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Abstract. We study motivic integration on varieties that are birational to smooth
algebraic stacks and prove a generalization of the orbifold formula for varieties with
finite quotient singularities. This leads in particular to a new way of computing stringy
E-functions and we also give applications to the study of klt-singularities.

Along the way we study Cluckers-Loeser motivic integration on algebraic stacks, which
might be of independent interest. The proof relies furthermore on ideas from Hrushovski-
Kazhdan integration and Bruhat-Tits theory.
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1. Introduction

1.1. For G a finite subgroup of SL2(C), McKay established in [35] an explicit correspon-
dence between non-trivial irreducible representations of G and exceptional divisors of the
minimal resolution of the rational double point singularity C2/G. More generally, for G
a finite group of automorphisms of a smooth complex algebraic variety M , the study of
the connections between the geometry of resolutions of the quotient M/G and the G-
equivariant geometry of M is what is nowadays known under the umbrella appellation
of “McKay correspondence”. As an illustration of this paradigm, Batyrev proved in [7]
a formula expressing the stringy E-polynomial of the quotient in terms of the orbifold
E-polynomial which is defined in terms of the group action. Slightly later, a different
approach of this result was given in [16] using what is now called the orbifold volume
formula. Both [7] and [16] use the theory of motivic integration developed in [15], which
extends the theory of motivic integration on smooth varieties, originally introduced by
Kontsevich in [30] in order to prove that two birational Calabi-Yau varieties have the
same Hodge numbers, to singular varieties. Yasuda later developed in [45] a theory of
motivic integration for smooth Deligne-Mumford stacks which appears to provide a very
convenient framework for formulating the most general version of the orbifold volume
formula. It can be stated as follows (in a formulation somewhat stronger than the ones
in [16] and [45], where different Grothendieck rings were used).
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Let M be a smooth Deligne-Mumford stack over an algebraically closed field k of
characteristic 0 and π : M → M its coarse moduli space. Assuming π to be birational,
one can define the orbifold measure |ωorb| on the arc space M(k[[t]]) with values in a
suitably localized Grothendieck ring of varieties K0(Vark)loc defined in (2.9.5). The total
volume of M(k[[t]]) is computed by the orbifold volume formula as the weighted motivic
class of the cyclotomic inertia stack Iµ̂M = Hom(Bµ̂,M) i.e.

(1.1.1)

∫
M(k[[t]])

|ωorb| = [Iµ̂M]w =
∑
a∈Q

L−a[w−1(a)],

where w : Iµ̂M → Q is a natural weight function (2.9.7). If in addition there exists a

crepant resolution M̃ → M , then one also has
∫
M(k[[t]])

|ωorb| = L− dimM [M̃ ] giving rise to

a motivic McKay correspondence. Formula (1.1.1) also led to a number of remarkable
applications in arithmetic and algebraic geometry [46, 23, 22, 32, 20] and furthermore,
the right hand side of (1.1.1) admits a cohomological refinement, the Chen-Ruan orbifold
cohomology [12].

1.2. The main result of this article is a generalization of (1.1.1) to smooth algebraic stacks
M admitting a birational morphism π :M→M to a variety satisfying Assumption 5.1.1,
most of which are satisfied if π is a good moduli space morphism [2].

To state our theorem, let U ⊂ M be a dense open such that π−1(U) → U is an
equivalence and consider

M \(k[[t]]) = M(k[[t]]) ∩ U(k((t))).

Then M \(k[[t]]) admits a natural measure |ωM\ |, the analogue of the orbifold measure,
whose volume can be computed by means of the finite order cyclotomic inertia stacks
IµNM = Hom(BµN ,M) for N ≥ 1.

Theorem 1.2.1 (5.1.4). The series
∑

N≥1[IµNM]w TN is rational of degree zero and we
have

(1.2.1)

∫
M\(k[[t]])

|ωM\ | = −limT→+∞
∑
N≥1

[IµNM]w TN

in K0(Vark)loc.

Theorem 5.1.4 below is quite a bit more flexible, in particular it allows to compute
volumes of arcs based at any constructible Z ⊂M and more general measures vanishing
along any simple normal crossing divisor on M. If M is a DM-stack (1.2.1) reduces to
(1.1.1), see Example 5.5.1.

In [24] a p-adic version of Theorem 1.2.1 was proven and used to express certain BPS-
invariants in Donaldson-Thomas theory as p-adic integrals. Here we give a slightly dif-
ferent, but related by [24, Remark 6.7], application, showing in Section 6.1 how Theorem
1.2.1 leads to a formula for Batyrev’s stringy E-function [6] for M = Mr,d the moduli
space of semi-stable vector bundles of rank r and degree d on a smooth projective curve.
In particular we recover the computation for (r, d) = (2, 0) of [29] without the need of an
explicit resolution of singularities.
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Furthermore, as for Deligne-Mumford stacks, the right hand side of (1.2.1) admits a co-
homological refinement in mixed Hodge structures, which will be the subject of upcoming
work of the third author with S. Schlegel-Mejia.

As a third consequence, mostly of the proof of Theorem 1.2.1, we recover in Section 6.2
a theorem of Braun and Moraga [10] about the behavior of klt-singularities under passage
to T -quasi-torsors for T a torus.

Let us now mention the main ideas that go into the proof of Theorem 1.2.1, for which
we work in the framework of Cluckers-Loeser motivic integration [14]. For N ≥ 1
consider the root stack D1/N = [Spec(k[[t1/N ]])/µr] and the infinite root stack D1/∞ =
[Spec(k[[t1/∞]])/µ̂]. A twisted arc of order r is a k[[t]]-morphism D1/N → M and under
some mild assumptions on M the set of twisted arcs M(D1/N) admits the structure of
an imaginary definable.

Consider the morphism π : M(D1/∞) → M(k[[t]]). Its fibers are identified with the
rational points of a convex region inside the Bruhat-Tits building of some large general
linear group. We consider their volume for Hrushovski-Kazhdan integration [26]. Under
our assumptions, we show that this convex region is in some sense contractible and the
volume of the fibers is equal to one. By a formula of the first author and Yin [21], we
then express this volume as a limit of a generating series over twisted arcs of fixed order.
This process is reminiscent of the formation of the motivic Milnor fiber as a limit of the
motivic zeta function.

After a switch of limit and integral and an application of Fubini theorem, the formula is
then reduced to the computation of the volume of the set of twisted arcsM(D1/N). This
goes by studying the fibers of eN : M(D1/N)→ IµNM(k), where eN is given by restricting
a twisted arc to BµN . This is rather straightforward, going back to the analysis of Denef
and Loeser in the Deligne-Mumford case [16].

Let us also mention that Satriano and Usatine have also developed a theory of mo-
tivic integration on algebraic stacks, closer to Kontsevich’s original approach using the
geometry of jet schemes, with application to birational geometry [38].

The structure of the article is as follows: In Section 2 we recall the necessary background
on motivic integration and algebraic stacks. In Section 3 we study twisted arcs in algebraic
stacks from a definable point of view and we compute the volume of the fibers of er in
Theorem 3.3.1. In Section 4 we study the fibers of the πr by means of Bruhat-Tits theory
and in Section 5 we prove our main Theorem 5.1.4 and give some explicit examples.
Finally Section 6 contains the aforementioned applications.
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their insights with us. We further thank Francesca Carocci, Young-Hoon Kiem, Matthew
Satriano, Jeremy Usatine and Tanguy Vernet for interesting discussions on various aspects
of the paper.

F.L. was partially supported by the Institut Universitaire de France. D.W. was sup-
ported by the Swiss National Science Foundation [No. 218340].
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2. Preliminaries

We fix a base field k of characteristic zero containing all roots of unity. We work in the
setting of Cluckers-Loeser motivic integration with algebraically closed residue field, that
we recall below.

2.1. Definable in Denef-Pas language. Let ACFk be the category of algebraically
closed fields containing k. Let LDP,k the three sorted language of Denef-Pas, with pa-
rameters k((t)). We work in the LDP,k-theory of Henselian discretely valued fields of
equicharacteristic zero containing k((t)) with algebraically closed residue field. For the
purposes of motivic integration, we shall restrict to the (non-elementary) class of models
of the form K((t)), where K is an algebraically closed extension of k.

Definition 2.1.1. A functor X : ACFk → Set is a definable sub-assignment (or simply
definable set) if it is representable by an LDP,k-formula, meaning that there exists an
LDP,k-formula ϕ such that for every K ∈ ACFk, X(K) = ϕ(K((t))).

A functor X : ACFk → Set is an imaginary sub-assignment (or simply imaginary set)
if it is representable by a quotient of a definable set by a definable equivalence relation,
meaning that there exists LDP,k-formulas ϕ(x), ψ(x1, x2), where x1, x2 and x are variables
with the same arity and sorts such that for every K ∈ ACFk, ψ(K((t))) is the graph of an
equivalence relation ∼K on ϕ(K((t))) and X(K) = ϕ(K((t)))/ ∼K .

A map between two imaginary sets with graph representable by an imaginary set is
called (abusively) a definable function.

For example, given a affine algebraic variety X over k, we associate three definable
sets: K 7→ X(K), K 7→ X(K((t))) and K 7→ X(K[[t]]). We have a definable mor-
phism res : X(K[[t]]) → X(K) induced by the residue map and an inclusion X(K[[t]]) ⊂
X(K((t))).

Throughout the paper, when describing definable sets and maps, we will often simply
mention the K-points of the sets and maps, making sure that formulas representing them
are uniforms across all K running over algebraically closed extensions of k.

2.2. Rings of constructible motivic functions. For X definable, we consider the
ring C(X) of constructible motivic functions of Cluckers-Loeser. Recall that it is de-
fined as C(X) = P(X) ⊗P0(X) Q(X). Here P(X) is the ring generated over A =

Z
[
L,L−1,

(
1

1−L−k

)
k∈N≥1

]
by functions of the form α : X → Z and Lα, where α : X → Z is

a definable function, P0(X) is the ring generated over Z[L−1] by characteristic functions
of definable subsets of X. Finally, Q(X) is the Grothendieck ring of definable sets over
X of the form W → X where W ⊂ X ×Kr and the map is the projection.

Let N ≥ 1 be an integer. We define P1/N(X) as the ring generated over P(X) by func-

tions of the form Lα/N , where α : X → Z is definable, with the extra relation (L1/N)N = L.
Define C1/N(X) as P1/N(X)⊗P0(X)Q(X). Elements of C1/N(X) can be integrated formally
the same way as elements of C(X).

For N ≥ 1, we consider the degree N ramified extension k((t1/N)) of k((t)), with
value group 1

N
Z. For X a definable by a LDP,k-formula with parameters k((t1/N)), we

now define a variant of the ring of constructible motivic functions C̃1/N(X), insisting
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that the valuation takes values in 1
N
Z. Define P̃1/N(X) as the ring generated over

Z
[
L,L−N ,

(
1

1−L−k/N

)
k∈N≥1

]
by functions of the form Nα and Lα, where α : X → 1

N
Z

is a definable function and Nα(x) = #
{
y ∈ 1

N
Z | 0 < y ≤ α(x)

}
. Then C̃1/N(X) =

P̃1/N(X)⊗P0(X) Q(X).

2.3. Forms and measures. By a k[[t]]-variety we will mean a separated, integral and
finite type scheme over Spec(k[[t]]). Given such a k[[t]]-variety X of relative dimension d
and a d-form ω on the smooth locus of the generic fiber Xsm

k((t)) we obtain a motivic measure

|ω| on the definable set

K 7−→ Xsm(K((t))),

by writing definably-locally ω = fdx1 ∧ · · · ∧ dxd and integrating |f |, see [14]. Similarly,
if ω ∈ H0(Xsm

k((t)), (Ω
d
X/k[[t]])

⊗N) is a pluricanonical form we obtain a measure |ω| valued

in C̃1/N(X) by locally integrating |f |1/N . By extending trivially we obtain a measure
on all of K 7→ X(K((t))) and since X/k[[t]] is separated this also gives a measure on
K 7→ X(K[[t]]) ⊂ X(K((t))), still denoted by |ω|.

The measure |ω| will of course depend on the choice of ω, but in many situations one can
construct measures in a more intrinsic manner. One such construction, see [46, Section
4.1], associates to any invertible OX-submodule I ⊂ (Ωd

X/k[[t]])
⊗N ⊗K(X), where N is any

positive integer and K(X) is the sheaf of total quotient rings on X, a measure |ωI | valued
in C̃1/N(X) as follows:
Pick a Zariski-cover X =

⋃
i Ui which trivializes I. A trivializing section of I|Ui gives rise

to a pluricanonical form ωi on U sm
i and in particular a measure |ωi| on K 7→ Ui(K[[t]])

valued in C̃1/N(X). The assumption on I being invertible implies that the |ωi| glue
together to give a measure |ωI | on K 7→ X(K[[t]]).

