX p§4(22)) :p124({(y70Xb7y70Xb)5 ) S Xb? b S B})
= {(y7OXb7OXb)a RS Xb? be B}7

which proves (5.63). The proofs of the remaining equations from (5.61) to (5.67)
work similarly.
For the other proofs, we recall that

Z=Ax—7Z1—Zy,CXxpX.
Thus, since Ay acts as the identity, we get
Z o (piox - pasAx) = piox - py3Dx — Z1 0 (piox - pasAx) — Zz o (pjox - ppsAx).

We then compute the terms Z; o (pjox - p33Ax) explicitly as before, which gives
(5.69).
The other proofs are similar. O

Using the cohomological version of Lemma 5.40, (5.60) becomes

[A] = [piox - prox] + [P12Ax - p3ox] — [P30x - p3ox]
— [piox - piox] + [plox - piox] + [piox - piox]
+ [plox - pa3Ax — plox - p30x — plox - p30ox]
+ [pI3Qx - p3ox — piox - P30x — P30x - P30x]. (5.72)

This last equality is now satisfied by assumption (compare with (5.45)) and this
concludes the proof of formula (5.46). Thus Proposition 5.38(i) is proved.
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(if) We just have to prove that

P ® Py ([Ax]) = P, @ Pr([Ax]) =0,
P, ® P([Ax]) = P,® P([Ax]) =0 in H*(X xp X,Q). (5.73)

Indeed, the relative Kiinneth decomposition gives
R(r,7).Q = Rr,.Q ® Rm.Q

and the decomposition (5.44) induces a decomposition of the above tensor prod-
uct on the right:

Rm.Q ® Rm.Q = @1, R*7.Q ® R'n,.Q[—k — I], (5.74)

where the decomposition is induced by the various tensor products of P, Py, P.
Taking cohomology in (5.74) gives

HY (X xp X,Q) = @epppi=aH* (B, R*1,Q® R'm,Q).

The term H°(R*(rw,m).Q) is then exactly the term in the above decomposition
of H*(X x5 X,Q) that is annihilated by the four projectors P, @ Py, P; ® P,
P, ® P, P, ® P, and those obtained by changing the order of factors, whose
vanishing will be deduced from the others by symmetry.

The proof of (5.73) is elementary. Indeed, consider for example the term
P, ® Py, which is given by the cohomology class of the cycle

Z:=priox -praox CX Xp X Xp X Xp X,
which we see as a relative self-correspondence of X xg X We have
Z(Ax) = p3as(P12Ax - Z).

But the cycle on the right is trivially rationally equivalent to 0 on fibers X} x X;.
It thus follows from Corollary 1.3 that for some dense Zariski open set BY of B,

[Z].([Ax]) = 0 in H*(X° x 5o X°,Q).

The other vanishing statements are proved similarly. (|
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Chapter Six

Integral coefficients

Up to now, we have been working with rational coefficients, and indeed most con-
jectures and statements made previously become wrong when passing to Chow
groups or Betti cohomology with integral coefficients. There are two examples
of this fact: First of all, it has been well known since the work of Atiyah and
Hirzebruch [5] that the Hodge conjecture is not true for integral Hodge classes.
Second, Theorem 3.1 and all its more precise forms concerning the decompo-
sition of the diagonal are in fact decomposition results for a multiple of the
considered cycle, or in other words, they provide a decomposition of the cycle
itself only with Q-coefficients. What we discuss in this chapter is a number of
birational invariants that can be defined using Z-coefficients instead. Of course,
the important question is whether these birational invariants can be nonzero for
rationally connected or even unirational varieties.

6.1 INTEGRAL HODGE CLASSES AND BIRATIONAL
INVARIANTS

6.1.1 Atiyah—Hirzebruch—Totaro topological obstruction.

Atiyah and Hirzebruch [5] found counterexamples to the Hodge conjecture (Con-
jecture 2.25) stated for degree 2k integral Hodge classes (as opposed to rational
Hodge classes) when k > 2 . In degree 2, the most optimistic statements are
true, due to the Lefschetz theorem on (1,1)-classes.

In [95], Totaro revisited the examples of Atiyah and Hirzebruch and re-
formulated more directly the obstructions they had found, using the complex
cobordism graded ring MU*(X) of X. Let us first describe this ring that is
defined for all differentiable compact manifolds: Given such an X, we consider
first of all the objects that are triples (V, f,¢), where V is a differentiable com-
pact manifold, f : V — X is a differentiable map, and ¢ is a class of a stable
complex structure on the virtual normal bundle f*T'x — Ty . Here f*Tx — Ty is
an element of the Ky group of real vector bundles on V', and choosing a stable
complex structure on it means we choose an element of the K group of complex
vector bundles on V' that sends (via the natural forgetful map) to f*Tx —Ty +T,
where T is the trivial real vector bundle of rank 1 or 0.

One now makes the following construction, which is a slight variant of the
Thom construction of the absolute complex cobordism ring MU* = MU* (point).
Let us consider the free abelian group generated by such triples, and take its
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quotient by the complex cobordism relations; namely, for each differentiable
compact manifold with boundary M, differentiable map ¢ : M — X, and stable
complex structure € on the virtual normal bundle f*Tx — T, we observe that
the restriction of T to the boundary of M is naturally isomorphic to T & T,
where T is trivial of rank 1. Thus the stable complex structure € on the virtual
normal bundle f*Tx — T induces a stable complex structure ¢y on the virtual
normal bundle fiTx — Tpnr, where fy is the restriction of f to OM.

We take the quotient of the free abelian group by the relations generated by

(8M,f0,eo) = 07

(ViUVa, fil fo,e1 Uea) = (Vi, f1,€1) + (Va, fa, €2).

The result will be denoted by MU*(X). Here the grading is given by * =
dim X — dim V. The product structure is given by the fibered product over X.

Note that MU*(X) is naturally an MU*-module, since elements of MU* are
generated by data (W, ), where W is differentiable compact and ¢ is a stable
complex structure on Ty (here the map to a point is necessarily constant).
Then for (V, f,€) and (W, eg) as above, we can consider the product (V x W, fo
pry, €+ €o).

Denote by MU* (X)) MQ% _ Z its tensor product with Z over MU™ (which maps

by the degree to Z = H°(point,Z)). Thus, in MU*(X) ® Z, one kills all the
MU*

products (V x W, f opry, €1 + €2), where €9 is a stable complex structure on W,
with dim W > 0. Since, for such products, we have

(fopr)«(lvxw) =0,
there is a natural map,

MU*(X) ® Z— H*(X,Z),
MU*

(Mf)e) = f*lV

(Here we note that, as we have a stable complex structure on the virtual normal
bundle of f, the Gysin image f.ly is well defined. If X is oriented, V is
also naturally oriented because the virtual normal bundle of f has a stable
complex structure, and then f,(1y) is the Poincaré dual cohomology class of
the homology class fu([V]fund)-)

Coming back to the case where X is a complex projective (or more generally
compact complex) manifold, Totaro [95] observed that the cycle class map

zZH(X) - H?*(X,7), A=SVAR

where the left-hand side is the free abelian group generated by subvarieties (or
irreducible closed analytic subsets) of codimension k of X, is the composite of
two maps

2k
zZHX) — (MU*(X) N Z) — H**(X, 7). (6.1)
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Here the second map was introduced above, and the first map is defined using
the construction of the complex cobordism ring; indeed, for any inclusion of
a (maybe singular) codimension k closed algebraic subset Z C X, there is a
desingularization

T:Z%X,

and we have
[Z] = T.15.

On the other hand, the virtual normal bundle of 7 has an obvious stable complex
structure.

By the factorization (6.1), a torsion class in H?*(X,Z) that is not in the
image of

2k
(MU*(X) ® Z) — H?*(X,7)
MU*

cannot be algebraic. On the other hand, as it sends to 0 in H?* (X,C), it is ob-
viously an integral Hodge class. This is a supplementary topological obstruction
for an integral Hodge class to be algebraic. These obstructions are of torsion,
as the map (MU*(X) M(% 7)* — H?F(X,Z) becomes an isomorphism when

tensored by Q. In fact they essentially concern torsion classes, as explained by
Totaro, as the map

2k
(MU*(X) ® Z) — H?*(X,7)
MU*

is an isomorphism if H*(X,Z) has no torsion. The Atiyah-Hirzebruch example
[5] shows that these obstructions are effective.

6.1.2 Kollar’s example

We start this section by describing a method due to Kolldr [63], which produces
examples of smooth projective complex varieties X, together with an even degree
integral cohomology class «, which is not algebraic, that is, which is not the
cohomology class of an algebraic cycle of X, while a nonzero multiple of « is
algebraic. This is another sort of counterexample to the Hodge conjecture over
the integers, since the class « is of course a Hodge class.

The examples are as follows: Consider a smooth hypersurface X C P**+! of
degree d. For [ < n, the Lefschetz theorem on hyperplane sections says that the
restriction map

HY(P".7Z) - H(X,7Z)

is an isomorphism. Since the left-hand side is isomorphic to ZHF for | = 2k < n,
where H is the cohomology class of a hyperplane, and is 0 for [ odd or [ > n, we
conclude by Poincaré duality on X that for 2k > n, we have H?*(X,Z) = Za,
where a is determined by the condition (o, h»~*) = 1, with the notation h =
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H|x = c1(Ox(1)). Note that the class d- o is equal to h* (both have intersection
number d with A"~*), hence is algebraic.

In the sequel, we consider for simplicity the case where n = 3, k = 2. Then
d - « is the class of a plane section of X.

THEOREM 6.1 (Kollar 1990). Assume that for some integer p coprime to 6,
p® divides d. Then for very general X, any curve C C X has degree divisible by
p. Hence the class a is not algebraic.

Recall that “very general” means that the defining equation for X has to
be chosen away from a specified union of countably many Zariski closed proper
subsets of the parameter space.

PROOF OF THEOREM 6.1. Let d = p3s, and let Y C P* be a degree s
smooth hypersurface. Let ¢o,...,¢s be sections of Ops(p) without common

zeros. They provide a map
Y — P4,

which for a generic choice of the ¢;’s satisfies the following properties:

(1) ¢ is generically of degree 1 onto its image, which is a hypersurface X, C P4
of degree p3s = d.

