AN ORBIFOLD FORMULA FOR ALGEBRAIC STACKS
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ABSTRACT. We study motivic integration on varieties that are birational to smooth
algebraic stacks and prove a generalization of the orbifold formula for varieties with
finite quotient singularities. This leads in particular to a new way of computing stringy
E-functions and we also give applications to the study of klt-singularities.

Along the way we study Cluckers-Loeser motivic integration on algebraic stacks, which
might be of independent interest. The proof relies furthermore on ideas from Hrushovski-
Kazhdan integration and Bruhat-Tits theory.
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1. INTRODUCTION

1.1. For G a finite subgroup of SLy(C), McKay established in [35] an explicit correspon-
dence between non-trivial irreducible representations of G and exceptional divisors of the
minimal resolution of the rational double point singularity C?/G. More generally, for G
a finite group of automorphisms of a smooth complex algebraic variety M, the study of
the connections between the geometry of resolutions of the quotient M/G and the G-
equivariant geometry of M is what is nowadays known under the umbrella appellation
of “McKay correspondence”. As an illustration of this paradigm, Batyrev proved in [7]
a formula expressing the stringy FE-polynomial of the quotient in terms of the orbifold
E-polynomial which is defined in terms of the group action. Slightly later, a different
approach of this result was given in [16] using what is now called the orbifold volume
formula. Both [7] and [16] use the theory of motivic integration developed in [15], which
extends the theory of motivic integration on smooth varieties, originally introduced by
Kontsevich in [30] in order to prove that two birational Calabi-Yau varieties have the
same Hodge numbers, to singular varieties. Yasuda later developed in [45] a theory of
motivic integration for smooth Deligne-Mumford stacks which appears to provide a very
convenient framework for formulating the most general version of the orbifold volume
formula. It can be stated as follows (in a formulation somewhat stronger than the ones

in [16] and [45], where different Grothendieck rings were used).
1



2 ARTHUR FOREY, FRANCOIS LOESER, AND DIMITRI WYSS

Let M be a smooth Deligne-Mumford stack over an algebraically closed field k of
characteristic 0 and 7 : M — M its coarse moduli space. Assuming 7 to be birational,
one can define the orbifold measure |w,.| on the arc space M (k[t]) with values in a
suitably localized Grothendieck ring of varieties Ko(Vary)io. defined in (2.9.5). The total
volume of M (k[t]) is computed by the orbifold volume formula as the weighted motivic
class of the cyclotomic inertia stack ;M = Hom(Bj, M) i.e.

(1.1.1) /M(km) (Wor| = [LzM]" = L™[w™(a)],

a€eQ

where w : [; M — Q is a natural weight function (2.9.7). If in addition there exists a
crepant resolution M — M, then one also has fM(kM) |Wors| = L™ MIN] giving rise to

a motivic McKay correspondence. Formula (1.1.1) also led to a number of remarkable
applications in arithmetic and algebraic geometry [46, 23, 22, 32, 20] and furthermore,
the right hand side of (1.1.1) admits a cohomological refinement, the Chen-Ruan orbifold
cohomology [12].

1.2. The main result of this article is a generalization of (1.1.1) to smooth algebraic stacks
M admitting a birational morphism 7 : M — M to a variety satisfying Assumption 5.1.1,
most of which are satisfied if 7 is a good moduli space morphism [2].

To state our theorem, let U C M be a dense open such that 7=*(U) — U is an
equivalence and consider

MA(k[t]) = M(K[t]) N U (k((t)-

Then M*(k[t]) admits a natural measure |wys:|, the analogue of the orbifold measure,
whose volume can be computed by means of the finite order cyclotomic inertia stacks
I, M =Hom(Buy, M) for N > 1.

Theorem 1.2.1 (5.1.4). The series > yoq[Liy MY TV is rational of degree zero and we
have -

(1.2.1) / wags| = —limroio0 Y [Ty M]" TV
ME(K[)

N>1
m Ko (Vark)loc .

Theorem 5.1.4 below is quite a bit more flexible, in particular it allows to compute
volumes of arcs based at any constructible Z C M and more general measures vanishing
along any simple normal crossing divisor on M. If M is a DM-stack (1.2.1) reduces to
(1.1.1), see Example 5.5.1.

In [24] a p-adic version of Theorem 1.2.1 was proven and used to express certain BPS-
invariants in Donaldson-Thomas theory as p-adic integrals. Here we give a slightly dif-
ferent, but related by [24, Remark 6.7], application, showing in Section 6.1 how Theorem
1.2.1 leads to a formula for Batyrev’s stringy E-function [6] for M = M, 4 the moduli
space of semi-stable vector bundles of rank r and degree d on a smooth projective curve.
In particular we recover the computation for (r,d) = (2,0) of [29] without the need of an
explicit resolution of singularities.
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Furthermore, as for Deligne-Mumford stacks, the right hand side of (1.2.1) admits a co-
homological refinement in mixed Hodge structures, which will be the subject of upcoming
work of the third author with S. Schlegel-Mejia.

As a third consequence, mostly of the proof of Theorem 1.2.1, we recover in Section 6.2
a theorem of Braun and Moraga [10] about the behavior of klt-singularities under passage
to T-quasi-torsors for 1" a torus.

Let us now mention the main ideas that go into the proof of Theorem 1.2.1, for which
we work in the framework of Cluckers-Loeser motivic integration [14]. For N > 1
consider the root stack DYV = [Spec(k[t'/"])/u,] and the infinite root stack D/ =
[Spec(k[t'/*°])/f]. A twisted arc of order r is a k[t]-morphism D' — M and under
some mild assumptions on M the set of twisted arcs M(D'") admits the structure of
an imaginary definable.

Consider the morphism 7: M(DV>) — M(k[t]). Its fibers are identified with the
rational points of a convex region inside the Bruhat-Tits building of some large general
linear group. We consider their volume for Hrushovski-Kazhdan integration [26]. Under
our assumptions, we show that this convex region is in some sense contractible and the
volume of the fibers is equal to one. By a formula of the first author and Yin [21], we
then express this volume as a limit of a generating series over twisted arcs of fixed order.
This process is reminiscent of the formation of the motivic Milnor fiber as a limit of the
motivic zeta function.

After a switch of limit and integral and an application of Fubini theorem, the formula is
then reduced to the computation of the volume of the set of twisted arcs M (D). This
goes by studying the fibers of ey : M(DYN) — I, M(k), where ey is given by restricting
a twisted arc to Buy. This is rather straightforward, going back to the analysis of Denef
and Loeser in the Deligne-Mumford case [16].

Let us also mention that Satriano and Usatine have also developed a theory of mo-
tivic integration on algebraic stacks, closer to Kontsevich’s original approach using the
geometry of jet schemes, with application to birational geometry [38].

The structure of the article is as follows: In Section 2 we recall the necessary background
on motivic integration and algebraic stacks. In Section 3 we study twisted arcs in algebraic
stacks from a definable point of view and we compute the volume of the fibers of e, in
Theorem 3.3.1. In Section 4 we study the fibers of the 7, by means of Bruhat-Tits theory
and in Section 5 we prove our main Theorem 5.1.4 and give some explicit examples.
Finally Section 6 contains the aforementioned applications.
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of the paper.
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2. PRELIMINARIES

We fix a base field k of characteristic zero containing all roots of unity. We work in the
setting of Cluckers-Loeser motivic integration with algebraically closed residue field, that
we recall below.

2.1. Definable in Denef-Pas language. Let ACF; be the category of algebraically
closed fields containing k. Let Lppy the three sorted language of Denef-Pas, with pa-
rameters k((t)). We work in the Lppy-theory of Henselian discretely valued fields of
equicharacteristic zero containing k((¢)) with algebraically closed residue field. For the
purposes of motivic integration, we shall restrict to the (non-elementary) class of models
of the form K((¢)), where K is an algebraically closed extension of k.

Definition 2.1.1. A functor X: ACF, — Set is a definable sub-assignment (or simply
definable set) if it is representable by an Lppj-formula, meaning that there exists an
Lppi-formula ¢ such that for every K € ACFy, X(K) = o(K((t)).

A functor X : ACFy, — Set is an imaginary sub-assignment (or simply imaginary set)
if it is representable by a quotient of a definable set by a definable equivalence relation,
meaning that there exists £ppg-formulas p(z), ¥(x, x2), where 1, 5 and x are variables
with the same arity and sorts such that for every K € ACFy, ¢(K((t))) is the graph of an
equivalence relation ~x on p(K((t)) and X(K) = p(K(t))/ ~k-

A map between two imaginary sets with graph representable by an imaginary set is
called (abusively) a definable function.

For example, given a affine algebraic variety X over k, we associate three definable
sets: K — X(K), K — X(K(t)) and K — X(KJt]). We have a definable mor-
phism res: X(K[t]) — X (K) induced by the residue map and an inclusion X (K[t]) C
X(K(@).

Throughout the paper, when describing definable sets and maps, we will often simply
mention the K-points of the sets and maps, making sure that formulas representing them
are uniforms across all K running over algebraically closed extensions of k.

2.2. Rings of constructible motivic functions. For X definable, we consider the

ring C(X) of constructible motivic functions of Cluckers-Loeser. Recall that it is de-
fined as C(X) = P(X) ®p,x) Q(X). Here P(X) is the ring generated over A =

Z {L,}L_l, ( L ) } by functions of the form av: X — Z and L, where a: X — Z is
kENzl

1-LF
a definable function, Py(X) is the ring generated over Z[L™!] by characteristic functions
of definable subsets of X. Finally, Q(X) is the Grothendieck ring of definable sets over
X of the form W — X where W C X x K" and the map is the projection.

Let N > 1 be an integer. We define Py /n(X) as the ring generated over P(X) by func-
tions of the form L/, where a: X — Z is definable, with the extra relation (L)Y = L.
Define Cy/n(X) as Py /v (X) @p,(x) Q(X). Elements of C; /5 (X) can be integrated formally
the same way as elements of C(X).

For N > 1, we consider the degree N ramified extension k((t'/V)) of k((t)), with
value group +Z. For X a definable by a Lppj-formula with parameters k((t'/V)), we
now define a variant of the ring of constructible motivic functions Cy/n(X), insisting
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that the valuation takes values in —Z Define Pl/N( ) as the ring generated over

- 1
8 |:L’L N7 <W>kEN>1
is a definable function and N,(z) = #{y€ +Z|0<y < a(z)}. Then Cyn(X) =

Prn(X) @pyx) QX).

} by functions of the form N, and L%, where a: X — %Z

2.3. Forms and measures. By a k[t]-variety we will mean a separated, integral and
finite type scheme over Spec(k[t]). Given such a k[t]-variety X of relative dimension d
and a d-form w on the smooth locus of the generic fiber X r(r) e obtain a motivic measure

|w| on the definable set
K — XT (K1),

by writing definably-locally w = fdz; A --- A dzy and integrating |f|, see [14]. Similarly,
if w € H(X{y: (Q%/kpq)®") 18 a pluricanonical form we obtain a measure |w| valued

in C /n(X) by locally integrating |f |'/N. By extending trivially we obtain a measure
on all of K — X(K((t) and since X/k[t] is separated this also gives a measure on
K — X(KJt]) € X(K((t)), still denoted by |w|.