If X/k[[t]] is smooth, Ωd
X/k[[t]] is itself invertible and we write |ωX | for |ωΩd

X/k[[t]]
|, sometimes

called the Weil or canonical measure. If furthermore D =
∑

i∈I uiDi is a relative Q-divisor
on X we write |ωX,D|, or |ωD| if the space X in understood, for the measure associated
with (Ωd

X/k[[t]](D))⊗N , where N ≥ 1 is such that ND is a Z-divisor.

Now let M = X/Γ be the quotient of a smooth variety X by a finite group Γ and
D =

∑
i∈I uiDi a relative G-invariant Q-divisor. Then there exists a unique relative Q-

divisor E on M such that q∗O(KM + E)⊗N ∼= (Ωd
X/k[[t]](D))⊗N for a suitable N ≥ 1 [46,

Lemma 7.2] . We write |ωD,orb| for the measure associated with I = O(KM + E)⊗N . If
D = 0 we write simply |ωorb|, the orbifold measure on M .

2.4. Integration. Let X be a definable set, and |ω| a definable volume form on X.
Cluckers and Loeser define a subgroup of C(X) consisting of integrable motivic con-
structible functions with respect to |ω|, and for such a ϕ ∈ C(X), they associate

∫
X
ϕ |ω| ∈

C(Spec k), the integral of ϕ with respect to |ω|.
The integral is also defined over a general base. Let f : X → S be a definable map, and∣∣ωX/S∣∣ a definable volume form on the fibers of f . Let ϕ ∈ C(X) such that ϕ is integrable

with respect to
∣∣ωX/S∣∣ on the fibers of f . Then there is a constructible motivic function
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ψ which for every s ∈ S away from a subset of S of smaller dimension satisfy

ψ(s) =

∫
f−1(s)

ϕ
∣∣ωX/S∣∣ .

This integration over a general base allows for a Fubini theorem, see [14, 15.2].

Theorem 2.4.1. Let f : X → S a definable map, with equidimensional fibers. Let |ωX |
and |ωS| be definable volume forms on X and S. They induce a Leray residue form
|ωX/f ∗(ωS)| on the fibers of f . Let ϕ ∈ C(X). Assume that ϕ is integrable with respect to
|ωX |. Then ϕ is integrable with respect to the quotient form |ωX/f ∗(ωS)| on the fibers of
f , let ψ ∈ C(S) be the relative integral satisfying for s ∈ S away from a subset of smaller
dimension

ψ(s) =

∫
f−1(s)

ϕ |ωX/f ∗(ωS)| .

Then ψ is integrable with respect to |ωS| and we have∫
X

ϕ |ωX | =
∫
S

ψ |ωS| .

2.5. Switching limit and integral. Let X be a definable set and ϕ ∈ C(X×Z>0). By
[14, Theorem 14.4.1], the series

∑
n≥1 ϕ(·, n)T n is rational, in the sense that it is equal

to P (T )/Q(T ), where P (T ) is a polynomial in C(X)[T ] and Q(T ) ∈ Z[L,L−1][T ] is a
product of terms of the form 1− LαT β, with α ∈ Z, β ∈ Z>0. If P and Q have the same
degree d, we say that the limit as T → +∞ of

∑
n≥1 ϕ(·, n)T n exists and define

limT→+∞
∑
n≥1

ϕ(·, n)T n = Pd/Qd,

where Pd and Qd are the top degree coefficients of P and Q. Note that the specific form
of Q ensures that Qd ∈ ±LZ, hence the limit is in C(X).

The following proposition shows that this limit procedure can be switched with inte-
gration.

Proposition 2.5.1. Let ϕ ∈ C(S × X × Z>0). Assume that for each x ∈ X, the limit
limT→+∞

∑
n≥1 ϕ(·, ·, n)T n exists and as a function on S ×X is integrable with respect to

S. Assume also that ϕ is integrable with respect to S × Z>0. Then the following limit
exists and we have the equality∫

X

limT→+∞
∑
n≥1

ϕ(·, ·, n)T n = limT→+∞
∑
n≥1

∫
X

ϕ(·, ·, n)T n

in C(S).

Proof. Let ϕ ∈ C(S ×X × Z>0) as in the statement of the proposition. By [14, Theorem
14.4.1],

∑
n≥1 ϕ(·, x, n)T n is rational, more precisely, there exists a finite set I, and for

i ∈ I, ai ∈ Z, bi ∈ Z>0 and a polynomial P =
∑r

j=1 αjT
j ∈ C(S ×X)[T ] such that

(2.5.1)
∑
n≥1

ϕ(·, ·, n)T n =

∑r
i=j αjT

i∏
i∈I(1− LaiT bi)

.
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Since we assume that limT→+∞
∑

n≥1 ϕ(·, ·, n)T n exists, r can be chosen such that r =∏
i∈I bi, in which case

limT→+∞
∑
n≥1

ϕ(·, ·, n)T n =
∏
i∈I

(−L−ai)αr.

Its integral with respect to S is then equal to
∏

i∈I(−L−ai)
∫
x∈X αr.

On the other hand, since the denominator of the right hand side of (2.5.1) does not
depend on S ×X, by linearity of the integral we have

∑
n≥1

∫
x∈X

ϕ(·, x, n)T n =

∑r
i=j

∫
x∈X αj(·, x)T i∏

i∈I(1− LaiT bi)
.

Hence limT→+∞
∑

n≥1

∫
x∈X ϕ(·, x, n)T n exists and is equal to

∏
i∈I(−L−ai)

∫
x∈X αr, which

concludes the proof. �

2.6. Definable structure on ramified arcs. We consider subsets of ramified arcs
as follows. Recall that by assumption, k contains all roots of unity. For K an ex-
tension of k and N ≥ 1, we consider the field extension K((t1/N)) of K((t)) as K((t1/N))'
K((t))[X]/(XN = t) ' K((t))N , where the last equivalence is between K((t))-vector spaces.

So we view K((t1/N)) as the definable K((t))N , and observe that the multiplication is given

by a definable linear map K((t))2N→ K((t))2N . The Galois group µN is described by N

definable linear endomorphisms of K((t))N . The valuation on K((t)) extend uniquely to
the field K((t1/N)), yielding a valuation with value group 1

N
Z that we still denote val.

Given a definable X ⊂ K((t))r, the points of X in K((t1/N)) is then described by a

definable subset of K((t))rN . This subset depend on the formula describing X, not only
on X, but we will ignore this issue notationally. We denote it by X(K((t1/N))). If X has
dimension d, X(K((t1/N))) has dimension Nd.

A definable map f : X → Y induces a definable map X(K((t1/N))) → Y (K((t1/N))).

The valuation map val : K((t1/N))∗→ 1
N
Z is described on K((t))N\ {0} by a definable

map as well: the map Nval is definable. Since K((t1/N))' K((t))[X]/(XN = t) =
⊕0≤k<NX

kK((t)), if x ∈ K((t1/N))∗ is written x = x0 + Xx1 + · · · + XN−1xN , then

Nval(x) = min {Nval(xk) + k}, which yields a definable function on K((t))N\ {0}.
By a definable subset of K((t1/N))r, we mean a definable subset of K((t))rN through

the above identification. For Y such a definable subset of K((t1/N))r, we introduce the
invariant definable set

Y µN = {y ∈ Y | σ(y) = y for every σ ∈ µN} ,
which is definable since the elements of the Galois group µN are definable functions. If Y
is of dimension d, then Y µN is of dimension at most d/N .

Starting from a definable X ⊂ K((t))r, we get that X(K((t1/N)))µN is in definable
bijection with X.

Remark 2.6.1. Beware that our definition is more restrictive than that of a definable
subset of K((t1/N))r in the language LDP,k with parameters k((t1/N)). For example t1/N is
only algebraic, we cannot distinguish it from its Galois conjugates using an LDP,k-formula
with parameters k((t)).
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2.7. Integration on ramified arcs. Let X be a definable subset of K((t))r. Since con-
structible motivic functions are built out of LDP,k-formulas, if ϕ ∈ C(X), we get naturally

a constructible motivic function ϕN in C̃1/N(X(K((t1/N)))) by interpreting those formulas

in K((t1/N)). Using the identification K((t1/N))r' K((t))Nr, we view ϕN as a constructible
motivic functions in C1/N(K((t)))Nr). We denote the ring of such constructible function

by C1/N(X(K((t1/N)))).

Hence a constructible motivic function in C1/N(K((t1/N)))r) can be integrated by viewing

it as an element of C1/N(K((t)))Nr). Similarly, if X ⊂ C1/N(K((t1/N)))r), it is endowed with
a canonical volume form |ωX | and we can define

∫
X(K((t1/N )))

ϕ |ωX | for ϕ ∈ C(X).

Note that with this definition, the volume of tK[[t1/N ]] is L−N , whereas the volume of
t1/NK[[t1/N ]] is L−1.

Since we normalized the value group as 1
N
Z for ramified arcs, the restriction of ϕN to

X(K((t1/N)))µN is identified to ϕ.
Let X ⊂ K((t))r be definable of dimension d and |ω| a definable volume form on

X. Up to some finite definable partition of X it is induced by a constructible motivic
function f ∈ C(X) and a choice of d-coordinates 1 ≤ i1 < · · · < id ≤ r such that
|ω| = |fdxi1 ∧ . . . dxid |. We still denote by |ω| the induced definable volume form on
X(K((t1/N))).

2.8. The Hrushovski-Kazhdan volume. The statement of our main theorem involves
motivic integrals in the sense of Cluckers-Loeser, as recalled above. However, the proof
requires to use also a variant defined by Hrushovski and Kazhdan [26]. We outline here
what we need of their construction. Note that the setup is different, since we need to
work in the theory of algebraically closed valued field.

In this section, we consider the first order theory ACVF of algebraically closed valued
fields of equicharacteristic zero in the two-sorted language LACVF. The two sorts are
VF and RV. We put the ring language on VF, with symbols (0, 1,+,−, ·), on RV we
put the group language (·, ()−1), a unary predicate k× for a subgroup, and operations
+ : k2 → k where k is the union of k× and a symbol 0. We add a unary function
rv : VF× = VF\ {0} → RV.

We will also consider the imaginary sort Γ defined by the exact sequence

1 −→ k× −→ RV −→ Γ −→ 0,

together with maps valrv : RV→ Γ and val : VF× → Γ.
If L is a valued field, with valuation ring OL and maximal ideal ML, define an L-

structure by VF(L) = L, RV(L) = L×/(1+ML), k(L) = OL/ML, Γ(L) = L×/O×L . Note
that the valuation ring is definable in this language because O×L = rv−1(k×(L)).

Set K = k((t)). View K as a fixed base structure, for the rest of this section, we will
only consider L(K)-structures, where L(K) is the language obtained by adjoining to L
constants symbols for elements of K. Any valued field extending K can be interpreted as
an L(K)-structure. Denote ACVFK the L(K)-theory of such algebraically closed valued
fields. The theory ACVFK admits quantifier elimination in the language L(K). Quantifier
elimination was first proven by Robinson using a two sorted language, with one sort VF
and one sort Γ for the value group, see for example [43].
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We will use the notation VF• for VFn for some n. The L(K)-definable subsets of VF•

are semi-algebraic sets, that is boolean combinations of sets of the form

{x ∈ VFn | val(f(x)) ≥ val(g(x))} ,

where f and g are polynomials with coefficients in K. Observe that constructible sets are
semi-algebraic, since one can take g = 0 in the definition.

Denote by K(VFK) the free group of L(K)-definable subsets of VF•, with the following
relations :

• [X] = [Y ] if there is a semi-algebraic bijection X → Y
• [X] = [U ] + [V ] if X is the disjoint union X = U ∪ V .

Cartesian product endows K(VFK) with a ring structure.

Remark 2.8.1. Note that this framework allows us to consider general semi-algebraic
subsets of K-varieties as studied for example by Florent Martin in [34]. We say that S
is a semi-algebraic subset X, for X a K-scheme, if S is a finite union S = ∪Si such that
for every i, there is an open affine subset Ui = SpecAi of U such that Si ⊆ Ui is defined
in Ui by boolean combination of subsets of the form {y ∈ Uan

i | val(f(y)) ≤ r · val(g(y))},
with f, g ∈ Ai, r ∈ Q. Hence we can consider its class [S] ∈ K(VFK).

Remark 2.8.2. Hrushovski and Kazhdan use a slightly different definition for K(VFK).
They define it as the group generated by isomorphism classes of definable sets X ⊆
VF• × RV•, such that for some n ∈ Z>0, there is some definable function f : X → VFn

with finite fibers, with cut-and-paste relations (the function f is not part of the data).
We can show that for such an X, there is some definable X ′ ⊆ VF•, with a definable
bijection X ' X ′, see [26, Lemma 8.1]. Hence both definitions lead to the same group.
Nevertheless, this alternative presentation is very useful for defining motivic integration,
since it amounts to relating K(VFK) and some group related to definable sets in the sort
RV, that we will now define.