(2) ¢ is two-to-one generically over a surface in Xy, three-to-one generically
over a curve in Xg, at most finitely many points of Xy have more than 3
preimages, and no point has more than 4 preimages.

Now let X C P* be a smooth hypersurface that is very general in moduli. Let
C C X be areduced curve. The idea is to degenerate the pair (X,C), C C X to
a pair (Xg, Cy), Cy C Xo, where X was defined above. This is possible because
the point parametrizing X is very general, and because there are only countably
many relative Hilbert schemes over the moduli space of X, parametrizing curves
in the fibers X;. Thus a curve C C X, with X very general in moduli, must
correspond to a point of a relative Hilbert scheme that dominates the moduli
space of X.

By flatness, the curve Cy has the same degree as C'. Recall the normalization
map

o:Y — Xog.

By property (2) above, there exists a 1-cycle Zp in Y such that ¢.(Zp) = 620,
where zq is the cycle associated to Cy. It follows that

6 deg zo = deg ¢+ (%0)-

On the other hand, the right-hand side is equal to the degree of the line bundle
¢*Ox, (1) computed on the cycle Zy. Since ¢*Ox, (1) is equal to Oy (p), it follows
that this degree is divisible by p. Hence we find that 6degC = 6deg(Cy =
6 deg 2 is divisible by p, and since p is coprime to 6, it follows that deg C' is also
divisible by p. O
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REMARK 6.2. The argument above works only for very general X, which
could a priori exclude all varieties X defined over a number field K. However
Hassett and Tschinkel gave an alternative argument (replacing the degeneration
above by specialization to an adequate closed fiber of a projective model of
X defined over Spec Ok ), showing that there exist varieties X satisfying the
conclusions of Theorem 6.1 and defined over a number field.

As remarked in [93], Kolldr’s example, which is not topological, exhibits the
following phenomenon that illustrates the complexity of the Hodge conjecture.
We can have a family X — B of smooth projective complex manifolds, and a
locally constant integral Hodge class oy € H*(Xy, Z), with the property that on
a dense (for the Euclidean topology) subset B,z C B, which is a countable union
of closed proper algebraic subsets of B, the class «; is algebraic, that is, is an
integral combination [Z;] = Y. n;[Z; ;] of classes of codimension 2 subvarieties,
but on its complementary set, which is a countable intersection of dense open
subsets, the class oy is not algebraic.

Indeed, it is shown in [93] that there exists a countable union of proper
algebraic subsets, which is dense for the usual topology in the parameter space
of all smooth hypersurfaces of degree d in P*, consisting of points parametrizing
hypersurfaces X for which the class « is algebraic. For this, it suffices to prove
that the set of smooth surfaces of degree d in P3 carrying an algebraic class
A\ € H2(S,Z) N HYL(S), satisfying the property that (A, ¢;(Os(1)))s is coprime
to d, is dense in the space of all surfaces of degree d in P2. Indeed, for any X
containing such a surface, the class « is algebraic on X.

Now this fact follows from the density criterion for the Noether—Lefschetz
locus explained in [101, II, 5.3.4], and from the fact that rational classes v €
H?(S,Q), such that a multiple bv is integral and satisfies (bv, c1(Og(1)))s = a
with a coprime to d, are dense in H2(S, Q).

6.2 RATIONALLY CONNECTED VARIETIES AND THE
RATIONALITY PROBLEM

A long-standing problem in algebraic geometry is the characterization of rational
varieties, namely those smooth projective X that are birationally equivalent to
P, n=dimX.

Beautiful obstructions to rationality, very efficient in dimension 3, even for
unirational varieties (for which there exists a surjective rational map ¢ : P™ --»
X), have been demonstrated in the papers [4], [21], [57].

In higher dimensions, the criteria above, and especially those of [4] and [21]
are less useful. In [93] and [105], we observed that if X is a smooth projective
variety that is birational to P", then the Hodge conjecture holds for integral
Hodge classes on X of degree (2n — 2) and 4. This is optimal, because in other
degrees 2i (different from 0, 2, and 2n, where the groups are always 0), we can
blow up a copy of Kolldr’s example embedded in some projective space to get
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rational varieties X with nonalgebraic integral Hodge classes of degree 2i. In
fact, we have the following lemma (see [105]).

LEMMA 6.3. The groups

Z4(X) := Hdg"(X,Z)/ Hdg"(X, Z)ag,
Z=2(X) == Hdg® (X, Z)/ Hdg>" *(X, Z)ag, (6.2)

where the lower index “alg” means that we consider the group of integral Hodge
classes which are algebraic, are both birational invariants of the complex projec-
tive variety X of dimension n.

PRrROOF. This follows from the resolution of singularities and the invariance
under blow-ups, which is a consequence of the computation of the cohomology
and the Chow groups of a blown-up variety (see [68] or [101, I, 7.3.3; II, 9.3.3]).
For the degree 4 case, the new degree 4 integral Hodge classes appearing under
blow-up come from degree 2 (or degree 0) integral Hodge classes on the center of
the blow-up. Hence they are algebraic by the Lefschetz theorem on (1, 1)-classes.
For the other case, the new degree (2n — 2) integral Hodge classes appearing
under blow-up of a connected smooth subvariety are multiples of the class of a
line in a fiber of the blowing-down map, hence they are also algebraic. |

Note the following two facts concerning rational Hodge classes of degree 4
and 2n — 2:

(1) The Hodge conjecture is true for rational Hodge classes of degree 2n — 2
on smooth projective varieties of dimension n (see Section 2.2.2).

(2) The Hodge conjecture is true for rational Hodge classes of degree 4 on
smooth projective varieties that have their CHy group supported on a
closed algebraic subset of dimension < 3 (see Section 3.1.2).

Thus it seems natural to consider in these situations the problem for integral
Hodge classes. The Kollar examples lead, by taking products with P, to other
examples of nonalgebraic integral Hodge classes of degree 4 or 2n — 2, showing
that we have to restrict strongly the considered class of varieties.

Rationally connected varieties, for which there passes a rational curve through
any two points, have been the subject of intensive work since the seminal pa-
per by Kolldr, Miyaoka, and Mori [65]. Still they remain very mysterious from
several points of view. They are as close as possible to unirational varieties (no
example is known to be not unirational), and this is a birationally and defor-
mation invariant class. In view of the birational invariance explained above, it
is thus natural to consider the problem of integral Hodge classes for them.

QUESTION 6.4. Let X be a smooth rationally connected variety of dimension

n. Is the Hodge conjecture true for integral Hodge classes of degree 4 or 2n — 2
on X7




weyllecturesformat  September 3, 2013  6x9

INTEGRAL COEFFICIENTS 129

It is tempting to believe that the answer should be yes for degree (2n — 2)
classes and we will give one theoretical argument in favor of this in Section 6.2.1.
On the other hand we will show in Section 6.2.2, following [24], that the answer
is negative in degree 4 for X of dimension > 6.

6.2.1 The group Z?" 2(X)

For n = 3, we will have the equality 4 = 2n — 2, hence there is only one degree
to consider. In [103], we solved Question 6.4 in dimension 3, proving more
generally the following result.

THEOREM 6.5 (Voisin 2006). Let X be a uniruled threefold, or a Calabi-
Yau threefold, namely a threefold with trivial canonical bundle and vanishing
irreqularity. Then the Hodge conjecture is satisfied by integral Hodge classes of
degree 4 on X, that is, integral Hodge classes of degree 4 are generated by classes
of curves in X.

SKETCH OF PROOF. The Hodge conjecture is satisfied by integral Hodge
classes of degree 2. This is the Lefschetz theorem on (1,1)-classes. Let o €
H*(X,Z) and let j : ¥ < X be the inclusion of a smooth ample surface into X.
The Lefschetz theorem on hyperplane restriction says that the Gysin map

g« HA(X,Z) — HY(X,7Z)

is surjective. Assume for simplicity that H?(X,Ox) = 0 and that X is uniruled.
Then there is no H!-part in the Hodge decomposition of H*(X,C) and thus
we want to show that any integral degree 4 cohomology class is algebraic, that
is, is a combination with integral coefficients of classes of curves in X. The
key point (in the case where X is uniruled with H?(X,Ox) = 0) is then the
following.

PROPOSITION 6.6. If ¥ is chosen ample enough (that is, 3 belongs to the
linear system associated to a sufficiently high power of an ample line bundle on
X ) and satisfies the condition that

22 Cl(KX) < 07

then H?(X,7Z) is generated over Z by classes that become algebraic on ¢, where
Yt is a small deformation of ¥ in X.

Note that if X is uniruled, after performing a birational transformation of
X, we can construct a smooth projective variety X’ with an ample line bundle L
such that ¢1(L)? - ¢1(Kx/) < 0. Thus, up to replacing X by X’, we may assume
surfaces ¥ as above exist.

If now o € H?(X,Z) becomes algebraic under a small deformation of ¥ in
X, this means that for a deformation j; : ¥; <— X, the class «; deduced from «
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by flat transport satisfies ay = [Z;] € H?(%4, Z), for some divisor Z; € CH; (%),
and thus

Jx0 = Jpp = jt*[Zt} = [jt*<Zt)] € H4(X7 Z)'

Thus it follows from the surjectivity of j. and from Proposition 6.6 that H*(X, Z)
is generated by classes of 1-cycles on X.

The proof of Proposition 6.6 uses the study of infinitesimal variations of
Hodge structures. Using the Lefschetz theorem on (1, 1)-classes, one has equiv-
alently to prove that H?(X,Z) is generated over Z by classes that become of
type (1,1) under a small deformation of ¥ in X. Thus, this is mainly a question
of showing that the spaces

HY (2)g = HYY(Z) N H*(Z,R)

“move enough” with ¥ C X inside H?(X,R) so as to fill in an open subset
V = Uer HY(3:) N H3(Z;,R) C H?(Z,R). Here U is a simply connected
open set of the space of smooth deformations of ¥ in X, and we freely use the
canonical identification H?(3;,R) = H?(%,R) given by parallel transport.