The measure |w| will of course depend on the choice of w, but in many situations one can

construct measures in a more intrinsic manner. One such construction, see [46, Section
4.1], associates to any invertible O x-submodule Z C (QX/k[[t]])@N ® K(X), where N is any
positive integer and (X)) is the sheaf of total quotient rings on X, a measure |wz| valued
in C;/n(X) as follows:
Pick a Zariski-cover X = |, U; which trivializes Z. A trivializing section of Zy, gives rise
to a pluricanonical form w; on U™ and in particular a measure |w;| on K — U;(K[t])
valued in G /n(X). The assumption on Z being invertible implies that the |w;| glue
together to give a measure |wz| on K — X (K[t]).

If X /k[t] is smooth, Q% /i 18 itself invertible and we write |wx | for \de ] sometimes

called the Weil or canonical measure. If furthermore D =", u;D; is a relatlve Q-divisor
on X we write |wx p|, or |wp| if the space X in understood, for the measure associated
with (Q% gy (D))®Y, where N > 1 is such that ND is a Z-divisor.

Now let M = X/T be the quotient of a smooth variety X by a finite group I' and
D =3, ;uiD; a relative G-invariant Q-divisor. Then there exists a unique relative Q-
divisor £ on M such that ¢* O(Ky + E)®V = <QX/k[[t}](D))®N for a suitable N > 1 [46,

Lemma 7.2] . We write |wp .| for the measure associated with Z = O(Ky + E)®N. If
D = 0 we write simply |w,4|, the orbifold measure on M.

2.4. Integration. Let X be a definable set, and |w| a definable volume form on X.
Cluckers and Loeser define a subgroup of C(X) consisting of integrable motivic con-
structible functions with respect to |w|, and for such a ¢ € C(X), they associate [ ¢ |w| €
C(Speck), the integral of ¢ with respect to |w|.

The integral is also defined over a general base. Let f: X — S be a definable map, and
‘wX/5| a definable volume form on the fibers of f. Let ¢ € C(X) such that ¢ is integrable
with respect to ‘wX/S‘ on the fibers of f. Then there is a constructible motivic function
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v which for every s € S away from a subset of S of smaller dimension satisfy

6= [ elos|

This integration over a general base allows for a Fubini theorem, see [14, 15.2].

Theorem 2.4.1. Let f: X — S a definable map, with equidimensional fibers. Let |wx]|
and |wg| be definable volume forms on X and S. They induce a Leray residue form
lwx/f*(ws)| on the fibers of f. Let ¢ € C(X). Assume that ¢ is integrable with respect to
lwx|. Then ¢ is integrable with respect to the quotient form |wx/f*(ws)| on the fibers of
f, let € C(S) be the relative integral satisfying for s € S away from a subset of smaller
dimension

6= [ elox/r sl

Then 1 is integrable with respect to |ws| and we have

/Xga|wx|:/5¢|ws|.

2.5. Switching limit and integral. Let X be a definable set and ¢ € C(X X Z~(). By
[14, Theorem 14.4.1], the series Y o, ¢(-,n)T™ is rational, in the sense that it is equal
to P(T)/Q(T), where P(T) is a polynomial in C(X)[T| and Q(T) € Z[L,L7Y[T] is a
product of terms of the form 1 — L*T?, with o € Z, 8 € Z+,. If P and @ have the same
degree d, we say that the limit as 7" — 400 of >, (-, n)T" exists and define

“mT~>+OO Z 90(7 n)Tn = Pd/Qd7

n>1

where P; and (), are the top degree coefficients of P and (). Note that the specific form
of Q ensures that Q4 € £ILZ, hence the limit is in C(X).

The following proposition shows that this limit procedure can be switched with inte-
gration.

Proposition 2.5.1. Let ¢ € C(S X X X Z~g). Assume that for each x € X, the limit
iMoo Yoy @(c - n)T™ exists and as a function on S x X is integrable with respect to
S. Assume also that o is integrable with respect to S X Zsq. Then the following limit
exists and we have the equality

[Jtimrin 3 )2 <t 3 [ o)z

X n>1 n>17X

in C(S).

Proof. Let ¢ € C(S x X X Z~¢) as in the statement of the proposition. By [14, Theorem
14.4.1], > 5, (-, ,n)T™ is rational, more precisely, there exists a finite set I, and for
i €1, a; € Z,b; € Zso and a polynomial P = 37" a;T7 € C(S x X)[T] such that

(1 — LT

(2.5.1) > ol m)T" = i

n>1 i€l
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Since we assume that limy, oo > o, (-, -, n)T™ exists, r can be chosen such that r =
[Lc; bi, in which case

imrosoo ()T = [[(-L7")a,.
n>1 iel

Its integral with respect to S is then equal to [[,c (=IL™%) [ _y a..
On the other hand, since the denominator of the right hand side of (2.5.1) does not
depend on S x X, by linearity of the integral we have

n Z::j fxeX aj('ax)Ti
Z /xeX 90(‘, x’n)T N Hie[(l o Laini)

n>1

Hence limp 00 D051 [ oy (2, n)T™ exists and is equal to [[;c,(=L=%) [ _y a,, which
concludes the proof. O

2.6. Definable structure on ramified arcs. We consider subsets of ramified arcs
as follows. Recall that by assumption, £ contains all roots of unity. For K an ex-
tension of k and N > 1, we consider the field extension K ((t'/™)) of K((t)) as K ((t'/"N))~
K(()[X]/(XN =t) ~ K((t)", where the last equivalence is between K ((t))-vector spaces.
So we view K ((t'/V) as the definable K ((£))", and observe that the multiplication is given
by a definable linear map K ((t)*" — K((¢)*". The Galois group py is described by N
definable linear endomorphisms of K ((t)™. The valuation on K ((t)) extend uniquely to
the field K ((¢'/)), yielding a valuation with value group +Z that we still denote val.

Given a definable X C K((t))", the points of X in K((t'/V)) is then described by a
definable subset of K ((t)"". This subset depend on the formula describing X, not only
on X, but we will ignore this issue notationally. We denote it by X (K ((t'/V))). If X has
dimension d, X (K ((t'/V))) has dimension Nd.

A definable map f: X — Y induces a definable map X (K ((t'/N) — Y (K (/™).
The valuation map val: K((t"/V)*— L7 is described on K((t)™\ {0} by a definable
map as well: the map Nval is definable. Since K((t'/V)~ K(t)[X]/(XN = t) =
Bo<hen XFK((2), if 2 € K(t'YV)" is written z = xg + Xa; + --- + XV Loy, then
Nval(z) = min {Nval(z;) + k}, which yields a definable function on K ((#)™\ {0}.

By a definable subset of K ((t'~))", we mean a definable subset of K ((t)"™ through
the above identification. For Y such a definable subset of K ((t!/"))", we introduce the
invariant definable set

YN ={y €Y |o(y) =y for every o € un},

which is definable since the elements of the Galois group uy are definable functions. If YV
is of dimension d, then Y*~ is of dimension at most d/N.

Starting from a definable X C K((t))", we get that X(K((t/V))"¥ is in definable
bijection with X.

Remark 2.6.1. Beware that our definition is more restrictive than that of a definable
subset of K ((t'/V))" in the language Lppy, with parameters k((t*/V)). For example '/ is
only algebraic, we cannot distinguish it from its Galois conjugates using an £ppj-formula
with parameters k((t)).
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2.7. Integration on ramified arcs. Let X be a definable subset of K((t))". Since con-
structible motivic functions are built out of Lpp,-formulas, if ¢ € C(X), we get naturally
a constructible motivic function ¢y in G N(X(K((#N)) by interpreting those formulas
in K ((t'/V). Using the identification K ((t'/N)"~ K ((t)"", we view @y as a constructible
motivic functions in Cy/n(K((£))Y"). We denote the ring of such constructible function
by Cuyw (X (K (/M)

Hence a constructible motivic function in Cy /v (K (t*/V)))") can be integrated by viewing
it as an element of Cy/n (K ())""). Similarly, if X C Cy/n(K(#/V))"), it is endowed with
a canonical volume form |wx| and we can define fX(K((tl/N))) ¢ |lwx| for ¢ € C(X).

Note that with this definition, the volume of tK [[tl/ N1 is L™ whereas the volume of
tYNK[tYN] is L1

Since we normalized the value group as %Z for ramified arcs, the restriction of py to
X (K ((t'N)#~ is identified to ¢.

Let X C K((t)" be definable of dimension d and |w| a definable volume form on
X. Up to some finite definable partition of X it is induced by a constructible motivic

function f € C(X) and a choice of d-coordinates 1 < i; < --- < ig < r such that
lw| = |fdxy A ... dx;,|. We still denote by |w| the induced definable volume form on
X(K(#/V)).

2.8. The Hrushovski-Kazhdan volume. The statement of our main theorem involves
motivic integrals in the sense of Cluckers-Loeser, as recalled above. However, the proof
requires to use also a variant defined by Hrushovski and Kazhdan [26]. We outline here
what we need of their construction. Note that the setup is different, since we need to
work in the theory of algebraically closed valued field.

In this section, we consider the first order theory ACVF of algebraically closed valued
fields of equicharacteristic zero in the two-sorted language Lacvr. The two sorts are
VF and RV. We put the ring language on VF, with symbols (0,1,+,—,-), on RV we
put the group language (-, ()™'), a unary predicate k* for a subgroup, and operations
+ : k — k where k is the union of k* and a symbol 0. We add a unary function
rv : VE* = VF\ {0} — RV.

We will also consider the imaginary sort I' defined by the exact sequence

l1—k*—RV-—T-—0,

together with maps val,, : RV — I" and val : VF* — T

If L is a valued field, with valuation ring O and maximal ideal M, define an L-
structure by VF(L) = L, RV(L) = L* /(1+My), k(L) = O /My, I'(L) = L* /O] . Note
that the valuation ring is definable in this language because O = rv—(k*(L)).

Set K = k((t). View K as a fixed base structure, for the rest of this section, we will
only consider L(K)-structures, where L£(K) is the language obtained by adjoining to £
constants symbols for elements of K. Any valued field extending K can be interpreted as
an L(K)-structure. Denote ACVF the L(K)-theory of such algebraically closed valued
fields. The theory ACVF g admits quantifier elimination in the language £(K). Quantifier
elimination was first proven by Robinson using a two sorted language, with one sort VF
and one sort I' for the value group, see for example [43].
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We will use the notation VF* for VF" for some n. The L(K)-definable subsets of VF*
are semi-algebraic sets, that is boolean combinations of sets of the form

{z € VF" [ val(f(z)) = val(g(x))} ,

where f and g are polynomials with coefficients in K. Observe that constructible sets are
semi-algebraic, since one can take g = 0 in the definition.
Denote by K(VF ) the free group of £(K)-definable subsets of VF®, with the following

relations :

e [X] = [Y] if there is a semi-algebraic bijection X — Y
o [X]=[U]+[V]if X is the disjoint union X = U U V.

Cartesian product endows K(VFg) with a ring structure.