Define RVK to be the category of objects Y ⊆ RV, with definable functions as mor-
phisms. The category RVK [n] is the category of pairs (Y, f), with Y ⊆ RV• definable
and f : Y → RVn a definable finite-to-one function. A morphism between (Y, f) and
(Y ′, f ′) is a definable function g : Y → Y ′. The category RESK is the full subcategory
of RVK whose objects Y satisfy valrv(Y ) finite. One defines similarly RESK [n] to be the
full subcategory of RVK [n] whose objects (Y, f) satisfy valrv(Y ) finite.

Note that the definition of morphisms in RVK [n] implies that RVK [n] is equivalent
to the category of definable sets X ⊆ RV• such that there exist a definable function
f : X → RVn with finite fibers.

We also consider the full subcategory RESK [n] of RVK [n] which objects have finite
image in Γ.

For α = (α1, . . . αr) ∈ Γr, set Vαi = val−1
rv (α) ⊂ RV and Vα = Vα1×. . . Vαr . Up to a finite

definable partition, every object of RESK [n] is included in some Vα for some definable α.
Here α is in Qr since Q is the definable closure of the value group of K = k((t)).

Up to choosing roots of t, an object X in RESK [n] can be sendt to an constructible set
over k. The morphism depends on the choice of roots, but not the image, so it defines a
class in the Grothendieck group of varieties over k, still denoted [X].
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From those categories one form the graded categories

RVK [≤ n] :=
∐

0≤i≤n

RVK [i],

RVK [∗] :=
∐
i∈Z≥0

RVK [i],

RESK [≤ n] :=
∐

0≤i≤n

RESK [i],

RESK [∗] :=
∐
i∈Z≥0

RESK [i].

Hrushovski and Kazhdan main result is an isomorphism∫
: K(VFK)→ K(RVK [∗])/Isp,

where Isp is an explicitly described ideal of K(RVK [∗]).
They then proceed to define a morphism

Eb : K(RVK [∗])/Isp −→ K(Vark),

such that for [X]n ∈ RESK [n], Eb([X]n) = [X] ∈ K(Vark), and for ∆ ⊂ Γn definable,
Eb(val−1(∆)) = eub(∆)[Gm

n
k ], where eub(∆) = eu(∆ ∩ [−M,M)]n) for some large enough

M , and eu is the (o-minimal) Euler characteristic.
On then define a morphism

Vol : K(VFK) −→ K(Vark)

by Vol = Eb ◦
∫

.

Proposition 2.8.3. Let f : X → S a definable map in ACVFK. Then the map x ∈
S(L((t))) 7→ Vol(f−1(x)) is a constructible motivic function.

Proof. By Hrushovski-Kazhdan [26, Proposition 4.5], the fibers of X over S are in de-
finable bijection with lifts of definable subsets of RV. More precisely, there exists for
0 ≤ i ≤ d = dimS(Y ) definable subsets Wi ⊂ S × RV• with fibers over S admitting
finite-to-one projections to RVi. And there exists a finite definable partition of X into
pieces Xi such that the fibers of Xi over S are in definable bijection hi : Xi ' Li(Wi) over
S. Here

Li(Wi) =
{

(x, s, y) ∈ VFi ×Wi | πi(y) = rv(x)
}

is the lift of Wi, where πi is any finite to one coordinate projection to RV i on the fibers
of Wi. So we can replace X by Li(Wi).

By [26, Corollary 3.25], up to taking a finite definable partition of Wn and working with
one of the pieces, we can further assume that Wi is of the form Y ×S ∆̃, where Y ⊂ S×Vα,
with α = (α1, . . . , αr) ∈ Qr and ∆ ⊂ S×Γs and ∆̃ = {(s, x) ∈ S × RVs | (s, valrv(x)) ∈ ∆}.

We have Vol(f−1(x)) = Eb([Yx])Eb(valrv
−1(∆x), so it suffices to show that each of those

is constructible motivic function. For Eb([Yx]), by definition Eb([Yx] is the class of a
definable subset of the residue field in bijection with Yx, the definition is uniform in x so
we get some definable Z ⊂ S × Ln such that Eb([Yx] = [Zx], showing that it is in C(S).
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For Eb(valrv
−1(∆x), it is by definition equal to eub(∆)(L− 1)s. By cell decomposition, we

can take a finite definable partition of S such that eub is constant on each piece, showing
that Eb(valrv

−1(∆x) is in C(S). �

Let f : X → S a definable map in ACVFK and ω : X → Γ a definable function.
Assume that f and ω are described by some quantifier free formulas. Then for each

algebraically closed field L and integer n, we obtain a map

fn : X(L((t1/n))) −→ S(L((t1/n))).

For a fixed n it is definable in the Denef-Pas language, since it is described by a quantifier-
free formula. The map ω also induces a map ω : X(L((t1/n))) → Q. We assume that ω
has image in 1

n
Z = Γ(L((t1/n))). Note that this condition is verified for example if ω is of

the form v ◦ f , where f : X → VF is a definable function.
By the Cluckers-Loeser construction, there is a constructible motivic function ϕ̃n ∈
C(S(L((t1/n)))) such that for x ∈ S(L((t1/n))), ϕn(x) =

∫
fn
−1(x)
|nωn|. Note that ϕ̃n is

in C(S(L((t1/n)))) and not merely C1/n(S(L((t1/n)))) since the function nωn take integer
values. Let ϕn ∈ C(S(L((t)))) be the restriction of ϕ̃n to S(L((t)))).

Definition 2.8.4. Let X be a definable set and ω be a definable function X → Γ.
Assume that there is a definable bijection of class C1 h : X → Ln(W ) and a definable
map ω′ : W → Γ where Ln(W ) = {(x, y) ∈ VFn ×W | π(y) = rv(x)}, W a definable
subset of RV• and π a finite-to-one projection to RVn and such that ω(x) = ω′(h(x)) −
val(Jac)(h)(x).

We say that ω induces the counting measure on X if for every w ∈ W , we have
ω′(w) = −val(π(w). Note that this determines ω uniquely

We write µ#(X(K(((t))) =
∫
X(K(((t)))

|ω|, since it does not depend on ω.

The relevant example of such an object for this paper is when X is a subset of GLd
invariant under GLd(O) and ω = val(f), where f is a regular function f on GLd such
that the form f ∧i dxi is invariant under GLd(F ), with xi the standard affine coordinates
of GLd.

Proposition 2.8.5. With the previous notations, assume further that ω induces a count-
ing measure on the fibers of f and that the fibers of f are bounded. Then there is a
constructible motivic function ϕ ∈ C(S × Z>0) such that for each n > 0, ϕ(·, n) = ϕn.

Proof. As in the previous proofs, by [26, Proposition 4.5], the fibers of X over S are in
definable bijection with lifts of definable subsets of RV. More precisely, there exists for
0 ≤ i ≤ d = dimS(Y ) definable subsets Wi ⊂ S × RV• with fibers over S admitting
finite-to-one projections to RVi. And there exists a finite definable partition of X into
pieces Xi such that the fibers of Xi over S are in definable bijection hi : Xi ' Li(Wi) over
S. Here

Li(Wi) =
{

(x, s, y) ∈ VFi ×Wi | πi(y) = rv(x)
}

is the lift of Wi, where πi is any finite to one coordinate projection to RV i on the fibers
of Wi. We can also assume that ω factors through a function on Wi, still denoted by ω.
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Since restricting to Henselian subfields commutes with ACVF-definable bijection, we
can replace X by Li(Wi) for i = 0, . . . , n. But dimS(Li(Wi)) = i, so only Ln(Wn) have
non-zero volume, so the only piece we need to consider is Ln(Wn).

By [26, Corollary 3.25], up to taking a finite definable partition of Wn and working with
one of the pieces, we can further assume that Wn is of the form Y ×S ∆̃, where Y ⊂ S×Vα,
with α = (α1, . . . , αr) ∈ Qr and ∆ ⊂ S×Γs and ∆̃ = {(s, x) ∈ S × RVs | (s, valrv(x)) ∈ ∆}.

By orthogonality between residue field and value group, up to taking a finite definable
partition of Y , the “volume form” function ω on Wn = Y ×S ∆̃ can be assumed to only
depend on ∆.

The integral can now be computed explicitly as a product of an integral of a lift of Y
and of a lift of ∆.

For the first, observe that Y (L((t1/n))) = ∅ if α /∈ 1
n
Zr. When α ∈ 1

n
Zr, the restriction of

Y (F ((t1/n))) to S(L((t) is independent of n and is in definable bijection with some subset
of S×L•. This defines an element ψ in the relative Grothendieck group of varieties Q(S).
Let A be the subset of n ∈ Z>0 such that α ∈ 1

n
Zr which is definable in the Presburger

language, and 1A its characteristic function, viewed as an element of C(S × Z>0). Then
the integral we are considering is equal to ψ1AL−s0 , so is an element of C(S × Z>0).

We now show that the integral over the lift of ∆ is represented by an element of
C(S × Z>0). For x ∈ S(L((t))) and n ∈ Z>0, the integral we need to compute is equal to

ϕn(x) = (L− 1)
∑

γ∈∆x∩( 1
n
Z)s

L−nω(x,γ)+nl(γ)

where ∆x is the fiber of ∆ over x and l(γ) = γ1 + . . . γs − s.
By assumption, L−nω(x,γ)+nl(γ) depends only on x and not γ, so all it remains to show

is that the function mapping (x, n) to the number of 1
n
Z-points of ∆x is a constructible

motivic function. Denote by g(x, n) this function. Since the fibers of f are bounded, ∆
is bounded as well so g(x, n) takes finite values.

By cell decomposition, up to taking a finite partition of ∆, we can assume that ∆x is
a convex rational polytope. Furthermore there exists some N independent of x such that
N∆ is an integral convex polytope.

By [41, Theorem 4.6.8],
∑

n≥1 g(x, n)T n is a rational function with denominator (1 −
TN)s+1 and numerator a polynomial gx(T ) of degree N(s+ 1). It follows that the coeffi-
cients of gx(T ) can be expressed as a linear combination of g(x, i) with 1 ≤ i ≤ N(s+ 1),
each of which is then a constructible motivic function in C(S). Expanding 1

(1−TN )s+1 as

a power series, we find that its coefficients are polynomial in n hence determine a con-
structible motivic function in C(Z>0). We have thus expressed g(x, n) as a product of two
constructible motivic functions, hence it is a constructible motivic function. �

Recall from [21, Definition 6.2] that a definable set Z ⊂ VFn is said to be proper
invariant if it is bounded and there is some α ∈ Γ such that Z is a (possibly infinite)
union of balls of radius α.

Proposition 2.8.6. Let f : X → S a definable map in ACVFK and ω : X → Γ a definable
function. Assume that the fibers of f are proper invariant and that ω induces the counting
measure on the fibers of f .
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Then for every x ∈ S(L((t))), the sum
∑

n≥1 ϕn(x)T n is a rational function of degree
zero, hence its limit as T → +∞ exists formally and we have

Vol(f−1(x)) = −limT→+∞
∑
n≥1

ϕn(x)T n.

Here ϕn(x) = µ#(f−1
n (x)) =

∫
f−1
n (x)

|ω| as in Proposition 2.8.5.

Proof. By Propositions 2.8.5 and 2.8.3, the inputs of both sides are constructible motivic
functions. For each x, the result follows from [21, Theorem 8.11]. �

2.9. A few notions around algebraic stacks. Throughout this text we consider an
algebraic stackM of finite presentation over a base scheme B, where typically we will be
interested in B = Spec(k[[t]]) with k a field of characteristic 0. We always assume M to
have affine stabilizers and separated diagonal. For any T/B we writeM(T ) for both the
groupoid of T -points and its set of isomorphism classes.

2.9.1. cd-quotient stacks. The following condition will essentially allow us to reduce ques-
tions about motivic integration on M to quotient stacks.

Definition 2.9.2. [13] A algebraic stackM is a cd-quotient stack if it admits a Nisnevich
covering τ : [X/GLd] →M. By this we mean that X/B is a scheme, τ a representable
morphism and the pullback along any T →M is a Nisnevich covering.

In [13] a list of examples of cd-quotient stacks is given. In particular anyM admitting
a good moduli space is a cd-quotient stack by [4, Theorem 6.1].

2.9.3. S-completeness. The notion of S-completeness [5, Section 3.5] of a morphism f :
M→N will allow us to compute the Hrushovski-Kazhdan volume of the fibers of f , see
Section 5.3.