As this open subset V is a cone, it will then be clear that integral points in
this cone will generate over Z the whole lattice H?(X,Z).

The study of the deformations of the subspace HM!'(Z)r € H?*(X,R) is
done using Griffiths machinery of infinitesimal variations of Hodge structures
for hypersurfaces (see [48], [101, II, 6.2]). O

REMARK 6.7. It would be tempting to weaken the assumptions in Theo-
rem 6.5 and to ask whether a smooth projective threefold X with trivial CHg
group (or CHy group supported on a surface) satisfies the condition Z4(X) = 0.
This is essentially disproved in [24] (except that we do not know that the ex-
ample we have indeed satisfies the conclusion that CHg(X) is trivial). In fact,
following Kollar, we produce an example of a smooth projective threefold X
satisfying H'(X,Ox) = 0, i > 0 and with nontrivial Z4(X). By the Bloch con-
jecture (Conjecture 3.21) (and Roitman’s theorem [87]), this X should satisfy
CHo(X) = Z.

REMARK 6.8. Another question is whether in dimension 3, the assumptions
on X are optimal in Theorem 6.5. In [24], examples of threefolds X with Kodaira
dimension 1 and Z4(X) # 0 are exhibited. A remaining question would be
whether in Theorem 6.5 the assumption that X has trivial canonical bundle
could be replaced by the condition that X has Kodaira dimension 0. In other
words, is it true that a smooth projective threefold X with x(X) = 0 has
Z4(X) =0?

In dimension > 4, Question 6.4 has been studied in [53]. We prove the
following result.

THEOREM 6.9 (Horing and Voisin 2010). Let X be a Fano fourfold or a Fano
fivefold of index 2. Then X satisfies Z*"~2(X) = 0.
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For the proof, we first extend the Calabi—Yau case in Theorem 6.5 allowing
X to have isolated canonical singularities. We then prove that a Fano fourfold
contains an anticanonical divisor with isolated canonical singularities. The case
of a Fano fivefold of index 2 works similarly: if —Kx = 2H, where H € Pic X,
is an ample line bundle, we show that there is a complete intersection of two
members of |H| which is a threefold with isolated canonical singularities, and of
course with trivial canonical bundle.

To conclude this section, let us prove the following result.

THEOREM 6.10 (See Voisin 2013 [112]). The group Z*"=%(X) is locally de-
formation invariant for rationally connected n-folds. In particular its order is a
deformation invariant.

Let us first explain the meaning of the statement. Consider a smooth
projective morphism 7© : X — B between connected quasi-projective com-
plex varieties, with n-dimensional fibers. Recall from [65] that if one fiber
Xy = 7 Y(b) is rationally connected, so is every fiber, so that in particu-
lar, H>""2(X,,Z) = Hdg*’" %(X,,Z) for any b € B. Let us endow every-
thing with the usual topology. Then the sheaf R?"~2m,Z is locally constant
on B. On any Euclidean open set U C B where it is trivial, the group
Z?7=2(Xy), b € U is the finite quotient of the constant group H?"~2(X,,7Z) by
its subgroup H?"~2(X}, Z)a1. To say that Z2"~2(X}) is locally constant means
that on open sets U as above, the subgroup HZ”_Z(XIJ,Z)Mg of the constant
group H?"~2(X,,7) does not depend on b.

PrOOF OF THEOREM 6.10. We first observe that, due to the fact that rel-
ative Hilbert schemes parametrizing curves in the fibers of B are a countable
union of varieties which are projective over B, given a simply connected open
set U C B (in the classical topology of B) and a class o € I'(U, R*"~27,Z) such
that oy is algebraic for ¢ € V', where V' is a smaller nonempty open set V C U,
then a; is algebraic for any t € U.

To prove the deformation invariance, we only need to use the above obser-
vation to prove that for U as above, t € U C B, and for a curve C C X; with
cohomology class [C] € H?"2(Xy,Z). Then the class [C]; is algebraic for s in
U.

By the results of [65], there are rational curves R; C X; with ample normal
bundle which meet C' transversally at distinct points, and with arbitrary tangent
directions at these points. We can choose an arbitrarily large number D of such
curves with generically chosen tangent directions at the attachment points. We
then know by [65] that the curve C' = C' U;<p R; is smoothable and that the
result is a smooth unobstructed curve C” C Xy, that is, H'(C", Neryx,) = 0.
This curve C” then deforms with X; (see [62], [64, II.1]) in the sense that the
morphism from the deformation of the pair (C”, X;) to B is smooth. So for
s € U, there is a curve C?/ C X, which is a deformation of C" C X;. The class
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[CY] = [C"]s is thus algebraic on X,. On the other hand, we have
[C"]=[C"1=[C]+ ) [Ril.

As the R;’s are rational curves with positive normal bundle, they are also un-
obstructed, so that the classes [R;]s also are algebraic on X;. Thus [C]s =
[C"]s — >_;[Ri]s is algebraic on X,. The lemma, hence also the theorem, is
proved. U

The same proof applies to prove invariance of the group Z?"~2(X) for X a
rationally connected variety defined over a number field K, under specialization
(in an adequate sense) to a point p of Spec O such that X}, is smooth, where
X is a projective model of X over Spec Ox. We refer to [112] for this result and
the following Theorem 6.11 (which strongly suggests, in fact, the vanishing of
Z*=2(X) for X a rationally connected variety over C).

THEOREM 6.11. Assume the Tate conjecture is true for divisor classes on
varieties over a finite field (see [69]). Then the group Z?"~2(X) vanishes for
any rationally connected n-fold over C.

6.2.2 The group Z*(X) and unramified cohomology

Let X be a smooth projective complex variety. We will denote by X the set
X (C) endowed with its classical (or Euclidean) topology, and by Xz, the set
X (C) endowed with its Zariski topology.
Let
e Xcl — XZar

be the identity of X(C). This is a continuous map since a Zariski open set is
open in the classical topology, and Bloch—Ogus theory [14] is the study of the
Leray spectral sequence associated to this map and any constant sheaf with
stalk A on X.. In applications, the abelian group A will be one of the groups
Z, Q, or Q/Z.

We are thus led to introduce, on Xyz,,, the sheaves
H'(A) := R'm. A.

By definition, H?(A) is thus the sheaf associated to the presheaf U — H% (U, A)
on Xzar.
The Leray spectral sequence for m and A has terms

Eg’q = HP(XZath(A))-

Unramified cohomology of X with value in A is defined by the formula (see
[23])
H, (X, A) = H(Xzar, Hiy (4)).
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The main result of the paper by Bloch and Ogus [14] is the following Gersten—
Quillen resolution for the sheaves H% (A). For any closed subvariety D C X,
let ip : D — X be the inclusion map and H*(C(D), A) the constant sheaf on D
with stalk

lim H'(U(C), A)

uUcbD
nonempty Zariski open

at any point of D. When D’ C D has codimension 1, there is a map induced by
the topological residue (on the normalization of D) (see [101, II, 6.1.1]):

Resp pr : H(C(D), A) — H™YC(D'), A).

For r > 0, let X (") be the set of irreducible closed algebraic subsets of
codimension r in X.

THEOREM 6.12 (Bloch and Ogus 1974, Theorem 4.2). For any A, and any
integer i > 1, there is an exact sequence of sheaves on Xyzay

0 = Hi(A) = ix, H(C(X),4) % @ ip.H HC(D),4) %

DeXx (1)

7] .
e — @ ZD*AD — 0.
Dex

Here the components of the maps @ are induced by the maps Resp p- when
D’ C D (and are 0 otherwise). The sheaf Ap on Dz, identifies,; of course, to
the constant sheaf with stalk H°(C(D), A).

Let us state a few consequences proved in [14]. First of all, denoting by
CH"(X)/alg the group of codimension k cycles of X modulo algebraic equiva-
lence, we get the Bloch-Ogus formula.

COROLLARY 6.13 (Bloch and Ogus 1974, Corollary 7.4). If X is a smooth
complex projective variety, there is a canonical isomorphism

CHF(X)/alg = H* (Xza:, H¥(Z)). (6.3)

PROOF. Indeed, the Bloch—Ogus resolution is acyclic, because a constant
sheaf on an irreducible variety (equipped with the Zariski topology) is flasque
hence acyclic (see [52, II, Exercise 1.16]), and this applies to the constant sheaves
H'(C(D), A). It is thus possible to compute H*(Xz.., H*(Z)) by taking global
sections in the above resolution, which gives

H*(Xza:, H¥(Z)) = Coker (0 : ®pexo—1H (C(W),Z) — ®pexmZ).

The group ©pcxmZ is the group of codimension k cycles on X, and to con-
clude, one has to check that the image of the map 9 above is the group of cycles
algebraically equivalent to 0. This follows from the fact that on a smooth projec-
tive variety W, a divisor D is cohomologous to 0 (hence algebraically equivalent
to 0 by Example 3.7) if and only if there exists a degree 1 cohomology class

a € Hl(W \ Supp D, Z) such that Resa: = D. O
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By Theorem 6.12, the sheaf H?(A) has an acyclic resolution of length < i.
We thus get the following vanishing result.

COROLLARY 6.14. For X smooth, A an abelian group, and r > i, one has
H"(Xzar, H (A)) = 0. (6.4)

Concerning the structure of the sheaves H*(Z), we have the following result,
which is a consequence of the Bloch—Kato conjecture recently proved by Rost and
Voevodsky (we refer to [6], [15], [24] for more explanations concerning the way
the very important result below is deduced from the Bloch—Kato conjecture).

THEOREM 6.15. The sheaves H(Z) of Z-modules on Xz, have no torsion.

The following corollary gives an equivalent formulation of this theorem, by
considering the long exact sequence associated to the short exact sequence of
sheaves on X,

0-Z2-Q—-Q/Z—0

on X, and the associated long exact sequence of sheaves on Xyz,,,
= HY(Q) = HY(Q/Z) — HTHZ)—=H T (Q) — - .