Remark 2.8.1. Note that this framework allows us to consider general semi-algebraic
subsets of K-varieties as studied for example by Florent Martin in [34]. We say that S
is a semi-algebraic subset X, for X a K-scheme, if S is a finite union S = US; such that
for every i, there is an open affine subset U; = Spec A; of U such that S; C U; is defined
in U; by boolean combination of subsets of the form {y € U | val(f(y)) < r-val(g(y))},
with f,g € A;, r € Q. Hence we can consider its class [S] € K(VFg).

Remark 2.8.2. Hrushovski and Kazhdan use a slightly different definition for K(VFg).
They define it as the group generated by isomorphism classes of definable sets X C
VF*® x RV®, such that for some n € Z-q, there is some definable function f : X — VE"
with finite fibers, with cut-and-paste relations (the function f is not part of the data).
We can show that for such an X, there is some definable X’ C VF®, with a definable
bijection X ~ X'  see [26, Lemma 8.1]. Hence both definitions lead to the same group.
Nevertheless, this alternative presentation is very useful for defining motivic integration,
since it amounts to relating K(VF ) and some group related to definable sets in the sort
RV, that we will now define.

Define RV to be the category of objects Y C RV, with definable functions as mor-
phisms. The category RV[n] is the category of pairs (Y, f), with Y C RV*® definable
and f : Y — RV" a definable finite-to-one function. A morphism between (Y, f) and
(Y, f') is a definable function g : Y — Y’. The category RESk is the full subcategory
of RV whose objects Y satisfy val,,(Y) finite. One defines similarly RESk[n] to be the
full subcategory of RV k[n| whose objects (Y, f) satisfy val,,(Y") finite.

Note that the definition of morphisms in RV[n| implies that RV g[n] is equivalent
to the category of definable sets X C RV*® such that there exist a definable function
f X — RV" with finite fibers.

We also consider the full subcategory RESk[n| of RV [n| which objects have finite
image in I'.

Fora = (ay,...a,) € I7, set V,, = val }(a) C RV and V,, = V,,, x...V,,. Up to a finite
definable partition, every object of RESk[n| is included in some V,, for some definable .
Here «v is in Q" since Q is the definable closure of the value group of K = k((t)).

Up to choosing roots of ¢, an object X in RESk[n| can be sendt to an constructible set
over k. The morphism depends on the choice of roots, but not the image, so it defines a
class in the Grothendieck group of varieties over k, still denoted [X].
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From those categories one form the graded categories

RVg[< n] = H RV ki,

RVi[«] = ] RVkli,
iEZZO
RESk[< n] := H RESk[],
0<i<n
RESk[+] := [ RESkl[i].
’LEZZO
Hrushovski and Kazhdan main result is an isomorphism

/: K(VFg) — K(RV[x])/Isp,

where Isp is an explicitly described ideal of K(RV g[*]).
They then proceed to define a morphism

& : K(RVk[#])/Isp — K(Vary),

such that for [X], € RESk[n|, &([X],) = [X] € K(Varg), and for A C I'™ definable,
E(val ™ (A)) = euy(A)[Gy,}], where euy(A) = eu(A N [—M, M)]") for some large enough
M, and eu is the (o-minimal) Euler characteristic.

On then define a morphism

Vol: K(VFK) — K(Vark)
by Vol = &o [.

Proposition 2.8.3. Let f: X — S a definable map in ACVFg. Then the map x €
S(L((t) + Vol(f~!(x)) is a constructible motivic function.

Proof. By Hrushovski-Kazhdan [26, Proposition 4.5], the fibers of X over S are in de-
finable bijection with lifts of definable subsets of RV. More precisely, there exists for
0 < i < d = dimg(Y) definable subsets W; C S x RV*® with fibers over S admitting
finite-to-one projections to RV’. And there exists a finite definable partition of X into
pieces X; such that the fibers of X; over S are in definable bijection h;: X; ~ £;(W;) over
S. Here

(W) = {(z,5,y) € VE' x Wi | mi(y) = 1v(x) }
is the lift of W;, where m; is any finite to one coordinate projection to RV* on the fibers
of W;. So we can replace X by £;(W;).

By [26, Corollary 3.25], up to taking a finite definable partition of W,, and working with
one of the pieces, we can further assume that W is of the form Y xg A, where Y € Sx V,,
witha = (ay,...,q,) € Q and A € SxI¥and A = {(s,z) € S x RV* | (s, val,(z)) € A}.

We have Vol(f~(z)) = &([Ya]) & (val,v~ 1 (A,), so it suffices to show that each of those
is constructible motivic function. For &,([Y,]), by definition &([Y,] is the class of a
definable subset of the residue field in bijection with Y, the definition is uniform in x so
we get some definable Z C S x L" such that &([Y.] = [Z.], showing that it is in C(S5).
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For & (val,v™(A,), it is by definition equal to euy(A)(IL — 1)*. By cell decomposition, we
can take a finite definable partition of S such that eu, is constant on each piece, showing
that & (val,v™1(A,) is in C(S). O

Let f: X — S a definable map in ACVFg and w: X — I' a definable function.
Assume that f and w are described by some quantifier free formulas. Then for each
algebraically closed field L and integer n, we obtain a map

Far X(L(E™)) — S(L(E™))-

For a fixed n it is definable in the Denef-Pas language, since it is described by a quantifier-
free formula. The map w also induces a map w: X (L((t'/™)) — Q. We assume that w
has image in 2Z = I'(L((¢'/"))). Note that this condition is verified for example if w is of
the form v o f, where f: X — VF is a definable function.

By the Cluckers-Loeser construction, there is a constructible motivic function ¢, €
C(S(L((t'™))) such that for x € S(L(t'™), ¢n(z) = Jp.~1(a) [nwn|. Note that &, is

in C(S(L((t*™))) and not merely Cy,,,(S(L((t/™)))) since the function nw, take integer
values. Let ¢, € C(S(L((t)))) be the restriction of ¢, to S(L((t))).

Definition 2.8.4. Let X be a definable set and w be a definable function X — T
Assume that there is a definable bijection of class C' h: X — £,(W) and a definable
map w': W — T where £,(W) = {(z,y) € VE" x W | n(y) =1v(z)}, W a definable
subset of RV*® and 7 a finite-to-one projection to RV" and such that w(z) = &'(h(z)) —

val(Jac)(h)(z).
We say that w induces the counting measure on X if for every w € W, we have
w'(w) = —val(m(w). Note that this determines w uniquely

We write u# (X (K (((t) = fX(K(((t))) |w|, since it does not depend on w.

The relevant example of such an object for this paper is when X is a subset of GL4
invariant under GL4(O) and w = val(f), where f is a regular function f on GL4 such
that the form f A; dz; is invariant under GL4(F), with x; the standard affine coordinates
of GLd

Proposition 2.8.5. With the previous notations, assume further that w induces a count-
ing measure on the fibers of f and that the fibers of f are bounded. Then there is a
constructible motivic function ¢ € C(S X Zg) such that for each n >0, ¢(-,n) = .

Proof. As in the previous proofs, by [26, Proposition 4.5], the fibers of X over S are in
definable bijection with lifts of definable subsets of RV. More precisely, there exists for
0 < i < d = dimg(Y) definable subsets W; C S x RV*® with fibers over S admitting
finite-to-one projections to RV’. And there exists a finite definable partition of X into
pieces X; such that the fibers of X; over S are in definable bijection h;: X; ~ £;(W;) over
S. Here

(W) = {(z,s,y) € VF' x W; | m(y) = rv(z)}

is the lift of W;, where 7; is any finite to one coordinate projection to RV* on the fibers
of W;. We can also assume that w factors through a function on W, still denoted by w.
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Since restricting to Henselian subfields commutes with ACVF-definable bijection, we
can replace X by £;(W;) for i = 0,...,n. But dimg(£;(W;)) = i, so only £,(W,,) have
non-zero volume, so the only piece we need to consider is £,,(W,,).

By [26, Corollary 3.25], up to taking a finite definable partition of W,, and working with
one of the pieces, we can further assume that W, is of the form Y x A, where Y € SxV,,
witha = (aq,...,a,) € Q"and A € SxI* and A = {(s,z) € S x RV® | (s, val,,(z)) € A}.

By orthogonality between residue field and value group, up to taking a finite definable
partition of Y, the “volume form” function w on W, =Y xg A can be assumed to only
depend on A.

The integral can now be computed explicitly as a product of an integral of a lift of Y
and of a lift of A.

For the first, observe that Y (L((t'/"))) = 0 if « ¢ 2Z". When a € 1Z", the restriction of
Y (F((#'™) to S(L((t) is independent of n and is in definable bijection with some subset
of S x L*. This defines an element 1 in the relative Grothendieck group of varieties Q(.S).
Let A be the subset of n € Z- such that a € %Z” which is definable in the Presburger
language, and 1 4 its characteristic function, viewed as an element of C(S X Z~¢). Then
the integral we are considering is equal to ¢l 4IL7%, so is an element of C(S X Z~).

We now show that the integral over the lift of A is represented by an element of
C(S X Z=p). For x € S(L((t)) and n € Z~o, the integral we need to compute is equal to

on(x) = (L —1) Z L—w(@)+nl(7)

yEALN(LZ)s

where A, is the fiber of A over x and I(y) =y +...7s — s.

By assumption, L@+ depends only on z and not ~, so all it remains to show
is that the function mapping (z,n) to the number of %Z—points of A, is a constructible
motivic function. Denote by g(x,n) this function. Since the fibers of f are bounded, A
is bounded as well so g(z,n) takes finite values.

By cell decomposition, up to taking a finite partition of A, we can assume that A, is
a convex rational polytope. Furthermore there exists some N independent of x such that
NA is an integral convex polytope.

By [41, Theorem 4.6.8], > -, g(z,n)T™ is a rational function with denominator (1 —
TN)s*t1 and numerator a polynomial g,(T') of degree N (s + 1). It follows that the coeffi-
cients of ¢,(7) can be expressed as a linear combination of g(z,7) with 1 <7 < N(s+1),
each of which is then a constructible motivic function in C(S). Expanding W as
a power series, we find that its coefficients are polynomial in n hence determine a con-
structible motivic function in C(Z~(). We have thus expressed g(z,n) as a product of two
constructible motivic functions, hence it is a constructible motivic function. Il

Recall from [21, Definition 6.2] that a definable set Z C VF" is said to be proper
invariant if it is bounded and there is some « € I" such that Z is a (possibly infinite)
union of balls of radius «.

Proposition 2.8.6. Let f: X — S a definable map in ACVFg andw: X — T" a definable
function. Assume that the fibers of f are proper invariant and that w induces the counting
measure on the fibers of f.
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Then for every x € S(L(t)), the sum ) o, pn(x)T™ is a rational function of degree
zero, hence its limit as T — +oo exists formally and we have

Vol(f () = —limr—soe > ()T

n>1

n

Here @, (x) = p#(f; 1 (z)) = Ji1 () @l as in Proposition 2.8.5.