For any DVR R with uniformizer t, let

STR = [Spec(R[S, T ]/(ST − t))/Gm],

where Gm acts on variables S and T with weights 1 and −1 respectively.

Definition 2.9.4. A morphism f :M→N between algebraic stacks is S-complete with
respect to R if for any morphism STR → N which lifts to STR \ 0 → M there exists a
unique extension STR →M.

By [5, Proposition 3.44] any good moduli space map M → M , with M separated, is
S-complete with respect to any R.

2.9.5. Motivic classes of stacks. Assume S = Spec(K) for K a field of characteristic 0.
To any finite type K-stackM with affine stabilizers one can associate a class [M] in the
localized Grothendieck group of varieties

K0(VarK)loc = K0(VarK)[L−1, (Ln − 1)−1; n ≥ 1].

The ring K0(VarK)loc has been identified with the Grothendieck ring of K-stacks in [19]
and [M] is simply the class of M. To actually compute the class, one first stratifies [M]
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by quotient stacks [31, Proposition 3.5.9] and then writes each stratumMi as a quotient
[Yi/GLni ]. We then have

[M] =
∑
i

[Yi][GLni ]
−1.

Remark 2.9.6. With this definition we have that the class of the classifying space BµN
equals 1 in K0(VarK)loc, as we have an equivalence BµN ∼= [Gm/Gm], with Gm acting on
itself with weight N .

2.9.7. Cyclotomic inertia and weights. Let µ̂ be the inverse limit of the group of roots of
unity {µN}N≥1. Given an algebraic stack M we define its twisted or cyclotomic inertia
stack Iµ̂M as

Iµ̂M = Hom(Bµ̂,M) = colimN Hom(BµNM).

If M is smooth over a field K we can define a natural weight function

w : Iµ̂M(K) −→ Q

as follows:
First, consider a representation ρ of µ̂ on a finite dimensional K vector space V . Then

ρ splits as a direct sum of characters χ1, . . . , χdimV ∈ Irrµ̂ = Q/Z. For 1 ≤ i ≤ dimV we
write ci for the unique representative of χi satisfying 0 < ci ≤ 1 and define

w(ρ) =
∑
i

ci.

Now a point y ∈ Iµ̂M(K) consists of a pair (x, φ) with x ∈M(K) and φ : µ̂→ Aut(x).
By smoothness of M and functoriality, the tangent complex TxM of M at x is quasi-
isomorphic to a two term complex ρ−1 → ρ0 of µ̂-representations and we define

w(y) = w(ρ0)− w(ρ−1).

Notice that if M∼= [X/G] is a global quotient we have

TxM∼= [Lie(G)→ Tx̃X],

where x̃ ∈ X is any lift of x and the morphism is the derivative of the action map.

3. Volumes of twisted arcs

3.1. Equivariant arcs. Let k be a field of characteristic 0 containing all roots of unity.
Let G be a linear algebraic group over k[[t]] acting on the right on a separated finite
type k[[t]]-scheme X. Fix an integer N ≥ 1. In what follows we write µN for both the
Galois-group of k((t1/N))/k((t)) and for the constant group scheme over k[[t]].

Definition 3.1.1. For N ≥ 1 and φ : µN → G a k[[t]]-homomorphism the φ-equivariant
arcs of X are

X(k[[t1/N ]])φ = {x ∈ X(k[[t1/N ]]) | ∀ξ ∈ µN : xξ = xφ(ξ)}.

For any constructible subset Z ⊂ Xk we write X(k[[t1/N ]])φZ for the space of arcs whose
closed point lies in Z.



AN ORBIFOLD FORMULA FOR ALGEBRAIC STACKS 15

Notice that for any ξ ∈ µN and any x ∈ X(k[[t1/N ]]) we have (xξ)|k = x|k and hence

X(k[[t1/N ]])φZ = ∅ unless Z ∩Xφ 6= ∅.
Since the action of G on X is algebraic, the condition of being φ-equivariant is definable

and thus the assignment

Xφ
N : K/k 7−→ X(K[[t1/N ]])φ,

is definable as well.
Now assume that X/k[[t]] is smooth and irreducible. We fix a relative G-invariant Q-

divisor D =
∑

i∈I uiDi with ui < 1 and simple normal crossing support. This data defines
a measure |ωD,orb| on the quotient X/µN , where µN acts on X through φ. Now for every
K/k there is a finite map X(K[[t1/N ]])φ → X/µN(K[[t]]) and we define the measure |ωD|
on Xφ

N as the pullback of |ωD,orb|.

Proposition 3.1.2. For any φ : µN → G and any x ∈ Xφ(k) we have∫
Xφ
N,x

|ωD| = L−w(TxX)
∏
i∈Ix

(1− L−1)Luiw(NX/Di,x)

1− L−1+ui
,

where Ix = {i ∈ I | x ∈ Di} and NX/Di,x denotes the fiber at x of the normal bundle of
Di in X. We consider both TxX and NX/Di,x as µ̂-representations via φ.

Proof. Since X is smooth and x ∈ Xφ(k) we can linearize the action of µN on X around
x such that in local coordinates x1, . . . , xn the action is diagonal and Ix is a subset of
{1, . . . , n} i.e. Di is given by the vanishing of xi for all i ∈ Ix. If we choose representatives
of the weights w1, . . . , wn ∈ 1

N
Z ∩ (0, 1], we get a definable bijection

ρ : An(k[[t]])→ X(k[[t1/N ]])φx

(y1, . . . , yn) 7→ (tw1y1, . . . , t
wnyn).

If we write q : X → X/µN , then we have by definition and the change of variables formula

ρ∗|ωD| = (ρ ◦ q)∗|ωD,orb| =
∏
i∈Ix

|t−ui(wi+val(yi))+widy1 ∧ · · · ∧ dyn|.

Thus ∫
X(k[[t1/N ]])φx

|ωD| = L−w(φ,x)

∫
An(k[[t]])

∏
i∈Ix

Lui(wi+val(yi))|dy1 ∧ · · · ∧ dyn|

= L−w(φ,x)
∏
i∈Ix

(1− L−1)Luiwi
1− L−1+ui

,

which ends the proof. �

3.2. Twisted arcs. Let M be an algebraic stack over k[[t]].

Definition 3.2.1. A twisted arc of M over k[[t]] is a k[[t]]-morphism

D1/N = D
1/N
k = [Spec(k[[t1/N ]])/µN ] −→M.
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Notice that the restriction to the closed point of D1/N induces a map

eN :M(D1/N) −→ IµNM(k) = Homk(BµN ,M).

If M = [X/G] is a quotient stack we may further compose eN with M→ BG to obtain
a map

(3.2.1) eN :M(D1/N)→ IµNBG
∼= [Homk(µN , G)/G].

In order to describe the fibers of eN we need the following

Lemma 3.2.2. Assume G is a reductive group scheme over k[[t]].

(1) The inclusion G(k[[t]]) → G(k[[t1/N ]]) induces a bijection of non-abelian group co-
homology

H1(µN , G(k[[t1/N ]]))0 ∼= H1(µN , G(k[[t]])) ∼= Homk(µr, G)/G,

where H1(µN , G(k[[t1/N ]]))0 denotes the inverse image of the trivial cocycle under
H1(µN , G(k[[t1/N ]]))→ H1(µN , G(k((t1/N)))).

(2) Assume further H1(k,Gk) = H1(k((t)), G) = {1}, let M = [X/G] be a quotient
stack and φ : µN → G. Then we have

e−1
N (φ) = X(k[[t1/N ]])φ/G(k[[t1/N ]])φ.

Proof. (1) Associated to the inclusion G(k[[t1/N ]]) → G(k((t1/N))) we have an exact se-
quence of pointed sets [40, Proposition I.36]

1→ G(k[[t]])→ G(k((t)))→
(
G(k((t1/N)))/G(k[[t1/N ]])

)µN → H1(µN , G(k[[t1/N ]])
0
)→ 1.

By ramified descent, the set
(
G(k((t1/N)))/G(k[[t1/N ]])

)µN embeds into the extended
building of G over k((t)). Taking the quotient by G(k((t))) identifies this subset with the
Weil group orbits of X∗(T )⊗Z Z/NZ, for some fixed maximal torus T . The latter set is
in bijection with Homk(µN , G)/G, since any homomorphism µN → G is k-conjugate to a
homomorphism µN → T .

(2) Clearly we get for every [x] ∈ X(k[[t1/N ]])φ/G(k[[t1/N ]])φ an element in e−1
N (φ). Con-

versely, consider y ∈ e−1
N (φ) and let ỹ : Spec(k[[t1/N ]]) → [X/G] be the composition with

Spec(k[[t1/N ]]) → D1/N . Then the pull back of X → [X/G] along ỹ is a trivial G-torsor
over Spec(k[[t1/N ]]), since by assumption there are no non-trivial G-torsors over Spec(k)
and thus over Spec(k[[t1/N ]]). Acting by µN on a chosen section σ gives rise to a 1-cocycle
φσ : µN → G([[t1/N ]]). By (1) we may choose σ in such a way that φσ = φ producing the
desired element in X(k[[t1/N ]])φ/G(k[[t1/N ]])φ. �

For a cd-quotient stack M we equip the assignment

K/k 7−→M(D
1/N
K ),

with the structure of an imaginary as follows:
First assume that M∼= [X/GLd] is a quotient stack. Let Td ⊂ GLd denote a maximal

torus, Wd = N(Td)/Td the Weil group and X∗(Td) = Hom(Gm, Td) the cocharacter lat-
tice. Since any morphism µN → GLd factors through a maximal torus and they are all
conjugate to each other, we have for any K/k a bijection

HomK(µN ,GLd)/GLd ∼= (X∗(Td)⊗ Z/NZ)Wd .
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Thus if we fix a representative φ : µN → GLd for any element in the finite set
Homk(µN ,GLd)/GLd we get a decomposition

(3.2.2) [X/GLd](D
1/N
K ) =

⊔
[φ]∈Homk(µN ,GLd)/GLd

e−1
N (φ),

with eN as in (3.2.1). By Lemma 3.2.2 we have a bijection

e−1
N (φ) ∼= X(K[[t1/N ]])φ/GLd(K[[t1/N ]])φ

giving the desired structure of an imaginary.
Now for a general M let τ : [X/GLd] → M be a Nisnevich covering, K/k be an ex-

tension, and x ∈ Hom(D
1/N
K ,M)(K[[t]]). Then x gives rise to a µN -invariant morphism

x̃ : Spec(K[[t1/N ]]) → M. By the Nisnevich property, the pullback of τ along x̃ is iso-
morphic to t Spec(K[[t1/N ]] and the choice of any component will provide a lift of x to
[X/GLd]. We thus have a surjection

(3.2.3) [X/GLd](D
1/N
K )→M(D

1/N
K ).

Furthermore by the Nisnevich property there exists a stratification M =
⊔
Mi with

locally closed substacks and sections σi : Mi → [X/GLd] of τ . Since τ is in particular
étale, (3.2.3) gives for any extension K/k a bijection

(3.2.4) M(D
1/N
K )Mi,k

∼= [X/GLd](D
1/N
K )σi(Mi,k),

which we use to give M(D
1/N
K ) the structure of an imaginary.

Proposition 3.2.3. The imaginary structure onM(D1/N) is independent of the covering
τ : [X/GLd]→M and the sections σi :Mi → [X/GLd].

Proof. As in the construction of the imaginary structure we assume first that M ∼=
[X/GLd]. If M ∼= [X ′/GLd′ ] is any other presentation of M we can consider a third
presentation M∼= [X ′′/G′′] with X ′′ = X ×M X ′ and G′′ = GLd×GLd′ .

Now let φ ∈ Homk(µN ,GLd) such that X(K[[t1/N ]])φ is non-empty. Then since X ′′ → X
is a GL′d-torsor, the fiber over any x ∈ X(K[[t1/N ]])φ admits a section and by Lemma 3.2.2
gives an element in X ′′(K[[t1/N ]])φ

′′
for a unique [φ′′] ∈ Homk(µN , G

′′)/G′′. This way the
projection X ′′ → X induces a definable bijection

X ′′(K[[t1/N ]])φ
′′
/G′′(K[[t1/N ]])φ

′′ ∼−→X(K[[t1/N ]])φ/GLd(K[[t1/N ]])φ.

Applying the same reasoning to the projection X ′′ → X ′ gives the result for a quotient
stack.