COROLLARY 6.16. For any integer i, there is a short exact sequence of
sheaves on Zy,:,

0 — HY(Z) = H(Q) = H(Q/Z) — 0.

Unramified cohomology with torsion coefficients (that is, A =Z/nZ or A =
Q/Z) plays an important role in the study of the Liiroth problem, that is,
the study of unirational varieties that are not rational (see, for example, the
papers [4], [23], and [84]). To start with, we have the following result concerning
the invariant used by Artin and Mumford, which is the torsion in the group
H} (X, Z).

PROPOSITION 6.17. Let X be a rationally connected variety. Then the tor-

sion in the group Hy (X, Z) is naturally isomorphic to the unramified cohomology
group H2 (X, Q/Z).

PROOF. We consider the Bloch—Ogus spectral sequence for X and for in-
tegral coefficients, and compute its terms in degree 3. By Corollary 6.14,
there are only two possibly nonzero Es-terms, namely H'(Xz.., H?(Z)) and
H(Xzar, H3(Z)). Because X is rationally connected, it has trivial CHy group
and it follows from the Bloch—Srinivas decomposition of the diagonal (Theo-
rem 3.10) and from functoriality of unramified cohomology under correspon-
dences that H°(Xza:, H3(Z)) is of torsion. By Theorem 6.15, the unramified
cohomology group H®(Xza.,, H3(Z)) vanishes identically, and we conclude that
the only nonzero Ey-term is H'(Xzar, H?(Z)). Because no nonzero differential d,.
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can start from H'(Xza,, H?(Z)) by Corollary 6.14, or arrives in H'(Xza,, H*(Z))
for degree reasons, we conclude that

H3(X,Z) = HY (X gar, H2(Z)).

It thus follows that Tors(H?3(X,Z)) = Tors(H'(Xzar, H?(Z))), and the second
term is computed writing the exact sequence

0 — H*(Z) — H*(Q) - H*(Q/Z) - 0
of Corollary 6.16. Taking the associated long exact sequence, we get
Tors(HY (Xzar, HA(Z))) = H*(Xzar, H*(Q/Z))/ Tm(H® (X741, H*(Q))).

On the other hand, we have H%(Xza,, H2(Q)) = 0 by the same argument as
before, involving Bloch—Srinivas decomposition of the diagonal. g

Going further, in the paper [23], the authors exhibit unirational sixfolds
with vanishing group H2 (X, Q/Z) but nonvanishing group H32.(X,Q/Z). Their
example is reinterpreted in the recent paper [24] using the groups Z*(X) intro-
duced in (6.2). More precisely, in the paper [24] we give the following compar-
ison result between Z4(X) and H3 (X,Q/Z) (a similar result was in fact also
established in [6]).

THEOREM 6.18 (Colliot-Thélene and Voisin 2010).

(1) For any smooth projective X, there is an exact sequence

0— H2(X,Z)®Q/Z — H3 (X,Q/Z) — Tors(Z*(X)) — 0.

(2) If CHo(X) is supported on a closed algebraic subset of dimension < 3,
then Tors(Z*(X)) = Z*4(X). If CHy(X) is supported on a closed algebraic
subset of dimension < 2, then H3.(X,Z) = 0.

(3) In particular, if X is rationally connected (so that CHo(X) = Z), we have

H; (X, Q/2) = Z4(X).

As a consequence, we get a negative answer to Question 6.4 for degree 4
integral Hodge classes on certain rationally connected varieties (and even uni-
rational varieties) of dimension at least 6.

THEOREM 6.19. The Colliot-Théléene—Ojanguren varieties X constructed in
23], which are unirational sizfolds, hence rationally connected, have Z*(X) # 0.

Indeed, as proved in [23], these varieties have a nontrivial unramified coho-
mology group H;.(X,Q/Z).
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SKETCH OF PROOF OF THEOREM 6.18. Assuming that the Hodge conjec-
ture is satisfied for degree 2i rational Hodge classes on X, the group Z%(X) is
of torsion. The fact that the Hodge conjecture is satisfied for degree 4 rational
Hodge classes on X if X has the property that CHy(X) is supported on a closed
algebraic subset of dimension < 3, is from Theorem 3.15 (see [15]). This proves
the first part of statement (2). The second part of statement (2) is proved by
applying the Bloch—Srinivas decomposition of the diagonal (Theorem 3.10) and
letting both sides act on unramified cohomology (see [24, Appendix]). It thus
follows that H2.(X,Z) is of torsion. As it has no torsion by Theorem 6.15, it is
in fact 0.

We now prove statement (1). We observe first of all that the torsion of the
group Z*(X) = Hdg*(X,Z)/H?*(X,Z)ayq is always isomorphic to the torsion
of the group H* (X, Z)/H?* (X, Z)a1s. We examine now the Bloch-Ogus spectral
sequence of X with coefficients in Z. The Fs-terms in degree 4 are

H?*( X0, HA(Z)) = E2?, HY(Xgay, H*(Z)) = B3, H°(Xyzar, H*(Z)) = ES*.

No nonzero differential d,., r > 2 starts from one of the groups H?(Xzar, H?(Z))
or HY(Xzar, H*(Z)) due to Corollary 6.14. No nonzero differential d,., r > 2
arrives at H'(Xza,, H3>(Z)) or H°(Xza,, H*(Z)) for degree reasons. Thus we
have
Ey* - B2, Ey*=EL, Byt c EBYL
It follows that there is a natural composed map
H*(Xz., H*(Z)) — E%? Cc HY(X,Z),

whose image is the deepest level N2H*(X,Z) of the Leray-Bloch-Ogus filtra-
tion (which is in fact the coniveau filtration). This map identifies to the cycle
class map (see [14]), so that its cokernel H*(X,Z)/N2H*(X,Z) is the group
H*(X,Z)/H*(X,Z)a. This group has a filtration induced by the Leray spec-
tral sequence, and the graded pieces are

Eééd = HI(XZar;HB(Z))a Eggl C HU(XZM” H4(Z))

By Theorem 6.15, the group H%(Xz.:, H*(Z)) has no torsion, hence it follows
finally that we have an isomorphism,

Tors(H(X,Z)/H*(X, 7)) = Tors(H' (Xzar, H3(Z))).

The group on the left identifies to the group Tors(Z*(X)) by the observation
above, while the group on the right is analyzed by the exact sequence of sheaves
on Xz, given in Corollary 6.16:

0 = H*(Z) = H*(Q) — H*(Q/Z) — 0.
The induced long exact sequence immediately gives
Tors(H' (Xzar, H*(2))) = H°(X, H*(Q/2))/ Im(H°(X,1*(Q))),
which finishes the proof. O
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In the paper [111], we give a similar cycle-theoretic interpretation of the
group H2.(X,Q/Z) (Theorem 6.22 below). For this we need to introduce some
notation.

Let X be a smooth complex projective variety and k, [ be integers. We have
the subgroup N'H%(X,Z) C HE(X,Z) of “coniveau I cohomology,” defined as

N'HE(X,7Z) = Ker <H]§(X, Z)— lim  HEX\W, Z)) :
codim W=1
where the W C X considered here are the closed algebraic subsets of X of

codimension I. Introducing a resolution of singularities W of W and its natural
morphism 7y : W — X to X, we have

N'EEX.Q = > Im(rw.:H?(W,Q) — H(X,Q),
codim W=l

as explained in the proof of Theorem 2.39.

__ From now on, we restrict to the case £ = 2l + 1. For any W C X, 1y :
W — X as above, the Gysin morphism 1. : Hy(W,Z) — HF T (X,Z) is a
morphism of Hodge structures (of bidegree (I,1)), which induces a morphism
between the intermediate Jacobians (see [101, I, 12.2]),

Tw. : Pic (W) = J' (W) — J2T(X)
= HE(X,C) .
FIHJQ-;»’IH(Xa C)o H?;“(X, Z)/torsion

This map 7+ is compatible in an obvious way with the Abel-Jacobi maps ¢y
and ¢, defined, respectively, on codimension 1 and codimension (I + 1) cycles
of W and X which are homologous to 0.

The Deligne cycle class map

it CHYY(X) - HET2(X,Z(1 4 1))

restricts to the Abel-Jacobi map ¢! on the subgroup of cycles homologous to
0 (see [101, I, 12.3.3]), and in particular on the subgroup of cycles algebraically
equivalent to 0.

If 7 € CHZ(X ) is algebraically equivalent to 0, there exist subvarieties
W; C X of codimension [ and cycles Z; C WZ homologous to 0 such that
Z =3, Tw.«Zi in CH™(X). Tt follows from the previous considerations that

I+1
D

clp * induces a morphism

HZAT2(X,Z(1+ 1))
(Tw o L (W), codim W = 1)

oy, CHY(X)/alg = HE (X, Z(1+ 1))y, 1=

Let 7"1(X) := Tors(Ker Clg:%r)’
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LEMMA 6.20. This group identifies to the image of the subgroup Tors(Ker cllgl)
in CH(X)/alg.

Proor. This follows from the fact that the groups of cycles algebraically
equivalent to 0 modulo rational equivalence are divisible. This implies that the
natural map Tors(CH(X)) — Tors(CH'(X)/alg) is surjective for any i. We
then use the fact that for the W’s introduced above, the map

CHY (W )alg & Pic®(W) — JY(W)

is an isomorphism, where CHl(W)alg C CHY(W) is the subgroup of cycles
algebraically equivalent to O. |

We have the following lemma.

LEMMA 6.21. The group T2(X) is a birational invariant of X .

Proor. It suffices to check invariance under blow-up. The Manin formulas
(see [68], [101, 11, 9.3.3]) for groups of cycles modulo rational or algebraic equiv-
alence and for Deligne cohomology of a blow-up imply that it suffices to prove
that the groups 7¢(Y) are trivial for i < 2 and Y smooth projective. However
this is an immediate consequence of the definition, of Lemma 6.20, and of the
fact that the Deligne cycle class map clp : CH'(X) — H# (X, 7Z(i)) is injective
on torsion cycles of codimension i < 2 (see [73]). O

The following interpretation of degree 4 unramified cohomology with finite
coefficients is proved in [111].