Proof. By Propositions 2.8.5 and 2.8.3, the inputs of both sides are constructible motivic
functions. For each z, the result follows from [21, Theorem 8.11]. O

2.9. A few notions around algebraic stacks. Throughout this text we consider an
algebraic stack M of finite presentation over a base scheme B, where typically we will be
interested in B = Spec(k[t]) with k a field of characteristic 0. We always assume M to
have affine stabilizers and separated diagonal. For any 7'/B we write M(T') for both the
groupoid of T-points and its set of isomorphism classes.

2.9.1. cd-quotient stacks. The following condition will essentially allow us to reduce ques-
tions about motivic integration on M to quotient stacks.

Definition 2.9.2. [13] A algebraic stack M is a cd-quotient stack if it admits a Nisnevich
covering 7 : [ X/ GL4] — M. By this we mean that X/B is a scheme, 7 a representable
morphism and the pullback along any T" — M is a Nisnevich covering.

In [13] a list of examples of cd-quotient stacks is given. In particular any M admitting
a good moduli space is a cd-quotient stack by [4, Theorem 6.1].

2.9.3. S-completeness. The notion of S-completeness [5, Section 3.5] of a morphism f :
M — N will allow us to compute the Hrushovski-Kazhdan volume of the fibers of f, see
Section 5.3.

For any DVR R with uniformizer ¢, let

STx = [Spec(R[S, T]/(ST —1))/Gynl,
where G, acts on variables S and T" with weights 1 and —1 respectively.

Definition 2.9.4. A morphism f : M — N between algebraic stacks is S-complete with
respect to R if for any morphism STp — N which lifts to ST \ 0 — M there exists a
unique extension STz — M.

By [5, Proposition 3.44] any good moduli space map M — M, with M separated, is
S-complete with respect to any R.

2.9.5. Motivic classes of stacks. Assume S = Spec(K) for K a field of characteristic 0.
To any finite type K-stack M with affine stabilizers one can associate a class [M] in the
localized Grothendieck group of varieties

Ko(Varg)ie = Ko(Varg)[L™, (L" — 1)~% n > 1].

The ring Ko(Varg ). has been identified with the Grothendieck ring of K-stacks in [19]
and [M] is simply the class of M. To actually compute the class, one first stratifies [M]
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by quotient stacks [31, Proposition 3.5.9] and then writes each stratum M; as a quotient
[Y:/ GL,,]. We then have

M) = Y ¥](GL, )
Remark 2.9.6. With this definition we have that the class of the classifying space Buy
equals 1 in Ko(Varg )., as we have an equivalence Buy = [G,,/G,,], with G,, acting on
itself with weight N.

2.9.7. Cyclotomic inertia and weights. Let [i be the inverse limit of the group of roots of

unity {guny}y>1. Given an algebraic stack M we define its twisted or cyclotomic inertia
stack ;M as

I; M = Hom(Bjfi, M) = colimy Hom(BpyM).
If M is smooth over a field K we can define a natural weight function

as follows:

First, consider a representation p of ji on a finite dimensional K vector space V. Then
p splits as a direct sum of characters x1,..., xamv € Irry = Q/Z. For 1 <i < dimV we
write ¢; for the unique representative of y; satisfying 0 < ¢; < 1 and define

w(p) = e

Now a point y € I; M(K) consists of a pair (z,¢) with z € M(K) and ¢ : i — Aut(x).
By smoothness of M and functoriality, the tangent complex T, M of M at z is quasi-
isomorphic to a two term complex p_; — pg of ji-representations and we define

w(y) = w(po) — w(p-1).
Notice that if M = [X/G] is a global quotient we have
T,M = [Lie(G) — T:.X],

where ¥ € X is any lift of x and the morphism is the derivative of the action map.

3. VOLUMES OF TWISTED ARCS

3.1. Equivariant arcs. Let k£ be a field of characteristic 0 containing all roots of unity.
Let G be a linear algebraic group over k[t] acting on the right on a separated finite
type k[t]-scheme X. Fix an integer N > 1. In what follows we write py for both the
Galois-group of k((t'/V))/k((t)) and for the constant group scheme over k[t].

Definition 3.1.1. For N > 1 and ¢ : uy — G a k[t]-homomorphism the ¢-equivariant
arcs of X are

X (k[N = {x € X(k[tVN]) | V€ € pn: a® = 2(€)}.

For any constructible subset Z C X}, we write X (k[t'/N])% for the space of arcs whose
closed point lies in Z.
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Notice that for any & € puy and any z € X (k[t'/"]) we have (2¢)), = x; and hence
X (E[tYN])% = 0 unless Z N X% # (.
Since the action of G on X is algebraic, the condition of being ¢-equivariant is definable
and thus the assignment
X% K/k— X(K[tYN])?,

is definable as well.

Now assume that X/k[t] is smooth and irreducible. We fix a relative G-invariant Q-
divisor D = ., u;D; with u; < 1 and simple normal crossing support. This data defines
a measure |wp o) on the quotient X/uy, where iy acts on X through ¢. Now for every
K /k there is a finite map X (K[t'/N])? — X/uyn(K[t]) and we define the measure |wp|

on Xj\), as the pullback of |wp orp|-

Proposition 3.1.2. For any ¢ : uy — G and any v € X?(k) we have
L_I)Luiw(NX/Di,z)

1—
_ 7 —w(TzX) (
/X¢, wp| =L H 1 — L-ltu ’

N,z 1€l

where I, ={i € I | x € D;} and /\/’X/Di,gC denotes the fiber at x of the normal bundle of
D; in X. We consider both T, X and /\/'X/D“x as fi-representations via ¢.

Proof. Since X is smooth and x € X?(k) we can linearize the action of yy on X around
x such that in local coordinates xi,...,x, the action is diagonal and I, is a subset of
{1,...,n}ie. D;is given by the vanishing of x; for all i € I,. If we choose representatives
of the weights wq,...,w, € %Z N (0, 1], we get a definable bijection

p: A™K[t]) — X (k[tVN])2
(Y1, ) — (%, .t ).

If we write ¢: X — X/uy, then we have by definition and the change of variables formula

plwpl = (poq)|wp.ors| = H |t*ui(wi+val(yi))+w¢dy1 A-ee A dyn)-

i€ly
Thus
/ lwp| = L—ww)/ H L (wrtvala) | gy Ao A dyy|
X(k[/N]2 Ar(K[tD) je1,
_ 1 —w(é,x) (1 —L )L LZ
=L H 1 — L—14u
i€l,
which ends the proof. U

3.2. Twisted arcs. Let M be an algebraic stack over k[t].

Definition 3.2.1. A twisted arc of M over k[t] is a k[t]-morphism

DN = DN = [Spec(k[t"/~]) /pun] — M.
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Notice that the restriction to the closed point of D'V induces a map
en : M(DYNY — I, . M(k) = Homy(Buy, M).
If M = [X/G] is a quotient stack we may further compose ey with M — BG to obtain
a map
(3.2.1) en : M(DYN) = I, BG = [Homy(ux, G)/G].
In order to describe the fibers of €y we need the following

Lemma 3.2.2. Assume G is a reductive group scheme over k[t].

(1) The inclusion G(k[t]) — G(k[t'/N]) induces a bijection of non-abelian group co-

homology
HY (pov, G(R[ENT)° 22 H (s, G(k[t])) 22 Homy (1, G) /G,

where H' (py, G(E[tYN]))? denotes the inverse image of the trivial cocycle under
H' (p, G(R[EVN])) — H (v, G(R(EY)).

(2) Assume further H (k,Gy) = H'(k(t),G) = {1}, let M = [X/G] be a quotient
stack and ¢ : uy — G. Then we have

en'(0) = X(k[t/N])?/G(k[tM)°.

Proof. (1) Associated to the inclusion G(k[t'/N]) — G(k((t'/V))) we have an exact se-
quence of pointed sets [40, Proposition 1.36]

1= GR[) — GR(E)) = (GR(E™)/GHIEND)™ = H (o, GRIT)) - 1.

By ramified descent, the set (G(k((t'™))/G(k[tY~]))"" embeds into the extended
building of G over k((t)). Taking the quotient by G(k((t))) identifies this subset with the
Weil group orbits of X, (T') ®z Z/NZ, for some fixed maximal torus 7. The latter set is
in bijection with Homg(uxn, G)/G, since any homomorphism puy — G is k-conjugate to a
homomorphism puy — T.

(2) Clearly we get for every [z] € X (k[tYN])?/G(k[tY/N])¢ an element in €5 (¢). Con-
versely, consider y € e5'(¢) and let § : Spec(k[t'/N]) — [X/G] be the composition with
Spec(k[t'/~]) — D'YN. Then the pull back of X — [X/G] along § is a trivial G-torsor
over Spec(k[t'/N]), since by assumption there are no non-trivial G-torsors over Spec(k)
and thus over Spec(k[t'/N]). Acting by jx on a chosen section o gives rise to a 1-cocycle
bo : iy — G([tYN]). By (1) we may choose ¢ in such a way that ¢, = ¢ producing the
desired element in X (k[t*/N])?/G (k[t'/N])?. O

For a cd-quotient stack M we equip the assignment
K/k —s M(D}™),

with the structure of an imaginary as follows:

First assume that M = [X/ GL,4] is a quotient stack. Let T; C GL4 denote a maximal
torus, Wy = N(Ty)/Ty the Weil group and X, (7;) = Hom(G,,, T;) the cocharacter lat-
tice. Since any morphism py — GL4 factors through a maximal torus and they are all
conjugate to each other, we have for any K/k a bijection

Hom g (i, GLg)/ GLg = (X, (Ty) ® Z/NZ)W
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Thus if we fix a representative ¢ : uy — GLg for any element in the finite set
Homy (1w, GLg)/ GLg we get a decomposition

(3.2.2) X/ GLJ(DYY) = | | e (9),

[¢]€Homy (un,GLg)/ GLg

with ey as in (3.2.1). By Lemma 3.2.2 we have a bijection
en'(0) = X(K[tVN])?/ GLa(K[t™])?

giving the desired structure of an imaginary.

Now for a general M let 7 : [X/GLy4] — M be a Nisnevich covering, K/k be an ex-
tension, and z € Hom(D}(/N,M)(K [t]). Then z gives rise to a py-invariant morphism
& : Spec(K[t'/N]) — M. By the Nisnevich property, the pullback of 7 along 7 is iso-
morphic to U Spec(K [t'/N] and the choice of any component will provide a lift of x to
[X/ GLg4). We thus have a surjection

(3.2.3) [X/GLJ(DN) = M(DM).

Furthermore by the Nisnevich property there exists a stratification M = | | M; with
locally closed substacks and sections o; : M; — [X/ GLg4| of 7. Since 7 is in particular
étale, (3.2.3) gives for any extension K /k a bijection

(3.2.4) MDDV st 21X/ GLA(D ) oy,

which we use to give M(D}(/N) the structure of an imaginary.

Proposition 3.2.3. The imaginary structure on M(Dl/N) 1s independent of the covering
7 : [X/ GLg] = M and the sections o; : M; — [ X/ GLg].

Proof. As in the construction of the imaginary structure we assume first that M =
[X/GLy). If M = [X'/GLy] is any other presentation of M we can consider a third
presentation M = [X”/G"] with X" = X x X" and G” = GL4 x GLg.