For the general case it remains to notice that given two stratificationsM =
⊔
i∈IMi =⊔

j∈JM′
j and section σi, σ

′
j of τ : [X/GLd] →M, the composition σ′j ◦ τ induces for all

i ∈ I and j ∈ J a definable bijection

[X/GLd](D
1/N
K )σi(Mi,k∩Mj,k)

∼−→[X/GLd](D
1/N
K )σ′j(Mi,k∩Mj,k). �



18 ARTHUR FOREY, FRANÇOIS LOESER, AND DIMITRI WYSS

3.3. Volumes of twisted arcs. In this section we prove an extension of Proposition
3.1.2 to a smooth cd-quotient stackM over k[[t]]. Let D =

∑
i∈I uiDi a relative Q-Cartier

divisor onM with ui < 1 and simple normal crossing support [9, Section 2]. We define a
motivic measure |ωM,D| = |ωD| on M(D1/N) as follows:

Let K/k be an extension. If M ∼= [X/GLd] is a global quotient stack we have the
decomposition

[X/GLd](D
1/N
K ) =

⊔
[φ]∈Hom(µN ,GLd)/GLd

e−1
N (φ),

from (3.2.2), thus it is enough to define the measure on each

e−1
N (φ) ∼= X(K[[t1/N ]])φ/GLd(K[[t1/N ]])φ.

Let
q : X(K[[t1/N ]])φ −→ e−1

N (φ)

be the quotient. We write D̃ for the pullback of D to X and define for every definable
subset A ⊂ e−1

N (φ) ∫
A

|ωD| :=
Lw(gld)

[Cent(φ)]

∫
q−1(A)

|ωD̃|.

This is justified by the fact that∫
GLd(K[[t1/N ]])φ

|ωGLd | = L−w(gld)[Cent(φ)],

by Proposition 3.1.2. Notice also that Cent(φ) is isomorphic to a product of general linear
groups and thus its class is invertible in K0(VarK)loc.

For a general cd-quotient stack M we have seen in (3.2.4) that M(D
1/N
K ) embeds into

some [X/GLd](D
1/N
K ) and we thus can define the measure in this case just by restriction.

One checks as in Proposition 3.2.3 that the measure constructed this way is independent
of any choices.

Finally let

eN :M(D1/N) −→ IµNM(K) = Hom(BµN ,M)

denote the map induced by restriction to the closed point of D1/N .

Theorem 3.3.1. Let (x, φ) ∈ IµNM(K) and Ix = {i ∈ I | x ∈ Di}. Then we have∫
e−1
N (x,φ)

|ωD| = L−w(x,φ)[B Aut(x, φ)]
∏
i∈Ix

(1− L−1)Luiw(NM/Di,x
)

1− L−1+ui

in K0(VarK)loc, where B Aut(x, φ) denotes the classifying stack of the automorphism group
of (x, φ) ∈ IµNM and NM/Di,x denotes the fiber at x of the normal bundle of Di in M.

Proof. Let [X/GLd] → M be a Nisnevich cover and fix a lift (x̃, φ̃) ∈ IµN [X/GLd] of
(x, φ), which exists by the same argument as for (3.2.3). We may then identify e−1

N (x, φ)

with e−1
N (x̃, φ̃) ⊂ [X/GLd](D

1/N
K ) and this identification is measure preserving by defini-

tion of the motivic measure.
We thus assume from now on that M = [X/GLd] and let q : X →M be the smooth

atlas. Then we have p−1(e−1
N (x, φ)) = X(K[[t1/N ]])φp−1(x) and thus, by Proposition 3.1.2,
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∫
e−1
N (x,φ)

|ωD| =
Lw(gld)

[Cent(φ)]

∫
X(K[[t1/N ]])φ

p−1(x)

|ωD̃| =

L−w(x,φ) [p−1(x)]

[Cent(φ)]

∏
i∈Ix

(1− L−1)Luiw(NM/Di,x
)

1− L−1+ui
.

Finally we notice that Aut(x, φ) = Aut(x) ∩ Cent(φ) and thus there is an equivalence

of quotient stacks [p−1(x)/Cent(φ)]
∼−→ B Aut(x, φ). As Cent(φ) ⊂ GLd is a product of

general linear groups we have [B Aut(x, φ)] = [p−1(x)]
[Cent(φ)]

. �

We can globalize Theorem 3.3.1 to any constructible subset Z ⊂ IµNM. For any J ⊂ I
we write as usual D◦J = ∩j∈JDj \ ∪i/∈JDi and furthermore

IµNMJ = {(x, φ) ∈M | x ∈ D◦J}.
We write wJ : IµNMJ → QJ for the constructible function given by (wJ(x, φ))j =
w(NM/Dj ,x) for all j ∈ J .

Then for any constructible subset Z ⊂ IµNM we set

[Z]w,D =
∑
J⊂I

∑
(a,b)∈Q×QJ

L−a[w−1(a) ∩ w−1
J (b) ∩ Z]

∏
j∈J

(1− L−1)Lujbj
1− L−1+uj

.

Corollary 3.3.2. For any constructible subset Z ⊂ IµNM we have∫
e−1
N (Z)

|ωD| = [Z]w,D.

Proof. Both sides define motivic functions on Z and by Theorem 3.3.1 these functions
agree on every point Spec(K) → Z. Around each point Spec(K) → Z we can then find
a constructible subset U ⊂ Z where they agree. By compactness, finitely many such U
cover Z, showing that the two constructible functions are equal on Z. �

3.4. Orbifold formula in an arbitrary theory. In this section, we prove the orbifold
formula in an arbitrary theory. This will not be used in the rest of the paper.

Let T be a theory in a language C extending the Denef-Pas language CDP,k as in [14, Sec-
tion 2.7] and containing the theory THens of Henselian discretely valued fields of equichar-
acteristic zero.

One obtains as in [14, Section 16.1] rings of constructible motivic functions that we
denote in this section by CT (Z) for definable Z in T .

When T is THens,k, one obtains the ring denoted by C(Z) in [14]. When T is the theory
TACF obtained from THens,k by specifying that the residue field is algebraically closed, one
obtains the rings considered in the rest of this paper. To avoid confusion, we denote them
in this subsection by CACF(Z). When T is the theory obtained from THens by specifying
that the residue field is pseudofinite, we denote the corresponding rings CPSF(Z).

If i : T1 → T2 is an inclusion of theories as above, and Z a definable in T1, then Z
determines a definable i∗(Z) in T2 since models of T1 are models of T2. As explained in
[14, Section 16.1], we then get a natural morphism i∗ : C

T1(Z) → CT2(i∗Z) compatible
with integration by [14, Proposition 16.1.1].
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Now since TACF admits quantifier elimination in the Denef-Pas language, any definable
Z in TACF can be described by a quantifier free formula. This formula determines a defin-
able ι∗Z in THens,k, independent of the choice of the quantifier free formula representing Z.
This assignment preserves bijections, hence induces a map ι∗ : CACF(Z) → C(ι∗Z). This
morphism is compatible with integration in the same way as in [14, Proposition 16.1.1],
which follows by unravelling the construction of the integral. Moreover, the composite
ι∗i∗ is the identity for i : THens,k → TACF.

As in Section 3.3, letM be a smooth cd-quotient stack over k[[t]]. Let D =
∑

i∈I uiDi a
relative Q-Cartier divisor onM with ui < 1 and simple normal crossing support, consider
the motivic measure |ωM,D| = |ωD| on M(D1/N).

Let T be a theory as above, with inclusion i : THens,k → T . Then for any constructible
subset Z ⊂ IµNM, we consider ι∗i∗[Z]w,D ∈ CT (ι∗i∗IµNM).

Theorem 3.4.1. For T as above and Z ⊂ IµNM constructible, we have∫ T

e−1
N (Z)

|ωD| = [Z]w,D ∈ CT (ι∗i∗IµNM).

Proof. If T is TACF, this is Corollary 3.3.2. In general, consider the morphism

ι∗i∗ : CACF(IµNM) −→ CT (ι∗i∗IµNM)

and the same for M(D1/N). They commute with integration by [14, Proposition 16.1.1]
and the discussion above, so the result in general follows from the one for TACF. �

Recall from [20, Definition 2.13.2] the notion of definable smooth Deligne-Mumford
stack over k[[t]], which applies to a theory T as above.

Corollary 3.4.2. Let M be a definable smooth Deligne-Mumford stack over k[[t]]. Then
for any constructible Z ⊂ Iµ̂M, we have∫ T

e−1(Z)

|ωM| = [Z]w ∈ CT (Iµ̂M),

where

[Z]w =
∑
a∈Q

L−a[w−1(a) ∩ Z].

Proof. When M is a smooth Deligne-Mumford stack over k[[t]], we have Iµ̂M = IµNM
for N large enough such that all orders of stabiliser divide N , so this is a particular case
of Theorem 3.4.1.

For any choice of model and parameters, points of a definable Deligne-Mumford stack
are points of an actual Deligne-Mumford stack, with matching inertia stacks. So the
general case reduce to this particular case we just proved. �

Remark 3.4.3. This Corollary for TPSF is the orbifold formula of [20, Theorem 2.13.4].

4. Hrushovski-Kazhdan characteristic in buildings

4.1. Bruhat-Tits buildings. In this section F is a rank one valued field, with valuation
v and valuation ring R.
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Definition 4.1.1. An additive norm α on an F -vector space V is a map α : V → R∪{∞}
satisfying :

(1) For every v, w ∈ V , α(v + w) ≥ min {α(v), α(w)}.
(2) For every v ∈ V , λ ∈ F , α(λv) = v(λ) + α(v).
(3) For every v ∈ V , α(v) =∞ if and only if v = 0.

For our purposes, we shall consider rational additive norms: assuming F has value
group included in Q, a rational additive norm is an additive norm α such that the image
of α is included in Q ∪ {∞}. More generally, assuming F has value group included in
some ordered group Γ, we can consider Γ-additive norms, that is, additive norms with
values in Γ.

Definition 4.1.2. An additive norm α splits over v1, . . . , vr ∈ V if for every λ1, . . . , λr ∈
F ,

α
(∑

i

λivi

)
= min

i
{α(λivi)} .

A splitting set for α is necessarily linearly independent, and we call a splitting set which
is also a basis of V a splitting basis of α.

Define the ball Lα,r = {v ∈ V | α(v) ≥ r}. It is an R-module. From [28, Lemma
15.1.10], α admits a splitting basis if and only if Lα,r is a lattice, that is, a finitely
generated R-module that generates V over F . Moreover, if F is complete then every
additive norm α splits over some basis, by [28, Proposition 15.1.11].

Definition 4.1.3. (1) Given a basis v1, . . . , vn of V , the apartment associated to it is

the set Ã(v1, . . . , vn) of rational additive norms that splits over v1, . . . , vn.

(2) The enlarged building B̃(GLn(F )) of GLn(F ) is the set of rational additive norms
on F n splitting over some basis. It is a union of the apartments associated to all
bases of F n.

The building B̃(GLn(F )) has a structure of a simplicial complex by considering periodic
lattice chains, as follows.

Definition 4.1.4. A periodic lattice chain L is a set of lattices totally ordered by inclusion
and such that if L ∈ L, then x · L ∈ L for every x ∈ F×.

A grading of L is a map c : L→ R such that c(ML) = c(L) + 1.

There is a one to one correspondence between the set of splitting additive norms and
the set of graded periodic lattice chain. To α, one associates the lattice chain (Lα,r)r∈R,
together with the map c(L) = inf {α(v) | v ∈ L}. Reciprocally, given (L, c), one defines
α(v) = sup {c(L) | v ∈ L ∈ L}.

We say that two points of B̃(GLn(F )) lie in the same simplex if they correspond to
the same lattice chain. We say that the simplex corresponding to a chain L is a face of

the one corresponding to L′ if L ⊂ L′. In particular, the set of vertices of B̃(GLn(F )) is
identified with the set of R-lattices of F n, which is GLn(F )/GLn(R).

Fix a lattice chain L and L0 ∈ L. By taking quotients modulo ML0, the set of L ∈ L
such that ML0 ( L ( L0 is mapped to the set of elements of a partial flag in the vector
space kn, where k is the residue field of F . If such a set is of cardinality r, then we call
r+ 1 the rank of L, and it is the rank of the simplex in which L lies. Hence the simplicial
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structure is determined by flag varieties over the residue field. For example, the set of
n-simplices adjacent to a given n−1 simplex is identified with P1(k); the set of n-simplices
adjacent to a given vertex is identified with the complete flag variety over kn.

The building is equipped with a metric d defined using the affine structure on apart-
ments, which are affine spaces over Rn.

We have a natural action of GLn(F ) on B̃(GLn(F )), given by (g · α)(v) = α(gv).
Let F ′ be a valued field extension of F . We also have an action of the Galois group

Gal(F ′/F ) on B̃(GLn(F ′)), through the action of GLn(F ′).

Proposition 4.1.5 ([28, Theorem 12.9.2]). There is a natural identification between the

sets B̃(GLn(F )) and B̃(GLn(F ′))Gal(F ′/F ).