THEOREM 6.22 (Voisin 2011). Assume that the group H%(X,Z)/N*H%(X, Z)
has no torsion. Then the quotient of H: (X,Q/Z) by H2.(X,Z)®Q/Z identifies
to the group T3(X).

FEquivalently, there is an exact sequence

0 — Hy (X, Z) ® Q/Z — Hy(X,Q/Z)
s Tors(CH(X) /alg) "2 HO,(X, 2(3))e.

One can of course add that for a variety X with CHy(X) supported on a
three-dimensional closed algebraic subset X’ C X (for example, a rationally
connected variety), the group Hy (X, Z)®Q/Z on the left is 0, so that the exact
sequence above then gives rise to an isomorphism

3
1D tr

H(X,Q/Z) = Ker (Tors(CH3(X) Jalg) %" HS (X, Z(S))tr).

Indeed, the vanishing of HJ (X, Z) follows as before from the fact that this group
has no torsion by Theorem 6.15, while under the assumptions made on X, and
by the Bloch—Srinivas decomposition, it is annihilated by an integer NN.
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6.3 INTEGRAL DECOMPOSITION OF THE DIAGONAL AND
THE STRUCTURE OF THE ABEL-JACOBI MAP

6.3.1 Structure of the Abel-Jacobi map and birational invariants

Recall the diagonal decomposition principle (Theorem 3.10) which says that if
Y is a smooth variety such that CHy(Y) = Z, there is an equality in CH(Y x
Y),d=dimY:

NAy = Z1 + Zs, (65)
where N is a nonzero integer and 71, Z5 are codimension d cycles with
SuppZ; C DxY, DGgY, Zs = N(Y x pt).

Note that the integer N appearing above cannot in general be set equal to
1, and one purpose of this concluding section is to investigate the significance
of this invariant, at least if we work on the level of cycles modulo homological
equivalence. We will say that Y admits a cohomological decomposition of the
diagonal as in (6.5) if there is an equality of cycle classes,

N[Ay] = [Z1] + [Z3], (6.6)

in H24(Y x Y,Z), with SuppZ; C D x Y and Zy = N(Y x pt). We will say
that Y admits an integral cohomological decomposition of the diagonal if there
is such a decomposition with N = 1.

REMARK 6.23. The minimal positive integers N such that a decomposition
as above exists in either the Chow-theoretic or the cohomological setting are
birational invariants of Y. Indeed, if we have a birational morphism

b X =Y,

which is an isomorphism onto its image away from a divisor £ C X, then we
have in CHY(X x X),

Ax =¢"(Ay) + Z,
where Z is a cycle supported on E X E. As the term Z is absorbed in the term

Z of a diagonal decomposition for X, the same integers N work for X and Y.

Recall that the existence of a cohomological decomposition of the diagonal
in the form (6.6) has strong consequences (see [15] and Sections 3.1.1 and 3.1.2):

(1) This implies the generalized Mumford theorem which says in this case that
HY(Y,0y) =0 for i > 1. In particular the Hodge structures on H%(Y,Q),
hence on its Poincaré dual H??=2(Y,Q), are trivial.

(2) The group Z*(Y) := Hdg*(Y)/Hdg"(Y)ay is of torsion (annihilated by
the integer N above).
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(3) The intermediate Jacobian J3(Y') defined by

J(Y):= H3Y,C)/(F*H3(Y) & H3(Y,Z)) (6.7)

is an abelian variety because H?(Y, Oy) = 0 (see [48], [101, I, 12.2.2]) and
the Abel-Jacobi map CH?(Y )pom — J3(Y) is surjective with finite kernel
(annihilated by the integer N above).

Regarding the last point, much more is true assuming the existence of a Chow-
theoretic decomposition of the diagonal; see [15].

THEOREM 6.24 (Bloch and Srinivas 1983; see also Murre 1983/1985). IfY is
a smooth complex projective variety such that CHo(Y') = Z, then the Abel-Jacobi
map induces an isomorphism,

AJy : CH*(Y)pom = CH?*(Y)a1g = J(Y). (6.8)

REMARK 6.25. In fact, the conclusion holds if we only assume that CHy(Y)
is supported on a curve.

This theorem is proved by delicate arguments from algebraic K-theory in-
volving the Merkurjev—Suslin theorem (the degree 2 case of the Bloch—Kato
conjecture), Gersten—Quillen resolution in K-theory, and Bloch-Ogus theory
[14]. The fact that under the above assumptions CH?*(Y )pom = CH?*(Y ). is
Theorem 3.14, and the fact that the Abel-Jacobi map is surjective with a torsion
kernel is an immediate application of the Bloch—Srinivas decomposition of the
diagonal. The fact that the Abel-Jacobi map is injective on torsion codimension
2 cycles in CH?(Y)) is true without any assumptions on Y and this is the hardest
part, for which we refer to [73].

The group on the left in (6.8) a priori does not have the structure of an
algebraic variety, unlike the group on the right which is an abelian variety.
However it makes sense to say that AJy is algebraic, with the meaning that for
any smooth algebraic variety B, and any codimension 2 cycle Z € CH2(B xY),
with Z, € CH? (Y)hom for any b € B, the induced map

¢Z B*)J(Y), bi—)AJy(Zb)

is a morphism of algebraic varieties. In fact, it is possible to construct abstractly
the abelian variety J(Y) (when the Abel-Jacobi map is surjective) as the uni-
versal target of morphisms ¢z : B — A with value in an abelian variety, induced
by an algebraic cycle Z € CH? (B xY), and factoring set-theoretically via the
induced morphism B — CH?(Y"). We refer to [73] for this construction which
generalizes Serre’s construction of the Albanese variety of a smooth projective
variety X as the target of the universal morphism to an abelian variety (see
91]).
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Consider the case of a uniruled threefold ¥ with CHy(Y) = Z. Then we
also have Theorem 6.5 saying that the integral degree 4 cohomology H*(Y,Z)
is generated over Z by classes of curves, and thus the birational invariant

Hdg" (Y, Z)

Z(Y) = (2], Z CY, codim Z = 2)

introduced in (6.2) is trivial in this case.

The conclusion of the above-mentioned Theorems 6.5 and 6.24 is that for a
uniruled threefold with CHy = Z, all the interesting (and birationally invariant)
phenomena concerning codimension 2 cycles, namely the kernel of the Abel-
Jacobi map (Mumford [71]), the Griffiths group (Griffiths [48]) and the group
Z*(X) versus degree 3 unramified cohomology with torsion coefficients (Soulé
and Voisin [93], Colliot-Théléne and Voisin [24]) are trivial. In the rationally
connected case, the only interesting cohomological or Chow-theoretic invariant
could be the Artin-Mumford invariant (or degree 2 unramified cohomology with
torsion coefficients; see [23]), which is also equal to the Brauer group since
H2(Y,Oy) = 0.

Still the geometric structure of the Abel-Jacobi map on families of 1-cycles
on such threefolds is mysterious, in contrast to what happens in the curve case,
where Abel’s theorem shows that the Abel-Jacobi map on the family of effective
0-cycles of large degree has fibers isomorphic to projective spaces.

There are for example two natural questions (Questions 6.26 and 6.29) left
open by Theorem 6.24.

QUESTION 6.26. Let Y be a smooth projective threefold, such that AJy :
CHy (Y )aig — J(Y) is surjective. Is there a codimension 2 cycle Z € CH?(J(Y)x
Y) with Zy € CH2(Y )pom for b € J(Y), such that the induced morphism

¢Z : J(Y) — J(Y), ¢Z(b) = AJy(Zb)

is the identity?

Note that the surjectivity assumption is conjecturally implied by the vanish-
ing H3(Y,Oy) = 0, via the generalized Hodge conjecture (Conjecture 2.40) or
by the Hodge conjecture for degree 4 rational Hodge classes on Y x J(Y') (see
the proof of Theorem 2.42).

Stated in words, this question asks for the existence of a universal codi-
mension 2 cycle on J(Y) x Y. The analogous question for codimension 1 cy-
cles is well known to have an affirmative answer; this is the universal divisor
L € Pic(X) x Pic’(X), which is itself induced by pull-back via the Albanese
map albx : X — Alb(X) of the Poincaré divisor P € Pic(Alb(X) x Pic’(X))
(see [72, pp. T4-82]). (Here we use the fact that the abelian varieties Alb(X)
and Pic’(X) are dual abelian varieties.)

REMARK 6.27. One can more precisely introduce a birational invariant of Y
defined as the gcd of the nonzero integers N for which there exist a variety B
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and a cycle Z € CH*(B x Y) as above, with deg$, = N. Question 6.26 can
then be reformulated by asking whether this invariant is equal to 1.

REMARK 6.28. Question 6.26 has a positive answer if the Hodge conjec-
ture is satisfied by degree 4 integral Hodge classes on Y x J(Y). Indeed, the
isomorphism H;(J(C),Z) = H3(Y,Z) is an isomorphism of Hodge structures
which provides a degree 4 integral Hodge class @ on J(Y) x Y (see the proof of
Theorem 2.42 or [101, I, Lemma 11.41]). A codimension 2 algebraic cycle Z on
J(Y) x Y with [Z] = @ would provide a solution to Question 6.26.

The following question is an important variant of the previous one, which
appears to be much more natural from a geometric point of view.

QUESTION 6.29. Is the following property (x) satisfied by Y ?

(%) There exist a smooth projective variety B and a codimension 2 cycle
Z € CH*(B x Y), with Zy € CH*(Y )pom for any b € B, such that the induced
morphism ¢z : B — J(Y) is surjective with rationally connected general fiber.

This question has been solved by Iliev and Markushevich and by Marku-
shevich and Tikhomirov ([54], [70]; see also [51] for similar results obtained
independently) in the case where Y is a smooth cubic threefold in P*. Their
work solves Question 6.29 since they construct a family M; 5 of curves in Y (a
completion of the family of elliptic curves of degree 5), which they show to be
zero sets of sections of associated rank 2 vector bundles on Y and they prove
that the moduli space Mg of these vector bundles is birationally equivalent via
the Abel-Jacobi map to J(Y). The dominant rational map M 5 --+ Mg has
rationally connected fibers and it follows that the universal family of curves in
Y parametrized by M; 5 provides the desired codimension 2 cycle.