Now let ¢ € Homy,(jux, GLg) such that X (K [t'/V])? is non-empty. Then since X" — X
is a GL/-torsor, the fiber over any = € X (K[t'/N])? admits a section and by Lemma 3.2.2
gives an element in X”(K[t'/V])?" for a unique [¢"] € Hom(un, G")/G". This way the
projection X” — X induces a definable bijection

XK )G (KN D T X (K[EM)? ) GLa(K ™).

Applying the same reasoning to the projection X" — X' gives the result for a quotient
stack.

For the general case it remains to notice that given two stratifications M = | |,.; M; =
Ll;c; M and section oy, 0% of 7 : [X/ GLg] — M, the composition o} o 7 induces for all
1 € I and j € J a definable bijection

1/N ~ 1/N
[X/ GLd](DK/ )Ui(Mi,kmMj,k)—)[X/ GLd](DK/ )G;-(Mi,kﬂ/\/ij,k)' O
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3.3. Volumes of twisted arcs. In this section we prove an extension of Proposition
3.1.2 to a smooth cd-quotient stack M over k[t]. Let D = .., u; D; a relative Q-Cartier
divisor on M with u; < 1 and simple normal crossing support [9, Section 2]. We define a
motivic measure |wu p| = |wp| on M(DYN) as follows:

Let K/k be an extension. If M = [X/GLy is a global quotient stack we have the
decomposition

X/ GLA|(DY™) = ] ex'(9),
[¢l€eHom (N ,GLa)/ GL4

from (3.2.2), thus it is enough to define the measure on each

ey (9) = X(K[tVN])?/ GLa(K [t
Let
¢: X(K[N])? — 23 (9)
be the quotient. We write D for the pullback of D to X and define for every definable

subset A C e5'(0)
/ wp) TLw(sta) / w5
wp| = —— wpl.
Pt [Cent(¢)] Jy-10a)

This is justified by the fact that
/ lwer,| = L™ [Cent(¢)],
GLa(K[t/N])?

by Proposition 3.1.2. Notice also that Cent(¢) is isomorphic to a product of general linear
groups and thus its class is invertible in Ko(Varg ).

For a general cd-quotient stack M we have seen in (3.2.4) that M(D%N) embeds into
some [X/ GLd](D}(/N) and we thus can define the measure in this case just by restriction.
One checks as in Proposition 3.2.3 that the measure constructed this way is independent
of any choices.

Finally let

ex : M(DYNY — I, . M(K) = Hom(Buy, M)

denote the map induced by restriction to the closed point of D/V.
Theorem 3.3.1. Let (x,¢) € I, M(K) and I, ={i € I | v € D;}. Then we have

_ 1 I\ wiwWNayp, x)
[ ot imaste o [ =25

1€,

in Ko(Varg )iee, where B Aut(x, ¢) denotes the classifying stack of the automorphism group
of (z,¢) € I,, M and Nyy/p, . denotes the fiber at x of the normal bundle of D; in M.

Proof. Let [X/GLg] — M be a Nisnevich cover and fix a lift (Z,¢) € I,,[X/CLg] of
(z,¢), which exists by the same argument as for (3.2.3). We may then identify ey'(z, ¢)
with ex!(z, ) C [X/ GLd](D}(/N) and this identification is measure preserving by defini-
tion of the motivic measure.

We thus assume from now on that M = [X/GL,] and let ¢ : X — M be the smooth
atlas. Then we have p~!(ex(z, ¢)) = X (K[tV/N])? , and thus, by Proposition 3.1.2,

p~(z
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/ | | TLw(als) / | |
WD = —— W 7 _—
ext(@0) [Cent(¢)] X(KIVND? b

L-uwee) P (@)] I (1 — L)L W/ ,.c)
[Cent(¢)] el 1 — L—1+w

Finally we notice that Aut(z,¢) = Aut(z) N Cent(¢) and thus there is an equivalence

of quotient stacks [p~'(z)/ Cent(¢)] = BAut(z,¢). As Cent(¢p) C GL4 is a product of

~ _ @)
general linear groups we have [B Aut(z, ¢)] IOk O

We can globalize Theorem 3.3.1 to any constructible subset Z C I,,, M. For any J C I
we write as usual DG = Njc;D; \ UigsD; and furthermore

LiyMy =A{(z,¢) e M |z € Dj}.

We write wy : [, M,; — Q’ for the constructible function given by (w;(z,®)); =
w(Npyp, ) for all j € J.
Then for any constructible subset Z C I,,, M we set

(21" =%" > Lw(@)nw'0)nZ]]] (11__LL—3E; j

JCI (a,b)eQxQ’ jeJ

Corollary 3.3.2. For any constructible subset Z C I,,, M we have

| ol =121
ey (2)

Proof. Both sides define motivic functions on Z and by Theorem 3.3.1 these functions
agree on every point Spec(K) — Z. Around each point Spec(K) — Z we can then find
a constructible subset U C Z where they agree. By compactness, finitely many such U
cover Z, showing that the two constructible functions are equal on Z. U

3.4. Orbifold formula in an arbitrary theory. In this section, we prove the orbifold
formula in an arbitrary theory. This will not be used in the rest of the paper.

Let T be a theory in a language C extending the Denef-Pas language Cppy, as in [14, Sec-
tion 2.7] and containing the theory The,s of Henselian discretely valued fields of equichar-
acteristic zero.

One obtains as in [14, Section 16.1] rings of constructible motivic functions that we
denote in this section by CT(Z) for definable Z in T.

When T is Thens k, One obtains the ring denoted by C(Z) in [14]. When T is the theory
Tacr obtained from Tiens 1 by specifying that the residue field is algebraically closed, one
obtains the rings considered in the rest of this paper. To avoid confusion, we denote them
in this subsection by CA“F(Z). When T is the theory obtained from Tiens by specifying
that the residue field is pseudofinite, we denote the corresponding rings C¥(Z).

If ¢ : T7 — T5% is an inclusion of theories as above, and Z a definable in 77, then Z
determines a definable i,(Z) in T5 since models of T} are models of T5. As explained in
[14, Section 16.1], we then get a natural morphism i,: C**(Z) — C*2(i,Z) compatible
with integration by [14, Proposition 16.1.1].
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Now since Tacr admits quantifier elimination in the Denef-Pas language, any definable
Z in Tacr can be described by a quantifier free formula. This formula determines a defin-
able ¢, Z in Tiens k, independent of the choice of the quantifier free formula representing Z.
This assignment preserves bijections, hence induces a map ¢,: CA“¥(Z) — C(1.Z). This
morphism is compatible with integration in the same way as in [14, Proposition 16.1.1],
which follows by unravelling the construction of the integral. Moreover, the composite
Lyiy 18 the identity for i: THens,k — TACF‘

As in Section 3.3, let M be a smooth cd-quotient stack over k[t]. Let D =", u;D; a
relative Q-Cartier divisor on M with u; < 1 and simple normal crossing support, consider
the motivic measure |wap| = |wp| on M(DVY).

Let T be a theory as above, with inclusion i: Txens s — 7'. Then for any constructible
subset Z C I,,, M, we consider Ly [ 2] € CT(L*i*IMNM).

Theorem 3.4.1. For T as above and Z C 1,, M constructible, we have

T
/ wp| = [2]"P € €7 (i T, M).

N (2)
Proof. It T is Tacr, this is Corollary 3.3.2. In general, consider the morphism
Leiy: CAY (L, M) — CT (1D, M)
and the same for M(DY"). They commute with integration by [14, Proposition 16.1.1]

and the discussion above, so the result in general follows from the one for TycF. O

Recall from [20, Definition 2.13.2] the notion of definable smooth Deligne-Mumford
stack over k[t], which applies to a theory T" as above.

Corollary 3.4.2. Let M be a definable smooth Deligne-Mumford stack over k[t]. Then
for any constructible Z C 1M, we have

/ wnd = [2]* € CT(IM),

“H2)
where

2] = L™*w ' (a) N Z].

acQ
Proof. When M is a smooth Deligne-Mumford stack over k[t], we have [;M = I, M
for N large enough such that all orders of stabiliser divide N, so this is a particular case
of Theorem 3.4.1.
For any choice of model and parameters, points of a definable Deligne-Mumford stack

are points of an actual Deligne-Mumford stack, with matching inertia stacks. So the
general case reduce to this particular case we just proved. U

Remark 3.4.3. This Corollary for Tpgp is the orbifold formula of [20, Theorem 2.13.4].

4. HRUSHOVSKI-KAZHDAN CHARACTERISTIC IN BUILDINGS

4.1. Bruhat-Tits buildings. In this section F'is a rank one valued field, with valuation
v and valuation ring R.
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Definition 4.1.1. An additive norm « on an F-vector space V' is a map a: V — RU{oo}
satisfying :

(1) For every v,w € V, a(v + w) > min {a(v), a(w)}.

(2) Forevery v € V, A € F, a(\v) = v(\) + a(v).

(3) For every v € V, a(v) = o0 if and only if v = 0.

For our purposes, we shall consider rational additive norms: assuming F' has value
group included in Q, a rational additive norm is an additive norm « such that the image
of a is included in Q U {cc}. More generally, assuming F' has value group included in
some ordered group I', we can consider I'-additive norms, that is, additive norms with
values in I'.

Definition 4.1.2. An additive norm « splits over vy,...,v, € V if for every Ay,..., A\, €
F

Y

a(Z )\ivi) = miin {a(Nv;)}.

A splitting set for « is necessarily linearly independent, and we call a splitting set which
is also a basis of V' a splitting basis of a.

Define the ball L,, = {ve V| a(v)>r}. It is an R-module. From [28, Lemma
15.1.10], « admits a splitting basis if and only if L,, is a lattice, that is, a finitely
generated R-module that generates V over F. Moreover, if F' is complete then every
additive norm « splits over some basis, by [28, Proposition 15.1.11].

Definition 4.1.3. (1) Given a basis vy, ..., v, of V, the apartment associated to it is
the set .Z(vl, ..., v,) of rational additive norms that splits over vy, ..., v,.
(2) The enlarged building B(GL,(F)) of GL,(F) is the set of rational additive norms
on F" splitting over some basis. It is a union of the apartments associated to all
bases of F™.

The building B(GL,(F)) has a structure of a simplicial complex by considering periodic
lattice chains, as follows.

Definition 4.1.4. A periodic lattice chain £ is a set of lattices totally ordered by inclusion
and such that if £ € £, then x - L € £ for every z € F*.
A grading of £ is a map c¢: £ — R such that ¢(ML) = ¢(L) + 1.

There is a one to one correspondence between the set of splitting additive norms and
the set of graded periodic lattice chain. To «, one associates the lattice chain (L, )rer,
together with the map ¢(L) = inf {a(v) | v € L}. Reciprocally, given (£, c), one defines
a(v) =sup{c(L) |v e L € £}.

We say that two points of B(GL,(F)) lie in the same simplex if they correspond to
the same lattice chain. We say that the simplex corresponding to a chain £ is a face of
the one corresponding to £ if £ C £'. In particular, the set of vertices of B(GL,(F)) is
identified with the set of R-lattices of I, which is GL,(F)/ GL,(R).