Note that the identification in Proposition 4.1.5 does not preserve the simplicial struc-
ture, since some vertices are not sent to vertices.

From now on we restrict our attention to rational points of buildings, that is, rational

additive norms. We write B̃Q(GLn(F )) (resp. B̃Γ(GLn(F ))) for the extended building

consisting of rational additive norms in B̃(GLn(F )) (resp. Γ-additive norms).

Proposition 4.1.6. There is a natural identification between the sets B̃Q(GLn(F )) and
(GLn(F∞)/GLn(R∞))Gal(F∞/F ).

Proof. This follows either from a more general version of Proposition 4.1.5 for buildings
over non-discretely valued fields, or directly from Proposition 4.1.5, since

(GLn(F∞)/GLn(F ))Gal(F∞/F ) =
⋃
r

(GLn(Fr)/GLn(F ))Gal(Fr/F )

and the observation that vertices are sent to rational additive norms by Proposition 4.1.5.
�

Let B<r =
{
α ∈ B̃Γ(GLn(F )) | d(α, id) < r

}
, where id is the point in B̃Γ(GLn(F ))

corresponding to the identity matrix.

Lemma 4.1.7. The set B<r is definable in Γ∪ k, and for each i, the set of i-simplices of
B<r is definable. The same is true of B≤r.

Proof. We work by induction on r. Write B<r as a union over apartments containing id.
Each piece is definable since it is identified with the set of points in Γn of norm less than
r. Moreover, each piece contains only finitely many vertices, since those are identified
with integer points in Γn. In particular, all simplices in B<1 are adjacent to id. Recall
that for i ≥ 1, the set of i-simplices adjacent to a given vertex is identified with a partial
flag variety Pi over kn. Hence if ∆i denotes the standard open i-simplex in Γi, and we
set by convention P0 = {1}, B<1 can be written as a disjoint union

B<1 =
⊔

0≤i≤n

Pi ×∆i,

hence is definable.
Assume now B<r is definable, as well as its simplices. Then the set of n− 1 simplices

of B<r+1 at distance r of id is in bijection with the set of n-simplices of B<r at distance
between r − 1 and r of id, hence is definable by induction. Each such n− 1 simplex, has
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P1(k) n simplices adjacent, of which one of them is at distance between r− 1 and r of id,
the other A1(k) being at distance between r and r + 1. Hence the set of n simplices at
distance between r and r + 1 is definable. We see similarly that the set of i simplices at
distance between r and r + 1 is definable, hence B<r+1 is definable. �

Proposition 4.1.8. Let X be a definable subset of GLn(F∞)/GLn(R∞))Gal(F∞/F ). As-
sume that X is definably compact and definably connected. Then Vol(X) = 1.

The intuition behind the proof is that such an X should be contractible.

Proof. By Proposition 4.1.6, one can view X as a definable subset of B̃Γ(GLn(F )). Since
X is definably compact, it is bounded, hence is contained in B≤r for some r. Up to
translating X, we can assume that id ∈ X. It follows from Lemma 4.1.7 that B≤r is
definable. Assume r is minimal among integers such that X ⊂ B≤r. If r = 0, then
X = {id} and we are done. Assume that r ≥ 1. We shall show that X ∩B≤r−1 is closed,
bounded and definably connected and Vol(X ∩B≤r−1) = Vol(X). Hence we can conclude
inductively by applying the proposition to X ∩B≤r−1.

The set X ∩ B≤r−1 is clearly bounded and closed. It is also connected, since X is
connected and an intersection of apartments is connected.

So it remains to show that Vol(X ∩ B≤r−1) = Vol(X). We will rather show that

Vol(X ∩ Cr−1<,≤r) = 0, where Cr−1<,≤r =
{
α ∈ B̃Γ(GLn(F )) | r − 1 < d(α, id) ≤ r

}
.

Recall the following general properties of buildings. If two chambers share two faces,
they are equal. A chamber at distance between r − 1 and r of id has exactly one face at
distance r−1 of id. A face at distance r−1 of id has A1(k) adjacent chambers at distance
between r − 1 and r and one adjacent chamber at distance between r − 2 and r − 1.

From those properties, it follows that X ∩ Cr−1<,≤r is a disjoint union

X ∩ Cr−1<,≤r =
⊔

(z0,z1)∈Z×A1(k)

X ∩ (C̄z\z̄0),

where Z is the set of faces at distance r − 1 of id, and for z = (z0, z1), Cz is a chamber
at distance between r − 1 and r which is adjacent to z0, and C̄z is its closure. The set
Z is definable by Lemma 4.1.7. The set X ∩ C̄z is closed, bounded and connected inside
Γr, hence if it is non-empty, Vol(X ∩ C̄z) = 1. But if X ∩ C̄z 6= ∅, then X ∩ z̄0 6= ∅
by connectedness of X, hence Vol(X ∩ z̄0) = 1 and X ∩ (C̄z\z̄0) = 0. Hence Vol(X ∩
Cr−1<,≤r) = 0. �

5. Generalized orbifold formula

5.1. The main result. Let M be a smooth cd-quotient stack over k[[t]] and D =∑
i∈I uiDi a relative Q-Cartier divisor on M with ui < 1 and simple normal crossing

support. Let

π :M−→M

be a morphism to a finite type scheme M over k[[t]]. Throughout this section have the
following additional

Assumption 5.1.1. (1) The morphism π is S-complete.
(2) There exists a dense open U ⊂M such that π−1(U)→ U is an equivalence.
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(3) For any algebraically closed field K/k and any x ∈ M(K[[t]]) ∩ U(K((t))) there
exists an integer N ≥ 1 and an x̃ ∈ M(D1/N) such that the following diagram
commutes:

D1/N

��

x̃
//M

π

��

Spec(K[[t]])
x
// M.

(4) Some power of ωM(D) is Zariski-locally trivial, where ωM denotes the canonical
bundle of M i.e. the determinant of its cotangent complex.

Remark 5.1.2. If π :M→M is a good moduli space morphism satisfying (2), then (1)
and (3) are automatically satisfied. Indeed, good moduli space morphisms are S-complete
[5, Proposition 3.44] and (3) follows since M admits a birational morphism M′ → M
from a Deligne-Mumford stack [18, Theorem 2.11].

Under these assumptions we may define a motivic measure |ωM\,D| on the definable M \

given by the assignment

K/k 7−→M(K[[t]]) ∩ U(K((t))).

For the construction of |ωM\,D| consider a positive integer r and a Zariski cover M =⋃
i Vi, such that ωM(D)⊗r|Vi is trivial. If we choose for each i a trivializing section ωi of

ωM(D)⊗r on Vi, then ωi restricts to a pluricanonical form on U ∩ Vi and thus defines a

measure |ωi| on the assignment M \
i defined by

K/k 7−→ {x ∈M(K[[t]]) ∩ U(K((t))) | ∃N ≥ 1: x lifts to an x̃ ∈ Vi(D1/N
K )}.

Note that by the Assumption 5.1.1(3) we have a covering M \ = ∪iM \
i .

Lemma 5.1.3. The |ωi| glue to a motivic measure |ωM\,D| on M \ = ∪iM \
i independent

of the choices of trivializing sections ωi.

Proof. The argument is very similar to [11, Proposition 3.1.2]. Any two sections ωi and
ωj differ on Vi∩Vj by an invertible function fij. We need to show that for every K/k and

every x ∈M \
i ∩M

\
j we have |fij(x)| = 1. This follows since x lifts to an x̃ ∈ Vi∩Vj(D1/N)

for some N ≥ 1 and |fij(x̃)| = 1 since fij is invertible. �

We will express integrals with respect to |ωM\,D| on M in terms of IµNM for all N ≥ 1.
Recall from Section 3.3 that for any constructible subset Z ⊂ IµNM we define

[Z]w,D =
∑
J⊂I

∑
(a,b)∈Q×QJ

L−a[w−1(a) ∩ w−1
J (b) ∩ Z]

∏
j∈J

(1− L−1)Lujbj
1− L−1+uj

.

We also write M \
Z for the assignment

K/k 7−→ {x ∈M(K[[t]])\ | x| Spec(K) ∈ Z}.

Theorem 5.1.4. LetM→M be a morphism satisfying Assumption 5.1.1. Then for any
constructible subset Z ⊂ Mk, the series

∑
N≥1[IµNMZ ]w,D TN is rational of degree zero,
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hence its limit as T → +∞ exists formally and we have∫
M\
Z

|ωM\,D| = −limT→+∞
∑
N≥1

[IµNMZ ]w,D TN

in K0(Vark)loc, where IµNMZ = {(y, φ) ∈ IµNM | π(y) ∈ Z}.

For convenience let us also spell out Theorem 5.1.4 for D = 0, in which case we write
|ωM\ | instead of |ωM\,0|. For any constructible subset Z ⊂ IµNM we set

[Z]w = [Z]w,0 =
∑
a∈Q

L−a[w−1(a) ∩ Z].

Corollary 5.1.5. Let M → M be a morphism satisfying Assumption 5.1.1. Then we
have for any constructible subset Z ⊂Mk∫

M\
Z

|ωM\| = −limT→+∞
∑
N≥1

[IµNMZ ]w TN

in K0(Vark)loc.

Finally we record the following lemma for later.

Lemma 5.1.6. Consider πN : M(D
1/n
K )\ → M(K[[t]])\. Both spaces come with natural

measures |ωM,D| and |ωM\,D| respectively and we have for every x ∈M(K[[t]])\ and every
measurable A ⊂ π−1

N (x) the equality∫
A

|ωM,D|
π∗N |ωM\,D|

= µ#(A).

Proof. As before we may reduce to the case where M ∼= [X/GLd]. By definition of the

measure on M(D
1/n
K )\ we need to consider the decomposition

A =
⊔

[φ]∈Hom(µN ,GLd)/GLd

Aφ,

where Aφ = A ∩ e−1
N (φ). If we write q : X(K[[t1/N ]])φ → e−1

N (φ) for the quotient then we
have by definition ∫

Aφ

|ωM,D|
π∗N |ωM\,D|

=
Lw(gld)

[Cent(φ)]

∫
q−1(Aφ)

|ωX,D̃|
π∗N |ωM\,D|

.

Now recall that |ωM\,D| is defined by integrating locally sections of some power of

ωM(D), while |ωX,D̃| is given by locally integrating sections of some power of ωX(D̃).

Since X → M is a GLd principal bundle the quotient
|ωX,D̃|

π∗N |ωM\,D
| is thus given by locally

integrating a nowhere vanishing GLd-invariant form |ωd| on q−1(π−1
N (x)φ). Consider the

definable map
h̃ = h ◦ q : q−1(π−1

N (x)φ) −→ BGLd(K((t))),

whose fibers are free GLd(K[[t1/N ]])φ orbits. Since∫
GLd(K[[t1/N ]])φ

|ωGLd | = L−w(gld)[Cent(φ)],
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we thus deduce again by Fubini that∫
q−1(Aφ)

|ωX,D̃|
π∗N |ωM\,D|

= L−w(gld)[Cent(φ)]µ#(h̃(q−1(Aφ))) = L−w(gld)[Cent(φ)]µ#(h(Aφ)).

Since the map h is a definable bijection onto its image the lemma follows from summing
over all [φ] ∈ Homk(µN ,GLd)/GLd. �

5.2. Volume of fibers. We study in this section how various volumes of the fibers
of M → M behave in families, and establish the key Proposition 5.2.4 relating the
Hrushovski-Kazhdan volume of a fiber to the point counting of its rational points. We
assume in this section thatM is a cd-quotient stack. Since the arguments are local in the
target M , we can assume throughout the proofs of this subsection that M is a quotient
stack [X/GLd].

For K algebraically closed, set M(K[[t]])\ = M(K[[t]]) ∩ U(K((t))), which is represented
by a definable set M\. Then define M(K[[t1/N ]])\ as the subset of M(K[[t1/N ]]) such that

its image in M(K[[t]]) lands in M(K[[t1/N ]])\. Define similarly M(D
1/N
K )\, M(K[[t1/∞]])\,

etc. by requiring that their images by π land in M(K[[t1/N ]])\, resp. M(K[[t1/∞]])\.

Proposition 5.2.1. There is an ACVFk((t)) imaginary set M\ and a definable morphism
π : M\ → M \ such that for every algebraically closed valued field L with valuation ring
OL, M\(L) =M(OL)\ and

πL : M(OL)\ −→M(OL)\

is the map induced by π : M→M .