Note that this does not answer Question 6.26 since the rationally connected
fibration M; 5 --+ Mg could have no section. This difficulty is related to the
non-existence of an universal vector bundle on the product Mg x Y. Question
6.26 is to our knowledge still open even for the cubic threefold.

The answer to Question 6.29 is also affirmative for the intersection X of
two quadrics in P5 (see [85]): in this case the family of lines in X is a surface
isomorphic via a choice of base point to the intermediate Jacobian J(X).

Obviously a positive answer to Question 6.26 implies a positive answer to
Question 6.29, as we can then just take B = J(X). We will provide a more
precise relation between these two questions in Section 6.3.2.1. However, it
seems that Question 6.29 is more natural, especially if we go to the following
stronger version (Question 6.30).

Here we choose an integral cohomology class a € H*(Y,Z). Assuming
CHo(Y) is supported on a curve, the Hodge structure on H*(Y,Q) is triv-
ial and thus « is a Hodge class. Introduce the torsor J(Y), defined as fol-
lows: The Deligne cohomology group H#,(Y,Z(2)) is defined as the cohomology
H*(X,Zp(2)) of the Deligne complex

0—>Z—0Ox = Qx —0,
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where Z is put in degree 0. The group Hp(Y,Z(2)) is an extension,
0— J(Y) = Hp(Y,Z(2)) > Hdg* (Y, Z) — 0, (6.9)

where o0 is the natural map from Deligne to Betti cohomology induced by the
morphism of complexes Zp(2) — Z (see [101, I, Corollary 12.27]). Define

J(Y)e =0 (a). (6.10)

By definition, the Deligne cycle class map (see [39], [101, I, 12.3.3]), restricted
to codimension 2 cycles of class «, takes values in J(Y),. Furthermore, for any
family of 1-cycles Z € CH?*(B x Y) of class [Zy] = a, b € B, parametrized by
an algebraic variety B, the map ¢z induced by the Abel-Jacobi map (or rather
the Deligne cycle class map) of Y, that is,

¢z :B = J(Y)as ¢z(b) = Ay (Zp),

is a morphism of complex algebraic varieties (note again that the twisted com-
plex torus J(Y), is algebraic because H*%(Y) = 0; see [101, I, 12.2.2]). The
following question makes sense for any smooth projective threefold Y satisfying
the conditions H2(Y, Oy ) = H3(Y,Oy) = 0.

QUESTION 6.30. Is the following property (xx) satisfied by Y ?

(xx) For any degree 4 integral cohomology class a on'Y, there is a “natu-
rally defined” (up to birational transformations) smooth projective variety B,
together with a codimension 2 cycle Zo, € CH?*(By X Y), with [Zap] = « in
H*(Y,Z) for any b € B, such that the morphism ¢z, : By — J(Y)q is surjec-
tive with rationally connected general fiber.

By “naturally defined,” we have in mind that B, should be determined by «
by some natural geometric construction (for example, if « is sufficiently positive,
a distinguished component of the Hilbert scheme of curves of class « and given
genus, or a moduli space of vector bundles with ¢; = «), which would imply
that B, is defined over the same definition field as Y.

This question is solved affirmatively by Castravet in [17] when Y is the
complete intersection of two quadrics. It is also solved affirmatively in [113] for
cubic threefolds.

We now explain the importance of Question 6.30 in relation to the Hodge
conjecture with integral coefficients for degree 4 Hodge classes (that is, the study
of the group Z# introduced in (6.2)). The important point here is that we want
to consider fourfolds fibered over curves, or families of threefolds Y; parametrized
by a curve I'. The generic fiber of this fibration is a threefold Y defined over
C(T"). Property (xx) essentially says that property (), being satisfied over the
definition field, which is in this case C(T'), holds in family. When we work
in families, the necessity to look at all torsors J(Y)., and not only at J(Y),
becomes obvious. For fixed Y the twisted Jacobians are all isomorphic (maybe
not canonically) and if we can choose a cycle z, in each given class «a (for
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example if Y is uniruled so that Z4(Y) = 0), we can use translations by the
Zo to reduce the problem to the case where aw = 0; this is a priori not true in
families, for example because there might not be any codimension 2 cycle of
relative class a on the total space of the family.

We have the following application (Theorem 6.31) of property (%) to the
Hodge conjecture for degree 4 integral Hodge classes on fourfolds fibered over
curves. Let X be a smooth projective fourfold, and let f : X — I be a
surjective morphism to a smooth curve I', whose general fiber X, satisfies
H3(X;,0x,) = H?*(X;,0x,) = 0. As already mentioned, for X;, t € T, the
intermediate Jacobian J(X}) is an abelian variety, as a consequence of the van-
ishing H?(X;, Ox,) = 0. For any class

o € HY(X,,7) = Hdg*(X,, Z),

we introduced above a torsor J(X;), under J(X;), which is an algebraic variety
noncanonically isomorphic to J(X).

Using the obvious extension of the formulas (6.7), (6.10) in the relative set-
ting, the construction of J(X;), J(X¢)s can be done in family on the Zariski
open set I'g C I', over which f is smooth. There is thus a family of abelian
varieties J — I'g, and for any global section « of the locally constant system
R*f,7Z on Ty, we get the twisted family J, — I'g. The construction of these
families in the analytic setting (that is, as (twisted) families of complex tori) fol-
lows from Hodge theory (see [101, I, 7.1.1]) and from their explicit set-theoretic
description given by formulas (6.7), (6.10). The fact that the resulting families
are algebraic can be proved using the results of [73], when one knows that the
Abel-Jacobi map is surjective. Indeed, we already mentioned that under this
assumption the intermediate Jacobian is the universal abelian quotient of CH?,
and thus can be constructed algebraically in the same way as the Albanese
variety.

Given a smooth algebraic variety B, a morphism g : B — I and a codimen-
sion 2 cycle Z C B xp X of relative class [2,] = ag) € H*(Xy, Z), the relative
Abel-Jacobi map (or rather Deligne cycle class map) gives a morphism

¢z : Bo = Ja, b— Ay (2)

over Iy, where By := g~ 1(T'g). Again, the proof that ¢z is holomorphic is quite
easy (see [101, II, 7.2.1]), while the algebraicity is more delicate.

The following result, which illustrates the importance of condition (%) as
opposed to condition (), appears in [24]. As before, we assume that X is a
smooth projective fourfold, and that f : X — I' is a surjective morphism to a
smooth curve whose general fiber X, satisfies H®(X;, Ox,) = H*(X,Ox,) = 0.

THEOREM 6.31 (Colliot-Thélene and Voisin 2010). Assume f : X — T
satisfies the following assumptions:

(1) The smooth fibers X; have no torsion in H3 (X, 7).
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(2) The singular fibers of f are reduced with at worst ordinary quadratic sin-
gularities.

(3) For any section o of R*f.7 on T, there exist a variety g, : Bo — I and
a codimension 2 cycle Z, C B, xr X of relative class g}a, such that the
morphism ¢z, : B = J, is surjective with rationally connected general
fiber.

Then the Hodge conjecture is true for integral Hodge classes of degree 4 on X.

PROOF. An integral Hodge class @ € Hdg*(X,Z) ¢ H*(X,Z) induces a
section a of the constant system R*f.Z which admits a lift to a section of the
family of twisted Jacobians J, over I'°. This lift is obtained as follows: The
class & being a Hodge class on X admits a lift § in the Deligne cohomology
group H$(X,Z(2)) by the exact sequence (6.9) for X. Then our section o is
obtained by restricting 3 to the smooth fibers of f: o(t) := Bjx,. A crucial
point is the fact that this lift is an algebraic section I' — 7, of the structural
map J, — IO

Recall that we have by hypothesis the morphism

QSZQ : Ba — jom

which is algebraic, surjective, with rationally connected general fiber. We can
now replace o(I') by a 1-cycle ¥ =}, n;%; rationally equivalent to it in Ja,
in such a way that the fibers of ¢z_ are rationally connected over the general
points of each component ¥; of Supp X.

According to [46], the morphism ¢z admits a lifting over each ¥;, which
provides curves ) C B,.

Recall next that there is a codimension 2 cycle Z, C B, Xr X of relative
class « parametrized by a smooth projective variety B,. We can restrict this
cycle to each ¥/, getting codimension 2 cycles Z,; € CH*(X! xr X). Consider
the 1-cycle

Z =Y nipinZai € CH(I xp X) = CH*(X),
1

where p; is the restriction to ¥} of p : B, — I'. Recalling that ¥ is rationally
equivalent to o(T") in J,, we find that the “normal function vz associated to
Z” (see [101, II, 7.2.1]), defined by

vz(t) = Alx,(Zx,),

is equal to 0. We then deduce from [48] (see also [101, II, 8.2.2]), using the Leray
spectral sequence of fy : Xy — U and assumption (1), that the cohomology
classes [Z] € H*(X,Z) of Z and & coincide on any open set of the form Xy,
where U C T'g is an affine open subset of I" over which f is smooth.

On the other hand, the kernel of the restriction map H*(X,Z) — H*(Xy,Z)
is generated by the groups i4.Hy(X¢,Z), where t € '\ U, and 4; : X; — X is
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the inclusion map. We conclude using assumption (2) and the fact that the
general fiber of f has H?(X;, Ox,) = 0, which imply that all fibers X; (singular
or not) have their degree 4 integral homology generated by homology classes of
algebraic cycles; indeed, it follows from this and the previous conclusion that
[Z] — & is algebraic, so that & is also algebraic. O

In [113] we extend the results of [54] and answer Question 6.30 affirmatively
for cubic threefolds. More precisely, Iliev and Markushevich provide a naturally
defined parametrization with rationally connected fibers of the twisted interme-
diate Jacobian J(Y),, where Y is a cubic threefold and a has degree —1 or
1 modulo 3, using the family of smooth elliptic quintic curves. We provide a
similar parametrization of J(Y'),, where a has degree 0 modulo 3, using the
universal family of degree 6 elliptic curves. Since there is a canonical 1-cycle of
degree 3 on Y, these results are sufficient to answer Question 6.30 for all «.