Fix a lattice chain £ and Ly € £. By taking quotients modulo 9L, the set of L € £
such that 9Ly C L C Ly is mapped to the set of elements of a partial flag in the vector
space k™, where k is the residue field of F'. If such a set is of cardinality r, then we call
r 4+ 1 the rank of £, and it is the rank of the simplex in which £ lies. Hence the simplicial
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structure is determined by flag varieties over the residue field. For example, the set of
n-simplices adjacent to a given n— 1 simplex is identified with P!(k); the set of n-simplices
adjacent to a given vertex is identified with the complete flag variety over k™.

The building is equipped with a metric d defined using the affine structure on apart-
ments, which are affine spaces over R". N

We have a natural action of GL,(F") on B(GL,(F)), given by (g - a)(v) = a(gv).

Let F” be a valued field extension of F. We also have an action of the Galois group
Gal(F'/F) on B(GL,(F")), through the action of GL, (F").

Prop~osition 4.1.5 ([28, Theorem 12.9.2]). There is a natural identification between the
sets B(GL,(F)) and B(GLn(F’))Gal(F’/F).

Note that the identification in Proposition 4.1.5 does not preserve the simplicial struc-
ture, since some vertices are not sent to vertices.

From now on we restrict our attention to rational points of buildings, that is, rational
additive norms. We write BY(GL,(F)) (resp. B'(GL,(F))) for the extended building

consisting of rational additive norms in B(GL,(F')) (resp. I-additive norms).

Proposition 4.1.6. There is a natural identification between the sets BL(GL,(F)) and
(GL,(Fy)/ GL,( Ry ))Col(Fec/F)

Proof. This follows either from a more general version of Proposition 4.1.5 for buildings
over non-discretely valued fields, or directly from Proposition 4.1.5, since

(GLy(Fio)/ GL (F)) 1 F/T) = | J(GL,(F,)/ GL, (F)) S /5)

and the observation that vertices are sent to rational additive norms by Proposition 4.1.5.
O

Let B, — {a € B (GL,(F)) | d(a,id) < r}, where id is the point in BT(GL,(F))
corresponding to the identity matrix.

Lemma 4.1.7. The set B, is definable in I' Uk, and for each i, the set of i-simplices of
B, is definable. The same is true of B<,.

Proof. We work by induction on r. Write B., as a union over apartments containing id.
Each piece is definable since it is identified with the set of points in I'” of norm less than
r. Moreover, each piece contains only finitely many vertices, since those are identified
with integer points in I'. In particular, all simplices in B.; are adjacent to id. Recall
that for ¢ > 1, the set of ¢-simplices adjacent to a given vertex is identified with a partial
flag variety P; over k™. Hence if A; denotes the standard open i-simplex in I, and we
set by convention Py = {1}, B.; can be written as a disjoint union

Ba = |_| Pi x A,
0<i<n
hence is definable.
Assume now B_, is definable, as well as its simplices. Then the set of n — 1 simplices
of B.,y1 at distance r of id is in bijection with the set of n-simplices of B., at distance
between r — 1 and r of id, hence is definable by induction. Each such n — 1 simplex, has
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P! (k) n simplices adjacent, of which one of them is at distance between r — 1 and r of id,
the other A'(k) being at distance between r and 7 + 1. Hence the set of n simplices at
distance between r and r + 1 is definable. We see similarly that the set of ¢ simplices at
distance between r and r + 1 is definable, hence B.,,; is definable. O

Proposition 4.1.8. Let X be a definable subset of GL,(Fs)/ GL,( Ry )) G2 F=/F) - As-
sume that X is definably compact and definably connected. Then Vol(X) = 1.

The intuition behind the proof is that such an X should be contractible.

Proof. By Proposition 4.1.6, one can view X as a definable subset of B (GL,(F)). Since
X is definably compact, it is bounded, hence is contained in B<, for some r. Up to
translating X, we can assume that id € X. It follows from Lemma 4.1.7 that B<, is
definable. Assume r is minimal among integers such that X C B<,. If r = 0, then
X = {id} and we are done. Assume that r > 1. We shall show that X N B<,_; is closed,
bounded and definably connected and Vol(X N B<,_;) = Vol(X). Hence we can conclude
inductively by applying the proposition to X N B<,_;.

The set X N B<,_; is clearly bounded and closed. It is also connected, since X is
connected and an intersection of apartments is connected.

So it remains to show that Vol(X N B<,_1) = Vol(X). We will rather show that
Vol(X N Cy_1«.,) = 0, where Cy_ 1 o, = {a € B (GLu(F)) | — 1 < d(a,id) < r}.

Recall the following general properties of buildings. If two chambers share two faces,
they are equal. A chamber at distance between r — 1 and r of id has exactly one face at
distance r —1 of id. A face at distance r — 1 of id has A!(k) adjacent chambers at distance
between » — 1 and r and one adjacent chamber at distance between r — 2 and r — 1.

From those properties, it follows that X N C,_1< <, is a disjoint union

XN C(,n_1<,§r = |_| XN (02\20)7

(20,21)€Zx AL (k)

where Z is the set of faces at distance r — 1 of id, and for z = (20, z1), C, is a chamber
at distance between r — 1 and r which is adjacent to zy, and C, is its closure. The set
Z is definable by Lemma 4.1.7. The set X N C, is closed, bounded and connected inside
I, hence if it is non-empty, Vol(X N C,) = 1. But if X N C, # 0, then X Nz, # 0
by connectedness of X, hence Vol(X N %) = 1 and X N (C.\Z%) = 0. Hence Vol(X N

Cr71<,§r) = 0. O

5. GENERALIZED ORBIFOLD FORMULA

5.1. The main result. Let M be a smooth cd-quotient stack over k[t] and D =
Zie ;uiD; a relative Q-Cartier divisor on M with u; < 1 and simple normal crossing
support. Let

T M— M

be a morphism to a finite type scheme M over k[t]. Throughout this section have the
following additional

Assumption 5.1.1. (1) The morphism 7 is S-complete.
(2) There exists a dense open U C M such that 7= (U) — U is an equivalence.
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(3) For any algebraically closed field K/k and any x € M(K][t]) N U(K((t)) there
exists an integer N > 1 and an & € M(D'N) such that the following diagram
commutes:

DYN T, M

L]

Spec(K[t]) —— M.

(4) Some power of wam(D) is Zariski-locally trivial, where wy denotes the canonical
bundle of M 1i.e. the determinant of its cotangent complez.

Remark 5.1.2. If 7 : M — M is a good moduli space morphism satisfying (2), then (1)
and (3) are automatically satisfied. Indeed, good moduli space morphisms are S-complete
[5, Proposition 3.44] and (3) follows since M admits a birational morphism M" — M
from a Deligne-Mumford stack [18, Theorem 2.11].

Under these assumptions we may define a motivic measure |wy: p| on the definable M :
given by the assignment

K/k— M(Kt])) NU(K((t))).

For the construction of |wys: p| consider a positive integer » and a Zariski cover M =
(U, Vi, such that w M(D)ﬁ/z is trivial. If we choose for each i a trivializing section w; of
wm(D)®" on V;, then w; restricts to a pluricanonical form on U N'V; and thus defines a
measure |w;| on the assignment M’ defined by

K/k— {o € M(K[]) NU(K(#)) | 3N = 1: 2 lifts to an & € V(D).
Note that by the Assumption 5.1.1(3) we have a covering M* = U; M?.

Lemma 5.1.3. The |w;| glue to a motivic measure |wyp p| on M* = U;M? independent
of the choices of trivializing sections w;.

Proof. The argument is very similar to [11, Proposition 3.1.2]. Any two sections w; and
w; differ on V; NV, by an invertible function f;;. We need to show that for every K/k and
every z € M’ ﬂM; we have |f;;(z)| = 1. This follows since z lifts to an & € V;NV;(DYN)
for some N > 1 and |f;;(Z)| = 1 since f;; is invertible. O

We will express integrals with respect to |wys p| on M in terms of 1, M for all N > 1.
Recall from Section 3.3 that for any constructible subset Z C I,,, M we define

-y Y et @negtenz [

JCI (a,b)eQxQ’ jed

We also write M g for the assignment
K/k — {x € M(K[t])* | 2|spec(i) € Z}.

Theorem 5.1.4. Let M — M be a morphism satisfying Assumption 5.1.1. Then for any
constructible subset Z C My, the series Yy~ [Luy Mz]™ DTN s rational of degree zero,
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hence its limit as T — +oo exists formally and we have

/ |ware,p| = —lim7 40 Z[IuNMZ]w’D T
M, N>1
in Ko(Vary)ioe, where I,y Mz ={(y,¢) € I,, M | (y) € Z}.

For convenience let us also spell out Theorem 5.1.4 for D = 0, in which case we write
wyys| instead of |wys o|. For any constructible subset Z C I, M we set

2] = [2]"0 =Y L [w ' (a) N Z].
acQ

Corollary 5.1.5. Let M — M be a morphism satisfying Assumption 5.1.1. Then we
have for any constructible subset Z C M,

/M wngsl = —lim7siog > [Luy Mz]" TV
z N>1

in Ko(Varg)oc-
Finally we record the following lemma for later.

Lemma 5.1.6. Consider my : M(D%”)h — M(K][t])*. Both spaces come with natural
measures |wp,p| and |wys p| respectively and we have for every x € M(K[t])* and every
measurable A C 7y' (1) the equality

wm.pl

| el =,
A Ty |wass pl

Proof. As before we may reduce to the case where M = [X/GLy]. By definition of the

measure on /\/l(D}(/”)h we need to consider the decomposition

A= || A%,

[¢]€Hom(un,GLqg)/ GLg

where A% = ANey (¢). If we write ¢ : X(K[tY/N])? — ey'(¢) for the quotient then we

have by definition
/ jwmp| LW / wx 5l
A W7V|WM“,D| [Cent(¢)] q—1(A%) Ty lwae p '

Now recall that |wys: p| is defined by integrating locally sections of some power of

wm(D), while |wy p| is given by locally integrating sections of some power of wx (D).

|WX75|

Since X — M is a GL,4 principal bundle the quotient is thus given by locally

TN lwah pl
integrating a nowhere vanishing GLg-invariant form |wy| on ¢~ (7' (2)?). Consider the
definable map .

h=hoq:q ' (my (x)) — Bar, (K (1),
whose fibers are free GLy(K[t'/V])¢ orbits. Since

/ wer,| = L™ @ [Cent(¢)],
GLg(K[tV/N])®
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we thus deduce again by Fubini that

/ _nl -y ata o)) (g (49))) = L0 Cent(6)u# (h(A°)).

~1(A9) 7T}k\/|WMh,D| B

Since the map h is a definable bijection onto its image the lemma follows from summing

over all [¢p] € Homy(un, GLg)/ GL4. O

5.2. Volume of fibers. We study in this section how various volumes of the fibers
of M — M behave in families, and establish the key Proposition 5.2.4 relating the
Hrushovski-Kazhdan volume of a fiber to the point counting of its rational points. We
assume in this section that M is a cd-quotient stack. Since the arguments are local in the
target M, we can assume throughout the proofs of this subsection that M is a quotient
stack [X/ GLg].