Proof. The stackM is a global quotientM = [X/G], with algebraic maps p : X →M and
π : M→M . Let W = p−1(U). Then M(OL)\ = W (OL)/G(OL), so it has a structure of
an imaginary set. The morphism πL is defined using the algebraic morphism p, so πL is
also definable. �

Lemma 5.2.2. Let K be an algebraically closed field. The preimage of M(K[[t]])\ under

π : M\(K[[t1/∞]]) −→M(K[[t1/∞]])\

is M(D
1/∞
K )\, and the preimage of M(K[[t]])\ under

πN : M\(K[[t1/N ]]) −→M(K[[t1/N ]])\

is M(D
1/N
K )\.

Proof. By definition, a point inM\(D
1/∞
K ) is a K[[t]]-morphism from Spec(K[[t1/∞]]) toM

which is µ̂ invariant. So M\(D
1/∞
K ) is the subset of M\(K[[t1/∞]]) invariant by µ̂.

An arc in M\(K[[t1/∞]]) is mapped by π to a point in M(K[[t]])\ precisely when it is
invariant under the action of µ̂, hence it corresponds to a twisted arc.

The same holds at fixed ramification, replacing K[[t1/∞]] by K[[t1/N ]] and µ̂ by µN . �

Lemma 5.2.3. The fibers of π : M\ →M \ are definably compact.
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Proof. We first show the result for the fibers of p : X\ → M \. By the characterisation of
[27, Lemma 4.2.4], we need to show that they are bounded and closed for the valuation
topology. They are bounded, since included in the bounded set X(K[[t1/∞]]). They are
also closed since p is continuous. The fibers of π are quotient of the fibers of p by the free
action of G(K[[t1/∞]]), hence definably compact as well. �

Proposition 5.2.4. The maps x ∈ M(K[[t]])\ 7→ Vol(π−1(x)) and (x,N) ∈ M([[t]])\ ×
Z>0 7→ µ#(π−1

N (x)) determine constructible motivic functions in C(M \) and C(M \×Z>0).
Moreover, for every x ∈M(K[[t]])\,

Vol(π−1(x)) = −limT→+∞
∑
N≥1

µ#(π−1
N (x))TN .

Proof. In view of Proposition 5.2.1 and Lemma 5.2.2, the result follows from Propo-
sitions 2.8.3, 2.8.5 and 2.8.6. The measure on the fibers is the counting measure by
Lemma 5.1.6, and the fibers are bounded by Lemma 5.2.3 hence proper invariant since
by definition, they are invariant by G(O). �

Remark 5.2.5. The map x 7→ µ#(π−1
1 (x)) is related to the function sepπ1 constructed by

Satriano and Usatine in [37]. More precisely, when π−1
1 (x) is finite, µ#(π−1

1 (x)) = sepπ1(x).
See Example 5.2.8 for a situation where this holds. So Proposition 5.2.4 shows that the
function sepπ1 has measurable fibers. When the fibers are infinite, µ#(π−1

1 (x)) is a natural
generalization of sepπ1 .

Lemma 5.2.6. The map π : M\ →M \ admits a definable section.

Proof. Let x ∈ M(K[[t1/∞]]). We need to find a definable point in the fiber π−1(x)
whenever it is non-empty.

Recall that M(K[[t1/∞]])\ = (X\(K[[t1/∞]])/GLn(K[[t1/∞]])).
Let x̃ ∈ π−1(x). Let T be the standard maximal torus of GLd. Consider the orbit Ox̃

of x̃ under T (K((t1/∞))):

Ox̃ =
{
tx̃ ∈M(K[[t1/∞]])\ | t ∈ T (K((t1/∞)))

}
.

The orbit Ox̃ is in x̃-definable bijection with a subset ∆x̃ of Γn such that

∆x̃ =
{
t̄ ∈ Γd = T (K((t1/∞)))/T (K[[t1/∞]]) | tx̃ ∈ Ox̃

}
.

Since ∆x̃ is a non-empty definable set in an o-minimal structure, it admits a definable
point γx̃. Changing the choice of x̃ by amounts to a translation of ∆x̃, so up to this
translation ∆x̃ is a definable set ∆, admitting a definable point γ independent of x̃. The
preimage of γ in Ox̃ is a definable point in the fiber independent of x̃. �

Lemma 5.2.7. There is some integer d, a definable subset Z ⊂M \×Sd, and a definable
bijection h : M\ → Z commuting with the maps to M \.

Proof. By the previous Lemma 5.2.6, the map π admits a definable section. So we can
construct h using this definable point x̃ in π−1(x). We then map

gx̃ ∈ π−1(x) =
{
gx̃ ∈M(K[[t1/∞]])\ | t ∈ GLd(K((t1/∞)))

}
to the image of g in Sd = GLd(K((t1/∞)))/GLd(K[[t1/∞]]). �
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Example 5.2.8 (Toroidal case). Assume that M = [X/T ], with T a dimension d split
torus. Then the definable Z of Lemma 5.2.7 is a subset of M \×Γd. For each x ∈M \(K[[t]]),
Zx is a compact polyhedron of Γd, and, by definition, Vol(π−1(x)) = eu(Zx), the Euler
characteristic of Zx. Moreover, µ#(π−1

N (x)) is equal to #Zx(
1
N
Z), the number of 1

N
Z-

points of Zx. So Proposition 5.2.4 states that those numbers vary as constructible motivic
functions, and that

eu(Zx) = −limT→+∞
∑
N≥1

#Zx

( 1

N
Z
)
TN .

We will show in Proposition 5.3.1 that eu(Zx) = 1, under our running Assumption 5.1.1
on M.

5.3. Hrushovski-Kazhdan characteristic of a fiber.

Proposition 5.3.1. Let x ∈M(K[[t]])\ and π−1(x) be the preimage of x inM\(K[[t1/∞]]).
Then Vol(π−1(x)) = 1.

First we need the following

Lemma 5.3.2. For every x ∈M(K[[t]])\, the fiber π−1(x) is definably connected.

Proof. Let z, z′ ∈ π−1(x). We can assume that they lie in the image of X(K[[t1/n]]) for
some n. This defines a morphism STRn\ {0} → [X/G], where

STK[[t1/n]] = [Spec(K[[t1/n]][s, τ ]/(sτ − t1/n))/Gm].

Since [X/G] is S-complete, this morphism extends as a morphism STK[[t1/n]] → [X/G].

Moreover, STK[[t1/n]](K[[t1/∞]]) can be identified with a closed interval in the value group.
The above morphism sends its endpoints to z and z′, hence it defines a continuous map
from z to z′ with image in π−1(x). �

Proof of Proposition 5.3.1. By the cd-quotient stack property, we can assume that M =
[X/GLd]. By Lemma 5.2.3, π−1(x) is definably compact, and by the previous lemma it
is definably connected.

Since being definably compact is preserved under definable homeomorphism by [27,
Proposition 4.2.9], its image by the bijection h of Lemma 5.2.7 is then a definably compact
and connected subset of Sd. Since Vol is preserved by definable bijections, the result now
follows from Proposition 4.1.8 applied to this image. �

5.4. Proof of Theorem 5.1.4. From Proposition 5.3.1, we have Vol(π−1(x)) = 1 for
every x ∈M(K[[t]])\, hence∫

M\
Z

|ωM\,D| =
∫
x∈M\

Z

Vol(π−1(x)|ωM\,D|.

By Proposition 5.2.4,∫
x∈M\

Z

Vol(π−1(x)|ωM\,D| =
∫
x∈M\

Z

−limT→+∞
∑
N≥1

µ#(π−1
N (x))|ωM\,D|TN .
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By Proposition 2.5.1, we can switch the limit and integral to get∫
x∈M\

Z

−limT→+∞
∑
N≥1

µN(π−1
N (x))|ωM\,D|TN = −limT→+∞

∑
N≥1

∫
x∈M\

Z

µ#(π−1
N (x))|ωM\,D|.

Since πN : M(D1/N)→M \ has source the twisted arcs of order N , by the Fubini theorem
2.4.1 and Lemma 5.1.6, we have∫

x∈M\
Z

µ#(π−1
N (x))|ωM\,D| =

∫
M(D1/N )\Z

|ωM,D|.

By Theorem 3.3.1, we then have∫
M(D1/N )Z

|ωM,D| = [IµNMZ ]w,D.

5.5. Examples.

5.5.1. Deligne-Mumford stacks. Let M be a smooth Deligne-Mumford stack over k[[t]]
and π : M → M the map to its coarse moduli space. We further assume that M is
generically stabilizer-free and we take D = 0.

Then Assumption 5.1.1(2) is satisfied and thus by Remark 5.1.2 also (1) and (3). Finally
(4) follows since M admits an étale cover from a smooth scheme.

From comparing the definitions one sees that |ωM\ | = |ωorb| and Corollary 5.1.5 then
implies for any constructible Z ⊂M the so-called orbifold formula [16, 45, 32, 20]∫

M\
Z

|ωM\| = [Iµ̂MZ ]w.

To see this, first notice that for a DM stack, Iµ̂M = colimN Hom(BµN ,M) is of finite
type since the colimit stabilizes. It follows that there is a finite stratification Iµ̂MZ = tiVi
such that for every N ≥ 1 the stack IµNMZ is a union of strata Vi. If we denote by Ni

the smallest integer N such that Vi is a stratum of IµNMZ we get

−limT→+∞
∑
N≥1

[IµNMZ ]w TN = −limT→+∞
∑
i

[Vi]
w
∑
N≥1

TNiN = [Iµ̂MZ ]w.

5.5.2. Non-trivial D. ConsiderM = [A3/Gm] where Gm acts on A3 with weights (1, 1,−1).
Let

π :M−→ A2

be the good moduli space map induced by (x, y, z) 7→ (xz, yz). If we take D = −{z = 0}
we can again check that Assumption 5.1.1(2) by removing all the orbits in A3 with 0 in
their closure. Then (1) and (3) follow from Remark 5.1.2 and (4) since zdx ∧ dy ∧ dz
induces a global trivialization of ωM(D).

Thus we can compute
∫
M\ |ωM\,D| using Theorem 5.1.4 as follows. We stratify M into

the three pieces V1 =M\D, V2 = D \ BGm and V3 = BGm. For i = 1, 2 the pieces are
schematic, so their contribution is independent of N given by

[IµNVi]
w,D =

{
1 if i = 1,

L−2 if i = 2.
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For V3 we compute first w(0, φ) and w(NM/D,0) for φ ∈ Hom(µN ,Gm) ⊂ (0, 1]:

w(0, φ) =

{
2 if φ = 1,

2φ+ (1− φ)− 1 = φ if φ 6= 1,
w(NM/D,0) =

{
1 if φ = 1,

1− φ if φ 6= 1.

From this we deduce

[IµNV3]w,D =
L−2

L2 − 1
+ (N − 1)

1

L2 − 1
.

Passing to the limit and adding up the three contributions we finally obtain∫
M\

|ωM\,D| = 1 + L−2 − L−2 = 1.

Of course we could have computed this without Theorem 5.1.4 by checking that |ωM\,D|
is the standard measure on M = A2.

6. Applications

6.1. Stringy E-function for moduli spaces of vector bundles. To illustrate how
one can apply Theorem 5.1.4 in practice we compute here the stringy E-function for
the moduli space M = M2,0 of semi-stable rank 2, degree 0 vector bundles on a smooth
projective curve C of genus g ≥ 3, recovering Theorem 6.1 from [29] whose original proof
relied on computations of explicit resolutions.

6.1.1. Stringy E-functions. Let X be a normal Q-Gorenstein variety with log-terminal
singularities over an algebraically closed field k. For any canonical divisor KX and r ≥ 1
such that rKX is Cartier, and thus the associated invertible sheaf defines a measure |ωcan|
on X as in Section 2.3. The construction first appeared in [16, Section 3] where it was
called the Gorenstein measure.

Using a log-resolution, one can give an explicit formula for the total volume
∫
X(k[[t]])

|ωcan|
and one sees in particular that

∫
X(k[[t]])

|ωcan| converges in K0(VarK)loc[L1/r] if and only if

X has log-terminal singularities, see also [44, Proposition 6.6.2].
In this case, assuming k = C, we can consider the image of LdimX

∫
X(k[[t]])

|ωcan| under

the Hodge-Deligne realization

E : K0(VarC)loc[L1/r] −→ Z[u, v][(uv)−1/r, (uv − 1)−n; n ≥ 1],

which sends the class of any algebraic variety Y to E(Y ;u, v) =
∑

p,q,i(−1)ihi;p,qc (Y )upvq,

where the hi;p,qc (Y ) are the compactly supported mixed Hodge numbers of Y . Again using
a log-resolution one sees that this image agrees with the stringy E-function Est(X;u, v)
of a log-terminal X as defined by Batyrev [6].