Combining this result with Theorem 6.31, we get the following corollary.

COROLLARY 6.32 (Voisin 2010; Voisin 2013 [113]). Let f : X — T be a
fibration over a curve with general fiber either a smooth cubic threefold or a
complete intersection of two quadrics in P°. If the fibers of f have at worst
ordinary quadratic singularities, then the Hodge conjecture holds for degree 4
integral Hodge classes on X. In other words, the group Z*(X) is trivial.

REMARK 6.33. The difficulty here is to prove the result for integral Hodge
classes. Indeed, the fact that degree 4 rational Hodge classes are algebraic for X
as above can be proved by using either the results of [26] or Bloch and Srinivas
[15] (see Section 3.1.2), since such an X is swept out by rational curves, hence
has its CHy group supported on a three-dimensional closed algebraic subset, or
by using the method of Zucker [115], who uses the theory of normal functions,
which we have essentially followed here.

Corollary 6.32 in the case of a fourfold X fibered by complete intersections
of two quadrics in P5 has been re-proved by Colliot-Théléne [22] without any
assumptions on singular fibers. Note however that many such fourfolds X are
rational over the base (that is, birational to I' x P?); this is the case for example
if there is a section of the family of lines in the fibers of f, for which it suffices
to have a Hodge class of degree 4 on X whose restriction to the fibers of f has
degree 1. When X is rational over the base, the vanishing of Z#(X) is immediate
because the group Z4(X) of (6.2) is a birational invariant of X (see Lemma 6.3).

6.3.2 Decomposition of the diagonal and structure of the
Abel-Jacobi map

6.3.2.1 Relation between Questions 6.26 and 6.29

Following [113], we establish here the following relation between Questions 6.26
and 6.29.
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THEOREM 6.34 (Voisin 2010). Assume that Question 6.29 concerning the
existence of parametrizations of J(Y') with rationally connected fibers has an af-
firmative answer for' Y and that the intermediate Jacobian of Y admits a 1-cycle
T such that T*9 = gl J(Y), g = dim J(Y). Then Question 6.26 concerning the
existence of a universal codimension 2 cycle in J(Y) XY also has an affirmative
answer for'Y.

Here we use the Pontryagin product * on cycles of J(Y') defined by
21 % 29 = px(21 X 22),

where p @ J(Y) x J(Y) — J(Y) is the sum map (see [101, II, 11.3.1]). The

condition I'*9 = ¢! J(Y") is satisfied if the class of I' is equal to %, for some
principal polarization ©. This is the case if J(Y') is a Jacobian. It is however a

weaker assumption (see Remark 6.37 below).

PROOF OF THEOREM 6.34. There exist by assumption a variety B, and a
codimension 2 cycle Z € CH?*(B x Y) which is cohomologous to 0 on fibers
b x Y, such that the morphism

(sz—)J(Y)

induced by the Abel-Jacobi map of Y is surjective with rationally connected
general fibers. Consider the 1-cycle I of J(Y). We may assume by a moving
lemma, up to changing the representative of I' modulo homological equivalence,
that I' = >, n,;I'; where, for each component T'; of the support of I, the general
fiber of ¢z over T'; is rationally connected. We may furthermore assume that
the T';’s are smooth. According to [46], the inclusion j; : I'; < J(Y") then has a
lift o; : T'; — B. Denote by Z; C T'; x Y the codimension 2 cycle (o;,Idy)*Z.
Then the morphism ¢; : I'; = J(Y) induced by the Abel-Jacobi map is equal
to jz

For each g-uple of components (I';,,...,T%;,) of SuppI', consider T';, x --- x
I';,, and the codimension 2 cycle

Zig iy = (pr,1dy)* Ziy + -+ + (pr,, Idy)* Z;, € CH*(I'y x -+- x Iy x ).
The codimension 2 cycle

Zi= Y g oniyZiya, € CHA((UD)Y x Y), (6.11)

where UT; is the disjoint union of the I';’s (hence, in particular, is smooth),
is invariant under the symmetric group &, acting on the factor (LI;)? in the
product (LT;)¢ x Y. The part of Z dominating at least one component of
(UT;)9 (which is the only part of Z we are interested in) is then the pull-back
of a codimension 2 cycle Zqym on (LUT;)) x Y. Consider now the sum map

o (U)W — J(Y).
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Let Z; = (0,1d).(Zym) € CH*(J(Y) x Y). The proof concludes with the
following lemma.

LEMMA 6.35. The Abel-Jacobi map,
oz, + JY)—= JY),

is equal to Id yv).

PROOF. Instead of the symmetric product (LT;)(¥) and the descended cycle
Zsym, consider the product (UI';)¢, the cycle Z, and the sum map

o (Uly)? — J(Y).

Then we have (¢/,1d).(Z) = g!(0,1d).(Zsym) in CH*(J(Y) x Y), so that writing
2l = (0',1d).Z, it suffices to prove that ¢z : J(Y) — J(Y) is equal to
g' IdJ(y)

This is done as follows: Let 7 € J(Y') be a general point, and let {z1,...,zn5}

be the fiber of ¢’ over j. Thus each x; parametrizes a g-uple (111,722) of
components of SuppI', and points fyél, e ,fyég of I';, ..., I, respectively, such
that
Sl =i (6.12)
1<k<g
On the other hand, recall that
’yll.k = A‘]Y(Ziﬁcﬁﬁk ). (6.13)

It follows from (6.12) and (6.13) that for each I € {1,..., N}, we have
Aly ( > Zﬁ’”h) = AJY(Zill,,‘.,ilg,('yél,.”,'yfig)) =j. (6.14)
1<k<yg

Recall now that I' =}, n;I'; and that (I')*9 = ¢!J(Y'), which is equivalent to
the equality

0';( Z Ng, - ~nigI‘i1 X e X Fig> = g'J(Y)
i1yenrig

This exactly says that >,y Zill ML = g!, which together with
<i< et
(6.11) and (6.14) proves the desired equality ¢z, = g! Id(y). a

The proof of Theorem 6.34 is now complete. g
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REMARK 6.36. When NS(J(Y)) = ZO, the existence of a 1-cycle I' in J(Y)
such that I'*? = ¢l J(Y), g = dim J(Y) is equivalent to the existence of a 1-

cycle I' of class %. The question of whether the intermediate Jacobian of

% is unknown even for the cubic threefold.

However it has a positive answer for g < 3 because any principally polarized
abelian variety (ppav) of dimension < 3 is the Jacobian of a curve.

Y admits a 1-cycle I' of class

REMARK 6.37. Totaro asked for examples of principally polarized abelian
)i
(g=1)!
is algebraic, but which are not Jacobians. Such examples exist and can be

constructed as follows: For g = 4 or 5, it is known that any ppav (4,©) of

varieties (ppav’s) (A,©) of dimension g, such that the minimal class

dimension g is a Prym variety. This implies that the class 2% is algebraic
for them. We now start from a general Jacobian (.J,0 ;) of dimension g = 4 or
5 (so NS(J) = Z), and cousider ppav’s (A, 0 4) which are isogenous to J, the

degree of the isogeny A — J being odd. For such an abelian variety, an odd

multiple of [(?g“jgl; is algebraic, since [%JJZ;II is algebraic. On the other hand,
2[@’*_19_,1 is algebraic, as already noted. It follows that [@A_]g_,l is algebraic.
(g—1)! (g—1)!

But the general such ppav is not a Jacobian. Indeed, they form a dense set in
the moduli space of g-dimensional ppav’s, while for g > 4, the Schottky locus
parametrizing Jacobians is a proper closed algebraic subset of A,.

6.3.2.2 Decomposition of the diagonal modulo homological equivalence

This section is devoted to the study of Question 6.26 or condition () of Question
6.29.

Assume Y is a smooth projective threefold such that CHo(Y) = Z. The
cohomological version of the Bloch—Srinivas decomposition of the diagonal (3.2)
says that there exists a nonzero integer NV such that, denoting by Ay C Y xY
the diagonal,

N[Ay] = [Z] +[Z] in HY(Y x Y,Z), (6.15)

where Z' = N(X x ), and the support of Z is contained in D xY, D &Y.

We wish to study the invariant of Y defined as the ged of the nonzero integers
N appearing above. This is a birational invariant of Y by Remark 6.23. The
results below relate the triviality of this invariant, that is, the existence of an
integral cohomological decomposition of the diagonal, to condition (*) (among
other things). They can be found in [113].

THEOREM 6.38 (Voisin 2010). Let Y be a smooth projective threefold. As-
sumeY admits a cohomological decomposition of the diagonal as in (6.15). Then
we have the following conditions:

(i) The integer N annihilates the torsion of HP(Y,Z) for any p.
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(ii) The integer N annihilates Z*(Y).
(iii) H'(Y,Oy) = 0 for all i > 0 and there exists a codimension 2 cycle Z €
CH*(J(Y) x Y) such that ¢z is equal to N Id jy.

COROLLARY 6.39. If Y admits an integral cohomological decomposition of
the diagonal, then we have the following conditions:

(i) HP(Y,Z) is without torsion for any p.
(ii) Z*(Y) = 0.
(ii3) There ezists a universal codimension 2 cycle in J(Y) x Y.

REMARK 6.40. That the integral decomposition of the diagonal as in (6.15),
with N = 1, and in the Chow group CH(Y x Y') implies that H3(Y,Z) has no
torsion was observed by Colliot-Théleéne. Note that when H?(Y,Oy) = 0, the
torsion of H3(Y,Z) is the Brauer group of Y.