For K algebraically closed, set M(K[t])* = M(K[t]) N U(K((t)), which is represented
by a definable set M. Then define M(K[t'/N])? as the subset of M(K[t'/V]) such that
its image in M (K[t]) lands in M (K[t'/V])f. Define similarly M(D%N)u, M(K[tY>=])8,
etc. by requiring that their images by 7 land in M (K [t'/N])%, resp. M (K [t'/*°])".

Proposition 5.2.1. There is an ACVFy(y) tmaginary set M?" and a definable morphism

7 MB — M? such that for every algebraically closed valued field L with valuation ring
OL, MH(L> = M(OL)h and

T . M(OL)h — M(OL)h
is the map induced by w: M — M.

Proof. The stack M is a global quotient M = [X/G], with algebraic maps p: X — M and
7 M — M. Let W = p~Y(U). Then M(Op)* = W(0Op)/G(OL), so it has a structure of
an imaginary set. The morphism 7, is defined using the algebraic morphism p, so 7y, is
also definable. U

Lemma 5.2.2. Let K be an algebraically closed field. The preimage of M(K[t])* under
r: ME(KE™T) — MK [T

is M(D}(/OO)“, and the preimage of M (K[t])* under
s MAKEN]) — MKV

is M(D}(/N)b.

Proof. By definition, a point in M”(D}(/OO) is a K [t]-morphism from Spec(K[t'/*]) to M
which is & invariant. So M”(D%OO) is the subset of M*(K[t'/°°]) invariant by /.

An arc in MY(K[t'/>]) is mapped by 7 to a point in M(K[t])" precisely when it is
invariant under the action of fi, hence it corresponds to a twisted arc.

The same holds at fixed ramification, replacing K [t'/><] by K[t'/V] and fi by py. O

Lemma 5.2.3. The fibers of m: M! — M" are definably compact.
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Proof. We first show the result for the fibers of p: X% — M?*. By the characterisation of
[27, Lemma 4.2.4], we need to show that they are bounded and closed for the valuation
topology. They are bounded, since included in the bounded set X (K[t'/]). They are
also closed since p is continuous. The fibers of 7 are quotient of the fibers of p by the free
action of G(K[t'/*]), hence definably compact as well. O

Proposition 5.2.4. The maps * € M(K[t])* — Vol(r~Y(z)) and (z, N) € M([t])* x
Zso = p*(my'(x)) determine constructible motivic functions in C(M?) and C(M® X Zsy).
Moreover, for every x € M(K|t])*,

Vol(r () = —limp_ 40 Y p# (w3 ()TN,

N>1

Proof. In view of Proposition 5.2.1 and Lemma 5.2.2, the result follows from Propo-
sitions 2.8.3, 2.8.5 and 2.8.6. The measure on the fibers is the counting measure by
Lemma 5.1.6, and the fibers are bounded by Lemma 5.2.3 hence proper invariant since
by definition, they are invariant by G(O). OJ

Remark 5.2.5. The map x — p# (7" (2)) is related to the function sep,, constructed by
Satriano and Usatine in [37]. More precisely, when 7 * () is finite, u# (71 ' (z)) = sep,, ().
See Example 5.2.8 for a situation where this holds. So Proposition 5.2.4 shows that the
function sep,, has measurable fibers. When the fibers are infinite, u# (77 (2)) is a natural
generalization of sep, .

Lemma 5.2.6. The map m: M — M?® admits a definable section.
Proof. Let x € M(K[t'/>]). We need to find a definable point in the fiber 77!(z)

whenever it is non-empty.
Recall that M(K[t'/>])f = (X5(K[tY/>°])/ GL, (K[t'/>])).
Let # € m'(z). Let T be the standard maximal torus of GL,4. Consider the orbit Oz
of # under T'(K (t'/>))):
Oz = {ti € M(K[tV/>])" | t € T(K ("))} .
The orbit Oj; is in Z-definable bijection with a subset Az of I'™ such that
A; = {t e I = T(K(t"/>)/T(K[t">]) | t¥ € Oz} .

Since Aj; is a non-empty definable set in an o-minimal structure, it admits a definable
point ~z. Changing the choice of & by amounts to a translation of Az, so up to this
translation Aj; is a definable set A, admitting a definable point v independent of Z. The
preimage of v in Oj; is a definable point in the fiber independent of Z. O

Lemma 5.2.7. There is some integer d, a definable subset Z C M" x Sy, and a definable
bijection h: M% = Z commuting with the maps to M°".

Proof. By the previous Lemma 5.2.6, the map 7 admits a definable section. So we can
construct i using this definable point  in 771(z). We then map

gt € 1} (x) = {97 € M(K[tV>])" | t € GLa(K(£"/>))}
to the image of g in Sy = GLg(K ((t'/*)))/ GLaq(K[t'/>=]). O
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Example 5.2.8 (Toroidal case). Assume that M = [X/T], with T" a dimension d split
torus. Then the definable Z of Lemma 5.2.7 is a subset of M*xT'?. For each x € M*(K[t]),
Z, is a compact polyhedron of I'Y, and, by definition, Vol(r~1(z)) = eu(Z,), the Euler
characteristic of Z,. Moreover, u#(my'(z)) is equal to #Zw(%Z), the number of +Z-
points of Z,. So Proposition 5.2.4 states that those numbers vary as constructible motivic
functions, and that

1
eu(Z,) = ~limrio Y #Zz<NZ> TV,
N>1

We will show in Proposition 5.3.1 that eu(Z,) = 1, under our running Assumption 5.1.1

on M.
5.3. Hrushovski-Kazhdan characteristic of a fiber.

Proposition 5.3.1. Let v € M(K[t])* and 7 (z) be the preimage of x in M*(K[t'/°°]).
Then Vol(r=1(x)) = 1.

First we need the following
Lemma 5.3.2. For every x € M(K[t])%, the fiber 7=1(z) is definably connected.

Proof. Let 2,2 € 7~'(z). We can assume that they lie in the image of X(K[t'/"]) for
some n. This defines a morphism ST'g,\ {0} — [X/G], where

ST gy = [Spec(K [ ][s, 7}/ (57 — £1/7))/Gon).

Since [X/G] is S-complete, this morphism extends as a morphism ST g/ = [X/G].
Moreover, ST g/ny (K [t'/>°]) can be identified with a closed interval in the value group.

The above morphism sends its endpoints to z and 2/, hence it defines a continuous map

from 2 to 2’ with image in 7 !(z). O

Proof of Proposition 5.3.1. By the cd-quotient stack property, we can assume that M =
[X/GL4]. By Lemma 5.2.3, 7 !(x) is definably compact, and by the previous lemma it
is definably connected.

Since being definably compact is preserved under definable homeomorphism by [27,
Proposition 4.2.9], its image by the bijection h of Lemma 5.2.7 is then a definably compact
and connected subset of S;. Since Vol is preserved by definable bijections, the result now
follows from Proposition 4.1.8 applied to this image. U

5.4. Proof of Theorem 5.1.4. From Proposition 5.3.1, we have Vol(r'(x)) = 1 for
every x € M(K[t])" hence

/u |wass p :/ hVol(7r_1(x)|(,uMu7D|.
M xeM

zZ zZ

By Proposition 5.2.4,

[ ol @l = [ i 3 (7 ) o T
€My

€My N>1
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By Proposition 2.5.1, we can switch the limit and integral to get

/ b —lim oo Z /LN(WJ?(??))’WMH,MTN = —limp_, Z/ b M#(fol(x))’th,D’-
:EEMZ N>1 N>1 a:EMZ

Since 7w : M(Dl/ N ) — M 7 has source the twisted arcs of order N , by the Fubini theorem
2.4.1 and Lemma 5.1.6, we have

L/ u#h&wwﬂmeﬂ=i/ )
zeM} M(DV/N)

:
z

By Theorem 3.3.1, we then have

/ wat,pl = [Ty Mz]"P.
M(Dl/N)Z

5.5. Examples.

5.5.1. Deligne-Mumford stacks. Let M be a smooth Deligne-Mumford stack over k[t]
and 7 : M — M the map to its coarse moduli space. We further assume that M is
generically stabilizer-free and we take D = 0.

Then Assumption 5.1.1(2) is satisfied and thus by Remark 5.1.2 also (1) and (3). Finally
(4) follows since M admits an étale cover from a smooth scheme.

From comparing the definitions one sees that |wym| = |wer| and Corollary 5.1.5 then
implies for any constructible Z C M the so-called orbifold formula [16, 45, 32, 20]

[ fenel = Mz

To see this, first notice that for a DM stack, ;M = colimy Hom(Bpux, M) is of finite
type since the colimit stabilizes. It follows that there is a finite stratification I, Mz = L;V;
such that for every N > 1 the stack /,, M is a union of strata V;. If we denote by 1V;
the smallest integer N such that V; is a stratum of I,, M, we get

—mrsioe 3 [Ty Mz TV = —limp_ oo > [V Y TN = [[,M4]".

N>1 N>1

5.5.2. Non-trivial D. Consider M = [A3/G,,| where G,,, acts on A3 with weights (1,1, —1).
Let
T M — A

be the good moduli space map induced by (z,y, z) — (zz,yz). If we take D = —{z = 0}
we can again check that Assumption 5.1.1(2) by removing all the orbits in A% with 0 in
their closure. Then (1) and (3) follow from Remark 5.1.2 and (4) since zdz A dy A dz
induces a global trivialization of w (D).

Thus we can compute || vs [Wars p| using Theorem 5.1.4 as follows. We stratify M into
the three pieces Vi = M\ D, Vo, = D\ BG,, and V3 = BG,,. For i = 1,2 the pieces are
schematic, so their contribution is independent of N given by

1 ifi=1
I ‘/iw,D: )
Vi {L2 if i = 2,
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For V3 we compute first w(0, ¢) and w(Nayp,) for ¢ € Hom(un, Gy) C (0, 1]:

2 if =1, 1 ito=1,
w(0,¢)—{2¢+(1_¢)_1:¢ if ¢ #1, NM/DO {1— if ¢ # 1.

From this we deduce
2

w,D __
L Vel = 75 L2-1°

Passing to the limit and adding up the three contributions we finally obtain

/ ‘th7D’:1+L72—]L72:1.
MH

Of course we could have computed this without Theorem 5.1.4 by checking that |wy: pl
is the standard measure on M = A2,

+(N=1)

6. APPLICATIONS

6.1. Stringy F-function for moduli spaces of vector bundles. To illustrate how
one can apply Theorem 5.1.4 in practice we compute here the stringy F-function for
the moduli space M = M, of semi-stable rank 2, degree 0 vector bundles on a smooth
projective curve C of genus g > 3, recovering Theorem 6.1 from [29] whose original proof
relied on computations of explicit resolutions.

6.1.1. Stringy E-functions. Let X be a normal Q-Gorenstein variety with log-terminal
singularities over an algebraically closed field k. For any canonical divisor Ky and r > 1
such that rKx is Cartier, and thus the associated invertible sheaf defines a measure |weq,|
on X as in Section 2.3. The construction first appeared in [16, Section 3] where it was
called the Gorenstein measure.