We will use the following criterion to compare |ωcan| with |ωM\ |.
Lemma 6.1.2. Assume π :M→M satisfies Assumption 5.1.1 with D = 0 and further-
more that M is Q-Gorenstein. If there is an open U ⊂ M such that codimM M \ U ≥ 2
and π−1(U)→ U is an equivalence, then |ωcan| = |ωM\ |.
Proof. This follows directly from the construction, since the local non-vanishing forms
used to define |ωM\| extend by the codimension 2 assumption to non-vanishing sections
of some power of the canonical bundle on M , which are used to define |ωcan|. �
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6.1.3. Vector bundles on curves. Let C be a smooth projective curve C of genus g ≥ 2.
For any r ≥ 1 and d ∈ Z there is a smooth algebraic stack Mr,d parametrizing semi-stable
rank r and degree d vector bundles on C. Since the automorphism group of every vector
bundle contains a central copy of Gm coming from scalar automorphisms, we may consider
the Gm-rigidificationMr,d of Mr,d in the sense of [1]. Finally we denote by Mr,d the coarse
moduli space, which is Gorenstein by [17].

Proposition 6.1.4. The good moduli space map Mr,d →Mr,d satisfies Assumption 5.1.1
for D = 0. In particular∫

M\
r,d

|ωM\
r,d
| = −limT→+∞

∑
N≥1

[IµNMr,d]
w TN .

Unless g = 2 and (r, d) = (2, d) with d even, we have |ωcan| = |ωM\
r,d
|.

Proof. Since g ≥ 2, the moduli space of stable bundles M st ⊂ M provides a dense open
as in 5.1.1 (2). Conditions (1) and (3) follow from Remark 5.1.2. In order to verify (4)
for D = 0 we use Luna’s slice theorem for smooth stacks [3, Theorem 1.2]. Namely every
polystable point x ∈Mr,d admits an open neighborhood Ux which, up to an étale covering,
is isomorphic to an open neighborhood of 0 in [Ext1(x, x)/Aut(x)]. Since the standard
form on the vector space Ext1(x, x) is invariant under the Aut(x)-action, it induces a
non-vanishing trivialization of ωMr,d|Ux .

Finally unless g = 2 and (r, d) = (2, d) with d even, the complement of M st in M has
codimension at least 2 which can be seen from a dimension calculation as for example in
[36, Lemma 4.3] and thus Lemma 6.1.2 implies |ωcan| = |ωM\

r,d
|. �

In principle, arguments similar to [24, Section 5.5] allow us to compute the right hand
side of Proposition 6.1.4 for all pairs r, d in terms of motivic classes of Mr′,d′ with r′ ≤ r
and d/r = d′/r′. However already the leading term [Mr,d] is quite tricky to determine
as one has to resolve the Harder-Narasimhan recursion [47] and it is unclear to the au-
thors whether the formula would be meaningful in any way. Instead we illustrate the
computation in the simplest non-trivial case.

Corollary 6.1.5. For g ≥ 3 we have∫
M2,0(k[[t]])

|ωcan| = L−4g+3[M2,0]− L−3g+2(L− 1)
(
[Pic0(C)]2 − [Sym2(Pic0(C))]

)
,

where Pic0(C) denotes the Picard stack of C. In particular

Est(M2,0;u, v) =
(uv)g−1(1− u)2g(1− v)g − (1− u2v)2g(1− uv2)g(1− u)g(1− v)g

(1− uv)2(1− (uv)2)
−

(uv)g−1

2

(
(1− u)2g(1− v)2g

(1− uv)2
+

(1− u2)g(1− v2)g

1− (uv)2

)
.

Remark 6.1.6. Note that the above formula for Est(M2,0;u, v) is used in [39] to exhibit a
counterexample to Batyrev’s conjecture on the non-negativity of stringy Hodge numbers.

Proof. The proof goes along the lines of [24, Section 5.5]. A point of IµNM2,0 corresponds
to a pair of a rank 2, degree 0 vector bundle E on C together with a morphism φ :
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µN → Aut(E), where Aut(E) = Aut(E)/Gm. Since we work over an algebraically closed

field, there exists a lift φ̃ : µN → Aut(E) and thus E decomposes into eigenspaces E =⊕
χ∈Z/NZEχ for this µN -action, where we use Irr(µN) = Z/NZ. Choosing a different lift

of φ results in shifting the indexing of the Eχ by a constant in Z/NZ. There are 3 cases
to consider:

First if E = Eχ for a single χ ∈ Z/NZ, which corresponds to φ being the trivial
homomorphism. This gives a component of IµNMr,d which can be identified with M2,0.
The weight of the trivial homomorphism is simply the dimension of M2,0 i.e. 4g − 3.

If E = Eχ1 ⊕ Eχ2 with (χ1, χ2) 6= (χ2 + a, χ1 + a) for all a ∈ Z/NZ. In this case
both Eχ1 and Eχ2 are degree 0 line bundles and the only automorphisms of the pair
(E, φ) are the scalar automorphisms on each factor. Thus for a fixed pair (χ1, χ2) the
corresponding component of IµNM2,0 is isomorphic to the Gm-rigidification of Pic0(C)×
Pic0(C), where Pic0(C) denotes the Picard stack of C. Furthermore one can check that
up to simultaneous scaling by a ∈ Z/NZ there are bN−1

2
c such pairs (χ1, χ2). The weight

in this case can be computed as in [24, Lemma 5.19] to be 3g − 2.
Finally, if E = Eχ1 ⊕ Eχ2 with (χ1, χ2) = (χ2 + a, χ1 + a) for some a ∈ Z/NZ, we

must have that N is even and a = N/2. In this case Eχ1 and Eχ2 are still degree 0 line
bundles, but switching the two factors is now an automorphism of the pair (E, φ). In other
words the corresponding component of IµNM2,0 is isomorphic to the Gm-rigidification of
Sym2Pic0(C). There is only one such component and the weight equals 3g− 2 as before.

Putting everything together we get

∫
M2,0(k[[t]])

|ωcan| =

−limT→+∞
∑
N≥1

L−4g+3[M2,0]+bN − 1

2
cL−3g+2(L−1)[Pic0(C)]2+L−3g+2(L−1)[Sym2(Pic0(C))]TN

= L−4g+3[M2,0]− L−3g+2(L− 1)[Pic0(C)]2 + L−3g+2(L− 1)[Sym2(Pic0(C))].

The E-polynomial realization follows from the following formulas:

E(M2,0;u, v) =
(1− u2v)g(1− uv2)g(1− u)g(1− v)g − (uv)g−1(1− u)2g(1− v)2g

(1− uv)(1− (uv)2)
,

which follows from [25, Theorem 5.16] and [42, Proposition 4.4], see also [8, Remark 4.2].
Furthermore

E(Pic0(C);u, v) =
(1− u)g(1− v)g

uv − 1
,

and for any variety X,

E(Sym2(X);u, v) =
1

2
E(X;u, v)2 +

1

2
E(X;u2, v2),

which can be deduced for example from [33]. �

The formula for Est(M2,0;u, v) agrees up to a factor of E(Pic0(C);u, v) = (1−u)g(1−v)g

uv−1

with the formula in [29, Theorem 6.1], which comes from the fact that in loc.cit the moduli
space of vector bundles with fixed determinant is considered.



AN ORBIFOLD FORMULA FOR ALGEBRAIC STACKS 33

6.2. Quasi-torsors and klt-singularities. Let (Y,∆) be a klt-pair. Let G be a linear
algebraic group acting on a normal variety X admitting a G-invariant morphism φ : X →
Y such that there exist open subsets U ⊂ Y and V = φ−1(U) ⊂ X, whose complements
have codimension at least two and such that

φ|V : V −→ U

is a G-torsor.
These conditions are for example satisfied if φ is a G-quasi-torsor in the sense of [10].

Because of the codimension 2 assumption (X,φ−1∆) is a still a log pair and we have the
following

Theorem 6.2.1. If G = T is a torus, then (X,φ−1∆) is a klt-pair.

For T -quasi-torsors a similar theorem was proven in [10].

Proof. The proof uses a characterization of (Y,∆) being klt in terms of motivic integration.
To do so one considers the motivic measure |ω∆| = |ωO(r(KY +∆))| constructed from the
invertible sheaf O(r(KY + ∆)) as in Section 2.3, where r ≥ 1 is such that r(KY + ∆) is
Cartier. Using a log-resolution one sees that

∫
Y (k[[t]])

|ω∆| converges in K0(VarK)loc[L1/r] if

and only if (Y,∆) is a klt-pair, see [44, Proposition 6.6.2].
The statement is thus equivalent to showing that

∫
X(k[[t]])

|ωφ−1∆| converges. By Fubini

we can write ∫
X(k[[t]])

|ωφ−1∆| =
∫
Y (k[[t]])

Iφ|ω∆|,

where Iφ is the function on Y (k[[t]]) given by

y 7→
∫
φ−1(y)

|ωφ−1∆|/φ∗|ω∆|.

But for every y ∈ Y (k[[t]]) ∩ U(k((t))), the fiber φ−1 surjects onto the integer points Ry of
a bounded region inside the building of T with fiber T (k[[t]]). In particular Ry is a finite
set. This implies Iφ(y) = [T ]|Ry|.

Now the map from y 7→ |Ry| is a constructible motivic function. To see this, consider
the map [X/T ] → Y . Then |Ry| is the cardinal of the fiber above y of this map. The
arguments from Lemmas 5.2.6 and 5.2.7 apply to our situation, giving a definable bijection
from [X/T ](K[[t]]) to a definable subset of Y × Zn commuting with maps to Y . So |Ry|
is the cardinal of a finite definable subset of the value group, so clearly a constructible
motivic function.

Now there is a definable function f from Y to Zr and a constructible motivic function
ϕ on Zr such that |Ry| = ϕ(f(y)).

Using integration along f , there is a constructible motivic function ψ ∈ C(Zr) such that∫
Y (k[[t]])

|ω∆| =
∫
Zr
ψ

and ∫
Y (k[[t]])

Iϕ|ω∆| = [T ]

∫
Zr
ϕψ.
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By hypothesis,
∫
Zr ψ converges. We can write ψ as a linear combination of integrable

functions in P(Zr), hence we may assume that it is in P(Zr) itself. By construction,
degL(ϕ(x)) ≤ 0 for every x ∈ Zr. Hence by Lemma 6.2.2 below,

∫
Zr ϕψ converges. Hence∫

X(k[[t]])
|ωφ−1∆| converges, which is what we had to prove. �

Consider the function degL : A → Z ∪ {−∞}, the unique multiplicative extension of
the degree in L map on Z[L].

Lemma 6.2.2. Let ψ ∈ P(Zr) be a Presburger constructible function that is integrable.
Let ϕ ∈ P(Zr) such that degL(ϕ(x)) ≤ N for some fixed N .

Then ϕψ is integrable.

Proof. From [14, Proposition 4.5.6], ψ is integrable if and only if lim|x|→+∞degL(ψ(x)) =
−∞.

We have

degL(ϕ(x)ψ(x)) = degL(ϕ(x)) + degL(ψ(x)) ≤ degL(ψ(x)) +N.

So that lim|x|→+∞degL(ϕ(x)ψ(x)) = −∞, hence ϕψ is integrable by [14, Proposition
4.5.6]. �

It is a natural question, whether Theorem 6.2.1 extends to more general reductive
groups G [10, Question 7.8]. From our point of view this amounts to understanding
better the set of integer points Ry inside the building of G as y varies, which seems to be
a difficult but interesting question.
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[33] I. G. Macdonald. The Poincaré polynomial of a symmetric product. In Mathematical Proceedings of

the Cambridge Philosophical Society, volume 58, pages 563–568. Cambridge University Press, 1962.
[34] F. Martin. Cohomology of locally closed semi-algebraic subsets. Manuscripta Math., 144(3-4):373–

400, 2014.
[35] J. McKay. Graphs, singularities, and finite groups. In The Santa Cruz Conference on Finite Groups

(Univ. California, Santa Cruz, Calif., 1979), volume 37 of Proc. Sympos. Pure Math., pages 183–186.
Amer. Math. Soc., Providence, RI, 1980.

[36] M. S. Narasimhan and S. Ramanan. Moduli of vector bundles on a compact Riemann surface. Annals
of Mathematics, 89(1):14–51, 1969.

[37] M. Satriano and J. Usatine. Stringy invariants and toric Artin stacks. Forum Math. Sigma, 10:Paper
No. e9, 60, 2022.

[38] M. Satriano and J. Usatine. Crepant resolutions of log-terminal singularities via Artin stacks. Duke
Mathematical Journal, 173(18):3605–3646, 2024.

[39] M. Satriano and J. Usatine. A counter-example to Batyrev’s conjecture on the non-negativity of
stringy Hodge numbers, 2026. arXiv:2607.19184.

[40] J.-P. Serre. Cohomologie galoisienne, volume 5 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, fifth edition, 1994.
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Email address: arthur.forey@univ-lille.fr
URL: https://pro.univ-lille.fr/arthur-forey/
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