PROOF OF THEOREM 6.38. There exist by assumption a proper algebraic
subset D & Y, which one may assume to be of pure dimension 2, and a cycle
Z € CH*(Y x Y) with support contained in D x Y such that

N[Ay] =[Z] +[Z] in HS(Y x Y, Z), (6.16)

where Z' = NY x pt.
Codimension 3 cycles z of Y x Y act on HP(Y,Z) for any p and on the
intermediate Jacobian of Y, and this action, which we will denote

2" H?(Y,Z) — H?(Y,Z), 2 JY) = J(Y),
depends only on the cohomology class of z. As the diagonal of Y acts by the
identity map on HP(Y,Z) for p > 0 and on J(Y), one concludes that
N Wdgeyz) = 2" + Z*: H?(Y,Z) — HP(Y,Z) for p > 0, (6.17)
NIdyyy=2"+2": JY) = J(Y). (6.18)
It is clear that Z'* acts trivially on H*>%(Y,Z) and on J(Y) since Z’ is supported
over a point in Y. We thus conclude that
N Idyy) = 2% J(Y) = J(Y),
N Wdgesoyzy = Z*  H*Y,Z) = H*>°(Y, 7). (6.19)

Let 7: D — Y be a desingularization of D and iz =ip o7 : D — Y. The part
of the cycle Z that dominates D can be lifted to a cycle Zin D x Y, and the
remaining part acts trivially on HP(Y,Z) for p < 3 for reasons of codimension.
Thus the map Z* acting on HP(Y,Z) for p < 3 can be written as

Z 0 Z*. (6.20)

* g
7ZD*
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We note now that the action of Z* on cohomology sends HP(Y,Z), p < 3
to H”*2(5,Z)7 p < 3. The last groups have no torsion. It follows that 7
annihilates the torsion of H?(Y,Z), p < 3. Formula (6.19) then implies that the
torsion of HP(Y,Z) is annihilated by N Id for 1 < p < 3. As there is no torsion
in H°(Y,Z), this concludes the case p < 3.

To deal with the torsion of HP(Y,Z) with p > 4, we rather use the ac-
tions Z., Z. of Z, Z' on HP(Y,Z), p = 4, 5. This action again factors through
Z*, Z,. Now, Z, factors through the restriction map

HP(Y,7) — H?(D,7),

while Z’, obviously annihilates H*<6(Y, Z). We can restrict to the range 3 < p <
6 since H°(Y,Z) has no torsion. On the other hand, since dim D < 2, H”(ﬁ7 Z)
has no torsion for p = 4, 5. It follows that we also have Z,(HP(Y,Z)tors) = 0
for p =4, 5, and since Z, acts as N Id = Z, on these groups, we conclude that
N HP(Y,Z)tors = 0 for p = 4, 5. This proves (i).

(i) Let us consider again the action Z, = N Id on the cohomology H*(Y,Z).
Observe again that the part of Z not dominating D has a_trivial action on
H*(Y,Z), while the dominating part lifts as above to a cycle Z in D x Y. Then

we find that N Idga(y,z) factors as Z, o i*ﬁ, hence through the restriction map
i*f) cHYY,Z) — H4(5,Z). As dim D = 2, the group on the right is generated
by classes of algebraic cycles, and thus (N (H*(Y,Z))) is generated by classes of
algebraic cycles on Y. Hence we have N Z4(Y) = 0.

(iii) The vanishing H*(Y,Oy) = 0 for all > 0 is a consequence due to Bloch
and Srinivas of the decomposition (6.15) of the diagonal (see Theorem 3.16).

It is well known, and this is a consequence of the Lefschetz theorem on (1, 1)-
classes applied to Pic’(D) x D (see Remark 6.28), that there exists a universal
divisor D € Pic(Pic’(D) x D) such that the induced morphism ¢p : Pic®(D) —
Pic’ (5) is the identity. On the other hand, we have the morphism

Z*: J(Y) = JY(D) = Pic®(D),

which is a morphism of abelian varieties.
Let us consider the cycle

Z = (Idy(yy,ip) 0 (Z%,1d5)*(D) € CHA(J(Y) x Y).
Then ¢z : J(Y) — J(Y) is equal to
i5,0ppo0Z": J(Y) = JY(D) = JYD) = J(Y).

As ¢p is the identity map acting on Pico(f)) and ig, 0Z* is equal to N Id acting
on J(Y') according to (6.19) and (6.20), one concludes that the endomorphism
¢z of J(X) is equal to N Id sy. d

A partial converse to Theorem 6.38 is as follows (see [113]).
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THEOREM 6.41 (Voisin 2010). Assume the smooth projective threefold Y
satisfies the following conditions:

(i) H(Y,Oy) =0 fori> 0.
(ii) Z*(Y) = 0.
(ii) HP(Y,Z) has no torsion for any integer p.
ot

(iv) The intermediate Jacobian of Y admits a 1-cycle T' of class [(9]771)!, g =
dim J(Y).

Then if there exists a universal codimension 2 cycle on J(Y) xY, Y admits an
integral cohomological decomposition of the diagonal as in (6.15).

By Theorem 6.5 which guarantees condition (ii), we conclude that for ratio-
nally connected threefolds Y with no torsion in H*(Y,Z) (or equivalently with
no torsion in H3(Y,Z) since a rationally connected variety X has trivial fun-
damental group, hence no torsion in H2"~'(X,Z), n = dim X) and satisfying
condition (iv), the existence of a universal codimension 2 cycle in J(Y) x Y is
equivalent to the fact that Y admits an integral cohomological decomposition
of the diagonal as in (6.15).

REMARK 6.42. Under condition (iv) above, we have seen that the existence
of a universal codimension 2 cycle is equivalent to the existence of a parametriza-
tion with rationally connected fibers of the intermediate Jacobian by a family
of algebraic cycles (Theorem 6.34).

REMARK 6.43. Nothing is known on condition (iv) above, but it is satisfied if
dim J(Y') < 3. It is also satisfied by threefolds satisfying the Clemens—Griffiths
criterion for rationality (see [21]), that is, the intermediate Jacobian J(Y) is
isomorphic as a principally polarized abelian variety to a direct sum of Jacobians
of curves.

PROOF OF THEOREM 6.41. When the integral cohomology of Y has no tor-
sion, the class of the diagonal [Ay] € HS(Y x Y,Z) has an integral Kiinneth
decomposition,

[Ay] =060+ 051 + 04,2+ 033+ 02,4 + 01,5 + o,

where 6; ; € H(Y,Z) ® HI(Y,Z). The class dy¢ is the class of Y x y for any
point y of Y. By assumption we have the vanishing

HY(Y,0y) =0, H*(Y,0y) = 0. (6.21)

The first condition implies that the groups H(Y, Q) and H>(Y,Q) are trivial,
hence the groups H!(Y,Z) and H®(Y,Z) must be trivial since they have no
torsion by assumption. It follows that ds5 1 = 615 = 0.
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Next, the second condition implies that the Hodge structure on H?(Y,Q),
hence also on H*(Y, Q) by duality, is trivial. Hence H*(Y,Z) and H?(Y,Z) are
generated by Hodge classes, and because we assumed Z4(Y) = 0, it follows that
H*(Y,Z) and H?(Y,Z) are generated by cycle classes. From this, one concludes
that d40 and 024 are represented by algebraic cycles whose support does not
dominate Y by the first projection. The same is true for g ¢, which is the class
of y x Y. The existence of a decomposition as in (6.16) with N = 1 is thus
equivalent to the fact that there exists a cycle Z C Y x Y such that the support
of Z is contained in D x Y, with D G Y, and Z* : H3(Y,Z) — H3(Y,Z) is
the identity map. This last condition is indeed equivalent to the fact that the
component of type (3,3) of [Z] is equal to d3 3.

Now let T' = 3. n,I'; be a 1-cycle of J(Y') of class %, where o; : I'; —
J(Y) are smooth curves. By assumption (iv), there exists a codimension 2 cycle
Z € CH?*(J(Y) x Y) which is homologous to 0 on the fibers b x Y, such that
¢z : J(Y) = J(Y) is equal to the identity. Then for each 4, (0;,1d)*Z provides
a codimension 2 cycle Z; € CHQ(FZ- x Y) of 1-cycles homologous to 0 in Y,
parametrized by T';, such that ¢z, : T'; — J(Y) identifies to the inclusion o; of
T; in J(Y).

Let us consider the cycle Z € CH*(Y x V) defined by

Z = ZniZi o tZi.
i

The proof that the cycle Z satisfies the desired property is then given in the
following lemma. 0

LEMMA 6.44. The map Z* : H3(Y,Z) — H?*(Y,Z) is the identity map.
Proor. We have
Z*=> n'Z" o Z;.
Let us study the composite map
tZ¥ o Z;  H3(Y,Z) — HY(T;,Z) — H3(Y, 7).

Recalling that Z; € CH?*(T; x Y) is the restriction to o;(T;) of Z € CH*(J(Y) x
Y'), one finds that this composite map can also be written as

tZ¥0ZF =1Z* o ([o(Ty)]U) 0 2%,

where [o(T';)]U is the morphism of cup-product with the class [0(T';)]. One uses
for this the fact that the composition

oiwool  HY(J(Y),Z) — H*"Y(J(B),Z), g=dimJ(B)

is equal to [o(T';)]U.
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‘We thus obtain

Z*r=tZ%o (Z ni[a(Fi)}U> 0 Z*.

But we know that the map ¢z : J(Y) — J(Y) is the identity, which is equivalent
to saying that Z* is equal to the canonical isomorphism

H3(Y,Z) = H' (J(Y),Z)

(which uses the fact that H?(Y,Z) is torsion free) and that ‘Z* is the dual
canonical isomorphism

H*7(J(Y),Z) = H(Y, Z).

Finally, the map Y, n;[o(I;)]U: HY(J(Y),Z) — H*~1(J(Y),Z) is equal to the
cup-product map with the class %. We have thus identified Z* : H3(Y,Z) —

H3(Y,Z) to the composite map

(91

H3(Y,Z) = H'(J(Y),Z) "= U H?*~Y(J(Y),Z) = H*(Y, Z),

where the last isomorphism is the Poincaré dual of the first, and using the
definition of the polarization © on J(Y) (as given by Poincaré duality on Y:
H3(Y,Z) = H3(Y,Z)*) we find that this composite map is the identity. O
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