Using a log-resolution, one can give an explicit formula for the total volume [ X(k[H) |Wean|

and one sees in particular that [, ) |wean| converges in Ko(Varg)oc[IL'/] if and only if

X has log-terminal singularities, see also [44, Proposition 6.6.2].
In this case, assuming k = C, we can consider the image of L4™* [ X[ |Wean| under

the Hodge-Deligne realization

E: Ko(VarC)loc[Ll/T] — Z[u,v][(uv)_l/r, (wvo—1)"" n>1],
which sends the class of any algebraic variety Y to E(Y;u,v) =37 (—=1)"hEP4(Y )uPv?,
where the hiP4(Y") are the compactly supported mixed Hodge numbers of Y. Again using
a log-resolution one sees that this image agrees with the stringy E-function Ey(X;u,v)

of a log-terminal X as defined by Batyrev [6].
We will use the following criterion to compare |wee,| with |wysm].

Lemma 6.1.2. Assume m : M — M satisfies Assumption 5.1.1 with D = 0 and further-
more that M is Q-Gorenstein. If there is an open U C M such that codimy, M \ U > 2
and 7= Y(U) — U is an equivalence, then |wean| = |was|-

Proof. This follows directly from the construction, since the local non-vanishing forms
used to define |wy:| extend by the codimension 2 assumption to non-vanishing sections
of some power of the canonical bundle on M, which are used to define |weqp|- Il
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6.1.3. Vector bundles on curves. Let C be a smooth projective curve C of genus g > 2.
For any r > 1 and d € Z there is a smooth algebraic stack M, 4 parametrizing semi-stable
rank 7 and degree d vector bundles on C. Since the automorphism group of every vector
bundle contains a central copy of G,,, coming from scalar automorphisms, we may consider
the G,,,-rigidification M,. 5 of M, 4 in the sense of [1]. Finally we denote by M, 4 the coarse
moduli space, which is Gorenstein by [17].

Proposition 6.1.4. The good moduli space map M, 4 — M, 4 satisfies Assumption 5.1.1
for D =0. In particular

/ e | = =limre oo [y Meal T
M, " N>1
Unless g =2 and (r,d) = (2,d) with d even, we have |ween| = |and|.

Proof. Since g > 2, the moduli space of stable bundles M** C M provides a dense open
as in 5.1.1 (2). Conditions (1) and (3) follow from Remark 5.1.2. In order to verify (4)
for D = 0 we use Luna’s slice theorem for smooth stacks [3, Theorem 1.2]. Namely every
polystable point x € M, 4 admits an open neighborhood U, which, up to an étale covering,
is isomorphic to an open neighborhood of 0 in [Ext'(z,z)/Aut(z)]. Since the standard
form on the vector space Ext'(x,z) is invariant under the Aut(z)-action, it induces a
non-vanishing trivialization of w4, ,v, -

Finally unless ¢ = 2 and (r,d) = (2,d) with d even, the complement of M** in M has
codimension at least 2 which can be seen from a dimension calculation as for example in
[36, Lemma 4.3] and thus Lemma 6.1.2 implies |wean| = |wMEd|' O

In principle, arguments similar to [24, Section 5.5] allow us to compute the right hand
side of Proposition 6.1.4 for all pairs 7, d in terms of motivic classes of M, o with " <r
and d/r = d'/r'. However already the leading term [M, 4] is quite tricky to determine
as one has to resolve the Harder-Narasimhan recursion [47] and it is unclear to the au-
thors whether the formula would be meaningful in any way. Instead we illustrate the
computation in the simplest non-trivial case.

Corollary 6.1.5. For g > 3 we have

/M D) |Wean| = L4913 [My ] — L7%+3(L — 1) ([Pico(0>]2 _ [SymZ(PiCO(C))]) 7

)

where Pic’(C') denotes the Picard stack of C. In particular

(uv)97H (1 — u)?9(1 —v)9 — (1 — u?0)?(1 — uv?)9(1 — u)9(1 — v)?
ES M 7 ) - J—
(i) (1~ w2 (1 — (wP)
(uwv)9~t (1 —u)?9(1 —v)%¥ N (1 —u?)9(1 —v?)9
2 (1 —uv)? 1— (uv)? '
Remark 6.1.6. Note that the above formula for Es(Mso; u, v) is used in [39] to exhibit a
counterexample to Batyrev’s conjecture on the non-negativity of stringy Hodge numbers.

Proof. The proof goes along the lines of [24, Section 5.5]. A point of 1,,, M5 corresponds
to a pair of a rank 2, degree 0 vector bundle £ on C together with a morphism ¢ :
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pun — Aut(E), where Aut(F) = Aut(F)/G,,. Since we work over an algebraically closed
field, there exists a lift ¢ : py — Aut(F) and thus E decomposes into eigenspaces F =
@D, cz/nz Ex for this py-action, where we use Irr(puy) = Z/NZ. Choosing a different lift
of ¢ results in shifting the indexing of the E, by a constant in Z/NZ. There are 3 cases
to consider:

First if £ = E, for a single x € Z/NZ, which corresponds to ¢ being the trivial
homomorphism. This gives a component of I, M, ; which can be identified with M.
The weight of the trivial homomorphism is simply the dimension of My i.e. 49 — 3.

If E=E,&E, with (x1,x2) # (x2+ a,x1 +a) for all @ € Z/NZ. In this case
both E,, and E,, are degree 0 line bundles and the only automorphisms of the pair
(E, ¢) are the scalar automorphisms on each factor. Thus for a fixed pair (1, x2) the
corresponding component of I, My is isomorphic to the G,,-rigidification of Pic’(C) x
Pic®(C), where Pic’(C) denotes the Picard stack of C'. Furthermore one can check that
up to simultaneous scaling by a € Z/NZ there are | *>1] such pairs (x1, x2). The weight
in this case can be computed as in [24, Lemma 5.19] to be 3g — 2.

Finally, if £ = E,, & E,, with (x1,x2) = (x2 + a,x1 + a) for some a € Z/NZ, we
must have that N is even and a = N/2. In this case E,, and E,, are still degree 0 line
bundles, but switching the two factors is now an automorphism of the pair (F, ¢). In other
words the corresponding component of I, Ms( is isomorphic to the G,,-rigidification of
Sym, Pic?(C'). There is only one such component and the weight equals 3g — 2 as before.

Putting everything together we get

/ |Wcan| -
M2 o (K[t])
N -1

—lim7_, o0 Z L3 My o]+ | ——=— L3 2(L—1)[Pic®(C) ]+ L3 2 (L—1)[Sym, (Pic® (C)| TV

2
= L7493 M) — L7321 — 1)[Pic®(C)]? + L39+2(L — 1)[Sym, (Pic®(C))].

The E-polynomial realization follows from the following formulas:

(1 —u?0)9(1 —uv?)9(1 —u)9(1 —v)9 — (uwv)9= (1 — u)?9(1 — v)¥

(1 —uw)(1 — (uv)?) ’
which follows from [25, Theorem 5.16] and [42, Proposition 4.4], see also [8, Remark 4.2].
Furthermore

E(Msp;u,v) =

(I —w)(1l—v)?
uv — 1

E(Pic®(C);u,v) =

)

and for any variety X,
1 1
E(Symy(X); u,v) = S E(X;u,0)* + SE(X; 0, 0%),

which can be deduced for example from [33]. O

The formula for Ey(Msp;u,v) agrees up to a factor of E(Pic®(C);u,v) = O_ﬁ#

with the formula in [29, Theorem 6.1], which comes from the fact that in loc.cit the moduli
space of vector bundles with fixed determinant is considered.
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6.2. Quasi-torsors and klt-singularities. Let (Y, A) be a klt-pair. Let G be a linear
algebraic group acting on a normal variety X admitting a G-invariant morphism ¢ : X —
Y such that there exist open subsets U C Y and V = ¢~ (U) C X, whose complements
have codimension at least two and such that

dy:V —U

is a G-torsor.

These conditions are for example satisfied if ¢ is a G-quasi-torsor in the sense of [10].
Because of the codimension 2 assumption (X, ¢~!A) is a still a log pair and we have the
following

Theorem 6.2.1. If G =T is a torus, then (X,¢ *A) is a klt-pair.
For T-quasi-torsors a similar theorem was proven in [10].

Proof. The proof uses a characterization of (Y, A) being kit in terms of motivic integration.
To do so one considers the motivic measure |wa| = |wo(r(ky+a))| constructed from the
invertible sheaf O(r(Ky + A)) as in Section 2.3, where r > 1 is such that r(Ky + A) is
Cartier. Using a log-resolution one sees that fY(k[[t]]) lwa | converges in Ko(Varg ) [LY"] if
and only if (Y, A) is a klt-pair, see [44, Proposition 6.6.2].

The statement is thus equivalent to showing that [ XD |wg-1a| converges. By Fubini

/ |wg-1a| = / Iglwal,
X (K[t]) Y (K[t])

where I, is the function on Y (k[t]) given by
v [ fnal/gleal
¢~ (y)

But for every y € Y (k[t]) N U(k((t))), the fiber ¢! surjects onto the integer points R, of
a bounded region inside the building of 7" with fiber T'(k[¢t]). In particular R, is a finite
set. This implies I4(y) = [T]|R,].

Now the map from y — |R,| is a constructible motivic function. To see this, consider
the map [X/T] — Y. Then |R,| is the cardinal of the fiber above y of this map. The
arguments from Lemmas 5.2.6 and 5.2.7 apply to our situation, giving a definable bijection
from [X/T](KTt]) to a definable subset of Y x Z™ commuting with maps to Y. So |R,|
is the cardinal of a finite definable subset of the value group, so clearly a constructible
motivic function.

Now there is a definable function f from Y to Z" and a constructible motivic function
¢ on Z" such that |R,| = ¢(f(y)).

Using integration along f, there is a constructible motivic function 1) € C(Z") such that

/ wal = [ @
Y (K[t]) zr

/ I, lwa| = [T] / .
Y (k[t]) zr

we can write

and
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By hypothesis, fzr 1 converges. We can write ¢ as a linear combination of integrable
functions in P(Z"), hence we may assume that it is in P(Z") itself. By construction,
degy (¢(x)) < 0 for every x € Z". Hence by Lemma 6.2.2 below, [,. ¢t converges. Hence
/ XD |wg-1a| converges, which is what we had to prove. 0

Consider the function deg; : A — Z U {—o0}, the unique multiplicative extension of
the degree in I map on Z[L].

Lemma 6.2.2. Let i) € P(Z") be a Presburger constructible function that is integrable.
Let ¢ € P(Z") such that degy (p(x)) < N for some fized N.
Then o is integrable.

Proof. From [14, Proposition 4.5.6], 1 is integrable if and only if lim|g_;degy (¢¥(x)) =

—00.
We have
degy, (p(2)¢(2)) = degy (p(x)) + degy(¢(x)) < degy (¥ (x)) + N.
So that lim|g_ cdegp (@(2)Y(x)) = —oo, hence @i is integrable by [14, Proposition
4.5.6]. O

It is a natural question, whether Theorem 6.2.1 extends to more general reductive
groups G [10, Question 7.8]. From our point of view this amounts to understanding
better the set of integer points R, inside the building of G as y varies, which seems to be
a difficult but interesting question.
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